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A characterization of homogeneous
three-dimensional CR manifolds

Jih-Hsin Cheng, Andrea Malchiodi and Paul Yang

Abstract. We characterize homogeneous three-dimensional CR manifolds, in par-
ticular Rossi spheres, as critical points of a certain energy functional that depends on
the Webster curvature and torsion of the pseudohermitian structure.

1. Introduction and statement of the results

Let (M, &) be a contact 3-manifold with contact structure §. A CR structure on (M, &)
is an endomorphism J: § — £ satisfying J2 = Id. With a choice of contact form 6 (i.e.,
Ble =0, 8 A df # 0) such that dO(., J-) > 0, (J, 0) is called a (strictly pseudocon-
vex) pseudohermitian structure. To such a structure one associates the (Tanaka—Webster)
scalar curvature R and the torsion tensor A; with norm |A|ZJ’9 = hUhM A Aqg (see
for instance [13] for basic pseudohermitian geometry). A pseudohermitian automorphism
is a diffeomorphism preserving the pseudohermitian structure. We call a pseudohermitian
manifold homogeneous if the group of its pseudohermitian automorphisms acts transit-
ively. On (M, £) = (S3, § ), the standard contact 3-sphere, there exists a family of distin-
guished homogeneous pseudohermitian structures (Js), é), called Rossi spheres, where 0
is the standard contact form on (S§3, é ). See Subsection 2.1 for a detailed description.

We recall that Rossi spheres (s # 0) are the simplest examples of non-embeddable
CR 3-manifolds which (two to one) cover embeddable ones in C3, see [5], pp- 324-325.
Apart from the non-embeddability property, Rossi spheres provide counterexamples in
conformal pseudohermitian geometry. In relation to the problem of existence of min-
imizers for the CR Yamabe problem, each Rossi sphere (J(y), é), s # 0, has negative
pseudohermitian mass, as defined in [7], for s close to 0, while the infimum of the CR
Sobolev quotient coincides with the one for the standard 3-sphere (s = 0), but is not
attained [8]. The notion of pseudo-Einstein contact form plays an important role in CR
geometry. Geometrically, it is characterized by a volume-normalization condition (The-
orem 3.3 in [4]), while analytically in dimension 3 it relates R to A1 in their first covariant
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derivatives as follows:
(1.1 Ry =iAy;

which is taken to be the definition of a pseudo-Einstein contact form in dimension 3 (see
Definition 3.1 in [4]; cf. (3.1)). Equation (1.1) is useful in simplifying the expressions
involving R and A;;. Among others, one can equate the Burns—Epstein invariant to the
total Q’-curvature (up to a negative constant), see Theorem 1.2 on pp. 290-291 of [4].

In this paper, we exhibit a functional whose critical points (in both J and 8) charac-
terize homogeneous pseudohermitian manifolds among pseudo-Einstein ones. Precisely,
define the following energy functional:

(1.2) E(J.,9) :=/ (R* = |A[54)0 A db.
M

Our main result is as follows.

Theorem 1.1. On a real analytic, closed (i.e., compact with no boundary) contact 3-man-
ifold (M, £), suppose that (J, 0) is a real analytic, pseudo-Einstein critical point of (1.2).
Then the universal cover M of M with the structure naturally inherited from (&, J, ),
still denoted by the same notation, is homogeneous as a pseudohermitian 3-manifold.

In the Riemannian case, a variational characterization of space forms was given in [10].
It is well known that homogeneous CR 3-manifolds have been classified by Cartan ([3];
see also [2]). In particular, when (M, £) = (S3, é), we have the following characterization
for Rossi spheres.

Corollary 1.2. On the standard contact 3-sphere (S3, é), it holds that (J, 0) is a real
analytic, pseudo-Einstein critical point of (1.2) if and only if J is isomorphic to a Rossi
sphere Js) for some unique s < 0, and 0 is a constant multiple of 0.

