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Upper bounds for the relaxed area of S'-valued Sobolev
maps and its countably subadditive interior envelope

Giovanni Bellettini, Riccardo Scala and Giuseppe Scianna

Abstract. Given a connected bounded open Lipschitz set © C R2, we show that
the relaxed Cartesian area functional #(u, ©2) of a map u € W11(Q; S1) is finite,
and we provide a useful upper bound for its value. Using this estimate, we prove a
modified version of a De Giorgi conjecture adapted to W 1-1(Q:S!), on the largest

countably subadditive set function #(u, -) smaller than or equal to A (u, -).

1. Introduction

Let © C R? be a bounded open set. For a given v € C'(Q; R?), we indicate by

AW, Q) = / V1+ Vo2 + [Jv2dx
Q

the classical 2-dimensional area of the graph G, = {(x,y) € Q x R?2 : y = v(x)} of v,

where
_ 31)1 sz 81)2 81)1

Jy= — —= 2772

8X1 8X2 axl 3)62
denotes the Jacobian determinant of v. For any u € L! (2; ]RZ), we consider the L!-relaxed
area of the graph of u, namely

(1.1) AW, Q) := inf{llciminm(vk, Q), vx € CYQ:R?), v = u inLl(Q;]R{Z)}.
—>+o0

It is well known that, when v is scalar valued, the study of the relaxed area is crucial in the
analysis of the Cartesian Plateau problem [21]. In higher codimension, the characterization
of the domain Dom(s4(-, 2)) of A(-, Q), and the computation of its corresponding values,
seem at the moment out of reach, due to the presence of highly nonlocal phenomena.
More specifically, for a given u € L'(Q2; R?), the set function @ D 4 — 07\3(1,{, A) turns
out to be not subadditive when restricted to open sets (This is true for general maps, apart
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from some specific cases which trivialize the functional, see [1] for details.) In particular,
;%(u, -) is not a measure, and thus it cannot be represented in integral form; for this reason,
only a few partial results are available (see, e.g., [5,9,10]). In these references, it is shown
that nonlocality is due to at least two reasons: one is the presence of singularities in the
map u; the other one is the possible interaction of such singularities with d€2. In both
cases, it appears that, in general, interesting and rather involved Plateau-type problems
must be solved, in order to get the exact value of ;\s(u, Q) (see the discussion below on
the maps uy and ur; see also [7]). So, the computation of ef_in(u, Q) is, in general, quite
difficult; on the other hand, looking for upper bounds that do not take into account the
above mentioned Plateau problems in full generality, seems realistic'.
In this paper, we are concerned with maps in

W Q:SY) :i= fu e WHH(Q:R?) : |u| = 1 ae. in Q},

where S! = {(x1,x2) € R? : x? + x2 = 1}. Given a distribution A € D'(), let us intro-
duce the quantity

(12) [ Allfasa :=sup {{A. @) : ¢ € Lipy(Q), [¢llLee(@) < 1. @l|VollLo@) <1},
where
| By 1

0B 2

(1.3)

and Lip, (§2) are the Lipschitz functions on €2 vanishing on d€2. Our first result (Section 6)
reads as follows.

Theorem 1.1. Let Q@ C R? be a connected bounded open set with Lipschitz boundary,
and let u € WH1(Q;SY). Then

(1.4) A, Q) < / V14 |Vu|? dx + |Det(Vu) || far, e < +00.
Q

In particular, _
wh(Q:S") ¢ Dom(A(-, Q)).

Estimate (1.4) in general is not sharp. Indeed, consider the map uy (x) := x/|x|
defined on the open pointed disc B, (0) \ {0} of radius r > 0, whose distributional Jacobian
determinant is Det (Vuy) = m8p. Theorem 1.1 implies that

(1.5) Ay, B (0)) 5/ V14 |Vu|? dx + min{2xr, 7.
B,(0)

On the other hand, according to Theorem 1.1 in [6], one has

Ay, B, (0)) = / o V14 |Vu|? dx + F(r),

B,

"'Notice that, if one replaces in (1.1) the L! convergence with stronger topologies, some sharp estimates can
be given (see for instance [3, 16, 23], where the strict convergence in BV has been investigated).
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where the singular contribution F(r) € (0, ] has the meaning of the area of a minimal sur-
face solving a suitable non-parametric Plateau problem with partial free boundary. Specif-
ically, F(r) coincides with half of the area of a sort of catenoid S C R? = ]tharget x R with
boundary (S! x {0}) U (S' x {2r}) and constrained to contain the segment {0} x [0, 2r].
In particular, it can be seen that there exists a number 7 € (0, 1/2) such that for r > 7
this catenoid reduces to two discs, and in this case F(r) = m, whereas for r € (0, 7) there
exists a non-trivial catenoid whose area is strictly smaller than the lateral area of the solid
portion of the (smallest) cylinder containing it, namely F(r) < 2z r. This shows that for
r > 7 estimate in (1.5) is an equality, and that for < 7 is not sharp. We emphasize that
a more precise estimate than (1.4), and hopefully the sharp value of the left-hand side,
seems quite difficult to obtain. On the one hand we expect that, when the singularities of
a map u are far from each other, (1.4) becomes sharp’. However, in the opposite case,
a characterization as in (1.5) needs some strong improvements of the techniques used
in [6]. Indeed, in [6] the rotational invariance of the domain and of the map uy itself are
strongly exploited to prove the lower bound, which is based on a cylindrical Steiner-type
symmetrization for integral currents. A similar technique has been employed in [25] (see
also [8]), yielding the value of A(u7, B,(0)), where ur is the symmetric triple junction
map, a piecewise constant map taking three values in S!, each value on a 120° sector.
Also, in that case the symmetries of the source and the target spaces allow to use such
symmetrization techniques. Without these symmetries, at the moment little can be said
about the exact expression of A (-, Q).

So, the nonlocality of the L 1_relaxed functional seems not removable. Thus, following
De Giorgi [18], it seems interesting to consider a further “relaxation”, this time looking at
the functional E(u, -), i.e., looking at it as a function of the open set: for every V C Q,
we set

_ o oo
(1.6) A, V) = inf{ > A Ag) : Ax € Qopen . | Ax 2 V}.
k=1 k=1

Actually, notice that, for all u € L' (Q;R?) with A(u, Q) < +oo, f\;(u, -) is the trace of a
regular Borel measure restricted to open sets (in €2).
The estimate provided by Theorem 1.1 allows us to prove (Proposition 7.1) that

ef%(u,A) = / V14 |Vul2dx, VYueWh1(Q;S!), forevery openset A C Q.
A

Using this, we are able to show our next main result (Corollary 7.6):

Theorem 1.2. Let Q@ C R? be a connected bounded open set with Lipschitz boundary,
and let u € WH1(Q;SY). Then

A, Q) = inf {A@, 2\ C) : C € Q, H°(C) < +00}.

This theorem positively answers to an adaptation of a De Giorgi conjecture, see Con-
jecture 3 in [18], provided one restricts the analysis to the space W -1(Q;S?).

2For instance, under the further assumption that the 1-current Sy, given by Lemma 3.6 below vanishes.
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Before concluding the introduction, it is worth recalling that in several works (see [12,
14, 15] and references therein; a general survey can also be found in [13]), the authors
studied the analogue of our relaxation problem, with the area functional replaced by the
total variation, for W 1! maps defined on a closed simply connected surface taking values
in S!. They were able to characterize the corresponding relaxed functional, and showed
that the singular contribution is given by

L(A) := sup (A, @) =inf{|S|q : S € D1(R), T =935},
@€Lipy (£2), lip(9) =<1
which has the geometric meaning of the (geodesic) length of a minimal connection be-
tween the poles of A. The case considered in the present paper seems much more involved,
due to the presence of the minimal surfaces briefly discussed above.

The plan of the paper is the following. In Section 2, we fix the setting and notation
needed in the sequel. In Section 3, we investigate the minimization problem dual to (1.2)
(see (2.10) and (2.11) below), and we prove some regularity result for the minimizing
currents (see also Remark A.3 in Appendix A). In Section 4, we collect some results
on the distributional Jacobian for Sobolev maps taking values in the circle. We briefly add
some details to extend the well-known results for simply connected domains [14,15] to the
case of non-simply connected domains, for the reader convenience. Notice that many of
these results were stated in the aforementioned references and also summarized in [13]. In
Section 5, we prove a density result for circle valued Sobolev maps, see Proposition 5.1,
which needs some preparatory lemmata. Finally, in Section 6, we prove Theorem 1.1,
whereas in the last section we investigate the countably subadditive interior envelope of
the relaxed area functional and we prove Theorem 1.2.

To conclude, we mention that it would be interesting to extend Theorem 1.1 to maps
u € BV(Q2; S!). We leave this effort for future investigations; we only mention that in [4],
some estimates are given for specific piecewise constant maps.

2. Notation and preliminaries

In what follows,  C R? is a fixed connected (but not necessarily simply connected)
bounded open set with Lipschitz boundary. We denote by d (-, d€2) the distance from €2,
and following [14], p. 96, we denote by dg : Q2 x Q — [0, +00) the function

da(x,y) := min{|x — y|,d(x,9Q) + d(y,0Q)}.

Hence, if dg(x, y) = |x — y|, then the closed segment Xy joining x and y is contained
in 2.

Given a vector V = (V1, Va) € R%, we set VL := (=V,, V}) its 7 /2-counterclockwise
rotation. If V' = Vu, then V+u stands for (Vu)t = (—0u/0x,, du/dx,). The distribu-
tional divergence of a vector field V = (V1, V») € L1(Q;R?) is the distribution

2.1 (DivV, p) := —/ V-Veodx, V¢ et(Q).
Q

If the vector field V is sufficiently smooth, DivV equals the pointwise divergence divV =
8V1/8x1 + 3V2/8x2.
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The distributional curl of V € L(2; R?) is the distribution
(2.2) (CurlV, @) := / V-Vipdx, Veoe€®(Q).
Q

If V is sufficiently smooth, then Curl V = div(V1) = —9V,/dx; + aV;/0x,.

The symbol BV(A) (respectively, SBV(A)) denotes the space of functions of bounded
variation (respectively, special functions of bounded variation) in the open set A C R?;
if u € BV(A), Vu stands for the absolutely continuous part of the gradient measure Du.
Further, [u] stands for the difference ut — u~ of the two traces of u on its jump set Jy,,
provided a unit normal vector field to J,, is assigned. We denote by BV (A4; R?) the space
of functions of bounded variation in A taking values in R?; if u € BV(4;R?), |Vu| stands
for the Frobenius norm of Vu; see [2].

Definition 2.1 (Dipole map). Let p,n € R? be distinct, and consider two polar coordinate
systems (p, 0,) and (on, 6,) centered at p and n, respectively, chosen® so that both 6,
and 6, have a jump of size 2z on £, C £, where £ is the line containing p7, and £, is
the halfline with endpoint 7 and not containing p. We let wj, , € BV} (R?) be the dipole
map, defined as

(2.3) Wpn i= O, — 6.
Notice that w,, does not jump on £,, while it jumps (of size 27) on the relative
interior of p7. Notice also that there exists a constant C > 0 such that

1 1
+
lx—pl  |x—n]|

2.4) |Vw,,,n(x)|§|v9p(x)|+|v9n(x)|5c( ) Vx eR2\ L.

For any open set A C R2, Dy(A) and D (A) denote the 0-dimensional and 1-dimensional
currents in A, respectively. The symbol | A |4 stands for the mass of a current A in A, while
supp(A) denotes the support of A [19].

2.1. Lipschitz maps; the flat norm

For any bounded open set A C R?, we let Lip,(A) be the space of Lipschitz functions
on A vanishing on d4, endowed with the norm

(2.5) @llLipy(4) := max {[|¢[lLoo(a). lip(p, A)},
where
lip(p. A) i= sup £ =2,
x,yEA |x - y|
x#y

In the Banach space Lip,(4), the norms lip(-, 4) and || - [|Lip,(4) are equivalent.
In what follows, it is also convenient to introduce the equivalent norm

(2.6) 91| Lipy (). = max {ll@|lzoo(ay. @ lip(p. A)}, Vo € Lipy(A),

with « as in (1.3). For all these norms, we drop in the sequel the symbol A when 4 = Q.

3The orientation of these systems is always counterclockwise.
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We denote by Lip,(A4)’ the dual space of Lipy(A4) (endowed with one of these norms).
The (equivalent to each other) dual norms to (2.5) and (2.6) on Lipy(A4) are, respectively,

(2.7 [Allga,a == sup (A,¢) and [Allpage.a:=  sup (A, ¢),
@€Lipy(4) @€Lipy(4)
leliLipgay<1 lolLipg(a), e <1

for all A € Lipy(A)’, see (1.2). Again, for these dual norms we usually drop the symbol
A when A = Q. The reason of the notation || - | g is explained by formula (2.10) below.

2.2. The classes X(£2) and Xy (R2)

Let ((x;,y:))ien C 2 x Q be a sequence of pairs of points of & for which Y2 da(xi,yi)
< +00. We shall always suppose that x; # y;, while we do not exclude that x; = x; and/or
Y = yi forsome i # j, h # k. Namely, ((x;, yi))ien C Q x Q \ Diagg, where Diagg,
is the diagonal of  x Q.

