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A space level light bulb theorem in all dimensions

Danica Kosanovi¢ and Peter Teichner

Abstract. Given a d-dimensional manifold M and a knotted sphere s: Sk=1 s M with 1 <
k < d, for which there exists a framed dual sphere G: S9—k < 9M, we show that the space of
neat embeddings D¥ < M with boundary s can be delooped by the space of neatly embedded
(k — 1)-disks, with a normal vector field, in the d-manifold obtained from M by attaching a
handle to G. This increase in codimension significantly simplifies the homotopy type of such
embedding spaces, and is of interest also in low-dimensional topology. In particular, we apply
the work of Dax to describe the first interesting homotopy group of these embedding spaces,
in degree d — 2k. In a separate paper we use this to give a complete isotopy classification of

2-disks in a 4-manifold with such a boundary dual.
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1. Introduction and survey of results

1.1. A space level light bulb theorem for arbitrary dimensions

For a d -dimensional manifold M and an embedding s: S¥~' <M, let Emb, (]D)k , M)
denote the space of neat embeddings of the k-disk into M that restrict to s on the
boundary. In this paper all manifolds are smooth, compact, connected, oriented, and
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have nonempty boundary, and all embeddings are smooth. A smooth map K: X — Y
of manifolds is neat if it is transverse to 3Y and K~1(3Y) = dX.

For a setting with a (framed geometric) dual (in the boundary) we assume
that there exists an embedding G: S?% < 9M with trivialized normal 11

bundle, such that s th G is a single positive point, and we fix such a framed
sphere G.

In this setting, we denote by M the d -manifold obtained from M by attaching to
oM a (d — k + 1)-handle along the framed sphere G. Then dM is the surgery on IM
along G, and since s intersects G, we have s = u_ Uy, u for uo: Sk=2 Mg,
u_:D*¥1 < Mg, and u,: D=1 < Mg neat, see Figure 1.2.

&1 008

Figure 1.2. Correspondence of neat k-disks in M with boundary s and half-disks in M for
k=12,d =3

For K € Emby(D¥, M) denote by vK an open tubular neighborhood. Then there
is a diffeomorphism M \ vK =~ Mg, and hence the right-hand side does not depend
on G (nor its framing), and the left hand side is independent of K. This follows from
handle cancellation, see Lemma 2.1.

Any triple (M, s, G) as above is obtained by starting with an arbitrary d-mani-
fold X and removing a tubular neighborhood of a neat embedding u: Dk s X
to obtain M. Then G is a meridian sphere to u, X is diffeomorphic to Mg, and u
corresponds to 1. To obtain s we have to assume that 1y = du is also the boundary
of an embedding u_: D¥~! < 39X and finally, Embs(D¥, M) is nonempty if and
only if u is isotopic to u_ rel. ug. In this case, M is also a boundary connected sum
X (S?* x DK), with G corresponding to ST~ x {p} and K = {p} x D¥ the chosen
embedding.

When k = 1 and d = 3 this is precisely the setting of the well-known “light bulb
trick” in knot theory, see for example [27, p.257]. Namely, G is the “light bulb”
to which a “cable” D! <> M connects on one end, while the other end is fixed in
another component of dM, the “ceiling”, see the top left of Figure 1.2. The trick
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refers to the proof that such cables K are isotopic if and only if they are homotopic,
i.e. o Embg(D', M) = 7y M. Indeed, a homotopy from one knotted K to another
can be turned into an isotopy using the swinging motion around the light bulb G. See
also Example 2.10.

Motivated by recent generalizations of the light bulb trick for 2-spheres in 4-
manifolds [8, 28], we prove the following theorem for disks in any dimensions 1 <
k < d, and in [24] use it to recover and generalize those results for k = 2,d = 4 (see
also [9] for partial results on 2-disks).

Theorem A. In the setting with a dual (1.1), any U € Embg (DX, M) leads to a fibra-
tion sequence

S ed—
Emb, (DX, M) o, Q Emby,, (DK, Mg) =% QF-1sdk,

where Ty (K) is obtained by foliating D¥ by a 1-parameter family of D¥~1 (rel. S¥=2),
applying —U and then K to it and getting a loop based at u; € Emb,,, (D*1, Mg).

Here €2 denotes a based loop space, and a sequence of based maps F LEL Bis
a fibration sequence if i factors through a weak homotopy equivalence to a homotopy
fiber of p. In particular, we get a long exact sequence on homotopy groups. For more
details on fy we refer to Remark 2.2, and for 8., to Remark 1.3.

In fact, Embg(D¥, M) is a loop space in general, as we explain next.

Firstly, a result of Cerf shows that this space is weakly homotopy equivalent to its
subspace Embye (D¥, M), consisting of those embeddings that agree with a fixed one
on an g-collar of the boundary dD¥ (see Proposition 2.9). Secondly, if we extend the
foliation of DX from Theorem A to a 1-parameter family of thickened disks D*~!
[0, €], then K € Embye (DX, M) gives a path in the space Embg (ID)k 1 Mg) of such
e-augmented (k — 1)-disks ID)k 1'% [0,6] = Mg. We can snmlarly use U to complete
this to a loop f{;(K) based at u%_. Let us point out that the space Emb . (DF1, Mg)
is homotopy equivalent to EmbT (]D)k 1. Mg), the space of (k — 1)- dlSkS equipped
with a normal vector field, see Proposmon 5.1.

Theorem B (Space level light bulb theorem for disks). In the setting with a dual (1.1),
any basepoint U € Embge (DX, M) leads to a pair of inverse homotopy equivalences

f&: Embye (DX, M) =2 Q Emb;jg(Dk—l, Mg) :avu,

where f{; is the e-augmented foliation map, and for n > 0 the value of m,ay on an
n-parameter family of isotopies S' — Embi8 (DK=Y, Mg) is the n-parameter family
of k-disks obtained by applying the parametrized ambient isotopy extension theorem.
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Remark 1.3. Theorem A follows from Theorem B using Proposition 5.2, which says
that forgetting the e-augmentation is a fibration

evo: Embig(Dk_l, Mg) — Emb,s (D*™", M),

with fiber Qk—1S4-k measuring the normal derivative in the e-direction; then &, in
Theorem A is the connecting map of this fibration. Here we again use Proposition 2.9
to replace Emb,¢ (D¥=1, M) by the equivalent Emb,,, (D*1, Mg).

The main tool in these results, namely the translation to half-disks, is due to Jean
Cerf and appeared first in [4], republished as the appendix of his celebrated paper [5].
Cerf did not discuss the generality in which his method applies: he used it only for
M = D¥, see Example 2.13 below. Our Theorems A and B are general results that
use Cerf’s half-disk trick (and his parametrized ambient isotopy theorem) to arrive at
interesting consequences for neat disks. Budney and Gabai outlined the case M =
S9* x D* in [1, vl:Lem. 3.4] and noted in [1, v1:Rem. 6.2] that this outline should
be generalizable. For a history of related results we refer to Section 2.3.

Mentioned half-disks are k-disks in Mg that restrict to u® on the g-collar of one
half of the boundary, and to u¢_ on the e-collar of the other half 9,D*, see the third
column of Figure 1.2. This space is homotopy equivalent to Embge (DX, M), but is
also the fiber of a restriction map from the space of half-disks for which 9, D* is
free to move in the interior of M. The latter space is contractible, so the fiber is the
loop space on the base, implying Theorem B. The proof is in Section 3, and a detailed
outline in Section 2.1.

Remark 1.4. One might hope to use Theorem B repeatedly. However, the boundary
condition for (k — 1)-disks, ug: S¥=2 < Mg, is null homotopic (that is, it bounds
u_ € dMg), so cannot have a geometric dual.

Remark 1.5. The same method of proof applied to framed half-disks yields a homo-
topy equivalence
T k ~ T k—
Emb (DX, M) ~ Q Embf%(ID) 1 Mg)

between spaces of framed embeddings, i.e. embeddings equipped with a trivialization
of the normal bundle (and framed boundary conditions s’ respectively uj). Equiva-
lently, we can thicken the embeddings to obtain (cf. Proposition 5.1):

Emb, (A7, X) ~ Q Emb,,,, (h ¥, X),

where h! = D! x D¢~ is a handle of index i and vs and vug are neighborhoods of
the attaching region.
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1.2. Applications of the work of Dax

The essence of Theorem B is that it increases the codimension for the embedding space
and thus simplifies the computation of its homotopy groups. In particular, using Hae-
fliger’s double-point elimination [14], Jean-Pierre Dax [6] computed the homotopy
groups 1, Emby (D¥, M) in the “metastable range”, i.e. in degrees n < 2d — 3k — 3,
beyond the stable range n < d — 2k — 1 where they are as for immersions (in turn
determined by Smale—Hirsch theory). But now in the setting with a dual, Theorem B
implies that the group
7Tyt mn Embge (]D)k, M) z Thi1 Embig(Dk_l, Mg) :mpay

can be computed using Dax’s techniques for all n < 2d — 3k — 1 (equivalently,
n+1<2d—3(k —1)—23). For example, when d — k < 2 the range of Dax is
empty, n < 1 — k, whereas we have n <3 — k.

We remark that for k = d — 2 the Goodwillie-Weiss embedding tower [1 1], which
generalizes the work of Dax, converges for Emb,,, (Dk=1, M), but it need not con-
verge for Embg (DX, M).

More precisely, Dax expresses the homotopy group

7 (Immy (V, X)), Emby(V, X): u)

of neat immersions, relative to neat embeddings of an £-manifold V' into a d-mani-
fold X (the boundary condition ug: dV < 0X is omitted from the notation) as a
certain bordism group, recalled in Theorem 4.4. However, to compute this explicitly
requires more work, which to our knowledge has not been done prior to the present
paper. We identify this bordism group and the Dax invariant forn = d — 2¢ and V
simply connected, as an isomorphism

~

Dax: 74—p¢ (Immy(V, X), Emby(V, X);u) => Z[mX]/relé . (1.6)
where the group of relations rely 4 is trivial for £ = 1, and given by
(g— (D" g emX)

for £ > 2. The map Dax is the signed count of group elements at the double points
of an associated generic immersion 1¢72¢ x VV 9> 1972 x X see Theorem 4.14.
For d — 2¢ = 0 this resembles the result of Grant [13] that compares the invariant
of Hatcher and Quinn [18] (who study whether an immersion is regularly homo-
topic to an embedding for 2d — 3¢ — 3 > 0) to Wall’s self-intersection invariant, see
Remark 4.18.

We then specialize to V = D¢ and prove the following (restated as Theorem 4.3,
that includes d — 2¢ = 0).
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Theorem C. Let X be a d-manifold and consider the space Emby (D¢, X) with a
basepoint u. Assume d > £ + 3 and d — 2¢ > 1. Then the map

Pu 7Tn (Emby (DY, X),u) — w0 X, pu(f) = (> —u Uy f),

is an isomorphism for 0 < n < d — 24 — 2, and there is a short exact sequence of
groups (setsifd — 20 —1 =0):

or

ZlmiX \1 — 4
[77:1 \ ]/I’el(,d &%) daXu(de_eX) <T35X_ nd_zz_l(Emba(]D) ’X)’u)

P_u» Tg—g—1X.

The map dax,: m7g_¢M — Z[x] whose image appears in the kernel of the exten-
sion is a restriction of the isomorphism Dax from (1.6). The realization map dr is an
explicit inverse of Dax, constructed in Section 4.1. The case £ = 1,d = 4 was also
studied by Gabai [9], see Remark 4.22. Some properties of these invariants in that
case can be found in [24], and for £ = 1 and d > 3 in [23].

Next, we extend this to e-augmented £-disks in Theorem 5.4, using some results
on homotopy groups of frame bundles, proven in Appendix B. In particular, when
d — { is odd it turns out that

7d—20—1 (Embe (DY, X),uf) = Z x 7q_¢—1 (Emby(D*, X), u),

so any S?=26=1_family of embedded ¢-disks in X has Z many e-augmentations (see
Remark 5.13). In Section 5.3 we combine the mentioned Theorem 5.4 for £ = k — 1
with Theorem B as follows.

Theorem D. Assume the setting with a dual (1.1), and let w := w1 M. Then there are
isomorphisms Embs(Dk, M)=m, ;M forn <d —2k —1,andifd —k #1,3,7
a group extension:

ay o or®

Z  — k
[n]/relk—l,d @ dax’(mg—k+1 M) <_D___f_€_ Td—2k (Embs(]D) ’M)’U)
ax o U

wy® U, LZk.a ® nd_kM/Z[JT]G*

where Zi,q = Z for d — k even, Zy 4 := 72 for d — k odd, and
dax®(mg—g+1M) = (1) & dax(wg—x+1M)
for d — k even or k = 2. The map on the right is on the class of
K:S?72F _ Emb,(DF, M)

given as follows.
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(i) The map —U U « assigns to K the homotopy class modulo Z[r] - G of the
sphere

~U UK e Map, (S97%, Map, (S¥, M)) ~ Map, (S*7*, M),

obtained by gluing the oppositely oriented U with K along boundaries.

(i) If d — k is even and d — k # k, then nw,y(K) is one half of e(vK, vU),
the relative Euler number of the normal bundle of the immersion 1972% x DK q»
142k » M, given by (t,x) — (7, K;(x)), relative to the constant family U (they
agree on d(19-2k x DK)). Moreover, ZLk,q = 7 splits back.

(ii) Ifd —k = k = 2 or 4 or 8, then the relative Euler number e(vK, vU) might
be odd, but we have

nw.u(K) = %(e(vK, wU) — W(-U U K)),

where the homomorphism W € Homy (M, Z) with W(G) = 0 is an integral lift
of the spherical Stiefel-Whitney class w;, € Homy (nx M, Z/2) given by wi(a) =
wi (@*(TM)) for a: S¥ — M.

We show that such a W always exists in Lemma B.16. We use Theorem D in [24]
to compute the set of path components 7o Embg (D2, M) for d = 4, thus classifying
in the setting with a dual the set of isotopy classes of disks in a 4-manifold. Note that
this is precisely a case when 2d — 3k —3 <n < 2d —3k — 1.

Remark 1.7. It is an interesting problem to determine the equivalence class of the
extension in Theorem D. For d — k even we can divide out Z = Zj 4 that splits off
and pick a set-theoretic section o of the quotient extension. If x is the group structure
on

742k Emby(D¥, M) = 7q—z+1 EmbS, (D€', M),

then fora; € mg_x Mg = ng_ix M/ Z[7)G the element o (a;) * 0 (az) * o(a; +a>) ™!
is in the kernel of —U U ., and on this Dax o f{j inverts ay o dr®. Thus, the group
2-cocycle is given by

(a1,az) —Dax(o(ay) * o(az) * o(ay + az)_l)
ZlmyM \ 1
e ZImMA ]/relk—l,d @ dax(wg—k+1 M)
We plan to study this in future work. Note that x is the usual group structure for
d — 2k > 1, whereas for d = 2k it is an unexpected group structure on the set
7o Embg (DX, M). For k = 2, d = 4, we compute the commutators of this group
in [24] and show that it is usually nonabelian.
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Remark 1.8. If in the setting with a duald > k + 3 and d — 2k > 1 hold, we can
apply Theorem C directly to obtain a description of 74_ox_1 (Embg(D¥, M), U) as
an extension of wy_;_1 M by a quotient of Z[m; X \ 1]. However, Theorem D says
this quotient is trivial, and one can see why explicitly: we compute daxy(g - [G]) = g
in Example 4.19.

2. Preliminaries

2.1. Outline
We outline the contents of the paper and the ideas of proofs of Theorems B and D.

2.1.1. Light bulb tricks. The first step in the proof of Theorem B is illustrated in
Figure 1.2: attaching a handle to G transforms a neat k-disk in M into a “half-disk”
ak < Mg, namely, a k-disk whose boundary 9a¥ = SK=1 = Dk~1 U Df‘[l has one
half u_ = s|p_ embedded in dM¢ and the other u+ = s|p . neatly embedded in Mg,
with du_ = du . Half-disks are not smooth embeddings in the classical sense, but in
the sense of manifolds with corners, which we review in Section 2.2. Moreover, this
correspondence gives a homotopy equivalence

Emby: (D¥, M) ~ Embye (0%, Mg),

since removing a tubular neighborhood vu 4 turns half-disks back into neat disks; we
first ensure that half-disks intersect vu only along the collar u¢ . This is done in
Section 3.2.