In Section 2, after a short review of Rossi spheres in Subsection 2.1 and basic variation
formulas in Subsection 2.2, we derive the Euler—Lagrange equation (2.15) for the critical
points of the energy functional E(J, 8). In Section 3, we show that from (2.15) and (J/, 0)
being pseudo-Einstein, it follows that (M, &, J, 8) (or (M, J, 8) with & omitted) is locally
sub-symmetric through Proposition 3.1 and Lemma 3.2. In Section 3, we first prove The-
orem 1.1. Then for (M, §) = (S3, §), we conclude Corollary 1.2 by a result in [2]. We
remark that ¢: (z!, z2) — (iz', z2) is a pseudohermitian isomorphism between (Jy), é)
and (J(—s), é), see [8]. In Section 4, for its independent interest, we compute the second
variation of the energy functional E(J, 0) at a critical point (f , é).

Theorem 1.3. With the notation above, the formulas for the second variations 83 E (f , é),
8981E(.f, 0) (=860 E(f 0)) and é’gE(f 0) are given in (4.5), (4.7) and (4.8), respect-
ively.

We remark that there is no characterization in general on sign of the second variation.
In fact, using for example individual Fourier components/modes for the variations of J
and 6 as in [1], it is possible to find deformations along which the second differential
is either positive or negative at the standard S3. See (A.8) and (A.12) for examples in
Appendix A.
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2. Rossi spheres, variations and energy functional

2.1. Rossi spheres

In this subsection, we give a short introduction to Rossi spheres. See Section 2.2 in [8] for
more details. The standard contact form 6 on S3 := {(z!,z%) € C%,|z' | + |22 = 1}
reads as

2 - -
2.1) 0=i(@-0)('P + 1227 =i Y _(Fd* - Fazh).
k=1

Note that 6 is SU(2)-invariant, where SU(2) acts on C?2 in the canonical way. Dual to
Ol = z24dz' — z1dz?%, we have
5 0 i 0
Zy =22 —-z' —-
1=5 5077 322

Note that Z; (respectively, Z7) is also SU(2)-invariant.

Consider the deformation of CR structures described by giving type (0, 1) vectors as
follows: )

iEiis

Ziy=27 4+ ———— 74,
1@ ! 1+ |Eqs|?

where E7j is a deformation tensor associated to the CR structure J (cf. Subsection 2.2).
Note that we use the notation E7j instead of E il for convenience/simplicity; for a unitary
frame/coframe, they are equal. The derivative of Zj,, in s reads as

—iEnZ;
(1 + |E11 |252)3/2

(22) Zys) =
We express Z1 and Zj in terms of Zy () and Zy ;) as follows:

Zy = iEy sy 1+ |Eus Zig + (14 |Eusl®) Zi).
Zi = (—i)Eﬁ sy 1+ |Ej1s|? Zl(s) +(1+ |E11S|2) Zi(s)'
Substituting the second equality of (2.3) into (2.2) gives

—|E11|25\/ 1 =+ |E11S|2 Zl(s) —lEll(l + |E11S|2) Zi(s)
(14 |En|?52)3/2

(2.3)

(2.4) Zis) =

Differentiating J(5)Z1(s) = i Z1(5) With respect to s, we get
2.5) j(S)Zl(s) + Js) Zl(s) = iZl(s).
Substituting (2.4) into (2.5) and writing J(5) = 2E © 05y ® Zi(5)+ conjugate, we obtain

E© _ En ,
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Therefore we have )
EfY) = —En|EnPs(l + |En 25?72,

For Rossi spheres, we take

E11 = l
Observe that
s
Zis)y =21+ —(—— 73,
/1 2
(2.6) e
Ziw = Zit s 4

are SU(2)-invariant since both Z; and Z; are SU(2)-invariant. Dual to (2.6), we have

