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Polynomial log-volume growth and the GK-dimensions of
twisted homogeneous coordinate rings

Hsueh-Yung Lin, Keiji Oguiso, and De-Qi Zhang

Abstract. Let f be a zero entropy automorphism of a compact Kéhler manifold X. We study the
polynomial log-volume growth Plov( f) of f in light of the dynamical filtrations introduced in our
previous work with T.-C. Dinh. We obtain new upper bounds and lower bounds of Plov(f). As
a corollary, we completely determine Plov( f) when dim X = 3, extending a result of Artin—Van
den Bergh for surfaces. When X is projective, Plov(f) + 1 coincides with the Gelfand—Kirillov
dimensions GKdim(X, f') of the twisted homogeneous coordinate rings associated to (X, f). Refor-
mulating these results for GKdim(X, /'), we improve Keeler’s bounds of GKdim(X, ') and provide
effective upper bounds of GKdim(X, f') which only depend on dim X .

1. Introduction

1.1. Zero entropy automorphisms

Let X be a compact Kdhler manifold and let f : X O be an automorphism (i.e., biholo-
morphic self-map) of X. The topological entropy Ap(f) is an invariant measuring the
complexity of the dynamical system f : X (9. Thanks to Gromov—Yomdin’s theorem [12,
23], we have

hiop(f) = logr(f) = 0, (L.1)
where r(f) is the spectral radius of f* : H*(X,C) O.

This paper focuses on automorphisms f* with zero entropy hip(f) = 0 (cf. Lem-
ma 2.8). In the context of complex dynamics of compact Kéihler manifolds, they have
recently been investigated in various works (see, e.g., [4,5,8,11,18]). In these works, more
refined invariants of them are studied, such as the polynomial entropy, the polynomial log-
volume growth Plov( f) [5], and the polynomial growth k( f) of the pullbacks [8, 18],

1CF™)* - HYY(X) O || <msoo m*).

New structures of f* : H*(X,C) O have also been discovered such as the dynamical
filtrations [8, §3]. Below is one such consequence, which is also relevant to the present
work.
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Theorem 1.1 ([8, Theorem 1.1, Remark 3.9.(1)] and Corollary 3.7). Let f € Aut(X) be
an automorphism of zero entropy. Assume that d := dim X > 1. Then k(f) is an even
integer which satisfies

k(f)<2(d-1) (1.2)
and
k(f) =2(d =k (X)), (1.3)
where k(X)) is the Kodaira dimension of X. Moreover, these estimates are optimal.
The upper bound (1.2) is the most essential part and was proven in [8, Theorem 1.1].

We will prove the refinement (1.3) in Corollary 3.7, based on the approach developed
in [8].

1.2. Polynomial log-volume growths

The main goal of this paper is to study the polynomial log-volume growth Plov( f) of an
automorphism f : X (J. We first recall its definition. For every n > 1, let 'y (n) C X"*!

be the graph of

Fxfixx f": X > X"
and let Vol,(I's(n)) be the volume of I'y(n) defined with respect to a Kihler form w
on X. We then define

Plov( f) = Plov(X. f) = lim sup & Ty M)

[0, o0].
n—o00 logn

This invariant of f is independent of the choice of w (Lemma 2.1).

We will study upper bounds and lower bounds of Plov(f) in terms of d = dim X
and k(f') introduced in Section 1.1. Using dynamical filtrations, we obtain the following
estimates.

Theorem 1.2. Let X be a compact Kiihler manifold of dimension d and let f € Aut(X)
be a zero entropy automorphism.

(0) (Corollary 2.19) Plov(f) = d ifand only if k() = 0.
(1) (Proposition 4.1 and Theorem 5.1) Suppose that k( f) > 0. Then we have

d+2k(f)—2<Plov(f) <k(f)d—-1)+d.
(2) (Theorem 4.2) Suppose that k(f) > 0 and d > 3. Then we have
Plov(f) <k(f)(d—-1)+d —2.
By Theorem 1.1, we have
k(f)e{0,2,...,2d —2}.

Also, Plov(f) has the same parity as dim X; see Corollary 2.20. These together with
Theorem 1.2 immediately determine Plov( f) when d = 2, 3.
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Corollary 1.3. (1) Ifd =2, then

2 k() =0,
Flov/ )_{4 iFk(f) = 2.
2) Ifd = 3, then
3 ifk(f) =0,
Plov(f) =15 ifk(f)=2.
9 ifk(f)=4.

Together with Theorem 1.1, Theorem 1.2 implies that Plov( /) < 2d? — 3d whenever
d > 3. When d > 4, we will further improve this upper bound to

Plov(f) <2d? —3d —2; (1.4)

see Proposition 4.4.

1.3. A conjectural upper bound

When X is a complex torus, we determine Plov( /') in terms of the pullback
T HYX) O.

Theorem 1.4. Let X be a complex torus of dimension d and f € Aut(X) an automor-
phism of zero entropy. Assume that the Jordan canonical form of f* : H°(X) O consists
of Jordan blocks of sizes ki, . .., kp, counted with multiplicities. Then

y4
Plov(f) =Y k}.

i=1

In particular, we have Plov(f) < d?, and this upper bound is optimal among complex
tori.

Theorem 1.4 also shows that the quadratic order of the upper bounds with respect
to d in (1.4) is optimal. We will also compute Plov(X, f) for other examples including
threefolds; see Section 7. As we fail to construct examples of f : X O such that d? <
Plov( f) < oo where d = dim X, presumably the upper bound in (1.4) when d > 4 is still
not optimal. Taking Corollary 1.3 and Theorem 1.4 into account, it seems reasonable to
ask the following questions.

Question 1.5. Let X be a compact Kéhler manifold of dimension d > 1. Let f € Aut(X)
be a zero entropy automorphism.
(1) Is Plov(f) < d??

(2) More precisely, are possible values of Plov(X, f) always realizable by d-dimen-
sional tori?
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Question 1.5 (1) is the analogous question to [5, Question 4.1], which asked for
polynomial entropy by Cantat—Paris-Romaskevich. By [5, (2.7)], a positive answer to
Question 1.5 (1) also answers [5, Question 4.1] in the affirmative.

The following partial answer to Question 1.5 is a direct consequence of the above
theorems.

Corollary 1.6 (See Section 5). Let X be a compact Kdihler manifold of dimension d > 3
and let f € Aut(X) be a zero entropy automorphism.

(1) Ifk(f) <d, then Plov(f) < d? — 2. In particular, Plov( f) < d? — 2, whenever
k(X)=>d/2.

(2) Question 1.5 has positive answers when dim X < 3.

1.4. Gelfand-Kirillov dimension

When X is projective, the polynomial log-volume growth Plov( /) actually coincides with
some known invariant of f studied in noncommutative algebra. The following identifica-
tion is implicit in the seminal work of Keeler [15].

Theorem 1.7. Let X be a smooth projective variety defined over an algebraically closed
field, and let f € Aut(X) be a zero entropy automorphism. Then

GKdimB(X, f,L) — 1 = Plov(X, f).

Here, GKdimB(X, f, L) is the Gelfand—Kirillov dimension (or GK-dimension for short)
of the twisted homogeneous coordinate ring B(X, f, L) associated to f : X O and any
ample line bundle L.

We refer to Section 8 for the definition and basic properties of GKdimB(X, f, L),
as well as the proof of Theorem 1.7. In this regard, two of our results are not new for
projective varieties. The first one is the upper bound in Theorem 1.2 (1), as the estimate

GKdimB(X, L) —1 <k(f)d —1)+d

has already been proven in [15, Lemma 6.13]. The second one is Corollary 1.3 (1), due
to Artin—Van den Bergh [, Theorem 1.7]. Our approach based on dynamical filtrations is
however completely different, and extends both results in a non-trivial way.

Thanks to Theorem 1.7, the main results we prove for Plov( f) also translate to new
results about the GK-dimension of B(X, f, L); see Corollary 8.5 for some instances. So
far, the GK-dimension has been studied mostly by specialists in noncommutative algebras.
We hope that the dynamical properties of (X, f) might provide a better understanding of
the algebraic structure of B(X, f, L), and vice versa.

1.5. Organization of the paper and a few remarks to the readers

We start with Section 2, proving basic properties of polynomial log-volume growth (see,
e.g., Proposition 2.5). In Section 3, we recall the construction of quasi-nef sequences and
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dynamical filtrations, together with their fundamental properties. We also prove several
auxiliary results related to them, which will be useful in the study of upper and lower
bounds of Plov(f). Section 3 also contains a proof of the statement in Theorem 1.1
involving the Kodaira dimension. Section 4 and Section 5 are devoted to upper and lower
bounds of Plov( f) respectively, all together implying Theorem 1.2 and Corollary 1.6. In
Section 6 and Section 7, we study explicit examples, which contain complete descriptions
of Plov( f') for tori (Theorem 1.4). Section 8 starts with a brief review of twisted homo-
geneous coordinate rings and their GK-dimensions. We recall some fundamental results
provenin [1,15] (Theorem 8.1) and derive Theorem 1.7 as a direct consequence. We finish
Section 8 by Corollary 8.5, translating results from Plov( f) to GK-dimensions.

Notations and conventions

All manifolds are assumed to be connected. Let X be a compact Kihler manifold. Write
H"(X,R):= H*(X) N H*(X,R).
For every o € H"' (X, R), if o - H'(X,R)?~ = 0 (where d = dim X), we write
a=0.

We follow [6] for the basic terminology, like positive classes and cones.

2. Polynomial log-volume growth

2.1. Definition and basic properties

Let X be a compact Kihler manifold of dimension d > 1 and let f € Aut(X). Let w €
H'1(X,R) be a Kihler class. For every integer n > 1, the volume of the graph Cr(n) C
Xrtl of

X f2Pxex frX - X"

with respect to any Kéhler metric in the class w is equal to

n+1

1 L\ 4
Volw(rf(n»:/r()m(Zpriw) = S An(f0)?,
oy ! !

i=1

where pr; : X"*! — X is the projection to the i-th factor and

n
An(frw) =Y (/)@ e HY'(X,R).
i=0
Note that the class A, (f, w) and the invariant Vol (I's (1)) are defined more generally
for any @ € H'!'(X,R). But in order to define Plov( f, w) below, the class @ needs to
satisfy A, (f,w)? > 0. A natural sufficient condition is that o is nef.
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Lemma 2.1. For every nefa € Nef(X) C HY!(X,R), define

log Vol (T log An(f,)?
Plov(f, @) := lim sup w = lim sup m € R U {—o00, 00},
n—00 10g n n—o00 1
where we set 1og0 := —oo. Then Plov( f, w) is independent of w whenever w is nef and

big, and we have Plov( f,w) > 1.

Lemma 2.1 justifies the well-definedness of the polynomial logarithmic volume growth
of f in the introduction, which is defined to be

Plov(f) := Plov(X, f) := Plov( f, w),

where o is any nef and big class. We refer to Corollary 2.7 for an improvement.
To prove Lemma 2.1, we need the following easy but useful result.

Lemma 2.2. Let X be a compact Kdhler manifold of dimension d, and let
Ly,....,Lg,My,...,My

be nef classes in H'(X,R) such that M; > L;, i.e., M; — L; is pseudo-effective. Then
(My---Mg) = (Ly---Lg).

In particular, (Mld) > (Lf).

Proof. Inductively, we have

(My+-Mg) = (Ly My Mg) = - = (Ly -+ Lj - Mygr - Mg) = -+ = (Ly -+ Lg),

which proves Lemma 2.2. |

Proof of Lemma 2.1. Let @ and @’ be two nef and big classes. Then there exists some & >
0 such that w — ew’ is pseudo-effective. Accordingly, A, (f, w) — eA,(f, ®’) is pseudo-
effective, so A,(f, w)? > e? A, (f, @)% by Lemma 2.2, and therefore Plov(f, w) >
Plov( f, ®’). By symmetry, we have Plov( f, w) = Plov(f, »’).

Finally, since w is big and nef, we have

n d n
An(f.0)? = (Z(fi)*w) > Y (/Do) =no? > 0.
i=0 i=1
Hence,

log A, (f, )4 log(w?) +1
Plov( f, ®) = lim sup M > lim sup M =1. [ ]

n—00 logn n—>00 logn

The following is an immediate consequence of Lemma 2.1.
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Corollary 2.3. Let X and Y be compact Kdihler manifolds with automorphisms f €
Aut(X) and g € Aut(Y). Suppose that there exists a C-linear isomorphism

$:H*(X,C) > H*(Y,C)

of the cohomology rings such that the following conditions are satisfied:
(D) pof*=g"o¢;
(i) there exists a Kihler class @ € HV'(X) on X such that ¢(w) is Kihler on'Y .
Then
Plov(f) = Plov(g).

The similar statement holds if ¢ is replaced by a C-linear isomorphism of the subalgebras
v @PH"X) > P HYX).
i i

The same argument as in the proof of Lemma 2.2 proves the following.

Lemma 2.4. For every nef class o € HV1(X,R), we have
Plov(f, @) < Plov(f).

Proof. Take a Kihler class @ such that @ > . By Lemma 2.2, we have A,(f, w)? >
An(f.a)? for every integer n > 0. Hence Plov( f, &) < Plov( f). |

Now we prove some basic dynamical properties of Plov(X, f) summarized in the
following, which will be frequently used in this paper.
Proposition 2.5. Let f : X O be an automorphism of a compact Kdihler manifold.

(1) (Independence of the metric and positivity; Lemma 2.1) The invariant Plov( f)
is independent of w € HV'(X, R) whenever w is nef and big, and we have
Plov(f) > 1.

(2) (Finiteness and integrality; Lemmas 2.8 and 2.16) We have Plov( f) < oo if and
only if f* : HVY(X) O is quasi-unipotent. In this case, Plov( f) is an integer.

(3) (Finite index; Lemma 2.6) We have Plov( f) = Plov(fN) for any integer N # 0.

(4) (Product; Lemma 2.18) Let X; (i = 1, 2) be compact Kihler manifolds and let
fi € Aut(X;). Then

Plov( f1 x f2) = Plov(f1) + Plov( f2)

for the product automorphism fi x f> € Aut(X; x X3).

(5) (Invariance under generically finite maps; Lemma 2.9) Let X and Y be compact
Kdhler manifolds and fx € Aut(X) and fy € Aut(Y). Let ¢ : X -—> Y be a
generically finite dominant meromorphic map such that fy o ¢ = ¢ o fx. Then

Plov( fx) = Plov(fy).
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(6) (Restriction; see Lemma 2.10, also for the precise definition of Plov( fiw) when
W is not smooth) Let W C X be a closed subvariety such that f(W) = W. Then
Plov(f|w) < Plov(f) for the automorphism f|w € Aut(W) induced from f by
restriction.

First, we prove that Plov(X, f) is invariant under taking finite iterations.
Lemma 2.6. For every integer N # 0, we have Plov( fV) = Plov( f).
Proof. Since

d

n d n n d
(Z(f‘i)*w) - ((f—")*Z(f")*w) (Z(f")*w) ,
i=0 i=0 i=0

we have Plov(f~!) = Plov(f). So it suffices to prove Lemma 2.6 for N > 0.
For every integers r and j > O such that 0 <r < N, consider the Kahler form w,,; :=
Z;:r]_l (fH)*w. Then

Or,(m+1)N = Wo,r + Or,n+1)N = @0,r+(m+1)N = Or—N,(n+2)N -

So
VOlwr,(m+1)N (X) = VOlwo,r+(m+1)N (X) = VOlwr—N,(m+2)N (X)

by Lemma 2.2, and thus
Volzjy:_()l(f,+_,-)*w(f‘f1v (m)) < Vol,(I'y (r +mN)) < Volzjvzl(f,,j)*w(FfN (m + 1)).

By Lemma 2.1, we have

10g VOls-n—1( £y, (Tn(m))
lim sup =

m—>00 log m

log Volg-v iy, (Dpn (m + 1))
= Plov(f") = lim sup Y1 (e
m—>00 log(m + 1)

)

so for every integer r such that 0 < r < N, we have

log Vol, (T's (r + mN)) i log Vol, (I'y (r + mN))

li =PI .
l,:,n_fgop log(r + mN) m—00 IOg(m) OV(f)
Hence, Plov(f) = Plov(fV). [

Corollary 2.7. Let o € Nef(X). We have
Plov( f,@) = Plov(f) € [1, o]

as long as Plov( f, ) # —oo.
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Proof. Suppose that Plov( f, @) # —oo. Then Ay (f.a)? > 0 for some integer N > 0.
Since w := An(f, @) is nef, it is thus big. Using Lemma 2.6, we have

log An(f.a)?
Plov( f. @) = lim sup 2821/ @7
n—o00 logn

> lim sup log Ayg—1(f.a)? — Jimsup log Ar (/N w)?
T koo log(Nk —1) k—o00 logk

= Plov(f ) = Plov(f).

It follows from Lemma 2.4 that Plov( f, @) = Plov(f). [

We can characterize whether a holomorphic automorphism f € Aut(X) has zero
entropy based on the finiteness of Plov( f).

Lemma 2.8. Let X be a compact Kiihler manifold of dimension d > 1 and let f €
Aut(X). Then the following conditions are equivalent.

(1) f*: H*(X,C) O is quasi-unipotent, i.e., a positive power of it is unipotent.
2) f*: HYY(X) O is quasi-unipotent.

(3) The first dynamical degree d1(f) = 1.

(4) The topological entropy hip(f) = 0.

(5) The growth of Vol (I'y (n)) for any Kdihler class w is sub-exponential, namely

lim sup Vol, (T (n)) /" = 1.
n—oo
(6) Plov(f) < oo. In other words, the growth of Vol (I'r (n)) for any Kdihler class w
is polynomial.

Here we recall that for 1 <i < d, the i-th dynamical degree of f is defined as

di(f) = lim (07 - (fM*o')"", @.1)

n—>o00o
where @ € H!(X) is a Kihler class [10]; these d; (f) are independent of w.

Proof. The equivalence of the first five conditions is well known and is obtained as fol-
lows. By Gromov—Yomdin’s theorem (cf. [12,23]; see also [20, Theorem 3.6]), we have

hiop(f) = 1ov(f) = logr(f™) = log( max {d:(/)}).
where r( f*) is the spectral radius of f* : H*(X,C) O, and

lov(f) := limsup w.

n—oo n

Together with the log concavity of dynamical degrees d;(f) (which follows from
Khovanskii-Teissier’s inequality), this implies that A, (f) > 0 if and only if d; (f) > 1



H.-Y. Lin, K. Oguiso, and D.-Q. Zhang 10

for some (and hence all)i € {1,...,d — 1}. Thus the equivalence of the first five assertions
follows from Kronecker’s theorem. Also, since

log n

-Plov(f) = lov(f) = hwp(f) =0

for all n > 1, (6) implies these assertions.

To see that (2) implies (6), recall that in order to compute Plov( f), by Lemma 2.6
we can replace f by some iteration of it, so that f* : H!(X) O is unipotent. Hence
Plov(f) < oo is a consequence of Lemma 2.16 below. |

Next, we prove the invariance of Plov( /') under generically finite meromorphic maps.

Lemma 2.9. Let X and Y be compact Kdhler manifolds of dimension d > 1 and fy €
Aut(X) and fy € Aut(Y). Let ¢ : X —-—> Y be a generically finite dominant meromorphic
map such that fy o¢ = ¢ o fx. Then

Plov( fx) = Plov( fy).

Proof. First we reduce to the case where ¢ is holomorphic. Let I' be the Zariski closure
of the graphof ¢ in X x Y. Let pxy : I' — X and py : ' — Y be the projection. Since
fx € Aut(X) and fy € Aut(Y), it follows that

Jr = (fx x fy)r € Aut(I')

and fr and fx (resp. fT and fy) are equivariant with respect to a generically finite surjec-
tive morphism py (resp. py). By the existence of functorial resolution of singularities [2]
(see also [17, Theorem 3.45]), there exists a Kéhler desingularization v : [ — I such that
Jrov=vo frforsome f; € Aut(T). If Lemma 2.9 holds whenever ¢ is holomorphic,
then Plov( fx) = Plov( fz) = Plov( fy).

For every Kihler class @ on Y, since

n d n d n d
(Z(f;é)*@ﬁ*w)) =¢*(Z(fy">*w) =deg(¢)-(2<fyi>*w),
i=0 i=0 i=0

we have Plov( fx, ¢*w) = Plov(fy,w) = Plov(fy). As ¢*w is nef and big, it follows
from Lemma 2.1 that Plov( fx) = Plov( fy). |

Lemma 2.10. Let W C X be a closed subvariety such that f(W) = W. Then Plov(f |w)
< Plov( f) for the automorphism f|w € Aut(W) induced from f by restriction. Here we
define

Plov(f|w) := Plov(W, f),

where T : W — W is any Kiihler desingularization of W such that f|w ot =t o ffor
some f € Aut(W) which does not depend on the choice of w by Lemma 2.9.
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Proof. Let v : W — X be the composition of 7 with the inclusion W «— X. Let d :=
dim X and e := dim W. Let w be a Kihler class of X. Up to replacing w by some positive
multiple of it, we can assume that

(@ —[W])-B=0

for every B in the closed convex cone generated by products of e Kéhler classes.
Since Y7, (f")*(®) — w is Kihler when n > 1, by Lemma 2.2 we have,

(Z(f")*(v*w)) - ((Z(f")*(w)) -[W])
i=0 i=0
< ((Z(fi)*(w)) -wd—e) < (Z(f")*(w))
i=0 i=0

So Plol/(f, v¥*w) < Plov(f, w) = Plov(f). As v*w is nef and big, we have Plov(f) =
Plov(f,v*w) by Lemma 2.1. Hence Plov( f|w) < Plov(f). |

d
. (22

2.2. Cohomological polynomial growth k( f)

Assume that f* : H1(X) O is unipotent. The operator

N := f*—1d: H"'(X) - HY(X)
is thus nilpotent, and we define

k(f):=max{k € Z | (f* —1d)* # 0}.