Lemma 2.1. The existence of a disk U: DK < M ensures that the diffeomorphism
type of Mg is independent of the choice of a framing ¥ of G, and in fact, of the choice
of a dual G to s all together. Moreover, there is a diffeomorphism Mg =~ M \ vU.

Proof. First note that M is obtained from the complement M \ vU of an open tubular
neighborhood of U by attaching a (d — k)-handle with cocore U. As G is dual to dU
and has trivial normal bundle, the standard handle cancellation of this (d — k)- and
(d — k + 1)-handle pair gives a diffeomorphism

Mg = M UGy h95 T = (M \vUO)UR?F U = y\vU. =

The second ingredient for Theorem B is Cerf—Palais “family version” of ambient
isotopy extension Theorem 2.8, saying that a map restricting embeddings to a fixed
submanifold is a locally trivial fibration. This is used in Section 3.1 as follows. Con-
sider the space Embpe (ak, Mg:; U) of half-disks that agree with our basepoint U
only on the collar D? of D_ C dak, while D, moves freely and neatly in Mg.
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Then Embyge (0F, Mg) = Embj« (@, Mg; U) is by definition the fiber over uf of
the restriction map evpe . This gives rise to a fibration sequence

QEmbE,_ (D¥!, Mg) -2%s Embye(a¥, Mg) —— Embpe (0¥, Mg:U)

uo

eVDi
— Emb, (D!, M),

in which the total space Embpe (Clk, Mg ; U) is contractible: in this space half-disks
are allowed to shrink arbitrarily close to their D? -collar, where they are fixed. This
implies that the connecting map ay is a homotopy equivalence with an explicit inv-
erse f{ (given in general by Lemma A .4); see also Example 2.3.

Remark 2.2. One can try to define the map
fu: Emby (D¥, M) — Q Emb,,,(D¥~1, Mg)

from Theorem A directly as follows. Consider the foliation of K € Emby (Dk, M)
by K(s,1): D¥"! <> M C Mg, using a parametrization D¥ 2 DK~! x I; this is a
path from u_ to u 4, so to get a closed loop use the inverse of such a foliation of U.
However, u_ is not neat so does not lie in the space Emb,,, (]D)k_l, Mg). One way
around this would be to enlarge this space to also include embeddings that lie in dMg;
after all, they are limits of neat embeddings and we believe the homotopy type of the
space does not change.

We opted for a second way, making Embg(ID*, M) smaller by considering its
homotopy equivalent (by Cerf’s Proposition 2.9) subspace Embge (DX, M). Then the
mentioned explicit inverse f{; induces the following fy := evg o f{j: pick a neat

o DF s U(SF x [1 -6, 1])

that is close to u_, and define fy(K) = f(—U) - f(K) as the path U(e, —¢) from v
to 77—, followed by K (e, t) from #_ back to u .

Example 2.3. Fork = 1, d = 3 think of y € Q Embjj(D?, M) as an isotopy of inter-
vals D? x [0, ¢]. Extend this to an ambient isotopy ®; of Mg, so diffeomorphism ®;
takes u¢_ toitself. Then ay(y) := ®1(U) € Embye (@', M) is the half-arc obtained by
dragging the endpoint of U along y, as in Figure 2.4. The homotopy inverse f{; of ay
glues the given embedded arc K to U along their boundaries and foliates the resulting
loop —U U K by small intervals D° x [0, €], to obtain f&(K) € 2 Emb§(D°, Mg).

2.1.2. The Dax invariant. In Section 4 we discuss the work of Dax and prove The-
orem C. The goal is to compute the homotopy groups , (Emb,, (DK, Mg), uy)
for n < d — 2k, but we will work in a general setting, with no restrictions on Mg
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Figure 2.4. Moments t =0, 0 < ¢ < 1, ¢ = 1 of an ambient isotopy ®; defining ay(y). A
neighborhood of the intersection U N y has to be “dragged along” all the way during the isotopy,
whereas a neighborhood of the undercrossing in y is dragged along only for a while.

and ug. Instead consider an arbitrary d-manifold X (with adjectives as in the first
paragraph of the paper), and write Emb, (D¢, X) and Immjy(D¥, X) for the spaces of
neatly embedded and immersed disks with boundary u: St1 < 9X and based at an
arbitrary u: D¢ — X.

Remark 2.5. There is a homotopy equivalence
DU D(): Immye (D!, X) — QV1(X),

where V1 (X) is the unit sphere subbundle of the tangent bundle of X, a result due to
Smale [29]. This sends K: D! & X to the concatenation of the inverse of the path
D(U) followed by the path D(K), where D(») is the unit derivative of an immersed
arc, see also Section 4.2.1. Interestingly, the proof idea is essentially the same Cerf’s
trick outlined above, and the key ingredient is to show that the restriction map for
immersions is also a fibration. Note that QV; (X) ~ QS9! x QX, see Lemma B.6.

Firstly, we will see that 7, (Emby (D¢, X), u) = m,(Immy(D¥, X), u) = Mo X
for every n < d — 2{ — 2 and that the inclusion induces a surjection

d—24—1(Emby (DY, X). u) — 74_p¢—1 (Immy(D, X), u) = 7q_¢—1 X.

We will compute its kernel in Section 4.2: it is the quotient of the relative homotopy
group, computed in Section 4.1 as

Dax: ﬂd_zg(lmma(De, X), Emby (D¢, X), u) = Z[MX]/relg J
by the image of 774 _»¢ (Immy (D¢, X), u) = Z[relg g ® mg—¢ X, as computed in Prop-

osition 4.29. Recall from (1.6) thatrely 4 := (g — (=1)¢tg™1: g € 1 X) except that
rely ¢ := 0, and that the Dax invariant Dax([H]) of the relative homotopy class of

H: (19724319724 — (Immy (DY, X), Emby(D*, X))

is the signed count of double point loops of the track H:1972¢ x D¢ — [972¢ x X.
Note that when £ = 1 we can use the natural orientation of D! to order the two sheets
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intersecting at a double point, and hence lend in Z[; X]. However, for £ > 2 we have
to mod out the ambiguous choice of sheets: the double point loop gets reversed and
the sign changes exactly if the reflection on R?~¢ x R4~ changes the orientation.

In Theorem 4.20 (in Section 4.1) we describe the inverse r of Dax, schematically
depicted in Figure 2.6. For g € 71 X the class r(g) is represented by the (d —2£ — 1)-
family of embedded disks that swing around a meridian sphere S¢ 1oy ata
point x, together with a path through immersed disks from this to the trivial family
using the meridian ball at x. In fact, discussion of Section 4.1 applies to any simply
connected manifold V in place of D?.

r(g)

u(-1) Sd_z_lw u(+1)

Figure 2.6. Samples v(g); € Emby(D¥¢, X) for severalf € S! and £ = 1,d = 4.

In Section 5.2 we show an analogous result for g-augmented arcs, see Theo-
rem 5.4. The proof uses our study of the augmentation map from Section 5.1 and
of frame bundles from Appendix B. This almost immediately proves Theorem D: it
just remains to see that 7y _x Mg is the quotient of 747_; M by the Z[m; M ]-multiples
of G, and to determine the splitting nw,y as an Euler number, see Section 5.3.

2.2. Embeddings of manifolds with corners

Following Cerf [3], a d-dimensional manifold with corners is a topological d-mani-
fold X with boundary, together with (a maximal atlas of) charts around all x € X with
domain Rflq) = RY x [0, 00)? ™ for some 0 < ¢ < d that send the origin 0 to x. One
requires that each transition map, initially defined only on an open subset of ]qu),
extends to a smooth map on an open subset of R¢. This gives a notion of smooth
maps ¥ — X between manifolds with corners and a Whitney topology on the set
C>®(Y, X).

A component of X(g) :={x € X | x < 0e R‘(iq) in some chart} is called a g-face
of X; it is a g-dimensional smooth manifold (without boundary), and the set X is a
disjoint union of its faces. The boundary 0X is the union of codimension > 1 faces,
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and a corner of X is a face of codimension > 2 (e.g. one of the vertices in a square).
If ¢ € {d — 1,d} we recover the usual structure on X of a smooth manifold with
boundary. The role of a collar of dX in X is in general played by Cerf’s “prismatic
neighbourhoods” (that restrict to collars of faces). Manifolds with corners are clearly
closed under cartesian product.

For a d-manifold with corners X a subset X’ C X is a d’-dimensional subman-
ifold for some 0 < d’ < d if each point of X’ admits a chart in X for which X’
maps bijectively to some submodel qu/,) - ]qu). A submodel is given by choosing

0<¢q' <¢q,0<k <min{q —q’,d’ — q'}, and inserting d — d’ many zeroes:

d/
R(q/) D (X1ye s Xg/ s V1senen Yaieq')

= (X1 X V1o Vi 0000, Vg1 o Yar—gr) GRZI).

These relative charts induce the structure of a d’-manifold with corners on X’. For
example, if X is a smooth manifold with boundary, then for the corners of X’ of
codimension d’ — ¢’ < 2, we have the following different cases, depending on the
value of ¢’ listed on the left:

d’: For a top dimensional face F C X', we have either F C 0X or F C X(4) =
X\ 0X.

d’ — 1: For a small neighborhood V, € X' of p € X (’ 21y there are 3 possibilities:
either V, C 0X respectively V, C X \ dX as above, or (V,, dV,) C (X, 0X)
is a neat submanifold.

d’ —2: A small neighborhood V,, € X' of p € X (’ 47— l00ks like a neighborhood of
0 € R?~2 x [0, 00)2, and there are 4 possibilities for V, € X. The case

(X1, xg ¥, 2) = (X1, ..., X7, 1, 0,...,0, y2)

is the most interesting: exactly “one half” of 0V}, the one corresponding to
0 x [0, 00) x {0}, lies in X while the rest of V}, lies in X \ 0X.

Thus, a smooth submanifold with boundary is either neat or contained in the interior
of X, while the simplest next case is the local model listed last above, which we use
for half-disks X' = a¥, see Figure 3.1.

A smooth map f of manifolds with corners is an embedding, written f:Y — X,
if f(Y) is a submanifold of X whose induced corner structure makes f:Y — f(Y)
a diffeomorphism. An immersion of manifolds with corners is a smooth map that is
locally an embedding. Spaces of embeddings and immersions inherit the Whitney
C*°-topology.

Definition 2.7. For y:Y — X let Emb(Y, X; y) € Emb(Y, X) consist of embeddings
f:Y — X such that for each p € Y and each face Fy C X, we have f(p) € Fx
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if and only if y(p) € Fy; we say that y and f have the same “incidence rela-
tions” [3, p. 281].
Furthermore, for a closed subset Y’ C Y, let

Emby/ (Y, X;y) € Emb(Y, X; y)

consist of those embeddings f that agree with y on Y’, thatis f|ys = y|y’. We say
that “y is the boundary condition along Y’ (note that y at the same time determines
the incidence relations).

2.2.1. Restriction maps for embeddings. Consider compact manifolds with corners
and embeddings

Z'— Z —Y =5 X.

We say a subset Y’ C Y is a local normal tube to Z C Y along Z' if Y NZ = Z’
and there is a tubular neighborhood V C Y of Z in Y suchthat Y' NV = pr=1(Z"),
where pr:V — Z is the projection.

Theorem 2.8. With the above notation, the following restriction maps are both locally
trivial:
D evz:Emb(Y, X;y) - Emb(Z, X; z) (see [3, Cor. 2, p.294, with notation
ECHCF]

(II) evz:Emby/(Y, X;y) — Embz/(Z, X; z) (see [3, Cor. 2, p.298]).

Here a map p: E — B is locally trivial if for each b € B there exists a neigh-
borhood x € V € B and a homeomorphism p~!(V) = V x p~!(x). Palais [26]
showed Theorem 2.8 (I) in the case when all manifolds have empty boundary and Y
is compact; Cerf extended this to manifolds with corners and quite general boundary
conditions as in Theorem 2.8 (IT). We also record the following fact (see [3, Cor. 3,
p-331; Prop. 9, p.337]), which will be used to replace neat embeddings by those
fixed on a collar.

Proposition 2.9. In the same notation as above, if Z' = Y’ N Z is the closure of a
codimension 1 face, then the inclusion Embzyy (Y, X;y) — Embz (Y, X;y) is a
weak homotopy equivalence.

Itis a standard fact that a locally trivial map over a paracompact base is a Hurewicz
fibration. One can show that Emby/(Y, X; y) are metrizable, so they are paracom-
pact by Stone’s theorem, and Theorem 2.8 implies that the restriction maps evz are
Hurewicz fibrations. To show metrizability one can argue as follows: embed X into
some R” so that Emby- (Y, X; y) is a subspace of C*°(Y, R"); the latter is metrizable
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by classical functional analysis, using that sup-norms on compact sets define a family
of seminorms such that

_ supy [(f — ) (x)|
A8 =59 2 supe 1(f — 9™ ()

is a metric. In Appendix A we discuss some properties of fibrations and their connect-

ing maps, needed in the proof of Theorem 3.2. See also Remark 3.5.

2.3. History

Let us list some results and examples that precede Theorems A and B, as well as the
method of proof, and which can be recovered from them as special cases.

In [3] Cerf laid foundations of differential topology, discussing in details mani-
folds with corners, submanifolds, and spaces of embeddings. In [4] he surveyed these
results and presented the half-disk trick, proving that

Diffy(D¢) ~ Q Emby (D!, DY)

and that homotopy groups of Emby (D41, D?) inject into (the shifted) homotopy
groups of Emb§(D?~2,D4). In particular, Diffy(D?) is contractible, reproving a the-
orem of Smale. This was later republished as the appendix of [5].

Gramain [12] used Cerf’s trick to extend this to a proof that the components of
Diffy(S) are contractible for most compact surfaces S, reproving theorems of Earle,
Eells, and Schatz, by completely topological methods. Hatcher gave an exposition of
this proof in [17, App. B]. He also used it in [15, App.] when describing equivalent
forms of the Smale conjecture. Goodwillie in his thesis [10, pp. 7-8] used half-disks
to outline why the based loop space of the space of concordance embeddings of D¥~1
into X is homotopy equivalent to the space of concordance embeddings of D¥ into
X U h?=%(= M). Budney and Gabai [1] used half-disks and global coordinates to
show statements equivalent to the case M = S9—k % DK of our Theorems A and B,
and remarked that this can be used to recover Gabai’s 4-dimensional light bulb theo-
rem, see [1, vl:Rem. 6.2]. Knudsen and Kupers [21, Sec. 6.2.4] consider an example
related both to the classical light bulb trick and Cerf’s half-disk trick. Finally, let us
also mention that Litherland [25] proved a light bulb theorem for S?’s in S? x S¢ 72,

Example 2.10. For k = 1 and d = 3 Theorem A indeed recovers the light bulb trick,
7o Embg(D!, M) =~ m M,
since Emby(D°, Mg) = Mg and 7;2°S? = 0. For example, we have

Emby(D!, D! x §?) ~ QS?
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for the inclusion s: dD! x {pt} < D! x S? (since (D! x S?)g = D?), so all arcs are
isotopic; however, note that m1192S! = Z, so there is a nontrivial loop of arcs (given
by the swing around the dual, see Section 5.2.1). In fact, we more generally have
Emb (D!, M) ~ QS? x QMg, see Example 2.11.

Example 2.11. For k = 1 and d > 2 the fibration splits by Lemma B.6, so we get a
homotopy equivalence

Embg (D', M) => QS x QMg = QS x Q(M Uga—1 D).

Here a dual for the boundary condition means that the two points s(S°) lie in distinct
components of M, one of which is diffeomorphic to S, and along which a d-
handle is attached, giving Mg := M Uga—1 D<.

