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Global smooth axisymmetric solutions of the damped
Boussinesq equations with zero thermal diffusion

ZHouyYU L1 (*) — GUANGWEI DU (**) — DEZE YUE (**%*)

ABsTRACT — In this paper we study the Cauchy problem for the three-dimensional damped
Boussinesq system with zero thermal diffusion. We show that the solution of this system with
1<p< % is globally well posed if the initial data is axisymmetric without swirl.

MaAtHEMATICS SUBJECT CLASSIFICATION 2020 — 35Q35 (primary); 35B65 (secondary).
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1. Introduction

We study the following three-dimensional incompressible damped Boussinesq
equations with zero thermal diffusion:

du+u-Vu—Au+|ulf'u4+ VP =pes, xeR3 >0,

0 -Vp =0,
(.1 tpt+uU-Vp

divu =0,
M(}C,O) = uO(x)7 ,O(X,O) = pO(x),

where u = (u1(x,1),u2(x,t),u3(x,t)) € R3is the velocity of the fluid, P = P(x,t) €
R is the scalar pressure, p = p(x,t) € R is the temperature and e3 = (0,0, 1).
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Here, B > 1 and |u|#~'u is the so-called damping term, which is from the resis-
tance to the motion of the flow; see [4] and references cited therein. The system (1.1)
is widely used to model the dynamics of the ocean or the atmosphere; see [19-21,25].

When the damping term is absent, (1.1) becomes the well-known three-dimensional
Boussinesq system with zero thermal diffusion. It is well known that local existence and
uniqueness of smooth solutions for the three-dimensional Boussinesq system with zero
thermal diffusion have been proved; see [5, 6, 1 7]. However, the problem of the global
existence of the unique smooth local solution still remains unsolved. Therefore, in
connection with this point, many works are concerned with the study of solutions with
some special structures such as axisymmetric flows. We first introduce the definition
of axisymmetric vector fields. A vector field f is axisymmetric, that is,

f(t,x)= fT(t,r,2)e, + fe(t,r,z)eg + fE(t,r 2)es,

where x = (x1,X2,2), 7 = ,/xf + x% and
X1 X Xy X
er = <_17_270)7 ee = <__27_170)7 eZ = (070’ 1)'
ror ror

We call f¢ the swirl component and f is axisymmetric without swirl if f¢ = 0.
Abidi, Hmidi and Keraani [2] showed the global existence and uniqueness result for
the axisymmetric Boussinesq system without swirl. They use as a key ingredient the
quadratic growth estimate
=[%]
r
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s 7ol
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L}LOO(I + ”””L}Loo)v

under the assumption that the support of the initial temperature does not intersect
the axis r = 0. Later on, this result was improved in [9] by removing the assumption
on the support of the temperature. When the switl component presents, the global
regularity with large initial data is still open. See Fang-Le—Zhang [8], Li—Pan [16] and
Wang—Guo [23] for the regularity criterion of the axisymmetric Boussinesq system
with zero thermal diffusion. Other interesting results on the Boussinesq system can be
found in [1, 10, 14, 18, 24].

When the temperature p vanishes, system (1.1) reduces to the three-dimensional
incompressible damped Navier—Stokes equations, which were studied first by Cai—Jiu
[4]. The authors in [4] obtained that for such a system there exist a global weak solution
for any 8 > 1, and global strong solutions for any 8 > % Moreover, the strong solution
is unique for any % < B < 5. Zhou [30] proved the strong solution exists globally for
B > 3. However, since the good effect of the damping becomes weaker in the case
1 < B < 3, the global existence of a strong solution to the damped Navier—Stokes
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equations for 1 < B < 3 is still unknown. Recently, for the axisymmetric without swirl
solutions of the damped Navier—Stokes system, Yu [26] established the global existence
and uniqueness of a strong solution with large initial data. For more related results, see
[27-29] and references therein.

Wen and Ye [25] gave the global existence and the uniqueness for the three-
dimensional incompressible damped Boussinesq equations (1.1) with 8 > 3. Li, Liu
and Zhou [15] proved regularity criteria of the three-dimensional damped Boussinesq
system (1.1) with 1 < 8 < 3 via two components of the velocity or the gradient of
velocity involving Lorentz spaces in both time and spatial directions. Motivated by
[25,26], we investigate in this paper the global well-posedness of (1.1) with 1 < 8 < I,
corresponding to large axisymmetric data without swirl. Our main result is as follows.

