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1. INTRODUCTION

Let k be a field, ks a separable closure of k in an algebraic closure k of k, and
I' := Gal(k;/ k) the absolute Galois group of k. Denote by V' the set of all places (that
is, the set of all equivalent classes of valuations) of k and let k, be the completion of k
atv e V.

Let X be a smooth, geometrically integral k-variety. We say that X satisfies the
Hasse principle with respect to V if X (k) # @ once we have [ [, o X(ky) # 0. We say
that X has the weak approximation property with respect to a finite subset S C V if the
closure ms of X (k) is dense in the product topology via the diagonal embedding
in[[,cg X(ky): .

Xk) =[] Xky).
vesS
and that X has the weak approximation property over k if the above holds for any finite
set S C V, or equivalently, X (k) = [T, X(ky).

For an affine algebraic group scheme G defined over a field k (cf. e.g. [35]), let
prpf(k, G) = Héppf(lg/k, G(k)) be the flat cohomology in degree i (< 1if G is
non-commutative) of G (which is isomorphic to Galois cohomology H' (k, G) :=
H! (T, G(k,)) in degree i if G is smooth) and let

1T (G) := Ker (ngpf(k, G) — [ Hippe ko G))
veV
be the Tate—Shafarevich kernel in degree i of G, and for a subset S C V, we define

5 (G) = Ker (Hipy(k, ) — [ Hipe(ke. @),
veV\S

whenever it makes sense (cf. [34]).

If X is a smooth variety over k, let Br(X) := HZ2,(X, G,) denote the cohomological
Brauer group of X . For a field extension K/ k, we denote X X; K the base change of
X from k to K. In the case K = k; (resp. K = k,), we denote X; = X Xy ks (resp.
Xy = X X ky) for short. Then, we have natural homomorphisms

Br(k) — Br(X) — Br(Xj;),

where the image of the former lies in the kernel of the latter. Following [16, 17,38,40],
we set

Br;(X) := Ker (Br(X) — Br(Xj)).

Bro(X) := Im (Br(k) — Br(X)).
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Br,(X) := Br;(X)/ Bro(X),
Bo(X) := {x € Bra(X) | x, = 0 for almost all v € V},

and finally
B(X) := {x € Brg(X) | x, =0 forallv € V},

where for x € Br,(X), we denote by x, the image of x in Br, (X,). For a subset of
places S C V, we denote

Bs(X) := Ker (Bra(X) — 11 Bra(Xv)),
vegS
then B, (X) = li_n;s Bs(X) = Jg Bs(X), and notice that 5(X) = Bg(X). Denote
by Y2 = Hom(Y, Q/Z) the Pontrjagin dual of a torsion abelian group Y.
Now let X be an irreducible, smooth, geometrically integral variety defined over a

global field k and assume that [ [,y X(ky) # 9.
Consider the following natural (Brauer—-Manin) pairings:

[T X (k) x Bu(X) — Q/Z (resp. [T Xk x Bs(X) — Q/z),

veS

((x0),b) : Zanv (b (xv))

(cf. [38, Lem. 6.2]) and write (x,) L b if ((xy),b) = 0. We define the Brauer-Manin

sets:
(TTxtkn)

By (X) _ {(xu) c ]_[X(kv) | (xy) L Bw(X)}

and

(TTx60) "™ = e € [T ¥ka) | (1) L B},

veES veS

respectively. It is well known that
B (X)
X(k) £ 0 = (HX(k,,)) £ 0.
v

If the converse implication holds, then we say that the Brauer—Manin obstruction to
the Hasse principle is the only one.

Now assume that X (k) # @. Then, by continuity, for any finite set S of places of &,
we have the following inclusions:

X®" < ([T xtkn)

ves

Bs(X) B (X)

Xm0 < ([Tx¢k)
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If it happens that
X = ([Tx60)""" (resp. X0 = ([Txk0) ).
veES v

then we say that the Brauer-Manin obstruction to the weak approximation in S (resp.
over k) is the only one.

One of the important tools to study the arithmetic of algebraic varieties (say via
Hasse principle and the weak approximation) is the study of Brauer—-Manin pairing (resp.
obstruction). In [5], M. Borovoi has proved a general result for homogeneous spaces
under connected affine algebraic groups, which basically reduces to the following.
If H is a smooth affine algebraic group, let H° be the connected component of H,
R, (H) the unipotent radical of H, H™ := H°/R,(H) the largest reductive quotient,
H* = [H™, H™d] the semisimple part of H™¢, H" := H"™d/H* the maximal torus
quotient of H, and H*" := Ker(H° — H'™). This last subgroup is normal in both H
and H ° and one denotes the quotient H ™ := H/H>". Let X*(H) := Hom(H, G,,).
Then, we have the exact sequence

1 — H" — H™ s 70(H) — 1;

i.e., H™ is an extension of a torus by the finite étale group scheme 7o(H) (the group
of connected components of H).

Tueorem 1.1 (Cf. [5, Sec. 2]). Let k be a number field, G a connected affine k-group,
H ak-subgroup of G, and X := G/H, such that G™® has simply connected semisimple
part and H/H*" is commutative, thus of multiplicative type. Then, the Brauer-Manin
obstructions to the Hasse principle and the weak approximation for X are the only
one. ]

If G is an algebraic k-group, one denotes by
— —s
A(G) =[] G(ky)/G(k) (resp. A(S.G) := [ [ G(ky)/G(k) )
veV veS

the defect (or obstruction) to the weak approximation property of G over k (resp.
obstruction to weak approximation at S), where G (k) denotes the closure of G (k) in

the product of G (k,). We have the exact sequences of pointed sets

(1.1) 1 — Gk — [[6ke) — AS.G) — 1,
vesS
(1.2) 1 — Gk) — [[Gky) — AG) — 1.

where the distinguished element of A(S, G) (resp. A(G)) is the equivalence class of
the identity element of the product.
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It is now a well-known and classical result that over a number field (resp. global
function field) k, one can compute effectively the obstruction to weak approximation
A(S, G) and A(G) for any connected (resp. connected and reductive) k-group G via
various cohomological invariants of the group G (see e.g. [14,38,42]).

There is a natural question as how to compute the obstruction to weak approximation
for other class of varieties, such as homogeneous spaces under connected algebraic
groups. One way is to extend the results mentioned above and also the exact sequences
(1.2) and (1.2) to the case of homogeneous spaces under connected linear algebraic
groups. The first extensions of these exact sequences to the case of homogeneous
spaces under connected algebraic groups were obtained by Borovoi ([7, Thm. 1.3] for
connected reductive stabilizers). Then, it was extended further by Borovoi and Schlank
([10, Thm. 5.1] for non-necessary connected stabilizers) for k being a number field,
though in the later case, no short exact sequences were given.

TueoreM 1.2. Let k be a number field.

(1) (Cf. [7, Thm. 1.3]) Let G be a connected affine k-group, such that A(G) = 1,
I(G) = 1, H a connected k-subgroup of G, and let X := G/H. Then, there is
an exact sequence of pointed sets

I — Xk — [ X(ky) — Cs(X) — 1,

vesS
where Cs(X) is a certain cohomological invariant of X (see Section 3).

(2) (Cf.[10, Lem. 3.4, Thm. 5.1 (ii)]) Let G be a quasi-trivial k-group, H a smooth
(non-necessarily connected) k-subgroup of G. Then, there is an exact sequence of
pointed sets

1 — X0 — [] Xky) — TyH™). »
veS

The aim of the present paper is to extend Theorem 1.1 to the case of global function
fields, extend Theorem 1.2 (1) to any global field, where H is quasi-connected (thus
not necessarily connected), and extend the exact sequence in Theorem 1.2 (2) further
to the right for quasi-connected groups H. Due to the complexity of the behavior of
unipotent radicals in characteristic p > 0, we have to restrict our attention to connected
reductive groups only.

Our approach is as follows. First we express an obstruction to the weak approximation
in the cohomology groups (see Section 3) of the stabilizer. Our first main result in the
paper is the following theorem (Section 2 for unexplained notion and notation), which
computes the obstruction to weak approximation in cohomology.

THeorREM 1.3 (See Theorem 3.4). Letk be a global field, H a quasi-connected reductive
k-group, and let S be a finite set of places of k. Then, the following hold.
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(1) We have the exact sequences of pointed sets

HY(k, H) 25 [T H (o H) 2> ab(H®™) — 1,

veS

Hlb(k H) HHlb(kv?H)

ves

TS gl g™y 1.

(2) There are natural isomorphisms of finite abelian groups
gl o(H) S abH™), gl 1) S gL #E™),
(3) We have the following exact sequences of pointed sets, functorial in H :

| — py(HL(K, H)) % [TH (kv,H) Yyl (H™) — 1,
veV

abV

1 — yay (HY (k. H)) = [ ] Hip(ky. H) ——
veV

Jab. v

25 ylH™) — 1,

where the closure is taken in the respective products.

Then, by using Theorem 1.3 as a main tool, we derive the following extension
of Borovoi’s and Borovoi—Schlank’s results mentioned above to the case of homoge-
neous spaces under connected reductive groups with quasi-connected stabilizers. The
following theorem resumes the main results of Section 4.

TueEOREM 1.4 (See Theorems 4.1, 4.8, 4.11). Let k be a global field, S a finite set of
places of k, G a quasi-trivial connected reductive k-group, H a smooth quasi-connected
reductive k-subgroup of G, and X = G/H.

Then, we have the following commutative diagrams, where in each of them, the
columns are exact, the third rows represent such a pairing with the right kernel being
trivial and the left kernel being Tk)s (resp. Tk)), and the fourth rows represent
perfect pairings of finite abelian groups

1

|

Xn° I

! |

[loes X(kv)  x  Bs(X)/B(X) —— Q/Z

l | I

UL(H™)  x IIL(H)/IN(H) —— Q/Z

| |

1 1
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and

1
1
X(k) 1
| |
Hv X(kv) X Ba)(X)/B(X)—>Q/Z
! =T 1=
g, (™) x G, (H)/II(H) —— Q/Z

! 1

1 1.

s N

Here, the closure X(k) and X(k) are taken in the product [|,cg X(ky) and the
product [ [, X(ky), respectively. In particular, the Brauer—Manin obstruction to the
weak approximation in S and over k for X is the only one.

Then, we apply them to study the Brauer—Manin obstruction to the weak approxi-
mation for a class of homogeneous spaces with quasi-connected reductive stabilizers
over any global field.

Finally, we extend some of Borovoi’s main results [5, Thms. 2.2 and 2.4] to the
global function field case.

TueoreM 1.5 (See Theorems 5.2, 5.3). Let k be a field with no real places, G a
connected reductive k-group with simply connected semisimple part, and X a k-
homogeneous space under G with smooth stabilizer H such that H ™) js commutative.
Then, the Brauer—Manin obstructions to the Hasse and weak approximation for X are
the only ones.

Note that over global function fields, the case where the stabilizer is a connected
reductive group has been considered before (cf. [44,45] and independently, also in
[20,21]). This partially verifies an analog for global function fields of a conjecture due
to Colliot-Thélene (see [13] for the original number field statement) for homogeneous
spaces. We remark also that the case of non-connected stabilizer is in general hard to
deal with (cf. [47, Sec. 3.2.1]) and the general case is widely open. An announcement
of some of the main results of the present paper was given in [44]. Here is the outline
of the paper.

In Section 2, we recall some basic facts needed in the sequel.

In Section 3, we discuss some new formulas computing an obstruction to weak
approximation in non-abelian cohomology of quasi-connected reductive groups, where
the main result is Theorem 3.4.

Then, in Section 4, we apply these new formulas to compute an obstruction to
weak approximation in homogeneous spaces under connected reductive groups with
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quasi-connected stabilizers over global fields and prove some of our main results
(Theorems 4.1, 4.8, and 4.11). In particular, these results also show that over any global
field k, the Brauer—Manin obstruction to the weak approximation in homogeneous
spaces under connected reductive groups with quasi-connected reductive k-stabilizers
is the only one.

Finally, in Section 5, we apply our obtained results and the method given by Borovoi
to show that over global fields without real places, the Brauer—-Manin obstruction to
the Hasse principle (resp. to the weak approximation) in homogeneous spaces under
connected reductive groups with simply connected semisimple part and stabilizers H
such that H ™ is commutative is the only one (see Theorems 5.2, 5.3 and Proposition 5.4
for more precise statements).

All the results obtained here in the case of quasi-connected stabilizers and the
extension of Borovoi’s main results of [5] to global function fields are new. In the
particular case of connected stabilizers, in the case of global function fields, some of
the results were announced in [44], which was submitted in November 2020, and then
in [45]. It turns out that some parts of the results were also obtained independently
in [20] (online July 20, 2021), [21] (submitted July 29, 2021), with quite a different
method of proof.

2. PRELIMINARIES. KOTTWITZ GROUP AND RELATED RECIPROCITY SEQUENCE
2.1. Kotntwitz group and Kottwitz exact sequence

We first need some function field analogs of several important results due to Kottwitz,
upon which the results of Borovoi are based. Then, by following the approach taken by
Borovoi [7], we extend Borovoi’s formulas to the function field case.

For a connected reductive group G defined over a local or global field k, Kottwitz
introduced (cf. [31, Secs. 1 and 2]) the following group:

A(G) := mo(Z(G)T)P

(which is isomorphic to the dual Pic(G)® of the Picard group of G by [30, Sec. 2.4.1]).
Here, G denotes the Langlands dual of G and Z(-) denotes the center of (-). If we
denote by X, (T') the co-character group of a torus T, then Borovoi in [6, Sec. 1.4]
defined the algebraic fundamental group of G by

78 (G) := Coker (X+(T*) — X«(T)),

where 7 is a maximal k-torus of G* mapped upon a maximal k-torus 7" of G. (In
loc. cit., the field k is assumed of characteristic 0, but Borovoi’s definition works well
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in any other characteristic, and can be extended to reductive group schemes over any
base scheme; see [9, Def. 3.11].) Next, Borovoi considers the following group (see
[7, Sec. 1.1]):

B(G) := (z{ (G)r)

tors”
Finally, in [14, Sec. 6.1], Colliot-Théléne introduced the algebraic fundamental group
of G by setting

JTIC (G) := Coker(Fyx — P),

where
l—F—H —G—1

is a flasque resolution of G and P = H™". Then, by [14, Prop. A.2], there is a natural
isomorphism nlB (G) ~ JTIC (G) over any field k. We need the following results in the
sequel.

TueorEM 2.1 (Cf. [7, Prop. 3.2] (char. k =0), [14, Props. 6.3, A.2], [43, Thm. 1.1]). Let
k be any field, and let G be a connected reductive k-group. Then, there are isomorphisms
of functors

A(G) = B(G) —> Pic(G)P. -

In the following theorem, the last term I1I%(G'*") was added in [43, Thm. 4.7] and
the proof was given there for any global field.

TueorREM 2.2. Let k be a field and let G be a connected reductive k-group.

(1) (See [31, Thm. 1.2], [14, Thm. 9.1] for p-adic fields and [43, Thm. 2.5] for all
non-archimedean local fields) With the above notation, if k is a non-archimedean
local field, then there is a canonical isomorphism H! (k, G) ~ A(G).

(2) (See [31, Prop. 2.6], [6, Thm. 5.15], [14, Thm. 9.4] for number fields (without the
term I112(G)) and [43, Thm. 4.7] for all global fields) With the above notation, if
k is a global field, then there is the exact sequence

1 — II1Y(G) — H' (k,G) — @Hl(kv, G) — A(G) — II1%(G"") —> 1,

and the above exact sequence is functorial in G. ]

2.2. Quasi-trivial and quasi-connected reductive groups

Recall that (cf. [14, Def. 2.1]) a smooth connected affine group G defined over a field
k (supposed reductive, if char. k > 0) is quasi-trivial it ks[G]*/ k] is a permutation
Gal(kg/ k)-module and Pic(Gy) = 0.

Equivalently (cf. [14, Prop. 2.2]), G is quasi-trivial if G'" is a quasi-trivial k-torus
and G* is semisimple simply connected.
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A smooth affine k-group G is called quasi-connected reductive (cf. [33, Sec. 1.3.1])
if there is an exact sequence

1—G—G —T —1,

where G is a connected reductive k-group and T is a k-torus.

For a quasi-connected reductive k-group G, we may define after Labesse [33] the
group Hib(~, G) which is the abelianized (fppf) cohomology of G (see [33, Sec. 1.6],
[43, Sec. 1.4]). If k is a global field and S is a finite set of places of k, denote

U, (G) := Coker (i (k. G) — [ Hiy(kv. ).

veS

Yl (G) := Coker (Hgb(k, G) — [ HY ke, G)).

ab,w

3. SOME FORMULAS FOR OBSTRUCTIONS TO THE WEAK APPROXIMATION IN
COHOMOLOGY

Let G be a connected reductive group defined over a global field kX, H a smooth
k-subgroup of G, and X the homogeneous k-space G/H under G.

In [3-7], for the case of number fields, Borovoi gave various formulas to compute
an obstruction to the weak approximation for X in terms of a certain quotient of some
auxiliary groups that are related to the groups A(G), B(G) and the Brauer group of G.

Here, following Borovoi, we give some extensions to the case of global fields with no
real places (in particular global function fields) and then apply them to Brauer—Manin
obstruction to the weak approximation of homogeneous spaces. To do this, we need
some formulas for an obstruction to the weak approximation in cohomology groups of
the stabilizer with respect to some natural topology on the group cohomology.

3.1. Some formulas and notation

First we recall some notations that will be used in the sequel. Let 71 (G) be the algebraic
fundamental group defined by Borovoi (cf. [6]; see also some related information in
Section 2). For B(G) := (711 (G)r )rs (or the same, B(G) = Pic(G)P), foreachv € V,
each finite set S of places of k, we denote B, (G) = B(G x ky), Ay : By(G) — B(G)
the natural map, and denote by

B5(G) == (Im(Ay) | v & S)

the subgroup of B(G) generated by the images of A, for v & S, B'(G) := B?(G) the
subgroup of B(G) generated by the images of A, for all v, B*(G) := (g B3 (G),
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where S runs over all finite subsets of places of £,
Cs(G) := B'(G)/B*(G). Cu(G):= B'(G)/B*(G):

thus, we have C, (G) = 1(11_ns Cs(G).
Let B(H, G) := Ker(B(H) — B(G)) which corresponds to the k-morphism of
connected reductive k-groups H — G and for each place v, let

By(H.,G) := Ker (By(H) — By(G)).
We obtain for each v a homomorphism A, : By(H,G) — B(H, G), and
BS(H,G) := (Ay(By(H,G)) | v &)

the subgroup of B(H, G) generated by the corresponding images for all v & S. Finally,
we set B'(H,G) :== B?(H,G) when S = ; thus, we have

B®(H,G) < BS(H,G) € B'(H,G) € B(H,G)
and set
Cs(X):= B'(H,G)/B%(H,G), Cu,(X):=B'(H,G)/B”(H,G),

so we have C,(X) = 1<iLnS Cs(X). Notice that a priori, the quantity Cs(X) depends
on each of the following inputs S, G, H and we have

Co(X)=0 < B'(H,G)=BS5(H,G)forall S < Cs(X) = 0 forall S.
In the particular case when Pic(G) = Pic(G x ks) = 0, we have
B(H,G) = B(H) = Pic(H)?,
B(Hy., Gy) = B(Hy) = Pic(Hy)",
B(H x kg, G x kg) = B(H x k) = Pic(H x ks)P
and since B(H x ky 5) = B(H X kj), for the map A B(H x kg) — B(H), we have
(3.1 Im(A) = Im(X,) € Im(A,)
for all v. Hence, we also have
Im(}) C Im(Bygsiv):
1.e.,

3.2) Im(X) € BS(H) C B'(H)
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for all S. We need the following formula for the duality of torsion abelian groups.
Namely, for a homomorphism f : A — B of such groups, we have

(3.3) [1m(f)]” = BP/(Coker(f))” ~ BP/Ker(fP : B? — 4P),

~

(3.4) [Ker(£)]” 5 Coker(fP : B? — 4P).
Then, by setting

Pici(H) := Ker (Pic(H) — Pic(H x ky)).

we have
Picy (H)? = [ Ker (Pic(H) — Pic(H x ks))]”
= Coker [ Pic(H x ks)P — Pic(H)P]
= Coker [B(H x k) — B(H)]
= B(H)/Im(}),
so we have
(3.5) Pic,(H)? = B(H)/Im(})

and similarly

(3.6) Picy (H,)? = [Ker (Pic(H) — Pic(H x ky))]”
= B(H,)/Im(}).

Therefore, by Theorem 2.2, we have natural inclusions

(3.7) BS(H)/Im(X) € B'(H)/Im(}).

Notice that we have

(3.8) BS(H)/Im(X) = (Im(A,)/Im(}) | v & S)
Im|[B, (H)/Im(A) — B(H)/Irn()t)] |v¢S)
[PlCl(H )P —>P101(H)D] | v gZS),

Im B, (H)/Im(A) — B(H)/Im(A)] | v € V)

(
= {
(Tm
(3.9) B'(H)/Im(X) = (Im(A,)/ImQ) | v € V)
(
= (Im [ Pic; (H,)? — Pici(H)?] | v e V),
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so we have

(3.10) Cs(H) = B'(H)/B®(H)
= [B/(H)/Im(M)]/[B® (H)/Im(%)]
(Im [ Picy (Hy)? — Pici (H)P] | v e V)

~ (Im[Pici(Hy)? — Pici (H)P] |v ¢ S)

We need the following generalization of a lemma due to Borovoi, where we restrict
ourselves to the case of reductive groups to avoid complications related with unipotent
radicals. The part (1) of the following lemma was proved in [15, Lem. 1.5] in char. 0,
where the stabilizers are connected.

LEmMA 3.1. Let k be a field, and let G’ be a connected reductive k-group.

(1) If H' is a connected k- (resp. ks-) subgroup of G, then one can represent the
k-homogeneous space X := G'/H' as X = G/H, where H is a connected k-
(resp. ks-) subgroup of G and G is a quasi-trivial reductive k-group. If H' is
smooth, H can be taken smooth, too.

(2) If H is a quasi-connected reductive k-group, then H™ is also a smooth k-group
of multiplicative type.

Proor. (1) The same proof of [15, Lem. 1.5] for the case char. k = 0 also holds in the
case char. k > 0.
(2) First proof. Let H be quasi-connected reductive and consider the exact sequence

1l—H —H — T —1,

where H is connected reductive and T is a torus. Since H **" is a characteristic subgroup
of H° and H is normal in Hy, H%" is also normal in H; and we may consider the
quotient Q := H;/H*". Then, we have the following commutative diagram with exact
rows and columns:

1 1
]

1 B A g g 1
~ la ly

1 AN Y S TN\ 1
o
T———T
P
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Since H® C H®", Q is a torus. Therefore, H™ is a subgroup of a torus, thus of
multiplicative type.

Second proof. (I am thankful to the referee for this short proof.) Note that in
general if H is just a kernel of a morphism from a connected affine group onto a torus,
then H ™ needs not be a group of multiplicative type. Let H be a quasi-connected
reductive group over a field k. Let H ° be its connected components and H = H%" =
[H°, H°] its semisimple part (derived subgroup). Let us prove that H™ = H/H %"
is of multiplicative type.

We have a short exact sequence:

3.11) l1—H—>H —T —1,

where T is a torus and H; is reductive and connected. Then, H fer = [H;, H,] maps
to the identity in 7" as T is commutative; hence, H f“ C H.Since H f“ is connected,
we also get H fer C H°. Since H; is reductive, H fer is semisimple, and thus H fer =
(H{eryder = [Her, H fer]. It follows that

Hder C Hijer — (Hiier)der C Hder’

and thus H% = H fer. Hence, by quotienting the first two terms in (3.11), we get an
exact sequence:

1 — H™ = H/H* — H\/H{" — T — 1.

Since H; is connected, Hy/H{" = H l(m) is a torus, and any subgroup of it is of
multiplicative type as wished. ]

We need in the sequel the following description of the closure of k-points in the
product of local points. The first statement generalizes to homogeneous spaces a well-
known result for connected reductive groups (see [26, Satz 1], [38, Proof of Thm. 3.3]
(for number fields) and [42, Thm. 1.1] (for global function fields)).

LemMma 3.2. Let k be a global field and let G be a connected reductive k-group.

(1) Let H be a smooth k-subgroup of G. Then, for the k-homogeneous X = G/H,
—S
and for any finite set S of places of k, the closure X(k) of X(k) in [[,eg X (kv)
is an open subset.

(2) Let H be a connected reductive k-subgroup of G. Assume that
(@) A(S,G) =1, Ker(H'(k, G) = [[,es H' (ky, G)) = 1, and
(b) the localization map H' (k, H) — [],cs H' (ky, H) is surjective.
Then, the k-variety X := G/H has weak approximation in S.
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(3) (See [14, Prop. 9.2] for number fields, and [42, Prop. 2.2 (3)] for global function
fields) Let k be any global field and let G be a quasi-trivial reductive k-group.
Then, G has the weak approximation property over k and the Hasse principle for
H! holds for G. Moreover, if k has no real places, then H (k, G) and H' (k,, G)
(for all v) are trivial.

(4) (See [7, Cor. 1.7] for number fields) Let k be a number field, H a connected
reductive k-group. Then, the k-variety X = G/H has the weak approximation
property in oQ.

(5) If G is quasi-trivial, then we have B(G) = 0, B'(G) = 0, BS(G) = 0.

Proor. (1) We have the following commutative diagram with exact rows:

Glk) — " X(k) —— S H'(k, H) — " S H (K, G)

il i’l l)’s " lﬂs

8
HveS G(kv) l) nveS X(kv) —S> nveS H! (kvv H) —S> nveS H! (kv’ G)'

Since H is a smooth k-group, s is an open mapping by Implicit Function Theorem, so
Im(7rg) is an open subset in [ [, ¢ X (ky). On the one hand, by [26, Satz 1], [38, Proof

—
of Thm. 3.3] (for number fields) and [42, Thm. 1.1] (for global function fields), G(k) is
an open (and normal) subgroup of [ [, ¢ G (ky). On the other hand, the action mapping

G (k) x X(k) — X(k) € X(k)®
extends by continuity to the action mapping
Gl x X(K) — XY,
and thus also the action mapping

Gl xX(K) — X(K) .

This implies that if x € X (k)S, then G(k)S -x C ms, and therefore ms is open
in[[,es X(ky).

(2) Follows by standard diagram chase (see e.g. [29], [38, Sec. 3]). Since the
argument is short, we present it here. Given xs € [[,cg X(ky), since ys is surjective,
from the diagram above, we have §g(xs) = ys(h), for some h € H' (k, H), so

is(ys(h)) = Bs(i*(h)) = 1.
This implies thati * (k) = 1;1i.e., h = §(x), x € X(k); thus, §s(x) = s (xs). Therefore,

Xs € ns( I1 G(k,,)) X

veS
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By assumption, G (k) is dense in [ [, cg G(ky), so this implies that
—F=S —FS
xs €ens(G(k) ) -x C X(k) .

(3) If k is a number field, then the weak approximation property and the Hasse
principle for H! for G were proved in [14, Prop. 9.2].

If k is a global function field, then the weak approximation for G was proved in
[42, Prop. 2.2]. By [14, Prop. 2.2], there is an exact sequence

] —G¥ —-G—T—1,

where G** is a semisimple simply connected k-group, and 7 is a quasi-trivial k-torus.
By Harder’s theorem [26, Satz A] (resp. Bruhat-Tits’ theorem [12, Thm. 4.7]), we
have H! (k, G*°) = 1 (resp. H! (k,, G**) = 1), and also since T is an induced k- torus,
H'(k,T) =1 (resp. H' (k,, T) = 1). This implies that H! (k, G) = 1.

Finally, if k is a totally imaginary number field, then as above, H! (k,, G**) = 1 by
Bruhat-Tits’ theorem quoted above, and the Hasse principle for G** (cf. [36, Ch. VI])
implies that H! (k, G) = 1.

@) Letl - F — Gy LG >1bea flasque resolution of G, where G is a quasi-
trivial reductive k-group. Then, for H, := n~'(H), we have X = G/H ~ G/H;,
so we may assume from the beginning that G is a quasi-trivial reductive k-group. It
is well known that any connected k-group has weak approximation with respect to
oo (see [38, Cor. 3.5]) and any quasi-trivial k-group G satisfies the Hasse principle
and weak approximation over k (see (3)), so the condition (a) of (2) holds. Also,
according to a result by Kneser—Harder (see [38, Lem. 1.12]), the localization map
H'(k,H) — [Theoo H'(k,, H) is surjective. Hence, the condition (b) of (2) holds and
now (4) follows from (2).

(5) If G is a quasi-trivial reductive group, then the exact sequence

1 —-G*—G—T—1
induces the following exact sequence (cf. [38, Cor. 6.11]):
Pic(T) — Pic(G) —> Pic(G®).
Since G* is simply connected and T is an induced k-torus, they have trivial Picard
groups, so this sequence shows that Pic(G) = 0. Therefore, B(G) =0, BS(G) =0. m
3.2. Approximation in cohomology

Next, we consider an application to the approximation problem in the cohomology
groups (or sets) in the framework as in [42, Sec. 4] (see also [24]).
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(a) Recall that for a field k& with a place v, let k,, be the completion of k with respect
to v. We may endow the cohomology sets prpf (ky, H),i > 0 for a group scheme H
of finite type over k, with the natural topology as in [1], [42, Sec. 4], or [46] (which
is called canonical or special topology there). Recall that for smooth k,-groups, the
corresponding topology is discrete, and if H is commutative, this topology agrees with
the one defined in [34]. We also equip Hﬁppf (k, H) with the weakest topology such that
for any subset W of places, all the connecting maps and the natural maps

yw : Hiyo(k. H) — [ | Hip(ko. H)
vew

are continuous with respect to the topology of the product of [ [, <y Hf»ppf (ky, H).
(b) Similarly, for a short complex of diagonalizable k-groups (resp. k,-groups), we
endow the hypercohomology sets

fHéppf(k, [P — Q]) (resp. %ﬁppf(kv, [P — Q]))

asin [32, p. 138, p. 146].

(c) We may drop the subscript “fppf” in the case the groups under consideration
are smooth. We may also define a natural topology on the abelian groups Hflb (k,G)
(resp. Hi, (ky, G)) for quasi-connected reductive k-groups (resp. k,-groups) G in the
same way as in [32, p. 138, p. 146], so that all the connecting maps and the maps

ab% : G(ky) = H(ky, G) —> HY (ky, G),
abg : H'(ky, G) —> HY, (ky, G)

are continuous.
More precisely, for a quasi-connected reductive group H defined over a field k by
the exact sequence
1—G—G —T —1,

let G1¢ be the simply connected covering of the semisimple part G}* of G1. Then, we
have G}* C G, so we have a short complex

G =[G — G],

which is quasi-isomorphic to the short complex [Z7¢ — Z], where Z7¢, Z denote the
center of G{¢ and G, respectively. Let

p:G¢ —G¥ —G

be the composite mapping and set K := Ker(p). Recall that (see [0, Sec. 3.10],
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[11, Sec. 2.16.1], [23, Prop. 3.10]) we have the long exact sequence

1 — K(k) — G$¢(k) 2> G(k) LN HO (k. G)
—s H'(k, G5%) 25 H (k. G) LN H) (k. G).
Here, the maps ab®, ab! are defined from the natural morphism of complexes
[ - G] — [G{* — G
thus,

ab? : G(k) = H°(k.[1 - G]) — H°(k,[G}* — G]),
ab' : H'(k, G) = H'(k, [l — G]) — H'(k,[G{ — G]).

(d) Assume that k, is the completion of k with respect to a place v and the notation
is as above. Then, the natural topology on k,-points of algebraic groups is just induced
from that of k,. Further, the topology on HY, (k,, G) is the weakest such that ab? is
continuous (hence also open). Since for smooth k-groups H , the canonical topology on
H!(k,,G)is discrete (see [1, Cor. 5.1.3]), it is natural to endow the group H;b’fppf (kv,G)
with the discrete topology.

(e) The definition of weak approximation, almost weak approximation in cohomol-
ogy sets can be naturally extended to the case of fppf cohomology of a group scheme
H defined over a field k, and we use the same definition as in [42, Sec. 4] for non-
commutative group schemes. (Recall that a k-variety X has almost weak approximation
over k if for a finite set S of places of k, X has the weak approximation property with
respect to V' \ §.) For unipotent group schemes, the weak approximation in degree 1
cohomology sets always holds (see [42, Prop. 4.3]). Further, the obstruction is given
there for the case of commutative group schemes over global fields. It is natural to ask
what the obstruction to the weak approximation in such cohomology sets can be in the
non-commutative case (see [42, Rem. 4.5]).

Here, we apply the above results to extend the results of [42, Sec. 4] to study the
obstruction to weak approximation in cohomology sets in the case of quasi-connected
reductive k-groups over global fields with no real places.

(f) For a quasi-connected reductive k-group H, and its related group H ™ and any
subset S C V, we denote by

ys :H' (k. H) — [ [ H'(ky. H) =: I,

vesS

yv Bk H) — [[H! (ko H) =: Ty,
v
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Van,s - Hyp(k, H) — [ Hiy(ko, H) =: T,

vesS

Yaoy : Hip s (k. H) —> [ [ Hay (k. H) =: Ty,
v

Us Hl(k, H(m)) s l_[ Hl(kv, H(m))’

vesS

v H Kk, H™) — T H"(k,, H™),
%
veV

pav,s - Hyp(k, H™) — [ Hyy ko, H™),

ves

pan,y - Hyp(k, H™) — T HY, (ky, H™)
veV

the localization maps. Further, denote by

ms =[] m: [[H ko H) — [ H (ko. H™),

ves vesS vesS
s = | [ o+ [ | Hap ko, H) — [ Hip ko, H™)
veS veS veS

the maps induced from H — H ™,

abs : [ [ H' (kv H™) — [ [ Hy, , (ko H™)

vesS veS

the product of the maps ab,, : H' (k,, H™) — HL (k,, H™), and

ab,v

ps [ Hiyo (ko H™) — Ul o(H™) := Coker(an,s)-

veS
These maps give rise to a composite mapping fs := ps o abg o g
T ab p
fs: [[H" o HY =5 [ H (k. H™) = T HY (ko H™) =5 Al o(H™)
veS veS veS
and the composite mapping gs := fs o ds

8 f -
gs : [ [ Xtko) = []H (ko. H) = 9, o(H™).

veS veS

Remark 1. (1) Since for the quasi-connected reductive group H, the group H m) g
commutative, so we may identify H!, (k, H m)) and H (k, H™).
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(2) Let As := Im(ys). For each pair S, T of sets of places of k, S C T, let p§ :
I17 — Ilg be the projection onto the S-component of [17 = Ilg x I17\s and let qg
be the restriction of pg to Ar. Then, it is clear that the systems (Ag, qg) and (ITg, pg)
form surjective projective systems (i.e., the projection maps are surjective). Let

1 Y T T T
yv(H' (k, H)) := L{;E(AS"IS)’ My = I%?(HS’I)S)'

We note that [Ty can be naturally identified with the product [], H! (k,, H). Next,
assume that all the sets H! (k, H), H' (k,, H) are equipped with some natural topology
(cf. [1]). Then, we equip the products ITg, [Ty with the product topology and A with
the topology induced from that of I1g, and we equip the projective limits with the
usual topology of the limit.

The following proposition extends to global fields without real places some results
obtained earlier by Borovoi in the case of number fields.

THueoOREM 3.3. Let k be a global field without real places, H a quasi-connected
reductive group, and S a finite set of places of k. Then, with the above notation, the
following hold.

(1) There are natural isomorphisms of finite abelian groups

(3.12) ul g(H) = Uy(H™), ]

ab,w

(H) —> 9, (H™).
(2) We have the following exact sequences of pointed sets, functorial in H:

(.13) 1 —> s (H' (k. 1)) -2 T8 ko, 1) L2 (™) — 1,

veS

314 1— )/V(Hl(k H) _> 1_[ H! (kv’H) V.o gl (H(m)) — 1.
veV

Here ig, iy are natural inclusions.
(3) If H is connected reductive, then we have natural isomorphisms of finite abelian
groups
cs t US(H™) = UL (H) =5 C5(H),
Co : T (H™) = T, (H ) — C,(H),

and thus also the following exact sequences of pointed sets, functorial in H :

(315 1—> ys(H'(k, H)) —5 T H o, H) 2555 Cs(H) — 1,
vesS
(3.16) 1 — yy(H!(k, H)) — HH kv, H) 225 €0 (H) — 1.

veV
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REMARK 2. If k is a number field, then it was proved that (see [3, Thm. 1.2]) if H is a
connected reductive group over k, then there is the following exact sequence, closely
related to (3.13):

(3.13) H' (k, H) 2 [ H' ke, H) — Cs(H) — 1,
veS

that (see [3, Thm. 1.4] or [8, Prop. 3.7]) there is an isomorphism
Cs(H) = Cs(H™),
and that (see [8, Prop. 3.9])
Cs(H') ~ 9§ (H™).

Moreover (see [7, Prop. 1.9]),if H C G is a connected k-subgroup of a simply connected
k-group G, and X = G/H, then there is an isomorphism

Cs(X) ~ Yg(H'),
and (see [8, Lem. 3.4]) when G is quasi-trivial, we have
Cs(X) ~ Cs(H).

Thus, (3.13) is a function field analog (in fact, an extension) of (3.13’) in the case of
quasi-connected groups (and when H is connected and reductive, we have H ™ = H'or,
so one gets the exact analog). In Theorem 3.4 below, (3.13) will be extended to any
quasi-connected k-group H over any global field k.

Proor oF THEOREM 3.3. We embed H as a subgroup into a quasi-trivial reductive
k-group G, and let X := G/H. Assume that H is defined via the exact sequence
1—- H — Gy — T — 1, where G is connected reductive and T is a torus. Note that
since H, G1, T are smooth, by [1, Cor. 5.1.3], the natural topologies on H!(k,, H),
H!(k,, G1), H' (k,, T) are discrete. Therefore, the (finite) product topology is also
discrete and the image of H' (k, H) in [],cg H! (ky, H) is also a closed subset there.
Thus,

vs(H'(k, H)) = ys(H'(k, H)).

Recall that if k is a global function field, then we have
H (k. H) —> Hl(k, H). H' (ky, H) —> Hl (ky, H)

(cf. [43, Prop. 1.14]). One can use the same proof of [43, Prop. 1.14], which was given
for the case of global function fields to extend this result to the present case (k has no
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real places). Thus, further, we may regard H! (k, H),H! (k,,, H) as abelian topological
groups.

(1) Since H is quasi-connected reductive, we have H*" = H* and the exact
sequence

(3.17) l— HY — H 5 H™ 1,
We derive from this the following commutative diagram with exact rows and columns:

H! (k, H*) —=5 5 [T,cs H (ky. H®)

| l

Hl(k, H) L) HveS Hl(kvv H)
lﬂ* lﬂs
H! (k. H®) =5 [T, e HY (ky. H™),

Since H** is semisimple, we know by [2, Thm. 1.7] (for number fields) and [46,
Thm. 3.8.1, p. 4301] (for global function fields) that the localization map

as :H'(k, H®) — ]‘[ H! (k,, H*)
veS

is surjective. Now we pass to abelianized cohomology (see [6,9, 11,33]) in the flat

setting. Denote by
aby, : H (k, H) — H (k. H)

the natural map of cohomology and let
ably ¢ [ [ H (ko H) — [ ] Hiy (k. H)
veS veS

be the product of the maps ab?,’v. The exact sequence (3.17) defines the following
commutative diagram with exact rows and the first two exact columns:

Qab, S a‘:\
HY (k, H*) —2 [T, 5 Hy (ky, HY) —=— UL o(H)
v Vs

H. (k, H)

Vab, S
” HUES H; (kv’ H) —>qab S(H)

Trab Tab, S Pab, S

Mab, S M;
H;b(k (m)) HveS H;b,fppf(kv’ H(m)) —b> q;b,s(H(m))

l/
ab, S
H2 (k, H®) % [Tyes H2 (ky, H*) b U2 (H®),
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where ¢y, s 1s induced from the pair 7y, ap, 5. Let F be the fundamental group of
H*®. Then, we know by [2, Thm. 1.7] (for number fields) and [46, Thm. 3.8.1, p. 4301]
(for global function fields) that the localization map a5 is surjective; hence, so is ap, s
due to the commutativity of the following diagram:

H!(k, H*) —=— [T, cs H' (ky, H®)

J/abHss J/abHSS.S

ss “ S sS
Hib (k H? ) - HUES H;b,fppf(kv’ H )

and the surjectivity of abgss 5. Therefore, qlb g(H®) = 1. Next, we show that there
are isomorphisms

H (k, H®) — H3(k, F),
H2, oo (ko. H) —> H3(ky, F).

Indeed, let H denote the simply connected covering of H* with canonical projection
H = H*. Then, the short complex [H — H*] forms a quasi-abelian crossed module
in the terminology of [23] (see [23, Ex. 3.3]). Then, it follows from [23, (3.5)], applied
to the quasi-abelian crossed module [ﬁ — H*], that we have an exact sequence, for
i >0:
. —> Hi- (k. Coker()) —> Hib (k. Ker(d)) —> Hiy oo (k. [H — H™))
— prpf(k, Coker(a)) —

Since d: H — H* is surjective, we have Hépp% (k,Coker(d)) = prpf(k, Coker(d)) =1,

so we get an isomorphism
Hgb,fppf(k’ Hss) — H?ppf(k? F)’
and similarly,

ab ,fppf (kv’ Hss) —_> prpf(kv’ F)

Then, since S contains no real places, and since cd(k,) = 2, we have
HY (k. F) =1, H} (ky, F) =1.

Hence, myp,s and @b, 5 are surjective. We show next that ¢, s is injective, thus an
isomorphism. Let z € [[,cg H;b,fppf(kv’ H) such that @y, 5(y),(z)) = 1. Then, 1 =
Mo (Ta,5(2)), 80

Tab,s(2) = fab,s (1), t € Hab fppf(k, H(m))-
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Since Hib,fppf(kvﬂ H*®) = 1, we have t = m,(s), for some s € Hz}b’fppf(k, H). Thus,
Tab,5 (2) = Trab,s (Vab,s (5)), 80

z = Vab,S(s) (mOd Ker(nab,S));

ie.,
Z = Yap,s(s) (modIm(vs)).

Since oy, s is surjective, this implies that

Z=Yw,s(s) +vsu), ue 1_[ Hgllb,fppf(kv, H*).

vesS

Therefore, z = yab, s (s + v (1)), s0 ¥, (z) = 1, and @y, 5 is a bijection; thus, we have
sy s (H) — Ul g(H™) — Yy (H™)

as asserted. The isomorphism Y ;b’ J(H) =YL (H (m)) is proved in a similar way. That
they are finite abelian groups follows from [45, Prop. 1.4.1].

(2) The functoriality of the sequences can be verified without any difficulty. The
proof of (3.13) follows from the fact that ¢, s is an isomorphism.

Further, we proceed to prove (3.14). The idea is that we pass to the inverse limit
of ys(H'(k, H)) and show that the limit and the closure are the same. We need the

following well-known “folklore” statement.

STATEMENT. () [f1 > Aq — By — Cy — 1 is a projective system of exact sequences
of abelian groups, then for their projective limit, we have an exact sequence

1 — lim A, —> lim B, —> lim C,,
<~ — <~

o o o

and if all the projection maps are surjective, then also an exact sequence

l—1limA—IlimB — 1limC — 1.
<~ < <
o o o
(b) Let (By, faﬁ ), a € I be a projective system of topological spaces, where for
a < B, the transition map faﬂ : Bg — By is a surjective and closed mapping. Let for

each o, Ay be a closed non-empty subset of B, such that with faﬂ restricted to (Ay),
(Ag, faﬂ) is also a projective system. