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Ahlfors regular conformal dimension and
Gromov-Hausdorff convergence

Nicola Cavallucci

Abstract. We prove that the Ahlfors regular conformal dimension is upper semicon-
tinuous with respect to Gromov—Hausdorff convergence when restricted to the class
of uniformly perfect, uniformly quasi-selfsimilar metric spaces. Moreover, we show
the continuity of the Ahlfors regular conformal dimension in case of limit sets of
discrete, quasiconvex-cocompact group of isometries of uniformly bounded codia-
meter of §-hyperbolic metric spaces under equivariant pointed Gromov—Hausdorff
convergence of the spaces.

1. Introduction

The Ahlfors regular conformal gauge of a metric space (X, d) is the set Far(X, d) of
all metrics on X that are quasisymmetric equivalent to d and are Ahlfors regular. By
definition, a homeomorphism F: (X, dy) — (Y, dy) is a quasisymmetric equivalence if
there exists a strictly increasing map 7: [0, +00) — [0, +00) with (0) = 0 such that

dy (F(x), F(x")) - n(dx(x,x/))
dy (F(x), F(x")) — \dx(x,x")

for every x, x’, x” € X with dy(x, x”) > 0. The notion of quasisymmetric maps was
introduced in [25], and it has played an important role in the study of quasiconformal
structure on metric spaces. The Ahlfors regular conformal dimension of a metric space
(X, d) is defined as

(1.1) CD(X,d) := inf{HD(X, d’) such that d’ € gar(X,d)},

where HD denotes the Hausdorff dimension. In general, £ar (X, d) can be empty, imply-
ing CD(X, d) = +o00. On the other hand, the conformal dimension of every doubling,
uniformly perfect metric space is always finite by Corollary 14.5 in [17]. There is a spe-
cial class of metric spaces that are doubling and uniformly perfect: the class of perfect
quasi-selfsimilar metric spaces (see Proposition 2.2).
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Definition 1.1. Let pg > 0 and Lo > 1. A compact metric space (X, d) is said to be
(Lo, po)-quasi-selfsimilar (shortly, (Lg, po)-q.s.s.) if for every open ball B(x, p) in X
with 0 < p < py, there is a map ®: (B(x, p), (po/p) - d) — X which is Ly-biLipschitz
and is such that ®(B(x, p)) 2 B(P(x), po/Lo).

The notation (pg/p) - d means the metric obtained by multiplying the original metric d
by the positive number pg/p. In other words, a metric space is (Lg, po)-quasi-selfsimilar
if every ball of radius smaller than pg is, up to rescaling it to the right size, biLipschitz
comparable to a ball of radius exactly pg of the same space.

This notion arises naturally in the study of limit sets of Gromov-hyperbolic groups and
semi-hyperbolic rational fractions, see [1, 3, 16, 24]. Examples of spaces that are quasi-
selfsimilar include Lipschitz manifolds with uniform Lipschitz constants and a positive
lower bound on the injectivity radius, simplicial complexes with a metric of fixed constant
curvature on each simplex and a lower bound on the injectivity radius, self-similar fractals,
boundaries of cocompact Gromov-hyperbolic spaces, and Julia sets of semi-hyperbolic
rational fractions. If one puts natural geometric constraints to each of the above classes,
then it is possible to quantify the quasi-selfsimilarity constants in terms of the constraints.

For perfect quasi-selfsimilar spaces that are connected and locally connected, the
Ahlfors regular conformal dimension CD(X, d) can be equivalently computed as the
infimum of the Hausdorff dimension of all metrics d’ that are quasisymmetric to d, but
not necessarily Ahlfors regular. This is proved in Theorem 1.6 of [15].

The aim of this paper is to study the behaviour of the Ahlfors regular conformal dimen-
sion on quasi-selfsimilar metric spaces under Gromov—Hausdorff convergence, whose
definition will be recalled in Section 5.

Theorem A. Let (X, d,) be a sequence of compact, ag-uniformly perfect, (Lo, po)-
q.s.s. spaces. Suppose it converges in the Gromov—Hausdorff sense t0 (Xoo, doo). Then
CD(Xoo, doo) = limsup,, , , o CD(X,, dy).

For quasi-selfsimilar spaces, uniform perfectness is quantitatively equivalent to a uni-
form lower bound of the diameter of the balls B(®(x), po/Lo) appearing in Definition 1.1,
see Proposition 2.2.

Theorem A is false if the spaces are not (Lg, pg)-q.s.s.: the sequence X, = [0, 1/n]
C R converges in the Gromov-Hausdorff sense to X, = {0}, but CD(X,,,dg) = 1 for
every n, while CD(X, dg) = 0. Here, dg is the standard Euclidean metric. Moreover,
the upper semicontinuity in Theorem A cannot be improved to continuity in general.

Example 1.2. Let X,, be the set built in this way: we start with [0, 1], and we remove
the central segment of length 1/(2n + 1). We do the same for each of the two remaining
parts. We continue this procedure infinitely many times and we call X, the resulting metric
space endowed with the Euclidean metric dg. For instance, X is the standard Cantor set.
The sequence X, is made of compact, uniformly perfect, quasi-selfsymilar spaces with
uniform constants. It converges to X = [0, 1] in the Gromov—Hausdorff sense. However,
CD(X,,,dEg) = 0 for every n by Proposition 15.11 in [13] (see also Theorem 2.16 in [5]),
while CD(Xoo,dEg) = 1.

On the other hand, we have continuity in a particular setting. In [8], the author studied
the class M (6, D) of triples (X, x, '), where X is a proper §-hyperbolic metric space, I is
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a discrete, non-elementary, quasiconvex-cocompact, torsion-free group of isometries of X
with codiameter bounded above by D, and x belongs to the quasiconvex hull of the limit
set A(I"). We refer to Section 6 for more details about these terms. One of the main
results of [8] is the closure of M (S, D) under equivariant pointed Gromov—Hausdorff
convergence. We refer to Section 6 for the precise definition; let us just mention here
that, if we denote by Br(x, r) the subset of elements y € I' moving x € X less than r,
saying that a sequence of groups (I';, X;) converges towards a limit action (I'eo, Xo0)
simply means that there exist Gromov-Hausdorff e-approximations f: Bx, (x;,1/¢) —
By, (xo0, 1/¢) between larger and larger balls of X; and X, centered at basepoints x;
and X, which are e-equivariant with respect to maps ¢: Br; (x;, 1/¢) — Br,, (X0, 1/€)
(that is, with an equivariancy error smaller than ¢), for ¢ — 0.

Under this convergence, it is possible to prove that the limit sets A(I',) and A(T'so)
are quasisymmetric equivalent for n big enough (see Section 6.1). As a consequence, we
get the following.

Theorem B. Let (X,, x,, I'n) € M(S8, D) be a sequence of triples converging in the
equivariant pointed Gromov—Hausdorff sense t0 (Xoo, X00, L 00). Then, for suitable met-
rics, the sequence A(T'y) is uniformly perfect and uniformly q.s.s., and converges in the
Gromov-Hausdorff sense to A(I'so). Moreover, CD(A(I's)) = CD(A(I'y)) for n big
enough.

Here the Ahlfors regular conformal dimension is computed with respect to any visual
metric on the limit sets, see Proposition 6.3 and the discussion below. Motivated by The-
orem B, we propose the following question.

Question 1.3. Are there conditions on the metric spaces X, that ensure continuity of the
conformal dimension under Gromov—Hausdorff convergence?

It is useful to consider the following example (the author thanks M. Murugan for
bringing the reference [26] to his attention).

Example 1.4. Let us repeat the construction of Example 1.2 in dimension 2. For every n,
we define X, in the following way: we start with [0, 1]%, we divide it into 1/(2n + 1)?
squares and we delete the central one. Now we do the same for every remaining squares.
We repeat the procedure infinitely many times. We endow X,, with the Euclidean met-
ric dg . For instance, the space X is the standard Sierpiriski carpet. The sequence (X, dEg)
converges in the Gromov—Hausdorff sense to Xo, = [0, 1]2, whose Ahlfors regular con-
formal dimension is 2. In this case, we have lim,— 4 CD(X},,dg) = 2 by a well-known
argument (see, for instance, Theorem 3.4 and Example 3.2 in [26]).

We will briefly discuss Question 1.3 and the example above at the end of Section 5.

2. Preliminaries

We denote a metric space by (X, d). The open (respectively, closed) ball of center x € X
and radius p > 0 is denoted by B(x, p) (respectively, B(x, p)). Givenr > 0and Y C X,
we say that a subset S of Y is r-separated if d(x, y) > r forall x, y € S, while a subset N
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of Y isar-netifforall y € Y there exists x € N such that d(x, y) <r.Itis straightforward
from the definitions that a maximal r-separated subset of Y is a r-net.

A metric space (X, d) is said D-doubling if the cardinality of any (p/2)-separated
subset inside any ball of radius p is at most D.

A metric space (X, d) is perfect if it has no isolated points, while it is said a-uniformly
perfect,0 <a < 1,if B(x,p) \ B(x,a-p) # @ forall x € X and 0 < p < Diam(X), where
Diam denotes the diameter. Clearly, every uniformly perfect metric space is perfect.

