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Pattern reconstruction with restricted Boltzmann machines

Giuseppe Genovese

Abstract. Restricted Boltzmann machines are energy models made of a visible and a hidden
layer. We identify an effective energy function describing the zero-temperature landscape on
the visible units and depending only on the tail behaviour of the hidden layer prior distribution.
Studying the location of the local minima of such an energy function, we show that the ability
of a restricted Boltzmann machine to reconstruct a random pattern depends indeed only on the
tail of the hidden prior distribution. We find that hidden priors with strictly super-Gaussian tails
give only a logarithmic loss in pattern retrieval, while an efficient retrieval is much harder with
hidden units with strictly sub-Gaussian tails; if the hidden prior has Gaussian tails, the retrieval
capability is determined by the number of hidden units (as in the Hopfield model).

1. Introduction

Restricted Boltzmann machines (RBMs) are represented by probability distributions
on the product space {—1, 1}V x RN2 whose density with respect to the uniform
probability on {—1, 1} times some prior distribution on R™¥2 depends on a matrix
valued parameter W (so-called weight matrix), and it is proportional to

exp oiWlz, | (1.1)
(= 5 om)

i€[N2] ne[N2]

The vectors (o1, ...,0n,) and (z1, ..., zy,) are called, respectively, visible and hid-
den layers and their entries visible and hidden units. Typically, the units are i.i.d.

RBMs are widely studied generative models of machine learning, introduced long
ago in [23]. Their mathematical relation with models of associative memory, such as
the ones proposed by Little [18] or Hopfield [16], was noted at the very early stage of
the theory, see [15]. Indeed, exploiting the product structure of the RBM distribution
integrating out the hidden layer, one can analyse the corresponding model of associ-
ative memory, see [4,9,27]; the simplest example is the Hopfield model, obtained by
an RBM with Gaussian hidden prior by a Hubbard—Stratonovic transformation. The
present work aligns with this line of research.
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We will be interested in particular to the possibility of reconstructing a pattern just
looking at the typical configurations of the visible layer of a RBM. This operation is
also called pattern retrieval. The question is relevant for the understanding of how the
hidden layer affects the configurations of the visible units in the RBM distribution. In
the last years the main focus on RBMs has been on learning the unknown probability
distribution underlying a given dataset [8, 10, 13, 14]. For the practitioner, learning a
RBM amounts to fitting the true law of the data by tuning the weights in the density
(1.1) and this is typically done by gradient ascent on the Kullback—Leibler divergence.
After the learning process, deep local minima of the energy function are supposed to
fall close to the datapoints. Therefore, the analysis of learning in RBMs consists of
two tasks: understanding the complex landscape of the energy in the vicinity of the
datapoints at given weights and devising good optimisation algorithms to fit the data.
The investigation of each of these steps is a true mathematical challenge. In these
respects pattern retrieval represents a simplified setting to study at first instance, as
the roles of the datapoints and of the weights is undertaken by the same objects, the
patterns. So, there is no optimisation, but one only has to look at the energy landscape
in the vicinity of the patterns.

More precisely, we study the retrieval of i.i.d. binary patterns as the distribution
of the hidden layer varies. We do it by looking at the local minima of the energy func-
tion, in what is called in statistical physics a zero temperature limit, in which retrieval
is maximised (see, e.g., [2]). We prove that the tail of the hidden prior distribution
determines the retrieval capability of RBMs. More precisely, for priors with tails ran-
ging from exponential to Gaussian we prove that deep local minima are well localised
about the patterns, while if the tails of the hidden prior decay faster than Gaussian,
we show that the patterns cannot be retrieved well in any case. RBMs whose hidden
priors have Gaussian tails (a class including the Hopfield model) represent special
threshold cases which we treat separately in either the positive (Theorem 1.1) and the
negative (Theorem 1.2) result below.

1.1. Setting

We consider RBMs with i.i.d. Bernoulli £1 visible units o1, ..., oy, and symmetric
i.i.d. hidden units zq, ..., zy, distributed according to some prior 7. We allow a
certain freedom in the choice of the hidden prior 77, for which we only require that

7(|z| > t) ~ e " forsome g > 1. (1.2)

Let £ ... g™2) denote independent random vectors, that we call patterns, with
Ny centred i.i.d. =1 components. We consider RBM probability distributions with
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(unnormalised) density (with respect to the priors)

p
p(0.2:8) := exp (— > @5z ). (13)
N1q7 WE[N3]
where 8 > 0 is a parameter usually called inverse temperature and ¢— := min(q, 2).
‘We will consider the ratio between the number of visible and hidden units as follows:
N>
o= =5 (1.4)
N,*
where
1 1
4 =1
P+ 4-

This is a parameter which will be considered as a constant in the subsequent analysis.
The normalisation factors in (1.3) and (1.4) are unusual. For instance, in (1.3), typ-
ically from a spin glass perspective one adopts a more familiar normalisation with
VN1, while for learning one leaves the energy unnormalised (as the best normal-
isation is learned with the weights). Our choice ensures that either the energy of the
single pattern and the global maximum of (1.3) as f — oo stay bounded as Ny grows
to infinity and scale linearly with o (with constants depending on ¢). The aim of
Section 2 is to make this point more precise.

Integrating out the hidden layer in (1.3), we get a probability distribution over the
visible units. Its density is written as

/ p(az:é)n(dzl)---n(dz]vz)=exp( > u(il(s“,(f))), (1.5)

nelN2] ANy

where
u(x) := log E[e**'].

We are interested in studying the local maxima of the right-hand side of (1.5) as
is very large, but Ny, N, finite. The main issue is that the dependency on § in the
exponent is not multiplicative and it is not clear which function should be analysed in
the limit 8 — oo (compare it, for instance, with the easier cases of the Sherrington—
Kirkpatrick model [1] or the Hopfield model [20], where § is just a multiplicative
parameter).

Exploiting a reduction argument introduced in [4], we show how to single out
an effective energy function which captures the RBM landscape at zero temperature.
The following simple observation starts our considerations: for any z; such that (1.2)
holds for some ¢ > 1, we have

@I}, < tim %scm)nzln (1.6)
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where 0 < ¢(g) < C(g) < oo are universal constants depending only on ¢ and p is
the Holder conjugate exponent of g. For a definition of the Orlicz norms || - ||, , see
(1.11) below. The proof of (1.6) is immediate, we write

_ gl

E[e**1] :/ dAP(zy = x7! logk):/ dre "F1lug X9
0 0

o0
— vl bl [ daeHiteaie
0

lzglly, 1x17 oo lzglly,, 1x17
=il bele 7 [ aneele A
0

and the last integral is finite uniformly in x by the Young inequality. Taking the log
on both sides and passing to the limit, we get (1.6).

Thus, by (1.6), as B — oo, we are led to consider the following p-spin energy
function [7, 12]:
! W) p
o 2 [EWolP w(p) =1 p - ()
1 WE[N3]

H?P(0:§) =~

(here we include the usual normalisation factor 1/N; of the internal energy directly
in the definition of H (?)). To fix the ideas, k(p) = p for p > 2 and k(p) = 1 + £
for p < 2.

