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Discontinuous solutions for the Navier—Stokes equations
with density-dependent viscosity

Sagbo Marcel Zodji

Abstract. We prove the existence of a unique global-in-time weak solution of the Navier—Stokes
equations that govern the motion of a compressible viscous fluid with density-dependent viscosity
in two-dimensional space. The initial velocity belongs to the Sobolev space H I (R?), and the initial
fluid density is a-Hélder continuous on both sides of a @1 T®-regular interface with some geometri-
cal assumption. We prove that this configuration persists over time: the initial interface is transported
by the flow to an interface that maintains the same regularity as the initial one. Our result generalizes
a previous known result of Hoff [Comm. Pure Appl. Math. 55 (2002), 1365-140] and Hoff and San-
tos [Arch. Ration. Mech. Anal. 188 (2008), 509-543] concerning the propagation of regularity for
discontinuity surfaces by allowing a more general non-linear pressure law and density-dependent
viscosity. Moreover, it supplements the work by Danchin, Fanelli, and Paicu [Anal. PDE 13 (2020),
275-316] with global-in-time well-posedness, even for density-dependent viscosity, and we achieve
uniqueness in a large space.
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1. Introduction

1.1. Presentation of the model

In this paper we study the problem of existence and uniqueness of global-in-time weak
solutions with intermediate regularity for the Navier—Stokes equations describing the
motion of compressible fluid with density-dependent viscosity in R?. Our main interest is
to generalize the result by Hoff [21] and Hoff and Santos [22] concerning the propagation
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of discontinuous surfaces by allowing non-linear pressure law and density-dependent vis-
cosity. We aim to supplement the work by Danchin, Fanelli, Paicu [6] with global-in-time
well-posedness, even for density-dependent viscosity. Indeed, we consider the following
system:

{8,,0 + div(pu) = 0,

1.1
d¢(pu) + div(pu ® u) + VP(p) = divu(p)Du) + V(A(p) div u), (4.1

describing the motion of a compressible viscous fluid at constant temperature. Above, p =
p(t,x) = 0,and u = u(t, x) € R? are respectively the density, and the velocity of the fluid
and they are the unknowns of the problem. Meanwhile P = P(p), u = u(p), A = A(p)
are respectively the pressure, dynamic, and kinematic viscosity law of the fluid and they
are given C2-regular functions of the density. The equations (1.1) are supplemented with
initial data

Pi=0 = po € L¥(R?) and u,—g = ug € H'(R?). (1.2)

We assume there exists p > 0 such that
po—p € L*(R?), and we define P = P(p), it = n(p). (1.3)

Additionally, we suppose that the initial density pg is upper bounded, bounded away from
Zero:

0 < px,0 1= inf po(x) < sup po(x) =: py <00, o« := inf p(pe(x)) >0, (1.4)
xeR2 xeR2 xeR2

and o-Holder continuous on both sides of a @'*®-regular non-self-intersecting curve
€(0), which is the boundary of an open, bounded, and simply connected domain D(0) C
R2. The latter regularity is defined as follows (based on [36]).

Definition 1.1. We introduce the following definitions and notation:

(1) We say that an interface € is @' T*-regular and non-self-intersecting if we have
the following conditions:

« C'"*.regularity: There exist intervals V; C R, j € [1, J] and maps

J
yj:Vj > R? € €' suchthate C (] y; (V).
j=1

with well-defined normal vector fields.

* Non-self-intersection condition: There exists ¢, > 0 such that
Vje[l,J],(s,s") € V; xV;, wehave |y;(s) —y;(s")] = c;1|s —s'|. (1.5)

(2) Consider an open, bounded, and simply connected domain D in R?. Assume that
D is C'*%_regular. There exists a function ¢: R? > R € C!*¢ such that

D ={xeR%*¢p(x) >0} and |Vg|i:= inf |Ve(x)|> 0.
x€dD
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We refer to [23, Section 3.1] for the construction of such a level-set function. We

then define Vol y
. @ linf o
¢ =mm{1, } (1.6)
¢ (”v§0”éa)

(3) Given that
R? =D U€ U (R?\ D),
we define the space of piecewise «-Holder continuous functions with respect to €
as follows:

pw y(Rz) = GQ(D) N ea(Rz \ D), ||g||ea S(®R2) = ||g||ea(D) + ||g||ea(R2\D)»

and the non-homogeneous space
e, ,(R?):=L¥R*)NE, (R?), [gles,,®?) = llgllLo@2) + lgllee, , 2)-

These spaces strictly contain the Holder space C%(R?).

(4) Given afunction g € €7, ,, R?), the jump [[¢] and the average (g) of g are defined

as follows: for all 0 € €,

[gl(o) = lim [g(U +rny(0)) — g(o —rnx(0))],
(1.7)
(g)o) =7 hm [g(U +rnx(0)) + g(o —rnx(0))].

Above, n, denotes the normal vector of €.

(5) Consider a time-dependent interface € = €(¢), with a local parameterization y.
We assume that y; € C(1, C'T*(V})) and for all t € I, €(¢) is a C!*¥-regular,
non-self-intersecting hypersurface that forms the boundary of an open, bounded,
and simply connected domain D(¢). We define the following space:

2
LP(1, €y, (R7))
/Ilg(t)ll L@yl <00 if1<p<oo,
= =g, x)

sup eSSIIg(t)Ile
tel

o ®2) <0 if p = oco.

(6) Finally, we define the functional

Byo) = A+ [EODBUAVYO)llLe + cy@) VYO o (1.8)

where ¢, (;) satisfies (1.5). Here, P is a polynomial that is larger than those
provided by Proposition 2.5 below for specific second-order Riesz operators.

In addition to the assumption on the initial density pg in (1.3)—(1.4), we assume the
existence of an open, bounded, and simply connected set D(0) C R? such that €(0) =
dD(0) (with parameterization yp) is a C!*¥-regular and non-self-intersecting curve and

po € % (R?). (1.9)

PW,;Y0
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The purpose of this paper is to establish the existence of a unique global-in-time weak
solution to the system (1.1) with initial data (1.2)—(1.3)—(1.4)—(1.9) in the spirit of the
works by Hoff [21] and Hoff and Santos [22]. The regularity of the velocity helps to prop-
agate the C'*% and the non-self-intersection (1.5) regularities of the initial curve all over
time. We find that discontinuities in the initial density persist over time, with the jump
decaying exponentially in time. The extension to density-dependent viscosity is not trivial
and the analysis of the model is more subtle. We obtain uniqueness in a large space. On
the other hand, this result supplements the work by Danchin, Fanelli, and Paicu [6] with
global well-posedness even with density-dependent viscosity.

We will now proceed with the review of known results on the propagation of disconti-
nuity surfaces in the mathematical analysis of the Navier—Stokes equations for compress-
ible fluids.

1.2. Review of known results

Since its definitive formulation in the mid-19th century, the Navier—Stokes equations have
consistently captivated the attention of numerous mathematicians. The inaugural achieve-
ment in this realm is attributed to Nash [31], who proved a local well-posedness of strong
solution in the whole R3. The density belongs to C!™* while the velocity belongs to
@2+ for o € (0,1). We also refer to Solonnikov’s work [34], in which the system (1.1)
is considered in a €2-regu1ar bounded domain @ C R¥, d € {2, 3}. The initial density is
bounded away from vacuum and belongs to W12 (Q2) for some p > d, whereas the ini-
tial velocity belongs to the Sobolev—Slobodetskii space qu’l (£2). Nash’s work considers
heat-conducting fluids with viscosity laws that may depend on density or temperature. In
contrast, Solonnikov did not account for temperature, and the viscosities are constant. The
first global-in-time result is obtained by Matsumura and Nishida [29, 30] for small initial
data. For constant viscosity, the initial data needs to be small in H?3(R?), while for non-
constant viscosity, smallness in H*(R3) is required. Later, the regularity requirements
for the initial data were relaxed in [3, 4, 18], allowing for small initial data in the critical
Besov space in the case of constant viscosity. However, the density remains a continuous
function in space.

In the constant viscosity setting, the classical solutions constructed in the referenced
papers, come with the following energy balance:

t t
B+ 1 [ 190y + G240 [ Wivul sy = EO = Bo (L10)

Above, E(t) is the energy functional defined by

2 (t,x) B
E@t) = /Rd p(t,x)[M +/ﬁp sz(P(s)—P)ds] dx.

In the particular case when the pressure law is of the form P(p) = ap?, global weak solu-
tions were obtained for the first time by Lions [28], and Feireisl, Novotny, Petzeltova [13]
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with some restriction on the adiabatic constant y. The initial data is assumed to have finite
initial energy, that is, Ey < 0o, and the solutions verify (1.10) with inequality. Bresch and
Desjardins [2] established the existence of a global weak solution for the Navier—Stokes
equation with density-dependent viscosity. However, their result requires certain Sobolev
regularity assumptions on the initial density, which do not apply to our framework, as we
assume the density is discontinuous across a hypersurface, with its weak gradient con-
taining Dirac masses.

In the last three decades, there has been significant interest in studying the propaga-
tion of discontinuity surfaces in models derived from fluid mechanics, such as the Euler
or Navier—Stokes equations. These discontinuity surfaces are sets of singularity points of
certain quantities, such as vorticity for the incompressible Euler equations or density for
the Navier—Stokes equations. For instance, we refer to the so-called density-patch prob-
lem proposed by Lions [27] for the incompressible Navier—Stokes equations: assuming
po = lp, for some domain Doy C R?, the question is whether or not for any time t > 0,
the density is p(t) = lp(), with D(t) a domain with the same regularity as the initial
one. This problem has been addressed in [7-9, 12, 14, 15,24-26, 32], where satisfactory
solutions were provided for different regularities of Dy, including cases with density-
dependent viscosity. As far as we know, there are not enough results in the literature
concerning the analogous density-patch problem for the Navier—Stokes equations for com-
pressible fluids. On the one hand, classical solutions are too regular and do not account for
discontinuous initial density. On the other hand, while the weak solutions constructed by
Lions [28] or Feireisl, Novotny, Petzeltva [13] allow for discontinuous initial density, the
associated velocity is too weak to track down density discontinuities. As explained, for
instance in [15], an effective approach to tracking discontinuous surfaces is to construct
weak solutions for the full model within a class that allows for the study of its dynamics.

The initial result in this area is credited to Hoff’s 2002 study [21], which is a logical
follow-up to his previous results [19,20]. Indeed, in his pioneer work [19], Hoff provided
bounds for the following functionals (with d € {2, 3}):

t
AT (0) = sup ol Vulagay + [ 0lFillE sy
[0,¢] 0 111
H d 2 ! d 2 ( )
AL ©) = 00 | Bl gy + | o1Vl
0,t

owing to some smallness condition on the initial data. Here, v denotes the material deriva-
tive of v, while o represents a time weight. They are defined as follows:

vV:=0v+ wm-V)v and o(r):= min{l,¢}.
He observed that the so-called effective flux defined by

FH := Qu+A)divu — P(p) + P
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and the vorticity curl u solve the following elliptic equations:
AFH = div(oi) and pA curlu = curl(pi).

By using the regularity of i provided by the functionals 4% and A% in (1.11), he obtained
the fact that the effective flux and vorticity belong, at least, to L83((1, 00), L*®(R%)).
This finding enables the propagation of the L (R?)-norm of the density. As a result, he
proved the existence of a global weak solution for the Navier—Stokes equations with a
linear pressure law in an initial paper [19], and later extended this to a non-linear pressure
law (gamma law) in a subsequent paper [20]. These weak solutions have lower regularity
compared to the unique global classical solution constructed by Matsumura and Nishida
[30]; however, they exhibit higher regularity than the solutions with finite initial energy
constructed by Lions [28] or by Feireisl, Novotny, and Petzeltovd [13]. Specifically, dis-
continuous initial densities are allowed, and the regularity of the velocity at positive times
aids in tracking down the discontinuities in the density. For instance in 2008, Hoff and
Santos [22] explored the Lagrangian structure of these weak solutions. Basically, they
write the velocity as the sum of two terms,

(—A)T'V(P(p) — P)

= — ~A)T'WVFH 4 (—A)T'V - curl
u (Z/L—i-)k( ) + (=4) curu)+2u+k

=!Ufp +up. (1.12)

The first term is at least Lipschitz at positive times, while the second one is less regular
in space than the first one. Specifically, its gradient belongs to L>((0, co), BMO(R?)).
To lower the initial time singularity of the first term, they require the initial velocity to
be slightly more regular (g € H(R?) fors > 0ind =2 and s > 1/2in d = 3). As
a result, the velocity gradient belongs to Llloc([O, 00), BMO(R?)), which is sufficient to
define a continuous flow map for the velocity field u. Consequently, continuous manifolds
preserve their regularity over time. However, for initially C*-regular interfaces, one can
only ensure C*®)-regularity, with a(¢) decaying exponentially to zero. It is worth noting
that they constructed a solution to the heat equation with specific initial velocity ug €
HS(R3) for s < 1/2, which has infinitely many integral curves approaching x = 0 as ¢
goes to 0. This exponential loss of interface regularity was also observed in [10]. In that
paper, the authors constructed global-in-time solutions with large data under the nearly
incompressible assumption: the velocity divergence is assumed to be small. The velocity
is relatively weak (Vu € L1 ([0, 00), BMO(R?))), leading to the exponential-in-time loss
of interface regularity. They proved uniqueness only for the linear pressure law case, even
though the velocity field is not Lipschitz.

The decomposition of the velocity (1.12) was previously used by Hoff [21] to propa-
gate the regularity of discontinuity surfaces in R2. Specifically, for an initial velocity in
HP(R?), both the effective flux and vorticity belong to L} ([0, 00), €*(R?)), 0 < & <

B < 1, and as a result, the gradient of the regular part of the velocity does as well. Assum-
ing that initially the density is Holder continuous on both sides of a @' *¥-regular interface
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(with geometrical assumption (1.5)) across which it is discontinuous, the author showed
that the second part of the velocity is at least Lipschitz. In fact, its gradient is Holder con-
tinuous along the tangential direction of the transported interface, guaranteeing that the
latter retains the same regularity as the initial one.