The measures

n
Api=) (6x —8y). neN,
i=1
converge in Lipy(2)' to 72, (8x; — 8y,). Indeed, for any ¢ € Lip, () with [|¢]|pip, < 1
and any n € N, setting

Iy:={i >n+1:do(xi, yi) = |xi — yil},
By :={i =n+1:da(x;,yi) =d(x, Q) +d(yi.0Q)},

we have
(2 8 =8ue)| = | X (0 =0
i=n+1 i=n+1
= | 20 =)+ 3 (el + (i)
iel, i€eBy,
< D=yl ) (@i 9Q) +d(i,8R) = Y dalxi,yi) =0
iel, i€By, i=n+1

as n — 400, where in the last inequality we have used |V@| oo < 1 and ¢ = 0 on 092.

Remark 2.2 (On the non-uniqueness of the representation). The representation A =
02 (8x; — By, ) is not unique, since two sequences ((x;, yi))ien C £2 x 2\ Diagg and
((X:,91))ien C Q2 x Q \ Diagg, with ZieN do(x;,yi) < 400, ZieN dq (%, ;) < +o0,
define the same linear functional on Lip,(€2) if

(i(&ci - 5y,-)790) = <i(5;c,. - 8;,—)40), Vg € Lipy(R).
i=1 i=1

We emphasize that the hypothesis that ((x;, y;))ien C Q x Q \ Diagq (instead that
((xi, yi))ieN C Q x Q \ Diagg) is done for convenience, and it may happen that for
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some i € N, either x; € 02 or y; € Q2 (or both). Of course, if x; € 0€2, then 6, = 0 in
Lip, (€2)’; the presence of x; affects the representation of A, but not its action on Lipy (£2).
Nevertheless, we can always assume that for all i € N, at least one among x; and y;
belongs to €2. To indicate such a property, we briefly write

(xi,yi) € Q x Q \ Diag,.
Preferred representations will be discussed at the beginning of Section 3.

Definition 2.3. We set*

X(@) :={A € Lipg(2)' : 3((xi, yi)ien C @ x @\ Diagh.

2.8) 0 0
> da(xi i) < +00, A = Y (8 — 8y} U {0}

i=1 i=1

We have seen that

2.9) VA €X(Q), (A9)=) (p(x:)—p()), VYo € Lipy(Q),

i=1
the series in (2.9) being convergent.

Definition 2.4. We set

X/ () :={ T €Lipy(R2) : 3m e N, 3(x;. y1) €2 x @ \ Diagh fori = 1,....m,

T = Z(Sxi - 5)’1’)} U {0}.

i=1

Every T € X7 (Q2) is a Radon measure, and can be identified with an integral 0-current
in e(D() (Q)

Remark 2.5. If A € X(2), then, adapting the arguments of Proposition 18 in [24], it
readily follows that the suprema in (2.7) are attained (taking into account that we have
Lipschitz maps which are null on 0$2).

2.3. The classes Ry and S

In the sequel, we need to consider the following classes of rectifiable currents in R2:

n
Ry = {R € Do(R?) : R = Za,ﬁzi for some n > 0, z; € R?,0; € {—1, —H}}

i=1

4We take the union with {0} since A could be the Jacobian determinant of a suitable map (see (4.10)), and
we want to include the case in which the map is constant.
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and

[o9)
S :={S e Di(R?): S = Z [X%x k] for some sequence ((xx, yx)x C R2,
k=1

o0
D vk —xl < +OO},
k=1

and denote by Ry (A) and $ (A) the classes written above when the currents are restricted
to an open set A C R2.
By [19] (see p. 367) and Lemma A.1 in Appendix A, for all A € X(2),

(2.10)  ||Allgae = inf{|R|@ + [S]a : (R, S) € Do(R) x D1(), A = R+ 35},
and similarly, for all A € X(2),
2.11) [|Allpae = inf {|Rlq +a'[S]q : (R, S) € Do(RQ) x D1(R), A = R+ 93S}.

where we recall that « is defined in (1.3). We shall prove that the infimum in (2.11) is
attained and that, if A € Xy (), the minimizers Ry, and Spi, satisfy Ry, € Ry and
Smin € 8 (similar properties hold for (2.10)).

3. A minimization problem for atomic distributions

Our aim in this section is to show that, for all A € X(2), the infimum on the right-hand
side of (2.11) is a minimum, and to analyze the regularity of its minimizers (Proposi-
tion 3.5); this will be done supposing first that, in place of A, we consider T € X (2).

3.1. Properties (P) and (P¢)
Given a distribution A = Y ;2 (8x; — 8),) € X(£2), we can modify the set of points x;, y;
in the following way. Take i € N. Then,

e if dg(x;, yi) = |x;i — yi|, we introduce two (coinciding) points X; = y; at the center
of the segment X; y;;

o ifdo(xi, yi) = d(x;,0R2) + d(y;, 9R2), we choose two points X;, J; € dQ2 so that
d(x;,0Q) = |x; — yi| and d(y;,0Q) = |X; — yil.
In this way,
o0 oo
D oUR = yil + i = 5il) = D daxi, yi) < +oe,
i=1 i=1

and we can write

A= " —8) =) (s, —8y) + Y 6y, —85) inD'(Q).

i=1 i=1 i=1

In particular, we may assume, after relabelling and renaming the points, that:
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(P) There are sequences ((x;, y;)) C & x Q \ Diagg such that

(o]

(o) o0
B A=) (g =8, and Y |xi—y| =) da(xi.yi) <+oo.
i=1 i=1 i=1
Using that A = Y ;2 (8x; — §,,) admits a representation as in (3.1), in (2.11) we can
choose as a competitor the pair (R, S), with R =0and S = > ;= [¥ix;], and we obtain

o0
(3:2) 1A oo <2 1xi = yil-
i=1
Recall that there can be repetitions between the x;, as well as between the y;.
Now, let T = Y7 (6x, — 8),) € Xr(RQ). After relabelling (and keeping the same
symbols, for simplicity), 7" admits the representation

T = Z Sxp — Z 8y, forxp,yr € Q, Xk # yk,
keJ+ keJ—

in D'(Q), where J T and J ~ are finite (possibly empty) subsets of N,and J* N J~ = 0.
It is convenient to add some atoms to T as follows: for any k € J T, we consider a point
Yk € 0L so that |x; — Y| = d(xx,90L2), and similarly, for any k € J~, we consider a point
Xp € 092, so that |Xr — yx| = d(yk, 02). In this way, again without changing the notation
and calling once more ¥ by yx and X by x; for simplicity, setting I = J T U J ™, we
can always write T as

(3.3) T=7) (8 — 8
kel
with the following additional property:
(Pr) for every k € I, one and only one of the x; and y; belongs to 2, x; # y; for any
Xi,Vj € {Xp,yn i xk € Q,yp € Q}, and |xg — yi| = do(xk, yi).
This implies that in (3.3) there are no cancellations in €2. Recall that there can be
repetitions between the x;, as well as between the y;.

3.2. Analysis of the minimum problem (2.11)

Let T € Xr(2) be represented as in (3.3) and satisfying (P;). We consider a disjoint
partition {Ip, Ip} of I (i.e., I = Ip U Ip, Ip N Ip = @, where we allow Ip or Ip to be
empty) and, provided Ip # @, an injective map t: Ip — I. Along with this, we define the
currents

Ret= Y 8 — Y. 8, Se:=) Drwxl iflp#0.
34 kelp jel\w(Ip) kelp
R, =T, S;:=0 ifIp =20

(clearly R; € Ry, and S, being a finite sum, belongs to §). Namely, we split the set I as
the union of 7 (I/p) and I \ t(Ip); a point labelled by an index & = t(k) € t(Ip) is coupled
with xj, while a point labelled by an index k € I \ t(Ip) is uncoupled.
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Notice that

R, +0dS; = Z 8x, + Z 8y —( Z 8y, + Z 8yr<k))

kelp kelp jel\t(Ip) kelp
= ngk _ Zsyk =T, inDy(RQ).
kel kel

Lemma 3.1. Forany T € Xf(S2), we have

min {|R;|q + o~ '[S:]q 1 (Re, S7) as in (3.4)}

(3.5) ) 1 ) )

=min{|Rlg + o '[S|a : (R.S) € Ry x 8, T = R+ 0S in Dy(R?)},
where on the left-hand side, the minimum’® is taken over all disjoint partitions {Ip, Ip}
of 1, and all injective maps t: Ip — I, as above. In particular, a minimizer of the left-hand
side is also a minimizer of the right-hand side.

Proof. On the one hand, the inequality > trivially holds in (3.5). On the other hand, also
the converse inequality holds, since every competitor (R, S) € Ry x § for the right-hand
side, can be modified, not increasing its energy, into a competitor for the minimum prob-
lem on the left-hand side. More specifically, let (R, S) € Ry x S besuchthat R+ 0905 =T
in Dg(R?), with T represented as in (3.3) and satisfying (Py); in particular dS = T — R
is a finite sum of Dirac deltas. By the Federer decomposition theorem for 1-currents (see
Section 4.2.25 in [19]), we can write

o0

S = Zsi, in D;(R?),

i=1

with S; € § for all i € N, and either 9S; = 0 (so S; is a loop) or 3S; = §;, — &y, for
some z; # w;, zi, w; € {xk, yr : k € I}.1f 9S; = 0, we set 3‘,- := 0, i.e., we remove the
loop. If 3S; = 8, — 8w, and supp (S;) N (R?\ Q) = @, we set S; = [ziw;] (the segment
z;w; is not necessarily included in Q). If 0S; = 8;, — 8, and supp(S;) N (R2\ Q) # 9,
then, using (Py), we set S; = [zizi] + [W;w;], where Z; € {yx : k € I}is apoint on Q2
such that d(z;, 0Q) = |z; — Z;|, and similarly, w; € {x; : k € I} is a point on d2 such
that d(w;, 0Q2) = |w; — W;|. Finally, if some S; = [z;w;] is such that both z; and w;
belong to 0€2, we remove S;, whereas if only one of them belongs to 92, say w; € 0€2,
we replace S; by S = [Z; W;], where, again, @; € {x} : k € I} is a point on d€2 such that
d(w,-, 39) = |w,~ — @,|
Then |§,~ @ < |Si|g forall i € N, and moreover, the support of

consists of finitely many segments (possibly with repetitions) joining some point in {x :
k € I} and some point in {yx : k € I}. Furthermore, S = 0S. From this remark, one

SThe existence of a minimizer is guaranteed since the number of competitors is finite.
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can easily define two sets /p, Ip < I of indices and an injective map t: Ip — I so that
S = S:, R = R, and it is checked that |R;|q + |Sz|q < |R|q + |S|q. This concludes
the proof. ]

Remark 3.2. As a consequence of the previous arguments, the minimum on the right-
hand side of (3.5) can be taken among currents supported on 2.

The following crucial fact is a result of regularity theory for minimal currents; since
we were not able to find a specific reference, for the reader convenience we propose a
direct proof, independent of regularity theory.

Proposition 3.3. Let T = Z;-N:l(zﬁx, —8y;) € X7 (R2). Then the infimum in (2.11), with T
in place of A, is attained and there are minimizers (Ruin, Smin) € Ry X §.

Proof. The minimum problem on the right-hand side of (3.5) is attained, as a consequence
of Lemma 3.1, and is trivially larger than or equal to || ||fat, «, see (2.11). We claim that
actually equality holds, which will imply the thesis. To prove this, recalling (2.7), it is
sufficient to show that

min {|R|g + o '|S|g: (R, S) € Ry xS, T=R+3S} < sup (T.9g),
@€Lipy (£2)
lellLipg.e<1

and this readily follows from Proposition A.2 in Appendix A. ]

Now we prove that, for a general A € X(2), the infimum on the right-hand side
of (2.11) can be obtained infimizing just on pairs (R, S) € Ry x §.

Corollary 3.4 (|| - ||fiat,  as an infimum over Ry x §). We have, for all A € X(2),
(3.6) [|Allna,e = inf{|R|g + " "[S|g : (R.S) € Ry x 8. A = R+ 0S in Do(R?)}.

Proof. Given ¢ > 0, it is sufficient to show that there exist R, € Rr and S € § such that
A = R, + 0S; and
|Rs|§2 + 2|Sa|$2 =< ||A||ﬂat,ot + e

Assuming A = Y 72, (8x, — 8y,) € X(R2) is represented so that (P) is satisfied, select
N¢ € N in such a way that

o0
I
(3.7) | Z |Xi_yi|<§'
i=Ng+1
Thus, for
) N,
Aei= Y (85 —8y) €Lipy(Q) and T,:=)» (8 —38y,) € Xp (),
i=Ng+1 i=1
we have

&

(38) ||As||ﬂa[,ot = 3

&
7 [ Teflnae = [Alltaa + 1 Asltae = A Tnaa +
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By Proposition 3.3, there are integral currents ﬁe € Ry and §8 e S, with T, = ﬁe + 83’8
in Do (R?), such that

3.9) I Tellfa.e = |Rel + 2|Se| .

