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Katz type p-adic L-functions for primes p non-split
in the CM field

Fabrizio Andreatta and Adrian lovita

Abstract. For every triple F, K, p where F is a classical elliptic eigenform, K is a quadratic
imaginary field and p is an odd prime integer which is not split in K, we attach a p-adic
L-function which interpolates the algebraic parts of the special values of the complex L-func-
tions of F twisted by algebraic Hecke characters of K such that the p-part of their conductor
is p”, with n large enough (for p > 5 it suffices n > 2). This construction extends a classical
construction of N. Katz for F' an Eisenstein series, and of Bertolini-Darmon-Prasanna for F
a cuspform when p is split in K. Moreover, we prove a Kronecker limit formula, respectively,
p-adic Gross—Zagier formulae, for our newly defined p-adic L-functions.
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1. Introduction

The celebrated 1976 article of N. Katz p-adic interpolation of real analytic Eisenstein
series [18], attaches a two variables p-adic L-function to a pair (K, p) consisting of a
quadratic imaginary field K and a prime integer p, satisfying a number of assumptions
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of which the most important is that the prime p is splitin K. Katz’ p-adic L-function
associated to a pair (K, p) as above can be seen to interpolate p-adically the central
critical values of the complex Rankin L-functions of a p-adic family of Eisenstein
series twisted by a family of certain algebraic Hecke characters. This article was very
influential and produced, during the last 45 years, a large number of papers extending
these ideas to other similar situations and/or trying to prove properties of these new
“Katz type” p-adic L-functions.

An example is the work of Bertolini-Darmon—Prasanna (see [9]), who studied
Katz type p-adic L-functions in which the Eisenstein family was replaced by a cusp-
form. More precisely they defined a one variable anticyclotomic p-adic L-function
attached to an elliptic cuspidal eigenform F and an imaginary quadratic field, which
interpolates the central critical values of the Rankin L-functions of F' twisted by
anticyclotomic characters of higher infinity type and proved p-adic Gross—Zagier
formulae for these p-adic L-functions. They assumed that p was split in the quad-
ratic imaginary field.

The main result of this article is the construction of one- (respectively, two)-
variable p-adic L-functions a la Bertolini-Darmon—Prasanna, i.e., associated to ellip-
tic cuspidal eigenforms (respectively, p-adic families of such), or a la Katz, i.e.,
associated to elliptic Eisenstein series (respectively, to p-adic families of Eisenstein
series), and a pair (K, p) consisting of a quadratic imaginary field and prime integer
p > 2 which is not split in K. We also prove special values formulae for these new
one variable p-adic L-functions.

To simplify the discussion, in this introduction we focus on the case of the one
variable p-adic L-functions for p inert in K and p > 5. For the cases p = 3 inert
in K or p odd and ramified in K and for the two variable p-adic L-functions the
reader can consult Section 5.3 (the inert case) and Section 6.3 (the ramified case),
respectively.

Classical L-values. In what follows we fix a classical, elliptic eigenform F of weight
k > 1,1level I'{(N) for N > 5 and character € and a quadratic imaginary field K. We
assume that there is an ideal 9t of Ok such that we have a ring isomorphism

Ok /N~ Z/NZ

(this is the so-called Heegner hypothesis); we choose and fix such an ideal. We also
fix a positive, odd integer ¢ prime to N. We consider the L-functions L(F, y, s) of
the complex variable s, where y varies in the set X..(k, ¢, , €) of algebraic Hecke
characters of K, of infinity type (k1, k) with k; > 1 and k; + k> = k, of conductor
dividing ¢Jt and character € (in the sense of Section 2.1) and such that we are in one
of the following two cases:

(a) F = Ej . is an Eisenstein series, € has parity k and is non-trivial if k = 2;
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(b) F is acuspform of weight k > 2 and y is such that s = 0 is the central critical
value of L(F, y,s).

Looking at the infinity types of the characters in X..(k, c, I, €), we have a natural
decomposition

Seelk, e, N e) = Tk, e, N, e) L =P (k, ¢, N, €),
where EEIC) (k,c, 9, €) is the subset of Hecke characters having infinity type
k—1—j,14j) for0<j<k-2
and 22%? (k,c, I, €) is the subset of Hecke characters having infinity type

(k+j.—j) forj=0.

For F as above and y € 22%) (k,c, N, €) we have an explicit description of the
algebraic part of the special value of L(F, x,0) as follows, thanks to Damerell’s the-
orem in the Eisenstein case and thanks to a result of Waldspurger’s in the cuspidal

case (assuming that K has odd discriminant):

Lag(F. )= Y. 1 @8 (F)(a* (Ao, to,w0)) € Q
a€Pic(O¢)
and L(F.v.0
(Lug(F. 0) = COF D)

where ¢ = 1 if F is an Eisenstein series and ¢ = 2 if F is a cuspform, C(F, x) is
an explicit constant which varies if F is an Eisenstein series or a cuspform, €2 is a
complex period, @ is the order in Ok of conductor c, y; = x - N/, where N is the
norm Hecke character of K, and (A, fo, wo) is a triple consisting of an elliptic curve
with CM by O, ty is a generator of Ay[Ji] and wy is a generator of the invariant
differentials on Ag. Here we say that Ag as CM by O if we have a ring isomorphism
1: K — End®(Ay) such that ;=1 (End(4)) = O.. We remark that the isomorphism
classes of elliptic curves with CM by (. are points of a Shimura variety. Given any
such Ay, we abusively refer to the choice of a generator 75 of Ag[J] as a "1 (9N)-
level structure on Ay, identifying (Ag, o) to a point of the above mentioned Shimura
variety of level I'; (). Furthermore, a * (Ag, to, wp) denotes the natural action of
a € Pic(O.) on the triples (A, t, wo). Finally, one of the most important players in the
above formula is the weight k& Shimura—Maass differential operator 6. This operator
is analytically defined on (real analytic) modular forms of weight k for I'; (V) on the
complex upper half plane by the formula:

5e(F) = o (2 )

2mi z—2Z

and acts on the g-expansion of F as the differential operator qj—q.
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p-Adic interpolation of the values L, (F, x). As we mentioned at the beginning of
this introduction, if F is an Eisenstein series, respectively, a cuspform, and p is split
in K, Katz in [18], and respectively, Bertolini-Darmon—Prasana in [9], constructed
p-adic L-functions interpolating p-adically the values L, (F, x) for y € Zf;%) n).

A legitimate question is then: what about if p is non-splitin K? When F = Ej .
is an Eisenstein series and p is a prime integer inert in K, the L-values Lyg(Ex e, X)
have been extensively studied by Fujiwara in [16], Bannai—Kobayashi in [5] and by
Bannai—Kobayashi—Yasuda in [6]. One knows, thanks to work of Katz [19], that the
values L, (Ek e, x) are p-adic integers for y algebraic Hecke characters of infinity
type (k + j,—j), where k > 2 and j > 0 are integers. It was observed by Fujiwara
that their p-adic valuations tend to infinity as k or j tend to infinity; this was done
by carefully computing explicit lower bounds for these valuations. This makes it clear
that the special L-values cannot be “naively” p-adically interpolated and one would
need to divide those L-values by naturally appearing p-adic periods in order to com-
pensate for the growth of the p-adic valuations.

The main goal of the present article is to define the p-adic L-functions of Katz
and of Bertolini-Darmon—Prasana in the cases when the prime p > 3 is either inert or
ramified in the quadratic imaginary field K. Our construction is purely geometric and
is based on the idea of an analytic continuation of certain overconvergent de Rham
classes, which we will try to explain further. But most importantly, our geometric
constructions naturally produce p-adic periods which divide the special classical L-
values when they are compared with the special values of the p-adic L-functions. If y

is a classical Hecke character of K of conductor p” and infinity type (k + m, —m),

k+2m
p.n

these p-adic periods in Proposition 5.9 (in the inert case), respectively, Proposition 6.6

the relevant period is denoted by €2 . We have computed the p-adic valuations of
(in the ramified case), and they seem to agree with the bounds of the p-adic valuations
of the special L-values of Fujiwara and Bannai—Kobayashi—Yasuda.

For our construction of the one variable p-adic L-function, denoted L,(F, —),
a la Katz and a la Bertolini-Darmon—Prasanna, we assume that the p-part of the
conductors of the Hecke characters appearing is p" for n > 2. We let

=@ (k,e, N, €) C TPk, c, N €)

be the subspace defined by this condition. (Here we use our hypothesis that p > 5
and p is inert. In general, one has a bound n > ny where n( depends on p. We refer
the reader to Sections 5.3 and 6.3 for a discussion in the cases that p = 3 or that p is
ramified and also in the case of the two variable p-adic L-functions.)

As in the p-splitin K situation (see [9]), the function

Ly(F.=):E@&P" (k,c, M, e) - C,
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is a locally analytic function defined on the space $@.p" (k,c, M, €), the p-adic com-

=

pletion of (k,c, 9, €). We prove in Section 2.5 that the natural map

w: EEZC),p” (k.e,N,e) > Z

sending x to j, where the infinity type of y is (k + j, —J), is continuous and extends
to a local homeomorphism

w: S (k e, M, e) - W(Q,).
where W(Q)) is the space of Q,-valued p-adic weights, i.e.,
W(Qp) = Homeon (225, Z3).
For y € iﬁ?"’"
how to make sense of the following formula:

Ly(F.) = Y. 1 (@8 (F)(a* (Ao, 0, o).
a€Pic(O)

(k,c,M,€), weputv:=w(y) € W(Qp) and we will try to explain

Let X1(N) denote the modular curve parametrizing generalized elliptic curves with
"1 (N)-level structure, seen as a rigid analytic curve over Q, and let (H, V, Fil®)
denote the first relative de Rham cohomology sheaf of the universal generalized ellip-
tic curve over X1 (N ), denoted H, with its Gauss—Manin connection V and its Hodge
filtration Fil°®. For every « € W(Q)) we defined in [1] a triple (W, V,, Fil}) con-
sisting of an overconvergent sheaf of Banach modules W, (i.e., this is a sheaf on
a strict neighbourhood of the ordinary locus in X;(/V)), with a connection V, and
a Hodge filtration, interpolating p-adically the family (Sym™ H, V,,, Fil} )men. We
also showed that if v € W(Q)), the expression (Vi )" (F [P]) is an overconvergent sec-
tion of Wy 5, which interpolates the natural iterations of Vi on F (], Finally, F (p],
the p-depletion of F, is the overconvergent modular form whose g-expansion is

> and"
(n,p)=1

if the g-expansion of F is
o0
D and"
n=0

In Section 4, we review and improve the discussion of [1] in order to make explicit the
neighbourhoods of the ordinary locus where these objects are defined. In particular,
we remark that the section (Vg)” (F[?)) is defined in a neighbourhood containing the
points a * (Ao, to, wp) thanks to our assumption that n > 2.
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Taking this for granted, we need to explain how to evaluate the above mentioned
section (Vi) (FIP1) at triples a * (Ag, fo, wo) for a € Pic(O,). Recall that (Ao, t, wo)
is a triple consisting of an elliptic curve A¢ with CM by O, ty is a generator of Ag[N!]
and wy a generator of the invariant differentials of Ag. We can construct (Ao, fo, @wp) as
follows. Write ¢ = dp™, with d prime to p and n > 2. Choose a triple (E = Eg4,t, ),
where E is an elliptic curve with CM by Oy, t is a I'; (J)-level structure on E and w
is a generator of the invariant differentials of E. When p is inert in K, the elliptic
curve E, that we view as an elliptic curve over an extension of QQ,, has supersingular
reduction, and moreover it has no canonical subgroup.

We choose a subgroup scheme C ™ c E[p"], generically cyclic of order p” and
define

E®™ :=E/C™ and E':=E/(C™[p]).

Then E®™ is an elliptic curve having a canonical subgroup of level p”, namely
H™ = E[p"]/C®,

and CM by O, and E’ is an elliptic curve with a canonical subgroup of level p and CM
by O4p. The images of ¢ in E ) and E’ define level 'y (N)-structures denoted \IJE\',’)
and W)y, respectively, and the pull-back of w by the dual of the natural isogenies
define invariant differentials ™ and ' of E™ and E’, respectively. Therefore, the
pairs

xi=(E™ wP), X' = (E, Wy)

define points of the modular curve X; (N), and moreover, for every a € Pic(0O,), the
pairs
Xq 1= a* (E(”), \IJI((,')) xpi=ax (E',Uy),

respectively, define points of X (N) with the property: (Vi )”(FIP)) is defined at x
and the image of the pull-back of (Vx)”(F?!),. under the morphism induced by the
isogeny E™ — E’. is a section of a submodule of (W 5,) x/,» for which the Hodge-
filtration can be split using the CM action of @,4. Its image under the splitting is a
section of (w¥+2) /. Using the generator (a * ©')**2" of (w¥*+2"),,, we obtain an
element of C,, which is the looked for value: (Vk)"(F[P])(a x (Ao, to, wg)).-

The construction presented above has the following property: if

X c E((:Zc)’pn (k’c, m’e) C ig%)apn (k’c’ m’e)

is an algebraic Hecke character so that w(y) = v = m € N, choosing an isomorphism
Cp = C, we have

(Vi)™ (F'P)) (a % (Ao, t0, wo)) = 87 (F'PY) (a % (Ao, to, wo)).
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Therefore, as a first approximation, we could define for y € 2222 (k,c, M, €) with
w(y) =v e W(Qp):

Ly(F.) =Y 2 (@) (FP)(a  (Ao. to, w0)).
a€Pic(Oc)

We need to remark that, as described, the construction depends on various choices so
that in order to remove this dependence we sum over the group #(c, N), instead of
Pic(O.), defined by the invertible O.-ideals co-prime to Jt N O, (see Definition 2.1).
Furthermore, as explained in Corollary 4.23, the p-adic modular forms FIP1 can
be realized as a classical modular form over X(N, p?), the modular curve of level
I'1 (N) N To(p?). For this reason, we move the whole construction to X (N, p?). The
reader is invited to see Definition 5.7 in the inert case and Definition 6.5 in the rami-
fied case for the precise formulae.

Interpolation properties. As before, will only illustrate the interpolation proper-
ties for the one variable p-adic L-function attached to a classical eigenform F of
level I'; (N), weight k > 2 and character ¢, in the case p > 5 is inert in K; a dis-
cussion of the ramified case can be found in Section 6.3. Let y € zﬁ?”’ " (k,c, M, e),
i.e., y is an algebraic Hecke character with w(y) = m > 0 and the p-part of its con-
ductor is p" with n > 2. We denote by €2, ,, the appropriate p-adic period (see the
remark above). Then we have the following relationship between the values of the

p-adic L function and of the complex L-function at y (see Proposition 5.9):

Lalg(F’ X)

Ly(F,x) =
p Q’,ij;z’"

Special values L,(F, x) for y € X ﬁ? (M). We will continue to illustrate this result

in the case p > 5 is inert in K and F is a cuspidal eigenform of even weight k > 2
and leave the reader to look at Section 7.1 for the case p = 3 or p ramified in K. We
also refer to Proposition 7.9 for the case I = E5 ¢ of an Eisenstein series of weight 2
and character € where one gets a p-adic analogue of Kronecker limit formula.

We first remark that for y € z,‘;})(m), as the sign of the functional equation of
L(F, y~',s5)is —1, we have Ly (F, ') = 0. The value L,(F, x~') does not inter-
polate classical L-values. In fact, it is obtained in terms of the Abel-Jacobi image of a
certain generalized Heegner cycle defined in [9] and will be called, as in [9], a p-adic
Gross—Zagier formula.

We let (A, t4) be an elliptic curve with CM by Ok and T’y (91)-level structure,
let w4 denote a generator of the invariant differentials of A and 14 an element of
H!; (4) such that (w4, n4) = 1 via the Poincaré pairing. Moreover, gg: A — Ao is a
cyclic isogeny of degree ¢ so that Ag has CM by O.. For every a € Pic(O.) we have
an isogeny ¢q: Ag — a * Ag and AJ,(Ag,¢,) denotes the p-adic Abel-Jacobi map of
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the generalized Heegner cycle denoted A, 4, constructed in [9, Section 2] supported
in the fibre of the modular point ¢, 0 go: A — a * Ayp.

Let y € Eglc)(k, ¢, N, €) be a character of infinity type (k — 1 — j, 1 + j) with
0 < j <r :=k — 2 and such that the p-power of the conductor is p” with n > 2.
Then y can be seen as a p-adic character of $@.p" (k,c,M,€), i.e., we can evaluate
the p-adic L-functions on it. We have

C_]Qr—Zj eI _ , .
Ly(F.x) = —,”( Y S @ON@ AL (Agago) (@r Awy Ay ’))-
J: a€Pic(Oc) 7

Notice that, as in the split case, the formula does not involve the derivative of the
p-adic L-function but its value.

We remark that Daniel Kriz has a different construction of p-adic L-functions in
the cases in which p is not split in K by defining a p-adic analogue of the Shimura—
Maass operator §x on the functions of the perfectoid tower of modular curves of
level Np®°, more precisely on the functions on the supersingular locus of that perfect-
oid tower. See [20]. Our work has been inspired by Kriz’s report on this construction.
So far no comparison between the two constructions is available but we hope to report
on such a result soon.

We would also like to remark that the recent progress on the Iwasawa theory of
supersingular elliptic curves in articles like [10, 11, 13] gives hope that it would be
soon possible to understand Iwasawa theoretic properties of the p-adic L-functions
defined in this article.

2. Classical L-values

2.1. Algebraic Hecke characters

We fix a quadratic imaginary field K of discriminant Dg. We start by choosing
embeddings (o: K — C and 1,: K < C, and an isomorphism 71: C,, = C such that

Nolp = loo.
Recall that a Hecke character of K is a continuous homomorphism

1Agx/K* - C*,

where A% is the group of ideles of K and K* is embedded diagonally in A% . We say
that y is algebraic or a grossencharacter of K of type Ay if the restriction of y to the
infinity component yoo: (K ®z R)* — C* of A% has the form

Xoo(2 ® 1) = 100(2)" 100 (2)™

for a pair of integers (n, m), called the infinity type of y.
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Associated to y we have an ideal ¥ of Ok, the conductor, and a finite character
v: (Og/%&)* — C*. Throughout this paper we assume that

(i) there exists an ideal 9t C Ok such that Ng,q(Jt) = NZ and we have a ring
isomorphism Ok /N =~ 7Z /N 7Z (Heegner assumption);

(ii) there exist a character ¢: (Z/N Z)* — C* and a positive integer ¢ prime to N
having the following properties. Write eg; for the character of (Og /)™ induced by €
via the identification Ok /9t = Z /N Z. Then, the conductor % divides ¢Jt and denot-
ing by O, = Z + ¢cOk C Ok the order of conductor ¢ and letting N, := N N O,
the restriction of v to @: factors through (O./9t.0.)* and the induced character
of (O./MN.)* coincides with the character g, ., the composite of ey and the isomorph-
ism (Oc/mc(gc)* = (OK/S}(QK)*‘

Under these assumptions we say that y is of type (c, N, €).

There is a group associated to characters of type (c, Jt, €) that we now define. We
denote by:

) Agc)’* the subgroup of the ideles A% whose components at places divid-
ing Ne lie in [[p g, (9}"{?. We write Agc)’ﬁ* for the subgroup of Ag}c)’* of finite
ideles;

2) H® ¢ (51*{ =[[,(0Ok ® Zp)* C Aglc)’f’* the compact open subgroup con-
sisting of elements whose components in [ | PIN (91*{5) are congruent to 1 modulo Jt
and whose components in [ [ 5, O arein [],.(Oc ® Zp)*;

Ne) . pox A 4 S
(3) KT .= K* N A"

Notice that Ag&)’* JKM) ~ A% /K™ so that to give a Hecke character of type
(c, N, €) is equivalent to give a continuous group homomorphism

X Ag}c)’*/K(mc) — C*

such that its restriction to the image of (51*( in Ag}c)’* /K®) factors through the
quotient

O /H™ = (0%/0F) x (O /M)*
and the restriction to (Og/MN)* coincides with the character eg;.
Definition 2.1. Define the group #(c, N) := K (mc)\Agtc)’f’* JH ),

As usual we have an interpretation of this group in terms of fractional ideals for the
order O.. We denote by I(c, N, ) the group of fractional invertible @.-ideals generated
by the integral invertible ideals of @, prime to N.. Let P(c, 9.) be the subgroup of
I(c,N.) generated by principal integral ideals («) of O, with ¢ = 1 modulo ..
Recall the following result.
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Lemma 2.2. The group H#(c,N) is finite and H(c, N) = I(c, N.)/P(c,N.). In
particular, for N = 1, we have #(c, 1) = Pic(O.) the group of invertible fractional
O.-ideals. For general N, the natural map J#(c,N) — H(c, 1) is surjective with
kernel isomorphic to (Og /N)*.