For dim(M) = d = 2 it follows that the group Z x m;(M Ugi D?) acts sim-
ply and transitively on the set 79 Embg(D!, M) of connected components, that are
all contractible. The action of Z is by Dehn twists around one boundary component,
while 771 (M Ug1 D?) acts by the “point-push” map, well known in the surface com-
munity, see [7]. For d > 3 we get such an action of 7, (M) on 9 Emby (D!, M). For
all d > 4 the connected components have nontrivial higher homotopy groups.

Example 2.12. If 1 <k =d — 1, then S4—k = S! soforn >0 (andn =0if d > 4)
Theorem A gives

7 Emby (D?~1, M) = 7,41 Emby,, (D972, M Ug1 h?).

In particular, this holds for M = S' x D471, s = p x D!, G = S! x ¢, and
Mg = M Ug1 h? = D9, This case was discussed by Budney and Gabai [1], who
constructed for d = 4 and n = 0 an infinitely generated subgroup of this group.

Example 2.13. For 1 < k = d, any embedding (D¢, dD¢) < (M, M) is a dif-
feomorphism, as we assumed for simplicity that M is connected. However, Theo-
rem A also applies to the disjoint union M = D¢ L M’ with any d-manifold M’, for
s = 0D? and G:S° — M satisfying G(—1) € ID?, G(1) € IM’. Since S = S°
and Mg := (D9 U M’) Uyg h' =~ M’, we obtain

Diffy(D9) 2 Embg(D?, D¢ U M’) ~ Q Emb,,, (D!, M').

For M’ = D¢ this is the result of Cerf [5, App.] that motivated our entire approach.

3. Spaces of disks and half-disks

In this section we work in arbitrary dimensions and prove Theorem B. Disks in M
with duals in 0M are reduced to half-disks in X = Mg in Section 3.2, while half-
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disks in X are described as loops in X of “c-augmented” disks of lower dimension in
Section 3.1. We first fix notation for the setting of half-disks.

Given an embedding U: D < X of compact manifolds with corners, and a closed
subset b C D, recall from Section 2.2 the space Emby (D, X ; U) consisting of those
embeddings K: D < X that have the same incidence relations (for faces in D, X)
as U, and that agree with U on b. We let U be its basepoint.

In particular, if D and X are manifolds with boundary, the incidence relation
U(D) N dX = U(ID) together with the boundary condition s := Ul on b = dD
reproduces our space

Emb(D, X) = Embyp (D, X; U)

of neat embeddings (see the first paragraph of the paper). For such U we can expand
the boundary condition to a closed collar b := (dD) x [0, e] € D and define

Embsa (D, X) = Emb(ap)x[ogg](D, X; U).

By Proposition 2.9 the inclusion Embge (D, X) < Emb, (D, X) is a weak homotopy
equivalence.

We will need the next simplest case of manifolds with corners, that also have
codimension 2 faces. Namely, we now take the domain D to be

k= {x eR*: x| < 1.x; <0},
that is the west half of the unit k-dimensional disk, and consider subsets
D_:={xed:|x| =1 and D :={xea®:x, =0}

that are (k — 1)-dimensional disks with da¥ = D_ U D, and Sg := D_ N D, which

is a (k — 2)-dimensional sphere. Then @ is a k-manifold with corners with one k-

face  , two (k — 1)-faces ]ﬁ)i and one (k — 2)-face Sy, the unique corner of a¥.
Moreover, consider subsets

D :={xed*:|x|>1—¢ and DE = {x ed®:x; > —g)
(shaded strips in Figure 3.1), both diffeomorphic to D¥~! x [0, 1] and with
D N D4 = Sp x [0, .

Denote 9°0F := D? U D% (an example of Cerf’s prismatic collar).
Next, we fix a smooth manifold with boundary X and an embedding U: @% < X
of manifolds with corners such that U maps d to the interior of X and the other
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incidence relations are determined by the restrictions of U to D as follows (see Fig-
ure 3.1): the image of u— := Ulp_ is contained in dX, while u; := Ulp_ D4 < X
is a neat embedding, with ug := d(u_) = I(u4+):Se — dX.

Similarly, we write u%_ = U|th and ug == U|Diﬂ]D)f|_’ and identify their domains
with the corresponding products. Let us also still write s := U|yp and s° := Ulype.

Figure 3.1. A half-disk fork =2,d = 3.

The elements of Cerf’s space Emb(a¥, X; U) are called half-disks in X. We are
interested in its subspace Embye (0%, X) := Emb 9egk (a¥, X; U) that by definition con-
sists of those half-disks K:@* < X that agree with U on the prismatic collar 9°a¥.
Equivalently, K is a topological embedding that agrees with U on 3¢ and restricts to
an (ordinary) smooth embedding on interiors ad — X \ 0X.

We saw in Proposition 2.9 that the space of neat disks

Emb,,, (D¥!, X) = Embg, (D4, X:u)
has a weakly equivalent subspace
Embys (D!, X) = Embg,xfo,e) (D, X 1)

of disks fixed on a collar Sy x [0, ¢] € D,. We will also need a space where each such
disk is augmented with “push-offs”, namely

Emby, (D% 1 Xx) = Embp: npe (D5, X;u).
A point here is a topological embedding K:D*~1 x [0, ¢] <> X that restricts to ug on

(So x [0, ¢]) x [0, €] and to an (ordinary) smooth embedding k-1 x [0,8]— X \ 0X;
we call K an “c-augmented” (k — 1)-disk.

3.1. From half-disks to loops of ¢-augmented disks

Our embedding spaces are always equipped with basepoints according to the conven-
tion above; in the next theorem these are respectively u%, and U. A proof of this result



D. Kosanovi¢ and P. Teichner 816
was essentially given in [5, App.], but we also identify the maps involved, needed for
future geometric applications, as in [24].

Theorem 3.2. Forallk > 1 and d > 1, there are inverse homotopy equivalences
. k—1 k .
aU.QEmeS(ID) ., X) == Emby:(Q*, X) :f,

where ay is given on homotopy groups by the family ambient isotopy theorem, while T
maps a half-disk K to the loop of e-augmented (k — 1)-disks induced by appropriate
foliation of the sphere —U U K.

Proof. Consider the fibration sequence
k —1 ¢ k VD?, e k-1
Embye (0%, X) := evpe (%) — Embpe (0°, X:U) — Embug(]D) , X),

where evpe. restricts K: a¥ <> X to the e-collar ]D)i - ak of the unconstrained half

of its boundary. This is a fibration by Cerf’s Theorem 2.8 (II) for Y’ :==D¢ c @k = Y
and Z' .= D? ND% € Df =: Z. We will show that its total space

E® := Embpe (0%, X; U)
admits an explicit contraction
R:E® x[0,1] - E®, with Ry = consty, R; = Id. (3.3)
Then Lemma A.4 implies that any connecting map
ay: Embig(]D)k_l, X) — Embye (a%, X)

is a homotopy equivalence, and is by definition is given by lifting the loop in the base
space to a path in the total space and taking the endpoint. In our setting this amounts
to extending a loop B of s-augmented (k — 1)-disks based at u to an isotopy of
half-disks starting with U and ending with the desired half-disk ay(B). By the same
lemma, the restriction

fo(K)(1) = evps o Ry(K) = R (K)|ps.

is a homotopy inverse to ay, and we will see below that it is indeed given by a folia-
tion, cf. Section 1.1.

To construct the retraction R we start with a path of re-embeddings ¢;: ak — a*,
t € [e, 1], such that

(1) @1 = Idg and @¢|ye/2 = Idpe/2 forall 7,
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(2) ¢(@) S D2,

(3) ¢,(D%) C D¢ forall ¢.
It is not hard write down such an isotopy ¢; using radial coordinates, see Figure 3.4
for k = 2. Now consider the homotopy

E®x[e, 1] > E&/2 = Emei/z(Clk,X; U),

defined by K +— K o ¢;. By property (1) this indeed defines paths in the space £ &/2
(E® C E®/? is smaller as it has the stronger boundary condition), ending with K¢;= K,
and starting with K¢, = Ug,, using property (2) and that K € E®.

»So

<,01/3D+ Dy

So

Figure 3.4. The image of ¢; for t = 2/3,1/3, e. Dashed strips show where ¢; is the identity;
they are always contained in the blue-colored strip D€ C a¥. The black line is the image of
k-1 x {e} < ]D)j_ C ak.

We next modify this homotopy to have image contained in the subspace E¢. We
fix an ambient isotopy ®;: X = X, te [e, 1], supported in a collar of dX, such
that ®; = Idy and U o ¢;|pe = ®;! o U|pe for ¢ € [e, 1]. This can be constructed
explicitly in a collar dX x [0, ¢] = X (or extend the isotopy of half-disks Uy, by the
usual ambient isotopy theorem).

Then for ¢ € [g, 1], let

R:(K) = ®; 0 K 0 ¢y.

This defines a path from R, (K) = &, K¢, = ©,Ug, to R;(K) = Idy K1dqg = K, and
now each half-disk R,(K) fort € [g, 1] is in E?, i.e. it agrees with U on D? . Indeed,
by property (3) and K € E¢, we have K¢;|pe = Ugy|pe , SO

R/(K)|ps = ®;K¢:|pe = ®,Ug;|ps = Ulpe

by construction of .
Finally, for ¢ € [0, ¢], we let R;(K) := Ry4;—¢/:(U). This goes from U to ®,Ug,,
so glues with the above R;,t € [, 1] to a map R: E® x [0, 1] — E® which is the
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desired contraction as in (3.3). Finally, the homotopy inverse to ay is defined by the
formula

q)l+l—t/soUo§01+t—t/8|Di7 re [0’8]’

fo(K)(@) = Rt(K)hD)ﬁr = {th o K Oﬁ"tl]Di’ t €le1].

that we call the foliation: outside of a fixed collar of X it agrees either with the e-
augmented arc Ug;, |Di or K¢g; hD’i , and in the collar uses their modifications by ®;,
making “a turn” at #° = <I>8U(p5|D5r. ]

Remark 3.5. Instead of constructing the connecting map a using Lemma A.4, one
can give the following argument that the spaces in Theorem 3.2 have isomorphic
homotopy groups. Using the adjunction

C®(S,C®(Y, X)) = C®(S x Y, X)

for the Whitney topology, one defines smooth homotopy groups of Emb(Y, X). They
turn out to be isomorphic to the usual homotopy groups by smooth approximation
results. Given a restriction map as at the beginning of the proof of Theorem 3.2, the
parametrized ambient isotopy theorem allows to lift smooth maps and as a conse-
quence gives a long exact sequence of smooth homotopy groups, where a smooth
version of the connecting map is an isomorphism. However, when we talk about our
homotopy equivalence at the level of spaces, this is not quite sufficient.

3.2. From neat disks to half-disks

Recall that the model half-disk @¥ € D* has boundary decomposed into two (k — 1)-
disks 9aF = D_ Us, D4 intersecting along the (k — 2)-sphere Sy, the corner of ak.
Also recall that U: @% < X by definition restricts to a neat (k — 1)-disk u4: D4 — X,
while the image of D_ is contained in dX. Using a Riemannian metric on X, we
extend u 4 to an embedding

V:Dy x Di_k"'l — X

&

onto a closed tubular neighborhood v®u 4. We may assume that the restriction
V:Dy x[0,6] = DE — X

to the first normal vector agrees with our preferred e-augmentation u = U] D and
also, by decreasing ¢ if necessary, that im(u¢ ) = v®u4 Nim(U), i.e. the half-disk U
does not return to this neighborhood of u4. We can view V(D4 x Di;/’;“) as a

(d — k + 1)-handle attached to X \ V(D4 x D¢ 7k+1 along V(D4 x S%7K), see
<g/2 e/2
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Figure 3.6. Conversely, that complement is obtained from X by removing a (k — 1)-
handle with core u4 (ID4), and is a smooth manifold with boundary only if we first
smoothen the corner V(Sgy X Sg/_zk ).

This is a standard procedure, used for example when attaching handles in the
smooth category. In our context it amounts to picking an open subset 2+ C V¥u 4 that
is the union of V(D4 x D4k *1) and a small set near the corner, so that X \ A is

<e/2
a compact smooth manifold with boundary. We make such a choice once and for all
inD4 x Die_k *1 and then let /14 be its image in X under V, see Figure 3.7. Namely,

the constant radius ¢/2 along D increases near So by a smooth function with fairly
obvious properties (ensuring that the stretching function o in the next proof is well
defined on all of /14).

SV
D+
D’ el /2
€
D_
¥So
Figure 3.6. Removing a handle 1 C X Figure 3.7. The model smoothening.
turns the half-disk U in X into a neat disk U’
in X\ hy.

Now let D’ := a¥ \ V~!(hy) € a* and fix a diffeomorphism D¥ =~ I’ that is
the identity near D® \ DY . Then the restriction of U to D’ is a neat embedding
U:D' < X \ h4, by our choice of ¢. This is an element in the space of neat embed-
dings

Emb,./>(D’, X \ hy) € Emb(DF, X \ ),

where the boundary condition is the remaining &/2-part of u% in D’, as well as the
original u® along u_. Note that we can reconstruct U from U’ as U = U’ U u¥,.
Lemma 3.8. The map « U u® :Embg/2(D", X \ hy) — Embye (a*, X) is a homotopy
equivalence.

Proof. The chosen boundary conditions s¢/2 make this map well-defined. It is con-
tinuous with image & € Embye (Q¥, X) consisting of those half-disks that meet 4
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Figure 3.9. Stretch K towards the Figure 3.10. Stretching functions o (7, 7): [0, &] —
dashed lines to avoid the smallest cen- [0, g] for fixed r < &/2 and three values of ¢ € [0, 1].
tral disk /4.

only along im(ui_/z). In fact, it is a homeomorphism onto & whose inverse is given by
restricting embeddings from ¥ to ID’. It thus suffices to construct a homotopy inverse
from Embye (a¥, X) back to this subspace &.

To this end, use the Riemannian metric on X to obtain the continuous map
r: Embye (0%, X) — (0, %8)

so that r(K) gives the minimal distance of K(D’) to K(D+) = U(D.). Possibly
shrinking ¢ further, we may assume that the geodesic distance to U(ID) on the sphere

bundle in v?

u4 is § for all § < e. By compactness and the injectivity of K, r(K) is
strictly positive as claimed and we now stretch it to %8, in order to deform K until it

lies in &. We pick a smooth “stretching” function
0:(0,16) x [0,1] x [0, ] — [0, €]

such that o (7, ¢, x) = x whenever one of the following conditions is satisfied: ¢ = 0
orx =0o0r x > %e. Moreover, we require o (7, 1,7) = %8 for all r and that each
o(r,t,—) is strictly increasing, see Figure 3.10.

If (x,v) € [0, €] x S47¥ are polar coordinates, then we will refer to “stretching by
o(r,t)” as the self-diffeomorphism (x, v) + (o (7,¢,x),v) of D‘Sl;kH
The same formula applies to disk bundles in vector bundles if we stretch in a constant

, see Figure 3.9.

way along the base. Using the parametrization V', we can apply such diffeomorphisms
also to our tubular neighborhood v,u 4. The stretching near the smoothened corners
along Sg needs to be slightly modified but we leave this variation to the reader.
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We can then construct a homotopy
H:Embge (a¥, X) x [0, 1] — Embye (a*, X)

with Hy = Id and im(H;) € &, induced by a smooth family of diffeomorphisms
¢r(k),;: X — X that are the identity outside v%8u+ and on v;u 4 they stretch by
o(r(K),t). More precisely, we define H(K,t) to be the half-disk that equals K
on 9°a¥ but away from that collar is given by the composition ¢, (k) o K.

The properties of the stretching function o show that each H; sends & to itself and
that H; is the required homotopy inverse. In fact, homotopies for both compositions
to the identity are constructed from H; as follows: If j: & C Embge (ak, X) is the
inclusion then H; o j: & — & is homotopic via H; o j to Hy o j = Idg. Similarly,
joH; =H; >~ Hy=1d ]

3.2.1. The proof of Theorem B. We can now prove Theorem B. This is about the
space Embye (D¥, M) of neat k-disks in a d-manifold M, that on a collar of the
boundary agree with a basepoint U: D¥ < M, such that s = dU: S¥~! < 9M has a
framed geometric dual G:S?~% < M (that is, the normal bundle vy (G) is trivial
and G th s = {p}). Then the theorem says

Embye (D¥, M) ~ Q Embé, (DF™', M),
where Mg := M UG,y h, is obtained by attaching a (d — k + 1)-handle
h = D47k+1 5 pk-t

along any framing ¥: S?~% x DK~1 < 1y, (G) (this choice is inessential because
Mg = M \ vU, see Lemma 2.1).

Proof of Theorem B. Removing from Mg an open e-neighborhood /4 of the cocore
{0} x DK~ of i gives M back because we are all together just attaching

S47* x [e,1] x D*!

along ST7* x {1} x D¥~1 < 9M. Using this diffeomorphism Mg \ ;. =~ M and
Lemma 3.8, we have

Embge (D¥, M) ~ Embye (D¥, Mg \ h4) ~ Embye (0%, Mg).
Applying Theorem 3.2 to X := Mg, and Proposition 2.9, we obtain
Emby: (0%, Mg) ~ Embig(u)k—l, Mq).

The final statement of Theorem B, identifying homotopy equivalences, follows from
Proposition 5.2. ]
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4. On homotopy groups of spaces of neat disks

In this section we apply Dax’s results to compute the first homotopy group of the
space of embedded disks differing from that of immersed disks. In the next section
we extend this to e-augmented disks.

In fact, in Section 4.1 we follow Dax and work more generally with V, X smooth
(oriented) manifolds with boundary, and V' compact (but X not necessarily). We
consider the space Emby(V, X) (for V = D*~!, this was previously denoted by
Emb,,, (D=1, X)) of neat embeddings of V into X that are on the boundary given
by ug = ulyy, for a fixed “unknot” u: V' < X note that no dual is assumed.

Remark 4.1. For our applications we will actually need the space Embye (D¢, X)
(for £ = k — 1, previously denoted Emb, (D*=1, X)), that consists of embeddings
D¢ <> X that agree on S=! x [0, €] € D* with one such u® (previously denoted us).
However, Embj: (D¢, X) ~ Emby (D¢, X), see Proposition 2.9.

We study the homotopy groups of Emby(V, X)) by comparing them to the space
Immy(V, X) of immersions V' & X with the same boundary condition (. Denoting
dimV ={ <d =dim X, and assuming d —2{ > 0 and d > { + 3, the Dax invariant
will be an isomorphism (bijection ford —2¢ = 0 or 1):

Dax: 774 —¢ (Immy(V, X), Emby(V, X):u) — Z[nlx]/relﬁ J
given on a relative homotopy class

F: (Hd—ZZ’Hd—ZK—l % {O}, aﬂd—ZK—l xTU Hd—le—l x {1})
— (Immy(V, X), Emby(V, X), u)

as the count of double point loops of the associated track F:I4-2txy 142t x
see Theorem 4.14. The group of relations rely 4 is trivial for £ = 1, whereas for £ > 2
itis given by (g — (—1)?tg™!: g € m X).

We will then concentrate on the case V' = D¢ and study the connecting map

Stmm: Ta—2¢ Immy (DY, X) — 74_5¢ (Immy(D*, X), Emby(D*, X), u) 4.2)
in order to prove the following in Section 4.2.

Theorem 4.3. The inclusion i: Emby(D¥¢, X) < Immy(D¥, X) is (d — 2¢ — 1)-conn-
ected. Assume d > € + 3. If d —2¢ — 1 > 1 there is a short exact sequence of groups:

Jar

ZlmX\1 — ¢
[-711 \ ]/relﬁyd @daxu(ﬂd—fx) <_5a;(_ .T[d_zg_l(Emba(D ,X),u)

BLULECSLEN ”d—z(—l(lmma(Dé,X),“),
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where the homomorphism daxy: wg_y X — Z[m1X \ 1]/rely q is defined in (4.31)
below in terms of Dax o 8ynm. The dashed arrow Dax inverts on ker(mwg_y_11) an
explicit realization map or.

Ifd —2¢ — 1 = 0, there is an analogous exact sequence of sets, with u omitted
and dr extending to an action on wy Emby (ID)Z, X). Finally, ifd — 2¢ = 0, there is an
exact sequence of sets

i D ) mm
770 Emby (D, X) =2 70 Immy(D¥, X) ———tmmy Z[TrIX]/I’elg a’

and Dax o Sy agrees with the Wall self-intersection invariant |1y (see Remark 4.18).

This can be made more explicit by computing homotopy groups of Immj (D¢, X)
using Smale—Hirsch immersion theory, see Corollary 4.27, which immediately gives
Theorem C. An analogue for e-augmented disks will be given as Theorem 5.4 in
Section 5.2, and its case £ = k — 1 and X = Mg will be used to prove Theorem D in
Section 5.3.

The first sentence of Theorem 4.3 follows by general position. Namely, for a
family of immersed disks F(7): D¢ 9> X, 7 € S", their double points correspond
to double points of the track F:S" x D' - S" x X, defined by (7,v) — (, F(f)(v)).
The set of double points of F has dimension n + d —2(d —£) = n — d + 2I. This
is negative if n < d — 2, when a generic n-family is embedded, i.e. gives a class
in 7, Emby(D¥, X). If n < d — 2€ — 1 then these lifts are also unique, by an analo-
gous argument with one more parameter, implying the injectivity on , as well.

Thus, it remains to determine the kernel of 74_5¢_;i. This amounts to comput-
ing the relative homotopy group in degree d — 2 and the image of the connecting
map Simm-

4.1. The work of Dax: The relative homotopy group

4.1.1. The original formulation. As mentioned in the introduction (Section 1.2),
Dax computes the homotopy groups of immersions relative to embeddings in the
metastable range 0 < n < 2d — 3/ — 3, in terms of certain bordism groups. His man-
ifolds are more general than considered so far in this paper: they can be disconnected
and nonorientable, and the target can be noncompact.

Theorem 4.4 ([0, p.375]). Let V be a smooth, compact {-manifold with boundary,
X a smooth d-manifold with boundary, and u:V — X a smooth neat embedding.
If 1 <€ <d are such that d — 2L > 0, then for 0 < n < 2d — 3l — 3 there is an
explicit isomorphism (injection forn = 0):

Bn: mn (Imma(V, X), Emby(V, X); u) - Qn—(d—ZK)(Eu; Du).
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For n = 0 the relative homotopy group is understood as the set-theoretic quotient
of 7o Immy (V, X) by the image of 7o Emby(V, X). Thus, B is a complete obstruction
for an immersion to be regularly homotopic to an embedding; this was also studied
in [18] using similar techniques, see Remark 4.18.

As usual, the normal bordism group ©2;(Y; ¢) of a space Y with a stable vector
bundle ¥ over it, consists of bordism classes of tuples (D,b: D — Y, B:b*(¥}) — vp)
where D is an i-manifold with the stable normal bundle vp, b is a map, and B is a
bundle isomorphism. We do not recall here the definitions from [6, p.338] of the
space €, and the stable vector bundle ©, over it, to save space as we do not need
them explicitly. We only point out the following three properties they have.

Firstly, there is a fibration sequence QX — €, LALN W, where W is a compacti-
fication (to a manifold with boundary) of the quotient of V2 \ Ay, where V2=V x V
and Ay = {(v,v) € V?} is the diagonal, by the involution (v, w) > (w, v). Thus,
the interior is the space of coinvariants, int W = (V2 \ Ay)z/».

Secondly, the subspace E,) := prﬁ,l (int W) C €, can be described as the quotient
of the space

EY = {(w.w.p) € (V2\ Ay) x Map([~1. 11 X) : p(=1) = u(v). p(1) = u(w)}

by the free involution (v, w, p) — (w, v, p~1). We use notation [v, w, p] € E,'. This
description follows from the definition of the bundle w over W, implying it is trivial
over intW, see [6, p.337].

Thirdly, the restricted bundle ¥, | M is obtained as the quotient of a bundle 5,,

over EJ . Namely, for the stable normal bundle vy and the tangent bundle 7X, let 5,4
be the pullback of vlz, @ TX under

(pry2. prx):EY = VZx X, (v,w,p) — (v, w, p(0)).

This map is equivariant for the involution that switches the two V' factors and is iden-
tity on X, giving an involution on &,, whose quotient is @ | gv. The following is used
in the survey article [11] without proof (with E,I denoted by EY (u, u) there).

Lemma 4.5. The space €, is homotopy equivalent to its subspace E. In particular,
Qn—(d—20)(Cus D) = Qu(a—20)(Eyy: Dulg).

Proof. As int W is the interior of the compact manifold W with boundary, the inclu-
sion i:int W < W is a homotopy equivalence. Thus, the pullback

i*(€,) = p~'(int W)

is homotopy equivalent to €,,. |
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Let us now translate the isomorphism f,, from Theorem 4.4 to this simpler target
bordism group as

Byy: 70 (Immy (V, X), Emby (V, X);u) => Qp_a—a20y(Exf; Dulgy)- (4.6)

We also need the following standard result; see for example [6, p. 335] (note that Dax
considers all maps rather than immersions, so has more conditions on perfect maps,
regarding singular points).

Lemma 4.7. Under assumptions of Theorem 4.4, a smooth map

F: (]I",I["_1 x {0}, oI P x Tu I ! x {1}) — (Immy(V, X), Emby(V, X), u)

can be approximated, relative to the boundary, by a perfect map, i.e. a smooth map F
whose track

F:I"xV > 1"x X, (f,v) (f, F@)(v)) (4.8)

has no triple points, and double points are isolated and transverse. Equivalently, the
restricted square F?|: (I" x V)2 \ Apixy — (I" x X)? is transverse to the diago-
nal A][n xX-

For F a perfect map as in the lemma, let 8, [F] be the bordism class of the tuple
(Apax, bpax, Bpax) defined as follows. Firstly, the double point preimage set is defined
as

Apa = (F?)) " (Apxx) = {(T.v.w) € I" x (V2\ Ay) : FD)(v) = F@)(w)}.
whereas Ap,x is the quotient of Abax by the free involution interchanging the factors:
Apex = (Rpa)zj2 2= {(7. [v.w]) € 1" xint W : F@)(v) = F@)(w)}.

Note that
F:Apw > X, F(i.[v,w]) = FO)(v) = F@)(w).

embeds Ap,x as the double point set, and we have a double cover g: ZDaX —> Apax.
Next, bpax: Apax — E,) is defined by

bDax(;s [U, w])
= [v.w.p = F(1—=s(I =) ®)lsepo,- F(1 = s =D)w) |21 49
So p is a path in X from p(—1) = F(I)(v) = u(v) to p(0) = F(H)(v) = F(7)(w)

followed by a path to p(1) = F (I)(w) = u(w). Note that Dax takes relative classes
to instead be u on the 0-face I”~! x {0}, so has a slightly different formula for p.
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Finally, Bp,x is an isomorphism of the stable normal bundle va,,,, and by, (Yugy),
given as follows. Taking the pullback under g: ZDaX — Apax, We have

* ~ ~ ~ ~ ~
q VADaX = l)ADax = U(HIIXV)2|AD£|X @ VADan(]I"XV)z
~ 2 20\ *
=5 V015, @ (F2) apnyeanxx2)-  (4.10)

On the other hand,

for the obvious double cover gDax: ZDaX — E,I of bpax. Since
prx © bpu(f. v, w) = F@)(v) = pry o F2|(7, v, w)
and T(I" x X) = §*(Vacqnxx)2), we have
Do (P2 (TX)) = (prio F2)"(TX)
= (F2)"(pri(TA" x X)) = (F?))" vacanxxy): @11

Since ¥ = p~r;2v12, @ pry(TX) and by, (pri,vy) = vi|x , we have a stable
isomorphism Bpax of ¢*bp,, (Yu|gy) and g*va,,,. Moreover, this respects the involu-
tions, so gives the desired Bp,x. Thus, we have defined a bordism class

(ADax’ bDax, BDax) € Qn—(d—2€) (E;(s ﬁu |EJ)
4.1.2. The Dax bordism group for a simply connected source.

Proposition 4.12. Let V, X, u be as in the first sentence of Dax’s Theorem 4.4. Addi-
tionally assume that V and X are oriented, and that V is 1-connected. Then

Qo(Ey: Bl py) = ZmX] 1)

with

l 0 ife =1,
relg.qg =
(g—(=D¥tg Vi g em X) otherwise.

This identified the O-th bordism group with the target of Wall’s self-intersection
invariants.

Proof. 1t is a standard fact that
QO(E;(; 19u|E,j) = HO(E;(; Z(ﬁu|E,j)),

where Z (3| gy ) are the local coefficients induced by the orientation of the bundle, so
over the connected component ¢ of E,) the coefficient group is Z or Z/2 depending
on whether ¥, |, is orientable or not.
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To compute the set o E,} of components, we first find 7; (V2 \ Ay)z 2 fori =
1,2, using the exact sequence

i (V2\ Ay) — mi(V>\ Ay)z/p — Z/2

— wo(V2\ Ay) —» mo(VZ\ Ay)z).

For £ > 2, we have 7ro(V? \ Ay)z/2 = mo(V?\ Ay) = 1. Since V is 1-connected,
from the fibration sequence V \ pt — V2\ Ay — V wesee that m1 (V2 \ Ay) =1,
unless £ = 1,2. For £ = 1,2, the only examples are D! and D2, for which (D)% \ Ap:
consists of two triangles that are permuted by the Z/2, so the quotient is a single
triangle. For £ = 2, w1 ((D?)? \ Ap2) is the pure braid group on two strands, which
is infinite cyclic and generated by a full twist. Similarly, 71 ((D?)? \ Ap2)z/2 is the
braid group on two strands which is again infinite cyclic, generated by a half twist.
Next, we claim that there is a fibration sequence

Qx sy EY 2% (120 Ay)g)s. (4.13)

Indeed, the fiber over [v, w] € (V2 \ Ay)z/» consists of paths p from u(v) to u(w)
(or equivalently, from u(w) to u(v)), so taking y € QX to the path p = u(¢y) -y -
u(¢yw)~! gives a homotopy equivalence, for some fixed whiskers ¢, from v to ey € V
(alternatively, restrict Dax’s fibration pry: €, — W tointW = (V2 \ Ay)z /2)- The
bottom of the induced long exact sequence of homotopy groups is:

m(E),¢) —s {1}orZor Z/2 — mX —» moE,),

for £ = 1 or £ = 2 or £ > 3 respectively, and a component ¢ € o E,). A generator o
of Z/2 or Z sends g = [y] € m1 X to g~ !: indeed, o is represented by the loop of two
points in V' switching positions, so if the lifted path starts at

[0, w, u(¢y) -y - u(pw)™'] € Ey,
then it ends at
[w’ v, u(¢w) V- u(¢v)_l] = [U, w, u(¢v) : y_l ' u(¢w)_l]'

Thus,
7'[1X, {= 1,

7T1X _
/g~g 1, £>2.

Moreover, o fixes an element g € 71 X if and only if g = g~ . Thus, 71 (E,, ¢) —
Z]2 or Z is surjective if and only if ¢ corresponds to an order 2 element g (i.e. ¢ =

[v. w,u(@y) -y - u(dw) ™' for [y] = g).

JT()EJ =
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Now, we claim that for ¢ = [g] € moE,] the bundle ¥|. is nonorientable if and
only if £ > 2, d — £ is odd and g2 = 1. Indeed, recall that %, gy s the quotient of

pria(vy) @ pri(TX) = pri,(vy) & prg(vx)

(using that vy = v, @ vy and vy @ TX is trivial) by the involution swapping the
two V factors. As X is orientable, it suffices to check if there is aloop in (V2\ Ay)z /2
that is orientation-reversing for the quotient of v2, and lifts to E). We saw that
m(VZ2\ Ay)z /2 i8 Z or Z/2, and along the generating loop o the monodromy
is (—1)47¢, since (d — £) is the rank of v,. By the previous paragraph, o lifts to
m1(E,), [g]) if and only if g2 = 1. Therefore, Qo(E,); Uulgy) is canonically isomor-
phic to

Zlxl, (=1,
Z[”/g ~ g—l] =~ Z[n]/(g — gy {>2,d —{ even,
.2
Z[{gen.g 7'é1}/gwg—1]EBZ/Z[{geyr:gz=l}]
=2l oy, ¢>2,d —{odd,

where 7 := ;X . This was exactly denoted Z[m X]/rel; 4 in the statement, and fin-
ishes its proof. |

4.1.3. The Dax invariant for a simply connected source. We next simplify the Dax
isomorphism ), from (4.6) for n = d — 2/ using the description

Qn—(d—200=0(Ey: %yl gy) = Z[m1 X]/rely 4

from the previous section. First note that for this to fall into the metastable range we
need tohave 0 < d —2¢ <2d — 3] — 3, whichsaysd > £ + 3,and d —2¢ > 0. For
£ =1 and d = 4 the following interpretation of Dax’s work was also studied and used
by Gabai in [9] (his spinning map is analogous to our dr, see Remark 4.22).

Theorem 4.14. Let V, X, u be as in the first sentence of Dax’s Theorem 4.4. Addi-
tionally assume that V and X are oriented, that V is 1-connected, and d > { + 3 and
d — 2L > 0. Under the isomorphism of Proposition 4.12, Bl;_,, is equivalent to the
isomorphism

Dax: 7g—o¢ (Immy(V, X), Emby(V, X); u) = Z[mX]/rele pr

k
oarF] = 3yt
i=1
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which sends a perfect map F to the sum over all double points (t;, x;) of its track F
Sfrom (4.8), of the associated signed loops € x)8xi» where € x) € {£1}and gy, €
w1 X are defined below.

Firstly, for any v € V fix a whisker ¢,: [0, 1] — V from the basepoint e; € dV
to v. For example, for VV = D¢ take the straight line ¢, (s) = sv + (1 — s)e; from
e; = (—1,0,...,0)tov € dV.For £ = 1, we simply have e, = —1 and ¢, = [—1, v].

Secondly, the map F has finitely many double points, all of the form (7;, x;) with
1 <i<k,forsomef; € 192 and x; == F(f,-)(v,-) = F(fi)(wi) € X withv;,w; € V.

Let us pick an order (v;, w;). In other words, for the immersed manifold F(7;) we
choose “an order of the sheets” at the double point x;.

e1 s €] s =

H‘->‘_,/{ .
F(’[)SU,‘

0X X X

Figure 4.15. The double point x; € X of the arc F(7;) € Immy (D!, X) has the associated loop
8x; = §-

Leteg ) € {1} be the relative orientation at (7;, x;), obtained by comparing
orientations of the tangent space 7z . (I472¢ % X)) and (in this order):

dF(Tg, ,n17 X V) @ dF(Tg, ,,, 197 x V). (4.16)

Again using the fact that we chose an order of sheets at x;, we define the group
element g, € m1(X,u(ey)) to be represented by the following loop based at u(ey)
(see Figure 4.15 for £ = 1):

Vx; = F(6;)(¢v;) - F(@) ()" 4.17)

Now note that if { = 1 the order v; < wj is canonical in the interval D'. On the other
hand, if £ > 2 and we switch the order, then the sign (4.16) changes by (—1)¢~¢ and
the loop (4.17) becomes its inverse. But since gy, — (—l)d_ﬁg;i1 € relg 4 the class
Dax(F) is well defined.

Proof of Theorem 4.14. Since Ap, is 0-dimensional, the bordism class of

bDax: ADax e EJ
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is by definition the sum of signed components of E,} containing bp,x(Apax), with the
sign epax ([v, w],7) = +1 if and only if Bp,, is an orientation-preserving isomorphism

vADax = b];;ax(ﬁu |EJ)

Equivalently, this is the sum of signed components of E,Z containing gDaX(ZDax),
modulo the involution. For (7, v, w) € Apyy the component of

EDaX(;v v, w) = (U’ w, IO)

corresponds to the class [u(¢y) - p - u(py!)] € w1 X (see (4.13)), with p as in (4.9).
We claim that this loop in X is based homotopic to the loop yy; from (4.17). Indeed,
[4-2¢ % V is simply connected, so the choice of whiskers is irrelevant: Dax chooses
to go in a direction tangent to I¢~2¢, while we opt for a direction tangent to V.
Finally, the sign of the component I;Dax(f ,v,w) is positive if and only if Bpay| Gov.w)
preserves orientations. Tracing through isomorphisms (4.10) and (4.11) we see that

the source of the sign is the isomorphism
UADMQ(]I‘]_MXV)Z = (F |) (UAg(]Id—ZZXX)Z)-

Equivalently, epax([v, w],7) = +1 if and only if d(F2|) is orientation preserving at
(v, w, 7) if and only if the orientation of v Ac(1d-2¢x x)2 agrees with that of

dF?|y 0 TA2 X V)2 = (d F| 7, (TAY2E x V). d F| 7, (TA? 72 x V))).
This is precisely our definition of the sign &7 ;. in (4.10). |

Remark 4.18. For d — 2¢ = 0, this should be compared to Grant’s result [13] that
the Wall invariant

w0 Immy(V, X)/m) Emby(V, X) — Z[mX]/rele,d

agrees with the Hatcher—Quinn invariant [18] for V' simply connected (the latter is
defined for any V, X with 2d — 3¢ — 3 > 0). On one hand, j, is defined as the count
of signed double point loops, so it clearly agrees with Dax. On the other hand, one
can check that B, agrees with the Hatcher—Quinn invariant (in fact, for any V, X with
2d —3{—-3>0).

Example 4.19. Let us compute the Dax invariant of the following class. Assume
U: DK < M has a boundary dual G: S¥% < 9M and pick g € 71 M. Push G into
the interior of M and foliate it by a (d — 2k)-family of k-spheres (see Figure 4.21),
then drag a piece of U around g and connect sum it into each of those k-spheres.
This defines a class in 74—, (Immy(D*, X), U), which clearly lifts g - [G] € mg_x M.
When considered as a relative class 77— (Immg(D*, M), Emby (DX, M), U), we can
compute its Dax invariant: we see a single double point, namely U N G’ = {pt}, with
the signed double point loop g.
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4.1.4. The realization map.

Theorem 4.20. Let V, X, u be as in the first sentence of Dax’s Theorem 4.4. Addi-
tionally assume that V and X are oriented. There is an explicit realization map

r:Z[mX]/relg,d — 7g—p¢(Immy(V, X), Emby(V, X), u).

If V is 1-connected, and d > £ 4+ 3 and d — 24 > 0, then v is the inverse of Dax given
in Theorem 4.14.

+H
u(—1 Y . u(l

= XV
Figure 4.21. Left: The samples r(g); € Emby (D%, X) for several t € 11, £ = 1,d = 4, with
r(g2)o = r(g)1 = u as the horizontal arc. Right: The double point loop gx = g is the dashed arc
followed by the solid red arc.

Proof. For g € m1 X, we define

I'(g): (Hd—Zf—l % H’Hd—ZZ—l % {O}, a]Id—Zﬁ—l <xTU Hd—Z@—l % {1})
— (Immjy(V, X), Emby(V, X). u).

Firstly, define for 7 € 1926~ x {0} the embedded arcs dr(g)(7) := r(g); by dragging
a piece of u near u(ey) along the group element g, then “swing a lasso” around a
meridian u(S¢~¢~1) at a point X € u near u(e), then drag back to u. More precisely,
we foliate SY=¢~1 by a (d — 2¢ — 1)-family of {-disks a;: D¢ < S~¢~1 based at two
fixed points, see Figure 4.21. Use the pinch map [4-26=1 5 1 §9-26-1 3pd along I
apply the finger move to a small disk in u(V') following g, ending with the connect
sum of u with the {-disk z(cn). For 7 € S472¢71 connect sum with the disk wu(az)
instead.

For (7,5) € 1472¢=1 x I, the paths of immersions v(g)7 V% X fromr(g); o =
r(g)7 back to r(g); ; = u are defined by similarly foliating by {-disks the meridian
ball fI(B¢~%) bounded by ;1 (S?—¢1).

Define r(—g) analogously, but connecting into the meridian p(S?~¢~1) from
“below”. Then extend r to Z[m1 X] linearly: for d > 4 the target is an abelian group,
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but for £ = 1, d = 4 we need to check that r(g) and r(#) commute. Namely, they can
be constructed using disjoint supports J; and different meridian balls u; (]B_3), so there
is a null homotopy I x 12 — Immy (D!, X) of their commutator, given at (o, 1, )
by applying the map r(g)(to, t1) on Jy and v(h)(to, t2) on J,, and u otherwise.

Let us show that Dax o r(g) = g. In the family r(g); ; all disks are embedded
except one, for which there is exactly one double point {x} = u N (B¢ ~¢) and the
associated loop is precisely gx = g € w1 X, see the right part of Figure 4.21. To deter-
mine the sign choose coordinates R¢ = R2¢*1 x R726~1 around x € X, so that
R24+1 x {0} contains RY x {0} x {0} as the w-sheet and {0} x RY x {0} as the v-sheet
(for £ = 1 this is depicted in the figure). The derivative at v-sheet of r(g) applied to
Hd—2€—l Hd—ZZ—I Rd—z(—l , applied
to I it is the sum of the positive I direction and the upward pointing vector in our R?-
chart, i.e. in {0} x {0} x R € R2¢+1, while applied to D¢ it gives the positive basis
of {0} x R¢ x {0}. At w-sheet we see the vector in the positive 1972~ 1_direction and
the positive basis of R¢ x {6} x {0}. Comparing to the canonical basis of

gives the positive basis of and the positive basis of

]Id—Zé—l % I % Rd—Z@—l % RZ@-{-I C Hd—Zﬁ—l % I % X,

we use 2(d — £ — 1) transpositions, so ex =+1. It is also clear that Dax o r(—g) =—g.

Finally, we check that r(g) = (—1)? fr(g~") if £ > 2. Firstly, for any £ we can
perform a homotopy of r(g) by making the first sheet stand still whereas the second
sheet moves, and then pushing the neighborhood of x back around g, so that the root
and the tip of the finger switch positions and the finger follows g~!. However, when
£ > 2 the root of the finger can also be freely moved around ]D)e, so that we obtain the
class (—1)?~tr(g1). Namely, the meridian sphere 1(S?~¢~1) to the second sheet
became the meridian sphere to the first sheet but with the sign (—1)¢~¢, since it got
inverted (cf. (anti)symmetry of the linking number). Thus, Dax o v = ldz [z, x]/rel, 4
by construction. ]

Remark 4.22. This proves that Dax is surjective, without using Dax’s Theorem 4.4.
For £ = 1,d = 4, Gabai proves in [9, Step 4] that Dax is injective also directly, avoiding
a parametrized double-point elimination argument of Dax. Namely, Gabai shows that
if F has double points x; with signed loops &y, gx; then F is homotopic to r(r),
r=)Y,&x & Butifr =0 € Z[m; X], then r(r) is clearly null homotopic.

Remark 4.23. To show r o Dax = Id one could instead of Dax’s theorem use the
fundamental theorem of embedding calculus [11], which implies that the evaluation
map ev, from Emby (D¢, X) to the second Taylor stage T is (2d — 3] — 3)-connected.
Since Ty =~ Imma(ID)é, X)andd — £ > 3, we have

Tg—2eV2: Tg—n¢ (Immy (DY, X), Emby (D¢, X), u) =5 w4-20(T1, T2, u).
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For example, for £ = 1 the last group is isomorphic to Z[7 X ] via an isomorphism y,
see e.g. [22]. Moreover, by a slight generalization of the results there, we have

X o mg—3evz or = ldz[y, x1,

see [22, Rem. 1.10]. Thus, r is an isomorphism for £ = 1, so its unique left inverse
Dax is as well.

4.2. Proof of Theorem 4.3

4.2.1. On homotopy groups of spaces of immersions. For a Riemannian mani-
fold X, let V¢ (X) denote the £-frame bundle of the tangent bundle 7X, where an
{-frame is an ordered set of £ orthonormal vectors in TX . Recall that Immy (D¢, X)
denotes the space of immersions D¢ &> X that restrict to uo: S*! < 9X on the
boundary S¢~! = 9D¢ € D*. As in Proposition 2.9 this space is homotopy equivalent
to the subspace Immje (D, X) of those immersions that restrict to a fixed embed-
ding u{ of a collar D¢ x [0, €] < D*.

Theorem 4.24 (Smale—Hirsch [19,29]). Taking the unit derivatives in all £ tangent
directions at each point of D* gives a homotopy equivalence

D:Immy (D¢, X) — Mapa(]D)e, Vi(X); Du)
1o the space of maps D* — Vy(X), that along ID* agree with the unit derivative of u.

We combine this with the following lemma.

Lemma 4.25. For a space Y let f: D% — Y be a based map, f(e;) = ey for base-
points e € D¢ and ey € Y. Then there are inverse homotopy equivalences (based

for fand —f Uy f)
—f Up < Mapy(D4, ¥; f) == Map,(S", V) = Q'Y: f v,
where — f Uy K glues two disks along the boundary, while
fvs:Dt >Dvst sy

is the wedge sum (pinch off a sphere from a neighborhood of the point opposite to the
basepoint ey € ID* in IDY).

Proof. For a homotopy from — f Uy (f V ¢) to Idgey, use the obvious null homotopy

—f Uy f =~ const, .
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Similarly, for the homotopy from f Vv (—f Uye) = (f V —f) Uy » to the iden-
tity collapse the part f v — f to ex: use the foliation ¢,  D* by the straight lines
from v € I’ to ey € IDY, and then for each v the obvious null homotopy of loop

f(¢v) f(¢y)~! through loops based at f(v). -

Corollary 4.26. There is a homotopy equivalence
Dy (+) = —D(u) Uy D(+): Immye (D¢, X) = QEV(X).

Thus, by definition, D, sends K: D & X to the map D, (K): S¢ — V;(X) given
as follows: if x € S* is in the north hemisphere (canonically identified with D¥), take
the unit derivative £ (K)|x, and if x is in the south hemisphere (canonically identified
with oppositely oriented D) take the unit derivative D (u)] .

The homotopy equivalence D,, induces isomorphisms

7 Immy (DY, X) =5 71,4 Ve (X).

Using this and Proposition B.14 from Appendix B about homotopy groups of frame
bundles, we obtain the following corollary. Note that it implies that Theorem C indeed
follows from Theorem 4.3.

Corollary 4.27. Assume d — 2£ > 0. The homomorphism
Pu T Imma(]D)e, X) = mpe X,

given by the union of py(f) = (f = —u U, /) and the canonical null homotopy of
—u Uy u on the boundary, is an isomorphism for alln < d —2€ — 1, and we have an
exact sequence

Zoa — ma—neImmy(DE, X) 2% my o X, (4.28)

where Zg.q = Z/rely q is isomorphic to Z for | =1 or d —{ even, and to 7. /2 for
d — £ odd with £ > 2.

4.2.2. The connecting map. Recall the connecting map 8y, from (4.2), and con-
sider the composite

[ Oim
Zy.q —s d—a¢(Immp (D, X), u) % 45, (Immy (D, X), Emby(DY, X), u)

Dax,, Z X
’ ” [1 ]/relg,d'

Proposition 4.29. The above composite takes 1 € Zy 4 to the class of the unit 1 in
ZlmiX]/relg q.
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Proof. The map i, for any X factors through the one for X = D?, so it suffices to
consider that case. Then both i, and Dax are isomorphisms with Zy 4 = Z/rely 4. By
definition, i,(1) is the class of any map 7: S¢~2¢ — Immy (D¢, D?), whose Smale—
Hirsch derivative

Dy o1:847% = Qv (DY) ~ QY (d)

is a generator of wg_¢Vy(d) = Zy 4 of the Stiefel manifold (see Corollary B.8).

Let us describe one such 7. Firstly, for parameters (7, s) € 1472671 x [ o~ D9—2¢
of the upper hemisphere of S¥~2¢, let (7, s) = v(1)7_ be the time-reversed path
of immersed disks from the previous proof. Recall that this drags a piece of u to
the position o, and then uses (£ + 1)-disks foliating the meridian ball Z(B¢~¢) to
slide an into an embedded {¢-disk r(1); € M(Sd =1y For parameters in the lower
hemisphere of S¢~2¢, we now describe how to undo disks r(1); by an isotopy, so it
will immediately follow that

Dax(i*(l)) = Dax([r]) =Daxor(l) = 1.