Setting Ry := Ry and S, := S, + Y72 N, 11 [Vixi], one sees that S; € §, A = R, + 38,
and using (3.7), (3.9), and (3.8), that

~ A~ 2¢e 2e
|R8|SZ + 2|Ss|52 = |R8|SZ + 2|S8|S2 + ? = ”Te”ﬂat,a + ? =< ”A”ﬁal,a + &. u

Proposition 3.5 (Existence of minimizers defining || - ||fa, o). Let A € X(2). Then the
infimum in (2.11) is attained, and there are minimizers Ry, € Do (L) and Siin € D1 ()
which are integer multiplicity currents.

Proof. Represent A=Y ;2 (8x, —8),) asin property (P). By (3.6), we can find a sequence
((Rk, Sk)) C Ry x 8 (in particular, of integer multiplicity currents) with A = Ry + 0S5
in Dy (L2) for any k € N, and such that

lim (|Rkla + 2[Skle) = [Allpa,e-
k—+o00

By compactness (see Theorem 7.5.2 in [22]), up to a (not relabelled) subsequence, we
know that Ry — Ry, € Do(R2) and Sy — Smin € D1(2) weakly as currents, and we
have to prove that R, and Sy, can be chosen with integer multiplicity. Suppose Ry =
Z:”z"l 0i6;; for some my € N, with z; € Q and 0; € {—1, +1}; we may assume that
there are no cancellations in the previous expression. We introduce points w; € 92 so that
|zi —w;| = d(z;,0K2), and write R = Y 1., 0;(8z; — 8,) as a current in R, In this way,
Ry = 0%k, with £ = Y"7%, 0;[w;z;] € S. We have

[Rilo < | Allfat,a + 1

for k large enough; since | Ry |q = my, we deduce that (my ) is a bounded sequence. After
passing to a not-relabelled subsequence, we have Ry — Ry, € Ry weakly in Dg(£2) as
k — +o00. Moreover, the mass of X satisfies

[Tkl < my diam(S2),

and is uniformly bounded in k. Since 0%, = Ry in Dp(R2), also X — X weakly in
D1(2), with X an integral current.

Now we know that Ry + dSx = A in Do(2). Writing A = 9T, with T =Y 72, [X7 7]
an integer multiplicity current, we see that

Sy = 0T — 0% for k large enough,

and then S + Xy — T € D1(L2) is an integral current without boundary. By compact-
ness, we can assume that the sequence (Sx + Xx — 7T') weakly converges in D (£2) to
an integral current Q without boundary. On the other hand, since Sy — Shi, weakly
in D;(2), we conclude that Sy, + ¥ — T = Q is an integral current. In particular,
Smin = Q — ¥ + T is an integer multiplicity current. ]
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3.3. Properties of minimizers

Here we prove a useful lemma which summarizes some properties of the minimizing
partition {/p, Ip} and of the minimizing map t on the left-hand side of (3.5).

Lemma 3.6 (Structure of minimizers of the combinatorial problem). Let T € Xy (2) be
of the form (3.3) and satisfying (P¢). Then there exist a disjoint partition {Ip, Ip} of 1
and an injective map t: Ip — I, minimizing the left-hand side of (3.5), for which, setting

(3.10) Ruin:= Y 8u— > 8, €Rs and Swin:= Y [Vea %] €.
kelp jeI\t(Ip) kelp

sothat T = Ruyin + 0Smin, the following properties hold.
(a) Forallkelp and j €I\ t(Ip) for which x; € Q and y; € Q, we have

—

1
(3.11) lxk —yjl =1, d(x,09) > 5 and d(y;,08) > 3
Moreover, if k € Ip is such that either xx € Q and y.) € 02, or x; € I and
Yik) € Q, then t(k) = k.
(b) Forallk € Ip, the (relative) interior of the segment Y (i) X is contained in 2, and

|Xk = Yoyl < min{l, d(xg, 0Q) + d(yr k), 92)},
(3.12) .
Xk — Ve | < >+ min{d (x, 0R), d(yz (k). 0R)}.

(c) If xx € 2 N supp (Smin) for some k € Ip, then x; = xj, for some h € Ip.
(d) If y; € 2 N supp (Smin) for some j € I\ t(Ip), then y; = y ) for somek € Ip.

(e) If k,h € Ip, k #h, and Yoy Xk N\ Yz (ny Xn = {1}, then either r = yr(x) = Y(n) OF
F=Xp = Xp

(f) Ifk,help, k # h, and Y7y X N Y=(n) X, contains more than one point, then either
Ye(k) Xk N Ye(h) Xn = Ye(k) Xh OF Yr(k) Xk 1) Yo(h) Xh = Yz(h) Xk-

(g) If the points in (3.10) contained in Q2 are distinct and three by three not collinear,
then the segments Y7y X N 2, k € Ip, are disjoint.

(0) [Sminle = X ker, 1%k — Yooyl and in particular, supp (Smin) = Ugker,, Yok ¥k-

In words, (c) says that if k € Ip and x; € Q intersects supp(Smin), the intersection
happens in one extremum of the intervals composing Spin, and similarly for y; in (d).
Item (e) says that if two intervals of Sy, intersect at one point, this point must be an
extremum of both. Item (f) says that if two intervals of S, intersect at more than one
point, then they cannot be contained one inside the other.

Proof. (a) Let us prove the first inequality® in (3.11). Suppose, to the contrary, that there
existk € Ip and j € I \ t(Ip) such that x; € Q, y; € Q and |x; — y;| < 1. Define the

OWe shall prove a stronger statement, namely the validity of (3.11) for any minimizing /p, Ip and t.
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injective map ¢: Ip U {k} — I as follows: ¢ = 7 on Ip, and ¢(k) := j. Then

R‘ﬂ = Z th - Z Syt = Ruin — Sxk - Syj’

help \{k} 1€l \ p(IpUik))
So="Y_ Demwxn] = Smin + [yjxi].
helpU{k}

Thus,

|R<p|S2 + 2|S(p|9 = |Rmin|§2 + 2|Smin|Q - |8xk| - |8J’j| + 2|xk _yj|
= |Rmin|S2 + 2|Smin|Q + 2(|)Ck - yj| - 1) < |Rmin|Q + 2|Smin|527

contradicting the minimality of (R, Smin)-

Now, let us show the remaining part of assertion (a). Let DV :={k e Ip : x; € Q,
Vo) €02} and D™ :={k € Ip : xx € IQ, yx) € R}. For all k € D U D™, define
@(k) := k, whereas ¢(k) := t(k) forall k € Ip \ (D* U D™). Itis easily checked that ¢
is injective, and that

Dk =Yool = D lxe—yel+ > = Vel < ) k= Yol

kelp keD+UD- kelp\(D+UD™) kelp

the inequality being true since, for k € Dt (and similarly for D), by (Py), yx is a
closest point on d$2 to xj. In particular, replacing t with ¢ we get a minimizing con-
figuration satisfying the last statement in (a). In words, by assumption xj € 2 implies
Yrk) €082, and d(xg, 0R2) = |Xg — y()|; we have shown that there are minimizers for
which d(xg, 0Q2) = |xg — Y|, so we are “connecting” xi with yg.

To conclude the proof of (a), we need to show the second and third inequalities
in (3.11). Let k € Ip, and suppose by contradiction that d(xg, 02) = |xx — yi| < 1/2.
Let us extend T on Ip U {k} using ¢ := 7 on Ip and ¢(k) := k. Notice that this extension
is well-defined, since y; € d$2 and the last statement of (a) is satisfied by 7. Also, in this
case, the new partition with ¢ has smaller energy than the original one with , since

1= [8x. 1@ > 2[xXk — Yol

and this is enough to prove that
|Rmin|§Z + 2|Smin|§2 > |RW|Q + 2|S(0|Qa

contradicting the minimality. In a similar manner, we prove the third inequality in (3.11).

(b) Let us start to prove that yzx) Xk C Q forall k € Ip. Suppose, to the contrary, that
there exists k € Ip for which yz ) xx N (R2\ Q) # @, so that [zt k]l < |yz) — Xkl
and necessarily | [y ) Xk] | = do(Xk. y@))- Insuch a case, (k) # k (by property (Py)),
and so we set (k) := k and ¢(j) := j for j = t(k); moreover, we set ¢ := 7 on the
other indices. Owing to the last assertion in (a), ¢ is well-defined, and since

IXe = vl + 1xj = yjl < I =yl J =2k),

it easily follows that the new partition and ¢ minimize (3.5). This concludes the proof of
the first assertion in (b).
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Let us prove the first inequality in (3.12). If [xg — yrx)| > da(xk, Y=(k)), we modify
the partition and 7 as before, getting a contradiction with the minimality. If |xz — y; )| > 1,
we erase k from /p, and we find out that the new partition with t replaced by its restriction
on Ip \ {k} realizes a smaller contribution, contradicting the minimality.

The last inequality in (3.12) is a consequence of the following argument. We may
assume, without loss of generality, that xg, y-(k) € €2 and that, by the first assertion in (b),
the segment joining them has interior in £2; by (a), we can also suppose j := t(k) ¢ Ip.
Hence we can delete k from Ip and add j to it, defining ¢(j) := j and ¢ := 7 elsewhere.
In such a case, by the minimality assumption, we obtain

1L+d(y;,09) = [8x, | + 2o Xille = 2|[yew xklle = 2|xk — Y@ l-

(c) Suppose there exists k € Ip with x; € 2, xx € supp (Smin) \ UheID Xp,; then neces-
sarily xj belongs to the relative interior of some segment y(;yx;, with j € Ip and j # k,

so that [x; — yz(j)| = |Xj — xx| + |xk — yz(j)|- Set Ip=1IpU{k}\{j}andletg:Ip — I
be the injective map such that ¢(i) := t(i) ifi # k, p(k) := 7(j). Now

2|xj = yei)| + 10x, | = 21xk — ye(iy| + 21x5 — Xk | + 18x,1 > 21xk — Yoy | + 18,1,

implying that |x; — yz(jy| > [Xk — Yo(k)|- Since Rpyin and R, have the same mass in €,
the previous inequality readily gives

|Rmin|SZ + 2|Smin|§2 > |R(/J|SZ + 2|S(0|Qa

contradicting the minimality of (R, Smin)- In a similar manner, we prove (d).

(e) Suppose to the contrary that r belongs to yz(x) Xk \ {Yr (k). Xk }- Set ¢: Ip — 1,
0(j) i=t(j)if j # k. h, o(k) := t(h), ¢(h) := 7(k). We have

Xk — Yoty = 1%k — Yeay| < Ir — Yzl + [xke — 7],

(3.13)
1Xn = Yom)| = 1Xn — Vel <17 = Yoo + |xp — 7],

where at least one of these inequalities holds strictly, because the points y;(xy, Xk, Yz (h)> Xn
are not collinear by construction. Summing the inequalities in (3.13), we get
Xk = Yot | + 1Xn = Yo < Xk = yeol + X0 = yea .
and this is enough to deduce that
| Rminl@ + 2[Sminl@ > |Role + 2[Sy|a.

contradicting once again the minimality.

(f) If Yyz) Xk N Yz(r) X» contains more than one point, it must contain a segment. In
particular, we have to exclude the two cases: Yz (k) Xk N Yz(h) Xp = Xk Xp and Yooy Xk N
Ye(h) Xk = Yz(k)Y=(h)- Let us discuss the former (the latter being similar). In such a case, it
is sufficient to set ¢(k) := h, ¢(h) := k, and ¢ := 1 otherwise, and check that the map ¢
associated with the same partition provides

|Rmin|SZ + 2|Smin|§2 > |R(p|§2 + 2|S(0|Q,

contradicting the hypothesis.
Item (g) follows from (e) and (f), and (h) follows from the last assertion in (a) and the
first in (b). ]
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4. Distributional Jacobian; maps with values in S!

Ifu = (uy,up) € WHY(Q:R?) N L%°(Q; R?), its distributional Jacobian determinant is
the distribution Det (Vu) € D’(2) defined by

4.1 (Det(Vu), @) := / A -Vodx, Ve e€X(Q),
Q
where |
)Lu = 5 (ulvluz — szlul)

1 U, ouy Uy ou; 1oy, o2
——(—ul— B_)Q’MIE_VZG_)Q)'EL(Q’R ).

hence (cf. (2.1))
Det(Vu) = —Div, € D'(Q).

Moreover, since A, € L1(Q; R?), equality (4.1) extends to ¢ € Lip,(£2), so that
Det(Vu) € Lipy(R2)'.

It follows from the definition that the distributional Jacobian enjoys some well-known
compactness properties. For instance, let u € WE1(Q; R?) N L®(Q; R?), let (vr) C
WLHQ:R?) N L*®(Q;R?) be a bounded sequence in L>®(2; R?), and suppose vy — u
in WL1(Q;R?). Then

(4.2) Det(Vvg) — Det(Vu) in D'(Q).
Remark 4.1. The convergence in (4.2) can be strengthened into
4.3) [Det(Vvg) — Det (Vi) ||Lipy ) —> O-

Indeed, take a subsequence (ky); for any ¢ € Lip,(£2), write
(Det(Vu) — Det(Vug,), ¢) = /;Z(Au — /\vkh) -Vodx < ||Vo| L~ /gz Ay — )kah | dx
4.4) < ||Vl (Cl /;2 |Vu — Vg, | dx + CZ/Q [Vu - (u — vg,,)| dx).