THeOREM 1.1. Assume that ug and pgy are axisymmetric and uy is a divergence-free
vector field with ug = 0. Let ug € H*>(R3), and pg € H?*(R?) such that supp po does
not intersect the z-axis and the projection of supp po to the z-axis is compact. Then
there exists a unique global solution (u, p) to system (1.1) with 1 < B < % satisfying

u € L0, T: H*(R*) N L*(0.T: H>(R?)).
p € L>®0,T; H*(R?)),

forany 0 < T < oo.

RemMark 1. When p = 0, system (1.1) reduces to the incompressible Navier—Stokes
equations with damping in R3, and Theorem 1.1 generalizes a previous result by Yu
[26].

ReEMARK 2. As pointed out in [2], we can relax the assumption that supp pg is away
from the z-axis by assuming that p is a constant ¢y near the z-axis, by taking a change
of variable p = p — ¢ and P = P — ¢oz. More detail can be founded in [2].

Remark 3. It is worth pointing out that we only prove the global regularity when
1<B< % For % < B < 3, due to the strong nonlinearity of |u|#~1u, it is insufficient
to control the nonlinear term using only the dissipative term. In the future, we will
further study how to use the good effect of the damping term to extend the exponent to
1<B8<3.

To prove Theorem 1.1, we need to deeply use the special structure of system
(1.1) in the axisymmetric without swirl case. In contrast with the case in [26], the
singular term 3;—’0 causes difficulties in estimating ||w79 |72, due to the appearance
of the temperature p. To do this, inspired by [2], we assume that supp pg is away
from the z-axis and its projection to the z-axis is compact. Taking advantage of the
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local-in-space estimate for solutions and some interpolation inequalities, we derive the
L>®(0,T; L>(R3)) N L2(0, T; H'(R?)) estimate of “’79; see (3.8) below. Moreover,
we establish the L1(0, T; L*®°(R?)) estimate of Vu by making good use of maximal
regularity results of the heat flow, and then the L>°(0, T'; L%(R?)) estimate of Vp fol-
lows; see Proposition 3.3 below. Based on this preparation, combining with commutator
estimates allows us to obtain the H? estimate of the solution.

An outline of this paper is as follows. In Section 2, we introduce system (1.1) in
cylindrical coordinates and review some basic facts. Section 3 is devoted to showing
some a priori estimates, and completing the proof of Theorem 1.1.

Throughout the paper, we always denote [ -dx := [ps-dx, || |zr :== || - [Lr®3)
and Vj, := (01, 02). The letter C stands for some real positive constant, which may
vary from line to line. In addition, we use the notation I1, for the orthogonal projector
over the axis (Oz).

2. Preliminaries

Let us now introduce system (1.1) in cylindrical coordinates. For system (1.1), it is
easy to show the following local existence and uniqueness result.

LeEMMA 2.1. Let (ug, po) € H?(R3) be axisymmetric and uq be divergence-free.
Then there exist T > 0 and a unique axisymmetric solution (u, p) on [0, T) for system
(1.1) with B > 1 such that

ue L®0,T;: H*(R?) N L%, T; H*(R?)),
p € L®0,T; H*(R?)).
The proof is quite similar to that local existence and uniqueness result for the
incompressible Navier—Stokes equations and so is omitted. We refer the reader to [12].

From the uniqueness of solutions, we see that ug = 0 implies u? = 0 for all later time.
In this case, system (1.1) can be written as

1
8,ur+u-Vur+|u|B_1ur—(A——2)ur+8rP =0,
r

du” +u-Vu' + |ulf ' — AuF +9,P =p,
dp+u-Vp=0,

r

o,u’ + MT 4+ 0,u? =0,

where u -V = u"d, + u?0, and A = 92 + 92 + %8,.
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Direct computations show us that the vorticity of the swirl-free axisymmetric
velocity takes the form

0

w=Vxu=w’e = (0,u” — 0,u")ey,

and satisfies

1 1
30 +u-Vol — A0 + —Za)e ——ou" + [ufw?

r r
+ (B =DuP2 ()20 + u"u?d,u” —u uFdru” — (uy)?9,u’)

(2.1) = —0,p.
Moreover, letting I' := “’r—e, the above system gives
2
9,T +u-VI — (A n ;a,)r I + (B = Dulf3w?)2T
r r
_ B=3(¢,r\29 (X ) _ (229 (Y
+ (B =Dl ()20 (=) - w)0:(=)

r

() (')

2.2) = —
To ensure the reasonableness of the calculation, we recall the following two lemmas.