It is worth noting that the approximate density sequence is constructed within a large
space that precludes any non-linear pressure law. Recently, in [36], we established the
existence of local-in-time weak solutions for the two-fluid model with density-dependent
viscosity and discontinuous initial data. Notably, the regularity of these local solutions
is sufficient to maintain the interface’s regularity. These solutions accommodate general
non-linear pressure laws and will serve as a block for the construction of global-in-time
solutions in this paper.

In their 2020 paper, Danchin, Fanelli, and Paicu [6] proved that, assuming the initial
density has tangential regularity, the less regular part of the velocity is Lipschitz. They
specifically showed that W2:?-regular hypersurfaces retain their regularity up to a finite
time. However, they were unable to establish global-in-time propagation of the interface
regularity, even for small initial data.

All of the above results pertain to the case of constant viscosity. When the dynamic
viscosity is constant and A(p) = pP, with B > 3, the existence of a global-in-time weak
solution, with no small assumption, was pioneered by Vaigant and Kazhikhov [35]. Their
framework allows discontinuous density, and although not explicitly stated, the propa-
gation of Holder interface regularity with exponential-in-time loss also holds, with the
analysis being very similar to that in [22]. However, when the viscosity p depends on
the density, there is no clear notion of effective flux, the analysis becomes more com-
plicated, and it is not even clear how can one propagate the L°°-norm of the density. In
what follows, we will present some observations showing that when the viscosity pu is
discontinuous, the effective flux and the vorticity lack the smoothness observed in the
constant viscosity case. Specifically, we will show that these quantities are continuous at
the interface only where the viscosity w is continuous.

We first apply the divergence and the rotational operators to the momentum equation
to express

F := u(p) + A(p)) divu — P(p) + P = —(—A)"" div(pow) + [K, p(p) — A]Du,
p(p) curlu = —(—A)~" curl(pit) + [K', u(p) — AJDu.

We refer to Section 3.1 for technical details leading to these expressions. Above, K and
K’ are second-order Riesz operators well known to linearly map L?(R?) into itself for
1 < p < oco. At the end point they map L (R¢) into the BMO(RR?) space.

It is straightforward to derive from the mass equation (see the computations leading to
(3.19) below)

)

P2u(s) + A(s) s

8 f(0) +u-V (o) + P(p)— P = —F. where f(p) = / .
o
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with the pressure term on the left-hand side interpreted as a damping term. Hence, esti-
mates for the lower and upper bounds of the density stem from L°°-norm boundedness
of F. A priori energy estimates (see for example (1.11) above) provide regularity for u,
which translates to L2 (R?)-norm boundedness for the first term of F . In contrast, the sec-
ond term of F, which vanishes for constant viscosity, is actually of the same order as Vu.
Worse, given that K is not continuous over L°°(]R2), it is less clear whether the last term
of the expression of F is bounded, with the only information that Vu, u(p) € L®(R?).
This issue precludes the L°°(R?)- norm propagation of the density as has been done for
the isotropic case by Hoff [19].

The second observation involves computing the jump of the effective flux, vorticity,
and velocity at the interface. The discussion follows the same lines as in [33], where the
case of constant viscosity is analyzed. First, we observe that there is a balance of forces
applied to the interface, which suggests the continuity of the stress tensor in the normal
direction, that is,

[T17]-ny =0, where n* = 2/L(p)ID)jku + (AM(p)divu — P(p) + P)Sjk (1.13)

is the stress tensor, ny is the outward normal vector field of the interface, and [[¢] denotes
the jump of g at the interface (see (1.7) above). Since the velocity is continuous in the
whole space, and its gradient is continuous on both sides of the interface, then the velocity
gradient is also continuous in the tangential direction of the interface. Basically, disconti-
nuities in Vu can only occur in the normal direction of the interface. In other words, there
exists a vector field a = a(t, o) € R? such that

[Vu] =a-n’. (1.14)
From this, one easily deduces that such a vector field reads
a=(a-1yx)tx + (a-ny)ny = [curlu]ty + [divu]lny, (1.15)

where 7, is the tangential vector field of the interface. Using (1.14), we rewrite (1.13) as
follows:

(1(p)) @’ +a-nxnl) + 2[u(E)ID u)nk + [A(p) divu — P(p)]n} = 0. (1.16)
Next we multiply the above by nfc before summing over j to obtain
2(u(p))a- nx + 2[u(P)ID*u)nink + [A(p) divu — P(p)] =0,
and since a - ny = [div u], the jump of the effective flux reads
[2u(p) + A(p)) divu — P(p)] = 2[w(p)I((divu) — (D7*u)nink). (1.17)

As above, we take the scalar product of (1.16) with the tangential vector 7, and use the
fact that [Jcurl u]] = a- 7, to obtain

[1(p) curlu] = [p(p)]((curlu) — 2(D7*u)nz)). (1.18)



Discontinuous solutions for the Navier—Stokes equations with density-dependent viscosity 9

It turns out that when the dynamic viscosity is continuous at the interface, for instance
when it is constant, the effective flux and vorticity are also continuous at the interface.
Another condition for these quantities to be continuous is that the terms in brackets vanish;
this seems not to hold in general.

In view of all the above observations, it is less clear whether the effective flux and
the vorticity are continuous at the interface. However, their jumps are “proportional”
to the jump in viscosity p(p). As we will see in Section 3.2 below, the viscous damping
of the density will cause the jump in viscosity L(p) to decrease exponentially in time.
Consequently, the jumps in effective flux, vorticity, and velocity gradient will also decay
exponentially in time, as observed in [21,22,33] in the case of constant viscosity.

We are now in position to state our main result.

1.3. Statement of the main result

We consider the classical Navier—Stokes equations (1.1) in two-dimensional space with
initial data (1.2) that fulfills (1.3)—(1.4)—(1.9). The parameterization yoy of the interface
€(0) fulfills the condition (1.5) with a constant c,,,. Next we introduce some energy func-
tionals:

* Classical energy functional:

2
E@) = /]RZ I:p% + p/:p sT2(P(s) — ﬁ)dsi|(t,x) dx.
o

* Higher-order energy functionals:
t
A1) = Ve + RN
0, 0

t
Aa(t) = [suI;OII\/ﬁitIIQZ(RZ) +/ o[ Vitll72 g2y (1.19)
0,z 0

t
A30) = 002 Vil + | o1l
0.t

where . = d;u + (u-V)u and ti = 0,1 + (u - V)t and o (¢) = min{1,¢}.

» Piecewise Holder regularity functional:

_ 4
o) = S(;lg”f(p)”egw’y(]gz)
t
4 To 4
+ [N, o+ o OIVUOIE, | gnlde 120
Above, y(-) = X(-)yo, where X is the flow of u,

re =1+2x, and f(p) = [P Mds. (1.21)

B N
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Recall that P, i, and A are C2-regular functions of the density. Additionally, we
assume the existence of ax € (0, p«,0/4) and a* € (4pg, 00) (see (1.4) for the definitions
of po,« and pg) such that

P'(p) >0, u(p)>0, and A(p) =0, forallp < [as a”]. (1.22)
The smallness of the initial data will be measured in the following norms:

co = w0l @a) + 1o = AlZ2@anes, ,, &2 + IPlZsepnecey.  (1:23)
Our result reads as follows.

Theorem 1.2. Let (po,u) be the initial data associated with the Navier—Stokes equations
(1.1) and satisfying conditions (1.3), (1.4), and (1.9). Additionally, assume that condition
(1.22) holds for the pressure and viscosity laws.

There exist constants ¢ > 0 and []o > 0 such that if

co<c and ||ju(po)— ftlles, , ®r2) < [(]os

PW,Y0

then there exists a unique solution (p, u) for the Cauchy problem associated with (1.1)
and initial data (pg, ug), satisfying

E@) + A1(t) + Ax(t) + Asz(t) + /0(t) < Cco, forallt € (0,00).

Above, the constant C depends non-linearly on o, po x, g [L0,% Cyer | VYo llex, Vol ee,
and |V(p0|inf.

The proof of Theorem 1.2 is presented in Section 3.5 below.

Remark 1.3. A primary challenge in this paper is deriving a Lipschitz bound for the
velocity (see the functional 6 in (1.20) above). To tackle this, we express the velocity
gradient as the sum of four terms (we refer to the computations leading to (2.20) below):

A+ Alp)
B2 F
2u(p) + A(p) )
2u(p) —

Bty + 7 PP = D)) + VA ANCi(p) — D)

= Vu, + Vur + Vup + Vug. (1.24)

iV = —(—=A) "'V (o) + V(—A)_1V<

- V(—A)—lv(

(1) The energy functionals #; and #5, as defined in (1.19) above, provide sufficient
regularity for u, ensuring that the first term of the expression above, namely Vi,

belongs to L. ([0, 00), C*(R?)). In fact, we are not able to obtain a uniform-in-
time estimate for the L!((1,¢), L% (R?))-norm of V.

(2) The other terms are less regular, and Proposition 2.5 below is crucial for obtaining
their piecewise Holder regularity. With the help of Proposition 2.5, we obtain that
the last term, Vug, is small compared to the left-hand side as long as the viscosity

1(p) is a small perturbation of fi.
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(3) The piecewise Holder norm of F can be derived similarly to the two previous
steps as F reads (see (2.11) below)

F = —(=A)""div(pu) + [K. p(p) — A]Du.

Then we make use of Proposition 2.5 to convert this bound for F into a piecewise
Holder norm for Vupg.

(4) Given that
3 f(0) +u-V[f(p) + P(p) — P = —F,
we convert the previously obtained bound on F' into a piecewise Holder norm for
the pressure, and subsequently for the remaining terms of (1.24).

(5) Finally, we use a bootstrap argument to close all of these estimates, and uniform-
in-time bounds are required. As mentioned in the first step, Vu, lacks adequate
time decay, and it is unclear whether an L2((1,¢), Cow,y (R?))-norm estimate, uni-

form with respect to t > 1, can be established for Vu p. However, we succeed in

obtaining a uniform-in-time estimate for Vup in L*((0, 1), Gg‘w’y(Rz)). Hence,
we achieve higher time-integrability for Vu, by providing a bound for the func-
tional 3, since this ensures Vii € L*®((1, 00), LZ(R?)). A similar functional was

derived in [11] in the context of the incompressible Navier—Stokes model.

Remark 1.4. The key findings of our work are as follows:

(1) Theorem 1.2 generalizes the works by Hoff [21] and Hoff and Santos [22] by
allowing a non-linear pressure law and density-dependent viscosity. We also
extend the work of Danchin, Fanelli, and Paicu [6] by achieving global-in-time
propagation of interface regularity.

(2) Our result accounts for viscosity of the form 1 4+ w(p), which falls outside the
Bresch—Desjardins framework and is relevant for suspension models; see for
example [16].

Remark 1.5. Since ro < 3, the velocity gradient belongs to Ly ([0, 00), €%, . (R?)),

which is sufficient to propagate the regularity of the initial curve. Indeed, the charac-
teristics of the interface y(¢) exhibit exponential growth over time,

_ 3/4
Vet + ¢y + V7). Vo) lex < Ce<
although this growth is slower than that obtained in [21].

Remark 1.6 (Exponential-in-time decay of jumps). In Section 3.2 below, we derive that
f(p), as defined in (1.21) above, verifies

Lf (o, y@ s))] = [f(po, vo(s))]
X exp|:/t [—g(r, s) — 2h(z, s)((divu(r, y(t,s)))
0
~ D ute. s b)) e |
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where g and & are given by

_ [P, (. 9)))] [ (o, y (2 )1
Lf (o, v $))] Lf (. y . sN]

(1) For constant viscosity, f is the logarithm function, # = 0, and the exponential
decay rate is immediate when the pressure is an increasing function of the density.
Indeed, the increasing assumption on the pressure law ensures that g is lower
bounded away from zero. This observation was made by Hoff [21] and Hoff and
Santos [22].

g(t,s) and h(t,s) =

(2) In our context, although % is no longer zero, it remains upper bounded. Therefore,
by applying Young’s inequality and using the L*((1, 00), L>°(R?))-norm estimate
for the velocity gradient, we obtain the exponential-in-time decay for [[ f(p)]). This
results in the exponential decay over time of the pressure and viscosity jump, given
that g and & are upper bounded. This leads to the exponential decay of the vorticity
and effective flux jumps over time; see (1.17)—(1.18). As a result, the vector field
a, defined in (1.15), decays exponentially over time, and therefore so does the
jump of the velocity gradient, as can be deduced from the expressions (1.14) and
(1.15).

(3) Notably, if the density is initially continuous at a point yo(s) of the interface, then
the density, effective flux, vorticity, and velocity gradient at time ¢ are continuous
at y(t,s) fort > 0.

Outline of the paper. The rest of this paper is structured as follows. In the next section,
Section 2, we derive a priori estimates for local-in-time solutions. In Section 3 we provide
the proofs of the lemmas presented in the aforementioned section. The proof of the main
theorem, which is a consequence of Section 2, is the focus of Section 3.5.

2. Sketch of the proof of the main result

In this section, we derive a priori estimates for weak solutions for the following system:

{a,p + div(pu) = 0,

d;(pu) + div(pu ® u) + VP(p) = divu(p)Du) + V(A(p) div u). @D

The existence and uniqueness of such a local solution is the purpose of our recent contri-
bution [36], which is summarized as follows.