Since (u — vg,) tends to zero in L'(©2;R?), and since we can select a further subse-
quence (kp, ) such that (u — Ukh,) tends to zero weakly-star in L (2;R?), we deduce that
the limit of the right-hand side of (4.4) vanishes along the sub-subsequence, as [ — +oc.
In particular, taking the supremum of the left-hand side of (4.4) over ¢ € Lip,(£2) with
l@llLip, < 1, we infer

||Det(Vvkhl) — Det(Vu)”LipO(Q)/ — O

Thus, (4.3) follows from the Uryshon property.
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4.1. Maps with values in S!

We collect here some useful tools and results, mostly on Sobolev maps taking values
in S!. A large literature on this topic is available, e.g., following the results by Brezis
and coauthors (see for instance [13] and references therein). Together with the Jacobian
determinant, it is useful to introduce the notions of degree and lifting.

Definition 4.2 (Degree). Let B, C R? be a disc of radius r > 0, and let v be the outer
unit normal vector to dB,. The degree of a map u € W1(3B,;S!) is defined as

8u2 8u1

1
4. -9B.) = — 72
(4.5) deg(u; 9By) = - /BB, (u1 o o

where t: = vL.

Notice that deg(u; dB,) € Z.

Definition 4.3 (Lifting). Let u = (u1,u2) € BV(2: S1). We say that w € BV(Q) is a
lifting of u if '* = (cos w, sinw) = (u1, uz) a.e. in Q.

The following result holds (see Section 6.2 in [20], or Théoréme 0.1 and Remarque 0.1
in [17]).

Theorem 4.4. Let u € BV(Q2; SY). Then there exists a lifting w € BV(Q) of u such that
lwllgy < 2[lullzy.
If furthermore u € SBV(Q2; S1), then w € SBV(Q).
Liftings w provided by Theorem 4.4 satisfy the following important feature: if u €
WbL1(Q;Sh), then
Det(Vu) = %Curl (Vw) in D'(Q),

see (2.2). Indeed, for any ¢ € €2°(2),

1
(Det(Vu), ¢) = —/ (u1V*tus —uaV4tuy) - Vo dx
(4.6) 2Ja

1 1
= —/ Viw-Vedx = = (Curl (Vw), ¢).
2 Ja 2

Let B = Bg(0) DD be an open disc, for some R >0 big enough, and let u e W1 (Q;S1).
We claim that there exists an extension # € WL1(B; S!) of u. Indeed, let w € BV(Q)
be a lifting of u; since © has Lipschitz boundary, by [21], p. 162, there exists W €
WLL(B\ Q) N BV(B), with trace H|_dQ = wL K. If we set

in Q
4.7) TR S
w in B\ Q,

the map

4.8)

|
Il
Y
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is the map we are looking for. It is easy to see that, by construction, deg(iz, 9B, (0)) = 0
for a.e. r > 0 with Q CC B,(0) C B. Indeed, if r is so that wL dB,(0) belongs to
W1(3B,(0)), denoting by @ an arbitrary function in W11 (B, (0)) with trace w on 0B,,
by the Stokes theorem, one has

O=/ Curl(Vﬁ)dx:/ Vw-td#' = (u1Vuy —usVuy) - tdIe?
3 3B, 2B,

= 25 deg(u; 0B, (0)).
In what follows, we will need the following standard density result.

Theorem 4.5 (Density of € in WL1(A4;SY)). If A C R? is a connected simply con-
nected domain with smooth boundary, then the class
{vew" (4;SY):In e N, Hay.....an} C A, veC®A\{ar.....an};S")}

is dense in Wl’l(A; Sl). Furthermore,

n

(49)  Det(Vv) =7 Y dibs;, Yv e WH(A:SH)NC®(A\{as.....an}:SY),
i=1

where d; = deg(v; 0By (a;)) for any r > 0 small enough.

Proof. See Theorem 4 with k = 1 in [11], and Lemma 2 in [12] for the second part of the
statement. [ ]

The next theorem is an extension of Theorems 3 and 3’ in [14] to non-simply con-
nected domains in R2. Even if it can be directly obtained from [14] and [12], for con-
venience we give a quick proof; for a more detailed discussion, we refer to Chapter 14
of [13]. Recall that the class X (2) is defined in (2.8).

Theorem 4.6 (Distributional Jacobian of S!-valued maps). Let u € W11 (Q;S!). Then
1
(4.10) — Det(Vu) € X(Q),
b4
i.e., there exists a sequence ((x;, y;)) C Q x Q \ Diagg, such that Y ;2| do(x;i, yi) <400
and Det(Vu) = 7 Y 72 (8x; — 8y,).

Proof. We use an argument similar to that of Lemma 12’ in [12]. Let u € W11 (B;S!) be
an extension of u as in (4.8), that satisfies (arguing as after formula (4.8)) deg(it; 0B, (0))
= 0 for suitable r > 0 big enough. Using Theorem 4.5, we can select a sequence

(ui)e C{veWh(B:SY):AneN, Hay.....a,} C B, veC®(B\{ai.....an}:S")}
converging to # in W'!(B:R?). Now, denoting B = B,(0), we can further extend i

and v on B in such a way that, for all k > 0, deg(u; 0B, (0)) = deg(uy; dB,(0)) = 0 for
a.e.r € (R,2R), and so we can also rewrite (4.9) in the following way:

1 X
4.11) — Det(Vuy) = Z(5x{° — 8,0,
i=1

for suitable (not necessarily distinct) points x{‘ , ylk € B,(0) and n; € N.
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Moreover, since the condition deg(i; 3B, (0)) = deg(ux; dB,(0)) = 0 holds for a.e.
r € (R,2R), we infer that xlk, ylk € Bg(0). Owing to (4.3), we may suppose’

(4.12) |Det (Vg4 1) — Det (Vup) |z < 1/25,  Vk > 0.

As aresult, we can write Det(Vii) = Det(Vu1) + Y g (Det (Vg 41) — Det(Vug)), the
series being absolutely convergent in Lip,(B)’. Up to relabelling the indices in (4.11), we
assume that for k > 0,

mi
(4.13) Det(Vu) =7 Y (8x; —8y,) inLipy(B)'.
i=1
Mp41
(4.14) Det(Vug41) —Det(Vug) =m Y (8, —8y,) inLipy(B)'.
i=mp+1

in such a way that

o0
Det(Vit) = m » (8, —8y,) inLipy(B)'.
i=1
At the same time, restricting to Lip,(£2) the above linear functionals originally defined
on Lipy(B), we can replace the preceding representations and assume that the points x;
and y; in (4.13) and (4.14) belong to €2, are of the form (3.3), and enjoy property (P). Up
to a permutation of the points (y;), one can further suppose that

my M1
IDet (Var) e = Y _do(xiyi),  [Det(Vigy1)—Det (Vug)llnaw = Y da(xi, i),
i=1 i=mi+1

This, together with (4.12), implies ||Det(Vu)|lga < Y 7o da(xi, yi) < 400, which con-
cludes the proof. ]

5. Density results in W1(2;S!)

In this section, we want to show the following density result, which is an immediate con-
sequence of Lemmas 5.3 and 5.5 below.

Proposition 5.1 (Density in W11(Q; S1)). Let u € WH1(Q; SY). Then, for all € > 0,
there exists a map u, € W11 (Q;S) with the following properties.
(i) Det(Vuy) == Z,-N=81(5x,~ — 8y,) in Lipy(R2)’ for some N, € N, with distinct and
three by three not collinear points x;, y; in Q.

(ii) There exist positive numbers px, < &€ and py; <¢&,i =1,..., N, such that the discs
of the family { B, (xi), By, (vi) : Xi € 2,y; € Q} are contained in 2, are pairwise
disjoint, and® u, = "% in B, (xi), and uy = e"'%i in B,,, (yi)-

(iii) |lu — uellwr1 + || Det(Vu) — Det (Vug) | far < €.

"We use that | + ||ga;, 5 and || - ILip, (B are equivalent.
8Here and in the sequel, 0y is the polar angular coordinate around x.
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Recall the Definition 2.1 of the dipole map wp, ,, and set vy , := elWrn e 11 (2; Sl),
which satisfies

Det(Vvp ) = 7(8p — 8p).

Lemma 5.2 (Density: finite number of singular points). Ler u € W(Q;S') and write,
using also property (P), Det(Vu) = 7 Y o0 (8x; — 8y,), with x;, yi € Q, x; # yi, and
> %2 |xi — yi| < 400. Then, for all & > 0, there exists a map us € WH1(Q; SY) such that
(i) Det(Vug) = ZlN;l(Sxi —8y,) for some N € N,
(i) ||u — ugllwia + || Det(Vu) — Det(Vue)|aar < &
Proof. Let n > 0 and choose N, € N so that ZfiNnH |x; — yi| < n/2. Given (x;, y;)
with i > N,, consider the dipole map w; := wy;,y; € BVjoc (R?) in (2.3), and the cut-off
function ¥;": R? — R given by
(5.1) ¥l () = o(+ d(x,Xiy7)),  withn; :=27"p,
where d (x, X;y;) = dist(x, X; ¥;), 0 € C*°(][0, 1]) is non-increasing, p = 1 in a right neigh-
borhood of 0, p = 0 in a left neighborhood of 1, and |o’| < 2. The support of 1,//l.77 satisfies
(5.2) spt(¥;)| < 7on? + 2mi|xi — yil, Vi > Ny.

By (2.4), one checks’, for the approximate gradients, that there exists a constant C > 0
independent of 7 such that

(53) / Vwildx < Ci + |xi —vil). Vi > Ny.
spt(y;)

Let w € BV(R2) be a lifting of u given by Theorem 4.4, and consider its extension w in B
as in (4.7); substracting a phase contribution to u, we then define, in B,
o0
Wy =W — Z wiy] and uy = e e WH(B;Sh).
i=Np+1
Let also i := e'¥; in particular, # = u in Q. Setting V}, := Ui>Nn spt(w;’) C R?, we
infer, using (5.3) and (5.2),

o0
_ C
/ |Vu,7|dx=/ |an|dx§[ Vipldx + > (= Isptw)l+COn+lxi = i)
Vi Va Va i=Ny+1 1

s/V|va|dx+c S O+ xi — i)

n i=Ny+1
o0
(5.4) 5/ Valdx+C S (i + i — yil) + og(1),
N i=Ny+1

where 0, (1) — 0asn — 0. The presence of # is due to the fact that in general, V, \ Q
might be nonempty. But, since |V, \ €| — 0 as n — 07T, the last estimate in (5.4) holds.

9This estimate can be obtained integrating the right-hand side of (2.4) in the two discs By, (x;) and By, (i),
and estimating |Vw; | by C/n; in the remaining part of spt(wi").
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From this and the definition of #; in (5.1), we conclude
(5.5) lu —uyllwii,r2) 52[ |Vuldx + Cn + 0,(1),
Vﬂ

where we use that u = u, on Q\ V3.
Now, we claim that

Ny
(5.6) Det(Vuy) = Y (8x, — 8y)).

i=1

which implies in turn that

o0 o
s
||Det(Vu)—Det(Vu,,)||ﬂat=7TH 3 (8xi—5yi)Hﬂat§7'r 3 |x,~—y,-|<7n-
i=Np+1 i=Ny+1

To show (5.6), for all m > N, define, in B,

m
fn =W — Z wiy and vy, 1= efm.
i=Ny+1
Using an estimate similar to (5.4) and (5.5), we see that v, — uy in WLH(Q; R?) as
m — +00, and therefore, owing to the same observation leading to (4.3),

i [[Det(Vo,) — Det(Vity) iy = 0.

and also
5.7 Det(Vuy,) — Det(Vu,) in D'().
On the other hand, Det(Vv,,) = Z:V=n1(5xi —8y) + 7 Y2, 41(8x —8y,), and since
the second term tends to zero in the flat distance, we conclude
N']
(5.8) Det(Vuy) — 7 Z(&xi —8,,) inLipy(R).
i=1
In particular, from (5.7) and (5.8), claim (5.6) follows. From this and (5.5), it suffices to

choose 1 = n(e) small enough to guarantee that (ii) holds. Hence setting N, := N, and
Ug 1= Uy, the thesis follows. [

Now we refine the approximation of Lemma 5.2.

Lemma 5.3 (Density: not collinear points). Let u € W11(Q;S) be such that Det(Vu) =
T ZlNzl (8x; — 8y,) is a representation as in (3.3) satisfying property (Py) in Section 3.1,
with xi, i € Q, x; # yi, fori = 1,...,N. Then, for all ¢ > 0, there exists a map Uy €
WLH(Q: SY) such that
(1) Det(Vuy)=m ZzN=1 (8xs — 8y¢) and the points x;, yf in 2 are distinct and three by
three not collinear,

(i) ||u — ugllwra + || Det(Vu) — Det(Vue) ||ga < &
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Proof. Define
IT:={ie{l,...,N}:x;eQ} and I :={ie{l,....N}:y € Q).

