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Group-subgroup subfactors revisited
Masaki Izumi

Abstract. For all Frobenius groups and a large class of finite multiply transitive permutation
groups, we show that the corresponding group-subgroup subfactors are completely character-
ized by their principal graphs. The class includes all the sharply k-transitive permutation groups
for k = 2, 3,4, and in particular the Mathieu group M1 of degree 11.

In memory of Vaughan Jones

1. Introduction

The classical Goldman’s theorem [6] says, in modern term, that every index 2 inclu-
sion M D N of type II; factors is given by the crossed product M = N x Z,, where
Z, is the cyclic group of order 2. It is a famous story that this fact is one of the moti-
vating examples when Vaughan Jones introduced his cerebrated notion of index for
subfactors [20]. In the case of index 3, there are two different cases: their principal
graphs are either the Coxeter graph D4 or A5 (see [4,7] for example). In the D4 case,
the subfactor is given by the crossed product M = N x Z3. In the A5 case, we showed
in [11] that there exists a unique subfactor R C N, up to inner conjugacy, such that

M=RxG3ON=RxG,

holds where &, denotes the symmetric group of degree n. We call such a result
Goldman-type theorem, uniquely recovering the subfactor R and a group action on
it solely from one of the principal graphs of M D N. More Goldman-type theorems
were obtained in [8,9, 12], but here we should emphasize that only Frobenius groups
had been treated until we recently showed a Goldman-type theorem for the alternating
groups UAs > Ay [19, Theorem Al].

Let G be a finite group, let H be a subgroup of it, and let « be an outer action of
G on a factor R. Then, the inclusion

M=RxyG>DON=RxgH
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is called a group-subgroup subfactor. Let L be the kernel of the permutation represen-
tation of G acting on G/H , which is the largest normal subgroup of G contained in H.
Then, the inclusion M O N remembers at most the information of G/L > H/L, and
so, whenever we discuss group-subgroup subfactors, we always assume that L is triv-
ial, or more naturally, we treat G as a transitive permutation group acting on a finite
set and H as a point stabilizer. A Frobenius group G is a semi-direct product K x H
with a free H action on K \ {e}. In this paper, we show Goldman-type theorems for
all Frobenius groups and for a large class of multiply transitive permutation groups.

One might suspect that every question about group-subgroup subfactors should
be reduced to an easy exercise in either permutation group theory or representation
theory, which turned out to be not always the case. Indeed, Kodiyalam—Sunder [23]
showed that two pairs of groups ©4 > Z4 and &4 > Z, X Z, give isomorphic group-
subgroup subfactors, which cannot be understood either in permutation group theory
or representation theory. In [14], we gave a complete characterization of two iso-
morphic group-subgroup subfactors coming from two different permutation groups in
terms of fusion categories and group cohomology. To understand this kind of phe-
nomenon, the representation category of a group should be treated as an abstract
fusion category, and ordinary representation theory is not strong enough.

When I discussed the above result [14] with Vaughan more than 10 years ago, he
asked me whether the Kodiyalam—Sunder-type phenomena occur for primitive per-
mutation groups, or in other words, when H is a maximal subgroup in G. Theorem
2.3 of [14] shows that the answer is ‘no’, and when I told it to him, somehow he
looked content. I guess Vaughan believed that one should assume the primitivity of
the permutation group G to obtain reasonable results in group-subgroup subfactors.
Probably, he was right because the primitivity of G is equivalent to the condition that
the corresponding group-subgroup subfactor has no non-trivial intermediate subfac-
tor, and such a subfactor is known to be very rigid. This assumption also rules out the
following puzzling example: while the principal graph of the group-subgroup subfac-
tor for Dg = Z4 x_1 Z, > Z5 is the Coxeter graph Dél), there are 3 other subfactors
sharing the same principal graph but they are not group-subgroup subfactors [16, The-
orem 3.4]. This means that a Goldman-type theorem never holds for Dg > Z,. Note
that Z» is not a maximal subgroup of Dg, and hence, the Dg-action on Dg/Z, is not
primitive.

Typical examples of primitive permutation groups are multiply transitive permu-
tation groups, and we mainly work on Goldman-type theorems for them in this paper.
We briefly recall the basic definitions related to them here. Let G be a permutation
group on a finite set X. For k € N, we denote by X¥] the set of all ordered tuples
(ay,as,...,ay) consisting of distinct elements in X. The group G acts on X [k] by
g-(ay,as,...,ay) = (gai, gas, ..., gay), and we always consider this action. For
x € X, we denote by Gy the stabilizer of x in G, and for (x1, x2,...,Xx%) € X[k], we
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denote

We say that G is k-transitive if the G-action on X %] is transitive. This is equivalent
to the condition that the Gy, x,,.. x,_,-actionon X \ {x1,X2,..., Xgx—1} is transitive.
We say that G is regular if G is free and transitive. A Goldman-type theorem for
a regular permutation group is nothing but the characterization of crossed products
(see [24,26])).

As will be explained in Section 2.5 in detail, our strategy for proving a Goldman-
type theorem for G > Gy, is an induction argument reducing it to that of G, >
Gy, x,- Assume that G is k-transitive but not k + 1-transitive. Then, the first step of
the induction is a Goldman-type theorem for Gy, x,,...xi—; > Gx,x,...x;» and we
need a good assumption on the Gy, x,,..x;_,-action on X \ {x1,x2,...,Xx—1} to
assure it. Therefore, we will treat the following two cases in this paper.

(1) Gyxy,xa,..., x4 1S TEgUIar.
(i1)  Gyxy,xa,...,xx_, 18 a primitive Frobenius group.

Permutation groups satisfying (i) are called sharply k-transitive, and their complete
classification is known. Other than symmetric groups and alternating groups, the fol-
lowing list exhausts all of them (see [10, Chapter XII]).

(1) We denote by I, the finite field with g elements. Every sharply 2-transitive
group is either a group of transformations of the form x — ax? + b of F,,
where a € IF;, b € Fy, and o € Aut(IF,), or one of the 7 exceptions. They are
all Frobenius groups.

(2) There exist exactly 2 infinite families L(q) and M (q) of sharply 3-transitive
permutation groups:

L(q) = PGL2(q)

acting on the projective geometry PGy(q) = (IF; \ {0})/F; over the finite
field Fy, and its variant M(q) acting on PG;(g) with an involution of F,
when ¢ is an even power of an odd prime. When ¢ is odd, both of them
contain PSL,(g) as an index 2 subgroup.

(3) The Mathieu group M;; of degree 11 is a sharply 4-transitive group, and the
Mathieu group M1, of degree 12 is a sharply 5-transitive permutation group.

Conjecture 1.1. A Goldman-type theorem holds for every sharply k-transitive per-
mutation group.

In Section 3, we show Goldman-type theorems for all Frobenius groups and ver-
ify the conjecture for k = 2 as a special case (Theorem 3.1). We also classify related
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fusion categories generalizing Etingof—Gelaki—Ostrik’s result [3, Corollary 7.4] (The-
orem 3.5). We verify the conjecture for k = 3 in Section 4 (Theorem 4.1) and for k = 4
in Section 6 (Theorems 6.1, 6.2, and 6.4). When ¢ is odd, the action of PSL,(q)
on PG (q) is 2-transitive and it satisfies the condition (ii) above. We will show a
Goldman-type theorem for PSL,(g) acting on PG (g) in Section 5 (Theorem 5.1).

2-transitive extensions of Frobenius groups (satisfying a certain condition) are
called Zassenhaus groups (see [ 10, Chapter XI] for the precise definition), and there
are exactly 4 infinite families of them: L(g), M(q), PSL2(q) as above, and the Suzuki
groups Sz(22"*1) of degree 24”2 for n > 1. One might hope that a Goldman-type
theorem would hold for the Suzuki groups too. However, it is difficult to prove it with
our technique now because the point stabilizers of the Suzuki groups are non-primitive
Frobenius groups and the Frobenius kernels are non-commutative.

2. Preliminaries

2.1. Frobenius groups

A transitive permutation group G on a finite set X is said to be a Frobenius group if
it is not regular and every g € G \ {e} has at most one fixed point. Let H = Gy, be
a point stabilizer. Then, G being Frobenius is equivalent to the condition that the H -
action on X \ {x} is free and is further equivalent to the condition that H N gHg ™! =
{e}forallg e G\ H.

For a Frobenius group G,

K=G\|JG:
xeX

is a normal subgroup of G, called the Frobenius kernel, and G is a semi-direct product
K x H (see [27, 8.5.5]). The point stabilizer H is called a Frobenius complement.
Now, the set X is identified with K, and the H-action on X \ {x;} is identified with
that on K \ {e}. It is known that K is nilpotent (Thompson), and H has periodic
cohomology (Burnside) in the sense that the Sylow p-subgroups of H are cyclic for
odd p and are either cyclic or generalized quaternion for p = 2 [27, 10.5.6]. We
collect the following properties of Frobenius groups which we will use later.

Recall that a transitive permutation group is primitive if and only if its point sta-
bilizer is maximal in G.

Lemma 2.1. Let G be a Frobenius group with the kernel K and a complement H.
Then, the following hold:
(1) G is primitive if and only if K is an elementary abelian p-group Zé with a
prime p and there is no non-trivial H -invariant subgroup of K.
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(2) The Schur multiplier H*>(H, T) is trivial.
(3) Every abelian subgroup of H is cyclic.

Proof. (1) Note that G is primitive if and only if there is no non-trivial H -invariant
subgroup of K. Assume that G is primitive. Since K is nilpotent, its center Z(K) is
not equal to {e} and H -invariant, and so, K = Z(K). Let p be a prime so that the
p-component K, of K is not {e}. Since K, is H -invariant, we get K = K,. The same
argument applied to

L={xeK; x?=0}

shows that K is an elementary abelian p-group.

(2) Since the Schur multiplier is trivial for every cyclic group and generalized
quaternion (see, for example, [22, Proposition 2.1.1, Example 2.4.8]), the statement
follows from [1, Theorem 10.3].

(3) The statement follows from the fact that every abelian subgroup of a general-
ized quaternion group is cyclic. |

2.2. Sharply k-transitive permutation groups

The reader is refered to [2] for the basics of permutation groups. A transitive permu-
tation group G on a finite set X is said to be sharply k-transitive permutation group if
the G-action on X (%] is regular. If the degree of G is n, a sharply k-permutation group
hasordern(n — 1)---(n —k + 1).

Forn € N, let X, = {1,2,...,n}. Since X,[,"_I] and X,[,"] are naturally identified,
the defining action of &, on X, is both sharply n — 1 and n-transitive. As this fact
might cause confusion, we treat &, as a sharply n — 1-transitive group in this paper.
The natural action of 2, on X, is sharply n — 2-transitive.

Every sharply 2-transitive permutation group G is known to be a Frobenius group
and hence of the form G = Z’; x H with a prime p and with a Frobenius complement
H acting on leﬁ \ {0} regularly. Let ¢ = p*, and let T(g) = F/ > Aut(Fy), which
acts on I, as an additive group isomorphic to (Z/ pZ)¥. Then, the Zassenhaus theo-
rem says that H is either identified with a subgroup of 7'(¢) or one of the following
exceptions: SL,(3) acting on Z2, GL>(3) acting on Z2, SL»(3) x Zs acting on Z3,,
SL(5) acting on Z%,, GL»(3) x Z1; acting on Z3,, SL»(5) x Z7 acting on Z3,, and
SL3(5) x Z79 acting on Zgg. The reader is referred to [10, Chapter XII, Section 10]
for this fact.

There are two important families H(g) and S(g) of sharply 2-transitive permuta-
tion groups. If G = ZI; x H is a sharply 2-transitive group with an abelian Frobenius
complement, it is necessarily of the form G = [y x [F, which is denoted by H(q).
Assume now that p is an odd prime and g = p? . Then, the field F, has an involution
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ag

/ . . .
x? = xP . The group S(¢) has a Frobenius complement [F* as a set, but its action

on [, is given as follows:

{ax ifaisasquareinF)*,
a-x =

if @ is not a square in .

For example, the group S(3?) is isomorphic Z3 x Qs. We have small-order coinci-
dences ©3 = H(3) and A4 = H(2?).

There are exactly two families of sharply 3-transitive permutation groups L(q)
and M(q), and they are transitive extensions of H(g) and S(gq), respectively (see
[10, Chapter XI, Section 2]). To describe their actions, it is convenient to identify
the projective geometry PG (g) with F; L {oo}. The 3-transitive action of L(g) =
PGL,(g) is given as follows:

a b ax +b
X = .
c d cx +d
The group M(q) is PGL,(g) as a set, but its action on PGy (q) is given by

|:<a b)i| - axth ifad — bc is a square in F Y,

ax+b
cx%9+d

if ad — bc is not a square in F .

We have small-order coincidences @4 = L(3) and A5 = L(2?).

When g is odd, the restriction of the L(g)-action on PG(g) to PSL,(gq) is 2-
transitive, and its point stabilizer is isomorphic to Z’; XL pk—_1)/2-

Other than symmetric groups and alternating groups, the Mathieu groups M;; and
M, are the only sharply 4- and 5-transitive permutation groups, and their degrees
are 11 and 12, respectively (see [10, Chapter XII, Section 3]). To show a Goldman-
type theorem for the permutation group M;; of degree 11, we do not really need its
construction. Instead, we only need the fact that this action is a transitive extension of
the sharply 3-transitive permutation group M(3?) on PG (3?) (see [10, Chapter XII,
Theorem 1.3]).

