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Polynomial log-volume growth and the GK-dimensions of
twisted homogeneous coordinate rings

Hsueh-Yung Lin, Keiji Oguiso, and De-Qi Zhang

Abstract. Let f be a zero entropy automorphism of a compact Kähler manifold X . We study the
polynomial log-volume growth Plov.f / of f in light of the dynamical filtrations introduced in our
previous work with T.-C. Dinh. We obtain new upper bounds and lower bounds of Plov.f /. As
a corollary, we completely determine Plov.f / when dimX D 3, extending a result of Artin–Van
den Bergh for surfaces. When X is projective, Plov.f / C 1 coincides with the Gelfand–Kirillov
dimensions GKdim.X;f / of the twisted homogeneous coordinate rings associated to .X;f /. Refor-
mulating these results for GKdim.X;f /, we improve Keeler’s bounds of GKdim.X;f / and provide
effective upper bounds of GKdim.X; f / which only depend on dimX .

1. Introduction

1.1. Zero entropy automorphisms

Let X be a compact Kähler manifold and let f W X 	 be an automorphism (i.e., biholo-
morphic self-map) of X . The topological entropy htop.f / is an invariant measuring the
complexity of the dynamical system f W X 	. Thanks to Gromov–Yomdin’s theorem [12,
23], we have

htop.f / D log r.f / � 0; (1.1)

where r.f / is the spectral radius of f � W H �.X;C/ 	.
This paper focuses on automorphisms f with zero entropy htop.f / D 0 (cf. Lem-

ma 2.8). In the context of complex dynamics of compact Kähler manifolds, they have
recently been investigated in various works (see, e.g., [4,5,8,11,18]). In these works, more
refined invariants of them are studied, such as the polynomial entropy, the polynomial log-
volume growth Plov.f / [5], and the polynomial growth k.f / of the pullbacks [8, 18],

k.f m/� W H 1;1.X/ 	 k �m!1 mk.f /:

New structures of f � W H �.X;C/ 	 have also been discovered such as the dynamical
filtrations [8, §3]. Below is one such consequence, which is also relevant to the present
work.
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Theorem 1.1 ([8, Theorem 1.1, Remark 3.9.(1)] and Corollary 3.7). Let f 2 Aut.X/ be
an automorphism of zero entropy. Assume that d WD dimX � 1. Then k.f / is an even
integer which satisfies

k.f / � 2.d � 1/ (1.2)

and
k.f / � 2.d � �.X//; (1.3)

where �.X/ is the Kodaira dimension of X . Moreover, these estimates are optimal.

The upper bound (1.2) is the most essential part and was proven in [8, Theorem 1.1].
We will prove the refinement (1.3) in Corollary 3.7, based on the approach developed
in [8].

1.2. Polynomial log-volume growths

The main goal of this paper is to study the polynomial log-volume growth Plov.f / of an
automorphism f W X 	. We first recall its definition. For every n � 1, let �f .n/ � XnC1

be the graph of
f � f 2 � � � � � f n W X ! Xn

and let Vol!.�f .n// be the volume of �f .n/ defined with respect to a Kähler form !

on X . We then define

Plov.f / WD Plov.X; f / WD lim sup
n!1

log Vol!.�f .n//
logn

2 Œ0;1�:

This invariant of f is independent of the choice of ! (Lemma 2.1).
We will study upper bounds and lower bounds of Plov.f / in terms of d D dimX

and k.f / introduced in Section 1.1. Using dynamical filtrations, we obtain the following
estimates.

Theorem 1.2. Let X be a compact Kähler manifold of dimension d and let f 2 Aut.X/
be a zero entropy automorphism.

(0) (Corollary 2.19) Plov.f / D d if and only if k.f / D 0.

(1) (Proposition 4.1 and Theorem 5.1) Suppose that k.f / > 0. Then we have

d C 2k.f / � 2 � Plov.f / � k.f /.d � 1/C d:

(2) (Theorem 4.2) Suppose that k.f / > 0 and d � 3. Then we have

Plov.f / � k.f /.d � 1/C d � 2:

By Theorem 1.1, we have

k.f / 2 ¹0; 2; : : : ; 2d � 2º:

Also, Plov.f / has the same parity as dimX ; see Corollary 2.20. These together with
Theorem 1.2 immediately determine Plov.f / when d D 2; 3.
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Corollary 1.3. (1) If d D 2, then

Plov.f / D

´
2 if k.f / D 0;

4 if k.f / D 2:

(2) If d D 3, then

Plov.f / D

8̂̂<̂
:̂
3 if k.f / D 0;

5 if k.f / D 2;

9 if k.f / D 4:

Together with Theorem 1.1, Theorem 1.2 implies that Plov.f / � 2d2 � 3d whenever
d � 3. When d � 4, we will further improve this upper bound to

Plov.f / � 2d2 � 3d � 2I (1.4)

see Proposition 4.4.

1.3. A conjectural upper bound

When X is a complex torus, we determine Plov.f / in terms of the pullback

f � W H 1;0.X/ 	 :

Theorem 1.4. Let X be a complex torus of dimension d and f 2 Aut.X/ an automor-
phism of zero entropy. Assume that the Jordan canonical form of f � WH 1;0.X/	 consists
of Jordan blocks of sizes k1; : : : ; kp , counted with multiplicities. Then

Plov.f / D
pX
iD1

k2i :

In particular, we have Plov.f / � d2, and this upper bound is optimal among complex
tori.

Theorem 1.4 also shows that the quadratic order of the upper bounds with respect
to d in (1.4) is optimal. We will also compute Plov.X; f / for other examples including
threefolds; see Section 7. As we fail to construct examples of f W X 	 such that d2 <
Plov.f / <1 where d D dimX , presumably the upper bound in (1.4) when d � 4 is still
not optimal. Taking Corollary 1.3 and Theorem 1.4 into account, it seems reasonable to
ask the following questions.

Question 1.5. LetX be a compact Kähler manifold of dimension d � 1. Let f 2 Aut.X/
be a zero entropy automorphism.

(1) Is Plov.f / � d2?

(2) More precisely, are possible values of Plov.X; f / always realizable by d -dimen-
sional tori?
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Question 1.5 (1) is the analogous question to [5, Question 4.1], which asked for
polynomial entropy by Cantat–Paris-Romaskevich. By [5, (2.7)], a positive answer to
Question 1.5 (1) also answers [5, Question 4.1] in the affirmative.

The following partial answer to Question 1.5 is a direct consequence of the above
theorems.

Corollary 1.6 (See Section 5). Let X be a compact Kähler manifold of dimension d � 3
and let f 2 Aut.X/ be a zero entropy automorphism.

(1) If k.f / � d , then Plov.f / � d2 � 2. In particular, Plov.f / � d2 � 2, whenever
�.X/ � d=2.

(2) Question 1.5 has positive answers when dimX � 3.

1.4. Gelfand–Kirillov dimension

WhenX is projective, the polynomial log-volume growth Plov.f / actually coincides with
some known invariant of f studied in noncommutative algebra. The following identifica-
tion is implicit in the seminal work of Keeler [15].

Theorem 1.7. Let X be a smooth projective variety defined over an algebraically closed
field, and let f 2 Aut.X/ be a zero entropy automorphism. Then

GKdimB.X; f;L/ � 1 D Plov.X; f /:

Here, GKdimB.X; f; L/ is the Gelfand–Kirillov dimension (or GK-dimension for short)
of the twisted homogeneous coordinate ring B.X; f; L/ associated to f W X 	 and any
ample line bundle L.

We refer to Section 8 for the definition and basic properties of GKdimB.X; f; L/,
as well as the proof of Theorem 1.7. In this regard, two of our results are not new for
projective varieties. The first one is the upper bound in Theorem 1.2 (1), as the estimate

GKdimB.X; f;L/ � 1 � k.f /.d � 1/C d

has already been proven in [15, Lemma 6.13]. The second one is Corollary 1.3 (1), due
to Artin–Van den Bergh [1, Theorem 1.7]. Our approach based on dynamical filtrations is
however completely different, and extends both results in a non-trivial way.

Thanks to Theorem 1.7, the main results we prove for Plov.f / also translate to new
results about the GK-dimension of B.X; f; L/; see Corollary 8.5 for some instances. So
far, the GK-dimension has been studied mostly by specialists in noncommutative algebras.
We hope that the dynamical properties of .X; f / might provide a better understanding of
the algebraic structure of B.X; f;L/, and vice versa.

1.5. Organization of the paper and a few remarks to the readers

We start with Section 2, proving basic properties of polynomial log-volume growth (see,
e.g., Proposition 2.5). In Section 3, we recall the construction of quasi-nef sequences and
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dynamical filtrations, together with their fundamental properties. We also prove several
auxiliary results related to them, which will be useful in the study of upper and lower
bounds of Plov.f /. Section 3 also contains a proof of the statement in Theorem 1.1
involving the Kodaira dimension. Section 4 and Section 5 are devoted to upper and lower
bounds of Plov.f / respectively, all together implying Theorem 1.2 and Corollary 1.6. In
Section 6 and Section 7, we study explicit examples, which contain complete descriptions
of Plov.f / for tori (Theorem 1.4). Section 8 starts with a brief review of twisted homo-
geneous coordinate rings and their GK-dimensions. We recall some fundamental results
proven in [1,15] (Theorem 8.1) and derive Theorem 1.7 as a direct consequence. We finish
Section 8 by Corollary 8.5, translating results from Plov.f / to GK-dimensions.

Notations and conventions

All manifolds are assumed to be connected. Let X be a compact Kähler manifold. Write

H i;i .X;R/ WD H i;i .X/ \H 2i .X;R/:

For every ˛ 2 H i;i .X;R/, if ˛ �H 1;1.X;R/d�i D 0 (where d D dimX ), we write

˛ � 0:

We follow [6] for the basic terminology, like positive classes and cones.

2. Polynomial log-volume growth

2.1. Definition and basic properties

Let X be a compact Kähler manifold of dimension d � 1 and let f 2 Aut.X/. Let ! 2
H 1;1.X;R/ be a Kähler class. For every integer n � 1, the volume of the graph �f .n/ �
XnC1 of

f � f 2 � � � � � f n W X ! Xn

with respect to any Kähler metric in the class ! is equal to

Vol!.�f .n// D
Z
�f .n/

1

dŠ

� nC1X
iD1

pr�i !
�d
D

1

dŠ
�n.f; !/

d ;

where pri W X
nC1 ! X is the projection to the i -th factor and

�n.f; !/ WD

nX
iD0

.f i /�! 2 H 1;1.X;R/:

Note that the class�n.f;!/ and the invariant Vol!.�f .n// are defined more generally
for any ! 2 H 1;1.X;R/. But in order to define Plov.f; !/ below, the class ! needs to
satisfy �n.f; !/d � 0. A natural sufficient condition is that ! is nef.



H.-Y. Lin, K. Oguiso, and D.-Q. Zhang 6

Lemma 2.1. For every nef ˛ 2 Nef.X/ � H 1;1.X;R/, define

Plov.f; ˛/ WD lim sup
n!1

log Vol˛.�f .n//
logn

D lim sup
n!1

log�n.f; ˛/d

logn
2 R [ ¹�1;1º;

where we set log 0 WD �1. Then Plov.f; !/ is independent of ! whenever ! is nef and
big, and we have Plov.f; !/ � 1.

Lemma 2.1 justifies the well-definedness of the polynomial logarithmic volume growth
of f in the introduction, which is defined to be

Plov.f / WD Plov.X; f / WD Plov.f; !/;

where ! is any nef and big class. We refer to Corollary 2.7 for an improvement.
To prove Lemma 2.1, we need the following easy but useful result.

Lemma 2.2. Let X be a compact Kähler manifold of dimension d , and let

L1; : : : ; Ld ;M1; : : : ;Md

be nef classes in H 1;1.X;R/ such that Mi � Li , i.e., Mi � Li is pseudo-effective. Then

.M1 � � �Md / � .L1 � � �Ld /:

In particular, .M d
1 / � .L

d
1 /.