1.2. Main results

The focus of this paper is to study the location of the minima of (1.7) on {—1, 1}
close to the pattern configurations in the limit Ny, Ny — oo, while & remains constant.
Hence, the main objects of interest will be the following two sets:

LMy, := {local minima of (1.7)},

dLMg\’fl) := {local minima & of (1.7) such that HP®EW: £ - HP (5:8) > 0}.

Below, Hamming(a, ) denotes the Hamming distance between a, b (i.e., the num-
ber of different entries) and EZLVLR is the ball in this metric centred at the pth pattern
with radius R. Throughout the paper, we will repeatedly use that two patterns are
typically separated by N;/2 flips so that E{ZIL Ny /2) and B\,]val LN, /2 typically do not
overlap. We say that the event A occurs with high probability (w.h.p.) if for all x > 0,
for all sufficiently large Ny it holds P(A4) > 1 — N;*. 8 : [0, 1] — R denotes the coin
tossing entropy

S(r):=—rlogr — (1 —r)log(l —r). (1.8)
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Our first result states that the error of reconstructing a given pattern is very small
in terms of the number of visible units N; if the decay of the hidden prior (1.2) is
slower than Gaussian, while a finite fraction of bits cannot be retrieved for ¢ = 2.

Theorem 1.1. Let g € (1,2). There exists ro € (0, %] such that w.h.p.

max max Hamming(o, §™) < (log Nl)%. (1.9)

WE[N>] W)~ a1
oedLn)NB, 1, N

Letq = 2. Foranyr € (0,3/8) ifa < min (%,/IVTr, W%) then w.h.p.

max max Hamming(ao, & (”“)) <rNj.

HE[N2] aedLMﬂ(fl)nE;VlBN] /8)

Theorem 1.1 identifies the models with ¢ < 2 as excellent in pattern reconstruc-
tion: there are deep minima located few flips away from the patterns (in fact, polylog
flips, see (1.9)) and no deeper minima appear in an extended region. We observe that
albeit we formulate Theorem 1.1 in terms of local minima, we proved a stronger state-
ment regarding all points in a Hamming ball about the pattern. Namely, we show that
exploring all the points in a large Hamming ball centred at any pattern, to find a point
with lower energy we need to go very close to the centre.

We do not attempt here at precisely characterising the radius ry, the basin of attrac-
tion of the patterns, the maximal o« allowing retrieval or any of the constants in the
play. Indeed, the numbers appearing in the case ¢ = 2 of the above Theorem carry no
special meaning.

Local minima are not directly related to the typical configurations of (1.3). How-
ever, it is well known that any algorithmic search of typical configurations will finish
to find a hopefully representative local minimum. This can be done by the usual FLIP
algorithm, that is greedy flipping of one units at time decreasing the energy until no
more decreasing is possible. Therefore, dLMg\’,}“l) has a direct interpretation in terms of
retrieval. Take, for instance, ¢ < 2. By the proof of Theorem 1.1, it follows that any

FLIP search initialised, for instance, at £/ will end up in a point of dLM%) falling

only (log N 1)% flips away from the pattern, which means that only few bits are
misretrieved.

Somewhat in the opposite direction, the next result shows that for g > 2 in (1.2),
the local minima of (1.7) are quite far from the patterns.

Theorem 1.2. Let g > 2, r € [0, 3] and let ay(r) := S(r) for g # 2 and aa(r) :=
S(r)/(1 = 2r)2. There is a numerical constant f(q) > 0 such that every r € (0, %)
and for all a > f(q)a,(r) we have w.h.p.

Hamming (LM, , £%?) > [rNy]. (1.10)
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For sake of brevity, the value of the numerical constant f(g) is not specified in the
statement of the previous theorem, but can be determined following its proof. Again,
we stress that we did not aim at optimising the constants.

According to Theorem 1.2, if ¢ > 2, one could still hope for retrieval with a very
small amount of hidden variables, i.e., for @ small enough (indeed for & = 0 recon-
struction is possible, see [4]), but for « larger than a given constant no recovery is
allowed. For ¢ = 2, the situation improves a bit in the sense that pattern reconstruc-
tion becomes less and less efficient as o grows.

The paper [4] showed that RBMs with hidden prior interpolating between a Gaus-
sian and a bimodal symmetric distribution exhibit retrieval at finite « > 0, which
disappears in the degenerate case when the Gaussian part is switched off. It is also
argued that such a lack of retrieval should persist at least for any compactly suppor-
ted hidden prior. This is demonstrated using non-rigorous replica computations and
numerics. We give here the first mathematical validation of these findings, as Theorem
1.1 (for ¢ = 2) implies pattern retrieval if in the interpolating prior the Gaussian part
is present, whatever small, and Theorem 1.2 is a strong indication for lack of retrieval
for hidden prior with a Bernoulli &1 distribution (for which we should read g = o0).

1.3. Related literature

The results presented here mark a neat difference in the retrieval capabilities of RBMs
with hidden priors (1.2) with ¢ < 2 (very good capabilities) and g > 2 (not so good)
with a transition at the Gaussian tail case ¢ = 2. As already remarked, a notable
instance of the case ¢ = 2 is the Hopfield model, for which a similar analysis at zero
temperature was done in [20] (analog of Theorem 1.1), [19] (analog of Theorem 1.2)
and [25] in the attempt of proving the picture of [2]. When comparing these papers to
ours, we underline that we do not seek to characterise any of our estimates with the
best possible constants, which was instead a relevant component of all these previous
papers. In particular, by Theorem 1.1, it follows that in the case ¢ = 2 we observe
retrieval for @ < 0.04, much less than the threshold o < 0.14 computed by Amit,
Gutfreund, and Sompolinsky. However, from our analysis, it is clear that this critical
threshold is not a specific of the Hopfield model, but it can be achieved universally
for all the models whose hidden priors have Gaussian tails.

We exploit and make mathematically precise the heuristics of [4]. Namely, we
use that the tail of the hidden prior determines the behaviour for large argument of
the energy function of the associative network (around zero it is always quadratic). It
is exactly this asymptotic that governs retrieval: the more convex the better. Math-
ematically speaking the introduction of the hidden layer is a way to linearise the
energy function (over the visible units) and different prior distributions for the hid-
den layer correspond to different associative networks. Similar ideas have been used
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by [4,9,22,26,27] to study the performance of the RBMs with varying hidden unit
statistics.

The FLIP algorithm is a very natural choice to explore the energy landscape of
RBMs and indeed, it is essentially the original network dynamics proposed in [16].
This gives a nice connection with the local max-cut problem as analysed, for instance,
in [11] and [3], even though here we exploit crucially the presence of the patterns,
which constitute a special class of local minima. This is even more clear by comparing
with the analysis for the Sherrington—Kirkpatrick model of [1].

Many other dynamics have been proposed alternative to the FLIP algorithm mainly
for the Hopfield model and we will not give here an account on that (see the recent
work [6] and the references therein). We just mention that the dynamics analysed in [5,
27], which is a zero-temperature version of the alternate Gibbs sampling typically
used to train RBMs, is in spirit very close to our zero-temperature reduction.