Theorem 2.1. Let (po, Ug) be an initial data associated with the system (2.1) that satisfies
the conditions (1.3)—(1.4)—(1.9). Assume that the viscosity and pressure laws satisfy (1.22),
and additionally, assume the compatibility condition

(Pi)jr—o = div(TT)j,—o € L*(R?). (22)
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There exists a positive constant [j1] > 0 depending only on o and [i such that if'

[1+ 1A(eo)llee, , @2y + (Bro + Lo ITA(00) Lo ceon (o) = filleg, ,, @2)

+ By + €110} cecon

el Beollsceo |1 - o] o]
<

4 9
then there exist a time T > 0 and a unique solution (p, u) of the system (2.1) with initial
data (pg, Uo), which satisfy the following:

(1) P(p)— P €C([0,T],L2(R?) N Gg‘w,y(Rz)), where y = y(t) is a parameterization

of a C' % regular and non-self-intersecting interface €(t);

() u € €([0, T], H'(R?)) N L>®((0, T), W1-6(R2)) N L1¢((0, T), W#(R?)) and

o™/*Vu e L*((0,7), Cow,y (R?)) for

=i

1
= max{—, 205};
3
(3) i € C(0, T], L2(R?) N L2((0, T), H'(R?)), v/aVii € L®((0, T), L*(R?)),
JoVii e L4((0,T) x R?);

@) oii € L2((0,T) x R?), gii € L®((0, T), L*(R?)) N L2((0, T), H' (R?)).
Remark 2.2. The velocity exhibits additional regularity. Indeed, the proof of Theorem
2.1 (specifically [36, Remark 1.4, items 3 and 5]) shows that not only is u continuous
throughout the entire space, but its material derivative is as well. Furthermore, # is at least

continuous across the interface y. Additionally, both Vu and Vu are Holder continuous
on both sides of the interface y.

Theorem 2.1 comes with the following blow-up criterion.
Corollary 2.3 (Blow-up criterion). Let (p, u) be the solution constructed in Theorem 2.1
defined up to a maximal time T*. Assume the following:
(1) Continuation. There exists a time-dependent function C = C(t) such that for all
t €0, T*),
1 1 H
p(t)" u(p(t), c(1)) l=®?)
F @ lar @) + () O l2@2) + [1P(p(0) = Pllee, @2
< C(2). (2.3)

ey + I97Ollee + |

'We refer to (1.6)(1.8) for the definition of £,, and P, .
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(2) Smaliness of the viscosity fluctuation. For all t € [0, T*),
1 A, t oa

(1 + TGO

By + LI ceen (o0 — tlles. @)

+ By + i) [ 12w eon

) (o) = illex g2

i
GO B e |1 = o] o)

< [u]. (2.4
Then T* = oo.

Theorem 2.1 and Corollary 2.3 lay the groundwork for constructing the global-in-time
solution in Theorem 1.2. The regularity of u is sufficient in order to use u, i, o1, and o2
as a test function in the following computations. Also, the a priori estimates we will derive
will involve lower regularity on the initial data; in particular, the compatibility condition
(2.2) will not be required.

2.1. Basic energy functional

The basic energy balance is derived by taking the scalar product of the momentum equa-
tion (2.1), with the velocity u, and then integrating over time and space. By doing so, we
obtain

t
EO+ [ [ uIDul + A@ldive?] = EO = Ea. @9
0
Here, E represents the energy functional defined as
Ju|?
E@) = [ (p5- + Hi() @ x) dx,
R2 2

where H; stands for the potential energy that solves the ODE

- 4 ~
pHI(p) ~ H(p) = P(p)— P, andgivenby Hi(p) =p [ 572(P(5) = P ds.
]
More generally, as in [1], we define the potential energy H;, [ € (1, 00), as the solution to
the ODE
pH{(0) — Hi(p) = |P(p) — PI""'(P(p) = P),
which reads )
i) = p [ 571P©) = PI7I(P6) - Pyds,
B
These potential energies satisfy

3: Hy(p) + div(H; (p)u) + | P(p) — P|'""1(P(p) — P)divu =0, (2.6)

and they will help in deriving the L!*!(R?)-norm estimate for the pressure in the subse-
quent step.
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2.2. Estimates for the functionals +41 and A,

This subsection is devoted to providing bounds for the functionals 4 and +,. These func-
tionals yield estimates for the material acceleration # and, consequently, for the velocity.
We always assume the following bounds for the density and viscosity:

0<p<pt.x)<p, O0<p<p(p(t,x)<p and 0<A<A(p(t.x) <A, (2.7

and we define the viscosity fluctuation

1 ~
8(0) == — supl|(p) — fllL=a).
H [0.1]

We denote by C, any constant that depends on the bounds of the density and viscosity and
8(t), and by Cy any constant that depends polynomially on

”uO”fql(Rz) + ”IOO - ﬁ”iZ(ﬂgz)-

These constants may change from one line to another. We derive the following estimates
for functionals 47 and 4, under smallness of §.

Lemma 2.4. Suppose (2.7) holds. There exists a positive function K = k(l), | € (1, 00),

such that if
5(;)(2’f * &)_lil < &), 2.8)
20+ A
forl € {2,3}, then we have
A1 () < Cu(Co + A1(2)?), (2.9)
A2(t) < Ci[Co + A1(0(2)) + A1()(Co + A1(2))]. (2.10)

The proof of Lemma 2.4 is given in Section 3.1 below. The functionals +#4; and 4, are
under control as long as the density is bounded away from vacuum and upper bounded,
and the dynamic viscosity is a small perturbation of the constant state ji. Achieving this
control is the purpose of the subsequent steps.

2.3. Discussion on the propagation of the L (R?)-norm of the density

In this section we show where the difficulty in propagating the L°°-norm of the den-
sity, as done by Hoff [19], arises and how we circumvent this difficulty. In particular, we
achieve exponential-in-time decay of jumps, which compensates for the exponential-in-
time growth of the interface characteristics.

First, we use mass equation (2.1) to derive

dslogp+u-Vlogp +divu = 0.
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Multiplying by 2/4(p) + A(p) and using the expression of the effective flux
F = (2u(p) + M(p)) divu — P(p) + P
we find (see (1.20) for the definition of f')

3 f(p) +u-Vf(p)+ P(p) — P = —F,

where the last term on the left-hand side is understood as a damping term. As derived in
(3.4) below, F can also be expressed as

F = —(=A)""div(pn) + [K, u(p) — i]Du, (2.11)

where K is a combination of second-order Riesz operators. In general, the L°°(R?)-norm
estimate of the density, or equivalently of f(p), follows as long as we have an L (R?)-
norm estimate for F'. However, as explained in [1], the algebraic structure of the Navier—
Stokes equations with density-dependent viscosity does not allow for such an estimate for
F, as is often done in the isotropic case (see, for example [19]). The issue stems from the
last term of F (see (2.11) above), which is of the same order as the velocity gradient due
to the roughness of w(p). Indeed, it is not clear whether the commutator [K, u(p) — ji]
is continuous over L% (IR?) when the viscosity is discontinuous across a hypersurface. In
fact, this term is discontinuous even for regular velocity, as its jump corresponds exactly
to the right-hand side of (1.17) above. In order to control this term we use the following

result which establishes that even-order singular operators are continuous over Cg,, ., (R?).

Proposition 2.5. Let the hypotheses in Definition 1.1 (1) hold for an interface € and
consider a Calderon—Zygmund-type singular integral operator T of even order and let
p € [1,00). There exists a constant C = C(a, p) such that for g € L?(R?) N Ggw’y(Rz)
we have

_1
1T (@)lles,,®2) < CUglLr®e) + l1glles,,®2) + Lo ” IgllliLrce)
+ CllLglllzoocey (€% + (L + [EDBT (VY L + ) [ VY llea)-
Above, R7 is a polynomial depending on the kernel of T .

The proof of Proposition 2.5 follows directly from [36, Lemmas A.1 & A.2], so we do
not present it here. Applying the result above with

e(t) = X(t)C(0) and ¢(t) = po(X (1)), (2.12)
we obtain
1K w(p) — pIDu(@)llee ®2)
S Cllplp@) = e, @IV lLs@e) + VU@ lles @)

() Py (1)
_1
+ Cllulp®) = illes, @2 (L ITVUONLrcewy
+ (Ut + By I IVu @l L=ceqy)
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+ ClIVu@)ll o @2y (€ I Ol Lr cery)
+ (0 + By ) IIne) Lo ceqy) (2.13)

for a.e. t. The proof of (2.13) is the purpose of the first part of Section 3.2. Recall the
definitions of £, and P, (1) given in (1.6)—(1.8), which we will estimate in the next step.
From (2.12), it is straightforward to derive

€| < If(O)Iexp(/o IIVullLoo(RZ)),

t
1990l < [Vyollze exp( [O ||Vu||Loo(Rz)),

t (2.14)
e < o exp( /0 ||Vu||Loo(Rz)),
t
|V(p(t)|inf = |V(p0|infexp(—/0 ”VMHL""(]RZ))’
and
. t
197016n < (I90len + 190032 [ 19uC0Mgy, d)
t
xexp((2+a) / ||Vu||LOO(Rz)),
0 (2.15)

t
190ler < (I9gnlles + 190027 [ 1900 es dv)

t
xexp((2+a) /0 ||Vu||Loo<Rz)),

resulting in the fact that the parameters B, (), K;(lt) appearing in (2.13) grow exponentially
with respect to

t
/ [Vu(t) | pomw2y d. (2.16)
0

We are unable to obtain a uniform-in-time estimate for (2.16), and this results in expo-

nential growth over time of P, ;) and Z;(lt). To counterbalance the growth of the interface

characteristics over time, the exponential-in-time decay of the viscosity and velocity gra-
dient jumps is crucial. This leads to the following lemma.

Lemma 2.6. Suppose (2.7) holds. There are constants 0 < v < v depending only on P Y
and p, i, A such that the following hold true:

ILf GeIlizrceay < IS (po)lllLrcecoy

t
X exp(—l_)t + (6v + l/p)/ [Vu(t) || Lo r2) dr), 2.17)
0
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ITVu@Olllzrcew) < CxllLf (eo)lllLr ey (1 + VU)o ®z2)

t
X exp(—l_)t + (6v + l/p)/ | Vu(t)|| Lo (r2) dr), (2.18)
0

forall1l < p < oo.

The proof of Lemma 2.6 is given in the second part of Section 3.2. It shows that when
the pressure and viscosity laws are proportional, the constants v and v do not depend on
ps j4 Or D5 [y A.

The exponential-in-time decay of the pressure and velocity gradient jump follows
immediately as long as we have a uniform-in-time L4 ((0,¢), L>(R?)) estimate for 0* Vu,
with some ¢ < oo and s¢” < 1. Indeed, Holder’s and Young’s inequalities yield

&
t
[—sq' " qleq)

t t
IR [ oVl 19

for all ¢ > 0, and by virtue of (2.17)—(2.18), we can take

/ v
BT Ea T}

Achieving such a uniform-in-time estimate for the velocity gradient is the purpose of the
next section.

2.4. Final estimates

In this section we establish bounds for the functionals #3 and 6, and we conclude by
closing all the estimates. First of all, we observe that (2.1) can be rewritten as

fAu = pii = V((i + A(p)) divu — P(p) + P) — div(2(p) — )Du)

(D o =i
=i G O D)
—div((2u(p) — A)Du),

and therefore

aVu

R+ Alp)
i)
2u(p) — b

m(P(p) - P)) + V(=A)"" div((2p(p) — £)Du)

=: Vux + Vugr + Vup + Vug. (2.20)

(=AY (i) + V(—A)—lv(

- V(—A)—lv(

The last three terms above are second-order Riesz transforms of discontinuous functions,
and Proposition 2.5 plays a key role in establishing their piecewise Holder norm estimates.
The regularity of u, as provided by the functionals #4; and #4,, ensures that the remaining
term Vu, is Holder continuous in the whole space.
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On the other hand, it is unclear whether a uniform-in-time L9((0,¢), L°(R?))-norm
estimate, with ¢ = 2, can be established for 0*Vu, and o*Vup. However, such an esti-
mate is possible for ¢ = 4, which explains the time integral in the definition of 6; see
(1.20) above. At the same time, the functionals #4; and 4, do not provide sufficient time
integrability for the material derivative 1 to control the L*((0, 1), Ggw,y(Rz))-norm for
0%Vu,. This leads us to perform another estimate with the goal of obtaining better inte-
grability for V.

Lemma 2.7. Assume that the density and viscosities are bounded as in (2.7), and suppose
that (2.8) holds for | € {2, 3, 5}. Then the following estimate holds for the functional A3,
defined in (1.19):

A3(t) < CuCo + A3()* + A1) (1 + A1(1)?) + A2()(1 + A2()D)].  (2.21)

The proof of Lemma 2.7 is the focus of Section 3.3 below. The functional 43 provides
us with oVii € L*>((0,t), L>(R?)), and whence

e L®((o(t),1), LP(R?)), forall p € (2,00).

In [21, Section 2.3], the author obtained the conclusion above using a different approach.
Although the viscosities are constant in his analysis, he assumed a smallness condition on
the kinematic viscosity A, which does not apply in this paper. We now proceed to derive
an estimate for the functional 6.

Lemma 2.8. Assume that (2.7) holds, and consider the functional 0, as defined in (1.20).

Then we have

t
/ 0"\ F g, g2y < Cx[Co + AL (1 + A1(1)) + A2(1) + A3(0) + 6(1)°]
| ,
+ CuKoe O NLf ()l sn 1 ce o))

and

t

0(r) < Cy |:C0 + Al(t)z + Koec*e(t)||[[f(P0)]]||4L4mLoo(g(0))[0 o' ”F”‘égw,y(]l{l)]

F Cue€o0 (nf(po)n‘ggw an + Kol 0ol s oceon

t
« 4
~|—/(; o" ”F”(‘ZSW,y(RZ))'

Above, Ky is a constant that depends on cy,, ||Vyo| e, || Vool e, and |V g int.

The proof of this proposition is given in Section 3.4 below. We finally close the esti-
mates in Lemmas 2.4, 2.7, and 2.8 with the help of a bootstrap argument similar to the one
in [1], and we do not present the proof.
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Lemma 2.9. Let (p,u) be a local solution to the equations (2.1) with initial data (pg, Uo)
that verifies (1.3)—(1.4)—(1.9) and the compatibility condition

div{2u(po)Dug + (A(po) divue — P(po) + P)Io} € L*(R?).