0Ly = (1+52)0" —sv1+5200,

(2.7) Ny _

9(15) = (14520 —sv1+s26%
Compute
2.8) 104 A 0L = (1+5%)i01 A 01 = (1 +52) df,

where df = i6' A 91, ie., hy; = 1. So from (2.8), it follows that

1 : _
2.9) ) = 5 and Wi = ()™ =1+ 52,

Suppose that the Webster curvature R of (J, 0) is a positive constant Rq (see [13] and [14]
for basic pseudohermitian geometry). Then we should take a)ll = —iRy0 in the struc-

ture equation, so that dw] = Ro0' A 01 For 6 = 0 (the standard contact form on S3,
see (2.1)), Ry = 1, while R = R for & = 0/R,. Hence

(2.10) w! = —iRyf = —if = —2(z'dz" + 22 dz?),

where we have used that z1 dz! + 22 dz2 + conjugate = 0 on S3. We can then determine,
from the structure equation for (J), ), that

o5y = (=) (1 + 25%) Rob,

(2.11) hisy Atigsy = 2i sV 1+ s2 Ro,
R(s) = (14 25%) Ro.

It follows that (J(5), 6) is pseudo-Einstein (see (3.1)), since Rs),1(s) = 0 = Ayy(5)1(s5)-
For a pseudohermitian structure (J, 8), we recall that the sublaplacian Ap acting on a
function u reads as

Apu = hli(u’li +u i) =u,i+uyj foraunitary frame (so nl = 1).
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2.2. Basic formulas for variations in J and 6

In this subsection, we provide basic formulas for variations of a pseudohermitian manifold
(M, J, 0). Write the variation of J as §J =2E, E = E110' ® Zj + conjugate (for a unit-
ary coframe/frame 6! /Z1), §6 = 2h6 meaning that there are a family of CR structures J)
with Jg) = J and a family of contact forms 6,) with 69y = 6, such that 9, J(;)|;=0 = 2F
and 9;6()|s=0 = 2h0. Denote by 8y R (respectively, 69 R) ;R .0lt=0 (respectively,
0¢ Ry |t=0). Similarly, we use the notation § 7 A1 and 8g A11. Recall (see [6], [7] or [1])
that

§sR = (iEy; 171 — A11 E11) + conjugate,
8jA11 =iEq1,0,

8oR = —2hR — 4 Aph,
SgA11 = —2h A1 +2ih ;.

2.12)

Define the energy functional E(J, 8) for a pseudohermitian manifold (M, J, 6) by
E(J,0) := / (R* —|A]3 )0 A db
" ,

(cf. (1.2)). We have the following first variation formulas for E(J, ).

Proposition 2.1. Suppose (M, J, 0) is a closed (compact with no boundary) pseudoher-
mitian 3-manifold. Then we have, for a unitary frame Z1 (and coframe 6'),

(2.13) SrE(J,0) = / (2iR 31 —2RAj1 +iA11) E11 + conjugate,
M

(2.14) SeE(J,0) = / {—8ApR —2i(Aj1 11 — All,ﬁ)}hé) Ado,
M

where §J = 2E, E = E110' ® Z1 + conjugate, and §6 = 2h6. So, the Euler-Lagrange
equation for (J, 0) reads as

i .
(2.15) R — 5 (A11,1i - A11,i1) =0, —4AR _l(Aii,ll - All,ii) = 0.

Proof. Making use of the first two formulas in (2.12) and the integration by parts, we
get (2.13), while using the last two formulas in (2.12) and integrating by parts gives (2.14).
Observe that —iRA 11 + 1 A11,0 equals _%(All,li — Ay 11) by the commutation relation
iA11,0+2RA = A“,li — A11,i1 ([14]). Together with (2.13) and (2.14), we conclude
the proof of (2.15). [

A direct computation shows that each Rossi sphere (S3, Js), 0) is a solution to (2.15)
by (2.11) and noting that Ay1,9 = TA11 — 20)11 (T)Aq,. We notice that the coefficient of
|A|3 ¢ in the integrand of E(J, 6) is different from that in the integrand of the following
energy functional:

/(R2 —4]A415.9)0 A dO,

which is known to be the total Q’-curvature (for pseudo-Einstein (J, 6)), whose critical
points are spherical, see [4].
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In order to compute the second variation, we need the formulas for 67 R 17 = SR 11,
SJAiLO =087A411,0,09 R 11,89 A11,0, So(ApR) and SgAiLll. We compute these quantit-
ies at a pseudo-Einstein critical point (f , é) of E(J,0), where R = constant and A 1,1 =
A 11,i = 0 (see Proposition 3.1). First we obtain

oAy (212) . h . °
(2.16) (SJRJ]:(SJR)’ll at (J,G) = [lEll,iI_AIiEll_lEii,ll_AllEii],lL

Recall that 17 o = TA11 — 20 (T)Ay1. So, using
Syl = i(AnEii + AjjE1)0 —i(Ey, ;0" + Ejj, 0Y),
we have
(2.17) 85 A11,0 = (87 A411),0 —2(8w{)(T)A11 = iE11,00 — 2i (A11 Ef + Aig E11) A11.
For variations in 6, we have the following basic formulas:
86 = 2h0,
(2.18) 80Z1 = —hZ;,
8T = —2hT + 2ih Z7 —2ih 1 Z,.
Besides §g R and 89 A11 in (2.12), we also have
(2.19) Sgw! =3h10" —3h ;60" +i(Ayh).
Writing R 11 = Z1(Z1R) — a)ll (Z1)Z1 R, we compute §p(R 11) as follows:
(2.20)
8g(R11) = 8 Z1(Z1R) + Z1(86 ZDR + Z1Z1(86 R) — (Sg 01)(Z1) Z1 R
~0{(8Z1)Z1R — 0} (Z) (s ZD)R ~ 0{(Z1) Z1 (85 R)

= —4hR 11 —8h 1R 1 —2h 11 R —4(Aph) 11
by (2.18), (2.19) and (2.12). Similarly writing A11,0 = TA11 — 2a)11 (T)Aq1, we compute
86(A11.0) = BT A11 +T (B9 A11) —2Bew))(T) A1 =201 (8¢ T) A11 — 207 (T)S A1y
(2.21) = —4hA11,0+2ih 1Ay 1—2ih A11,1—2h A1 —2i(Aph)A11—2ih 110
by (2.18), (2.19) and (2.12) again. For the second variation in 6, we also need to compute
(2.22) 89 (ApR) = Ap(89 R) at the critical points where R = R = constant

= —2(Aph)R — 4A2h.

and using (2.18), (2.12) and (2.19), we compute
(223)  SpAi1y = (B Z1) A7 + BoAiD)a + 2(8ew1)(Z1)Afi + 201 (89 Z1) Afi

= —hAji; —2h1A31 — 2hAq1; — 2ih 37, + 6h1A7;

= —3hAqq; +4h1Agp —2ih 574
We then compute, at (f, é) where ffﬁ,l =0,

(2.24) 89Ai1. 11 = BoAir 1) = 4h1Agi — 2ih 31y,
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3. Proofs of Theorem 1.1 and Corollary 1.2

Proposition 3.1. Suppose (M, &) is a closed (compact with no boundary) contact 3-man-
ifold. Suppose (J, 0) on (M, §) is pseudo-Einstein and a solution to (2.15). Then R =
constant, and A11,1 =0, A1 = 0.

Proof. By the condition of (J, 6) being pseudo-Einstein, we have
3.1) Ry =iAy ;.