Observe that in the foliation of fi(B¢~*) there is a unique (¢ + 1)-disk Z(B{T!)
which contains x, the only double point in the homotopy. We can pick coordinates so
that the intersection of this disk with the “present” slice is a 2-disk

i(B2) = ABIT) ND? x {0} < DY

with 9/i(B2) = ay Uy as as on the left of Figure 4.30. In particular, r(1);, con-

tains og.
oN N ay

u(—=1) u(l) u(=1) u(l)

e

Figure 4.30. The present slice D3 x {0} € D¢ contains an arc ¢ C r(1)7, and a 2-disk C <
ﬁ(Bf'H). In the second picture c is isotoped so that now the subarc o g can be slid across C
without creating any double points.

Now, let us first isotope the arc 1*(1);)C ND3 x {6} as in Figure 4.30: we isotope the
front guiding arc and a part of u in v(1); by “pulling them through” (B2) (using the
rotation around the vertical axis). Note that in the new position «s can be slid to ay
across fi(B2) without creating any double points, and that from there we have an
obvious isotopy to u — namely, “by pulling tight”. More generally, the desired isotopy
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from each v(1); N D3 x {6} to u consists of the same isotopy as in Figure 4.30, then
sliding across the corresponding 2-disk

ABET) ND? x (0} < DY

to get to position oy, and then pulling it tight.

Finally, we make this into an isotopy of the whole family r(1);. Firstly, we “taper
oft” in the remaining d — 3 dimensions the isotopy of the guiding arc performed in
the present slice; this is a standard procedure using smooth bump functions. From
there, we simply use the isotopies across ﬁ(IB%tfH) as before. ]

4.2.3. Proof of Theorem 4.3. The last proposition implies 1 € im(Dax © yym). We
can use any section of py,: Tg—ne(Immy(D¥, X), u) — m4_¢X to define a group
homomorphism

daxy:mg_¢ X —— nd_zg(lmma(]D)e, X), u)
o 4.31)
axX 0 0mm, 7,[mq X ~ Z[m X \1
? [ﬂl ]/(1, relg,d) = [JT] \ ]/relg’d'

By construction the value dax, ([ f]) is computed by lifting
fr@7E 1) - (X u(=1))

to any family F:I1¢72¢ — Immy (D¢, X) (in this case the entire d1¢—¢ goes to u),
calculating its Dax invariant

Dax(F) = n(f) -1+ dax,(f) € ZUTIX]/relg d’

and disregarding the trivial group elements n( f).
Thus, im(Dax o Synm) = (1, dax, (rg—¢ X)), finishing the proof. ]

S. On homotopy groups of spaces of e-augmented disks, and of disks
with a dual

Recall that the space of e-augmented disks Emb¢, (D¢, X) (previously denoted by
Embig (D*=1, X) for £ = k — 1) consists of embeddings D¢ x [0, &] < X that agree
on

(S x [0, ¢]) x [0,¢] € D* x [0, ]

with one such u® (previously denoted 1%, ). In other words, their boundary condition is
ug = u°|(gt-1x[0,¢])x[0,c]- NOte that whereas 9° records, as before, a stronger bound-
ary condition u|g¢—1,p9 ] along a collar of dD¢, the superscript ¢ reflects additional
structure, the e-augmentation.
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This additional structure has a fairly simple homotopy type that just reflects a
normal vector field along an £-disk. In other words, the fiber of the forgetful map

evo: Bmbé, (DY, X) — Emby: (D, X)

agrees with the analogous fiber for immersions, or equivalently frame bundles, see
Section 5.1. Using this and results about frame bundles from Appendix B, in Sec-
tion 5.2 we extend Theorem C to the space Emb3, (D¢, X ). Finally, in Section 5.3 we
combine this with our Space Level Light Bulb Theorem 3.2 to prove Theorem D.

5.1. Forgetting augmentations

Proposition 5.1. The space of e-augmented disks Embé, (D*, X) is homotopy equiva-
lent to the space Embgs (D, X) of neat embeddings D¢ < X equipped with a normal
vector field (a nonvanishing section of the normal bundle).

Proof. Firstly, we claim that there is a commutative diagram of fibration sequences

evg' (1) —— Emb. (DY, X) =2 Embye (D, X)

| o]

Ty (Svu) — Emb], (DX, X) £ Embye (DY, X),

where Tye (Svu) = (pr1)~1(u') is the space of those sections of the unit sphere
bundle Svu of the normal bundle of our basepoint u: D¢ <> X that agree with the
basepoint u™ := DT () on a collar of ID*. Indeed, both evy and pr? are fibrations
by Theorem 2.8 (II), and for a fixed Riemannian metric on X, the unit derivative along
D¢ x {0} in the direction of [0, €] is a map DT between total spaces. Once we show
that its restriction to fibers D1 evy ' (u) — T'ye (Svu) are homotopy equivalences, the
result will follow.

A homotopy inverse Exp,, of D" comes from identifying the total space of vu
with a tubular neighborhood of u via a scaled exponential map: for a unit normal
vector field & along u define

Exp, (§): D% x [0,¢] — X
by
Exp, (§)(v,s) := exp(s - £ (v)).

Here we may assume by compactness of X that ¢ is smaller than the injectivity radius
of the chosen metric. We have D7 o Exp,, = Id by construction. To define a homotopy
from Exp,, o D7 to the identity in the space evo_1 (u) we observe that by continuously



D. Kosanovi¢ and P. Teichner 838

scaling the parameter and using the exponential map, it suffices to construct such a
homotopy K, for K:ID* x [0, €] < vu. This is given by K; (v, s) := %K(v,t - s) for
t € [0, 1], since K is indeed the usual description of the normal derivative of K = K;
at (v, 0). [

Recall that V;(X') denotes the £-frame bundle of the tangent bundle of X, and that
the unit derivative defines a map D,,: Embye (D¢, X) — Q! V;(X), see Corollary 4.26.
We similarly have a map

Dy1:Emb]. (DY, X) — Mapy(D*, Vey1(X): Du®)) - @4V X,

which to a k-disk K with a normal vector field assigns O,,+ (K) :=—D whUy D(K),
where D (K) is given by derivatives of K at (v, 0) in all £ tangent directions, followed
by the normal vector.

Proposition 5.2. There is a commutative diagram of fibration sequences

7\
Qfs4=t1 s Emb], (DY, X) L5 Embye (DY, X)

TR e

—g—1 e re
Qlsd=t L @l () S @f(x).
In particular, we can choose the connecting map Se, for the top fibration sequence
in the diagram of Proposition 5.2 to be the composite of QD,, with the connecting
map 8py, ., for the bottom sequence.

Proof. A trivialization of the sphere bundle Svy = D¢ xS¢ ¢! induces a homeomor-
phism /4 between the space I'(Svu) of all its sections and the space Map(D¢, S—¢—1),
This identifies the basepoint uT = DT () with some u’: D¢ — S4~¢1 50 that the
subspace ['ye (Svu) of sections that agree near boundary with ul is homotopy equiv-
alent to the subspace

971 (9u’) < Map(D*, S4=¢1),

the fiber over du’ of the restriction map
3: Map(D¥, S4~¢1) > Map(St1, 441,

Moreover, we can identify this space 3! (du’) of maps rel. boundary with a (k — 1)-
fold loop space as in Lemma 4.25, to obtain the map

n: QS Y5 51 (gu'y Loy Tye(Svu) <> EmblL (DY, X).

which we use as the top left arrow in the diagram of the statement. For basepoints
at the bottom we use the images of T and u under the vertical derivative maps.
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The square on the right clearly commutes: forgetting normal vector corresponds to
forgetting the last vector in an (£ + 1)-frame. The square on the left also commutes,
since the map

S > —Duh)y Uy D' v S)) = D(—ul) Uy D’ UA(S))
is homotopic to the inclusion S > ig41(S) of the fiber of pryyq over the basepoint
Dy(u) = —D(u) Uy D(u). ]

Remark 5.3. Combining Theorem B with Proposition 5.2 (for £ = k — 1), we obtain
a proof of Theorem A: in the setting with a dual there is a fibration sequence

Exp o ay = evg o fj

Qksd—* Emb, (DF, M) fu Q Emby(DF!, Mg)

Sev _ _
0 ; Qk lsd k.

In particular, fy is a homotopy equivalence if d = k ord = k+1 > 3. If d > 2k,
then 7o fy is a bijection.

5.2. Homotopy groups of spaces of e-augmented disks

We have the following analogue of Theorem C for g-augmented disks. Note that we
assume d — 2¢ > 1 for simplicity and as the case d — 2¢ = 0 does not arise in Theo-
rem D.

Theorem 5.4. Assume 1 <€ <d —3 andd — 2L > 1, and X is a d-manifold with
boundary, w := m1 X. For 1 <n <d — 2L — 2, there are isomorphisms

Pu: 7 (Embje (D%, X), u®) = w0 X,
and a short exact sequences of groups:

{=1, LZlm \ 1]/daxu(7Td_1X)

t=2.d—todd, PN/ oy b )

Z
£>2.d—{ even, [n]/<g —g Y @ daxt. (my—¢X)

£
0 g a0 1 (Embg. (DY, X). uf)

l(nW o Dys) © pu

d —{ odd,

11 X.
d—10#2,4,8even, Z/2}®nd -1
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Moreover, for d — £ odd,
(N, Tg—np_1€Vo): Tg—_n¢—1 Embd, (]D)e, X)=7Z X mg_00_1 Emby (D¢, X)

is an isomorphism, so any §d-26-1 -family of embedded disks has 7, many e-augment-
ations. On the other hand, in the even case, the number of augmentations is twice the
order of the element 1 in Z[r]/dax}(wg—¢ X).

The homomorphisms dax;. and nw will be defined in the course of the proof,
see (5.7). The map dr? is the family of disks dr with suitable e-augmentations; p,, is
the same composite of a forgetful map and concatenation with —u as in (4.28).

To prove Theorem 5.4 we consider the diagram of fibration sequences from Propo-
sition 5.2. Taking the long exact sequences in homotopy groups of these fibrations
implies that D,,» is (d — 2{)-connected (as is Dy,), s0 is Dye = D1 © DT, and
gives the following commutative diagram (5.6) with exact rows and columns. We
abbreviate

Emb := Emby: (D¢, X) and Emb® ~ EmbS. (D%, X),
and & is the connecting map for a fibration f. Recall the isomorphism
Dax: 74—2¢ (Ve (X), Emb) — Z[r; X]/rel 4

and its inverse r from Section 4.1 (using that Immgye (D¥, X) ~ Q¢V;(X) by Corol-
lary 4.26). Thus, we need to compute 7z_g—1 Vy+1(X) and the kernel of the surjection
Tq—2¢—1Dye. To this end, we study homotopy groups of frame bundles, and in Propo-
sition B.14 show that ford —2¢ — 1 > 0:

e+1
coker(8prpy 1) = Zgt1,d ——— Tad—t—1Ve+1(X) 5.5)
Pre41 ’
—» T Ve(X) = g1 X,

where Z¢41,4 = Z it d — £ — 1 even (i.e. im(5, )=0),and Zy41,4 = Z/2 if
d —{€—10dd (im(pr,,,) = 2Z).

Moreover, there are splittings nw of wz_¢—1i¢+1 for every d — £ # 2,4, 8, see

re4+1

Proposition B.14. Thus, in these cases we have the desired right-hand side in Theo-
rem 5.4:

W @ Ta—g—1 Prog1: Ta—i—1 Vi1 (X) = Zgs1a © wa—g—1 X.



_/— Td—ePre+41
Ta ST s Vi (X) > mq—eVe(X)

SImmE Slmm

~ ~
~

00— 71a2e(QV1(X), Emb®) —=— 75_5¢(Q2°V4(X), Emb)

9¢ 3 (5.6)
T4_>¢ Emb L} nd_g_;éd_e_l L_IEXPM) JTd_zgrl Emb® d—2¢—18V0 > JTd_zgt] Emb
Tg—2¢Dy Tqg—20—1Dye Tag—20—1Dy
Ta—eVe(X) —F s sS4 M ﬂd—l—1:‘;€+1(X) Ta-to1Prerl ﬂd—z—TVe(X)

SUOTSUSWIIP [ UI WI0dY} q[nq IYSI[ [9A] aoeds v

178
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Proof of Theorem 5.4. It remains to find ker(wy_¢—1 Dye), which is the quotient of
Z[?TlX] by im(&mms).

Assume first d — £ is odd, so d — £ — 1 is even. Since im(pr,, ,) = 0 the map
Tg—g PTre+1 18 surjective. Looking at the top right of (5.6), it follows that

iIn((glmm) = im((glmmg),
SO Tg—z¢—1€Vp induces an isomorphism
(evo)«:ker(mwg—20—1Dye) => ker(wg—2¢0—1Du).

The latter is isomorphic to Z[m1 X \ 1]/rely 4 @ dax,(w4—1X) by Theorem C, so
we get the desired exact sequence in the theorem in this case. The maps are dr® :=
(evo);10r, and nw o mg_n¢_1Dye and py 0 Ty_2¢_1€Vp.

Furthermore, in this case mwy_5¢—1Exp, is injective (since mwgy_y_1i¢41 1S), SO
nw o Dy is its left splitting. Therefore, we have the claimed isomorphism

(Mw © Dye) B Tg—20—16V0: Tg—z¢—1 Embj(D', X)
=5 Z @ ng_s0—1 Emby(D', X).

Now assume d — £ is even, so d — £ — 1 is odd. Since
im(8pr,,,) =27 and ker(8pr,,,) = im(wg—¢pre+1),

we have the following horizontal exact sequence

I\

im(g_gpres1) > ma—¢Ve(X) ——%

TTd—ePre
X :L P

Tg—¢ X

The vertical sequence is just (5.5) with the index £ + 1 replaced by £ (note Zy g = Z
for d — £ even). This implies that p is an isomorphism, and we can define dax;. as
the composite

-1
p .
daxte: my—¢ X s— im(g_gpres1) € ma—eVe(X) = mg—p (Immy(DY, X), u)

Dax © imm

Z [7‘[1 X] .
5.7
Cf. the definition of dax, in (4.31). Then by construction, we have

im(8jmme) = im(dax,e) € Z[m X].
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This gives the second claimed short exact sequence in the theorem, with the maps as
before.

Finally, note that in this case (evg)x: ker(mwg—_o¢—1 Dye) —> ker(mwg_op—1Dy) is
not an isomorphism in general, but has for the kernel the cyclic group generated by
the class of 1 € Z[m; X] modulo dax;.(my—;X). Taking the kernels in the bottom
of (5.6), we get the exact sequence

ker(evg)« — ker(wg—_z¢—1€vo) —> Z/2,

so the cardinality of ker(z_z¢—1evo) = Z/im(Sey,) — which is precisely the number
of augmentations of an arc u € wg_5¢—1 Emba(]D)e, X) — is equal to two times the
mentioned order. u

Remark 5.8. The map 7g_»¢—1(Exp,): Z — m4_2¢—1 Embj, (]D)Z, X) is on a gener-
ator given by “integrating” the (d — £ — 1)-family of unit normal vector fields to u,
given by its meridian £ (S?~¢~1) at a point p = u (x). See the proof of Proposi-
tion 5.2, Remark 5.13 and [24, Fig. 5.9].

5.2.1. The 3-dimensional case. We have so far considered d > 4. However, for
d = 3 we still have an exact sequence comparing embedded to immersed arcs, which
using Corollary 4.26 translates to:

Imm

m(Imma(]D)l,X),u) =27 ®m X 8—) ﬂ{el —— 7o Emby(D!, X)

ﬂ—ol» ﬂolmma(Dl,X) ~mX,

where an element of the set 7} ;= 71 (Immy (D, X), Emby (D, X); u) is represented
by a knot together with a path to u through immersed arcs. Moreover, one still has a

el —» Z[m1 X], with a set-theoretic section r, given by

well-defined surjection Dax:
doing crossing changes along group elements. In particular, we can define an invariant

of knots homotopic to u, namely
Daxu: K(X, u) i= (i)' [u] — Z[M1 X\ 1]/daxu(”2X).

