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Haefliger’s differentiable cohomology

Luca Accornero and Marius Crainic

Abstract. We review Haefliger’s differentiable cohomology for the pseudogroup of diffeomor-
phisms of Rq ; see “Haefliger (1976)”. We unravel the structure that governs such cohomologies,
which, remarkably, is related to the so called Cartan distribution underlying the geometric study
of PDEs. Hence, we extend Haefliger’s differentiable cohomology to the general framework of flat
Cartan groupoids, investigate its infinitesimal counterpart, and relate the two by a van Est-like map.
Finally, we define a characteristic map for geometric structures on manifolds associated with flat
Cartan groupoids. The outcome generalizes the existing approaches to characteristic classes for
foliations “Bernšteı̆n and Rosenfel’d (1972)”, “Bott and Haefliger (1972)”, “Bernšteı̆n and Rosen-
fel’d (1973)”, and “Haefliger (1976)”. The motivation for this work is two-fold. On the one hand, it
is motivated by the recent approach to geometric structures via multiplicative (Cartan) distributions;
see “Salazar (2013)”, “Yudilevich (2016)”, and “Cattafi (2020)”; from that perspective, we are con-
structing characteristic classes for such structures. On the other hand, it is motivated by our (ongo-
ing) attempt to turn classical symmetries (pseudogroups) into non-commutative, Hopf-algebraic,
ones; such attempt is inspired by existing work in non-commutative geometry; see “Connes and
Moscovici (2001)”, “Moscovici and Rangipour (2009)”, and “Moscovici and Rangipour (2011)”. It
also aims at a unified approach which allows for non-transitive pseudogroups.

Dedicated to André Haefliger on his 90th birthday.
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1. Introduction
Various geometric structures on manifolds M come with invariants that live in the coho-
mology of the ambient space M , and which are organized into a map from a certain
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“universal space” (associated with the type of structure one is looking at) to the coho-
mology of M ; such maps are called generically “characteristic maps”. For instance, for
vector bundles, one has Pontryagin/Chern classes and the Chern–Weil homomorphisms.
To help the reader, but also to put things into perspective, in the first section of this paper,
we overview some of the standard characteristic maps (for principal bundles, for flat ones,
for foliations, and then for more general �-structures).

Haefliger’s differentiable cohomology arose in the development of characteristic
classes for foliations F in analogy with the one for flat principal bundles. The theory
had produced

• explicit/geometric characteristic maps �F , in the spirit of Chern–Weil theory, defined
on certain Lie algebra cohomologies that can be computed explicitly (Section 2.3),

• abstract characteristic maps �F
abs built via classifying spaces and maps, defined on a

rather huge and complicated cohomology H�.B�q/ (Section 2.4),

• a universal characteristic map �univ (Section 3.1),

fitting together in a commutative diagram

H�.aq; Oq/ H�.M/:

H�.B�q/

�F

�univ
�F

abs

As the name indicates, �F
abs was constructed rather abstractly and even its domainH�.B�q/

is rather huge and unmanageable. There have been several more explicit descriptions of
this cohomology, and of the abstract characteristic map, most notably:

• as a “de Rham-like” cohomology based on the Bott–Shulman complex (Section 2.6),

• via sheaf cohomology and then, based on explicit bar-type resolutions, via group-like
cochains on �q , the groupoid of germs of diffeomorphisms of Rq . This is in complete
analogy with the cohomology of discrete groups which, themselves, play a similar role
in characteristic maps for flat principal G-bundles.

While everything was very similar to the case of flat principal bundles, there was still
a question left: whether one could make sense, inside the complex computing the coho-
mology H�.B�q/, of a “differentiable complex of �q” giving rise to a “differentiable
cohomology”

H�diff.�
q/

and whether one could prove a “van Est isomorphism” between this cohomology and
H�.aq; Oq/, so that the previous diagram becomes

H�diff.�
q/ ' H�.aq; Oq/ H �.M/:

H�.�q/ ' H�.B�q/

�F

�F
abs



Haefliger’s differentiable cohomology 3

Of course, the vertical map would be simply the one induced by the inclusion of differ-
entiable cocycles into the general ones. This is precisely the task undertaken by Haefliger
in [20]. While Gelfand–Fuchs cohomology H�.aq; Oq/ continued to play a central role
in the discussion of characteristic classes for foliations, Haefliger’s differentiable coho-
mology remained a rather ad hoc construction, which seems to work primarily for infinite
jet groupoids. On the other hand, while it received little attention within the classical
approach to characteristic classes, it was very nicely used in Noncommutative Geometry
in order to relate Hopf-cyclic cohomology with Gelfand–Fuchs cohomology [27]. One
of the aims of this paper is to explain and provide more insight into Haefliger’s differen-
tiable cohomology, by providing a conceptual and more general framework, with an eye
on questions in Noncommutative Geometry (see below).

As it was/is interesting to generalize such constructions from foliations to general �-
structures (also called �-foliations), we will proceed in this generality. But it is fair to say
that everything was in place in this generality already during Haefliger’s work mentioned
above. The only little problems were that

• one usually assumed that � was transitive,

• while in principle Haefliger’s differentiable cohomologyH�diff.�
q/ could just be copied

for any pseudogroup � , the situation is actually a bit more subtle (and, as we shall point
out, it is for Lie pseudogroups � that everything works).

Furthermore, looking at Haefliger’s definition, it is clear right away that the outcome does
not depend on � , but rather on the associated infinite jet groupoid J1� (and certain struc-
ture on it). One of the main driving questions behind this paper was to find the structure on
J1� that makes Haefliger’s differentiable cohomology work. The outcome is that of “flat
Cartan groupoid .†;C/”, whose resulting cohomology we called Haefliger cohomology

H�Haef.†;C/:

For†D J1� , we find out that the extra-structure that we were after is precisely the well-
known Cartan distribution C on infinite jet spaces plus the (less known) understanding of
its compatibility with the groupoid structure; and, of course,

H�Haef.J
1�;C/ D H�diff.�/:

We must add here that the notion of Cartan groupoid (and variations) came already to
our attention from our study of Lie pseudogroups from the point of view of PDEs, and
of the corresponding geometric structures [8, 32, 38]. The fact that such different aspects
point out to the same structure may seem quite surprising/remarkable at first; at a sec-
ond thought however, they just show that it is always the same structure that makes the
jet spaces interesting and useful over and over again. This rather philosophical insight is
actually used several times inside the paper. For instance, the theory of almost geometric
structures reveals the notion of flat “principal Cartan groupoid-bundle” or, in the terminol-
ogy of Section 4, of flat .†;C/-structure. We use that notion to point out that some of the
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characteristic maps associated with geometric structures depend only on the underlying
almost structures. In turn, this may have interesting applications to the study of almost
structures themselves: as pointed out in Remark 6.4, the resulting Haefliger characteristic
maps may be used to detect almost �-structures that are not integrable.

At this point we would like to mention a second motivation for the present work:
strengthen the bridge between classical symmetries (Lie pseudogroups) and non-commu-
tative symmetries (encoded in Hopf-like structures). The aim would be to extend the
previous work in this direction [10, 28, 29] to general (possibly non-transitive) Lie pseu-
dogroups or even to flat Cartan groupoids (in order to relate it to the unifying approach to
geometric structures from [8, 32]). One step (that we plan to undertake in future work) is
to construct the correct Hopf-like objects, extending the constructions from [10, 28]. The
second step would be to investigate the resulting Hopf-cyclic cohomologies, while a third
one would concern characteristic maps; this paper should provide the necessary “classical
aspects” for carrying out the second and third steps. This is one of the motivations for
investigating the van Est map in this generality (notice that, when one moves away from
the transitive case, there is no direct analogue of H�.aq; Oq/). It is also fair to say that
our approach to characteristic maps associated with geometric structures is inspired by
already existing non-commutative theory [9–11].

Here is a brief outline of the paper. In Section 2, we briefly review the connection-
curvature construction and the classifying space approach to characteristic classes for
principal bundles and flat principal bundles, and the similar machinery for characteris-
tic classes for foliations. We introduce pseudogroups and recall the equivalence between
the category of pseudogroups and the category of effective étale groupoids. We review the
Bott–Shulman model and the sheaf theoretical approach to the cohomology of the classify-
ing space of an étale groupoid. In Section 3, we adapt Haefliger’s definition ofH�diff.�

q/ to
a general Lie pseudogroup � . We proceed to investigate the minimal structure that allows
us to construct an analogous cohomology on a general Lie groupoid †� X, discover-
ing flat Cartan connections; we then briefly review the canonical flat Cartan connection
on J1� . In Section 4, we depart from Lie pseudogroup to work with Lie groupoids
equipped with a flat Cartan connection, introducing what we called “Haefliger cohomol-
ogy” and discussing some examples. We also study flat principal bundles in this context,
which include “almost geometric structures” as a particular example. In Section 5, we
present the infinitesimal picture of the theory discussed in Sections 3 and 4. Finally, in
Section 6, we discuss a van Est theorem for groupoids equipped with a flat Cartan con-
nection – generalizing a similar result proved by Haefliger for Diffloc.Rq/. We conclude
presenting a characteristic map for “flat principal actions” of groupoids with a flat Cartan
connection. Specializing to J1�q with its canonical Cartan connection, we recover Hae-
fliger’s approach to the characteristic classes of foliations. Throughout the paper, we need
to work with pro-finite (dimensional) manifolds and pro-finite Lie groupoids. Since some
of the properties that we make use of are not explicitly spelled out in the literature, we
provide a detailed appendix.
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2. Overview of various characteristic classes

2.1. Geometric/abstract characteristic classes for principal bundles

Characteristic classes for principal G-bundles P ! M (G being a Lie group and P , M
smooth manifolds) are usually introduced either:

(geom): more explicitly/geometrically: one uses connections to produce explicit coho-
mology classes on the base M of the principal G-bundle. Known as the Chern–Weil
theory, it produces the so-called Chern–Weil map

�P W Inv.g/! H�.M/

defined on the space of G-invariant polynomials Inv.g/ D S.g�/G on the Lie algebra
g of G.

(abs): more abstractly/topologically: this is based on the existence of a certain principal
G-bundle EG ! BG which is universal in the sense that any principal G-bundle
P ! M arises as the pull-back of EG via a classifying map M ! BG. This map
is unique up to homotopy; hence, one has a uniquely defined characteristic map in
cohomology:

�Pabs W H
�.BG/! H�.M/: (2.1)

In the more abstract approach, one concentrates on the classifying space BG and its
cohomology, and one would like to have more explicit models. While BG is unique
up to homotopy, there are various known models for it; however, in general, BG still
remains rather abstract. Of course, its cohomology may be simpler and one hopes for
more explicit models for realizing H�.BG/ and �Pabs. Of course, the Chern–Weil map �P

fits this scheme. First of all, one has a natural map

�univ
W Inv.g/! H�.BG/

that can be thought of as the Chern–Weil map associated with the universal bundle EG,
and all the maps fit in a commutative diagram:

Inv.g/ H�.M/:

H�.BG/

�P

�univ

�Pabs

(2.2)

Furthermore, it is known (see e.g. [14]) that, for compact Lie groups G, �univ is an
isomorphism and, therefore, the two characteristic maps �P and �Pabs become identified:

H�.BG/ Š Inv.g/:

When G is compact and connected, by restricting to a maximal torus T � G (with Lie
algebra t � g), Inv.g/ becomes isomorphic with the algebra of polynomials on t that are
invariant under the action of the corresponding Weyl group W ; i.e., H�.BG/ Š S.t�/W .
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More in general, whenG is compact with the connected component of the identity denoted
by G0, one has an action of G=G0 on S.t�/W and

H�.BG/ Š InvG=G0
�
S.t�/W

�
:

WhenG is non-compact and has finitely many connected components, the cohomology of
BG is canonically isomorphic to the cohomology ofBK, the classifying space of the max-
imal compact subgroup K of G. Therefore, for Lie groups, the rather abstract H�.BG/
can often be made quite explicit.

Example 2.1. When looking at complex vector bundles E !M interpreted as principal
GLn.C/-bundles F r.E/! M , K D U.n/ with maximal torus T n (diagonal matrices),
and the Weyl group W D Sn permuting the entries, we have

H�
�
BGLn.C/

�
Š H�

�
BU.n/

�
D RŒx1; : : : ; xn�

Sn D RŒc1; : : : ; cn�;

where the xi ’s are degree one variables and the ci ’s are the fundamental symmetric poly-
nomials on the xi ’s. Of course, for a rank n complex vector bundle E !M ,

ci .E/ D �
F r.E/
abs .ci / 2 H

2i .M/

are the usual Chern classes of E.

Example 2.2. A similar discussion applies to the Pontryagin classes of real vector bundles
F !M ,

pj .F / 2 H
4j .M/;

�
0 � j � k WD

�
n

2

�
; n D rank.F /

�
;

which are usually defined as the even Chern classes c2j .FC/ of the complexification FC

of F (with the footnote that the odd classes vanish). The relevant group is G D GLn.R/
and

H�
�
BGLn.R/

�
D H�

�
BO.n/

�
D RŒy1; : : : ; yk �

Sn D RŒp1; : : : ; pk �;

where k D Œn
2
� and yj has degree 2j . Of course, with the mind at the definition pj .F / D

c2j .FC/, one may think that yj D x2j .

2.2. Geometric/abstract characteristic classes for flat bundles

The previous discussion serves as guideline in various other contexts. For instance, a
related (and actually simpler) discussion is that of characteristic classes for flatG-bundles
P !M :

(geom): more explicitly: the flatness is encoded in a flat connection 1-form !2�1.P;g/.
This is immediately turned into a chain map from the Chevalley–Eilenberg complex
of g to the de Rham complex of P and then to a map in cohomology,

�! W H�.g; K/! H�.M/; (2.3)

defined on the Lie algebra cohomology of g relative to a maximal compact subgroup
K of G.
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(abs): abstractly/topologically: the flatness of P ensures that it arises from a principal
Gı -bundle (G endowed with the discrete topology); hence, by the discussion above,
the relevant characteristic map is

�!abs W H
�.BGı/! H�.M/:

Again, the two theories are related to each other via a “universal characteristic map”

�univ
ı W H�.g; K/! H�.BGı/:

Actually, everything can be made even more explicit since

• there is a simple explicit model computingH�.BGı/, namely, the group cohomology
H�
ı
.G/ of G viewed as a discrete group; recall that the relevant complex is given by

group cochains Cp
ı
.G/DCp.Gı/D¹c W Gp!Rº (which ignore the topology on G),

while the differential is the group differential given by

ı.c/.g1; : : : ; gpC1/ D c.g2; : : : ; gpC1/C

pX
iD1

.�1/ic.g1; : : : ; gi � giC1; : : : ; gpC1/

C .�1/pC1c.g1; : : : ; gp/; (2.4)

• of course, inside C �
ı
.G/ one has the subcomplex of differentiable cochains

C �diff.G/ � C
�
ı .G/

and then the so-called differentiable cohomology H�diff.G/ mapping naturally into
H�
ı
.G/ D H�.BGı/,

• one has the so-called van Est isomorphism,

VE W H�diff.G/
'
�! H�.g; K/:

All together, everything fits in one commutative diagram analogous to (2.2):

H�diff.G/ ' H
�.g; K/ H�.M/:

H�
ı
.G/ D H�.BGı/

�!

�univ
ı �!abs

(2.5)

Example 2.3. For flat complex vector bundles, one deals with G D GLn.C/,

H�diff

�
GLn.C/

�
Š H�

�
gln

�
C; U.n/

��
Š ƒ.h1; : : : ; h2n�1/;

the exterior algebra in generators h2i�1 of degree 2i � 1. In some sense, the vanishing
of the Chern classes (in degree 2i ) give rise to “secondary” classes in odd degrees. A
completely analogous story holds for real vector bundles. See, e.g., [21].
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2.3. Geometric characteristic classes for foliations

The explicit/geometric approach to characteristic classes for foliations has an outcome
similar to what has been described above: for a codimension q foliation F on a mani-
fold M , there is an explicit characteristic map

�F
W GF �q ! H�.M/; (2.6)

defined on certain cohomology groups GF �q . Here we use the notation “GF ” to illustrate
the fact that these groups are usually referred to as “Gelfand–Fuchs cohomology groups”.
Themselves rather explicit/computable, they have several different descriptions, depend-
ing on the way one approaches characteristic classes for foliations.

The most explicit way of describing codimension q foliations on a manifold M is
as codimension q sub-bundles F � TM which are involutive (closed under taking Lie
brackets). And the explicit approach to �F arises by looking at the associated normal
bundle � D TM=F . Actually, one of the origins of the characteristic classes for foliations
is Bott’s vanishing theorem which says that all the usual characteristic classes (polynomial
expressions in the Pontryagin classes) of � vanish in degrees > 2q. As for flat bundles,
this gives rise to “secondary classes” which Bott constructs (see [5]) in the spirit of the
Chern–Weil theory. The vanishing result indicates that, instead of the polynomial algebra
RŒc1; : : : ; cq�, one should be using

RqŒc1; : : : ; cq� WD RŒc1; : : : ; cq�=
®
P W deg.P / > 2q

¯
:

Combined with the fact that the odd Chern classes of �C vanish, one eventually discovers
the differential graded algebra

WOq WD ƒ.h1; h3; : : : ; hhqi/˝RqŒc1; : : : ; cq�;

where ci have degree 2i , hi have degree 2i � 1 (and defined only when i itself is odd),
and hqi is the largest odd number with 2 hqi � 1 � q, endowed with the differential

d.ci / D 0; d.hi / D ci :

With these,
GF �q WD H

�.WOq/:

Another rather explicit but more conceptual standard description of GF �q is as the
cohomology of the Lie algebra aq of formal vector fields on Rq , i.e., expressions of type

X D

qX
i

f i .x1; : : : ; xq/
@

@xi
;

where the f i ’s are formal power series in the variables xi ’s. We endow aq with the
power series topology and we consider the resulting (continuous) Lie algebra cohomology
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H�.aq/ and the relative versionH�.aq;Oq/. As explained in [6], there is a canonical map
from WOq to the relative Chevalley–Eilenberg complex, which induces an isomorphism

H�.WOq/ Š H
�.aq; Oq/:

With this in mind, �F can be constructed in the spirit of (2.3).

2.4. Abstract characteristic classes for foliations: Pseudogroups and � -structures

The abstract characteristic map for foliations is based on the reinterpretation of foliations
as principal bundles where, instead of Lie groups as structure groups, one has to allow for
pseudogroups/étale groupoids.

To recall this, we start from the very definition of (codimension q) foliations F onM :
as partitions ofM by connected immersed submanifolds (leaves) of codimension q which,
locally, look like

Rn D Rp �Rq D
[
y2Rq

Rp � ¹yº .p D n � q/:

This is realized by “foliation charts” on opens Ui �M (covering M ),

�i W Ui ! RnI

the fact that the leaves are preserved translates into the fact that the changes of coordinates
�j ı �

�1
i are, locally, of type

.x; y/ 7!
�
hij .x; y/; gij .y/

�
:

Of course, this definition is equivalent to the description as an involutive sub-bundle of
TM thanks to Frobenius’ theorem.

A slight variation is obtained by realizing that the leaves are induced by (i.e., are just
the connected components of fibers of) submersions

fi W Ui ! Rq;

and the different submersions fi are, locally, related by

fj D gij ı fi : (2.7)

These are the same gij ’s as before, and they are diffeomorphisms between opens inside
Rq – the collection of which we denote by Diffloc.Rq/. Notice that these gij ’s are there
only locally: even when i and j are fixed, as Ui \ Uj may be disconnected. One can
elegantly encode this situation by passing to germs:

�q WD
®
germx.�/ W � 2 Diffloc.R

q/; x 2 Domain.�/
¯
:

This has the so-called germ topology, in which the basic opens are the ones consisting of
germs of any given � 2 Diffloc.Rq/:

U.�/ WD
®
germx.�/ W x 2 Domain.�/

¯
:
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Equipped with such topology, �q is locally Euclidean; in fact, the natural projection

germx.'/ 2 �
q
! x 2 Rq

is a local homeomorphism. Consequently, �q can be equipped with a natural smooth
structure, with the caveat that it is neither Hausdorff nor second countable. Nevertheless,
with this one may say, with a slight abuse of notation, that

gij W Ui \ Uj ! �q

are smooth maps, bringing foliations closer to principal bundles. Note, in particular, that
the cocycle condition

gjkgij D gik

is satisfied, as it follows from (2.7) and the fact that the fi ’s are submersions. Understand-
ing what allows one to write down such an equation reveals the relevant structure behind
this discussion. In particular, one discovers the more general setting of pseudogroups, étale
groupoids, and �-structures. We stress that this general framework not only allows us to
get an abstract characteristic map for foliation in complete analogy with (2.1) but provides
us with a unifying approach that

• produces more general constructions; i.e., the characteristic map is defined for �-
structures, Definition 2.6 below;

• is well suited to describe a geometric map as well, Sections 2.5 and 3;

• paves the way for a further generalization of the various concepts involved, Sections 4,
5, and 6, which makes the structure behind both maps and their interplay conceptually
clear.

We start by summing up the main definitions and constructions.
First of all, a pseudogroup on a manifold X is a subset � � Diffloc.X/ of the set of

diffeomorphisms between opens in X satisfying the following axioms:

• � is closed under composition or inversion and it contains the identity idX.

• � is closed under restriction to smaller opens.

• Let U be an open cover of an open set zU � X and � a diffeomorphism defined on zU
and such that �jU 2 � for all U 2 U. Then, � 2 � .

Of course, the basic example for us is Diffloc.Rq/. As indicated by the discussion
above, to talk about cocycles (and principal bundles) it is useful to pass to germs

G erm.�/ WD
®
germx.�/ W � 2 �; x 2 Domain.�/

¯
endowing G erm.�/ with the germ topology; as for �q , this choice of topology makes
G erm.�/ locally Euclidean. The structure present on G erm.�/ that is relevant to our dis-
cussion is that of groupoid over X – schematically denoted as

G erm.�/� X:
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In more detail, it comes with source and target maps

s; t W G erm.�/! X

which send an element germx.�/ to x, and �.x/, respectively; and, using the composition
of functions, any two elements 1; 2 2 G erm.�/ which match (i.e., s.1/ D t .2/) can
be composed to give 1 � 2 2 G erm.�/. Indeed, writing i D germxi

.�i /, the matching
condition is x1 D �.x2/ and then � WD �1 ı �2 is well defined around x WD x2; hence, we
can define 1 � 2 WD germx.�/.

There is one important property of the groupoid G erm.�/ to be noticed: it is an étale
groupoid, in the sense that its source and target maps are local diffeomorphisms. The fact
that étale groupoids G � X are closely related to pseudogroups on X is seen right away
by looking at the bisections of G , i.e., submanifolds B � G on which both s and t restrict
to diffeomorphism onto opens inside X, U WD s.†/ and V WD t .†/.

One can re-interpret such bisections as sections of s

b W U ! G

with the property that t ı b is a diffeomorphism onto its image (b is the inverse of sjB ,
and, reversely, B is the image of b). Any such bisection gives rise to a diffeomorphism

�B D �b WD germg.t/ ı germg.s/
�1
W U ! V (2.8)

and, all together, they form the pseudogroup �G associated with G . Note that

• the pseudogroup associated with an étale groupoid of type G erm.�/ is � itself;

• for a general étale groupoid G � X, there is a canonical surjection from G into the
germ groupoid associated with �G ,

G ! G erm.�G /; g 7! �g ;

where �g is represented by a/any open neighborhood†g of g on which s and t restrict
to diffeomorphisms – more directly, by the germ of �B .

It is customary to call an étale groupoid G � X effective if, for g 2 G , the germ bg is the
identity only if g is a unit arrow. All together, one obtains²

pseudogroups
� on X

³
1-1
 !