2.3. Group-subgroup subfactors

For a finite index inclusion M D N of factors, we need to distinguish the two principal
graphs of it and symbols for them. Thus, we mean by the principal graph of M O N
the induction-reduction graph between N-N bimodules and M-N bimodules arising
from the inclusion and denote it by ¥a5n, while we mean by the dual principal
graph the induction-reduction graph between M -M bimodules and M -N bimodules
and denote it by ﬁﬁg N
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Let G be a transitive permutation group on a finite set X, and let H = Gy, with
x1 € X. Let
M =RxqGDODN=Rxq H

be a group subgroup subfactor with an outer G-action on a factor R. The reader is
referred to [25] for the tensor category structure of the M-M, M-N, N-M, and N-
N bimodules arising from the group-subgroup subfactor M O N. The category of
M -M bimodules is equivalent to the representation category Rep(G) of G, and we
use the symbol G to parameterize the equivalence classes of irreducible M -M bimod-
ules. The set of equivalence classes of irreducible M -N bimodules are parameterized
by H,and ﬁg - g 1s the induction-reduction graph between G and H . For this reason,
we denote by ﬁg the dual principal graph ﬁj‘fb N-

The description of the category of N-N bimodules is much more involved. We
choose one point from each Gy, -orbitin X \ {x;} and enumerate them as x,, x3,. ..,
Xxi. Then, the set of the equivalence classes of irreducible N-N bimodules arising
from M D N is parameterized by the disjoint union

— —

le u Gx1,x2 ---u le,xk’

and the graph §s5y is the union of the induction-reduction graph between gx\] and
G/x;,: over 1 <i < k with convention Gy, x, = Gx,. The dimension of the irre-
ducible object corresponding to 7w € G:Ez is |Gx,/Gx, x,| dim 7. We denote by
9G,x) or §G>le the principal graph §j7-x depending on the situation.

The category of N-N bimodules for the inclusion N D R is equivalent to Rep(H ),
and we denote the equivalence classes of irrEducible objects of it by {[Bx]} < - Then,
the set {[Bx]},, < 5 actually coincides with H in G~ g as equivalence classes of N-N
bimodules. (This fact is not usually emphasized, but one can see it from [25].) Let
t = pr My be the basic bimodule. Then, the set of equivalence classes of irreducible
M -N bimodules arising from M D N is given by {[t ®n Bz]}, -

If G is 2-transitive, we have k = 2, and the graph § g, x) can be obtained from

Gx, . Gx,
ﬁle - by putting an edge of length one to each even vertex of ngl o More gener-

ally, for a bipartite graph §, we denote by € the graph obtained by putting an edge of
Gx,

GX WX :
Let G, be a depth 2 graph without multi-edges and with n lev2en vertices (see

Figure 1). Assume that g, is the principal graph §p/5n of a finite-index inclusion

length one to each even vertex of §. Then, we have 9 x) = §,

M D N of factors. Then, the characterization of crossed products shows that M =
N %o G, and the G-action is unique up to inner conjugacy. Thus, a Goldman-type
theorem holds for regular permutation groups, but in a weak sense because the graph
G, determines only the order n of G, and not the group structure unless # is a prime.
Even when we specify the dual principal graph of M D N, it does not distinguish the
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1 2 n

Figure 1. §,,.

dihedral group ®g of order 8 and the quaternion group Qg. As this example suggests,
we should clarify what we really mean by a Goldman-type theorem.

Definition 2.2. Let § be a bipartite graph.

(1) We say that a strong Goldman-type theorem for § (or for (G, X) if § =
9(G,x)) holds if the following holds: there exists a unique transitive permuta-
tion group G on a finite set, up to permutation conjugacy, such that whenever
the principal graph of a finite index subfactor M D N is §, there exists a
unique subfactor R of N, up to inner conjugacy in N, satisfying M N R’ = C
and

M =RxqG DN =Rx, H,

where H is a point stabilizer of G.

(2) We say that a weak Goldman-type theorem for & holds if the following holds:
whenever the principal graph of a finite index subfactor M D N is &, there

exists a unique subfactor R of N, up to inner conjugacy in N, satisfying
M NR =C and

M:RXQGDN:RXWH’

for some transitive permutation group G on a finite set with a point stabilizer
of H.

Note that the action « is automatically unique, up to inner conjugacy, thanks to
the irreducibility of R in M.

We will show weak Goldman-type theorems for all Frobenius groups (includ-
ing sharply 2-permutation groups) and strong ones for sharply 3- and 4-permutation
groups and for PSL,(¢) acting on PG;(g).

2.4. Intermediate subfactors

In what follows, we use the sector notation for subfactors (see, for example, [13,
Section 2] or [15, Section 2.1]), though all results are stated for general factors. The
inclusion map ¢ : N — M and its conjugate t : N — M in the statements should be
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read as the basic bimodules ¢t = s My and 1 = y My, respectively, in the type II;
case. In the proofs, we always assume that factors involved are either of type Il
or type III without mentioning it. In the type II; case, this can be justified by either
directly working on bimodules instead of sectors or replacing M D N with

M ® B({*) D N ® B({?).
For example, assume that a statement insists existence of a subfactor R C N satisfying
(MDODN)=(RxGDRxH).
Then, it suffices to prove that there exists a subfactor P C N ® B(£?) satisfying
(M ® BU*) DN QB(?)=(PxG>DPxH).

Indeed, let e be a minimal projection in B(£?), and we choose a projection p in the
fixed-point algebra PC that is equivalent to 1 ® e in N ® B(£2). Then, we get

(M D> N)=(p(M ® B(*)p D p(N®B({*)p)=(pPpxG D pPpxH).

For two properly infinite factors A and B and unital homomorphisms p, o from
A to B, we say that p and o are equivalent if there exists a unitary u € B satisfying
p = Adu o 0. We denote by [p] the equivalence class of p, which is called a sector.
The statistical dimension d(p) of p is defined to be the square root of the minimum
index [B : p(A)]o.

Assume that « is an outer action of a finite group G on a factor M. Let N be the
fixed-point algebra M G, and let ¢ be the inclusion map ¢ : N <> M. Then, we have
agt = tforall g € G, and the Frobenius reciprocity implies that o, is contained in
forall g € G. Since d(i) = |G|, we get

1] = Plece].

geG

In fact, the fixed-point subfactor is completely characterized by the fact that u is
decomposed into automorphisms. The other product it generates a fusion category
equivalent to the representation category of G, and it corresponds to the regular rep-
resentation.

We collect useful statements for our purpose in the next theorem concerning inter-
mediate subfactors extracted from [18, Corollary 3.10].

Theorem 2.3. Let M O N be an irreducible inclusion of factors with finite index,
andlet 1 : N — M be the inclusion map. Let

(] = €D nelg]
EeA

be the irreducible decomposition.
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(1) Let P be an intermediate subfactor between M and N, and let k : P — M be
the inclusion map. If €1, &, € A are contained in kk and £3 € A is contained
in £1&, then &3 is contained in kK.

(2) Assume that P and Q are intermediate subfactors between M and N, and
the inclusion maps k : P — M and k1 : Q — M satisfy [kk] = [k1k1]. If for
each & € A the multiplicity of § in kK is either 0 or ng, then P = Q.

(3) Assume that A\, is self-conjugate subset of A such that whenever &3 € A is
contained in £1&, for some &1,&y € A1, we have &5 € Aq. Then, there exists
a unique intermediate subfactor P between M and N such that the inclusion
map k © P — M satisfies

[ic] = €D neltl.

§eA

2.5. The strategy of the proofs

Let I" be a doubly transitive permutation group acting on a finite set X, and let x1,x, €
X be distinct points. We further assume that the I'y, x,-action on X \ {x1, x} has no
orbit of length 1. Our basic strategy to prove a Goldman-type theorem for I' > Iy,
is to reduce it to that of Iy, > I'y, x,. To explain it, we first discuss the relationship
between the group-subgroup subfactor of the former and that of the latter. We denote
G =Ty, and H = T’y , for simplicity.

Assume that we are given an outer action « of I' on a factor R. We set N =
Rxy HHM = RXqG,and L = Rxq ['.Wedenotebyty : M — L,i: N —> M,
and (3 : R < N the inclusion maps. Since the I"-action on X is doubly transitive, there
exists go € I' exchanging x; and x,. Such g¢ normalizes H, and we get 8 € Aut(N)
extending o, that is, 013 = 1304,. Let

(53] = @) d(m)[B]
weH

be the irreducible decomposition. The automorphism 6 as above is not unique, and
there is always a freedom to replace 6 with 88, with d(w) = 1.
Since

[t1t2013] = [ttatzag,] = [titats],
we have
1 = dim(t1t20t3, t1tat3) = (120130302, i1t1) = Z d () dim(1208riz, i1t1).
nel

We claim (1,08i3,1d) = 0 for all 7. Indeed, if it were not the case, we would
have 7 with d(B7) = 1 satisfying [1208,] = [t2] thanks to the Frobenius reciprocity.
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However, this implies that 68, would be contained in i3¢;. Since d(6f;) = 1, this
contradicts the assumption that the H -action on G/H \ H has no orbit of length 1.

Since I' is doubly transitive, there exists irreducible T with d(t) = | X| — 1 satis-
fying [i1¢1] = [id] @ [t]. On the other hand, we have d(1208,i2) = (| X| — 1)d (%),
which shows that there exists 7 € H with d(r) = 1 satisfying [t] = [t20Bi2]. This
means that by replacing 6 with 88, if necessary, we may always assume

[[a] = [id] & [12012].

Now, forget about R, @, N, and assume that we are just given an inclusion L DO M
with §15y = 9r-G. We denote by ¢; : M — L the inclusion map. We assume that
a Goldman-type theorem is known for G > H. Our task is to recover R and o from
the inclusion L O M. Our strategy is divided into the following steps.

(1) Find a fusion subcategory €; in the fusion category € generated by ij¢; that
looks like the representation category of G.

(2) Show that the object in €; corresponding to the induced representation Indg 1
has a unique Q-system satisfying the following condition: if N C M is the
subfactor corresponding to the Q-system and ¢, : N < M is the inclusion
map, then there exists 8 € Aut(/N) satisfying

(1] = [id] @ [12002].
(3) Show $y>n = §6-H.

(4) Apply the Goldman-type theorem for G > H to M D N, and obtain a sub-
factor R and an outer action y of G on R C N satisfying M = R x,, G and
N = R %, H. Show that R is irreducible in L. Let 13 : R < N be the inclu-
sion map.

(5) Show that L D R is a depth 2 inclusion.

(6) Show that there exists 6; € Aut(R) satisfying [0t3] = [t361].
Lemma 2.4. Assume that the above (1)—(6) are accomplished. Then, there exist a
Sinite group Ty including G as a subgroup of index | X | and an outer action « of Ty

on R such that o is an extension of y and L = R xy Ig. Moreover, the action of T'y
on I'y/ G is a doubly transitive extension of the G-action on X \ {x¢}.

Proof. By (2),

[Biain] = [Bd © 00n)us] = Plyed © [Bawdbs].
geG
which contains

Dyl ® [36u] = Dlyel @ (G611 = Plvel & Plyadil

geG geG geG heH
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by (6). Let I'g be the group of 1-dimensional sectors contained in [i3i2i71¢1¢2t3]. Then,
Iy is strictly larger than [yg], and R x I'y is a subfactor of L strictly larger than
M . Thanks to Theorem 2.3, there is no non-trivial intermediate subfactor between L
and M, and we conclude L = R x I'y. From the shape of the graph §r-¢g, we can
see that the ['g-action on I'g/ G is doubly transitive. |

To identify I'g with ', we will use the classification of doubly transitive permuta-
tion groups.

In concrete examples treated in this paper, (1) and (3) are purely combinatorial
arguments, (2) follows from Theorem 2.3, (4) is an induction hypothesis, and (5) is a
simple computation of dimensions. To deal with (6), we give useful criteria now.

Lemma 2.5. Let G be a transitive permutation group on a finite set with a point
stabilizer H, and let a be an outer action of G on a factor R. Let

M =RxqGDON=Rxy H.

Let L be a factor including M as an irreducible subfactor of index |G/H| + 1. We
denotebyi; : M — L, 15 : N —> M, and 13 : R < N the inclusion maps. We assume
the following two conditions.

(1) The inclusion L O R is irreducible and of depth 2.
(2) There exists 0 € Aut(N) satisfying [i1t1] = [id] @ [120103].

Then, we have
dim(0iz1213i30 71, Gist3iz) = |H|.

Proof. Since [L : M] = (|G/H| + 1)|G]|, the depth 2 condition implies

(IG/H| + 1)|G| = dim(i3i2i1¢1t2t3, i3i201L1L2L3)
= dim(i302(id @ 120i2)1213, (302(id D 12002)1213)

= dim(@ ag @ 302120051213, @ ag P L_3L_2L29t_2t2t3)

geG geG

= |G| + dim(i3i2t20031213, (30212 0031213)
and
G/H||G| = dim(530212002203, 32120021213) = dim(00202135302120 ™, Bat2t300212)
by the Frobenius reciprocity. Thus, to prove the statement, it suffices to show
[20203030202] = |G/ H|[i2t2t303].