Substituting (3.1) into the second equation of (2.15) gives 3A; R = 0 by noting that
ApR =R i+ Rj; (h'' = h;; = 1). It follows that R = constant, since M is closed.
We now multiply the second equation of (2.15) by R and integrate over M with respect to
the volume form 6 A d6. After integrating by parts, we obtain

(3.2) / (—4|VpR[> + iR 11 Aj; — iR jjA11)0 A df =0,
M

where |V, R|? := 2hliR,1R’i = 2R 1 R j. From the first equation of (2.15) and the com-
mutation relation
iAo = Ay il — Ao — 2R A,

it follows that

, 1 1.
(33) R,ll ZZRAII_EAII,O: El(All,li_All,il)'
Substituting (3.3) into (3.2) gives
G4 || 41T RE & 1Anal = 14,5106 A a8 = 0

M
by integrating by parts. Now making use of R = constantand (3.1) (so 4;; ;1 =0)in (3.4),
we get [, [A11,1 |20 A df = 0, and hence Aqy,1 = 0. We have completed the proof. =
Let 7 denote the torsion tensor of the pseudohermitian connection V, i.e.,
(U, V) :=VyV —VyU —[U,V]

for any tangent vector fields U and V. Recall that the Reeb vector field T is the unique
vector field such that 8(T) = 1 and d6(T,-) = 0. It is not hard to see from the formulas
for Lie brackets in [13], p. 418, that for Y, W € &,

(3.5) (Y, W) = dO(Y, W)T,
(3.6) Ulgro(Y, W) =gra(VuY, W)+ gz 9(Y,Vy W),

where g7 ¢ is the Levi metric defined by g; ¢ (Y, W) := d6(Y, JW) and U is any tangent
vector.

Lemma 3.2. On a pseudohermitian 3-manifold (M, &, J, 0), suppose R = constant and
A111 =0, 4,7 =0.Then VxR = 0and Vxt =0 forany X €§.
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Proof. Tt is clear that R = constant implies Vx R = X(R) = 0. To prove that Vxyt = 0
for any X € £, itis enough to show

(Vxo)(Y,W)=0forY,Weé&, (Vxt)(Y,T)=(Vxt)(T,Y)=0and (Vx7)(T,T)=0.
We compute
Ve (e (Y, W) E X(dO(Y, W) T + do(Y, W)VxT
(3.7 = X(dO(Y,W))T (VT = 0 by equation (4.5) on p. 418 of [13]).
It follows from (3.7) and (3.5) that
(Vx) (Y. W) = Vx (Y. W)) —t(VxY, W) — (Y, Vx W)
={XdOY,W))—do(VxY,W)—doY,VxW)}T = 0.

Here we have used that V preserves £ (see equation (4.5) in [13]), and applied (3.6) with W
replaced by —J W and the property that V o J = J o V (see Proposition 3.1(2) in [16],
for instance). We next compute

(3.8) (Vx)(Y, T) =Vx((Y,T)) —t(VxY,T) —t(Y,VxT)
=Vx(@ (¥, T))—t(VxY,T) (since VT = 0).

Define the tensor ) _
A:=A10'®Z; + Al0' ® Z,,

where A} = hliAn and A% is the complex conjugate of A}. Observe that (extending the
defining domain of t to complex tangent vectors by complex linearity)

(39) T(ZI’T):Vle_VTZI_[Zl»T]
=0-w(T1)Z, - (A1 Z; — 0l (T)Z)) = —Al1 Z; = —A(Z))

by [13], p. 418. In fact, we also have ©( f Z,,T) = —A(f Z;) for any complex function f.
So it holds that

(3.10) (VxZ1,T) = —-A(VxZy).
It follows from (3.9) and (3.10) that
(3.11) Vx(v(Z1,T)) —t(VxZ1,T) = =Vx(A(Z1) + A(Vx Z1) = —(Vx A)(Z1) =0

by the condition A11,1 = 0, A;; 1 = 0 due to Proposition 3.1. By taking complex conjug-
ation, (3.11) also holds for Z replacing Z;. So the right-hand side of (3.8) vanishes. We
have shown (Vx7)(Y,T) = 0. Noting that (Vxt)(T,Y) = —(Vxt)(Y,T) = 0. Clearly
(Vx©)(T, T) = O since t is skew-symmetric. We have completed the proof. |

We call a pseudohermitian automorphism ¢ of (M, &, J, 0) a sub-symmetry at a point x
if $(x) = x and ¢«|g, = —1 (¢«Tx = T hence the Reeb orbit through x is fixed by ¢).
A local sub-symmetry at a point x means that ¢ is only defined in a neighborhood of x.
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Proof of Theorem 1.1. Suppose that (J, 0) is a pseudo-Einstein critical point of (1.2). By
Proposition 2.1, (J, 8) satisfies the system (2.15), and hence from Proposition 3.1 it fol-
lows that

R = constant, A;;,; =0 and A7 =0.

