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Boutroux Ansatz for the Degenerate Third
Painlevé Transcendents

by
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Abstract

For a general solution of the degenerate third Painlevé equation we show the Boutroux
ansatz near the point at infinity. It admits an asymptotic representation in terms of
the Weierstrass pe-function in cheese-like strips along generic directions. The expression
is obtained by using isomonodromy deformation of a linear system governed by the
degenerate third Painlevé equation.

Mathematics Subject Classification 2020: 34Mb5 (primary); 34M56, 34M40, 34M60,
33E05 (secondary).

Keywords: degenerate third Painlevé equation, Boutroux ansatz, Boutroux equations,
isomonodromy deformation, WKB analysis, pe-function, theta-function.

§1. Introduction

In the geometrical study of the spaces of initial values for Painlevé equations,
Sakai [27] classified the third Painlevé equations into three types Pri(Ds), Pir(D7)
and Ppp(Dsg). For the types Pip(D7) and Pip(Ds), Ohyama et al. [24] examined
basic matters including 7-functions, irreducibility and the spaces of initial values.
Equation Pryp(Dg) is changed into a special case of Pip(Dg). Equation Pip(Dy)
is called the degenerate third Painlevé equation or degenerate Py, which may be
normalised in the form
e = B _ve 2% a1
ST e @ T

(ve = dv/d€) with a € C. The change of variables

26 = ebr?, v=-eTu
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takes this equation to the equivalent equation discussed in [17, 18],

2 - 1 b2
(1.1) Urr = o7 8T 4 2 (—8eu? + 2ab) + —,
u T T u

with e = +1, a € C, b € R\ {0}, which governs isomonodromy deformation of the
linear system (3.1). Using the isomonodromy system (3.1), Kitaev and Vartanian
[17, 18] obtained asymptotic solutions of (1.1) as 7 — +o00, +ioo and 7 — =+0,
+i0, with connection formulas among them. Furthermore, for (1.1), a special mero-
morphic solution is studied in [16, 19] and a one-parameter family of trans-series
solutions is given in [29].

As mentioned in [17, 29], in physical and geometrical applications, degener-
ate Ppyp appears in contexts independent of Pip(Dg), i.e. complete Py, and its
significant analytic properties are important. Indeed, the behaviours of solutions
of (1.1) along real and imaginary axes [17, 18] are quite different from those for
complete Py [12]. For complete Piyp of the sine-Gordon type, Novokshénov [22, 23]
and [5, Chap. 16] provided an asymptotic representation of solutions in terms of
the sn-function along generic directions near the point at infinity. It is meaningful
to establish the counterpart of this expression for degenerate Ppyr.

In this paper we show the Boutroux ansatz [2] for degenerate Pyyp, i.e. present
an elliptic asymptotic representation for a general solution along generic directions
near the point at infinity. The main results are described in Section 2. As in
Theorems 2.1 and 2.2, degenerate Pi;; admits a general solution written in terms
of the Weierstrass p-function, and so does Py ([7, 8, 14, 15]). On the other hand,
for Pr1, Prv, Pai(Dg) (of sine-Gordon type) and Py, elliptic asymptotic solutions
are given by the sn-function ([5, 9, 10, 11, 15, 20, 21, 22, 23, 28, 30]). This fact
reflects the position of degenerate Py, i.e. Prr(D7) in the degeneration scheme of
the Painlevé equations [24, 25, 27].

For our purpose it is appropriate to treat an equation of the form
(1.2) y// _ (yl)2 o yil o 2y2 + 3£ 4 1

Y T T Y

(y' = dy/dx), which comes from (1.1) via the substitution
(1.3) etu = (x/3)%y, ebr? =2(x/3)3.

Equation (1.2) with x = €'t governs isomonodromy deformation of the linear
system

av

(1.4) = = BT,
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with

; 0 —2ietPy
B\ t) = —ie'® o3 +
.9 ’ <Ib(t,y7yt)/y 0 )

3 = 1) = o [0 | _
- (Fo(t,y,yt) + 5(1 + 2ia)t 1))\ Los +2¢™ <Z é) A2

in which y and y? are arbitrary complex parameters, and

yt o iet?

10
— (1 4+ 3ia)t™*, = .
) ; (1+ 3ia) o3 <0_1>

PO(tvyayt) = -

As shown in Section 3, system (1.4) is a result of a transformation of system (3.1)
treated in [17, 18]. The isomonodromy deformation of (3.1) is governed by equation
(1.1), and solutions of (1.1) are related to the invariant monodromy data on the
monodromy manifold for (3.1) defined by Stokes matrices and a connection matrix
G = (gi;) € SL2(C) for matrix solutions around p = 0 and p = co. System (1.4)
admits the same monodromy manifold as of (3.1), which is described by the same
Stokes matrices and G for suitably chosen matrix solutions (cf. Proposition 3.2),
so that solutions of (1.1) and (1.2) correspond to the same monodromy data.
Applying WKB analysis we solve the direct monodromy problem for the linear
system (1.4) in Section 5, and obtain key relations in Corollary 5.2 containing the
monodromy data G and certain integrals, which lead to a solution of an inverse
problem. Basic necessary materials for this calculation are summarised in Section 4.
Asymptotic properties of these integrals are examined in Section 6 by the use of
the Y¥-function, and from these formulas asymptotic forms in the main theorems
are derived in Section 7. Then the justification as a solution of (1.2) is made along
the lines of Kitaev [13, 15]. The final section is devoted to the Boutroux equations,
which determine the modulus contained in the elliptic representation of solutions.
Throughout this paper we use the following symbols:

(1) o1, 02, o3 are the Pauli matrices

ooy o=\ _ (10}
lio) P \io ) TP No—1)

(2) for complex-valued functions f and g, we write f < g or g > fif f = O(lg|),
and write f < gif g < f < g.

§2. Main results

To state our main results we give some explanations of necessary facts.
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§2.1. Monodromy data

Isomonodromy system (3.1) admits the matrix solutions
Yi®(p) = (I+ O™ 1))~ V207 exp(—irpos)
as ¢ — oo through the sector |arg y + arg 7'/2 — 7k /2| < 7/2, and
XP(u) = (i/v2)05 (01 + 03 + O()) exp(—iv/rebu ™ 3)

as . — 0 through the sector |arg pu — arg(teb)'/? — nk| < 7, where k € Z (see
Section 3.2). Let the invariant Stokes matrices and a connection matrix be such
that Y%, (u) = Y () S50, X3\ (n) = X (u)S) with j € Z and that Y5°(u) =
X9(1)G. These are

0o 0
o0 — 10 5= 1s7 oS0 = 1sg
5501 01 01

with (3.7), and G = (gs5) with g11922 — g12921 = 1. The monodromy manifold M is
given by GSSOSfoage”(i/z’“)"S = S001G, whose generic points are expressed by G
[17, p. 1172]. Solutions u(7) of (1.1) and y(x) of (1.2) related via (1.3) correspond
to the same monodromy data. As described in Remark 3.1, a change of the matrix
solution basis induces an action on the monodromy data with G on M, and each
solution of (1.1) or (1.2) is parametrised by an orbit, or equivalence class, in the
quotient of M under this action. In what follows, a solution corresponding to an
orbit passing through G is simply called a solution labelled by G.

§2.2. Elliptic curve and Boutroux equations

For A € C around A = 3-22/3 the polynomial 42° — A2 + 1 has roots 2o, 21 close
to 2713 and 2, close to —472/3, and especially, zy = 21 = 2713, 25 = —472/3
when A = 3-22/3. Let T, and IT_ be the copies of P*(C)\ ([oo, z2] U [20, 21]) and
set II4 = II; UII_ glued along the cuts [0o, z9] and [z0, 21|, where Rez — —o0
along [00, z9]. Then I14 is the elliptic curve given by

w(A,z)? =423 — A2? +1,

where the branch of V423 — Az2 + 1 := 2y/z — 29y/2 — 211/Z — 22 is chosen in such
a way that Re /z — z; — +00 as z — oo along the positive real axis on the upper
plane IL, . The elliptic curve II4 does not degenerate as long as A # 3.22/3¢27im/3
(m = 0,=+1), i.e. 422 — A2? + 1 has no double roots, and then we may define 114
continuously.
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As will be shown in Section 8, for any ¢ € R, there exists Ay € C with T4,
such that, for every cycle c on Il4,,

~ A
Imew/w(ig’z)dz =0,
e Z

and that Ay has the following properties (Proposition 8.15):
(1) for every ¢, Ay is uniquely determined;
(2) A, is continuous in ¢ € R, and is smooth in ¢ € R\ {kn/3 | k € Z};
(3) A¢i27r/3 = 6i2m/3A¢, A¢+ﬂ = A¢, A_¢ = Ai¢;
(4) M4, degenerates if and only if ¢ = km/3 with k € Z, and then Ay = 3 - 22/3,

Aprys = €T30, Ayorss = e84, Apr = Ay.

In particular, for 0 < |¢| < m/3 let us consider A, for specified cycles. For Ay
close to Ag = 3 - 2%/3, by Proposition 8.16, number the roots of 71)(141¢,,7,')2 close
to 271/2 in such a way that Im zy < Im 2 if ¢ > 0 (respectively, Im z; < Im zq if
¢ < 0), and let the numbering be retained as long as coalescence does not occur.
Then for 0 < [¢| < 7/3 we have basic cycles a and b on II4,, which are drawn on

I} as in Figure 1. For |¢| < 7/3 the cycles a and b may be defined continuously
on Il4,, and the Boutroux equations are given by

; A ; A
(2.1) Im ew/ Lﬁ’z) dz =0, Ime“z’/ ch,z) dz =0,
a Z b Z

admitting a unique solution Ay. For [¢| < 7/3 the periods of I14, along a and b
are defined by

dz dz
W=0a= [ —Z =0 :/7
# ~/aw(A¢7Z)’ b w(Ag, 2)

which satisfy Im Qp /2, > 0.

20 b/
mﬁk\‘\ OOJ \a

Z|
H+ 21 H+ 0

(a) ¢ — —0 (b) ¢ = 40

Figure 1. Cycles a and b
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§2.3. Main theorems

Let y(z) = y(G,x) be a solution of (1.2) labelled by the monodromy data G =
(gi5) € SLa(C). Then we have the following, in which p(u; g2, g3) is the Weierstrass
p-function satisfying p2 = 40> — gap — g3 ([6, 31]):

Theorem 2.1. Suppose that 0 < ¢ < w/3 and that g11g12922 # 0. Then

y(z) = p(i(z — zf) + O(x7°); ga(Ay), g3(Ay)) + %

as © = te'® — oo through the cheese-like strip
S(¢,toss ko, 80) = {x = te'? | Ret > too, [Imt] < o} \ U {lo = o] < b0},
0'673(13)
with
77(9:3') = {o ’ p(i(o — a:S');gQ(Ad)),gg(A(b)) = oo} = {xg' — 0.7 — inZ}.

Here, § is some positive number, kg a given positive number, dg a given small
positive number, too = too(Ko,00) a sufficiently large number depending on (Ko, dp),

and
A A3
g2(Ag) = 12 g3(Ag) = 216 1,
—ixa' =" (Qa log g2 _ Qp(log(g11922) — m)) —1aQy mod Q.Z + QpZ
2T 922
with

/0+ dz

Qo = ——

0 w(A¢a Z)

in which 07 denotes 0 € I and the contour [0o,0"] C Il contains the line from
—00 to z9 along the upper shore of the cut [00, 22].