²
effective étale groupoids

G � X

³
up to isomorphism or, more precisely, an equivalence of categories. However, many no-
tions involving pseudogroups � (e.g., equivalences, cocycles, actions) are simpler and
more elegantly described passing to the associated germ groupoids G erm.�/.

Definition 2.4. Let � be a pseudogroup on X and letM be another manifold. A �-cocycle
on M consists of a cover U D ¹Uiºi2I of M and smooth maps

ij W Ui \ Uj ! G erm.�/

satisfying the following:

• for i D j , each i i .x/ is a unit (hence can be seen as a point in X),
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• for arbitrary i and j and x 2 Ui \ Uj , ij .x/ is an arrow from i i .x/ to jj .x/,

and such that the cocycle condition

jk.x/ � ij .x/ D ik.x/

is satisfied for all x 2 Ui \Uj \Uk . Similarly, we talk about G -cocycles for any groupoid
G � X by replacing above G erm.�/ with G .

Note that the dotted conditions actually follow from the cocycle one and the fact that
it should make sense. Spelling them out, the first condition encodes maps

fi WD i;i W Ui ! X

while the second condition means that, around each x 2 Ui \ Uj , one can find gij 2 �
representing ij .x/ such that, on its domain,

fj D gij ı fi :

When we want to emphasize the fi ’s, we also say that .U; fi ; ij /i;j2I is a �-cocycle. If
the maps fi are submersions, then the cocycle condition follows automatically, but not in
general.

One recognizes the discussion from foliations when XDRq , � D �q , and the fi ’s are
submersions. General �q-cocycles can be thought of as “singular foliations” in the naive
sense: the fibers of the fi ’s can change dimension when moving transversally.

Remark 2.5. Any open cover U D ¹Uiºi2I of a manifold M gives rise to a Mayer–
Vietoris groupoid MU which allows us to re-interpret the notion of cocycle a bit more
conceptually. The groupoid MU is defined over the disjoint union of the Ui as the pull-
back of the unit groupoid M �M . More explicitly, MU is the groupoidG

i

Ui \ Uj �
G
i

Ui ;

where to describe the groupoid structure we write the elements in the base as pairs .i; x/
with i 2 I and x 2 Ui , and the elements in the total space as triples .i; x; j / with i; j 2 I
and x 2 Ui \ Uj ; in these notations, the target, source, and composition are

t .i; x; j / D .i; x/; s.i; x; j / D .j; x/; .i; x; j / � .j; x; k/ D .i; x; k/:

With this, for any étale groupoid G � X, a G -cocycle  D ¹ij º on M over an open
cover U D ¹Uiº of M is the same thing as a morphism of groupoids

 WMU ! G : (2.9)

There is also a straightforward analogue of the notion of equivalence of cocycles for
Lie groups, called equivalence of �-cocycles. Compactly, two �-cocycles indexed by I
and J are equivalent if they are part of a larger �-cocycle indexed by I t J .
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Definition 2.6. A Haefliger �-structure on a manifold M is an equivalence class of �-
cocycles. A �-structure onM is a Haefliger �-structure induced by a �-cocycle for which
all the fi ’s are submersions.

Remark 2.7. A remark is due concerning our choice of terminology.
�-structures are sometimes also called �-foliations. This terminology emphasizes the

fact that a �-structure on M induces a foliation (built out of the fibers of the submersions
fi ’s from the cocycle). In some sense, a �-structure on M is a foliation together with
extra-structure in the transversal direction.

Moreover, in some of the existing literature, the term “�-structure” is reserved to the
case when the dimension of M is equal to the dimension of X (on which � lives). Under
such assumption, one usually works with the notion of �-atlas on M , i.e., a smooth atlas
modeled on opens in X with the property that the coordinate changes are elements of � .
Of course, this is just the notion of �-cocycle which becomes simpler due to the condition
dim.M/ D dim.X/.

Example 2.8. Let X D Ck D R2k and let � be the pseudogroup of holomorphic dif-
feomorphisms. A �-structure on a 2k-dimensional manifold M is the same thing as a
complex structure on M ; if dim.M/ > 2k, one is looking at transversally holomorphic
foliations on M of codimension n � 2k.

On the other hand, a Haefliger �-structure on M induces a singular foliation on M ,
and the fact that such foliation can be “presented” by a �-cocycle can be interpreted as
the existence of a complex structure in the transverse direction/on its leaf space.

As for cocycles with values in a Lie group G, one can re-encode everything into more
global objects: principal bundles. In particular, this allows one not to worry anymore about
the choice of coverings (and the corresponding notion of equivalence).

This can be done (and will be needed) in the generality of Lie groupoids. A Lie
groupoid is a groupoid †� X where both the arrow space and the unit space are smooth
manifolds, all the defining maps are smooth, and both the source and the target map are
surjective submersions. We will use G to denote arrow spaces of étale groupoids and † to
denote arrow spaces of more general, non-étale, Lie groupoids.

For a Lie groupoid †� X, a principal †-bundle over a manifold M , schematically
described as

†

����

  P

�
vv

�

##

X M;

is a manifold P , together with a submersion � W P !M and a free and proper action of
† on P from the left, along some smooth map � W P ! X, such that � is identified with
the resulting quotient map P ! P=†. Recall here that an action of † on P means that
any arrow g 2 † from x to y gives rise to “multiplication by g” between the resulting
�-fibers

��1.x/! ��1.y/; p 7! g � p
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satisfying the usual identities for actions. Of course, everything is required to be smooth
– i.e., .g; p/ 7! g � p is smooth as a map defined on the submanifold † Ë P � † � P
consisting of pairs .g; p/ with �.p/ D s.g/. Similarly, one can talk about actions from
the right and right principal †-bundles:

P

�
&&

�

~~

~~ †

����

M X;

when the multiplication p 7!p � g by an arrow g 2† from x to y takes��1.y/ to��1.x/.
The action is free if the equalities of type g � p D p hold only when g is a unit arrow; and
the action is proper if the map † Ë P ! P � P , .g; p/ 7! .g � p; p/ is a proper map.
These conditions can be slightly reformulated by saying that one has a smooth action of
† on P such that the map

† Ë P ! P �M P

is a diffeomorphism.
For future use, we recall here that a (say, left) action of † on P along � W P ! X is

equivalently encoded into the Lie groupoid structure on † Ë P � P such that

s.g; p/ D p; t.g; p/ D g � p; .h; g � p/ � .g; p/ D .hg; p/:

The Lie groupoid † Ë P � P is called the action groupoid associated with the action of
† on P ; when such action is principal, the diffeomorphism†ËP ! P �M P is in fact a
Lie groupoid isomorphism, where the right-hand side carries the groupoid structure with
structure maps

s.p1; p2/ D p1; t .p1; p2/ D p2; .p1; p2/ � .p2; p3/ D .p1; p3/:

Of course, the entire discussion is completely similar to that from principal bundles
with Lie structural group. And so is the relationship with cocycles: given such a principal
†-bundle � W P !M , one chooses a cover ¹Uiºi2I ofM by opens Ui on which P admits
sections �i W Ui ! P , and then, on points x 2 Ui \ Uj in the overlaps, one can write

�i .x/ D ij .x/ � �j .x/

for some ij .x/ 2 †. Note the resulting maps into X are

fi D � ı �i W Ui ! X

and one ends up with a †-cocycle. And, still proceeding like for Lie groups to define the
notion of equivalence of cocycles (see [30]), one obtains²

†-cocycles on M

(up to equivalence)

³
1-1
 !

²
principal †-bundles on M

(up to isomorphism)

³
:
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And, again as for Lie groups, for any Lie groupoid†, one can talk about its classifying
space B†, for which there are various homotopically equivalent models. Principal †-
bundles � W P !M come together with classifying mapsM ! B† uniquely defined up
to homotopy. A standard approach can be found in [33]; B† can be defined as the thick
geometric realization of the nerve of † (see also Section 2.6).

Observe that, when the Lie groupoid †� X is an étale groupoid G � X, the projec-
tion � is an étale map. To stress this, we will use the notation P for the total space of a
principal G -bundle. We focus now on this case.

As a consequence of the existence of a classifying space, one has abstract characteristic
maps

�P
abs W H

�.BG /! H�.M/: (2.10)

An explicit construction is described/recalled a bit later in Example 2.21. For GDG erm.�/
associated with a pseudogroup � , one uses the notation B� . Finally, applied to codimen-
sion q foliations F on M interpreted as �q-cocycles, one obtains the resulting abstract
characteristic maps that are of interest for us:

�F
abs W H

�.B�q/! H�.M/: (2.11)

2.5. Intermezzo: back to geometric characteristic classes (for � -structures)

While the discussion of the abstract characteristic classes map led us to the more general
context of pseudogroups � and �-structures, it is natural to wonder whether also the geo-
metric characteristic map (2.6) can be adapted to this more general context. The answer is
“yes”, at least in the case of pseudogroups � that are Lie (see below) and transitive in the
sense that for any two points in the base, x; y 2 X, there exists � 2 � such that �.x/D y.
The key is to look at the infinitesimal counterpart of diffeomorphisms, i.e., at vector fields.

Definition 2.9. Let � be a pseudogroup on X.

• A (local) �-vector field is any (local) vector field X on X with the property that its
associated flow of diffeomorphisms �tX all belongs to � . Denote by X�.U / the space
of such vector fields defined over U � X open.

• A formal �-vector field at x, for x 2 X, is an infinite jet at x of a local �-vector field
defined around x. Denote by ax.�/ the space of such.

• When � is a transitive pseudogroup on X D Rq , x D 0, the space a0.�/ can be
equipped with the Lie bracket defined by

Œj10 X; j
1
0 Y � D j

1
0 ŒX; Y �;

whereX;Y are local �-vector fields around 0; it will be called the algebra of �-vector
fields on Rq , or the formal algebra of � , and will be denoted by a.�/.

Concerning the third point, it is not difficult to see that, when � is transitive, all the
formal algebras ax.�/ are isomorphic to each other; hence, up to isomorphism, there is an
unambiguously defined formal Lie algebra a.�/; however, to work with a concrete model,
one has to fix a base point x 2 X. When X D Rq and � is the pseudogroup Diffloc.Rq/,
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the resulting Lie algebra is denoted by aq . Notice that in this case, formal vector fields
X 2 aq are simply expressions

X D

qX
i

f i .x1; : : : ; xq/
@

@xi
;

where each f i is a formal power series in x1; : : : ; xq .
For a general pseudogroup � , germs of elements from � gave rise to the groupoid

G erm.�/. Similarly, for l 2 N, l-jets of elements from � give rise to the groupoid of
l-jets J l� , and one has the tower of groupoids

J1� ! � � � ! J l� ! J l�1� ! � � � ! J 1� ! J 0�: (2.12)

For instance, J 0� � X � X and, if � is transitive, this inclusion becomes equality. For
general l , J l� is a subspace of the manifold J l .X;X/ of l-jets of diffeomorphisms of X.
When all these are smooth submanifolds and all the projections in the tower are surjective
submersions, one says that � is a Lie pseudogroup. Lie pseudogroups are best discussed
in the framework of profinite-dimensional differential geometry, which allows us to make
sense of J1� as a pf Lie groupoid. We refer to the appendix; in particular, Example A.38
provides a definition of Lie pseudogroup that fit into this framework and explores some
of the features of the tower above. Using terminology from the appendix, we point out
that we will always assume the tower above to be a normal pf-atlas of J1� , i.e., that
the natural map J1� ! lim

 ��
J l� is a bijection. Here, we are especially interested in the

inverse system of the isotropy Lie groups J l�x at any x 2X, for l 2N. The isotropy group
J1�x is isomorphic to the limit of this system via an isomorphism of pf-Lie groups.
Thanks to the Lie assumption, one can find, at each b 2 X, a subgroup K � J1�b such
that its projection at each finite-order l is a maximal compact subgroup of J l� . Such a
K will be called a maximal compact subgroup at b; they are unique up to conjugation.
As before, when � is transitive, one can move from x to any other point in X and carry
K to similar groups at other points. In particular, when � is a transitive Lie pseudogroup
over X D Rq , we use x D 0 and we talk about maximal compact subgroups for � . For
instance, when � is the entire pseudogroup Diffloc.Rq/, one can take K D O.q/; this can
be embedded in the isotropy group of the infinite jet groupoid of Diffloc.Rq/ by taking
infinite jets of linear orthogonal maps.

Theorem 2.10 ([7, Theorems 1–2]). For any transitive Lie pseudogroup � on Rq and for
any choice of a maximal compact K, any principal G D G erm.�/-bundle P ! M can
be associated with a map in cohomology

�P
W H�

�
a.�/;K

�
! H�.M/

such that
• when � D Diffloc.Rq/ and P describes codimension q foliations, one has a canonical

isomorphism
H�

�
aq; O.q/

�
Š H�.WOq/

and we recover the geometric characteristic map �F (2.6) of the foliation.
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• if P encodes a �-structure, with induced foliation F on M , then the composition of
�P with the canonical map induced by the inclusion i W a.�/ ,! a is precisely the
geometric characteristic map �F (2.6).

H�
�
aq; O.q/

� �F
//

i�
''

H�.M/:

H�
�
a.�/;K

� �P

88

Incidentally, let us point out here that the obvious map from X.Rq/ to aq (taking the
infinite jet at the origin) is known to induce isomorphisms in (continuous) Lie algebra
cohomology (see [16]), and this provides yet another description of the Gelfand–Fuchs
cohomology. In fact, this is the original approach of Gelfand and Fuchs.

2.6. Cohomology of classifying spaces: the Bott–Shulman model

With the construction of the abstract characteristic map in mind (see the conclusions of
Section 2.4), we see that, as for Lie groups, what really matters for us is just the coho-
mology of the classifying spaces rather than the classifying spaces themselves. There are
various more explicit models available – each one of them providing a more or less explicit
description of the characteristic map. One such model is the Bott–Shulman double com-
plex��.†�/, defined for any Lie groupoid†�X. It is based on the so-called nerve of†,
whose construction we briefly recall. One considers the spaces †.p/ � †p of p-strings
.g1; : : : ; gp/ of composable arrows of †, related by the maps:

di W†
.p/
!†.p�1/; di .g1; : : : ; gp/D

8̂̂<̂
:̂
.g2; : : : ; gp/ if i D 0;

.g1; : : : ; gigi�1; : : : ; gp/ for 1� i � p � 1;

.g1; : : : ; gp�1/ if i D p:

Note that these maps show up already when looking at group cohomology, the differential
(2.4) being simply

ı D
X
i

.�1/id�i :

The same formula, but using pull-backs of forms, defines a differential which, together
with de Rham differential, forms a double complex�

��.†.�//; ı; ddR
�
;

with associated total complex

Totk��.†.�// WD
M

pCqDk

�q.†.p//; Dtot D ı C .�1/
pddR on �q.†.p//: (2.13)

We refer to both of them as the Bott–Shulman complex of the Lie groupoid †� X.
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Definition 2.11. The cohomology of the Bott–Shulman complex is called the de Rham
cohomology of the Lie groupoid †� X, denoted by H�dR.†/.

By a folklore theorem, for Hausdorff groupoids, this is isomorphic to the cohomol-
ogy of B† (see below). Furthermore, also the product structure on cohomology can be
exhibited directly on the Bott–Shulman complex:

� [tot � W �
q.†.p// ��q

0

.†.p
0//! �qCq

0

.†.pCp
0//;

! [tot !
0
WD .�1/qp

0

first�p.!/ ^ last�p0.!
0/;

where firstp W †.pCp
0/ ! †.p/ keeps the first p arrows, and lastp0 keeps the last p0.

Of course, the signs are chosen so thatDtot satisfies the Leibniz identity w.r.t. the total
degree:

Dtot.! [tot !
0/ D Dtot.!/ [tot !

0
C .�1/k! [tot Dtot.!

0/; (2.14)

where k D p C q is the total degree of ! 2 �q.†.p//. Therefore,�
Tot��;�.†/;Dtot;[tot

�
becomes a DGA and the isomorphism withH�.B†/mentioned above is an isomorphism
of algebras.

Recall also that, next to the maps di , there are also the degeneracy maps

si W †
.p/
! †.pC1/; si .g1; : : : ; gp/ D .: : : ; gi ; 1; giC1; : : :/ .0 � i � p/:

All together, they form the nerve of †, which is a simplicial manifold, in the sense that
the simplicial identities

´
didj D dj�1di if i < j;

sisj D sj si�1 if i > j;
disj D

8̂̂<̂
:̂
sj�1di if i < j;

id if i 2 ¹j; j C 1º;

sjdi�1 if i > j C 1

(2.15)

are satisfied. The main point is that to any simplicial manifold one can associate a space,
called geometric realization – a construction which applied to the nerve of † produces
precisely B†. See [33].

We are interested in the case of étale groupoids G � X such as G erm.�/ – where
there are a couple of remarks to be made.

Remark 2.12. So far we have ignored one issue: some of our groupoids, especially the
ones that use the germ topology such as G erm.�/, have a space of arrows which is a non-
Hausdorff manifold. Often one just ignores at first this aspect, carries on, and returns later
adapting the arguments/constructions to include the non-Hausdorff case. This affects our
discussions here because the folklore theorem that the Bott–Shulman complex of G com-
putes the cohomology of BG requires G to be Hausdorff. The reason is very simple: for
non-Hausdorff manifolds M , differential forms still provide a resolution of the constant
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sheaf, but it is no longer a “good” resolution (not even acyclic); in other words, while there
still is a canonical map from de Rham cohomology to sheaf cohomology (with coefficients
in R, say), this may fail to be an isomorphism if M is not Hausdorff. However, pinpoint-
ing the problem also indicates the way out: just build an analogue of the Bott–Shulman
complex which uses “good resolutions”. However, as indicated above, for the reader who
is not comfortable with non-Hausdorff manifolds, one may just assume first that we work
only with pseudogroups for which G erm.�/ is Hausdorff.

The other remark to be made is that, for étale groupoids, there is more structure avail-
able that allows one to re-interpret the Bott–Shulman complex (and variations of it). Very
briefly, the sheaves of differential forms on the base carry an action of the groupoid (using
the germs (2.8) induced by arrows). This brings us to another approach to the cohomology
of BG which, in this context, was first considered by Haefliger: via G -sheaves and their
cohomology.

2.7. Cohomology of classifying spaces: sheaf theoretical approach

The notion of �-sheaf for a pseudogroup � over X should be clear.

Definition 2.13. Given a pseudogroup � over X, a �-sheaf is any sheaf � over X together
with an action of � on � , i.e., a collection of maps

�� W �.V /! �.U /; U; V opens in X

– one for any element � W U ! V of � – satisfying the functoriality condition

�� ı  � D . ı �/�

for any �;  2 � composable. We denote by Sh.�/ the resulting category of �-sheaves
(where morphisms are morphisms of sheaves that commute with all ��’s). Similarly, we
introduce the category Ab.�/ of abelian �-sheaves, or the category VectR.�/ of �-sheaves
of vector spaces.

Note that, in some sense, we are enlarging the lattice of opens Op.X/ in X by � . We
interpret Op.X/ as the category with the opens U � X as objects, and inclusions U ,! V

as morphisms – so that a (pre-)sheaf on X can be interpreted as a functor Op.X/! Set.
Any pseudogroup � gives rise to a similar but larger category Op�.X/, with the same
objects, but where the morphisms are all the smooth maps � W U ! V between opens
in X such that, as a map from U to �.U /, � belongs to � . Intuitively, one should think
of Op�.X/ as representing the lattice of opens in the quotient space X=� of �-orbits –
where the orbit of x 2 X is defined as the set of y 2 X such that �.x/D y for some � 2 � .
With this, �-sheaves can be interpreted as contravariant functors

� W Op�.X/! Set

satisfying the gluing condition. Of course, the sheaves of sections of natural bundles [31]
are automatically�-sheaves for any�. One example to have in mind is differential forms.
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Sheaf cohomology of topological spaces X arises taking the right derived functors of
the global sections functor Op.X/! Ab. For �-sheaves, one considers invariant global
sections.

Definition 2.14. For a �-sheaf � , a global section s 2 �.X/ is called invariant if, for any
� W U ! V in � ,

��.sjV / D sjU :

We denote by � inv.X/ the space of such sections.

It is not difficult to see that the category Ab.�/ of abelian �-sheaves is abelian and
� 7! � inv.X/ is a left-exact functor; one can also show that Ab.�/ has enough injectives
(see [19]).

Definition 2.15. Given a pseudogroup � over X, the resulting right derived functors of
� 7! � inv.X/ are denoted by

Hp.�; �/ W Ab.�/! Ab; � 7! Hp.�; �/:

Hp.�; �/ is called the p-cohomology group of � with coefficients in � .

Hence, in order to compute the cohomology with coefficients in � explicitly one needs
an injective resolution

0! � ! 	�

by �-sheaves of � and H�.�; �/ is the cohomology of the complex:

0! 	�;inv.X/:

For the constant sheaf � D R, we simplify the notation to H�.�/. As for usual cohomol-
ogy, concrete models are obtained using various injective resolutions of R 2 Ab.�/. And
this provides explicit models for H�.B�/.

Theorem 2.16. For any pseudogroup � , H�.�/ is canonically isomorphic to H�.B�/.

It is interesting to rewrite the entire discussion about cohomology in terms of G erm.�/
rather than � itself. Of course, an outcome is a slight generalization to the more general
context of étale groupoids G � X. One way to proceed is to consider the analogue of
Op�.X/ known as the embedding category of G and denoted by Emb.G /. Its objects are
opens U �M , while arrows from U to V are bisections � W U ! G with the property that
t .�.U // � V . The product of �1 W U1 ! G from U1 to U2 with �2 W U2 ! G from U2 to
U3 is given by

�2 � �1.x/ D �2
�
�1.x/

�
� �1.x/:

This gives rise to the resulting categories of G -sheaves Sh.G /, Ab.G /, etc. Also the dis-
cussion about cohomology carries on without any change, giving rise to

H�.G ; �/ W Ab.G /! Ab;

and the analogue of Theorem 2.16 continues to hold; see [25].
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We would like to emphasize that, even if one is interested only in the case G D

G erm.�/ for pseudogroups � , the point of view of étale groupoids provides extra-insight.
For instance, the usual interpretation of (standard) sheaves � on a space X as étale spaces
y� ! X (made of germs of sections) has now a straightforward generalization: G -sheaves
become étale spaces y� ! X together with a (continuous) action of G on y� – say from the
right. In particular, any arrow of G , g W x ! y, induces an action by g, g� W �y ! �x .
While sections of the sheaf correspond to sections of y� ! X, for such a (global) section s,
the meaning of invariance should be clear:

g�
�
s.y/

�
D s.x/

for any arrow g W x ! y of G .
Another illustration of the use of étale groupoids is the fact that they provide bar-type

complexes computing the cohomology. Ultimately, this is what allows one to relate this
cohomology to the Bott–Shulman complex (and to overcome the non-Hausdorff problem).
Furthermore, this also provides a framework that puts together the characteristic classes
for foliations with the ones for flat bundles; note here that, when G is just a discrete
group (interpreted as an étale groupoid over a point), one just recovers the usual group
cohomology (Example 2.20).

To describe the bar-type complexes, we follow [20]. As in the previous subsection, we
look at the space of p composable arrows

G .p/ D G �s t � � � �s t G :

A p-cochain on G with values in a G -sheaf � is any global section of the pull-back t�� of
the sheaf � to G .p/ where t W G .p/ ! X takes the target of the first element of a p-string.
The corresponding space is denoted by Cp.G ; �/. Hence,

Cp.G ; �/ D �.G .p/; t��/: (2.16)

Equivalently, in terms of the stalks �x (i.e., the associated étale spaces of germs y� ! X),
a p-cochain c 2 Cp.G ; �/ is a map

G .p/ 3 .g1; : : : ; gp/ 7! c.g1; : : : ; gp/ 2 �t.g1/

which is continuous. The groupoid differential

ı W Cp.G ; �/! CpC1.G ; �/

is defined by the adaptation of formula (2.4), where we use the action by g1 so that the
resulting formula lands in the desired space (germs at t .g1/):

ı.c/.g1; : : : ; gpC1/ D g1 � c.g2; : : : ; gpC1/C

pX
iD1

.�1/ic.g1; : : : ; gi � giC1; : : : ; gpC1/

C .�1/pC1c.g1; : : : ; gp/: (2.17)
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Notice that, ifˆ W �1! �2 is a morphism of G -sheaves, there is an induced morphism
of complexes C �.G ; S1/! C �.G ; S2/.