Proof. The group H(c, N) coincides with the quotient K *\AI];* JH ) which is
isomorphic to the group K*\Ay /(H (Re) % C*). This is a quotient of the ray class
group of modulus ¢t and, in particular, it is finite.

Let I'(c, M) C I(c, N.) be the subgroup of fractional invertible @.-ideals gen-
erated by the integral invertible ideals of @, prime to ¢N.. Let P'(c, N,) be the
subgroup of I’(c, 9t.) generated by principal integral ideals («) of @, with « €
[15c(Oc ® Zp)* and & = 1 modulo Jt.. Then

P'c,Ne)=1"(c.Ne) N P(c,Ne)
and
I'(c.Ne)/P'(c. Ne) = I(c, Ne)/P(c, Ne).

The map I — [ Ok defines a group isomorphism I'(c, M) = g, (cN) to the
group of fractional Og-ideals coprime to ¢Jt. The inverse sends an ideal J C Ok,
coprime to ¢, to the O.-ideal J, = J N O, which is an invertible ideal of @, prime
to ¢JN¢. Such an isomorphism sends P’(c, ) to the subgroup

Pop(c,M) C Ig,(cN)

generated by principal ideals («) C Ok with @ € ]_[p‘ (O ® Zp)* and o« = 1 mod-
ulo N. Then g, (cN)/Poy (c,N) is isomorphic to H(c, ). The other statements
are clear. |

Using the lemma to give a Hecke character of type (c, N, €) and infinity type
(n,m) is then equivalent to give a character of the group /(c, N) such that for every
(x) € P(c,Ok), considering the class & of @ in (Og/N)*, we have

X((@) = en(@)too(@) ™" too (@)™

We will freely use these two points of view.

2.2. Algebraic Hecke characters and their p-adic avatars

Given an algebraic Hecke character y: Ay /K* — C* of infinity type (n,m) we
denote by o, the character o: A;(’f — €, on the finite ideles of K which is trivial
on all components different from p and such that a: (K ®z Qp)* — C; is the con-
tinuous character a(z ® 1) = 1,(2)"1,(2)™.
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Every algebraic Hecke character y as above has a p-adic avatar, namely the char-
acter
)(-ap:AZ’f/K* - C,,.

It is continuous for the natural topology on A;’f and the p-adic topology on C.

2.3. Classical values of L(F, x,s)

We fix the following notation. Set Ay to be the elliptic curve Ag(C) := C/1(O,)
and let wy be a Néron differential. Choose a generator 1 € N1 /O,. Let to be the
corresponding generator of Ao[N]. It defines a 'y (J)-level structure on Ay and the
isomorphism class of the pair (A, #p) determines a point in X;(N)(C). For a €
Pic(O.) coprime to N N O, write a * (Ag, tg, wp) := (A, 1y, w) With A = Ag/Ag[a],
to the image of ¢ and w such that its pull-back via the isogeny ¢q: Ag — A is wy.

2.3.1. The case F = Ej . is an Eisenstein series. We start by reviewing some of
the results of Katz [18]. Consider a fractional Og-ideal M of K and an isomorphism
1
a:(Z/NZ)*> = —M/M.
N
Let £z be the elliptic curve C/M with full I'(N)-level structure
Bo:un XZ/NZ = E[N]

defined by « (we identify Z /N Z =~ u y via the choice of the primitive root of unity ¢
given by the Weil pairing of «(1,0) and « (0, 1)). Let @ be a generator of the differ-
entials of the Neron model of £ over a number field L. We assume that L contains
the N -th roots of unity and we let W be the completion of @, at a prime above p. Fix
an Op -valued function y: (Z/NZ)?> — Op.

For any positive integer k > 1, assuming that

D y0./)=>"v(.0)=0
J J
if k = 2, Katz defines in [18, Definition 3.6.5 and Theorem 3.6.9] the Eisenstein
series Gy o, of weight k and full level I'(N) over L. For every £ > 0, set
Lag(y.k +€.—t; M) := 8¢ (2Gr0,9)(Epr. o @).

Itis proved in [18, Corollary 4.1.3] that this is an algebraic integer and in fact lies in L
(Damerell’s theorem). In loc. cit., one finds the Weil operator instead of the Shimura—
Maass operator § in the previous formula but it follows from [18, (2.3.38)] that the
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two operators coincide. In particular, Né(?,f (2Gk,0,y) = 2Gg42¢,—1,y by [18, (3.6.8)]
and one finds in [18, (8.6.8)] the explicit formula

(=D + £ — 1INkt
a(M)IZQk+2£

g(mym*
X( Z mk“‘ZN(m)S)

0#£meM

Lalg(% k + Z Z M )

; €]

s=0

where a(M) is the co-volume of M C C, N is the norm map on K, Q2 is a complex
period associated to w by the equality @ = Qdz (for z the coordinate C via the
uniformization E(C) = C/M) and g is a function on M/NM described explicitly
in [18, Section 8.7] associated to y. We will compute later the function g in the case
that y is associated to a character showing that, up to a Gauss sum, the associated g is
itself a character so that formula (1) will provide the link to special values of Hecke
L-series.

L-functions of Hecke grossencharacters. Next we explain, following [18, Sec-
tion 9.4], how to express the value at 0 of the L-function associated to an algebraic
Hecke character y as in Section 2.1 as a combination of special values of real analytic
Eisenstein series (of full level I'(N)).

Denote by .. (k, c, I, €) (respectively, EE,ZC) (k,c,, €)) the set of Hecke charac-
ters of type (c, N, €), according to the definition in Section 2.1, such that the infinity
typeis (k + j,—j) with k + j > 1 (respectively, with j > 0) and

(i) k > 1and € is of parity k, i.e., that e(—x) = (—1)k€(x) (respectively, j > 0);

(ii) € is non-trivial if k = 2.

Letay,...,ay be integral invertible ideals of Ok, coprime to ¢¥Jt, such that
arN0O¢,...,ap N O

are representatives of the class group of O.. Given y € 2522 (k,c,0,€) define L(K, x)
to be the value at O of the L-function attached to K and the grossencharacter y as
in [18, (9.4.31)]:

L(K,x) =

X(az X((O‘))
s(Then » ey

0F#aca; NO,

Here we use the conventions of loc. cit. and we view y as a classical Hecke character
as recalled in Section 2.1. Define y¢: (Z /N Z)? — O by ye(m,n) = e(m). It follows
from [18, Theorem 3.6.9] that

260y = Ere=L(1—k.€)+2) 0k_1.(n)q". or—1.e(n) =Y e(d)d*!

nx>1 d|n
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is an Eisenstein series of weight k, level I'1 (N) and character €. The function
g (Z/NZ)*> - Or

associated to y. is

genmyi= 5 Y @i

a€Z/NZ
(see [18, (3.2.2)]). This coincides with

ge(n,m) = e_l(n)?, s(e) = Z e(a)ly”,
ac(Z/NZ)*

where s(¢) is simply the Gauss sum associated to the character €. Using the notation
at the beginning of Section 2.3, we set

Lug(Exe. )= > %7 (@8] (Ex.e)(a* (Ao.t0. o)),
a€Pic(O)

where y; = y - N/. Put a(0,) to be the co-volume of ¢(0.) C C and write 2 for the
complex period defined by wg = Q2 dz. We then have the following proposition.

Proposition 2.3. Let y € 2&22 (k,c, M, €) be of infinity type (k + j,—J). We have

1 (=¥ + j — 1)INk+1 7/
L(K.x) =

CH s(€)a(O.)) Qk+2i Lag(Ek,e. X)-

Proof. This follows from (1) using that a * Ay is the elliptic curve associated to Eps =
C/u(a™1) with M = a, taking a = a; N O, ...,a, N O, and a~! to be the inverse
as an invertible .-module. [ ]

2.3.2. The case F = f is a cuspform. Let f be a normalized cuspidal newform of
weight k, of level I'; (V) and nebentype €. Following [9, Definition 4.4], we denote by
Seelk,c, M, €) (respectively, Eﬁ? (k,c, 0, €)) the set of algebraic Hecke characters y
of type (c, N, €), as in Section 2.1, satisfying the following:

(1) cisodd;

(2) the infinity typeis (k + j,—j), withk >2and k + j > 1 (respectively, k > 2

and j > 0);
(3) they are central critical for f', i.e., we have €, =€, or equivalently | A= eNK,

where N is the norm character.

If the g-expansion of f is f(q) =Y, anq", the L-function of f can be written

L(fis) =) amn™ = [J(1—apl™)7 (1 = Bet™)7",
n=1

14
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where the product is over all positive prime integers £. The above equality defines the
pairs (ay, B¢), for all £. Every algebraic Hecke character y € E,(;Zc) () is central critical
for f,i.e., s = 0is a critical point for the L-function L(f, y~!, s). With the notation
at the beginning of Section 2.3, we define €2 to be the complex period of [9, (5.1.16)],
characterized by the property that wg = 2 - 27i dz with z the standard coordinate
on C via the uniformization Ao(C) = C/1(O.). We have the following explicit form
of Waldspurger’s formula:

Theorem 2.4 ([9, Theorems 5.4 and 5.5]). Assume d is odd. Let y € 22 (k,c, N, €)
with infinity type (k + j,—J) be such that the epsilon factor €;(f, ') = +1 at every
finite place. Let

Lag(fi0) = Y 17 @8 (f)(a* (Ao. 1. w0)).

a€Pic(O¢)

where yj = x - N/. Here N is the norm Hecke character and the infinite type of ¥ is
(k + j,—Jj) with j > 0. Then Ly (f, x) is an algebraic number and

w(f. ) C(f. x. ) L(f. x.0)
(Lag(f ) = s ,

where w( f, y) € {£1}, C(f, x,c) is a precisely defined constant and Q2 is the complex
period.

2.4. Conclusions

Recall that we have fixed a quadratic imaginary field K and an integer N > 5, with N
satisfying the Heegner assumptions, i.e., there is an ideal 9t of O with the property
that Ox /M = Z/N7Z. We fix a character ¢: (Z/NZ)* — Q*. We also choose an
integer ¢ > 1 such that (¢, N) = 1, and we denote by @, the order in Ok of con-
ductor c. We fix an odd prime integer p > 0 which is non-split in K.

We let 2222 (c, M, €) C Xeel(e, N, €) denote the spaces of Hecke characters of type
(¢, €) asin Section 2.1 of infinity type (k + j,—j) withk > land k + j > 1 (and
Jj =0 for 2&22 (k,c,M, €)), and for which one of the following holds:

(i) e is of parity k and non-trivial if £ = 2;
(ii) ¢ and dg are odd, k > 2 and y|px = eNk.

We write zﬁ?(k,c, N,e) C 25% (c, M, €), respectively, X.c(k,c, N, €) T Xee(c, N, €),

for the subspaces where the integer k is fixed.
Consider an Eisenstein series f as in Section 2.3.1 in the first case and a cusp-
form f asin Theorem 2.4 in the second case. Let k be the weight of f. We then have
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an algebraic integer

Las(f) =Y 17 (@8 (f)(a* (Ao.t0.w0)).

a€Pic(O¢)

Our goal is to p-adically interpolate the family of special values L, ( f, x) by varying
the algebraic Hecke characters y € E((;ZC) (k,c,M, €) by a p-adic L-function. We will
see that there is an integer n( depending on p, for example, ng = 2 works if p > 5,

such that under the assumption that
p"° divides the conductor of y,

the p-adic L-function will be defined as a locally analytic function on the (open and
closed) subspace of the analytic space S (k,c, 9, €) (defined in the next section)
given by the displayed condition above. We will also construct a two variable p-adic
L-function by allowing f to vary in a p-adic family of finite slope overconvergent
forms.

2.5. p-adic families of Hecke characters

We simply write 2@ (c, M, €) for the space of p-adic avatars, in the sense of Sec-
tion 2.2 for p odd, of the algebraic Hecke characters in 2522 (c, N, €) defined in
Section 2.4. Consider the map

wy X Wo! 2(2)(0,92,6) —7Z X7

given by sending a character y of infinity type (k + j,—J) to (k, j).

Let S be a field extension of K in Q which contains the values of the characters of
the finite group # (c, Jt) defined in Definition 2.1. Let p be a prime of S dividing pOQs
and denote by O, the p-adic completion of Os. Given y € @ (c, N, €), we write

X’:Aglc)’f’* — Os.p
for the restriction of y to the subgroup of finite ideles Ag?c)’f’* prime to ¢¥Jt. Denote

by ¥ (Agc)’ﬁ*, Os.p) the space of continuous maps endowed with the compact open
topology. We obtain an injective map

@, N, e) ¢ FAZI* 05,).
We decompose 2@ (¢, N, €) = LI, =@ (¢, N, v) according to their finite characters

v (Ok/eM* — C,.
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The embedding ¢ of =@ (¢, N, v) in ?(Agzc)’f’*, Os.p) endows each Z® (¢, N, v)
with the induced topology. We denote by ~®)(c, N, v) the completion of Z@(c, N, v)
with respect to this topology. Set

SO, M, e) = valgzc)(c,fﬂ, V).
Let g be the cardinality of the residue field of O and define
W= w; X Wy: 2(2)(c,fﬁ,e) — 7 X7
— ((Z/6(qg — )Z) x Zp) x ((Z/6(q — )Z) X Zp).
Lemma 2.5. The map w is continuous and extends to a map
D: @, N, e) > ((Z/6(g —1)Z) x Zp)z.

Moreover, W is a local homeomorphism. In particular, s@ (c, M, €) inherits a unique
structure of analytic space making w a locally analytic isomorphism.

Proof. We take y € @ (c, M, €) with finite character v and infinity type (m, r). Let
Ne), fr*

f,..., 1 GAK

integer M, we let

be representatives of elements of (¢, N). Given a positive

U, M) € F (AT 05.)

be the subset consisting of functions g such that for every i = 1,...,s and every
h et - H®) we have

g(h) = x(h) mod pM Vs .

For varying M, we get a fundamental system of open neighbourhoods of y for the
compact open topology on ?(Agzc)’f’*, Os.p). If ' € 2@ (c, M, v) has infinity type
(m’,r") with m’ = m and ' = r modulo 6(q — 1)Z, then y' € U(y, M) if and only
if the following condition holds:

a;,+r—m/—r/&lr)/—r cl+ pM@S,p foralla, € 1+ %é\K,p ()

with 8 the maximal ideal of O K,p- Using the p-adic logarithm and the fact that p # 2,
Condition (*) is equivalent to require that m = m’ and r = r’ modulo p™ ~1Z. Hence,

_ _ —1\2
w(x) € w() + (10} x pM71Z)".
This implies that w is continuous and extends to a map

@: £@(c, N, ) — ((Z/6(q — VL) x L)
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Vice versa, consider the neighbourhood W(m, r, M) of (m,r) in ((Z/6(q — 1)Z)
x Z,)? of elements that are congruent to (m, r) modulo (6(q — 1)p™~1Z,)2. For
m',r"YeW(m,r,M),let X’e?(Ag(mc)’ﬂ*, Os,p) be defined for k e KM qe g,
i=1,...,s,by

K (ki) = y(kti@) (i pop)™ T~ (G pa@,)" "

— X(ti)tm’—i—r’—m—rt—r—r/ m’-‘rr’&—r’_

i,p i,p % 4

We first prove that y’ is well defined. Notice that
ktia = ht; B

for h,k € K™ and a, B € H®) if and only if there exists z € K@) N H ™) such
thata = Bz and k = hz™'. As

K®) N H®) ¢ 0% = ux

(the roots of unity in K), we have that ux = uq if K = Q(i), ux = ue if K is the
sixth cyclotomic field, and ug = {£1} otherwise. In any case,

K (ktia) =y (ht; )z ="' =177 = ¥ (ht; B)

as by assumption, 12 divides m’ —m and r’ — r and z'2 = 1.

One checks that y” defines a group homomorphism Ag}c)’f’* — (9;‘,;3 and that it
lies in U(y, M). For (m',r') € Z x Z, withm’ > 1 and r’ > 0, it lies in @ (¢, N, v)
and wW(y") = (m’,r"). We thus get a map

W@, r,M) — U(y,M)N 2(2)(0,9}, V)

that defines the inverse of the restriction of @ to U(y, M) N =@ (¢, M, v) and, hence
to U(y, M) N @ (c, N, v). Hence, W provides a homeomorphism

Uy, M) N S@(c, N, v) = Wim, r, M),
as claimed. n

Remark 2.6. As explained in the proof of Lemma 2.5, the choice of the quantity
6(q — 1) is made so that the order of the group of roots of unity pg of the imaginary
field K divides 6(g — 1). If p is inert and p > 5, then ¢ — 1 = p? — 1 is already
divisible by 12 and the quantity g — 1 suffices. Similarly, if K is not the fourth or the
sixth cyclotomic field, then wg has order 2, and since ¢ — 1 is divisible by 2, we can
take ¢ — 1 in this case as well.

We now fix a positive integer k and denote by (k, k) the diagonal image of k in
(Z/6(qg — DZ) X Zp.
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Definition 2.7. We define $@ (k,c, N, €) := w ' ({(k.k)} x (Z/6(q — 1)Z) x Z,)
and the composite map

wa: SOk, e, M, €) B (K, k) x ((Z/6(qg —1)Z) x Zp) ol (Z/6(q — DZ) x Zp,

where proj is the second projection.

It follows from Lemma 2.5 above that 5(? (k,c, M, €) is the closed subspace of
S@(c, M) given by the completion of the space of p-adic avatars @ (k, ¢, N, €)
of characters in EE?C) (k,c,M, €) (defined in Section 2.4) and that w, is a local homeo-
morphism. Moreover, we have the following commutative and cartesian diagram:

S@(c, N, e) —Z— ((Z/6(q — VL) x Zp) x (Z/6(q — )Z) x Z,)

U Ta

SOk, c, M, €) s » (2/6(q — )Z) X Zp,

where o is the map a(x) = ((k, k), x).
Now, because p — 1 divides ¢ — 1, we have a canonical projection

2/]6(q—1Z —-7Z/(p—1Z
and a canonical locally analytic isomorphism
Z/(p=DZ XLy =W(@Qp).

where let us recall W is the weight space. By composing w, and w with these maps,
we obtain compatible locally analytic maps

w:SP(k,c, M, e) - W(Q,).
1S, N e) - W(Q,) x W(Q)).

St

Remark 2.8. As fl(z)(c, N, e) := H\,Aﬁ?(c, N, v), for every integer n > 1, the
requirement that the finite character v on (O ® Z,)* is not trivial on the sub-
group 1 + p" 'Ok ® Z,, defines open and closed subspaces s$@.p" (c, M, €) and
S@:P" (k, ¢, N, €) of S@(c, N, €), and respectively, of @ (k, ¢, N, €). They con-
tain the classical Hecke characters with p” dividing their conductor as dense subsets.

3. Preliminaries on CM elliptic curves

In this section we consider a quadratic imaginary field K and a positive integer d.
Fix an elliptic curve (E, ¢) with full CM by O, the order of conductor d in Ok. The
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pair (£, ¢) is then defined over the ring of integers (1, of a suitable ring class field L
of K. Let p be an odd prime not dividing d and let R be the completion of @y, at a
prime above p. We review the theory of the canonical subgroup of order a power of p
of E over R. If p splits in K then E is ordinary over R so that E admits canonical
subgroups of every level n, coinciding with the connected subgroup of E[p"]. The
cases when p is either inert or ramified in K are more subtle. If E’ is an elliptic curve
over R we write Hdg(E’) € R for any element lifting the Hasse invariant of the mod p
reduction of E’.