Assume that the solution (p,u) is defined up to a maximal time T™. There exist constants
¢ > 0and [p]o > 0, such that if

CO = ”uO”%{l(RZ) + ”;OO - ﬁ'liZ(RZ)neg Vo(Rz) + ”[[p()]]||i2(€(0))an(€(o)) <c

and
le(oo) — itll e, ,, ®2) < 1o
then we have (see (1.22) for the definition of ax and a™)

0 <as < inf p(t,x) < sup p(f,x) < a*,
xeR2 xeR2

E(l) + AI(I) + Az([) + eA)3(l) + v 9([) < CCy,

forallt € (0,T*).
Above, C is a constant that depends on o, pox, Py, Ho,% Cyor ||VVoller, Vol ee,
and |V @oint.

This concludes this section. The proof of Theorem 1.2 is postponed to Section 3.5
below.

3. Proofs

3.1. Proof of Lemma 2.4
Proof. In this section we prove (2.9)—(2.10).

Preliminary estimates. The functional +; appears while testing the momentum equation,
written in the form

ou’ =divIl/, 3.1
with 1. By doing so, we obtain

L, d Ap) .
Ji2 2 2
/ﬂ;mw + - AZ[M(P)|D“| + 5= divul?]

= —/ 2/L(p)ID)jku8ku181uj
R2
/ 2 1: 1 / : 3
4 / (01 (0) — ()| Du divu + / (PN (p) — () (div )
R2 2 Jr2
d 3
—/sz(p) divuVu! - du + E/Rz divu(P(p) — P)

N / Vil - du(P(o) — P) + / (divu)2(oP"(p) — P(p) + P).
R2 R2
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Integrating the above in time, we find
A0 = € (ot sl P~ Pliges
[0,2]

t t
+ [ 1Vl + [ ||P(p)—P||Lp<Rz>||Vu||i2p,(R2)), (32)
0 0

where we have used the classical energy (2.5) and where p = 3. On the other hand, we
take the material derivative, d; - + div(-u), of the momentum equation (3.1), then multiply
the resulting equation by u, yielding

1d
2dt Jr2

= / Ot (1(p)djul 9u* + pu(p)oru’ By’ + 2pp (p)D7*u div )
R2

ol P+ fR u@Dil + Ap)ldiviil)

+ / div (A (p) V!l 9;u + pA’ (p)(divu)? — pP’(p) div u)
]RZ

— | e/ T* divu + [ Ay dpu! T,
R2 R2

The computations leading to the above equality can be found in Appendix A.l below.
Next we multiply the above by o () = min(1, t) before integrating in time; then, applying
Holder’s and Young’s inequalities yields

t t

Alt) < Cs (Co + Ao () +/0

oNVulfar + | o||P(p)—ﬁ||24(R2)). (33)

The remainder of this section is devoted to estimating the L? (R?)-norms of the gradients
of the velocity and pressure as they appear in (3.2) and (3.3). To do this, we begin by
expressing the effective flux F' and vorticity curl u in terms of singular operators.

Expression of the effective flux and vorticity. We apply the divergence operator to the
momentum equation (3.1), resulting in an elliptic equation

div(ptr) = divdiv(2u(p)Du) + A(A(p) divu — P(p) + P)
from which we deduce

Ap)divu — P(p) + P = (—A) L divdiv(2u(p)Du) — (—A) ! div(pir)
= [(—A)"Vdivdiv, 2u(p)|Du + 2u(p)(—A) " divdivDu — (—A) ! div(pr)
= —2u(p)divu + [(—A) " Hdivdiv, 2(u(p) — )]Du — (—A) ™ div(pt).

Hence, we have the following expression for the effective flux:

F = 2u(p) + A(p)) divu — P(p) + P = —(=A)"" div(oit) + [K, 1t(p) — i]Du. (3.4)
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To express curl u, we apply the rotational operator to the momentum equation (3.1) to
obtain
curl;, (ou) = curlji div(2u(p)Du),

from which we deduce
(—=A) P eurly (pir) = (—A) ! curlj div(2u(p)Du)
= [(=A) " curlyg div, 2 (p)|Du + 2(p)(—A) " curl g div Du
= [(=A) " curljy div, 2(u(p) — B)]Du — p(p) curljr u.

It then holds that the vorticity reads

p(p) curlj u = —(=A) " curljx (pii) + [Kjp 0 11(0) = AID™u. (3.5

Above, K and K’ are combinations of second-order Riesz operators, and commutators
with BMO functions are known to be continuous on L?(R?) for p € (1, 00); see [17].
This aids in obtaining L?-norm estimates for the velocity gradient and pressure in the
next step.

LP?-norm estimates for velocity gradient and pressure. With the help of the expressions
(3.4)—(3.5) above, we derive

IF e @2y < k(P)(p) = il ooy DUl Lr@2)

(=)t div(pi) [ Lo 2.
(3.6)

(o) curlul|pr w2y < k(P)lp(p) — il Loo2) DUl L r2)
+1(=A) " curl(p1t) || Lr R2)

forall 1 < p < oo. Consequently,

[Vullprwzy < «(p)(ldivullpr w2y + lcurlullprgz2))

1 ~ 1
< K(P)<2M 3 |F+ P(p) — PllLrwzy + ;HM(P) Curl””LP(RZ))
Kk(p)? N Kk(p) =
< le(p) — itll ooy DUl L r r2) + I P(p) = PllLr(r2)

2+ A

+ 52D ) divepin) o ey + =) curl(oi)] o).

Assuming that

(3.7)

1 1
8(t) = — supllu(p) — ftll o2y < ——
K [0,0] B ke (p)?
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the first term of the right-hand side of the above inequality can be absorbed into the left-
hand side, yielding

k(p)
pr(1 = 8k(p)?)
«(p)
u + 1)1 =3k (p)?)

We turn to estimating the L”-norm of the pressure. We recall that the potential energy H;
satisfies (see (2.6) above)

IVullLr®2) < (=)~ div(pi) | Lo g2y + 1 (=A) 7" curl(oir) [ Lo @2))

IP(p) — PllLow).- (3.8)

d - —_ g .
G Lnw [ 1= PI e - ydivi=o
t Jr2 R2
We substitute the divergence of the velocity in the expression of the effective flux (3.4) as

divu = 2u(p) + A(p) "' (F + P(p) = P)

to obtain, after Holder’s inequality,
d 1 e
G [ [ ene)+aonTpe -7
=~ [ o+ 200 1P(o) — P (Plp) - P

<77 Lo + 2o P - B

[ eu 2@

The first term in the right-hand side can be absorbed into the left-hand side and it follows
that

d
G Lo+ g [ e+ aen e - P

< 17 fLCner -+ a@ . (3.9

To estimate the L/ -norm of the effective flux, we go back to (3.6) and make use of (3.8)
to obtain

| cuo + 2y er

1

< K, oD Ay 1d I+1
sy K9 DU gy + 5y [ 1) dipiy
Kk(l + 1)1 - "

< 2;_L—+)_t”“(p) — g DUl gey

+

—A —1d' TRt
STl USR]
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- k(l + 1)1 (K(l + 1) [1(p) — itllLoor2)
2p+ A 2u+2A 1=k +1)?
k(I + 1)1 (K(l + 1) ||n(p) — ﬁ||L°°(R2)>l+1

2+ A © 1—6k( 1 1)

x (I(=8) 7" div(pi) 3] gy + 1(=2) 7" curl(pi) 55, o))

I+1 ~
) IR = Pl e,

[(=A)~" div(ou)||/ T}

+ 2/1“ + & Ll+1(]R2)'

We replace the above estimate in (3.9) and absorb the first term of the right-hand side
above into the left-hand side of (3.9). To achieve this, we require the following smallness
assumption:

2+ A\ - 1
§ = = .
(t)< m ) <3 (I + Dr(l +1)2

In conclusion, for all / > 1 there exists a constant & = & (/) such that if

2+ A\ 7t
| ——= < k), 3.10
Crony ) (3.10)

then (3.8) holds for p = [ + 1 and additionally

d -
y /R H) + 1P~ P oy
< Cu(l =AY divpi 1L oy + [(—A) T eurl(pi |y ). (BAD)

To close the estimates for functionals #; and +#4,, we will only need the smallness condi-
tion (3.10) for [ € {2,3}. We take [ = 2 in (3.11) and integrate in time to obtain

t
sup [ o)+ [ 1PG) = Pl
[0,] /R2 0
SC*/ H>(po)
]RZ
t
+C. /0 [1(=2)7" div(pi) |73 g2y + (=) 7" curl (o) |73 g2yl (3.12)

Next we take [ = 3 in (3.11), then multiply by o before integrating in time to obtain

t
sup o /ﬂ; Hs(p) + [0 1P () = Pl squ

[0,7]
a(t)
0 R2

t
+ G, /0 ol (=A) " div(oi) [ 4 ey + 1(=2) " curl(pi)[£4 s,
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Combining the above estimate with (3.8), Gagliardo—Nirenberg’s inequality, and with the
fact that
Hx(p) + | P(p) — P|* < CoHi(p).

we find
t
/ olIVulZagey + 1P(0) = Plfaga)) < Ce[Co + A1(1)(Co + A1(1))].  (3.13)
0

Similarly, (3.8)—(3.12) imply

a(?) B
/0 IVl 5 g2y + 1P(0) = P75 g2y < CxlCo + A1(1)/*(Co + A1(1)]. (3.14)

With (3.13)—(3.14) in hand, we can finally close the estimates for the functionals +;
and A,.

Final estimates. We return to (3.3) from which we deduce
A (t) < C*(Co + A1(0(@)) + A1()(Co + Al(t))).

We recall the following estimate for #4; (see (3.2)):

t t
mmsc{q+/nwﬁww+/umm—muwwwﬁwwj
0 0

for some p > 3. The time integral is split into two parts:

t a(t) t
L=b L
0 0 a(t)

To bound the first term, we take p = 3 and apply Holder’s and Young’s inequalities to
obtain (3.14). For the second part, we take p = 4, and similar arguments together with
(3.13) yield

t t
[ VUl + [ 1P0) = Pllosn I Vil
a(t) o(t)

t t
< [ VUl + [ 1V PO~ Pl
a(t) a(t)
< Ci(Co + 41()(Co + A1(1))). (3.15)
We finally end up with
A1(1) < CuCo + Cuchr (1)2(1 4 A1 (1)) (Co + A1(1)).

and (2.9) follows from Young’s inequality. This ends the proof of Lemma 2.4. ]
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3.2. Proofs of (2.13) and Lemma 2.6
Proof of (2.13). We consider

€(t) = X()€) and o, x) = @o(X1(t, X)),
where X is the flow associated with the velocity u. It is clear that

IK. 11(p) — fi]Dulles, , ®2)
< 1K (elp) = D) leg, , ) + 162(0) = DK D0)l ey, )

< [K((1(p) — Du) g, , ®2) + l4(p) — itlleg, , @2 [ KDu) | eg, ,®2). (3.16)

pw,¥Y pw,y

and Proposition 2.5 provides us with
IKDu)O)llex @2

1
< C(IVuO) sy + IVu@llen @) + Ly ITVuOIllLsce )
+ CIIIVu@]lllLecew) iy + Bro) (3.17)

where P, ;) and £, are defined in (1.8)—(1.6) and associated with € (). We notice that
B is a polynomial which satisfies BX < . Similarly, we estimate the first term on the
right-hand side of (3.16) as

[ K((1(p) — £)Du) (1)l e=

pw,y ()

+ Cllulp®) = ftlles, ¢

®2) < Cllu(p(0) — fllLe®2) [Vu(@) L4 ®r2)

r) [Vu@lles ®2)

1 ~
+ Cl,a (o) = il Lo 2y ITVuO]lr ey
1

+ Lo IO ey | Vi)l o= @)

+ CU,i + By lu(p@) — o2y ITVU@O)] Lo e

+ Cly(y + By Il ce@p IV (D)l ®e).- (3.18)
Finally, (2.13) follows by summing (3.16)—(3.17)—(3.18). -

Proof of Lemma 2.6. This section aims at proving (2.17)—(2.18). We first rewrite the mass
equation (2.1); as
d;logp+u-Viogp+divu = 0.

Then we multiply the above by 2u(p) + A(p) and substitute the last term with the help of
the effective flux (see (3.4)) to obtain

3 f(p) +u-Vf(p)+ P(p)— P =—F, (3.19)

f(p) = [pwds_
o

s

where f(p) is
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Then, for all x € R2, we have

%f(p(l, X(t.x))) + P(p(t. X(t,x))) — P = —F(t, X(t, x)). (3.20)

In particular, along the interface € (¢), which is parameterized by y(¢,s) = X(¢, yo(s)),
we have

d B
Ef(p(t, y(t.5)) + P(p(t,y(t,5)) — P = —F(t,y(t,9)),

and then, by taking the jump at y(z, s), it holds that

d
L (o v )] + 8@ ) f (e y@.s))] = ~[F @ y(@.5)]
= <2h(t,5)[ £ (o(t, y(2,5))) ] (divu) — (D7*u)nin®) @, y(t, ).

Above, we utilized the expression for the effective flux jump as derived in (1.17) above.
Additionally, the functions g and / are defined as

_ [Py )] _ [nlott. v, )]
Lf (ot y(t.s))] [ (ey@s))]

To achieve an exponential-in-time decay for the jump of f(p), and subsequently for the
pressure jump, we require that g is both upper bounded and bounded away from zero,
while & needs simply to be upper bounded. Specifically, there might exist two constants v
and v, potentially dependent on p, u and p, i, A, such that for all 0 < P <P o <p

g(t,s): and h(t,s)

wp) =) | _ -
CSES T w) fo—re =

We observe that when the pressure and viscosity laws are proportional, the constants v and
v in (3.21) do not depend on the bounds of the density. The (strict) positivity of v arises
from the fact that both the pressure and f are increasing functions of p. It then follows
that

P(p)— P(p’
<M§g and

4

TR E s (o v D)) = =2k 5)e SO 1 (pta. v 1.5)]

x ({divu) — (D uyndn®) (@, v (2, 5)),
and whence

1L (ot vt < ILf (poroe)]| exp(—yz 460 [ Il dr).