Lemma 2.2 ([12]). Let u be a smooth axisymmetric vector field withu € L°°(0,T;
H?%(R3)) N L2(0,T; H3(R3)) and w = w?ey its curl. Then

() 2% and 22" belong 10 L*(0, T: LA(R?)) for all & > 0;
(i1) letting
[es) 0

am=[" (2o ww= [ (@20 )na-

then g1 and g, are bounded for any § € (0, 2).

oo

Lemma 2.3 ([12]). For any € > 0, there holds

0o 30)9 we
lim ———(,z)dz =0.
=0t J_oo Or nl—t
We end up in this section by citing the following lemma, which is the cornerstone
for establishing the estimate ||~ 2.
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LemMma 2.4 ([2]). Let u be a smooth axisymmetric divergence-free vector field, and
p be a solution of the transport equation

p+u-Vp=0
with initial data py € L? N L*. In addition, assume that

ro := d(supp po,{0z}) >0 and dy:= diam(I1,(supp pg)) < oc.

Then there holds
2
p=(t,x) 1 2
/11«3 r2 dx = %HPoHLz

) t ur
+ 27 o2 / “ )
0 r

t
dr(do + 2/ [lu(T)|| Lo d‘L’).
L 0

3. Proof of Theorem 1.1

This section is devoted to deriving some useful a priori estimates and then completing
the proof of Theorem 1.1. We first give the basic estimate for solutions of system (1.1),
which do not need the axisymmetric assumption.

ProrositioN 3.1. Suppose 1 < B < % Let (ug, po) € H*(R3). Then for every
smooth solution (u, p), it holds that

(3.1 le@llLr < llpollLr, VY2 =< p =<oo,
and
r r B+1
G2 Ol + / V(o) |2, dr + / lu@)752 dr < C.
0 0

Here, C depends on ||uo|| g2 and || pol g2-

Proor. The estimate in (3.1) is classical and can be found in [25], so we omit
the details here. For the estimate in (3.2), by taking the L? inner product of the first
equation of system (1.1) with u we get

1d

3 i IO + 191, + [ 1P+ dx < ulzlole,

which along with (3.1) and Gronwall’s inequality leads to the desired result. u



Global smooth axisymmetric solutions of the damped Boussinesq equations 7

Next, our target is to show the LC}OL2 N LZTH 1 estimate of Vu, which plays the
key role in our proof.

ProposiTiON 3.2. Suppose 1 < 8 < % Let (u, p) be the smooth solution of system
(1.1) with (ug, po) € H?(R3) satisfying the assumptions of Theorem 1.1. Then one has

sup [ Vu(o)|2, + [ IV2u(0)|2, di < C(T).

0<t<T

Proor. For small ¢, multiplying equation (2.2) by r‘{’—i and integrating the resulting
equation over R3,we have

2

al sl o v =
L2

v ’ £
r1-5 L2 + (8 B Z) H r2-5 L2

/|u|f’ ' 11 2dx+(ﬂ—1)/lu|ﬁ‘3(uz)2):f—i “d
-5 [ [ e
== [ (e (5) - w (%)

r [%

() ()

2dz

X

(3.3) = Z I;,

where we have used Lemmas 2.2 and 2.3.
Motivated by the method in [12,26], we now estimate the terms /; to /. Using
Holder’s inequality, Young’s inequality and the interpolation estimate

1 1
1flzee = CIV £V Il

115—/|”r|

< Sl Nz H

we get

0

£
—21IL2

w

1_7

HES T
T 4l p2-5 L2

L2

) w
§||V””L2”v ullz2 T | e
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For I,, integrating by parts and using Holder’s inequality, we have

arp o’ 9 o 1
12=_/ o ® dx:_/ﬁ‘l“_l dx

) 1
—2;1/ / %ar(rl 5)dra’z—i—ZJT/ / ,0 1_7 )drdz
0
IR cfpo
_/rl—ﬁar(rl—ﬁ dx+2/rr2—8 dx

[ 9
B

&

2

<CH

1—7 L2 r1—2 r2—€ |2

al z\; it al=lLs

Although the estimates of the terms /3 to I basically follow from that of [26, Lemma