Gromov—Hausdorff convergence will be considered in the class of compact metric
spaces. A pointed and equivariant version will be defined in Section 6. Let (X, dy) and
(Y, dy) be two metric spaces, and let ¢ > 0. A g-approximation from X to Y is a function
f:X — Y such that

o |dy (f(x1), f(x2)) —dx(x1,x2)| < eforall x1,x2 € X;
e forall y € Y, there exists x € X such that dy (f(x), y) < &.

A sequence of compact spaces (X, d,) converges in the Gromov—Hausdorff sense to
the compact space (Xoo, doo) if for every € > 0, there exists n, > 0 such that if n > n,,
then there is a e-approximation f,: X, — Xoo. In this case, we use the notation

(Xn,dn) ﬁ (Xoo, doo).

2.1. Ahlfors regular spaces

A metric space (X, d) is said (A, s)-Ahlfors regular, for given A, s > 0, if there is a
measure @ on X satisfying

1
1 o = u(B(x,p) < A-p°
forall x € X and all 0 < p < Diam(X). The following lemma is classical.

Lemma 2.1. Let Ag > 1 and 5o > 0. Then there exists 0 < ag = ag(Ag, So) < 1 such that
every (A, s)-Ahlfors regular metric space (X, d) with A < Ay and s > sg is ag-uniformly
perfect.

Proof. We claim that (X, d) is a-uniformly perfect for all @ < A~2/%. Indeed, for every
such a, for every x € X and every 0 < p < Diam(X), we have

_ 1 1
p(B(x.p) =z —p* and p(B(x.a-p) =A-a’p’ < —-p".

Hence j.(B(x, p)\ B(x,a - p)) > 0, and in particular, this set is not empty. It is then clear
we can choose every ag < AO_2 5o, [

2.2. Quasi-selfsimilar spaces

We collect now some basic properties of the quasi-selfsimilar metric spaces from Defini-
tion 1.1. We say a quasi-selfsimilar metric space (X, d) has diameters bounded below by
some co > 0 if the ball B(®(x), po/Lo) that appears in Definition 1.1 has diameter > cq
for every x € X and every 0 < p < po.
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Proposition 2.2 (Compare with Lemma 2.2 and Proposition 2.3 in [5]). Let (X,d) be a
quasi-selfsimilar metric space as in Definition 1.1. Then

(1) it isdoubling;

(1) if it is perfect, then it is uniformly perfect;

(iii) it is uniformly perfect if and only if it has diameters bounded below, quantitatively
in terms of the relative constants and the diameter of X.

Proof. 1f (i) is not true, then for every n € N, there exist x, € X and p, > 0 such that
there is a (p,/2)-separated set inside B(x,, p,) of cardinality > n. Up to passing to a
subsequence, we can suppose that lim,_, 4 oo pn = poo € [0, +00) and that x, converges
t0 Xoo € X. If poo > 0, then X is not totally bounded, a contradiction. If pso = 0, we
can find Lg-biLipschitz maps ®,: (B(xy,, pn). (po/pn) - d) — X. Hence there exists a
(po/2Lg)-separated set inside B(®,(x,), Lopo) with cardinality > n. Once again, this
contradicts the compactness of X.

Now we show (ii). Since X is perfect and compact, we have the following property, as
in Lemma 2.2 of [5]: for all p > 0, there exists d(p) > 0 such that Diam(B(x, p)) > d(p)
for every x € X. Suppose now X is not uniformly perfect: then for all » € N, there exist
X, €X and 0 < p, < Diam(X) such that B(x,, pn)\ B(xp, pn/n) = @. Up to taking a
subsequence, we can suppose that x,, converges to X, and p, converges to poo. SUppose
first poo > 0. Let y be a point inside B(Xo, poo)- It also belongs to B(x,, p,) for n big
enough, and so it belongs to B(x,, p,/n). In other words, d(Xs0, V) < d(X00, Xn) + pn/n
for every n big enough, i.e., d(Xo0, ¥) = 0 and x is an isolated point. This shows that X
is not perfect, a contradiction. Suppose now ps, = 0. For all n big enough, we take the
map ®,: B(xy, pn) — X given by Definition 1.1. Therefore

B(q>n(xn)’ Z_(:)) C @, (B(xn, pn)) = Oy (B (xn, %))

From one side we have Diam(B(®(x,), po/Lo)) > d(po/Lo) > 0 for every n. On the

other hand,
2
Diam(an(B(xn,p—n)>) <Ly,
n Pn n n—>+oo

which is a contradiction.

Finally, we prove (iii). Let us suppose X has diameters bounded below by c¢q > 0. We
fix x € X and 0 < p < pg. We take the map ®: B(x, p) — X given by the definition of
quasi-selfsimilarity. Since ®(B(x, p)) contains a set with diameter > cq, then there exists
y € B(x, p) such that d(®(x), ®(y)) > co/2. Therefore

1 c
dx.y) 2 — L2 = a(Lo. po.co) - p.
Lo po 2
with 0 <a(Log, po,co) =:a < 1. If p is bigger than pg, then we apply what said above to pg
finding B(x, po)\ B(x,a - po) # 0, so B(x, p)\ B(x, % - p) # 0. Since X is compact,

we have
4-Po _ _4-Po

o~ Diam(X)

=:a9 >0,
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showing that X is ao-uniformly perfect and that a¢ depends only on Lo, po, o, and
the diameter of X. Vice versa, if X is ag-uniformly perfect, then B(®(x), po/Lo) \
B(®(x),a9 - po/Lo) # @ for all x € X and & as in Definition 1.1. Therefore,

Diam(B (CID(x), Z—Z» > ap - Z—(:) =:(op. [
We remark that the diameter bounded below condition is part of the definition of quasi-
selfsimilar spaces in [20] and in [5]. However, the definition in [20] differs from the one in
Definition 1.1 from the fact that ®(B(x, p)) is required to contain an open set of diameter
bounded from below, but which is not necessarily a ball. When an upper bound on the
diameter of the metric space is fixed, the diameter bounded below condition is equivalent
to bounded uniform perfectness of the metric space by Proposition 2.2. For instance, in the
context of Theorem A, there is a uniform upper bound on the diameter of the spaces X,,,
since they are converging in the Gromov—Hausdorff sense to the compact space X, SO
the spaces X, have all diameter bounded below by some ¢ > 0 if and only if they are all
ap-uniformly perfect for some 0 < ag < 1.

3. Combinatorial modulus

It is known that the conformal dimension of a metric space is closely related to the com-
binatorial modulus, see for instance [3, 6,22] and the references therein. In this section,
we recall the definition of combinatorial modulus and we prove some technical lemmas.

From now on, we fix a D-doubling metric space (X, d). For every k € N, we choose
a finite 10~*-net X}, of X. To simplify notation, given a real number A > 0 and k € N, we
will denote by B; x (x) the open ball of center x and radius A-107% namely B(x,A-107%).
The same convention holds for closed balls.

A (A, k)-path is a finite collection y = {gq; }jM:0 of elements of X} satisfying B x(q;)
NBjyx (gj+1) #@forall j =0,...,M — 1. The points go and gps are called, respectively,
the starting and the ending point of the path.

Given two subsets £, F € X, we denote by Py x(E, F) the set of (A, k)-paths with
starting point in £ and ending point in F'. We denote by +, i (E, F') the set of admissible
functions, i.e., functions f: X — [0, +00) such that Zf‘io f(qi) = 1 forevery {qi}f‘io €
Py k(E,F).

Given a real number p > 0, we define

-Mod, x(E, F) = inf 7,
p-Mod;  (E, F) fem’k(E,F)qgk /@

and we call it the p-modulus of the couple (E, F) at level (A, k). The infimum is actually
realized: any admissible function realizing the minimum is said optimal. If there are no
(A, k)-paths joining E and F, we set p-Mod; x(E, F) = 0.

Lemma 3.1. If E' € E and F' C F, then p-Mod, ¢ (E', F') < p-Mod; i (E. F).

Proof. If Py x(E', F') = @, then the result is trivial by definition. Otherwise, every path
in Py x(E’, F') belongs to P, x(E, F). This implies that A, x (E, F) C A, x(E', F'),
and the result follows from the definition. [
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Let1 < L < L; be two real numbers. For every i € N and every point y € X;, we set

p-Mod; ;2 (y) := p-Mody i 4 (BLy,i (), X\ BL,,i ().
We remark that this is a modulus at level (A,i + k). Finally, we define

p-Modilk’L2 (X) = sup sup p-Modﬁk’L2 (y).
ieN yeX;

We want to control how this quantity changes when L1, L, and A change. We recall that D
denotes the doubling constant of X.

Lemma 3.2 (Lemma 4.4 in [5]). Letk, A and p be fixed quantities as above. Let 1 < L’ <
Ly < Ly < L),. Then there exist £ € N and C > 0, depending only on Ly, L', L, L,

and D, such that
p-Mod/I{}k’L2 (X) < p-Mod)LL,lk’L2 (X)

and oy

p-Modf k2 (X) < € - p-Mod; > (X).
Proof. Forevery y € X;,i € N, we have that ELrl,,-(y) C Byr,.i(y)and X\Br,i(y)
X\ Br,,i(¥), so the first inequality follows by Lemma 3.1.

In order to prove the second inequality, we define £ as the minimum integer satisfying
107t < (L, — Li)/(Ly+ L}). Wefix y € X; for some i € N, and we consider the set

Xite(y) = {z € Xjy¢ suchthat By ;4¢(2) N BL,,i(y) # 0}

We fix any (A,i + £ + k)-path y = {gq; jM=0 joining B, ;(y) and X \ BL,.;(y). This
means in particular that d(y,qo) < L1 -107" and d(y,gm) = Lo -107'. We can find z €
Xi ¢ suchthatd(z,qo) < 1071¢, s0 by definition, z € X;4¢(y). We claim that the (A,i +
€ + k)-path y joins By ;4,(z) and X\ Bp; ;1(z). Indeed, we know that d(z. go) <
10717t < L - 107=*. Moreover, d(z,y) < Ly - 107 + L - 107=*. Therefore,

d(z.qn) > Ly 107 — Ly 107 — L} . 107~ > L, - 107~

by the choice of £. This means that any path y € Py ; y¢4% (BL,.i(»), X\ BL,.;(y)) belongs
to PA,i+Z+k(§L’1,i+€(Z)v X\ Bry,i+((2)) for some z € X;14(y).

For each z € X;1¢(y), we take optimal functions f; € 'A’A,i+€+k(EL’l,i+£(Z)’ X\
By i+¢(2)), and we define the function f:Xiverr — [0, +00) as

f(@) = max fz(q).

€Xi1e(»)

We claim that f € A3 ;1 ¢+x(BL,.i(¥), X \ BL,.;(¥)). Indeed, every path {q_,-};u=0 €

Priverk(BLi(y), X\ BL,,i(y)) belongs to Py i ok (Brr i4¢(2), X \ By i 44(2)) for
some z € X;¢(y), therefore

M M
S fa) = fog) = 1.

J=0 J=0
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Finally, we have

o f@r= ) max fi@"< Y. Y f@7

z€Xi+e(y)

qE€Xi itk q€Xiti+k z€X; ¢ (¥) 9€Xi o+
LY.L, Ly, L)
= Z p-Mod; i (z)<C - p-Mod; i/ (X),

z2€Xi1e(»)

where C is a constant depending only on the doubling constant D, on £ and on L. This

shows that iy
p-Mod; 52 (y) < C - p-Mod, ;72 (X).

Since this is true for every y € X; and for every i, we get

pMod} "% (X) < C - p-Mod; "> (X). .

Lemma3.3. Letk €N, p>0,1 <Ly <Lyand2 < X <M. Then there exist { € N and
C > 0, depending only on A, A" and D, such that

p-ModE122(X) < p-ModLE2 (X)
and
p-Mod 172 (X) < C - p-Mody ;"2 (X)
for all k > ko = log,o(1217)-

Proof. Forevery y € X;,i € N, we have

Pik(BL,,i(»), X\ BL,.i(»)) € Py x(Br,,i(»), X\ BL,.i()).

Therefore, arguing as in the proof of Lemma 3.1, we get

Ly, L L, L
p-Mod; ;™2 (y) < p-Mod;/' ;™2 (v).

Taking the supremum on i € N and y € X;, we obtain the first inequality.
In order to show the second inequality, we define £ as the smallest integer such that
A’ -107¢ < 1 /2 — 1.Ttis well defined since A > 2. We restrict the attention to the integers k
bigger than kg, so that 10_"_< (Ly—L1)/2. Wefixye X;,i e N,anda (A',i +k + £)-
path y = {qj}jM=0 joining Br, ;(y) to X\ Br,,;(y). Forevery j =0,..., M, we take a
point §; € X; 1 suchthatd(q;j,q;) < 107175 We claim § = {qj}j‘io isa (A,i + k)-path
joining EL’l,i(y) to X\BL/Z,,-(y), where L) = Ly + 107% and L,=1L,— 107%. Indeed,
we have
d(y,Go) < d(y,qo0) +d(qo,Go) < L1-107 +107 7% =L} . 107,

d(y.Gm) = d(v.qm) —d(qm.Gar) = L2 - 107 —1077% = L5 - 107,
and
d(qj.qj+1) = d(q;.qj) +d(qj.qj+1) + d(qj+1.Gj+1)

. . . 2 . .
<2-107 % 42107 F L <2107k ¢ 2(5 —~ 1) 1077k = 4107k

forevery j =0,..., M — 1. Observe that the condition on k implies L] < L.
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We are ready to compare the combinatorial moduli. We take an optimal function f €
Anri+k(Brr i (y), X\ By, ;(y)), and we define the function f: X;1x1¢ — [0, +00) by

f(q) = max{f(c]) such that § € X; 1 and d(q.§) < 1077k},
First of all, we show that f € ), ,+k+4(BL1,,(y) X\ Br,,i(y)). Indeed, we have seen
that given any (A’,i + k + {)-path {g; }] —o joining Br,.i(y)to X\ Br,.;(y), there is an
associated (4,7 + k)-path {g; }j —o joining BL/I,l (y)to X\ By, ;(y) such thatd(q;.q;) <
10~~* for every j = 0,..., M. Therefore, by definition of f, we have

M M ~
PSICHED AN ERS
j=0 j=0
Finally, we observe that
p-ModiilR(n < Y @ =C Y fP@
qE€EX 1+t GeXivk

=C'. pMod 2(y)<C’ pModkalz(X)

where C’ is a constant depending only on D and £. Since this is true for every y € X; and
for every i € N, we conclude that

p-ModLiE2,(X) < €'+ p-Mod} "2 (x).

This inequality is true for all k > ko. Choosing L] = L; 4+ 107%0 and L] = L, — 1070,
one concludes, using the easy inequality in Lemma 3.2, that

L L//
p- Mod/l, k%(X) <C’p- Mod/l v 2(X)

for all k > ko. An application of the non-trivial inequality of Lemma 3.2 concludes the
proof. ]

In order to normalize the notation, from now on we choose, for technical reasons,
A =10,L; =3, L, = 4, and we set

p-Modg (y) := p-Modyg,i 14 (B3,i(¥). X \ Ba.i(¥))
for every i € N and every point y € X;. In the same way, we put

p-Mody (X) = sup sup p-Modg(y).
ieNyeX;

4. Combinatorial modulus on quasi-selfsimilar spaces

In this section, we consider the class of quasi-selfsimilar metric spaces as given in Defin-
ition 1.1. On these spaces, the computation of the combinatorial moduli is easier. Before
that, we need an easy result.

Lemma 4.1. If X is (Lo, po)-g.s.5., then it is (Lg, p1)-q.s.s. for every 0 < p; < po.
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Proof. We fix x € X and 0 < p < p;. We apply the definition of (Lg, pg)-quasi-self-
similarity to the ball B(x, %p): we can find a Ly-biLipschitz map

(D:(B(x,%p),%-d>—>X

such that ®(B(x, Z—? P)) 2 B(®(x), po/Lop). Then it is straightforward to see that the
restriction of ® to (B(x, p), (p1/p) - d) is still Lo-biLipschitz. We now take a point
z € B(®(x), p1/Lo). We know there exists a point y € B(x, Z—‘;p) such that z = ®(y). By
the property of ®, we get d(x, y) < p. This shows that ®(B(x, p)) 2 B(®P(x),p1/Lg). =

Let X be a (Lo, po)-q.s.s. space.

We denote by iq the smallest integer such that 2(Lo + 5) - 1070 < p,. We define
Io = {i € Nsuchthat (Lo + 5)-107 > 107}, Observe that the set Iy is of the form
{1,...,no}, where ny depends only on L¢ and pg. We fix this value of n¢ for the rest of
the section. We set

p-Mody (X, ng) := sup sup p-Modg(y).
i<ng yeX;
The following is the main result of the section: it allows to use the fixed sizes up to ny
to estimate the combinatorial modulus. Since the explicit doubling constant of our metric
space plays an important role, we sometimes add it in the definition: we say a metric space
is (Lo, po, Do)-q.s.s. if it is (Lo, po)-q.s.s. and Dy-doubling.

Proposition 4.2. Let X be (L, po, Do)-q.s.s. Then there exist a constant Cy > 1 and an
integer £y, both depending only on Lo and Dy, such that

p-Mod 44, (X, n9) < p-Modg4¢,(X) < Co - p-Modg (X, no)
for every integer k > 1.

Proof. The first inequality is trivial, since we are doing a supremum among less elements.
In order to show the second inequality, we fix i € N and y € X;. Clearly, we can suppose
thati > no. By Lemma 4.1, we know that X is also (Lo, 2(Lo + 5)?-10770)-q.s.s.. Since
2(Lo +5)%-107% < 2(Lg + 5)% - 107", then there is a L¢-biLipschitz map

107

@: (B(y,z(L0 +5)3.107), T o1

d)—>X.

We choose a point x € Xj, such that d(x, ®(y)) < 107 We consider a (10, + k)-path
{g; }jM=0 joining B1,;(y) to X \ B(,+5)3,;(»). This means that

* qo € B(y,107) and gar ¢ B(y, (Lo +5)°-107");
« B(q;j,10-1077%) N B(gj+1,10-10777%) £ @ forevery j = 0,..., M — 1.
Suppose that g; € By(1,,+5)3,i(y) for every j = 0,..., M. Then we can choose a

point §; € X;,4+x—1 such that d(g;, ®(q;)) < 1070*+1 forevery j =0,..., M. By the
property of ®, we get
(Lo + 5)*

L . .
d(®(y), ©(q0)) = o i £ 107% and d(®(y). P(gm)) = I, 107",
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Therefore we have

d(x,4o) < d(x,®()) + d(®(y), ©(q0)) + d(P(q0). Jo) < 3- 107,
d(x, ) = d(@(y), ©(gm)) —d(x, D(y)) —d(P(qm). Gm) = (Lo +3)107° = 4-107%.