Fix n > 0. For all i € I'", let us choose X;, y; € Q with §; := x; and in such a way that
the points X;, i € [ +, are all distinct, three by three not collinear, and satisfy

(5.9) IR —Fil<n

ielt

Forall i € I'", let @; := wyg, 3, be the dipole map defined in (2.3), and let y;": R? — R
be the cut-off function given by

U0 = o (v F5)

where g is as in the proof of Lemma 5.2. In particular, 1//1." is Lipschitz continuous with
Lipschitz constant 2/n and is supported in V;" := {x € R? : d(x, X; J;) < n}. Supposing
that n > 0 is sufficiently small, we have Vi" C 2. Now, using also (5.9), we notice that

(5.10) WV =nmn*+2n|% — | <Cn? Viel™,

where C > 0 is a constant independent of i and 5. Further, by (2.4) and (5.9), we deduce
that there is a constant, still denoted by C > 0, and independent of 7 and 7, such that

(5.11) / |Vi;|dx <Cn, Vielt.
v

i

Similarly, for all i € I~ we choose X;, y; € Q with X; := y; and in such a way that the
points X;, i € I +, and v;i,i € 17, are all distinct, three by three not collinear, and satisfy

(5.12) Do I%—Fil <.

iel-
In this case, we also introduce, for i € I, the maps w; := wyx;,5 and qbi": R?2 - R,
the latter defined as ¢ (x) := max{0, 1 — %d (x, X;¥i)}, which enjoy the same features
of ¥/"; in particular, the supports W," of ¢, i € I~ are contained in  and have Lebesgue

measures bounded by C7?. The same estimate as in (5.11) holds for ;.
Let us consider a lifting w € BV(€2) of u provided by Theorem 4.4 and (4.7); we define

wy=w+ YYD+ Y ¢ld; and vy = e,
ielt iel~

Due to the fact that wy, = w out of Ay := (U;ez+ Vi) U (Uier- W), it is immediate
that v, — u in L'(Q;R?) as n — 0. Since [Vv,| = |[Vw,| a.e. in 2, we can estimate

Voy| < [Vw| + % (D il + D Iille) + Y 1Vitil + Y IV .

ielt iel~ ielt iel—
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From this, in view of the fact that v, = u in €\ ((Uiel+ VYU (Uier- Wl")) we con-
clude, using (5.11), that

|4y
Vg = Vulpr < [VulLia,) +C T” +Cn.

As the right-hand side is negligible as n — 0T (see (5.10)), we conclude

(5.13) lim v, =u in W-1(Q;R?).

n—0t

Furthermore, using (4.6), we readily see that

Det(Vv,) = %Curl (Vw,) = % (Curl(Vw) + ) Curl (y"d;) + Y Curl(g) w,-))

ielt el
= Det(Vu) + Z Det(Vvg, 5,) + Z Det(Vvg; 5,),
ielt iel~

which implies

Det(Vu) — Det(Vvy) = — Y Det(Vvg,5,) — »_ Det(Vus, 5)

ielt iel~
=— ) (s —8)— DGz —55)
ielt el

in O’(2). Thus, using (5.9) and (5.12), we get
[[Det(Vu) — Det(Vvy)|lga < 2.

In particular, from this and (5.13), setting u, := v, for n > 0 small enough, the thesis
follows. u

Remark 5.4. The noncollinearity condition will be used in the proof of Theorem 6.1 to
guarantee the validity of condition (6.2).

The approximating maps in Lemma 5.3 can be suitably refined around the singular
points as follows.

Lemma 5.5 (Density: behaviour near x;, y;). Letu € W (Q:S") be such that Det(Vu)
=7 Z;f:l(z?xl. —8y;), with xj,y; € @, j =1,...,n. Let us assume that the points
Xj,yj which belong to Q are distinct and three by three not collinear, as in the thesis of
Lemma 5.3. Then, for all ¢ > 0, there exists a map uy € W51 (Q; SY) such that

(i) there exist positive numbers px; < ¢ and py; < & such that the discs of the set
{Bpxj (x), prj (vi) 1 x; € Q,y; € Q} are contained in Q, are pairwise disjoint,

and we have u, = "% in Bﬂx]' (xj) and ug = e in prj ),

(i) ||u — uellw1a + || Det(Vu) — Det(Vue)||aa < &
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Proof. Let {z; : j =1,..., N} be the set, suitably relabelled, of those points among
the x; and the y; which belong to 2. Moreover, let » > 0 be small enough so that the
discs B, (zj) are contained in 2 and are pairwise disjoint. We can choose r > 0 arbitrarily
small so that uL_9B,(z;) € WH1(dB,(z;);S!) forall j = 1,..., N. We show how to
modify u in one of these discs, say B, (z;), and then proceed similarly for the other discs.

Let us assume, without loss of generality, that z; = x; = 0 for some j (i.e., that z; is
a positive pole at the origin), and write B, = B, (0) in place of B, (x;). Since in B, we
have Det (Vu) = mdy, it is not difficult to see that

1 8u2 8141 1 _
(5.14) E/BBS (u1 oy — Uy e )d]( =mwdeg(u;0B,) =n

for all s € (0, r) such that ul_9dB; € W1 (9B;; Sl). By the mean value theorem, we fix
d =d; € (r/2,r) so that

2 [T 2
(5.15) / |Vuld! < -/ / |Vu|dit'ds = -/ |Vu|dx,
By T Jr/2 JoB; T JBy\ B,z

and ul_0B; € WV1(3By;S'). Let 6, € BV(dB,) denote a lifting of u|_ 9B, such that,
owing to (5.14), 8, has a unique jump point (say at (d,0) € dB4) with [0, ] = 27. Consider
a polar coordinate system (p, &) around 0, and define H: Bg \ Bg/» — R as

H(x) =26, <d| 0%”9(@%-

The function H has a jump of size 27 on the segment with endpoints (d/2,0) and (d, 0).
Also, e’ e WE1 (B, \ Byj2:S"), and equals u on 9B, and x/|x| on 3B, ,». We set

u(x) ifx e Q\ By,
up(x) :=1{ eH®  ifx e By \Ed/z,
x/|x| ifx e Bg.

In particular, u, € W1(Q;S!). Let us estimate the gradient of H ; we have

d o ® i
VH(x) = 26, (| )CI)(Tl)U |—d/2)
| |

dx X
0, Vo
+20,(75) 777 +2 0 )

where Ou denotes the (absolutely Sontinuous part of the) derivative of 6,,. Therefore, using
that |x| € (d/2,d) for x € By \ Bg/», there is a constant C > 0 independent of d such
that

—260(x )d

IVH(x)| =

. sdx C )
6, (m>‘ + R fora.e. x € B4\ Bay».
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On the other hand, since e!% =y on 3By, we have |9u(dx/|x|)| = |Vu(dx/|x|)|, and
integrating on By \ Bg/», we get

d
/ B |Vu,|dx=/  |VH|dx <Cd +2 / ‘Vu(—x))djfl(x)ds
Bi\Baj> By\ By d/2 JOB; |x|

=Cd+C/ / |Vu|dJ€1ds§Cd+C/ _ |Vuldx,
dj2 JoaB, By \ B2

where we have used (5.15) and that r/2 < d < r in the last inequality.
Now, applying a similar modification of u in the other discs centered at z;, we can
finally estimate the distance between u and u, in W 1(Q;R?), namely

lu —urllpr < nwr?,

|Vu — Vu, |1 < NCd + C Z/
By (zi)

|Vu|dx+Z/ M)‘dx

Since r can be chosen arbitrarily small, the sum of the above right-hand sides can be
bounded by &, and for such r we denote u, := u,. Observing that Det(Vu) = Det(Vu,),
the thesis follows by setting p;; := d;/2,forall j =1,..., N. L]

d 12(z;)

6. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Recalling the definition of || - ||far,« in (1.2), we
start with the following.

Theorem 6.1. Let u € WH1(Q;SY). Suppose that
(1) %Det (Vu) = ZZN=1 (8x; —8y;) =: T admits a representation in Q satisfying (Py) and
such that the points x;,y; belonging to Q2 are distinct and three by three not collinear;
(ii) there exists R > 0 such that the discs Br(x;) and Br(yj), with x;,y; € Q, are
contained in Q2 and are pairwise disjoint, and we have that u = e'%i in By (x;) and
u=e "% in Br(y)).
Then

6.1) Au, Q) 5/ V1 +|Vul? dx + |Det(Vut) ||fat, -
Q

Proof. We need to exhibit'’ a sequence (u,) C C'(Q;R?) converging to u in L1(Q;R?)
such that lim inf, _, o+ #(u,, Q) is less than or equal to the right-hand side of (6.1).

For the measure T', we consider currents Ry, € Do(2) and Sy € D1(2) given by
Lemma 3.6. After relabelling, we write

k
Ruin=Y 0z, 0; €{~1.+1}, 2, €Q k<N, Smn=Y [¥%]. JC{l.....N}.
i=1 jeJ

105ee (6.9) below.
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with T = Ry, + 0Smin (it may happen that k = 0, in which case we understand R,,;, = 0,
or that J = @, in which case Sy, = 0). By Lemma 3.6 (b), the segment X;y; is contained
in €2, with the only (possible) exception of an endpoint (thanks to condition (Pr)). We will
work in a disc B DD €2, that we fix from now on.

Take r € (0, R/2), and consider the set {B>,(z;) :i = 1,...,k} (the z; are among
the x;, y; for j ¢ J and, being contained in €2, satisfy assumption (ii)). These discs are
contained in €2, and the tubular neighborhoods

T;(X;y;) :={xeB:d(x,x;y;) <t}, jelJ,

of Xx;y; are disjoint from this family of discs. Moreover, by hypothesis (i), due to non-
collinearity, the segments X y; are pairwise disjoint (see Lemma 3.6), and so for all # > 0
sufficiently small,

(6.2) Jui2€d, i # 2 = Ti(X) N T3, y5,) = 0.
Set also
(6.3) Vi = T
jeJ
Ifk>1,foralli =1,...,k, we fix a simple polygonal” curve y;; starting at z; and

reaching the external boundary'” of 2. The curves y;, can be chosen mutually disjoint,
and disjoint from V,. Further, it is convenient to extend y,, (keeping the same notation)
in order to reach 9B transversely. We set T, (y;;) == {x € B : d(x, ;) < 2r}, fori =
1,....k,and observe that By, (x;) C To,(yz,;) foralli =1,..., k. If r is small enough, the
elements of the family {7%,(y;;) : 1 = 1,..., k} do not intersect each other, and moreover
(choosing smaller ¢ and r if necessary), 15, (yz;) N V,=0@foralli =1,...,k. Consider
also the connected curves y;f " and y;,"", which run parallel to y;, at distance r, defined as

vil = Ax € Tor(yz) \ Br(zi) s d(x,y5) = £r},

where d denotes a signed distance from y;; (defined in a suitable neighborhood of y;;).
For every connected component 0,2 of dQ2 different from the external boundary (¢ € L,
with L some finite set of indices), we consider a simple polygonal curve w;, C B connect-
ing 9,2 to dB, disjoint from V;, from Uf-;l Tar(yz;) and from 942, £’ # £. Extending
slightly wy inside €24, where €2, denotes the region outside 2 and enclosed by 9,2, we
assume that wy starts at a point Ay € Qg with By, (Ag) C Qy, for all £ € L. Together
with this, we consider the connected curves wZ’r and a)Z’r, which run parallel to wy at

distance r from each side, and join B,(A;) with the external boundary:
w;" C{xe B\ Br(Ag) 1 d(x,wq) = £r},

where, again, d denotes a signed distance from wy (defined in a suitable neighborhood
of wy). We may assume, choosing smaller r and ¢ if necessary, that the curves wy and a)ét’r

are pairwise disjoint and do not intersect V,u Ule o (yz;) U U ey, 0 Q.

1T e., not self-intersecting and obtained by a finite number of concatenations of segments.
1200 is, in general, not connected, and consists of a finite number of loops. The external boundary of d<2 is
the loop whose interior contains all the others.
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Finally, we define

k k
8= B\[J B v Usm u Uz v Yot v Ba0)]

i=1 jeJ i=1 leL leL

Using our assumptions, it follows that BT and B~ are connected; however, they are
not necessarily simply connected. By construction, for any closed simple Lipschitz curve
a:S' - QN B* such that u® := uoa € WH(S'; S1), we have

! L L .
E/SI(M?V u§ —ufV-uf)-ads =0,

since the left-hand side is the degree of u on the boundary of the domain enclosed by the
support of ¢, and such curves cannot enclose any connected component of B \ € due to
the presence of | J,<; w¢, and cannot enclose any single pole due to the presence of the y,
(note that they can enclose some segment X; ;). In particular, there exist two liftings'® w4
of u with

wy e WH(QNBY) and w_ e WY QN BY).

For wy and w_, we consider (not-relabelled) extensions wy € WE1(B¥) and w_ €
WULL(B™) as in (4.7). We are now going to suitably smoothen these liftings through a
function w,, that will allow us to eventually define the map u, in (6.9).