Theorem 2.2. Suppose that —w/3 < ¢ < 0 and that g11921922 # 0. Then y(zx)
admits an asymptotic representation of the same form as in Theorem 2.1 with the
phase shift

—ix, = ;—Z (Qa log iﬂ + Qp(log(g11922) — m)) —1aQy mod Qa.Z + QpZ.
™ 11
Remark 2.1. From a relation in the proof of Theorem 2.1 we have an expression
for y'(z) for 0 < ¢ < 7/3 and —7/3 < ¢ < 0 of the form
iy'(x) +1
2y(z)?

respectively, where i:ﬁoi = ix(“)i + Q.

(i — &) + 0(a~");02(As), 95(A0)) + T2,



BOUTROUX ANSATZ FOR THE DEGENERATE THIRD PAINLEVE TRANSCENDENTS 657

Remark 2.2. The phase shifts in the theorems above are represented by ¢11¢g22,
g21/g11 and g12/g22, which are invariants under an action on G in Remark 3.1.

The expressions of y(z) in Theorems 2.1 and 2.2 are determined by Ay and
zo = af for 0 < ¢ < /3, = 2y for —7/3 < ¢ < 0. Since Qap and € depend on
Ay, these may be denoted by Qf;b and Qg’ , respectively. To emphasise this fact,
write

y(x) = P(Ag,20(G, 02, 05, 90); )
for 0 < |¢] < m/3.

For ¢ such that |¢ — 2mn/3| < 7/3 (m € Z), set Qg,b = ezm’ri/?’Qj;fmﬂ/s.

The period, say ¢, may be expressed by the integral on I, ,

b _/ dz _/ dz
a e2mmi/3 w(A¢, Z) N e2mmi/35 w(ezmﬂi/3A¢_2mﬁ/3, Z)
| d¢ o |
_ 2m7r7,/3/ _ 2m7m/3Q¢7 2mm /3 _ 2m7r7,/3C
e e 2 z=c¢e .
a w(A¢72m7r/3a C) ( )

Furthermore, for |¢ — 2mm/3| < 7/3 set QF = ezm”/:‘Qg*Qmﬂ/g. The following
provides an analytic continuation of y(x) beyond the sector |¢| < 7/3:

Theorem 2.3. Suppose that 0 < ¢ — 2mmn/3 < w/3 (respectively, —mw/3 < ¢ —
2mm/3 < 0) for m € Z\ {0}. Then y(x) admits the expression

y(l‘) = y(Gv l‘) = P(Ad?’ xO(G(m)a Qi, in Qg): )
as = te'® — oo through the strip S(¢,tso, ko, 00) wWith P(xO(G(m),Qg,Qﬁ,Qg)),
if gﬁ")gg@)gégl) # 0 (respectively, gET)géT)gégn) #0), where
qmy _ § (SGo) " Gogrelmm /D fm = 1,
(0180)"Goherm/3)i/2=a)os  jfm = —p < 1.

Remark 2.3. The matrix G has another expression of the form

G(m) _ G(sgoscfoa.seﬂ(i/Q—a)ag)mo.gne(mw/S)(a—i/Q)ag if m > 1,

G(Ugeﬂ(a—i/2)03Sfosgo)no.éze(nw/?))(i/?—a)ag ifm=-n<-—1.
§2.4. Examples

For simplicity suppose that e = 1 and b = 2 in equation (1.1). Let G = (g;;) with
911922 — 912921 = 1 be the monodromy data in Kitaev—Vartanian [17, 18], which
coincide with ours above. Suppose that g11¢12921922 7# 0. Then [17, Thm. 3.1], [18,
Thms. 2.1 and 2.3] with £; = e2 = 0 provide general solutions of (1.1) as in the
following examples, in which we write 1(g11922) = i(27) 1 log(g11g22)-
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Example 2.1. If |Rel(g11922)] < 1/6, equation (1.1) admits a solution of the
form

U(T) _ 271/37_1/3 + 21/2371/463ﬂi/4l(911922)1/2 COSh(X(T)),
X(7) = i2'/3%272% 1 1(g11g22) og(2V/23%272/%) + 5(g11922, 912/ g22) + 0(77°)

as T — +00, where v(g11922, g12/922) is a constant expressed by (g11922, 912/922),
and ¢ is some positive number.

Example 2.2. For Rel(g11g22) € (0,1), equation (1.1) admits a solution of the
form

wry—o-1ss({_ 3
() =2 <1 2sin2(>z(r)/2))
—9-1/3.1/3 sin(X(7)/2 — xo) sin(X(7)/2 + xo)
sin®(Y(7)/2) ’

with

Xo = —7/2+ (i/2)log(2 + V/3),
5((7') = 21/333/272/3 + l*(911922) log(21/333/272/3) + Vs (gij) + 0(7'_5)

as T — +oo in a strip |Im7’2/3| < 1. Here, l.(g11922) = (2m)~!log(—g11922)
(e R) if Rel(g11922) = 1/2, and = —i(l(g11922) — 1/2) otherwise; and 7. (gi;) is
a constant expressed by (I.(g11922), 911912, 921922) if Rel(g11g22) = 1/2, and by
(I(g11922), 911912) otherwise.

By the change of variables 72 = (2/3)3, 7u = (2/3)%y, these solutions are
taken to solutions of (1.2) on the positive real axis. Proposition 3.2 guarantees
the transfer between solutions of (1.1) and (1.2) with labels. Observing g11912 =
911922912/ 922 and g21922 = g11922-g21/911, and applying Theorems 2.1 and 2.2, we
have elliptic representations of these solutions for —m/3 < ¢ <0 and 0 < ¢ < 7/3.

In the case where g2 = 0 or go; = 0, [17, Thms. 3.2 and 3.3] with ey =e2 =0
give one-parameter solutions as follows:

Example 2.3. Suppose that go; or g1 = 0 and that g11g20 = 1. Then (1.1)

admits
0 _ ,,—ma)ia -
(50 i€ ) (i (213352023 4 for J4))(1 + o(7~0)),

_ 5-1/3_1/3
u(r) =2 TN 9. 31/4,1/2

as 7 — +o0. Here, 8] —ie™™ = g12/ga2, ¢+ =23, €, = —1, k, = —1if go1 = 0;
and 58 —ie7 ™ = —go1/g11, Cx = 2+ \/§7 v =1k, =3if g1o=0.
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If g11g22912 # 0, go1 = O (vespectively, g11922921 # 0, g12 = 0), Theorem 2.1
for 0 < ¢ < m/3 (respectively, Theorem 2.2 for —7/3 < ¢ < 0) applies to the
corresponding solution of (1.2). In the case, say go1 = 0, this solution is represented
by the p-function for 0 < ¢ < /3, and is truncated for —7 < ¢ < 0.

§3. Isomonodromy deformation and monodromy data
§3.1. Isomonodromy deformation

Equation (1.1) governs isomonodromy deformation of the linear system

dU
3.1 G = U
0 2iee®
= -2 2 )
Ulany7) = —2imuos + T<—<e/4>e-w<uf/u—1/7—1@) 0 )

( 0 2 (ia — iT(pT/2)>

1(, +7‘( v . )> n 1
— —(ia+ =(u" Ju — i, — .
M 2 pr))as 2\ —iue™ 0

I

with ¢, = (d/d7)¢ = 2a/7+b/u, i.e. the monodromy data remain invariant under
small change of 7 if and only if ™ = (d/d7)u holds and u(7) solves (1.1) [17, Props.
1.1, 1.2 and 2.1]. Let us change (3.1) into system (1.4) associated with (1.2). After
the transformation

eiv/2 Verd/4 0 ~ 1
_ — ./ /24
U= < 0 6i<p/2> < 0 7_73/4/\/€ U, = 2/KT Hs
put
R 2 1/4
2 =rE, Tu=qle, u+u/T=2k)"1¢, U= <( /%) 0_1/4> V,

with k chosen so that exb = 2. Then (3.1) becomes

dv .
i V(i )V,
- e 0 41
(€)= =48R0+ | _ ¢ (960 10— 2(1 + ia) — 2i€/q) 0

1/.¢ 1 i i (01/q
e ()
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The further change of variables
V= (‘z{;@ %) Vo= @3y E= @/
¢ =y" +2y/r, (z/3)p=N/2
with z = te® and y* = e~y takes the system above to (1.4):
aw 1
dx 3

whose right-hand side is written in the form

B\ )T,

(3.2) B(A,t) = bioy + byoa + b3os,
by = —(i/2)(2e"%y + iTo(t,y,y" )y~ ') + 2ie’? X2,
by = (1/2)(2¢"y — iTo(t,y, 4" )y ),
by = —ie? X — (Do(t,y,y") + 3(1/2 +ia)t A",
yt e’ 1+ 3ia

To(t,y,y')==—-—— .
Y Yy t

In the linear systems above, u, u”; g, ¢5; vy, y* are arbitrary complex parameters
or functions, and 2(ex)1¢¢ = u” + u/7, ¢¢ = y® + 2y/x and y* = eyt are
compatible with their derivatives.

Proposition 3.1. System (1.4) admits the isomonodromy property if and only if
yt = (d/dt)y holds and y = y(e'?t) = y(x) solves equation (1.2).

§3.2. Monodromy data

For each j € Z system (1.4) admits the matrix solutions

(3.3) Y2(N) = (I +OAT)A~ /2078 exp(—(i/6)e™t\%05)

as A — oo through the sector |arg A + ¢/2 — jn/2| < /2, and
(3.4) }A/jo(/\) = (i/V2)(01 + 05 + O(N)) exp(—(2i/3)e*t AL o3)

as A — 0 through the sector |arg A — ¢ — jm| < w. The Stokes matrices are such
that

VRO =187 Tl =T 08,

and the connection matrix G = (Gij) is defined by

(3.5) f/ooo(/\) = 1700(/\)@, 11922 — G12921 = 1.
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The Stokes matrices satisfy
51133,2 = Ug@iw(aii/%asSvgoeﬂ—(aii/g)gsdgg, Sg = 01§2+101,
for k € Z, and the monodromy manifold is given by

63503?036”(1/2_“)”3 = Sgalé

oo [10 oo (185 o (18
S°<§g°1>’ S1<01>’ ‘90(01 ’

These monodromy data and their relations are obtained by the same argument as
in [17, Sect. 2].

Let G = (gi;) be the monodromy data for system (3.1) given in [17, 18]. This
connection matrix is defined by

with

Y5< (1) = X (1) G-
Here, Y5 (u) and X0 (i) are matrix solutions of system (3.1) as follows:
Vi (u) = (I 4 O(u="))u~ /2078 exp(—irpPos)
as y — oo through the sector |arg u + arg 7'/2 — 7k/2| < 7/2, and
X () = (i/vV2)07" (01 + 03 + O()) exp(—iv/Tebu ™ 03),
Oy = (eb) /A7~ V4 (—ue=i# /1)~ 1/2

as 1 — 0 through the sector |arg u — arg(reb)'/? — wk| < « [17, Prop. 2.2]. Fur-
thermore, Stokes matrices are defined by

Y ) = YR0S2, X900 = XIS,

and the monodromy manifold M for (3.1) is given by

(3.6) GS3 S ose™ /2797 = §00 G

with .
wolet) ) e ()

For k € Z,

(3.7) Spie = gze (a7 /Dos g en(a=i/os g, G0 0184101

A generic point on M is represented by G; indeed, if g11g22 # 0, then s3°, s3° and

s9 are written in terms of g;; [17, p. 1172].
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. . o0 0
Remark 3.1. Instead of the matrix solutions (Y (u), X7 (1)), we may take

(V22 (0, X () = (22 2V ()02, e/ 2 X0 ()

with any ¢ € C\ {0}, in which Y (1) = (I4+O(p~"))Y;*(n). Then the connection
formula Y (1) = X§(1)G becomes YS (p) = X, (1)Ge=7%/2, which induces the
action

ac: (S5°, 7%, 50, G) > (c73/28550cm3/2, 731290 3/2 50, Gem /)

on M. As shown in [26, Sect. 3.5], each solution of (1.1) corresponds to an orbit
by the action ac, and the quotient of M consisting of these orbits is a nonsingular
affine cubic surface V(M) C C? parametrised by a. Then g11922, 921/911, 912/ 922
are invariants under ac, and two of them may be coordinates of a generic point

on V,(M).

Asin [17, Thms. 3.1, 3.2, 3.3] and [18, Thms. 2.1, 2.2, 2.3], a solution of (1.1)
labelled by G is parametrised by g11922, g12/922, 921/911, provided that (3.1) is an
isomonodromy system governed by (1.1). The following relation suggests that we
are allowed to use the same monodromy invariants in parametrising our solutions
of (1.2) as in [17] and [18] (cf. Examples 2.1, 2.2, 2.3):

Proposition 3.2. Let (Y (N), }700()\)) = (}70"0 (A)@g’?,?oo()\)) be a pair of mat-
riz solutions of (1.4) near X = oo and 0, where Oy . = 600(1)/2+m with ¢y =
(3/2)V/ebr/22=1. Then, for this pair, the corresponding Stokes matrices and con-
nection matriz coincide with S§°, St°, S§ and G for (Y§©(u), X (1)) of (3.1).

Proof. Note that (3.1) is changed into (1.4) by the transformation U = O3V,
1= coX with co = (3/2)Vebr'/2z~1. Set Y (\) = YP(A)G*. Then
(85" Y5 (o)), 85 7* X (o)) = (¥ (N)@ "y /7 TP (W)
= (Y5 (N, Y9 V)

solves (1.4). Insertion of this into Y (u) = X§(u)G yields G = G*. Let S5~

~

S7°* and SO be the Stokes matrices for (Y3 (A), YP())). Then the equation of
the monodromy manifold is

o 0.
Gy 870 03em (/2707 = 5001 G,

which yields the entries of Sg°*, ST and Sg™* in terms of g;; coinciding with
those of S§°, S° and S derived from (3.6) as in [17, p. 1172]. This completes the
proof. O
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Remark 3.2. We have G = GO, 7, /21197 = GO, 7, 9% = 0725590, 7
and S9, = S9,.

Equation (3.6) of the monodromy manifold may be extended.
Proposition 3.3. Form=1,2,3,...,

GS3ST° - So—259m 103 pem(/2-alos = 58"'50 107G,
G882+ 8%, 415%%,05 €™/ = 50, ... 80 oG

Proof. Recall the relations Y, () = 03Y,2,(ne™)oze™™@=%/27 and XP(p) =
03X, 1 (ne™)oy given by [17, eqn. (24)]. Then

Yo () S50 57 -+ S5 —2Som—1 = Yo (1) = 03Y555, 1) (ue ™™ )agem @728

L U:gnyoo(ue—mwz)o,gzemﬂ(a 1/2)03

Yo (1)Sg -+ Sy =Y (p) = 0sY 1 (ne” ™oy

e UgLYOO(Ne mﬂ'i)ain.
Using Y (i) = Yg'(1)G and Yg® (ne™ ™) =Yg (ue™™™)G, we have

Y5 () GSGoST -+ 553, 28501 = 05 (e ™) Goylem et/
=Y2(u)Sy - 80 o GoyremT(aTi/2)os,

which implies the first relation. O
The formulas above are also written as follows:
Proposition 3.4. Form=1,2,3,...,

G ST -+ S5p, 085, 1 = (S0o1) " Gogtem e/,
G 8%+ 8% 1157, = (0180) " Goglem (/2= )s,

Proof. By (3.7), S]Q_la{ = 01510_20{_1 = ... =059, and hence
S0+ 8% 107G = (801)"G, 2, 8°,.07°G = (0150)"C.

Combining these with Proposition 3.3, we have the desired result. O

§4. WKB analysis
§4.1. Turning points and Stokes graphs

Let us examine the characteristic roots +u = £u(t,\) of B(t,\), the turning
points, i.e. the roots of u, and the Stokes graph, which are used in calculating
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monodromy data for system (1.4). The characteristic roots are given by

p? = b7 + b3 + b3
(4.1) = MO\ L 2P N2 — 4P ONTH 4 3ie™ (1 4 2ia)t !

with

sis (Y 1\2 1 . 1
(4.2) agp = ay(t) =e” “ﬁ(g + §> + 4y + o 3ie (1 + 22a)£.
The Stokes graph consists of the Stokes curves and the vertices: each Stokes curve
is defined by Re f/\)‘* w(A)dA = 0 with a turning point A,, and the vertices are
turning points or singular points A = 0,00. Here, p(\) is considered on a two-
sheeted Riemann surface glued along cuts with ends of turning points or singular
points.
First suppose that ¢ = 0. If ag = ag=0 = 3 - 22/3 then

11(00, A)?[g=0 = —AZ +aph 2 — 4N = “ATH(A2 - 21/3)2(\2 4 4%/3),

This means that p(t, A) admits six turning points Ag, A1, Aj, A], A2, Aj such that
Mo and \; coalesce at 276, X} and A} at —2'/6 as t — oo, and that Ay and M,
approach +22/34, respectively. The Stokes graph with ¢ = 0 is used in [17, Sect.
4]. (Note that a solution y(z) of (1.2) for = ¢ > 0 corresponds to u(7) satisfying
(1.1) for 7 > 0 if b > 0.) The limit Stokes graph with ¢ = oo is as in Figure
2(c) and p(A) is defined on the two-sheeted Riemann surface Rg glued along, say
[N, €™/20] U [N, e~ ™/20].

The limit Stokes graph for the isomonodromy system (1.4) is considered to
reflect the Boutroux equations (2.1). When ¢ increases or decreases, the limit
turning points for Ag and A; move according to the solution A4 of the Boutroux
equations (2.1). By Proposition 8.16, for ¢ close to 0, the double turning point
at 2'/6 is resolved into two simple turning points such that Im\g > 0 > Im \;,
Relg < 216 < Re\; if ¢ > 0, and that ImX\g < 0 < ImA;, Re)g < 2V/6 <
Re); if ¢ < 0. As will be shown in Proposition 8.15, for 0 < |¢| < 7/3 the
coalescence of turning points does not occur, and then topological properties of
the limit Stokes graph remain invariant. Every turning point is simple, and the
two-sheeted Riemann surface Ry of pu(A) is glued along the cuts [Ag, A1], [Ay, Af]
and [\g, e™=)¥20] U [\,, e~ ("+9)i/20]. The Stokes graph lies on the upper sheet of
Rg. For —m/3 < ¢ < 0 and 0 < ¢ < /3, the limit Stokes graphs are as in Figures
2(b) and (d), in which each limit turning point with ¢ = co is also denoted by A,
or A/. In our calculation, for 0 < |¢| < 7/3, we use the Stokes curve from 0 to co
passing through Ay and \; appearing as a resolution of the double turning point.
For a technical reason, the cut [Ag, A;] on the upper sheet is made in such a way



BOUTROUX ANSATZ FOR THE DEGENERATE THIRD PAINLEVE TRANSCENDENTS 665

(b) —7/3 < ¢ <0 (d)0<o<m/3

Figure 2. Limit Stokes graphs for |¢| < 7/3

that the Stokes curve (Ap, A1)~ is located along the lower shore (respectively, the
upper shore) of the cut if 0 < ¢ < w/3 (respectively, —7/3 < ¢ < 0), and the cut
[0, A2] in such a way that the cut [Ag, A1] is located on the right-hand side of [0, A2
(cf. Figures 3, 4, 5).

Let us set

pt, \) = iei¢A—2\/4 — A2 + A6 — 3ie= (1 + 2ia) \4t—L.

This square root is defined as the product of the form

—ie A2 (00, A) = 24/ (1 — A2 A2)(1 — AT2 A2)(1 — Ay 2 A2
K ’ 0,00 1,00 2,00
=2,/1- 2202 /1- 22002 /1 A2 0

with Aj s = Aj(00) satisfying A§ AT o A3 oo = —4, in which the branch of each
minor square root is fixed in such a way that /1 — A;C%OAQ — 1 as A — 0 on the
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upper sheet. Then u(t,\) — —ie®®X + O(1) as A — oo and p(t, \) — 2ie’®A=2 +
O(1) as A — 0 on the upper sheet.

An unbounded domain D C Ry is called a canonical domain if, for each
A € D, there exist contours Cy(A) C D terminating in A such that

A A
Re / (X)) d\ = —oo (respectively, Re /
A

- +

p(\) dx — +oo>

as A_ — oo along C_(\) (respectively, as Ay — oo along C (X)) (see [4], [5,
p. 242]). The interior of a canonical domain contains exactly one Stokes curve, and
its boundary consists of Stokes curves.

§4.2. WKB solution

The following WKB solution will be used in our calculus:

Proposition 4.1. In the canonical domain whose interior contains a Stokes curve
issuing from the turning point Ao or A1, system (1.4) with B(\,t) given by (3.2)
admits an asymptotic solution expressed as

A bs—p
Uwrp(\) = T(I 4+ O(t~%)) exp </:\ A(T) d7>7 T — ( u}bg b1Ji7lb2>

b1 —1iba

*

outside suitable neighbourhoods of zeros of by %iby as long as |A\—\,| > t=2/3+(2/3)0
(t=0,1,2). Here,  is an arbitrary number such that 0 < & < 1, A, is a base point
near Ao or A1, and

t
A()‘) = g/i(ta )‘)03 - diag TﬁlT)\.

Proof. This is shown by using 1 = —ie’®\ + O(1) near A = oo, and = 2ie’®\~2 +
O(1) near A =0 (cf. [5, Thm. 7.2], [28, Prop. 3.8]). O

Remark 4.1. In the proposition above

1
e T—1T — . Y YRy
diag N 72#(,“‘5‘173)(2(()11)2 biba)os + (bsp” — b))
1 bg 0 bl +ib2 10 1%
— - (1-2)2, -9 I
4( )m O i T 2N by

where b} = (0/0\)b;.



BOUTROUX ANSATZ FOR THE DEGENERATE THIRD PAINLEVE TRANSCENDENTS 667

§4.3. Local solution around a turning point

Near turning points the WKB solution above fails in expressing asymptotic beha-
viour. In the neighbourhood of A, system (1.4) is reduced to

aw 01
(4.3) ran (C 0) w,
which has the solutions 7'(Ai(¢), Ai¢(¢)), T(Bi(¢), Bi¢(¢)) with the Airy function

Ai(¢) and Bi(¢) = e~ ™/ Ai(e=27/3¢) ([1, 3]). Then we have the following solution
near each simple turning point ([5, Thm. 7.3], [28, Prop. 3.9]):

Proposition 4.2. For each simple turning point A, (v = 0,1,2) write c;, = br(\,),
¢ = (bp)a(\) (k=1,2,3), and suppose that ci, ¢}, are bounded and c¢; £ icy # 0.
Let t = 2(2k.)"Y3(c1 — ico)(t/3)Y3 with k. = c1c) + cach + cschy. Then system
(1.4) admits a matriz solution of the form

®W=EUHM4DCEJW@,E=< Z“iﬂ,

0f - 1
C1—1C2

in which X — A, = (2kc) 7Y3(t/3)72/3(C + o) with |(o| < 73, as long as |¢| <
t@3=303 e [N = \,| < t2/3H2/3=00/3  Here, § is an arbitrary number such
that 0 < &' < 2/3, and W(() solves system (4.3) having canonical solutions W, (¢)
(v € Z) such that

Wo(§) = ¢ (05 +00) (I +O(C/?)) exp((2/3)¢* o)
as ( — oo through the sector |arg( — (2v — )7 /3| < 2w/3, and that W,41(¢) =

W, (€)S, with
1—1 10
S = <O 1Z> > Sy = <—i 1) s Su+1 =015,01.