Equivalently, k() + 1 is the maximal size of the Jordan blocks of the Jordan canonical
formof f*: HV1(X) O.If £* : HY1(X) O is quasi-unipotent, we define

k(f) = k(™)

where M is a positive integer such that ( f*)™ is unipotent; this invariant is independent
of M. Finally, if f* : H"1(X) O is not quasi-unipotent, we set k() = oo.

The following result implies in particular that k( f) is invariant under bimeromorphic
modifications.

Proposition 2.11. Let 7w : X --> Y be a dominant, generically finite meromorphic map
between compact Kiihler manifolds. Let fx € Aut(X) and fy € Aut(Y') be automorphisms
such that

wo fy = from.

Then
k(fx) = k(fy).
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We shall also prove the following.

Lemma 2.12. Let X and Y be compact Kdhler manifolds. Let fy € Aut(X) and fy €
Aut(Y). Then we have

k(fx x fy) = max{k(fx).k(fr)}.

To prove both Proposition 2.11 and Lemma 2.12, we need the following result in linear
algebra.

Lemma 2.13. Let V be a finite dimensional vector space over R and let ¢ € GL(V') be
a unipotent operator. Let N := ¢ — Idy and let k denote the largest integer such that
N* £ 0. Assume that ¢ preserves a closed salient convex cone € C V with nonempty
interior. Then for every v € Int(€), the following assertions hold.

(1) We have N*(v) € €\{0} and
¢" (V) ~nosoo Cun® - N¥(v)
for some Cy,, > 0.
(2) For every linear form y : V. — R such that y(€\{0}) > 0, we have
1" (1)) ~nsoo Cyn®
for some C, > 0.

Proof. We can assume ¢ # Id. Then ker N¥ = V, and for every w € V'\ ker N*, devel-
oping ¢" (w) = (Idy + N)"(w) shows that

¢n (w)/nk ~n—00 Cka(w)

for some Cy, > 0. If moreover w € €, then ¢ (€) C € and € being closed, imply N*(w) €
€. Assume the contrary that there exists some x € Int(€) such that N* (x) = 0. Then there
exists some ¢ € V such that

x+tee€ and N¥(x+e)#0.

Asx £ ¢ €€ and ¢(€) C €, both N¥(x + &) = £N¥(¢) are limits of elements in €,
which contradicts the assumptions that € is closed and salient. This proves (1).
Since N¥(v) € €\{0}, we have x(N*(v)) > 0. Thus (2) follows from (1). [

Proof of Lemma 2.12. Assume that k( fy) = oo or k(fy) = oo. Then Lemma 2.12 fol-
lows from the product formula of the first dynamical degree ([9, Theorem 1.1] together
with Lemma 2.8.

Assume that both k( fx) and k( fy) are finite. By Lemma 2.8, up to replacing fy and
fy by a common positive power, we can assume

A HY (X,R) O, fF:HY(Y,R) O, and (fx x fy)*: HY'(X xY,R) O



Polynomial log-volume growth and GK-dimension 13

are unipotent. Fix Kéhler classes wy € HV(X,R) and wy € H"! (Y,R).Let py : X xY
— X and py : X x Y — Y be the projections. Applying Lemma 2.13 to H!>! (e, R) and
the nef cone therein shows that k( fx x fy) (resp. k(fx) and k( fy)) is the polynomial
growth rate of

((fx x fr))"(pxowx + pyoy) = px(fy)"(0x) + py (fy)" (wy)

(resp. (fy)"(wx) and (fy)" (wy)).
Hence k(fx x fy) = max{k(fx).k(fy)}- u

Proof of Proposition 2.11. As in Lemma 2.9, up to replacing X by an equivariant desin-
gularization of the graph of &, we can assume that 7 is holomorphic.

By Lemmas 2.9 and 2.8, we have k( fxy) = oo if and only if k(fy) = oco. Thus we
can assume that both f : H"'(X) O and fy : H!(Y) O are quasi-unipotent. Up to
replacing fy and fy by some positive iterations, we can assume that the above actions
are both unipotent.

Applying Lemma 2.13 to the nef cone in H ! (X, R), we see that for every pair of
Kihler classes w, n on X, we have

() @) - X~y oo CnFUX) 23)
for some C > 0. Similarly, for every pair of Kéhler classes @’, ' on Y, we have
(f;)n(j_[*w/) . ﬂ*n/dimel — deg(T[) . (f;)n(w/) . 7,]/dimel ~ 00 Clnk(fy) (24)

for some C’ > 0. Since the classes w, n, 7*w’, 7*1 are all nef and big, with the notation
of Lemma 2.2 we have

an*e <o <cr*o’ and c3n*n < n < cam*n
for some positive real numbers c; . It follows from Lemma 2.2 that the growth rates of (2.3)
and (2.4) have the same polynomial order. Hence k( fx) = k( fy)- |
2.3. Bounding the polynomial log-volume growth

From now on until the end of Section 2, we assume that
f* HYY(X) O is unipotent,

unless otherwise specified.
For every o € H!(X,R), recall that

An(fra):=> (f)*w € H"'(X.R).

i=0

The following lemma shows that A, ( f, «) has polynomial expressions in 7 for both ranges
n € Zs¢ and n € Z<o (but these two polynomials are usually different).
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Lemma 2.14. We have

A (fi) ifn >0,

2.5
_A:—l(f»a) ifn <0, @

An(fia) = {

where

k(f)
AF(fia) = Z(’; + 1)Nfa.

Jj=0

Proof. By definition of k := k(f), for every « € H'!(X,R) and every n € Z,

n n k . k n .
Anfia) = 3 (F) @) = ZZ(;)N’@ - ZZ(;)N’@. 2.6)
i=0

i=0;=0 Jj=0i=0

S()-(110)

by the hockey-stick identity. Similarly, if n < 0, then

If n > 0, then

i ) - j—i—1 fj—n n
()= (V ) = (P =-(h)
l.zo(] = J Jt1 J+1
Hence Lemma 2.14 follows. ]

The following lemma will be useful to prove results on lower bounds of Plov(f) in
this paper. In the projective setting, this lemma was due to Keeler [15, Lemma 6.5 (4)] and
was applied in his work to prove his lower bound.

Lemma 2.15. For every integeri € [1,d], let

k i
. i d—i n+1 j d—i
Prans)i= af Gyt = (X (17 o) ot
Jj=0
which is a polynomial in n of degree deg,, Py, ;(n). Then we have
deg, Pfy,i(n) > deg, Pry,i—1(n).

Proof. For every non-negative integer m, define

Prow,im(n) = A,J[(f, w)i_l (M ot
k

- (Z(” + I)wa)i_l A(1d + N)™(0) - 0@~
(2051 :
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which is a polynomial in nn of degree deg,, Py, ;.= (n). Note that since both w and ( f™)*w
are Kihler, we have
Ciw = (f™) o < Co

for some C1, Cy > 0, so

Cl Pf,w,i,O(n) =< Pf,w,i,m (I’l) = C2Pf,a),i,0(n)

by Lemma 2.2 and therefore

degn Pf,w,i,m(n) = degn Pf,w,i,O(n) = degn Pf,w,i—l(n)-

In particular, deg, Py, i m(n) is independent of m.

For every m, since Pfy, i »(n) > 0, the leading coefficient Cy,, ; () of the polyno-
mial Py, i m satisfies Crg ;(m) > 0. As Cy,, ;(m) is a polynomial in m (because N is
nilpotent), the minimum of

{Cﬁw,i(m) | m € ZZO}

exists; let £ € Zx¢ such that Cr,, ; (£) is the minimum.
By construction, we have

Proim(®) _ Croi(m) _
n—00 Pf,a),i,@(n) Cf,a),i(e) o

for every m € Z. So
Pf,a),i (I’Z) Z Pf,w,i,m(n)
- N E - Zn—oo Vs
Proiem) = Pro.i(n)

for any y > 0, which shows that deg,, Pr, ; ¢(n) < deg, Pr i (n). Hence
deg, Prw,i—1(n) = deg, Pryic(n) <deg, Pryi(n). "
Lemma 2.16. Plov( f) is equal to the degree of the polynomial

k(f) n+1 d
1> Pro(n) = Prypan) = AT ,a)dz( ( )Nja))
freo (1) frew,d (1) 2 (frw) JX:(:) I

for any Kéhler class w on X. As a consequence, Plov( f) is a positive integer satisfying

d
k(f)+d <Plov(f) <d +max{2ij | ij € Zxo, (N'w)--- (N w) # 0}’ 2.7)

J=1

where d = dim X. Also, the limit superior defining Plov( f, w) in Lemma 2.1 for any nef
and big class w is actually a limit.
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Proof. The first claim and the last statement about the limit superior are clear by Lem-
ma 2.14 and the definition of Plov( f). Then, the upper bound of Plov( f) is clear by
equation (2.6).

For the lower bound, by Lemma 2.15 with the notations therein, we have

Plov(f) = deg, Pty qa(n) > deg, Prya—1(n) > --- > deg, Pry 1(n).

*\m
k), Vo ()" (w)
N o = k()1 lim =5
is nef and nonzero by definition of k( f), we have (N¥(Nw) - w?=1 £0. So deg, Pry,1(n)
> k(f) + 1, which shows that Plov(f) > k(f) + d. [

Remark 2.17. Based on Plov( f, w) = Plov(f, (f*)'w) for any integer i, the last state-
ment in Lemma 2.16 regarding the limit superior still holds if f* : H1(X) O is quasi-
unipotent. We do not know whether it continues to hold without the quasi-unipotence
assumption.

Now we can prove that the polynomial logarithmic volume growth is also compatible
with product.

Lemma 2.18. Let X; (i = 1, 2) be compact Kdiihler manifolds and let f; € Aut(X;) (with-
out assuming that f* : H'(X;) O is unipotent). Then

Plov(f1 x f2) = Plov(f1) + Plov(f2).