Moreover, we know that d(q;,q;4+1) <20- 107"% forevery j =0,..., M — 1. Therefore
we get

d(Gj.q4j+1) = d(q;, ®(q;)) + d(P(q;). P(qj+1)) + d(P(gj+1).Gj+1)
< 1070~k +1 4 20 1070k 4 ook FL < 1. 1ok,

In other words, {g; }ino isa (10, ip + k — 1)-path joining §3,,~0 (x) to X \ B4, (x).
We take an optimal map f € A10,ig+k—1 (§3,i0 (x), X\ By,iy(x)). We define the map
S Xitrx = [0, 400) by

flg) = max{f(cj) 1§ € Xig+k—1 N B(®(q), 10~To—k+1)y

ifg € B(y,2(Lo + 5)%-107%) and 0 otherwise.

We want to show that f € oA; 1 (B1.;(y), X\ B(L,+5)3,i (). We consider any path
{qj};uzo € Plo,i+k(E1,i(y), X\ B(1y+5)3,i (¥)). First of all, we can extract the minimal
subpath {qj};.”:/() such that g & B(ry+5)3,i(y). Clearly, if Z}io f(g;) = 1, then also
Z,-M=0 f(gj) = 1, so it is enough to check the admissibility condition on this minimal
subpath. For such a minimal subpath, we can construct the path {g; WM ’0 as in the first part
of the proof, since ¢; € By(r,+5)3,;(y) forevery j =0,..., M’. By definition, it holds

M’ M
Y fap =D fa) =1
j=0 j=0

Moreover, we have

Y f@P =’ Y f@P =C' p-Modg_1(x) < C'- p-Mody_;(X. no).

q€Xitk GE€Xig+k—1

since x € Xj, and 1 < iy < ng by definition. Here C’ is a constant depending only on Dy.
By the arbitrariness of i € N and y € Xj;, we conclude

p-Modl L9 (X) < €'+ p-Modg_; (X. no)

for every k > 1. Using Lemma 3.2, we obtain the second inequality; indeed,

p-Mody (X) = p-Mod3t, (X) < C - p-Mod} 35257 (X) < C - C"- p-Mody_1 (X.no).

where C and ¢ are constants depending only on Lo and Dy. The thesis follows choosing
Co=C-C'and{y=4¢+1. n

The Ahlfors regular conformal dimension of a compact, doubling, uniformly perfect
metric space (X, d) coincides with the critical exponent of the combinatorial modulus.
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Theorem 4.3 (Theorem 4.5 in [5]). Let (X, d) be a compact, doubling, uniformly perfect
metric space. Then

CD(X,d) = inf {p > 0 such that Ilcim inf p-Modg (X) = O}.
—>+o0

By Lemma 3.2 and Lemma 3.3, the right-hand quantity does not depend on our specific
choices of A = 10, L; = 3 and L, = 4 in the definition of p-Mod(X): the critical
exponent associated to any other admissible choice of A, L; and L, equals the Ahlfors
regular conformal dimension of (X, d). Moreover, following again [5] and [3], in the
quasi-selfsimilar setting it is possible to find a uniform estimate which will be the key
ingredient of the proof of Theorem A.

Proposition 4.4. Let (X, d) be a perfect (Lo, po, Do)-g.s.s. metric space and let p <
CD(X, d). Then there exists a constant Lo, depending only on Dy, Lo and p, such that

p-Mod (X, ng) > Ao >0
for every k > 0.

Proof. The space (X, d) is uniformly perfect and doubling, by Proposition 2.2, so the
Ahlfors regular conformal dimension of (X, d) can be computed as in Theorem 4.3. The
result follows by a submultiplicative estimate. Lemma 4.9 in [5] proves

p'MOd}ék+h(X) <C -p-Modi(l)’/,lo’”/lO(X) . p-Modib‘th(X)

for all k, h > 0. Here C is a constant depending only on p and Dy. Applying Lemma 3.2,
we get
p-Modg44(X) < C' - p-Modg—¢(X) - p-Modj(X)

for all k > £ and h > 0, where C’ is a constant depending only on p and Dy, and £ is a
universal constant. Let us denote by aj the quantity p-Modg (X ). The inequality above is
apsn < C'-ap_yg-ap. By Theorem 4.3, liminfg_, 4 oo @ > 0 since p < CD(X, d). This
implies that ag > 1/C’ for all k > 0. Indeed, if there exists k > 0 such that C’ - a; < (1 —¢)
for some ¢ > 0, then

ane+ey < C'-ax - am-1yge+e < -+ = (1 —&)"

for all n € N. Therefore the subsequence {a,k+¢)}nen Would converge to 0, which is a
contradiction. Hence we have found a constant A > 0, depending only on p and Dy, such
that a; > A for all kK > 0. An application of Proposition 4.2 gives the thesis. ]

5. Upper semicontinuity of the conformal dimension

Our scope is to study the behaviour of the Ahlfors regular conformal dimension under
Gromov—Hausdorff convergence. For technical reasons, it is often useful to study ultralim-
its instead of Gromov—Hausdorff limits. It essentially avoids to extract converging sub-
sequences. For more detailed notions on ultralimits, we refer to [14] and [10]. A non-
principal ultrafilter w is a finitely additive measure on N such that w(A4) € {0, 1} for
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every A € N and w(A) = 0 for every finite subset of N. Accordingly, we write w-a.s. and
for w-a.e.(n) in the usual measure theoretic sense.

Given a bounded sequence (a,) of real numbers and a non-principal ultrafilter w, there
exists a unique a € R such that for every & > 0 the set {n € N such that |a, — a| < €} has
w-measure 1, see, for instance, Lemma 10.25 in [14]. The real number a is called the
ultralimit of the sequence a;, and it is denoted by w-limay,.

If (X,,dy, xp) is a sequence of pointed metric spaces, we denote by (X, dy, Xo)
the ultralimit pointed metric space. It is the set of sequences (y,), where y, € X,, for
every n, such that w-limd (x,, y,) < +00, modulo the relation (y,) ~ (y;,) if and only if
w-limd(yn. y,) = 0. The point of X,, defined by the class of the sequence () is denoted
by Yo = w-lim y,. The formula dy,(w-lim y,, -lim y;,) = w-lim d(y,, y,) defines a
metric on X, which is called the ultralimit distance on X,.

The relation between Gromov—Hausdorff convergence and ultralimits is summarized
here.

Proposition 5.1 (Proposition 3.11 in [18] and Proposition 3.13 in [8]). Let (X,, dy, x»)
be a sequence of pointed, compact metric spaces, and let w be a non-principal ultrafilter.

1) If (Xn,dpn) a (Xoo, doo), then (X, dy) is isometric to (X, dso). In particular,
the ultralimit does not depend on the choice of the basepoints.

(i) If (Xw,dw.Xe) is compact, then (Xp, ,dn, ) Q(X“” dy) for some subsequence {ny}.

Let (Xn,dx,, xn), (Yn, dy,, yn) be two sequences of pointed metric spaces, and let w
be a non-principal ultrafilter. A sequence of maps f,: X,, — Y}, is said admissible if
w-limdy, (f,(xn), yn) < +00. A sequence of admissible L-Lipschitz maps f, defines a
L-Lipschitz map f,, = w-lim f,: (X, Xw) = Yo, Vo) by fo(o-limx,) = o-lim f,(x,).

The class of uniformly perfect (Lg, po)-quasi-selfsimilar metric spaces is closed under
Gromov—Hausdorff convergence.

Proposition 5.2. Let (X,,d,) be a sequence of compact, ag-uniformly perfect, (Lg, po)-
q.s.s. metric spaces. Suppose it converges in the Gromov—Hausdorff sense to a metric
space (Xoo, doo). Then (Xoo, doo) is a compact, ag-uniformly perfect, (Lo, po)-q.s.s.
metric space.

Proof. The set X, is compact by our definition of Gromov—Hausdorff convergence. We
fix a non-principal ultrafilter v and we call X, the ultralimit space: it does not depend
on the basepoints, and it is isometric to X, by Proposition 5.1. We fix a point x, =
w-limx, € X, and a positive real number p < pg. For every n, there exists a L-biLipschitz
map ®,: (B(xx, p), (0o/p) - dn) — Xn with O, (B(xn, p)) 2 B(Py(xn), po/Lo)- The se-
quence of maps ®,, is clearly admissible, so it defines a ultralimit L¢-biLipschitz map ®,,,
which is defined on the ultralimit space of the sequence (B(xy, p), (po/p) - dyn). We
observe that this ultralimit space contains B(x,, p). Indeed, if y,, = w-lim y,, € B(x4, p),
then d, (yn, xn) < p w-a.s. Moreover, the ultralimit metric of the metrics (po/p) - dn
is (po/p) - dp. So we can restrict @, to a Lg-biLipschitz map from (B(xy, p), (0o/p) -
dy) — X,. We need to show that @, (B(xy, p)) 2 B(Py(xe), po/Lo). We take y, =
w-lim y, such that dy,(ye, Pp(xe)) < (1 — 2¢) po/ Ly, with & > 0. By definition, we
have d,, (yn, ®n(x,)) < (1 — &) po/ Lo for w-a.e.(n). By assumption, we can find points



N. Cavallucci 14

z, € B(xy, p) such that ®,(z,) = y,, w-a.s. These points satisfy
P
FO : dn(vaxn) <Lg- dn(yns q:’n(xn)) = (1 - 8) * Po,

80 dp(xp, zy) < (1 — ¢) - p. Clearly, the point z, = w-lim z, belongs to B(x,, p) and
satisfies @, (2y) = Ve.