Indeed, note that t5t303i; is an M -M sector corresponding to the regular representa-
tion of G, and hence, (t2t3i3i3)t2 is an M-N sector corresponding to the restriction
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of the regular representation of G to H, which is equivalent to |G/H | copies of the
regular representation of H. Since (3i3 is an N-N sector corresponding the regular
representation of H, we get

[(2t3i302)2] = |G/ H|[[12(i313)],
which finishes the proof. u
In concrete cases where Lemma 2.5 is applied, we can further show
dim(0e3530~",1303) = |H],

resulting in [013i30 7] = [13i3].
From [17, Theorem 3.3 and Lemma 4.1], we can show the following global invari-
ance criterion.

Lemma 2.6. Let H be a finite group, and let o be an outer action of H on a factor
R. Let N = Rxy H, and let 1 : R < N be the inclusion map. We assume that there
is no non-trivial abelian normal subgroup K < H with a non-degenerate cohomology
class w € H 2([? , T) invariant under the H -action by conjugation. If 8 € Aut(N)
satisfies [01107'] = [i1], there exists 0, € Aut(R) satisfying

[0e] = [t61].

Even when the cohomological assumption in Lemma 2.6 is not fulfilled, we still
have a chance to apply the following criterion. For an inclusion N D R of factors, we
denote by Aut(N, R) the set of automorphisms of N globally preserving R.

Lemma 2.7. Let N D R be an irreducible inclusion of factors with finite index, and
let P be an intermediate subfactor between N and R. We denote by 1 : R — N and
k : P < N the inclusion maps. Let

(] = €D nelg]

EeA

be the irreducible decomposition. We assume that for each & € A the multiplicity of ¢
in kK is either 0 or ng. If 0 € Aut(N, R) satisfies [0xk0~'] = [kk], then 6(P) = P.

Proof. Let Q = 6(P), let ¢ : P — Q be the restriction of 6 to P regarded as an
isomorphism from P onto Q, and let k1 : Q <> N be the inclusion map. Then, by
definition, we have 6 o k = k1 o ¢. Thus,

[ci1c1] = k1@ = [0][kR][07'] = [kx],

and the statement follows from Theorem 2.3. [
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Figure 2. §(14 5y 1 = 95(32)> 04"

3. Goldman-type theorems for Frobenius groups

In this section, we establish weak Goldman-type theorems for all Frobenius groups,
generalizing results obtained in [12].

For a tuple of natural numbers m = (mg,my,...,m;) withmg = 1and/ > 1 and
a natural number n, we assign a bipartite graph &y, , as follows. Let I = {0, 1,...,1},
and let J be an index set with |J | = n. The set of even vertices is {v)};es U {U]z}jej
and the set of odd vertices is {v}};e7. The only non-zero entries of the adjacency
matrix A of &y, , are

A(U?»Uil) = A(Uil,v?) =1 Viel,
A} v}) =A@;.v))=m; Viel Vjel.

L]

The vertex vg is treated as a distinguished vertex .
a

——

We use notation k¢ = k,k, ...,k for short. With this convention, the graph §,, ,
considered in [12] is §m) ,. An edge with a number b means a multi-edge with
multiplicity b.

Let

)
. 2 2
mi=m|> =Y m?.
i=0

Then, the Perron—Frobenius eigenvalue of A is /1 + mn. The Perron—Frobenius
eigenvector d with normalization d (vg) =1lis

dw)) =m;, dv})=m;1T+mn, d(vf) =m.

Let G = K x H be a Frobenius group with the Frobenius kernel K and a Frobe-
nius complement H . Then, we have §G> g = 9m,», Where n is the number of H -orbits
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in K \ {e} and m is the ranks of the irreducible representations of H. Therefore, we
have |H| = m and | K| = 1 + mn (see Figure 2). If moreover K is abelian, the graph
gg is also Gm,n-

Conversely, we can show the following theorem.

Theorem 3.1. Let N D P be a finite index inclusion of factors with §y~p = Gm,n-
Then, there exists a unique subfactor R C P, up to inner conjugacy, such that N N
R’ = C, and there exists a Frobenius group G = K x H with the Frobenius kernel
K and a Frobenius complement H satisfying |K| = 1+ mn, |H| = m, the tuple
(mg,mq, ..., my) being the ranks of the irreducible representations of H, and

N=RxGDP=RxH.

Moreover;

(1) Ifn = 1, then 1 + m is a prime power p* with a prime p and K = Zlg. The
G-action on G/H is sharply 2-transitive. The dual principal graph is also
Gm,1 in this case.

(2) Ifn =2 o0rn =3, then | + mn is a prime power p* with a prime p, and G
is a primitive Frobenius group with K = Zl;. The dual principal graph is also
Gm.n In this case.

We prove the theorem in several steps. Let ¢ : P < N be the inclusion map. We
denote by «; the irreducible endomorphism of N corresponding to v? and by p; the
ones corresponding to v]?. Then, ¢ o o; corresponds to vl.1 (see Figure 3). From the
graph &, ,, we get the following fusion rules:

(114 = fid] & @loy.

jeJ
[lo;] = @ milteu].
iel
[C][eei] = [ow] + mi @[Pf],
jeJ

d(a;) =m;, d)=~14+mn, d(pj)=m.

Let € be the fusion category generated by u. Then, since d(o;, @;,) is smaller than
m = d(p;), we have a fusion subcategory €y with the set (of equivalence classes) of
simple objects Irr(€p) = {o;}ier-

We introduce involutions of / and J by [&;] = [e;] and [p;] = [p;]. Note that p; o5
contains ; at most d(¢;;) = m; times (see [18, p. 39]). Since it contains id, dimen-
sion counting shows that it contains «; with full multiplicity m;. Thus, the Frobenius
reciprocity implies

[ci pj] = mi[pj].
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idp o1 (2%)
L Loy Loy
P£1 P2

Figure 3. §(13) » = §7,%723>75-

Lemma 3.2. Let the notation be as above. There exist a unique intermediate subfac-
tor P > R;j D p;(P) and an isomorphism 6 : R; — R; for each j € J such that if
kj : Rj < P is the inclusion map,

[oj] = [k; 0],
[kjici] = €D milai].
iel
Moreover, P O R; is a depth 2 inclusion of index m.

Proof. Theorem 2.3 shows that there exists a unique intermediate subfactor P D R; D
p;j(P) such thatif k; : R; < P is the inclusion map, we have

[kjici] = €D milai].
iel
Since m; = d(«;), Frobenius reciprocity implies
[i]lki] = milki],

and P D R; is a depth 2 inclusion of index m.

Let o be p; regarded as a map from P to R;. By definition, we have p; = k; o g;,
and since d(pj) = m and d(k;) = /m, we get d(oj) = /m. Taking conjugate, we
get

[o7] = loj1l]-
Perturbing 6; by an inner automorphism if necessary, we may and do assume p; =
0j o K;. Since [0;0;] contains id and is contained in p;p;, dimension counting shows

[6j0;] = @D milail,
iel
and Theorem 2.3 implies 6;(R;) = R;. Let ¢; be the inverse of ;, which is an
isomorphism from R; onto R;. Then, we get p; = k; o 9]._1 o Kj, and

[pj] = [k 6K ]. n
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Lemma 3.3. With the above notation, K k. is decomposed into 1-dimensional sectors
Sforall j, k € J.

Proof. Let
[Kjxk] = @ ”?k[ ,ak]

llEAj.k
be the irreducible decomposition. Since
G krrexir) = @D miliGein] = @ milkji] = mlil,
iel iel

the product E;lkgllgl is a direct sum of irreducibles from {Efl}ce Aj - Since [kgkj] =
Kiki], we can arrange the index sets so that for any a € A there exists a € Ay ;

7 & y s J
satisfying [§7, ] = [§¢;]-

Since
8jx = dim(p;, p) = dim (KK, 07 Ky O ).
we have
16 E O N aca,, N IELDbea . = [id]. 3.1)
and for j # k,

{16705 Ok haen,  NHIEZDpen . =

Assume we have EJ‘.’k with d (Ej‘.‘k) > 1. Since k76, ! ;‘lk Okk is contained in p; g,
the former contains either o; with i € I or p; with [ € J. The first case never occurs
because

dim(KjGj_1 Ok o) = dim(ej_1 Ok Kukp) = m; dim(Oj_1 Ok K5kp) = 0.
Thus,
0# dim(/c]véj‘l ;lk@klc_];, o1) = dim(Gj‘l fk@k,K_]le QIK_I_KIE)’

and there exist S?l and EIEIE such that 9]._151‘.’k9k is contained in Sjﬁl 0 Slf];. In fact, the
latter is irreducible because of

dim (&3 0:8 . 67,06 ) = (078567, 01 67 )
and equation (3.1). Therefore, we get
[6;" &5 0] = 62,0185 ;1. (3.2)

Since d(EJ‘.’k) > 1, we have either d(g?l) > 1or d(Elflg) > 1. We first assume that
d(E ) > 1. We Flave.[éj‘.‘ka] = [6; gjzl 015 1. Si.nce K; 0, gjzl 617 is contained in p; py,
the former contains either o; with i € I or p, with r € J. In the first case, we have

0 # dim(c; 0, €2 6,7, ;) = dim(6;£2,6;, Geikz) = m; dim(6; 62,6, Gicy),
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and there exists éj‘_il- satistying [6; E}’l 0] = [Ej‘,il-] and [ j‘.’ka] = [SJ‘_il- lflg]. By the Frobe-
nius reciprocity, there exists 5; i satisfying [6;] = [§; IE]' Since

[KrKkkg] = @mil legii] = mlkg],
ivel
we get [Kkélilél = [«z], and
[ox] = [k Oicg] = lerg 1] = i) = Pl ],
irel
which is a contradiction. Thus, we are left with
0 # dim(x; 0 €% 617, pr) = dim(6; %61, Gy 6,5 7).

which shows that there exist &7, and § rfi satisfying

dim(6,£2,61, &,6,67) # 0.

As before, the right-hand side is irreducible, and we get [0, E}’l 01 = [§},6-€ FJ;-] and
[EJ‘.’k Okl = &7, 6r€ Ffi I-CI;].fSince the left-hand side is irreducible, so is & ffl-élf’];, and there
exists E;IE satisfying [EFI_EIEIE = [ rflé]’ and [ ]‘.’ka] = ;rHrSrf IE]' Note that we have
d (5; ];) > 1. By the Frobenius reciprocity,

1= dim(§% 0. £5,0,82,) = dim(6; 165,60, 0. £2,).

and there exists £, satisfying [0, '/, 6x] = [£2 ], which contradicts equation (3.1).
Now, the only possibility is d (E?l) > 1. Taking conjugate of equation (3.2), we

get ~ ~ _
[Qk_lgl‘:j@j] = [¥,§;9f1$,l’;],

and [Sl‘zj 6,1 = [Gkégl-@l_lél’;f]. Since Ky 9k§]§l—9f1/<_l is contained in py p7, a similar argu-
ment as above works, and we get a contradiction again. Therefore, d(éj‘.‘k) = 1 for all
j.k,a. ]

Proof of Theorem 3.1. We fix jo € J. Since kj,kx contains an isomorphism
Qj - Rj — Rjo’

by the Frobenius reciprocity, we get [k;] = [k, ¢,]. Thus, there exists a unitary u; € P
satisfying Adu; o k; = kj, o ¢;, which means that for every x € R;,

ujxu; = @;(x).
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This implies u; R;u} = Rj,. By replacing p; with Adu; o p; if necessary, we may
assume R; = R, forall j € J. We denote R = Rj, and k = k, for simplicity. Now,
we have 6; € Aut(R) and [p;] = [«0;Kk].

Since kk is decomposed into 1-dimensional sectors, the inclusion P D R is a
crossed product by a finite group of order m, say, H, and there exists an outer action
B of H on R such that P = R xg H, and

k] = DBl

heH

Note that N D R is irreducible because
dim(ik, tk) = dim(it, k) = 1.
Now, we have

()] = [cie] = [ck] & Plcpj]l = DBl & €D (B 6)Bn,)-

jeJ heH jeJ, hi,hreH

This shows that there exists a finite group G including H, and its outer action y on R
extending B satisfying N = R x,, G. Moreover,

PBly:l=PiBale P [Br 0Bl

geG heH Jj€J, hy,hreH

holds, which shows that every (H, H)-double coset except for H has size |H|?.
Therefore, G is a Frobenius group with a Frobenius complement H, and it is of the
form K x H with the Frobenius kernel K. Since |K| =[N : P],we get |K| =1+ mn.

When n = 1, we have |K| = |H| + 1, and G acting on G/H is a sharply 2-
transitive permutation group.

For (2), it suffices to show that H is maximal in G. For this, it suffices to show
that there is no non-trivial intermediate subfactor between N and P. Assume n = 2
first. Suppose that Q is a non-trivial intermediate subfactor, and let ¢(; : P — Q be
the inclusion map. Since [it] = [id] @ [p1] D [p2], we have either [i7¢1] = [id] & [p1]
or [i1t1] = [id] @ [p2]. In any case, we get [Q : P] = 1 4+ m, and

_[N:P]_ 142m 1

Nl =0 P = Tom 2 Tem

which is forbidden by the Jones theorem.
The case n = 3 can be treated in a similar way. |

Remark 3.4. The above theorem together with the classification of sharply 2-transi-
tive permutation groups with abelian point stabilizers shows that the graph §(;m)
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uniquely characterizes the group-subgroup subfactor for H(q) = Fg x F* > F with
q = m + 1. In the case of non-commutative H, probably the graph &, ; does not
uniquely determine the group K »x H in general. However, [10, Chapter XII, Theorem
9.7] shows that possibilities of K x H for a given ¢ = m + 1 are very much restricted.
For example, the graph §(,4 5 | uniquely characterizes S (3%) > Os.