Proof. Let w; be a Kihler metric on X; and let pr; : X1 X X2 — X; be the projection to
the i -th factor. Then

Volit o +pses (Dfix £ (1)) = Vol (I'y, (1)) Vol, (I'g, (1)), (2.8)

which proves Lemma 2.18 in the case where Plov( f1) = oo or Plov( f2) = oo.

Assume that both Plov( f1) and Plov( f>) are finite, then Plov( f1 x f3) is also finite by
the equivalence (1) < (6) in Lemma 2.8 and the Kiinneth formula. To prove Lemma 2.18,
by Lemma 2.6 we can replace f; and f, by some common power. Thus by Lemma 2.8
again, we can assume that the actions of f, f>, and f; X f> acting on the cohomology
rings of X, X», and X; x X, respectively are unipotent. It follows from Lemma 2.16
that the limits superior in the definitions of Plov( f1), Plov( f2), and Plov( f; x f3) are all
limits. Hence Lemma 2.18 for finite Plov( f1) and Plov( f2) follows again from (2.8). m

Corollary 2.19. Let X be a compact Kiihler manifold of dimension d and let f € Aut(X)
be a zero entropy automorphism. Then Plov(f) = d if and only if k(f) = 0.

Proof. Since f has zero entropy, by Lemmas 2.6 and 2.8 we can assume that f* :
H'1(X) is unipotent. Thus k( f) = 0 implies N = 0, and Plov(f) = d by Lemma 2.16.
Again by Lemma 2.16, Plov(f) = d implies k(f) = 0. |
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Another consequence of Lemma 2.16 is the following.

Corollary 2.20. Plov( f) has the same parity as d = dim X.

Proof. Since A, ( f.w) is Kihler, we have A, ( f,w)¢ > 0foralln € Z.So by Lemma 2.14,
we have

{ AF(fiw)® >0 forn > 0, 29

(—l)dA;f_l(f, w)¢ >0 forn <O0.

It follows that the degree of the polynomial n > A (f, w)?, which is also Plov(f) by
Lemma 2.16, has the same parity as d. ]

The following lemma provides another way to compute Plov( /), and turns out to be
useful. Define

An(frw) =Y () + (7))

i=0
Lemma 2.21. Plov( f) is also the degree of the polynomial
n ) d
s AL (fw)? = (w + > (f’)*w) .
i=—n

Proof. Recall that Plov( f) is defined as the polynomial degree of n — (3_;_,(f N*w)d,
which is also the polynomial degree of n + (Zizio( FH*w)? as well as the one of n
(Zizio 2(f)*w)?. Hence Lemma 2.21 follows from

(or S0)’ = (i (umros é(fi)*w))d

i=—n . | .
- ((f")*w " Z(f')*w)
i=0
and
2n ) d 2n ) d 2n ) d
(Z(f’)*w) < ((f”)*w n Z(f’)*w) < (ZZ(f’)*w) .
i=0 i=0 i=0
As f* : HY1(X) (U is unipotent, (f~1)* : HV!(X) ( is also unipotent. Set
N :=(f"H"—1d: H"'(X) > H ' (X)

and let
Ny = N™ 4+ N'™,

We have an analogous statement of Lemma 2.16 with N replaced by Ny,.
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Lemma 2.22. We have
d

Plov(f) <d +max{2ij |ij € Zxo, (Njy@) -+ (N;,w) # ()}.

j=1
Proof. Lemma 2.22 follows from Lemma 2.21 together with

k(f)
() = Z(f)w+ S (e Z(’Zif)(zv’#zv"')(w)

i=-n i=0
k(f)
n+1
—Z(l+l)Ni(w). |
Lemma 2.23. For every integeri € [0,d], let
k i
. . 1 .
Pj;sa),i (n) := A; (f7 w)la)d_l = ( Z(n + | )Nja)) a)d_l ,
j=on T

which is a polynomial in n. Then we have

deg Pj'»,w’i > deg P},w,i_l.
Proof. As in the proof of Lemma 2.15, for every non-negative integer m, we define

Pl im®) = AL (S, o)L (M) + (f ) ) 0t
The same argument in Lemma 2.15 shows that

deg, P},w,i’m(n) = deg, Pf/,w,i,O(n) = deg, P},w,i—l(”)

for every m, and there exists £ € Z~¢ such that the leading coefficient Cr,, ; (£) > 0 of
P}, ;¢ is minimum among all ¢ € Zx. Since A}, (f. 0) 1w w? > 0 (because w is
Kiéhler), it follows that

Pj/’a)t() Pf/wlm()>
7 /. N Zn—oo )’,
fwtf(n) m=0 f,w,i,E( )
for any y > 0, and we conclude the proof as in Lemma 2.15. ]
Let w € H1(X). For all integer 0 < p < d, consider the following polynomial in n
with coefficients in H?-?(X):

k

14
oy 1> ()0 + (f ) 0)? = (Z(’l’ )M(w)) .

i=0

Let A, (f, w) denote the polynomial degree of Q. p(n).
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Remark 2.24. Note that for any product Q@ € H¢~P4=P(X) of d — p Kihler classes,
Ap(f, ) is also the polynomial degree of

ni=> Q- ("0 + () w)”.

The same argument proving Lemma 2.1 shows that the polynomial degree A, (f, @) is
independent of the choice of @ whenever o is nef and big.

We will use the next lemma in the proof of Lemma 4.5.
Lemma 2.25. For every integer p, we have
Ap(frw) =max{ri € Z||(f")* O HY (X)|| ~n—sco Cin"" for some C; > 0,0 <i < p}.

In particular,

k d
hp(fw) < k(f)L J SR
Proof. The first statement follows from
V4
(Moo =3 ("ol (rmrer
j=0

—Z( )((fz”) W) 0P,

For the last statement, the first inequality follows from [7, Proposition 5.8] and the last
inequality from Theorem 1.1. |

3. Quasi-nef sequences and dynamical filtrations

3.1. Dynamical filtrations and proof of the upper bound (1.3) in Theorem 1.1

First we recall the definitions and basic properties of quasi-nef sequences and dynamical
filtrations. We then prove some useful lemmas, and finally the optimal upper bound (1.3)
in Theorem 1.1 (see Corollary 3.7).
Let X be a compact Kihler manifold of dimension d > 1. For every « € H Li(X, R),
ifa- HV1(X,R)4~ = 0, we write
a=0

as in Notations. Let K’ (X) C H" (X, R) be the closed convex cone generated by classes
of smooth positive (i, i )-forms. We have K 1(X) = Nef(X), which is the nef cone of X.
For every a € X' (X), define

Nef(a) := a - Nef(X) ¢ HITHFL (X R).

As Nef(X) is a convex cone, so is Nef(a). Since Nef(a) C K +t1(X) and K T1(X) is
salient, Nef() is a closed salient cone.
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Construction 3.1 (Quasi-nef sequence [24]). Let f € Aut(X) be an automorphism of X
such that f* : HL1(X) O is unipotent. A quasi-nef sequence (with respect to f) is a
sequence

Mi,....Mz; € H''(X,R)

constructed recursively as follows. Suppose that My, ..., M; ¢ H 1’l(X ,R) are con-
structed, then M; 1 € H!(X,R) is an element such that

s fTMy--Mit1) = My My #0,

. Ml--~M,'Mi+1 ENef(Ml-”Mi).

Since f* : HY!(X) O is unipotent, the existence of M;; follows from Birkhoff’s
Perron—Frobenius theorem [3] applied to Nef(M; --- M;). See also [16, Theorem 1.1] for
a generalization. We set Ly :=1 € HO°(X,R) and define L; := M;---M; € Hid (X,R).

Note that My, ..., My; € H'(X, R) is also a quasi-nef sequence with respect
to fL. L]
Given a quasi-nef sequence My, ..., My € H 1.1 (X, R) with respect to an automor-

phism f € Aut(X) such that f* : H'!(X) O is unipotent, define
Fi:={oe H""(X,R) | Lya =0}
and let F/ be the subspace of F; spanned by
{Ol € F; | Li_1o = B for some f € Nef(Li_l)}.
Recall from [8] that these subspaces form an f *-stable filtration
0=FyCF/ CF C---CFj_, CFqy CFj=H""(X,R). 3.1)

We note that the filtration (3.1) depends on the choice of a quasi-nef sequence My, ..., My
€ H'!(X,R). Here are some fundamental properties of these filtrations proven in [8].

Proposition 3.2 ([8, Theorem 1.3]). (1) We have dim(F//F;—) < 1 and
F={y e F; | Li-iy*> =0}.

Moreover, the following conditions are equivalent:
i) Fioi # Fl:
() F/=Fi-1 & R-M,);
(i) Li—1M? =0.

(2) There exist an integer r € [1,d — 1] and a strictly decreasing sequence of integers

d—1>s1>-->5>1
such that for every Kiihler class @ € HV1(X,R) and every integer j € [1,r],
(f* =1 o e F\Fy,  and (f*—1d)Y 0 € F{\Fy1,

and (f* —1d)*>" o = 0. In particular, (f* —1d)>" 1 = 0 € End(H "1 (X, R)).
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The sequence s; > --- > s, in Proposition 3.2 (2) depends on f and is unique for a
given quasi-nef sequence. The inverse /! defines the same sequence with respect to the
same quasi-nef sequence by the next lemma.

Lemma 3.3. Let s1 > --- > s, be the sequence in Proposition 3.2 (2) associated to f.
Then for every Kiihler class @ € H"'(X,R) and every integer j € [1,r], we have

(f ) —1)¥'w e F\F,, and ((f7)" —10)Y 0 € Fj \Fy; 1,
and ((f~1)* —=1d)?> 1w = 0.
Proof. Since both Fy; and Fs’j are f*-invariant, we have
(T =1¥ o = DY) 1)V T o € Fy)\F
The same argument shows that ((f~1)* —Id)> w € F{ \Fy,—1 and (f~H* —1d)> Tl
=0. ]
The following two lemmas are both consequences of Proposition 3.2 (1).

Lemma 3.4. Fori € [1,d]NZ, take n; € F/. Let p € [1,d]| N Z and j € [0, p] N Z.
Then:

(1) There exists some C € R such that
Linjy1---np = CLp.
(2) Foranyn € Fp, we have
Linj+1---npn =0.

Proof. Since either F, = F,—1 or F,/Fj_1 is aline spanned by M), + Fj—1 by Proposi-
tion 3.2 (1), there exists some C, € R such thatn, —C,M, € F,_1. As L,_1Fp_1 =0,
we have

Lp_1np, =CpLlp 1M, =CpL,.

Induction proves that L;n;4+1---n, = CL, for some C € R.

Since L, F, = 0, (2) follows from (1) and the definition of F,. ]
Lemma 3.5. Assume that My = --- = M; € HY'(X,R). Then
Fl=F_,

forevery j <i —1.