3.1. Canonical subgroups for CM elliptic curves. The inert case
Assume first that p is inert in K. We then have the following lemma.

Lemma 3.1. Let E be an elliptic curve over the ring of integers R of a local field
with CM by Q4. Then

(a) E does not admit a canonical subgroup and v,(Hdg(E)) > p/(p + 1);

(b) if C™ < E[p"] is a cyclic subgroup of order p™ for n > 1 and we define
E®™ .= E/C™, then E™ admits a canonical subgroup H® = E[p"]/C ™
of order p™ and v,(Hdg(E™)) = 1/(p" 1 (p + 1));

Proof. We remark that E cannot have a canonical subgroup D of order p for if it
had then D would be stabilized by the action of 9, by functoriality. Since p is inert,
coprime to d, we have O4/pO4 = I, and D would be an F,2-vector space, which
it cannot be. It then follows from the Katz—Lubin theory of canonical subgroups [17,
Theorem 3.10.7] that v, (Hdg(E)) > p/(p + 1). The second statement follows from
loc. cit. ]

3.2. Canonical subgroups for CM elliptic curves. The ramified case

Assume that p is ramified in K and let 8 be the prime of Ok over p. Let H := E[$3];
it is a subgroup scheme of E[p] of order p. We then have the following result.
Lemma 3.2. The following statements hold.
(a) vp(Hdg(E)) = 1/2 and H is the canonical subgroup of order p of E.
(b) For any subgroup C™ C E|p] of order p" withn > 1 and C N H = {0},
if we denote E™ := E/C™, then Vp(Hdg(E("))) = 1/2p" and H® =
E[p"]/C™ is the canonical subgroup of order p" of E™.

Proof. We first note that v,(Hdg(E)) depends only on the underlying p-divisible
group E[p*°] of E. If m denotes a uniformizer of Ky, then [r]: E[p*°] — E[p*°]
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identifies its kernel with E[3] and the quotient E[p°°]/E[$] with E[p*°]. Hence,
Vp (Hdg(E)) =V (Hdg(E/E [SB]))

and by the Katz—Lubin theorem [17, Theorem 3.10.7], the only possibility is that this
value is 1/2. Claim (b) follows again from the Katz—Lubin theorem. [ ]

3.3. A technical lemma

Consider the elliptic curve E’ = E () defined in Lemma 3.1 (in the inert case) or in
Lemma 3.2 (in the ramified case). It is a quotient of E, and in particular it has CM
by O, with a = pd. Moreover, E’ admits a canonical subgroup H' and E'/H' =~ E.
We let A: E’ — E be the quotient map and we denote by A’: E — E’ the dual isogeny.

Let C’ C E’'[p] denote one of the p subgroups of order p of E’[p] distinct
from H'. Define E” := E’/C’ and let A”: E’ — E” be the quotient morphisms and

(A")Y: E” — E’ the dual isogeny. Summarizing, we have the degree p isogenies
A/ A//
E—E — E".

Let Hgs be the de Rham cohomology H)z (E’/R). It sits in the exact sequence,
defined by the Hodge filtration

0—>a)E/—>HE/—>a)}§,—>0.

We denote by Hg- , Hg/ 7 the R-submodules of Hgs on which @, acts via the CM
type t: K — L and its complex conjugate T, respectively. The isogeny A” defines a
morphism on the de Rham cohomology (A”)*: Hg» — Hg- that induces a commut-
ative diagram:

0 —— wg» > Hg» > W > 0
(A//)*l (A//)*l Lie((k”)v)l
0 > WE! > Hg/ > Wk > 0.

The last technical result of this section, to be used in Sections 5.2 and 6.2, concerns
the relative positions of the R-submodules Hg 7 and Lie((A”)Y)(wf,) in w},,.
Lemma 3.3. We have that
(i) Hg/r = wg, the invariant differentials of E’;
(i) the inclusion Hg'z C w}, has cokernel annihilated by Hdg(E') - diffx/q,
where diffx /q denotes the different ideal of K /Q;
(iii) the image of the inclusion given by Lie((A")Y)(w},) C w}, is contained in
p Hdg(E”)_le,.
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Proof. (i) The first claim follows from the fact that @, acts on wgs via 7 by the
definition of CM type and the Hodge filtration provides an exact sequence

O—>a)E/—>HE/—>a)]\§/—>O

of O,-modules, where @, acts on a))é, viaT.
(i) Write Hg := Hg . ® Heg 7 C Hg similarly to what has been done for E’.
Then A induces morphisms:

ﬁE—>HE

L

ﬁE/ —— Hg/.

The map A*: Hg — Hg respects the Hodge filtration. It coincides with pull-back
of the differentials A*: wg — wg’. On the quotient of the Hodge filtration, it induces
the map

Lie(A\Y):wf — wg,

where AV: E’ — E is the dual isogeny.
In order to prove claim (ii), it is sufficient to show that wE, /HE’ 7 is annihilated
by Hdg g, - diffx . This follows if we prove that

(I) the module a)}g /HE z is annihilated by diffx /q;
(I) the map Lie(AY): w);, — w}, has cokernel annihilated by Hdg(E").

Proof of Claim (I). Notice that E is defined over the p-adic completion R of Og. Let
Ry = W(k) C R be the ring of Witt vectors of the residue field k of R. Since its
ramification index is <2 < p — 1, then Hg ® 9, R coincides with the base change
via Rp — R of crystalline cohomology H.is(Eo/Rp) of the special fibre Ey of E
(see [7]). It suffices to prove that Heis(Eo/ Ro) is a projective Og ® Rp-module of
rank 1. But this is true after inverting p and O ® Ry is a Dedekind domain for which
projective modules are torsion free modules. The claim then follows. |

Let us observe the following elementary fact: if e and e denote the idempotents
(1,0) and (0, 1) in K x K identified with O ®7z K via the isomorphism of K-
algebras

TXT:0r ®z K=~ KxK,

then diffK/Q e and diffK/Q e liein Og ®y7 Ok.

To conclude the proof of the lemma let z € Hg. We have diffx,qg ez € Hg ¢
and diffx ;@ ez € Hg 7 and their sum is diffx ¢ z by the above observation. Thus the
cokernel of H £ C Hg, which is the cokernel of Hg z C a)}g is annihilated by diffx /@,
as claimed.
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Proof of Claim (I). Since wg and wg’ are free R-modules, it suffices to show that
(AY)*: wgr — wg has image equal to Hdg(E')wg. Since A: E’ — E is the quotient
of E’ by its canonical subgroup, it coincides with Frobenius modulo p Hdg(E’)~!.
Hence, A" is Verschiebung modulo p Hdg(E’)™!, so the image of (AV)*: wg: — wg
coincides with Hdg(E")wg modulo p Hdg(E’)™! (recall that the Hasse invariant is
defined as the image of the Verschiebung map on differentials modulo p). Since
v, (Hdg(E’)) < 1/2 by Lemma 3.1 (in the inert case) or by Lemma 3.2 (in the ramified
case), we deduce that v, (Hdg(E’)) < v,(p Hdg(E’)™"). The conclusion follows. m

(iii) By construction A”: E" — E” is defined by dividing by a subgroup differ-
ent from the canonical subgroup. In particular, the dual isogeny (A”)V: E” — E’
is the quotient by the canonical subgroup of E”. Arguing as in the proof of (II),
we deduce that (1”)V is Frobenius modulo p Hdg(E”)™! so that the induced map
(A")V)*: wg: — wgr on differentials is 0 modulo p Hdg(E”)~!. The conclusion
follows. ]

3.4. Adelic description of CM elliptic curves

Let ¢ and N be coprime positive integers. We assume that there exists an ideal N
of Ok whose norm is N. In general, the set of elliptic curves with CM by O, and
"1 (9)-level structure is a principal homogeneous space under the action of the group
H(c,Jt) of Definition 2.1. Given such an elliptic curve (E, ¢, Y) and given a =
(ap)p € Ag}c)’f’*, we set

ax* (E,t, ) = (E",/,¥g)
to be the elliptic curve E’ whose Tate module T(E’) is isomorphic to
a '(T(E)) CT(E) ® Q

(recall that T(E) = [ [, T¢(E) is a principal O, ® Z-module so that this makes sense).
By construction also T(E") is a principal O, ® Z-module so that E’ has CM by O,
and the N-torsion of E and E’ are canonically isomorphic so that £’ acquires a natural
'y ()-level structure yrg,.

Using the interpretation of #(c, Jt) in terms of invertible O.-ideals prime to ¢
and N, provided by Lemma 2.2, given any such ideal a C O, the elliptic curve E’
above is identified with the quotient

E':= E/E[a],

/' is the O-action induced by ¢ and the I'; (9t)-level structure Vg, is the composite
of ¥rq with the projection ¢q: E — E’. Furthermore, if w is an invariant differential
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of E, we set
ax(E,, ¥, 0):=(E [ ¥y o),
where (E', ', ¥g,,) is as above and o' is the differential on £’ whose pull-back to E
via ¢ is w.
Similarly, if D C E is a subgroup of p-power order with p|c, we define

ax (E i, ¥q, D)= (E',/, yg, D),
a sk (E’['a WE)?, D,Cl)) = (E/’le ngny Dlﬂa)/)ﬂ

where (E’, 1/, ;) is like above and D’ C E’ is the image of D via ¢,, which is a
prime to p isogeny, and likewise for (E’, !/, ¥rg,, D', o').

4. Vector bundles with marked sections. The sheaves Wy,

We only present the theory in the cases we need, namely for the treatment of the
p-adic L-functions attached to an elliptic modular eigenform twisted by Hecke char-
acters of a quadratic, imaginary field. The main references for this section are [1]
and [3], where more general cases are presented and all the details are carefully
spelled out.

Let © be a formal scheme with ideal of definition I which is invertible (i.e.,
locally principal, generated locally by non-zero divisors) and let & be a locally free
Os-module of rank 1 or 2. Let also s € H?(&, §/I&) be a section (we refer to it as
“the marked section”) such that s@Og/I is a direct summand of &/I&. We call the
pair (&, s) alocally free sheaf with a marked section.

Theorem 4.1 ([1, Section 2.2]). We have the following.
(a) The functor attaching to a morphism of formal schemes p: T — & (the ideal
of definition of T is p*(I)) the set
V(E)(p: T — ©) := Homo, (0" (€). Ov).

is represented by the formal vector bundle V(&) := Spf(Sym(&)).
(b) The sub-functor of V(8), denoted Vo (&, s), which associates to every morph-
ism of formal schemes p: T — S as above, the set
Vo(€.5)(0: T — ©)
= {h e V(E)(p: T — &) | (h(modp* (1) (p"(5)) = 1}.
is represented by the open in the admissible formal blow-up of V(&) at the

ideal § := (5 — 1, 1) C Ovyg), where the inverse image of this ideal is gen-
erated by I. Here'5 is a lift of s to H’(S, 8).
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Remark 4.2 (Extra structure and functoriality). We make the following remarks.

(I) Extra structure. If & has extra structure, namely (1) a connection for which s is
horizontal; and/or (2) a filtration ¥ C & with ¥ and &/ locally free of rank 1 and s
a generator of ¥ /I ¥, then if we denote by 1: Vo (&, s) — & the structural morphism,
the Og-module 7. (Ov,(g,s)) has the same type of extra structures, namely a connec-
tion in case (1) and an increasing filtration in case (2). In this second case 7 factors
via 7": Vo (¥, 5) — & and the first piece of the filtration is simply 7, (Ov,(#s))-
See [1, Sections 2.3 and 2.4].

(II) Functoriality. Let us suppose that we have a morphism of formal schemes
@:© — &' such that the ideal of definition I’ of &’ is invertible and the ideal of defin-
ition of @ is ¢*(I”). Suppose we also have a pair (&', s’) consisting of a locally free
sheaf with a marked section on & and let & := ¢*(&’) and s := ¢*(s’). Then (&, 5) is
a locally free sheaf with a marked section on &. Moreover, the functoriality of VBMS
implies that the following natural diagram is cartesian:

Vo(E,s5) —— Vo(&',5)

‘| |

c—?% @,

In particular, we have ux(Ov,g,s)) = ¢* (Vx(Ovy(e,5))-

4.1. Applications to modular curves. The sheaves Wy

Let N > 5 be an integer and p > 3 a prime integer such that (V, p) = 1 and consider
the tower of modular curves

over the ring of integers of a finite extension of Q,, to be made more precise later.
Here the modular curves classify, from left-to-right: generalized elliptic curves with
1 (N) N To(p?) (respectively, 'y (N) N Ty(p)), respectively, ['; (N )-level structures.
We denote

X(N.p?) = X(N.p) = X1(N)

the sequence of formal completions of these curves along their respective special
fibres and denote by X (N, p?) — X (N, p) — X1 (N) the adic analytic generic fibres
associated to the previous sequence of formal scheme. We denote IE the universal
generalized elliptic curve over all these formal schemes or adic spaces.
Consider the ideal Hdg, called tlle Hodge ideal, defined as the ideal of O £1(N)?
locally (on open affines Spf(R) C X;1(N) which trivialize the sheaf wg) generated
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by p and a local lift, Ha°(E /R, w), of the Hasse invariant Ha, where w is a basis
of wg . For every integer r > 2 we denote by X, the formal open sub-scheme of the
formal admissible blow-up of X1(N) with respect to the sheaf of ideals (p, Hdg"),
where this ideal is generated by Hdg". Let X, denote the adic generic fibre of X,. By
construction Hdg is an invertible ideal in X,. Recall from [2, Appendix A] that the
universal generalized elliptic curve E — X, has a canonical subgroup H,, C E[p™]
of order p™, where m depends on r. In this article we only need: if » > 2 then m = 1,
andif r > p 4 2 then m = 2. For r = 2, we drop the subscript, i.e., we write X := X,
X = X, etc.
Let us denote by

7 I8 m, = ISOIH(Z/PmZ’Hrg) — Xr

the m-th layer of the adic analytic Igusa tower over X, where Hﬁ denotes the Cartier
dual of H,,. Then 1§, , is a finite, etale, Galois cover of X, with Galois group
(Z/p™Z)* and we denote by 3G, » the formal scheme which is the normalization
of X, in1§, . Letr >2.

Proposition 4.3. We have that

(i) the canonical subgroup Hy of the universal elliptic curve E over 3& ; is a
lifting of the kernel of Frobenius modulo p/ Hdg;

(i1) the map of invariant differentials associated to the inclusion Hy C E induces
an isomorphism wg /(p Hdg™ " wg = wwu, so that via dlogy HID — wH,, we
get a section

s := dlogy, (P"VY) € HO(S(S’L,, wg/(p Hdg_l)a)E).
Proof. These statements are proved, for example, in [2, Appendix A]. ]

Let s’ := dlogy, (P"Y) € H* (3G, wg/(p Hdg~")wg) be the section defined
in Proposition 4.3 (ii).

Lemma 4.4. Any local lift of the section s' := dlogy, (P"V), as above, to a local

1/(p—1)

section’s of wg, spans the Oz, , -submodule Hdg oE C WE.

Proof. The statement of the Lemma strengthens [2], where it was stated for r > p2.
It follows in this stronger form by the explicit computation of dlogy, : Hf’ — oy,
using congruence group schemes in [4, Section 6]. For the convenience of the reader
we recall the main ideas. For every r > 2, the result of R. Coleman in the cited art-
icle describes the canonical subgroup H; in terms of Oort-Tate theory. As explained
after [4, Proposition 6.1] the existence of PV H, — Mp, which is an isomorph-
ism generically, allows us to further describe H; as a congruence group scheme Gy,
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with §7~1 a generator of Hdg. Finally,
dlog(PuniV) — (PuniV)*(d T/ T),

with T the canonical coordinate on (,, spans 6 - wy, , as proved in loc. cit. The claim
follows. u

We will use the trivialized canonical subgroups on 3 &1, in order to define locally
free sheaves with marked sections on this formal scheme, to which we will apply
the VBMS-machine presented in Section 4. More precisely, in the notations above,
we define the invertible Oz, ,-submodule Qp of wg as the span of any lift 5" of s
such that, if we set § := Q]Ea)]gl, then § is an invertible Ogzg, ,-ideal with 5P =
7*(Hdg) (recall that w: & » — X, is the natural projection). From § we also get a
canonical section s of HO(S@’L,, QE/p Hdg_”/(p_l) QE), so that s defines a basis
of Qg /pHdg P/ "~V Qg as Oss,,/P Hdg~?/(»—D Oz, ,-module. Therefore, our
first locally free sheaf with marked section on (3®&,, I := pHdg™? /(P=1)) is the
pair (2, 5).

We now define a second locally free sheaf with marked section on

We denote by Hﬁ: the push-out in the category of coherent sheaves on &, of the
diagram
8?wp —— §”Hg
N
QE.

We then have the following commutative diagram of sheaves with exact rows:

0 — 8w —— 8’Hg —— §Pop! —— 0

" | H

0 > QE > HE, > Pwg! —— 0
N N N
0 > OR y Hg > o' — 0.

It follows that H% is a locally free Oz, ,-module of rank two and

(QE.5) = (bwr. s) C (Hf.s)
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is a compatible inclusion of locally free sheaves with marked sections. We also have
the following commutative diagram with exact rows:

0 > QE > HE, > P! —— 0
| n
0 y QF s> SHE > Swg ! y 0

in which the right square is cartesian, defining HE as a pull-back.
We have natural actions of T := Z7(1 + m«(p Hdg?/(»—D Oz, ,)) on the
morphisms of formal schemes

u:VO(H# ,8) > X,, andonv:Vy(QE,s) = X,

with trivial action on X,..

Definition 4.5. Given a ring R which is p-adically complete and separated, we say
that a homomorphism v: Z; — R* is an analytic weight if there exists u € R with the
property that v(¢) = exp(u logt), foreveryt € 1 4+ pZ,.

Assume now that r > 2 for p > 5 and r > 4 for p = 3. Let v be an R-valued
analytic weight.

Definition 4.6. We define
t):)v = U*(GVO(QE,S)®ZPR)[V]v Wv = u*((DV()(H’fE,s)(gZpR)[v]

as the sub-sheaves of sections of the respective sheaves on which T acts via v
(see [1, Sections 3.1 and 3.3]).

The definition makes sense if r > p? for any prime p, as explained in [1, Sec-
tions 3.2 and 3.3].

Remark 4.7 (Specialization). In the notations of Definition 4.6, assume that R’ is the
ring of integers of a finite extension of (@, and that we have an algebra homomorphism
R — R’. Let x be an R’-valued point of X, defined by an elliptic curve E over R’.
Set

Qp :=x"(Qgr), Hi :=x*"Hj)

with induced section s, obtained from s by pulling-back via x. Then, applying the
construction above to (Qg., sx), (H%, sx), and the R’-valued weight v": Zy — (R)*,
which is the composition

L R* — (R)*,
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we get R’-modules tn”é, C W, g that coincide with x*(w”) and x*(W,), respect-
ively, by the description provided in Section 4.1.1. We sometimes write

/ /
va/ = va/(QE, Sx), Wv’,R’ = Wv/,RI(H%, Sx)
if needed.

As in [1, Sections 3.2 and 3.3], one has the following proposition.

Proposition 4.8. The sheaf w" is an invertible Ox, ® R-module and W, has a nat-
ural, increasing filtration (Fil),>o by Ox, ® R-submodules such that w" is identified
with Fily. The Gauss—Manin connection V:Hg — Hg ® 2 ;Er /R (log(cusps)) induces
a connection V,, (with poles) on W,,.

Proof. Forr > p2 this is proved in loc. cit. For p > 3 and r > 4 and for p > 5 and
r > 2, one argues as follows.
Consider the maps vo: Vo(QE, 5) = I& 1, Uuo: VO(HE’ §) > 3& 1, and define

w"? 1= v+ (Ovy(@p,5 Rz, R) V], W, := Uo,*(@vo(H%,s)(@ZpR)[V]

as the sheaves of functions on which 1 + p Hdg™” /(p=1) Oz, acts via v. The map
7:3& 1, — X, is of degree p — 1 and is endowed with an action of ]F;,‘. Then
74«03, , ) Tx (w”9) and 77, (W) decompose as a sum of (p—1)-invertible sheaves
according to the residual action of IF;. One reduces to prove all statements for w">°
and W2 over 361 ;. To define the filtration and the connection one uses Remark 4.2
(see [1, Sections 3.3 and 3.4] for the details). It is IF; -equivariant by functoriality of
the construction. The description of the filtration and the fact that w”*? is invertible
follow from the explicit description in Section 4.1.1. |

We now fix analytic weights k and v, in the sense of Definition 4.5, that satisfy
k(t) = x'(t) exp((a + u) log(t)), v(t) = &(t) exp((b =+ ) log(t))

forallt € Z;, and the following assumptions (cf. [1, Assumption 4.1]):

e gandb € Z;

» ' and ¢ characters of (Z/pZ)* and y’ even, i.e., y' = x? for a character y;
* ucpRands € p?R.

We recall one of the main results of [1, Theorem 4.3] about p-adic iterates of the
Gauss—Manin connection. The operator U in the theorem is the Hecke operator U,
on overconvergent modular forms.
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Theorem 4.9. Let F € HO(3& ., wX) such that U(F) = 0 with r > p + 2. Then,
there exists a positive integer b(p, r) depending on p and r and there exists a section
(Vi) (F) of Wiy over 191 p(p,r) Wwhose g-expansion, as a nearly overconvergent
form, coincides with

j—1
(VO (Flg)) = Z( j) [0c+s— 1087 (F@)Visan,
j=0 i=0

where

(us) s =D(s—j+1)
i) J!
andlfF(Q) = Zn,pJ(n anqn) then 8v_I(F(Q)) = Zn,p+n v(n)n—janqn.

Proof. This is the content of [1, Theorem 4.3] and we refer to loc. cit. for details on
the g-expansion. |

Remark 4.10. Notice that, in particular, any analytic character u: Z; — Z satisfies
the assumptions of Theorem 4.9, so that (Vi)*(F) is defined for any F as in the
statement of the theorem.

As a consequence of the theorem, we also have the following interpolation prop-
erty. Take a homomorphism y: R—Z, such that the induced character y ov: Z; — Z;
is a classical positive weight £, i.e., it is given by raising elements of Z to the {-th
power.

Corollary 4.11. The specialization of (V)" (F) via y is V,f (F) (the usual £-th iterate
of the Gauss—Manin connection).

Proof. See [1, Corollary 4.7]. ]

4.1.1. Local descriptions of the sheaves W,,. We have nice, local descriptions of the
sheaves w”-? and Wv(o) on I& 1, provided in [1, Section 3.2.2]. Let v: Z; — R* be
an R-valued weight, with R a p-adically complete and separated Z ,-algebra. Let A be
a p-adically complete and separated R-algebra with a map Spf(A4) — (3& ) r over
Spf(R), and such that g |sp(4) is free and p Hdg™” /(p=1) |spt(4)» 8|spt(4) are principal
ideals generated, respectively, by f, 8. It follows that the A-module Hf (Spf(A)) is
free of rank two and let us choose a basis of it { f, e} such that

f(modBA) = s = dlog(P"™),

where we recall that P'" extends the universal generator of HP on I G1,1038,.
Then an A-point of Vo(HZ, 5), i.e., a point of Vo(HZ, 5)(Spf(4)) can be seen as

x:=af" + be",
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where { fV,e"} is the dual basis of { f, e} and a, b € A satisfy (a — 1) € BA. We have
Uo,* ((OVO(H*E,s))(Spf(A)) = A(Y, Z)

and the point x = af " + be¥ € Vo(H%,, 5)(Spf(A)) corresponds to the algebra homo-
morphism x: A{Y, Z) — A sending Y — b, Z — (a — 1)/B. We then have

w”0(Spf(4)) = (1 +BZ)' A, WO (Spf(4)) = (1 + ﬂZ)"A( ) C A(Y,Z).

Y
1+ 8Z
Here we use Lemma 4.14 to define (1 + 8Z)”. The filtration is defined by the degree
inY/(1+ B2).

Now suppose that U = Spf(A), V = Spf(B) C (3&1,)r are open affines over
Spf(R), with the R-algebras A, B, as above. Let §, 8 be, respectively, generators of
the ideals §(U), p Hdg~?/»=D(U) as above, and §', B', respectively, generators of
the sections of the same ideals over V. Let also { . e} be an A-basis of H% (U) sat-
isfying the properties above and similarly, { /', ¢’} be a B-basis of H% (V) satisfying
similar properties. We denote by Y, Z, T := Y /(1 + BZ) the variables attached to the
basis { f, e} as above, and Y’', Z', T’ := Y’/(1 + B’Z’) the variables attached to the
basis { f’, ¢’} such that

W) = (1+BZ)" AT), W (V) =1+ p'Z)B(T).
Let C be a p-adically complete and separated R-algebra such that
S:=Spf(C)ycUunVv

is an open affine and let y := (2’ Z ) € GL,(C) be the change of base matrix for the
restrictions of { f, e} and { f’, ¢’} to S. We notice that a = 1(mod B), ¢ = 0(mod B).
Then the isomorphism between ((1 + 8Z)" A(T))|s and ((1 + B'Z")’ B(T"))|s is
given by sending

(1+B2)" f(T) > (1 +B'Z) (@ +cT) f (M)

a+cT’
where f(T) € C(T).

4.1.2. Definition of nearly overconvergent modular forms a la Katz. Let v: Z; —
R* be an R-valued weight, for R a p-adically complete and separated Z,-algebra,
and A a p-adically complete and separated R-algebra. Suppose A has anideal ] =a A4
with I N Z, = p"Z, for some n > 1 and v is n-analytic, i.e., its restriction to
1 + p"Z, is analytic. Define the subgroup G C GL,(A) by

G :={(25) € GLy(4) | a = 1 (mod &), ¢ = 0 (mod a)}.
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Let A, (A) := A(T) with the weight v-action by G be defined as follows: let y :=
(¢%) € Gand f(T) € Ay(T), then

y oy £(T) = (a +cT>”f(b+dT).

a+cT

We now describe the category on which the nearly overconvergent modular forms
of weight v are defined. The objects of this category are tuples (E /A, ¥n,C,s,{f.e}),
where

* E/Ais an elliptic curve over the p-adically complete and separated R-algebra A,
E[p](A) contains a canonical subgroup H with H? (A) = Z/pZ. The ring A is
supposed to contain anideal / = oA such that N Z, = p"Z, and v is n-analytic;

o Yy isalevel I'1(N)-level structure on E/A;

* C C E[p]isaly(p)-level structure on E/A;

* s € wg/lwg is a marked section, i.e., in this case, it is the image under dlog of a
generator of H P (A);

s {f.e}isan A-basis of H%,, with f an A-basis of Qg such that f = s(mod 7).

Definition 4.12. A nearly overconvergent modular form F on X (N, p) of weight v
is a rule which assigns to every tuple (E/A, ¥n, C,s,{f e}) as above, an element
F(E/A,¥n,C,s,{f e}) € A,(T) such that

(i) theelement F(E/A,¥n.C,s.{f e}) only depends on the isomorphism class
of the tuple (E/A, ¥n,C,s,{f e});

(i) F commutes with base-change;

(iii) if (E/A,¥n,C,s,{f’, e'}) is the same tuple with another A-basis, { f’, '},
of H%,, if y € G is the change of basis matrix, i.e., (' ¢’) = (f e)y, then

F(E/A,yN,C.s,{f".e'}) =y F(E/A,Yn,C,s5,{f.e}).

Finally, using the above Definition 4.12, one may define the action of the oper-
ator U = U, on nearly overconvergent modular forms on X (N, p), of weight v as
follows. Let (E/A, ¥n,C,s,{f e}) be a tuple as in Definition 4.12 such that for
every D C E[p], D # C, the elliptic curve E/D has a canonical subgroup over A4,
necessarily E[p]/D. Let rp: E — E/D := E’ be the projection and Ap: E' — E
be the dual isogeny. Let )Lf): H#E — Hi:, be the A-linear map induced by A7,. Then
A#D induces an isomorphism Qg =~ Qg-.

Let F be a nearly overconvergent modular form on X (N, p), as in Definition 4.12.
Then we can evaluate U(F) at the tuple (E/A, ¥, C,s,{f, e}) as follows:

U(F)(E/AYn.C.s.{f.e}) = > F((E/D)/A.YN.C.A5(5).{A5 (). Ah(e)}),

D#C
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where ¥y is the natural I'y(N) level structure on E/D induced by 5 on E, and
C = E[p]/D.

Remark 4.13 (See also [22, Proposition 2.5.3]). Suppose (E/Ok,¥n, C) is a triple
with E an elliptic curve over Ok, with K a finite extension of Q,,, ¥ alevel I'1 (IV)-
structure and C a [y (p)-structure over Ok . Suppose C is not the canonical subgroup
of E but for all the p subgroups D C E[p], the elliptic curve E/D has a canonical
subgroup, which will be E[p]/D. For example, this happens if
p
v(Ha(E/Ok.¥n,C,0)) = —,
(Ha(E/Ok. ¥ ) P
where w is a generator of wg. We suppose that C(Ok) = Z/ pZ, otherwise extend
scalars.
Let P € CP(Ok) be a generator and let s := dlog(P) € wg /awE, where

@Ok = pHdg PP~V (E yy, C).

We remark that (s, Qg = 5Ok C wg) is a pair consisting in a line-bundle with a
marked section, so let H’z be the associated submodule of HcllR(E /0Ok), as at the
beginning of Section 4, and let { f, e} be a basis adapted to (s, Q). Then, even if C
is not the canonical subgroup of E (E may not have a canonical subgroup at all), if F'
is a nearly overconvergent modular form of weight v: Z; — O which is overcon-
vergent (i.e., defined) at (E/D, ¥y, C := E[p]/D), seen as a point of X(N, p), for
every subgroup D of E[p] of order p with D # C, then U(F) can be evaluated at
(E/Ok,¥n,C,s,{f e}). More precisely, we have

U(F)(E/Ok. Yn.C.s.{f.e})
i= Y F(E/D.¥n.E[pl/C. (). (A (f). A (e)}).

D#C

where if D # C, we denote by np: E — E/D the canonical projection and by
Ap: E/D — E the isogeny dual to 7p. We remark that 7p defines an isomorph-
ism

C =~ C := E[p]/D.

Therefore, for every D # C, the tuple (E/D, vy, E[p]/C, A5 (). AN (). A (e)})
is like the ones in Definition 4.12, so F' can be evaluated at all such tuples.

4.1.3. Powers of the Gauss—Manin connection. In this section we make explicit
some of the constants defined above.

We first turn to Definition 4.6: we know the definitions of w* and W, work if
r > p? for every p > 0 prime integer. We will now show that the definitions make
sense also if r > 4 for p > 3 and even for r > 2 for p > 5 thanks to the following
lemma.
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Lemma 4.14. Consider a p-adically complete and separated R-algebra A with a
map Spf(A) — I& . Write h for the image of Hdg in A. Then, for x € A, we have
that

v(1+ ph=?/P7Vx) .= exp(ulog(1 + ph~?/P~Vx))

is a well-defined element of A, congruent to 1 mod pl/ (=1,
Proof. We have

— P > >
4p-1) " 4p-1

vp(ph /@Dy =1 - L IOES
p _
forr > 4and p > 3. Thus, y := log(1 + ph~?/(?=Dx) converges in A4 and is divisible
by p>/“4®=1) for any x € A.
Similarly,

3
v ph—p/(p—l) P —
»| )= 50D
forr > 2and p > 5and y := log(1 + ph~?/P~Dx) converges to an element of A
divisible by p3/@@=1) for any x € A.
Recall that v, (n!) < n/(p —1). Thus,

PO
4p—-1)

Hence, z := exp(uy) converges to an element of A. As v,(y"/n!) > 1/(p — 1) for
n > 4 by the previous computation and also for 1 <n < 3 by direct computation using
that p > 3, we conclude that z is congruent to 1 mod p!/(P=1. n

") = 1y (1) =) > {4y ) = ) =

Next we look at Theorem 4.9.

Theorem 4.15. Let k, v be analytic weights satisfying the assumption before The-
orem 4.9 (cf. [1, Assumption 4.1]), let F € HO(S@’M, rnk) be such that U(F) = 0
with r > p + 7. Then the positive integer b(p, r), whose existence is proved in The-
orem 4.9, can be taken b(p,r) = p(r — 1) for p > 5, such that there exists a section
(Vi) (F) of Wi 42y over IG 1 p(p,r), Wwhose q-expansion is described in Theorem 4.9.

Before we start proving Theorem 4.15, we’ll make a comment regarding the use-
fulness of this result and then prove two results needed in its proof.

Remark 4.16. The constant b(p, r) in Theorems 4.9 and 4.15 measures the degree
of overconvergence of the section (Vi)' (F). In order to define the Katz type p-adic
L-function attached to a classical eigenform f of level N (the F in both theor-
ems is F = f[7l), we need to evaluate this section to triples (4, ¥, ®) consisting
of a CM point of the modular curve (A4, ¥) and an invariant differential w of the
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elliptic curve A. Therefore, the point (A, ¥) has to be in the region where the sec-
tion (Vi) (F) is defined, and therefore, the conductor of the p-adic Hecke character
on which we can evaluate the p-adic L-function is related to the conductor of a CM
elliptic curve A, which is related to the constant b(p, r). Therefore it is important
to evaluate b(p, r) as precisely as possible in order to determine the domain of the
p-adic L-function.

Lemma 4.17. Let F € H*(3& ., wX) and let r > p + 2. Then
(1) forevery N € N, we have

HdgNPtV/ =D yN(F) e H (3, Wyian);
2) ifU(F) =0, for every N € N, we have
HdgPTOPN+IN (yp=1 _1q)?N ¢ pNHO (36, EB,(I:ODPN Wit2i)-

Proof. (1) We learn from [1, Lemma 3.20, Section 3.4.1] that the sections a, b, ¢, d
defining the connection (we use the notations of that section) have the property that
l—a,b,c,1—d € HLdik ® &*(Qlﬁ/A), where &: SGS"U — X, is defined by trivi-
alizing the full p-torsion of the universal generalized elliptic curve over X, as in loc.
cit. Moreover, [1, formula (2), p. 2027] implies that Vi (Vi ) € H%ng ® S*(Q;E/A).

To finish the proof of (1), we only need to show that the image of Q23 /4,
in Q3g, /A, [1/p] is contained in the pull-back of HLdeg/A, to 3G, Let U =
Spf(A) C X be an affine open such that wg |y is a free A-module of rank one and let /
be a generator of the ideal Hdg(1). Let us denote Spf(B) C X, and Spf(C) C 3G,
the inverse images of U in X, and I& ,. The relative description of these algebras
is done in [2, Lemme 3.4] as follows:

B =A(Y)/(h"Y — p).

and
C:=B(2)/(ZP ' —h) = A(Z,Y)/ (2P —h,z?P~Dry — p).

Therefore, SZIC A is the C module generated by dZ,dY and 4,4,, with the rela-
tions h"dY = —rh"'dhand (p — 1)Z?~2d Z = dh. Therefore, the image of Q¢/4,
in Qc¢/a,[1/p] is contained in %C ®4 QA/AI. This implies that

1
V(W) C — Wi ® £¥(Q,4) C

W,
Hdg k+2

Hdg(p+1)/(p—1)
as 525*(9;/1\) C w?, using the Kodaira—Spencer isomorphism: Q;E/A ~ a)IzE.

(2) Let us first note that (V,f “1_1d)?N isa polynomial in Vj of degree (p—1)pN.
Therefore, if we denote by g := Hdg?* VPN (vr—1 _[d)?N (F), then on one hand
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it follows from (1) that g € H*(3G 1y, EB(p+1)pN Wi 42i). On the other hand, it fol-
lows from [I, Theorem 4.3] that the restriction of g to the ordinary locus, lies in
pNHO(S (S’(oo) ord 69(p+1)pN Wy 42:). Now using [1, Lemma 3.4], we deduce that

Hdg’Ng c pNHO(J@, r’@(p+1)pNWk+2i)'
The claim follows. [

Lemma 4.18. Consider a positive integer h and a prime p > 5. Let N = j1 +---+ Jj
be the sum of positive integers ji, ..., jn. Then

N h N
24+h+ —— Vp(ji) — —— > z—
p Z: PO p—17 T p

withz :=1—1/2p.

Proof. As N = j; +---+ jj it suffices to prove this formula for 2 = 1, i.e., that for
every positive integer j, we have

+ — v + —.
2 2] 17] 1

If v, (j) = O this is clear. Otherwise, write j = yp" with p not dividing y and r > 1
and the inequality becomes

2+1 N 1
7P 1

It suffices to prove it for y = 1. For t = 1 or 2, this is clear as p > 3. For ¢ > 3, this
follows as p’~2 > 2(¢t — 1) since p > 5. This concludes the proof. ]

We are now able to prove Theorem 4.15.

Proof of Theorem 4.15. We recall the assumption on the analytic weights k and v,
i.e., they satisfy

k@) = ') exp((a +u)log(t)), v(1) = &(t) exp((b + ) log(1))

forallt € Z;, such that
(i) aand b € Z;

(i) x' and € are characters of (Z/pZ)* and y’ is even, i.e., ' = y? for a charac-
ter y. Moreover, u € pR and s € p?R.

We now take o, B € Z and write y := 8 —«a + b. Assume that
e a>0,y>0and p|(a + 2a);
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e B = Np? with N a positive integer such that the map (Z/pZ)* — (Z/pZ)*,

x > x?, coincides with the character ye: (Z/pZ)* — (Z/pZ)*.

The last condition implies that xV = y(x)e(x)x*~? for every x € (Z/pZ)*. So
given « satisfying the first assumption, as (Z/ pZ)* is cyclic, an N with this property
can be found. We also denote by ([ ], ( )): Z, = pp—1 x (1 + pZp) the canonical
isomorphism.

We recall the definition of VY (F), as a nearly overconvergent form of weight
k +2v over 3G p_1). Let Fo := V(X '~%(F)). Here V* = Vo Vo-oV
iterated «-times. The operator 91 =% s the operator defined in [, Section 3.8] asso-
ciated to the finite character

fp—1 = Mp1. CH x (O

using that over 3& ,, we have a canonical subgroup of order p? as r > p + 2.
Then Fjy is a nearly overconvergent modular form of weight k¢ := (u + a + 2«)
defined over I& , and such that U(Fy) = 0 by [1, Proposition 3.29]. We recall the
convention used in loc. cit. that

(u 4+ a + 2a)(r) = exp((u + a + 2a) log(1))

forany ¢t € Z,,
Let F; = V~B)(Fy). We claim that this is a nearly overconvergent form defined
over 3& 1 p(r—1) of weight (25 — 28 + u + a + 2a). Assume this is the case and let

VY (FIP1) .= V7 (Fy),

where V¥ =V o Vo-0V y-times. This is a nearly overconvergent form defined over
3G 1 pr—1). Let k' be the weight of V¥ (F[P1). Write it as a weight y = w? (y) (here w
is the Teichmiiller lift). Thus the restriction to 1 4+ pZ, is (u + a + 2s 4 2b) and the
restriction to (Z/pZ)* is the character x > x27, which is y'e?. So k’ = k + 2v as
wanted. Moreover, on g-expansions we have

VO (F) = V(V+S—ﬂ)(v(a)(l9xfl (F))) _ V<b+s)(z9X71(F)).
Hence,
VY(F)) = ﬁy(v(bﬂ)(ﬁx_l (F))) = ﬁs(v(b-i-S)(F[p])) _ V“(F[p]),

as wanted.

To finish the proof we need to prove the claim concerning F;. Notice that w =
s — B € p?R. We recall how V¥ (Fp) is constructed as a section of Wy, 2y, over
3&1,p(r—1) following the argument in the proof of [1, Proposition 4.13].
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From Lemma 4.18, one deduces that for any positive integer M, we have
Hdg(P+DpM+rM (V,f_l - Id)pM = 0 (mod pM).