In particular, for pseudogroups, one obtains the following notion of cocycle, which
would not have been so natural without the viewpoint of the germ groupoid.

Definition 2.17. Given a pseudogroup� over X, by a continuousp-cochain on�, we mean
any p-cochain on the germ groupoid G erm.�/� X, with resulting complex denoted by

C �cont.�; �/ WD C
�
�
G erm.�/; �

�
;

for any �-sheaf � .

Returning to general étale groupoids G � X, it is not so easy to “resolve” an arbitrary
sheaf � by a resolution consisting of sheaves which are injective as G -sheaves (or just
acyclic w.r.t. the cohomology of G -sheaves). One reason is that the injectivity (or acyclic-
ity) as a sheaf over X does not imply the injectivity (or acyclicity) as a G -sheaf. The
bar-complexes arise by “resolving” the sheaves in steps. The outcome is the following.

Theorem 2.18. Let � be a G -sheaf and

0! � ! F �

a resolution by G -sheaves which are acyclic as sheaves on X and also when pulled back
to the spaces G .p/ via t . Then, for all k,

H k.G ; �/ Š H k
�
C �.G ;F �/

�
;

where the right-hand side is the k-th cohomology group of the double complex�
.Cp.G ;F q/; ı; d/

�
p;q

and d is induced by the differential of the resolution F �.

See [19] for a proof; in [20], the above theorem is used to define continuous cohomol-
ogy via the Godement resolution of a sheaf. The advantage of the Godement resolution

0! � ! C0� ! C1� ! C2� � � �

(defined over any space) is that it is flabby (hence also acyclic) and is preserved by taking
pull-backs via étale maps – hence, the previous theorem applies.

The above theorem only needs the base X to be a topological space. When X is a
manifold and we deal with real coefficients, we have also the de Rham resolution

0! RX ! �0X ! �1X ! � � � (2.18)

by the G -sheaves of differential forms. Since the maps t W G .p/ ! X are étale, they pull
back the sheaf of differential forms on X to the sheaves of differential forms on the
manifolds G .p/. Hence, one obtains the following, which gives a re-interpretation of the
Bott–Shulman complex:

�q.G .p// D Cp.G ; �
q
X/:
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Recall that the sheaf of differential forms of any degree is acyclic whenever we work over
Hausdorff manifolds. Consequently, one obtains the relationship with de Rham cohomol-
ogy mentioned above (see Definition 2.11) [19, 20].

Lemma 2.19. For any étale groupoid G � X, there is a canonical map

� W H�dR.G /! H�.G ;R/

and, if G is Hausdorff, this map is an isomorphism.

In the non-Hausdorff case, the situation is a bit more delicate and Theorem 2.18 may
not apply to the de Rham resolution; hence, in that case, one obtains a map between the
two cohomologies, but it may fail to be an isomorphism.

Example 2.20. It is clear that when G DG is a discrete group viewed as an étale groupoid
over a point, one recovers the usual cohomology of G with coefficients in G-modules.

At the other extreme, one has that, for any manifold M , the cohomology of the unit
groupoid M �M (consisting only of units) is the standard sheaf cohomology of M .

A related example is the groupoid MU associated with an open cover U of M (see
Remark 2.5). Due to the gluing condition on sheaves, there is an immediate equivalence
of categories

Ab.MU/ Š Ab.M/

and it is not difficult to see that also the cohomology is preserved:

H�.M; �/ Š H�.MU; �U/:

Example 2.21 (back to the abstract characteristic map (2.10)). The very last example
gives, as promised, a more concrete model for the abstract characteristic map (2.10). To
achieve that, recall that any G -cocycle  D ¹ij º over the cover U can be interpreted as
a morphism of groupoids  WMU ! G (cf. Remark 2.5). Furthermore, it is clear that the
Bott–Shulman complex (and the de Rham cohomology) of groupoids is functorial with
respect to groupoid morphisms. Hence, a cocycle  induces

� W Cp.G ; �
q
X/! Cp.MU; �

q
M /

c ! �.c/;

where, explicitly,

�.c/i0;:::;ip .x/ D f
�
i

�
c
�
ip�1ip .x/; : : : ; i0i1.x/

��
: (2.19)

Here, we are making use of the fact that a groupoid cochain in MU is the same thing as a
Čech cochain. Passing to cohomology,

� W H�dR.G /! H�.M/: (2.20)
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When G is Hausdorff so that we can apply Lemma 2.19 (see also Theorem 2.16), this
becomes precisely the promised explicit description of the characteristic map (2.10). In
the general case, this is the composition of

� W H�dR.G /! H�.G ;R/ Š H�.BG /

with the characteristic map (2.10)

�P
abs W H

�.BG /! H�.M/:

Remark 2.22 (product structure). One of the advantages of the bar-complexes is that
they allow one to exhibit explicitly the product structures present in cohomology. For
instance, for any three abelian G -sheaves �1, �2, and � and any map of abelian G -sheaves
w W �1 ˝ �2 ! � , one has an induced operation

� [w� W C
p.G ; �1/ � C

p0.G ; �2/! CpCp
0

.G ; �/;

.c1 [w c2/.g1; : : : ; gpCp0/

D w
�
c.g1; : : : ; gp/; g1 � : : : � gp � c

0.gpC1; : : : ; gpCp0/
�
2 �t.g1/:

In particular,

• when �1 D �2 D � D R and ! is the identity, one obtains the so-called cup-product

� [ � W Cp.G / � Cp
0

.G /! CpCp
0

.G /;

making C �.G / a graded algebra. Together with ı, it is actually a differential graded
algebra; i.e., ı satisfies the derivation rule

ı.c [ c0/ D ı.c/ [ c0 C .�1/pc [ ı.c0/I

• similarly, when �1 is R and �2 is an arbitrary � , one obtains that Cp.G ; �/ comes
with a left and a right action of C �.G /, making it a (differential) graded module;

• when �1 D �
q
X, �2 D �

q0

X are sheaves of differential forms and w is the usual wedge
operation, one obtains an induced operation

� [ � W �q.G .p// ��q
0

.G .p
0//! �qCq

0

.G .pCp
0//: (2.21)

It is immediate to see that this is precisely the unsigned version of the total cup-product
(2.21), a version that interacts nicer with ı and d (rather than the total differential). More
precisely, one has

ı.! [ !0/ D ı.!/ [ !0 C .�1/p! [ ı.!0/; (2.22)

d.! [ !0/ D d.!/ [ !0 C .�1/q! [ d.!0/ (2.23)

for all ! 2 �p;q; !0 2 �p
0;q0 . Of course, the last equation is a consequence of the Leibniz

rule for the usual wedge product:

d.! ^ !0/ D d.!/ ^ !0 C .�1/q! ^ d.!0/: (2.24)
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3. Haefliger’s differentiable cohomology

3.1. Haefliger’s differentiable cohomology of pseudogroups

Let us return to the two characteristic maps for foliations: the geometric one �F from
(2.6) and the abstract one �F

abs from (2.11). As for principal bundles with corresponding
commutative diagram (2.2), and as for discrete bundles with corresponding commutative
diagram (2.5), one has a similar commutative diagram

GF�q H�.M/:

H�.B�q/

�F

�univ
�F

abs

(3.1)

Here, the existence of vertical map �univ making the previous diagram commutative can
be obtained using the universality of B�q , or explicitly using the bar-complex (see also
below for a different, simpler, description). We have seen that, in this diagram,

• the domain of the abstract characteristic map could be interpreted as the cohomology
of the groupoid �q .

• the domain GF�q of the geometric characteristic map has several descriptions – e.g.
very explicitly using the complexWOq or, still explicit but more conceptual, using the
Lie algebra aq of formal vector fields.

Given the striking analogy with the discussion of characteristic classes for flat bundles,
there is an obvious question: can one interpret the domain of the geometric characteristic
map as a certain “differentiable cohomology”

H�diff.�
q/ (3.2)

so that the previous diagram appears as a variation of (2.5):

H�diff.�
q/ H�.M/

H�.�q/

�F

�univ

�F
abs

(3.3)

combined with a “van Est isomorphism”

VE W H�diff.�
q/
'
�! GF�q : (3.4)

The construction of the “differentiable cohomology (3.2)” was carried out by Haefliger
[20]. However, it seems to be forgotten. It does look a bit ad hoc in the sense that it is
described only for �q , and furthermore, the structure that makes the definition work is not
clear. Our aim in this paper is to clarify this construction and, in particular, provide the
general conceptual framework to which it belongs.
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Let us go through Haefliger’s definition, also making sure that it makes sense for more
general pseudogroups � – hence defining H�diff.�/. Haefliger’s idea is very simple: while
the “continuous cohomology” of � is, modulo the Hausdorff issue, computed by the Bott–
Shulman complex

�q.G .p// D Cp.G ; �
q
X/

�
G D G erm.�/

�
;

the differentiable cohomology should be computed by a sub-complex consisting of “dif-
ferentiable cochains”. The notion of “differentiable cochain” makes sense for cochains

c 2 Cp.G ;E/

whenever E is the sheaf of sections of a smooth vector bundle E ! X: it means that at
any

g D .g1; : : : ; gp/ D
�
germx1

.�1/; : : : ; germxp
.�p/

�
2 G .p/;

the value c.g/ 2 Et.g1/ depends only on

j1.g/ WD
�
j1x1 .�1/; : : : ; j

1
xp
.�p/

�
;

and it is “smooth in j1.g/”. More precisely, we define

C
p
diff.�;E/ WD C

p.J1�;E/;

the space of smooth sections of the pull-back of the vector bundle E via t W J1� ! X
that takes the target of the first arrow. We recall once more that the “smooth structure” on
J1� is the one of profinite-dimensional manifold; see the appendix for details. Observe
that, to have a profinite-dimensional smooth structure on J1� , we need to assume that
� is a Lie pseudogroup; see (2.12) and the following discussion; recall also that we take
J1� Š lim

 ��
J l� as part of our definition of Lie pseudogroup.

Of course, via the infinite jet map j1 W G ! J1� , we have

C
p
diff.�;E/ � C

p.G ;E/ .E being the sheaf of sections of E/:

Definition 3.1. Haefliger’s differentiable cohomology of a Lie pseudogroup � , denoted
byH�diff.�/, is the cohomology of the simple complex associated with the double complex

C
p;q
diff .�/ WD C

p
diff.�;ƒ

qT �X/ D Cp.J1�;ƒqT �X/; (3.5)

which, via the map induced by j1 W G ! J1� , is a subcomplex of the Bott–Shulman
complex associated with G D G erm.�/. We will denote by j � W Cp;qdiff .�/ ,! �q.G .p//

the corresponding inclusion and, similarly, the map induced in cohomology

j � W H�diff.�/! H�dR.G /
�
G D G erm.�/

�
:

Finally, for a �-structure P on a manifold M (represented by some cocycle  , cf. Defini-
tion 2.4), the composition of j � with the characteristic map � (2.20) is denoted by

�P
diff W H

�
diff.�/! H�.M/ (3.6)

and is called the differentiable characteristic map associated with the �-structure P onM .
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The definition of the differentiable cohomology above is precisely Haefliger’s defini-
tion [20]. Being a subcomplex means that it is preserved by the differentials ı (along p)
and d (along q) of the Bott–Shulman complex, therefore giving rise to similar differentials

ı W C
p;q
diff .�/! C

pC1;q
diff .�/; d W C

p;q
diff .�/! C

p;qC1
diff .�/: (3.7)

On the other hand, it is immediate to see that this subcomplex is closed also under the prod-
uct structure (see Remark 2.22); actually, the induced cup-product on the differentiable
complex fits precisely the scheme described in Remark 2.22, but for the groupoid J1�
and with coefficients in vector bundle representations rather than in sheaves. Therefore,
C
�;�
diff .�/ inherits from the Bott–Shulman complex the same type of structure/properties;

this will be made more precise later on but, for now, let us mention the fact that the
Leibniz-type identities (2.14), (2.22), and (2.23) will be inherited.

Strictly speaking, the fact that the differentiable complex is a subcomplex is not imme-
diate and requires a proof. Even more puzzling is to understand “why” this happens and
unravel the structure on J1� that governs this construction. More precisely, while the
differentiable complex is defined using cochains on J1� , it is natural to look at general
Lie groupoids †� X and at the following problem.

Problem. Investigate the structure on †� X that is needed in order to be able to form
a bicomplex �

Cp.†;ƒqT �X/; ı; d
�
; (3.8)

with “basic properties” similar to those of the differentiable complex; and, of course,
C
�;�
diff .�/ should be obtained in the particular case when † D J1� . Here, by basic prop-

erties we mean that (3.8) is a double complex, the Leibniz identities (2.14), (2.22), and
(2.23) still hold, and, in low degrees,

• for q D 0, ı is the usual groupoid differential on C �.†/,

• for p D 0, d is the de Rham differential on ��.X/.

It is remarkable that the outcome is precisely the structure that also shows up in the
study of partial differential equations from a geometric point of view, i.e., the study of the
Cartan distribution on jet spaces and their submanifolds; see [17, 22].

Below, we explain how one can slowly discover this structure when trying to construct
the complex (3.8).

3.2. The horizontal differential ı and groupoid actions

The fact that differentials ı can be seen as an algebraic way to encode actions is rather
standard – e.g. one has the following general result.

Lemma 3.2. For any groupoid†� X and any vector bundle E ! X, there is a 1-1 cor-
respondence between the actions of† on E (making E a representation) and differentials

ı W C �.†;E/! C �C1.†;E/
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which make C �.†;E/ a DG module over .C �.†/; ı/ (i.e., (2.22) holds for ! 2 Cp.†/,
!0 2 Cp

0

.†; E/) and such that ı preserves the subcomplex of normalized cochains (i.e.,
cochains that vanish whenever one of the entries is a unit).

This appears e.g. as [1, Lemma 2.6], but the proof is rather obvious. Explicitly, ı is
given by the standard formula (2.17), while the action can be recovered by what ı does on
elements � 2 C 0.†; E/, i.e., sections of E: for g W x ! y arrow of † and v 2 Ex , one
chooses � with �.x/ D v and then g � v D �.y/ � ı.�/.g/.

Returning to our main problem we see that, in order to have the differential ı, we need
the actions of † on ƒqT �X (at least if we add the condition on normalized cochains);
furthermore, taking advantage of the derivation identity (3.19) for all q and q0 (not only for
q D 0), it is not difficult to see that the actions onƒqT �X must be the induced (diagonal)
action on ƒ1T �X D T �X. Dualizing, we need a right action of † on TX – so that any
arrow g 2 † acts as a linear map

g� W Tt.g/X! Ts.g/X: (3.9)

Of course, using the fact that we deal with groupoids, i.e., using the presence of inverses,
one can always turn such a right action into a left one by

g � v WD .g�1/�.v/:

The conclusion is that what we need is an action of † on TX.
Returning to the infinite jet groupoid, TX carries an obvious action of J1� (in fact, of

J k� , for any k � 1): j1x f 2 J
1� acts on tangent vectors via .df /x . In turn this induces

actions on the exterior powers ƒqT �X (j1x f 2 J
1� acts on a q-linear form at x via

the pullback by f �1) and then it is not difficult to see that, indeed, ı of the differentiable
complex becomes just the corresponding differential.

3.3. The vertical differential d and connections

The differential d is a bit more subtle as it reveals certain types of connections. Again,
this is based on a rather standard lemma that holds in the very general context of surjective
submersions t W P ! X when one is looking for operators acting on horizontal forms

D W ��hor.P /! ��C1hor .P /: (3.10)

Recall here that a form ! 2 �q.P / is said to be horizontal if iV .!/ D 0 whenever V is a
vector tangent to the t -fibers (i.e., V 2 Ker.dt/). To make the relationship with complexes
of type (3.8) more transparent, note that there is an identification

��hor.P / Š �.P; t
�ƒ�T �X/:

On the other hand, recall the following.

Definition 3.3. An Ehresmann connection on t W P ! X is a vector sub-bundle C � TP

that is complementary to the sub-bundle of vertical vectors T vP D Ker.dt/.
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Such a C gives rise to (and can be reinterpreted as) an operation of horizontal lifting
of vector fields

horC
W X.X/! X.P / (3.11)

which is actually defined pointwise: at each x 2 P , horC
x sends a vector v 2 Tt.x/X to the

unique vector in Cx that project via t to v. Using the projection on C , prC W TP ! C , the
de Rham operator on ��.P / induces an operator dC on ��hor.P / by

dC .!/.X
1; : : : ; Xq/ WD .ddR!/

�
prC .X

1/; : : : ; prH .X
q/
�
;

or, interpreting horizontal forms as sections of t�ƒ�T �X, for v1; : : : ; vq 2 Tt.x/X,

dC .!/.v
1; : : : ; vq/ WD .ddR!/

�
horC

x .v
1/; : : : ; horC

x .v
p/
�
:

Lemma 3.4. For any bundle t W P ! X, the construction C 7! dC gives a 1-1 correspon-
dence between Ehresmann connection and linear operators (3.10) satisfying the following
two properties:

• They satisfy the Leibniz derivation identity (3.20) for all ! 2 �q.X/, ! 2 �q
0

hor.P /.

• On basic forms, i.e., of type t�.!/ with ! 2 ��.X/, D.t�.!// D t�.ddR!/.

Moreover, the following three conditions are equivalent:

(i) .��hor.P /; dC / is a cochain complex; i.e., d2
C
D 0;

(ii) C is an involutive distribution; i.e., for all X; Y vector fields tangent to C , the
Lie bracket ŒX; Y � is tangent to C ;

(iii) C is a flat connection; i.e., the induced operation

horC
W X.X/! X.P /

of lifting vector fields from the base preserves the Lie brackets.

This lemma is relevant for us when applied to the maps

t W †.p/ ! X:

Note that having operators d with the properties that we required in the problem, hence
also satisfying (2.23), implies that the conditions of the lemma are satisfied. Indeed, for
p D 0 and ! arbitrary (hence, ! 2 �q.X/), q0 D 0 and !0 D 1 (the constant 0-form on
†.p/ with p-arbitrary), since

! [ 1 D t�.!/

identity (2.23) becomes the second condition in the previous lemma. All together, one
ends up with Ehresmann connections

C .p/ � T†.p/:

Of course, they will not be independent, as one discovers using the entire derivation iden-
tities (see Section 3.5). Before we discuss that, we stare a bit at the case p D 1. While
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the way C � T† is obtained appeals only to the submersion t W †! X, one can slowly
bring in more of the groupoid structure. First of all, using also the source map, we obtain
an “action-like” operation induced by C : any arrow g from x to y induces an operation

��g W TyX! TxX; ��g.v/ D .ds/g
�
horC

g .v/
�
: (3.12)

There is no surprise that this is basically the same action as in the previous subsection.

3.4. Compatibility of ı and d

The reason that the two actions coincide is precisely the compatibility of ı and dC

dC ı ı D ı ı dC ;

applied in low degrees p (i.e., for p D 0; 1).

Lemma 3.5. Assume we are given a Lie groupoid †� X together with an Ehresmann
connection C along t W †! X and an action of † on the vector bundle TX. Then, the
corresponding operators ı and dC are compatible; i.e., the following diagram commutes:

� � �
ddR // C 0.†;ƒqT �X/ D �q.X/

ddR //

ı

��

�qC1.X/ D C 0.†;ƒqC1T �X/

ı

��

ddR // � � �

� � �
dC // C 1.†;ƒqT �X/ D �qhor.†/

dC // �
qC1
hor .†/ D C

1.†;ƒqC1T �X/
dC // � � �

if and only if action-like operation (3.12) induced by C coincides with the dual (3.9) of
the original action.

Proof. Writing the compatibility condition for q D 0 and applying it to arbitrary functions
f 2 C1.X/, one obtains

dC .s
�f � t�f / D g � s�.df / � t�.df /;

where the t -terms coincide by the properties of dC . We are left with the s-terms which,
applied to arbitrary v 2 Tt.g/X, becomes

.df /.ds/g
�
horC

g .v/
�
D .df /.ds/.g�1 � v/:

Conversely, if the two actions coincide, it is clear that the diagram is commutative
when applied on functions (i.e., at q D 0). Since dC ı ı � ı ı d commutes with dC , the
same happens when applied on exact 1-forms df . Using the derivation identities, it fol-
lows that it happens on all q-forms on X.

3.5. Only one (multiplicative) connection C

The conclusion of Section 3.3 was that we need Ehresmann connections C .p/ � T†.p/,
each one of them giving rise to d D dC .p/ acting on Cp.†;ƒ�T �X/. However, these will
be related if we want the derivation identity (2.23) to hold.
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Lemma 3.6. Assume that C .p/ are Ehresmann connections on t W †.p/ ! X so that the
resulting operators d D dC .p/ together satisfy the derivation identity (2.23). Then, each
C .p/ is determined by C WD C .1/ as

C .p/ D
®
.v1; : : : ; vp/ 2 T†.p/ W v1; : : : ; vp 2 C

¯
: (3.13)

Equivalently, the induced horizontal lifting map is given by

horC .p/

g1;:::;gp
.v/ D

�
horC

g1
.v/; horC

g2
.g�1v/; : : : ; horC

gp
.g�p�1 : : : g

�
1v/

�
:

Proof. We concentrate on the last formula (which implies the other part by dimension
counting). Also, for notational simplicity, we assume p D 2. It suffices to use (2.23) in a
very extreme case: for 0-forms, i.e., functions, f1; f2 2 C1.†/ D C 1.†;ƒ0T �X/,

dC .2/.f1 [ f2/ D dC .f1/ [ f2 C f1 [ dC .f2/

which, in turn, can be rewritten as

dC .2/.pr�1f1 [ pr�2f2/ D pr�1dC .f1/ [ pr�2f2 C pr�1f1 [
�
1 [ dC .f2/

�
:

Taking f2 D 1 and f1 D f 2 C1.†/ arbitrary, and then f1 D 1 and f2 D f , we obtain

dC .2/.pr�1f / D pr�1dC .f /; dC .2/.pr�2f / D 1 [ dC .f /: (3.14)

Writing out dC in terms of the horizontal lifts, the first equation translates into the fact
that for

.g1; g2/ 2 †
.2/; v 2 Tt.g1/X;

the first component of horC .2/

g1;g2
.v/ is horC

g1
.v/. Similarly, the second equation implies that

the second component of horC .2/

g1;g2
.v/ is horC

g2
.g�1v/.

Yet another property that we addressed only degrees 0 and 1, namely, the compatibility
of ı and d from Lemma 3.5, has more implications on C if one moves one line higher. To
state it we make use of the fact that for any groupoid †� X, by taking the differentials
of the structure maps of † (source, target, multiplication), one obtains a new groupoid

T†� TX;

called the tangent groupoid of †. With this, the following is considered.

Definition 3.7. A sub-bundle C � T† (as vector bundles over†) is said to be multiplica-
tive if it is a full sub-groupoid of T†.

This boils down to the following explicit conditions:

(m1) ds; dt W C ! TX are surjective.

(m2) for v;w 2 C composable (i.e., with ds.v/ D dt.w/), v ı w WD dm.v; w/ 2 C .
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(m3) at any x 2 X, C1x contains TxX (interpreted as a subspace of T1x† via the unit
map).

(m4) the differential of the inversion map � W †! † takes C to itself.