In the rest of this section, we classify related fusion categories, which is a gener-
alization of [3, (7.1)].

Let €y be a C*-fusion category with the set of (equivalence classes of) simple
objects Irr(€) = {o;}ie;. We may assume 0 € [ and g = 1. Let € be a fusion
category containing €y with Irr(€) = {o; }ier U {p}. Then, we have

o @p=p®a; =d(a)p.

Indeed, if @; ® p contained o, the Frobenius reciprocity implies that o; ® o; would
contain p, which is impossible, and the claim holds. In particular, m; = d(«;) is an
integer. By the Frobenius reciprocity again, we get

p®p=Pmia; @ kp.

iel

where k is a non-negative integer. We now consider the case with k = m — 1, where
m = E m?.

Then, d(p) = m.

Theorem 3.5. Let € be as above. Then, there exists a sharply 2-transitive permuta-
tion group G = K x H with the Frobenius kernel K and a Frobenius complement
H such that €y is equivalent to the representation category of H. In particular, the
number m + 1 is a prime power pk . The category € is classified by

{we H}(KxH,T)|wlg=0/Aut(K x H, H),
(or equivalently by H3(K, T)H/NAM(K)(H)).

Proof. For the proof of Theorem 3.5, we may assume that the category € is embedded
in End(P) for a type III factor P.

In the same way as in the proofs of Theorem 3.1, there exist a unique subfactor
R C P, up to inner conjugacy, a unique finite group H of order m, 8 € Aut(R), and
an outer action 8 of H on R such that

P =Rxg H,
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and if ¥ ;== P is the inclusion map,

[kk] = @ mi o],

iel
k] = P8
heH
[o] = [kOk].

Let G be the group generated by [Bx] = {[Br]}rnem and [0] in Out(R). We will
show

G = [BulU [Bu]l0](BH],

whose order is m(m + 1), and it is a Frobenius group with a Frobenius complement

[BH].
The proof of Lemma 3.3 shows [6] ¢ [BH],

[01[8x167"1 N [Ba] = [id],
and |[Bu][0][BH]| = m?. Let Go = [By] U [Br]1[0][BH], which is a subset of G with
|Go| = m(m + 1).

To prove that G coincides with G, it suffices to show [#][Bg][0] C G and [07!] €

(Bull011Ba]-
Let h € H. Since k0,0« is contained in p2, it contains either o; with i € I or p.
If it contains «;, we have

0 75 dim(K@ﬂhQE,ai) = dim(@ﬂhQ,E(X,‘K) =m; dim(@ﬁhe, EI{)
=m; Yy dim(08,0, Br),

keH

which shows [08,0] € [Bx]. If it contains p,

0 # dim(k 0By 07, k07) = dim(60p;0.Fx0Fk) = Y _ dim(6B40. frOB1).

which shows [08,60] € [BH]1[0][Bx]. Therefore, we get [0][Br][0] C Go.
Since p is self-conjugate, we have

1 = dim(p, p) = dim(k0 ', ki) = dim(6~" . kxbkk) = »_ dim(6~", B10B%).
h,keH

which shows [07!] € [Bx][0][BH]. Therefore, we get G = Gy.



M. Izumi 742

Since G has only two (H, H)-double cosets and the size of [By][0][Bx]is | H|?,
the group G is a Frobenius group with a Frobenius complement [8g]. Moreover, the
G action on G/H is sharply 2-transitive.

For the classification of the category €, we may assume that R is the injective type
III; factor. Then, the conjugacy class of G in Out(R) is completely determined by its
obstruction class w € H3(G, T). Since H has a lifting Bz C Aut(R), the restric-
tion of w to H is trivial. Since H is a Frobenius complement, the Schur multiplier
H?(H,T) is trivial, and the lifting is unique, up to cocycle conjugacy, and one can
uniquely recover P from R and [8g]. This means that the generator p of the category
€ is uniquely determined by w. On the other hand, there always exists a G-kernel in
Out(R) for a given € H3(G, T), which shows the existence part of the statement.

Finally, since | K| and | H | are relatively prime, we have

EPY = HP(H,HY(K,T)) =0

for p,g > 1 in the Lindon/Hochschild-Serre spectral sequence for G = K x H. Thus,
the group
{0 € HG,T) | wlg = 0}

is isomorphic to H3(K, T)H. n

When H is abelian (in fact cyclic in this case), the group H3(K, T) is explicitly
computed in [3, Corollary 7.4].

4. Goldman-type theorems for sharply 3-transitive permutation
groups

Let m, n, I, and m be as in the previous section. Now, we consider the graph g;/l
(see Section 2.3 for the definition of ¢ for a given §), which is described as follows.

—_—

The set of even vertices of Gy, 1 is
{(Yier U{v]}er U {v*):
the set of odd vertices is
1
{vj Yier U {07}
The only non-zero entries of the adjacency matrix A of ;gAmJl are

ARY V) =A@ W) =1 Viel,
A v} = AP0 =1 Viel,
AW v =A@ v} =m; Viel,

A3, v = A@*v3) = 1.
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Figure 4. 5(13),1 = g(L(ZZ),PCq(ZZ)) = g(?ls,Xs)'

The vertex vg is treated as a distinguished vertex *. The Perron—Frobenius eigenvalue
of A is /2 4+ m (see Figure 4). The Perron—Frobenius eigenvector d normalized as
d(v)) = 1is

dWw?) =m;, d@?) =m;(1+mn), d(vs) =m.

dw}) =m;V2+mn, d(vs) =m~2+ mn.

In [19], we showed that a strong Goldman-type theorem holds for ‘5(1\3);1. Now,
we show it for general sharply 3-transitive permutation groups.

Although we excluded the case m = (1) in the definition of y,,; in Section 3, the
graph itself makes sense for m = (1), and we include this case in the next theorem.

—_—

Theorem 4.1. Let M D N be a finite index subfactor with 35N = Gm,1- Then,
gq=1+m

is a prime power, and there exists a unique subfactor R C N that is irreducible in M
such that ifm = 1™,

M =RxL(g) DN =RxH(g),

and otherwise,
M =RxM(g) DN = RxS(q).

Proof. If m = (1), the graph §$1 is nothing but the Coxeter graph As, and the
statement follows from [11] as (&3, X3) = (PGL,(2), PG;(2)). We assume m # (1)
in what follows.

We follow the strategy described in Section 2.5 taking the 6 steps.

(1) Let ¢ : N — M be the inclusion map, and let € be the fusion category gen-
erated by ge. We first parameterize Irr(€). Let [gg] = [id] @ [o] be the irreducible
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decomposition, which means that o corresponds to the vertex v3. We denote by o/

and p’ the endomorphisms of N corresponding to v{ and v*, respectively. Then, s/,

3

aalf, and gp’ are irreducible, and they correspond to vil, viz, v~, respectively. Thus,

Irr(€) = {oj}ier U{oa]}icr L{p'}.
We have
d(e) =m;, de)=~2+m, do)=1+m, d(p)=m.

Two endomorphisms ¢ and p’ are self-conjugate. We introduce two involutions of 1
by [o]] = [(xli] and [oa}] = [oa;.]. Then, they are related by

[oa;«] = [as0].
By dimension counting, we see that there exists a fusion subcategory €y of € with
Irr(€o) = {et} }ier-
We claim that there exists another fusion subcategory €; of € with
Irr(€1) = {ehier U{p'}

Indeed, if p’a; contained oal’.l, the Frobenius reciprocity implies that aalflali would
contain o', and hence, oal{z would contain p’ for some i, which is a contradiction.
Thus, pe; is decomposed into a direct sum of sectors in {e;, }i;er U {0’}, and dimen-
sion counting shows

[o'ei] = mi[p].  lejp] = milpl.
where the second equality follows from the first one by conjugation.
From the shape of the graph & 1, we can see

[0?] = [id] ® [0) & €D milo]], @.1)
iel
[o0'] = P milow]]. 4.2)
iel

Using these and associativity, we have

[ollo0'] = @ milolloa}]

i1el
= @ mi(lid @ 01 & @ miloe])le]
iel i’el

= @mi[a,f] e mlp] ® @mi’[aaz{/%{l

iel ii’
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On the other hand,
[o)lop'] = [0?10') = (lid] @ [o') & @D milof]) [0
iel
=[p) @ [0°1® P milop] = 0] ® [0°] & m EP miloe].
iel iel

Since oo} a] is a direct sum of irreducibles of the form o/, the endomorphism p?
contains

P milei] @ m - Do,

iel
and comparing dimensions, we get
2
[0%] = @ mile] @ (m — D).
iel

Therefore, the claim is shown.
(2) Form equation (4.1) and Theorem 2.3, there exists a unique intermediate sub-
factor N D P D o(N) suchthatif¢: P < N is the inclusion map, we have

[ir] = [id] & [o']-

Let €, be the fusion category generated by . As in the proof of Lemma 3.2, there
exists T € Aut(P) satisfying
[o] = [eTr].

(3) From the fusion rules of €;, we can see that the dual principal graph ﬁffb pis
Ym.1, and Theorem 3.1 (1) shows that so is the principal graph ¥y~ p too. Therefore,
we can arrange the labeling of irreducibles of €, so that

Irr(€2) = {a;} U{pi},

and [ot] = [to;] and [u] = [id] @ [p].

(4) Now, we apply Theorem 3.1, and we get a unique subfactor R C P, up to inner
conjugacy such that R" N P = C, and there exists an outer action 8 of a Frobenius
group K x H satisfying

N =Rxg(HxK)DP=RxgH.

Moreover, the K x H-action on (K x H)/H is sharply 2-transitive. We denote by
k : R < P the inclusion map. Then, we have

i) = Pmiliet) = Dmiloir] = @ mile)lid) @ o) = @ milef] @ mip),

iel iel iel iel
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which shows
dim(eik, etk) = dim(ge, tkk 1) = 1,

and R is irreducible in M .
(5) Since
[M:P]l=[M:N]IN:P]J[P:Rl=m+2)(m~+ 1)m,

to prove that the inclusion L D R is of depth 2, it suffices to show that the number
(m + 2)(m + 1)m coincides with the following dimension:
dim(etk (etk), etk (etk)) = dim(getkk ttkk L ge)
= dim((id @ o)ikk 1, tkk ((id D 0)).

Note that [0] commutes with [p’] and
P milejl.
iel
and hence with [tk 7]. Thus, this number is equal to

= dim((id & o)k T, (id ® o) ikk 1) = dim((id & 0)?, (ki 1)?).

Since the fusion category generated by (kK ¢ is equivalent to the representation cate-
gory Rep(K x H) and tkk ¢ corresponds to the regular representation of K x H, we
get

[(tkk 1)%] = m(m + D[k T].

Thus,
dim((id @ 0)?, (1kk 7)?)
=m(m + 1)(id ® 20 ® 02, 1kk 1)
=m@m+1) dim(2id DpD20 D @mioalf, @mi(xl{ ® mp’)

iel iel

=m@m + 1)(m + 2),

and the inclusion M D R is of depth 2.
(6) Now, Lemma 2.5 shows that we have

m = dim(tlikkt ™!, 1k)
and

[tuck] = [(id ® p) @miai] = P miles] ® mlp]-

iel iel
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Dimension counting implies

m = dim(@ mitoT !, @mioei),

iel iel
and this is possible only if [tkk7~!] = [kk]. Since H is a Frobenius complement,
every abelian subgroup of H is cyclic, and Lemma 2.6 implies there exists t; €
Aut(R) satisfying [tx] = [«][71].
Now, Lemma 2.4 shows that there exists a group G including K x H, and outer
G-action on R extending B satisfying M = R x, G. The principal graph §y-n5
shows that the G-action on G/(K x H) is 3-transitive. Since

|G/(KxH)|=m+2 and |G|=m@m+ 1)(m+ 2),

the permutation group G is sharply 3-transitive. Now, the statement follows from the
classification of sharply 3-transitive permutation groups. |

We devote the rest of this section to a preparation of the Goldman-type theorem
for the Mathieu groups M. Since M(3?) and S(3?) are a point stabilizer and a two-
point stabilizer of the sharply 4-transitive action of M1, we denote M (3%) = M1 and
S(3%) = Mo. We first determine the dual principal graph ﬁf\y in the case of Mg >
M. Since this graph is the induction-reduction graph ﬁlﬂ;’g 19 the irreducible M-M
sectors are parameterized by the irreducible representations of Mj¢, whose ranks are
1,1,9,9, 10, 10, 10, 16 (see [5, Table 8]).

We parameterize the irreducible N-N and M -N sectors as in the above proof and
Figure 5. Theorem 3.1 (1) shows that N D P and its dual inclusion are isomorphic
subfactors associated with (S(32), F;2) (see Remark 3.4), and the two fusion cate-
gories €; and €, are equivalent. On the other hand, the fusion subcategory generated
by kk in €, is equivalent to Rep(Qs). Thus, the fusion category €y is equivalent to
Rep(Q3g). In particular, we have i =i for all i. Since at least one of {1,2, 3} is fixed by
the other involution i — i *, we may and do assume 1* = 1, and o« is self-conjugate.
Since d(ay) = 2, the two sectors «y and o)y are self-conjugate.