By Lemma 3.2, we obtain that the curvature R and the torsion (tensor) t are parallel along
the (horizontal) direction of any contact vector. From the proof of Theorem 2.1 in [9]
(noting that the Levi metric g ¢ plays the role of the metric in the setting of [9]), for
each point x we can find a local sub-symmetry ¢, (which is a local pseudohermitian auto-
morphism) such that ¢x(x) = x and ¢2 = 1d. Now lift ¢y to a local sub- symmetry gbx
on M, the universal cover of M, where ¥ € M is a lift of x, i.e., (X)) =x,m: M — M is
the natural projection. Since M is simply connected, we can extend ¢, uniquely to a global
pseudohermitian automorphism using the parabolic exponential map in p. 309 of [11] by
a similar argument to that in pp. 252-255 of [12] (where the real analyticity is used) for
extending an affine map. Observe that the fixed point set of ¢z is a Reeb orbit Fj in M,
{Fz} ;i foliate M, and {(;NS);};EM permutes the Reeb orbits { F} ;7. since all the bz
are pseudohermitian automorphisms. The sub-symmetry (]Ef has the following properties:

Px(X) =%, (p)ale, = —1d, ¢zlp, =1d, and ¢2=1d, sop:' = dz.

Let Auty, . (M &, J,0) denote the group of all pseudohermitian automorphisms. We claim
that

(3.12) Autl/,,h,(]\;l, £,J,0) acts on (M, £, J, ) transitively.

Observe that M is complete (meaning that it is complete as a metric space) by, for
instance, Theorem 7.1 (b) in [15]. Next, given p,q € M , we can find a Legendrian (hori-
zontal) geodesic (with respect to the Levi-metric g5 g) y connecting p and ¢, parametrized
by the arc length of gy ¢ by Theorem 7.1 (a) in [15]. Let m € y be the middle point of
the curve y. It follows that (/3,,, maps p (respectively, ¢g) to g (respectively, p). We have
shown (3.12). That is, (M, &, J, 0) is homogeneous as a pseudohermitian manifold. ]

Remark 3.3. We notice that in [9], the authors make the assumption on homogeneity to
classify all possible sub-symmetric spaces through a Lie-theoretic argument.

Proof of Corollary 1.2. By (2.11) (together with (2.9)), we verlfy that a Rossi sphere
(Js)s 9) is pseudo-Einstein and satisfies (2.15) by noting that (6 = 9)

Afiyo = TAji) — 201 (1 A11s) = 0= 2(=i)(1 + 25*) RoA11(s) = 2iR() A11s)-

So, (J(s), é) is a pseudo-Einstein critical point of (1.2) in view of Proposition 2.1. Con-
versely, by Theorem 1.1, (S 3, § ,J, 0) is homogeneous. In particular, it is a homogeneous
CR 3-manifold. According to Cartan ([3], p. 69), the CR structure J must be left-invariant
on SU(2) (= S3). By Proposition 5.1 (c) in [2], we conclude that J is isomorphic to a
Rossi sphere J(,) for a unique s < 0 (by comparing (2.7) with the coframe taken in the
proof of Proposition 5.1 in [2], we get the parameter relation

Vi=V1+s2-5,
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sot > 1 corresponds to s < 0, where ¢ is strictly decreasing as a function of s). Moreover,
that 0 is SU(2)-invariant implies that 6 is a constant multiple of 6. We have thus completed
the proof. ]