While these conditions make sense for more general sub-bundles C , for Ehresmann
connections, they can be expressed in terms of the operation of horizontal lifting as

dm
�
horC

g1
.v/; horC

g2
.g�1v/

�
D horC

g1g2
.v/;

for all g1; g2 2 † composable; v 2 Tt.g1/X; (3.15)

horC
1x
.v/ D v; for all v 2 TxX � T1x†; (3.16)

horC
g�1
.��gv/ D .d�/

�
horC

g .v/
�
; for all g 2 †; v 2 Tt.g/X; (3.17)

where ��g denotes the induced quasi-action (3.12). See also the proof below. Moreover,
condition (m1) can be rephrased into the condition that all the ��g are isomorphisms; the
rest of the conditions imply, of course, that the quasi-action is actually an action.

Lemma 3.8. With the assumptions from Lemmas 3.6 and 3.5, the following diagram is
commutative:

� � �
dC // C 1.†;ƒqT �X/ D �qhor.†/

dC //

ı

��

C 1.†;ƒqC1T �X/ D �qC1hor .†/

ı

��

dC // � � �

� � �
d

C.2/// C 2.†;ƒqT �X/ D �qhor.†
.2//

d
C.2/// C 2.†;ƒqC1T �X/ D �qC1hor .†

.2//
d

C.2/// � � �

if and only if C is multiplicative (actually, if (m2) holds).

Proof. For simplicity, let us work just with functions f 2 C1.†.2// and write down the
compatibility

dC .2/.pr�1f C pr�2f �m
�f / D ıdC .f /:

Using the two equations from (3.14), we are left with

dC .2/.m
�f / D m�dC .f /:

Writing this out in terms of horizontal lifts, one obtains

dm
�
horC .2/

g1;g2
.v/
�
D horC

g1g2
.v/; for .g1; g2/ 2 †.2/; v 2 Tt.g1/X:

Since the image of horC .2/ is C .2/ D T†.2/ \ C � C , we see that the condition (m2) for
multiplicativity implies the commutativity of the diagram and vice versa if the diagram
is commutative (m2) follows. Note that, with the formula for horC .2/ from the previous
lemma, we obtain precisely (3.15). It remains to show that (m1), (m3), and (m4) can be
derived from (m2) and the assumptions. Condition (m1) follows from the fact that the
quasi-action is an action, by assumption (Lemma 3.5). For (m3), one makes use of (3.15)
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written at units to derive (3.16). Alternatively, (m3) can also be derived from the rest
because, in the tangent groupoid, we can write units as V ı V �1 with V chosen to be
in C . For (m4), we use again (3.15), this time for g1 D g arbitrary and g2 D g�1. The
outcome can be written in the tangent groupoid as

1v D horC
g .v/ ı horC

g�1
.g�v/

from which we deduce that horg�1.g�v/ is the inverse of horg.v/ – i.e., precisely formula
(3.17).

Remark 3.9. As one sees from the discussions above, a multiplicative Ehresmann con-
nection C on t W †! X is also an Ehresmann connection on s W †! X. Consequently,
an analogue of the lifting operation (3.11) is defined with respect to s. In the rest of the
paper, we will use the same notation for these two lifting operations; which one is being
considered will always be clear from the context.

The final outcome of our discussion is that, for the (analogue of the) “Haefliger bicom-
plex” (3.5) to exist on †� X, one needs a multiplicative flat connection C on †. In the
rest of this paper, starting from the next section, we study pairs .†;C/ of this form. In
particular, we will gain a more conceptual understanding of Haefliger’s work and a gener-
alization of it.

Before going on with this program, in the next subsection, we describe the flat multi-
plicative connection on J1� underlying bicomplex (3.5); then, we conclude this section
spending some more time with the Bott–Shulman complex.

3.6. The multiplicative flat connection on J1�

To describe the flat multiplicative connection on J1� that underlies Haefliger’s differen-
tiable cohomology of a Lie pseudogroup, it is useful to go back to the tower (2.12)

J1� ! � � � ! J l� ! J l�1� ! � � � ! J 1� ! J 0� � X:

This is a tower of groupoids over X and actually, since we work with Lie pseudogroups � ,
a tower of Lie groupoids: the J l�’s are Lie groupoids and each map is a surjective sub-
mersion and a morphism of groupoids. The definition of Lie pseudogroup can be summed
up and is naturally expressed by saying that this tower is a normal pf-atlas for J1�; the
reader is referred to the appendix. The flat multiplicative connection on J1� , which we
will denote by C1, is a profinite-dimensional distribution, i.e., a “limit” of distributions
on the groupoids J l� which are compatible with the tower projections.

To begin with, it is useful to observe that J l� is a subspace of the jet space J l .X;X/.
A section � W X! J l .X;X/ of the projection

s W J l .X;X/! X; j lxf ! x

is called holonomic when � D j lf W x ! j lxf for some f W X! X. It is possible to
define a distribution C l on J l .X;X/ via the request that holonomic sections are precisely
its integral sections.
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Definition 3.10. The Cartan distribution C l on J l .X;X/ is the distribution on J l .X;X/
such that a section � W X! J l .X;X/ is holonomic if and only if its image is an integral
manifold of C l .

The Cartan distribution on jet spaces is a very well-known object. In particular, it
plays a central role in the geometric theory of PDEs; among the extensive literature, see
for example [17, 22]. A more explicit definition can be given by adopting the dual point
of view. One defines a one-form !l on J l .X;X/ valued in the vertical bundle ker.dpr/ of
the projection

pr W J l .X;X/! J l�1.X;X/

by
!l
j lxf
D dj lxf pr � dj lxf .j

l�1f ı s/

and then C l D ker.!l / can either be taken as an alternative definition (see [8, 32, 38]) or
proven as a lemma. What matters for us is the following.

Proposition 3.11 ([32,38]). For any Lie pseudogroup � and for any l � 1, the Cartan dis-
tribution C l restricts to J l� as a regular multiplicative distribution (still denoted by C l ).

The multiplicativity of the Cartan distribution on the jet groupoids J l� of a Lie pseu-
dogroup is a key property when studying the geometry of PDE. See [32] for a systematic
study of “Cartan-like” multiplicative forms on groupoids and [38] for a modern take
on Cartan’s seminal work on pseudogroups, where the role of multiplicativity is made
explicit.

The above discussion stays true when the positive natural number l is replaced by1.
That is, J1� is equipped with a multiplicative distribution C1 that comes as a restriction
of an analogous distribution on J1.X;X/ detecting holonomic sections. C1 is a smooth
object in the sense of pf-manifolds, i.e., the “limit” of the distributions C l . Indeed, to make
these claims, as well as the following one, completely rigorous, one needs to work with
profinite-dimensional manifolds; see the appendix and in particular Examples A.13, A.18,
A.26, A.37, and A.38. What one is able to see is the following.

Theorem 3.12. The distribution C1 on J1� is

• multiplicative;

• a connection with respect to s W J1� ! X;

• involutive (i.e., a flat connection, see the second part of Lemma 3.4).

Proof. The proof is well known; we sketch it for the sake of completeness.
First of all, as explained in the appendix, the pf-tangent space TJ1� can be identified

with the limit lim
 ��

TJ l�; as a consequence, the Cartan distribution can be identified with
the sequence ¹C lº of the finite-dimensional Cartan distributions, which is compatible with
(2.12) in the sense that dpr.C l / � C l�1. With this in mind, C1 straight away inherits its
multiplicativity from the multiplicativity of the C l ’s, which can be checked directly (for
example using the forms !l ’s introduced above [38]).
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The fact that C1 is an involutive distribution complementary to s, i.e., a flat connec-
tion (see the second part of Lemma 3.4), is hidden in the interplay between the projections

pr W J l� ! J l�1�

and the Cartan distributions. Using the terminology of [32, Definition 6.2.4], the projec-
tions

pr W J l� ! J l�1�

are Lie prolongations. In particular,

• dpr.C l \ ker.ds// D 0 for all l � 1;

• Œdpr.C lC1/; dpr.C lC1/� � C l , for all l � 1.

The first identity implies that C1 is a connection while the second one forces its involu-
tivity.

Definition 3.13. C1 is called the Cartan connection on J1� .

Surprisingly enough, the multiplicativity of C1 was the last property to appear explic-
itly in the literature; in fact, the multiplicativity of the finite-dimensional Cartan dis-
tributions C l is explicitly addressed for the first time in [32]. On the other hand, the
transversality and involutivity properties of C1 have been known for a long time.

3.7. A look back at the structure on the Bott–Shulman and related complexes

It is interesting to spell out the various structures that are floating around on the various
complexes. We concentrate first on the Bott–Shulman complex; so, let us fix an arbitrary
Lie groupoid G � X and consider

�p;q D �q.G .p//:

First of all, together with the wedge product of forms, the de Rham differential, and
the pull-backs along the face and degeneracy maps, .��;�;^; d; d�i ; s

�
i / is a cosimplicial

DGA, i.e.,

• for each p, .�p;�;^; d / is a DGA; hence,

� ^ � W �p;q ��p;q
0

! �p;qCq
0

and d W �p;q ! �p;qC1 satisfies the Leibniz identity:

d.! ^ !0/ D d.!/ ^ !0 C .�1/q! ^ d.!0/ (3.18)

whenever ! and !0 are of bidegrees .p; q/ and .p; q0/, respectively.

• these DGAs are related by morphisms (of DGAs)

d�i W �
p�1;�

! �p;�; s�i W �
pC1;�

! �p;� .for 0 � i � p/

satisfying the cosimplicial identities (i.e., the dual of the simplicial identities (2.15)).
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In turn, for any such cosimplicial DGA, one can construct the second differential (alongp),
ı D

P
.�1/id�i , and, furthermore, the product structure (2.21); indeed, note that the maps

first�p and last�p0 can be expressed in terms of the simplicial structure as

first�p D d
�
0 � � � d

�
0„ ƒ‚ …

p0 times

; last�p0 D d
�
p0Cpd

�
p0Cp�1 � � � d

�
p0C1I

hence, (2.21) makes sense for any cosimplicial DGA. The outcome is a double-DGA
.�p;q;[; ı; d/ in the sense that it comes with

• a bigraded algebra operation

� [ � W �p;q ��p
0;q0
! �pCp

0;qCq0
I

• a differential ı W �p;q ! �pC1;q satisfying the horizontal Leibniz identity:

ı.! [ !0/ D ı.!/ [ !0 C .�1/p! [ ı.!0/ (3.19)

whenever ! and !0 are of bidegrees .p; q/ and .p0; q0/, respectively;

• a differential d W �p;q ! �p;qC1 satisfying the vertical Leibniz identity:

d.! ^ !0/ D d.!/ ^ !0 C .�1/q! ^ d.!0/ (3.20)

whenever ! and !0 are of bidegrees .p; q/ and .p0; q0/, respectively.

Finally, for any double DGA .�p;q;[; ı; d/, one can also pass to the total complex as
in (2.13):

Totk��;� WD
M

pCqDk

�p;q; Dtot D ı C .�1/
pd on �p;q

endowed with the signed product

! [tot !
0
WD .�1/qp

0

! [ !0; for ! 2 �p;q; !0 2 �p
0;q0 :

Of course, the signs are chosen so that Dtot satisfies the Leibniz identity w.r.t. the total
degree:

Dtot.! [tot !
0/ D Dtot.!/ [tot !

0
C .�1/k! [tot Dtot.!

0/; (3.21)

where k D p C q is the total degree of ! 2 �q.G .p//. Therefore, one obtains a DGA:

.Tot��;�;Dtot;[tot/:

Of course, with the appropriate (and rather obvious) notion of morphisms, the previous
constructions can be seen as functors

cosimplicial DGAs! double DGAs! DGAs:

The conclusion is that the Bott–Shulman complex is a cosimplicial DGA and, therefore,
can also be turned into a double DGA or, by passing to the total complex, into an ordinary
DGA. The fact that the differentiable complex is a sub-complex of the Bott–Shulman one
can be refined into the following result (which is actually less messy to prove).
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Proposition 3.14. For any Lie pseudogroup � on X, the differentiable complex of � is
a sub-cosimplicial DGA of the Bott–Shulman complex of the corresponding groupoid
G D G erm.�/� X (via the inclusion j � W Cp;qdiff .�/ ,! �q.G .p//). In particular, the
differentiable complex of � carries an induced cosimplicial DGA structure.

4. Generalization: Haefliger cohomology

To sum up the discussion from the previous section, we found out that to define the ana-
logue of “Haefliger’s bicomplex” (3.5) for a (profinite-dimensional) Lie groupoid†�X,
we need a multiplicative flat connection C on †. The aim of the rest of this paper is
to recast Haefliger’s construction in this generality, while providing a conceptual under-
standing of the various steps involved. Indeed, in Section 4, we will define the Haefliger
cohomology of a pair .†;C/ given by a Lie groupoid together with a flat multiplicative
connection: in our terminology, a flat (Cartan) groupoid. In Section 5, we will discuss
the corresponding infinitesimal picture. In Section 6, we will construct a “van Est map”
generalizing the isomorphism (3.4). There, we will also discuss a generalization of the
characteristic map (3.6) that, remarkably, is not defined as the composition with an ana-
logue of j � W H�diff.�/ ! H�dR.G / but coincides with it whenever such an analogue is
available.

A terminology remark: from now on, we will simply write “Lie groupoids” or “Lie
algebroids” (the latter starting from the next section) meaning either the usual, finite-
dimensional, objects or the (strict) profinite-dimensional ones, discussed in the appendix
(see Definition A.34). We stress that our profinite-dimensional groupoids (algebroids) will
always be defined over a finite-dimensional base X, except when discussing the general
setting for our van Est map, in Section 6 and, in particular, in Section 6.1.1

4.1. Definitions and first examples

The problem that we posed and the discussion around it slowly revealed the structure that
is needed to define the Haefliger cohomology – summarized in the definition below.

Definition 4.1. A Cartan groupoid is a Lie groupoid †� X together with a subbundle
C � T† satisfying the following:

• it is an Ehresmann connection on t W †! X (Definition 3.3),

• it is multiplicative (Definition 3.7).

We say that .†;C/ is a flat Cartan groupoid if C � T† is involutive.

Remark 4.2. Typically, distributions C as in the definition above appear as kernels of
1-forms

! 2 �1.†; t�E/

1More precisely, in Section 6.1, we need to consider the action groupoid † Ë P D † �s � P over P
associated with an action of a (pf) Lie groupoid †� X on a (pf) manifold P along a map � W P ! X.
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with values in representations E of †, with the property that ! is multiplicative in the
following sense: for each composable pair .g; h/ 2 †.2/,

.m�!/.g;h/ D .pr�1!/.g;h/ C g � .pr�2!/.g;h/; (4.1)

where m W †.2/ ! † is the multiplication map and g� W Es.g/ ! Et.g/ is the action of
g 2 †.2/. Indeed, requiring also that ! is pointwise surjective and that

C! WD Ker.!/ � T†

is complementary to the t -fibers, it follows that .†;C!/ is a Cartan groupoid.
Given a Cartan groupoid .†;C/, a multiplicative 1-form ! as above such that C D

Ker.!/ will be called a Cartan form for .†;C/. It is not difficult to see (and details can
be found, within a more general framework, in [32]) that such a Cartan form always exists
and is even unique up to the obvious notion of isomorphism.

Given a flat Cartan groupoid .†;C/, we consider the action (3.12) of † on TX, the
induced actions on ƒqT �X and the corresponding operators

ı W Cp.†;ƒqT �X/! CpC1.†;ƒqT �X/;

and then the Ehresmann connections C .p/ on t W†.p/!X given by (3.13) and the induced
operators

d W �
q
hor.†

.p//! �
qC1
hor .†

.p//:

Definition 4.3. The Haefliger complex of a flat Cartan groupoid .†;C/�X is the bicom-
plex

C
p;q
Haef.†;C/ WD C

p.†;ƒqT �X/ D �qhor.†
.p//

endowed with the differentials ı and d described above. Its cohomology is denoted by

H�Haef.†;C/

and is called the Haefliger cohomology of .†;C/.

Remark 4.4. Occasionally, when ! is a Cartan form for .†;C/, we writeH�Haef.†;!/ in
place of H�Haef.†;C/.

The fact that we deal, indeed, with a double complex, and also that the double com-
plex carries the same structures as the Bott–Shulman one, follows from the proof of the
proposition below, which was essentially carried out in the previous section.

Proposition 4.5. For any flat Cartan groupoid

.†;C/� X;

the Haefliger complex C �;�Haef.†;C/ becomes a cosimplicial DGA.
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Example 4.6. Of course, the motivating example for us is the flat Cartan groupoid
†D J1� associated with any Lie pseudogroup �; the distribution on it is the Cartan
connection C1 described in Section 3.6. In this example, the Haefliger cohomology
H�Haef.J

1�;C1/ from Definition 4.3 is realized as Haefliger’s differentiable cohomol-
ogy H�diff.�/ of � from Definition 3.1.

Example 4.7. Lie groups G, interpreted as Lie groupoids over a point G � ?, are auto-
matically flat Cartan groupoids – the only possibility for C being, of course, C D 0.
Note however that even this very simple example possesses an interesting Cartan 1-form
(Remark 4.2): the Maurer–Cartan form !MC 2 �

1.G; g/. The resulting Haefliger coho-
mology is precisely the differentiable cohomology of G:

H�Haef.G;C � 0/ D H
�
Haef.G; !MC/ D H

�
diff.G/:

In this way, the differentiable cohomology of Lie groups and the differentiable cohomol-
ogy of Lie pseudogroups are placed in a common framework.

Example 4.8. Another interesting example is that of action groupoidsG ËM �M asso-
ciated with the actions of Lie groups G on manifolds M . Recall that G ËM D G �M ;
a pair .g; x/ is viewed as an arrow from x to gx and the composition is given by

.h; gx/ � .g; x/ D .hg; x/:

In this case, the source map s D pr2 W G �M !M has an obvious flat Ehresmann con-
nection: C D Ccan consisting of the vectors tangent to the slices G � x. It is not difficult
to see that

.G ËM;Ccan/

is, indeed, a flat Cartan groupoid. Note that the associated Haefliger complex is

Cp;q D Cp
�
G;�q.M/

�
;

i.e., the bicomplex of differentiable cochains on G with values in forms on M , where
the two differentials are the Lie group differential (with coefficients) and the de Rham
differential on M . Hence, in some sense, the cohomology is a combination of the de
Rham cohomology of M with the differentiable cohomology of G. In general, all these
are related by a spectral sequence, and there are two extreme situations that can be made
more explicit:

• when M is contractible, one obtains the differentiable cohomology of G;

• whenG is compact (the typical case when differentiable cohomology vanishes in pos-
itive degrees) and connected, one obtains the de Rham cohomology of M .

Remark 4.9. Actually, in the finite-dimensional case, under simple topological assump-
tions, a flat Cartan groupoid † must be isomorphic to an action groupoid. This is the case
e.g. if the base X is compact and 1-connected, and the s-fibers of † are 1-connected. See
e.g. [32, Section 6]. This discussion will become more transparent in the next section,
when moving to the infinitesimal picture.
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4.2. Almost geometric structures

The notion of flat Cartan groupoid (and related notions) also shows up when dealing with
the “almost” version of geometric structures. Here are two illustrations of “almost” struc-
tures that may be useful to have in mind:

• while symplectic structures on a manifold M are non-degenerate 2-forms that are
closed, almost symplectic structures are obtained when giving up the closedness con-
dition;

• while complex structures onM may be interpreted as morphisms J W TM ! TM with
J 2 D �Id and for which the Nijenhuis tensor NJ vanishes, almost complex structures
give up on the last condition.

While the notion of �-structure encompasses many of the standard geometric struc-
tures, the notion of “almost �-structure” appears as a very unifying general concept. When
� is transitive, the theory admits an equivalent formulation in terms of principal group
bundles; in fact, under some assumptions on � , one ends up with the classical notions of
G-structure (see, for example, [36]) and (almost) integrable G-structure. In general, one
needs to appeal to groupoids and one discovers the notion of flat Cartan groupoid .†;C/
from Definition 4.1 and .†;C/-structure that we recall below. Indeed, the notion of “flat
Cartan” is implicit in [8], to which we refer for more details on “almost structures”.

In some sense, the next definition is a generalization of Definition 4.1 in which we
replace Lie groupoids†�X by principal†-bundles � WP!M (over some manifoldM ):

†

����

  P

�

xx
�

  

X M:

While before, in order to make sense of the multiplicativity of C � T†, we made use
of the differential of the multiplication and other structure maps of †, now we use the
differential of the action map

a W † Ë P ! P; .g; p/ 7! gp
�
defined on

®
.g; p/ W s.g/ D �.p/

¯�
to obtain an action of T† on TP . In particular, for C � T†, CP � TP , we can consider

C � CP WD
®
.da/.v; w/ W v 2 C ; w 2 CP with ds.v/ D d�.w/

¯
:

Definition 4.10. Given a Cartan groupoid .†;C/� X, a principal .†;C/-bundle on a
manifoldM is any principal †-bundle � W P !M endowed with an Ehresmann connec-
tion CP � TP with the property that C � CP � CP . If additionally ker.d�/ \ CP is an
involutive distribution, we talk about .†;C/-structure. A principal .†;C/ -bundle/.†;C/-
structure is called flat if CP is involutive.

Remark 4.11. As one sees from Example 4.13, principal .†;C/-bundles are more gen-
eral objects than .†;C/-structures. That said, under flatness assumption, the two notions
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coincide – and the flat case is the one we focus on for the rest of this paper since it encom-
passes all the geometric examples that we have in mind (Example 4.17).

Remark 4.12. Similar to Remark 4.2, while C arises as the kernel of a multiplicative 1-
form ! 2�1.†; t�E/with coefficients in a representationE of G , CP arises as the kernel
of a 1-form

� 2 �1.P; ��E/

such that the action a W † Ë P ! P satisfies the multiplicativity property:

.a��/.g;p/ D .pr�1!/.g;p/ C .g � pr�2�/.g;p/ (4.2)

for all .g; p/ 2 † Ë� P .
For more details about multiplicative actions, we refer to [8].

Example 4.13. When † D G is a Lie group as in Example 4.7, then principal .G; 0/-
bundles are the same thing as principal G-bundles � W P !M endowed with a principal
connection (in the standard sense). For instance, using the point of view of 1-forms as
in the previous remark, since the 1-form corresponding to G is the Maurer–Cartan form,
for P , one is looking at !P 2 �1.P;g/ satisfying

a�.�/ � g � pr�2.�/ D pr�1.!MC/:

Evaluating on pairs .0; v/, where v is any vector tangent to P , one obtains

L�g.�/ D g � .�/

i.e., G-equivariance of � . Similarly, evaluating on pairs .v; 0/, with v 2 g Š TeG, one
finds

�. Ovp/ D v;

where Ov is the vertical vector at p induced by v. As for .G; 0/-structures, they correspond
precisely to flat connections; see Remark 4.11.

Example 4.14. Any Cartan groupoid .†;C/ acting on itself by left multiplication along
the target map is a principal .†;C/-bundle and a .†;C/-structure since ker.dt/ \ C D

ker.ds/ \ C by multiplicativity and ker.dt/ \ C D 0 because C is an Ehresmann con-
nection. Moreover, .†; C/ is flat as a .†; C/-structure if and only if it is a flat Cartan
groupoid. In fact, the multiplicativity of C is exactly the multiplicativity of the action with
respect to C itself, and the action is clearly principal:

†

����

  †

t
xx

s
  

X X:
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Definition 4.15. Given a pseudogroup � on X, a almost �-structure on a manifold M is
a flat .J1�;C1/-structure .P;CP /!M :

.J1�;C1/

����

  .P;CP /

�

uu

�
##

X M:

Remark 4.16. The flatness request in the definition above is motivated by the fact that
the definition of almost �-structure is meant to capture the idea of “infinite jet of a �-
structure”. In all the examples with geometric meaning, P is (a subset of) an infinite jet
space and the corresponding CP is obtained as a limit of distributions and automatically
flat, as in the proof of Proposition 3.12. See the example below.