It remains only to prove that X, is ag-uniformly perfect. We fix x,, = w-limx, € X,
and 0 < p < Diam(X,,). For every ¢ > 0, we have (1 — ¢)p < Diam(X},) for w-a.e.(n), and
thus there exists a point y;, € X, with d(x,,y;) < (1 —¢)pand d(x,,y5) = ao(l —¢)p for
w-a.e.(n). We consider the ultralimit point y, = w-limy; € X,,. It satisfies d (x4, y5) <
(1 —¢&)p and d(xe, ) = ao(l — €)p. Since this is true for every ¢ > 0, and since X,
is compact, we can find a point y,, € X,, such that d(x,, V») < p and (x4, Yo) > @op,
showing that X, is ag-uniformly perfect. |

Remark 5.3. This proposition, together with Proposition 2.2, implies that the Gromov—
Hausdorff limit of a sequence of compact (Lg, pg)-q.s.s. metric spaces with diameters
bounded below by ¢ > 0, as considered by [20] and [5], is still uniformly perfect.

We can now give the:

Proof of Theorem A. We notice that since X is compact, then the diameters of X, are
uniformly bounded above by some Ay > 0. We proceed in several steps.

Step 1. There exists Do > 0 such that X,, is Do-doubling for every n.

Suppose it is not true: then for every j € N, there exist nj, Xn; € Xpn; and pn; > 0
such that there is a (pn,)/2)-separated set inside B(xp;, pn;) of cardinality > j. Up to
passing to a subsequence, we can suppose lim p,; = poo € [0, +00). Clearly X is not
totally bounded when ps, > 0, and this is impossible since X, is compact. If poo = 0,
we use the quasi-selfsimilarity to get Lo-biLipschitz maps @;: (B(xn,, Pn;), (Po/Pn;) -
dn;) — Xy, for every j for which p,; < po. Hence we can find a 2"—130-separated set
inside B(®;(xn;), Lopo) with cardinality > ;. Once again this contradicts the compact-
ness of Xqo.

In order to simplify the notations, we fix a non-principal ultrafilter @ and we call X,,

the ultralimit space, which is isometric to X, by Proposition 5.1.
Step 2. Let k € N. We fix a maximal 10~ -separated subset Xin of Xp. Then
(i) the cardinality of X p is uniformly bounded from above, and each Xy , is a 107%-
net of Xy;
(ii) the set Xy, := {w-1limg, such that q, € Xy} isa 10~ -net of X,;
(iii) there exists A € N, with w(Ag) = 1, such that the function mwy: Xg o — Xk,
T (w-limqy) := qp, is well defined and bijective for all n € Ay.

By Step 1, we know that each X, is Dy-doubling, therefore the cardinality of Xy ,
is uniformly bounded above in terms of D¢ and k. The second statement of (i) has been
explained at the beginning of Section 2.

We take two points w-lim gy, @-limq/, € Xy . If d, (0-lim g, , -limq/,) <107, then
dn(qn,q,) <107% w-as., and by definition g, = ¢}, w-a.s., implying @-lim g, = w-lim ¢/,
Since X, is compact, we conclude that the set X 4, is finite, being 1075~ 1_separated, and
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that 7, is well defined w-a.s. Indeed, the proof given above shows that for every g, =
w-limg, € X 4., there exists a set A5, € N such that w(A4,,) = 1 and such that if g, =
w-limg,, with g, € Xi », then ¢, = gn. Therefore, forevery n € A 1=, cx, . Aq.» the
map i, is well defined. Since the cardinality of Xy, is finite, we have that w(Ak) =1.

We suppose Xy ,, is not a 107%-net of X,,. Therefore we can find y, = w-lim y,
€ X, such that dyy (Ve 4o) > 107% for all do € Xk,»- Since Xi 4, is finite, we know that
dn(Yn.qn) > 107 forall g, € Xk n, w-a.s. This contradicts the fact that X , isa 10*-net
for every n, so also X 4 is a 10~*-net of X,,. Since

—k

1
|dw(Gw. 92) — dn(Gn. qp)| < >

for all g, = w-limgy, ¢, = w-limg,, € X, and for w-a.e.(n), we conclude that 7, is
injective w-a.s. Finally, suppose 1, is not surjective w-a.s. Then it is possible to find a set
A € w such that for every n € A there exists g, € Xy , which is not in the image of .
In this case, we consider the point w-lim g, that belongs to Xy ,,, finding a contradiction.
This ends the proof of (iii).
Since we have fixed 10 ¥-nets X k.n and Xz ,, of X, and X,,, respectively, every path
will be intended with respect to these sets.
Step 3. Let k € N. There exists a subset By C N of w-measure 1 such that
(1) the map my: Xk o, — Xk from Step 2 is well defined and bijective for every n € By;
(ii) for every n € By and for every (10,k)-path y» = {q} jMZO of Xy, the associated path
Yo = {”n_l(q]r'l)}jM=o is a (30, k)-path of X,.

Since Xy ,, is finite, we can find a subset By of Ay with w-measure 1 such that

ldw (o, 612,) —dp (77 (qw), ﬂn(q;)” <10- 107%

for all q,. q,, € Xk, and for all n € Bg. Let us take a (10, k)-path y, = {q7 jM=0 of X,
for n € By. This means dn(qj'-’, q]’-’H) <20-107 for all j =0,...,M — 1. Therefore

do(, (g"). 77 (g4 1)) < 30-107%, iie., the thesis.

Step 4. Leti,k € N and p > 0. Then p-Modég,/,?’lsM(yw) > w-lim p-Modg (y,) for
every y, = w-limy, € Xj 4.

We apply Step 3 to the integer i + k finding B;+x € N, w(B;+x) = 1, and biject-
ive maps 7n: Xitkw —> Xitk,n for all n € B;r. We take an optimal function fo €
A30,i+k (B13/4,i Vo), Xo \ B15/4,i(Vo)). By definition, f, maps points of X;ik, to
[0, +00). For all n € B; 1, we define the functions f,: X; 1k, — [0, +00) by fu(q) =
Jo(;71(q)). We find another subset C; ¢y, € Biix of w-measure 1 such that

1 .
ldo(Gws Yo) = dn(Tn(qn), yn)| < Z 107"

forall g, € X; 4k, and forall n € Ci g, -

We want to check that f,, € A9 +4(B3,i (Vn), Xn \ Ba,i (yn)) for all n € Citk,y, We
fix n € Ci 1.y, and take a (10,7 + k)-path y, = {g7} ino such that d,, (¥, qg) < 3-107"
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and dy (yn, qy) > 4- 107", We denote by y, = {nn_l(q]’.’)} the (30,7 + k)-path given
by Step 3. We observe that dy, (v, 7, 1 (gh)) < 173 <107 and dy (Yo, qy) > 175 <1077,
i.e., the (30,7 + k)-path y,, joins B3/4.; (Vo) and X, \ B1s/a.; (Ve). By definition of f;,,
we get

M M
Yok =) folr @) = 1.

Jj=0 Jj=0

Moreover, it holds

pModi(yn) = Y. SR =Y. fPN @) = p-Modyy B4 ().

qEXH—k,n qEXH—k,w

Since this is true for all n € C; 1 ,,,, We get

p—Mod;g,/,?’ls/‘t(yw) > w-lim p-Modg (y5).

Step 5. Conclusion.

We fixk € Nand 0 < p < w-limCD(X,, d,). By Proposition 4.4, we find a constant
Ao > 0 depending only on Dy, L and p such that

(5.1) sup sup p-Modi(y) = Ao

i<noy€Xin

for w-a.e.(n). For all these n’s, we take a point y, € X;, », 1 < i, < ny, realizing the
supremum in (5.1). The sequence i, is w-a.s. equal to some i, € {1,...,n¢}. So the limit
point y,, belongs to X;, . By Step 4, we get

p-Mod3/ 4 (X ) = p-Modiy 13 (1) = w-1im p-Mody (y) = Ao.

Applying the easy inequalities of Lemmas 3.2 and 3.3, we conclude that p-Mod (X,,)
> Ao for every k. This shows lim inf_ 1 o, p-Modg (X,) > 0. As X, is a compact, doub-
ling and uniformly perfect metric space by Proposition 5.2 and Proposition 2.2, we can
apply Theorem 4.3 to get p < CD(X,, dy). In conclusion, we proved

w-limCD(X,,,d,) < CD(Xy, dy).