1.4. Notations

Throughout the paper, p,q > 1 will always be Holder conjugates, that is, % + é =1,
and similarly for g_, p1, with g := min(2, g), p+ := max(2, p). C, ¢ everywhere
denote positive absolute constants which may change from formula to formula. We
write X SYif X <CYand X >~ Y if Y < X <Y.Sometimes, we write >, or 5,
to stress the dependence of the constants C above on a parameter . We indicate by
(-,-) the inner product in RV or RV2 and the meaning will be always clear from the
context and by || - ||, the £,-norms. 1 may represent the vector in RV or in R with
all entries equal to 1. Bg,l) is the Zq centred ball of radius one in RV . §511;1, B\glR
denote, respectively, the N;-dimensional Hamming sphere and ball centred at £*)
of radius R. If v € RN and J C [N], we denote by v, a vector in RVI such that
(vy)i = vj; if J ={j1,..., jjs)}- Toany J C [N] we also associate a FLIP operator
Fj defined by (Fyv); = —v; if i € J and (Fyv); = v; if i ¢ J. We will use the
following Orlicz norms:

| Z ||, :=inf{A>O:E|:1/f,(|k£|)i| <2}, r >0, (1.11)

where ¥/, (x) = e* forany x > 0 for r > 1, while for r € (0, 1) there are c¢(r), x(r)
such that for x € (0, x(r)) it is ¥»(x) = c(r)x. We underline that, setting g5 :=
sup{q" > 1: | Z|ly,, < oo}, wehave P(|Z| > 1) ~ e 15 (we convey that bounded
random variables have finite ¥/ o,-norm). Bearing in mind the definition (1.8), we will
often use the standard bound for r € [0, 1]:

A N
Ni—-1  _ 1 N1S(r)
CardS, | v | = (Lerj) < N30, (1.12)
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We denote the transpose patterns €@ by é,(f) = Si(“), i € [N1], u € [N2]. Sometimes,
we write £ := £/+/Nj. AC is the complement of the set A. We say that the event A
occurs with high probability (w.h.p.) if for all x > 0, for all sufficiently large Ny, it
holds P(A) > 1 — N ™.

2. Zero temperature reduction

In this section, which is in part independent on the rest of the paper, we study some
interesting properties of the Hamiltonian (1.7).

First, we show that the single pattern energy is close to the ground state, so provid-
ing a motivation for the normalisation factors in (1.3) and (1.4). We give a lower bound
for the ground state energy linear in «. To do so, we do not actually need binary pat-
terns.

Proposition 2.1. Let £V, ... £N2) be independent vectors in RN with i.i.d. centered
sub-Gaussian entries. It holds for p > 1 that

inf  HP(5:8) 2, —(1 4+ a) 2.1)

oe{—1,1}V1

2
—ca P Ny

with probability larger than 1 — e
To prove Proposition 2.1, we need the following auxiliary lemma.

Lemma 2.1. Ler £V, ... ™2 pe independent vectors in RN with i.i.d. centred

sub-Gaussian entries. Let p > 1. Forallt Z, (1 + oz)%, we have

| (.U«), o)1,
j2 <—q—2 sup sup Do) < gpmerm,
Nlmax(o,ﬁ) aeﬁ{_1,1}N1 rij\‘,iz) Ny

where ¢ > 0 depends only on the distribution of & fl).

Proof. We introduce the transpose patterns £ by §fj )= Si(” )ie [N1], n € [N2].
First of all, we note that

1 sup Z Z E szu = — Z |(‘§(l) 7)| 2.2)

—2
Nlmax(O, =7) ge L { LM V1] el lE[N] max(O, S 2%

Moreover, since for all T € Bl(\?z)

max(O, 2q
Izll2 < ,
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we have

2N

N max(O.L_z)
Y (R N ST B
Nmax(Oﬁ ’ - - ’

52)

. q—2
1ln‘\x(0, 7 )

1

The right-hand side of (2.2) is the sum of independent sub-Gaussian random variables

with
Z(1) 21) (2 max(0, %2%)
E[lEV. D = VENEW, DI’ SN, ,

thus for all T € BI(\(,IZ) fort = 1, we have

-2
1+max (0, L)
2N q

£() max(0, 472)
p<i s 1600 >l)§26 WO T b

ma. 0,"—_2 -
1iE[Nl]N1 X050

for some ¢ > 0 depending only on the distribution of & fl).

Next, we cover BI(\(,IZ) with a number of balls in RY2 with some small radius & > 0.
For p > 2, we can use Euclidean balls, and the Sudakov inequality gives a bound on
the minimal number N (BéV 2 eBév 2) of such balls

NN

N(B)?,eB)?) < &N

1
(here we used that for a Gaussian vector g, E[maxteBN2 (r.9)] = Elllglp] = N).
q

For p € (1,2) we use £,4-balls and we have
N(B)>.eB)?) < &M

(in the two estimates above the constants ¢ depends on ¢ in a way we do not keep
track of).

Assume now (1 + a)% <p t (this is to take into account also the behaviour for
small ). By the union bound for p > 2, we get

2
P (; sup sup (éo_, ) > t) < 2ecN21’ —cNyt? < ze—ct2Nl )
N

max(0 7‘12_2) 1 N (
> 2q J S 1 q)
. o€ =L} B

Similarly, for p € (1,2),

q—2

1 2 No—c(RL) 7 N2 —ct?

P( p— sup sup (§0,7) >t <22 C(Nz) 17 < et Nt
Nlﬁ Ueﬁ{—l,l}l\’l reB}\‘{z’
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Proof of Proposition 2.1. The role of hidden variables at zero temperature is played
by duality:

P

3 1EW. 07 = p= 1L

WE[N?]

sup Y (§W, o)1y
t€BYY) 1E[N>)]

Therefore (here we shorten é =&/ Ny),

P
1 R
inf HP(0:§)=-  sup |—— sup Y (W.0),
oe{-1,1}V1 ce—A_{—1,1}M1 Nmax(O,ﬁ) reBD
JN U 1 N ME[N3]
! P
=—|— sup sup Z EW o),
max(O,qu) 1 1.1 N] Q)
N, o€y Tl teB) uelNa]
(2.3)

by symmetry. It suffices to focus on the quantity inside the modulus above, which is
1
dealtin Lemma 2.1. We have forallt 2, (1 + «a)?

1 N
P (—_2 sup sup (£0,7) > t) < 2e7¢* N1,
N

max(0, 5-2) 1 N (
> 2¢q — 1 q)
. o€ =L} ceB)

Combining (2.3) with the bound above we obtain the statement. ]

Now, we show that the patterns have energy of the same order in « of the global
minimum, even though we can already observe a difference between the models with
p > 2and p < 2. We deal with 1 binary patterns for simplicity, but a similar argu-
ment can be easily repeated for symmetric patterns with minor modifications. We
have
1501 A IED.ED

H®ED. £y = _ )
58 N11+p—p/p+ N11+p—p/p+

This quantity concentrates around its average as N1 grows.

Lemma 2.2. Take t > O uniformly in Ny, small enough. It holds

exp(—cNit?), pe(1,2],

(P) (). £y _ ) (£1).
P(|H (EYV) ) — E[HY (¢ ’S)”ZI)S{exp(—cNﬂf’)s p>2.