Example 4.17. As indicated by the terminology and stressed in the previous remark, the
motivating examples of almost �-structure arise when looking at the “1-order data”
induced by �-structures. To explain this, let us first look at the case when dim.M/ D

dim.X/, when �-structures are encoded in �-atlases A. If A is a maximal �-atlas, then
the infinite jets of elements of A,

J1A WD ¹j1x f W f 2 A; x 2M º � J1.M;X/;

carry precisely the structure from the previous definition:

.J1�;C1/

����

  .J1A;C1
A
/

�

uu

�
%%

X M:

Here, C1
A

is the canonical Cartan distribution on the infinite jet space J1A; see Exam-
ple A.18. J1A fibers over M via the map � W j1x f 7! x, over X via the map

� W j1x f 7! f .x/;

carry a left-action of J1�:

j1f .x/� � j
1
x f D j

1
x .� ı f / .for � 2 �; f 2 A/:

The smooth structure on J1A exploits the open inclusion

J1A � J1.M;X/

and the smooth structure on J1.M;X/ (see Example A.13). The Cartan distribution or
form on J1.M;X/ (see Examples A.18 and A.26 for the general constructions) induce the
desired distribution (or form) on J1A, making it a flat .J1�;C1/-structure. Actually,
note that the entire diagram and all the operations involved sit inside the principal bundle
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given by the action of the (larger) groupoid …1 � X of infinite jets of diffeomorphisms
(see the appendix) on the space…1.M;X/ of jets of (local) diffeomorphisms betweenM
and X:

…1

����

  …1.M;X/

�

vv

�
%%

X M:

Let us now look at the general case (i.e., when M and X may have different dimen-
sions). For an intrinsic approach, we represent �-structures by principal G -bundles P over
M (G D G erm.�/). Then, we define

P1 � J1.M;X/

consisting of jets of maps of type � ı � where � is a section of � W P ! M and one
proceeds as above, obtaining all the desired structure from that of J1.M;X/. One should
be aware however that, if one embeds everything into a larger diagram (like the last one),
one replaces …1.M;X/ by the similar space Subm1.M;X/ defined using submersions
(to ensure that the resulting action is free) but, even so, the action is not transitive. Hence,
in general, it is only after we restrict to the �-version of the diagram,

J1�

����

  P1

�

ww

�
""

X M;

that we obtain a principal bundle (and a .J1�;C1/-structure).
Note also that one could proceed less intrinsically, using �-cocycles. The actual con-

struction is, in principle, rather obvious: representing a � structure on M by a �-cocycle
c W MU ! G erm.�/, just compose it with the obvious morphism G erm.�/! J1� to
get a J1�-cocycle, hence a principal J1�-bundle. Proceeding this way however, one
still has to exhibit the Cartan distribution and prove the independence of the choice of the
cocycle.

Definition 4.18. An almost �-structure is said to be integrable if it is induced by a �-
structure.

Remark 4.19. As we will discuss in Section 6.2 and prove in Proposition 6.3, the differ-
entiable characteristic maps

�P
W H�diff.�/! H�.M/

associated with �-structures P on a manifold M (where � is a Lie pseudogroup) only
depend on the underlying almost �-structures. In other words, one has similar character-
istic maps

�P W H�diff.�/! H�.M/
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associated with any almost �-structure P on M . And the construction actually makes
sense more generally, for any flat Cartan groupoid .†;C/� X and flat .†;C/-structure

.P;CP /!M;

with associated characteristic maps defined on the Haefliger cohomology:

�P W H�Haef.†;C/! H�.M/:

5. The infinitesimal version of Haefliger cohomology

5.1. Lie algebroids

In this section, we investigate the infinitesimal data associated with (flat) Cartan groupoids.
This can be seen as part of the “Lie philosophy” of linearizing the global group-like struc-
tures. Of course, the starting point is the infinitesimal counterpart of Lie groupoids: Lie
algebroids, i.e., vector bundles A! X endowed with a Lie bracket Œ�; �� on the space �.A/
of section of A satisfying the Leibiniz type identity

Œ˛; f � ˇ� D f � Œ˛; ˇ�C L�.˛/.f /ˇ for all ˛; ˇ 2 �.A/; f 2 C1.X/

for some vector bundle morphism � W A! TX (necessarily unique, and called the anchor
of A). The Lie algebroid A D Lie.†/ of a Lie groupoid †� X is defined as

A WD ker.ds/X;

with the anchor
� WD dt jA W A! TX;

and with Lie bracket obtained by identifying the sections of A with right invariant vector
fields on †. For the last notion, we consider arrows g W x ! y, the corresponding right
multiplication Rg W s�1.x/! s�1.y/, and the induced tangent map

dRg W s
�1.x/! s�1.y/:

With this, a vector field X on † is called right invariant if

• it is s-vertical;

• one has Xhg D dRg.Xh/ for all the composable pairs .h; g/.

The key remark is that any section ˛ of A gives rise to the right invariant vector field ˛R

given by
˛Rg D dRg.˛t.g//;

and then Œ˛; ˇ� is defined by the condition that

Œ˛; ˇ�R D Œ˛R; ˇR�:
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Next, various notions and constructions valid for Lie groupoids † � X have an
infinitesimal counterpart, defined for Lie algebroidsA!X. A basic example is the notion
of representation which, on the infinitesimal side, takes us to representations of A, i.e.,
vector bundles E ! X endowed with a bilinear operator

r W �.A/ � �.E/! �.E/; .˛; �/ 7! r˛.�/

which is C1.X/-linear in the first argument, satisfies the Leibniz rule

r˛.f �/ D f r˛.�/C L�.˛/.f /� for all ˛ 2 �.A/; � 2 �.E/ and f 2 C1.X/;

and is flat in the sense that
rŒ˛;ˇ� D Œr˛;rˇ �: (5.1)

Giving up the last condition, one talks about A-connections on E and then the difference
of the two terms from the flatness condition defines a tensor

kr 2 Hom
�
ƒ2A�;End.E/

�
;

called the curvature of r.
If A D Lie.†/ and E is a representation of †, then E can be turned into a representa-

tion of A by defining

r˛.�/.x/ D
d

d"

�
�"˛.x/

�1
� �
�
�"�.˛/.x/

��ˇ̌̌
"D0

(5.2)

for all ˛ 2 �.A/, � 2 �.E/ and x 2 X; here, �"˛ , called the flow of ˛, is a one-parameter
family of bisections such that

d

d"
�"˛.x/

ˇ̌̌
"D0
D ˛.x/

for all x 2 X, while �"
�.˛/

is the flow of the vector field �.˛/. A basic well-known result
says that this construction Rep.†/ ! Rep.A/ is injective if † is s-connected (i.e., the
s-fibers are connected) and 1-1 if the s-fibers are 1-connected (connected and simply con-
nected).

Example 5.1. In Section 3.2, we have seen that, for any Cartan groupoid .†;C/� X,
TX is a representation of †. Next to this, there is another natural representation of †: A
itself! Indeed,

†s �� A! A; .g; ˛s.g//! dRg�1
�
dm
�
horsg

�
�.˛s.g//

�
; ˛s.g/

��
; (5.3)

defines a representation of † on A.
This also allows us to expand Remark 4.2, where we pointed out that C � T† can

be described as the kernel of a multiplicative 1-form ! 2 �1.†; t�E/ with coefficients
in some representation E of †. Since ! is pointwise surjective and its kernel is comple-
mentary to Ker.dt/, it follows that E is actually isomorphic to Ker.dt/jX, hence using
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the inversion, also to Ker.ds/jX D A. Using the multiplicativity condition, one can check
that this is actually an isomorphism of representations, so that one may say (as in Corol-
lary 5.10) that

! 2 �1.†; t�A/:

Another illustration of the Lie philosophy is the infinitesimal counterpart of differ-
entiable cohomology – the cohomology of Lie algebroid A ! X with coefficients in
representations E D .E;r/: in degree p, one defines Cp.A; E/ D �.ƒpA� ˝ E/, and
then the Koszul differential

d W Cp.A;E/! CpC1.A;E/

is defined by

d!.˛1; : : : ; p̨C1/ D
X
i<j

.�1/iCj!
�
Œ˛i ; j̨ �; ˛1; : : : ; y̨i ; : : : ; y̨j ; : : : ; ˛qC1

�
C

X
i

.�1/ir˛i .˛1; : : : ; y̨i ; : : : ; ˛qC1/:

The cohomology of the cochain complex .Cp.A; E/; d/ denoted by H�.A; E/ is the
algebroid cohomology with coefficients inE. Lie algebra cohomology and de Rham coho-
mology are two examples, obtained respectively when A D g (the Lie algebroid over a
point) and A D TX (where the anchor is the identity and the bracket is the Lie bracket of
vector fields). Finally, if A D Lie.†/ and E comes from a representation of †, there is a
natural cohomology map (known as the van Est map)

VE W H�d .†;E/! H�.A;E/:

Here, the left-hand side is the differentiable cohomology of † � X with coefficients
in E ! X, defined as for Lie groups: the cohomology of the subcomplex of groupoid
cochains with coefficients in E (that is, sections of t�E, where t W †.p/ ! X takes the
target of the first element) that are smooth. If† has cohomologically n-connected s-fibers,
the map is an isomorphism in degree lower than n and injective in degree nC 1. This was
proven in [37] for Lie groups and generalized in [12] to Lie groupoids.

5.2. Cartan algebroids and (infinitesimal) Haefliger cohomology

We now proceed with the discussion of the infinitesimal counterpart of Cartan groupoids
and their Haefliger cohomology. First of all, it may not come as a surprise that, instead
of Ehresmann connection on groupoids, one now considers linear (vector-bundle) connec-
tions on algebroids:

r W X.X/ � �.A/! �.A/; .X; ˛/ 7! rX .˛/:

While an Ehresmann connection gave rise to the “quasi-action” (3.12) of† on TX, r will
give rise to a “quasi-action” of A on TX, i.e., an A-connection. Namely,

r
TX
W �.A/ � �.TX/! �.TX/

.˛;X/!
�
�.˛/;X

�
C �

�
DX .˛/

�
:

(5.4)
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Incidentally, let us point out that also the action of † on A from Example 5.1 has an
infinitesimal counterpart, namely, the A-connection on A

r
A
W �.A/ � �.A/! �.A/

.˛; ˛0/! D�.˛0/˛ C Œ˛; ˛
0�:

(5.5)

What is a bit more subtle is to find what the infinitesimal analogue of the multiplicativity
condition is. For the connection C on †, being closed under multiplication was encoded
in equation (3.15), which can be thought as the vanishing of some kind of 2-cochain on†:

†.2/ 3 .g1; g2/ 7! dm
�
horg1._/; horg2.g

�
1_/

�
� horg1g2._/ 2 Hom.Tt.g1/X; As.g2//:

One may think of this 2-cochain as some kind of “multiplicativity curvature” of C . For
linear connection, the situation is a bit similar but we end up with 2-cochains on A.

Definition 5.2. Given a Lie algebroid A! X and a connection r on A, the basic curva-
ture of r is defined as the tensor

kbas
r 2 C

2
�
A;Hom.TX; A/

�
;

kbas
r .˛; ˛

0/X WDrX Œ˛; ˛
0� � ŒrX .˛/; ˛

0� � Œ˛;rX˛
0� � r

rTM
˛0

.X/˛CrrTM˛ .X/˛
0;

(5.6)

where rTX is given by (5.4). We say that r is infinitesimally multiplicative if kbas
r
D 0.

Note that the basic curvature is related to the A-curvature of rTX by

krTX D � ı kbas
r ;

and, similarly, to the A-curvature of rA by

krA D k
bas
r ı �:

Definition 5.3. A Cartan algebroid is an algebroid A together with a connection r on it
which is infinitesimally multiplicative (cf. the previous definition). It is called flat if r is
a flat connection.

Remark 5.4. The name “Cartan algebroid” comes from [4], where the author considers
infinitesimally multiplicative connections on Lie algebroids as a generalization of Cartan
geometries [34].

We deduce the following.

Corollary 5.5. For any Cartan algebroid .A;r/, (5.4) and (5.5) make TX and A repre-
sentations of A. Moreover, � W A! TX is A-equivariant.

Example 5.6. The infinitesimal analogue of Example 4.6 is the (pf) Lie algebroid A1 of
the (pf) Lie groupoid J1�; we refer to our appendix, and in particular to Examples A.37
and A.38, for more details and terminology. A (strict) atlas for A1 is given by the Lie
algebroids Ak ! X associated with J k� , k 2 N, together with the maps Ak ! Ak�1
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obtained deriving the projections J k� ! J k�1� . Since we assume normality, A1 Š
lim
 ��

Ak . The flat infinitesimally multiplicative connection r on A1 is the restriction of the
Spencer operator (A.5) (see also [35] for a discussion of Spencer operators). We notice
here that A1 can be defined as the space of infinite jets of (local) �-vector fields (see
Definition 2.9); that is,

A1 D
®
j1x X W x 2 Dom.X/; X is a �-vector field

¯
:

One can give an explicit description of the action of J1� on A1 from Example 5.1
(which can be derived to provide a formula for the representation of A1 on itself). Let
˛x 2 A

1
x ; we can write

˛x D j
1
x

�
d

dt

ˇ̌̌
tD0
�t
�

with �t 2 � and �0 D id. If j1x f 2 J
1� , then one has

j1x f � ˛x D j
1
f .x/

�
d

dt

ˇ̌̌
tD0
f ı �t ı f �1

�
:

Finally, let us notice that A1 is also a bundle of Lie algebras; in fact, the fiber A1x is
precisely the space ax.�/ of almost �-vector fields from Definition 2.9 whose bracket is
given by the formula

Œj1x X; j
1
x Y � D j

1
x ŒX; Y �:

The existence of this fiberwise Lie bracket is not a coincidence; an analogue structure
exists on any Cartan algebroid, as we explain in the next example.

Example 5.7. The infinitesimal analogue of Example 4.8 is that of action algebroids
g Ë X associated with infinitesimal actions � W g ! X.X/ of Lie algebras. Recall that,
as a vector bundle, g ËX is the product bundle g �X, the anchor is given by the infinites-
imal action, and the bracket is the unique Lie bracket satisfying the Leibniz identity and
the identity Œcv; cw �D cŒv;w�, for all constant sections cv; cw with v;w 2 g. Endowed with
the canonical flat connection, it becomes a flat Cartan algebroid.

As in Remark 4.9, these action algebroids exhaust most of the examples in the finite-
dimensional case. The key remark here is that, given a flat Cartan algebroid .A;r/, each
fiber of A has a natural structure of Lie algebra. In fact, the bracket

¹ ; ºpt W �.A/ � �.A/! �.A/

.˛; ˇ/! Œ˛; ˇ� � r�.˛/.ˇ/Cr�.ˇ/.˛/
(5.7)

is C1.X/-linear in its entries and satisfies Jacobi. Therefore, it makes .A; ¹ ; ºpt/ a bundle
of Lie algebras (explaining also the notation “pt” to indicate “pointwise bracket”).

Definition 5.8. For x 2 X, the extended isotropy Lie algebra of .A;r/ at x 2 X, denoted
by ax.A/, is Ax endowed with the pointwise bracket (5.7) evaluated at x.

The terminology indicates the fact that ax.A/ contains, as a Lie subalgebra, the isotropy
Lie algebra of A at x, gx.A/ (defined for any Lie algebroid as the kernel of the anchor
equipped with the restriction of the bracket on �.A/).
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Note also that r acts by derivations w.r.t. ¹ ; ºpt. In particular, the parallel transport
w.r.t. r induces Lie algebra isomorphisms between the extended isotropy Lie algebras at
different points. Hence, when the base is simply connected, fixing a point x0, one obtains
an isomorphism of A with ax0 �X, and it is straightforward to check that, actually, this is
an isomorphism of algebroids.

Finally, the precise relationship with Cartan groupoids is as follows.

Theorem 5.9. For any Cartan groupoid .†; C/� X, its Lie algebroid A becomes a
Cartan algebroid with rC W X.X/ � �.A/! �.A/ given by

r
C
X .˛/ D

�
horC .X/; ˛R

�ˇ̌
X:

Moreover, rC is flat if C is so. Furthermore, when † has 1-connected s-fibers, the con-
struction

C 7! rC

is a 1-1 correspondence between Cartan connections on † and infinitesimally multiplica-
tive connections on A.

This theorem is a particular case of the main result of [32]. Using Example 5.1 and the
explicit formula for computing infinitesimal actions induced from groupoid actions (see
above), one deduces the first two parts of the following. The last part will be discussed in
greater generality in Proposition 5.18 below.

Corollary 5.10. If .A;r D rC / is the Cartan algebroid of a Cartan groupoid .†;C/,

(1) rTX and rA (i.e., (5.4) and (5.5)) are induced by corresponding representations
of † (cf. (3.12) and Example 5.1).

(2) The Cartan form of .†;C/ can be realized as a multiplicative form

! 2 �1.G ; t�A/:

(3) If .†;C/ is flat, using the de Rham differential on † with coefficients in the (flat)
pull-back bundle t�A (with connection t�r), and the pointwise bracket (5.7), !
satisfies the Maurer–Cartan equation

dt�A.!/C
1

2
¹!;!ºpt D 0:

With the previous discussions in mind, the infinitesimal version of the Haefliger coho-
mology from Definition 4.3 is pretty clear. Given a flat Cartan algebroid .A; r/, we
first consider the infinitesimal action of A on TX given by (5.4), the induced actions
on ƒqT �X, and the corresponding Koszul operators

dA W C
p.A;ƒqT �X/! CpC1.A;ƒqT �X/:

Similarly, we consider the de Rham differential on X with coefficients in the flat bundles
ƒpA� (endowed with the flat connections induced by r)

d W �q.X; ƒpA�/! �qC1.X; ƒpA�/:
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Definition 5.11. The Haefliger complex of a flat Cartan algebroid .A; r/ ! X is the
bicomplex

C
p;q
Haef.A;r/ WD C

p.A;ƒqT �X/ D �q.X; ƒpA�/

endowed with the differentials dA and d described above. Its cohomology is denoted by

H�Haef.A;r/

and is called the (infinitesimal) Haefliger cohomology of .A;r/.

We leave it to the reader to check that, indeed, this is a double complex (an argument
arises as a “bonus” of the discussion from the next subsection). As we shall see (and as
expected), this cohomology will be related to H�Haef.†;C/ via a van Est map, which is an
isomorphism under the usual topological conditions on the s-fibers of †.

5.3. Matched pairs and the double

Here, we point out that flat Cartan algebroids and their Haefliger cohomology fit perfectly
in the framework of matched pairs. Very briefly, a matched pair of Lie algebroids is a
pair .A1; A2/ of Lie algebroids (over the same manifold X) together with a Lie algebroid
structure on their direct sum .D WD A1 ˚ A2; Œ�;��D; �D/, such that A1 and A2 are
sub-algebroids. This condition forces the anchor to be

�D.˛1; ˛2/ D �A1.˛1/C �A2.˛2/:

However, while the bracket Œ�;��D is determined by the brackets of the two algebroids
when applied on elements of type .˛1; 0/ or of type .0; ˛2/, one still has some free-
dom when combining the two types of elements. Actually, writing the components of
Œ.˛1; 0/; .0; ˛2/�D as �

.˛1; 0/; .0; ˛2/
�
D
D .�r2˛2˛1;r

1
˛1
˛2/;

one finds the explicit description of matched pairs.

Definition 5.12. A matched pair of Lie algebroids consists of two Lie algebroids A1 and
A2, a flat A1-connection r1 on A2, and a flat A2-connection r2 on A1 such that the
identities

(i) Œ�1.˛/; �2.ˇ/� D ��1.r
2
ˇ
˛/C �2.r

1
˛ˇ/

(ii) r1˛ Œˇ
1; ˇ2� D Œr1˛ˇ

1; ˇ2�C Œˇ1;r1˛ˇ
2�Cr1

r2
ˇ2
˛
ˇ1 � r1

r2
ˇ1
˛
ˇ2

(iii) r2
ˇ
Œ˛1; ˛2� D Œr2

ˇ
˛1; ˛2�C Œ˛1;r2

ˇ
˛2�Cr2

r1
˛2
ˇ
˛1 � r2

r1
˛1
ˇ
˛2

hold.

It is well known [24, 26] and straightforward to check that, indeed, these conditions
are equivalent to the fact that the resulting bracket and anchor on A1 ˚ A2 make it into a
Lie algebroid. The key remark for us is the following.
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Theorem 5.13. There is a one-to-one correspondence between flat Cartan algebroids and
matched pairs where one of the two algebroids is TX.

Proof. First, let us start with a matched pair formed by .A;rTX/ and .TX;r/. We con-
sider the three conditions from Definition 5.12.

• The first condition is �
�.˛/;X

�
D r

TX
˛ X � �.rX˛/

for ˛ 2 �.A/, X 2 X.M/.

• The second condition is

r
TX
˛ ŒX; Y � D ŒrTX

˛ X; Y �C ŒX;rTX
˛ Y �CrTX

rY ˛
X � rTX

rX˛
Y

for ˛ 2 �.A/, X; Y 2 X.X/.
• Finally, the third condition is

rX Œ˛; ˇ� D ŒrX˛; ˇ�C Œ˛;rXˇ�CrrTX
ˇ
X˛ � rrTX

˛ Xˇ

for ˛; ˇ 2 �.A/, X 2 X.X/.
The fact that r is a representation of TX on A tells us precisely that it is a flat connection.
The third condition above is the compatibility condition (5.6) between r and Œ ; �. Hence,
.A;r/ is a flat Cartan algebroid. As for the second condition, one sees that it follows
automatically from the first one the fact that r is a representation and the Jacobi identity.
The first condition is simply the formula of the representation on TX associated with the
flat Cartan algebroid .A;r/.

If vice versa we start with a flat Cartan algebroid .A;r/, the first and third conditions
above are satisfied choosing rTX to be the representation of A on TX. As for the second
one, it is identically satisfied by the same reasons as before (r is a flat connection, the
definition of rTX, and the Jacobi identity).

This discussion reveals the presence of a larger algebroid associated with flat Cartan
algebroids.

Definition 5.14. The double of a flat Cartan algebroid .A;r/, denoted by D.A;r/, is the
Lie algebroid corresponding to the matched pair .A; TX/. Explicitly,

D.A;r/ D A˚ TX;

with anchor
�D.˛;X/ D �A.˛/CX;

and with bracket�
.˛;X/; .ˇ; Y /

�
D
D
�
Œ˛; ˇ�CrXˇ � rY ˛; ŒX; Y �Cr

TX
˛ Y � rTX

ˇ X
�
:

With this, one obtains the following re-interpretation of the Haefliger cohomology.



L. Accornero and M. Crainic 52

Proposition 5.15. For any flat Cartan algebroid .A;r/, its Haefliger cohomology is equal
to the usual cohomology of the double algebroid D.A;r/:

H�Haef.A;r/ D H
�
�
D.A;r/

�
:

This holds true in full generality for matched pairs .A1; A2/; it is obtained by decom-
posing the algebroid complex of A D A1 ˚ A2

�k.A/ D
M

�.ƒpA�1 ˝ƒ
qA�2/:

Actually, one has the following, which also shows that flat Cartan algebroids are precisely
what is needed in order to define the Haefliger double complex (compare with the similar
discussion for groupoids in Section 3!).

Theorem 5.16. Consider the quadruple .A1;r1; A2;r2/, where r1 is a representation
of A1 on A2 and similarly for r2. Consider also the diagram

�
�
ƒk.A1/

� ˝ƒqC1.A2/
�
�

�
�
ƒkC1.A1/

� ˝ƒqC1.A2/
�
�

�
�
ƒk.A1/

� ˝ƒq.A2/
�
�

�
�
ƒkC1.A1/

� ˝ƒq.A2/
�
�
;

dA1

dA2

dA1

dA2

where dA1 and dA2 are the algebroid differentials associated with the induced representa-
tions on the exterior bundles.