Let [¢g] = [id] @ [x] be the irreducible decomposition. Then, d () = 9. Since

dim(ew;g, eajg) = dim(gea;, ajge) = dim((id @ o)}, o} (id B 0))

=1+ dim(oe},0a+),

ifi* =i, the endomorphism saleis decomposed into two irreducibles, and otherwise,
it is irreducible. Thus, e € is decomposed into two irreducibles. Since d(sa}g) =
10, it is a direct sum of a 1-dimensional representation and a 9-dimensional repre-
sentation, and we denote the former by y. Then, the Frobenius reciprocity implies
[xe] = [ee}]. and

[eai 2] = [xeg] = [x] ® [x7].
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Figure 5. 5(14’2)’1 = g(M(?az),PGl (32))-

Since ea; g, fori = 2,3, cannot contain a 1-dimensional representation, we have
2* = 3, and £ := ea)e is irreducible. By

[sajZ][e] = [sa}(id ® 0)] = [s] & [eetl0]
= [ea]] @ [eoajs] = [eo] @ [eejs] & d (o)) [ep]).

and the Frobenius reciprocity, we also have [sa5e] = [£], and
[§e] = [eas] @ [eas] @ [ep'].
Since d(gaje ) = 20, we have
[eaze] = [m] @ [n2].
with d(n1) = d(n2) = 10, and

[n1€] = [eay] @ [ep'],
[n2€] = [eay] @ [ep'].

There is one irreducible representation of M1 missing, which we denote by . By
the Frobenius reciprocity and d({) = 16, we get

lep’e] =[] @ [x] ® [§] @ [m] & [n2] @ 2[¢].

Thus, the graph 5%) 10 is as in Figure 6.
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Figure 6. ﬁA}Z;O.

Theorem 4.2. Let M D N be a finite-index subfactor with ?I@D N= 91\1‘,[{) 10 Then, we
have

gMDN = gM10>M9-

In consequence, there exists a unique subfactor R C N up to inner conjugacy, which
is irreducible in M such that

M =RxMiyDN=RxM,.

We divide the proof into a few steps. We parameterize the M -M sectors and M -N
sectors as in Figure 6. Then,

diy)=1, dx)=9, d =d(m)=dn) =10, d@) =16,
d(e) = d(e2) = d(s3) = V10, d(s4) = 23/10, d(go) = 8+/10.

From the graph, we can see that i, y7, x, { are self-conjugate,

{E]. [, [m1y = {I€]. ], [n2]),

and this with the graph symmetry implies

1 =1[d, [xxl=I[rxl. Kl =[x1=[ [x€=I[E.
{Doml, [xmz2ly = AIml. 21}

The basic fusion rules coming from the graph are

[e] = [e] ® [eo], [Ce] = 2[e0], [Ee] = [e2] @ [e3] D [eo],
[m1€] = [n26] = [e4] @ [e0].
[ee] =[id] @ [n], [e28] = [ese] =[§], [eag] = [m] @ [n2],
[eog] = [7] @ [x7] @ [€] & [m] @ [n2] & 2[¢].
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We denote the last sector by X for simplicity. Then, we have ¥ = X, and associativity
implies

[ =lid e [Exl=[EleZ. [mrl=[mnl®=.
mrl=[mle =, [r]®[l]=2X.

The Frobenius reciprocity implies

dim(gé, ) = dim(zny, w) = dim(9n,, 7) = 2, 4.3)
dim(7;€, ) = dim(€n;, 7) = dim(7i i, 7) = 1. (4.4)
dim(€¢, ) = dim(7;¢, ) = 2, (4.5)
dim(Z¢, ) = 3. (4.6)

Lemma 4.3. With the above notation, we have (€] = [§] and [yn1] = [m1x] = [72]-

Proof. Note that we have [y&] = [£]. First, we claim [ y] = [£]. Indeed, assume that
it is not the case. Then, we may assume [€ y] = [11], which implies

[xm] = x&x] = Ex] = [ml,

and so, [yn2] = [n2]. Since {[€]. [11]. [72]} = {[€]. [m]. [n2]}. we get a contradiction,
and the claim holds.

Now, to prove the statement, it suffices to show [1; x] = [n3]. For this, we assume
[71x] = [n1] (and consequently [12 x] = [12]) and will deduce contradiction. Taking
conjugate, we also have [yn1] = [n1] and [¥n2] = [n2] in this case. Then, since [££]

contains 7 with multiplicity 2 and [x&] = [¢], it contains [y7r] with multiplicity 2, and
so, dimension counting shows

(€8] = [id] & [x] @ 2[7] & 2[x7] & 2[¢] ® 3 x 10 dim, @.7)

where 3 x 10 dim means a direct sum of 3 elements from {£, 11, n2}. In the same way,
we get
[mim] = [id] & [x] & [] @ [x7] & 80 dim,

where the last part is decomposed as either 80 = 5 x 16 or 80 = 8 x 10. Also, we get
[T1m2] = [72m] = 2[x] @ 2[x7] & 4[Z].
This implies

0 = dim(172,§) = dim(7172, n1) = dim(7172, 72)
= dim(7271.§) = dim(7271.71) = dim(7271, 72). (4.8
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Also, the Frobenius reciprocity implies

d(mg¢,n2) = 4.

Since [¢ ] = [¢], equation (4.5) shows
dim(n1¢, x7) = dim(m &, wy) = dim(n: ¢, 7) = 2

and
1] = 2[n] ® 2[y7] ® 4[¢] ® 4[n2] ® 2 x 10 dim.

Since dim(ny, n1¢) = dim(1111, {) is either 5 or 0, we get
[m¢] = 2[n] @ 2[x7] & 4[] & 4[n2] & 2[¢]
and
[mim] = [id] & [x] © [7] & [x7] & 8 x 10 dim. (4.9)
A similar reasoning shows
[7:§] = [7] @ [x7] @ 2[¢] @ 5 x 10 dim, (4.10)
For the contragredient map, we have the following 3 possibilities up to relabeling
n1 and 7;:
@ &l =[5 [n] = [ml. 2] = [n2],
(i)  [§] =[], [m] = [n2], [m2] = [ml.
(i) [€] = [m]. [n] = [§]. [12] = [n2]-
However, direct computation shows that there are no fusion rules consistent with

equations (4.7), (4.8), (4.9), and (4.10) in each case. ]

Lemma 4.4. With the above notation,

[xe2] = [esl],

[e282] = [id] @ [r],

[rea] = [eo] @ [e2],  [es] = [eo] ® [e3],
[req] = 2[e0] D [e4].

[reo] = [e] @ [xe] @ [e2] @ [e3] D 2[e4] @ 8[eo].

Proof. Since d(g262) = 10 and €565 contains id, we have only the following two
possibilities:

[e282] = [id] & [],
[e262] = [id] @ [x7].

Since 55 does not contain y in any case, we have [y&,] # [£2], and so, [y&2] = [e3].
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Assume that [e,€;] = [id] @ [y7] holds. Then,
dim(71 €2, me2) = dim(n1, mezéz) = dim(ny, 71 (d & o)) = 1+dim(ny, n27) = 3.
Since d(n1e2) = 104/10, we have
[n182] = [e0] B 2 % V10 dim.
However, we have
dim(n1e2,£) = dim(y1. e2) = dim(y1.§) = dim(n1,§) = 0,
dim(n1 €2, x) = dim(nz¢2, £) = dim(n2, £83) = dim(y. §) = dim(n>.£) = 0,
dim(n1&;, &2) = dim(n,id @ ym) = 0.
dim(n1€2, £3) = dim(1162, y&2) = dim(ny, y & 7) =0,

and we get a contradiction. Therefore, we get [e283] = [id] @ [r].

The Frobenius reciprocity implies dim(¢,, £5) = 1. Since d(me2) = 94/10, we
get [mea] = [e2] @ [€0], and [we3] = [e3] D [€0] in the same way.

By associativity,

2[reo] = [nle] = [{me]
= [27 & 2xm & 28 & 201 & 212 B 30)¢]
= 2([e] @ [0]) ® 2([xe] @ [£0]) ® 2([e2] @ [e3] D [e0])
@ 2([e4] & [e0]) @ 2([e4] & [e0]) & 6[e0].

which shows the last equation. The Frobenius reciprocity together with the equations
obtained so far implies the fourth one. ]

Proof of Theorem 4.2. It suffices to show Gy >N = Gpr,>m, (Which is ﬁfa?),l)- Let
[eg] = [id] @ [o] be the irreducible decomposition. Since

[ege] = [(id @ m)e] = 2[e] @ [eo].

we get [eo] = [¢] D [eo].
Since

dim(gye, exe) = dim(egy, yee) =dim(y ® wy, y & ymw) =2,
the sector ¢ ye is decomposed into two distinct irreducibles. Since d(gye) = 10 and

[eexe]l = [(id @ 7) xe] = [xe]l ® [x][me]l = 2[xe] & [wol,
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one of the irreducible components of €y¢ is an automorphism of N, say, o1, and the
Frobenius reciprocity implies [ye] = [ea1]. Thus,

[exel = [oa1] & [en],
and [eoaq] = [xe] @ [eo]- Since
[coai] = [(¢ ® go)n],

we get [go][or1] = [go].
In the same way, Lemma 4.4 implies

dim(ze,, 287) = (g2, £263) = dim(id ® 7w,id d =) = 2,
and there exists «p € Aut(NV) satisfying [e3] = [ex3], and
[ee2] = [oaz] B [a2].
Letting [o3] = [0 02], we get
[e3] = [xe2] = [xeaa] = [sa1az] = [eas]

and
[ee3] = [oe3] @ [3].

Since
[cgez] = [(id @ 7)ez] = 2[e2] D [e0],

we get [eoaz] = [e2] @ [eo]. Since
[coas] = [(e ® eo)az] = [eaa] @ [g0a2],

we get [egaa] = [g0], and [goa3] = [g0] too.
Lemma 4.4 implies

dim(gey, £84) = dim(ey, c€e4) = (64, (1d D w)eq) = 1 + (84, wEL) = 2,

and ge4 is decomposed into two distinct irreducibles, say, 7; and 7j,. On the other
hand, we have
[ege4] = [(id @ m)eq] = 2[e4] @ 2[e0].
Thus, there are the following two possibilities.
@) [em] = [en2] = [e4] @ [e0]-
(i)  [eM] = [e4] @ 2[eo] and [e7)2] = [e4].
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Assume that the case (i) occurs. Then, d(7j;) = d(7j2) = 10. Lemma 4.4 implies
dim(zgg, g89) = (g9, c€8¢) = 1 4+ dim(egg, weg) = 9.

Thus, the Frobenius reciprocity together with the fusion rules obtained so far shows
that there exists distinct irreducibles p1, p2, p3 with d(p1) = d(p2) = d(p3) = 8

satisfying
3

[Fe0] = Plowi] @ [11] @ [72] @ [01] @ [p2] @ [p3],
i=0
[ep1] = [ep2] = [ep3] = [eo],

where g = id. For the fusion category € generated by ge, we have

Irr(€) = {[ai]}i=o U {loil}i—o U A1), [72]. [p1]. [2]. [p3]}-

Let A = {[oz,-]};;o, which forms a group of order 4. Then, the A-action on the set
{[p1]s [p2]. [p3]} by left multiplication has a fixed point, and we may assume that it is
[p1]. Thus, there exists an intermediate subfactor of index 4 between N D p;(N), and
p1 factorizes as p; = puipp with d(u1) = 2, d(u2) = 4. Since i, is contained
in p1p1, it belongs to €. However, we have d(up) = 16, and jipu contains either 1,
2 or 4 automorphisms, which is impossible because d(oo;) = 9, d(7;) = 10, and
d(p;) = 8. Therefore, (i) never occurs.
Now, we are left with the case (ii). In this case, we have d(7];) = 2, and

[ee4] = [een2] = [(id © 0)72],

which implies [7j;] = [072]. The Frobenius reciprocity and dim(zgg, gg9) = 9 imply
that there exists an irreducible p satisfying

3
[Fs0] = Plowi] @ 2[o7] @ [p],
i=0

[ep] = [eo],

which shows Gy 5y = G149 ;- (]

5. Goldman-type theorems for (PSL2(q), PG1(q))

Theorem 5.1. Let M D N be a finite index subfactor with yy~n = g(l\m)_; Then,
q = 14 2m is an odd prime power, and there exists a subfactor R C N up to inner
conjugacy such that R is irreducible in M and

M = RxPSLy(qg) DN = RxA,
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/
a, Ea, oo,

Figure 7. ﬁxz

A={<gcﬁJ;aemﬂbeE}Miw

Proof. Note thatif m = 1, we have ‘g(T),z = Eél) = 9(13,1, and the statement follows
from [8] (or Theorem 3.1) as we have (4, X4) = (PSL2(3), PG;(3)). We assume
m > 1 in what follows.

Lete : N — M be the inclusion map, and let [eg] = [id] & [o] be the irreducible
decomposition. Let € be the fusion category generated by €¢, and let I be the group
of (the equivalence classes of) the invertible objects in €. Then, |/ | = m.

We can make the following parameterization of irreducible N-N and M-N sec-
tors, respectively (see Figure 7):

where

{ofbier U{oo) }ier U{p], pal,
{ea;}ier U {ep]. €05},

with properties

d@) =1, d(e)=v2+2m. do)=1+2m, d(p,) =d(p,) =m,
[ge] = [id] @ [o].