Let N > 0 be an integer and write M := [N/ p], where [x] denotes the greatest
integer part of the real number x. One writes (V)" (Fp) as the limit of a sequence
(B(Fo,w)p)y of sections of @"(p b Wio+2i which needs to be proved to be Cauchy.
We recall that

n i

1 u
B(Fy, = e e
( 0 w)n ;i!(p—])l

(= 1)’“‘1 -1 —
x ( > (]‘[ )(V” —1d)/! h)(FO)
U1:J25-- s]z)eHz n

for n > 0. From the proof of [1, Corollary 4.11] and Lemma 4.17 for N = j; +- -+ jp,
we have that there is y independent of N such that

Hdg? Hdg P+ DP+nIN/Plyr=1 _1q)PIN/PY(F)) = 0 (modp[N/p]).
This implies that
vp (Hdg” Hdg P+ VP+IWNIPY(B(Fo, w), — B(Fo, w)n-1))

N h N
22+ — =) ()= ——=2—,
p ; P p=17"p
where we used that N/ p — [N/ p] < 1 and Lemma 4.18. Werecall thatz =1 —1/2p.
To show that the sequence (B(Fo, w),), is Cauchy, when restricted to S& 1 p—1),
we need to show that the section

pZ/p

Hdg((p+1)p+r)/p

is nilpotent in (93(5'1.,;(#1)- We remark that on & (-1, we have

1
vp(Hdg) < m,

and therefore

1
vy (Hdg P 0r+0)/p) < (P - )p+r
p*(r=1)

It is therefore enough to show

z (p+Dp+r
P pA(r—1)



F. Andreatta and A. Iovita 678

Putting r = p + 7 + h, where h > 0, we see that the desired inequality is equivalent
to

1 9 21 3
(p——)(p+7+h)>p2+2p+7+h or p(—+h>>—+—h,
2 2 2 2
which is true for all p > 3 if & > 0. Nevertheless, as in the proof, we used Lemma 4.18,
p>5andr > p+ 7 imply that b(p,r) = p(r — 1) works. In particular, for p > 5
andr = p 4+ 7, we have b(p,r) = p(p + 6). ]

4.1.4. p-adiciterations of powers of Vi on X1(V)p(p,r)- Let w0 161, — X1 (N),
be the natural projection. As a consequence of Theorem 4.9, we deduce that given
weights k and v as in Section 4.1.3, and given G € H°(X;(N),, w¥) such that
U(G) = 0, we have the following corollary.

Corollary 4.19. There exists a unique section (V)" (G) of W2, over X1(N)p(p.r)
such that ﬂ;(p’r) (Vi)' (G)) coincides with (Vi)” (7} (G)), where the latter is defined
as in Theorem 4.9. If the weight v specializes to a classical positive integral weight {
then (Vi)*(G) specializes to the £-th iterate of the Gauss—Manin connection applied
to G.

Proof. The maps 7, and mp(p, ) are finite etale and Galois with group A = (Z/pZ)*
acting on PV, Moreover, Wy ,, = (er(p,,),*(n,;"(p r)(WkJ,_zv)))A and the map

U=0
(vk)v: H° (Igl,rv nr* (Wk)) — H° (Igl,b(p,r)a ﬂ;(p’r) (Wk+2v))

of Theorem 4.9 commutes with the action of A. The first claim follows. The second
claim follows from the description of the g-expansion in Theorem 4.9. |

Remark 4.20. If in the hypothesis of Corollary 4.19 we assume G e H? (¥ (N),, wk)
such that U(G) = 0, then we obtain

(Vi)"(G) € p~® -H*(X1(N)p(p,r)» Wikt2v) C HY(X1(N)p(p.r)» Wietaw).

where a € N is a constant independent of v and G.

Finally, we show that the p-adic iterates of powers of Vi cannot overconverge
to X(N, p)p+1. It has been first observed by Buzzard, Calegari that overconvergent
modular forms of integer weights and infinite slope cannot overconverge too much
and later by L. Ye that this is true without the restriction on weights.

Proposition 4.21 (See also [22, Proposition 3.1.1] and [12, Lemma 6.13]). The fol-
lowing statements hold.

(@) Ifw e HO(X(N, p)p+1, Wp)U=0, then w = 0.
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(b) Let f € H(X(N, p), a)llg) be a classical eigenform (so k € 7.) and let v be a
p-adic weight. Then V,‘(’(f[p]) € HY(X(N, p)p, Wi 12,), withb > p + 1.

Proof. (a) Let (E/Ok, ¥y, C) atriple such that v(Ha(E, ¥n,C,w)) = p/(p + 1),
then this triple is as in Remark 4.13, for all order p subgroup C C E|p]. For every C,
we have

0=U(F)(E/Ok.¥n.C.5.{f.e})
= Y F(E/D.¥n.C.25(s). x5 (). b (e))). ()

D#C

We sum the right-hand sides of these equalities over all p + 1 subgroups C of E[p],
divide by p to obtain

Y F(E/D.yn.C.A5(9).{5(f). Ah(e)}) = 0. (%%)

DCE[p]

Subtracting the relation () from (), we obtain
F(E':= E/C,yN,H := E[p]/C, A5 (s),{Ac(f), Ac(e)}) = 0

for all (E’, ¥y, H) with valuation of its Hasse invariant equal to 1/(p + 1). By
analyticity, this implies that F' = 0.

To prove (b), it is enough to notice that U(V} (f [P1)) = 0 by Appendix A, so we
apply (a). ]

Remark 4.22. We remark that it is easier to obtain (b) of the above Proposition 4.21,
at least in the following weak form: Let f be a classical eigenform of weight k
on X (N, p), then £} is an overconvergent modular form on X (N, p) of infinite
slope so by [22, Proposition 3.1.1], f[71 e HY(X (N, p),, wfg) with 7 > p + 1. From
the way V// (f71) is constructed, we have \Y (f1Ply e HO(X (N, p)p, Wiy2,) with
b>r>p+1.

By applying Proposition 4.21, we have that the stronger result V/(f [P]) cannot
be analytically continued to X (N, p)p+1.

4.2. The p-depletion operator on classical and overconvergent modular forms

The input for Corollary 4.19 are overconvergent forms G of weight k and level I'; (V)
defined over the rigid analytic fibre X, of X, and such that U(G) = 0 (i.e., G has
infinite slope). We will now recall how to obtain a large supply of such overconvergent
modular forms of infinite slope.
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Consider an overconvergent form F of weight k and level I'; (V). One has oper-
ators U, V that can be defined geometrically on the overconvergent modular forms;
see [1, Sections 3.6 and 3.7]. On g-expansions if F(q) = > oo, anq", then

U(F(q)) =Y anpq" and V(F(q)):= Y ang”" = F(q").
n=0

n=0

It is then easy to see that U o V' = Id, and we define
FIPl:= F— (Vo U)(F) = (U o V)= (Vo U))(F).

It is an overconvergent modular form F[?! € HO(X;(N), x U, tnkumv) defined for
some r and we have
o
FP(@ = Y aq" and U(FP)(g) = U(FP)(g) = 0.
n=1,(n,p)=1

Recall from the Katz—Lubin theory of the canonical subgroup that the univer-
sal generalized elliptic curve over X4, admits a canonical subgroup of order 2.
Thus, X1, can be identified with the strict neighbourhood of the ordinary locus
X (N, p?)p+2 of X (N, p?), the rigid space associated to the modular curve X (N, p?)
over Q, of level T’y (N) N To(p?). We prove that, if F is a classical modular form, the
p-depletion F (7] can be defined on the full X (N, pz), i.e., F17l is a classical modular
form of level I'; (N) N To(p?).

First of all we define the operators V2, respectively, V, restricted to classical mod-
ular forms as the pull-back via the morphisms

X(N,p*) = X1(N) and X(N, p*) —> X((N, p)

over Q,, defined by
(E/S,¥n,D)~ (E/D,yn),
respectively,
(E/S.¥n.D)— (E/D[pl.¥n.D/D[p]):

here (E/S, Yy, D) is an elliptic curve over S with I'; (N )-level structure ¥y and a
cyclic subgroup D of order p? (respectively, p) and Wy is the I'; (N )-level structure
induced by Y5 on E/ D, respectively, on E/D|[p], via the quotient map £ — E/D,
respectively, E — E/D][p].

Over X1(N)p+2 the universal elliptic curve admits a canonical subgroups C of
order p? (respectively, p) we can identify X1(N)p+2 with an open of X (N, p?),
respectively, X (N, p) by taking C, respectively, C[p], as level subgroups. Hence, the
operators V2 and V on this space give the operators V2, and respectively, V, defined
in [1, Section 3.7], which act on g-expansions as described above.
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Corollary 4.23. If F is a classical modular form of weight k € Z~q of level T'1(N),
character €, then
FPl.= Fl1-VU)

is a classical modular form of level T1(N) N To(p?), where U is induces by the U -
correspondence on the pull-back of F to X (N, p) and V is the operator induced by
the morphism

V:X(N. p*) = X1(N. p)

above. The restriction of F'P) to X\(N)p1a, via the identification X1 (N)p+2 C
X (N, p?), gives the p-depletion of F described above on q-expansions. In particular,
U(F'Ply = 0. Finally, if F is an eigenform for the operator T, with eigenvalues ap,
we also have

FIP1 = F|(1 —a,V + e(p) pF~'v?).

Proof. The claim follows from the discussion above and the following simple calcu-
lation. Suppose that T,,(F) = ap(F). Then ap, F = F|T, = F|U + e(p)p*1F|V,
and therefore

FIPl = F|(1 - VU) = F|(1 —a,V + e(p) p* 1 V?).

The fact that U(F[P1) = 0 follows from the fact that it is true on X (N) p+2 and the U
correspondences on X1(N)p+2 and X (N, p?) are compatible via the identification
X1(N)ps2 C X(N, p?). L]

Assume more generally that F is a generalized eigenform of weight k for the oper-
ator U of finite slope. As U increases the radius of overconvergence, we may and will
assume that F is defined on X1 (V)4 and even on X1 (N ), for p > 5 thanks to Defini-
tion 4.6. Then its p-depletion FI?1 = (1 — U V) (F) will be defined over X;(N), x U
withr =4pandr = 2p for p > 5.

Definition 4.24. Given an analytic weight k, we let

2p p =5,
ri(p) = 1 4p p =3,

Let b (p) := b(p, rr(p)) be the integer b(p, r) of Theorem 4.9 with r = ri(p). We
also let nx (p) € N be the smallest positive integer such that

Q) p"*P~Y(p + 1) > br(p) if pisinert in K;
(i) 2p"«P) > by (p) if p is ramified in K.
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In particular, we have by (p) = p(rg(p) — 1) for p > 5. Thus, nx(p) = 2 fork a
classical weight and p > 5 or for p > 5 ramified and ng(p) = 3 for k non-classical
and p > 5.

5. The case: p is inert in K

Let k""" be the universal weight of some rigid analytic disk U in W such that k" |q,
is analytic in the sense of Definition 4.5. Consider a finite slope family F of neben-
type € and weight k""V|q,;. As explained in the discussion before Definition 4.24,
we may and will assume that its p-depletion FI?1 = (1 — UV)(F) is defined over
X1(N); x U with r = rpwiv(p) as in Definition 4.24.

We assume that there is an integral weight u € U(Q,) such that the specializa-
tion F,, is an overconvergent modular form which arises from a classical eigenform F
of weight u and nebentype € that satisfies the assumptions of Section 2.4. We suppose
that p is inert in K.

5.1. Evaluation at CM-points
We fix

(a) an elliptic curve E over the ring of integer of a finite extension of Q, with full
CM by @4, with d prime to pdg;
(b) aT'1(9)-level structure Y on E;
(¢) asubgroup C™ c E[p"] of order p" which is generically cyclic for n > ng
with g = 1w (p) as in Definition 4.24.
Notice that for p > 5 it suffices to take n > 3. Consider the elliptic curve E™ :=
E/C® with projections A,: E — E™_Then
(i) E® has CM by O, with ¢ = p"d;
(ii) 1//](6’) := A, o ¥y defines I'y (91, )-level structure on E®™ with M, = @, NN;
(ii) H™ = E[p"]/C®™ defines canonical subgroup of level p* of E® (see
Lemma 3.1).
In particular, we define the L-valued point x™ := (E®™), wl(\',”, H®™([p?]) of
X (N, p?) over some finite extension L of Q,. If O, is the ring of integers of L,
thanks to Lemma 3.1, x™ extends to an O -valued point, ), of the formal model

X1(N)p(p) of the open X1(N)p(py C X (N, p?) for b(p) as in Definition 4.24.
We denote C’ := C™|[p] and E’ := E/C’. Factor

4
n

/ A
i E 2 B2 O,
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Thanks to Lemma 3.1 the elliptic curve E’ admits a canonical subgroup H' = E[p]/C
and together with the level N structure ¥, = A’ o Y it defines an L-valued point
x' = (E',¥y) of X1(N)p41 that extends to an Op -valued point ¢, of X1 (N)pq1.

5.2. Splitting the Hodge filtration

We keep the notations of the previous section. By functoriality of VBMS (see Sec-
tion 4.2), the isogeny A,: E’ — E® induces morphisms (1, )*: Him) — H%,. On
the other hand £’ has CM by O,4. Possibly enlarging L, we have two embeddings
7,7:Opg — Or. We define Hg/ ; @ Hg/z C HEg- as in Section 3.3 and

ﬁ%, = Hn,j_c (&) Hti 17 = SE/HE/,,; D 5§,HE/3 C Hti /e
Lemma 5.1. The image oin,(n) via (A,))* is contained in ITIﬁE,.

Proof. As A, induces an isomorphism H' — H ™ [p] of canonical subgroups of
level p, the map (4,)* induces an isomorphism Qg = Qg = HﬁE,J. Thus it suf-
fices to prove that the map y,, induced on the quotients H’Zm) /Qpm — Hfs/ / Qg
factors through HﬁE’,?‘

Recall that HﬁE(n)/ Qg =8, @} and H%,/QE/ = §%,wY¥, and by construc-
\E/'(")
(1-dual to the map of differentials wg/ — wgm defined by pull-back via the dual

isogeny (4,,)V.
The map A, factors via Ay: E/ — E®@ with E® := E/(C™[p?]) so that y,
factors through the map y»: HuEQ) /Qpa — Hi-/ / Qg associated to A,. We are then

tion the map between them is induced by the map Lie((A})Y): @ — Wy, the

left to prove the claim on y, forn = 2.
The map E’ — E® has kernel of degree p that does not intersect the canonical
subgroup. It then follows from Lemma 3.3 that

1) Hdg(E/)a)E/ CHgzC a))é/;
(i) Lie((A)") (@) C pHAg(EP) oy, .
Thus it suffices to show that §7., p Hdg(E@)'wy, C Hdg(E')8%,w},. This

amounts to proving that
p 2p—1
valp (87 )) = valp (857 )

(we use that val,(Hdg(E®)) = (p — 1) val,(§g), and likewise for E’). Since
val,(§g/) = pval,(8g@), this amounts to showing that

((2p —1p-— 1) valp(SE(z)) <1

But val,(§g2) = 1/(p(p + 1)(p — 1)) by Lemma 3.1. Hence, we need to show
that 2p2 — p — 1 < p® — p, or equivalently 2p% — 1 < p3, which is true for any
prime p. |
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Take L large enough so that (H')? (L) = Z/ pZ. Let @’ be an element of Qg /0,
reducing to an element in the image of s € dlog((H)? (L)) mod p§(E’)? (see Sec-
tion 4.1).

Let us now fix k and v € U(Q)). As explained in Section 4.1.1, the choice of o’
defines a trivialization

Vo' m%’fé" = 0y
Let w, be the generator wgm ®@, L whose pull-back via A): E' — E®™ is o',
As A/, defines an isomorphism H’' 2 H[p] of canonical subgroups, s’ defines a
section s, € dlog((H™[p])P (L)) and w, is a generator of QEpm @, reducing to
sp mod p§(E™)~P,

It follows from Definition 4.6 that both x’ and x are points of X (N) p+1 Over
which Wy 4,, is defined. By functoriality of the VBMS (see Remark 4.7), we have
that

(P;/(Wk—i-zv) = Wk+2v,(9L (HuE/,S)a <P;(n)(Wk+2v) = Wk+2v,(9L (Hij(n),sn)-

We also observe that the 1nclus10n H%, C o' ', identifies Wy 2, 0, (H "y 8) as
submodule of W5, 0, (H '5/»8). As the Hodge filtration on H%, is split, also the
filtration on Wy 5, o, (H?E,, s) is canonically split. In particular, it has a canonical
Opq-equivariant projection

. i k+2
\IJE/. Wk.}.z,},@L (HE,,S) d UZJE, OVL

Thanks to Lemma 5.1, the image of
(A Wicsan,0, (HE o 5n) = Wigano, H,. )
factors through Wy 5, R/(ﬁﬁE,, s), so that we get a natural projection
Wi ((A)* 0 93, (Vo) (FP)) € p~wlly cwily [p7']

We have remarked that x® is a point of X, (N)b(p), so that (Vi) (F'P1) can be
indeed evaluated at x by the discussion before Definition 4.24. We recall also that
the constant a was defined in Remark 4.20.

Definition 5.2. We define

SZ(F[I’])(E(”)/@L, WN,CUn)
= Ve 0 W/ ((A)* 0 0%, (Vi)' (FPY))) € p™@0OL C L.
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Remark 5.3. We make the following remarks.

(1) Let Q%‘?/@L CQEjo, bethe Z7 (1 + pS(E’)™POL)-torsor of sections arising
via (AY)* from sections of 2 fg/,@, reducing to the image of dlog(H")? (L))\{0} mod
p8(E")~P, and similarly for E™. As the map A/,: E’' — E™ induces an isomorphism
of level subgroups of level p, then the map on differentials (1,)* gives an isomorph-
ism

)™ Q%H(]n)/@L - QCE?/GL ’

1 can
so that w, is a generator of Q77 J0, "

(2) Let Dy and D, C E[p"] be two subgroups of order p”, generically cyclic.
LetA|: E — E{ = E/Di[p]and A}: E — E’, = E/D5[p] be the two corresponding
cyclic isogenies of degree p, as above. We claim that there exists @ € O such that
[a]l(D1) = D>, and hence

can _ * can _ -1 can
E|/Op = lal"( Eé/@L) =a e,

Indeed, (07 ® Z,)* acts transitively on the set of subgroups of E, generically cyclic,
of order p”. This follows as E is defined over a dvr so that there is a 1 : 1 corres-
pondence between these subgroups and the cyclic subgroups of E[p"]r, given by
taking the generic fibre in one direction and taking the schematic closure in the other.
Then one concludes remarking that (O4 ® Z,)*acts transitively on the elements of
order p" in E[p"](Q,) = O/ p" Ok since p does not divide d.

5.3. Definition of the p-adic L-functions in the inert case
We define both one and two-variable p-adic L-functions.

Two-variable p-adic L-functions. The notation is as at the beginning of this section.
We denote
@2 N )y € EP(c, N, €)

the open subspace of p-adic Hecke characters y in the space T@ (c, M, €) defined in
Section 2.5 with the property that

W(x) = (x.y) € UWQp) x U(Qp)

and the p-part of the conductor is p” with n > ng (here ng = nguwiv(p) is as in Defin-
ition 4.24; we can simply take n > 3 for p > 5).

Definition 5.4. For every y € T@.p" (d, M, e)y with weight W(y) = (u,v), set

1 — v n n
Ly ) = s .;;g» X @8 (FDP) (ax (E™ /0L, v, 0n)),
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where the evaluation of (V)" ((F,)!?)) at a x (E®™ /0y, w(") wy) is done using
Definition 5.2 and Section 3.4.

Remark 5.5. We make the following remarks.

(a) Specifically, what we mean by using Definition 5.2 to evaluate (V,,)" ((F,,)[?))
at ax (E™ /0 w(") wy) is the following. As explained in Section 3.4, for every
ae H(c,N), we set

ax(E™/0L, wl(\’f),wn) = (ax(E™/0y, %(\7))1 1p(ap) W a):
where we have denoted wj, 4 the differential whose pull-back via the natural isogeny
EM — EM .= g™/ E™M[q]
is wy, . Notice that if we write (E(n) (n)) for a x (E™, w(")) then
tp(ap) " wq € € Q5o
by Remark 5.3. Let x (Eé"), 1//(") ) be seen as an L point of X . Similarly, set
ax* (E’, WNsw) = (Ea’wNa’ /)7

we let x, 1= (Eg, ¥y ) € X(L). We have a canonical isogeny Ay, .: E; — Eé”)
induced by A,,: E’ — E® and Lemma 5.1 implies that

(A;,a)*((p:én)(v; (FLP]))) € Wu+2v (ﬁi:(/]vsa),

which is split. Applying the splitting W, to (A, ,)* (9™, (V,, (F,[f’ ]))) and using the
. x¢
generator (»})"**2", we obtain an element of L.