Proof. Inductively, we have

.M1 � � �Md / � .L1 �M2 � � �Md / � � � � � .L1 � � �Lj �MjC1 � � �Md / � � � � � .L1 � � �Ld /;

which proves Lemma 2.2.

Proof of Lemma 2.1. Let ! and !0 be two nef and big classes. Then there exists some " >
0 such that ! � "!0 is pseudo-effective. Accordingly, �n.f; !/ � "�n.f; !0/ is pseudo-
effective, so �n.f; !/

d � "d�n.f; !
0/d by Lemma 2.2, and therefore Plov.f; !/ �

Plov.f; !0/. By symmetry, we have Plov.f; !/ D Plov.f; !0/.
Finally, since ! is big and nef, we have

�n.f; !/
d
D

� nX
iD0

.f i /�!

�d
�

nX
iD1

..f i /�!/d D n!d > 0:

Hence,

Plov.f; !/ D lim sup
n!1

log�n.f; !/d

logn
� lim sup

n!1

log.!d /C logn
logn

D 1:

The following is an immediate consequence of Lemma 2.1.
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Corollary 2.3. Let X and Y be compact Kähler manifolds with automorphisms f 2
Aut.X/ and g 2 Aut.Y /. Suppose that there exists a C-linear isomorphism

� W H �.X;C/
�
�! H �.Y;C/

of the cohomology rings such that the following conditions are satisfied:

(i) � ı f � D g� ı �;

(ii) there exists a Kähler class ! 2 H 1;1.X/ on X such that �.!/ is Kähler on Y .

Then
Plov.f / D Plov.g/:

The similar statement holds if � is replaced by a C-linear isomorphism of the subalgebras

 W
M
i

H i;i .X/
�
�!

M
i

H i;i .X 0/:

The same argument as in the proof of Lemma 2.2 proves the following.

Lemma 2.4. For every nef class ˛ 2 H 1;1.X;R/, we have

Plov.f; ˛/ � Plov.f /:

Proof. Take a Kähler class ! such that ! � ˛. By Lemma 2.2, we have �n.f; !/d �
�n.f; ˛/

d for every integer n � 0. Hence Plov.f; ˛/ � Plov.f /.

Now we prove some basic dynamical properties of Plov.X; f / summarized in the
following, which will be frequently used in this paper.

Proposition 2.5. Let f W X 	 be an automorphism of a compact Kähler manifold.

(1) (Independence of the metric and positivity; Lemma 2.1) The invariant Plov.f /
is independent of ! 2 H 1;1.X; R/ whenever ! is nef and big, and we have
Plov.f / � 1.

(2) (Finiteness and integrality; Lemmas 2.8 and 2.16) We have Plov.f / <1 if and
only if f � W H 1;1.X/ 	 is quasi-unipotent. In this case, Plov.f / is an integer.

(3) (Finite index; Lemma 2.6) We have Plov.f / D Plov.f N / for any integer N 6D 0.

(4) (Product; Lemma 2.18) Let Xi (i D 1, 2) be compact Kähler manifolds and let
fi 2 Aut.Xi /. Then

Plov.f1 � f2/ D Plov.f1/C Plov.f2/

for the product automorphism f1 � f2 2 Aut.X1 �X2/.

(5) (Invariance under generically finite maps; Lemma 2.9) Let X and Y be compact
Kähler manifolds and fX 2 Aut.X/ and fY 2 Aut.Y /. Let � W XÜ Y be a
generically finite dominant meromorphic map such that fY ı � D � ı fX . Then

Plov.fX / D Plov.fY /:
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(6) (Restriction; see Lemma 2.10, also for the precise definition of Plov.fjW / when
W is not smooth) Let W � X be a closed subvariety such that f .W / D W . Then
Plov.f jW / � Plov.f / for the automorphism f jW 2 Aut.W / induced from f by
restriction.

First, we prove that Plov.X; f / is invariant under taking finite iterations.

Lemma 2.6. For every integer N ¤ 0, we have Plov.f N / D Plov.f /.

Proof. Since� nX
iD0

.f �i /�!

�d
D

�
.f �n/�

nX
iD0

.f i /�!

�d
D

� nX
iD0

.f i /�!

�d
;

we have Plov.f �1/ D Plov.f /. So it suffices to prove Lemma 2.6 for N > 0.
For every integers r and j > 0 such that 0 � r < N , consider the Kähler form !r;j WDPrCj�1
iDr .f i /�!. Then

!r;.mC1/N � !0;r C !r;.mC1/N D !0;rC.mC1/N � !r�N;.mC2/N :

So
Vol!r;.mC1/N .X/ � Vol!0;rC.mC1/N .X/ � Vol!r�N;.mC2/N .X/

by Lemma 2.2, and thus

VolPN�1
jD0 .f

rCj /�!
.�f N .m// � Vol!.�f .r CmN// � VolPN

jD1.f
r�j /�!

.�f N .mC 1//:

By Lemma 2.1, we have

lim sup
m!1

log VolPN�1
jD0 .f

rCj /�!
.�f N .m//

logm

D Plov.f N / D lim sup
m!1

log VolPN
jD1.f

r�j /�!
.�f N .mC 1//

log.mC 1/
;

so for every integer r such that 0 � r < N , we have

lim sup
m!1

log Vol!.�f .r CmN//
log.r CmN/

D lim sup
m!1

log Vol!.�f .r CmN//
log.m/

D Plov.f /:

Hence, Plov.f / D Plov.f N /.

Corollary 2.7. Let ˛ 2 Nef.X/. We have

Plov.f; ˛/ D Plov.f / 2 Œ1;1�

as long as Plov.f; ˛/ ¤ �1.
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Proof. Suppose that Plov.f; ˛/ ¤ �1. Then �N .f; ˛/d > 0 for some integer N � 0.
Since ! WD �N .f; ˛/ is nef, it is thus big. Using Lemma 2.6, we have

Plov.f; ˛/ D lim sup
n!1

log�n.f; ˛/d

logn

� lim sup
k!1

log�Nk�1.f; ˛/d

log.Nk � 1/
D lim sup

k!1

log�k.f N ; !/d

log k

D Plov.f N / D Plov.f /:

It follows from Lemma 2.4 that Plov.f; ˛/ D Plov.f /.

We can characterize whether a holomorphic automorphism f 2 Aut.X/ has zero
entropy based on the finiteness of Plov.f /.

Lemma 2.8. Let X be a compact Kähler manifold of dimension d � 1 and let f 2
Aut.X/. Then the following conditions are equivalent.

(1) f � W H �.X;C/ 	 is quasi-unipotent, i.e., a positive power of it is unipotent.

(2) f � W H 1;1.X/ 	 is quasi-unipotent.

(3) The first dynamical degree d1.f / D 1.

(4) The topological entropy htop.f / D 0.

(5) The growth of Vol!.�f .n// for any Kähler class ! is sub-exponential, namely

lim sup
n!1

Vol!.�f .n//1=n D 1:

(6) Plov.f / <1. In other words, the growth of Vol!.�f .n// for any Kähler class !
is polynomial.

Here we recall that for 1 � i � d , the i -th dynamical degree of f is defined as

di .f / WD lim
n!1

�
!d�i � .f n/�!i

�1=n
; (2.1)

where ! 2 H 1;1.X/ is a Kähler class [10]; these di .f / are independent of !.

Proof. The equivalence of the first five conditions is well known and is obtained as fol-
lows. By Gromov–Yomdin’s theorem (cf. [12, 23]; see also [20, Theorem 3.6]), we have

htop.f / D lov.f / D log r.f �/ D log. max
1�i�d

¹di .f /º/;

where r.f �/ is the spectral radius of f � W H �.X;C/ 	, and

lov.f / WD lim sup
n!1

log Vol!.�f .n//
n

:

Together with the log concavity of dynamical degrees di .f / (which follows from
Khovanskii–Teissier’s inequality), this implies that htop.f / > 0 if and only if di .f / > 1
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for some (and hence all) i 2 ¹1; : : : ; d � 1º. Thus the equivalence of the first five assertions
follows from Kronecker’s theorem. Also, since

logn
n
� Plov.f / � lov.f / D htop.f / � 0

for all n > 1, (6) implies these assertions.
To see that (2) implies (6), recall that in order to compute Plov.f /, by Lemma 2.6

we can replace f by some iteration of it, so that f � W H 1;1.X/ 	 is unipotent. Hence
Plov.f / <1 is a consequence of Lemma 2.16 below.

Next, we prove the invariance of Plov.f / under generically finite meromorphic maps.

Lemma 2.9. Let X and Y be compact Kähler manifolds of dimension d � 1 and fX 2
Aut.X/ and fY 2 Aut.Y /. Let � W XÜ Y be a generically finite dominant meromorphic
map such that fY ı � D � ı fX . Then

Plov.fX / D Plov.fY /:

Proof. First we reduce to the case where � is holomorphic. Let � be the Zariski closure
of the graph of � in X � Y . Let pX W � ! X and pY W � ! Y be the projection. Since
fX 2 Aut.X/ and fY 2 Aut.Y /, it follows that

f� WD .fX � fY /j� 2 Aut.�/

and f� and fX (resp. f� and fY ) are equivariant with respect to a generically finite surjec-
tive morphism pX (resp. pY ). By the existence of functorial resolution of singularities [2]
(see also [17, Theorem 3.45]), there exists a Kähler desingularization � W z� ! � such that
f� ı � D � ı fz� for some fz� 2 Aut.z�/. If Lemma 2.9 holds whenever � is holomorphic,
then Plov.fX / D Plov.fz�/ D Plov.fY /.

For every Kähler class ! on Y , since� nX
iD0

.f iX /
�.��!/

�d
D ��

� nX
iD0

.f iY /
�!

�d
D deg.�/ �

� nX
iD0

.f iY /
�!

�d
;

we have Plov.fX ; ��!/ D Plov.fY ; !/ D Plov.fY /. As ��! is nef and big, it follows
from Lemma 2.1 that Plov.fX / D Plov.fY /.

Lemma 2.10. LetW �X be a closed subvariety such that f .W /DW . Then Plov.f jW /
� Plov.f / for the automorphism f jW 2 Aut.W / induced from f by restriction. Here we
define

Plov.f jW / WD Plov.�W ; zf /;
where � W �W ! W is any Kähler desingularization of W such that f jW ı � D � ı zf for
some zf 2 Aut.�W /, which does not depend on the choice of eW by Lemma 2.9.
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Proof. Let � W �W ! X be the composition of � with the inclusion W ,! X . Let d WD
dimX and e WD dimW . Let ! be a Kähler class of X . Up to replacing ! by some positive
multiple of it, we can assume that

.!d�e � ŒW �/ � ˇ � 0

for every ˇ in the closed convex cone generated by products of e Kähler classes.
Since

Pn
iD0.f

i /�.!/ � ! is Kähler when n � 1, by Lemma 2.2 we have,� nX
iD0

. zf i /�.��!/

�e
D

�� nX
iD0

.f i /�.!/

�e
� ŒW �

�
�

�� nX
iD0

.f i /�.!/

�e
� !d�e

�
�

� nX
iD0

.f i /�.!/

�d
: (2.2)

So Plov. zf ; ��!/ � Plov.f; !/ D Plov.f /. As ��! is nef and big, we have Plov. zf / D
Plov. zf ; ��!/ by Lemma 2.1. Hence Plov.f jW / � Plov.f /.

2.2. Cohomological polynomial growth k.f /

Assume that f � W H 1;1.X/ 	 is unipotent. The operator

N WD f � � Id W H 1;1.X/! H 1;1.X/

is thus nilpotent, and we define

k.f / WD max¹k 2 Z j .f � � Id/k ¤ 0º:

Equivalently, k.f /C 1 is the maximal size of the Jordan blocks of the Jordan canonical
form of f � W H 1;1.X/ 	. If f � W H 1;1.X/ 	 is quasi-unipotent, we define

k.f / WD k.f M /;

where M is a positive integer such that .f �/M is unipotent; this invariant is independent
of M . Finally, if f � W H 1;1.X/ 	 is not quasi-unipotent, we set k.f / D1.

The following result implies in particular that k.f / is invariant under bimeromorphic
modifications.

Proposition 2.11. Let � W XÜ Y be a dominant, generically finite meromorphic map
between compact Kähler manifolds. Let fX 2Aut.X/ and fY 2Aut.Y / be automorphisms
such that

� ı fX D fY ı �:

Then
k.fX / D k.fY /:
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We shall also prove the following.

Lemma 2.12. Let X and Y be compact Kähler manifolds. Let fX 2 Aut.X/ and fY 2
Aut.Y /. Then we have

k.fX � fY / D max¹k.fX /; k.fY /º:

To prove both Proposition 2.11 and Lemma 2.12, we need the following result in linear
algebra.

Lemma 2.13. Let V be a finite dimensional vector space over R and let � 2 GL.V / be
a unipotent operator. Let N WD � � IdV and let k denote the largest integer such that
N k ¤ 0. Assume that � preserves a closed salient convex cone C � V with nonempty
interior. Then for every v 2 Int.C/, the following assertions hold.

(1) We have N k.v/ 2 Cn¹0º and

�n.v/ �n!1 Cvn
k
�N k.v/

for some Cv > 0.

(2) For every linear form � W V ! R such that �.Cn¹0º/ > 0, we have

�.�n.v// �n!1 C 0vn
k

for some C 0v > 0.

Proof. We can assume � ¤ Id. Then kerN k ¤ V , and for every w 2 V n kerN k , devel-
oping �n.w/ D .IdV CN/n.w/ shows that

�n.w/=nk �n!1 CwN
k.w/

for some Cw > 0. If moreoverw 2 C , then �.C/� C and C being closed, implyN k.w/ 2

C . Assume the contrary that there exists some x 2 Int.C/ such thatN k.x/D 0. Then there
exists some " 2 V such that

x ˙ " 2 C and N k.x ˙ "/ ¤ 0:

As x ˙ " 2 C and �.C/ � C , both N k.x ˙ "/ D ˙N k."/ are limits of elements in C ,
which contradicts the assumptions that C is closed and salient. This proves (1).

Since N k.v/ 2 Cn¹0º, we have �.N k.v// > 0. Thus (2) follows from (1).

Proof of Lemma 2.12. Assume that k.fX / D 1 or k.fY / D 1. Then Lemma 2.12 fol-
lows from the product formula of the first dynamical degree ([9, Theorem 1.1] together
with Lemma 2.8.

Assume that both k.fX / and k.fY / are finite. By Lemma 2.8, up to replacing fX and
fY by a common positive power, we can assume

f �X W H
1;1.X;R/ 	; f �Y W H

1;1.Y;R/ 	; and .fX � fY /
�
W H 1;1.X � Y;R/ 	
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are unipotent. Fix Kähler classes !X 2H 1;1.X;R/ and !Y 2H 1;1.Y;R/. Let pX WX � Y
! X and pY W X � Y ! Y be the projections. Applying Lemma 2.13 to H 1;1.�;R/ and
the nef cone therein shows that k.fX � fY / (resp. k.fX / and k.fY /) is the polynomial
growth rate of

..fX � fY /
�/n.p�X!X C p

�
Y!Y / D p

�
X .f

�
X /

n.!X /C p
�
Y .f

�
Y /
n.!Y /

(resp. .f �X /
n.!X / and .f �Y /

n.!Y /).
Hence k.fX � fY / D max¹k.fX /; k.fY /º.

Proof of Proposition 2.11. As in Lemma 2.9, up to replacing X by an equivariant desin-
gularization of the graph of � , we can assume that � is holomorphic.

By Lemmas 2.9 and 2.8, we have k.fX / D 1 if and only if k.fY / D 1. Thus we
can assume that both f �X W H

1;1.X/ 	 and f �Y W H
1;1.Y / 	 are quasi-unipotent. Up to

replacing fX and fY by some positive iterations, we can assume that the above actions
are both unipotent.

Applying Lemma 2.13 to the nef cone in H 1;1.X;R/, we see that for every pair of
Kähler classes !, � on X , we have

.f �X /
n.!/ � �dimX�1

�n!1 Cnk.fX / (2.3)

for some C > 0. Similarly, for every pair of Kähler classes !0, �0 on Y , we have

.f �X /
n.��!0/ � ���0 dimX�1

D deg.�/ � .f �Y /
n.!0/ � �0 dimY�1

�n!1 C 0nk.fY / (2.4)

for some C 0 > 0. Since the classes !; �; ��!0; ���0 are all nef and big, with the notation
of Lemma 2.2 we have

c1�
�!0 � ! � c2�

�!0 and c3�
��0 � � � c4�

��0

for some positive real numbers ci . It follows from Lemma 2.2 that the growth rates of (2.3)
and (2.4) have the same polynomial order. Hence k.fX / D k.fY /.

2.3. Bounding the polynomial log-volume growth

From now on until the end of Section 2, we assume that

f � W H 1;1.X/ 	 is unipotent,

unless otherwise specified.
For every ˛ 2 H 1;1.X;R/, recall that

�n.f; ˛/ WD

nX
iD0

.f i /�! 2 H 1;1.X;R/:

The following lemma shows that�n.f;˛/ has polynomial expressions in n for both ranges
n 2 Z�0 and n 2 Z�0 (but these two polynomials are usually different).
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Lemma 2.14. We have

�n.f; ˛/ D

´
�Cn .f; ˛/ if n � 0;

��Cn�1.f; ˛/ if n � 0;
(2.5)

where

�Cn .f; ˛/ WD

k.f /X
jD0

�
nC 1

j C 1

�
N j˛:

Proof. By definition of k WD k.f /, for every ˛ 2 H 1;1.X;R/ and every n 2 Z,

�n.f; ˛/ D

nX
iD0

.f i /�.˛/ D

nX
iD0

kX
jD0

�
i

j

�
N j˛ D

kX
jD0

nX
iD0

�
i

j

�
N j˛: (2.6)

If n � 0, then
nX
iD0

�
i

j

�
D

�
nC 1

j C 1

�
by the hockey-stick identity. Similarly, if n � 0, then

nX
iD0

�
i

j

�
D .�1/j

nX
iD0

�
j � i � 1

j

�
D .�1/j

�
j � n

j C 1

�
D �

�
n

j C 1

�
:

Hence Lemma 2.14 follows.

The following lemma will be useful to prove results on lower bounds of Plov.f / in
this paper. In the projective setting, this lemma was due to Keeler [15, Lemma 6.5 (4)] and
was applied in his work to prove his lower bound.

Lemma 2.15. For every integer i 2 Œ1; d �, let

Pf;!;i .n/ WD �
C
n .f; !/

i!d�i D

� kX
jD0

�
nC 1

j C 1

�
N j!

�i
!d�i ;

which is a polynomial in n of degree degn Pf;!;i .n/. Then we have

degn Pf;!;i .n/ > degn Pf;!;i�1.n/:

Proof. For every non-negative integer m, define

Pf;!;i;m.n/ WD �
C
n .f; !/

i�1
� .f m/�! � !d�i

D

� kX
jD0

�
nC 1

j C 1

�
N j!

�i�1
� .IdCN/m.!/ � !d�i ;
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which is a polynomial in n of degree degnPf;!;i;m.n/. Note that since both ! and .f m/�!
are Kähler, we have

C1! � .f
m/�! � C2!

for some C1; C2 > 0, so

C1Pf;!;i;0.n/ � Pf;!;i;m.n/ � C2Pf;!;i;0.n/

by Lemma 2.2 and therefore

degn Pf;!;i;m.n/ D degn Pf;!;i;0.n/ D degn Pf;!;i�1.n/:

In particular, degn Pf;!;i;m.n/ is independent of m.
For every m, since Pf;!;i;m.n/ > 0, the leading coefficient Cf;!;i .m/ of the polyno-

mial Pf;!;i;m satisfies Cf;!;i .m/ > 0. As Cf;!;i .m/ is a polynomial in m (because N is
nilpotent), the minimum of ®

Cf;!;i .m/ j m 2 Z�0
¯

exists; let ` 2 Z�0 such that Cf;!;i .`/ is the minimum.
By construction, we have

lim
n!1

Pf;!;i;m.n/

Pf;!;i;`.n/
D
Cf;!;i .m/

Cf;!;i .`/
� 1

for every m 2 Z. So

Pf;!;i .n/

Pf;!;i;`.n/
D

nX
mD0

Pf;!;i;m.n/

Pf;!;i;`.n/
�n!1 
;

for any 
 > 0, which shows that degn Pf;!;i;`.n/ < degn Pf;!;i .n/. Hence

degn Pf;!;i�1.n/ D degn Pf;!;i;`.n/ < degn Pf;!;i .n/:

Lemma 2.16. Plov.f / is equal to the degree of the polynomial

n 7! Pf;!.n/ WD Pf;!;d .n/ D �
C
n .f; !/

d
D

� k.f /X
jD0

�
nC 1

j C 1

�
N j!

�d
for any Kähler class ! on X . As a consequence, Plov.f / is a positive integer satisfying

k.f /C d � Plov.f / � d Cmax
² dX
jD1

ij j ij 2 Z�0; .N
i1!/ � � � .N id!/ ¤ 0

³
; (2.7)

where d D dimX . Also, the limit superior defining Plov.f; !/ in Lemma 2.1 for any nef
and big class ! is actually a limit.
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Proof. The first claim and the last statement about the limit superior are clear by Lem-
ma 2.14 and the definition of Plov.f /. Then, the upper bound of Plov.f / is clear by
equation (2.6).

For the lower bound, by Lemma 2.15 with the notations therein, we have

Plov.f / D degn Pf;!;d .n/ > degn Pf;!;d�1.n/ > � � � > degn Pf;!;1.n/:

As

N k.f /! D k.f /Š � lim
m!1

.f �/m.!/

mk.f /

is nef and nonzero by definition of k.f /, we have .N k.f /!/ �!d�1¤ 0. So degnPf;!;1.n/
� k.f /C 1, which shows that Plov.f / � k.f /C d .

Remark 2.17. Based on Plov.f; !/ D Plov.f; .f �/i!/ for any integer i , the last state-
ment in Lemma 2.16 regarding the limit superior still holds if f � W H 1;1.X/ 	 is quasi-
unipotent. We do not know whether it continues to hold without the quasi-unipotence
assumption.

Now we can prove that the polynomial logarithmic volume growth is also compatible
with product.

Lemma 2.18. LetXi (i D 1, 2) be compact Kähler manifolds and let fi 2 Aut.Xi / (with-
out assuming that f �i W H

1;1.Xi / 	 is unipotent). Then

Plov.f1 � f2/ D Plov.f1/C Plov.f2/:

Proof. Let !i be a Kähler metric on Xi and let pri W X1 � X2 ! Xi be the projection to
the i -th factor. Then

Volpr�1!1Cpr�2!2.�f1�f2.n// D Vol!1.�f1.n//Vol!2.�f2.n//; (2.8)

which proves Lemma 2.18 in the case where Plov.f1/ D1 or Plov.f2/ D1.
Assume that both Plov.f1/ and Plov.f2/ are finite, then Plov.f1 � f2/ is also finite by

the equivalence .1/, .6/ in Lemma 2.8 and the Künneth formula. To prove Lemma 2.18,
by Lemma 2.6 we can replace f1 and f2 by some common power. Thus by Lemma 2.8
again, we can assume that the actions of f1, f2, and f1 � f2 acting on the cohomology
rings of X1, X2, and X1 � X2 respectively are unipotent. It follows from Lemma 2.16
that the limits superior in the definitions of Plov.f1/, Plov.f2/, and Plov.f1 � f2/ are all
limits. Hence Lemma 2.18 for finite Plov.f1/ and Plov.f2/ follows again from (2.8).