[, @7,] = [, 1),
[eo] = [e] @ [ep1] @ [p2],
[op}] = lop] = PDloe]], (5.1)
iel
[0°] = [id] & [p}] ® [05] & 2EPloe]. (5.2)

iel

By definition of I, we have [a_l’] = [o/_,]. We can introduce another involution in /

by [(ca})] = [oa;.]. We also introduce an involution in {1, 2} by [E] = [p}]. Taking
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conjugation of equation (5.1), we also have
[010] = [ph0] = Ploa]].
iel

We claim that there exists a fusion subcategory €; of € satisfying
Irr(€1) = {&}ier U {p1, p2}-
Indeed, let

I; =i e I; [o][p}] = [p}]},
I g . / AT W
I; ={i € I; [p)]le;] = [p;]}-
Since the group I acts on the 2-point set {[p]]. [p5]} by left (and also right) multipli-
cation, we have the following two cases.
(i) Iy =1, =1.1In this case, we also have I{ = I, = I as {[E], {[p_’z]}} =
{[1]. P51}
(i) |I1] = |I2] = m/2.In this case, we also have |I{| = |I}]| = m/2.
Assume that (i) occurs first. Then, the Frobenius reciprocity implies

[0 ;] = EDlei] ® ajiloh] @ ajalph] & ED bjiloa]].

iel iel

by = bji.

iel

Let

Then,
m? =m+ (aj1 +aj2)m +b;2m + 1),

and we see that m divides b;. If bj > m, we would have m > 2m + 1, which is
contradiction. Thus, bj; = O for all 7, j. The Frobenius reciprocity shows that neither
[0} p_z] nor [pzp_l] contain any automorphism, and a similar argument as above shows
that ,olp2 and p),p} are also direct sums of sectors in {c; } LI {p], p5}. This proves the
claim in the case (i).

Assume that (ii) occurs now. Then, / = m/2 is a natural number. A similar argu-
ment as above shows that for

aj = dim(p} 0}, py) + dim(p} ], p5),
bj =Y dim(p}p}.0q]),

iel
we have
417 =1 + 2a;1 + bj (4l + 1).
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This shows that / divides b;, and so, b; = 0. Note that there exists iy € I satisfying
[0}] = [er, p3],

which implies

[o102] = [Pipres, ). [oaph] = [ 1101,
Therefore, p}d@’ 1 < ji1, j» < 2 are direct sums of sectors in {o; } L {p], p5}, which
shows the claim in the case (ii).

The rest of the proof is very much similar to that of Theorem 4.1, and we briefly
address it except for the last part deciding the group structure of I'. Theorem 2.3 and
equation (5.2) show that there exists a unique intermediate subfactor P between N
and o (N) such thatif ¢ : P < N denotes the inclusion map, we have

(2] = [id] @ [o1] @ [p2]-

Moreover, there exists T € Aut(P) satisfying [o] = [ttt ]. The fusion rules of €; tell
that the dual principal graph ﬁ;fb w18 §(1m) 2, and Theorem 3.1 shows that Gy is
also §(1m) ». The group I is the cyclic group Z,, now. Let €, be the fusion category
generated by t. Then, we can parameterize Irr(€,) so that

1r(€2) = {[eTbier U {[o1). [o2]).
o] = [ef].
7] = fid] @ [o1] @ [p2].

Applying Theorem 3.1, we see that there exists a unique subfactor R C P, up to
inner conjugacy, that is irreducible in M such that there exists a primitive Frobenius
group K x H with |H| =m, |K| =1 4 2m and an outer action 8 of it on R satisfying

N =Rxg(KxH)DP=RxxgH.

Note that the number ¢ = 1 + 2m is an odd prime power p¥ and K = ZX, H = 7Z,,.
Moreover, there exists a group I' including K x H such that B extends to an outer
action y of I' satisfying

M = Rx,T.

From the graph §y/5x5, we can see that the I"-action on I'/(K x H) is a 2-
transitive, but not 3-transitive, extension of the Frobenius group K x H acting on
(K x H)/H . Note that |[I'| = (2m + 2)(2m + 1)m. Thus, [10, Chapter XI, Theorem
1.1] shows that I" is a Zassenhaus group. The order of I" shows that it is not one of
the Suzuki groups. Since I' is not 3-transitive, we conclude from [10, Chapter XI,
Theorem 11.16] that I’ = PSL,(g). ]
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Figure 8. 5(@5.)(5).

6. Goldman-type theorems for sharply 4-transitive permutation
groups

Since the finite depth subfactors of index 5 are completely classified in [19], the only
point of the following theorem is to see how to find a subfactor R and an ©s-action
on it from the principal graph.

Theorem 6.1. Let L D M be a finite index inclusion of factors with §1.~py = 8§, x5)-
Then, there exists a unique subfactor R C M, up to inner conjugacy, such that R’ N
L = C and there exists an outer action y of S5 on R satisfying

L=Rx,G5DOM = Rx, G4

Proof. We follow the strategy described in Section 2.5.

(1)Let§ : M < L be the inclusion map, and let [§§] = [id] & [A] be the irreducible
decomposition. We parameterize the irreducible M -M sectors and the L-M sectors
generated by § as in Figure 8. Then, we have

dA) =4, dx)=3, dE) =2, dx) =1 d@) =5

From the graph, we can see that all the M - M sectors are self-conjugate, which implies
[xA] = [Ax], [x7] = [ x]. The graph symmetry implies [§ y] = [£], and since £ is self-
conjugate, we get

[£%] = [id] @ [x] ® [€]

by dimension counting.
The basic fusion rules coming from the graph are

[A’] = [id] @ [A] ® [7] ® [AE], (6.1)

[Ar] = [A] @ [A£],
AAD] = M @ [Ax] @ [7] @ [7y] @ [§] @ 2[AE].
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Taking conjugate, we also have
[7A] = [A] @ [AS].

Now, direct computation using the Frobenius reciprocity and associativity shows
the following fusion rules:

[7%] = [id] @ [7] & [7x] ® [£],
[7€] = [Ex] = [7] & [7x].

Let € be the fusion category generated by §8. Then, the above fusion rules show
that there exists a fusion subcategory €; of € with

Irr(€y) = {id, x, &, w, wx}.

(2) Theorem 2.3 and equation (6.1) imply that there exists a unique intermediate
subfactor N between M and A(M) such thatif ¢ : N < M is the inclusion map, we
have

[ee] = [id] & [r].

In the same way as in the proof of Lemma 3.2, there exists ¢ € Aut(N) satisfying
[A] = [egz].

(3) Note that we have [M : N] = 1 + d(;r) = 4. Thanks to the classification of
subfactors of index 4 (see [21, Section 3.2]) and Irr(€;), we can see that ;91@3 N 1S

the Coxeter graph Egl), and so is /oy too. Note that we have Egl) = ‘5@1, and
(L(3),PG1(3)) == (B4, X4). Let €, be the fusion category generated by ge. As in
Theorem 4.1, we can parameterize Irr(€,) as

Irr(€,) = {id, o', ', 0, 00"},
with the following properties:
d@) =1, d(p)=2, d(o)=3,
[o'*] = [id).
o'p] = [p"a] = [0].
[0 = lid] @ [o] ® [,
[0%] = [id] @ [0] ® [¢'] ® [0e/],
[¢'o] = [oa],
=
= [i

p'o] = [o] & [oa],
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(4) Theorem 4.1 shows that there exists a unique subfactor R C N, up to inner
conjugacy such that R” N M = C, and there exists an outer action 8 of G4 on R
satisfying

M:RXI’B@4DN:RXI’3@3.

To use notation consistent with that in Theorems 3.1 and 4.1, we let P = R xg ©3 C
N,andwelett: P < N and x : R < P be the inclusion maps. Let ¢; = etk. Then,
£1&1 corresponds to the regular representation of ©4, and

[e1€1] = [id] @ [x] ® 2[£] @ 3[7] @ 3[mx].
Thus, since [§8] = [id] & [A],
dim(8e1, 8&1) = dim(88, £167) = 1,

and L D R is irreducible.
(5) Note that we have [L : R] = 120. On the other hand,

dim(8&1(8e1), 861(8e1)) = dim(88e167, £1€188).
Note that [A] commutes with [¢1£7], and [(£1£71)?] = |©4][e1£1]. Thus,

dim(88e1£€7, £16188) = dim(88e147, 88e161) = dim((88)2, (¢161)?)
= 24dim((id ® 1), e161) = 120.

Thus, the inclusion L D R is of depth 2.
(6) We denote 13 = tk. By Lemma 2.5, we get

dim(geei3izp~ !, Eeziz) = |G| = 6.
Note that t3i3 corresponds to the regular representation in Rep(©3), and
[i3i3] = [id] & [o] @ 2[0'].
Thus,
[etsiz] = [(([d® o)(id @ o’ & 2p")] = [id] & [a] ® 2[0'] & 3[o] & 3[oa].
Dimension counting implies
dim(p(id ® o’ ® 20 )p L id® o’ @ 20') = 6,

and [pi3i397"] = [1323].
Now, we can apply Lemma 2.6 to G5, and we obtain ¢; € Aut(R) satisfying

[pe1] = [e191].
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Lemma 2.4 implies that there exists a group I" including &4 such that 8 extends to an
outer action y of I satisfying L = R x, I'. Note that
|| = [L : R] = 120.

Since the graph §(g., x.) shows that the I"-action on I/ @4 is a 3-transitive extension
of (&4, X4), we conclude I' = G5. [ ]

The remaining two cases are the most subtle because we cannot apply Lemma 2.6
to either Ay = H(2%) = Z3 x Z3 or Mg = S(3%) = Z3 x Qg in step (6).

Since G914, x4) = ﬁg 45, we can obtain it from the induction-reduction graph ﬁg 45
between s and A4 (see, for example, [19] for the latter).

Theorem 6.2. Let LD M be a finite-index inclusion of factors with §1.~p =914, Xc)-
Then, there exists a unique subfactor R C M, up to inner conjugacy, such that

R'NL=C,
and there exists an outer action y of e on R satisfying
L=Rx,As DM = R x, Us.
Proof. (1) Letd§ : M — L be the inclusion map, and let
[88] = [id] @ [A]

be the irreducible decomposition. We parameterize the irreducible M -M sectors and
the L-M sectors generated by ¢ as in Figure 9. Then, we have

dQ) = d(E) =d(&) =d(E) =5, d(n) =4,
d(p) =15, d(n) =d(n) =3, d@) = 6.

From the graph, we can see that A, 7, and u are self-conjugate, and

{61]. &) [6]) = {[6:), [&2] [6), A, [} = {Im]. [n2]}-

We use the notation [§;] = [&;] and [77;] = [n;] for simplicity.
The basic fusion rules coming from the graph and their conjugate are

W] =[id & [\l & [7] & [u], (6.2)
[An] = [7A] = [A] & [u], (6.3)
Aul = [uA] = [A] @ [7] @ [61] @ [E2] @ [§3] © [m1] @ [n2] @ 3[u]. (6.4)
A& + &) = [EAl @ [&] = [51] © (2] @ [&3] © [ul], (6.5)
[Ani] = [miA] = [u]. (6.6)
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Figure 9. g(g[é,)%) .

By associativity, we get

[7°] ® [pun] = [id] @ [A] @ [7] @ [61] @ [2] © [§3]

@ [m] @ [n2] ® 3[ul], 6.7)
[ru] @ [10?] = [id] @ 4[A] @ 3[x] ® 4[61] B 4[&2]
© 4[&3] @ 2[n1] B 2[n2] & 12[u], (6.8)
[7&] @ [1&i] = [E] @ [A] @ [7] @ [61] & [E2] © [€5]
@ [m] @ [n2] ® 4[u], (6.9)

ni] @ [wni] @ [uni] = [A] @ [r] @ [§1] @ [52] @ [63] © [m] & [n2] © 2[1]. (6.10)
Equation (6.3) shows
1 = dim(Ax, ) = dim(A, ).
Since d(n; ) < d(p), we have
0 = dim(n; 7, p) = dim(n;, um).

Equation (6.7) shows that 72 contains id, n1,72, and it cannot contain y by dimension
counting, which implies dim(sr, ur) = 0 by the Frobenius reciprocity. Equation (6.7)
again shows that 7 contains y with multiplicity 3 and 72 contains 77 with multiplic-
ity 1. Thus, we get

[72] = [id] @ [7] ® [11] @ [n2] ® 5dim, [ur] = [3u] & [A] & 10 dim,

where the remainder is £ @ &, @ £3. Therefore, we may and do assume that 72
contains &1, and we get

[72] = [id] @ [7] ® [£1] @ [m] & [n2]. (6.11)
[um] = Bul ® [A] @ [£2] @ [E3]. (6.12)
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In consequence, £ is self-conjugate. Taking conjugate of equation (6.12), we also get
[ur] = [wu], and equation (6.8) implies
(2] = [id] @ 3[A] @ 3[x] ® 4[E1] @ 3[62] @ 3[E3] @ 2[m] @ 2[n2] @ 9[u]. (6.13)
The Frobenius reciprocity implies
[61] = [r] @ 16 dim,  [u&1] = 4[u] & [A] & 10 dim,
and equation (6.9) with dimension counting implies
[7&1] = [7] @ [m] @ [n2] ® 10 dim,  [u§1] = 4[] & [A] & 10 dim,

where the remainder is 2[&1] @ [£2] D [&€3].
Fori = 2,3, equations (6.9) and (6.13) show that we have

3 = dim(§;. p*) = dim(pé;. p).
and p&; contains o with multiplicity 3, while it does not contain 7 as
0 = dim(n2, &) = dim(x, 7&;).
Thus,
[7&i] =[] @ 5dim,  [u&] = [A] © [7] & 3[u] & [m] @ [n2] & 15 dim,

where the remainder is [§;] @ [£1] @ [£2] @ [&3]. If n&; contained &; with multiplicity
2, the Frobenius reciprocity implies that &;& would contain g with multiplicity 2,
which is impossible. Thus, we get

[7&i] = [u] ® [&], i =2,3, (6.14)
W&l =A@ 7] D 5] D [5E] D [E]® [m] ] @ 3[u]. i =2,3. (6.15)

Equation (6.14) shows
0 = dim(w§;, &) = dim(§;, 7§1), @ =2,3.
Thus,

[&1] = [7] @ [m] & [n2] @ 2[&1], (6.16)
[n€1] = 4u] @ [A] ® [61] & [62]- (6.17)

The Frobenius reciprocity together with the fusion rules obtained so far implies

[rm] = [7] ® [&1] ® [n2],
[7n2] = [7] @ [61] @ [m].
[uni] = 2[p] & [A] & [§2] ® [§3].
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Let € be the fusion category generated by §8. Then, the above computation shows
that the fusion subcategory €; of € generated by 7 satisfies

Irr(€y) = {id, 7, &1, 1, 02}

(2) Theorem 2.3 and equation (6.2) imply that there exists a unique intermediate
subfactor N between M and A(M) such thatif ¢ : N < M is the inclusion map, we
have

[ez] = [id] & [r].

Note that we have d(¢) = +/5. In the same way as in the proof of Lemma 3.2, there
exists ¢ € Aut(N) satisfying [A] = [epg].
(3) Since

dim(re, me) = dim(7?, €8) = dim(n2,id ® 7) = 2,
there exists an irreducible sector ¢’ with [re] = [¢] @ [¢/] and d(&’) = 3+/5. Since
[reg] = [n(id @ )] = [id] @ 2[7] & [§1] @ [11] © [n2].

we get
['e] = [7] @ [61] ® [m] ® [n2]-

The Frobenius reciprocity and dimension counting show [n1¢] = [2¢] = [¢']. Since
&1 is self-conjugate,
dim(§;¢. §16) = dim(§;, §168) = dim(§;, & (id & 7))
=1+ dim(él, 517[) =1+ dim(él, 71'%'1),

and equation (6.16) shows dim(&;¢, £1¢) = 3. This together with the Frobenius reci-
procity imply that there exist irreducible sectors ¢” and £ satisfying d(¢”) = d(¢") =

V5,
616] = [€'] @ [€"] @ [¢"].

and [¢"¢] = [¢""€] = [&1]. The above computation shows that the dual principal graph
91(‘;3 N is g 9145, and the classification of finite depth subfactors of index 5 shows that
9IM-N 18 G5, x5) (see [19]). Note that we have

(s, Xs5) = (L(2%),PG1(2%)) and Iymon = G13)1-

Let €, be the fusion category generated by g¢. As in the proof of Theorem 4.1, we
can parameterize Irr(€,) as

Irr(€,) = {id, o', o', o.o.o0d, o(x’z},
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with the following properties:

d@) =1, d(p)=3, d(o)=4,
[e®] = [id].

[o'p] = [p''] = [p'],

[0%] = [id] & [o] @ [e*] + 2[0'].

[0%] = [id] & [¢] ® [0] ® [0e] & [0,
[@'o] = [0/,

[p'0] = [0p] = [0] ® [00]) & [oe”?],
[ee] = [id] @ [o].

(4) Theorem 4.1 shows that there exists a unique subfactor R C N, up to inner
conjugacy, such that R” N M = C, and there exists an outer action 8 of s on R
satisfying

M=R><L3%[53N=R>{39[4.

Let P=Rxg A3 C N,andlett: P < N and k : R — P be the inclusion maps.
Let &1 = etk. Then, ;& corresponds to the regular representation of 2s, and

[e1€1] = [id] @ 3[n1] @ 3[n2] ® 4[] & 5[¢].
Thus, since [§8] = [id] & [A],
dim(8e1, 8&1) = dim(88, £167) = 1,

and L D R is irreducible.
(5) Note that we have [L : R] = 6|2%5| = 360. On the other hand, since [A] com-
mutes with [g1£7], and [(¢1€1)*] = |Us][e1€1],

dim(8e1(8e1), 8e1(6e1)) = dim(g(gels_l,sls_l%) = dim(§581s_1,5_8818_1)
= dim((88)?, (¢161)%) = 60dim((id ® 1)2, £147)
= 60dim(2id ® 7 ® 31 ® . £181) = 360.

Therefore, the inclusion L D R is of depth 2.
(6) We denote 13 = tk. By Lemma 2.5, we get

dim(pgeizizp~ L, geiziz) = |24| = 12.
Note that t3i3 corresponds to the regular representation of 24, and

[133] = [id] @ [@] @ [@'*] ® 3[p'].
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Thus,

[Fe3is] = [(id @ 0)(id & o’ @ o’ & 3p)]
= [id] @ [o'] ® [o"*] ® 3[p] ® 4[0] B 4[o] B 4[oa’].

Dimension counting implies
dim(p(id® o’ ® > ®3p)p Lidd o ® o> ®3p) =12,
and [pt3i3¢ '] = [13i3]. We also have
(o ® o ® o>, (0 ®od' ®oa’?)) =0. (6.18)

To finish the proof, we cannot apply Lemma 2.6 to 24, and we make a little detour.
We examine the automorphism ¢ € Aut(N ) more carefully. We first claim [¢?] = [id].
Indeed, since A is self-conjugate,

1 = dim(egz, e '8) = dim(gep, o 'ge) = dim(p B o, ¢! ® ¢~ o),
and either [p?] = [id] or [po @] = [0] holds. Assume that the latter holds. Then,
[A°] = [epEeg?] = [ep(id ® 0)pE]
= [e¢?2] @ [epo¢E| = [ep’E] @ [e0E].
Since

e8] @ [e0E] = [(¢8)%] = ([id] & [])* = 2[id] ® 3[x] @ [£1] ® [1] ® [n2].

we get
(%] = [ep?E] @ [id] & 2[7] & [£1] ® [m] @ [2].

which is a contradiction. Thus, the claim is shown, and we also have [pop] # [o].
Let w = ogpe. We show the following 3 properties of .

(i)  w isirreducible.
(i) dim(p’, ww) = 1.
(i) [po] = (o).
Indeed, thanks to equation (6.18), we get
dim(w,w) = dim(c?, pgep™ ) =dim(id® p' ®o B o’ ® Ua'z,(p(id ®o)p H=1,

and w is irreducible. (ii) also follows from equation (6.18) as we have

dim(p’, ww) = dim(p'w, w) = dim(cp'o, p(id ® o)1),
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and op’o contains id with multiplicity 1. (iii) follows from

1 = dim(A, A?) = dim(e@E, epeege) = dim(ee@E, peepE)
= dim((id & o)gpe, ¢(id & o)pe) = dim(pe D w, & B pw)
= dim(p, €¢) + dim(w, pw) = dim(w, pw).

The proof of Theorem 4.1 shows that there exists 7 € Aut(P) such that o factor-
izes as 0 = (tt. Thus, we have N D P D w(M). Since [it] = [id] @ [p], Lemma 2.7
shows that there exists a unitary ¥ € N satisfying Adu o ¢(P) = P, which means
that there exists ¥ € Aut(P) satisfying [¢t] = [ty/]. Now, we have

12 = dim(uykky 7, ek 1) = dim(Yeky ™1, Tk ).

We parameterize P-P sectors generated by it as in the proof of Theorem 3.1.
Then, [i] = [id] & [p], [kk] = [id] & [@] & [@?], d(p) = 3, d(«) = 1, @ = id, and
they satisfy the following fusion rules:

[ap] = [pa] = [p],
[0%] = [id] & [o] & [”] @ 2[p].

Now, we have
[k 1] = 4([id] & [o] @ [«?] @ 3[p]).

and we get
3=dimy(id®a® )y L idd o ® o’ ® 3p).

Thus, [W«ky '] = [kk]. Lemma 2.6 shows that there exists ¢; € Aut(R) satisfying
[Vk] = [ke1], and so, [pik] = [tk@1]. Lemma 2.4 shows that there exists a group I"
containing 5 such that y extends to an outer action of I on R such that

L =RxT.

The shape of graph §1-3s shows that the I'-action on the set I'/25 is 3-transitive
extension of (s, X5), and we conclude that I' = . ]

Remark 6.3. A similar argument works for (&g, X¢). In this case, we can apply
Lemma 2.6 to @3 = Z3 x Z, instead of A3 = Zj3 at the last step.

Note that we computed the graph :91%;0 in Section 4, and the graph s, , > um,, for
the Mathieu group M, can be obtained by a1, ,>m,0 = 9, AIZ 10

Theorem 6.4. Let . D M be a finite-index inclusion of factors with

gLDM = gM11>M10-
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Figure 10. §a7,, > r140-

Then, there exists a unique subfactor R C M, up to inner conjugacy, such that
R'NL=C,
and there exists an outer action y of M1, on R satisfying
L =Rx, M1 DM = R x, M.

Proof. (1) Let § : M <> L be the inclusion map, and let [§§] = [id] & [A] be the
irreducible decomposition. We parameterize the irreducible M-M sectors and the
L-M sectors generated by § as in Figure 10. Then, we have

diy)=1, d(m)=9, dRA)=d¢) =d(&)=4d(E)=d(n) =d@n) =10,
di¢) =16, d(v)=20, d(u) =80, d) =11
From the graph, we can see that A, &, wy, i, v, and y are self-conjugate, and

(AL 6] [62). (6] [R]. [} = {2 [0, (62D, (3], (). [n2])-

Since 7y is self-conjugate, we have [ ] = [y7]. By the graph symmetry, we have
[€x] =[], [ux] = [u]. [vx] = [v], and

{Ex]. [E2x]. [E3x]} = {&1]. [62]. [§5]),
{1 x)s n2x]} = {Iml, 21}

The basic fusion rules coming from the graph are

A2] = [id] @ [A] @ [7] & [ul. (6.19)
[Ar] = [A] @ [u], (6.20)
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Aul =A@ [Ax] @ [7] @ [y] @ [6:] @ [52] @ [§3]

@ [m] & [n2] @ 2[¢] & 2[v] & 8[u], (6.21)

[A&i] + [&:] = [61] @ [&2] @ [€3] @ [u], (6.22)
[Ani] = [v] @ [u]. (6.23)
[AL] = 2[u], (6.24)

[Av] = [m] @ [n2] @ [v] @ 2[u]. (6.25)

Since the right-hand sides of equations (6.20), (6.21), (6.23), and (6.24) are self-
conjugate, we have [Ax] = [7A], [Au] = [uA], [An;i] = [7: A], and [AL] = [CA]. Since
[A?n] = [wA%], we get [un] = [wpu].

By associativity, we get

(7% & [un] = [id] @ Al © [Ax] @ [7] @ [x] @ [1] @ [£2]
@ [63] © [m] @ [n2] ® 2[¢] © 2[v] @ 8[u], (6.26)
[mu] @ [11?] = [id] @ [x] & 9[A] @ 9[Ax] & 8[x] @ 8[x] B 9[&:1] B 9[&2]
@ 9[E3] @ 9[n1] @ 9[n2] ® 14[¢] & 18[v] ® 72[u],  (6.27)
[7&] @ [n&] = [A] @ [Ax] @ [7] @ [mx] @ [5:] @ [£1] © [E2] © [€5]

@ [m] & [n2] ® 2[¢] & 2[v] & 9u], (6.28)
] @ [7n:i] & [uni] = [A] & [Ax] @ [7] & [7x] @ [51] @ [52] @ [§3] @ 2[mi]
& 2[n2] @ 2[¢] @ 2[v] & 9[ul. (6.29)
(8] @ (1] = 2[A] @ 2[Ax] & 2[x] & 2[mx] © 2[51] & 2[€2] D 2[&5]
@ 2[n1] B 2[n2] B 3[¢] & 4[v] & 14[u], (6.30)
[mv] @ [uv] = 2[A] & 2[Ay] @ 2[x] @ 2[mx] & 2[:1] © 2[&2] & 2[§5]
@ 2[m] & 2[n2] ® 4[¢] @ 5[v] & 18[u]. (6.31)

We give a criterion to separate the summations of the left-hand sides. For irre-
ducible X and Y, we have

dim(AnX,Y) = dim(z X, 1Y),
and on the other hand,
dim(AnX,Y) =dim((A & w)X,Y) =dim(AX,Y) + dim(uX, Y).

Thus,
dim(zX & uX,Y) =dim(zX,Y & AY) —dim(AX, 7). (6.32)

The Frobenius reciprocity implies dim(7r2, 1) = 0 and dim (7, 1) = 1. We claim
that 72 does not contain . Assume on the contrary that 2 contains j. Then, equa-
tion (6.26) implies dim(um, ) = 7. Since [A] commutes with [{], equation (6.24)
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shows that 2[u] = [¢A], and
14 = dimQum, p) = dim(¢An, p) = dim(C(A & @), n) = dimQu & Lu, 1).

Since u and ¢ are self-conjugate, we get dim(u¢, ) = 12. However, this and equa-
tion (6.30) show dim(7r ¢, ) = 2, which is impossible because d (7 ¢) < 2d (). There-
fore, the claim is shown. The Frobenius reciprocity implies that we have

dim(um, ) = 0.
Since [umy] = [uxmw] = [ur], we get dim(um, 7w y) = 0 too. Thus, dimension count-
ing shows that we may put

3 2
[7*] = lid] @ [7] @ [ 1] @ 2[¢] & D ailéi] & P bilni] @ e,
i=1 i=1

where a;, b;, and ¢ are non-negative integers satisfying

3 2
Zai + Zbi + 2¢ = 3.
i=1 i=1

Applying equation (6.32) to this, we obtain a; +a; + a3 = land b; =1 —c. We
may and do assume a; = 1,a, = a3 = 0, and
[7*] = [id] @ [7] ® [rx] @ 2] ® [E1] © (1 — ) [m] & (1 = ¢)[n2] @ D],
[ur] = 8[u] ® [A] @ [Ax] @ [52] @ [E3] @ c[m] @ c[n2] & (2 —c)[v].