This inequality is true for every non-principal ultrafilter @, so by Lemma 6.3 of [8], we
have limsup,,_, , o CD(X, dp) < CD(Xco, doo)- ]

The main tools used in this proof are: the reduction of the computation of the combin-
atorial modulus to a finite set of scales and the uniform lower bound on the combinatorial
modulus, independent of k, given by Proposition 4.4. The approach to the lower semicon-
tinuity problem is more difficult because from one side it is still possible to reduce the
computation to a finite set of scales, but from the other side there is no more any control
on the behaviour of the p-modulus, independent of k. If we take some p > CD(X,,, d,)
for every n, then by Theorem 4.3 it holds liminfi_, { oo p-Modg (X,) = 0. But a priori it
is not possible to conclude that lim inf_, 4 oo p-Modg (Xo) = 0. Indeed, for given & > 0,
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we cannot control the threshold &, such that p-Modg (X,) < ¢ for k > k. Clearly, if we
have this kind of uniform control on the spaces X, then the Ahlfors regular conformal
dimension of X is equal to the limit of the Ahlfors regular conformal dimensions of X,.

Then Question 1.3 can be rephrased in the following way: are there (interesting)
geometric conditions on a quasi-selfsimilar space that gives a uniform control on the
thresholds k. defined above?

This question seems to be related to (uniform) weak super-multiplicative properties of
the sequence p-Mody (X), as studied in relation with the combinatorial Lowner property
in Sections 4 and 8 of [3], and in the special case of the Sierpifiski carpet in Theorem 1.3
of [21]. This weak super-multiplicative property seems to hold true only for spaces in
which curves are uniformly distributed in some sense, as suggested by the arguments used
again in Lemmas 4.3 and 8.1 of [3]. This observation gives a possible approach to the
question presented in the introduction in case of spaces satisfying a uniform combinatorial
Lowner property.

6. Gromov-hyperbolic spaces

In this second part of the paper, we prove Theorem B. We briefly recall the definition of
Gromov-hyperbolic metric spaces. Good references are for instance [4] and [12]. Let X
be a metric space. Given three points x, y, z € X, the Gromov product of y and z with
respect to x is

1
(3. 2)x = 5 (d(x.y) +d(x.2) —d(y.2)).

The space X is said §-hyperbolic, § > 0, if for every four points x, y, z, w € X, the
following 4-points condition holds:

(6.1) (x,2)w = min{(x, y)w, (¥, 2)w} — 4,
or, equivalently,
(6.2) d(x,y)+d(z,w) <max{d(x,z) +d(y,w),d(x,w) +d(y,z)} + 26.

The space X is Gromov hyperbolic if it is §-hyperbolic for some § > 0.
Let X be a §-hyperbolic metric space, and let x be a point of X . The Gromov boundary
of X is defined as the quotient

OX = {(Za)nen € X | lim (0, 2m)x = +00} [,
n,m—>+00

where (z,)seN is a sequence of points in X and = is the equivalence relation defined
by (Zn)neN =~ (2))nen if and only if limy, m— 1 00(2n, 2),)x = +00. We will write z =
[(z)] € 0X for short, and we say that (z,,) converges to z. This definition does not depend
on the basepoint x. There is a natural topology on X U dX that extends the metric topology
of X. The Gromov product can be extended to points z, z’ € dX by

(z,Z)x = sup liminf (zp,z),)x,
(zn),(zp) MO0



N. Cavallucci 18

where the supremum is taken among all sequences such that (z,) € z and (z;,) € z’. For
every z,z',z"” € dX, it continues to hold

(6.3) (z,2)x = min{(z,z")x, (z',2")x} = 6.
Moreover, for all sequences (z,) and (z,,) converging to z and z’, respectively, it holds

6.4) (z,2)x — 8 < liminf (z,,2,,)x < (2,2')x.
n,m—-+00
The Gromov product between a point y € X and a point z € dX is defined in a similar
way, and it satisfies a condition analogue of (6.4).
The boundary of a §-hyperbolic metric space is metrizable. A metric Dy , on X is

called a visual metric of center x € X and parameter a € (0, 5x—— ) if there exists V > 0

> 28-log, e
such that for all z, z’ € 0X, it holds

1 ! !
6.5) Ve_“(z’z < Dya(z,2') < Ve (72

A visual metric is said standard if for all z, z’ € 39X, it holds
(6.6) (3—2e4)e 4@ < D 4(z2,7)) < 7@ )x,

For all a as before and x € X, there exists always a standard visual metric of center x and
parameter a (cf. [2,23]). Every two different visual metrics are quasisymmetric equivalent,
and the quasisymmetric homeomorphism is the identity (Lemma 6.1 in [2]). This defines
a well-defined quasisymmetric gauge on dX, that we denote by Far(9X). If C is a subset
of 0X, then the restriction of two visual metrics on C define again two quasisymmetric
distances, so the quasisymmetric gauge $ar(C) is well defined.

We will deal with proper metric spaces, i.e., spaces in which every closed ball is com-
pact. A metric space X is K-almost geodesic if for all x, y € X and forall ¢ € [0,d(x, y)],
there exists z € X such that |[d(x,z) —¢| < K and |d(y,z) — (d(x,y) —t)| < K. If
we do not need to specify the value of K, we simply say that X is almost geodesic. A
metric space is geodesic if it is 0-almost geodesic. Let X be a proper, geodesic, Gromov-
hyperbolic metric space. Every geodesic ray & defines a point £* = [(£(n))nen] of the
Gromov boundary X . Moreover, for every z € 0X and every x € X, it is possible to find
a geodesic ray £x ; such that &, ,(0) = x and & x+ . = z. Analogously, given different points
z = [(zp)] and z" = [(z],)] € 0X, there exists a geodesic line y joining z to z’, i.e., such
that ¥ |[0,+00) and ¥ |(—oo,0] join y(0) to z and z’, respectively. We call z and z’ the positive
and negative endpoints of y, respectively, denoted y*.

The quasiconvex hull of a subset C of 0X is the union of all the geodesic lines joining
two points of C, and it is denoted by QC-Hull(C). If X is proper and geodesic and C has
more than one point, then QC-Hull(C) is non-empty by the discussion above. We can say
more, see also Lemma 3.6 in [19].

Proposition 6.1. Let X be a proper, geodesic, §-hyperbolic metric space and let C C 0X
be a closed subset with at least two points. Then QC-Hull(C) is proper, 365-almost
geodesic and §-hyperbolic. Moreover, $ar(0QC-Hull(C)) = $ar(C), in the sense that
there exists a homeomorphism F: C — dQC-Hull(C) which is a quasisymmetric equival-
ence when we equip C and 0QC-Hull(C) with every metrics in the gauges $ar(C) and
Far (0QC-Hull(C)), respectively.



Ahlfors regular conformal dimension and Gromov—Hausdorff convergence 19

We need the following approximation result.

Lemma 6.2 (Lemma 4.6 in [8]). Let X be a proper, geodesic, §-hyperbolic metric space.
Let C C 0X be a subset with at least two points and let x € QC-Hull(C). Then

d(£x,2(1). QC-Hull(C)) < 148

forall z € C, every geodesic ray & ; with £ - (0) = x and S;Z =z andeveryt € [0, 400).

Proof of Proposition 6.1. We have that QC-Hull(C) is closed and is 363-quasiconvex
(Lemma 4.5 in [8]), i.e., every point of every geodesic segment joining every two points y
and y’ of QC-Hull(C) is at distance at most 368 from QC-Hull(C). This implies that
QC-Hull(C) is 368-almost geodesic and proper. Condition (6.1) involves only the dis-
tance function, so QC-Hull(C) is §-hyperbolic. We define a map F:C — dQC-Hull(C)
in the following way. We fix x € QC-Hull(C). For every z € C, we take a sequence
(zn) € QC-Hull(C) such that d(&x ;(n), z,) < 146, as provided by Lemma 6.2. The
sequence (z,) defines a point Z € dQC-Hull(C), since limy, m—+00(Zn, Zm)x = +00. We
set F(z) := Z.Itis straightforward to check that F is well defined, i.e., it does not depend
on the choice of the sequence (z,). The Gromov products on C and dQC-Hull(C) are
comparable by (6.4), namely

(67) (sz/)x -6 = (F(Z)s F(Z/))x =< (Z,Z/)x.

Fix visual distances Dy , and lﬁx,a on dX and dQC-Hull(C). By (6.7) and (6.5), we
have that F is injective. If moreover it is surjective, then it is a quasisymmetric homeo-
morphism from (C, Dy 4) to (QC-Hull(C), ﬁx,a), which is the thesis. So fix a point
z € d0QC-Hull(C). By definition, it is represented by a sequence (z,) € QC-Hull(C) such
that limy ,—+00(Zn, Zm)x = +00. Let y, be a geodesic line of X such that )/,jt € C and
Zn € Yy We claim that, up to changing the orientation of yy, it holds lim, — 4 o (y,;|r JZn)x =
+00, so that y, converges to Z € 9X as n goes to +o0. Since C is closed, we deduce that
Z € C. Let us suppose the claim is false, so both (z,, y,f) x < M for every n, for some M.
By Lemma 3.2 in [11] applied to both the segments [z,, y;5], we get d(x, [zn, y]) <
M + 48. Let us call p¥ points on the rays [z, yF] realizing the distance from x. The
4-point condition (6.2) gives

d(x.za) + d(p;} . py) < max{d(x. p;)) + d(zn. py).d(x. py) + d(zn. p})} + 25
Since d(p,7, p;)) = d(zn, p;;) + d(zn, p;}), the inequality above implies
d(x,z,) <max{d(x, p;),d(x, p;)} + 28 < 2M + 106.
But this is impossible since lim,_, o d(x, z,,) = 400. |

The quasisymmetric gauge of an almost geodesic Gromov-hyperbolic space is pre-
served by quasi-isometries. Recall that a quasi-isometry is a map f: X — Y between
metric spaces for which there exist K > 0 and A > 1 such that

(i) f(X)is K-denseinY;
(i1) %d(x,x’) — K <d(f(x), f(x")) <Ad(x,x’) + K forall x,x" € X.
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Proposition 6.3 (Theorem 6.5 in [2]). Let X and Y be two almost geodesic, Gromov-
hyperbolic metric spaces, and let f: X — Y be a quasi-isometry. Then f induces a
quasisymmetric homeomorphism df : 0X — dY.