In [23] the first author shows that this is the universal Vassiliev invariant of type < 1
for knots in X.

When du has a geometric dual, then moi: 1 (X Ug2 D3) —» 1 X has trivial ker-
nel K(X;u) = 0, see Example 2.11. Instead, there is a distinguished class utGw €

1 Emby (D1, X), given by “swinging the lasso” around the parallel push-off of the
dual G into X.
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Now consider g-augmented arcs for d = 3 (equivalently, framed long knots).
From (5.6), we have an extension

Z/daxee (m2 X) = (moevo) '[u] — Z/2,

with
Z/daxse (2 X)) = ker(7"° / im(Smme ) — 71/ im(Srnm) ).

is generated by the crossing change along 1 € 71X, and Z/2 = ker(m; pr3) by (5.5).

Interestingly, there are now only two distinct cases for this extension, depending
on whether du has a geometric dual or not: u has respectively either exactly two fram-
ings — that is, (mgevy) ' [u] = Z/2, or countably many, (wgevo) ![u] = Z. The first
case is immediate from dax; . (G) = 1 as in Example 4.19. To see this more explicitly,
the mentioned loop uY, can be extended to a path of e-augmented arcs, whose start
and end framings on u differ by 2, so §ey,, (1 sz) = 2. This is precisely the well-known
light bulb trick for framed knots! To prove that in cases without a dual there is Z many
framings, one approach would be to show that 1 € Z[r; X]/dax} (72 X) has infinite
order; see [2] for another proof.

5.3. Homotopy groups of spaces of disks with a dual: Proof of Theorem D

We collect the results obtained so far in order to prove Theorem D, concerning the
space Embg (DX, M) of neat embeddings of the k-disk in a d-manifold M such that
d — k > 2, with the boundary condition s: Sk=1 < 9M, which has a framed geometric
dual G:S9%=1 < M.

Firstly, Theorem B gives for all n > 0 explicit “ambient isotopy” and “e-foliation”
isomorphisms

Tnfi: Tn Emb, (D, M) T= nn+1(Embi8(Dk_1,MG),ui) IThay
depending on the choice of a basepoint U € Emby (ID)k, M) (recall Mg := M U, ha-1
and s = u_ Uu4). Secondly, Theorem 5.4 gives for n < d — 2{ — 2 isomorphisms

Ty (Embig(De, X)u®) = mpp X

and an extension on 7y _5¢—1 by a quotient of Z[m; X]. Combining these two results
by putting X := Mg and u := u4 and £ = k — 1, we obtain isomorphisms

7, Embg (DX, M) = 7,1, Mg
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forn <d —2(k —1)—3 =d — 2k — 1, and the extension:

k=2, Z{m \ 1]/daXu(7Td—1MG)

Zlm \ 1
bz 3.d —keven. P4 L ooty don, (rai 1 Mo)

_ Z[r] _

k= 3,d -k odd, /(g — g 1) @ daxe (mg—i+1Mc)
T[d_sz(UO3I‘8
—_

74—k (Embs(D¥, M), U)

|
(mw © Dye & pu) o wa—2x T

¥
d — k even, } ® ngi M.

zZ
d—k#1,370dd, Z/2

In Theorem D, we have such an extension (we stated that it exists for d — k # 1,3,7
since then we do not have an explicit description of the quotient), but only in terms
of the original manifold M, so we now remove all appearances of M¢g. Moreover,
our u 4 is homotopic into M in which case we simply write
dax = dax,, and dax®:= dax: .
+
Lemma 5.9. The inclusion M C Mg induces isomorphisms m; M = w; Mg for all
0<i<d-—k—1,asurjection mg_g+1M —> wg_+1 Mg, and a split short exact
sequence of 7wy M]-modules

G
Zmi M] iT__Z g M —» mg_x Mg,
Ay (U, »)

where Az i (M, M) X wq_x (M) — Z[1 M] is the relative equivariant intersec-
tion form.

Proof. A (d — k + 1)-handle is homotopy equivalent to a (d — k + 1)-cell, so we
immediately get ; M =~ 7; M below degree d — k. Moreover, the relative homotopy
group g—_i4+1(Mg, M) is the free Z[; M]-module spanned by h¢~%+1 Once we
show that homomorphism A;ﬁ} (U, ) is a splitting, the surjectivity on mgy_g4q will
follow from the long exact sequence of a pair. Indeed, since G is the geometric dual
for s = dU, we have Ayps (s, G) = 1, so a push-off of G intersects U in the interior
with )L;ﬁll(U, G)=1. [

Lemma 5.10. We have dax(mwg—_x+1Mg)=dax(mwg_x+1 M) as subgroups of Z[7w1 M].
Similarly for dax®.
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Proof. We need to show that im(daxas) = im(daxpy; ) for the respective dax maps.
Since attaching a handle to dM does not influence the calculation of daxys ([ f]) :=
Dax(F), the following diagram commutes:

daXMG

14
Ta—k+1M — Ta—k+1Me —= ZimM].

daxps

Indeed, if f:S9**+1 — M is represented by a (d — 2k)-family F(7): D¥~! o M,
the same family also computes daxas,; ([ f]). This immediately implies

imdaxy C imdaxy.

The other inclusion follows since p is surjective (by Lemma 5.9): if r = daxy; (a) for
a € mg_g+1M, then r = daxps (b) for b = p(a). The argument is the same for dax®.
]

Proof of Theorem D. As aresult of the last two lemmas, we may replace 7;_; Mg by
gk M/Z[mt1 M]- G, dax(mg—k+1Mg) by dax(wg—+1M), and dax®(wg—k+1 M)
by dax®(;4—_g+1M). It thus only remains to see that the maps are as claimed in The-
orem D, namely

(nw © Dye & puy) o wa—afy = nwu ® (U U-).
For K:S?72k — Embg(D¥, M), the map
fo(K): S92k +1 Embzg(]D)k_l, Mg)
maps 7 At € ST A ST = §472k+1 o TG (K;)(2), the time ¢ of the foliation of
the sphere —U U K7 (use the canonical null homotopy of —U U U to get the map on
the smash product). Then, p, ([f§(K)]) is the homotopy class of the map that takes

e S92k o —u i Uy f5(K5) (1) € QMg (based at uy (epx—1)), see the discussion
after Theorem 5.4. It is not hard to see that —u 4 is inessential, i.e. this is homotopic to

—UU K:S9"% _ Map, (S¥, Mg).

SO
(Puy © ma—2kT3)(K) = [-U U K]
modulo Z[r1 M]G.

For d — k even, we next identify the composite

. &
nwu = Nw © Ta-2k+1Dus, © Ta—2kfy
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for the splitting nw: wg—r Vi (Mg) — Z constructed in Proposition B.12. Unless
d—k =k =2,4,8, it was given by ny = ez/2, where

el ([f1) = e(f*(TMg)a—k).[S? 7)) € 22

(see Definition B.1), while for d —k = k = 2, 4, 8, we also have the correction
term W f]. The following lemma then finishes the proof of Theorem D. ]

Remark 5.11. The homomorphism 77 _5;ay o dr;, L can be made explicit: its value
on g € m; X is the family of k-disks in M obtained by applying to the half-disk U
in Mg the ambient isotopy extended from the family dr?, N (g). Alternatively, one can
guess a geometric candidate f, € 7 _n; Embg(D?, M) and check that its foliation
has the correct Dax invariant, that is, Dax o f{;(fg) = g,50 fy = mg—zkau © 81‘5+ (2).
The latter approach is carried through for k = 2,d = 4 in [24]. Moreover, in these
cases we also compute there the kernel and cokernel of

—U U+ 7rg_n; Embg(DF, M) > my_i M.

Lemma 5.12. The number el‘f o C‘Dui o f§([K]) € Z is equal to the relative Euler

number ¢(v K, vU) of the normal bundle of the immersion
K: 1972k x DF as 1972F 5 @

given by (f,x) — (1, K:(x)), relative to the immersion U corresponding to the con-
stant family U. In particular, the map

7d-ak (Embg (DX, M), U) — Z,

given by [K] — e(vK,v0), is a homomorphism.

Proof. The normal bundle to K consists of vectors (6, Vy), Where 0e T;(]Id_Zk)

and vy is a normal direction to K; at x in M. We need to compute the Euler class
of the bundle f*(TMg)q4—i over S4~*, where

[ = Dys T5(K):847F - Vi(Mo).

This is obtained by gluing together two maps 1¢7%~1 — QV; (M¢), namely fx (f) =
‘D”i f¢(K;) and the constant family fu) = 50,,»3r Té(=U).

First observe we can disregard u?_ as before, so that fk: 1472k x Dk — Vi (Mg)
is at (7, x) given by the derivative at x € D¥ of the embedded disk K;in M. Then the
bundle fZ(TM¢)q— is by definition given at a point (7, x) as the subspace of T,Mg,
for p = K;(x), orthogonal to the derivative Dy K3, so belongs to the normal bundle
of K; in M¢. The same is true for the constant family f — —U in place of K, and
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they agree on the boundary d(I1¢~2% x D¥). Moreover, these normal bundles can be

]Id—Zk

taken in x M instead. Thus, the Euler number of f* (TMg)d , 1s precisely

the relative Euler number of the normal bundles to the immersions K and U. [
Remark 5.13. For d — k even, we describe a map

UG

tw

= ayExp(1): §42% Emby (DX, M)

that splits off the Z factor, ny.y(US,) = 1. Firstly, Exp(1) is the (d — 2k + 1)-family
of augmentations of the (k — 1)-disk u4 obtained by integrating the normal vector
field given by its meridian 1 (S¢%~1), see Remark 5.8. Applying the ambient isotopy
map ay to this gives a family

G (@) = ay(Exp(1)({T A -)),

supported in a neighborhood of U; for a fixed 7 € S?~2 the ambient isotopy pushes U
around j(f A —), sO U is obtained by a “family interior twist” to U, plus tubing the
unique double point at p into G. See [24, Fig. 5.9] for the 2-disk U%, when d = 4 (in
other dimensions this is one of the disks in the family UY)).

A. On Hurewicz fibrations

Recall that a map p: E — B is a Hurewicz fibration if any homotopy lifting problem
as in
X x {0} —) E

P
| l” (A1)
X x [0, 1] T) B

has a solution H, a so-called “lift”. We will need some properties of such lifts.

Lemma A.2. Up to homotopy rel. X x {0} and over B, the lift H as in the dia-
gram (A.1) is uniquely determined by the initial conditions (h, Hy). As a consequence,
its restriction Hy: X x {1} — E is also unique up to homotopy.

Proof. If A¥=1 € 9A¥ is a (k — 1)-horn, i.e. it consists of all (k — 1)-faces of the
k-simplex, except for one, then a Hurewicz fibration also has the lifting property for
pairs (X x A¥ X x A), by the fact that these are acyclic cofibrations in the model
structure on topological spaces for which the Hurewicz fibrations are the fibrations.
The case k = 1 is precisely the lifting problem (A.1), and we use the case k = 2 to
show the uniqueness of the lifted homotopy. Namely, suppose we have two lifts H
and H’ in diagram (A.1). Since they agree on X x {0}, we can glue them together at
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the vertex vg € A2 to give amap X x A! — E that lifts (the restriction of) the map
h: X x A?> — B that equals & on all rays from vy to the opposite edge (v, v;) € A2,
The lift X x A2 — E is thus a homotopy from H to H' rel. X x {0} and over B. =

In particular, consider in (A.1) the space X := QB of loops based at b := p(e)
for a basepoint e € E, and the initial conditions

Hy=conste: e and h =ev:(B,1) — B(t).

Anyliftév:= H:QB x [0,1] — E attime ¢ = 1 takes values in the fiber F := p~1(b),
hence gives a so-called connecting map § := év,: QB — F.

Corollary A.3. Up to homotopy, the map §: QB — F is independent of the choice
of a lift & and only depends on the Hurewicz fibration p and the basepoint e € E.
Moreover, it is natural: given two commuting squares on the right of the diagram

/

P, B

F'y—y E'
b e
F s E-L,B

any choice of connecting maps 8,8 makes the square on the left commute up to homo-
topy.

op & S

lﬂ(gB)
QB 9

~

\
7

\
7

Proof. The first part follows directly from Lemma A.2. The naturality follows from it
as well, this time applied to lifting gp o ev': Q B’ x [0, 1] — B with the initial condition
g o const,r. [ ]

If B is well-based that above discussion holds in the based category; this is the
case for our spaces of embeddings as they are locally contractible. Then Q2B is well-
based at consty and there are based connecting maps §: 2B — F, inducing the bound-
ary maps in the long exact sequence of homotopy groups for the fibration p. In
particular, if E is contractible then any such § is a weak homotopy equivalence. We
will also need the following strengthening, whose proof we did not find in the litera-
ture.

Lemma A.4. If E is contractible, a connecting map § is a homotopy equivalence with
homotopy inverse (p«R)|F: F — QB given by x — (t = p o R;(x)), where

R E — P.E :={n:0,1 - E | n(0) = e}

is a contraction of E withev; o R = Idg.
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Proof. Consider the following diagram of two fibrations and a lifting problem on top:

QB x {1} PpB x {0} — PpB x [0, 1]
lg constel éj’/ -7 B lev
> y E X0

P . p (A.5)
|

F
\LP*R|F P*Rl
ev]

QB —— PpB ——— B.

As a map between contractible spaces, p«R := (t — p o R;) is a homotopy equiv-
alence. Being over B (evy p« R = p), this is also a fiber homotopy equivalence [16,
Sec. 4.H]. For the same reason, the restriction g := évy: £, B — E of the lift évis a
fiber homotopy equivalence over B. We claim that there is a homotopy p« R o g ~ 1d
over B, so uniqueness of inverses will imply that p. R and ¢ are inverse homotopy
equivalences, as well as the desired restrictions p«R|r to F C E and § = ¢|op
to QB C P B.

To find the claimed homotopy we observe two solutions for the outer lifting prob-
lem on the right of (A.5) (for the fibration evy). One lift is clearly p« R o év. We define
the second by the formula

N R P o pi(35), s €[0,1—1]

where p; € QF for ¢ € [0, 1] is a homotopy from pg = R(e) to p; = const,, which
exists by the argument below. This is indeed another solution, since ev; evaluates all
paths at s = 1, so it gives B(¢) = ev(pB, t), while restricting to ¢ = 0 gives exactly
ppo = pR(e). The first lift at t = 1 is p« R o g whereas the second is Idp, g, so the
uniqueness from Lemma A.2 gives the desired homotopy over B between them.

To find a homotopy p; from R(e) € QFE to const, rel. e, first observe that these
loops are homotopic (since E is contractible to e), and then by the usual argument
they are also based homotopic: free homotopy classes in a path-connected space are
in bijection with the conjugacy classes in the fundamental group, and for the unit this
consists of a single element. |

B. On homotopy groups of frame bundles
In this appendix we collect some information needed for the results in the body of the

paper. For the convenience of the reader we include short arguments, some of which
may be new.
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B.1. Universal Euler classes of frame bundles

Fix integers 0 < £ < d, a topological space X, and a rank d vector bundle £ on X
with inner product. Let frg: V;(§) — X be the associated {-frame bundle, given by
orthonormal sequences (vy, ..., vg) of vectors v; € £|x, x € X, meaning that v; are
pairwise orthogonal and have unit norm. The pullback bundle frj () has £ canonical
sections, and we consider their orthogonal complement £;_,, which is a rank (d — £)
vector bundle on V;(§). Note that V(&) = X and fro = Id.

We will not assume that £ is orientable in this appendix, although this will be the
case in our applications. Recall that one can define the twisted Euler class of £;_,
as a class e(E4_¢) € HI4(Vy(£); Z™), where the coefficients are twisted by the first
Stiefel-Whitney class w = wi(§7—¢).

Definition B.1. Define the map ef: wg—¢Ve(§) — Z by the formula:
ef (f) = (e(Ga—0), £[ST71)) = (e(f*(a-0)). [S*71]).
Note that the last expression shows that eg is a group homomorphism.