Proof. We write

N.
HO gy - -V SR e
e 1+p=p/ l+p—p/p+ °
Nl p—p/P+ oyt Nl +
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It suffices to focus on the second summand on the right-hand side above. We have by

independence
Mg £y (P W) gwyp
P( $o IED.£0) _E[I(é ) } ZtNll+p/2—P/P+)

w=2 N12 N12

N2 ) ()
1, WP 1, £Wy|p _

:P< 3o 10,69 _E[I( £ } L NI p/zw)’ o

n=2 Nl2 le

where 1 is the constant vector with all entries equal to 1. The random variables

1, £Wyp 1, £y |p
roo - 1) _E[I( S0 R
Ny Ny

are i.i.d. with
1Ty, = 1.

2
D

Thus, by Proposition A.1 with £ = 2/ p, we have

0 exp (— N, min(tz,t%)), pe(1,2],
4) =
exp (—cN min(tlep_z,l%)), p > 2,

and the proof is complete. ]

Moreover, we have

1
|E[H P ED:6)]] ~ —agr(g) ~ il

In fact,
EIGCO. €017 = £| [ dape : |e0.60) = 2177
= (V1) [ T dre? = Br(ﬁ)zvﬁ. 2.5)
0 2 2
Therefore,

P[P 1
1

with very high probability. We see that if p > 2 this value is really of the same order
of the ground state, while if p € (1,2) for « small and N; large the patterns have
higher energy.
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3. Retrieval for p > 2

In this section, we prove Theorem 1.1. We look at all configurations reachable from
£ by |rN; | flips and compare the energy of the pattern with the minimal energy
of such configurations. By symmetry of the patterns, we can reduce to look at u = 1
and we may and will assume that 1, i.e., the vector with entries all equal to one, lies
in S]\,]Erl\} 1l°
Without further explanation, we introduce some more notations. For any point
o € {—1, 1} and subset of indices J C [N}], we set
X%Wo) = —

(s(“’ 0, Y ) = GRRID) 3.1)

1
N /N1
and X(“)(l) = xW Y(“)(l) = Y. We conveniently let
J Il A i A

Dp(x,y) = |x +y|P —|x—y|?, Dp(r):=Dp(r,1—r)=1—(1-2r) >0
(3.2)
(recall that we consider r € (0, 1/2)). We have the following useful representation
(recall the definition of the FLIP operator Fy in Section 1.4).

Lemma 3.1. Letr € (0,1), J C [Ny] with |J| = [rNy]. Itis
H(p)(é(l)) _ H(p)(FJf;‘(l))
1 B N>
= = () — Z P (X ED), Y ED).  (33)
N, ? N> u=2
Proof. Compute

HP(0) — HP)(F;0)

1 D
= 2 (|00 + €W o0l = 1= €500 + €2, 050)])
Ni™7eva)
1
=Tz Z ch(XyL)(G)vY}M)(G))
Ny ? WE[N>]

by the definitions (3.1), (3.2). We have k(p) — £ =1+ £ — ﬁ = ZE . Take now

v = D An easy computation gives

1)2
€513 J
Xﬁl)(é(”) = 2 W ry Ny,

VN1 VN,

yo gy - JERE _ 1
/ VN N v




Pattern reconstruction with restricted Boltzmann machines 167

Thus,
1 1
—ﬂiq)P(Xy)(E(l)), YJ(I)(S(I))) = —5=5Pp(r, 1 —1),
Ny * N, ?

and (3.3) follows. ]

The necessary tail estimates in order to prove Theorem 1.1 are given in the next
lemmas.

Lemma 3.2. Letr € (0, %), J C [N1] with
|1 = [rN1],

{X}“)}ME[NZ]\{I} and {YJ(M)}ME[Nﬂ\{l} are independent sub-Gaussian random vari-
ables, independent one from each other, with

3r 3(1—r)
X9y, < V7 1Yy, < - (3.4)

Moreover, {CIDI,(XYL), Y}M))}ue[Nz] are i.i.d. Yy r.vs. with

2
|2, (xX$0, Y5, <3Vr(=1), (3.5)
Proof. The proof of (3.4) is standard. We proceed only for X ‘), as for Y *) is similar.

We set
1= Ay/Ni/2[rNy] and X = % 1)//[rN,].

We let also g ~ N (0, 1) and & be a symmetric Bernoulli &1 variable, whose expect-
ation values are denoted by E and Ez. We have

1x {12 £ 2 <KW _ gk LN |
Ble | = Ble | = BT | = B[ (B 7))
g 2 -
_ Eg I:e[erJlogcosh(; LrNIJ)] < Eg[62g5»2] _ (1 _Az)—%
Since 1
- 1 N T2
(1—222 = (1--22 "1 <2
2 |_VN1J
for A < ,/32—’ we recover the first one of (3.4).
To prove (3.5), we bound
Ax Y2141y )2 21x 02 21y 2
Ppy2 2 1 7 1 ¥
E[e(f)]<E€ ‘D < —FEle 7 + —FEl|le P s
- -2 2
whence ,
|2, (X2 Y ¥ 5 < 20Xy 1Y . .
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We shorten in the next statement Pg(-) = P(- | §).

Lemma 3.3. Let r € (0, %), p=>2t=t(r)=1—(1-2r)? — r%. Take any o €

oN -1
Sl,EerJ' If
p—1

—2 r 2
a>37PN, 2 ( ) , (3.6)
1—r

then

) (£(1) » NP8
Peay (HP (V) — HP)(0) = —1) < exp ~ 5\ T . (3.7)

and otherwise,

Per (HP(ED) - HP(0) = —1) < exp ( - 21—4N1 \/1rTr)‘ (3.8)

Remark 3.1. Thinking of N; very large, with an abuse of notation, we will say in the
sequel that a property occurs for all @ > 0 in case it does for all @ 2 N;* for some
x > 0. Therefore, if r > 0 uniformly in Ny, i.e., we flip a number of bits proportional
to N1, we have for p > 2 the tail (3.8) for all @ > 0 and for « < /r for p = 2. A
sub-linear number of flips corresponds to take r ~ N for some x € [0, 1] (modulo
log-corrections, see below). In this case, we see that if x < =—=, the estimate (3.8)
still holds for any @ > 0, while otherwise we have (3.7).

Proof. In Lemma B.1, it is proven ¢ (r) > 0 for any r € (0, 1/2). It is clear that any
ces IN Ll r_Nll | can be written as F7 £ for some index set J of |rN; | elements (indeed

J ={i € [M]:0i #EMY). Then, by (3.3), we have

Peay (HP V) — HP (0) = —1)

= Pg(n(

N>
2,
N>
= Pgm( Zcb X YWy > (Nyr)% )

(XWED) Y9 D)) > N2 (B,(r) - z))

N>
=P ( > @, (xP v ) = (Nlr)’z’), (3.9)
nw=2

because of independence of the patterns and ®,(r,1 —r) > 0.
Note that y > 0 is equivalent to 0 < ¢ < iDp(r). By Lemma 3.2, {CDI,(Xy‘),
Y}M))}Me[Nz] are centred i.1.d. r.vs. which fit the assumptions of Proposition A.1 below
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(with £ = 2/p € (0, 1]). Therefore,

| NPr £ N1
(3.9) <exp min .
iz 3P-IN,(1—1r)2 JT1=7
The value of this minimum depends on «. We take the first term if (3.6) is fulfilled;
otherwise, we take the second one. |

Now, we are ready for the main proof.
Proof of Theorem 1.1. We shorten
D, (ro) :={o € B, \ - HPEW:£) > HP (0:6)}, (3.10)
and note that since for any u € [N2]
W) ~ pN
dLMy” N B}, n | S Duw, (o),
itis
NN NN
P(Yu e [Ny n BY € BY) = P(Yp € [Na]Dy v, (ro) S B).
(3 11)
Let us introduce the sets

Bary, ,,p (1) := { min_ min H? (o) - HPEW) > t(n)}
HEN2] g1t

on which the minimal energy gap of n flips from the patterns is a given #(n). Write

now for r € (0, %), n = |rNi] and t(n) = t(r) = t. We take some rg € (0,1/2) to

be specified later. Then, bearing in mind (3.11), the crux is

LroN1]
P(¥Yu € [N2]Dy,n, (ro) BIIZ]R) > P( () Bary, ,Nz,p(n))
n=|R]
LroN1]
>1- Y P(Bary, v, ,(n)
n=|R]

>1-N min P (Bar§ n)).
B ! [R|<n<|roNi]| ( NI’NLP( )

(3.12)

By the standard estimate (1.12) and the union bound, we have

P(Barfy, y, ,(0) = P( min -~ min_ H®(0) - H?(£,) 5;)

HeE[N2 a€§,1j}17

<N, exp(NlS(r))E|: sup Peay(HP W) - HP (0) > —z)}.

oesl LrNy ]



G. Genovese 170

The probabilities appearing in the last line are evaluated using Lemma 3.3 with
the same choicet = 1 — (1 —2r)? — r.

Let us first deal with p > 2. We take rg € (0, %] such that for all r € [0, rg] it
is258(r) < r/(I1—=r)andt(r) =1—(1 —2r)? — 7 increases. Bearing in mind
Remark 3.1, we let x,, := g—j and consider different regimes. If n > | N 11—x,, | then
Lemma 3.3 yields for all « > 0

P(Bary, y, ,(n)) < Naexp (Nl (S(”) - v ))

241 —r
< Nye VN1 ~ N, eeVnNT, (3.13)
Thus,
. - Nl_pr
min P(Barly, y, ,(n)) < Nae™ M1 . (3.14)

LN, TP |<n<lroN1]

Forn < [Nll_xpj, Lemma 3.3 gives for all & > 0

2 p
N72r2 ng
P(Barly, y, (1) < NpeMSO~Toma— < N,erlloeNil-3ig (3.15)
Thus, for all € > 0 sufficiently small,
min P(Barly, n, ,(n)) < Noe=<M1” (3.16)

LN2¢|<n<|N, 7]

Moreover, by (3.15), we see that also a poly-log number of flips is allowed:

—c(logNl)l+%
(n)) < Nae . (3.17)

: C
hin P(Baer N2, p

L(og N1) P=2 |<n<|NE#]
Finally, we look atn ~ N ll_x” . In this case, we have to fix some o > 0, and we use
for @ < ¢ the bound (3.13) and for o > ¢ the bound (3.15). We have

1—2p

min_ P(Barfy, y, (1) < Nae™Mt (3.18)

= ,N2,p
n=~|N, 7]

Combining (3.12) with R = (log N1)7-2 and (3.14), (3.16), (3.17), and (3.18),
we get

2
() ~ pN1 ANy _ —c(log N )1+2—P
P(V;L e [NoJaumy n BY) € Bu L(logN])PEZJ) > 1— Ny Nae i
3.19)

whence (1.9) follows.
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Now, we look at p = 2 and take ry = %, so that 7 (r) is increasing for r € (0, 3) (the

number 3/8 carries no special meaning). If ¢ < min (% N 25§r)) then Lemma
3.3 gives

¢ \/7 —c/nN
P(By, N,,p(n)) = Naexp (Nl (S(r) — m < Nye Vi,

Thus, by (3.12) with R = [rN;] and r € (0, 3),

(M) aN —1rN
P(Vu € [N2]dLMy " N Bu LroNy] S BM,lLerJ) > 1— NyNye 3V, (3.20)
whence the p = 2 part of Theorem 1.1 follows. u

4. Absence of retrieval for p € (1, 2]

In this section, we present the proof of Theorem 1.2.
We set for brevity for i € [No] \ {1}, p € (1,2], k € [N1], J C[N1],0 € {1,111

W (o) = 2=y sign(Z () 29" (0)1 77, 4.1)

W

where (recall the definition of the FLIP operator F; in Section 1.4)

ZW(0) = \/LN_l(g(W, Fyo). 4.2)

Next, we give the central technical lemma employed in the proof of Theorem 1.2.
In the sequel, we shorten J + k := J Ulk}ifk ¢ Jand J —k := J \{k}ifk € J.

Lemma 4.1. Letr € (0, %] J C [N1] with |J| = |rN1]. Forany p € (1,2], we have

1 a4
Ni(HP (Fr, §0) = HO(Fr50) = F ZW“”,(&“’) Ny
n=2
2p(1-2r)P~1 1
L 2n( I_VE) +0( 2_,,), 4.3)
N, * Ny ?

where ¢ is a strictly positive and uniformly bounded random variable depending on
1 .
{é,g )SIEM)}M=2,.,_,N2 and {ng (‘E(l))}u=2,...,N2- Setting

-1
d(p) =2p(2p_1_2p—1(p—1)p 3]7_2)’
4 p

we have C? > ¢ > d(p) for any realisation of ¢ and C > 0 an absolute constant.
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In particular,

L H Oy £0) — HO(FE)

EIEI)EIE : (1) (1) 1
E — _
=F \/_ Z;7 () —ax(1-2r)F N 4.4)

n=2
Proof. By Lemma 3.1, we have for any k ¢ J

Ni(H P (Fy 60) — HP (Fy50)
=N (H(FJ+k5(l)) _ H(g(l)) _ (H(FJg(l)) _ H(S(l))))

= ng (Ci)p (r + NL) — CiDP(r))
1

N>
+ D B (X Y D) Y D))
=2

Itk

N>
=Y B (XPED), ¥ D))
n=2
ya
=N/ (|1 —2r|? — ‘1 —2r — —

217
W)

1

1
S(M)S( )

N>
W) e\ ip |7 £(1)
+Z(|Z, D) ‘2, CRBPESLE

=2

p
). 4.5)

Similarly, for all k € J,
Ni(HP (Fy_ £V) — HP (F;6M))

2 2 |7
:N12(|1—2r|p ‘1—2r—|—— )

Ny

1
E(M)S( )

N>
W) (=(Wyip | 7W) (1)
+ 3 (12 ‘z (E0) 2%

=2

p
) . (4.6)

For p = 2 a straightforward computation gives (4.4) from (4.5) and (4.6).