Proof. Assume to the contrary that ij # Fj_; forsome j <i — 1. By Proposition 3.2 (1),
we would have
Ljy1 = Lj-iM;Mj1 = Lj1M} =0,

which is impossible. Hence Fj/ = Fj_jforevery j <i—1. ]
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As a consequence of these results, we obtain the following refinements of Theo-
rem [.1.

Corollary 3.6. Let ¢ : X — B be a surjective morphism with connected fibers between
compact Kihler manifolds. Let f € Aut(X) such that f* : HY'(X,R) O is unipotent
and ¢p*wp is f*-invariant for some Kdihler class wp € H'(B,R). Then

k(f) < 2(dim X — dim B).

Here, we recall that k(f) + 1 is the maximal size of the Jordan blocks of the Jordan
canonical form of the unipotent f™*|p1.1(x R)-

Proof. Let m := dim B. As ¢*wp is an f*-invariant nef class and ¢*wj # 0, we can
complete
My = =My =¢"wp

to a quasi-nef sequence My, ..., M;. By Lemma 3.5, we have Fj’ = Fj_ forevery j <
m — 1. So according to Proposition 3.2 (2) and the notation therein, necessarily s, > m,
sor < dim X — dim B. Hence

(f* _ Id)2(dimX—dimB)+l(a)) =0
for every w € H1(X,R). n

Corollary 3.7. Let X be a compact Kihler manifold of dimension d > 1 and of Kodaira
dimension k(X). Let f € Aut(X) be an automorphism of zero entropy.

(1) We have
k(f) <2(dim X — k(X)).

In other words,
I(F™)* - HYY(X) O || = 0(m>@—<X)

as m — oo for any norm of Endc (H V"1 (X)).
(2) The estimate in (1) is optimal, in the sense that for every d > 1 and k > 1, there
exist some X and f € Aut(X) such that dim(X) = d, «(X) = «, and
[CF™) 2 HYL X O [ ~mosog 2600
for some C > 0.

We prove first Corollary 3.7 (1). We will prove Corollary 3.7 (2) in Section 7 by
constructing explicit examples.

Proof of Corollary 3.7 (1). By an equivariant Kihler desingularization, there exists a bi-
meromorphic morphism v : X — X from a compact Kéhler manifold X such that S lifts
to an automorphism f € Aut(X) and that X admits a surjective morphism ¢ : X — B to
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a projective manifold as a model of its litaka fibration. As ¢ is an litaka fibration of X,
f descends to a bimeromorphic self-map of B of finite order by [19, Theorem A]. Up to
replacing f by a finite iteration of it, we can assume that ¢ is f -invariant. In particular,
¢*wp is f*-invariant for every Kahler class wg € H1(X,R).

Since f has zero entropy, we have d ( ]7 ) = 1 by Lemma 2.8 and [9, Theorem 1.1] for
the invariance under a generically finite map. Replacing f by its finite iteration, we can
assume that f* : H1(X,C) ¢ is unipotent by Lemma 2.8. Thus by Corollary 3.6, we
have

I(F™*: HY(X.C) O || =mosoo O(m?@7<D),
As HU(X,C) < HUI(X,C)is f*-stable and the restriction of £* : HL1(X,C) O to
HV (X, C)is f*: HV(X,C) O, we have

1(F™)  HYYX.C) O || =posos O(m>@<0D), .

3.2. Some vanishing lemmas

From now on till the end of Section 3, f € Aut(X) is an automorphism such that f* :
HUV(X) O is unipotent. Under this assumption, (f~1)* : HY1(X) O is also unipotent.
Recall that in Section 2, we have defined

N := f*—Id € End(H"'(X,R)) and N’:=(f"!)*—1d € End(H"!(X,R)),

and also N, := N™ + N'™,
In this subsection, we will prove some vanishing results of intersections of (1, 1)-
classes which are images of N, or N™. Let us start with the following lemma.

Lemma 3.8. Leta € HV'(X,R).
(1) Let d — 1 > 51 > --- > 5, > 1 be the sequence associated to [ as in Proposi-
tion 3.2 (2). Then we have
Nai—1(@), N2i (@) € Fg \Fy—1
for any Kdhler class w. In particular,
Nai—1(a), Nai (@) € F_;.

(2) Both Ni(f)—1(a) and N(sy(e) are f*-invariant.
(3) If w is nef, then both Ni(ry(w) and Ni(r)—1(w) are nef.

Proof. First we prove (1). Note that N + N’ = —NN’, so
2i—2
N2i—l = N21_1 + NlZl—l — (N + N/) Z(_l)]N]N/Zl—Z—j
j=0
2i—2
= Z(_l)j+1Nj+1N/2i—l—j
j=0
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= Zif(_l)j+l(f* —Id)j+1((f_1)* —Id)Zi_j_l
j=0
Z(f I = 3 N o (I
j=0

Since 32 2(f 2 +7+1)* is Kiihler, Proposition 3.2 (2) implies
2i-2
Nai—1(w) = Nz’( Z(f‘2’+’+‘)*w) € Fy\Fy-1.
Jj=0

By Proposition 3.2 (2) and Lemma 3.3, we have N% (w), N'* (w) € Fy., 50 Naj () €
F|..Since N*w € F] , we have

Lsi_lNZia) =CLg

for some C € R by Lemma 3.4. Since N?w ¢ Fy,—1, we have C # 0. Moreover, as

Ls,_1NPw = 0 for every p > 2i by Proposition 3.2 (2), we have

(f )™ (@)
m2i

Ls—1N* o = (2i)!- lim Lg_, e K%(X)/=
m—>00

where K * (X)/= denotes the image of J*/ (X) in H%* (X,R)/=. Since Ly, € K* (X),
necessarily C > 0. Since s; > --- > s, is also the sequence associated to f -1 by Lem-
ma 3.3, the same argument shows that there exists C’ > 0 such that

Ly 1N*w=C'Ly,.

Hence
Lg—1N2i(w) = (C + C')Ly, #0,

namely Ny; (@) ¢ Fs;—1. The last part follows from Fy, C F;_;, noting thats; < d —i.
For (2), recall that k( f) is an even number (Theorem 1.1) so we can write k( f) = 2i.
Since N?*1 =0and f* =1d + N, we have

N2 /@iy = lim (f*)"/m*

whose image is hence f*-invariant. Since f* commutes with N, and N = —N(f~1)*,

we have N’ = N2/ (f~21)* whose image is hence f*-invariant, too. Thus the images

of Noj = N% + N2 and Ny = 2]2:02 N2 o (f72Hi+1)* are also f*-invariant.
For (3),

2i—2
N2 (@) = @) Tim (f*)"(@)/m>,  Nai—i(w) = Y N T (o)
Jj=0

are clearly all nef. ]
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Corollary 3.9. Let w be a Kdihler class. Assume that k(f) = 2d — 2. Then for every
integer £ > 2, we have

Niy (@) -+ Niy (@) = 0
whenever
ij>2(d—-j)—1 forallj <{—-2, and ig_y,ig>2(d—-C+1)—1.
Moreover, whenever
ij € (2(d —j).2(d — j) =1} forall j,
there exists some C € R such that
Niy (@) -+ Nij (@) = CNyg—2(®) -+ Nag—j)(®).

Proof. Corollary 3.9 follows directly from Lemma 3.4 and Lemma 3.8. Indeed, by the
assumption and Lemma 3.8, we have

Nil(a)) € Fl/’ Niz(a)) [S Fz/, . ,N,-l_z(a)) [S Fl/—2’ Nil_l(a)), Nil (a)) S Fl/—l'

Thus the first assertion follows from Lemma 3.4 (2).
Similarly, by the assumption and Lemma 3.8, we have

Ni1 (CL)), N2d—2(a)) € Fl/’ Niz(a))v N2d—4(w) € F/a ey Ni.,' (CL)), N2(d—])(w) € F‘j/
Thus the second assertion follows from Lemma 3.4 (1). ]
Lemma 3.10. Let m be a positive integer and let

Y= {Nk(f)(a)), Ny (@), Ngry-1(w) | o € HI’I(X, R) Kc’ihler}.
Then the following conditions are equivalent:
1) My---M,, %0 for some My, ..., My, € 3.
2) My---M,, # 0 forevery My, ..., My, € 3.

Proof. Fix a positive integer m. It suffices to prove that (1) implies (2). To this end, it
suffices to prove that given My, ..., M,,, M,’n e X,

MMy 1My, #0 implies M;---Myu_1M,, #0.

Then we can replace each factor of Mj - - - M,, by any choice of m elements M;,..., M, €
X one by one and obtain M| --- M, # 0.

Since every element of X is nef and f *-invariant by Lemma 3.8, the sequence M1, ...,
M,,,—1 can be completed to a quasi-nef sequence. Since L,,—1 My, = My --- My, 1 M,,, £0
and M,, € X by assumption, Proposition 3.2 (2) and Lemmas 3.3 and 3.8 (1) then imply
that

Ml"'Mm—lMy/n:Lm—lM,/n ¢0 |
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As for when we have (N*(/)w)! = 0, we have the following.

Lemma 3.11. (N*Pw) = 0 whenever 2i > d.
Proof. Let j € Zsy. Since ||[(f™)* : H'1(X) O || = 0(n*()), we have

I B (X) O || = 0@ )
by [7, Proposition 5.8]. Suppose that (N*(/) )/ =£ 0, then

ICF™*  HY(X) O || ~ CnftD,
As

I HY Q0O O |~ I - BT (X0 O |,

necessarily (N¥ )i = 0 whenever 2i > d. [ ]
Corollary 3.12. Let m be a non-negative integer such that N (wg)™ = 0 (or equiv-
alently Ni(r)(wo)™ = 0 by Lemma 3.10) for some Kdhler class wg. Then for every o €

HU(X,R), we have
Ni(r) (@) Nr(py-1(@)’ =0

wheneveri + j > m.
As a consequence, for every w € HV1(X,R) and every pair of non-negative integers
i and j such that 2i + 2j > min(d,2d — k(f)), we have

Ni(r) (@) Ni(py-1 (@) =0.

Proof. Since the vanishing Ny f)(a))i Ni(r)—1 (w)/ = 0is a Zariski closed condition for
w € H1(X,R) and since the Kihler cone is Zariski dense in H ' (X, R), we can assume
that w € H!(X, R) is Kihler. Then the first statement follows from Lemma 3.10.

Now we prove the second statement. Once again, we can assume that @ is Kahler.
Recall that k( f) = 24 is an even number (see, e.g., Theorem 1.1). By the first statement,
it suffices to show that

Nk(f) (w)d—[-‘rl =0,

as we already know that Ni(r)(w ! = 01if 2i > d by Lemma 3.11. To this end, we can
assume that Ny ) (w)?=t = 0 and complete

to a quasi-nef sequence. Then Lemma 3.8 implies that
Nk(f)(a)) = Nz({(a)) S F;:_E C Fj_y.