(b) The formula above is well posed, namely if we multiply a by an element
re (91*(, »» Which is congruent to 1 mod p”, then one has

%5 @ (V)" (FP) (@ (E™/OL. v wn))
= 1 ra) (V)" (FPY) ((ra) = (E®/OL. y ) on)).
Indeed,
((ra) = (E™ /0L,y on)) = (a % (E™ /0.9 tp(rp) " ).
so that
(Va)* (FP) ((ra) % (E® /Oy . on))
= (u +20) (i, (M) (V)" (F) (@ % (E® /0Ly ).

The conclusion follows as y, (r) = (u 4+ 2v)(t,(r)) by construction.
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We also have the following proposition.

Proposition 5.6. The function L, (F,—): $@.p" (¢, N, €)u = C, is locally analytic,
i.e.,ALp (F, x) is locally analytic in the variable y considering the analytic structure
on L@.r" (c, M, €) defined in Lemma 2.5.

Proof. Let y € $@.p" (c, M, €)y and let (a,b) € (Z/6(q — 1)Z) x Z,)? be its image
by (w’, w). Given the way the topology of $@ (c, M, €)q is defined, it is enough
to suppose that the components of (a, b) in Z/6(q — 1)Z are fixed, and so without
loss of generality, we may assume the torsion components are 0. So (a, b) € Zf,
and the weights in (4, v) € W(Q,)? associated to y are u(t) = exp(a log(r)) and
v(t) = exp(blog(t)) forall € Zj,.

Let us first remark that in the expression of L, (F, y), for a fixed a € #(c,N),
1, 1(@) is analytic in y and v. So we will analyze the rest of the formula, again for a
fixed a.

Itis enough to work over 1§ 5(,) and we recall that we have the points x((ln) =a*
(E™ ,w](\;’)) and x/ * (E', ) ) of Xp(py (L), which we regard as points of 1§ p(p)(L)
by choosing a generator of the dual of the canonical subgroup of E, i.e., a marked
section. Let T := Spa(R, R1) C I j(p) be an affinoid containing X, x(, and such
that a)E |7 is a free RT-module of rank 1. We choose basis f, e of (H]uE)|T such that f
lifts the marked section s. As explained in Section 4.1.1, this gives us coordinates Z
and V =Y /(1 + BZ) of W|rxy such that FIPl|7, q = ak™ V(1 4+ BZ), with « €
OF (T x U). Then

FI7 = o, k"™ (u)(1 + BZ) = (1 + BZ)*,

with @, € RT. On the other hand,

vV, = exp( log(VE~! — Id)),

p—1
and therefore, using that k""" (1) (¢) = u(¢) forall t € Z, and the formulae giving the
expression of the connection in local coordinates (see [1, Proposition 4.15], we have

V., (F7)) = (ZAn(a,bw")(l +BZ) 2P,

n=0

where A, (a, b) are power series in a and b with coefficients in R.

Now we choose an adapted basis of 54 o and Hg = Hi-/’ &) Hiq/’?, which
gives us coordinates V,, Z, of W(H’Z(m,s(" Yand V', Z’ of W(ﬁi,, s’). Evaluating
H?E |4 at x((ln) means making a linear change of coordinates and the evaluation of the
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coefficients in R = O7(T) at x((l"), then further applying ¢}, means again a linear

change of variables. We obtain
[e.e]
03 (@l (Va (F)) = ( > Bala, b)(V/)”)(l 2
n=0

with By (a, b) power series in a, b with coefficients in L. Therefore, the splitting of
the Hodge filtration sends this to

85 (FP)) (a x (E™,y ) = Bola,b)(1 + pz')a+?®
and denoting y € O the unit such that 1 + BZ" = yw,, we have
S(F) (0 x (B y . n)) = Bota, by,
which is locally analytic in a, b. ]

The one variable p-adic L-function. Let k¥ > 0 be a fixed integer and F a classical
eigenform of weight k, nebentype € and level I'; (V) as in Section 2.4. Denote by
$@.p "(k, ¢, I, €)y the open subspace of Hecke characters of the space 2(2)(k, c,N,e)
defined in Remark 2.8 whose image via w lies in U(Qp). We assume n > ng(p) as
in Definition 4.24, e.g., n > 2 for p > 5.
Definition 5.7. For every y € $@.p" (k,c, M, €)q with weight v := w(y), we set

1

Ly(F 1) = 1 ch(:sn) 05 @8 (FIP) (@ (E™ /Ry o)),

where the evaluation of (V)" (FPl)ata « (E™ /0y, wl(\?), ®y,) is done using Defin-
ition 5.2.
Remark 5.8. We make the following remarks.

(1) Arguing as in the proof of Proposition 5.6 it follows that also L,(F, ) is a
locally analytic function.

(2) Let us consider the notations of definition 5.4 and suppose u € U(Q,) is an
integer weight large enough such that F,, is classical. Let

1 € S@P e N )y C EP(e, N, ),
ie., w(y) = (u,w(y)) = (u,v). Then L,(F, y) = L,(Fy. x), i.e., we have

Ly(F, —)|§<2)(u,c,§n,€)u = Lp(Fy,—).

(3) Inside T@.p" (c, N, €) we have different one-dimensional directions to which
one can restrict L, (F, —). For example, the direction of the second variable. Our
choice above is motivated by the formulae in Section 7.1, which use this specific line.
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5.4. Interpolation properties in the case p is inert in K

In this section assume that F' is a classical modular form of weight k and nebentype €
as in Section 2.4. We show that the values L, (F, y), for y € @ (k,c, M, ¢€), aclas-
sical algebraic Hecke character of K of conductor divisible by p”, can be related to
the classical values L, (F, x).

Proposition 5.9. For every y € S@(k, ¢, M, &) such that p" is the p-part of the
conductor with n > ny(p) (Definition 4.24) and the infinity type is (k + m, —m)

form > 0:
Lalg(F, X)

k+2m
p.n

Ly(F,x) =

Here Qp ,, € Oy is a non-zero element of the p-adic valuation
1
Pt pr -1

Proof. Set 2., to be the p-adic period of E™ defined by the equality w, = Q2 o™
that expresses wj,, which is not a generator of the invariant differentials w g ), in terms

vp(Qp,n) =

of the generator o™ . As observed in Remark 5.3, the section wy, generates

Cgr(’,,)/@ Cwgm;@, -

Then, as in Section 4.1, we conclude that €2, , has valuation equal to 1/(p — 1) times

the p-adic valuation of Hdg(E ™. The conclusion follows then from Lemma 3.1.
We are left to prove the displayed equality. We denote by a, the T),-eigenvalue

of F,ie., T,(F) = a,F. Using Lemma 4.23, we can interpret FIP] a5 a classical

modular form of level I'y (N) N To(p?). In fact,

FIPl = F|(1—a,V + e(p)p*1v?).

Then (Vi)™ (FPl)y € HO(X (N, p?), Sym* T2 (Hg)), i.e., it is a classical (i.e., global)
object, the evaluation of (Vi)™ (FPly at (a % (E®™ /L, w(") H®™[p?], ™)) can be
done directly by splitting the Hodge filtration of Symk+2m (Hu g on) using the action
of the CM field K and using a non-zero differential of £, Notice that, using the

conventions of Section 3.4, we have
V’(a % (E(")/(9 w(n) H® 4 )) —ax (E(n 1)/(9 1p(n 7 (Un—j), ji=1,02.

Here, to deal with the case n = 2, we set E(®) = lﬂ(o) ¥ and wy is the pull-back
of w, via the projection A,,: E — E® . Hence, F[I’](a * (E™, w(") H™ w,))is

F(a*(E(”),wl(\;’),a)n))—apF(a*(E(” Vo, w(n D , Wn—1))
+e(p)p* T F(ax (E"72 /0L,y ™ 0nm2)).
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It follows from Definition 5.7 that

Ly(F.0) = Y @8 (FP) (ax (E™ /0Ly wn)).
acH (c,N)

On the other hand, as recalled in Section 2.4, we have

Lag(F.0) = ) 1w @8 (F)(ax (E™ /01,y 0™)).
aePic(Oc)

As [(Ok /T)*| - |Pic(Oc)| = |H#H (c,N)| by Lemma 2.2, dividing Lag(F, x) by Q];j,;zm
we have that
Lalg(F7 X) _ 1

Qi = gy 2 @R (F)(as (EO/0L v o))

aed (c,N)

In order to conclude it suffices to show that

S an @8 (F)(ax (E™ /0Ly om)) =0
acH (c,N)

foreverym <n — 1.
Given b € H(p"~'d, M) and a class ag € #H(p"d, N) mapping to b all other
classes mapping to b are of the type rag with

reUy:=(1+p"104)/(1 + p"O4 + p"Z,) = 7./ pZ.

As explained in Remark 5.5, 87" (F)(a * (E™ /0y, 1/}1(Vm), wm) for m < n, depends
only on b. As yn,(rag) = y(r) xm(ao) it suffices to show that

Z X_l(r) =0.

rely

This follows from the fact that p” is the maximal power of p dividing the conductor
of y sothat y(U,) = i, and the sum of the p-th roots of unity is 0. ]

6. The case: p is ramified in K

Consider, as in the inert case, a finite slope family F, of nebentype € and weight
k'"V|q,, where k"™ is the universal weight of some rigid analytic disk U in W such
that k%" |q is analytic in the sense of Definition 4.5. As in the discussion before
Definition 4.24, we assume that its p-depletion FI?1 = (1 — UV)(F) is defined over
X1(N)r x U with r = rpuwiv(p) as in Definition 4.24.
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We assume that there is an integral weight u € U(Q,) such that the specializa-
tion F,, is an overconvergent modular form which arises from a classical eigenform F
of weight u and nebentype ¢ that satisfies the assumptions of Section 2.4. We suppose
that p is ramified in K and denote by 3 the unique prime ideal of Ok over p and
by Ky the totally ramified extension of @, of degree 2 given by the P3-adic comple-
tion of K.

6.1. Evaluation at CM-points

Consider a pair (E, ¥ ) consisting of an elliptic curve with CM by Oy C Ok, an
order of conductor d prime to p, and a level I'1 (0)-structure defined over the ring
of integers (1, of a finite extension L of Q,. According to Lemma 3.2, the subgroup
E[®] = H is the canonical subgroup of E/Op of order p. We choose n > nyuiv(p)
as in Definition 4.24. In particular, we may take n > 2 for p > 5. Fix, possibly by
enlarging the field L,

(i) asubgroup C™ c E[p"], generically cyclic of order p” such that
C™[p] N E[P] = {0}:

(i) Ap:E — E®™ := E/C®™ the projection and wl(\',l) := Ap o Yy the induced
I';1 (91)-level structure;

(i) H®™ = E[p"]/C™, which is the canonical subgroup of level p” of E™ by
Lemma 3.2.

Notice that £ has CM by O, with ¢ = p"d and val,(Hdg(E™))) = 1/2p"
by Lemma 3.2, so that x® = (E™, wl(\;l)) defines an (O -valued point

Q) : Spf((gL) —> .%zpn .
Therefore, if k, v € U(Q,) we can use Theorem 4.9 to define
0 (V)" (FP1)) € p=07 0 (Wies2) (SPE(OL))

for some a € N introduced in Remark 4.20.

6.2. Splitting the Hodge filtration

With the notations of the previous section set C := C™[p]and \: E — E':= E/C.
We notice that £’ has CM by Op4. The subgroup E[p]/C = H' is the canonical
subgroup of E’. Set W}, := A" o ). Then x’ := (E’, ¥),) defines an Op-valued
point @,: Spf(@1) — X, thanks to Lemma 3.2 and we can factor A, as

4
n

/ A
i E 2 B2 O,
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Moreover, it follows from Definition 4.6 that Wy 4 ,, is defined on X, so that we can
take its fibre at x" and x™. As explained in Remark 4.2, the isogeny AJ, induces a

morphism (4),)*: Hi,(n) — H?E,. We define Hg/ » @ Hg’z C Hg/ as in Section 3.3

and
it = Hl ®HE . :=8gHp . ®85Hp z C H
E - E'z 7T OETHE Nt WO/ HE T E’"

We then have the following analogue of Lemma 5.1.
Lemma 6.1. The image ofH'jE(”) via (A},)* is contained in I’:I%,

Proof. The proof proceeds as the proof of Lemma 5.1 reducing to the case n = 2. In
this case Lemma 3.3 states that

(i) Hdg(E’)diffx,q wy, CHEe 7z C w);

(i1) (((Alz)v)*)v(wl\;(z)) cp Hdg(E(z))_lw}/«j/-
As in loc. cit. it suffices to show that

82 o, p Hdg(E®) " 0}, C Hdg(E") diffg /g 85,0}
Since diffx,g9 = B, then v, (diffx,@) = 1/2 and we need to prove that
1/2 4+ v, p@) = vp(8227Y),
or equivalently that
(@p—Dp—1)val,(ge) < 1/2.

But val,(§g2) = 1/(2p?(p — 1)) by Lemma 3.2. Hence, we need to show that
2p?—p-1=p°=p°
or equivalently 3p? — p — 1 < p3, and this is true for any prime p. n

Possibly after enlarging L, we assume that H'(L) = Z/ pZ. Let ' be a generator
of Qr//0, C wgje, reducing to dlog(H'(L)) (mod pS(E’)~7) (see Section 4.1):

Vo' m]]‘;’é"L = 0;.
We denote by w,, the differential on wgw) /0L whose pull-back via )L;, is ' and
sn € dlog(H"[p](L)) the section defined by s using the isomorphism of canonical sub-
groups H' 2 H™[p] provided by A’,. Then, w, is a generator of Qpme, COpm e,
reducing to s, mod p§(E™)~? .
Thanks to Lemma 6.1, we deduce that the morphism

Wk+2v,(91_ (HﬁE(n) ) sn) g Wk+2v,@1_ (HﬁE/’ S)7
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induced by the map (4,,)*:H E(,,)
through Wy 45, (H%/, s). For the latter we have a canonical splitting W g of the Hodge
filtration mk+2” C Wig2y (H 'zs»§). In particular, we get

Ve ((A)* 0 @¥u (Vi)' (FIP)))) € p~*wit? c wiit?[p™!],

—H 'z, using the functoriality of Remark 4.2, factors

where we use that N *o Wig2v) = Wrio0.0, (HE(H),S,,) (see Remark 4.7). Notice
that x™ defines a point of X; (N)p(p+1)» so that (Vi)” (FP1y can be evaluated at x ™
by the discussion before Definition 4.24. We then have the following definition.

Definition 6.2. We define

S EP) (ED /01,y . o)
1= e 0 W/ ((A)* 0 0%, (Vi)' (FIPY)) € p™@OL Cc OLIp™'] = L.

6.3. Definition of the p-adic L-function in the ramified case

Consider y € $@.p" (c, M, €), a character of conductor divisible by p” and with
weights w'(y) = u € U(Q,) and w(y) = v € U(Q,) satisfying the assumption in
Section 4.1.3. Recall that we assume that 7 > nuiv(p) as in Definition 4.24. We define
the p-adic L-function L, (F, x), where F is an eigenfamily of weight k' over the
affinoid disk U C W, as at the beginning of Section 6 by the same formula as in the
inert case.

Definition 6.3. We define

Y @8 ((F) ) (ax (ED /0Ly o)),

acH (c,N)

1
Er 0= ey

where the evaluation of (F,)!?) at a % (E™ /0y, 1/f(") wy) is defined via Defini-
tion 6.2 using Section 3.4.

We have the analogue of Proposition 5.6.
Proposition 6.4. The function L,(F,—): s@.p" (c. N, e)y — C, is locally analytic.

We refer to loc. cit. for the proof. Suppose k is a fixed positive integer and F is a
classical eigenform of weight k, level N and nebentype € and y € >@.p" (k,c,M,¢),
withw(y) =v € U(Qp).

Definition 6.5. We define

Z )(ljl(a)(S;(F[p])(a* (E(n)/OL’WI(\?)yCUn))

aeH (c,N)

1
Lp U0 = 1o /7]
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where the evaluation of FI[?] at a x (E () /0L, 1//1(\7), wy) is done via Definition 6.2,
using Section 3.4.

As in the inert case we have, also L,(F, x) is a locally analytic function. Fur-
thermore, we have L, (F, —)|g@).pn o) = Lp(Fk. =), where the equality is as

functions on %? (k,c, M, ¢€).

6.4. Interpolation properties in the case p is ramified in K

Assume that F is a classical eigenform of weight k, level I'1 (N) and nebentype € and
that y € 2522 (c,M, €) is an algebraic Hecke character with weight w(y) = j (i.e., the
infinity type of y is (k + j,—j) with j € N) as in Section 2.4. We assume that y is
of conductor with p-part p” with n > ng(p), the integer of Definition 4.24. We then
have the following proposition.

Proposition 6.6. We have

Lal (Fv X)
Lp(F. ) = gk—H]
Qpn

with Qp n € Or a p-adic period of valuation vy (2p.n) = 1/2p"(p —1)).

Proof. The proof proceeds as the proof of Proposition 5.9. We only elaborate on the
p-adic valuation of €2, ,. It is the non-zero element of @, such that, given a gener-
ator o™ of the differential Wgm /g, We have w, = Qp’na)(”). By the discussion of
Section 4.1, we have

(P = Dp(Qpn) = vp(Hdg(E(”))).

It follows from Lemma 3.2 that Hdg(E™) has p-adic valuation 1/(2p"). The con-
clusion follows. |

7. Special values L, (F, x) for x € ZS)(SR)

In this section we give formulae for the special values of our p-adic L-functions at
algebraic Hecke characters in 23) (M). In the case p is split in K, these formulae
have been called “p-adic Gross—Zagier” formulae in [9], if F is a cuspform and they
have been called “Kronecker limit formulae” in [18], if F is an Eisenstein series. We
prove such formulae in the cases in which p is not split in K.
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7.1. The p-adic Gross—Zagier formulae

We work under the assumptions of Section 2.4, where F = f is a normalized new
cuspform for I'; (N) of integer weight k > 2 and character €. For n € N, consider
the subset Ef: (k,c, 9, €) of the space of algebraic Hecke characters X..(k, ¢, Jt, €)
defined in Section 2.4, where ¢ = dp™ and (d, p) = 1 and p" is the p-part of the
conductor. Then

2P (k,c,Me) = SV (k, e, M, e) USPDP" (k,c, N, €),

where

. Eﬁ?"’ ! (k,c, M, €) is the subset of characters of X..(c, Jt, €) having infinity type
k—1—j,14j)with0<j <k-—-2;
. 2&22’1’ " (k,c, M, €) is the subset of characters of X..(c, Jt, €) having infinity type

(k + j,—j)for j > 0.

As explained in [9, Section 5.3] the characters in 2512’1’ " (k,c, M, €) can be real-
ized in the completion > @.p" (k,c, I, €) of the space EEZC)’I’ (k,c, I, €) defined in
Remark 2.8, i.e., as p-adic limits of characters in the space Ef;%)’p (k,c, N, €). The
goal of the present section is to prove the following result.

Theorem 7.1. Assume that n > ny(p) with ni(p) as in Definition 4.24 (for example,
ng(p) =2 for p > 5). Let y € EE?’P" (k,c, M, €) be a character of infinity type
(k—1—j,14+j)withO0 < j <r:=k —2. Then, the value L,(f, x) of the 1-variable
p-adic L-function L,( f,_) of Definitions 5.7 and 6.5 at y viewed as an element of

S@P" ke, M, €) is
cIQrT . .
Ly(f) = ——=p"= D 1 ' @N@AIL(Age0)ler AojAng”).

) a€ePic(Oc)

Here and elsewhere wy is f seen as a section of HéR(Xl (N), Symk (Hg)).