2.6], we briefly present the proof of these estimates for the sake of completeness. For /3,
it follows from Holder’s inequality, Young’s inequality and the interpolation estimate

= 7
[ s IIfIILz ”Vf”Lz » VI=p=g3

that
6
|I3|§C(/ +/ +/ )|M|ﬂ_1 1_—5‘
r<i lul<1,r>1 lu|>1,r>1 r
u” u”
<C| |uf! d,— ‘ Cld,— w?
o e N e e [ P IE
4 u”
+ C| ful3] 23 327 IIw ||L2

< Cllu|fz IIFIILz IIVFIILz + Cl[Vul 2Tl
+ CIIMIIEZIIVMIIL2 IVTllz2 0|2

4(8—1)

IIVFIILz +Cllull > ITI7> + ClIVulZ,

+CTlZ + CIIMIIZZIIVullelleIILz-

This together with (3.2) ensures

1
/3] < BIIVFIIiz + C|T[72 + CA + [0 |72) Va7
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By the same argument as the estimate of /3, one deduces that
[4
[al + 5] < E||VF||L2 + CITIZ, + €A + [l [ 2) I VullZ.
Applying Holder’s inequality again, the term /¢ can be bounded by

u”
R (TR W
|lu|>1,r>1 lu|>1,r<1 lu|l<1,r>1 lu|l<1,r<i1 r

4
scf
|lu|>1,r>1

u| o,
+c/ |u|’3_1‘—‘|a) | dx
lul<1,r>1 r

+o0 r 0
e[
—00 lul<1,r<i1
ur

1
— —dx1 dXQ) dX3
;
u’” 4 1
= | =) Ll ol + s | =
r liLee L3

0
dx

2l w
)rl_s

ur
—‘|a)9|dx+C/ |3
r

lu|>1,r<1

(“’ | dx

u

r

r
r

LOOH r L2

[%
L1l

+C/+oo u” we‘ 1‘
—oo P ILS@®2) I r LSRRI
0,1 9,1 1

6 2 0
Il SVl e
0 6 r

w
v
L? r Lz
+o00 r, 1 r
u 3 u
vef s o’
—oo ' T IL2(R2) r r

Bl 3 1 1 1
< Cllull L IVull LI 2 VTN 2 + Cllull LI 2 IVE 2 [ Va2

r., 2

AT ACE
LTI VAT

3
L2 R2)n{r<1}

w

+ Cllull s | =

r

2
L+ CIVulZ,

0,1

L 0,2

3

3 w

(0]

dX3
L2(R2)

L2(R2) L2(R2)

r

1 10 2 2
< —IIVFlliz + CllulllelvullizllFllzz + Clull L IT 172V ull;

+CIVul2, + CH

IFlle,

which along with (3.2) leads to

16| < EIIVFIILz + CITIZ (1 + 1VulZ) + ClIVull7,.
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Putting all the above estimates into (3.3), we obtain
9

(-3

gIIVFIIiz + |7,

2

0
L2

il sl

w?

£
=5

L2

< Ce|Vull 2| V?ul 2

+CA+ VUl 1) AT + 10°1172)

& 2
Z‘r L2

2 ” r2—e|L2

+ CIVul, + €| 2
]

Integrating over [0, 7], one then has

o .2 T 0 2
w w
e [l
r-—zIL 0 rl=271L
6 T 0
C()O 2 w
<[ L2+ce/0 1Vl 20Vl 2 | S | @
3 (T )
0
CTF2CT1v2F2 912,)d
+ ITN72 + A I+ [[Vull DT 72 + lle”[l;2) dt
T , T oo 2
c| IVul?,di+cC H— dt
v [Civuanec [T
3.4 e [M1e)?
G4 N R M
Noticing that
S
<c(_ ,
‘rl_% - r )
we get
we <C o P <C
2l 2 100). [l =(12] ).