Corollary 2.19. LetX be a compact Kähler manifold of dimension d and let f 2Aut.X/
be a zero entropy automorphism. Then Plov.f / D d if and only if k.f / D 0.

Proof. Since f has zero entropy, by Lemmas 2.6 and 2.8 we can assume that f � W
H 1;1.X/ is unipotent. Thus k.f /D 0 implies N D 0, and Plov.f /D d by Lemma 2.16.
Again by Lemma 2.16, Plov.f / D d implies k.f / D 0.
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Another consequence of Lemma 2.16 is the following.

Corollary 2.20. Plov.f / has the same parity as d D dimX .

Proof. Since�n.f;!/ is Kähler, we have�n.f;!/d >0 for all n2Z. So by Lemma 2.14,
we have ´

�Cn .f; !/
d > 0 for n� 0;

.�1/d�Cn�1.f; !/
d > 0 for n� 0:

(2.9)

It follows that the degree of the polynomial n 7! �Cn .f; !/
d , which is also Plov.f / by

Lemma 2.16, has the same parity as d .

The following lemma provides another way to compute Plov.f /, and turns out to be
useful. Define

�0n.f; !/ WD

nX
iD0

..f i /� C .f �i /�/.!/:

Lemma 2.21. Plov.f / is also the degree of the polynomial

n 7! �0n.f; !/
d
D

�
! C

nX
iD�n

.f i /�!

�d
:

Proof. Recall that Plov.f / is defined as the polynomial degree of n 7! .
Pn
iD0.f

i /�!/d ,
which is also the polynomial degree of n 7! .

P2n
iD0.f

i /�!/d as well as the one of n 7!
.
P2n
iD0 2.f

i /�!/d . Hence Lemma 2.21 follows from�
! C

nX
iD�n

.f i /�!

�d
D

�
.f �n/�

�
.f n/�! C

2nX
iD0

.f i /�!

��d
D

�
.f n/�! C

2nX
iD0

.f i /�!

�d
and � 2nX

iD0

.f i /�!

�d
�

�
.f n/�! C

2nX
iD0

.f i /�!

�d
�

� 2nX
iD0

2.f i /�!

�d
:

As f � W H 1;1.X/ 	 is unipotent, .f �1/� W H 1;1.X/ 	 is also unipotent. Set

N 0 WD .f �1/� � Id W H 1;1.X/! H 1;1.X/

and let
Nm WD N

m
CN 0m:

We have an analogous statement of Lemma 2.16 with Nm replaced by Nm.
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Lemma 2.22. We have

Plov.f / � d Cmax
² dX
jD1

ij j ij 2 Z�0; .Ni1!/ � � � .Nid!/ ¤ 0

³
:

Proof. Lemma 2.22 follows from Lemma 2.21 together with

�0n.f; !/ D

nX
iD0

.f i /�! C

0X
iD�n

.f i /�! D

k.f /X
iD0

�
nC 1

i C 1

�
.N i
CN 0i /.!/

D

k.f /X
iD0

�
nC 1

i C 1

�
Ni .!/:

Lemma 2.23. For every integer i 2 Œ0; d �, let

P 0f;!;i .n/ WD �
0
n.f; !/

i!d�i D

� kX
jD0

�
nC 1

j C 1

�
Nj!

�i
!d�i ;

which is a polynomial in n. Then we have

degP 0f;!;i > degP 0f;!;i�1:

Proof. As in the proof of Lemma 2.15, for every non-negative integer m, we define

P 0f;!;i;m.n/ WD �
0
n.f; !/

i�1
� ..f m/�! C .f �m/�!/ � !d�i :

The same argument in Lemma 2.15 shows that

degn P
0
f;!;i;m.n/ D degn P

0
f;!;i;0.n/ D degn P

0
f;!;i�1.n/

for every m, and there exists ` 2 Z>0 such that the leading coefficient Cf;!;i .`/ > 0 of
P 0
f;!;i;`

is minimum among all ` 2 Z>0. Since �0n.f; !/
i�1 � ! � !d�i > 0 (because ! is

Kähler), it follows that

P 0
f;!;i

.n/

P 0
f;!;i;`

.n/
D

nX
mD0

P 0
f;!;i;m

.n/

P 0
f;!;i;`

.n/
�n!1 
;

for any 
 > 0, and we conclude the proof as in Lemma 2.15.

Let ! 2 H 1;1.X/. For all integer 0 � p � d , consider the following polynomial in n
with coefficients in Hp;p.X/:

Qf;!;p W n 7! ..f n/�! C .f �n/�!/p D

� kX
iD0

�
n

i

�
Ni .!/

�p
:

Let �p.f; !/ denote the polynomial degree of Qf;!;p.n/.
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Remark 2.24. Note that for any product � 2 Hd�p;d�p.X/ of d � p Kähler classes,
�p.f; !/ is also the polynomial degree of

n 7! � � ..f n/�! C .f �n/�!/p:

The same argument proving Lemma 2.1 shows that the polynomial degree �p.f; !/ is
independent of the choice of ! whenever ! is nef and big.

We will use the next lemma in the proof of Lemma 4.5.

Lemma 2.25. For every integer p, we have

�p.f;!/�max
®
ri 2Z j k.f n/�	H i;i .X/k �n!1 Cin

ri for some Ci > 0; 0� i � p
¯
:

In particular,

�p.f; !/ � k.f /

�
d

2

�
�
k.f /d

2
� d.d � 1/:

Proof. The first statement follows from

..f n/�! C .f �n/�!/p D

pX
jD0

�
p

j

�
.f n/�!j � .f �n/�!p�j

D

pX
jD0

�
p

j

�
..f 2n/�!j / � !p�j :

For the last statement, the first inequality follows from [7, Proposition 5.8] and the last
inequality from Theorem 1.1.

3. Quasi-nef sequences and dynamical filtrations

3.1. Dynamical filtrations and proof of the upper bound (1.3) in Theorem 1.1

First we recall the definitions and basic properties of quasi-nef sequences and dynamical
filtrations. We then prove some useful lemmas, and finally the optimal upper bound (1.3)
in Theorem 1.1 (see Corollary 3.7).

Let X be a compact Kähler manifold of dimension d � 1. For every ˛ 2 H i;i .X;R/,
if ˛ �H 1;1.X;R/d�i D 0, we write

˛ � 0

as in Notations. Let K i .X/ �H i;i .X;R/ be the closed convex cone generated by classes
of smooth positive .i; i/-forms. We have K1.X/ D Nef.X/, which is the nef cone of X .
For every ˛ 2K i .X/, define

Nef.˛/ WD ˛ � Nef.X/ � H iC1;iC1.X;R/:

As Nef.X/ is a convex cone, so is Nef.˛/. Since Nef.˛/ � K iC1.X/ and K iC1.X/ is
salient, Nef.˛/ is a closed salient cone.
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Construction 3.1 (Quasi-nef sequence [24]). Let f 2 Aut.X/ be an automorphism of X
such that f � W H 1;1.X/ 	 is unipotent. A quasi-nef sequence (with respect to f ) is a
sequence

M1; : : : ;Md 2 H
1;1.X;R/

constructed recursively as follows. Suppose that M1; : : : ; Mi 2 H
1;1.X; R/ are con-

structed, then MiC1 2 H
1;1.X;R/ is an element such that

• f �.M1 � � �MiC1/ DM1 � � �MiC1 ¤ 0,

• M1 � � �MiMiC1 2 Nef.M1 � � �Mi /.

Since f � W H 1;1.X/ 	 is unipotent, the existence of MiC1 follows from Birkhoff’s
Perron–Frobenius theorem [3] applied to Nef.M1 � � �Mi /. See also [16, Theorem 1.1] for
a generalization. We set L0 WD 1 2 H 0.X;R/ and define Li WDM1 � � �Mi 2 H

i;i .X;R/.
Note that M1; : : : ; Md 2 H

1;1.X; R/ is also a quasi-nef sequence with respect
to f �1.

Given a quasi-nef sequence M1; : : : ; Md 2 H
1;1.X;R/ with respect to an automor-

phism f 2 Aut.X/ such that f � W H 1;1.X/ 	 is unipotent, define

Fi WD
®
˛ 2 H 1;1.X;R/ j Li˛ � 0

¯
and let F 0i be the subspace of Fi spanned by®

˛ 2 Fi j Li�1˛ � ˇ for some ˇ 2 Nef.Li�1/
¯
:

Recall from [8] that these subspaces form an f �-stable filtration

0 D F0 � F
0
1 � F1 � � � � � F

0
d�1 � Fd�1 � F

0
d D H

1;1.X;R/: (3.1)

We note that the filtration (3.1) depends on the choice of a quasi-nef sequenceM1; : : : ;Md

2 H 1;1.X;R/. Here are some fundamental properties of these filtrations proven in [8].

Proposition 3.2 ([8, Theorem 1.3]). (1) We have dim.F 0i =Fi�1/ � 1 and

F 0i D ¹
 2 Fi j Li�1

2
� 0º:

Moreover, the following conditions are equivalent:

(i) Fi�1 ¤ F
0
i ;

(ii) F 0i D Fi�1 ˚ .R �Mi /;

(iii) Li�1M
2
i D 0.

(2) There exist an integer r 2 Œ1; d � 1� and a strictly decreasing sequence of integers

d � 1 � s1 > � � � > sr � 1

such that for every Kähler class ! 2 H 1;1.X;R/ and every integer j 2 Œ1; r�,

.f � � Id/2j�1! 2 Fsj nF
0
sj

and .f � � Id/2j! 2 F 0sj nFsj�1;

and .f � � Id/2rC1! D 0. In particular, .f � � Id/2rC1 D 0 2 End.H 1;1.X;R//.
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The sequence s1 > � � � > sr in Proposition 3.2 (2) depends on f and is unique for a
given quasi-nef sequence. The inverse f �1 defines the same sequence with respect to the
same quasi-nef sequence by the next lemma.

Lemma 3.3. Let s1 > � � � > sr be the sequence in Proposition 3.2 (2) associated to f .
Then for every Kähler class ! 2 H 1;1.X;R/ and every integer j 2 Œ1; r�, we have

..f �1/� � Id/2j�1! 2 Fsj nF
0
sj

and ..f �1/� � Id/2j! 2 F 0sj nFsj�1;

and ..f �1/� � Id/2rC1! D 0.

Proof. Since both Fsj and F 0sj are f �-invariant, we have

..f �1/� � Id/2j�1! D .�1/2j�1.f 1�2j /�.f � � Id/2j�1! 2 Fsj nF
0
sj
:

The same argument shows that ..f �1/� � Id/2j! 2 F 0sj nFsj�1 and ..f �1/� � Id/2rC1!
D 0.

The following two lemmas are both consequences of Proposition 3.2 (1).

Lemma 3.4. For i 2 Œ1; d � \ Z, take �i 2 F 0i . Let p 2 Œ1; d � \ Z and j 2 Œ0; p� \ Z.
Then:

(1) There exists some C 2 R such that

Lj�jC1 � � � �p � CLp:

(2) For any � 2 Fp , we have
Lj�jC1 � � � �p� � 0:

Proof. Since either F 0p D Fp�1 or F 0p=Fp�1 is a line spanned by Mp C Fp�1 by Proposi-
tion 3.2 (1), there exists some Cp 2 R such that �p � CpMp 2 Fp�1. As Lp�1Fp�1 � 0,
we have

Lp�1�p � CpLp�1Mp D CpLp:

Induction proves that Lj�jC1 � � � �p � CLp for some C 2 R.
Since LpFp � 0, (2) follows from (1) and the definition of Fp .

Lemma 3.5. Assume that M1 D � � � DMi 2 H
1;1.X;R/. Then

F 0j D Fj�1

for every j � i � 1.

Proof. Assume to the contrary that F 0j ¤ Fj�1 for some j � i � 1. By Proposition 3.2 (1),
we would have

LjC1 D Lj�1MjMjC1 D Lj�1M
2
j D 0;

which is impossible. Hence F 0j D Fj�1 for every j � i � 1.
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As a consequence of these results, we obtain the following refinements of Theo-
rem 1.1.

Corollary 3.6. Let � W X ! B be a surjective morphism with connected fibers between
compact Kähler manifolds. Let f 2 Aut.X/ such that f � W H 1;1.X;R/ 	 is unipotent
and ��!B is f �-invariant for some Kähler class !B 2 H 1;1.B;R/. Then

k.f / � 2.dimX � dimB/:

Here, we recall that k.f / C 1 is the maximal size of the Jordan blocks of the Jordan
canonical form of the unipotent f �jH1;1.X;R/.

Proof. Let m WD dimB . As ��!B is an f �-invariant nef class and ��!mB 6� 0, we can
complete

M1 D � � � DMm D �
�!B

to a quasi-nef sequence M1; : : : ;Md . By Lemma 3.5, we have F 0j D Fj�1 for every j �
m � 1. So according to Proposition 3.2 (2) and the notation therein, necessarily sr � m,
so r � dimX � dimB . Hence

.f � � Id/2.dimX�dimB/C1.!/ D 0

for every ! 2 H 1;1.X;R/.

Corollary 3.7. Let X be a compact Kähler manifold of dimension d � 1 and of Kodaira
dimension �.X/. Let f 2 Aut.X/ be an automorphism of zero entropy.

(1) We have
k.f / � 2.dimX � �.X//:

In other words,

k.f m/� W H 1;1.X/ 	 k D O.m2.d��.X///

as m!1 for any norm of EndC.H
1;1.X//.

(2) The estimate in (1) is optimal, in the sense that for every d � 1 and � � 1, there
exist some X and f 2 Aut.X/ such that dim.X/ D d , �.X/ D �, and

k.f m/� W H 1;1.X/ 	 k �m!1 Cm2.d��.X//

for some C > 0.

We prove first Corollary 3.7 (1). We will prove Corollary 3.7 (2) in Section 7 by
constructing explicit examples.

Proof of Corollary 3.7 (1). By an equivariant Kähler desingularization, there exists a bi-
meromorphic morphism � W zX ! X from a compact Kähler manifold zX such that f lifts
to an automorphism zf 2 Aut. zX/ and that zX admits a surjective morphism � W zX ! B to
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a projective manifold as a model of its Iitaka fibration. As � is an Iitaka fibration of zX ,
zf descends to a bimeromorphic self-map of B of finite order by [19, Theorem A]. Up to

replacing f by a finite iteration of it, we can assume that � is zf -invariant. In particular,
��!B is zf �-invariant for every Kähler class !B 2 H 1;1.X;R/.

Since f has zero entropy, we have d1. zf /D 1 by Lemma 2.8 and [9, Theorem 1.1] for
the invariance under a generically finite map. Replacing f by its finite iteration, we can
assume that zf � W H 1;1. zX;C/ 	 is unipotent by Lemma 2.8. Thus by Corollary 3.6, we
have

k. zf m/� W H 1;1. zX;C/ 	 k Dm!1 O.m2.d��.X///:

AsH 1;1.X;C/ ,! H 1;1. zX;C/ is zf �-stable and the restriction of zf � W H 1;1. zX;C/ 	 to
H 1;1.X;C/ is f � W H 1;1.X;C/ 	, we have

k.f m/� W H 1;1.X;C/ 	 k Dm!1 O.m2.d��.X///:

3.2. Some vanishing lemmas

From now on till the end of Section 3, f 2 Aut.X/ is an automorphism such that f � W
H 1;1.X/ 	 is unipotent. Under this assumption, .f �1/� W H 1;1.X/ 	 is also unipotent.
Recall that in Section 2, we have defined

N WD f � � Id 2 End.H 1;1.X;R// and N 0 WD .f �1/� � Id 2 End.H 1;1.X;R//;

and also Nm WD Nm CN 0m.
In this subsection, we will prove some vanishing results of intersections of .1; 1/-

classes which are images of Nm or Nm. Let us start with the following lemma.

Lemma 3.8. Let ˛ 2 H 1;1.X;R/.

(1) Let d � 1 � s1 > � � � > sr � 1 be the sequence associated to f as in Proposi-
tion 3.2 (2). Then we have

N2i�1.!/;N2i .!/ 2 F
0
si
nFsi�1

for any Kähler class !. In particular,

N2i�1.˛/;N2i .˛/ 2 F
0
d�i :

(2) Both Nk.f /�1.˛/ and Nk.f /.˛/ are f �-invariant.

(3) If ! is nef, then both Nk.f /.!/ and Nk.f /�1.!/ are nef.

Proof. First we prove (1). Note that N CN 0 D �NN 0, so

N2i�1 D N
2i�1
CN 02i�1 D .N CN 0/

2i�2X
jD0

.�1/jN jN 02i�2�j

D

2i�2X
jD0

.�1/jC1N jC1N 02i�1�j
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D

2i�2X
jD0

.�1/jC1.f � � Id/jC1..f �1/� � Id/2i�j�1

D

2i�2X
jD0

.f � � Id/2i .f �2iCjC1/� D
2i�2X
jD0

N 2i
ı .f �2iCjC1/�:

Since
P2i�2
jD0 .f

�2iCjC1/�! is Kähler, Proposition 3.2 (2) implies

N2i�1.!/ D N
2i

� 2i�2X
jD0

.f �2iCjC1/�!

�
2 F 0si nFsi�1:

By Proposition 3.2 (2) and Lemma 3.3, we haveN 2i .!/;N 02i .!/ 2 F 0si , soN2i .!/ 2
F 0si . Since N 2i! 2 F 0si , we have

Lsi�1N
2i! � CLsi

for some C 2 R by Lemma 3.4. Since N 2i! … Fsi�1, we have C ¤ 0. Moreover, as
Lsi�1N

p! � 0 for every p > 2i by Proposition 3.2 (2), we have

Lsi�1N
2i! D .2i/Š � lim

m!1
Lsi�1

.f �/m.!/

m2i
2Ksi .X/=�

where Ksi .X/=� denotes the image of Ksi .X/ inH si ;si .X;R/=�. SinceLsi 2Ksi .X/,
necessarily C > 0. Since s1 > � � � > sr is also the sequence associated to f �1 by Lem-
ma 3.3, the same argument shows that there exists C 0 > 0 such that

Lsi�1N
02i! � C 0Lsi :

Hence
Lsi�1N2i .!/ � .C C C

0/Lsi 6� 0;

namely N2i .!/ … Fsi�1. The last part follows from F 0si � F
0
d�i

, noting that si � d � i .
For (2), recall that k.f / is an even number (Theorem 1.1) so we can write k.f /D 2i .

Since N 2iC1 D 0 and f � D IdCN , we have

N 2i=.2i/Š D lim
m!1

.f �/m=m2i

whose image is hence f �-invariant. Since f � commutes with N , and N 0 D �N.f �1/�,
we have N 02i D N 2i .f �2i /� whose image is hence f �-invariant, too. Thus the images
of N2i D N 2i CN 02i and N2i�1 D

P2i�2
jD0 N

2i ı .f �2iCjC1/� are also f �-invariant.
For (3),

N 2i .!/ D .2i/Š lim
m!1

.f �/m.!/=m2i ; N2i�1.!/ D

2i�2X
jD0

N 2i ..f �2iCjC1/�.!//

are clearly all nef.
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Corollary 3.9. Let ! be a Kähler class. Assume that k.f / D 2d � 2. Then for every
integer ` � 2, we have

Ni1.!/ � � �Ni`.!/ � 0

whenever

ij � 2.d � j / � 1 for all j � ` � 2; and i`�1; i` � 2.d � `C 1/ � 1:

Moreover, whenever

ij 2 ¹2.d � j /; 2.d � j / � 1º for all j;

there exists some C 2 R such that

Ni1.!/ � � �Nij .!/ � CN2d�2.!/ � � �N2.d�j /.!/:

Proof. Corollary 3.9 follows directly from Lemma 3.4 and Lemma 3.8. Indeed, by the
assumption and Lemma 3.8, we have

Ni1.!/ 2 F
0
1; Ni2.!/ 2 F

0
2; : : : ; Nil�2.!/ 2 F

0
l�2; Nil�1.!/;Nil .!/ 2 F

0
l�1:

Thus the first assertion follows from Lemma 3.4 (2).
Similarly, by the assumption and Lemma 3.8, we have

Ni1.!/;N2d�2.!/ 2 F
0
1; Ni2.!/;N2d�4.!/ 2 F

0
2; : : : ; Nij .!/;N2.d�j /.!/ 2 F

0
j :

Thus the second assertion follows from Lemma 3.4 (1).

Lemma 3.10. Let m be a positive integer and let

† WD
®
N k.f /.!/;Nk.f /.!/;Nk.f /�1.!/ j ! 2 H

1;1.X;R/ Kähler
¯
:

Then the following conditions are equivalent:

(1) M1 � � �Mm 6� 0 for some M1; : : : ;Mm 2 †.

(2) M1 � � �Mm 6� 0 for every M1; : : : ;Mm 2 †.

Proof. Fix a positive integer m. It suffices to prove that (1) implies (2). To this end, it
suffices to prove that given M1; : : : ;Mm;M

0
m 2 †,

M1 � � �Mm�1Mm 6� 0 implies M1 � � �Mm�1M
0
m 6� 0:

Then we can replace each factor ofM1 � � �Mm by any choice ofm elementsM 01; : : : ;M
0
m 2

† one by one and obtain M 01 � � �M
0
m 6� 0.

Since every element of† is nef and f �-invariant by Lemma 3.8, the sequenceM1; : : : ;

Mm�1 can be completed to a quasi-nef sequence. SinceLm�1MmDM1 � � �Mm�1Mm 6� 0

and M 0m 2 † by assumption, Proposition 3.2 (2) and Lemmas 3.3 and 3.8 (1) then imply
that

M1 � � �Mm�1M
0
m D Lm�1M

0
m 6� 0:
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As for when we have .N k.f /!/i D 0, we have the following.

Lemma 3.11. .N k.f /!/i D 0 whenever 2i > d .

Proof. Let j 2 Z�0. Since k.f n/� W H 1;1.X/ 	 k D O.nk.f //, we have

k.f n/� W H j;j .X/ 	 k D O.njk.f //

by [7, Proposition 5.8]. Suppose that .N k.f /!/j ¤ 0, then

k.f n/� W H j;j .X/ 	 k � Cnjk.f /:

As
k.f n/� W H j;j .X/ 	 k � k.f n/� W Hd�j;d�j .X/ 	 k;

necessarily .N k.f /!/i D 0 whenever 2i > d .

Corollary 3.12. Let m be a non-negative integer such that N k.f /.!0/
m � 0 (or equiv-

alently Nk.f /.!0/m � 0 by Lemma 3.10) for some Kähler class !0. Then for every ! 2
H 1;1.X;R/, we have

Nk.f /.!/
iNk.f /�1.!/

j
� 0

whenever i C j � m.
As a consequence, for every ! 2 H 1;1.X;R/ and every pair of non-negative integers

i and j such that 2i C 2j > min.d; 2d � k.f //, we have

Nk.f /.!/
iNk.f /�1.!/

j
� 0:

Proof. Since the vanishing Nk.f /.!/iNk.f /�1.!/j � 0 is a Zariski closed condition for
! 2H 1;1.X;R/ and since the Kähler cone is Zariski dense inH 1;1.X;R/, we can assume
that ! 2 H 1;1.X;R/ is Kähler. Then the first statement follows from Lemma 3.10.