Remark 4.2. Putting A — \, = (2k.)~Y/3(e2™/3)%(t/3)=2/3({ + (o), 7 € {0, +1},
we have an expression of ®,(\) with # = 2(2k,.)~Y/3(e2™/3)% (¢; —ico)(t/3)/3.

§5. Calculation of the connection matrix

We calculate the connection matrix G = (gi5) given by (3.5) as a solution of the
direct monodromy problem by applying WKB analysis to system (1.4). Suppose
that a,(t) is given by (4.2) with a pair of arbitrary functions (y,y") = (y(¢),y"(¢))
not necessarily solving (1.2), and that

By(t)

(5.1) aglt) = Ag + =52, By(t) <1
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Figure 3. Stokes curve for 0 < ¢ < /3

for t € Sy(tl,, k1,01) with given k1 > 0, small given §; > 0 and sufficiently large
., > 0. Here, A, is a solution of the Boutroux equations (2.1), and

So(thorrr,81) = {t | Ret > ¢, [Ime| <k, [y(8)] + [y (O] + Iy~ < 57,

Let 0 < ¢ < w/3. We calculate the analytic continuation of the matrix solution
near A = oo along the Stokes curve consisting of

Coo = (OO>>‘1)Na C1 = ()‘h /\O)Na Co = ()‘OaO)N

starting from oo and terminating at 0 on the upper sheet of the Riemann surface
Ry of p(oo, ) as in Figure 3. Under supposition (5.1), these curves cg, ¢1, ¢ lie
within the distance O(¢~1) from the limit Stokes graph. Recall that the curve c;
is located along the lower shore of the cut [Ag, A1].

In the WKB solution, write A()) in the component-wise form A(X) = Az(\)+
A[()\) with

As(N) = %M(t, Nos —diag T ' Th|o,03, Ar(A) = —diag T 'Ti /1,

in which diag7~'T)\|,,03 € Cos, diagT~*Ty|;I € CI. In Propositions 4.1 and
4.2 if § = ¢ = 2/9 — ¢ with any e such that 0 < ¢ < 2/9, then both propositions
are applicable in the annulus

AL m2/3HC@/3E9=) |\ L\ | < ¢ 2/3HE/@/94e/2)
(¢ =0,1). In what follows we set 6 = 2/9 — ¢, and write ¢t = bi(No), di = br(A\1)
(k=1,2,3).

(1) Let ¥oo(N) along coo = (00,A1)~ be a WKB solution by Proposition
4.1, and let Y7 (A) = Y5*(A\)O, 7° be given by (3.3) and Proposition 3.2. Set
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Yoo (V65 = Y5°(\) = Yoo (NTwc. Using p(t, A) = —ie'®A = §(1+2ia)t~'A"1 +
O(A73) along coo, and p — by < A71 as X — oo, we have

I = ‘I’oo()\)_li}ooo()‘) = ‘I’oo()\)_lyooq*()‘)@g?*
A
= exp (—A A(7) dT) T=YHI+ Ot + [\~Y)

X exp(—%(i@i¢tA2 + 3(1 + 2ia) log )\)03)
= Cs(M\)er(A) I +O0(@t™0%))

A

1 .

X exp (— /\ILm ( As(T)dr + 6(7:6“%)\2 + 3(1 + 2ia) log )\)03> >,
o \Ja

A€ECo 1

in which C5(\;) = exp(f/\’\l1 Asz(7)d7), cr(A1) = exp(— Jx, As(r)dr), and A1 € Coo,
A — A < 1

(2) For W, (\) and for ®](\) given by Proposition 4.2 in the annulus A}
around \p, set U, (\) = &7 (AT, along co. Suppose that the curve (2k4)/3 (A —
M) = (t/3)723(C + O(t=13)), kg = did) + dadly + dsdly with X € co enters the
sector |arg ¢ — 7w /3| < 27/3 (the other cases are similarly treated by Remark 4.2).
Write K~ = 2(2k4)~'/3(d; — idy). Then, by Propositions 4.1 and 4.2,

Tie = &7 () e (M)

— (o) 1 0 - I+ 0(t=° 1 ot -
- C) 0(t/3)_1/3K ( + ( )) ds 1

T di—ids

X ( “,11,3 bﬁ:g?) I+ O(t_é)) exp( ~)\ A(T) dT)

b1 —1iba 1 A1

1 d3 A
=W ( (t/3)/%, (td/13+)11;132#> (I +0(t°%))exp ([ A(T) dT)

2K (di—ids) 2Kds A
for A € AL Ncao, where (1 —bs)/(by iby) = (u—ds)/(d1 £ids) +O(n), n = A—Ai.
Since g = (2ka)?0" /2(1+ O(n)) = 2K (d1 —ids)(t/3)~ /3¢ /2(1 4+ O(n)), we have

A
Iy =exp (/:\ A(T)dr — §C3/203)C1/4(I+ ot™?) <(1) _dlo—id2> :
1 ds

By As(\) = ((26a)'/2(t/3)n"(1 + O(n) + O(n~"/?))o5 and Ar(A) = (=0~ /4 +
O~ Y2)I (cf. Remark 4.1) for n = A — A\, A € Al Ny,

T = ()Y I+ 01t™?)Cs(M) " ((1) _dlo—id2>
ds
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with suitably chosen C~1 = :\1 — A1

(3) Let @7 (A) be the solution by Proposition 4.2 near ¢; = (A1, Ag)™, and
set ®F(\) = ®] (A\)T1., where &7 ()\) is the analytic continuation along an arc in
Al in the clockwise direction. Then by Proposition 4.2,

I'. = @f(A)_l‘I’f()\) =553 = (_1@ ?) ((1) _12> '

(4) For @7 (A\) and the WKB solution ¥ (\) along cq, set &7 (A) =07 (A\)T—.
Then, supposing the curve (2k4)"/3(A—= X)) = (t/3)"2/3(C+O(t~/3)) with A € ¢
to be in the sector |arg ¢ — 7| < 27/3, we have, for N} € ¢y, [N, — M| <t~

Lo =07 ()T ()

A 1 bs—p B
= exp (— / A(T) dT) (I+ O(t_‘s)) L—bs b1+12b2
i b1 —ibs

N T asoe () ) WO
| 0(t/3)"°K

_ 2 3/2 A —1/4 -5 1 0
= exp gg o3 — 5 A(7)dr | ¢ I+0(t™°) d ,

where K1 = 2(2k4)"Y/3(dy — ids). This yields

Ty = (&) VAT + 00 ey (1 ¥ )

O —d1 ’Ldz

with C4(X,) = exp f)\ As(7) dr) for some {} < N — \j.

(5) For ¥y (A) and the WKB solution Wi (A) along ¢ near Ao, set U (\) =
\IJE)"(/\)FM. Then, for A\g € c1, Ag — Ao =< t71,

Lo = W5 (\) 707 (A)

= exp (— x: A(7T) dT) T+ O(t—é))Texp< : A(T) m)

A1
:Cé(j\’l)_lcé'(j\o)cf(j\'l,S\O)exp<—/ A3(T)d7’>,
A

0

where C4 (AO)—eXp(f As(1)dr), er(Ny, Xo) = exp(— f AI
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(6) For ¥ (A) and for ®F()\) given by Proposition 4.2 in the annulus A2
around Ag, set W (A) = ®F(A\)g. Then, by the same argument as in (2) above,
we have

- ~ 1 0
Lo = 05 (N)"TF(AN) = (Go) /(I + 0t °)CY (Xo) " (o _cl—m)
for some 50 = X — Ao.

(7) Let &5 (A) be the solution by Proposition 4.2 near c¢g = (Ao, 0)™, and set
dF(N) = &5 (M., where @ ()) is the analytic continuation along an arc in A?
in the clockwise direction. Then by Proposition 4.2,

Dow =05 (N) 10T (N\) =Sy = (_12 ?) :

(8) For &, () and the WKB solution ¥y () along cg, set @5 (A) = Wo(A)To—.
By the same argument as in (4), we have

O - C1 71‘62

Lo = Wo(\) 15 (A) = () V4L + 0(t~°))C5(Ap) (1 003 )

with C5(X)) = exp(f/\:\oé As(7) dr) for some () =< Xy — Ao.
(9) For Wy(A) and YO(A) given by (3.4), set Uo(A) = YO (A)To. Then

To = Y5 (\) " To(N)
. A
= exp(%eid’t)ﬁlag) ?(01 +03) M (I + O(|t™°| + |A]))T exp <[

Ao

A(r) dT).

Note that u(t,\) = 2ie’?X\=2 + O(1) as A — 0 along cg. Since

. 1 1-1
(01 +03)_1§%T(/\) = 5(01 +03) (1 1 > =03,

we have

A .
Lo = Cs(M\p) " ter (M) (o5 + O(t™?)) exp(lim </ As(7)dr + 226i¢t)\103>)
A=0 \ 3

A€Eco 0

with &;(A) = —v/2i exp([5, As(7) dr).
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Collecting the matrices above, we have the connection matrix
G =Gog, = Y7 (N Y (Veg, = () V()
=Tolo-Toslo4T01l'1-T1.11 T

= 6+i(0’3 + O(t_6)) eXp(J00'3) ((1) _30_1> (_17/ ?) (é —Oco>
x exp(—J103) ((1) —c(l)ol> (_12 (1)> ((1) _1’> <(1) _(;O> exp(—J03)

— e, (I+0(t7%)

y iexp(Jo — J1 — Jso) —dopexp(Jo — J1 + Jo)
(et exp(—J1) +dy texp(Jy)) exp(—Jo — Joo) ic tdoexp(—Jo — J1 + Joo)

if 0 < ¢ < /3, where €2 =1, co = (c1 — ic2)/cs, dy = (d1 — id2)/d3, and

A .
2 .
(52) Joosz = lim (/ A3(T) dr + Ze“f)tAlO'g),
R Mo ’

A1
(5.3) J10'3:/ As(7)dr (along cy),
A

0

A
1
(5.4) Joo03 = )\lim (/ As(7)dr + g(ie“z’t)\z + 3(1 + 2ia) log )\)03>.
— 00 A
)\ECoc 1

In the case —7/3 < ¢ < 0, from the analytic continuation along the Stokes
curves as in Figure 4, it follows that

G = c_i(o3 + O(t~%)) exp(Joos) ((1) _201) ((1) i) (é _OCO>
A 1 0 12 10 10
x exp(—J103) <0 —d01> (0 1) (2 1) <0 —do) exp(—Jxo03)

=e_(I+0(t7?))

y —icodal exp(Jo + Jy — Jso) (co exp(jl) + dy exp(—jl)) exp(Jo + Joo)
—dal exp(—Jo + J1 — Jxo) —iexp(—Jo+ J1 + Jo) '

Here, €2 =1, and

A1

(5.5) Jios3 = As(7)dr  (along &),
Ao

in which ¢; is a curve joining )¢ to A; located along the upper shore of the cut on
the upper sheet of R4. Thus we have the following proposition:
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Figure 4. Stokes curve for —7/3 < ¢ <0

PI’OpOSitiOH 5.1. Let Co = (Cl — iCQ)/Cg, do = (dl — ng)/dg with C = bk()\()),
d, = bp(\) for k=1,2,3. If 0 < ¢ < /3, then
G=c (I+0(7%)

% iCXp(JO_Jl —Joo) _dOCXp(JO_J1+Joo)
(cgtexp(—=J1) +dyt exp(J1)) exp(—Jo — Joo) icy tdoexp(—Jo — Ji + Joo) )’

and, if —w/3 < ¢ <0, then

G=c_ (I+0(7%)
y —icody L exp(Jo + J1 — Jao) (coexp(J1) + doexp(—J1)) exp(Jo + Joo)
—dyt exp(—Jo + J1 — Joo) —iexp(—Jo+ J1 + Jxo) '

Here, €3 =1, and Jy, Ji, Ji, Jeo are integrals given by (5.2) through (5.5).