This together with Lemmas 2.1, 2.2 and 2.4 ensures we can pass to the limit as ¢ — 0 on
the right-hand side of (3.4). Passing ¢ — 0 in (3.4) and using the Lebesgue dominated

convergence theorem, one has
2 T T 0
IIFllinrg | IVT|72 dr < Clluollg2 +C/0 (1 + IVullZ) (T IZ2 + lo”l72) dt

3.5) e /OTH‘;)H; di
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To estimate the last term of the above inequality, we apply Lemma 2.4 and (3.1) to
get

T 2
O‘I’Lz

T r

§CT+CT/ v dt+CT/ ‘ dt/ || oo d
0 r lILoe
T r %
§CT+CT/ L dz+CT3/ (“ d:(/ ||u||§oodz)
o Ir liLee 0
T u’ T
§CT+CT/ v dt+CT3(/ ‘ dt) +c/ ]300 dt.
0 r Lo 0

Recall the following estimate (see [7, inequality (2.3)]):

‘ur
r

This together with Holder’s inequality ensures

Toz/T) u’
0 r

0,1

w 2

r

<C)_ 2
- r

L2

T 1 1
o 2 2
podt=CTe [ IVTI, d

T 1 T 1
sCTW([ ||r||izdr) (/ ||vr||§2dz),
0 0

T 1 T ¥
3 4 4
dthT2(/ ||r||§2dz) (/ ||vr||zzdz)
Loo 0 0
2 T 2 % 1 r 2
<cr / ITI2, di +—/ IVTI, dr
A 10 Jo

T T
1
§C+CT6/ IIFIIdet+—1O/ IVT|2 dt,
0

2 T 3 T 3
dz) §CT4(/ ||r||§2dz) (/ ||Vr||§2dz)
0 0

T T
1
§CT8/0 ||F||I%2 dt-l-E/O ||VF||izdt.

which implies

T/T) u”
0 r

and

T3 /T| u’”
0 r

Moreover, we use the following estimate (see [2, Proposition 4.2]):

1 1
6% 62
lullee = Cllo”lI 221Vl
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to get
T T
c /0 2o di < C /0 10?2 V0O |2 dt

T 0 1 T 0
< C/ | ||i2 dt+—/ Vo ||22 dt.
0 2 0

Therefore, we obtain

T o2 T 1T
/ H—H Jdi §C+CT8/ ||r||§2dz+-/ VT2, di
o IriL 0 5Jo

LN 1T 9,2
+C/ | ||L2dl+§/ Vo ||L2dt.
0 0

Inserting the above estimate into (3.5), we infer
T
T + [ 19T d
4 9
< Clluollg2 + C(1 + Ts)fo (4 [IVul7)UT 172 + llo®lI72) dt

1 T
(3.6) +§/0 IVe? |2, dt.

On the other hand, by taking the L2 inner product of equation (2.1) with w? we get

ld g, 62 »f 2 B—1, 62
310 19 + |2+ [ w2 a
:/u—(a)a)zdx—/arpa)e dx
;
- (8- 1)/ ulP 73?0 — (u?)?0,u” —u"u”d,u”
3.7 —u"uf9,u%)w? dx.

Before proceeding, let us recall the following well-known Biot—Savart law (see
[3, inequality (3.8)]):

p2

p—1

From this along with Holder’s inequality and Young’s inequality, we have

IVulLr = C

lollLr, V1< p<+oo.

(B — 1)/ lu|P =3 (W)?0,u" — u%)20,u% —u uPdu” —uuFdu”)w? dx

< (B 1>[|u|ﬂ—l|w| 0] dx
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-1 o
< C| lul’ || gxt [[Vullps+illo™l L+

0
= CI|”||L/5+1 ”w ||L15+1

3(8=1)
0 0
<C||MIIL5+1 lle IIB+' IVo?|, 57

28— 1)(13+1)

SNV I+ Clo? sl
and
u” w?
0\2 r 0
RS T B
3 2 0
< Cl LIVl L] 2] 196l
0
w 1 0112
< Cllul IVul [ 2], + 15 1ve’ 122,

Applying integration by parts and Holder’s inequality again yields

—/8rpa)9 dx = —271/ / 3 pa’rdrdz = 271/ / 00 (@%r)dr dz
—Zn/ / p8wrdrdz+2n/ [ p—rdrdz
/(pa 1) —|—,0—) dx

w
< Clpll 2Vl (|2 + ClpllL2

< Clipla + 15 (190" ||L2+)

)

Putting the above estimate into (3.7), we obtain

d 7 9 -
G100, + 291 + o ]+ 2 [ )2
2
2
+ Cllpla.