The quadruple .A1;r1; A2;r2/ is a matched pair if and only if the diagram above
is commutative for all k; q 2 N. Moreover, the resulting double complex is isomoprhic to
the complex of algebroid cochains of A1 ˚ A2.

For a proof, see [23].

Remark 5.17. The double algebroid D.A; r/ associated with a flat Cartan algebroid
clarifies also the extended isotropy Lie algebras from Definition 5.8: it is isomorphic to
the isotropy Lie algebra (i.e., the kernel of the anchor) of D.A; r/; the isomorphism
is simply ˛x ! .˛x ;��.˛x//. The remark from Example 5.7 that all the fiberwise Lie
algebras are isomorphic can also be seen as a particular case of the fact that the isotropy
Lie algebras of any transitive Lie algebroid are isomorphic to each other.

5.4. Flat .†;C /-structures

In Section 4.2, we discussed the notions of principal .†;C/-bundle and .†;C/-structure,
where .†;C/�X is a flat Cartan groupoid, as a general framework for “almost geometric
structures”. We also pointed out that flat principal .†;C/-bundles are actually the same
as flat .†;C/-structures, and that examples coming from geometry are always flat. As we
have seen, .†;C/ comes with its associated Cartan algebroid .A;r/. Here, we reformulate
the definition of flat principal .†;C/-bundle/.†;C/-structure using only the infinitesimal
data .A;r/.
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Proposition 5.18. Let .†;C/� X be a Cartan groupoid, with associated Cartan alge-
broid .A;r/. Assume also that � W P !M is a principal †-bundle,

†

����

  P

�

xx

�
  

X M;

and denote by a W ��A ! TP the induced infinitesimal action. Then, any sub-bundle
CP � TP making P a flat .†;C/-structure arises as the kernel of a 1-form

� 2 �1.P; ��A/

with the following two properties:

�
�
a.˛/

�
D ˛ for all ˛ 2 �.A/;

d��A.�/C
1

2
¹�; �ºpt D 0;

(5.8)

where, as in Corollary 5.10, ¹�; �ºpt is the pointwise bracket (5.7) and d��A is the de Rham
differential on P with coefficients in the flat pull-back bundle ��A.

Furthermore, if the s-fibers of † are connected, this provides a 1-1 correspondence
between such sub-bundles and 1-forms with these two properties.

Proof. We denote zA WD ��A, and we use z� W zA! P for the corresponding anchor map
and zr for the pull-back of the connection r (making ��A itself a flat Cartan algebroid).

First of all, we will need an infinitesimal characterization of multiplicativity – char-
acterization that was worked out in greater generality in [8, Proposition 5.3.4]. Here is
the part that is of interest for us. The idea is that the multiplicativity property (4.2) of � ,
rewritten as

.a��/.g;p/ � .g � pr�2�/.g;p/ D .pr�1�/.g;p/; (5.9)

is an equality of multiplicative forms on the action groupoid † Ë P . Hence, one can just
look at the equality of the corresponding infinitesimal counterparts,

r
left; r right

W X.P / � �. zA/! �. zA/;

for the left- and the right-hand side of (5.9), respectively. Computing the two operators,
we find

r
left
X .ˇ/ D zrz�.�.X//.ˇ/C

�
ˇ; �.X/

�
zA
� �

��
z�.ˇ/;X

��
;

r
right
X .ˇ/ D zrX .ˇ/

for all X 2 X.P /, ˇ 2 �. zA/ (see [8] for more details). While the second satisfies Leibniz,
the first one does if and only if (5.8) is satisfied.
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Next, we concentrate on the Maurer–Cartan expression

MC WD d��A.�/C
1

2
¹�; �ºpt 2 �

2.P; zA/;

and we compute it on several types of tangent vectors:

• for X; Y in the image of z�, we find immediately that MC.X; Y / D 0;

• if only Y is in the image of z� and X 2 ker.�/, writing Y D ž, a careful but simple
computation gives

MC.X; ž/ D r left
X .ˇ/ � r

right
X .ˇ/I

• if X; Y 2 Ker.�/, we find right away MC.X; Y / D ��.ŒX; Y �/.

Hence, we see that MC D 0 encodes both infinitesimal multiplicativity as well as the
involutivity of CP D Ker.�/.

Remark 5.19. As we see in the proof, MC D 0 encodes more than just the infinitesimal
characterization of the multiplicativity of � . From that point of view, the condition r left D

r right is a better characterization. However, the minimal way to encode multiplicativity
infinitesimally is to remove all the conditions that hold anyway. We see that what is left is
MC.X; ž/ D 0 whenever X is killed by � ; i.e.,

zrX .ˇ/ D �
��
X; z�.ˇ/

��
for all X 2 �.CP /; ˇ 2 �. zA/:

Also, this condition alone implies (5.8) and then the decomposition

TP D Im.a/˚ CP

(where a is the infinitesimal action). On the other hand, one can further rewrite the last
equation on � without any reference to � , by applying it to horizontal lifts and to ˇD��˛.
We find that the infinitesimal counterpart of the multiplicativity of CP is�

hor.V /; a.˛/
�
D a

�
rV .˛/

�
˚ hor

��
V; �.˛/

��
for all V 2 X.X/; ˛ 2 �.A/:

Remark 5.20. The form � and its properties can be packed together sightly differently,
using the corresponding double D D D.A;r/. First of all, we re-interpret � as a D-
valued form, where, in principle, we use d� for the TX-component. However, to obtain
compatibility with anchors, we arrange the terms to be

z� WD .d� � � ı �; �/ W TP ! D :

Then, the Maurer–Cartan equation for � translates into a similar Maurer–Cartan equation
for z� which, in turn, just encodes the fact that z� is a morphism of Lie algebroids. See also
the proof of Proposition 6.5.

Remark 5.21. The previous remark is undoubtedly related to the discussion in [38] con-
cerning Cartan’s seminal work on Lie pseudogroups and more precisely his “three funda-
mental theorems”. A precise exposition of the material is out of the scope of this paper, but
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the point that we want to stress is that the Maurer–Cartan equation for .†;C/-structures
mentioned in the remark above proves, together with the flat Cartan algebroid structure on
A, that a flat Cartan groupoid .†;C/ is a very special case of Cartan’s realization in the
sense of [38, Definition 5.2.11]. One considers the automorphism of vector bundles

ˆD W D ! D ; .X; ˛/!
�
X C �.˛/; ˛

�
:

There is a unique bracket J ; K such that the above map is an isomorphism of Lie algebroids

ˆD W
�
D; Œ ; �

�
!
�
D ; J ; K

�
:

We can look at the flat .†;C/-structure given by the action of .†;C/ on itself and consider
the form z! D .dt � � ı !; !/ as in the previous remark, where now ! is the form dual
to C . It follows from [38, Proposition 5.3.7] that the form�DˆD ı z! D .dt;!/ satisfies
Cartan’s structure equation

d�C
1

2
J�;�K D 0

which is manifestly of Maurer–Cartan type. Getting rid of ˆD , one finds the Maurer–
Cartan equation for z! mentioned in the previous remark. On the other hand, when .P;CP /
is a flat .†;C/-structure and � is the form dual to CP , the Maurer–Cartan equation for
z� D .dt � � ı �; �/ can be read, composing with ˆD , as a Cartan structure equation in
the sense of [38, Definition 5.2.11].

6. van Est maps

6.1. A very general setting

In this subsection, given a proper action (not necessarily principal) of a flat Cartan groupoid
.†;C/� B on a space P (not necessarily carrying extra-structure)

.†;C/

����

  P;

�

wwX

we will construct a natural map

VEP W H
�
Haef.†;C/! H�†.P / (6.1)

from the Haefliger cohomology of the Cartan groupoid to the cohomology corresponding
to the subcomplex

��.P /† � ��.P / (6.2)

of the de Rham complex of P consisting of †-invariant differential forms on P .
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Here, we are using that † acts not only on TM but also on the tangent space TP of
any†-space P . Indeed, the action groupoid is itself a flat Cartan groupoid with the Cartan
distribution pulled back from †:

†P WD † Ë P � P; CP WD pr�11 C ;

and we are just considering the induced action on the tangent space of the base. Working
out the action, one finds the explicit description: the action of g W x ! y on vp 2 TpP
(p 2 ��1.x/) is

g � vp WD .da/g;p
�
horg

�
d�.vp/

�
; vp

�
2 TgpP:

The first projection from the action groupoid gives rise to a pull-back map between the
corresponding Haefliger cohomologies (defined already at the level of complexes)

pr�1 W H
�
Haef.†;C/! H�Haef.†P ;CP /:

Lemma 6.1. If the action of † on P is proper, then the inclusion (6.2) of ��.P /† in the
p D 0 row of the Haefliger complex of .†P ;CP / induces an isomorphism:

H�†.P / Š H
�
Haef.†P ;CP /:

Proof. Replacing†P by†, we may assume that†� X is a proper groupoid and we are
comparing C �Haef.†/ with ��.X/†. The main point is that each row C

�;q
Haef.†/ computes

the differentiable cohomology of the proper groupoid†with various coefficients. But that
is known to vanish in all positive degree and give the †-invariant part in degree zero if
† is proper (see Lemma A.35 in the appendix). Hence, by a standard double complex
argument, the conclusion follows.

Combining the two maps above, i.e., pr�1 and the isomorphism from the lemma, we
obtain the desired map (6.1).

Proposition 6.2. If the action of † on P is proper, � is a submersion, and the �-fibers
of P are cohomologically l-connected, then VEP W H�Haef.†;C/! H�†.P / is an isomor-
phism up to degree l and injective in degree l C 1.

Proof. Let us call the property from the statement (isol ). We have to check (isol ) for the
map induced in cohomology by the map of double complexes

pr�1 W C
�;�
Haef.†;C/! C

�;�
Haef.†P ;CP /:

If A ,! B is any inclusion of double complexes and C denotes the quotient, from
the long exact sequence in cohomology, we see that (isol ) for the map in cohomology is
equivalent to C having trivial cohomology up to degree k. Furthermore, if such a property
holds for all columns, then it also holds for the total complex.
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By this double complex argument, it suffices to show that, in each column p, our map

pr�1 W �.†
.p/; ƒ�C�p /! �.†

.p/
P ; ƒ� zC�P /

satisfies (isol ) in cohomology. Fixing p and denoting

P WD †.p/P ; M D †.p/; � D pr1;

we find ourselves precisely in the setting of Proposition A.36 from the appendix.

6.2. The case of flat .†;C /-structures (and almost structures)

The differentiable cohomology of pseudogroups serves as the domain of differentiable
characteristic maps (3.6)

�P
diff W H

�
diff.�/! H�.M/

associated with �-structures P – see Definition 3.1. Here, we point out that these maps
do not depend on P but just on the induced almost �-structure. Actually, these maps
are defined in the general setting of flat Cartan groupoids .†;C/� X and flat .†;C/-
structures .P;CP /!M . This exploits the general van Est map (6.1) in the more special
case when P is actually a flat .†;C/-structure. In this case, we have available the hori-
zontal lift hor with respect to the Ehresmann connection CP , which induces a map

hor� W ��.P /† ! ��.M/;

hor�.˛/.v1x ; : : : ; v
q
x/ WD ˛

�
horp.v1x/; : : : ; horp.vqx/

�
;

where p 2 P is a/any element in the fiber above x; thanks to the invariance of ˛, the
definition is independent of the choice of p. Composing the induced map in cohomology
with the general van Est map (6.1) gives rise to a map

�PHaef W H
�
Haef.†;C/! H�.M/; (6.3)

called the Haefliger characteristic map associated with the .†;C/-structure .P;CP /. As
promised, we have the following result.

Proposition 6.3. For Cartan groupoids .†; C/ and .†; C/-structures induced by Lie
pseudogroups � and �-structures P

† D J1�; P D J1P ;

the Haefliger characteristic map (6.3) becomes the differentiable characteristic map (3.6)
of the �-structure.

Proof. We start by recalling that, by definition, �P
diff is constructed by composing the map

j � W H�diff.�/! H�dR.G /
�
G D G erm.�/

�
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with the map (2.20)
� W H�dR.G /! H�.M/:

We have the map of double complexes (we stick to the notation G D G erm.�/)

pr�1 W C
p.G ; �

q
X/! Cp.G ËP ; �

q

P
/:

Using properness of the principal action, the cohomology of the right-hand side is seen
to be isomorphic to H�

G
.P / (the cohomology of G -invariant forms on P ; this goes as in

Lemma 6.1). The projection � W P ! M is étale because so is G and P is a principal
G -bundle; hence, we see that H�

G
.P / Š H�.X/. We get a map

y� W H�dR.G /! H�.X/ (6.4)

fitting in the diagram

H�diff.�/ H�.X/

H�dR.G /

�PHaef

j� y� (6.5)

which is commutative by construction. Of course, y� has to be compared with � and
(6.5) has to be compared with

H�diff.�/ H�.X/:

H�dR.G /

�P
diff

j� � (6.6)

Hence, it is clear that the equality � D y� implies our claim. To prove it, let us fix a cover
U of M . We consider the map

x� W Cp.G ËP ; �
q

P
/! Cp.MU; �

q
M /; c ! x�.c/;

where

x�.c/i0;:::;ip .x/ D �
�
ip
c
��
ip�1ip .x/; Œ�ip�1 �x

�
; : : : ;

�
i0i1.x/; Œ�i0 �x

��
:

Here, the �i ’s are the sections of the principal G -bundle P which correspond to the chosen
G -cocycle onM , and the Œ�i �x’s are the corresponding germs at x (which can be identified
with the points �i .x/ 2 P since � is étale). More explicitely, �i W Ui ! P is the section
of P which is the inverse of � around Œi i �x 2 P , the germ of i i at x (in particular,
Œi i �x D �i .x/). This is a map of double complexes. The claim follows thanks to the
commutative diagram below (we leave to the reader to check that x induces in cohomology
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the isomorphism H�
G
.P / Š H�.X/ used to define y�):

Cp.G ËP ; �
q

P
/ Cp.MU; �

q
X /:

Cp.G ; �
q
X/

x�

�pr1
�

Remark 6.4. This new insight may make the characteristic maps useful also in detect-
ing almost structures that are not integrable. The plan would be to use the commutative
diagram

H�diff.�/ H�.M/

H�.�/

�P
diff

�univ �P
abs

which is simply (3.3) for a general pseudogroup � (notice that we see �P
abs as defined on

H�.�/ using Theorem 2.16). Step 1 is to detect classes

u 2 H�diff.�/

that are killed when viewed as cocycles inH�.B�/, i.e., are in the kernel of the universal
map

�univ
W H�diff.�/! H�.�/ Š H�.B�/:

Then, step 2 is to exhibit almost�-structuresP whose corresponding u-characteristic class

u.P / D �P
diff.u/ 2 H

�.M/

does not vanish. From the previous commutative diagram, one concludes immediately that
P cannot arise from an actual �-structure P .

We conjecture that this plan can be implemented for certain pseudogroups � . Note
however that already step 1 is a delicate matter. For instance, even for � D �q (when the
previous plan cannot work because of the Frobenius theorem), one may expect that the
universal characteristic map is injective but, despite some early announcement [15], that
is still an open problem (this was pointed out in [9] – see e.g. the comments following
Theorem 5, and the further references therein). On the other hand, it may be easier to find
elements in the kernel of �univ than proving that the map is injective; of course, one has to
look at pseudogroups for which formal integrability does not imply integrability.

6.3. The van Est map into infinitesimal Haefliger cohomology

Next, we exploit the general van Est map (6.1) in another special case: when P is† itself.

Proposition 6.5. For a Cartan groupoid .†;C/� X, taking P D † endowed with the
left action of†, the resulting complex��.†/† is isomorphic to the infinitesimal Haefliger
complex C �Haef.A;r/ of the flat Cartan algebroid .A;r/! X of .†;C/.
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Therefore, one obtains a canonical map

VE W H�Haef.†;C/! H�Haef.A;r/

and this map is an isomorphism up to degree l if the s-fibers of † are cohomologically
l-connected.

Proof. We will be using the description of the infinitesimal Haefliger complex as the alge-
broid complex of the double D.A;r/ (see Definition 5.14), appealing to Proposition 5.15.
Recall that the total space of D.A;r/ isA˚ TX. We have (identifyingA with ker.ds/jM
via !)

At.g/ ˚ Tt.g/X D Tg†

and we notice that a vector field left invariant for the action of†Ë† on T† is completely
determined by its value over u.X/ � †. Moreover, as a representation of † Ë †, T† is
the direct sum representation of t�A and t�TX; if .˛;X/ 2 �.A˚ TX/, then

Vg D
�
dm
�
horC

g

�
dt.˛/

�
; ˛
�
; dm

�
horC

g

�
dt.X/

�
; X
��

defines a left invariant vector field V 2 X.†/. This gives a bijection between the sections
of A˚ TX and such invariant vector fields. Furthermore,

Vg D
�
y̨g ; horC

g .X/
�
;

where y̨ and horC
g .X/ are the left invariant sections of t�A and t�TX associated with

˛ 2 �.A/ and X 2 �.TX/. In particular, y̨ is s-vertical and horC .X/ is the unique s-
projectable vector field tangent to C and extending X at u.X/. Notice that the map

ˆ W A˚ TX! A˚ TX
.˛x ; vx/!

�
� ˛x ; vx C �.˛x/

�
is an isomorphism of vector bundles. We will show that the composition of ˆ with the
map .˛;X/! .y̨; horC .X// gives an isomorphism of Lie algebras.

First of all, for all ˛;ˇ 2 �.A/ and X;Y 2 X.X/ (notice that �.y̨/D horC .�.˛//, and
the same holds for ˇ),��

� y̨; horC .X/C �.y̨/
�
;
�
� y̌; horC .Y /C �. y̌/

��
D Œ�y̨;� y̌�C Œ�y̨; horC .Y /�C

�
� y̨; �. y̌/

�
C
�
horC .X/;� y̌

�
C
�
horC .X/; horC .Y /

�
C
�
horC .X/; �. y̌/

�
C
�
�.y̨/;� y̌

�
C
�
�.y̨/; horC .Y /

�
C
�
�.y̨/; �. y̌/

�
:

Since the right-hand side of the equality above is left invariant, we just have to show that
it coincides with ˆ.Œ.˛; X/; .ˇ; Y /�/ when restricted to X. Following our argument for
Lemma 6.6 below, one sees that

Œy̨; y̌�jX D �Œ˛; ˇ�Cr�.˛/.ˇ/ � r�.ˇ/.˛/:
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Notice also that, for any Z 2 X.X/, horC .Z/ is tangent to X. This implies that�
� y̨; horC .Y /

�ˇ̌
X D rY .˛/;

�
horC .X/;� y̌

�
D �rX .ˇ/

and that �
� y̨; �. y̌/

�ˇ̌
X D r�.ˇ/.˛/;

�
�.y̨/;� y̌

�ˇ̌
X D �r�.˛/.ˇ/:

In conclusion,��
� y̨; horC .X/C �.y̨/

�
;
�
� y̌; horC .Y /C �. y̌/

��ˇ̌
X

D
�
� Œ˛; ˇ�CrY .˛/ � rX .ˇ/; ŒX; Y �C

�
�.˛/; Y

�
C
�
X; �.ˇ/

�
C
�
�.˛/; �.ˇ/

��
which coincides with ˆ.Œ.˛;X/; .ˇ; Y /�/.

6.4. Application to the transitive case

When .†;!/ is transitive, there is yet another natural choice of a†-space P to which one
can apply Proposition 6.2: the s-fiber s�1.x/, for x 2 X.

Lemma 6.6. There is an isomorphism

��t
�
s�1.x/

�†
' C �

�
ax.A/

�
;

where ax.A/ is the extended isotropy Lie algebra from Definition 5.8. Therefore, there is
a canonical map in cohomology

VEx W H
�
Haef.†; !/! H�

�
ax.A/

�
and this map is an isomorphism up to degree l if the isotropy group†x is cohomologically
l-connected.

Proof. This proof is best approached working with a multiplicative pointwise surjective
form ! 2�1.†; t�A/whose kernel is C ; see Remark 4.2 and Corollary 5.10. In particular,
we will need the Maurer–Cartan equation from Corollary 5.10 or, more precisely, the one
for the restriction of ! to s�1.x/; see Proposition 5.18 (of course, .s�1.x/; !js�1.x// is
a flat .†; !/-structure, compared with Example 4.14). We will keep the notation t for
the restriction of the target map t W †! X to s�1.x/, which is surjective because † is
transitive.

Notice that we have a map

r1x W X
�
s�1.x/

�†
! Ax ; X !

�
!js�1.x/.X/

�ˇ̌
1x
:

One sees immediately that this is a linear isomorphism. Observe that the inverse of r1x is
given by

ix W ˛x 2 Ax ! ix.˛x/ 2 �
�
T s�1.x/

�
;

where, for all g 2 s�1.x/,�
ix.˛x/

�
g
D dm

�
horC

g

�
dt
�
!�11x .˛x/

��
; !�11x .˛x/

�
2 Tgs

�1.x/:
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We can choose ! so that !1x is the identity map on s-vertical vectors and the formula
for ix simplifies to �

ix.˛x/
�
g
D dm

�
horC

g

�
�.˛x/

�
; ˛x

�
2 Tgs

�1.x/:

We claim that r1x is an anti-Lie algebra map, so that composing with the map

Ax ! Ax ; ˛x ! �˛x

we get the desired isomorphism.
As anticipated above, this follows because !js�1.x/ satisfies the Maurer–Cartan equa-

tion
dt�A.!js�1.x//C

1

2

®
!js�1.x/; !js�1.x/ p̄t D 0:

To keep the notation simple, we will use the same symbols as in Proposition 5.18: zr
will denote the infinitesimally multiplicative flat connection on t�A obtained pulling back
r via t , zA will denote t�A, and we rebaptize !js�1.x/ as � , so that the Maurer–Cartan
equation becomes

d zA.�/C
1

2
¹�; �ºpt D 0:

Let us recall that, for any X1; X2 2 �.T s�1.x//,

d zA.�/.X1; X2/ D
zrX1

�
�.X2/

�
� zrX2

�
�.X1/

�
� �

�
ŒX1; X2�

�
:

Consequently, from the Maurer–Cartan equation, we see that for each pair of invariant
vector fields X1; X2, it holds that®

�.X1/; �.X2/ p̄t D �
zrX1

�
�.X2/

�
C zrX2

�
�.X1/

�
C �

�
ŒX1; X2�

�
:

As it is shown in [8, Proposition 5.3.4], the following identity (already recalled while
proving Proposition 5.18) holds for all X1; X2 2 �.T s�1.x//:

zrX1

�
�.X2/

�
D zrz�.�.X1//

�
�.X2/

�
C
�
�.X2/; �.X1/

�
zA
� �

��
z�
�
�.X2/

�
; X1

��
;

where we observe that the first two terms of the right-hand side correspond to the action
of �.X2/ on �.X1/ using the representation of zA on itself (see formula (5.5), taking into
account that . zA; zr/ is a flat Cartan algebroid). We claim that if X1 and X2 are left invari-
ant, then �.X1/ and �.X2/ are left invariant for the representation of † Ë s�1.x/ on its
algebroid zA (see (5.3)). Assuming for a moment that this claim is true, using the formula
recalled above, we see that

zrX1

�
�.X2/

�
D ��

��
z�
�
�.X2/

�
; X1

��
; zrX2

�
�.X1/

�
D ��

��
z�
�
�.X1/

�
; X2

��
for any pair of left invariant vector fields X1; X2 over s�1.x/. Still using [8, Proposi-
tion 5.3.4], one has that � is the inverse of z�; hence, �zrX1.�.X2// C zrX2.�.X1// D
�2�.ŒX1; X2�/ holds and we have®

�.X1/; �.X2/
¯
D ��ŒX1; X2�I
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i.e., the map
X
�
s�1.x/

�†
! Ax ; X ! ��.X/1x

is an isomorphism of Lie algebras, which was our original claim.
We are left to show that ifX is left invariant, then �.X/ is left invariant, which follows

by proving that � is a map of † Ë s�1.x/-representations. Of course, this uses multiplica-
tivity. In the following computation, we see zA D t�A as the fibered product A �X s

�1.x/

and m denotes both the multiplication on † and the one on the action groupoid:

.g; 1x/ �
�
�.Xx/; 1x

�
D dR.g�1;g/dm

�
horpr1

�1C

.g;1x/

�
z�
�
�.Xx/

��
;
�
�.Xx/; 1x

��
D dR.g�1;g/dm

��
horC

g

�
�.Xx/

��
; z�
�
�.Xx/

�
;
�
Xx ; 1x

��
D dR.g�1;g/

�
dm
�
horC

g

�
�.Xx/

�
; Xx

�
; 1x

�
D
�
�.Xg/; g

�
:

The last step follows from multiplicativity, which implies

�.Xg/ D g � �.Xx/ D dRg�1dm
�
horC

g

�
�.Xx/

�
; Xx

�
:

We can then state the following theorem.