From the proposition above with G = GO, G = (g9ij) (Remark 3.2), we
derive key relations.

Corollary 5.2. If0 < ¢ < 7/3 and g11912922 # 0, then

g11922 = —¢5 "do(1 + O(t7°)) exp(=2.11),

T2 _ ieo(1 4+ Ot™0)) exp(2.0)-

922

If —m/3 < ¢ <0 and g11921922 # 0, then

911922 = —cody L (1 4+ O(t™%)) exp(2J1),

zﬂ = —icg (1 + O(t™%)) exp(—2Jp).
11
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§6. Asymptotic properties of monodromy data
§6.1. Expressions of Jy, J; and J1

To examine asymptotic properties of Jy, J; and J1, we make the change of variables
A72 = 2. Then, by (4.1) and (4.2), pu(t, A) becomes

2i¢

) ) . 1/2(_»—3/2
w(t, \)d\ = (_ez +e?®ayz — 4e¥?2% 4 3ie' (1 + Zia)fl) % dz
_ _3. ,¢w(z) _§ 1+ 9ia)t! 1 -2 -3
( 5¢7 3 4( + 2ia)t 000 + Ot *w(z) )) dz

with w(2)? = w(ae,2)? = 423 — apz? + 1, for z such that w(z) > 1. The turning
points Ag, A1, A2 and 0 on R4 are mapped to

-2 -2 -2
2’0:)\0, 2’1:)\1, 2’2:)\2

and oo, respectively, on the elliptic curve I1,, for w(ag, z) constructed in the same
way as in the case of I14, in Section 2.2. The branch of u(t, \) is compatible with
that of w(ag,z). Suppose that II,, is equipped with the cycles a and b as in
Section 2.2. Then the inverse image of the cycle a is a closed curve ay surrounding
the cut [Ag, A1] anticlockwise (see Figure 5).

[eR =2 w0 [ i [ ma

Cew(z) i dz 3, dz
£A) A = —ieid 2NE) Lo i _Z_
Hit; A) Ty T3¢ ad)w(z) 2 ¢ 22w(2)

+ Ot ?w(2)?) dz,

Since

we have

d
- 2(1 + 2ia)t~t ——=

in which w(z)/z = 222 4 O(27'/?) as z — co. Hence

A
lim (/ w(t,7)dr + 2iei¢)\1>
A—0 A

AEco 0

e [ e [ g [
TR b w(z) * 1€ szw(z)+8( + Zia) b 2w(2)

L O(t?)
(6.1) - %w/b @ dz + 2(1 + 2m)t—1/b ijz) LO(t?),
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P o

20

Z1
—7m/3< <0
21
b _—
~__ ¢ AN\
I, 0

0<op<m/3

Figure 5. Correspondence of the cycles under the map z = \~2

and

)\1 )\1
| wendn ~ [ e
Xo(er) Ao(€1)
gt [ B [ e [
4¢ e a w(2) 1€ o 22w(z) 8( + 2ia) a 2W(2)
+0(t7?)
i w(z) 3 o dz _
2 =——e? [ —Zdz— =(1+ 2ia)t™" t2
(6.2) fo [ a0 it [ S0,

in which | /\/\0 1(c) denotes the integral along the contour c. By Remark 4.1,

t . —
(6.3) Aa(tX) = (Gt X) — diag T~ T3], ) s,
1 0 b1 + by

. _ b3
diag T ' Ty|p, = = (1 — =) =~ .
fag T Do 4( u)ax 8 b — ib
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To calculate Jy, J; and jl, it is necessary to know diag 7T~ 'T}|,, in addition to
(6.1) and (6.2). Note that, by (3.2),

by =272 —iK,, by=K_, bs=—ie!?\— Ko\,

with Ky = ey 3iy ' To(t,9.y"), Ko = To(t,y,4") +3(1+2ia)t ™", To(t,y.y") =
yty=! — ey — (1 + 3ia)t™!. Setting z4 = e 7"?(K, + K_)/2, i.e.

(6.4) 2y =y, 2= (i/2)e Py ' Tolt,y,y"),

and A\72 = z, we have

(6.5) by —iby = 2ie™ (2 — 21), by +iby = 2ie"?(z — z_).

By (4.1), u? = —e?*X2w(z)? + O(t~1), which implies p = ie’®? \(w(z) + O(t~12))

on the upper sheet of Il,,, and hence
bs - _ipbs 1 1 9
— = —je = O(t
] N (w(z) +O(t 2 ))’

where b3/\ = —Koz — ie'? satisfies (b3/N\)(2+) = —(u/N)(2+) = —iePw(zy) +
O(t™1), since p(z+)? = (by —ibg)(by +ib2) (24 ) +b3(2+)? = b3(2+)? by (6.5). These

facts combined with (6.5) yield
1 b3\ d by +ib
. —1 _t 93\ @ 1 2
diag T™ " Ty|oy AN = 4(1 ,U)d)\ og T dX
1 b3\ d by + by
=—(1-—=)-—1 d
4( ,u)dz Ogbl—ibg *
1 b3 1 1 1 1
=—(1 L t=1z72 — d
4( e A(w(z)+0( ‘ ))>(z—z_ z—z+) z
B _1( 11 n (w(z+) B w(z,)) 1
 4\z—2zp z—z_ z—zy z—2z_/Jw(z)

which implies

A
1 1 N d
lim [ diagT 'Th|,, dA = - log =+ z++7/(w(z+)7w(z )) = o).
b

A—0 4 20—z 8 z—z z—z_Jw(z
AEco Ao 0 + ()

Here, by (6.5), ¢3 = (c1 —ic2)?/c3 = —(c1 —ica)/(c1+ica) = —(20 — 24) /(20 — 2—)
and log((z0 — 2+)/(20 — 2—)) = log(—c3) = 21og(icp). Similarly,

)\1 A1
1 1
— / diag T~ T2 |, dX + = log(cody ), / diag T Ty |0, dX — = log(cody*)

Moler) 2 Ao (1) 2

_ }/(w(z+) B w(z_)> dz +ou.

8 z—zy  z—z_/w(z)
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Insertion of (6.1), (6.2) and the relations above into (5.2), (5.5) with (6.3) provides
the expressions of Jy, J; and Ji. Then by Corollary 5.2 we have the following
proposition:

Proposition 6.1. Let

W(z) = (w(z+) B w(z,))wl

z2—zy z2—z_Jw(z)

(1) Suppose that g11g22 # 0, g12/ga2 # 0. For 0 < ¢ < /3,

912 iei‘f’t/ w(z) 1/ 1 ) / dz 5
log — = dz—— [ W(z)d —(1+2 ——+0(t
8 922 6 b 22 ‘ 4 Jy (2) dz+ 4( + Zia) b 2Ww(2) o),

ie't [ w(z) 1 1 , dz
log(g11g22) = 5 /a 2 dz—z/ZiW(z) dZ+Z(1+2m)/azw(z)

+ i+ O0(t™0).

(2) Suppose that g11ga2 # 0, g21/g11 # 0. For —m/3 < ¢ < 0,

I [0 iy Y [ o
log = /b dz + 1), (2)dz 4(1 + 2ia) L 2w(z) +0(t™),

g1 6 22
et [ w(z) 1 1 dz
1 = dz — - dz+ ~(1+ 2ia) | -2
o(angn) = 5+ [ U a1 [ Wb+ 10+ 210) [ L
+ i + O(t79).

Remark 6.1. In the proposition above,

iel’t w(z) ie'Pagst dz  ie't dz
5 dz = — + 5 .
6 a,b z 6 a,b ’U}(Z) 2 a,b z ’lU(Z)

§6.2. Expressions by the ¥-function

For w(z)? = w(ag,2)? = 423 — ay2? + 1, the differential equation (dz/du)? =
w(ag, 2)* defines the Weierstrass p-function

ag a; ay
z = p(u; g2, 93) + 2 g2 TR g3 + 216

The periods of ©(u; g2, g3) are

dz dz Wh
Wa=| —, wp=|] ———, 7=—, Im7>0,
a w(ag, z) b w(ag, z) Wa

where a and b are the cycles on the elliptic curve II,, = II; UTI_ for w(age,2) in
Section 6.1 (cf. Figure 5). The ¥-function 9(z, 7) = 9(z) is defined by

[eS)
. 2 .
19(2’,7') _ 2 eﬂ'ZT’n +27rzzn’

n=—oo
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and we set
_ 1+7
2

ct. |6, .For z, z € ll,, = Ull_, let
f. [6, 31]). F zell,, =1L UIL_, 1

- 1 (7 dz 1 (? dz 1 [? dz
F(z,z) = — = B iy
wa Jz w(z)  wa o w(z) wa o w(2)
For any z¢ € Il,, denote the projections of zp on the respective sheets by z(J{ =

(z0,w(20)) = (20,w(zy)) and z; = (20, —w(z0)) = (20, —w(zd)). If 2o € 14
(respectively, zo € II_), then zoi € T4 (respectively, zoi SHVESH

14

Proposition 6.2. For any zg € I1

dz 1 o I(F (28,2 +v,7) s dz
(z — z0)w(z) w(zar)d1 & V(F(zg,2) +v,7) 9o O)w(z)’
w'(z7) 1 1 Y B
o) = 58— (mi+ S (FGq ) +1.7)).

Proof. For zg = p(ug) + ag/12 € I, let ui be such that 2 = p(ud) + as/12.
Then

dz du

(z = z)w(z)  p(u) = p(uo)

= (G )~ Gl ) € — ) — 50/ () d

w(zg )
1 o(u—ul) 1 . 1
= dl 0L 4 —uy) — =w'(zd) ) d
w( 8_) Oga(u—ua) w(z{}')(C(uo ug ) 2“’('30)) U
From
ot +
log T =U6) _ et o gy g1gg PGS 2) FT)
o(u—ugy) Wa W(F(zy ,2) +v,7)
., _
C(ug _“0)—;(% —ug )
21 . m 1 _
—T:(ug—uo)+;a ;ag(F(Zo’ZJ)‘FV’T)

with F(zf, z) = wy! fzzoi dz/w(z), the desired formula follows. O
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Observe that

log d(F(25,2) 4+ v,7)|a = 0,
)+l/,7')’ _ I (2f,20) + 7+ v, T)I(F 2y, 2b) + v, 7)
,2)+v,7) b I(F (25, 20) + T+ v, T)I(F (28, 26) + v, 7)
= logexp(—7i(2(F(z , 2b) 1/)—|—T)
+ logexp(mi(2(F (zy , 2b) + V) + T)
=2miF (25 ,27)

for 2, € b N (TI1)°' N (1), since I(z £ 7,7) = e~ ™ T+22)9(z, 7), where (T1,)!
denotes the closure of II,. Then

/(dz = —go(20)wa,

a (2= 20)w(z)

dz 271 dz
/b (z = z)w(z) w(Z(T)F(ZO %) +T/ (z — z0)w(2)’

Differentiation of both sides with respect to zg at zg = 0 yields

/ dz _ 4m n / dz
b 22w(2)  wa 4 o 22w(z)

Using these formulas we have the following proposition:

Proposition 6.3. For W(z) as in Proposition 6.1 and for z+ by (6.4),

[ W) s = (e ner) = wlz (- )
- —§<w'<zi> - ()
+ ST ) ) - (RG240,
(/ /) 2)ds = 2mi(F(ey, 2F) — F(e=, 21),
and
[ a0 )ens (0 = - (i S (F 07,09 ),

(/b - /) 56 = —%F(Oi 0*),
</b - /3) 2’23}2(2’) N %
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Remark 6.2. In the proposition above, the first formula is rewritten in the form

9 /1 ¥ /1
— i I R -+
/aW(z)dz = 2(19 (2F(z+,z+) —|—l/,7') 3 (2F(z_,z_) —|—l/,7'>>.
The right-hand side is obtained by comparing the poles of (9'/9) (3 F (2™, 2T)+v, T)
with those of —1w’(27) + (¢ /9)(F(2~,2") + v,7) on II
difference is a constant (see also [15, pp. 117-119]).

ay> and showing that the

§6.3. Expression of By(t)

Let us write the quantity By (t) in terms of

dz dz
Qa = A\ Qp = A\
/a w(Ag, 2) P /b w(Ay, 2)
a = / 7w(i§7z) dz, Jp= / w(ds,2) dz
a b

22

with w(Ag, z) = \/mand a,bonlly, =L UL = limg, ) a, Ha,-
By (5.1) the cycles a and b on II,, may be regarded as those on Il4,, and are
independent of ¢ for sufficiently large .