Hence,
Ni(r) (@)~ = La_Ni(py (@) = 0. .



Polynomial log-volume growth and GK-dimension 27
4. Upper bounds of Plov( f): Beginning of the proof of Theorem 1.2

Let us first prove Keeler’s upper bound in Theorem 1.2 (1).

Proposition 4.1. Let X be a compact Kiihler manifold of dimension d and let f € Aut(X)
be a zero entropy automorphism. Suppose that k( f) > 0. Then we have

Plov(f) < k(f)(d — 1) +d.

We will first provide a sketch of Keeler’s original proof, then an alternative proof using
Corollary 3.12.

Keeler’s proof of Proposition 4.1. Recall that Plov(f) is the degree of the polynomial
Py, (n) which is the same as the polynomial (A, ( f, L)?) in Theorem 8.1 (4) if we replace
the ample class L by the Kéhler class w. Therefore, by setting D = w and P = f* in the
proof of [15, Lemma 6.13], the purely cohomological proof of [15, Lemma 6.13] works
without any further change, which proves the result. ]

Second proof of Proposition 4.1. By Lemmas 2.6 and 2.8, we can assume that f™* :
HV1(X) O is unipotent. Let « € H!(X,R) and let

k(f)zir=-->ig=0
be d integers such that

d
> i > k(f)d —1).

Jj=1
Write the product N;, (&) - -+ N;, () in the form

IT := Ni(r) (@) Ne(py—1(@)P Ny, (@) - Niy (@)

withi,yp41 < k(f)—2. Then 2a + 2b > 2d — k( f) by the assumption. It follows from
Corollary 3.12 that IT = 0. Thus Plov(f) < k(f)(d — 1) + d by Lemma 2.22. |

The main result of this section is the following sharpened upper bound of Plov( f').

Theorem 4.2. Let X be a compact Kiihler manifold of dimension d and let f € Aut(X)
be a zero entropy automorphism. Assume that d > 3 and k(f) > 0. Then

Plov(f) <k(f)(d—-1)+d —2.
When k() = 2, we have the optimal upper bound

2d if d is even;

Plov <
()= {Zd —1 ifd isodd.
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The above inequality for k( f) =2 was originally due to F. Hu with a different proof’.
We will prove Theorem 4.2 based on results in Section 3 about the dynamical filtrations.
Let us first prove Theorem 4.2 when k(f) = 2.

Proof of Theorem 4.2 when k(f) = 2. By Lemmas 2.6 and 2.8, we can assume that 1™ :
H'1(X) O is unipotent. Let w be a Kihler class and let i be the largest integer such that
(N?w)' # 0. By Lemma 3.11, we have i < |d/2]. Since (N2w)'*! = 0, it follows from
Corollary 3.12 that

(N20)* (N1)” = 0
whenever a + b > i. Hence by Lemma 2.22,

Plov(f) <d +2i <d +2|d/2].

For optimal examples, let S be any compact Kihler surface and f € Aut(S) any
automorphism with k(f) = 2 (see, e.g., [8, §4.1] for an example where S is a torus).
Then Plov(f) = 4 by Corollary 1.3. If d = 2m, then k(f*™) = 2 for f*™ € Aut(S™)
by Lemma 2.12 and Plov(f*™) = 4m = 2d by Lemma 2.18. If d = 2m + 1, then we
consider /™ x Id¢ € Aut(S™ x C) where C is any smooth projective curve. |

The proof of Theorem 4.2 when k() > 2 follows from a different argument. In Lem-
mas 4.3 and 4.5 below, let X be a compact Kihler manifold of dimension d > 1 and
f € Aut(X) an automorphism such that f* : H1(X) ¢ is unipotent.

Lemma 4.3. Assume k(f) > 0. Let (a, b) be a pair of non-negative integers such that
2a +2b >2d —k(f). Letiy > ---> iy > 0bed’ integers. When2a + 2b =2d — k(f)
we assume

o
D i > (k(f) —4d' +2.
j=1
Then
Ni(r) (@) Nie(ry-1(@)P Ny, (@) -+ Ny, (@) = 0
for everya € HV1(X, R).

Proof. 1f 2a + 2b > 2d — k(f'), then we already have

Ne(ry (@) Niry-1(@)? =0
by Corollary 3.12. So we can assume that 2a + 2b = 2d — k(f), and thati; < k(f) — 2.
We can also assume that Ni(r)(@)? Ng(r)—1(e)? # 0 and that « € H1(X, R) is
Kihler. By Lemma 3.8, both Ni(rs)(«) and Ni(ry—1(a) are f*-invariant nef, so we can
complete

My =---=M, := Nk(f)(Ol), Myy1=--=Myyp = Nk(f)_l(Ol)

to a quasi-nef sequence.

'F. Hu, private communication.
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SmceZ _11j > (k(f) —4)d’ + 2, we have

i, € [k(f) =3, k(f) = 2].

Indeed, otherwise we would have i, < k(f) — 4 and 27;1 ij<(k(f)—2)+d -
D(k(f)—4) = (k(f) — 4)d’ + 2. It follows from Lemma 3.8 that

Nil (O{), Niz(a) € Fd/—@-l-l F[;+b+l

So
Nie(r) (@) Nic(p)-1(@)° Niy (@) Nig (@) = Lt Niy (@) Nip () = 0
by Lemma 3.4 (2), which proves Lemma 4.3. ]

End of proof of Theorem 4.2. Recall that k( f') is an even number (Theorem 1.1), and we
already proved the statement for k( f) = 2. It remains to prove Theorem 4.2 for k() > 4.
By Lemmas 2.6 and 2.8, we can assume that f* : H11(X) ¢ is unipotent. Let o €
HI’I(X, R) and let
k(f)=i1>-->ig>0

be d integers such that
d
> i > k(f)d—1)-2.
j=1
Then the product N;, () - - - N;, () is of the form

I := Ni(r) (@) Ni(r)—1 (@) Nig .y (@) -+ Ny (@)
with ig1p4+1 < k(f) — 2. We now show that IT = 0. We have

d a+b
@+bk(f)+ > '->Zz,+ Z z]—Zz,>k(f)(d—1)—
j=a+b+1 j=a+b+1
Soifd’ :=d —a — b, then
d

d'k(f)=2= Y i>k(H)d—a-b=1)=2=k(f)d —k(f)-2

j=a+b+1

which implies k(f) + 2 > 2d’. As k(f) is even, we have k(f) > 2d’, namely 2a +
2b > 2d — k(f). Assume that 2a + 2b = 2d — k(f), namely 2d’ = k(f), then since
d’ = k(f) > 4 by assumption, we have

d

Yo i k()d —k(f) =22 (k(f)—4d' +2.

j=a+b+1

It follows from Lemma 4.3 that IT = 0, and thus Theorem 4.2 follows from Lem-
ma 2.22. [
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We finish this section by the following upper bound of Plov( ) when d > 4, which
improves the upper bound Plov( f) < 2d? — 3d obtained by combining Theorem 4.2 and
k(f) <2d —2in Theorem 1.1.

Proposition 4.4. Let X be a compact Kdhler manifold of dimension d > 4 and let [ €
Aut(X) such that di(f) = 1. Then

Plov(f) <2d? —3d —2.
We first prove the following.
Lemma 4.5. Assume thatk := k(f) =2d —2 and d > 4. Take d integers
k>ip>-->ig >0
such that

d
> i = (k—2)d 1.

j=1

Then for every a € H'(X), we have
Nil(Ol)-”N,'d(Ol) = 0. (4.1)
Proof. First we assume that i; > k — 1. We have

d d
> iy = (Zij)—il >(k—2)d—1—k=2d>—6d + 1
j=2

j=1
>2d>—8d +8=(k—4)(d—1)+2, 4.2)
where the second inequality follows from d > 4. So N;, (@) - -- N;, (@) = 0 by Lemma 4.3.

Assume thati; <k — 2. Since Z}izl ij > (k —2)d — 1 and the sequence i; is decreas-
ing, necessarily

i1=-=ig.1=k—2 and iyj=k—2o0rk—3.

Since we have already proven that Nj, («)--- N;, (o) = 0 whenever j; > k — 1, in partic-
ular, whenever

d
Y Jr > (k=2yd,

=1
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we have

Qf,a,d (}’l)
k

(50

d d—1
—_— (kﬁ 2) Nk_z(a)d+d(kf 2) (kf 3)Nk_2(a)d—11vk_3<a>

+ 0(n*24-2), (4.3)
Recall that deg(Qrq,q) < d(d — 1) by Lemma 2.25. Since d(d — 1) < (k —2)d —2

(because d > 4), it follows from (4.3) that Nx_, ()¢ = 0 and then Ny_, ()2~ Ni_3(a)
= 0, which proves Lemma 4.5. [

Proof of Proposition 4.4. By Theorem 1.1, we have k(f) < 2d — 2 and k(f) is even.
Since d > 4, Proposition 4.4 in the case k(f) < 2d — 2 (resp. k(f) = 2d — 2) follows
from Theorem 1.2 (resp. Lemmas 2.22 and 4.5). ]

5. A refined lower bound: End of the proof of Theorem 1.2 and
Corollary 1.6

In this section, we prove the following lower bound of Plov( f). At the end we will con-
clude the proof of Theorem 1.2 together with Corollary 1.6.

Theorem 5.1. Let X be a compact Kdihler manifold of dimension d > 0 and let f €
Aut(X) be a zero entropy automorphism. Then we have

Plov(f) > d + 2k(f) — 2.

Proof. We can assume that dim X > 2, otherwise k( f) = 0, and Theorem 5.1 holds triv-
ially.