This statement means that for one (hence every) choice of metrics on fag(0X) and
on Jar(0Y), the map df is a quasisymmetric homeomorphism. In this case, we write
Far(0X) = Jar(3Y) as in Proposition 6.1.

6.1. The proof of Theorem B

We recall the definition of the class M (8, D) appearing in Theorem B. Let X be a proper,
geodesic, §-hyperbolic metric space. Every isometry of X acts naturally on dX, and the
resulting map on X U dX is a homeomorphism. A group of isometries I of X is said
discrete if it is discrete in the compact-open topology. The limit set A(T") of a discrete
group of isometries I is the set of accumulation points of the orbit I'x on dX, where x is
any point of X . The group I' is called elementary if #A(I") < 2. The set A(T") is closed and
I"-invariant, so it is its quasiconvex hull. A discrete group of isometries I' is quasiconvex-
cocompact if its action on QC-Hull(A(T")) is cocompact, i.e., if there exists D > 0 such
that for all x, y € QC-Hull(A(I")), it holds d(gx, y) < D for some g € I". The smallest D
satisfying this property is called the codiameter of T'.

Given two real numbers § > 0 and D > 0, we define M(8, D) to be the class of
triples (X, x,T"), where X is a proper, geodesic, §-hyperbolic metric space, T is a discrete,
non-elementary, torsion-free, quasiconvex-cocompact group of isometries with codiameter
< D, and x € QC-Hull(A(I")).

Let ' be a finitely generated. Given a finite generating set > of I', one can con-
struct the Cayley graph Cay(T', ¥) of I relative to X. Any two Cayley graphs, made
with respect to different generating sets, are quasi-isometric. The group I' is said to be
Gromov-hyperbolic if one (and hence all) of its Cayley graphs is Gromov-hyperbolic.
If it is the case, the Gromov boundaries of every two Cayley graphs are quasisymmet-
ric equivalent, by Proposition 6.3. We denote the corresponding quasisymmetric gauge
by ar(0I). A straightforward modification of the classical proof of the Svarc—Milnor
lemma (along the same lines of Lemma 5.1 in [8]) says that every Cayley graph of T"
is quasi-isometric to QC-Hull(A(T")), if (X, x, ") € M (S, D). So both these spaces are
Gromov-hyperbolic and almost geodesic. By Proposition 6.3, the gauges $ar(d") and
Far(0QC-Hull(A(T"))) = Far(A(T")) are quasisymmetric equivalent. The last equality is
Proposition 6.1. This is enough, together with the results of [8], to prove the last part of
Theorem B. Before that, we recall the definition of equivariant pointed Gromov—Hausdorff
convergence.

A triple is (X, x, I'), where X is a proper metric space, x € X is a basepoint, and I is
a group of isometries of X. Given R > 0, we define (", x) :={g€': d(x,gx) < R}.
Let (X,x,T), (Y, y, A) be two triples and ¢ > 0. An equivariant e-approximation from
(X,x,T") to (Y, y, A) is a triple of functions (f, ¢, ¥), where

e f:B(x,1/e) - B(y,1/¢) is a map such that f(x) = y and satisfying
- |d(f(x1), f(x2)) —d(x1,x2)| <eé,forall x1,x2 € B(x,1/e);
— forall y; € B(y, 1/¢), there exists x; € B(x, 1/¢) such that d( f(x1), y1) < &;
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o ¢: 21/, x) = 21/:(A, y) is a map satisfying d(f(gx1), $(g) f(x1)) < & for all
g € Zy1/¢(I', x) and for all x; € B(x, 1/¢) such that gx; € B(x,1/¢);

* Y:Zy/e(A,y) = Zye(T, x) is a map satisfying d( f (¥ (g)x1), g/ (x1)) < & for all
g € Z1/e(A, y) and for all x; € B(x, 1/¢) such that ¥ (g)x; € B(x,1/s).

A sequence of triples (X,, x,, ['n) converges in the equivariant, pointed Gromov—
Hausdorff sense 10 (Xoo, Xoo, ['so) if for every € > 0, there exists n, > 0 such that, if
n > ng, there exists an equivariant e-approximation from (X, x,, ') t0 (X0, Xo0» L'oo)-
In this case, we write

(Xn,Xn, Tn) —> (Xoos Xoo, ['o0)-
eq-pGH

This convergence can be also expressed via ultralimits, similarly to Proposition 5.1.
Namely, given a sequence of triples (X}, x,, [';) and a non-principal ultrafilter w, we
define the ultralimit group

Iy ={w-limg, : g, €T, and (g,) is admissible},
where we recall that w-lim g, acts by isometries on X, via
w-lim g, (w-lim y,) := w-lim(g, y,),
and that (g,) is admissible if w-lim d(x,, g,X,) < +00. Then the following holds.

Proposition 6.4 (Proposition 3.13 in [8]). Let (X,, xn, ['y) be a sequence of triples, and
let w be a non-principal ultrafilter.

W If (Xn,xn,l"n)eq_—ng(Xoo,xoo,Foo), then (X, Xw,[w) is isometric t0 (X oo, Xoos ['oo)-

(i) If (Xo,Xw, o) is proper, then (Xp, , Xn;, Iny) e@H (X, X0, Ty) for some sub-
sequence {ny}.

If the triples (X, x,, ;) belong to M(§, D) and (X, x,, [y) e‘mﬂ (Xoo0» Xo0» ')

then also (Xoo, Xoo, ['0o) € M (8, D), by Theorem A in [8]. In particular, it is meaningful
to talk about A(I's). Recall that the conformal dimensions are the conformal dimensions
of the quasisymmetric gauges Far(A(T')), n €N U {oo}.

Proposition 6.5. If (X,,x,,[) —G>H (Xoos Xoos Loo)s With (X, X, Ty) € M(8, D), then
eq-p
lim,—, 400 CD(A(I'2)) = CD(A(I'so)).

Proof. By Theorem A in [8], the triple (Xeo, Xoo, ['oo) belongs to M (S, D). Moreover,
Corollary 7.7 in [8] implies that I',, is isomorphic to I'o, for n big enough. Using Proposi-
tion 6.3, we conclude that gar(0T) = Far(9Ts). The discussion above about the defin-
ition of equivariant pointed Gromov—Hausdorff convergence says that Jar(A(I)) =
Iar(A(T'so)). Therefore, by definition, CD(A(I',,)) = CD(A(I's)) for n big enough. =

The next step is to show that, under the assumptions of Theorem B, the spaces A(T%,)
are uniformly perfect and uniformly quasi-selfsimilar, when equipped with suitable visual
metrics. Let (X, x, ") € M(8, D). We always consider a standard visual metric D, center-
ed at x and with parameter as = All the estimates will be done with respect to
this metric D.

1
48 logy e’
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The following three results are essentially known, see for instance [20]. We provide
quantified version of them. The critical exponent of I" is

1 —
hr:= 1 —log#I'x N B(x,T).
i plim, 7 loe#Tx N B T)

For more details on its geometric meaning, see for instance [7,9].

Proposition 6.6. Let §, D, H > 0. There exists A = A(S, D, H) > 0 such that, for all
(X,x,T) € M(8, D) with hr < H, the limit set A(T") is (A, hr/ag)-Ahlfors regular.

Proof. Tt follows from Theorem 6.1 and Lemma 4.9 in [8]. [

Corollary 6.7. Let 3, D, H > 0. There exists ag = ao(8, D, H) such that, for all (X, x,T")
€ M(8, D) with hy < H, the limit set A(T") is ag-uniformly perfect.

Proof. Proposition 5.2 in [8] says that hp > 99;‘;%. The conclusion follows by Propos-

ition 6.6 and Lemma 2.1. [

Proposition 6.8. Let §, D > 0. There are Lo = Lo (8, D) and pg = po(8, D) such that
Sforall (X,x,T") € M(8, D), the set A(T") is (Lo, po)-g.s.s.

Before the proof of this last property, we need a bit of preparation.

Lemma 6.9 (Lemma 4.2 in [8]). Let X be a proper, geodesic, §-hyperbolic metric space,
andletz,z' € 0X and x € X.

() If (z.2')x = T, then d(&x (T —68), &, (T —§)) < 46.
(i) If d(Ex,z(T),Ex(T)) < 2b, then (z,z')x > T — b, forall b > 0.

Lemma 6.10 (Lemma 4.4 in [8]). Let X be a proper, geodesic, §-hyperbolic metric space.
Then every two geodesic rays & and &' with the same endpoints at infinity are at distance
at most 88. More precisely, there exist t1,ty > 0 such that t; + t, = d(£(0), §'(0)) and
dE@ +1),8(t + 1)) <8 forallt > 0.