Let 0 < ¢ < m/3. By Proposition 6.3, the integral [, W(z)dz is expressed
in terms of ¥.(£) = (¢/9)(3F(2%.21) + v,7) (Remark 6.2) or w'(zf) and
(' /9)(F(2%,2%) +v,7), in which

F(z;zi):i/i dz _ Q/i dz .
wa J.o wlag,z)  wa o wl(ag,z)
Note that [, W (z)dz has no poles or zeros in Sg(t/,, £1,01). Indeed, if, say 9. (+)
or 9.(—) = oo at t = t,, then 2z, or z_ = oo, and hence ¢, is a pole or a
zero of y(t), or a pole of y*(t), which is excluded from Sg(t.,k1,01). Consider
zy = 2+ (t) (cf. (6.4)) moving on the elliptic curve Il,, crossing a- and b-cycles,
and then F(z5,2]) = 2p+(t) +2q+ (t)7 +O(1) with p4(t), ¢+ (t) € Z. This implies
the boundedness of Re(¥'/9)(3F (2%, 21) + v, 7) or Re(¥' /9)(F(z%,2f) + v, 7) in
Se(the, k1,01), and hence the modulus of Re [, W(z)dz is uniformly bounded in
Se(the, k1,01). Note that, by (5.1),

1 1
?(w(a(b, z) —w(Ay, 2)) = 2—2(\/42:3 —agz?+1— \/423 — Ayg2?+1)
_tTIBy(t)
2’LU(A¢,Z>

(1+O(t'By(1))).
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By using this and Proposition 6.3, the second formula in Proposition 6.1(1) is
written in the form

et Ay, t~'By(t
log(g11.022) = ie /(w( b %) (1) ) dz

6 22 2w(Ag, 2)

1 1
- / W(2) dz — (14 2ia)go(0" Jwa + i + O(1~),
which implies
; Q
. i _ Sha
ie (t]a 5 B¢(t))
3 3
=3 / W(z)dz + 5(1 + 2ia)go (0" )wa + 61og(g11922) — 670 + O(t~9).
a

Recall that G = @90_":3 = (9i5), 9i; = 9:j(t) is a solution of the direct monodromy
problem. Suppose that

(6.6) [log(g11922)| < 1, [log(gia/g22)| < 1 in Sy(tl,,k1,01).

By the Boutroux equations (2.1), Im e*?Q, By (t) is bounded as €'t — oo through
Se(tly, k1, 01). By using the first formula of Proposition 6.1(1), we have
Qp

ie's (tjb - 713¢(7t))

= g /bW(Z) dz + g(l + 2ia)(2miF(07,0) + go(0F)wp)

+ 6log 2 o(t™°),

922

in which [, W(z)dz admits a similar expression in terms of the ¥-function with
7 = (—wa)/wp. This implies the boundedness of Im e, By(t). Then we have
|By(t)| < Cy for some Cy > 0 in Sy(t., k1, 01). The implied constant of By(t) <
1 in (5.1) may be supposed to be greater than 2Cj, which causes no changes
in the subsequent equations by choosing ¢/ larger if necessary, and hence the
boundedness of By(t) has been shown independently of (5.1) under (6.6). The
case —7/3 < ¢ < 0 is similarly treated under the supposition

(6.7) llog(g11922)| < 1, |log(ga1/g11)| <1 in Se(th,k1,01).

Remark 6.3. The argument above also works under a weaker condition, say
By(t) < t(1=9/2_ The supposition By(t) < 1 in (5.1) guarantees that each turning
point is located within the distance O(¢~!) from its limit one, which enables us to
use the limit Stokes graph in the WKB analysis.



682 S. SHIMOMURA

Proposition 6.4. Suppose that 0 < ¢ < 7/3 and (6.6) (respectively, —m/3 < ¢ <
0 and (6.7)). Then, in Sy(tl,,k1,01), Bg(t) is bounded, and
A Qa 3 3 .
ie'? (tja - —B¢(t)) =- / W(z)dz + = (1 + 2ia)go (0" )wa
2 2 /. 2

+ 6log(g11922) — 67 + O(t_‘s),

:3(1199/ (2F(z+,z+) + v, 7') — %(%F(Z:,Zi_) +V,T>)

3 ) . _
+50+ 2ia)go (0" )wa + 610g(g11922) — 67 + O(t™°),

90(07) = i(m’ n %(F(otoﬂ tu, T)).

Wa

Remark 6.4. Conversely, (5.1) implies (6.6) and (6.7).
The following fact guarantees the possibility of limitation with respect to a4:

Proposition 6.5. Under the same supposition as in Proposition 6.4, we have

(] e -] e rou

uniformly in zf, 2% as te'® — oo through Se(tl, k1, 01).

Proof. To show this proposition we note the lemma below, which follows from the
relations

/Bdffﬁ/ d+(@ﬂ4) do w_6 .72
20T T )T T e T e T T

A2
Qb — Mo = — =274, Jab:/ wdz,
15 ’ b

)

with w = w(Ay, 2), the latter equality being obtained in the same way as in the
proof of Legendre’s relation [6, 31].

Lemma 6.6. Q, 7, — QpJa = 1271.

From the boundedness of By(t) it follows that wap = Qap + Ot 1). By
Propositions 6.1, 6.3 and Remark 6.1, in the case 0 < ¢ < 7/3, we have

log(g12/g22) — 71og(g11922)
ip .
(/ T/) w b was2) iW(z)+71+2m ) dz — i + O(t~")

22 dzw(ag, z)
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2met? j

_ Wj t %(F(z;zj) —F(z=,2Y) 4+ 0(1)
2mei?t

=M (p(t) n %q(t)) +O() =T < 1,

Wa

with p(t) = p(t) — p-(t), q(t) = q4(t) — - (t) € Z, since F(zx,2L) = 2px(t) +
2q+(t)T, p+, g+ € Z. Set €®Tat/6 + mq(t) = X, e®Tpt/6 — wp(t) = Y, where
|Im X| and [Im Y| are bounded by the Boutroux equations (2.1). Then, by Lemma
6.6 and wap = Qap + O(71),

wa X = 21"t —i(t(QaT — WTa)/6 +wpX —waY) +O(1)
= —i(wpX —waY)+0(1) < 1

with Im(wp /wa) > 0, which implies |X|, |Y| < 1, and hence
mp(t) = e Tt /6 + O(1), mq(t) = —e'® Tat/6 + O(1).

Since w(a¢,z)*1 —w(Ag, 2) 71 = (22/2)w(Ay, 2) 2By ()t~ + O(t~?), we have

'( ) w(ag, 2 w(AlabaZ)) o
el
(L)t

< 7Y [p()ja + q(t)gn] + |71
K |Toja — Tajp| + [t = 2/(0/0As) (ToQa — TaQb)| + |t < 71,

+ [t

where jap = [, 22w(Ag, z) 3 dz. This completes the proof of the proposition. [

§7. Proofs of the main theorems
§7.1. Proofs of Theorems 2.1 and 2.2

Suppose that 0 < ¢ < 7/3. Let G = (gi;) € SL2(C) be a given matrix with
g11912922 # 0 in the inverse monodromy problem. Then

log(g12/922) — T10g(g11922)
0y 1 142
(/ T/) “3 wiag,2) _ TW() + e )dszm‘JrO(t*‘S)

22 dzw(ag, z)
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2meitt ‘ )
= - - TFGE, ) — P2, 20) = (14 2i0)F(07,07)

Wa 2 -
— i 4+ O(t™°)
(cf. the proof of Proposition 6.5). By Proposition 6.5, replacing ag with Ay, we
have
27rei¢t T
log(g12/g22) — T1og(g11922) = — 0. B) (FA¢(Z+»Z+) Fa, (22 ,27))

j Q
- %(1 +2ia)Fa,(07,0%) — Q—bm' +O(t™0)
with Fa,(Z,2) = Q7" [7 dz/w(Ag, z). Note that

FA¢(Z+,Z+) Fp, (2= +)—2(FA¢(00 z+) Fy, (o0, 1)),
FA¢(0 70+):2FA¢(0070 )7

and let p(u) = p(u; g2, g3) with go = 2A35’ g3 = 2%6A3 — 1. Let us set

Ay
Uy = QaFa,(00,2]), u_ =QaFa,(c0,2F), ie zf=p(us)+ =2

127
to write
id {
Uy —u_ = 2ie'®t + — (Q log == — Qy, log(guggg))
922
(7.1) — O — (14 2ia)QaFa,(00,01) + Ot ™).
By the addition theorem for the p-function,
1 (¢ (us) = o/ (u)\?
pluyr +u_) = —plug) — plu— —1—7(—)
( + ) ( +) ( ) 4 p(u+) _p(u_)
:,Z+,Z++Q+E(M)2
o 6 4 2t — 27 '

By (6.4), 2 =y and z_ = (i/2)e” %y~ 1T (t,y, y') satisfy

e
2y +27 =e WKy,
w(zi) = ieiid’(bg/)\)(z )=1—ie” ¢Fo( Y, Y )Zi +O(t™ 1)

and hence

, A 1 .
o(us +u_) = —e K, + ?“’ + i To(t,y.y") + O(t)

A 1 ; i
= % - 1(46_1¢K+ +e 2T (t,y,y")?) + Ot ™)
Ay

_ 1
T +O0(t™),
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since 4e K, + e 72Ty (t,y,y")? = ap + O(t~1). This implies
0+

(7.2) uy +u_ = / dz

" -1y _ Q. F + -1y
From (7.1) and (7.2) with Q,F4,(00,07) = o, it follows that

+

" _/z+ dz
T ) w(Ag,2)

_ 0
—eitt 4 = (Qa log 22 _ log(gnggg)> — 22 Qe+ O(t70),
27 922 2

+

" 7/z— dz
T S w(A¢'7Z)

, Q
= —ie't — - (Qalog 2 — Qy log(gi1ga) ) + 5> + (1+ ) + O(t70),
27 922 2

which leads us to the asymptotic expressions of Theorem 2.1 and Remark 2.1.

Justification. The justification of y(x) as a solution of (1.2) is made along the
lines of [15, pp. 105-106, 120-121]. Let G = (g12/922, g11922) be a given point such
that g11912922 # 0 on the monodromy manifold for (1.4). In addition to y(x)
obtained above, we have the following expression for By(t) from Proposition 6.4:

Proposition 7.1. In Sy4(t.,, k1,01),

. Qa
it (tja - 7134)(15))
! !
= 3(%(9;%‘@ —af) +v,m) + %(

3 _ ) _
+ 5(1 + 2ia)go(07)Qa + 61og(g11922) — 6mi + O(t~°)

0T (i — o) — Qo) + v, m))

with © = e"t, 7o = Oy, /Qa.