Theorem 6.7. Let .†;C/ be a transitive flat Cartan groupoid. If K � †x is a compact
Lie subgroup with the property that†x=K is contractible, then the map from the previous
lemma factors through an isomorphism

H�Haef.†;C/
�
�! H�

�
ax.A/;K

�
:

Remark 6.8. In examples coming from geometric structures, there is always a natural
choice of K, even in the profinite-dimensional case (see Example 6.9).

Proof. The triple .s�1.x/; t; †x/ is a principal bundle and we know that s�1.x/=K has
contractible fibers. Then, we can apply Proposition 6.2 to the†-space s�1.x/=K. We have
to prove that †-invariant forms on s�1.x/=K are isomorphic to the Lie algebra cochains
in Ax relative to K. For this, one just uses the fact that the isomorphism constructed in
Lemma 6.6 descends to the basic subcomplexes; that is, it respects the contraction and the
Lie derivative with respect to the elements of k D Lie.K/.

Composing the isomorphism from the above theorem with map (6.3), one sees that, if
.†;C/ is a transitive flat Cartan groupoid, a .†;C/-structure comes with a natural map

�P W H�
�
ax.A/;K

�
! H�.M/: (6.7)

Example 6.9. When � is a transitive Lie pseudogroup and † D J1� , the resulting iso-
morphism becomes

H�diff.�/ Š H
�
�
ax.�/;K

�
I

see Definition 2.9 and Example 5.6. For k � 2, the projections

prk;k�1 W J k� ! J k�1�
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are affine bundles projections; consequently, one can always choose a subgroup K as in
Theorem 6.7.

In particular, for � D Diffloc.Rq/ and † D J1Diffloc.Rq/, the group K can be iden-
tified with the orthogonal group O.q/. This is a phenomenon slightly more general than
Diffloc.Rq/ that we explain in Example 6.10. As a consequence, the isomorphism from
Theorem 6.7 reduces to (3.4), with codomain given by the relative Gelfand–Fuchs coho-
mology of formal vector fields.

Going back to a transitive � , the characteristic map (6.7) corresponding to an almost
�-structure P1

�P1
W H�

�
ax.�/;K

�
! H�.M/ (6.8)

is seen to be defined on the relative Gelfand–Fuchs cohomology of �-vector fields.

The characteristic map (6.8) for transitive Lie pseudogroups had been addressed in [7]
and in [2,3]. We adapt the construction of [2,3] to our setting; the outcome is a description
of map (6.7) which is in the same spirit as the geometric characteristic map of flat prin-
cipal bundles (see Section 2.2), i.e., of Chern–Weil nature. We use the description from
Proposition 5.18 of CP in terms of � 2 �1.P; ��A/. Restricting to

Q WD ��1.x/;

we obtain a principal †x-bundle Q!M and

�Q WD � jQ 2 �
1
�
P; ax.A/

�
will satisfy the Maurer–Cartan equation (cf. Proposition 5.18). The form �Q induces a
map

��Q W C
�
�
ax.A/

�
! ��.Q/:

This works as in the standard situation of flat principal bundles. Passing to K-basic ele-
ments and using that the fibers of Q=K ! M are contractible, one obtains an induced
map (compare with (2.3)):

��Q W H�
�
ax.A/;K

�
! H�.M/:

Example 6.10. To further elaborate on Example 6.9, let us consider the transitive pseu-
dogroup �G on Rq induced by some Lie subgroup G � GL.q;R/ as follows:

�G D
®
' 2 Diffloc.R

q/ W dx' 2 G; x 2 dom.'/
¯
:

Notice that this pseudogroup is defined by a first-order condition; more compactly, it is of
first order, which means that ' 2 �G if and only if j 1x ' 2 J

1�G for all x 2 dom.'/. As
a consequence, a group K as in Theorem 6.7 is induced by a maximal compact subgroup
xK of the isotropy group .J 1�G/x Š G. In fact, one defines K to be the group of infinite

jets at x of linear diffeomorphisms ' fixing x and such that dx' 2 xK.
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When dim.M/ D q, a �G-structure on M is the same thing as a flat (or integrable)
G-structure; a .J1�G ;C1/-structure onM , as in Example 4.17, is a formally integrable
G-structure (see, for example, [36] for G-structures and [8] for a discussion about formal
integrability that is close to the formalism of this paper). When dim.M/ D n > q, a �G-
structure is a codimension q foliation equipped with a transverse flat G-structure.

A. Pro-finite manifolds

A.1. Pf manifolds (pf = pro-finite)

Pro-finite manifolds are, in principle, infinite-dimensional manifolds together with a “tail”
of finite-dimensional ones, a tail that allows one to export the usual (finite-dimensional)
concepts to the infinite-dimensional setting. The basic example is that of infinite jets,
where the “tail” is the sequence of jets spaces of finite orders.

Definition A.1. A tower of manifolds M� is a sequence

M� W � � � !Mk

�k
�!Mk�1 ! � � � !M2

�2
�!M1 ! �1M0

consisting of smooth, finite-dimensional manifolds Mk and surjective submersions be-
tween them.

A pf-atlas on a set M, denoted by

a WM!M�;

is a tower of manifolds M� together with a collection a D ¹ak WM!Mkº of surjections
compatible with the tower projections (�k ı ak D ak�1).

Remark A.2. Given such a pf-atlas a WM!M�, any x 2M has associated components
w.r.t. a: namely,

xk D ak.x/ 2Mk :

But note that, in principle, two distinct points may have the same components.
Perhaps a better name for the components xk D ak.x/ would be that of “truncations

of x”. They are not arbitrary – actually each one of them determines the previous ones by

xk�1 D �k.xk/ for all k:

However, there may be sequences .yk/ satisfying this compatibility but which do not arise
from an element of x 2M.

All these remarks can be packed together by considering the inverse limit of the tower

lim
 ��

Mk WD
®
.xk/k�0 W xk 2Mk ; �k.xk/ D xk�1

¯
and interpreting a as a map

a WM! lim
 ��
k

Mk :

And we were just saying that this map may fail to be injective (different elements may
have same components) or surjective (compatible sequences may not have a limit in M).
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Definition A.3. A pf-atlas a WM!M� is said to be normal if the induced map M!
lim
 ��

Mk is a bijection.

Example A.4. One can always achieve normality by replacing M by lim
 ��k

Mk . However,
there are natural examples which are not necessarily normal, for instance, J1� , for cer-
tain choices of � (see Example A.38). A standard example is given by the pseudogroup
of analytic diffeomorphisms of Rq ; see Example A.38 and Remark A.40.

Definition A.5. Consider a WM!M� and b W N ! N� to be two pf-atlases. A set the-
oretical function f WM! N is said to be a smooth map w.r.t. a and b, or we say that
f W .M; a/! .N; b/ is a smooth map of pf-atlases if, for each k, the k-th component

bk ı f WM! Nk

comes from a smooth map defined on some Mmk for some mk large enough:

bk ı f D f
mk
k
ı amk ; with f mk

k
2 C1.Mmk ;Nk/:

Remark A.6. The outcome is very much related to the notion of morphism between
towers of manifolds. Seeing towers as particular cases of projective systems of (finite-
dimensional) manifolds, one obtains an abstract but very standard description of the result-
ing hom-spaces:

Hom.M�;N�/ WD lim
 ��
n

lim
��!
m

C1.Mm;Nn/:

Working this out and using that the �k’s are surjective submersions, one obtains the fol-
lowing description which is related to the previous definition.

First of all, let us call a concrete morphism between two towers M� and N� any col-
lection of smooth maps

f� D ¹fk WMmk ! Nkºk�1 with m1 � m2 � � � �

which is compatible in the sense that it makes the resulting squares commutative:

� � � //Mmk

�mk;mk�1 //

fk

##

Mmk�1
fk�1

%%

// � � �

� � � // Nk

�k;k�1
// Nk�1

// � � �

Note that, for the maps f mk
k

arising in the previous definition, this compatibility is auto-
matically satisfied. Therefore, the condition from the previous definition can be reformu-
lated by requiring that f WM! N is compatible with a concrete morphism of towers f�
from M� to N�.

Next, given a second concrete morphism g� D ¹gk WMlk ! Nkº as above, we say
that f� and g� are equivalent concrete morphisms if for each k, fk and gk become equal
after composing them with the projections MK !Mmk and MK !Mlk , respectively,
for some K-large enough (which actually may be chosen to be max¹mk ; lkº). With this, a
morphism of towers is an equivalence class of concrete morphisms.
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And, again, it is useful to look back at the previous definition: while the actual fk D
f
mk
k

are far from unique (they are just required to exist), we see that any two choices are
equivalent; hence, one has a unique, well-defined induced morphism of towers

f� 2 Hom.M�;N�/:

Similar to the previous discussion about coordinates, two different f ’s may still induce
the same morphism of towers, or there are morphisms of towers that are not induced by
an f . However, neither of these can happen when the two atlases are normal.

Example A.7. It is straightforward now to define the composition of morphisms of tow-
ers obtaining, therefore, the category of towers (of finite-dimensional smooth manifolds).
With the resulting notion of isomorphism, we see that, given M�, if we sample the tower
via an increasing sequence of indices m0 < m1 < m2 < � � � , then

� � � !Mmk

�k
�!Mmk�1 ! � � � !Mm2

�2
�!Mm1

�1
�!Mm0

is isomorphic to M� itself.

Given Example A.4, it is interesting to consider atlases that are not normal. However,
to make our life easier (and be able to just quote existing results), from now on we will
start imposing the normality condition.

Definition A.8. A pf-manifold is a set M together with an equivalence class of normal
pf-atlases, where two pf-atlases

a WM!M�; a0 WM!M
0

�

are said to be equivalent if the identity map idM is a smooth map of pf-atlases (in the
sense of Definition A.5) both as a map from .M; a/ to .M; a0/ and the other way around.
Equivalently, we require the existence of an isomorphism of towers

ca;a0 2 Hom.M�;M
0

�/ .“change of coordinates”/

that is compatible with a and a0.

Remark A.9 (the underlying topological space). Note that any pf-manifold carries a nat-
ural topology: the smallest one which makes all the projection ak continuous (using a/any
atlas a). As terminology,

• we will simply talk about “the pf-manifold M” without explicitly specifying the equiv-
alence class of the atlas in the notation.

• when thinking about M just as a topological space, we will use the notation jMj.

Definition A.10. A smooth pf-map f W M ! N between two pf-manifolds is any set
theoretical map with the property that, for an/any atlas a of M and b of N, f is a smooth
map w.r.t. a and b (in the sense of Definition A.5). We will denote by C1.M;N/ the
space of such smooth maps.
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Example A.11. When N D R, we obtain the algebra C1.M/ of smooth functions on
the pf-manifold M; working out the previous definition, we see that they are continuous
functions

f WM! R

with the property that there exists m0 such that

f D g ı am0 ; with g WMm0 ! R smooth in the usual sense:

Abstractly, we deal with

lim
��!
m

C1.Mm/ D
[
m

C1.Mm/;

viewed as a subspace of C.M/ via the pull-back by a. Concretely, we think of functions
f D f .x/ on M as functions that may depend on infinitely many variables

x0 D a0.x/; x1 D a1.x/; : : : ; xk D ak.x/; : : :

while smooth functions depend only on a finite number of variables m0 in a smooth way.
One can also require this condition only locally – and that gives rise to another notion

that we would call “smooth function on the space jMj” (for the notation see Remark A.9);
this gives rise to a sequence of (strict) inclusions

C1.M/ � C1
�
jMj

�
� Cont

�
jMj

�
: (A.1)

Example A.12. Of course, any finite-dimensional manifold M is a pf-manifold: just use
the constant tower M� DM .

Example A.13. The basic examples of towers and pf-manifolds are provided by jets and
PDEs. Let us choose a fibration (meaning a surjective submersion)

� W R!M

between finite-dimensional manifolds. Associated with such a fibration, there is an entire
tower of jet spaces

J1R W � � � ! J 2R! J 1R! J 0R D R;

where J kR denotes the space of k-jets of sections of � W R!M . Each such space with
k finite has a canonical smooth structure, while

J1R D lim
 ��

J kR

becomes a pf-manifold. A particular case of this is whenRDM �N is a product and � is
the projection on the first factor. Then, sections of R are identified with smooth functions
from M to N and one obtains the jet-spaces

J k.M;N / WD J k.pr1 WM �N !M/:
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On the other hand, one can also proceed more generally, for PDEs on (sections of)
fibrations � W R!M ; an order k-PDE is then encoded into a subspace P � J kR and the
standard regularity assumption is that P is a submanifold and P !M is still a fibration.
Then, one can consider the jet spaces of P itself, J lP � J lJ kR; the intersection with
J kClR � J lJ kR is called the l-prolongations of P :

P .l/ � J kClR:

All together these give a tower of spaces

P .1/ W � � � ! P .2/ ! P .1/ ! P .0/ D P

but the maps may fail to be surjective. The space P .1/ plays the role of the space of
“formal solutions” of the PDE P . One says that P is formally integrable if all these maps
are surjective submersions. In that case, P .1/ becomes a pf-manifold and the inclusions

P .l/ � J .kCl/R

provide a natural example of concrete morphism of towers which does not preserve the
degree. Of course, they represent the inclusion

P .1/ ,! J1R

as a morphism of pf-manifolds. Note also that, interpreting P .l/ itself as a PDE of order
k C l , one obtains

.P .l//.1/ Š P .1/;

as pf-manifolds.

A.2. Direct pf-vector bundles (and sheaves)

We now move to vector bundles and sheaves. As we shall explain, there are two interest-
ing but different types of vector bundles to consider. In this section, we look at the first
type, called “direct”. Because of the examples we have in mind, we concentrate on vector
bundles; for sheaves, the discussion is entirely similar.

Definition A.14. A (direct) pf-vector bundle over a pf-manifold M consists of a pf-
manifold E and a smooth pf-map p W E!M, together with vector bundle equivalence
classes of pf-vector bundle atlases where

• a pf-vector bundle atlas for p W E!M is an atlas Qa W E! E� for E, an atlas a WM!
M� for M together with the structure of the tower of vector bundles

E� W

p�

��

� � � // Ek
�k //

pk

��

Ek�1 //

pk�1

��

� � � // E2

p2

��

�2 // E1
�1 //

p1

��

E0

p0

��

M� W � � � //Mk �k
//Mk�1

// � � � //M2 �2
//M1 �1

//M0
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(hence, each Ek !Mk is a smooth, finite-dimensional vector bundle and each tower
map Ek ! Ek�1 is a vector bundle morphism covering the tower map Mk !Mk�1)
which represents p,

• two pf-vector bundle atlases, Qa and Qa0, are said to be equivalent (as pf-vector bundle
atlases) if they are equivalent as atlases of E, with the corresponding isomorphism of
towers cQa;Qa0 W E� ! E0� being represented by the morphisms of vector bundles.

A (pf-)section of E is any smooth pf-map � WM! E satisfying p ı � D id. We denote
by �.E/ the space of such sections.

Remark A.15 (representing sections). Given a vector bundle atlas a W E! E�, the best
case scenario is when we deal with sections � that are represented by sections �k of Ek .
It is not difficult to see that, given any section � , one can find an atlas a which realizes
the best case scenario for the given � . However, this is of very little use since a usually
changes with � .

In practice, we usually have a fixed (preferred) vector bundle atlas a W E! E�; given
that, any section of E can be represented by a concrete morphism (cf. Remark A.6)

�� D ¹�k WMmk ! Ekºk�1 with m1 < m2 < � � �

and the section condition is that pk ı �k is the projection Mmk ! Mk ; i.e., �k comes
from a section of the pull-back of Ek via the tower projection � WMmk !Mk

sk 2 �.Mmk ; �
�Ek/: (A.2)

On the other hand, the underlying topological space jEj (cf. Remark A.9) is itself a
topological vector bundle over jMj: the fiber Ex above any x 2 jMj inherits a structure
of vector space (actually a pf-vector space) and the corresponding maps (addition and
multiplication by scalars) are continuous. And, of course, the sections of E!M are, in
particular, continuous sections of jEj ! jMj:

�.E/ � �cont
�
jEj
�
: (A.3)

To recognize when a section
� W jMj ! jEj

is a section of the pf-vector bundle E, let us fix a vector bundle atlas Qa W E! E�. We look
at the Qa-components .�0; �1; : : :/ of � and we view them as functions depending on the
a-components .x0; x1; : : :/ of x,

�k D �k.x0; x1; : : : / 2 Ek
�
a section over jMj of the pull-back of Ek

�
:

Then, � is a section of the pf-vector bundle E if and only if �k depends only on a finite
number of entries: there exists mk � k large enough and sk as in (A.2) such that

�k.x/ D sk.xnk / 8x 2 jMj:
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Note that the last condition (existence of sk) can also be required only locally – and that
gives rise to what we would call “smooth sections of jEj”, and resulting (strict) inclusions

�.E/ � �smooth
�
jEj
�
� �cont

�
jEj
�
: (A.4)

Example A.16. In Example A.13, if � W E !M is a vector bundle (everything is finite-
dimensional), then each J kE is a vector bundle over M and then

�1 W J
1E !M

becomes a pf-vector bundle (for M , see Example A.12).

Remark A.17 (the structure of �.E/). The immediate structure on �.E/, the space of
sections of a vector bundle E!M over a pf-finite manifold, is the algebraic one: it is a
vector space, and a module over the ring C1.M/ of smooth functions.

On the other hand, each vector bundle atlas a W E ! E� gives rise to a decreasing
filtration of �.E/:

� � � � f2 � f1 � f0 � f�1 D �.E/;

where fk consists of those sections whose k-th component vanishes. To obtain a structure
that is independent of the atlas, one considers the induced, f�-adic topology on �.E/: that
is, the linear topology for which fks form a basis of neighborhoods of the origin. It is a
simple exercise to check that this topology does not depend on the choice of the atlas.

In conclusion, �.E/ is a topological vector space and C1.M/-module. Of course, one
could also say that �.E/ is a topological C1.M/-module, where C1.M/ is endowed
with the discrete topology.

A.3. The tangent bundle and vector fields

There are two basic examples of vector bundles to have in mind. One of them is the trivial
line bundle, where we recover the notion of smoothness for the functions on a pf-manifold;
in this case, the sequence of inclusions (A.4) becomes (A.1).

The other basic example is the tangent bundle of a pf-manifold M. For an intrinsic
approach, one defines TxM as the space of derivations at p, ıp W C1.M/! R, and then
one sets TM D

S
x TxM. It follows that, for any pf-atlas a WM!M�, one obtains a

pf-atlas TM! TM�, where the tangent tower of M� is, of course,

TM� W � � � ! TMk

d�k
��! TMk�1 ! � � � ! TM2

d�2
��! TM1

d�1
��! TM0:

The fact that TM D lim
 ��

TMk is shown in [18] and can also serve as definition of TM
(a less intrinsic but perhaps more practical one).

The tangent bundle gives rise to the notion of smooth vector fields of M and jMj:

X.M/ � X
�
jMj

�
:
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As a particular case of sections of vector bundles, X.M/ is a topological module over
C1.M/. As in the standard situation, vector fields act on smooth functions; and, using
[18, Theorem 3.26], one finds

X.M/ Š Der
�
C1.M/

�
; X

�
jMj

�
Š Der

�
C1

�
jMj

��
:

In particular, vector fields still come endowed a Lie bracket satisfying the standard Leibniz
identity. With the notion of tangent bundle and the Lie bracket of vector fields at hand, one
can talk about distributions and involutivity in pf-manifolds M, Ehresmann connections,
etc.

Example A.18 (The Cartan distribution). We continue with the notations from Exam-
ple A.13, for a fibration � W R!M . Any section � 2 �.R/ induces a section j k� of
J kR!M , and the sections of J kR of this type are called holonomic. The Cartan distri-
bution

Ck � TJ
kR

is defined so that it detects which sections of J kR are holonomic: they must be tangent
to Ck . Actually, one can force this property into the definition and define Ck as the space
of vectors that are tangent to such holonomic sections (another description using 1-forms
will be recalled below). All together define

C1 � TJ
1R

as a distribution on the pf manifold; unlike its finite versions Ck , C1 is involutive.

Example A.19. And here is an interesting example of pf-connection. Consider the pf-
vector bundle J1E !M associated with a vector bundle E !M as in Example A.16.
It is well known that J1E carries a canonical connection

r W X.M/ � �.J1E/! �.J1E/ (A.5)

which can be used, again, to detect the holonomic sections as the ones that are flat w.r.t. r.
Actually, as with the Cartan distribution, this property can be used to force the definition
of r. It is interesting to remark that r is of a true pf-nature: at each level k, it does not
descend to a connection on J kE but to an operator

r
k
W X.M/ � �.J kE/! �.J k�1E/ (A.6)

which is a connection “relative to l W J kE! J k�1E” in the sense that the Leibniz identity
takes the form

r
k
X .f �/ D f r

k
X .�/C LX .f /l.�/:

Similar to the involutivity of the Cartan distribution,r is a flat connection. In the literature,
it is known as the Spencer operator on J1E. The list of literature concerning Spencer
operators is extensive; see, for example, [35].
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A.4. Differential forms

We now move to differential forms. We are interested in the general case with coefficients.

Definition A.20. Let M be a pf-manifold and let E be a pf-vector bundle over M. A q-
differential form on M with coefficients in E is any q-alternating, C1.M/-multilinear
map

! W X.M/ � � � �X.M/„ ƒ‚ …
q times

! �.E/ (A.7)

which is continuous w.r.t. the natural (f-adic) topology on X.M/ and �.E/. We denote by
�q.M;E/ the space of such. When E is the trivial line bundle, we talk about q-forms on
M and we use the notation �q.M/.

Remark A.21. Note that, according to this definition, the continuity of q-forms

! W X.M/ � � � �X.M/„ ƒ‚ …
q times

! C1.M/ (A.8)

appeals to the discrete topology on C1.M/. Without thinking at general coefficients, that
may seem odd; hence, it may be interesting to point out that the actual topology on smooth
functions does not have such a big influence: any other topology that is linear (i.e., makes
the vector space operations continuous) and for which the origin has a neighborhood that
does not contain any line would produce the same result.

Let us concentrate on forms with trivial coefficients R. For a pointwise description,
we will be looking at topological vector spaces V and at q-alternating, R-multilinear,
continuous functionals on V

altq.V / WD
®
! W V � � � � � V„ ƒ‚ …

q times

! R W alternating, R-multilinear, continuous
¯

(where, again, R will be endowed with the discrete topology). Of course, we will be
applying this to the tangent spaces TxM of a pf-manifold M with their natural f-topology.