Remark 3.4. In [2], besides Rossi spheres, some other examples of homogeneous CR
3-manifolds are discussed. Let us write down R and A;; for two less known examples:
SL,(R) and the Euclidean group E» = SO, x R2. For SL,(R), there are a family of
homogeneous CR structures with parameter ¢ (see Proposition 4.2 in [2]). With respect to
a suitable unitary coframe in the proof of Proposition 4.2 in [2], we obtain (t # 0, —1)

1+ 61412 (1—1)?
Rpy=———— and A4 =] —-—
@ 41711+ 1) NO= 400+

For E, there is a unique homogeneous CR structure up to Aut(E>) (see Proposition 7.1 (a)
in [2]). With respect to a suitable unitary coframe in the proof of Proposition 7.1 (a) in [2],
we easily obtain that R = 1/2 and Ay, = i/2.

4. Second variation: proof of Theorem 1.3

Starting from (2.13), we compute the second variation in J, at a critical point (f , é) where
(2iR 771 —2RA7; +idi1o) = O

§2E(J,0)
(4.1) = [ (2i81R,ﬁ — Z(SJR)Aii — ZR(SJAﬁ) + Z'SJAH’O) E11 + conjugate.
M
Applying (2.16), (2.12) and (2.17) to the right-hand side of (4.1), we obtain

42  S3E(J.0)
(—iEiin +iE1 i1 — A1 En — An Eip i
= /M{ —2i(Eyy 11 — A1 Ev) A +2i(E31 1 _/‘flAlEii)f‘fii En
+2iREyi o + Efi 0 — 2411(A11 E1n + A1 Eqp)
+ conjugate

(volume form OAdb omitted). The “slice condition" in [6], p. 235, for §J = 2F reads as
BjE = O, i.e.,

@3) By i1 — /illEii =—iEii 1 — AH Eqr.

From the commutation relation E ;7 — Ey7 17 = iEj1 9 — 2R E77 and an integration by
parts, it follows that

(4.4)/ ZiﬁEﬁ,oEué/\dézf {4R?|E\1|* = 2R|Eqi 1> + 2R|E11,11>}0 A db.
M M
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Making use of (4.3), (4.4) and integrating by parts again, we finally reduce (4.2) to

(4.5) 52E(f,é)=/ o 1
/ M +(8R? — 4|An1[?) | E1i 2

+[(2i +2)E?

—2|E11,0/? = 4R|Eqi 1 + 4R|Eq1,1 }

~

i~ 2 EvgiEqpy + (2 —2)E7 At Ay
+ conjugate of [ --- ]ffﬁ.
(volume form OAdb omitted). Now we are going to compute
887 E(J, 0)
(4.6) = /M(2i59 R i1 —2(8gR) Ajy — 2R(89 Aj7) + i89A71,0) E11 + conjugate,
Substituting (2.20), (2.12) and (2.21) into (4.6) gives

(6Aph —2ih o) At;

4.7) Se87E(J .0 =/ .
031 E(J.0) M{ —8i(Aph) 17 + 2h 110

} E11 + conjugate.

To compute 8§E(f, é), we apply (2.22), (2.24) to the §g of (2.14):

GEW.0) = [ (-880(8R) 2080 (Ari,y — Apy )b
to conclude via integrating by parts that

o A —16R|Vyh|? + 8i Aj;(h.1)> — 8i A1 (h A
4.8) 85E(J,0)=/ [Vph|” + 8i 2( 1) zl 11(h 7)? b Adb.
M +32(Aph)* — 8|h 11|

For Rossi spheres (53, J(s),0) with 0 = é/RO (see Subsection 2.1), we compute via (2.11)
that
R, |A|J( o=+ 25%)2R% — 45s*(1 + s*)R3 = R3.

Together with 6 A d = 8d vgs? (recall (2.1) for 0, and d vy denotes the Euclidean
volume form of S3), we have
Ondb
2 — 2 _ Eucl __
E(J).0) = / (R(S) |A|J(s)59)9 AdO = [53 R; R—% = /:ga 8 -dvgs = = 1672
So, Rossi spheres are all critical points of E(J, ) (as shown after the proof of Proposi-
tion 2.1) with the same energy.