‘We may assume that

W4+ = W-

k k
on B\ (U Tz U o) = B\ (U Tz v U Tr@o).
LeL

i=1 i=1 leL

6.4)

where T, (y;,) C {x € B : d(x,ys) € (—r,r)} is the region enclosed by ;" and ;"
and Ty (wg) := {x € B\ Uyes, Br(Ag) : d(x,wg) € (—r, 1)} is the tubular neighborhood
of wy enclosed by a)Z’r and a)e_’r. In addition, since the degree of u around z; is o;, we
see'® that, foralli = 1,...,k,

(6.5) [wi] = 27wo; H'-ae.on y;ir” and [w_] =2mo; H'-ae. on Ve

Furthermore,
[wi] = [w-] =27 H'-ae.onxjy;, Vj€J,
and
[wi] € 27Z H'-ae.on U a)zt’r.
LeL
From (6.5), it follows that
(6.6) wy =w-+2mo; ae.inT,(y;), Vi =1,... k.

131f J = @, i.e., no dipoles, and if Q is simply connected, then we can take w4 = w_.
4The degree around a pole is computed using counterclockwise turns, and this implicitly determines an
orientation of the jump of w.



G. Belletini, R. Scala and G. Scianna 2162

Similarly, given £ € L, there exists hy € Z such that
6.7) w4 = w— +27hy  ae.in T, (wy).

Finally, we extend wy to 0 on Uf=1 B, (zi) U ey Br(Ag), and mollify w4 using a
kernel o, supported in B, /4(0). In particular, using also (6.6) and (6.7), we infer that the
traces of the mollifications on y,, and wy satisfy

Wi * 0 = W_ * oy +27w0;  H'-ae. ony;,,

Wy * 0 = W— % 0p + 27hy J¢l-ae. on wy,

and therefore, setting B, := {x € B : d(x,dB) > r} and defining w,: B, \ (Uf-‘=l vz U
UKZ1 Br(z) U Uge, @0 U Ujer, @) > R? as

wy ko, in By \ (U2 T () \ (U2 BrG)\ (U Tr(@e) \ (U 20),
woxgr in Uf (x €T () \ Br (@) 1 d(x.7z) € (0.1)},

wr =4 wy kg, in U {xeT,(rz) \ Br (@) 1 d(x.yz) € (=1,0)},

w—x 0, in |Jpep{x€Tr(wp)\ Q : d(x, ) € (0,7)}

Wi * 0 in Jyep{x € Tr(we) \ Qg : d(x,wq) € (=r,0)},

we see that w, € C®°(B;\ (Uf:1 Yz; U Uf-;l B (zi) U Uper @) U Uper Q). and
[wr] = 27o; J¢lae. on Ve, i =1,...,k,
(6.8) [w,] =27h; H'-ae.onwy, £cL.

Eventually, foralli = 1,..., k, by the assumptions on u and the choice of r € (0, R/2),
we have u(x) = %% % for x € By, (z;) \ {z;} for suitable o; € {£1}.
Thus,
Wt —0;0;, € 2nZ  in Bar(z;) \ Br(zi).
Assuming, without loss of generality, that 6,, jumps on y;; in By, (z;) \ B(z;), by (6.4),
foralli = 1,...,k we find an integer {; such that

wy =w- =0;0; + 278 in Byr(zi) \ Br(z) \ Tr (yz,),
whereas in Bz, (z;) N T, (yz;) \ Br(zi), we have

wy = 0i6;, + 21 — 2no; in{x:d(x, vz) € (0,7)},

wy =0i0; + 218 —2n(o; + 1) in{x:d(x. vz) € (—r,0)},

w_ = 0;0; + 21 in{x:d(x,yz) € (0,r)},

w_ =0;60; + 275 — 1) in {x :d(x,ys) € (—r,0))}.
Therefore,

Wr — 0j 921 *Qr €217 in (BSr/3(Zi) \ B4r/3(zi)) \ T (Vz:)s
Wr — 0 52,- *0r €21 in (Bsy/3(2i) \ Bar3(zi) N Tr(yz,),

where o; 8, is any lifting of (x — z;)/|x — z;| which is continuous in T (yz,).
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We introduce a non-decreasing cut-off function v: [0, 2r] — [0, 1] of class C! such
that v = Oon [0,4r/3], ¥ = 1 on [5r/3,2r], with ¢’ < 12/r. Finally, we define
elwr(®) if x € By \ Us_; Bar(2)).

M) yr(|x — zj|) if x € By,(zj) forsome j =1,....k,

(6.9) ur(x) = {

where we extend w, in B to 0 outside its domain. In particular, we have that u,(x) =

€19 0= %er vy (|x — ;) for x € (Bsy/3(zi) \ Bary3(zi)) O Ty (y,). forany i = 1,... k. We
also observe that if we suppose that the kernel o, is radial, a direct computation shows
that '92,- * O = '92,- in BSr/B(Zi) \ B4r/3(Zi)~ So

wp(x) = %% y(x — zi). Y € (Bsya(z) \ Barsa(z0) 0 T (v2,).

Now, u, is of class C'!, |ur| <1, and it is straightforward to check that u, — u pointwise
almost everywhere in Q as r — 0%, In particular, lim, o+ u, = u in L' (Q;R?).

We are now in a position to estimate the graph area of the map u,. In order to estimate
itin @\ |U; B (x;), it is convenient to consider a lifting

w e W“(B \ ( ij(yz,. UB.z) U W) uJ@eu E'(A‘)))’

i=1 JjeJ teL

which coincides with wy in the set in (6.4). Such a lifting we BV(Q2 \ Uf:l B (zi))
satisfies

[w] = 27o; Jl-ae. on Vo, 1 =1,...,k,

[w] = 27 J(’l—a.e.onxjyj, jed,

[w] = 27h, H'-ae.ony,, L.
Notice that lim,_, ¢+ w, = w strictly in BV(V;) (for ¢ small enough as in (6.3)), since

w; = w * 0, on these sets. In particular, by classical results (see for instance Theorem 2.39
in [2]), one has

/ V1+|Vu,|?dx = / V14 |Vw,|?2dx —>/ V14 |Vw|[?2dx + |D*w|(V})
v Vi 12
(6.10) =/ \/1+|Vu|2dx+2n2|x_/—yj|,

Vi

jeJ

as r — 07. Concerning the integral over Q \ V;, using that u, takes values in S! in
Q\ By, (z;), we can estimate

(6.11)
/ V1+|Vu, 24| det(Vu,)|2dx 5/ \/1+|Vu,|2dx+/ | det(Vu,)|dx
Q\V; Q\ Vi By (zi)
=/ \/1+|Vu,|2dx+/ \/1+|Vu,|2dx+/ | det(Vu,)| dx.
Q\ Vi \ B2r(zi) By (zi) Bar(zi)
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Let us estimate the last term; so fix i € {1,...,k}, and assume, without loss of generality,
that o; = 1. In B,,(z;), we then have

uy = (cos(0z,).sin(6:)) ¥ (o).
where (p;;, 07;) is a polar coordinate system around z;. Thus

' (pz) cos(Bz)  —LL sin(g,)
(6.12) Vu,(pz;, 0z) = '

T W) sines) L2 cos(6)

and therefore det(Vu, (pz;, 6z,)) = ¥/(pz;) w(pzi)p;il, which gives

5r/3

(6.13) [ 1eeuiax=2x [y @ @rdp =
By, (zi) 4r/3
Moreover, (6.12) implies |Vu,| < C/|x — z;| in B, (z;). In particular,

/ VI+|Vu?2dx -0 asr— 07 .
Ui B, (zi)
Finally, due to the fact that Vi, — Vu in L1(Q \ V;; R?*?), we infer

V14 |Vu,|?2dx — V14 |Vul?2dx.

(6.14) /
Q\V:\U; Bar(zi) Q\V;

All in all, we have proved that the right-hand side in formula (6.11) tends to kw +
fQ\Vt V14 |Vu|2dx as r — 0. Thus, from (6.10) and (6.11), we get

liminf/ \/1+|Vur|2—|—|det(Vu,)|2dx5/ \/1+|Vu|2dx+kn+2n2|xj—yj|,
Q Q

ot
r— ier

which, in view of the results in Section 3 concerning || - ||fa, ., gives (6.1). [ ]
We are now in a position to conclude the proof of Theorem 1.1 .

Proof of Theorem 1.1 . Let u € Wh1(Q;S!). In view of Proposition 5.1, we can pick a
sequence (uy)r C WH1(Q;S?) such that

(a) Det(Vuy) == Z,N:kl(fgxk — 5yk) for some N € N, with each uj satisfying (i)
and (ii) of Proposition 5.1,
(b) |lu —ug|lwi1 + ||Det(Vu) — Det(Vug)|lga < 1/k, forall k € N.

Hence, owing to (a), we are in a position to apply Theorem 6.1 to each uy, so that

(6.15) Aug, Q) < / V14 |Vug|?dx + |Det(Vug) |pa,a» Yk > 0,
Q

and therefore,
A, Q) < liminf AGug, ) < lim (/ ,/1+|vuk|2dx+||Det(vuk))||ﬂm,a)
k—>+o0 k—+oo \ Jo

_ / I+ [VuP dx + [ Det(Va0) | na - .
Q
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7. On the countably subadditive interior envelope of A

As we have seen, the nonlocality of ;\’(u, -) is unavoidable. Therefore, it _seems interesting
to consider the largest countably subadditive set function not larger than 4A(u, -), as defined
in (1.6). We have the following integral representation result.

Proposition 7.1 (“Double” relaxation). Let u € W1(Q;S'). Then
(1.1) E(u,sz)zf V1 + |Vul dx.
Q

Proof. Since A(u, A) > Ja V1 + |Vul|? dx for any open set A C Q, we only need to
show the < inequality in (7.1).

We already know, from Theorem 4.6, that A := %Det (Vu) = Y72 (8, — 8y,), with
Yooy |xi — yil < oo.Fixe > 0and Ne € N sothat Y 72y o |x; — yi| <eé. Set

(o)
Aei= Y (85 —8y)
i=Ne+1
Then, as ||A¢|ga < &, we infer
(7.2) I Aelfa, e < 26
Let {zx : k = 1,...,m} be the set of points in {xk, yx : kK < N} which are contained
in Q. Choose mutually disjoint closed discs B, (zx) C Q fork = 1,...,m,, and set

Ge =2\ ( ¥ Br(z0)):
i=1

notice that G, and B, (zx) overlap on annuli of radii  and 2r. By definition of e?1»(»[, ),
and using Theorem 1.1, we have

—_— — me — _
A, Q) < A, Ge) + ) A, Bar(21)) < / V1+|Vul?>dx + |Det (Vi) [lfat.0.6.
k=1 Ge

Mme
(7.3) + Z </§ - V14 |Vul2dx + ||Det(Vu)||ﬂat’a,§2r(2k)).
k=1 2r(Zg

We claim that, for r > 0 sufficiently small,

me
(74 [Det (Vi) [l fat, 0,6, + Z IDet (Vi) 4ot 0. By () < S7TE-
k=1

Since the discs B, (zx) are mutually disjoint for k > 1, we see that

me
(7.5) ”AEHﬁals“,UZ’il Bor(zi) Z ”AeI_Bzr(zk)”ﬂal,ajzr(zk)’
k=1

whereas, recalling (7.2),

(7.6) ”As”ﬂat,a,Gg = “Ae”ﬂat,a < 2e.
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In B, (zx), connecting zj to dBa, (zx) with a segment, we see that
i 8z llpat,a < 21hi|r, fork =1,....mq,
where hj € Z denotes the multiplicity of z in the distribution A — A, = Z,]cvil (8x, —8y,)-
On the other hand, by construction, (A — Ag) L B, (zx) = hi 65, , and therefore,
AL By (z) = AL B2, (zg) + hi 8z,

which implies B
1A B oy < 146 Bar (20 e + 21 .
Summing over k = 1,...,m,, by (7.5) one gets

Mme me Mme
D M e Bz < D AL BorCi) e By oy + 2 210l
k=1 k=1 k=1

meg meg
(7.7) = 1A e lnaai e, Barizy T D 2lhklr < 26+ 21hilr,
k=1 k=1
where the last inequality follows from (7.2), since [|Agllg,,, @ U Bap(z) = | Acllfat, -
From (7.6), we conclude

Mmg mg
IDet (Vi) a6 + Y 1Dt (Vi) [l o 0. By () < 476+ 7 D 2],
k=1 k=1

for any » > 0 small enough, and (7.4) follows.
Now, from (7.3), we conclude that for every r > 0 sufficiently small, we have

A, Q) 5/ VIt [VulPdx + Z(ﬂ N |vu|2dx) + 576
Ge k=1

BZr(Zk)
me
=/ \/1+|Vu|2dx+2/ B V1+|Vul|?2dx + 5me,
Q k=1 Y B2r (i) \ Br(zg)

which in turn (since Vu € LI(Q; szz)) implies, letting r — ot,
A, Q) < / V1 + [Vul? dx + 5me.
Q

As ¢ is arbitrary, we have i(u, Q) < [q V1 + |Vu|?dx. This concludes the proof. =
As a direct consequence of Proposition 7.1, we get the following.