Now we prove the second statement. Once again, we can assume that ! is Kähler.
Recall that k.f / D 2` is an even number (see, e.g., Theorem 1.1). By the first statement,
it suffices to show that

Nk.f /.!/
d�`C1

� 0;

as we already know that Nk.f /.!/i � 0 if 2i > d by Lemma 3.11. To this end, we can
assume that Nk.f /.!/d�` 6� 0 and complete

M1 D � � � DMd�` WD Nk.f /.!/

to a quasi-nef sequence. Then Lemma 3.8 implies that

Nk.f /.!/ D N2`.!/ 2 F
0
d�` � Fd�`:

Hence,
Nk.f /.!/

d�`C1
D Ld�`Nk.f /.!/ � 0:
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4. Upper bounds of Plov.f /: Beginning of the proof of Theorem 1.2

Let us first prove Keeler’s upper bound in Theorem 1.2 (1).

Proposition 4.1. LetX be a compact Kähler manifold of dimension d and let f 2Aut.X/
be a zero entropy automorphism. Suppose that k.f / > 0. Then we have

Plov.f / � k.f /.d � 1/C d:

We will first provide a sketch of Keeler’s original proof, then an alternative proof using
Corollary 3.12.

Keeler’s proof of Proposition 4.1. Recall that Plov.f / is the degree of the polynomial
Pf;!.n/which is the same as the polynomial .�n.f;L/d / in Theorem 8.1 (4) if we replace
the ample class L by the Kähler class !. Therefore, by settingD D ! and P D f � in the
proof of [15, Lemma 6.13], the purely cohomological proof of [15, Lemma 6.13] works
without any further change, which proves the result.

Second proof of Proposition 4.1. By Lemmas 2.6 and 2.8, we can assume that f � W
H 1;1.X/ 	 is unipotent. Let ˛ 2 H 1;1.X;R/ and let

k.f / � i1 � � � � � id � 0

be d integers such that
dX
jD1

ij > k.f /.d � 1/:

Write the product Ni1.˛/ � � �Nid .˛/ in the form

… WD Nk.f /.˛/
aNk.f /�1.˛/

bNiaCbC1.˛/ � � �Nid .˛/

with iaCbC1 � k.f /� 2. Then 2aC 2b > 2d � k.f / by the assumption. It follows from
Corollary 3.12 that … D 0. Thus Plov.f / � k.f /.d � 1/C d by Lemma 2.22.

The main result of this section is the following sharpened upper bound of Plov.f /.

Theorem 4.2. Let X be a compact Kähler manifold of dimension d and let f 2 Aut.X/
be a zero entropy automorphism. Assume that d � 3 and k.f / > 0. Then

Plov.f / � k.f /.d � 1/C d � 2:

When k.f / D 2, we have the optimal upper bound

Plov.f / �

´
2d if d is even;

2d � 1 if d is odd.
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The above inequality for k.f /D2 was originally due to F. Hu with a different proof1.
We will prove Theorem 4.2 based on results in Section 3 about the dynamical filtrations.
Let us first prove Theorem 4.2 when k.f / D 2.

Proof of Theorem 4.2 when k.f / D 2. By Lemmas 2.6 and 2.8, we can assume that f � W
H 1;1.X/ 	 is unipotent. Let ! be a Kähler class and let i be the largest integer such that
.N 2!/i ¤ 0. By Lemma 3.11, we have i � bd=2c. Since .N 2!/iC1 D 0, it follows from
Corollary 3.12 that

.N2!/
a.N1!/

b
� 0

whenever aC b > i . Hence by Lemma 2.22,

Plov.f / � d C 2i � d C 2bd=2c:

For optimal examples, let S be any compact Kähler surface and f 2 Aut.S/ any
automorphism with k.f / D 2 (see, e.g., [8, §4.1] for an example where S is a torus).
Then Plov.f / D 4 by Corollary 1.3. If d D 2m, then k.f �m/ D 2 for f �m 2 Aut.Sm/
by Lemma 2.12 and Plov.f �m/ D 4m D 2d by Lemma 2.18. If d D 2mC 1, then we
consider f �m � IdC 2 Aut.Sm � C/ where C is any smooth projective curve.

The proof of Theorem 4.2 when k.f / > 2 follows from a different argument. In Lem-
mas 4.3 and 4.5 below, let X be a compact Kähler manifold of dimension d � 1 and
f 2 Aut.X/ an automorphism such that f � W H 1;1.X/ 	 is unipotent.

Lemma 4.3. Assume k.f / > 0. Let .a; b/ be a pair of non-negative integers such that
2aC 2b � 2d � k.f /. Let i1 � � � � � id 0 � 0 be d 0 integers. When 2aC 2b D 2d � k.f /
we assume

d 0X
jD1

ij > .k.f / � 4/d
0
C 2:

Then
Nk.f /.˛/

aNk.f /�1.˛/
bNi1.˛/ � � �Nid 0 .˛/ � 0

for every ˛ 2 H 1;1.X;R/.

Proof. If 2aC 2b > 2d � k.f /, then we already have

Nk.f /.˛/
aNk.f /�1.˛/

b
� 0

by Corollary 3.12. So we can assume that 2aC 2b D 2d � k.f /, and that i1 � k.f /� 2.
We can also assume that Nk.f /.˛/aNk.f /�1.˛/b 6� 0 and that ˛ 2 H 1;1.X;R/ is

Kähler. By Lemma 3.8, both Nk.f /.˛/ and Nk.f /�1.˛/ are f �-invariant nef, so we can
complete

M1 D � � � DMa WD Nk.f /.˛/; MaC1 D � � � DMaCb WD Nk.f /�1.˛/

to a quasi-nef sequence.

1F. Hu, private communication.
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Since
Pd 0

jD1 ij > .k.f / � 4/d
0 C 2, we have

i1; i2 2 Œk.f / � 3; k.f / � 2�:

Indeed, otherwise we would have i2 � k.f / � 4 and
Pd 0

jD1 ij � .k.f / � 2/ C .d
0 �

1/.k.f / � 4/ D .k.f / � 4/d 0 C 2. It follows from Lemma 3.8 that

Ni1.˛/;Ni2.˛/ 2 F
0

d�
k.f /
2 C1

D F 0aCbC1:

So
Nk.f /.˛/

aNk.f /�1.˛/
bNi1.˛/Ni2.˛/ D LaCbNi1.˛/Ni2.˛/ � 0

by Lemma 3.4 (2), which proves Lemma 4.3.

End of proof of Theorem 4.2. Recall that k.f / is an even number (Theorem 1.1), and we
already proved the statement for k.f /D 2. It remains to prove Theorem 4.2 for k.f /� 4.

By Lemmas 2.6 and 2.8, we can assume that f � W H 1;1.X/ 	 is unipotent. Let ˛ 2
H 1;1.X;R/ and let

k.f / � i1 � � � � � id � 0

be d integers such that
dX
jD1

ij > k.f /.d � 1/ � 2:

Then the product Ni1.˛/ � � �Nid .˛/ is of the form

… WD Nk.f /.˛/
aNk.f /�1.˛/

bNiaCbC1.˛/ � � �Nid .˛/

with iaCbC1 � k.f / � 2. We now show that … D 0. We have

.aC b/k.f /C

dX
jDaCbC1

ij �

aCbX
jD1

ij C

dX
jDaCbC1

ij D

dX
jD1

ij > k.f /.d � 1/ � 2:

So if d 0 WD d � a � b, then

d 0.k.f / � 2/ �

dX
jDaCbC1

ij > k.f /.d � a � b � 1/ � 2 D k.f /d
0
� k.f / � 2;

which implies k.f / C 2 > 2d 0. As k.f / is even, we have k.f / � 2d 0, namely 2a C
2b � 2d � k.f /. Assume that 2a C 2b D 2d � k.f /, namely 2d 0 D k.f /, then since
2d 0 D k.f / � 4 by assumption, we have

dX
jDaCbC1

ij > k.f /d
0
� k.f / � 2 � .k.f / � 4/d 0 C 2:

It follows from Lemma 4.3 that … D 0, and thus Theorem 4.2 follows from Lem-
ma 2.22.
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We finish this section by the following upper bound of Plov.f / when d � 4, which
improves the upper bound Plov.f / � 2d2 � 3d obtained by combining Theorem 4.2 and
k.f / � 2d � 2 in Theorem 1.1.

Proposition 4.4. Let X be a compact Kähler manifold of dimension d � 4 and let f 2
Aut.X/ such that d1.f / D 1. Then

Plov.f / � 2d2 � 3d � 2:

We first prove the following.

Lemma 4.5. Assume that k WD k.f / D 2d � 2 and d � 4. Take d integers

k � i1 � � � � � id � 0

such that
dX
jD1

ij � .k � 2/d � 1:

Then for every ˛ 2 H 1;1.X/, we have

Ni1.˛/ � � �Nid .˛/ D 0: (4.1)

Proof. First we assume that i1 � k � 1. We have

dX
jD2

ij D

� dX
jD1

ij

�
� i1 > .k � 2/d � 1 � k D 2d

2
� 6d C 1

� 2d2 � 8d C 8 D .k � 4/.d � 1/C 2; (4.2)

where the second inequality follows from d � 4. SoNi1.˛/ � � �Nid .˛/D 0 by Lemma 4.3.
Assume that i1 � k � 2. Since

Pd
jD1 ij � .k � 2/d � 1 and the sequence ij is decreas-

ing, necessarily

i1 D � � � D id�1 D k � 2 and id D k � 2 or k � 3:

Since we have already proven that Nj1.˛/ � � �Njd .˛/ D 0 whenever j1 � k � 1, in partic-
ular, whenever

dX
lD1

jl > .k � 2/d;
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we have

Qf;˛;d .n/

WD

� kX
iD0

�
n

i

�
Ni .˛/

�d
Dn!1

�
n

k � 2

�d
Nk�2.˛/

d
C d

�
n

k � 2

�d�1�
n

k � 3

�
Nk�2.˛/

d�1Nk�3.˛/

CO.n.k�2/d�2/: (4.3)

Recall that deg.Qf;˛;d / � d.d � 1/ by Lemma 2.25. Since d.d � 1/ � .k � 2/d � 2
(because d � 4), it follows from (4.3) that Nk�2.˛/d D 0 and then Nk�2.˛/d�1Nk�3.˛/
D 0, which proves Lemma 4.5.

Proof of Proposition 4.4. By Theorem 1.1, we have k.f / � 2d � 2 and k.f / is even.
Since d � 4, Proposition 4.4 in the case k.f / < 2d � 2 (resp. k.f / D 2d � 2) follows
from Theorem 1.2 (resp. Lemmas 2.22 and 4.5).

5. A refined lower bound: End of the proof of Theorem 1.2 and
Corollary 1.6

In this section, we prove the following lower bound of Plov.f /. At the end we will con-
clude the proof of Theorem 1.2 together with Corollary 1.6.

Theorem 5.1. Let X be a compact Kähler manifold of dimension d > 0 and let f 2
Aut.X/ be a zero entropy automorphism. Then we have

Plov.f / � d C 2k.f / � 2:

Proof. We can assume that dimX � 2, otherwise k.f / D 0, and Theorem 5.1 holds triv-
ially.

By Lemmas 2.6 and 2.8, we can assume that f � W H 1;1.X/ 	 is unipotent. Let ! be
a Kähler class. Recall that we have

�0n.f; !/ WD

nX
iD0

..f i /�! C .f �i /�!/ D

k.f /X
iD0

�
nC 1

i C 1

�
Ni .!/

from the computation in the proof of Lemma 2.22. By Lemma 2.23, and using the nota-
tions therein, we have

Plov.f / D degn P
0
f;!;d .n/ > degn P

0
f;!;d�1.n/ > � � � > degn P

0
f;!;2.n/:

Therefore it suffices to show that

degn P
0
f;!;2.n/ � 2k.f /:
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Recall that

P 0f;!;2.n/ D �
0
n.f; !/

2!d�2 D

� k.f /X
jD0

�
nC 1

j C 1

�
Nj!