Therefore,

IS @I lizocewy < LS (o) llzeoceon CXP(—W + 617/0 V@)l oo m2) df),
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and furthermore, for all 1 < p < oo, we have

ILf (oD zr ey < 1L (Po)TllLrcecoy

t
X exp(—yt + (6v + l/p)/ [Vu(7) || oo (r2) d‘[). (3.22)
0

Given (3.21), a similar estimate applies to the jumps in viscosity u(p) and pressure P(p).
Assuming that A also satisfies the same condition as p in (3.21), a similar estimate to
(3.22) also applies to [[A(p)]. This proves (2.17). Returning to (1.17)—(1.18), we express
the jumps in div ¥ and curl u as follows:

(20(p) + A(p))[divu] = [P(0)] — [A(0)]{divae) — 2[u (@)D u)nink.
(o) [eurlu] = —2[p(] (D upnk .

From these expressions and (3.22), we deduce an estimate of the L?(€(¢))-norm of
[div u] and [Jcurl ] before using (1.14)—(1.15) to derive

ITVuIlllLecewy
< Culll.f (o)l L ceoy) (1 + [[Vu(t) || oo (r2))

t
X exp(—yt + (6v + l/p)/ [Vu(t) || Lo (r2) d‘t), p € [1,00].
0
This ends the proof of Lemma 2.6. ]

3.3. Proof of Lemma 2.7
Proof. In this section we will provide an estimate for 43 as defined in (1.19).

Preliminary estimates. We apply the material derivative d; - + div(-u) to the momentum
equations (2.1), and find that u satisfies

3, (pu’) + div(puu) = 9 (I17%) 4 3x (I7F div u) — div(duTl/%). (3.23)

2

We then use o~1i as a test function to obtain

t
.. ) A .
[ ot + 020 [ [womar + “2 aivip]
0 R2

o A(p)
= 2/ a/ [;L(,O)HD)zllz + —Idivulz] —02/ oP’(p)divirdivu
0 R2 2 R2
a(t) t
+/ 0/ pP’(,o)divthdivu—i—/ 02/ oP’(p)(divr)?
0 R2 0 R2

¢
2 s (A 2 l _ D
+/(; o [RZ divu(divu)”(pP’'(p) — P(p) + P)
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t
—/ o2 | 3l divud;ju' (oP'(p) — P(p) + P)
0 R2
a(t) t t
+02(t) 1 (t) —2/ oli(s)ds +/ 021,(s)ds +/ o2I5(s)ds, (3.24)
0 0 0
where the terms 14, I,, I3 are
I =/ @(p)d;, 11729 j,u’* 0 u’e +/ 9,,1729,,u’* (P(p) — P), (3.25)
R2 R2
I :/ 90(/))8]'112].28]'31’2].4ajsuj6 +/ 3j12:lj23j32:tj4(P(p) - ]5)
R2 R2
+ /R V(03,00 un 0, (3.26)
I3 =/ ‘P(p)ajlujzajsuj“ajsujﬁaﬁujs +/ 8]'1ujzaj3uj48jsuj6(P(p) - 13)7 (3.27)
R2 R2

and where ¢ is either the viscosity u, A, pu’ , pA’, p2u”, or p?>A”, whereas v is either
pP’ or p? P”. The computations leading to (3.24) can be found in Appendix A.2. In the
following, we will estimate the terms appearing on the left-hand side of (3.24).

Estimates for the lower-order terms. The first term on the right-hand side of (3.24) is
bounded by

o® o AP . s
2[ o [ [meDiP + S divil | < Coro ),
0 R2
while the next term is estimated as

o2 (1) / pP’(p) div i div u
]RZ

Cy
< nos(t) + 70‘510),

where 7 is a small positive constant. Next, the third and fourth terms on the right-hand

side of (3.24) are controlled by
o(t) t
/ 0/ pP’(p) div it divu / 02/ P’ (p)(divir)?
0 R2 0 R2

and the next two terms are bounded by

+ < Eg + Cosa (1),

/t 02/ divu(divu)?(pP’(p) — P(p) + P)'
0 R2

+

t
/ 02/ 0’ divud;ul (pP'(p) — P(p) + ]3)‘
0 R2

t 1/2 t 1/2
e[ [ o1t | [ [ o19ulte]

< Cuha(1)72(Co + A1 (1)(Co + A1 (1))
< Ci(Cp + A(t)) + CuA1(1)(Co + A1 (2)),
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where we have used (3.13). Similar argument leads to

o)
/ sIi(s)ds
0

Estimates for o%(t)I1(t), f(f o2(s)1;(s)ds, j €{2,3}. Holder’sand Young’s inequalities
imply

< Ci(Co + A2(1)) + Cuhr(1)(Co + A1L(1)).

. C* ~
02O I O] < 10> OVl g, + = 0> OV gy + 1) = Plageay).

From |P(p) — P|* < C.Hy(p), classical energy balance (2.5), (3.8), and Gagliardo—
Nirenberg’s inequality, we have

sup o (|| Vaull s gay + 1P(0) = Pll}sgay)

[0.7]
< CuCo + Gy [su;;o<||(—A>—1 div(pit) |4 gzy + I1(=A) 7" curl(oi) [} 4 ga2y)
0,t
< CiCo + Cs [su;;onpu||12(R2)(||Vu||§2(R2) +1P(p) = Pl722)
0,t
< CiCy 4 Cu Az (1)(Co + A1(2)), (3.28)

yielding
10211 (1)] < 1A () + %(Co - As(D)(Co + A1 (1))).

Next, interpolation, the Holder inequality, and (3.8) yield

t t
/0 02 Ix(s) ds|< C*/(; (72”V”.‘||is/3(R2)(||vu||L4(R2) + | P(p) — PllL4mw2))

t
< C. /0 02| Vitl| 3z Vit oty (1 Vet a2y + 1P (0) = PllLaa2))

t 1/4
< Gy |:/(; U(||VU||14(R2) +[[P(p) — P”24(R2))j|

P 1/4F ot 1/2
o[ [ orvittan | [ [ 1ot
0 0

t 1/2
< Cuhs(0)14(Co + AL(1)(Co + A1(1))* [ fo o3||vu||z3(R2)}
< Ci(Co + A2(1)) + Ci A1 (1)(Co + A1(2))

t
+C*/ 0| Vai]|7 5 gay- (3.29)
0
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Finally, owing to Holder’s inequality the remaining term is bounded as

t
'/ o215(s) ds
0
t /21 ot .
<c| [ oWvilg| | [ o 0Tug + 170~ Pl

t
< Coa) + Co [ 10l +1P0) = Pl

t
<c. /0 02| Vitll ey (1 Eoguzy + 1P (0) — P )

1/2

Assuming the smallness condition for the viscosity in (3.10) holds for / = 5, we multiply
(3.11) by o, integrate over time, and using (3.8), we arrive at

t
| o9y + 1P) = Plaqesy
t
< CCo+ €. [ al1=0) div(pil g, + 1) curl(pi] oz

t
< CiCy + C*/(; 0||P7:l||4Lz(Rz)(||VM||i2(Rz) + || P(p) — P”iZ(RZ))
< CuCo + Cuohy (1) A2(1) (A1(2) + Co). (3.30)

With this, the paragraph is concluded, and the next step is to derive an L3((0, ) x R?)-
norm estimate for oV as it appears in (3.29).

L3((0, 1) x R?)-norm estimate for o Vii. The approach is similar to what was done pre-
viously to estimate the L*((0, T') x R2)-norm of 6'/4Vu. We rewrite (3.23):

pii! = 9 (T17%) + 85 (TT7F div u) — div(dxuTl’*), (3.31)
and by applying the divergence operator, we express F, defined as
Fy := (2u(p) + A(p)) divii — A(p) V'l 9;u — pA(p)(divu)? + pP’(p) divu
in the following form:
Fi = —(=A)"Ndiv(pii) + (—=A) 195 (T7F divu) — (—A) 19, div(duTl/*)

— (=) ((p)dju’ 9u* + o)t 1’ + 2pp (0D Fu div )
+ K. u(p) — AIDi. (3.32)

On the other hand, by applying the rotational operator to (3.31), we obtain that curlu reads
1(p) curlit = —(—A)~" curl(pii) + K'{(1(p) — 1)1t}
+ (=A) " curl 8 (TT7* divu) — (—A) ™! curl div(dxuT1/%)
— (=8) ™" curl d (1e(p)d;u’ Byu* + 11(p) g’ 9y’
+ 2o (p)D7*u div ). (3.33)
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Similarly to the argument leading to (3.8), we deduce

IVl agre) < Call(=2) " div(pii). (~A)~ curl(pii) | 2 e
+ CullViu, P(p) = BlZeqgey + Call Vatl Lo,

provided that (3.7) holds true for p = 3, and hence
t t
[ o 21Vl s, < € [ a2 div(piy. (-8) (o) s
0 0
t
+C [ oVl ey
0

t
+Cu [Vl agry + 1P )~ Pl

Then the last two terms in the inequality above are bounded in (3.30)—(3.14)—(3.15).
We use Gagliardo—Nirenberg’s inequality along with (3.32) and (3.33), to estimate
[(—=A)~! div(pii) || z2(r2y and [(—=A)~T curl(pii) || 12(r2), as well as (3.13)—(3.28), we
obtain

t
| o) divtpin. () curt(pilf e
0 t
< Cu [ 02N pilacuey (-2 div(pi, (=2 div(pid)
t
< Cu [ 0¥ 2Npiacaey 1930Vl sy + 190, P(0) = Py
! 2 12 C* ! 3 . 4 D18
<0 [ 0l + < [0 IV Vulltar + 19 P) = Pl gasy)
P C.
<0 [ OB ey + (A0 + Coi (1)
+ %(Co + A2(1)(Co + A1(1)))(Co + A1(1)(Co + A1(1))).

Finally, (2.21) is derived by summing all the preceding computations and choosing 7
small. ]
3.4. Proof of Lemma 2.8

Proof. In this section we will derive an estimate for the functional 6. We start by estimat-
ing the characteristics of the interface.

Estimates for the £, and %, ). We recall the definition of £,):

IV () in )1/“}’

lpy = min1, (———220
(1) mln{ ’<||v¢(t)||éu
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where the level-set function ¢ = ¢(¢) satisfies

diop+u-Vo =0,
Plz=0 = Po-

From this, we directly derive (2.14)4 and (2.15),. Moreover, (2.19) implies
C
VeWlir = |V golirexp(—et = —6(0)).

and

L\ C
IVeOler < [IVgnlee + 1500ll=60 ([ 075 ) |exn(et + So00)
< [1900lex + 1900l (e7 + S00)) [ exp(er + S00)
¢ & &
2C
< [[Vgol| e exp(28t + 7e(z)).

In total, there exists a constant Cy, > 0 depending on the regularity of ¢, such that
. 3C
oy < Coo exp(38t + 790)). (3.34)

This completes the estimate for Z;(lt), and we now proceed to the estimate for P8, (). First,
recall that

Byoy = A+ EODBUAVYO Lo + cy ) IVY (Ol o

where 3 is a given polynomial. By combining (2.14)—(2.15) with the computations lead-
ing to (3.34), we obtain

Byo) < A+ EODBIVyollLe + ¢y0)

t t
< (19mlles + 1900 [ 19uColes, dr)exp(€ [ 19ulimm ),
0 w,y (T
which simplifies to
3C
By < Gy eXP(38f + 79(”)’ (3.35)

where Cy, is a constant that depends on the regularity of Y. We now turn to the estimate
for the effective flux.

Estimate for F. Let us begin by recalling

F = —(=M)""div(pu) + [K, u(p) — @]Du, (3.36)
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along with the estimate for the last term above derived in (2.13), which implies
t t A
[ oK o) = Dl ey < €60 (600 + [ Tl )
0 0

+ C*G(Z)/ [K(p(f) ||[[V“(T)]]||L4(~€(r)) + (Z(p(r) + B (t))”ﬂvu(f)]]”LoO(f(r))] dt

+ CO(1) [SUI;[%I I scey + (€52 + BN oo ey)- (3.37)
0,
From (2.17), we find

TN zs ey < CIILf (Pl L4 ce oy eXP<—§T + C*Q(T)>,
1 NMzen < ColLf ol ceqn exp(—5 7 + Cb(D)).
and hence (see (3.34)—(3.35))
(RPN + S + B PO
< CCEIL o ooy &0 (S —20)7 + 000
+ Cu(Coy + CoONILSf (01 oo e 0y eXP[(128 —2v)T + —6’(1)]
By setting & = av/6, it follows that

[8311;[651 1T scey + €% + BN ()] oo ]
St

< C*KOeC*g(I)||[[f(p0)]]”24mLoo(~6(0))v (3.38)

where Ky depends polynomially on Cy, and Cy,. Following the same computations, we
find from (2.18)—(3.34)—(3.35),

/ [eq,(t)||[[V”(T)]]||L4(€(f)) + (z(p(‘[) + SB (r))||[[vu(f)]]||Loo(*e(f))] dt
< C*KOeC*B(t)”[[f(pO)]]”L4mLoo(~€(0))~ (3.39)

Summing (3.37)—(3.38)—(3.39) and (3.13), we have the following estimate for the last term
of (3.36):

t
| o WK o) = Dy, e

< CeB(1)(Co + 6(1) + A1(1)?) + Ce Ko D)e PO (o)1} s Loo ooy (3-40)
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Next we estimate the first term of (3.36) in terms of the functionals +4, #A,, and 3.
Indeed, the embedding inequality implies

t t
[ o A vy < € [ U

t
. .4 (1=
<Cu [ oMVl g 1001052
0
t o t 11—«
SC*(/ 03||W||22(R2)) (/ 0||L1||22(R2)) ’
0 0

t
/ o2 (—A) T diV(pi) [ G oy S Cu(A1()? + A2(1)* + A3(1)?). (34D
0

and whence

Secondly, we have

t

t
fo ol (—A) " div(pi) [} o gey < € [0 o013 zy (= 2) ™ dlivipii) .2y

t
< C*/ O'”Vl:l”LZ(RZ)”u”iz(Rz)Hvua P(P) - P||L2(R2)
0

t A ~
<c. [ [ o||vu||zZ(R2)} [ | il oy 190, Po) - P||,%2(R2)]
< Ciu(Co + A1 (1)* + Aa(1)?). (3.42)
Summing (3.36)—(3.40)-(3.41)—(3.42), we conclude that for ry, = 1 + 2¢,

t
[ o171 < CKae OIS0 mceiny
+ Ci[Co + A1(1)? + Ax(t)® + A3()% + 0(t)(Co + 0(t) + A1(H)?)].  (3.43)

This completes the estimate for the effective flux, from which we derive the pressure
estimate.