Since [un] = [mu], equation (6.27) shows dim(u?, &) = 8 fori = 2,3, and the
Frobenius reciprocity and equation (6.28) show that 7£; contains w. Thus,

[&] = [u] ® 10dim, i =2,3.

If & were not contained in 7 &;, equation (6.28) implies that ;&; would contain &; with
multiplicity 2, and consequently, &;&; would contain p with multiplicity 2, which is a
contradiction because d(£;)? < 2d (). Thus, we have

[7&] = [n] & [&] i =23,
&) =A@ [Ax] @ [7] & [ x] @ [51] @ [52] @ [£35]
@ [11] & [n2] @ 2[¢] @ 2[v] & 8[u], i =2,3.

Since our argument is already long, we state the next claim as a separate lemma.
]

Lemma 6.5. With the above notation, we have ¢ = 0.
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Proof. Assume on the contrary that ¢ = 1. Since

2[wp] = [wAl] = [(n ® V)] = [ul] & 2[ul,

we can obtain the irreducible decomposition of u¢ and 7 ¢.
Now, equation (6.32), the Frobenius reciprocity, and dimension counting show the

following:
[7°] = [id] @ [7] @ [x] & 2[5] ® [E1] & V], (W1)
[ur] = [A] @ [Ax] @ [€2] @ [§3] ® [m] @ [n2] © [v] D 8[ul, (W2)

[117] = [id] & [x] & 8[A] @ 8[Ax] @ 8[7] & 8[rx]
@ 9[&1] @ 8[&2] D 8[53] @ 8[n1] @ 8[n2] ® 14[C] & 17[v] ® 64[u], (W3)

[l = 2[7] & 2[7x] ® 2[&1] @ 3[¢] @ 2[v], (W4)

(€] = 2[A] @ 2[Ax] ® 2[E2] @ 2[&3] @ 2[m] & 2[n2] @ 2[v] & 14[u]. (W5)

[76:1] = [7] @ [x] ® 2[0] @ 2[6:] & [v], (W6)

el = A @ [Ax] @ [52] ® [§3] ® [m] @ [12] @ [v] © 9[u]. (WT)

[mv] =[] @ [ry] @ 2[0] @ [51] © 2[v] @ [l (W8)
1=

[v] = 2[A] @ 2[Ax] @ [7] @ [7y]
® [61] @ 2[62] @ 2[&3] @ 2[m] @ 2[n2] @ 2[¢] @ 3[v] & 17[u]. (W9)
Here, the letter ‘W’ stands for wrong equations. Since the right-hand sides are self-
conjugate, we see that [«] commutes with [r], [£1], [¢], and [v].

An argument similar to the case of 7&; with i = 2,3 shows [7n] =[] @ [n2]
and [ n,] = [u] & [11]. Equation (6.28) shows

2 = dim(un;, §) = dim(n; ¢, 1),

and consequently, [1;{] = 2[u]. In the same way, we have [£,¢] = [£3¢] = 2[u], and
taking conjugate, we also get

(628] = [§3¢] = [mi&] = [m28] = [$&2] = [$&3] = [Em] = [Em2] = 2[p]. (W10)
[rm] = [l @ 2] [wm] = [u]l & [ml. (W11)
[néa] = &3] = [um] = [un2]
=l lr] & [mx] & 1] ® [52] ® [63] © [m] @ [n2]
@ 2[¢] @ 2[v] @ 8[u]. (W12)

From

2[uba] = [EA&1] = [E(n ® &2 ® §3)] = [Cu] @ [E(51 @ §3)] = [Cn] @ 2[u] @ [E£0],

we get the irreducible decomposition of {&;.
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From
2[uni] = [EAni] = [E(n @ v)] = [Cu] @ [Ev],
we get the irreducible decomposition of [{v]. The Frobenius reciprocity and dimen-
sion counting show

[£&1] = 2[] ® 2[mx] ® 4[¢] ® 2[&:] @ 2[v], (W13)
[Ev] = 2[x] @ 2[mx] @ 4[] @ 2[6:] @ 2[v] ® 2[u], (W14)
[£%] = [id] @ [x] @ 3[7] @ 3[7x] ® 5[¢] @ 4[61] © 4[v]. (W15)

Next, we determine the left multiplications of [§1] and [v] by applying associativity
to [72X]. The two equations

[(w&)] = [w(w & wx ® 20 D25 D V)],
7?6 =[(d 7 @y D2 & D V)&

show
(£ @ [vEi] = [id] @ [x] @ 3[7] @ 3[7x] ® 4[¢] @ 2[6:1] @ 4[v] @ [u].
By the Frobenius reciprocity and dimension computing, we get

(671 = [id] @ [x] ® 2[7] @ 2[7x] & 2[{] @ [E1] @ [v], (W16)
[véi] = [7] @ [zx] ® 2[¢] @ [1] & [62] @ 3[v]. (W17)

The two equations
[T =[r(x®7) 20D & 2v D ),
[7*] =[(d® 7 &)y &2 S & & v)v]
show
Eiv] @ 2] = [id] @ [x] ® [A] @ [Ax] @ 3[7] @ 3[nx]
@ 4[C] @ 4[5:1] @ 3[v] @ 4[] & [&2] & [€3] ® [m1] & [n2].
and
[v?] = [id] & [x] & [A] @ [Ax] & 2[x] & 2[m ]
@ 2[¢] @ 3[u] @ 3[&1] @ [62] @ [£3] @ [m1] D [n2]- (W13)

The two equations

[w(n)] = [rp] @ [n2] = [rp] & [1] @ [n1].
[m2m] = [(d® 7 & myx D20 DE D vl
= [m] @& [n2] ® [xn2] ® 6[u] ® [E1m1] & [vi1]
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show that [xn,] = [m], and
Erml @ [vm] = [A]l @ [Ax] & [&2] ® [E3] @ [v] & 3[u].
In a similar way, we have [y£,] = [£3] and
[162] @ [vé2] = [A] @ [Ax] © [m1] @ [n2] & [v] @ 3[u].

We claim

{[&2]. [&3]. [m). [} = {[&a). (3], [m], [mal}-

Indeed, since [Ay&2] = [A€3] does not contain id, we see that Ay is not the conjugate
sector of &,. A similar argument applied to &3, 71, and 7, shows the claim.

Assume first that [£,] is either [11] or [12]. Note that in this case [£3] = [£2x] is
also either n; or n,. Then,

dlm(&ng,)t) = dlm()tfl, 7’]_2) = 1,
and dim(&172, Ax) = 1 in the same way. We have
dim(v,, A) = dim(Av, &) = 1,

and dim(v&,, Ay) = 1 in the same way. Thus,

[E1m] = [E1n2] = [A] @ [Ax] & [u]. (W19)
[vm] = [vnz] = [&2] @ [§3] & [v] @ 2[u], (W20)
[€162] = [5163] = [m] @ [n2] & [u]. (W2I)
[véa] = V3] = [A] @ [Ax] @ [v] @ 2[u]. (W22)

Multiplying the both sides of equations (W20) and (W21) by [A] from the left, we get

(1] @ [n2m1] = [mn2] ® (3] = 2[1] @ [m1] @ [12] © 2[1e].
[£2] @ [£362] = [E263] @ [63] = 2[1] @ 2[v].
Taking conjugate, we get a contradiction.

Assume now that [£,] is either [€,] or [£3]. In this case, [£3] is either [£5] or [£3]
too. The Frobenius reciprocity and dimension counting show

[Eim] = [E1n2] = [u] @ [62] @ [&3]. (W23)
[vml=[vna] = A & [Ax] & [v] © 2[u]. (W24)
[§182] = [6163] = [A]l @ [Ax] @ [ul. (W25)

V2] = [vés] = [m] & [n2] @ [v] & 2[ul. (W26)
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Multiplying both sides of equations (W23) and (W26) by [A] from the left, we get

[E2n1] @ [E3n1] = [E2m2] @ [E3n2] = 2[€1] @ [62] © [§3] @ 2[u].
[M1&2] @ [1262] = [m&3] @ [n283] = 2[v] & 2[u],

which is a contradiction again. Finally, we conclude that ¢ = 0. |
Continuation of the proof of Theorem 6.4. The above lemma and equation (6.26) show

[7°] = [id] @ [7] ® [7x] © 2[¢] @ [6:1] @ [] ® [n2], (6.33)
[nr] = 8[u] @ [A] @ [Ax] @ [62] @ [E3] @ 2[v]. (6.34)

From equation (6.33), we can see

(€], [m]. [} = (&, [m]. [n2]), (6.35)

and in consequence,

{[xA): [82]. [6]) = {[Ax]. (2] [£3])-

Since
2] = [wAL] = [(r & M)E] = [18] & 2[u],

we get
(18] = 2[A] @ 2[Ax] ® 2[E2] @ 2[§3] @ 4[v] & 14[u].

and from equation (6.30),
(78] = 2[x] & 2[x] & 2[&:] @ 2[m] & 2[n2] @ 3[¢].

Equation (6.34) shows that wv contains p with multiplicity 2. If 7v contained
v with multiplicity at most 1, equation (6.31) shows that v? would contain p with
multiplicity 4, which is impossible because d(v?) = 4d (i) and v? contains id. Thus,
we get
[mv] = 2[u] @ 2[v].

Now, the Frobenius reciprocity implies that neither 7 &;, w70, nor w7, contains
A, Ax, &2, €3, v, and we get

[&1] = [7] @ [ x] © 2[61] © [m] @ [n2] @ 2[¢].
[rm] = [7] @ [7x] & [61] & [m] & 2[n2] & 2[¢],
[mn2] = [7] @ [ x] @ [§1] ® 2[m] & [n2] @ 2[¢].

The above fusion rules show that the fusion category €; generated by 7 satisfies

Ire(€y) = {id, y. 7w, wx, 1. 11, 12, £}
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idpy x ¢ x & m M
\/\z%v
& €0 X& 25 €3 €4

Figure 11. ﬁﬂ,DN.

(2) Theorem 2.3 and equation (6.19) imply that there exists a unique intermediate
subfactor N between M and A(M ) such thatif e : N — M is the inclusion map, we
have

leg] = [id] & [r].

Note that we have d(g) = +/10. In the same way as in the proof of Lemma 3.2, there
exists ¢ € Aut(N) satisfying [A] = [epe].

(3) We show the dual principal graph 51513 N 18 ﬁg;o computed in Section 4 (see
Figure 11). Since

dim(re, we) = dim(mw, wee ) = dim(w, 7(1 d 7)) = 2,

there exists an irreducible gq satisfying [we] = [¢] @ [g0] and d(g9) = 8+/10. Since
equation (6.35) and

[xeg] =[] @ [2°] = [id] @ 2[x] ® [x7] & [£1] © [m1] @ [12] ® 2[¢].

we get B
[e0g] = [7] @ [x7] & [6:1] ® [m] @ [72] & 2[¢].

By the Frobenius reciprocity,
[Se] = 2[eo]-

Since o o
dim(§1¢, £16) = dim(&;, 61 (id & 7)) = 3,

there exist two irreducibles ¢, and €3 satisfying
[E16] = [e0] @ [£2] @ [e3].
and d(g,) + d(e3) = 2+/10. By the Frobenius reciprocity, we get
d(e2) = d(e3) = V10

and

[e28] = [e28] = [£1].
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In a similar way, we can show
dim(71 ¢, M) = dim(;z¢, n2¢) = dim(n1¢, n28) = 2,
and there exists irreducible &4 satisfying
[m1€] = [n26] = [ea],

and d(g4) = 2+4/10. The Frobenius reciprocity shows

[e4g] = [m] @ [12].

Note that &; is self-conjugate and {[71], [72]} = {[n1], [n2]}. Thus, we get

d _ eMio
gMDN _gMg :

Now, Theorem 4.2 implies that Gy 58 = G, 0> M-

The rest of the proof is very much similar to that of Theorem 6.2, and we make
only points different from it.

(4) Theorem 4.1 shows that there exists a unique subfactor R C N, up to inner
conjugacy, such that R” N M = C and there exists an outer action 8 of Mo on R
satisfying

M = Rxg Mg DN = R xg M.

The inclusion L D R is irreducible.
(5) To prove that L D R is of depth 2, it suffices to show that [A] commutes with

[id] @ [x] @ 9[] @ 9w x] & 10[&:] & 10[11] & 10[n2] & 16[¢],
which corresponds to the regular representation of M7;. Indeed, it follows from

[A1([id] @ [x] ® 9[] @ Y[ x] ® 10[&1] @ 10[n1] & 10[n2] & 16[¢])
=[Al @ [Ax] ® 9(A] @ [1]) @ 9([Ax] @ [1]) & 10([u] ® [€2] & [&3])
@ 10([u] ® [v]) ® 10([1] ® [v]) & 32[1]
= 10([A] @ [Ax] @ [&2] @ [E3] @ 2[v] @ 8[u]),

which is self-conjugate as we can take the conjugate of the both sides.
(6) We can apply Lemma 2.6 to Qg to finish the proof. u
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