We explain the notation. The pair (A4, t4) denotes an elliptic curve with CM by Og
and I"; (91)-level structure, wy is a generator of the invariant differentials of A and 14
is an element of H; (4) such that (w4, n4) = 1 via the Poincaré pairing. Everything is
defined over the finite extension L of Q,. Moreover, ¢o: A — Ao is a cyclic isogeny of
degree ¢ = dp” so that Ag has CM by .. In the sections Section 5.3 and Section 6.3,
we used the notation E®™ instead of Aog, but we prefer in this section to follow the
notations of [9] in everything connected to the generalized Heegner cycles.

For every a € #(c, ) we have an isogeny ¢q: Ag — a * Ag and AJr(Ag,e,) IS
the p-adic Abel-Jacobi map of a generalized Heegner cycle constructed in [9, Sec-
tion 2] over the modular point ¢4 © @g: A — a * Ayp.
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The rest of the section is devoted to the proof of Theorem 7.1. First of all, fol-
lowing [9], we explain how one can compute the Abel-Jacobi image of the gener-
alized Heegner cycle in terms of a Coleman primitive of our modular form f. Let
us denote by X the open analytic subspace of the modular curve X;(/N) defined in
Section 4.1. It is an open rigid subspace of X;(/V)* and consists of the points (E, t)
such that E has a canonical subgroup of order p. Let us denote by ® the Frobenius on
H!p (X, Sym” Hg) and by P(X) € Q,[X] a polynomial such that: P(®)([ws]) = 0
and P(®) defines an automorphism of H (X, Sym” (Hg)!*°); we recall that [wf]
denotes the cohomology class of f in Hi, (X, Sym” Hg), and Sym” Hllgc denotes the
sheaf of locally analytic sections (i.e., analytic on every residue class of X (N)*") of
the sheaf Sym” Hg . Recall from [14, Section 11] that we have a Coleman primitive G
of f: this is a section G over X;(N)*" of Sym” ngc such that V(G) = f and such
that P(®)(G|x) is an analytic section of Sym” Hg on some overconvergent neigh-
bourhood X’ C X of the ordinary locus in X (N)*". It then follows that G is unique
up to a horizontal section of Sym” Hg on X', i.e., it is unique if 7 > 0 and unique up
to a constant if r = 0.

This is related to AT (Agqg) (@f A a)/{ r]il_j) as follows. The isogeny ¢o: A — Ag
of degree ¢ and the I'1 (t)-level structure 74 on A induces a I'; (91)-level structure ¢
on Ag. The element w4 is a generator of the invariant differentials on A such that
(w4, n4) = 1 via the Poincaré pairing. Thus we get an invariant differential wg on A4
such that ¢ (wg) = w4. The Coleman primitive G, being defined over X (N ), can
be evaluated at the points a * (Ag, fp) and, using the CM action, we can decompose

.
Sym” (Hjg(a * Ag)) = € Sym” (Hjg(a * Ao)) ,—i=
i=0

into eigenspaces for the action of K. Then we decompose

.
G(a* (Ao.to.w0)) = > (1) Gi(a * (Ao. to. o))l "1,

i=1

where wq, 14 1s a basis of HéR (a * Ag) adapted to the K-decomposition such that w,
corresponds to wy.

We recall, following [9, Section 3.3], that the p-adic Abel-Jacobi image of the
generalized Heegner cycle AJ, 1.(Ay) in H} (L, V) is seen as an extension class in
the category of p-adic Galois representations of Gp.:

0=V —->W-=>Q,—0,

where L is a finite extension of QQ, over which the generalized Heegner cycle A, is
defined and V, W are crystalline Gy -representations such that V' is the restriction of a
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global Galois representation of Deligne weight —1, to G. Via the p-adic comparison
isomorphism this extension class becomes an extension class of admissible filtered,
Frobenius modules in Extio’crys(Lo, H), where H = Dcis(V) and Lo = Dis(Qp).
Here Ly is the maximal unramified extension of Q, in L, and it is seen as a filtered,
Frobenius module with Frobenius, the geometric Frobenius o € Gal(Lo/Q,) and
filtration Fil' (L¢) = L for i < 0 and Fil’ (L) = 0 fori > 0.

The following lemma is [9, Proposition 3.5] in the case L = L (in their case
(c.p) = D).

Lemma 7.2. There is a canonical and functorial isomorphism
@ Exty (Lo, H) = H/Fil°(H),
where Hp, :== H QL L.

Proof. For an object D in the category of filtered, Frobenius modules over Ly we
denote by Fil(D)* its filtration by L-vector subspaces of Dy := D ®;,, L, and by
¢p: D — D its o-linear Frobenius, which is bijective.
The map « is defined as follows: let x € Extio,ffm (Lo, H) denote the class of the
extension
o>l EL L >0 (%)

We recall from [23] that if D is a finite-dimensional Lg-vector space with a
o-linear automorphism ¢p: D — D, then D has a canonical and functorial slope

decomposition
p=@n.
AeQ

whereif A =r/s € Q, withr,s € Z, s > 0, then D, is the largest L(-vector subspace
of D containing an O -lattice M, such that ¢, (M) = p" M.

It follows immediately that we have a canonical exact sequence of the slope A =
0-subspaces of the sequence (x):

0—>H0—>E0£>(L0)0=L0—>0,

and the assumption on the weight of V' implies that Hy = 0. Therefore, we have
vo: Eo = (Lo)o = Lo is an isomorphism and this implies that, as Frobenius modules,
we have a canonical isomorphism (8 + Y5 !): H @ Lo =~ E. Let us denote, as in the
proof of [9, Proposition 3.5] by ™ € E the unique element such that y(n™?) =
1 € Lo and ¢ (™) = nfrb,

We also have an exact sequence of L-vector spaces

0 — Fil’(H) — Fil°(E) 5 Fil%(Lo) = L — 0,
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so we denote by 7! € Fil°(E) an element such that y(7™') = 1. Let n € Hy, be the
unique element such that (8 ® 17)(n) = n™' — ™ ® 1.

We define o(x) = n(mod Fil®(H)) € Hy / Fil°(H). We observe that a(x) is well
defined and determines a morphism «: EXtiO’ffm(L()’ H)— Hy /Fil°(H). Let us show
that « is an isomorphism of groups.

If a(x) = 0, we have that Fil®(E) is generated by 7™ ® 1 and this shows that the
exact sequence () is split as a sequence of filtered, Frobenius modules, i.e., x = 0.
This shows injectivity.

Let now y € Hy/ Fil’(H) be a class. We define Ey, := H @ ul as vector
spaces with Frobenius ¢ g, defined by ¢ (h + au) := ¢y (h) + o(a)u for h € H and
a € Lo. We define the filtration on (E,);, = H ® (u ® 1)L by Fil' (E,) = Fil' (H)
fori > 0 and Fil' (Ey) = Fil' (H) + ((u ® 1) + §) L, where § € H, is an element lift-
ing y, for i < 0. Observe that Fil'(Ey) is well defined, the filtered, Frobenius module
(Ey,Fil*(Ey), ¢E,) is admissible and we have a natural exact sequence of filtered,
Frobenius modules

0—-H—>FE,—Ly—0.

Moreover, the image under « of the class of this extension is y. ]

Next we would like to calculate the Abel-Jacobi image of the cycles Ay, so we
apply Lemma 7.2 for Hy = eH (X1(N)™, £, V,)(r + 1), where € is an idem-
potent defining a Chow motive (see [9]) and &£, is the Oy, (x)m-module

Ly, 1= Sym’ (Hg) ® Sym” (Hjg (4)).
The Poincaré pairing
() HER (X1 (N)™, £rr, Vi) (r + 1) x Hig (X1 (N)™, &1, Vi) () > L,
gives an isomorphism
Hig (X1 (N)™, &5, V) (r + 1)/ Fil® = Fil' (Hig (X1 (N)™, £, V) (1)),
and therefore we have (see [9, Section 3.4])
AJL(Agy) € HO(X1(N)™, 052)” @ Sym” (Hix(4)Y).

The evaluation of AJz (Ay,) at the family of elements (vf ® (wa) (14)"7)j=o0,r is
given by the following lemma.

Lemma 7.3 ([9, Lemma 3.22]). We have

AJL(Agy) (0f ® (@4) (14)"77) = ¢/ G (Ao, to, o).
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Evaluating the p-adic L-function L, ( f,_) of Definitions 5.7 (if p is inert) and 6.5
(if p is ramified) at y and using the conventions after Theorem 7.1 for the notation
(A, tg, wp), and of Section 3.4 for a * (Ag, ty, wg), We obtain

> 221 @8 (FP)) (a + (Ao, 10, w0)).
acH (c,N)

1
P = Gy

Thus, in order to prove Theorem 7.1 we are left to show the formula

r—2j

Qpn _
Ly(f0 === ) x5 @G)(ax (Ao 10, @0). )

aePic(0¢)

We will first prove some properties of the Coleman primitives. Let f be our clas-
sical cuspidal eigenform of weight k = r + 2 > 2 and level I';(N). Let P(X) be
a polynomial with the property (1) P(®)([wy]) = 0, and (2) P(®) defines an auto-
morphism of #° := H, (X', Sym” (Hg)'*®) over a strict neighbourhood X’ of the
ordinary locus where we have a lift ® of Frobenius. We then have the following
lemma.

Lemma 7.4. Let G and G’ be two Coleman primitives of f such that P(®)(G) and
P(®)(G') are analytic over a strict neighbourhood X' of the ordinary locus. Then
we have that
@) if G(q) = G'(q), then G = G’ (where G(q) and G'(q) denote the q-expan-
sions of G and G’, respectively);

(b) if p # T C X' is an admissible open and G|t = G'|r, then G = G'.

Proof. We set F := G — G’, then
V(F) =V(G)—=V(G) = flx— flx =0,
and therefore F € J°. We also have
P(®)(F) = P(®)(G) — P(®)(G') € H*(X', Sym” (Hg)),

i.e., P(®)(F) is an analytic section of Sym” (Hg).
(a) Letnow F(q) = G(q) — G'(q). Then

P(®)(F)(q) = P(®)(G)(g) — P(®)(G')(q) =0,

and as P(®)(F) is an analytic section of Sym” (Hg), we have P(®)(F) = 0. But by
property (2) above, P(®) is an automorphism of #°, therefore F = 0, i.e., G = G'.
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(b) Similarly, we have P(®)(F)|p(g)-1(ry = 0, and as ¢ # P(®)~(T) is an
open of X', we have P(®)(F) = 0 by analytic continuation which implies, as above,
F =0,ie,G=0G". [

We define

1
G .= G|(1-VU) = G|(1 —T,oV + —[p]Vz),
V4

viewed as a locally analytic section of Sym” (Hg) on X, or a locally analytic sec-
tion of Sym” (Hg) on X (N, p?). Let (GIP]), be the locally analytic global section
of wy" over X (N, p?) given by

(G[”])r := (—=1)" x the image of G'?} via the quotient map Sym” (Hg) — %"

Remark 7.5. (1) The sign in the above definition is there so that the restriction of
(GPl), to the ordinary locus agrees with the section denoted GE in [9, Proposi-
tion 3.24].

(2) In [9], the objects G|(UV — VU) and f|(UV — VU) are denoted by G”,
and respectively, f b but we prefer to follow the later notations of [15] of Gl and
respectively, f [P] for the same objects.

Recall from Section 4.1.4 that we have a sheaf W_, over the rigid open subspace
Xp+2 of the rigid analytic modular curve X (N )™ and also over X (N, p?),+2 of the
2)an i

rigid analytic modular curve X (N, p with a connection VZ,.: W_, — W_,,» e

Moreover, we have an inclusion
wg = Filg W_, C W_,.

Furthermore, as —1 — j € Z can be seen as a weight in W(Q)), then V,._ J:Z_ J (fLr]
was defined as a section of W, _; over X1, and also over X (N, %) p+2. Moreover,
V7 ((GP)),) is a section over X:(N, p?)p+2 of W,_;, therefore the statement of
the following Proposition makes sense. Let X 54> denote the wide open in the rigid
analytic modular curve X;(N)",

X>p+2 ;= lim X,,
—,r

where the inductive limit is over all » € N with r > p + 2 and by X(N, p?)s p42 the
inverse image of X 42 in X(N, p?)™.

Proposition 7.6. The following statements hold.

(1) The section GP) is analytic on Xs p+2, so in particular on X (N, p2)>p+2,
and
vr(G[P]) — f[p]_
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(2) (GPY), is an analytic section of wg" on X (N, p*)> p+2, and we have
_ 1=
VI (G, = v (P
as sections of Wy_z; over X (N, p*)s pt2.

Proof. Using the definition of V,._ _:2_ 7 it suffices to prove both statements on X 2.
(1) Write

Pl = fl1-vU) = fI(1—a,V +e(p)p*1V?),

where the last polynomial of degree 2 in V' can be written as a polynomial P for a
Frobenius lift ® on #' := Hly (X5 p42, Sym” (Hg)). Moreover, we have

P(®)(Jwr]) =[P =0

as J! is finite-dimensional and in a finite-dimensional vector space if UV = 1, then
VU =1 as well. Also P(®) = (1 — VU) is an isomorphism on #° by the cal-
culations of [14, Lemma 11.1], i.e., the operator (1 — VU) = P(®) is one of the
polynomials in Frobenius which can be used to define the Coleman primitives. There-
fore, G[7! is an analytic section of Sym” (Hg) on a strict neighbourhood X’ C X~ P2
of the ordinary locus of X;(N)®. Secondly, both V,(G?l) and f1P] are analytic
overconvergent sections of Sym” Hg, which by Proposition A.1, agree on the admiss-
ible open Y °, the ordinary locus of X;(N) minus the residue classes of the cusps.
Therefore, they are equal on X’. And thirdly, as the cohomology class [ f?]] = 0 in
H! = Hlx(X>pt2, Sym” (Hg)) and as X p4» is a wide open analytic space, i.e., a
Stein space, so that
. HY%X- 42, Sym" 2 Hg)
~ V(H(X- p12. Sym” HE))'

there is a section G’ € H(X~ p+2, Sym” (Hg)), unique up to horizontal section of
the sheaf Sym” Hg, such that f[?] = V,(G"). Choose G’ such that G'|x = GIP1 It
follows that GIP! can be analytically extended to X~ p+2 (by G').

(2) Tt follows from (1) that (G[?l), is an overconvergent modular form defined
on X(N, p?)~ p+2 as it is an image of G'P1, We first check the second statement for
Jj = 0, on g-expansions. We write

GPg) = > (-1 Pgvr;

J=0
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according to the canonical basis of Sym”(Hg) at the cusp. In this case [I, The-
orem 4.3] gives the expression of the g-expansion of

Vil (F9) = 7 (F P @) Vo

+Z( )H( D1 (g,

Jj=1

=0 l(f[p (@) V=ro

On the other hand, r10~"~1( f1Pl(q)) = g[p J (q) (see [9, Proposition 3.24] or the proof
of Proposition 7.8) and the claim follows as Gy Lp] (q9) = g[p ] (q)V—r,0 by definition.
This implies that !V~ (flPly = v G p ] . Therefore, for every 0 < j < r, we have

PV (F) = Vo (v, (FOY)
= V7 (V2 ((G7),)) = VI3 (G, .

Remark 7.7. As observed in Proposition 7.6, the element G!Plis an analytic section
of Sym”(Hg) on X p42. Its pull-back to X(N, p?)™ extends to a global, locally
analytic section of the same sheaf which is analytic on the inverse image of X p42.
This follows as 7] is a classical modular form on X(N, p2)™
locally analytic section on X; (N ).

and G is a global,

We fix an a € #(c, N). We recall that GIP e H%(X > p42, Sym” (Hg)), and as
VL (f1P)) = GIP), then G!P! can be evaluated at xq := (a * (4g. %, D)) € X (N, p?).
We decompose GIPl(xg) in Sym” Hl (a % Ag) according to the K-action as follows
(we remind the reader that in this section Sym” HCIIR(a x Ag) is seen as a finite-
dimensional vector space over a finite extension of QQ, with an action of K, so the
decomposition is a full decomposition)

feltd (Xq) = Z(_l)j (G[p])f
=0

where
(G[p])j € (Sym” (HéR(a * AO)))trfj T

We denote by w, the pull-back of wg via the isogeny dual to the isogeny A¢ —
Ao/ Aola], and by 1 an element of Hj (a * Ap) such that the pair wq, 14 is a basis
compatible with the K decomposition. Moreover, for 0 < j < r, we denote by

Gj[p] ((1 * (Ao, lo,a)o)) eL

the element such that (G!?)); = G.][p] (a * (Ao, t0, wo)) iy’
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Proposition 7.8. We have

) r—2j
8 (FIY) (a * (Ao, 10, D, w)) = Q’%G}P] (a * (Ao, o, D, wp)).
J:

Proof. We denote (B, tp, Dp,wp) := a * (Ao, to, D, wp). Thanks to Proposition 7.6,
we have

1 1 ;
5 (F)(B.15. Dp.wp) = — (V[ (G”)), ) o(B.15. D. 0p),

where (Vrr_j (GIP1),)o(B,tp, D, wp) is the O-th component of

(V57/(G7),)(B. 15, Dy, wp)

for the action of K, i.e., the coefficient of w;_zj in (W,_2;)y,.

Denote by D’ the residue class in the modular curve X;(N) at the point y, :=
(B,tg) € X. As yq is a smooth point of the special fibre of X;(N), D’ is isomorphic
to the p-adic (wide) open unit disk centred at y,. Let ¢p: D — D’ be the inverse image
of D" in X(N, p?)p+2. It is a finite map and D contains the @ -valued point x4
defined by (B, tp, Dp).

We first work over ', namely we denote Hgp := Hg|p/. We have

Ho = H,, ® Og,

so that Hy,, = Hl; (B) is isomorphic to the space of horizontal sections for the Gauss—
Manin connection V on Hg-. Let us fix a basis w, 1 respecting the K-decomposition
of Hy, = Hp and pairing to 1 via the paring on Hp induced by the principal polariz-
ation on B. The Hodge filtration of Hg is generated by an element

o' =01+bne1)

for some global section b € O g such that b(y,) = 0. Then w’ and ' := n ® 1 provide
a basis for of Hg’. The Kodaira—Spencer isomorphism KS identifies w%z o = Q}D,.
Since V(w') = (n ® 1) ® db then KS is defined by db with respect to the basis @’
and 1’ so that db is a basis element of Q1. Let d be the derivation on @ o dual to db.
The Gauss—Manin connection V:Hgp' — Hg ® Q1, is defined by

V@)=n®db and V(y')=0.

We notice that the filtration File W_,[1/p]| o’ admits (')~ =/ ()7, for j € N,
as a basis as a @ g/-module. In fact, consider 7: Vj (Hi),, §) — D’ the analytic generic
fibre of the vector bundle with a marked sections of Theorem 4.1. If we invert p, then

Y, [1/p] = Hor.
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Thus, 7 factors through 7’: V/'(Hgp/) — D’ that classifies sections of the dual of Hg
that are invertible on ’. Consider

WA = 7 (O =],

the functions on which G,,, acting by scalar multiplication on Hg/, acts by the algeb-
raic character: G,, — G,,, g — g~ ". It admits (') "~/ (i)’ for j € N, as an O p/-
basis. It is endowed with a filtration such that Fil, Wflrg is spanned by (')~ 7/ (1)’
for 0 < j < n. The map Vo(HgD,,S) — V/(Hgp/) identifies

Fil, W€ ~ Fil, W_,[1/p]|o.

—y =

Then we can compute (Vi:j (G!Pl),) using the connection on W2 as follows:
For every n > 0 and a a section of @ o/, we have (using the explicit description of the
connection in [1, Section 3.4.1])

Vo (@(@)70)") = 3@) (@) TR0 + (—r = n)a(e) T )L

It follows that we can write (G!?)), = g, (o)™ in W_,| g/, with g, a section of O o/
in a neighbourhood of y,, and we have

VI((GY),) = Vi (gr (@) ") = 0" (g) (@) 7Y + M,

where M contains terms of the form a; (w’)"~2/~* ()" with i > 0 and a; sections
of O g. It follows that Vi:j((G[p])r)o = 0" (g).