Corollary 7.2 (Integral representation). Letu € W1 (Q; SY). Then the set function E

A(u, E) defines a Borel measure absolutely continuous with respect to the Lebesgue mea-
sure £2, and coincides with

f\»(u, E) = / V1 +|Vu|?2dx forall Borel sets E C Q.
E

In order to prove Theorem 1.2, we now extend Theorem 6.1 to the case of open sets
obtained from €2 by removing a finite set of points.
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Theorem 7.3. Let C := {c1,...,cp} be a finite set of distinct points of 2. Let u €
WLL(Q; SY) satisfy (1) and (ii) of Theorem 6.1, and suppose that

(7.8) dist(x;, 0Q2) # |x; — cl.
. dist(y;, 0Q2) # |yi — ckl,

and that the points x;, yi,cx, i =1,...,N, k =1,..., M, are three by three not collinear.
Then

Vk=1,...,M, Vi =1,...,N,

A2\ C) < / T+ [VaP dx + [Det(Vin) e c
Q

Proof. Fix p > 0 small enough so that the discs Ezp(ck), k=1,..., M, are contained
in 2, are mutually disjoint and, for each x; or y; € Q, we have x;, y; €Q \(U,IC‘/I=l Ez,; (ck)),
respectively. For all p € (0,2p), let us denote 2, := Q\ (U,iu=1 B o(ck)),and let R?. €
Ryr(2,) and Slﬁin € $(£2,) be minimal currents as in Lemma 3.6, with T = %Det(Vu).
In particular, R?. = 3" 0;8,, (notice that, possibly reducing 5 > 0, R®. = Rpiy
becomes independent of p), Sy = > [P;4;], and there might be points p; = pj’?
or q; = q;’ on 0B,(ck) for some j and k. However, since by assumption the points
Xi, i, ck are three by three not collinear, it is easy to see that the points in {p;, g; €
0B, (ck), for some j, k}, if any, are distinct. In particular, the segments p;q;, j € J, are
pairwise disjoint. Finally, as a consequence of (7.8), we may assume that if ° € dB,(ck)

is one of the points in the set {p;,q; € dB,(ck) for some j, k}, then
(7.9) n° —cr asp—0F.
Using Ruin and S?. . we can now consider the sequence (uy) C C'(§2,; R?) found in
the proof of Theorem 6.1 (see (6.9)), with €2 replaced by €2,; so, for any m € N, we find
m € (0,2p) small enough so that vl, := uj, satisfies
1
lvm — u”Ll(Qp;Rz) =

(7.10) 1
AL Q) < / V14 |Vul?dx + |[Det(Vu) | a,e.2, + s
2

Furthermore, as limy,— 400 Upy = u in W11(Q,; R?), we may also suppose

1
(7.11) / Vv dx 5/ ~ |Vuldx + —-
Qp\ Q22 Qp\ Q2 m

Now we suitably modify vh and extend it to \C:forany k = 1,..., M, we pick a
radius s € (p, 2p) so that

1
(7.12) f Vol |dH! < — |Vvl | dx.
aBsk(Ck)

1Y /sz(ck) \ By(cr)
Then we define

vh (%) it x € Qy,,

(7.13)  ©0(x) = o
= {Ufn(ck + Sk peap) ifx€Bg (er) \ e}, k=1.....M,
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where, with a little abuse of notation, we have denoted Q,, = Q \(U,i”:l By, (ck)).
From (7.11), we get

1
/ B |V1'),‘;,|dx=/ B |Vv£,|dx§/ B |Vv,’:l|dx§/ ~ |Vuldx + —-
st\Q2p st\ﬂzp Qp\QZp Qp\Q2p m

On the other hand, forany k = 1,..., M,

Sk
[ |VoP | dx =/ / |VoP | dH ds = sk/ Vvl | do?,
Bs, (ck) 0 JoaB,(cr) 9By, (i)

where the last equality follows since, by definition, v, is 0-homogeneous in B s (Ck), and
the integral faBs(ck) [Vuh| dF' does not depend on s € (0, s). Using (7.12), and since
Sk < 2p, it then follows

N
/ B |Vﬁfn|dx:/ B |V1‘)fn|dx+Z/ |V52 | dx
Q\le st\QZp k=1 Bsk(ck)

2
52/ ~ |Vuldx + —-
QP\QZP m

Furthermore, using that |vj,| < 1, also |v4,| < 1, and it easily follows that

(7.14)

(7.15) lim sup [|v), — ullL1(@:r2) < limsup [0, —ull 1@\ Q,,R2) < 8TMp?.
m——+o00 m——+o00

Since in 2, \ S_Zzp the map v, takes values in S, using (7.10) and (7.14) we can estimate

M M
2
A@P,Q\C) < A(D°, 2\ B, (cr))) + n52+2/ |Vuldx + =
m ( m (kL;Jl Sk )) kgl k o\ 22, m
3
(7.16) < / V1+ [Vul2dx + |Det(Vu) a0, + 2/ |Vu|dx + .
Qp Qp\QZﬂ

We have proved that for every p > 0 small enough, we can find a Lipschitz map
v, : 2\ C — RZ satisfying (7.16). In particular, choosing a sequence p;, N\ 0, by a diag-
onal argument we find a sequence (v;) of Lipschitz maps'® on Q \ C to R? satisfying
v, — u in L1(Q:R?) (by (7.15)), and

— 3
Ay, Q\C) < /;2 V1+|Vu|2dx + IDet(Vi) llfat,0,2,, + 21Dul(824, \ $220,) + -
Ph

Letting i — +o00, we use that Det(Vu) is a measure so that it is easy to see that, thanks
to (2.7),
Det(Vio) llfat,0,2,, — IDet(Vtr) | a2\ € -

and the thesis easily follows. ]

15Even if vy, is not C !, by a density argument finding such a sequence is sufficient, see Proposition 3.5 in [3].



Relaxed area of S!-valued Sobolev maps 2169

Using Theorem 7.3 and a density argument, we can prove the following.

Theorem 7.4. Let C be a finite set of distinct points of Q, and let u € WH1(Q;S). Then

A, 2\ C) < / VT F VaP dx + [Det(Vi) a0\ c-
Q

Proof. 1t is sufficient to argue along the lines of the proof of Theorem 1.1, replacing,
in (6.15), || + llna, @ bY |l * lfiat, .2 \ ¢ - More specifically, in view of Proposition 5.1, we can
pick a sequence (uy)r C W11 (Q:S?!) satisfying (a) and (b) of the proof of Theorem 1.1
(see the end of Section 6), and also (7.8). Applying Theorem 7.3 to each uy, we obtain

E(uk,sz\C)s/ VT Vi dx + [Det (Vi) lnuaarc. Yk > 0.
Q

By lower-semicontinuity, we conclude
Au, Q) < liminf A(ug, Q) < lim (/ VI1+|Vug|?dx + ”Det(vuk))”ﬂat,a,Q\C)
k—+o00 k—+o0 Q
— [ VIFTVUP dx + [Det (Vi)
Q

The equality is obtained since by (b), ux — u in W11 (Q:R?), |Det(Vu) — Det(Vuy) ||fat
— 0, and || - ||fat, o 1S continuous in the flat metric. |

Theorem 7.5. Let u € WH1(Q2:SY). Then for every & > 0, there exists a finite set C¢ of
points of 2 such that

(7.17) ?\,(u,sz\cs)gf V1I+|Vul2dx +e.
Q

Proof. We know that 2Det(Vu) = Y72, (6x, — 8y,) with D72, [x; — yi| < co. Take
Ng € N so that Y 72y vy [xi — yi| < &/(2m), and let Ce := {xx € 2 :1 <k < Ne}U
{yk eQ:1 =<k <N} SetT :=Det(Vu)_(2\ C;), so that | T ||ga,e,0\c, < ¢ Then

Theorem 7.4 implies (7.17). ]

Using Theorem 7.5, we can positively answer to a modification of a conjecture by
De Giorgi [18], adapted to the context of S!-valued Sobolev maps.

Corollary 7.6. Letu € WH1(Q;SY). Then

A, Q) = inf A, 2\ C).
CccQ,H#(C)<+oo

Proof. From Theorem 7.5, we get
inf A, 2\ C) 5/ V1 + [Vul? dx = A(u, Q),
CcQ,H#%(C)<+oo Q

where the last equality follows from Corollary 7.2. On the other hand, for any finite set
C C Q, we know [1] that

E(u,Q\C)z/ \/1+|Vu|2dx=f V14 |[VulZdx = Aw,Q). =
Q\C Q



G. Belletini, R. Scala and G. Scianna 2170

A. Appendix

In this appendix, we first collect a standard lemma, and next a proposition having an
independent interest.

Lemma A.1. Let A € Lipy(R2)'. Then

sup  (A,) =inf{|Rlqg +a ' [S|g : (R, S) € Dp(R) x D1(R), A = R + S}
9eCH(Q)

llellLipg.a <1
(A.1) = sup (A, g).
@€Lipy(2)
”(DllLipO,uSl

Proof. We adapt the arguments of [19], see p. 367. Let R € Dp(2) and S € D;1(R2) be
such that A = R + 95 in Dy(2). Then, as ¢ = 1/2,

(A, @) < [R@)] + |S(d)] < (IRl@ + 2IS]2) [¢llLipg.e: Yo €CHQ),
so the inequality < holds in the first line of (A.1). To prove the converse inequality, set
Y = {(¢.¥) € C; (@) x CJ(2:R?)},

endowed with the norm |[(¢, ¥) ||y := max{||¢|| L, % ||| Lo }, and define the linear injec-
tive operator

Q:CHQ) =Y., 0(p):=(9.Vp). YoeClQ).
Since Q(C1(2)) C Y, we have
(A, 07 @, Vo)) < A lsae l(@, VO)ly, Yo e CLRQ),

and therefore we can extend the linear functional A o Q~!: Q(C(R2)) — R to some
linear functional L: Y — R with

(A2) L(g.¥) < IAllnae (0. )y, V(p.¥) €Y.

Now we define

R(p) := L(p,0), Vg€ Cl(Q),
S):=LO,y), Yy e CHQR?),

so that, from (A.2), [[(¢, ¥)|ly =< 1 implies R(¢) + S(¥) = L(¢. V) < ||Allpa,o- In par-
ticular, R € Dy(2) and S € D;(£2), and passing to the supremum,

IRle +2[S|e =< [IAllfat -

Since R(¢) + S(dp) = L(p, Vo) = (A, @) forall ¢ € C}(Q), it follows A = R + 3,
and the first equality in (A.1) follows.
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To show the second equality in (A.1), we first observe that, from the first equality,

sup (A, 9) < |Allfat, 0
peCH(Q)
I lLipg.a <1

and so < holds. On the other hand, if R € Ry and S € § are such that A = R+ 9§ in
Do (£2), then

(A @)l = [R(@)| +[S(de)| = (IR|a + 2[S|2) l¢llLipg.a: Yo € Lipy(£2),
so also the inequality < holds, thanks to Corollary 3.4. ]

The next result has been used in the proof of Proposition 3.3; it is based on Lemma 3.6.

Proposition A.2. Let T = Y /_, (8, — 8y,) € D'(Q) be as in (3.3) and satisfying (Py),
where x;, y; € Q, xi # yi. Let Ip, Ip, T, Ryin and Spin be as in Lemma 3.6. Then

3¢ € Lipy() with ||@llLipy,e < 1 suchthat (T,¢) = |Rmin|Q + ot_1|Smm|gz.

As a consequence, for all k € Ip and j € I \ t(Ip) with x; € Q and y; € Q, we have

@(xx) = —p(yj) = 1, and for all k € Ip, we have p(x) — @(Vzx)) = & | Xk — Yo .
In particular,

min{|R|g +Ol_l|S|Q tReRr, €8, T=R+035} = max (T, ¢).
¢ €Lipy (2)
[l 1lLipg.a <1

Proof. Define
Pt i={kelp:x,eQ) and P :={kel\t(p):yr € Q).

The function ¢ in the statement must satisfy ¢(xz) = 1 forallk € PT, and ¢(yx) = —1
forall k € P~, and, recalling that @ ™' = 2, also ¢ (xx) — @(Vz(k)) = 2|Xk — V()| for all
k e ID.

For any k € P+, we define ¢ (x) := 1 — 2|x — xi| for all x € 2, and set

b= maxgep+igk} if PT # 0,
R if Pt =0.

Define also Wy := max{dy, ¢}, where do(x) := max{—1, —2d(x,dQ)} forall x e 2, i.e.,'
(A.3) Wo(x) = max{—1,—2d(x,0R),1 —2|x —x¢|.k € PT}, VxeQ,

and observe that Wy € Lip,(£2) with || Wo ||Lipy,e < 1.

Using the minimality, and in particular (3.11), one verifies that Wo(xg) = 1 for all
k € PT. Let us check that Wo(yx) = —1 for all k € P~. If not, either do(yx) > —1 or
¢ (yx) > —1, and both the two cases are excluded again by (3.11).

Now, we have to take into account the dipoles (i.e., k € Ip) and the boundary values

of Wy. We divide the proof into three steps.

18Here we assume P+ # @, otherwise the quantity 1 — 2|x — xz | does not appear as ¢ = —1.



G. Belletini, R. Scala and G. Scianna 2172

Step 1. For all k € Ip with y ), xx € 2,
(A4) Wo(xx) <1 and Wo(yrr)) < 1 —2[xk — Yoo l-
Furthermore, if either y,(x) € 9K or x; € 02 for some k € Ip , then
(A.5) either Wo(xg) < 2d(xg,0R), or Wo(yrx)) = —2d (k). 0S2),

respectively.

Let us check (A.4). The first inequality follows since Wy < 1 on Q. The second
inequality is deduced as follows. By (A.3), if Wo(y-(k)) = —2d(xk, dS2), then we con-
clude by (3.12). If instead Wo(yc(x)) = 1 — 2|xp — yr(k)| for some h € P, then we
conclude, since by minimality |x, — yz(k)| = [Xk — Ve(k)| (Where we have used h € P ).

Now, let us check (A.5). Assume that y, ) € €2 and, by (A.3), that for some s € P,
Wo(xx) = 1 — 2|xp — xi|. By the triangle inequality and (3.11), we have

Wo(xr) < 14 2|xk — Yool = 21xn — Yooyl < 2|xk — Yey| = 2d (xg, 092).

Assume instead that x; € 9. If, by contradiction, Wo(y-(k)) > —2d (Y k), 022) =
—2|yzk) — Xk |, for some i € P+ we necessarily have Wo(yr (k) = 1 — 2|x5 — Yo >
—2|yz(k) — X |. This contradicts the minimality of Ry, and Sy, because a direct check
shows that

IR |@ +2|S'le < |Rminl@ + 2|Sminle — 1 + 2[x1 — Yeo)l — 21Xk — Yzl
< |Rmin|SZ +2|Smin|Qs

where R’ := Rpin — 8x, and S’ := Swin — [Veo) Xk ] + [Veto*nl-
Eventually, we check that

(A.6) Yo=0 ondf2.

Indeed, if x € 9Q and Wy(x) = 1 —2|xx — x| > O for some k € P, then arguing as
before, we can define R’ := Ruin — 8x, and S’ := Smin + [X¥Xx], and a direct check shows
that |[R'|q + 2|S’|q < |Rminl@ + 2|Smin|q, against the minimality.

Before proceeding to the next step, for the sake of simplicity and without loss of
generality, we relabel the indices and assume that 7: Ip — Ip is the identity map, so
that Ip = I\ Ip = I \ t(Ip). The function ¢, that will be constructed starting from ¥,
(see (A.15)), should satisfy (xx) = Wo(xx) = 1 forallk € PT, p(yr) = Wo(yx) = —1
forallk € P~, and ¢(xx) — ¢(yr) = 2|xx — yi| for every k € Ip. To build such a ¢, we
apply a recursive procedure. We define, for all integers m > 1, the function W,, as follows:

(A7) U, (x) := max{W¥,,_;(x), Pu(x)}, VxeQ,
where ®,, is given by

Dy (x) 1= lgé&}x{%'c"(x)}, P (x) = W1 (Vi) + 21Xk — yi| — 2|xk — x|, VxeQ.
D

Clearly, ®,, is Lipschitz continuous with Lipschitz constant 2, for all m > 1.
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Step 2. We claim that
(@) Vm(r) <1—=2|xx — yi| and W, (xx) < 1 for all k € Ip with xg, yx € Q;
(b) V(xx) = 1and W, (yp) = —1forallk € Pt,h e P~
(¢) ¥,(x) =0 forx €0R2;
(d) if, for some k € Ip, either y; € 02 or x; € 92, then
(A.8) either W,,(xx) <2d(xg,0R2), or Vy,(yx) = —-2d(yr,0R),

respectively.
Proof of (a). First we notice that, if {1, ..., h;} C Ip with h; # hy fori # i’, then
the minimality of Sy, implies that

J
(A9) Z |Xhi —yh,-| = |xh1 _yh2| + |Xh2 _yh3| + -+ |xhj _yh1|°

i=1
Now, by construction and definition of ®,,, we can find a set of r > 0 indices (possibly
r=00=m; <---<m, <m,andindices k1, ...,k, € Ip such that
U (Vi) = ¢ (V&) = Y, Vk,) + 2|xk, — Vi, | = 21Xk, — Vil
i, (Vi) = O k) = Womoy Oy y) + 20Xk = Vi | = 21Xk, = Yk, |-

(A10)
lIlm3(yk3) = ¢]rcn33(nk3) = qjmz(ykz) + 2|-xk2 - yk2| - 2|xk2 - yk3|7
\IIWQ(ykz) = ¢]r:;2(yk2) = \IJO(y/q) + 2|Xk1 _yk1| —2|Xk1 _yk2|'

Notice that if » = 0, we simply have ®,,(vr) = ®o(yx), and (a) follows from (A.4) and
thanks to Wy € Lipy(2), [[WollLipy.e < 1. If 7 > 0, from (A.10) it follows that

r r
Wi (k) = Wo(yk,) + 22 Xk — Vi _22 Xk = Vi |-

i=1 i=1
where we have set yg, ., = yr. Now we have two cases:
(al) ‘Ijo(ykl) = _Zd(ykp aQ)’
(a2) Wo(yk,) =1 —2|x, — yk,| forsome h € P+,

In case (al), we will show that

r r
A1) 2 |xk =yl =2 Xk = Yhe | < 1+ 2d 02, i) — 203k — wil,
i=1

i=1

whereas in case (a2), we will show that

r r
(A.12) 23 1%k = Vil = 2D Xk = Vi | < 2050 = Vi | = 2 — il
i=1 i=1
and this will conclude (a).
First, in view of (3.12), we can assume that the indices k1, ko, ..., k, are all distinct.
Indeed, if k; = k;j for some i # i’, then we can erase the indices k;, k;+1,. .., ki1, since

ST Xk = vig | = X550 1xky — Vi | < 0by (3.12).
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Therefore, assuming (al), let us prove (A.11). Consider the point p on 92 so that
|p — Vi, | = d(yk,, 0S2); then (A.11) is a consequence of the minimality of Ry and Spin.
Indeed, setting

r+1 r
R/ = Rmin + Sxk and S/ = Smin - Z Ikaiyk,’]] + Z II-xkiykiJrl]] + IIpykl]]a

i=1 i=1

the inequality |R'|q + 2|S'|@ = |Rminlg + 2|Smin|g is equivalent to (A.11).
In case (a2), instead, to get (A.12), arguing as before, it suffices to write |R'|q +
2|8l = |Rminl@ + 2[Sminlg, with

r+1 r
R = Riin + 5ykl + 8xh and S§':= Snin — Z kaiyki]] + Z [[xkiyki+1]] + [[thIq]]'

i=1 i=1

So far, we have proved that W,,(yx) < 1 — 2|xz — yg/|, for all k € Ip. The fact that
W, (xx) < 1 forall k € Ip follows, since W,, € Lipy(£2), with || Wy, [|Lipg.a < 1.
Proof of (b). Let us check that ¥(py,) < 1 for all 1 € PT. To this aim, it is sufficient
to observe that ®,,(x) < 1 for all x € &, since ¢ (x) < o' (xk) = Wp—1 (k) + 2| xk —
yi| < 1,forall k € Ip, in view of (a).
Let us check that W(x;) = —1 forall A € P~. Arguing as in (A.10), we can find a set
of r > 0indices 0 = m < --- < m, < m, and indices k1, ..., k, € Ip, such that

r r
W (yi) = Wok,) + 2D Xk = Vi | =2 Ity = Vi |-

i=1 i=1
where k,41 := h. If r = 0, we readily conclude that V,,,(y) = Wo(yp), and the thesis
follows from the fact that Wy(y,) = —1 for all # € P~. Hence assume r > 0. Here we
have two cases as well:
(bl) Wo(yk,) =1—2|x; — yg,| for some j € PT;
(b2) Wo(yk,) = —2d(yk,. 02).
In the first case, the thesis is equivalent to

r r
(A.13) 1=20x = yio | 2D 1%k = Vil = 2D Xy — Yig | < 1.

i=1 i=1

As before, we might assume that the indices k; are distinct. Writing R := Rpin + 8x, — 8y,
and 8" 1= Smin — Yi—q [¥6 V6] + et X V] + [X77k, ], (A.13) readily follows
by the inequality |R|q + 2|S’|e > |Rminle + 2|Sminla-

Now, if (b2) holds, we will conclude by showing that

r r
(A14) _2d(yk1’89) + 22 |xki _yki| _22 |in _yki+1| S _1'

i=1 i=1
This is also obtained using the minimality of Rmin and Smin, setting R’ := Ruin + &y, and
S’ = Smin — Yreq [k V] + D im1 [XK V1) + [X7 Yk, ], where x; € 92 is such that
1Xj = Vi | = d(yi, . 92).
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Proof of (c). To show this, fix x € 9Q2. If W,,,(x) = Wy(x) = 0, there is nothing to
prove. If not, we can find a set of » > 0 indices 0 = m; < --- < m, < m, and indices
ki,...,k, € Ip, such that

r r
\Ijm(x) = lIJO(ykl) + ZZ |in _yki| _22 |Xkl. - yki+1|’

i=1 i=1

where yg,., = x. If Wo(yg,) = —2d(yk,. I2), we show that

r r
Z |xki - yk,‘| = Z |in - Yk,-+1| + d()’kl» 89)
i=1 i=1

As usual, we might assume that the indices k; are distinct; since x € d2, we have that
|xk, — x| = d(x,,0L), and so the previous inequality is obtained by minimality of Ry;,
and Spn, arguing similarly as in the preceding cases.

If instead Wo (yk,) = 1 —2|xp — yk, | for some h € P, we reduce ourselves to prove
that

r r
I AV e R A VN R BN |
i=1 i=1
which is again implied by the minimality of Ry, and Spip.
Proof of (d). The first condition in (A.8) is a consequence of point (c) and the fact that
W, € Lipy(2), with || Wy, [|Lip,,.« < 1. Let us prove the second condition. If Wy, (yx) =

Wo(yk), then the thesis follows from (A.5); if not, we can find a sequence of r > 0 indices
0=m; <---<m, <m,andindices k1, ..., k, € Ip, such that

r r
W (i) = Woie) + 2D Xk, = Vil = 2D Xty = Vi -
i=1 i=1
where k, 41 := k. Now, either Wo(yx,) = —2d(yk,, 0R) or Wo(yr,) = 1 —2|xp — v, |
for some & € PT. Again, assuming that the indices k; are distinct, in the first case it is
sufficient to observe that

r r
d(yk’ 89) + Z |xk,' - Yki| S d(E)Q, yk1) + Z |xki - )’k,-+1 |’
i=1 i=1
which follows once more from the minimality of Ry, and Sy, since d(yg, 0R2) = |xx —
Vil, and x € 092.
Assuming instead that Wo(yk,) = 1 — 2|x, — yg,| for some A € PT, we can show
that

r r
1 + d(ykv aQ) + Z |xki - J’k,-| f Z |xki - )’k,-+1| + |Xh - ykl |’
i=1 i=1
using once again the minimality of R, and Spp.
Before passing to the next step, observe that since ¥, < ¥, for all m > 0, we can
take the pointwise limit
(A.15) @ := lim W,

m——+o00
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and thus conditions (a), (b), (c), and (d) of Step 2 are still valid for ¢. Furthermore,
since Wy, is Lipschitz continuous with Lipschitz constant 2, we also have that W, — ¢
uniformly in © by the Ascoli-Arzela theorem. The next step concludes the proof of the
proposition.

Step 3. The function ¢ satisfies

(A.16) o(xx) = ¢(yx) + 2|xk — ykl, Vk € Ip.

To see this, we define

¢ = max{gi},  g(x) = @(e) + 2l = yil = 2lxg — x|, Vk € Ip, YxeQ.
D

In order to prove (A.16), it is sufficient to show that ¢ > @; indeed, this implies ¢(xg) >
gx(xx) = @(¥i) + 2|xx — yi| for all k € Ip, and since the opposite inequality is guaran-
teed by the fact that ¢ is 2-Lipschitz, (A.16) follows. By the uniform convergence of the
sequence (V) to @, for all ¢ > 0, we can find m, € N so that ¥,,(x) + ¢ > ¢(x) for all
xeQandm € N with m > me. We compute

gk(x) = @(k) + 2|xk — yi| = 2|xk — x| < & + W (x) + 2|xk — Y| — 2|xx — x|
Set+ Yyt (x) e+ ox),

where the last but one inequality follows from the definition of W, 4. This implies that
©(x) < & 4+ ¢(x) which, by the arbitrariness of ¢ > 0, implies the claim. L]

Remark A.3. If one knows in advance the regularity result
IT lfa,e = min{|R|@ +a '|S|g: (R, S) € Ry xS, T = R+ 3S},

since

ITlfat,e = max_ (T, ¢) = (T, 9),
@€Lipo (£2)
”W”Lipo,afl
it is not difficult to check that a maximizing ¢ satisfies the properties of the function ¢ in

the proof of Proposition A.2.
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