In general, for p € (1, 2), we have to use Taylor expansion. Let (p)o := 1 and
Pk = ]_[;:(l)(p — j) fork > 1. Assuming r € (0, %), N large enough (i.e., Ny (1 —
2r) > 2), we have

p

3

2r|P1 4 s Z (P)k 2k=2(1 —2r)Pk

2
1—-2r+£ —
‘ "N Nk=2

2
=l-2rP+ L2112
Ny 5
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and using |(p)x| < k!, we get
4 3 2k
NZ(1—2r)2-r =0 ((1 =2r)Ny)k
1
NZ(1—2r)2r’

Z (P)k 2k=2(1 —2r)Pk
N? Nf—2

Therefore,

yl 2
N12(|1—2r|p—‘1—2}’:|27
1

» 2 1
)=:F 1’_’,,|1—2r|1’—‘+0( z_p). @.7)
N3 NZE

On the other hand, for r = 7, this correction term is trivially of order N 2,
Recall now (4.1) and compute

‘u

gg-(l/«)%-(l)

VN 1232 E D) =2N, 2}(
(p)e 129 (M) (izs(ms,i“)f)
+

Z(“)(S(l)):i:2 |Z(M)(S(l))|pﬂ:W('u) (E(l))

= VARGONE N2
2P
(Z§ED)<2N, 2}Nz

(1
R r) )

>2

Thus,

(IZS“)@(”)V’ ‘Z A GRE: 25%(1)

i (n 1
) FW, )

1
. Z ()¢ 1257 (D)7 (225150
1Z3 E)=2N, 2} t@zPeEont  nf

l

(4.8)

_1
1z W)|<2N, 2}

(1) £(1)
% (2_112) i 21; E Ek Z(M)(g(l))\/_ |Z(M)($(l))|p ¥ W( J(%-(l))) 4.9)
N2 N,

. Z(p?z 2L £Z P ED)EWED VN, (4.10)

)
1z EW)|<aN, Z}Nz Pt
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The contributions (4.8) and (4.10) are very similar and will be dealt together.
Using that for £ > 2itis £ — p > 0 and £2(p)¢ < 2p?{! we have

|(4.8)] < —Zz— (4.11)
1 {>2
Similarly,
2p+1 2 B
@10 < =2y e, (4.12)
N7 =
1 =

Furthermore, depending on the value of sign(Z () (S(l)))é(l)élg“ ), we have either

“.8) =1 —Z(P)z 123 ED)|P 2¢
1z EW)=2N, 2}Nz =2 4 Z(JM)(S(I))V N1
27 E D)

_1
EAIGRIEST IS S YA

x [+ 2028 E)VNITY? = (14 2p128° D) VN ] 2 0

where equality is achieved only if p = 1, or

e ARG

(4.8) = 2
{IZ(‘“(é‘”)|>zN 2}N = 0 zWEmye 5
_ 1ZPEDr («/_Nl zgw(gm))—u
(Z§9 EM)|=2N, 2} ng & )
(P2t (Paesr | VNIZP (W)
) - , (4.13)
20! 20 + 1! )

where we split the sum over even and odd £ > 2 and rename the indices to get the
second identity. The quantity in (4.13) above is non-negative, since for £ > 1, (p)o¢ >
0 and (p)2€+1 < 0, which can be shown by observing that (p)¢>3 = (—Dép(p —
1) ]_[ 2( j — p) (again the equality is achieved only for p = 1).

Similarly, we have

Z (p)ﬁ €|Z§M)(E(l))M|€

{>2

4.10) =
{|Z‘“’(s<“)|<zN 2}N %
2p

_1
1z EOl<2n, 2y N 2

x [+ p27 ' Z$OEOWNID? - (14 27 2P D)V 2 0
(4.14)
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(equality is achieved only if p = 1) or

7 e Dt 200 0) /¢
{>2

VI Z D)\
o ()

(4.10) =

{|Z‘“)(sm)|<zN 2}N§

1
W) (g1 T2y, 5
1z EMi<an, 3 N2 =

X((P)ze (Pa1 VNI Z] z(‘“@“m)

4.15
24! 20+ 1! 2 (-15)

by the same argument used for the (4.13).
We conclude that

(48)<0, (4.100<0 forp € (1,2).

Moreover, for any a € (0, 1),
(Za)”
{|Z<“’(s<“)|>2aN12} aNy?

(4.15)1 > 20 az(@+am) (4.17)

D
(1Z49EM)|>2aN, 2} N2 2 6

(4.14)1

, (4.16)

With a bit of algebra, we rewrite the term in (4.9) as follows:

27 ((1_ |ng“)<s“>)|l’)

1
1z ED)<2N, 2}N 5 2

W) (£(1)y)p— (0 (£(1)
¥ pslgﬂ)é(l) Slgn(Z‘(,M)(E(l)))(l\/N_lZ‘é;_(él_ ! )|p ! _ |\/VIZ£M (%— ! )|))

(4.18)

According to the value of SIEM )§,£1) sign(Z(J“ ) (€M), the term inside the parenthesis
can be either

L= x1? + p(IxP = [x]) or 1—I[x|? — p(Ilx[P~" — |x]),

where we shortened

(W) (£(1)
27
x| == w < 1.

N2
The first expression above is clearly positive, while the second one is positive thanks
to Lemma B.1. More precisely, for any a € (0, 1),

4.18)1 >1—a? - p@?™' —a)>0. 4.19
1o 1247 €)l<2an; 2y 7 ) B
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From the representation (4.18), we also get the bound

4.9) <

- (4.20)
NP2

Now, we pick a = 2(p — 1)/ p into (4.16), (4.17), and (4.19). Combining with
(4.11), (4.12), and (4.20), we conclude that the lines (4.8), (4.9), and (4.10) define a
random variable

lying in a uniformly bounded interval away from the origin such that

2 (1) s(1) (1) (1) E(M)E(l) g
E A p_ VA " +2-—"
= (| J (é )| ‘ (S ) ,—1 )

_D

N>
=7 Z W(M)J(é(l)) —|-0ng 2,

Precisely, we have

—1\""'3p-2
¢ 22p(2p—1—2p_1(p ) P )
p p

This and (4.7) give (4.3). ]

Now, we turn to the proof of Theorem 1.2, which we conveniently split into several
steps.

Step 1: reduction. Due to the exchangeability of the patterns and their entries, we
have

P(LM(“) NBY v | # @)

[rN1]
<MY Y P( (VH(Fs, £V = HF£D) > 0},

(=1 JCIN] \kgJ
171=t
(V{H(F;46D) — H(F76D) > 0})
keJ
LrN1] N
=N Y ( ¢ )P(ﬂ{H(F[e]+k§(l)) — H(Fgg™) > 0},
(=1 k>{

({H(Flg-xtD) — H(Fgg®) > 0}). (4.21)

k<t
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Recalling (4.1) and (4.2), we set for brevity
(w) Dy . W) 1 () . (w)
W ED) = W M) W =W (),
1
MW .— _1 Z ‘i:i(u)’ Q(M) = sign(M(”“))|M(V“)|p_l,
i€[Ny]

By Lemma 4.1, we have for N; large enough (' := £/Ny)

[rNy ] N N> s
@21) <Ny Y. ( EI)P(Vk > (=Y w®,ED) = d(paN, >

=1 n=2
2p(1 —2ryP~1

NTE

Yk € [£] Z W(M)g(s(l))

-4
> d(p)aN, > + ==

2p(1 —2r’)P—1)
N, 2

[rNy ] N N> _r
=N Y. ( £1>P<Vk > 0= W%, > d(paN, >

n=2

C2p(1=2ryP!
Zpd=2r)r r) Vke[z]ZW(“)

N p.k.L
1
_2 2p(1=2r)P1
> d(paN, +u)
N, ?
[rN1] Nnop—1
N ~ —z2  2p(l=2rH)?
=N, > )P VK > €0.E®) = d(p)an, g _ 200207
¢ : -5
(=1 N1
- —z 2p(1—=2r)P1
Vi € [0](Q.E®)>d(p)aN, +p(+)
N, 2

(recall that .g? (&) denotes the kth transposed pattern). In the second identity above we
have exploited independence of the pattern £V to replace W;;(ll? ¢ (EMW) by W;j(’;c) ¢ and
in the third one the independence of the first £ entries from all the others and the
flip-symmetry to replace Zé”“ ) by M ™. We also used that the independent random
variables Q® ... Q(V2) are symmetric. We denote by Q (respectively, M) the vector
whose pth component is Q ) (respectively, M (V).