Recall that, on X, we always consider a visual metrics of parameter a.

Corollary 6.11. Let (X, x,T) € M(8, D), and let z,z’ € 0X. Let p > 0 and R be such
that e %R = p If Dy(z,2') < p, then d(£x ;(R), Ex -/ (R)) < 146.

Proof. With this choice of ag, we have %e‘“ﬁ(z’z/)x < Dx(z,Z) < e—a5(z.2)x So, if
Dy (z,z') <p,then(z,z')x > R—log(2)/as = R — 45. By Lemma 6.9, we get d (&, (R —
58), &x,2/(R — 58)) < 48, so by the triangle inequality, d (£, (R), &x,2/(R)) < 146. L]

We can finally give the:

Proof of Proposition 6.8. We claim that py = e~%2 works. We fix 0 < p < po, and

we call R > 0 the real number such that p = e=%R, Let z € A(T') and let £, , be a
geodesic ray joining x to z. By Lemma 6.2, there is a point y € QC-Hull(A(T")) such that
d(£x,z(R),y) < 148. Moreover, by definition of quasiconvex-cocompactness, there exists
g € I'such that d(y, gx) < D,sod(§x,:(R),gx) < 148 + D. Observe that d(x, gx) <
R + 148 + D. We call ® the map induced by g~! on A(T"), which is well defined since
A(T") is I'-invariant. We claim it satisfies the properties required by Definition 1.1.
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Let w and w’ be two points of B(z, p) N A(T), so Dx(w,z), Dxy(w’,z) < p.LetT >0
be the real number such that e=*'T = D (w,w’). Since D (w,w’) < 2p, we gete %71 <

2¢7%R and, by definition of ag, T > R — 48. We apply three times Corollary 6.11 to get
d(Erz(R).Exw(R) <148, d(Ex.z(R).Exar (R) <148, d(Era(T).Ex(T)) < 148.
By the triangle inequality, we have

T —R|— D —288 <d(x,g "6x0(T)) < |T — R| + D + 286.

Similar estimates hold for d(x, g7 &y 4 (T)).

We want to estimate d (& g-1,,(|T — R|), g Y64 (T)). The two rays € g1y and
g &, define the same point g~ 'w of dX, and d(x, gx) < R + 148 + D. Thus, by
Lemma 6.10, there exist #1,#, > O with 7y +#, < R+ 148+ D such that d (£, g-1,, (¢ +11),
g Yy w(t +12)) < 85 for all t > 0. We apply this property tot = T —t, + 185 + D,
which is non-negative since T > R — 44, finding

d(Exg-1w(T —tr + 11 + 188 + D), g7 6, (T + 1885 + D)) < 86.
By this inequality and the estimates on d(x, g~ £x ., (T)), we get
|T —R|—2D —548 < d(x,&x g1, (T —t2 + 11 + 188 + D)) < |T — R| + 2D + 548,
SO
T —R|—2D —54§ <T —ta+t1 + 185 + D < |T — R| + 2D + 544.
Therefore, by the triangle inequality,

d(Ex g1 (T — R)), g &xw(T)) < 808 +3D.

Analogously, we get d(§y g-1,,(IT — R|), g €4 (T)) <808 + 3D. Combining these
two estimates, we conclude d(§x -1y, (|T — R|), &5 g1/ (IT — R[)) < 1748 + 6D. By
Lemma 6.9, we have (g~ 'w, g7 'w’)x > |T — R| — 878 — 3D, so

e—agD
—as(IT—R|-878—3D) _ 605(878+4D) . X e—a,gT

Dy(g 7w, g7w') <e iR

— ea5(878+4D) . @ . Dx(w, w/),

where we used the definition of standard visual metric, |T — R| > T — R and pg = e~%7P.
We prove now the other inequality. We have D (w, w’) = e~ T < gmasww)x g4
(w,w)y <T.Wesetb =476+ D and T’ = T + b. By Lemma 6.9 (ii), we know that
d(Exw(T"), Ex,uw (T')) = 2b. We can argue in the same way as before witht = T’ — 1,
finding
d(gx,gflw(T/ - R), g_léx,w(T/)) <446 + D,

and the analogous estimate for w’. Therefore,
d(Ex g1 (T" = R), &5 g1y (T" — R)) = 2b — 888 — 2D > 46.
By Lemma 6.9 (i), we have (g7 'w, g7 'w')y < T'— R+8 =T — R + 488 + D. Thus,

Dy(g™'w, g7 'w') > %e_aS(T_R“S“D) = 16_48'“5'8 o D (w,w).

2
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Thus, ® is Lo-biLipschitz, with Lo = Lo(8, D) = max{e® 878+4D) 2048458} from
(B(z.p) N A(T). (po/p) - Dx) — A(T').

It remains to show that ®(B(z, p) N A(T")) 2 B(P(z), po/Lo) N A(T'). The map P is
a well-defined self-homeomorphism of A(T"), so every w € B(®(z), po/Lo) N A(T) is of
the form ®(w’) for some w’ € A(T"). Moreover, the same proof as above implies that the
map ®~! induced by g is Lo-biLipschitz from (B(z, po) N A(T'), (p/po) - Dx) — A(T).
We know that D, (®(w’), ®(z)) < po/Lo, then

Dx(w',2) = Dx(®7H(®(w")), 21 (@(2))) < Lo - pﬁ - Dx((w), 2(2)) < p.
0

i.e., w' € B(z, p) N A(T). This concludes the proof. |
Corollary 6.12. Let (X, xp, ') 2 (Xoo, Xo0s I'so), With (Xy, xn, ') € M(S, D).
eq-p

Then the spaces A(I'y) are uniformly g.s.s. and uniformly perfect.

Proof. By Proposition 6.8, all the spaces A(I',,) are compact and (L, po)-q.s.s. By Corol-
lary 5.9 in [8], there exists H > 0 such that iy, < H for all n €N. Then A(T) is
ap-uniformly perfect for the same 0 < a¢ < 1, by Corollary 6.7. ]

The last step we need is the following.
Proposition 6.13. If (X, x,, ') emH (Xoos X0, L'oo), With (Xp, xn, Tn) € M(8, D),
there exist visual metrics Dy, € $ar(A(T'y)) for n e N U {oo} such that (A(T'y), Dy) -
(A(Two), Do), up to a subsequence.

Proof. We fix a non-principal ultrafilter . We denote by (X, Xe, ['w) the ultralimit triple
of the sequence (X, x,, [;): it is equivariantly isometric to (Xeo, Xoos ['c0), by Propos-
ition 6.4. We equip each A(I',) with a standard visual metric D,, of center x, and para-
meter ag. Every point of the space w-lim(A(T',), D, ) is an equivalence class of sequences
(zn) with z, € A(T',). Associated to this sequence, there is a sequence of geodesic rays
€x,.z, Of Xn. It is classical (cf. [10], Lemma A.7) that this sequence of geodesic rays
define a limit geodesic ray &, ;. with z, € 0X,,. The map V: w-lim(A(I's), Dn) — 0X,
defined by W((z,)) = z, is a well-defined homeomorphism, by Proposition 5.11 in [8].
Moreover, the proof of Theorem A (i) in [8] shows that the image of W is exactly A(Ty,).
We denote by D,, the distance induced by W on A(T,). By definition, the two spaces
o-lim(A(Ty), Dy) and (A(T'y), D) are isometric. Proposition 5.1 implies that, up to
a subsequence, (A(I,), Dy) o (A(Ty), Dy). We claim that D, is a visual metric on
A(T'y). This would imply, since (Xoo, XYoo, ['0o) and (X, X, I'y) are equivariantly iso-
metric, that (A(T',), Dy) o (A(T's), Doo) for a visual metric Do, on A(I'so)-

Let us prove the claim. We take two points ¥(z), ¥(z’) € A(Ty), with z = w-lim z,,
7' = w-limz], € w-lim(A(T), D). By definition, D(¥(z), ¥(z)) = w-lim Dy, (zy, z,) =
e~ %R for some R > 0. From (6.6), we have that w-lim(z,, z,)x, = R — 48, and then
w-limd(§x, 2z, (R —58). &, -/ (R —568)) < 48, by Lemma 6.9 (i). This implies that

d(§xy.z0 (R = 58). 6y, 2, (R — 568)) < 48,
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and so (¥(z), ¥(z'))x, > R — 85 by Lemma 6.9 (ii). This means

Dw(\IJ(Z), ‘I’(Z/)) — e—agR 2 e_a8'88 . e—a,g(‘l’(z),\[l(z’))xw _ % .e—ag(\I/(Z),\I/(Z/))Xm'

Analogously, with the same notation as above, we have w-lim(z,, z,)x, < R and so
o —limd(x, z, (R + 38). &y, o1 (R 4 38)) = 68

by Lemma 6.9.(ii).
By definition, d(£x,,,z, (R + 38).&,, - (R +38)) > 68,50 (O(2), P(2'))x, < R+ 48
by Lemma 6.9.(i). This means

Do (¥(z2), ¥(z)) = e s R < %48 p=as (¥ @V xe — 9. p=as(V(2),¥(2Dxe

This shows that Dy, is a visual metric on A(I'y) and concludes the proof. ]

Theorem B follows from Corollary 6.12, Proposition 6.13 and Proposition 6.5.
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