By Lemmas 2.6 and 2.8, we can assume that f* : H!(X) O is unipotent. Let @ be
a Kihler class. Recall that we have

" . D nt1
AL (fw) = S 0 + (7)) = Z(i 0
i=0

i=0

)Ni (w)
from the computation in the proof of Lemma 2.22. By Lemma 2.23, and using the nota-
tions therein, we have

Plov(f) = deg, P},w,d(”) > deg, Pj/”,a),d—l(n) > .-+ > deg, P},w,z(”)'
Therefore it suffices to show that

deg, Pf,, ,(n) = 2k(f).
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Recall that

KD 2
P, o(n) = A, (fo) e = (Z(j N I)Njw) w?2. (5.1)
j=0

Assume that (Ni(ry@)? # 0. Since Ni(ryw is nef by Lemma 3.8 (3), we have (Ng(r)w)?
w972 £ 0. Hence deg, P}, 5(n) = 2k(f) + 2 by (5.1).
Now assume that (Ng(ryw)? = 0. Then

(Ni(y-10)*> =0, (Nk(5)@)(Ni()-10) = 0 (52

by Lemma 3.10. Since Ng(ryw is nef and f*-invariant by Lemma 3.8, we can construct a
quasi-nef sequence My, ..., My with My = Ny ryw. Suppose that (N ryw)(Ni(r)—2w)
= 0. Then (Ng(r)—2w) € Fi, and we would have (Ni(ryw) € Fo = 0 by Lemma 3.8 (1),
which contradicts the assumption that Ny s yw # 0. Hence (Ni(ryw)(Ni(r)—20) # O.
Together with the vanishings (5.2) and (5.1), we obtain deg, P},w,z (n) =2k(f). |

Proof of Theorem 1.2. The upper bound and lower bound of Plov( /) in Theorem 1.2 fol-
lows from Theorems 4.2 and 5.1 respectively. ]

Proof of Corollary 1.6. The main statement of Corollary 1.6 follows from Theorem 1.2 (0)
(resp. Theorem 1.2 (1)) when k() > 0 (resp. k() = 0). Together with Theorem 1.1, it
follows that x (X) > d /2 implies Plov( f) < d? — 2. n

6. Complex tori: Proof of Theorem 1.4 and a few remarks

In this section, we prove Theorem 1.4; see Remark 6.5 for further discussion.

Proof of Theorem 1.4. First we perform some reduction. By Lemmas 2.6 and 2.8, up to
replacing f by some finite iteration of it, we can assume that /* : H (X (J is unipotent.
Fix a basis

dzin.dzip, ..., dz1 gy, dZpa, ..., dzp,kp

of H9(X) such that foreveryi = 1,..., p,

dz; ifj =1,
frdziy =" 7
dZi’j + dZi’j_l if 2 < j =< ki.
As the f*-action on H':%(X) determines the f*-action on H*(X,C) when X is a torus
(because H*(X,C) is generated by H!(X,C) = H'%(X) & H!-(X)), by Corollary 2.3
we can assume that X = E< with E being an elliptic curve, or even E = C/Z[v/—1],
and (2, )1<i<pa<j<k; are the global coordinates of £, so that
P P
frEC=]]ER > ] ER = E¢
i=1 i=1

is the product of E%i — Ei defined by the unipotent Jordan matrix of size k;.
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By the product formula (Proposition 2.5 (4)), it suffices to prove Theorem 1.4 for the
case p = 1. So, from now on until the end of the proof, we assume that p = 1. Namely,
f*: H°(X) O has only one Jordan block.

Sete; = dz; and e; = dz;. Forevery 0 = Zi,j ajje; Nej € HV1(X,C)\{0}, define

w(o) = maxti + j | aiy # O},
and forevery p = 2,...,2d, define
o(p) = Z aije; Nej.
i+j=p

Note that Z?:l w;(07) < d(d + 1) by definition. We need the following.
Lemma 6.1. Letoy,...,05 € HV1(X, C)\{0} and let w; := w(0;).

M) IFY w; <d(d + 1), thenoy A--- Aoy = 0.

2) Ifz;izl w; =d(d + 1), thenoy A+~ ANag = o (W) A+ Aag(wg).

Proof. By multi-linearity of 61 A -+ A 04, itis clear that (1) implies (2), and that it suffices
toprove (1) foroy,...,04 of theformo; =e;, Aej,,...,0q0 =ej;, Nej, Ifor N Nog #
0, then necessarily

(v, gy =1{1,....d} = {j1..... jah
so Y w; =d(d + 1). n

We return to the proof of Theorem 1.4. Let N := f* —Id and let
d
w:=v~1 Z ei Nej,
i=1

which is a Kéhler class on X. For every ¢ = 0, ...,2d — 2, by induction on ¢ we have

(N0)(p) = 0
for every p > 2d — ¢ and
(N@)(2d —q) = V=1(N(eq A 22))(2d —q)
= miéq(?)ed—qﬁ Nei—g+j 7 0.

Therefore,
w(Niw) =2d —q.

Letgqy,...,q4 = 0 be non-negative integers. If Z;jzl gi > d? — d, then by Lemma 6.1
(NT'w)---(N1w) =0,
so Plov(f) < d? by (2.7).
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It remains to prove that Plov( f) > d?2. Note that since w(2d) = v/—leg A ey is nef,
by Lemma 2.4 we have Plov( /) > Plov( f,w(2d)). Until the end of the proof, we formally
define e; A ej = 0 whenever i and j are integers such thati ¢ [1,d] or j ¢ [1,d].

Claim 6.2. We have

_ q _
Ni(eq Neg) = Z ( .)ed—q+i Ned—g+j-

i j.q—i—
i+j=q /4 J

Proof. Let V := C[X,Y]/(X%,Y?). We have an isomorphism of C-vector spaces V =~
H'!(X) sending each X'Y/ to e4_; A €4_;. Under this isomorphism, N : H1(X) —
H''(X) becomes

N:V >V,
P> (XY +X+Y)P mod (X4, Y%,

SO

NI = XY +X+Y)= > ( 1 )X‘H‘Yq—f mod (X9,Y9).

A
6.1)
Translating (6.1) back to N : H1(X) — H'!(X) proves the claim. n
For every integer n > 0, by Claim 6.2 we have
2d2,
Q= N (w(2d
(5 e
q=0
2d-2 " q
= -1 Z Z ( )( . . .)ed—q+i Ned—g+j-
e A A A
For each pair of integers 1 < i, j < d, define the polynomial P; ;(n) in n by
Q=+v-1 Z P j(n)e; N €. 6.2)

1<i,j=<d

Claim 6.3. The polynomial Py_; 4_;(n) in n has degree i 4+ j + 1 and leading coeffi-

cient
1 (i -I—])

Proof. As eq_i Neg_j = eq_qy(q—i) N €d—q+(g—j)» Dy construction we have (with ¢
varying in the sum)

n q
Py _; = .
d-id—j () 2 (q+1)(q—i,q—j,i+1—q)

(g—i)+(g—Jj)=q



Polynomial log-volume growth and GK-dimension 35

So the degree and the leading coefficient of Py_; 4 ;, are equal to those of the polynomial
(q-ril-l)(q—i,q—;]',i+j—q) in 7 when ¢ is maximal and satisfying (¢ — i) + (g — j) < g (that
is, when ¢ =i + j). This proves the claim. ]

By (6.2), we have
Q4 = (V=D)2d\P(n)(e1 &) A+ A (eg AEg)

where P(n) is the determinant of the matrix (P; ;j(1))1<;,j<q. Further, by Claim 6.3,
we have deg,(P(n)) < d? and the coefficient in front of n?” is det M, where M =
(M;41,j+1)o0<i,j<d—1 is the (d x d) matrix defined by

1 i+ 1 1 .
M . - - = — O<, <d—1
L (i+j+1)!( i ) TN R
We have
-1
detM = — 11 2det( ! ) = —nz”j_olp! # 0,
(=0 7Y T+ 7+ 1D osijza—1 [Tp=a P!

where the second equality follows from the determinant of the Hilbert matrix (see, e.g.,
[14, (1.1)]). Since Plov( f, w(2d)) = deg, (P (n)) by (2.6) and the definition of €2, it thus
follows that

Plov(f) > Plov(f. w(2d)) = deg, (P (n)) = d*.

This completes the proof of the main statement of Theorem 1.4. The optimality of the
upper bound is provided by Example 6.4 below. ]

Example 6.4. Let E be a complex elliptic curve and let X = E4. Define f : X — X by
(X1,...,xg) = (X1, X2 + X1,..., X7 + Xq-1). (6.3)

Then f*: H'0(X) O is represented by the (d x d)-Jordan matrix, and Plov(X, f) = d?
as a consequence of the main statement of Theorem 1.4.

Remark 6.5. (1) Consider f € Aut(E3) with f(x1, X2, x3) = (X1, X1 + X2, X3).
Then f* : HY°(E3) O has two Jordan blocks, of sizes 2 and 1 respectively. By
Theorem 1.4, we have Plov(f) = 22 + 12 = 5, which is also consistent with
[15, Example 6.14].

(2) The upper bound in Theorem 1.4 is also asserted in the proof of [5, Proposi-
tion 4.3] (without optimality). However, the estimates [5, (4.6)—(4.7)] using £,
in their proof have to be suitably modified, otherwise as we can see that if f is
the identity, the estimate Vol(I'(n)) < C n in [, (4.6)—(4.7)] would imply that
Vol(T"(n)) grows at most linearly in n, which contradicts the equality Plov(X)=d.
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Finally, note that in this paper, whenever we prove that Plov(f) is bounded from
above by some constant C for an automorphism f € Aut(X) such that f* : HV1(X) O
is unipotent, we actually prove that the right hand side of the inequality in Lemma 2.16 or
Lemma 2.22 is bounded by C. In view of Question 1.5, we ask the following.

Question 6.6. Let X be a compact Kihler manifold of dimension d > 1 and let f €
Aut(X) such that f* : HL1(X) O is unipotent. For every w € H ! (X), do we have

(Nila))...(Nida)) =0

and
(Nil(,()) (Nidw) =0

whenever the i; are non-negative integers satisfying Z}i:l ij >d(d—1)?

7. Some explicit examples

We know that Plov(f) = 1 for a compact Riemann surface, Plov(X, f) = 2 or 4 for a
compact Kihler surface by Corollary 1.3, and Plov(X, f) = d for a projective variety
X of dimension d whose desingularization X is of general type (as IBir(X)| < oo by
[22, Corollary 14.3]). Besides complex tori and these three cases, we can also determine
Plov( f') for some other classes of compact Kihler manifolds X (Proposition 7.1). We also
prove Corollary 3.7 (2) in this section.

Proposition 7.1. (1) Let X be a compact hyper-Kihler manifold of dimension 2d
and let f € Aut(X) such that di(f) = 1. Then Plov(f) = 2d if f is of finite
order, and Plov( f) = 4d if [ is of infinite order; both cases are realizable, with
X projective.

(2) Let X be a smooth projective variety whose nef cone is a finite rational polyhedral
cone. Letdim X = d and [ € Aut(X). Then f is quasi-unipotent and Plov(f) =
d. In particular, this is the case when X is a Mori dream space, especially when
X is a toric variety or a Fano manifold.

Proof. (1) The reader is referred to [13] for basics about compact hyper-Kéhler manifolds.
Note that a compact hyper-Kéhler manifold has no global vector field other than 0. Hence
Aut(X) is discrete. Thus f is of finite order if and only if f* : HV1(X,R) (J is of finite
order.

So, replacing f by its power and using Proposition 2.5 (2), we can assume that f =
Idy or *: H%!'(X,R) O is unipotent of infinite order. The result is clear when f = Idy.
In the rest, we will assume that £* : H11(X,R) (J is unipotent of infinite order.