Step 2: disentangling by the FKG inequality. Let us denote by M the o-field gen-
erated by M@ ... M2 and notice that Q@ ... Q2 are M-measurable. We
shorten Py (-) := P(- | M). The crucial observation here (first remarked in [19] for
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the Hopfield model) is that for each y € [Na] the law of £ conditionally on M
is a permutation distribution (as the increments of a simple random walk given the
position). Therefore, the FKG inequality applies (see, for instance, [21]), and we have

- —z  2p(1—2r)r1
Py (Vk > 0(Q.EW) > d(p)aN, > - %,
N, ?
_ p _ npr—1
Vi € [)(0, %) = d(paN, % + M)
N, 2
~ _ np—1
<[] P« ((Q, EW) = d(pyan, % - M)
k>t Ny 2
- 2 2p(1—2r)P1
x [ Pu ((Q,é(")) > d(p)aN, > + %) (4.22)
keld] Ny 2
Note that
E[g}iﬂ«) | J\/(] — M(H«)
and

Var[g") | M] = 1— (M )2,

Therefore, introducing Q € R™N2 with components Q) := QW /1 — (M )2, we
get
- ||M||5)2)

211013
by the Hoeffding inequality. Note that this quantity is independent on k and also, we
have the simple bound || Q)% < || Q|2 = ||M||§§:§ Then, (note d(2) = 1)

Pu((0.6®) >1) < exp(

(d(p)N, "% - ||M||,’i>2)
(4.22)peq, §exp(—N — , 4.23)
reit2) ' 2| M|2222
_ Nl / _ _ N 282
(422),_, < exp( AR
+ (1 =rYa+0=2r")— ||M||§)2)). (4.24)

Step 3: concentration. Now, we have to take the global expectations of the right-
hand side above. We notice that E[|| M ||5] =~ aNll_g (this is an identity for p = 2)
and ||[(M )P — E[(M(“))I’]Hv,l ~ Nl_g. We can give precise upper bounds for
these quantities. It holds for any ]I; >0

N xl _p
E(IMIE) = 25 [ T dx = aN B e(p) (4.25)

N,
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(to prove it, proceed as in the computation giving (2.5)) and

[SS]

3
19 — B0l < (53

(to prove it, proceed as in the proof of Lemma 3.2).
Hence, by Proposition A.1 in Appendix A (with £ = 2/ p),

o )

Z |MW|P — E[|M™)|P]

(=2
_2
1 . (2P2NP™V 245 N]?
< 2exp —gmln g 3 7 . (4.26)
oP

We will also use the following sub-Gaussian estimate, which follows from [24, Corol-
lary 2.8] (there the constant was not specified, but our choice is however not the
optimal one). For any p € (1,2) there is a number 4 > 0 such that for any ¢ <
2ahN7™?

[2
P >t <2exp| - ——— ). @27
( ) p( 4ahN; 2”)

A sketch of the proof of (4.27) is given at the end of this section. Note that for
p = 2 (4.27) reduces to the standard Gaussian estimate in the Bernstein inequality
(4.26)|p=2» (however, numerical constants may change a bit).

Z |M(M)|2p—2 _ E[|M(”‘)|2p_2]
n=2

Step 4: finalising the argument for p € (1,2). Using (4.26) with

1 1-2
t= EOtNl *ld(p) —e(p)| =: 1p.
we obtain

Eright-hand side of (4.23)] < E [right-hand side of (4.23)1 a2 (1211 <2}
+ P(IMI7 - ENMIF] = )

S E[exp ( _ NP d(p) - e(p))Z)]

M55
2 _2
, | (2PRNPTV 2P N]TP
+ 2exp —gmln 10y , 3 3
or
2N3—p d _ 2
=E[exp(—“ 1 ”LEQ_Z"(’))) )}+2€‘“N"“(1’), (4.28)

2p—2
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where
1 5 2 2 2
)= gmin (3(2) @ - et 22 ) - e )
Using (4.27) with t = L E[||M |30 73] and (4.25) (with p — 2p — 2), we obtain
>Ny P (d(p) — e(p))?
E|lexp| — 292
IM5573

- 207Ny " (d(p) — e(p))? Ny
_E|:exp(— 3aN?7e(2p —2) )}-}—Zexp(—ﬁ)

_ 20N (d(p) — e(p))? aN;
_2exp<— 202p —2) )+26Xp<—ﬁ).

Combining the display above with (4.21), (4.22), (4.23), (4.28) and using (1.12),
we have

W gy
P( By #9)

ol N1 —aN k1 (p) _aN, 2dp—e(pn?  _aNy
<2N, Z ¢ (6 118P) 1 e 17 2e2p=2) 4 ¢~ T6h )
{=1

2(d(p)—e(p)? _1
< 6rN,N; eNl (S(V) —amin(k1(p), 2e(2p—2) ﬂ))

’

which yields the assertion for p € (1,2).

Step 5: finalising the argument for p = 2. Using (4.26),—» witht = (1 + a)(1 —
2r') =: 7 in the first line of the display below and (4.27),—, with t = %E[HM [2] in
the third line, we have

E[right-hand side of (4.24)]
Ny ((1 =21 —17)?
< E[exp(_ _lu)] + P(IIMI3 - E[IM]3]] = 7)

2 M]3
21 — "2 N s a)(1=2r"
< E|exp _Meatd 22V) +2e—%N1(1+a)(1—2r)mm(1,72“+ p0=2r))
2 M3

. 21 1—2r/
e—3aNi=2r)? | 5 —LaNi | 5,~3Ni(1+a)(1-2r) min (1,20+epd=2rD)

IA

(1, 2(1+0§)D(tlf2r))

s

(4.29)

< e—%otNl(l—Zr)2 +2€—%aN1 +2€—%N1(1+a)(1—2r)min
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as r’ ranges from 1/N; to r. So, combining (4.21), (4.22), (4.23), (4.29) and using
again (1.12), we obtain

[rNy]

P(L M(l/«) n BII,:’]LerJ #0) < N, Z ( gl) (terms in (4.29))
=1

< 2rN,N; (eNl (S(N—§a(1-2r)%) 4 N1 (S()—}e)

4 M (s0-3a+0a-2n) min(1,72(1+a3)0((1_2”)))'

The first two summands are negative if & > 3S(r)/(1 — 2r)2. The fact that also the
third one is so is verified in Lemma B.2, Appendix B. The proof is complete.