The equation about v and the proposition above provide the leading term
expressions

. A
Yas = Yas(G, 1) = (i(e"t — 27); g2(Ag), g3(Ag)) + T;

and (Bg)as = (Bg)as(G, t) without O(t7%), where xg depends on (g12/g22, g11922)-
Taking (4.2) and (5.1) into account, we set

y;s = _%t_l + Z'eiqﬁ\/zlfygs - A¢y§s +1- (32’67%7(1 + 210’) + (B¢)asyas)yast71;
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where the branch of the square root is chosen in such a way that yf, is com-
patible with (9/0t)yas. Then (Yas,yls) = (Yas(G,1),yks(G, 1)) fulfils (5.1) with
By(t) = (By)as(G,t) in the domain S(¢,ta, ko,02) = {t | Ret > to, |Imt| <
K0} \ Uipez, (It — e 90| < o} with Zy = {izd + QaZ + WZ} U {iz] + Qo +
QaZ + WZ} U {izd + & | p(&) = —Ags/12}. Let Gas(t) be the monodromy
data for system (1.4) containing (yas,yls). As a result of the WKB analysis for
the direct monodromy problem we have ||G.s(t) — G| < t~%, which holds uni-
formly in a neighbourhood of G. Then the justification scheme of Kitaev [13]
applies to our case. Using the maximal modulus principle in each neighbourhood
of ioc = izl + {Qo + QaZ + WZ} U {& | p(&n) = —Ay/12}, we obtain Theorem
2.1. Theorem 2.2 is proved by the same argument as above.

§7.2. Proof of Theorem 2.3

Let (1.4) with y* = (d/dt)y be an isomonodromy system. Equation (1.2), system
(1.4) and the function a, with y* = (d/dt)y remain invariant under the substitution

¢ — é_’_ 2m7r/3, y — e?mﬂ'i/3g’ T = e?mﬂ'i/3i_’
A= 6277’L7r7,'/35\7 ag = e2m7ri/3a¢;.
To show the theorem we use this symmetry (cf. [14]). Let ¢ be such that 0 <
| — 2mm/3| < 7w/3. Then a new system with respect to (X, 7, Z,¢) is an iso-
monodromy system for 0 < |¢| < /3. Denote by G(™) a connection matrix as
the matrix monodromy data for the system governed by (&) = e~2™7/3y(z) =

e~ 2mmi/3y(e2mmi/33). We would like to know the relation between G(™) and G.

The matrix solutions of the new system are

Yo (A) ~ A (/2407 oxp(—(1/6)¢'tD203)

as A — 0o through the sector |arg5\ + (ﬁ/g — jn/2| < 7/2, and
}7]0(5\) ~ ('L/\/i)(o'l + 0'3) exp(—(Qi/g)eifﬁtS\*lo.g)

as A — 0 through the sector |arg A — ¢ — jx| < m. The connection matrix G(")
is defined by Y5**(A) = Y§° (A0, ¢ = YP(A)G™. Note that Y°(A) and Y{())
are also expressed as

}7000(5\) _ ?Ooo(e—Qm‘fri/S)\) -~ )\—(1/2+ia)03 exp(_(i/6)6i¢t)\20,3)e(2m7ri/3)(1/2+ia)03
in the sector |arg A + ¢/2 — mn| < w/2, and that

YOA) = YO (e 2™™/3)) ~ (i/V2)(01 + 03) exp(—(2i/3)e*tA " o5)
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in the sector |arg A — ¢| < m. Then we have 1700(5\) = ?00()\) and, if m > 1,
}7000(5\) _ f/;;l()\)e(2mﬂi/3)(1/2+z‘a)as
— ?OOO(A)ggogfo 850 G50 e(mmi/3)(1/2+ia)os
which implies, by Remark 3.2,
Gm — GS°S% ... 5%_25%_16(2mwi/3)(1/2+ia)03_

This combined with Proposition 3.4 yields the expression of G™) for m > 1 as
in the theorem. Note that P.(u, A) = p(u;g2(A), g3(A)) + 15 A solves (P,)* =
4P3 — AP? 4+ 1. Then

P*(U7A) _ 6727ri/3p*(6277i/3u7627Ti/3A) _ 627ri/3p*(6727ri/3u76727”'/314).

By Theorems 2.1 and 2.2, §(Z) = e~ 2"™/3y(z) for 0 < |¢ — 2mn /3| = |¢| < 7/3
is represented by

ey () = (&) = P (i@ — 20(G™, 08,90, 99)) + O(27%); A5).
Using the relation above, we have
y(@) = 2T (i — 20(GU, 98,00, 90)) + O(2); Ag)
= P, (i(x — e2™™350(G™ 02,08, 08)) + O(z70); Ay)
= P.(i(z — 2o(G™, 02,90, 08)) + O(x7°); Ay),

which is denoted by P(Ag,zo(G™, 02, Q0 QF); x) as in the theorem.

§8. Modulus A4 and the Boutroux equations

Recall the elliptic curve I14 for w(A4,2)? = 423 — A2? + 1 defined in Section 2.2.
For a given ¢ € R we would like to examine the modulus A4 € C such that, for

. A
Ime”’/Mdz =0.

every cycle ¢ CIly,,

2
z
First, for |¢| < 7/3, let us consider Ay satisfying the Boutroux equations

(BE), Ime'?I(Ay) =0, Tme®T,(Ay) =0,

where a, b denote the basic cycles given in Section 2.2 and

Liv(A) = / %272) dz = / %\/423 — Az2+1d=.
a,b z a,b z
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It is easy to see that w(A,2)? = 42% — A22 + 1 has double roots zg, z; if and only
if

A=3-223 2,z =273 2 =473,

A=3.22/3E2m/3 0 o o = 27 MBERMS ) = 472 3eE2mS,

Example 8.1. When ¢ = 0, we have I4(3-2%/3) = 0, I,,(3 - 22/3) = —2%/333/2,
Indeed,

9—1/3
2
In(3-2%/%) :2/ (V2B =2’V 428z
_4-2/3 %
Y 2 (2-t)WtFl "
_ e

in which the residue of the integrand at z = 0 vanishes.

Note that a is a cycle enclosing the cut [zg, z1]. In accordance with [14, Sect.
7] we begin with the following:

Proposition 8.1. Suppose that Im I,(A) = 0. Then A € R.

Proof. Set
1
Ja(A) = [a Z—ZU(A,Z) dz
with v(4, z) = V423 + Az2 — 1 = —iw(A4, —z). Since Io(A) = —iJa(A), the sup-
position means J,(A) € iR. In this proof, to simplify the description, we write
v(A,2) =va(2), v(A,2) =v5(z) and v(A,2) £ v(A, 2) = (va £v4)(z). Then

_— _ _ _ dz

0= Ju(4) + TalA) = )+ D) = ()= ol ) = (A=) [
The polynomials v4(z)? and vz(z)? have the roots —zg, —z1, —z2, and —Zp,
—Z1, —Z3, respectively. The algebraic functions (v4 &+ v4)(z) may be considered
on the two-sheeted Riemann surface glued along the cuts [—zo, —21], [~Z0, —Z1],
[—22, —Z2]U[—00, — Re z9] (cf. Figure 6). The cycle —a may be supposed to enclose
both cuts [—zp, —21], [~Z0, —Z1], and the cycles as in Figure 6(a.1) and (a.2) may
be deformed into contours consisting of horizontal and vertical lines and enclos-
ing the cuts [—2z9, —Z3] U [—00, — Re 23] clockwise as in Figure 6(a*.1) and (a*.2),
respectively. Possible extension of this contour is caused by further movement of
—zp, —z1 and —z3, and is given by adding horizontal and vertical lines located in
the symmetric position with respect to the real axis. To show A € R it is sufficient
to verify that, under the supposition A — A # 0,

dz
J/aww*o'
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—21

—a
_ —a —20
—Z —Z0 —%
-7 —z1
(a.1) (a*.1)
. a+if —z2=7+if
——w» —2 )
. %
—2z1 — . /
_5 ~ L *71\
—_a _a . =
—» —20 :"
o a—if ~m=7—if
(a.2) (a*.2)

Figure 6. Modification of the cycle —a

Let us compute this integral along the contour —a, say as in Figure 6(a*.2) with
vertices a + i3, v £ i such that —zo, —25 = v+ i, in which a <+, >0, and «
may be supposed to be o < 0.

The integral J is decomposed into three parts: J = Jy 4+ Jhor + Jyer with the

real line part
@ dz
o =2 / 4z
0 —oo (Va4 +v7)(2)

the horizontal part Jyor = J}‘Lr + Jpops Where

or?

+ v ds o ds
Fhor = /a (va+v4)(s+1if) +L (—va+vi)(s+iB)’

o ds o ds
nor 7/01 (—va +v3)(s —1iB) Jr/V (—va —vg)(s —iB)’
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and the vertical part Jyor = J-

ver

+ Joer, Where

_/ idt / idt
ver o (va+wvz)(a+it) (—va +vg)(a+it)’

(
. /B idt / i dt
Ve Joo (mva +vg)(a+it) —va —vg)(a+it)

Then we have

2 Tva(s+ip) Tvz(s—ip)
o= ([ e o [ ) <

T =y e

and hence Jypor + Jyer € R. Furthermore, observing, for -t =x —a, t > 0, a < 0,

and

va(z) = (—4(t —a)® + (Re A+iIm A)(t — a)* — 12 = i(g(t) — ih(t))/?,
g(t) =4(t—a)® —ReA-(t—a)’+1, h(t)=ImA-(t—a)

we have

1 « dx i dt
5J0 = = —— iR\ {0},
50 /Jo (va +07) (@) ﬁ/o Vo s veir e iR\ {0}

which implies J # 0 under the supposition A — A # 0. In the case where extension
by horizontal or vertical lines occurs, the contributions from these parts to J are
integrals analogous to Juor or Jyer, and J # 0 are similarly shown. O]

Let us examine Io(A) for A € R. It is easy to see that w(A, z)? has real roots
zg < 21 < 29 if A > 3-2%/3 Then I,(A) € iR\ {0}. For A = 3-2%/3 we have
2y < 21 = 29 =27 /3, and then I,(3-2%3) = 0.

Suppose that A < 3-22/3. The roots of w(A, 2)? are a +i3 and 2z, with «, 3,
zo € R, and a is a cycle enclosing the cut (o — i3, a + i8]. Then I,(A) € iR, since
I.(A) = —I,(A), and the integral

Fw(A ' g A '
13@4):22-/ wdtﬂi/ Re WA i),
s (a+it) 0 (o + it)

satisfies, for A < 3-22/3,

B ,/ 1/ 2
i(lla(A)) :2/ Rew(A, o +it) "L dt = \/5/ s o,
0A\q 0 0 «/g*—l—hf
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where

Ge = gx(t) = Rew(A, a + it)? = 4(a® — 3at?) — A(a® — %) +1,
hy = h,(t) =Imw(A, a +it)? = 4(—t> + 3a°t) — 2Aat.

This implies I(A) € iR\ {0} for A < 3.2%/3,
The fact above combined with Proposition 8.1 leads us to the following:

Proposition 8.2. If ¢ = 0, then the Boutrouz equations (BE)y admit a unique
solution Ag = 3 - 22/3.

Corollary 8.3. For every A € C, (I.(A), In(A)) # (0,0).