5
012 26-1(B+1)
< Cllo” [z llull g3 + Cllull2[Vull 2

Integrating the above inequality with respect to time, we get from Proposition 3.1 that

7 (T 9 (Thw? )2
62 02
012+ £ [ 19 adr 2 [ || ar

T 012 28-D(s+1) T w? 12
< Cluolly +€ [ Mo alullei € [ 19ula] %
0 0

+ CllpollZ-T.

Sy
<

L2
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From this, together with (3.6), we deduce that

T T, .6 T
92 r|? Vol |2, d 9—2d VI|%, d
L L L L
||w||2+||||2+0||cu||2t+0 rL2r+0|| 7, dt

< Clluollg2 +CT

8 T S 2 2 9,2
+C(1+T )/0 (1 + lull, p43 + IVull2,)IT |7 2 + ll®l17,) dt.

Noticing that %ﬁfﬁ) <B4+ 1whenl<p < % it follows from the integral
Gronwall inequality and (3.2) that

T
lo? 17> + T3 +/0 IV|I7, dt

T wf 12 T
(3.8) +/ H—H dt+/ VT2, dt < C(T).
o I rliL2 0
Thanks to the Biot—Savart law, we get

0
w
IVullzz = Cllo®lz and [V2ull2 = € (Ve l2 + ||

L2>’

which along with (3.8) implies the desired result. This ends the proof. |
To obtain the H? estimate for (u, p) , we need to establish the following proposition.

ProprosiTion 3.3. Suppose 1 < 8 < % Let (u, p) be the smooth solution of (1.1)
with (ug, po) € H?(R3) satisfying the assumptions of Theorem 1.1. Then there holds

T
| 19ulimdr - swp [Vplr <€D v2sp <o
0 0<t<T

Proor. Recalling the equation for vorticity w = V x u, we have
3w — Aw = =V x (u-Vu) = V x (Ju|P 7 u) + V x (pe3).

In order to obtain the estimate Vo € L3 (0, T; L*(R3)), we need to establish the

4
L%L4 estimates of the terms u - Vu, |u|#~'u and pes. From the interpolation estimate

1 1
| flizee < C||Vf||22||V2f||z2 and Proposition 3.2, one has

T T
[ lullfoe dt < C / Va2 [ V2ul2, di
0 0

T
(3.9) <C swp [Vul? / IVl di < C(T).
0

0<t<T
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Applying Holder’s inequality and (3.1) ensures that

r $ o 4
/0 e Vul ¥, dr < /0 el V0l 3, dt

T 1 T 2
5(/0 ||u||ioodt) (/0 ||Vu||i4dr)

T 3 T 3
EC([ ||u||2oodr) (/ ||v2u||zzdz) <o),
0 0

T 4 T 4
[ teentf<c [Cilfiar <c

Since 1 < g < % , we can obtain the following interpolation estimate:

and

1 1—1
1fllzas < CUANLN SNl Lo

This together with Proposition 3.2 leads to

d B—1, 13 r 38
[ e < [
0 0
T
<C S ity
<c it a
0

T o ap
<C sup [Vull, f 83
0<t<T

B—1

T 3 —
<c s Vullo( [ Il ar) T <o),
0

0<t<T

With the above estimates in hand, we apply the L‘}LP (1 < ¢, p < +00) estimates
for the parabolic equation of singular integral and potentials (see [13,22]) with g = %

and p = 4 to get
4
Vo € L3(0,T; L*(R?)).

L 6
By using the interpolation estimate || f ||z 0 < C ||f||]z2 ||Vf”l7,4 and Proposition 3.2,

we infer
T T 1 6
/0 ||W||Loodzscf IVl L, 192l dr

T 6
<C sup [Vul, / Vol }, di
0<t<T
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1 T 4 T
<c sup Vel ([ 1volf,ar)
0<t<T 0
<),

On the other hand, applying the operator V to the p equation of (1.1) gives
Vp+u-VVp=—-Vu-Vp.

For 2 < p < 6, multiplying the above equation by |V p|?~2Vp and integrating over
R3, we obtain

1d _
L TelE, == [ Vu- VoIV pdx < [Vule 91
which implies

d

Vol < [Vl Vpler.

Thanks to Gronwall’s inequality, we have

T
IVpller < IVpollLr exp( / IVl dr) < ).
0

This ends the proof of Proposition 3.3. u

Finally, our target is to show the H? estimate for (u, p) and then complete the proof
of Theorem 1.1.