Estimate for the pressure. We begin by recalling equation (3.20), which provides us with
the following expression:

£ (p(e. X(@.2)) = f(polx))e™ i 107 / O WA B X ) d,
0

where g is defined as

g1t x) = Plpt. X@t.x)) =P v. 7.

Sp(t. X(1.x)))

This leads to the following bound:

T
I f(e()ILom2)y < e "l f(po) | Lo (r2) +/ 2T F(2) || poo(r2y d T
0
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We express the last term above as
T ! T /
| @y v = [ I - 4
0 0

T
4 / O F (e ooy L) 7.
0

where the first term is bounded as

3
3—ry

T - 4
f e ’)IIF(T’)Ile(RZ)ﬂ{t/d}df’S( ) llo"/* F | Lao,0 00,22 ®2)
0

and the second term is bounded as

‘ v(t'—1) I ’ 3\3/4
A e* I F()po@2ylizs1ydt’ < <E) | F L4 (@), L ®2))-

Thus, we obtain
4 4 ! 4
[SuI:;”f(p)”Loo(RZ) < ||f(P0)”Loo(R2) + C*/ o’ ”F”Loo(]RZ)- (3.44)
0, 0
Moreover, by applying Young’s inequality for convolution, we have

T
H[ 2N F(2) || poo gy Liwr<1y d T/
0

L4(0,1)

I\1/4, 3 \3/4
< |— O'ra/4F oo s
( 4‘) ( 3n, ) I IZ4(0.0()).Lo®2))

and

1
<5 | FllL4 (o @),0), L0 R2))-

T
H/ TN F () || o2y Lirr=1y d T’
0 L40,y) =

As a result, we obtain

t ¢
LU gy 45 < (10w + [ o IOl ey 7). 349
With the L>®°(R?)-norm estimate for f(p) now complete, we proceed to estimating the

Cow, y(RZ) -norm of f(p). To this end, we consider two points x , J € {1,2}, located on
the same side of the interface, and define x; (¢) = X(¢, x°) We 1nfer from (3.20) that

d j=
S e[+ )]t x 0,00

= —Fx0)



Discontinuous solutions for the Navier—Stokes equations with density-dependent viscosity 37

where g, is
P(p(r.x)) — P(p(t. y))
Sflp(t.x)) = f(p(t.y))

Integrating this differential equation yields
f(p(f’ X;j (1:))) ]]:12 = f(loo(x]o))ij]:fe—foI g2(t ,x2(t),x1(z') d 7’

T FR—
_ / e~ gz(r”,XZ(r”),X1(r”))dt”F(T/7 Xj (r’))|J];12 dt'.  (3.46)
0

g2t x,y) = € v, 7).

It is straightforward to obtain, for all 0 < 7/ < 7,
a(t) — 21 (2)] < el VM@ 47 1y (1) — (1),
and hence (3.46) implies
. —v1+ [ IVu ()l oo(r2) 4T’ )
||f(p(r))||€‘sw,y(,)(R2) <e 0 L (R2) ||f(p0)||egw’y0(]R2)

T T " "
+ [ e Py e
0 pw,y(t')
Given that for all 0 < s’ < s, the inequality

S
1
[ IV e w4 < 505 =)+ CL606)
5 pw.y (7" 2v
holds, we infer
” f(,O(‘E)) ” é‘;w’y(t) (R2)
T
< G0 |:e_2r||f(P0)||é§w,yo(R2) + /0 e_i(r_r)||F(T/)||é§W,y<r/)(R2) d‘l,'/:|.

From this, we deduce, following the computations leading to (3.44) and (3.45), that
4 ! 4
[S(;lg”f(p)negwy(Rz) + /(; ”f(p)”egwy(RZ)

t
< C*ec*e(t)(”f(p‘))”‘ég‘w,yo(Rz) +/(; o’ ||F||?§§W,y(R2))' (3.47)

Finally, the estimate for the pressure follows from (3.44), (3.45), and (3.47), and we now
turn to the final step devoted to the velocity gradient.

Final estimates. We start with the following expression for the velocity gradient derived
in (2.20):
Vu = Vuy, + Vur + Vup + Vug.
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The estimates derived for (—A)~! div(pu) in (3.41)—(3.42) and for [K, j1(p) — ji]Du in
(3.40) apply to Vug and Vu., respectively. We now focus on the L*((0, ¢), Cow,y (R?))-
norm estimates of Vup and Vu . We first recall

2p(p) —

Vup = VA V(G (p)(Pp) — P)). with di(p) = 3o CF

By applying Proposition 2.5, we obtain
®2) < C([V1(0)(P(p) — P)s@2) + 11 () (P(p) — P)lles, , ®2))

+ O T ()P — P)zsce)
+ ClI (o) (P(p) — PY]lLooce) (65 + By).

Next, using (3.13) along with the previous step, we obtain

IVuplles,,

t ~ A~ ~
/0 o (11 (0)(P(0) — P f ey + 191 (D) (P () = P)llbs g]d

< Ci(Co + A1 (1)?)

t
C.0(t) 4 Fa || 7|14
+ C*(l + O(t))e (”f(p())”égw’yo(RZ) + /0 o ”F”égzw’y(RZ))

t
$ C* [CO + Al([)z + EC*Q(I)(”f(pO)”“égW yo(R2) +/ ()'rD‘HF”égwy(RZ))iI.
> 0 B

Following the computations leading to (3.39), we have

/O " [6, 111 () (P (p) = Pl J ey + 11F1(0)(P(p) = P)]lI oo ey (65 ** + B5)]
< CuKoe P ONLF (00)]I 7 sn 20 ce0))-
As a result, we obtain

t
/0 o Vup(D)llge @2 dT < Cu(Co+ A1) + e f(po)lEy,  g2))

t

+ Cye 0 (Kon[[f(po)ﬂllimmf(o)) + / o’allFllégwy(RZ)). (3.48)
A ,

We now proceed to estimate Vu g, which is given by

fi + A(p)

Vur = V(=A) "'V (p)F), with y(p) = 211(p) + Ap)

Once again, we apply Proposition 2.5 to obtain

IVurles, @) < CUV20) Flls@e) + 1V2(0) F lles, , ®2)

+ L (o) Flllsge) + C I 2(0) Fllzoocoy (€5% + By).
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Straightforwardly, we derive
t
/ " [1a(0) Fllfacazy + 1920 Flids e
0 :

t
< Gy [Co + A1)+ (1 + e(z))/ o' ||F||4gwy(R2)],
o :
and (see the expression of [F] in (1.17))

IV2(0) FlllLanzosce) < CellLf (0)llLanzose) (I Vull Lo @) + I F oo @2))-

Following the computations leading to (3.38), we obtain

/0 0" [0, 1192(0) Fl agey + IT02(0) Fll ey (€5 + B4)]

< CeKoe PO ()TN s e (em + [ o ||F||;tw(R2)),

and finally

t
Ty 4
/0 o ”VMF”GI?,‘W!},(RZ)

< CulCo + A1(1)” + Koe“ O LS (00l s oo e 0))

t
+ Ca[l+ () + Koe P ONLS (0o)l1F 4o e op)) / o™ || Fllgs, ey
| ,
(3.49)

Lemma 2.8 follows by summing (3.43), (3.48), and (3.49). ]

3.5. Proof of Theorem 1.2

This section is devoted to the proof of the main result of this paper. It is structured into
two steps: the first part, Section 3.5.1, focuses on the construction of a solution (p, u)
to the Navier—Stokes equations (1.1), while the second part, Section 3.5.2, establishes
uniqueness within a large space.

3.5.1. Proof of the existence. This section is dedicated to constructing a solution for the
Navier—Stokes equations (1.1). It starts with the construction of an approximate sequence
(0%, u®) and goes up to the convergence of this sequence to a limit (p, u) that solves the
equations (1.1). Usually, (o®, u®) corresponds to the solution to the Cauchy problem (2.1)
with initial data (pg, u‘g), where (pg, uﬁ) is obtained by smoothing (pg, 1¢). In our case,
this does not seem a good idea, as smoothing the initial data would result in the loss of
the density discontinuity. This motivates our local-in-time well-posedness result in [36].
Although a compatibility condition is required, the solution exhibits similar regularity to
that of Theorem 1.2. In particular, the density and velocity gradients are discontinuous. We
now begin the proof of the existence by constructing the sequence of initial data (,og, ug).
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Step 1: Construction of (pg, ug). We initiate by identifying which initial quantity needs
to be smoothed and which not. The initial interface yy, density, and velocity, possess the
necessary regularity as outlined in the local-in-time result, Theorem 2.1. Therefore, there
is no need to smooth these quantities. However, the stress tensor at the initial time only
fulfills

div(ITo) = div(2s(po)Duo + (A(po) divuo — P(po) + P)I;) € H'(R?).

To preserve the discontinuity in the initial density, we consider (pg, u‘g) (namely pg = po)
as a sequence of initial data, where u‘g solves the following elliptic equation:

—div(2p(po)Dul + (A(po) divug — P(po) + P)I2) + cPul = —div(ws * ITp). (3.50)

Above, ws := §72w(-/§), § € (0, 1), where w is a smooth non-negative function sup-
ported in the unit ball centered at the origin, and whose integral equals 1. Additionally, the
constant ¢ is defined as

$ . 8 §—0
c® = |lws * Mo — Mo||z2(r2), and satisfies ¢® — 0.

Since the viscosity 21(pg) + A(po) is bounded away from vacuum and from above, and

the pressure P(pg) — P belongs to L?(R?), the existence of a unique solution uf) €

H'(R?) of (3.50) follows from the Lax—Milgram theorem. Moreover, the sequence (ug)g
satisfies the following estimate:

CoM VU1 2 ey + 1) 17 2y < CollToll7 22y + 1P(00) = Pl72gay). (3.51)

‘We now move on to proving that (ug)g converges strongly to ug in H ! (R?).
We add div(ITp) to both sides of (3.50) to obtain

— div(2(po)D (g — w0) + A(po) div(ug — uo) [2) + ¢’ug = —div(ws * Mo — To).
Using u$ — u as a test function yields
2 [ oo~ o)+ [ aGpo)ldiverd —uo)?+ ¢ [ ubud o
R2 R2 R2
= f V(ug — Mo)l (wg * Ho — Ho),
R2
from which, with the help of Holder’s and Young’s inequalities, we deduce
_ 1
CoHIV @ — w0l ggey + 5 1572 ge)
2 15 2
< Cyllws * g — HOHLZ(]RZ) + EC ||u0||L2(R2)' (3.52)

§—
Now, given that 8 —0> 0 (see (3.51) above), we immediately obtain

§—0 R
ug — ug, in H'R?).



Discontinuous solutions for the Navier—Stokes equations with density-dependent viscosity 41

Furthermore, (3.52) implies that
lim supluf |22 gay < w0l 2z
§—0

and whence
§—0 A
u‘g —— ug, in L*(R?).

This proves the strong convergence of the sequence (ug)g to ug in H'(R?). Additionally,
as intended, we obtain from (3.50),
div(2u(po)Duf + (A(po) divul — P(po) + P)12)
= —c%ud + div(ws * Tp) € L*(R?). (3.53)
Finally, considering the regularity of the initial density and interface yy, the small per-
turbation assumption of the initial viscosity (o) around the constant state fi, along with

the regularity of uf) and (3.53), Theorem 2.1 ensures the existence of a unique solution
(0%, u®) for equations (2.1) with the initial conditions

8 8 8
Plr=o = Po and uy_o = uy.

The solution is defined up to a maximal time T3 > 0 and enjoys the regularity in The-
orem 2.1. This regularity is sufficient for the computations carried out in the previous
sections to make sense. As a consequence, Lemma 2.9 holds true for the solution (pB, ub ),
as well as the first condition of the blow-up criterion, (2.3). For the second condition,
(2.4), we use the exponential decay in time for jumps to derive, for all ¢ € (0, T}),

A+ 1A e @2)InE) = flles, @)
+ Byo) + L) IO Leean 1) = Aller, | @2
+ By + L) (e ey
+ 1) TA ()]l ce )

< CuKoe PO Lf (00)]ll Lo ceoy)
1 1
+ Cu(1 4 6(t) % + Koe“OOY[Lf (po)]llLoceoy) (1)

ll_L

{n(p(1))) HL°°<€<r)>

Due to the smallness of c¢o (see (1.23) above), (2.4) is satisfied, leading to Ty = +o0.
We now proceed to the final step, which focuses on showing that the sequence (p®, 1%)
converges to a pair (p, u) that solves (1.1).