Proof. 1If I,(A) = 0, then A € R by Proposition 8.1. By Proposition 8.2 and
Example 8.1, A = 3-22/3 and I,(A) # 0. O

Proposition 8.4. Suppose that, for A, solving (BE), with 0 < |¢| < /3, the
elliptic curve 114, degenerates. Then ¢ = /3 or —n/3 and Ay /5 = 3.22/3F2mi/3

Proof. When II,, degenerates, Ag = 3 - 22/3¢2kmi/3 . — (), +1. Suppose that
Ay =3- 22/3¢2m1/3 and that the roots of w(Ag, 2)? are 2o = 21 and 29 # 29, 21.
Then

) 22 1 ) C2 1
ewﬁ/ /423 — Agz? + 1dz = €/ (9727/3) / ?2\/443 —3-22/3¢241d¢#0
Z0 z C(J

with (gp = 200 2™/3 € {271/3, —472/3} is real valued, which implies ¢ = —7/3.
Similarly, if A, = 3-22/3e727/3 then ¢ = /3. O

Proposition 8.5. If ¢ = £7/3, then the Boutrouz equations (BE) /3 admit a
unique solution Ay, /3 =3- 22/3F2mi/3

Proof. For ¢ = /3, (BE).,3 are equivalent to

. 1
67”/3/;\/423 —Aq322 +1dz e R
Cc

for every cycle c on 114, ,, which is written as (BE)o with ¢ =0,

em‘/ i\/4<3 _ e2m‘/3ATr/3<2 + 1d< cR (Z _ e—zm‘/so'
C

e2mi/3 CQ
Then by Proposition 8.2, 62”/314”3 = 3-22/3 is a unique solution of (BE)r/3. O

The function h(A) = I,(A)/Ix(A) [21, Appx. I] is useful in examining Ag.
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Proposition 8.6. Suppose that A € C.

(1) If A solves (BE)y for some ¢ € R and In(A) # 0, then h(A) € R.
(2) If h(A) € R\ {0}, then, for some ¢ € R, A solves (BE),.

Proof. Suppose that h(A) = p € R, and write Io(A) = u + w, [h(A) = U +iV
with u, v, U, V € R. Then u = pU, v = pV, and hence v/u = V/U = — tan ¢ for
some ¢ € [—7/2,m/2]. This implies Im e**I,(A) = Im eI, (A) = 0. O

Proposition 8.7. The set {A € C| A solves (BE), for some ¢ € R} is bounded.

Proof. The roots of w(A, z) are zg, 21 ~ =A71/2 25 ~ A/4 if A is large. Then

A-1/2

%01 1
/ —w(A,2) dZN/ V42 — A2+ 1dz
zZ2 z A/4

z

4A73/2 1
NiAl/Q/ SVI—tdt
1
~ iAY?(2 4+ 1og(2473/2)) ~ —%Al/z log A

and

A-1/2 1
\VAdz3 — Az2 +1dz

2
/ZO Z%w(A,z) dz ~ /—A—1/2 o)
~ AY/2 / ' %m dt
~ 71'141/2._1
This implies h(A) € R if A is sufficiently large, which completes the proof. O

The following fact is used in discussing solutions of (BE),.

Let 0 < |¢| < 7/3, and write
L(A) =u(A) +iv(4), Ip(A)=U(A)+iV(A).
Note that A solves (BE), if and only if

Im eI, (A) = u(A)sin ¢ + v(A) cos ¢ = 0,
Ime®I(A) = U(A)sing + V(A) cos¢ = 0,

that is,

(8.1) u(A)tang +v(A) =0, U(A)tang +V(A)=0.
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Then, by the Cauchy—Riemann equations, the Jacobian for (8.1) with A = = + iy
is written as

Uytang +V, Uytang + V,
= (1 + tan® ) (v Vy — v, V)

Qp(A)
Qa(4)’

where Q,(A) and Q2 (A) are periods of the elliptic curve w(A, z). For 0 < |¢| < 7/3,
(d/dt)(8.1) with t = tan ¢ is written as

20\ (w0 _
Then we have

(83)  (@(t),y/(1) #(0,0) and (d/dd)A = (a/(t) + iy (t)) cos > ¢ # 0

for 0 < || < /3.

(8.2) = fi(l + tan? ¢)|Qa(A)[* Tm

Proposition 8.8. Suppose that, for some ¢o such that 0 < |¢o| < 7/3, Ay, solves
(BE)g,. Then there exists a trajectory To: A = x(¢o, @) for 0 < |¢p| < /3 with
the properties

(]—) X(¢07 ¢0) = Ad)o;'
(2) for each ¢, A= x(¢o, p) solves (BE)y;
(3) x(0, @) is smooth for 0 < |¢| < 7/3.

Proof. Since the Jacobian (8.2) satisfies det J(¢o, Agp,) € R\ {0}, there exists a
local trajectory A = Xioc(b0, ¢) having the properties (1), (2) and (3) above for
| — do| < I, where ¢ is sufficiently small. Since (8.2) is in R\ {0} for 0 < |¢| < 7/3,
Xloc(®0, ¢) may be extended to the interval 0 < |¢| < 7/3. O

Proposition 8.9. The trajectory To: A = x(¢o,¢) given above may be extended
to|¢| < m/3 such that x(¢o, B) is continuous in ¢ and that x(¢o,0) = Ay = 3-22/3,
X(¢o, £7/3) = Ayr/3 =3 - 92/3F2mi/3

Proof. To show that x(¢g,¢) = Ag as ¢ — 0, suppose to the contrary that there
exists a sequence {¢,} such that ¢, — 0 and that x(¢o,¢,) does not converge
to Ag. There exists a subsequence {¢,(,)} such that x(éo, ¢,(n)) — Ap for some
A # Ao, since, by Proposition 8.7, the trajectory Ty for 0 < |¢| < 7/3 is bounded.
Then we have Im I, (Af) = Im I, (Af) = 0, which contradicts the uniqueness of a
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solution of (BE)g. Hence x(¢o,¢) is extended to ¢ = 0 and is continuous in a
neighbourhood of ¢ = 0. By Proposition 8.5, it is possible to extend x(¢o, ¢) to
¢ = +m/3 by the same argument. O

Lemma 8.10. W' (A) = —6milp(A)~2.
Proof. From I} ,(A) = —Qab/2 and Lemma 6.6, the conclusion follows. O
Corollary 8.11. If I,(A) # 0,00, then h(A) is conformal around A.

By Example 8.1, h(A) is conformal at Ay = 3-22/% and h(A4,) = 0. By Lemma
8.10,

T

h(A) = h/(AQ)(A — A()) + O(A — Ao) = —W

(A — Ag) +o(A— Ay)

around A = Ag. By Proposition 8.6, for a sufficiently small ¢ > 0, the inverse
image of (—¢,0) U (0,¢) under h(A) is a trajectory To_ UTpy : A = x () solving
(BE)y, and is expressed as

(8.4) XE(6) = Ao +70(8)i + 0(70(9)),

near ¢ = 0, where v9(¢) € R is continuous in ¢ and ~o(0) = 0.

The fact above implies that there exists a local trajectory solving (BE)g4 near
¢ = 0. From this, a trajectory for |¢| < 7/3 as in Proposition 8.9 may be obtained.
Furthermore, if two trajectories x1(¢) and x2(¢) solving (BE)y satisfy x1(¢o) =
X2(¢o) for some ¢y such that 0 < |¢g| < /3, then (8.2) or the conformality of
h(A) at A = Ag implies x1(¢) = x2(¢). Thus we have the following:

Proposition 8.12. There exists a trajectory A = Ay for |¢| < w/3 with the
properties

(1) for each ¢, Ay is a unique solution of (BE)y;
(2) Ay is smooth in ¢ for 0 < |¢| < 7/3 and continuous in ¢ for || < w/3.

For any cycle c, it is easy to see that
1 .
7w(eI2W1/3A¢a C) dCa

. 1 .
i _ Ji(¢F27/3
o [mtaismcen [
e'? iw(A 2)dz = —e!(PFm) iw(A ¢)d¢
c 22 ¢ B c CQ » ’
which yields the following;:

Proposition 8.13. Set Ayror/3 = eT2mi/3 A, for |¢| < 7/3. Then for |¢| < T,
Ay is a unique solution of (BE)s. Furthermore, Apin = Ag, A_p = Ag.
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Let us examine the properties of A, in more detail. Note that the trajectory
A=A, =x+ 1y for |¢| < /3 satisfies h(A4) € R. Then, by (8.3),

%h(fhﬁ) = (/(t) + iy (1)) (—6m0) I (Ag) 7 € R\ {0}

with ¢ = tan ¢ for 0 < |¢| < 7/3. Setting Ip(Ay) ' = P +iQ, we have

1 d
—5-m %h(%) =2'(t)(P? — Q%) — 2y (t)PQ = 0.

If 2/(to) = 0 for some to = tan(¢g) # 0, %00, then PQ = 0, and hence I,(Ay,) €
iR\ {0} or R\ {0}. This is impossible for 0 < |¢| < 7/3, which implies '(¢) # 0 for
0 < |¢| < /3. Since Ay, 3 = AgeT>™/3 we have 2/(t) < 0 for 0 < ¢ < 7/3 and
Z'(t) > 0 for —m/3 < ¢ < 0. If y/(tg) = 0 for some ¢y with 0 < |¢g| < /3, then
P2 —Q%*=0,ie Iy(Ap,) ! = P(1+14), implying ¢ = +7/4. Note that PQ < 0,
|P| > |Q]| for —7/4 < ¢ < 0 and that PQ > 0, |P| > |Q] for 0 < ¢ < w/4. It
follows that y'(t) < 0 for 0 < |¢] < 7/4.

Proposition 8.14. The trajectory Ay = x(t) + iy(t) with t = tan ¢ has the prop-
erties

(1) 2'(t) >0 for —n/3 < ¢ <0, and 2'(t) <0 for 0 < ¢ < 7/3;

(2) ¥'(t) <0 for 0 < |¢p| < 7/4 and y'(tan(xw/4)) = 0.

Thus we have the following proposition:

Proposition 8.15. For every ¢ € R there exists a trajectory A = Ay with the
properties

(1) for each ¢, Ay is a unique solution of (BE)y;

(2) Apionss = TP Ay, Agyn = Ay, Ay = Ay;

(3) AO =3. 22/3’ Aiﬂ-/i’) =3. 22/3612m’/3;

(4) A, is continuous in ¢ € R, and smooth in ¢ € R\ {mn/3 | m € Z}.

Figure 7 is a rough drawing of the trajectory of Ag.

By Proposition 8.14, when || is sufficiently small, the location of the turning
points may be examined. Small variance of Ay around ¢ = 0 is given by Ay =
A + 64 with 64 having the properties (1) d; — 0 as ¢ — 0; (2) Redy < 0;
(3) Imdy > 0if ¢ <0 and Imd, < 0 if ¢ > 0. Then the roots zg, 21 = 2-1/3 and
2y = —472/3 of w(Ay, 2)? vary in such a way that

20=2""40+0(?), 21=2""3—04+0(0%, z=-4"22+0(")
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A—‘rr/3a A27r/3

0 A0> A:ﬁ:?‘r

A727r/37 A7‘r/3

Figure 7. Trajectory of Ay for |¢| <=

with o =272/3. 3_1/2(5;/2. Indeed, insertion of zg = 273 4+ o4, 2y =273 4 o_,
29 = —472/3 4 py into 2o+ 21 4+ 22 = Ay /4, 2129+ 2020 + 2021 = 0, 202122 = —1/4
yields

p+o02=104/4, p+doo+22¢=0(po2), p—202+2"3q=0(02|(Ip| +|q]))

with p = o4+ + 0—, ¢ = 04+0—, from which the estimates above follow. Thus we
have the following;:

Proposition 8.16. If|¢| is sufficiently small, the turning points A\, and z, = /\,:2
(k =0,1,2) are represented as
Ao = 2V/0 — g ete 4 O(e), M= 21/t ggetfe 4 O(el), A= 22/3; 4 O(Ei),
20 =273 42V 24e0 + O(e3), 21 =273 — 2124 + O(c}),
Zp = —4723 4 O(e3).
Here, €4 and 04 fulfil
(1) €4 >0 and ey — 0 as ¢ — 0; and
(2) 64 — /4 as ¢ — 0 with ¢ <0, and 0y — —7/4 as ¢ — 0 with ¢ > 0.
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