ProposiTion 3.4. Suppose 1 < < % Let (u, p) be the smooth solution of (1.1)

with (ug, po) € H*(R3), which satisfies the conditions of Theorem 1.1. Then there

holds
T

(3.10) sup (ulls + ol + / Il dt < C(T).
0

0<t<
Proor. Applying the operator V2 to the u and p equations in system (1.1), we get
0, V2u +u-VV2u + VV?P — AV?y
(3.11) = —V2(u|P~u) — [V, u - V]u + V?(pe3),
;V2p+u-VV2p=—[V2 u-Vp,

where [A, B] := AB — BA denotes the commutator between A and B. Next we
recall the following commutator estimate (see [1 1, Lemma 2.10]):

ITA®, FlglliLr = IIA°(f8) — fA gllLr
(3.12) < C>IVflLn AT glliLre + I1A* fllzrsllglizes).

where A := (—A)% and 1 < pj, p3 < oo satisfy % = % + é = % + ﬁ.



Global smooth axisymmetric solutions of the damped Boussinesq equations
Performing the standard L? estimate of the first equation of (3.11), we see
1d
2,12 3,112
S IVl + V2,
= —/ V2(Julfu) - Viudx — /[Vz,u Vu - Viudx

+ / VZ(pes) - V>u dx

3
(3.13) =) 1.
i=1

For II;, applying Holder’s inequality and Young’s inequality leads to
I = —/V2|u|ﬂ_1u -V2udx — 2/ ViulP~'Vu - V2udx
—/ lulP~1V2u - V2u dx
= /(V|u|ﬂ—1w V2u + VulP - V3u) dx

+2/|u|‘3_1(V2u-V2u+Vu-V3u)dx—/|u|ﬁ_1V2u-V2u dx

17

=—/|u|ﬂ_1V2u~V2udx—/|u|ﬂ_1Vu~V3udx+/V|u|ﬂ_1u-V3udx

+ 2/ lulB=1(V?u - V2u + Vu - V3u) dx — / lu|P~1V2u - V2u dx
< [ 119l (Va8 = 1) [l 21V o] [V dx
< Clulfd v V3
< Cllullf NVl 2 1V3ul 2
_ 1
< ClulZ% P IVullz> + g IV°ulz
2 1
< Cllulifes + CIVull 5" + 2 V2ul2.
We invoke (3.12) to deduce
| < (V2. u - V|2 | V2ull 2 < Cl[Vullzee [ V2ul2,.

For II5 , we have

;3] = ‘/V(pe3) -V3udx

1
< IVol2IV3ull2 < ClIVplZ, + §||V3“||iz-
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Inserting the above estimates into (3.13) implies
d VZ 2 V3 2
o IV 7ullzz + I1V-ullz
4
< Clule + ClIVull 2" + ClIVullLe||V2ulZ, + Cl Vol 7,

which together with Gronwall’s inequality, Propositions 3.2 and 3.3 and (3.9) gives
T
IVuls + [ IV ds

T 4
< c(||v2uo||z2 + /0 (Ul + V2] 557 + ||Vp||iz)dz)

T
X exp(C / IVul|peo dt)
0

(3.14) < C(T).

Moreover, we give the estimate of V2p. Applying the standard L? estimate of the
second equation of (3.11), we have

1d
=L V22, = —/[v2,u VIp-V2pdx.

It follows from (3.12) that

—/[Vz,u-V]p-Vzpdx
< IV u - Vipllz2IV?pll L2
< C(IVullos V2Pl + V2l 1Vl 26) 19202
< C(IVulloo |20l 2 + V2l 24 I V3ull 2, 1V ol 2) | V20l .2
< Cl[VullL= | V2pl12, + CIIV2ull 5 V3ull 2, 1920112,
< ClIVullLs |V3pl22 + CAUIV2ul, + [Vul2,) [ 92p]12,.

Thus,

1d
EEHVZPHiz

which along with Gronwall’s inequality, Proposition 3.3 and (3.14) ensures

2
< C(IVullzee + 1V2ull 7, + 1V2ull72) V217

T 2
IV2pllL2 < IVpoll2 GXP(C/O (IVullLos + IV?ul ;5 + ||V3M||iz)df)

(3.15) < C(T).
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Consequently, combining Proposition 3.1, (3.14) and (3.15) yields the desired result
(3.10), which completes the proof of Theorem 1.1. ]
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