�2
!d�2: (5.1)

Assume that .Nk.f /!/2 ¤ 0. Since Nk.f /! is nef by Lemma 3.8 (3), we have .Nk.f /!/2

� !d�2 ¤ 0. Hence degn P
0
f;!;2

.n/ � 2k.f /C 2 by (5.1).
Now assume that .Nk.f /!/2 D 0. Then

.Nk.f /�1!/
2
� 0; .Nk.f /!/.Nk.f /�1!/ � 0 (5.2)

by Lemma 3.10. Since Nk.f /! is nef and f �-invariant by Lemma 3.8, we can construct a
quasi-nef sequenceM1; : : : ;Md withM1 D Nk.f /!. Suppose that .Nk.f /!/.Nk.f /�2!/
� 0. Then .Nk.f /�2!/ 2 F1, and we would have .Nk.f /!/ 2 F0 D 0 by Lemma 3.8 (1),
which contradicts the assumption that Nk.f /! ¤ 0. Hence .Nk.f /!/.Nk.f /�2!/ 6� 0.
Together with the vanishings (5.2) and (5.1), we obtain degn P

0
f;!;2

.n/ D 2k.f /.

Proof of Theorem 1.2. The upper bound and lower bound of Plov.f / in Theorem 1.2 fol-
lows from Theorems 4.2 and 5.1 respectively.

Proof of Corollary 1.6. The main statement of Corollary 1.6 follows from Theorem 1.2 (0)
(resp. Theorem 1.2 (1)) when k.f / > 0 (resp. k.f / D 0). Together with Theorem 1.1, it
follows that �.X/ � d=2 implies Plov.f / � d2 � 2.

6. Complex tori: Proof of Theorem 1.4 and a few remarks

In this section, we prove Theorem 1.4; see Remark 6.5 for further discussion.

Proof of Theorem 1.4. First we perform some reduction. By Lemmas 2.6 and 2.8, up to
replacing f by some finite iteration of it, we can assume that f � WH 1;0.X/	 is unipotent.
Fix a basis

dz1;1; dz1;2; : : : ; dz1;k1 ; : : : ; dzp;1; : : : ; dzp;kp

of H 1;0.X/ such that for every i D 1; : : : ; p,

f �dzi;j D

´
dzi;1 if j D 1;

dzi;j C dzi;j�1 if 2 � j � ki :

As the f �-action on H 1;0.X/ determines the f �-action on H �.X;C/ when X is a torus
(becauseH �.X;C/ is generated byH 1.X;C/DH 1;0.X/˚H 1;0.X/), by Corollary 2.3
we can assume that X D Ed with E being an elliptic curve, or even E D C=ZŒ

p
�1�,

and .zi;j /1�i�p;2�j�ki are the global coordinates of Ed , so that

f W Ed D

pY
iD1

Eki !

pY
iD1

Eki D Ed

is the product of Eki ! Eki defined by the unipotent Jordan matrix of size ki .
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By the product formula (Proposition 2.5 (4)), it suffices to prove Theorem 1.4 for the
case p D 1. So, from now on until the end of the proof, we assume that p D 1. Namely,
f � W H 1;0.X/ 	 has only one Jordan block.

Set ei D dzi and xei D dxzi . For every � D
P
i;j aij ei ^ xej 2 H

1;1.X;C/n¹0º, define

w.�/ WD max¹i C j j aij ¤ 0º;

and for every p D 2; : : : ; 2d , define

�.p/ WD
X

iCjDp

aij ei ^ xej :

Note that
Pd
iD1wi .�i / � d.d C 1/ by definition. We need the following.

Lemma 6.1. Let �1; : : : ; �d 2 H 1;1.X;C/n¹0º and let wi WD w.�i /.

(1) If
Pd
iD1wi < d.d C 1/, then �1 ^ � � � ^ �d D 0.

(2) If
Pd
iD1wi D d.d C 1/, then �1 ^ � � � ^ �d D �1.w1/ ^ � � � ^ �d .wd /.

Proof. By multi-linearity of �1 ^ � � � ^ �d , it is clear that (1) implies (2), and that it suffices
to prove (1) for �1; : : : ;�d of the form �i D ei1 ^ xej1 ; : : : ;�d D eid ^ xejd . If �1 ^ � � � ^ �d ¤
0, then necessarily

¹i1; : : : ; id º D ¹1; : : : ; dº D ¹j1; : : : ; jd º;

so
Pd
iD1wi D d.d C 1/.

We return to the proof of Theorem 1.4. Let N WD f � � Id and let

! WD
p
�1

dX
iD1

ei ^ xei ;

which is a Kähler class on X . For every q D 0; : : : ; 2d � 2, by induction on q we have

.N q!/.p/ D 0

for every p > 2d � q and

.N q!/.2d � q/ D
p
�1.N q.ed ^ xed //.2d � q/

D
p
�1

X
iCjDq

�
q

i

�
ed�qCi ^ xed�qCj ¤ 0:

Therefore,
w.N q!/ D 2d � q:

Let q1; : : : ; qd � 0 be non-negative integers. If
Pd
iD1 qi > d

2 � d , then by Lemma 6.1

.N q1!/ � � � .N qd!/ D 0;

so Plov.f / � d2 by (2.7).
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It remains to prove that Plov.f / � d2. Note that since !.2d/ D
p
�1ed ^ xed is nef,

by Lemma 2.4 we have Plov.f /� Plov.f;!.2d//. Until the end of the proof, we formally
define ei ^ xej D 0 whenever i and j are integers such that i … Œ1; d � or j … Œ1; d �.

Claim 6.2. We have

N q.ed ^ xed / D
X
iCj�q

�
q

i; j; q � i � j

�
ed�qCi ^ xed�qCj :

Proof. Let V WD CŒX; Y �=.Xd ; Y d /. We have an isomorphism of C-vector spaces V '
H 1;1.X/ sending each X iY j to ed�i ^ xed�j . Under this isomorphism, N W H 1;1.X/!

H 1;1.X/ becomes

N W V ! V;

P 7! .XY CX C Y /P mod .Xd ; Y d /;

so

N q.1/ D .XY CX C Y /q D
X
iCj�q

�
q

i; j; q � i � j

�
Xq�iY q�j mod .Xd ; Y d /:

(6.1)
Translating (6.1) back to N W H 1;1.X/! H 1;1.X/ proves the claim.

For every integer n > 0, by Claim 6.2 we have

� WD

2d�2X
qD0

�
n

q C 1

�
N q.!.2d//

D
p
�1

2d�2X
qD0

X
iCj�q

�
n

q C 1

��
q

i; j; q � i � j

�
ed�qCi ^ xed�qCj :

For each pair of integers 1 � i; j � d , define the polynomial Pi;j .n/ in n by

� D
p
�1

X
1�i;j�d

Pi;j .n/ei ^ xej : (6.2)

Claim 6.3. The polynomial Pd�i;d�j .n/ in n has degree i C j C 1 and leading coeffi-
cient

1

.i C j C 1/Š

�
i C j

i

�
:

Proof. As ed�i ^ xed�j D ed�qC.q�i/ ^ xed�qC.q�j /, by construction we have (with q
varying in the sum)

Pd�i;d�j .n/ D
X

.q�i/C.q�j /�q

�
n

q C 1

��
q

q � i; q � j; i C j � q

�
:
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So the degree and the leading coefficient of Pd�i;d�j , are equal to those of the polynomial�
n
qC1

��
q

q�i;q�j;iCj�q

�
in n when q is maximal and satisfying .q � i/C .q � j / � q (that

is, when q D i C j ). This proves the claim.

By (6.2), we have

�d D .
p
�1/ddŠP.n/.e1 ^ xe1/ ^ � � � ^ .ed ^ xed /

where P.n/ is the determinant of the matrix .Pi;j .n//1�i;j�d . Further, by Claim 6.3,
we have degn.P.n// � d

2 and the coefficient in front of nd
2

is detM , where M D
.MiC1;jC1/0�i;j�d�1 is the .d � d/ matrix defined by

MiC1;jC1 D
1

.i C j C 1/Š

�
i C j

i

�
D

1

iŠj Š
�

1

.i C j C 1/
; 0 � i; j � d � 1:

We have

detM D
1�Qd�1

pD0 pŠ
�2 det

�
1

.i C j C 1/

�
0�i;j�d�1

D

Qd�1
pD0 pŠQ2d�1
pDd pŠ

¤ 0;

where the second equality follows from the determinant of the Hilbert matrix (see, e.g.,
[14, (1.1)]). Since Plov.f; !.2d// D degn.P.n// by (2.6) and the definition of �, it thus
follows that

Plov.f / � Plov.f; !.2d// D degn.P.n// D d
2:

This completes the proof of the main statement of Theorem 1.4. The optimality of the
upper bound is provided by Example 6.4 below.

Example 6.4. Let E be a complex elliptic curve and let X D Ed . Define f W X ! X by

.x1; : : : ; xd / 7! .x1; x2 C x1; : : : ; xd C xd�1/: (6.3)

Then f � WH 1;0.X/	 is represented by the .d � d/-Jordan matrix, and Plov.X;f /D d2

as a consequence of the main statement of Theorem 1.4.

Remark 6.5. (1) Consider f 2 Aut.E3/ with f .x1; x2; x3/ D .x1; x1 C x2; x3/.
Then f � W H 1;0.E3/ 	 has two Jordan blocks, of sizes 2 and 1 respectively. By
Theorem 1.4, we have Plov.f / D 22 C 12 D 5, which is also consistent with
[15, Example 6.14].

(2) The upper bound in Theorem 1.4 is also asserted in the proof of [5, Proposi-
tion 4.3] (without optimality). However, the estimates [5, (4.6)–(4.7)] using `1
in their proof have to be suitably modified, otherwise as we can see that if f is
the identity, the estimate Vol.�.n// � Cn`

2
1 in [5, (4.6)–(4.7)] would imply that

Vol.�.n// grows at most linearly in n, which contradicts the equality Plov.X/Dd .
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Finally, note that in this paper, whenever we prove that Plov.f / is bounded from
above by some constant C for an automorphism f 2 Aut.X/ such that f � W H 1;1.X/ 	
is unipotent, we actually prove that the right hand side of the inequality in Lemma 2.16 or
Lemma 2.22 is bounded by C . In view of Question 1.5, we ask the following.

Question 6.6. Let X be a compact Kähler manifold of dimension d � 1 and let f 2
Aut.X/ such that f � W H 1;1.X/ 	 is unipotent. For every ! 2 H 1;1.X/, do we have

.N i1!/ � � � .N id!/ D 0

and
.Ni1!/ � � � .Nid!/ D 0

whenever the ij are non-negative integers satisfying
Pd
jD1 ij > d.d � 1/?

7. Some explicit examples

We know that Plov.f / D 1 for a compact Riemann surface, Plov.X; f / D 2 or 4 for a
compact Kähler surface by Corollary 1.3, and Plov.X; f / D d for a projective variety
X of dimension d whose desingularization zX is of general type (as jBir. zX/j < 1 by
[22, Corollary 14.3]). Besides complex tori and these three cases, we can also determine
Plov.f / for some other classes of compact Kähler manifoldsX (Proposition 7.1). We also
prove Corollary 3.7 (2) in this section.

Proposition 7.1. (1) Let X be a compact hyper-Kähler manifold of dimension 2d
and let f 2 Aut.X/ such that d1.f / D 1. Then Plov.f / D 2d if f is of finite
order, and Plov.f / D 4d if f is of infinite order; both cases are realizable, with
X projective.

(2) LetX be a smooth projective variety whose nef cone is a finite rational polyhedral
cone. Let dimX D d and f 2 Aut.X/. Then f is quasi-unipotent and Plov.f /D
d . In particular, this is the case when X is a Mori dream space, especially when
X is a toric variety or a Fano manifold.