Remark A.22. WhenV is finite-dimensional endowed with the discrete topology, altq.V /

is simply ƒqV � – but this is a notation that may be confusing if used in the infinite-
dimensional case (note that we are not even interested in making sense of ƒqW for a
general pf-space W , and then apply it to some topological dual V � of V ).

Remark A.23. When looking at topological vector spaces V whose topology can be
described as the f-adic topology induced by a filtration

� � � � f2 � f1 � f0 � f�1 D V

consisting of vector subspaces of finite codimension, then the continuity of a form ! on
V is equivalent to the fact that ! factors through one of the (finite-dimensional) quotients:

Vk WD V=fk :
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In other words, considering the sequence of inclusions induced by the canonical projec-
tions, one has

altq.V0/ ,! altq.V1/ ,! � � � ,!
[
k

altq.Vk/ D altq.V /;

where each Vk is finite-dimensional; hence, altq.Vk/ is the standard ƒqV �
k

.

Proposition A.24. Let M be a pf-manifold. Then,

(a) any ! 2 �q.M/ is pointwise; i.e., there exists a family®
!x 2 altq.TxM/ W x 2M

¯
;

inducing it in the sense that

!.X1; : : : ; Xq/.x/ D !x.X
1
x ; : : : ; X

q
x /

for all X1; : : : ; Xq 2 X.M/, x 2M.

(b) if a W M ! M� is a pf-atlas for M, then any usual differential form at some
level k, � 2 �q.Mk/, can be promoted to a form on M, z� 2 �q.M/, uniquely
characterized by

z�x D �ak.x/ ı
�
.dak/x ; : : : ; .dak/x

�
:

Moreover, the resulting forms exhaust all the differential forms on M:

�q.M0/ ,! �q.M1/ ,! � � � ,!
[
k

�q.Mk/ D �
q.M/:

In this statement, the “inclusions” �q.Mk�1/ ,! �q.Mk/ are, of course, induced by
the projection maps � WMk !Mk�1, but we will omit �� from the notation. Also, in the
previous construction, z� deserves the name a�

k
.�/, but, again, in what follows, we will be

omitting a�
k

(as well as the tilde) from the notation.

Proof. First note that any v 2 TxM can be written as v DXx for someX 2 X.M/. To see
this, at each level k, we look at vk D .dak/x.v/ 2 TxkMk and we consider Xk 2 X.Mk/

extending vk . However, one can proceed inductively and, at each stage, arrange that Xk
is projectable to Xk�1. Then, the Xk’s together define a vector field X with the desired
properties (see also [18, Lemma 3.15]).

This implies the uniqueness of each !x . For the existence, we are left with checking
that !.X;�; : : : ;�/.x/ D 0 whenever X vanishes at x. Using an atlas a W M ! M�,
since ! is continuous, it follows that it vanishes on some fk , for some k. Using C1.M/-
linearity, it suffices to show that

X � f � Y mod fk ; for some f 2 C1.M/ vanishing at x; Y 2 X.M/:

For that, look at the k-th component Xk 2 �.Mmk ; �
�TMk/ and write it as f � Yk for

some section Yk of the same bundle and f 2 C1.Mk/ vanishing at ak.x/; then, extend
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Yk to a Y 2 X.M/ and also interpret f as a smooth function on M. For (b), we have to
check that the resulting z� is continuous, i.e., that it vanishes on some of the members of
the filtration; but it clearly vanishes on fk .

Finally, to see that any ! 2 �q.M/ arises as some z� (living at some level k), choose,
of course, the k so that ! vanishes on fk . And, by the same arguments as above, note that
any Xk 2 X.Mk/ can be realized as the k-th component of some X 2 X.M/ (of course
unique modulo fk).

Note that all the usual operations and formulas valid for differential forms now make
sense in the pf-setting. The ones that are relevant for us in the main body are wedge
products, interior products, Cartan magic formula, de Rham differential, and the Koszul
formula.

Returning now to forms with general coefficients E, it is pretty straightforward to
extend the previous discussion. The bottom line will be that the continuity condition for
a form (A.7) translates into the fact that, for any pf-vector bundle atlas Qa W E! E�, and
for any k, the k-component !k (taking values in �.Ek/) comes from a form at a finite
step mk

!k 2 �
q.Mmk ;Ek/:

More formally,
�q.M�;E�/ D lim

 ��
k

lim
��!
m�k

�q.Mm; �
�Ek/;

where, of course, � D �m;k WMm !Mk is the tower projection.

Example A.25. As in the finite-dimensional setting, connections r on E can be inter-
preted as operators

dr W �.E/! �1.M;E/;

and then they are in 1-1 correspondence with operators on ��.M;E/ satisfying the Leib-
niz identity. Here, all the objects are in the pf-sense; hence, in principle, also the connec-
tions do not have to come from connections on vector bundles Ek . That is a phenomenon
that we have seen already in the case of the standard connection (A.5) on the infinite jet
space J1E. Note that, in that example, dr is reflected at level k as

drk W �.J
kE/! �1.M; J k�1E/:

Example A.26 (Cartan forms). Let us return to a fibration � WR!M as in Example A.13
and we recall the description of the Cartan distribution (see Example A.18) as the kernel
of a 1-form, the so-called Cartan form

! 2 �1.J1RIV/:

First of all, V is the vector bundle over J1R which, at level k, is the vertical bundle of
J kR!M :

Vk
WD T vertJ kR:
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With this, the components of ! will be of type

!k 2 �1.J kRI��Vk�1/

(hence again of pf-nature!), where � is the projection �k;k�1 from J kR to J k�1R. In
particular, for the jet spaces of type J k.M;N / (see Example A.13), !k is given by

!k
j kx f
D dj kx f .p

k;k�1/ � dx.j
k�1f / ı dj kx f .s/: (A.9)

Finally, note that the differential forms in the previous sense are not part of the sheaf
on M viewed as a topological space (which we denote by jMj) but rather of a pf-sheaf on
M viewed as a pf-manifold. Of course,

Op
�
jMj

�
3 U 7! �q.U / (A.10)

is a presheaf.

Definition A.27. The sheaf of q-forms on jMj, denoted by �q
jMj, is the sheaf on jMj

associated with the sheaf (A.10). The space of its global sections is denoted �q.jMj/.
The same applies for forms with coefficients.

While the elements of�q.M/ are q-alternating,C1.M/-multilinear maps (A.8) which
are required to come from a q-form on some Mk , the elements of �q.jMj/ can be
described similarly, but imposing the same condition only locally.

A.5. Inverse pf-sheaves (and vector bundles)

We now move on and discuss the other type of vector bundles and sheaves on pf-mani-
folds: the inverse ones. Here, differently from the case of direct vector bundles/sheaves,
the discussion for sheaves is simpler. Because of this and given the examples that we have
in mind, we concentrate on sheaves first. In Example A.33, we will clarify the relation
between direct and inverse vector bundles/sheaves.

Definition A.28. A sheaf �� on a tower M� is a sequence of sheaves �k on Mk together
with sheaf morphisms �k W ��k�k�1 ! �k for each k.

Given a second sheaf �
0

� on another tower N�, a concrete morphism of sheaves F� W
�� ! �

0

� consists of a strict morphism of towers

f� D ¹fk WMmk ! Nkºk�1 with m1 < m2 < � � �

together with morphisms of sheaves over Mmk

Fk W f
�
k �

0

k ! �mk

satisfying the coherence condition (for the notations, see the explanation below)

�mk ���mk�1
�

oo

f �
k

�
0

k

Fk

OO

f �
k
���

0

k�1

f �
k
�0

oo D ��f �
k�1

�
0

k�1

��Fk�1

OO
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Given another concrete morphism of sheaves G� W �� ! �
0

�, with concrete morphism
of towers

g� D ¹gk WMlk ! Nkºk�1 with l1 < l2 < � � � ;

we say that F� and G� are equivalent if for each k there exists K larger than nk and
lk such that, as in the definition of equivalence of strict morphisms of towers, one has a
commutative diagram

MK

�

||

�

""

Mmk

f

""

Mlk

g

||

Nk

as well as a commutative diagram of sheaves over MK :

�K

���mk

�

66

���lk

�

gg

��f ��
0

k
D ��g��

0

k

��F

gg

��G

77

Finally, a morphism between two sheaves (over towers) is an equivalence class of
concrete morphisms.

As a convention for our diagrams,

• for notational simplicity, we omit the missing indices for �, �0 and the tower projec-
tions � ; on the diagram they should be clear by looking at the domains of the arrows.

• we also denote by � and � the composition of consecutive �k’s and �k , respectively.

And now we move to pf-manifolds.

Definition A.29. Let M be a pf-manifold and let �jMj be a sheaf on the topological space
jMj (underlying M). A pf-atlas for �jMj is a pf-atlas a WM!M� of M, together with a
sheaf .��; ��/ on the tower M� and an isomorphism of sheaves over jMj:

Qa W lim
��!

a�k�k Š �jMj: (A.11)

Two such pf-atlases Qa and Qa0 are said to be equivalent (as pf-atlases for �jMj) if they are
equivalent as sheaves of towers, by isomorphisms that are compatible with Qa and Qa0.

Finally, a pf-sheaf � on M is a sheaf �jMj over jMj together with an equivalence class
of pf-atlases.
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Note that the isomorphism (A.11), hence also the inductive limit there, is within the
category of sheaves; and the connecting maps are induced by the �k’s. This means that
we have morphisms of sheaves

Qak W a
�
k�k ! �jMj

which are compatible with the �ks:

a�
k
�k

Qak

((

�jMj:

a�
k
��
k

�k�1 D a
�
k�1

�k�1

a�
k
�k

OO

Qak�1

66

Furthermore, �jMj is universal among sheaves equipped with such diagrams. The fact that
Qa D lim

��!
Qak is an isomorphism of sheaves boils down to a similar stalk-wise statement.

However, such isomorphisms do not hold at the level of sections; what happens there is
the following:

• the spaces �.Mk ; �k/ form an inductive system

� W �.Mk ; �k/! �.MkC1; �kC1/;

• each �.Mk ; �k/ injects into �.jMj; �jMj/ via the map Qak (and the base map ak)

Qak W �.Mk ; �k/ ,! �
�
jMj; �jMj

�
and, together, one obtains

lim
��!
k

�.Mk ; �k/ Š
[
k

Qak
�
�.Mk ; �k/

�
� �.jMj; �jMj/:

It is not difficult that the resulting subspace of �.M; �/ does not depend on the atlas Qa
of � .

Definition A.30. For any pf-sheaf � on a pf-manifold M, the resulting subspace of
�.jMj; �jMj/ is called the space of (pf-sections) of � , denoted by

�.M; �/ � �
�
jMj; �jMj

�
:

Hence, it consists of sections s of �jMj with the property that for a/any pf-atlas of � , there
exists a k and a section sk 2 �.Mk ; �k/ such that

s.x/ D Qak
�
sk
�
ak.x/

��
:
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Note that the entire discussion about sheaves, starting with Definitions A.28 and A.29,
makes sense if we replace the word “sheaf” by “vector bundles”. The resulting notions
will be coined as inverse vector bundles on towers and on pf-manifolds.

Example A.31. The basic example is, of course, the pf-sheaf of q-forms, denoted by�qM.
The underlying sheaf on jMj is �q

jMj from Definition A.27 and pf-atlases are obtained
from atlases a WM!M� of M, using �qMk

over each Mk (and the required sheaf mor-
phisms are given by pull-back of forms).

Example A.32. Any (inverse) pf-vector bundle E on M gives rise to a (inverse) pf-sheaf
�E of sections.

Example A.33. Any of the usual operations with vector bundles which are covariant in all
arguments (e.g. direct sums, tensor products, tensor powers, etc.) can be lifted right away
to both (direct/inverse) types of pf-vector bundles. The situation is different for construc-
tions that are contravariant in one of the terms – the basic example being that of taking
duals. That is precisely the operation that changes direct vector bundles into inverse ones,
and the other way around.

In particular, we see that for any pf-manifold M, we can talk about T �M, as well as
ƒqT �M, as inverse vector bundles over M. Passing to sections (cf. the previous example),
one recovers the sheaf of q-forms.

A.6. Groupoids and algebroids in the pro-finite context

Most of the basic concepts on Lie groupoids and Lie algebroids can be adapted to the
pro-finite setting in a manner that is rather straightforward, though occasionally tedious.
Furthermore, given the examples we have in mind, and to avoid further complications, in
the main body of the paper, we will not even use some of the most general concepts. For
instance, the most general concept of pf-groupoid †� M comes with †ks, Mks and
the structure maps (source/target, multiplication) are just pf-maps (hence may lower the
index k). However, the examples that we encounter in the main body are most of the time
over a finite-dimensional base M and they are always “strict” in the following sense.

Definition A.34. A strict Lie pf-groupoid is a topological groupoid†�M, where† and
M are pf-manifolds which admit strict pf-atlases, i.e., atlases Qa W †! †�, a WM!M�,
where each †k is a Lie groupoid over Mk with structure maps compatible with those of
† (towers of Lie groupoids). We say that †

• is proper if all the †k �Mk may be chosen to be proper.

• has (cohomologically) l-connected fibers if all the †k �Mk may be chosen to have
this property.

A Lie pf-subgroupoid of † is any subgroupoid ‡ � † which is itself a (strict) Lie
pf-groupoid, such that † admits a strict pf-atlas Qa W †! †� with the property that

Qaj‡ W ‡ ! ‡�

is a strict pf-atlas of ‡ , where each ‡k WD Qak.‡/ is a Lie subgroupoid of †k .
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Similarly, a strict action of such a groupoid on a pf-manifold P is a topological action
of † on P along some pf-map � W P !M, such that there exist atlases for † and M as
above, and for P , such that the action factors through the actions of †k on Pk . We define
strict principal †-bundles and strict (direct/inverse) representations of † on pf-vector
bundles in an analogous way.

Cochains on†with values in a representation E are defined as in the finite-dimensional
case, see (2.16), except that we use sections in the pf-setting; hence, C �.†;E/ is a sub-
complex of C �.j†j; jEj/. The same is true when defining multiplicative forms.

Concerning pf-algebroids A!M, the discussion is again quite similar, although here
we will not restrict entirely to strict ones. Hence, the Lie bracket on �.A/may come from
“brackets”

�.Ak/ � �.Ak/! �.Ak�1/

(hence, the Jacobi identity makes sense only on the entire �.A/). Nevertheless, if †�
M is a strict pf-groupoid, one defined its Lie algebroid A D Lie.†/ precisely as in the
finite-dimensional case, and the outcome will be a strict pf-algebroid. Actually, it is not
difficult to see that, using strict pf-atlases as in Definition A.34, the Lie algebroids Ak D
Lie.†k/!Mk can be used as strict atlases for A (in particular, A D lim

 ��
Ak).

On the other hand, one has to be a bit careful with the Lie functor at the level of
representations, Rep.†/! Rep.A/, since the defining formula (5.2) uses flows. For that
one just remarks that the formula defining r˛.�/.x/ can be described as the differential
at 1x of the map

s�1.x/! Ex ; g 7! g � �
�
t .g/

�
2 Ex ;

applied to ˛.x/.
Here are two results that we use in the main body of the paper.

Lemma A.35. If †�M is a proper strict pf-groupoid and E is any pf-representation,
then Hp.†;E/ D 0 when p ¤ 0, while when p D 0, it is the space of invariant sections
�.E/†.

Proof. When the coefficients are trivial (or constant), we can just appeal to the simi-
lar finite-dimensional result from [12] since, in that case, the cochains are the union of
cochains defined at each step of the tower. This is also enough if the coefficient space is
an inverse sheaf. For coefficients given by a direct vector bundle E, we have to be slightly
more careful. We fix an atlas † ! †� consisting of proper groupoid, with Ek ! Mk

representation of †k �Mk . Let c be a p-cochain with p ¤ 0 such that ı.c/ D 0 and let
n0 < n1 < � � � so that the k-th component of c comes from †nk :

ck 2 C
p.†nk ;Ek/:

Using the properness of †nk , we can write

ck D ı.uk/ with uk 2 Cp�1.†nk ;Ek/:
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We just have to make sure that one can arrange that the two types of resulting Ek-valued
cochains over †nkC1 ,

��.uk/ D uk ı .�; : : : ; �/; � ı ukC1 2 C
p�1.†nkC1 ;Ek/;

coincide (where the first � is the one of the tower†�, while the second is of the tower E�).
We proceed inductively. Once uk was chosen, the previous condition determines part of
ukC1. Actually, let us decompose EkC1 D zEk ˚ Vk , where Vk is the kernel of the map
EkC1 ! Ek , and zEk is a complement which is †nkC1 -invariant (the existence of such
a complement is another consequence of properness – see [13]). The elements v 2 EkC1
will be decomposed as vD v0C v00 according to this direct sum. Then, for the components
of the element ukC1 that we are looking for, u0

kC1
is uniquely determined by the condi-

tion �.u0
kC1

/ D ��.uk/, while when choosing u00
kC1

, the only condition comes from the
requirement ı.ukC1/ D ckC1; i.e.,

ı.u00kC1/ D ckC1 � ı.u
0
kC1/:

Note that the right-hand side is a cocycle with values in Vk (since ı.uk/ D ck). Hence,
using again the result from the finite-dimensional case (for the representation Vk of†nkC1),
one does find the desired Vk-valued cochain u00

kC1
.

The following is a particular case of [12, Theorem 2] (applied to foliations) extended
to the pf-setting.

Proposition A.36. Let � W P !M be a submersion between pf-manifolds. Let C � TM
be an involutive distribution, and consider its inverse

zC WD � Š.C/ WD .d�/�1.C/ � TP :

Assume that the fibers of � are cohomologically l-connected in the pf-sense; i.e., after
passing to pf-atlases, � can be represented by maps whose fibers are cohomologically l-
connected in the usual sense. Then, the map induced by pull-back in the C -cohomologies
(the Lie algebroid cohomologies of the subalgebroids C ,! TM and zC ,! TP )

�� W H�.C/! H�. zC/

is an isomorphism up to degree l and is injective in degree l C 1.

Proof. In principle, we just follow the proof of [12, Theorem 2] in the particular case of
foliations (second part of the proof there), taking care of the pf-version. As there, using
the same construction of the spectral sequence, one reduces everything to proving that

H i .F� ;E/ D 0 for all i 2 ¹1; : : : ; lº;

where
F� WD Ker.d�/
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(another involutive distribution) and E is any pf-vector bundle over M. Here, the coeffi-
cients ��E are endowed with the canonical F� -connection, uniquely determined by the
condition that pull-back sections are flat (and of relevance for us are the cases ED ƒqC ).

As in the proof of the previous result, this follows in principle from its finite-dimen-
sional version. To see this, start with any cocycle ! 2 C i .F� ; ��E/, look at its k-compo-
nents !k , each one of them coming from the complex over some Pnk , and apply the
finite-dimensional result there to write !k D d.�k/ (for that we need the fibers of Pnk !
Mnk to be cohomologically l-connected). Again, one has to make sure that the consecutive
�ks are chosen compatible, but that is done precisely as in the previous proof, just that the
situation is a bit simpler now, because we just need vector bundle complements inside
each EkC1.

Example A.37. We encountered two main examples of groupoids in this paper. The first
example consists of groupoids of germs, which are finite-dimensional but possibly huge
and non-Hausdorff. The second example is given by groupoids that sit inside the tower of
full jet groupoids associated with (finite-dimensional) manifolds X

…k
D …k.X/ WD

®
j kx f W f 2 Diffloc.X/; x 2 domain.f /

¯
;

which are groupoids over X with source s.j kx f / D x, target t .j kx f / D f .x/, and multi-
plication

j kf .x/g � j
k
x f D j

k
x .f ı g/:

For k finite …k inherits a smooth structure from the fact that it sits as an open in the k-jet
space J k.X;X/. Altogether, one has a tower of Lie groupoids

…1 W � � � ! …2
! …1

! …0
D X � X

and …1� B becomes a strict pf-groupoid.
Corresponding to this, there is a pf-vector bundle over X,

T1 W � � � ! T2
! T1

! T0
D TX;

where
Tk
WD J kTX! X

consists of k-jets of vector fields. Each Tk with k finite carries a canonical structure of
Lie algebroid over X – the unique one with anchor projection � D �k;0 WTk!T0 D TX
and with bracket satisfying

Œj kX; j kY � D j k ŒX; Y �:

Of course, when k D1, the previous discussion makes T1 a strict pf-algebroid over X.
Actually, this is precisely the Lie algebroid corresponding to the jet groupoids: the identi-
fication of j kxX with a tangent vector to the s-fiber of …k , at the unit, is

j kxX 7!
d

dt

ˇ̌̌
tD0
j kx .�

X
t /:
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The general discussion of Cartan distributions and forms (see Examples A.18 and
A.26), applied to the first projection RDX�X!X, gives rise to similar objects on…1.
Note that the vertical bundle from Example A.18 becomes the pull-back via t of T1;
hence, using our convention for denoting forms with coefficients in representations, the
Cartan form becomes

!1 2 �
1.…1;T1/

(and, over …k , it becomes a form with values in Tk�1).
The structure that emerges is related to the general discussion of flat Cartan groupoids

from the main body of the paper, as …1 � X becomes a flat Cartan groupoid. The cor-
responding flat Cartan algebroid is .T1;r/ where r is the Spencer operator (A.5) in the
case E D TX.

Example A.38 (Lie pseudogroups). A similar discussion applies to general (Lie) pseu-
dogroups on X (the previous example corresponds to the full pseudogroup Diffloc.X/).
First of all, for any pseudogroup � on X, restricting our attention at the jets of diffeomor-
phisms from � , one obtains the tower of groupoids

J1� W � � � ! J 2� ! J 1� ! J 0�; (A.12)

where each J k� sits inside …k . The only “problem” is that the groupoids J k� may fail
to be smooth manifolds and the maps in the tower may fail to be submersions.

Definition A.39. A Lie pseudogroup on X is any pseudogroup with the property that
J1� is a smooth pf-subgroupoid of …1.

It follows that the corresponding algebroids

Ak WD Lie.J k�/

are Lie sub-algebroids of Tk , that A1 becomes a pf-sub-algebroid of T1, and that the
action of …k on Tk�1 restricts to an action of J k� on Ak�1. Furthermore, the Cartan
forms restrict to similar forms

!k 2 �
1.J k�; t�Ak�1/; !1 2 �

1.J1�; t�A1/;

and the same happens for the Spencer operator on T1.

Remark A.40. Given our convention that all the pf-manifolds are normal, the condition
that � is a Lie subgroupoid includes the condition

J1� D lim
 ��

J k�:

For this reason, it would be desirable to remove normality: this condition is often satisfied,
but there are interesting examples when it is not – e.g. for the pseudogroup �nan of analytic
diffeomorphisms on Rn. In fact, J k�nan D J k�n, but J1�nan is strictly contained into
J1�n: there are formal power series that are not convergent.
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On the other hand, for Lie pseudogroups, J1� is not necessarily infinite-dimensional;
pseudogroups for which it has finite dimension are called of finite type. For instance, con-
sider the pseudogroup in R consisting of (locally defined) diffeomorphisms of type

� W x 7!
ax C b

cx C d
; with a; b; c; d 2 R with ad � bc ¤ 0:

One has
J 1� D …1; J 2� D …2

and, for all k � 2, the projection J kC1� ! J k� is an isomorphism. This follows from
the fact that any diffeomorphism � of the previous type satisfies

�
000

D
3.�

00

/2

2�0
I

hence, all the higher derivatives can be expressed in terms of the first two. Notice that from
this it also follows that the Cartan distribution on J 3� is involutive. Moreover, the isomor-
phisms J kC1� ! J k� , for k � 3, induce the isomorphisms of the Cartan distributions.
This means that the projection

.J1�; !1/! .J 3�; !3/

is an isomorphism of flat Cartan groupoids.
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