Step 2: Convergence of the approximate sequence (p‘g, u8). We recall that for all § > 0,
the pair (p®, u®) satisfies the system

(3.54)

3;p° + div(p®u’) =0,
3 (0% u?) + div(p’u® @ u®) + VP (p?) = diveu(p®)Du’) + V(A (%) divu?).
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Additionally, for all T € (0, c0) and § € (0, 1), we have

§ ~112 5 ~112 512
Ip° — p||L°°((0,T),L2(R2)) + [lp° — 'O”LOO((O,T)X]R2) + [lu ”Loo((o’T)’Hl(RZ))
+ IV I Za 0. ryxrey + 187 1720, )xm2) < Cro- (3.55)
Hereafter, Cy o is a positive constant that depends on Cy and co. Sometimes we write
Cy0(T) (resp. Cy0(n)) to emphasize the additional dependence on T' > 0 (resp. n €

N*). From (3.55), there exist p — p € L*®((0, 00), L2(R?)) N L*®((0, c0) x R?) and
u € L*®((0,00), H'(R?)) such that

PP —p—=*p—p inL>®((0,T) xR,

o' —p—p—p stronglyin C([0, T, L2 (R?)),
ub —~*y in L®((0, T), H'(R?)),

ub —u strongly in ([0, T], L2 _(R?)).

loc
Additionally, by interpolation we have

§

u® — u strongly in L2 ((0, 00), LY

loc

(R2)), for every p € [2,00).

The initial interface €(0) is transported by the flow X% associated with the velocity u°
into an interface

el = X‘S(t)‘C’(O), with parameterization y% (1, 5) = X% (. yo(s)). (3.56)
Given that the velocity sequence (1%) satisfies
o0
sup Vi Iy + [ "IV I gy < Cun (3.57)
(0,00) 0 pw.y

we infer, together with (3.55), that for any 7 > 0 and n € N \ {0},

sup ”V)/8||Loo < Cyo(T) and  sup ||8,y8||Loo < Cyp(n), forallé > 0.
[0,T] [1/n.T]

Hence, up to a subsequence, (y®)s converges uniformly on [0, T] x V to some y €
W12°((0,T) x V). From (3.55) and the embedding W 1-3(R?) < @1/3(R?2), the velocity
sequence satisfies

Sgp”us”L3((0,oo),el/3(R2)) < Crp.

Therefore, taking the limit as § — 0 in (3.56), we find that the limit parameterization y
satisfies

y(t,s) = yo(s) +/0 u(t,y(zr,s))dr. (3.58)

Furthermore, from (3.56)—(3.57), we obtain

T
sup/ 0" (9, VYl ||&a < Cuo(T).
§ JO
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Since ry < 3, forall g € (1,4/(1 4 ry)) we have

T
sup [ 1997 % < Cao(T.q).
) 0

Therefore, the lower semi-continuity of norms implies that 3, Vy € L{ ([0, c0), C*(V)),
and as a result,
y € €([0,00), €' T¥(V)).

Once more, (3.57) combined with the lower semi-continuity of norms implies that Vu e
Lf’oc([O, 00), L°°(IR?)). This guarantees the uniqueness of y that satisfies (3.58). We now
move on to the proof of the strong convergence of the density sequence (o%)s.

Arguing as above, we obtain that the sequence (X )5 converges uniformly on compact
sets in [0, 00) x R? to X € C([0, 00), C1F¥(R?)), the flow of the limit velocity u. We
observe that the a priori estimate yields the following bound:

s~
SI;PHP - p”zoo((o’oo)’egw 5 R2)) S Csx 0.

From this, combined with (3.57), we infer that for any 7" > 0,

PW,Y0

Slslp”QS - :5”200((0,]“),@01 (R2)) + Sl;p”atgs ||2,q((0,T)’Loo(R2)) < C*,O(Tv Q),

where o is given by
Q’(t.x) = p* (1. X (1. x)).

Since €%, ., (R?) embeds compactly in LY (R?), we deduce from the Aubin-Lions
lemma that (¢?)s converges uniformly on compact sets in {(z, x): x € R2 \ €(0)} to some

o € ([0, 00), Cow.vo (R2)). The final step is to prove that (p®)s converges strongly to ¢ in

L2 ([0, 00) x R?), where
o(t.x) = o(t. X~ (1. x)).
Above, X! € ([0, 00), C1T*(R?)) satisfies

Xt x)= x—/tu(r,X_l(t,x))dt,
0

X, X Yt x) = x,
X1t X(t,x) = x.

(3.59)

Let T > 0 and B be an arbitrary bounded subset of R?. We have
T
| [en-aenparas
o JB

T
=/ / 1% (2, X8 (¢, x)) — 0(t, X° (¢, x))|?J% (¢, x) dt dx
0 JXS@)B
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T
sc*/ / 10%(t. x) — o(t, x)|? dt dx
0 JX5@)B

T
+ C f / |6(t. X% (t.x)) — o(t. x)|* dt dx, (3.60)
0 Xﬁ(t)B

where J® comes from the change of variable x — X (z, x) and satisfies (see [19, Lemma
3.2)
sup || /8[| Lomz2) < Ch.
*  Given that (X%)s converges to X uniformly on compact sets in [0, c0) x R? , there
exists 8o > O such that for all § < §g, we have

X%@t)B c X(t)B + B(0, 1).

Furthermore, because o is uniformly continuous on both sides of €(0), and using
(3.59), we obtain

8t X3t x)) = o(t. X1t X8 (1.x))) =% o(t.x) aex € R

Therefore, we conclude

T

lim / / l6(r, X% (1, x)) — o(t, x)|?dt dx = 0. (3.61)

§—0 Jo X3(t)B

«  Additionally, since the sequence (0%)s converges to o uniformly on compact sets, we
have

T
lim/ / 10%(1,x) — 0(t, x)|>dt dx = 0. (3.62)
§—0 Jo X5(t)B

Finally, the strong convergence of (p®)s to ¢ in L2 ((0, 00) x R?) follows from (3.60),
(3.61), and (3.62). In particular, we have p = ¢ € ([0, 00), Ggw,y(Rz)). Additionally, by
interpolation, it follows that (p%)s converges to p strongly in L _((0, co) x R?) for any
1< p<oo.

By combining the strong and weak convergences of (p®,u®)s with standard arguments,
we take the limit as § — 0 in (3.54) and we conclude that (p, u) satisfies (1.1). This

completes the current section. We now turn to the proof of uniqueness.

3.5.2. Proof of the uniqueness. The uniqueness of the solution constructed above is
immediately implied by the following result.

Proposition 3.1. Consider the system (1.1) and assume that the pressure and viscosity
laws are W regular functions of the density. To simplify, we assume that A is non-
negative on [0, 00). Let (pg, Ug) be the initial data associated with (1.1), satisfying the
following conditions:

1
po, — € L®(R?), and uy e L*(R?). (3.63)
Po
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Let T > 0. On the time interval [0, T, there exists at most one solution to the Cauchy
problem associated with (1.1) and initial data (pg, uo) satisfying

—— e L®(0,T) xR?),
w(p)

Vu e LY((0,T), L®(R?)),
JoVu € L?((0,T), L®(R?)).

(3.64)

Proposition 3.1 establishes uniqueness for the system (1.1) within a broader frame-
work than that of Theorem 1.2. In particular, neither piecewise Holder continuity for the
density or velocity gradient, nor smallness conditions on the initial data or viscosity fluc-
tuations are required.

Proof of Proposition 3.1. Let (p, u) and (g, v) be two solutions to the Cauchy problem
associated with (1.1) and with initial data (pg, ug) satisfying (3.63). Additionally, we
assume that (p, u) and (g, v) satisfy the conditions in (3.64). As a consequence, for any
ko € (0, 1), there exists a time Ty > 0 such that

To To
/ ||Vu||Loo(R2) <ko and / ”VU”LOO(RZ) < ko.
0 0

The regularity of u, v is sufficient to recast the equations they satisfy in Lagrangian coor-
dinates,

podsit — div[Adj(DXy) (24 (po S, D4, it + (A(poJy, ") diva, i)1)]
= —div(Adi(DX.)(P(poJ; ") = P)),

pod; 0 — div[Adj(DXy) (21 (poJy )Da, B + (A(poJy ') diva, 9)1)]
= —div(Adj(DX,)(P(poJy ") — P)).

(3.65)

Here, Xy, is the flow associated with the velocity w. We define w by

t

w(t,y) =w(t, Xy, y)), sothat Xy(,y)=y +/ w(t,y)dr.
0

The Jacobian matrix of Xy, is denoted by DX, and we define J,, = det(DX,,). By (3.64),
the matrix DX, is invertible, with its inverse denoted by A,,. The matrix of cofactors of
DXy, also known as the adjugate matrix, is denoted by Adj(DX,,). Finally, the operators
D4, and divy,, are defined as

1
Dy, z = E(DZ Ay + Ay, -Vz) and diva,z=Dz:Ay = A, : Vz.
The computations leading to (3.65) are standard and can be found for instance in [5].

Additionally, with a slight modification, the following bounds can be derived from [5,
Lemmas A.3 and A .4].
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Lemma 3.2. There exists a constant Cy,, depending only on kg, such that the following
estimates hold for all p € [1,00], t € [0, Ty], and w € {u, v}:
[Adj(DXy (1))D 4,z — DzllLr®2) < Cro IVWIL1(0,0), L2 ®2) P2l Lr (R2).
[Aj(DXy (1)) diva, ) 2 — div 22| Lr®2) < Cio[IVWIL1(0,0), Lo ®2)) |1 P 2] L2 R2).

and
[4u(t) — Ayl Lr®2) < Cio VUl L1 ((0,0),2.7(R2))>

[Adj(DXy (1)) — Adj(DXy (1) lLr®2) S Cio VUl L1 ((0,0), L7 R2))
1751 ) = T Ollr@2) < Cio V81 L1 (0,0),L0 ®2))-
where §it = U — 0.
We now take the difference in (3.65) to obtain
00981 — div(2u(poJ,; DSiE) — V(A(poJ,; 1) div §it)
=div(I) + div(I,) + div(I3), (3.66)

where
Iy = (u(pody ) — i(poJy ))(A)(DX, ) Dy, it — Dit)

+11(pody ) (Adj(DXy) Dy, 51t — D)

+1(pody VA(DXy) — Adj(DX,))Da, T

+u(poJ, ') Adj(DX,) (D4, — Da, )0,
Ir = (A(poJy ") = A(poJy D)(AI(DXy) diva, it — diviil>)

+A(poJ; HN(Adj(DXy) diva, Sit — div §ii 1)

+A(0oJ; (Adj(DX,) — Adj(DX,)) diva,

+A(poJy ") Adi(DX,)(diva, — diva, )7,
Is = (P(poJ; ") — P)(Adj(DX,) — Adj(DXy))

+ AG(DX.)(P(po ;) = Plpo ).
We fix ko € (0, 1) and denote by C,:‘o a constant that may depend on Cy, (see Lemma
3.2 above), as well as on the lower and upper bounds of the density and viscosity (see
(3.63)—(3.64) above). Note that this constant may change from one line to the next. We

now perform an energy estimate for (3.66): we use §u as a test function and it follows that
(recall 81t ;=g = 0)

t
WAt sy + [ [ rood D8P + AGpody ) (aiv i)
0 JR

t
< [ 131 22, Loz 1 V52w,
0
Next, applying Lemma 3.2, we derive the following estimates:
{HII (), La() |2 w2y < CF, IVl L1 (0.0),L2®2)) VU () | Lo w2y + | V8 () | L2 (m2))

I T3()llz2@2y < Cp, IVl L1 (0.0),L2®2))
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which leads to

t
/o8 (0) 22y + /0 1V60) - o,

t T
<q, | [1+r(1+||w(r>||iw(w))1[ [ ||wa||zz(w)}dz.

As a result, we have

&) < C,:‘ofo [+ (1 + V(D) |2 a1 E(D) d T,

where ,
) = I VAT e + [ 1VE0) e

Invoking the assumption (3.64) and applying Gronwall’s lemma, we conclude that € = 0
on [0, Tp], which ensures uniqueness on [0, Tp]. The uniqueness on [0, 7'] follows by a
standard continuation argument, thereby proving Proposition 3.1 and, ultimately, Theo-
rem 1.2. ]

A. Energy computations

In this section we provide details of the energy computations for the solution (p, #) to the
system

drp + div(pu) = 0,
d:(pu) + div(pu ® u) = div I1, (A.1)
[TI]-n =0on €,

where we recall
I =2u(p)Du + (A(p)divu — P(p) + P)I>.

A.1. Second Hoff energy

We start by investigating the Rankine—Hugoniot condition for u at the surface of disconti-
nuity €. We first notice that after applying the derivative d; - + div(-u) to the momentum
equation, we obtain that v solves the equation

3, (o)) + div(pir/ u) = 9 (T17%) + 85 (T17% div u) — div(dgull’*). (A.2)
Implicitly, the Rankine—-Hugoniot condition yields
[ow/Tn, + [[pitjuk]]nf = ﬂﬁjkﬂn]; + [117* div u]]ni — ﬂakull'[jk]]ni.