Let gx (x) be Beauville-Bogomolov—Fujiki’s quadratic form on H ' (X,R). The sig-
nature of gx (x) is (1, /»1(X) = 1).
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Let w be a Kihler class on X. Then the degree of the polynomial gx (P, (7)) in
Lemma 2.16, with respect to n is 22 = 4 by [I, Lemma 5.4]. The first part of (1) then
follows from Fujiki’s relation below (with positive constant cxy > 0):

(x2)x = ex(gx (x))?.

For the realization part of (1), let ¢ : S — P! be a projective elliptic K3 surface
whose Mordell-Weil group MW (@) has an element of infinite order, say f. There are
plenty of such K3 surfaces. Then f € Aut(S) and it induces an automorphism f[4! e
Aut(Hilbd (S)/P4) of infinite order. Here the Hilbert scheme X := Hilb? (S) is a projec-
tive hyper-Kéahler manifold of dimension 2d with the Lagrangian fibration Hilb (§) —
P4 induced by ¢. Hence, d;(f141) = 1 as it preserves the pullback / of the hyperplane
class of P4, which is a nonzero nef class on X such that gy (h) = 0. Thus (X, f[4])
provides an example such that Plov( f[4l) = 2dim X = 4d. This completes the proof
of (1).

(2) By the assumption, f* : N1(X) (J is always of finite order (even though the order
of f itself can be often infinite). Thus we have Plov( f) = d by Theorem 1.2. |

We finish this section with proofs of Corollary 3.7 (2) by constructing explicit exam-
ples. The examples that we will construct also appear in other complex dynamical con-
texts [8,21].

Proof of Corollary 3.7 (2). Let Xq = E? (d > 2) be the d-fold self-product of an elliptic
curve E and f; the automorphism of X; defined by

Ja(x1.x2,...,xg) = (x1. X2 + X1,...,Xg + Xg-1),

as in Example 6.4. We have k( f;) = 2d — 2 [8, §4.1].

Let C be a smooth projective curve of genus g(C) > 2 with a surjective morphism
n:C — E.LetY; :=C x E2~!. Then Yy is a smooth projective variety with dim Yy = d
and Kodaira dimension «(Y;) = 1. We define g; € Aut(Yy) by

8a(P,x2,x3,...,x3) = (P,x2 + n(P),x3+ x2...,Xq + Xg-1)-
We also define
p:Yys—> Xg; (P,x2,X3,...,x3) > (w(P),x2,X3,...,X4).

Then p is a finite surjective morphism such that f; o p = po gg,s0 k(gg) = k(fz) =
2d — 2 by Proposition 2.11. Finally, for every smooth projective variety V' with (V) =
dimV,let V; := Yz x V and consider ¢ := g4 x Idy € Aut(V;). We have

2(d = 1) = k(gq) = k(ga xIdy) = 2(dim Vg —k(Vq)) = 2(d — 1),
where the second inequality follows from the first statement of Corollary 3.7. So
k(¢a) = 2(dim Vg —k(Va)).

When d and V vary, any pair of positive integers dim V; > 1 and k (V) > 1 is realizable,
which finishes the proof. ]
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8. Twisted homogeneous coordinate rings and GK-dimensions:
Proofs of Theorem 1.7 and Corollary 8.5

In this section, we first relate the polynomial log-volume growth Plov(f) to the GK-
dimensions GKdim(X, f) of twisted homogeneous coordinate rings through Keeler’s
work [15]. Then we prove Theorem 1.7 and Corollary 8.5, explaining how the results
of Plov( f) imply the analogous statements for GKdim(X, f).

8.1. Recollection of Keeler’s work [15]

Following [15], we recall the definition of twisted homogeneous coordinate rings and
related notions, together with the fundamental properties proven in [1] and [15].

Let X be an irreducible projective variety defined over an algebraically closed field k
of characteristic 0. Let f € Aut(X) be an automorphism. We say that a line bundle L on
X is f-ample if for any coherent sheaf F on X, there is a positive integer m g such that

HI(X,FOLQ® f*L®---Q®(f™*L)=0

for any integer ¢ > 0 and for any integer m > mg. A Cartier divisor D is called f-ample
if O(D) is f-ample.
Let f € Aut(X) and let L be a line bundle on X . For any integer n € Zx, define

Ap(fL)y:=L® f*"L®--®(f")*L,

and
Buy1(X, f.L) := HY(X,Au(f. L)), Bo=H°(X,0x) =k

The twisted homogeneous coordinate ring of X associated to ( f, L) is the (noncommuta-
tive) associative graded k-algebra

B(X.f.L):= @ Bu(X.fL).

YLGZEO

The study of B(X, f, L) was initiated by Artin and Van den Bergh [1]. Together with the
seminal work of Keeler [15], here are some fundamental properties they proved. In the
statements, N ! (X) := NS(X)/(torsion).

Theorem 8.1 (Keeler, Artin—Van den Bergh). Let X be a projective variety of dimension
d >0andlet f € Aut(X).

(1) f-ample line bundles exist if and only if f* : NY(X) O is quasi-unipotent.
In the following, we assume that f* : NY(X) O is quasi-unipotent.

(2) L is f-ample if and only if there exists an integer n > 0 such that A, (f, L) is
ample. In particular, any ample line bundle is f-ample.
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(3) The GK-dimension GKdimB is independent of the choice of an f -ample line bun-
dle L. We therefore define the GK-dimension as

GKdim(X, f) := GKdimB(X, f, L)

for any choice of f-ample line bundle L.

(4) The GK-dimension is a positive integer. More precisely, after replacing f by its
suitable positive power so that f* : NY(X) O is unipotent, the self intersection
number (A, (f. L)?) is a polynomial in n and its degree satisfies

rGKdim(X, f) := GKdim(X, f) — 1 = deg, (A, (f. L)%).
We call \GKdim(X, f) the reduced GK-dimension of (X, f).

Proof. Let us just indicate the references where these statements are proven. Statement (1)
is contained in [ 15, Theorem 1.2]. Statements (2), (3), and (4) follow from [1, Lemma 4.1],
and [15, Proposition 6.11, Theorem 6.1 (1)], respectively. [

When X is a complex projective manifold, Keeler’s work implies Theorem 1.7 as an
immediate corollary that the reduced GK-dimension of (X, f) coincides with the poly-
nomial log-volume growth of f. Together with Theorem 8.1, this suggests unexpected
relations between noncommutative algebra and complex dynamics of automorphisms of
Zero entropy.

Proof of Theorem 1.7. Since f* : N'(X) O is quasi-unipotent, by Theorem 8.1 (4) and
the definition of Plov( f), given any ample line bundle L on X, we have

log An(f,c1(L))?
[GKdimB = deg, (An(f, L)%) = limsup —2 n(f.c1(L))
n—o0 logn

= Plov(f). |

8.2. From Kibhler to projective

Let X be a projective variety over C and let f € Aut(X). Let v : X > Xbea projective
desingularization of X such that

fov=vof

for some f € Aut(f ) (see, e.g., [17, Theorem 3.45] for the existence). Before we prove
Corollary 8.5, first we identify some dynamical properties and invariants of (X, f) as a
projective variety with those of (X, f) as a compact Kdhler manifold.
Lemma 8.2. The following conditions are equivalent.

(1) f*:NYX) O is quasi-unipotent.

2) f* - NY(X) O is quasi-unipotent.

3) f has zero entropy.
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Proof. We define d;(f) as in (2.1) but replacing @ by an ample divisor. Then the same
proof of [19, Proposition A.2 and Lemma A.7] says that in the definition d;(f), we
can assume that @ is a nef and big divisor instead, and d;(f) is the spectral radius of
f*: NY(X) O.Note that d,(f) = 1if and only if * : N1(X) ¢ is quasi-unipotent by
Kronecker’s theorem. Then the projection formula shows dy(f) = d;( f ), hence (1) and
(2) are equlvalent The equivalence between (2) and (3) follows from Lemma 2.8, as we
can compute d ( f ) using ample classes (which also lie in N (X)). |

Assume that f* : N1(X) O is quasi-unipotent. Then
1™ NN X) @ C O || ~mosoo Ct)
for some kns(f) € Z>p and C > 0.
Lemma 8.3. We have kns(f) = k().

Proof.. First of all, the same argument provmg Proposition 2.11 shows that knys(f) =
kns (f) It suffices to show that st(f) = k(f)

Since k( f ) is invariant under finite iterations, by Lemma 8.2 and Lemma 2.8 we can
assume that f * HUL (f ) O is unipotent. As the ample cone of X spans NS ()? )R We can
thus find an ample class @ of X such that

(F* — 1D () £0  and  (F* — 1dyss(DH () = .
Hence st(f) = k(f) by Proposition 3.2 (2). L]
Lemma 8.4. We have
GKdim(X, f) = GKdimB(X, f. L)
for any big and nef line bundle L. As a consequence,
rGKdim(X, f) = rGKdim(X, f) = Plov(f)
and GKdim(X, f) is a birational invariant.

Proof. Since GKdim(X, f) is the polynomial degree of n > deg,, (A, (f, L)) by Theo-
rem 8.1 (4), the same argument of Lemma 2.1 proves the first assertion of Lemma 8.4.
Let L be an ample line bundle on X, since

n d n d n d
(Z(f")*(v*cl(L») - v*(Z(f")*q(L)) - (Z(f")*cl(m) ,
i=0 i=0 i=0
by Theorem 8.1 (4) we have

GKdimB(X, f,v*L) = GKdimB(X, f, L) = GKdim(X, f).

As v*L is ngf and big, it follows from the first statement that GKdimB(f , f~ LV¥L) =
GKdim(X, f), which finishes the proof of Lemma 8.4. |
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In the following corollary, k( f) is defined with f* : H1(X) O replaced by f* :
N1(X) O (denoted as kns( f) in Section 8.2).

Corollary 8.5. Let X be a projective variety of dimension d > 0 over K, not necessarily
smooth, and let f € Aut(X) be an automorphism such that f* : NV (X) O is quasi-
unipotent. Then the analogous statements of Theorem 1.2, Corollary 1.3, inequality (1.4)
(Proposition 4.4), etc., hold with Plov( f) replaced by tGKdim(X, f) under the same
assumptions on d and k( f'). In particular, we have

rGKdim(X, f) € {3,5,9}
if d = 3 (by Corollary 1.3), and
rGKdim(X, f) < 2d?* —3d —2
whenever d > 4 (by Proposition 4.4).

Proof. By the Lefschetz principle, we can assume that the pair (X, f) is defined over
k = C. Corollary 8.5 then follows from the existence of the equivariant projective desingu-
larization (see, e.g., [17, Theorem 3.45]), together with the comparison results Lemma 8.4
and Lemma 8.3. ]
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