Now in order to calculate this quantity we look at Sym” (H]E | :D’) and its connec-
tion V,. We write Sym” (Hg|9p/) = @;=o Op ()’ (7)) 7. If we specialize at y,
this decomposition induces the decomposition of Sym” H,,, into eigenspaces for the
K-action.

Write

r

GPllg =) (=1)gi @)y () and fPp = ).

Jj=0

We observe that 7'(mod '@ gp/) = (w’)~!, and therefore the coefficient denoted g
in this expression of GI? and the one appearing in the previous expression of (G?),
are the same. Possibly after shrinking £’ we may assume that the g;’s, G'Pland h are
defined and analytic on D’ (we recall that G'Pl and f [P] are only an overconvergent
section of Sym” (Hg), respectively, an overconvergent modular form on X). We then
have V(GPl|p/) = f1P)| 5/ implies that d(go) = & and 0g)—(r—j+1gi—-1=0
forl <j <r.
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In conclusion, for all 0 < j < r and on the annulus where all the sections are
defined (in particular, at y,), we have

(VI (GW)), )y = 07 (gr) = (= ))'g;-
Evaluating at y,, we conclude that
(V27 (G17),)o(B.15.wp) = (V277 (G1)),) (va)
= (r = /)'gj(ya) = (r = HYG')) (B, 15, wp).

Now we pull back these equalities to O via the tamely ramified map ¢: D — D’ and
we evaluate at x,. We obtain the claimed equality

—1—7 1
5k1 /(F[”])(B,IB,DB,CUB) = .—G[_P](B,[B,DB,a)B). ]
jr

In particular, we have

r—2j

Cpn “1-j (G lP)
L(fJ()=.p—’ 21— 7 (@)GF (a * (Ao, to, D, wp)).
p J!l((gK/m)*langZ(cm) 1 J ( 0,40 O)

In order to prove (2) and conclude the proof of Theorem 7.1, it remains to show

1 —1—j ]
" x—1 (@G; (a * (Ao, to, D, wp))
|((9K/m) | aeH (c,N)

= Y 207 @G (a % (Ao 0. wo)).
a€Pic(O.)

The calculations in the Appendix A imply, fori € {1, 2}, we have
fIVE=(V@G)V! = pT'V(GIV).
It follows that we have
1 k-31,2 k—17,2 r]
V(G|(1—;apV+e(p)p V2)) = f1(1 = apV +e(p)p*'v?) = f171,
Therefore, on X, 42, we have
[ _ y-1(Flel 1 k—31,2
Gl = Ve (FI7) = GI(1 = —apV + e(np12).

and this identity is compatible with the CM decomposition at each point x,, for a €
H (c, ). Moreover, G is a global locally analytic section on X7 (N )", in particular
it is defined and it is analytic on all the supersingular residue classes.

From now on the proof follows as in the proof of Proposition 5.9 in the inert case,
and of Proposition 6.6 in the ramified case.
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7.2. The Kronecker limit formula

We next prove the analogue of a particular case of the Kronecker limit formula [18,
Section 10] (more specifically, the account in [8, Theorem 1.3]) for p non-splitin K,
proceeding as in Section 7.1. We take k = 2 and € an even, non-trivial character.

Let y be an algebraic Hecke character in the space X .(k,c, N, €) defined in
Section 2.3.1 of infinity type (1, 1). We assume that ¢ = dp” and (d, p) = 1 and p”
is the p-part of the conductor of y. Let us remark that y can be viewed as an element
of the space $@.p" (k,c, M, €) of Remark 2.8 so that we can evaluate the p-adic
L-function L, (E> ¢, _) of Definitions 5.7 (if p is inert) and 6.5 (if p is ramified) at y.

Let u, be a modular unit, namely an element u, € H*(Y1(N), O ;1 ( N)) on the open
modular curve Y7 (/) such that

Ue

dlogu, = =E..

Ue
We then have the following proposition.
Proposition 7.9. Assume that n > ny(p) as in Definition 4.24. Then,
N(a)
x(@)

LP(EZ,Ev X) = Z

a€Pic(O)

log, (ue) (a * (Ao, to. wo)).

7.2.1. On the p-adic logarithm. Let X be a wide open disk or annulus in IP’(ljp and
g € Ox(X)*. We wish to study the Coleman integral of the differential form
dg
wg = dlog(g) = =
g
on X. Let us denote by ¢ a parameter of X. We work over C, and denote by [ its
residue field. With the notations above we have the following.

Lemma 7.10. The following statements hold.

(a) If X is a disk and g € Ox (X)*, then there is a € C, h € Ox (X) with the
property |h(x)|x < 1 forall x € X such that g = a(1 + h).

(b) If X is an annulus with parameter t and g € Ox (X)*, then there are a € Cj,
a section h € Ox (X) with the property |h(x)|x < 1forallx € X andn € Z
such that g = at" (1 + h) and Res;(wg) = n.

Proof. This lemma is probably well known, but we will sketch the proof of (a) for
the convenience of the reader and leave she/he to think about (b). As the power series
expansion of g does not change if we restrict to a smaller disk, it is enough to prove
the lemma for all affinoid disks contained in X, i.e., it is enough to prove it for

X ={xeP¢ ||x| <1}
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On Ox we have the norm |g|x := sup,y |g(x)|, which satisfies the maximum mod-
ulus principle, i.e., the norm of g can be calculated on the annulus

Y ={xeX||x|=1}CX.

As X = Spec(F|t]) is irreducible the norm | [x is multiplicative. Let ¢ € C, be such
that [cg|x = 1, then |(cg) !|x = 1,i.e,cg € (F[t])* =F*. Leth € (QEP be such that
bcg = 1. Then clearly if we set @ = be and h = a~'g — 1, we have g = a(l + h)
with / satisfying the desired property. ]

Let us denote by log,: C; — C), the locally analytic homomorphism uniquely
determined by the following properties:

(@) log,(p) = 0;and
(ii) if x € Cj; is such that |x| < 1, then log,(x) = thozl(—l)””@.

Then d(log,(z)) = dZ—Z
Let us remark that if X is a wide open disk and g € Ox (X)*, using Lemma 7.10,
the function
[e.e] h”
G:=1 —)"'— e Ox(X
0g,(a) + ) (=)' — € Ox (X)

n=1
and it satisfies dG = wg 1= ”;—g. We will use the notation G := log,,(g).
If X is an annulus with parameter 7 let us denote by 7' := log, (¢) a new variable
such that
dT = dlog(t) = ?

Let Q10 (X) := Ox(X)[T]. Let g € Ox(X)™ be such that Res;(wg) = n. Then the
function G € Oyo(X) defined by

oo hn
G :=log,(a) +nT + Z(—l)”*;

n=1

satisfies dG = wg = i—g. We will use the notation G := log,(g) € Oiog(X).

We remark that we have the following rigidity property: if ' C X is a non-void
admissible open subspace and G, G’ € Oy, (X) are such that G|y = G|y, then
G=G".

7.2.2. The proof of Proposition 7.9. We now come back to our modular unit ..
Let G := log, (i) denote the locally analytic function on ¥ := ()? 1(N))*, which is
log, (ue)|x € Ox (X) for every residue class X of a pointin ¥. Here ¥ is the rigid gen-
eric fibre of the formal scheme f’\l (N), i.e., the rigid space which is the complement
in X1 (N)™ of the residue classes of all the cusps. Then G is a Coleman primitive of
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% = E5 . on ¥, uniquely defined and which satisfies the rigidity principle stated at
the end of the previous section. Proposition 7.6 and Proposition 7.8 withr = j = 0
imply that

SN S N@ o1 plol
Lp(EZ,EvX) - 1Ok, N)*| angz(c,m) 1@ 85 (Ez,e)(a * (Ao,lo,a)))
1 N(a) )
~ (0. )% G p A ’ £ .
@ 30712, i C (@ (orto-)

The arguments at the end of the previous section imply that the latter value coincides
with

2. 1;((3 logy (ue) (a * (Ao. fo. @0)).
a€Pic(O¢)

as let us recall that the point a * (Ao, Zg) being supersingular is not in the residue class
of any cusp. The claim follows. ]

A. V,Uand V

Let ¥° be the formal open subscheme of X, (N) corresponding the ordinary locus
(with the cusps removed). Let E — Yo be the universal elliptic curve. Denote by
¢:E — ' the quotient by the canonical subgroup of order p and by ¢V: E’ — E the
dual isogeny. We have a unique morphism &: yord —s yord quch that the pull-back of E
is E. It is a finite and flat morphism of degree p. Let r > 0 be an integer and denote
by F, either the sheaf Sym” Hg, or the sheaf Sym” HEC of locally analytic sections of
the first sheaf as defined in Section 7.1.

The V operator. The operator V: ¥, — ¥, is defined by the following rational map
onHg:

VO) = () @ 0 = £ @)
here y € Hg and ®*(y) is viewed as an element of Hgs =~ ®*(Hg). The map
(¢")*:Hg — Hp/
is the pull-back via ¢ and similarly ¢*: Hgr — HE is induced by ¢.

The U operator. The operator U: O, (F,) — ¥, is defined by the rational map on Hg
given by the composite

1
U:=—Trgo(p")*,
p
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where
((pv)*: (D*(HE) - CD*((D*H]E)

is defined by pull-back via ¢ and Tre: ®.(®*Hg) — Hp is the trace map (as coher-
ent sheaves) via the finite and flat map ®. Notice that U o V' = Id.

Proposition A.1. Let r € N and consider the connection V: ¥, — Fr1,. We have
the formulae

1
VoV =pVoV and VoU =—-UoV.
p

In particular, if V(G) = f, then V(GP)) = f1P1 where (—)P1 stands for the p-
depletion operator (1 —V o U).

Proof. The compatibility of V with the p-depletion clearly follows from the commut-
ation formula for V with V' and U, respectively.
. . . . . . _ b -
The isogeny ¢: E — E’ composed with the projection 7: E' = E X Sond yod 5 |
induces the map
ni= (p* o ®*: H]E — HIE~

Letd®: QL — QL be the map induced by pull-back via ®. By functoriality, we
Yord Y ord
get a commutative diagram

Hg L} Hr ® Q%md

l |neae

Hg L} Hr ® Ql?ord'

Recall that the Kodaira—Spencer isomorphism a)]% =~ Q%m o 1s defined by restrict-
ing V to wg and projecting onto wy ® Q%m - The commutative diagram above implies

that the map d®: QL — QL induces the map
Yord Yyord
_ Vi %\ —2 * * vk~ 1 *x, 2 2
PV =p((p")) 0@ = (9" ® (¢¥)") o @":wg — wg.
Indeed, 7 is ™ on wg and (¢“)* on wy. Since by construction n = pV', we conclude
that the following diagram commutes:

Hg AN HE@C’)I%I

Vl lV@(pV)

Hg v HE@C‘)IZE'

Passing to %, we get the statement on the V -operator.
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Next we study the U operator. The map (¢")*, induced by ¢V: E’ — E, is com-

patible with the Gauss—Manin connection by functoriality. On the other hand,

qD* (Qlford) = pgzl?ord

(as can be seen using Serre—Tate coordinates), so that %CD* o d* (Q;?md) = <I>*(Q;?md).

We then have the commutative diagram

. (Hg) ——— x((HE) ® ®(Q} )[p7"]

(«)V)*l l(tpv)*®ld

@, (Hp) —— @u(Hp) ® (Px 0 ©*(QL ))[p7!]

Y ord
Tr@l lTrcp
\% _
HE »HE® Q3 [p7']

(here we use @ (Hg/) = P4 o ®*(Hg)). Using this commutative diagram and the
Kodiara—Spencer isomorphism, we deduce that the map

- * —1, T -
(2}, [P = ®u 0 07(),) 7] = Qpulp 7]

coincides with the rational map
p:=Treo((p¥)* ® ((p*)_l): O, (wf) — Py 0 P*(wf) — wf.

As (p*)7 ! = p~l(pV)*, then p = %U . We conclude that the following diagram com-
mutes:
®.(Hg) —— @, (Hg) ® x(wd)

Ul lU@(P_' U)

He —Y s Hp @ o,

Passing to %, we get the claim for the U operator. |

B. The case p split

We explain how to recover the construction of the p-adic L-functions of [9] in the
easier case that p-splits in K following the approach outlined above. We recall the
formula. For y € $@ with v := w(y) € W(Qp), we have in [9, Theorem 5.9]:

LyF.x ™= > 1 @0 (FP)(ax (4o.10. Qean))- 3)
a€Pic(O.)
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Here ¥ is Serre’s theta operator that on g-expansions sends g(g) — ¢ - dfi—ﬁlq), Ao is an
ordinary elliptic curve with full CM by the order @, and ¢y is a I'; (91)-level structure
on Ay. Its formal group is isomorphic to (@m and $2.,, is the invariant differential
defined, via such an isomorphism, by the standard differential on G,,. In this case
notice that the p-adic completion of Ok is isomorphic to Z, x Z,. We assume as in
loc. cit. that ¢ is prime to p.

We relate this to our approach, hoping that it will help to better understand the
general situation. We first introduce the sheaves Wy and the interpolation of the con-
nection (Vg)V.

Fix a ring R, p-adically complete and separated, p-torsion free. Fix weights k,
IR Z; — R* such that there exist elements u; and u, € pR and finite characters ¢,
and €, of Z; such that for all ¢ € Z;, we have

k(t) = ex(t)exp(ug -log(t)). v(t) = ey(t)exp(uy - log(?)).

Let X° be the open formal scheme defining the ordinary locus in the completion
X 1(N) of X1(N) along the spec1al fibre. Let & oo — ¥° be the Igusa tower, clas-
sifying isomorphisms E ~ G between the formal group of the generalized elhptlc
curve E over ¥°¢ and the formal torus Gm. It is a Galois cover with group Z% p =
Aut(Gyp): given an isomorphism ¢: E~G,, weleta € Z, act by sending ¢ — alg.
Over 3& o the universal isomorphism ¢""": E =~ @m defines a canonical generator
Wean Of the invariant differentials of E relative to X°'¢ as the pull-back via ¢""" of the
canonical invariant differential of G,,.

Let wg, respectively, Hg, be the relative differentials, respectively, the logarithmic
de Rham cohomology, of E/¥°. We first introduce the relevant objects using the
formalism of VBMS (vector bundles with marked sections) discussed in Section 4.
Define

Vo(HE, @ean) = Vo(@E, ®can) — RICHS

to be the p-adic formal schemes spaces classifying sections of the dual Hy,, respect-
ively, a)]?E’ , that are 1 on wcyy. The first map is induced by the inclusion wg — HE (the
Hodge filtration). The second map is an isomorphism Vo (wE, ®Wean) = S & o0. These
spaces are endowed with compatible actions of ZZ, considering the Galois action
on I& o and the scalar multiplication on wg and on Hg; in particular, such action
Preserves ey, So that the isomorphism Vo(wg, Wean) = IG o is Z;—equivariant, as
claimed. We define

@*° € HO(Vo(0E, Wean)s OVo(wg.0u)OR) = H (3G o, O3 ®R),

Ocan

as the subspace on which Z7 acts via the character k. Let ¥ := *°[p~1]. Similarly
let
Wko C HO (VO (H]E ’ wcan)s OVO(HIEswcan)®R)
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be the subspace of functions such that Z; acts via the character k. Set Wy:=W¢[ 1.
It is a Qp-Banach space with unit ball W;?. The morphism

Vo(Hg, @can) = Vo (@R, ®can)

induces inclusions
w0k c WY, ¥ C Wr.

The formalism of VBMS allows to define Wy, in the more general settings of p inert
or ramified.

Work of Katz [17] implies that Hg splits canonically as the direct sum Hg =
w'° @ w1 (the unit root splitting). The direct summand corresponding to w1+ is
the part of Hg, identified with the log crystalline cohomology of the special fibre E,
on which Frobenius is an isomorphism. It is proved in [1, Section 3.5, formula (3)],

using the unit root splitting, that
0 ~ T k—2i,0
Wy =@ o, €5
where & stands for the p-adic completion of the infinite direct sum.

Remark B.1. For k a positive integer w*° is identified with the k-th power of the
invariant differentials of E/¥°9, the k-th symmetric power Sym* (Hg) of Hg, splits
canonically as Sym* (Hg ) = @Z'C:o w*~21:0 and it is identified with a subspace of We.
This should justify the introduction of Wy, as the correct substitute for Symk when k
is not a positive integer.

Motivated by [1, Remark 3.39] and by [21, Remark 2.4.2 and Section 3.5.2], we
define, for g € (w*°)Ur=0,

00 Jj—1
V¥(g) = Z(”;) [T +uy —1-0)9"7 (g).
j=0 i=0
For v = n € N, it follows from the g-expansion principle and the computation of
powers of the Gauss—Manin connection on g-expansions in [1, Lemma 3.38], that
the displayed formula agrees with the n-th iteration of the Gauss—Manin connection.
We remark that the assumption that g € (w*?)U»=% is equivalent to ask that the g-
expansion is of the form
glq) =) anq".

pin

Then 9"~/ (g) € w*T2v=2/0 i5 well defined and has g-expansion

P (@)g) =) (vimnTI )ang".

pin
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Our assumption on the weights implies, using the description (4), that the infinite sum
in the definition of V¥ (g) converges to an element

-~

V¥(g) € @ierk_Zi’o[l/P] = Wit2v.

Remark B.2. In [9], only the composite 9 (g) of V" (g) to HO(%°, w**+2V), defined
by the splitting of the inclusion wk+2V C Wk +2v, 1S used. One can then relax the
assumption on the weights. This assumption is used only to ensure that the product
(“j”) ij:_é (ugr + uy, — 1 —1i) converges p-adically to 0 as j goes to co implying
that V¥ (g) is well defined. For p inert or ramified the unit root splitting is not available

outside the ordinary locus and we have no choice but to work with VV(g).

We now specialize at the point xo of £°9 defined by the ordinary elliptic curve
with I'; (NV)-level structure (A, fp). Let L be the field of definition of x¢ and Oy, its
ring of integers. It is an extension of the CM field K. We view xo as an (9 -point
of ¥, The p-adic completion K, of K splits as the product of two copies of Q,
corresponding to the completion of K with respect to the two primes 3 and ‘I} over p.
Givena € K we write @ € Ky and & € Kg for the two projections. The field K acts
on Hy,[1/ p] so that, via the unit root splitting Hy, = w4, ® w;ol, K actson wy,[1/p]
via the linear action of Kz and on w;ol [1/ p] via the linear action of Kg.

Let

WF T2 1= xg (@) WLk = x5 (Wiia,),

and similarly for wk+2| xo and Wy 45, |x,. Then
Wk+2u|x0 = W]?+2v|xo[l/p]-

There is an action of 1 + pO. on Wy 45|, obtained from the K-action on Hy,[1/ p]
letting K act via endomorphisms of Ao: indeed W, |,

k + 2v-invariant functions on Vo(Hg, ®@can)|xy = Vo(Ha,, X5 (@can)) and the latter

can be defined directly as

formal @1 -scheme is functorial with respect to endomorphisms of Ay[p>°].

Via the unit root splitting W, [,

@72, wk*T2v=210|  The key observation is that we can recover

1=

coincides with the p-adic completion of

k+2v—2i
w |x0 C Wk+2v|x0

without using the unit root splitting but using only the CM action; indeed it is the
subspace on which « € 1 4+ pO, acts via (k + 2v —i)(e) - & . In particular, we get a

k+2v |x()

splitting Wy : Wi 10y |x, = @ of the inclusion w*+2 | C Wy 12, |y, and

3"(g)(Ao, t0, Qean) = \IJxO(V”(g)|xO)(Qcan)_
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We then recover definition (3) in the form

LyF.x )= > 1 (@ %anxo (V" (F1) quxo ) (@ % Qean).
a€Pic(O¢)

This is the formula that we generalize in the case p inert or ramified. Notice that at the
expense of working with V¥, that imposes restrictions on the permissible weights k
and v, we avoided the use of the unit root splitting, substituted by the splitting induced
by the CM action of 1 + pO. on the specialization of Wy 45, at the CM points a * xg.
Such action is defined using the functoriality of the formalism of VBMS relatively to
endomorphisms of Ag. In particular, it is still available in the inert or ramified case
and constitutes one of the ingredients in our proof.
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