Proof. (1) The reader is referred to [13] for basics about compact hyper-Kähler manifolds.
Note that a compact hyper-Kähler manifold has no global vector field other than 0. Hence
Aut.X/ is discrete. Thus f is of finite order if and only if f � W H 1;1.X;R/ 	 is of finite
order.

So, replacing f by its power and using Proposition 2.5 (2), we can assume that f D
IdX or f � WH 1;1.X;R/	 is unipotent of infinite order. The result is clear when f D IdX .
In the rest, we will assume that f � W H 1;1.X;R/ 	 is unipotent of infinite order.

Let qX .x/ be Beauville–Bogomolov–Fujiki’s quadratic form onH 1;1.X;R/. The sig-
nature of qX .x/ is .1; h1;1.X/ � 1/.
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Let ! be a Kähler class on X . Then the degree of the polynomial qX .Pf;!.n// in
Lemma 2.16, with respect to n is 22 D 4 by [1, Lemma 5.4]. The first part of (1) then
follows from Fujiki’s relation below (with positive constant cX > 0):

.x2d /X D cX .qX .x//
d :

For the realization part of (1), let ' W S ! P1 be a projective elliptic K3 surface
whose Mordell–Weil group MW.'/ has an element of infinite order, say f . There are
plenty of such K3 surfaces. Then f 2 Aut.S/ and it induces an automorphism f Œd� 2

Aut.Hilbd .S/=Pd / of infinite order. Here the Hilbert scheme X WD Hilbd .S/ is a projec-
tive hyper-Kähler manifold of dimension 2d with the Lagrangian fibration Hilbd .S/!
Pd induced by '. Hence, d1.f Œd�/ D 1 as it preserves the pullback h of the hyperplane
class of Pd , which is a nonzero nef class on X such that qX .h/ D 0. Thus .X; f Œd�/
provides an example such that Plov.f Œd�/ D 2 dimX D 4d . This completes the proof
of (1).

(2) By the assumption, f � W N 1.X/	 is always of finite order (even though the order
of f itself can be often infinite). Thus we have Plov.f / D d by Theorem 1.2.

We finish this section with proofs of Corollary 3.7 (2) by constructing explicit exam-
ples. The examples that we will construct also appear in other complex dynamical con-
texts [8, 21].

Proof of Corollary 3.7 (2). Let Xd D Ed (d � 2) be the d -fold self-product of an elliptic
curve E and fd the automorphism of Xd defined by

fd .x1; x2; : : : ; xd / D .x1; x2 C x1; : : : ; xd C xd�1/;

as in Example 6.4. We have k.fd / D 2d � 2 [8, §4.1].
Let C be a smooth projective curve of genus g.C / � 2 with a surjective morphism

� WC !E. Let Yd WDC �Ed�1. Then Yd is a smooth projective variety with dimYd D d
and Kodaira dimension �.Yd / D 1. We define gd 2 Aut.Yd / by

gd .P; x2; x3; : : : ; xd / D .P; x2 C �.P /; x3 C x2 : : : ; xd C xd�1/:

We also define

p W Yd ! Xd I .P; x2; x3; : : : ; xd / 7! .�.P /; x2; x3; : : : ; xd /:

Then p is a finite surjective morphism such that fd ı p D p ı gd , so k.gd / D k.fd / D
2d � 2 by Proposition 2.11. Finally, for every smooth projective variety V with �.V / D
dimV , let Vd WD Yd � V and consider �d WD gd � IdV 2 Aut.Vd /. We have

2.d � 1/ D k.gd / � k.gd � IdV / � 2.dimVd � �.Vd // D 2.d � 1/;

where the second inequality follows from the first statement of Corollary 3.7. So

k.�d / D 2.dimVd � �.Vd //:

When d and V vary, any pair of positive integers dimVd � 1 and �.Vd / � 1 is realizable,
which finishes the proof.
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8. Twisted homogeneous coordinate rings and GK-dimensions:
Proofs of Theorem 1.7 and Corollary 8.5

In this section, we first relate the polynomial log-volume growth Plov.f / to the GK-
dimensions GKdim.X; f / of twisted homogeneous coordinate rings through Keeler’s
work [15]. Then we prove Theorem 1.7 and Corollary 8.5, explaining how the results
of Plov.f / imply the analogous statements for GKdim.X; f /.

8.1. Recollection of Keeler’s work [15]

Following [15], we recall the definition of twisted homogeneous coordinate rings and
related notions, together with the fundamental properties proven in [1] and [15].

Let X be an irreducible projective variety defined over an algebraically closed field k
of characteristic 0. Let f 2 Aut.X/ be an automorphism. We say that a line bundle L on
X is f -ample if for any coherent sheaf F on X , there is a positive integer mF such that

H q.X; F ˝ L˝ f �L˝ � � � ˝ .f m/�L/ D 0

for any integer q > 0 and for any integer m > mF . A Cartier divisor D is called f -ample
if O.D/ is f -ample.

Let f 2 Aut.X/ and let L be a line bundle on X . For any integer n 2 Z�0, define

�n.f; L/ WD L˝ f
�L˝ � � � ˝ .f n/�L;

and
BnC1.X; f;L/ WD H

0.X;�n.f; L//; B0 D H
0.X;OX / D k:

The twisted homogeneous coordinate ring of X associated to .f; L/ is the (noncommuta-
tive) associative graded k-algebra

B.X; f;L/ WD
M
n2Z�0

Bn.X; f;L/:

The study of B.X; f; L/ was initiated by Artin and Van den Bergh [1]. Together with the
seminal work of Keeler [15], here are some fundamental properties they proved. In the
statements, N 1.X/ WD NS.X/=.torsion/.

Theorem 8.1 (Keeler, Artin–Van den Bergh). Let X be a projective variety of dimension
d > 0 and let f 2 Aut.X/.

(1) f -ample line bundles exist if and only if f � W N 1.X/ 	 is quasi-unipotent.

In the following, we assume that f � W N 1.X/ 	 is quasi-unipotent.

(2) L is f -ample if and only if there exists an integer n > 0 such that �n.f; L/ is
ample. In particular, any ample line bundle is f -ample.



Polynomial log-volume growth and GK-dimension 39

(3) The GK-dimension GKdimB is independent of the choice of an f -ample line bun-
dle L. We therefore define the GK-dimension as

GKdim.X; f / WD GKdimB.X; f;L/

for any choice of f -ample line bundle L.

(4) The GK-dimension is a positive integer. More precisely, after replacing f by its
suitable positive power so that f � W N 1.X/ 	 is unipotent, the self intersection
number .�n.f; L/d / is a polynomial in n and its degree satisfies

rGKdim.X; f / WD GKdim.X; f / � 1 D degn.�n.f; L/
d /:

We call rGKdim.X; f / the reduced GK-dimension of .X; f /.

Proof. Let us just indicate the references where these statements are proven. Statement (1)
is contained in [15, Theorem 1.2]. Statements (2), (3), and (4) follow from [1, Lemma 4.1],
and [15, Proposition 6.11, Theorem 6.1 (1)], respectively.

When X is a complex projective manifold, Keeler’s work implies Theorem 1.7 as an
immediate corollary that the reduced GK-dimension of .X; f / coincides with the poly-
nomial log-volume growth of f . Together with Theorem 8.1, this suggests unexpected
relations between noncommutative algebra and complex dynamics of automorphisms of
zero entropy.

Proof of Theorem 1.7. Since f � W N 1.X/ 	 is quasi-unipotent, by Theorem 8.1 (4) and
the definition of Plov.f /, given any ample line bundle L on X , we have

rGKdimB D degn.�n.f; L/
d / D lim sup

n!1

log�n.f; c1.L//d

logn
D Plov.f /:

8.2. From Kähler to projective

Let X be a projective variety over C and let f 2 Aut.X/. Let � W zX ! X be a projective
desingularization of X such that

f ı � D � ı zf

for some zf 2 Aut. zX/ (see, e.g., [17, Theorem 3.45] for the existence). Before we prove
Corollary 8.5, first we identify some dynamical properties and invariants of .X; f / as a
projective variety with those of . zX; zf / as a compact Kähler manifold.

Lemma 8.2. The following conditions are equivalent.

(1) f � W N 1.X/ 	 is quasi-unipotent.

(2) zf � W N 1. zX/ 	 is quasi-unipotent.

(3) zf has zero entropy.
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Proof. We define d1.f / as in (2.1) but replacing ! by an ample divisor. Then the same
proof of [19, Proposition A.2 and Lemma A.7] says that in the definition d1.f /, we
can assume that ! is a nef and big divisor instead, and d1.f / is the spectral radius of
f � W N 1.X/ 	. Note that d1.f / D 1 if and only if f � W N 1.X/ 	 is quasi-unipotent by
Kronecker’s theorem. Then the projection formula shows d1.f / D d1. zf /, hence (1) and
(2) are equivalent. The equivalence between (2) and (3) follows from Lemma 2.8, as we
can compute d1. zf / using ample classes (which also lie in N 1. zX/).

Assume that f � W N 1.X/ 	 is quasi-unipotent. Then

k.f m/� W N 1.X/˝C 	 k �m!1 CmkNS.f /

for some kNS.f / 2 Z�0 and C > 0.

Lemma 8.3. We have kNS.f / D k. zf /.

Proof. First of all, the same argument proving Proposition 2.11 shows that kNS.f / D

kNS. zf /. It suffices to show that kNS. zf / D k. zf /.
Since k. zf / is invariant under finite iterations, by Lemma 8.2 and Lemma 2.8 we can

assume that zf � WH 1;1. zX/	 is unipotent. As the ample cone of zX spans NS. zX/R we can
thus find an ample class ! of zX such that

. zf � � Id/kNS. zf /.!/ ¤ 0 and . zf � � Id/kNS. zf /C1.!/ D 0:

Hence kNS. zf / D k. zf / by Proposition 3.2 (2).

Lemma 8.4. We have

GKdim.X; f / D GKdimB.X; f;L/

for any big and nef line bundle L. As a consequence,

rGKdim.X; f / D rGKdim. zX; zf / D Plov. zf /

and GKdim.X; f / is a birational invariant.

Proof. Since GKdim.X; f / is the polynomial degree of n 7! degn.�n.f; L/
d / by Theo-

rem 8.1 (4), the same argument of Lemma 2.1 proves the first assertion of Lemma 8.4.
Let L be an ample line bundle on X , since� nX

iD0

. zf i /�.��c1.L//

�d
D ��

� nX
iD0

.f i /�c1.L/

�d
D

� nX
iD0

.f i /�c1.L/

�d
;

by Theorem 8.1 (4) we have

GKdimB. zX; zf ; ��L/ D GKdimB.X; f;L/ D GKdim.X; f /:

As ��L is nef and big, it follows from the first statement that GKdimB. zX; zf ; ��L/ D
GKdim. zX; zf /, which finishes the proof of Lemma 8.4.
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In the following corollary, k.f / is defined with f � W H 1;1.X/ 	 replaced by f � W
N 1.X/ 	 (denoted as kNS.f / in Section 8.2).

Corollary 8.5. Let X be a projective variety of dimension d > 0 over k, not necessarily
smooth, and let f 2 Aut.X/ be an automorphism such that f � W N 1.X/ 	 is quasi-
unipotent. Then the analogous statements of Theorem 1.2, Corollary 1.3, inequality (1.4)
(Proposition 4.4), etc., hold with Plov.f / replaced by rGKdim.X; f / under the same
assumptions on d and k.f /. In particular, we have

rGKdim.X; f / 2 ¹3; 5; 9º

if d D 3 (by Corollary 1.3), and

rGKdim.X; f / � 2d2 � 3d � 2

whenever d � 4 (by Proposition 4.4).

Proof. By the Lefschetz principle, we can assume that the pair .X; f / is defined over
kDC. Corollary 8.5 then follows from the existence of the equivariant projective desingu-
larization (see, e.g., [17, Theorem 3.45]), together with the comparison results Lemma 8.4
and Lemma 8.3.
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