Furthermore, from the mass equation (A.1); and the Rankine—Hugoniot condition, we
deduce that

[oln: + [ou*1nk =0,
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and since u is continuous on the whole space, we finally obtain
[I17*]n* + [T17% div un® — [8xu’ I7*]n’ = 0. (A3)

This relation will be used in the subsequent computations.
We recall that the second Hoff estimate consists in multiplying (A.2) by the material
derivative of the velocity before integrating in space. By doing so, we obtain

[0 + div(or/ )
R2
_ / 2 [0 (TT7F) + 0 (T div ) — div(9u %)), (A4)
RZ
The right-hand side of the above equality is

[ 29 [0y (i) + divi(pii )]
R2

/ B, (plit! P) - / (pii? 37 + / div(pli’ [2u) — / pii - Vit

R2 R2 R2 R2

1 <72 1 2 i12 1 . 2 j12 1 S i12 1
Loy + 2 [ o+ 2 [ avpla Puy + L [ 107 P diviou)
2 ]RZ 2 RZ 2 Rz 2 Rz

1d .
= —-— YK
= /R P, (AS)

where we have used Liouville’s transport theorem and the mass equation (A.1);. We turn
now to the computations of the right-hand side of (A.4):

f 1 [0k (TT75) + 95 (TT7F div u) — div(0,uI17%)]
R2
- / [0 7 TI7%) + 83 (i TUX divae) — 9 i/ T * ]
R2
— | Tk — akufnfkdivu+/ dpu’ dpu’ TR
R2 R2 R2

We calculate

175 = 2p(p)D7 %0 — p(0)dju’ dju* — w(p)dgu 9;u’ — 2pu’ (p)D7*u div u
+ (A(p) divit — A(p)Vul du — pA' (p)(divu)? + pP'(p) divu)s’*,  (A.6)

and hence, the terms in the right-hand side of (A.4) are
/ 1 [0 (IT75) + 93 (T17* div u) — div(d,uT17%)]
RZ
— [ 2u@prip
R2

+ / [0k (7 TT7%) + 85 (7 TI/% divu) — 8; (i’ TT7* 9 ul)]
R2
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+ [ 0 oty ot -+ o) dp + 2008 (9D v
R2

—/ A(p)|divi|* + / div it [A(p) Vu! d;u + pA'(p)(divu)? — pP’(p) div u]
R2 R2

+/ o’ gl T1I*. (A7)
RZ

We combine (A.4), (A.5), and (A.7) to obtain

1d

La / Pl + / 2u()D*al? + (o) |div i)
2dt Jr2 R2

= / Ot [1(p)dju’ 9u* + p(p)dru’ 01’ + 2p’ (p)D7* u div u]
RZ
—/ O’ THV* divu + [ divat[A (o) Vul d;u + pA’(p)(divu)? — pP'(p) div u]
R2 R2
+ / Blufakull'[-’k.
R2

A.2. Third Hoff estimate

One notices that the material derivative of the velocity solves a parabolic equation like
the velocity; see (A.2). The goal is to perform the first Hoff energy to the aforementioned
equation, by using ii as a test function. For this purpose, we write (A.2) as

pii! = 0 (T17%) + 0 (7% div ) — div(9xuT17%).

We multiply the above by ii/ to obtain
/ p|2'4'|2=/ afak(ﬁfk)+/ izfak(n-/’kdivu)—/ i/ div(9,ull/%)
R2 R2 R2 R2
= /E{[[iij(l;[jk + T17% div u)[nk — [ii7 85 TT7* 0l )
— | ol Tk — | opu/ TR divu+/ ot ' Tk, (A8)
R2 R2 R2

The first term on the right-hand side above vanishes since i is continuous through the
interface and due to (A.3). Next, the second term is, thanks to (A.6),

— | a1k
R2
= - / Opcii’ [210(p)D7* i — 1u(p)du' dpu* — ()3’ 1) — 2’ (p)D* u div u
R2
+ (A(p) divit — A(p) Vu' dyu — pA' (p)(div u)?
+ pP’'(p) divu)§7*]. (A.9)
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The first term on the right-hand side above is
—/ 2(p) ki’ D%
RZ
=2 [ @i D=2 [ w2 [ (o) ayi/ D
R2 R2 R2
=~ [ BB i) + v i -2 [ ot vy D
R2 R2
+ [ D @11a(p) + (o)
d . .
— -2 [ n@p*ap =2 [ s ai/nit
dt Jr2 R2
+ [R DA (o () = pu(p) div e
As for the second term on the right-hand side of (A.9), one has
/,u(p)akiijajul@luk
RZ
= [ outunei 01+ [ dnluton a0l by
R2 R2
+ [ @t il o+ [ (o)~ (o)l vt ot
R2 R2
—/ M(p)akuf'a,»u’a,u’wr/ ()3 t? ;u™ 8 u’ 8juk
R2 R2
—/ u(p)akufaju’a,uhr/ w(0)dxt? 30 9™ 3,uk
R2 R2
d . v
ZE/ M(p)aku-’ajulaluk—i—/ u(p)akumamufajulaluk
R2 R2
+ [ o0 = oo vt ot = [ (e oyt ot
R2 R2
—/ u(p)akufaju’aluhr/ w(0)dt? ;u™ dpu’ 9yuk
R2 R2 '
+/ u(p)akufa,ulalu’"amu".
R2

The third term on the right-hand side of (A.9) can be derived from the previous results by
swapping j and k. For the fourth term, we have

2/ o (0)0x it D *u div u
R2

d o o
=2— | pu(p)dru/ D *udivu + 2/ o1t (0) U™ B’ D/ Fu div u
dt Jr2 R2

—1—2/ P21 (p) 3k’ divuD7*u divu —2/ ol (p) k1! D% div u
R2 R2
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+ [ pu’(p)akuf(a,-umamuk + Au™ dpmu’ ) divu
R2

— 2/ ol (p) g1t/ D%y div i + 2/ ol (p) k1t DI*Fuvu™ - 8,0
R2 R2

Next, the fifth term on the right-hand side of (A.9) is computed as

1d
—/ A(p) div i div it =—-—/ A(p)|divd|2—/ A(p)Vu™ - 3t div i
R2 R2 R2

2dt
1
=3 | 0¥ o)~ aoiaivp diva
R2
The sixth term is
d
/ A(p) diviidgu' 9,u* = —/ A(p)divuakulaluk—i-/ A(P)Vu™ 3t dgui’ 9yuF
R2 dt Jr2 R2
+/ (p)L’(p)—)L(p))divudivitakuli)luk—[ A(p) div i dgu’ d,uk
R2 R2
+/ l(p)divuakumamulaluk—/ A(p) dividgu’ 9,1k
R2 R2
+/ A(p) div udgu du™d,muk.
]RZ

The next-to-last term is
d )
/ diviipA'(p)(divu)? = —f oA (p) div i (div u)? +/ oA (0)ju™ it (div u)?
R2 dt Jr2 R2
+/ 021" (p) divzl(divu)3—2/ oA (p) div 1 div 1 divu
R2 R2
+ 2/ pA' (p) div 1 d;u™ dpu’ divu
R2
and the last term is
d
—/ oP’(p) divii divu =——/ pP’(p)divudivu—/ 0P (p)Vu™ 8,1 div u
R2 dt Jr2 R2
—/ sz”(p)divu(divu)Z—i—/ oP’(p)(divir)?
R2 R2
—/ oP'(p) divitVu™0,u.
R2

This concludes the computation of the second term on the right-hand side of (A.8). We
now proceed to the computation of the third term, which we express as follows:

— Arti! TIVX divu
R2

= —/ i’ 21 (p)D*u + (A(p) divu — P(p) + P)§’K]divu.  (A.10)
]RZ
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The first term on the right-hand side above is
— 2/ 8kz'4'j,u(p)]D)jku divu
R2
d . .
=-2— w(p) 31t/ D%y divu — 2[ w(p) ™ dmit? D% u div u
dt Jr2 R2
=2 [ (o0 = we)B D Fudivi? 42 [ o) D vy
R2 R2
—/ () t? (3;u™ dpu® + dgu™du’ ) divu
R2
+ 2[ w(p) A/ D7 *y div it —2/ w(p) it/ DK uVu™ 9.
R2 R2
Regarding the second term on the right-hand side of (A.10), one has
d
—/ A(p) divii(divu)® = ——/ A(p) div i (divu)? —/ A(p) V" 31t (div u)?
R2 dt R2 R2
= [ ¥ ®) - 2pp aiviitaivuy
R2
+ 2/ A(p)(div)? divu — 2/ A(p) divuVu™d,u div u,
R2 R2
and finally the last term is
/ divii(P(p) — P)divu
R2
= —/ divu(P(p) — P)divu + / Vu™9,u(P(p) — P)divu
dt Jr2 R2
+ / divai(divu)?(pP’(p) — P(p) + P) —/ divit(P(p) — P)divu
R2 R2
+ / divit(P(p) — P)Vu™dpu.
R2

This completes the computation of the terms in expression (A.10). We now turn to the
computation of the final term in (A.8), which we express as

/ E)liijé)kull'[jk
R2
_ / 0i ! R (p)D 7 u + (M(p) div — P(p) + P, (AL
R2
The first term on the right-hand side above is
/ 2/L(p)81i2j8kul]D)jku
RZ

= 2i/ w(p)dpi’ du' D7 *y +2/ w(p)dyu™ dpir? dpu D7 *y
dt R2 R2
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42 / (P () — p(p)) div udyitd B’ D*u — 2 / (o)) B DI
R2 R2

+2/ u(p)alu-jakumamul]l])-/ku—2/ w(p)dp? D7*dgu!
R2 R2
+/ ()31t dprd [8;u™ i 4 Dpu™ dpu’],
RZ
and the second term is
[ )L(,o)alﬁjajul divu
R4
d . .
= _/ A(p)alitjajuldivu—i—/ A(0)1u™ Bmit? dju’ divu
dt Jr2 R2
+f (p)t/(p)—/\(p))(divu)zaldjajul—/ A(p) 31/ 30! divu
R2 R2
+/ A(p)alufajumamu’ divu—/ A(p)dgu’ divitajul
R2 R2
+/ A(0) 311! Vu™ 3 ud ju.
RZ
The last term of (A.11) is
—/ 3117 d;u’ (P(p) — P)
R4

=—i/ a,ufaju’(P(p)—ﬁ)—/ Byu™ it dju’ (P(p) — P)
dt Jr2 R2

= [ i/ divudyul P o)~ P+ P+ [ 0l (PGo) - Pyt
R2 R2

—/ 311/ (P(p) — P)dju™ .
R2

This completes the computations of the third Hoff energy:

d
2, 4 D7k 2 __/ 2
/ plii +d[/ p@D* + 55 [ il
- A (o) by D+ /R Do (p) — () div
d . .
+d— u(p)akufaju’a,uhr/ 1(0) g™ D! 3jul dyuk
t R2
— [, woae gt ont + [ (o' o) = oae divudyud ot
—/ M(p)akufaju’aluhr/ w(0)dxt? ;u™ dul 9k
R2 R2

—i—/ M(p)akufa,ulalumamuhrif M(p)a,u"aku’a,uf
R2 dt Jr2

53
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+[ M(p)a,umamukaku’a,uf—/ w(p) ik dgi 9,u”
R2 R2
+ [ oo = oyt divudad o = [ (it vt i’
R2 R2
+/ M(p)ajukakumamu’aluw/ ()3, 1% Bt 9;u™ 3, ut?!
R2 R2
d L .
+2— o (p) 31! D7 *u div u +2/ ol (p) ™ 3yt D *u div u
dt Jr2 R2
+2/ P21 (p) 3k’ divuD’*y divu—Z/ o (p)dkrt? D% div u
R2 R2
+/ pu/(p)akdj(ajumamuk—l—akumamuj)divu—Z/ o (p)dxri? D7*y div i
R2 R2
+2f o (p) 3! DI *Fuvu™ - ,,u —[ A(p)Vu™ - 3,1 div 1t
R2 R2
1 d
——/ (oA (p) — A(p))|divu|* divu + —/ A(p) div udgu’ d;u*
2 R2 dt R2
+/ A(p)Vu™ i dg i’ 9k +[ (pX (p) — A(p)) div u div 1idgu’ 9;u*
R2 R2
—/ )&(p)divitakitlaluk-l-/ A(p) div 19 u™ dpu’ 9;u*
R2 R2
—/ A(p) divaidgu’ 9,1k
]RZ
. I m k d / s s 2
+ A(p) divudgu oju 9 u” + — PpA'(p) div ut(div u)
R2 dt Jr2
~|—/ pk/(p)ajumamzlj(divu)2+/ 02 A" (p) div i (div u)?
R2 R2
—2/ oA (p) div it div i divu +2/ oA (p) div d;u™dpu’ divu
R2 R2
d
-5 oP’(p)divirdivu —/ oP (p)Vu™ 01 divu
t Jr2 R2
—/ 02 P"(p) divu(divu)z—i—/ pP/(,o)(diVL't)z—/ oP’(p) div it Vu™d,,u
R2 R2 R2
d . L
—2— /L(p)akithD)fkudivu—2/ ()™ B! D * v div
dt Jr2 R2
=2 [ (oW = mo)B D Futdivi? +2 [ (o) D vy
R2 R2

—/ w(0)dxt? (3, u™ du® + 3 u™du’) divu + 2/ w(p) 3! D7k y divar
R2 R2

—2/ ,u(,o)akitj]DjkuVumBmu—i/ A(p) div i (div u)?
R2 dt R2
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—/ A(p)Vumamu(divu)z—i-Z/ A(p)(div i) divu
R2 R2
—/ (p)t’(p)—)&(p))divu(divuf—2/ A(p) divVu 0, u div u
R2 R2
d 8 N
+—/ din(P(p)—P)divu+f Vu0,u(P(p) — P)divu
dt Jr2 R2
+/ divu(divu)z(pp’(p)—P(p)+ﬁ)—/ divii(P(p) — P)divi
R2 R2
~ d . .
+/ divit(P(p)—P)Vu'”amu+2—/ w(p)du du' D7 *y
R2 dt Jre
+2f ()™ dpir? dpu' D *u +2[ (o1 (p) — (p)) div ud;ir’ du' D7 u
R2 R2
—2/ w(p)dpi? ' D7k y +2/ w(p)dgi? du™dmu' D7 *y
R2 R2
—2/ w(p)dyi? D% d,u’ +/ w(0) 31! Dl (3ju™ dmuu® + du™dpu’)
R2 R2
d . .
+ — A(p)o;u’ Bjul divu + / x(p)alumamufaju’ div u
dt Jr2 R2
+/ (p/V(p)—/\(p))(divu)zfillljfijul—/ A(0) 31/ 3;u! divu
R2 R2
+/ /\(p)alujajumamuldivu—/ A(p)dyu? dividju’
R2 R2
. d . ~
+/ A(p)a,ufwmamua,ul——/ il djul (P(p) — P)
R2 dt Jr2
—/ a,umamufa,-u’(P(p)—ﬁ)—/ 3y’ divud;u' (oP'(p) — P(p) + P)
R2 R2

+/ a,uf(P(p)—ﬁ)aju’—/ a1t (P(p) — P)dju™dmu’.
R2 R2

Many terms appearing on the left-hand side above can be grouped into three categories:
I, I, and I3, each having the respective forms (3.25), (3.26), and (3.27).
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