Proof of (4.27) (sketch). If p < 2,itis2p —2 < 2. We bound

E[|f2s|]

|2p—2

1
| 7N Yielng1éi

)

<22E[ (1= 7= Sy b=}

n>1

2p—2_ (n=1?2
<2 E e i =:h < oo.

n>1

We can write

() 2p—2 1 1 Z () =2
MUOPr=2 = _( 3 ) |
Nlpl VN1

If s € (0, 1), we have (see, for instance, [24, Lemma 2.6])

E[eslM(“)IZP_z] < o57h

Thus, by the Markov inequality and optimisation over s,

P(Nf’ T IR — pM @R = ’) < eSaMhst <
=2
provided ¢ < 2haN;. Changing variables implies the assertion. |

A. Tail estimates

In this appendix, we present tail estimates for sums of i.i.d. r.vs. used in the main
text. The following statement is not new, and we give the proof here mainly for the
reader’s convenience. In fact, the proof of the subsequent formula (A.1) for £ € [1, 2]
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is classical and can be found, for instance, in [24, Corollaries 2.9 and 2.10] (though
the formulation is slightly different there). So, we focus on the case £ € (0, 1). For
similar statements, see [20, Proposition 3.2] and [17, Theorem 6.21].

Proposition A.1. Let £ € (0,2], X1,...,Xn i.i.d. r.vs. Then, for N large enough,

(| 3|2 0) =20 (- g (i i)
; xp | — = min , .
1= =TT, N G, Nt

i€[N]
(A.1)
Proof (only for £ € (0, 1)). We have by assumption

4

P(X |20 <e 21l

Let now s := ||X1||WN217£ and set X7 := X;1yx,|<s)- Then, we have

( > X >t)<P(ZX > 1, sup |X|<s)—|—P(Sup |X|>s)

i€[N] ie[N] i€[N] i€[N]
Se
< P( 3 xf| = t) te WX, (A.2)
i€[N]
Set now :
4s=E X, 5,
We note that for any 0 < u < i (and N large enough) it is
x5
nX; < TET R
Al X115,
M
Using the bound x% < e%, we compute
s E[(X)" 2]
E[e"X) =1+ @2 IX} 15, Y 1" o
’ W,; 1X: 13, (1 +2)!
B lXS‘Z |Xs|€ n
51_1_ 2 X 2 IOHX ”V/ ( )
wNXilly, E ,;)”' o5,

1€
< 1+ W2IX 13, E eS'Xt'w}

1x;1¢
1l
< exp (MZHXi II?WE[eS'X’ "o D < exp (2121 X:13,)-
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It follows that

P( > x;

i€[N]

_ 2 2
. [) < e HTRNIAIXIIE,

12 - 2
Zexp(—m), 0<t<4N/¢L||X1||we,

2exp(—it + 2N 2| X1]3,). 1 = 4N X4]3,.

With our choice of parameters, the above formula rewrites as

2

t
26Xp<— AXE N N)’ 0<t<s,

s v
P( Z Xi Zt)E 2ex (——tﬁ ‘3) t>s (A3
i€[N] PU7axg, ) P=%
Combining (A.2) and (A.3) gives the assertion. [ ]

B. Two technical lemmas

The following two results are basically calculus.

LemmaB.1. Let g(x, p):=1—(1—2x)P —x7% and f(x,p):=1—x? —pxP~ 1 +
px. Itis g > 0 for all p > 2 and x € [0, 1/2]. Moreover, for any a € (0, 1), it is
f(p,x)> f(p,a) > O0forall p € (1,2] and x € [0, a].

Proof. For x € [0, 1/2] the function (1 —2x)? + x7is decreasing in p, so it suffices
to study g(x, 2) for which one verifies explicitly g(x,2) > 0 for all x € [0, 1/2].
Now, we pass to f. First, we note that

I+ (x+ p)logx <x Vxe]0,1]. (B.1)
The proof is simple: we compare the function log x with ;‘;; for x € [0, 1], and since
1 d d x—1 1
—=—10gxz—x = P+ Vx €[0,1]
x dx dxx+p (x+ p)?

and in x = 1 the two functions intersect, (B.1) follows.
Next, we note that f(x,1) = 0 and f(x,2) > 0 for all x € [0, 1]. Then, we show
that f is non-decreasing in p uniformly in x € [0, 1]. We compute

%f(x, ) = x(L—xP2(1 + (x 4+ p)logx)) = x(1 - xP~1) = 0,

thanks to (B.1). This tells us f > 0. Moreover, we compute

if(x,p) = p(l —xp‘l(p—_l + 1))
ox X
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We have for all x € [0, 1]
p—1 | > 1
X Tz xp—1’

The above inequality is clearly true if x is near the origin and at x = 1. Indeed, it must
hold in the whole interval [0, 1] since the functions on both sides are decreasing.

It follows that f is decreasing in [0, 1] uniformly in p € (1, 2], whence the asser-
tion follows. ]

Lemma B.2. Let r € [0, %] c1 > 0. Let also ¥ = r(cy) € [0, 1/2] defined implicitly

by
S(r)
- = (1,
1-2r
and set
( 1 —2?)2)
¢y i=max | —,— ).
c1 2cqr

Forall a > ¢2S(r)/(1 —2r)?, it holds

1 1-2
S(r) <c1(1+a)(1 —2r)min (l,w). (B.2)
o
Proof. (B.2) selects two conditions, namely, either
1-2 S 1-2 1 2
o < r, ca = (l’) —Cc1 Oor o> r, C1( —|—Ol) > S(V) .
2r 1-2r 2r a (1-2r)2

(B.3)

For r € [0, 1/2], the function S(r) increases and c¢; (1 — 2r) decreases. Let us denote
by 7 their unique intersection point in [0, 1/2]. Clearly, 7 depends on ¢y and ¥ — 0 as
¢y — 0.If r € [0, 7] then for every o < (1 —2r)/2r, it holds

S
caa = (7’) —C1.
1-2r
Moreover, there is C > 0 such that
1-2 S
T eSO v e

2r —  (1—=2r)2

Indeed, by definition of 7, the above condition is implied by

1-2 C
> 9% vrelo,7;
2r 1—-2r
therefore, it suffices to take
(1 —27)?
Cr = —(——
2c1r

and we have the statement for r € [0, 7].
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For r € [r, 1/2], we use the second condition in (B.3). First, we observe that, since

(1 + a)?/a > a, the condition ¢y % > (15(2?)2 is implied by @ > CS(r)/(1 —2r)?

forall C > cl_l. It remains to show that there is C > cl_l such that

1-2r S(r) ) (1—2r)? S(r)
< or equivalently < . (B.4)
2r (1—-2r)2 2r 1-2r)
By definition of 7,
S(r) _
—_— > vrelr,1/2].
a—2r) €1 relr.1/2]

The left-hand side of the second inequality in (B.4) is decreasing and its right-hand
side is increasing, whence it suffices to require

1 —27)?
U220 e,
2r
Thus, taking
( 1 (1- 2;7)2)
cpi=max | —, ——— |,
c1 2c1r
we have proved the statement also for r € [r, 1/2]. ]
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