Lemma B.2. For{ > 1, let pry:Vy(§) — Vi—1(§) be the fibration that forgets the last
vector in an L-frame, and ig: ST <V, (§) its fiber inclusion. Then ezl (ig) = x(S47Y),

the Euler characteristic of S¢.

Proof. The proof follows since i/ (§5_¢) = TSt Indeed, the fiber of &4_¢ over

(x,v1,...,v¢) € V() is the orthogonal complement (v, ..., ve)t C &x,so0if vy =
u e S(U) forafixed U := (vy,...,v¢—1)" C &, then the fiber is u™ C U, so exactly
the tangent space to the (d — £)-sphere S(U) C U at u. [

By induction and the long exact sequence of homotopy groups for the fibration
pres1: Vir1(€) — Ve(§), we get isomorphisms

fr
7 Vo) —= 7n X (B.3)
foralln < d — £ — 1, and an exact sequence in the first interesting case

qd—t-1 i+

8Prz+1 fre41
wg—¢Ve(§) —— ma—4—1 —— g1 Ver1(§) —» mg—g1 X.

Lemma B.4. For 0 < { < d the connecting map 8p,,, of pre+1 can be identified
with the homomorphism

el g (Vi(E) = 7 = ;g ST
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Proof. Since the statement is inherited by pullbacks of vector bundles, it suffices to
check it for £ = vy, the universal rank d bundle y — BO, over the Grassmannian
BO,; of d-planes in R*®. Then EOy4 := V;(y) is a contractible, free Og4-space, and
we have for 0 < £ < d homotopy equivalences

Vity) ~ EOQd sy~ BO4 4.

The map pry4q is induced by the inclusion Oy_y—1 < Og4_¢ and we have a 5-term
fibration sequence, where the connecting map in question is induced by the action
map act on a basepoint in sd-t-1.

_f— P"Z—H
Aty ST S Vi (y) —= Ve(y).

Og—¢—1 > Oq—y¢

Recall that the Euler class is the unique (necessary and sufficient) obstruction for
finding a nonvanishing section in an rank n vector bundle over S”, and wg_¢—1 04—y
are isomorphism classes of such bundles for n = d — £ (via clutching). Then the
claim follows since ;1 (act) is also the unique obstruction for such a section by
the exact sequence above. ]

As a consequence, for 0 < £ < d, we get an extension of groups

Iog41 fre4q
Z/im(eg) s a1 Verr () —» wa_e—1 X (B.5)

and we determine the image of the homomorphism ef next.

If d — ¢ is odd, then ezi = 0, because it is given by Euler classes of bundles
f*(Eq—¢) = S¢¢ of rank d — £, for which fiberwise —Id is an orientation reversing
vector bundle isomorphism over Id on the base.

If £ = 0 and d is even then im(ezi) = e(§)(mry X) is simply the image of the Euler-
class e(§) evaluated on 4 (X ) under the Hurewicz map. Then any image is possible,
for example, take X = S? and d = 2. Then e(£)[S?] € Z can be any integer n by
taking £ to be the n-fold (complex) tensor product of the Hopf bundle. As a conse-
quence im(eg) = e(£)(m2S5?) = n - Z. Note that for higher genus surfaces X, we have
> X = 0, and hence this image always vanishes. This example can be generalized as
follows.

Lemma B.6. Let X be a compact d-manifold.

e If X has nonempty boundary then eg = 0 and the sequence (B.5) splits for £ = 0.
In fact, there are isomorphisms 7, V1(§) = 7,8 @ m, X foralln > 1.

o If X is closed then e(T X ) (g X) is nontrivial if and only if d is even and the uni-
versal cover of X is a rational homology d-sphere. More precisely, X is either
a simply connected Q-homology d-sphere (orientable) or a Q-homology ball
(nonorientable) with fundamental group 7./2.
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Proof. If X has nonempty boundary then H% (X;Z") = 0 and hence e(§) = 0. This
means that we have a continuous section of V;(§) — X. As a consequence, the long
exact sequence of the fibration turns into (split) short exact sequences on homotopy
groups.

For closed X we consider the case £ = TX. We may assume that d is even,
otherwise eg = 0. If X is a simply connected (Q-homology sphere then the degree-1
map ¥ — S? is a rational homotopy equivalence and hence 74(X) ® Q =~ Q. It
follows that there is a map S — X of nonzero degree, and so e(TX) (g %) # 0
since the Euler characteristic of X is 2. If X is covered by 3, it therefore also satisfies
e(TX)(mgX) #0.

Conversely, if this group is nontrivial then there is a map S — X of nonzero
degree. Let X be the universal cover of X. Then this map lifts to a map S¢ — %
of nonzero degree (which implies that this is a finite cover). Then ¥ must be a
Q-homology sphere, otherwise there would be a nontrivial rational cup product in
its top cohomology which contradicts that all cup products are trivial for S¢. This
also implies that the only free action on X can be by Z/2 and that the quotient is a
Q-homology ball. [

Finally, we consider the case d — £ even with [ > 1. We define the spherical
Stiefel-Whitney class
wi):mX - Z/2

as the evaluation of the i-th Stiefel-Whitney class w; (§) € H'(X;Z/2) on spherical
classes, namely those in the image of the Hurewicz homomorphism

h:m X - Hi(X; 7).

Proposition B.7. For X, & and 1 < { < d = dim(§) as above, assume that d — £ is
even. Then ezz is either onto or has image 2 - 7.. The latter happens if and only if the
spherical Stiefel-Whitney class w?_,(§): mq—¢X — Z/2 vanishes. This homomor-
phism can be nontrivial only for d — £ = 2, 4, or 8.

Proof. Ifd —{isevenand/ > 1, then eg (i¢) = x(S?t) =2by LemmaB.2,502-Z
is contained in the image of ef. To decide whether this is the entire image, we only
need to understand the Euler class modulo 2. But then it equals the Stiefel-Whitney
class wg_¢, which is a stable characteristic class, and hence we can evaluate it on £
rather than £;_,. This implies our claim regarding the spherical Stiefel-Whitney class.

Recall that Adams’ solution of the Hopf invariant 1 problem implies that rank n
vector bundles over S” have even Euler class unless n = 2, 4, 8. The universal com-
plex, quaternion and octonian line bundles over the corresponding projective spaces
have Euler number 1, so for d — £ = 2, 4, 8 both cases can arise. [
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For X = x, the frame bundle V;(£) is just the Stiefel manifold V;(d), whereas for
X = BOy and the universal rank d bundle & := vy over it we have Vy(y) >~ BO4_g
(see the proof of Lemma B.4). Therefore, in these cases we get back the following
results, the first of which is due to Stiefel [30], whereas the second can be found in
Kervaire’s paper [20].

Corollary B.8. If1 <k <d, the groups w, Vi (d) vanish forn <d —k — 1 and there
are isomorphisms

Z k=1ord—k even,

wa—kVi(d) = Ziag =
Z]/2 otherwise,

generated by the fiber inclusion ix: S4~% — Vi (d).
Proof. For X = %, we have n,, Vi (d) = 0forn <d —k — 1 by (B.3), and
7a—kVi(d) = kerfr, = Z/im(e{_,)

by (B.5) for [ + 1 = k. We saw after (B.5) that for d — k even this is infinite cyclic,
as well as for k = 1 since 7y X = 0. For d — k odd, we trivially have wj_e &) =0,
so Proposition B.7 implies im(eﬁ_l) = 27. ]

Corollary B.9. For m > 1 there are isomorphisms 7w, BOy—1 = 7, BO,, for n <
m — 2, and a short exact sequence

m odd Z Z m=1,5 (mod 8),
m#2,4,8even Z/2¢p ¥ T 1BOm—1 —» {Z/2 m=2,3 (mod 8),
m=2,4,8 0 0 m=0,4,6,7 (mod 8).

Proof. The kernel was computed in Proposition B.7 for m := (d — £). Just recall that
TmVe(y) = 7 BOy, consists of isomorphism classes of all rank m vector bundles
over S, including those with Euler number 1. To compute the right-hand side, note
that by (B.5) the group m,,—1 BO,, = m,,—1BO is in the stable range, so the result
follows from Bott periodicity. ]

B.2. Splittings for the first interesting homotopy groups

For X, & as above, let k :== £ 4+ 1 with2 <k <d.Ifd — k is even (i.e. d — £ odd),
there is a group extension

] fi
Z s g i Ve®) -2 e X (B.10)
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as we showed below (B.5). On the other hand, when d —k isodd, k > 2,d — k #
1,3, 7, we know from Proposition B.7 that our extension is by Z/2:

] f
Z)2 v i i Vi) -5 g X, (B.11)

We now ask in which circumstances these extensions split and how to construct such
splittings.

Proposition B.12. [f 2 < k < d = dim(§) with d — k even, splittings
n:wa—iVi(§) > Z

of the extension (B.10) are in bijection with integer lifts W:mg_1 X — Z of the spher-
ical Stiefel-Whitney class

1
W «— nw = E(e,f + W ofrg).

Moreover, w;_, (§) can be nontrivial only for d 1— l; =2, 4, or 8, so apart from these

cases W = 0 gives the preferred splitting no = 5€j.
Proof. To show that the claimed formula for nw is a splitting, first note that the
division by 2 makes sense for any integer lift W of w}_, (§). Both summands are
homomorphisms and 5y splits the inclusion iy because ez (ix) = 2 and frg (i) = 0.
Conversely, if 7 is any splitting, then (2n — eg)(ik) =2-2=0,s502n— eg factors
through a homomorphism Wy : w4 X — Z. This is an integer lift of w}_, (§).
Moreover, two splittings n differ by a unique homomorphism u: 7g_x X — Z
(composed with frg). Given one integer lift W of w}_, (§), we have a second lift
W + 2u, leading to another splitting nw 2, = nw + u o frg. This shows the claimed
1-1 correspondence. The last claim follows from the solution of the Hopf invariant 1
problem as in Proposition B.7. |

Proposition B.13. If2 <k <d = dim(§) withd — k # 1,3,7 odd, then there is a
splitting n: w1 Vi (§) — Z/2 of (B.11) that only depends on the isomorphism class
of the vector bundle & _y.

Proof. Note that for d — k odd, Euler numbers eg = 0 are trivial, so the method
of the preceding proof does not construct splittings. However, Corollary B.9 gives
ford —k # 1,3,7 odd a short exact sequence

7)2 d—k=1 (modS8),

7)2 v 1q_xBOy_i — wa_y BO =
/ Ak TTAk =k {o d—k#1 (mod8).
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Thus, in the case d — k #£ 1 (mod 8), returning to X and comparing to the universal
bundle, we see that a splitting n arises by the formula

n(f) = f*(a—k) € Ta—k BOa—r = Z/2.
On the other hand, if d —k = 1 (mod 8) the displayed sequence splits,
g, BOg_ = Z/Z X Z/2,

by Kervaire [20] (this is the entry r = —1 and m = 85 + 1 = d — k in his second
table, with s > 1, which is also our case since d — k # 1). In particular, we get our
splitting that again only depends on the isomorphism class of £;_; — Vi (X) (but in
these cases we do not know an explicit formula). [

B.3. Tangent bundles

We now improve the above results in the case & = TX is the tangent bundle of a
manifold. For d — k odd, this follows from (B.11), Proposition B.13 and Lemma B.15
below. For d — k even, this follows from (B.10), Proposition B.12 and Lemma B.16.
In Lemma B.6 we looked at k = 1.

Proposition B.14. For a compact d -manifold X, let Vi.(X) .= Vi (T X) be its k-frame
bundle. For any 2 < k < d, except possibly fork =d —1 >3 ork =d —3 > 5o0r
k=d—"72>0, there is an extension

d—keven, 7

ix fr
=7 — T Vi (X) —» g1 X.
d—k odd Z/z} k.d d—kVi(X) d—k

These extensions split and for d — k even splittings are given by
1
nw = E(Cg + W o frg),

where one can take W = Qunlessd —k =2,4o0r8andd <2k.Ifd —k =2,40r8
and d = 2k an integral lift of w};,_, (TX) exists and gives a desired W .

Lemma B.15. Assume k > 2 and d — k is odd. The homomorphism ei_l (TX) has
image2-Z unlessk =d —1>3o0ork =d —-3>50rk=d—-7>0.

Proof. By Proposition B.7 the image of e? (&) is 2 - Z if and only if the spheri-
cal Stiefel-Whitney class wfi_z (&) vanishes, which is true unless d — ¢ = 2,4, 8.
Thus, we just need to show that for ¢ = TX, we additionally must have d < 2 with
{ =k —1for wfi_e(TX) not to vanish (sincethend —k = 1,3 or7,andd <2k —2
givesk > d —k +2 = 3,5 or 9, respectively).



A space level light bulb theorem in all dimensions 857

If v; € H/(X;7Z/2) are the Wu classes of X and Sq' denotes Steenrod squares,
the Wu formula says
we—e(TX) = > Sq'(v)).
i+j=d—{

Since the cohomology of S?~* is concentrated in two dimensions, pulling back to
it kills all these summands, except possibly for S¢°(vy_¢) = vg_¢. For any a €
HY(X,0X;7/2), by the defining property,

(va—g Ua, [X]) = (Sq?~“(a), [X]),

This vanishes on compact d -manifolds X such that d > 2/, since S¢’ is zero on coho-
mology classes in degrees < i. So wy—_¢(TX) vanishes on spherical classes unless
d <24. m

Lemma B.16. Assume k > 2 and d — k is even. The extension (B.10) for wg_; Vi (X)
splits also in the casesd —k = 2,4 or 8 ifd > 2k.

Proof. The previous proof shows that w_, (T'X) vanishes unless d < 2k, so nw
with W = 0 is a splitting unless d < 2k. Thus, it remains to show that a lift W of
wy_, (TX) also exists in the middle-dimensional setting d = 2k withk =d —k =
2,4 or 8. The following argument actually works for any k.

Consider the twisted intersection form of X, a bilinear pairing

(= =)x: Hie(X:Z) x Hi (X5 2%) — Z,

where the second term denotes coefficients twisted by w := w; (7T X). The pairing is
given algebraically by Poincaré duality and cup products and geometrically by count-
ing transverse intersection points carefully with signs.

There are Hurewicz homomorphisms 4: 7 X — Hy (X ; Z) and their twisted part-
ners

oW - v
WYX = m X > Hi(X:Z) = Hi(X: Z[m X]) = Hp(X:27),

where e¥: Z[m1 X] — ZY is the 1 X -linear map determined by &% (g) = w(g) €
{x1} forall g € 71 X. In this middle dimension, any class a € 7z X is represented by
a generic immersion A: S¥ 9> X and

(h(a). h*(a))x =: {a.a)x = 2(A)x + e(va),

where (A)x is the self-intersection number (the sum of signed double points of A)
and e(v,4) is the Euler number of the normal bundle v4 — S¥. The formula is proven
by intersecting A with a transverse push-off AT of A4, and noting that intersection
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points in A h AT are either those where the normal vector vanishes, contributing
to e(v4), or occur as a pair of points in a neighborhood of a self-intersection of A.
Using a*(TX) = TSF & vy, we get

wp (TX)(a) = wr(@*(TX))
= wk(TSk) + wr(vg) =e(vq) = (a,a)y (mod 2). (B.17)

By definition, w; (7'X) factors through the quotient 7tz X / ker(/1) and the twisted inter-
section form can also be restricted to a bilinear pairing on 7y X / ker(h) x Hy (X;ZY).
Since it takes values in the torsion-free group Z, the formula (B.17) implies that
wy (TX) actually factors even further, namely through (7 X/ ker(h))/torsion. By
compactness of X, we know that Hi(X;Z) is finitely generated and so is its sub-
group im(h) = my X/ ker(h). Therefore, we have shown that w3 (7X) factors through
a finitely generated torsion-free abelian group. As such groups are free, the required
integer lift W can be constructed by defining it on the free generators of this group. m

We note that the 5-manifold X = SU(3)/S0(3) is simply connected, has 7, X =
7./2 with nontrivial w5 (7' X). So there is no integer lift W and Lemmas B.15 and B.16
indeed fail ford = 5,k =4andd = 5,k = 3 (so d < 2k). As a consequence, our
assumptions are the best possible for d = 5.
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