A. Appendix

We give some examples for second variations in 6 and J of E at the standard pseudoher-
mitian 3-sphere (S3, J(0), @). Substituting R = 1 and A;; = 0 into (4.8) gives

(A1) ng(J(o),é)zf (—16|Vph|? 4 32(Lph)? —8|h.11|2) 0 A dB.
S3
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Using integration by parts and the commutation relation s j,7 — i 17, = ih 30 — h 1 (see

formula (9) in [7]), we compute (volume form L omitted)
0D [ b= [ B i)

= / a(h i1 —ihgr +hy) (since Ay, = 0)

/huhu /huho—/ P

Since h 7 —h 1, = ih,, we have

1 1
(A3)  h;;= 3 (Aph +ihp) and hj = 3 (Aph —ihy) (since h is real).

Substituting (A.3) into (A.2), we can reduce (A.2) to

1 3 i 1
(A4) / Bt = - / (Lph)® + / (hoy - - / (Bphyhg— » / IVoh]2.
3 ’ 4 3 4 3 2 3 2 3

Let Hp 4,1 denote the restriction to S3 of the space of the homogeneous complex har-
monic polynomials of bidegree (p, ¢), where p is the holomorphic homogeneity and ¢
the antiholomorphic one. Then for f € Hp 4 1, one has

(p q)
3 f

1 1
(A.5) —Npf = 3 (pq + E(P +q))f and Tf =

(see Proposition 2.2 on p. 10 of [1]; note that 0 is twice the contact form 6o in [1], p. 8,
so the sublaplacian there is twice the sublaplacian here while 7" there is exactly the Reeb
vector field here, i.e., T = T). By (A.4), one reduces (A.1) to

(A.6) 82E(J),0) = 30] (Abh)2—6/ (h0)? +4i/ (Abh)h,o—u/ |Vyph|?.
S3 S3 S3 S3

Taking s = f + f in (A.5) and writing A = %(pq + %(p +¢)), = (p—q)/2, we have
—Aph =A(f + f)andho = Th = iu(f — f). Substituting these formulas into (A.6)
and noting that g5 |[Vph|* = — [¢3(Aph)h, we reduce the right-hand side of (A.6) to

D 60 [ dnsanf—1o® [ rFesi [ sntr+Pincs = H-2a 17

Here we have used [g; 2 =0and [g5 f2 = 0. Using (A.5), we can further reduce (A.7)
and conclude from (A.6) that

Lpg+i(p+9)*—2(p—9q)?

(A8)  S2E(J, ,é):/ {
om0 $3 —2(pqg + 2(p+9)

}|f|2é/\dé

for 80 = 2h0 =2(f + )0, f € Hpq1.
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We now turn to compute §% E(J(g). 0) for 8J = 2E, E = E,0' ® Z;+conjugate
with E11 € Hp 4,1. Starting from (4.5) with R =1and /f“ = 0, we have (volume form
6 A d6 omitted)

(A.9) 82E(J().0) = /SB(—Z|E11,0|2 —4|Ei > + 4|E111)> + 8| En ).

Via an integration by parts and the commutation relation E; 1; — Eyy 17 = —iE11,0 —
2E11 (noting that R= 1), we reduce the right-hand side of (A.9) to

(A.10) / (2E11,00 —4iE110) E7;  (note that 8| Eqq |2 is cancelled).
S3

We compute

(All) Eno=TEn —2a)11(T)E11 =TEn —2(-i)En (a)l1 =—if by (2.10))
_ (P14 . _ . (m
—l( ) )E11+21E11—Z(E+Z)E11.

Here we have written m = p — ¢q. Applying (A.11) to (A.10), we finally obtain
N 1 A o
(A.12) §3E(J (), 0) = —Em(m+4)/ |E111?0 Adf
S3
(recall that Eq1 € Hp g1, m = p —q).
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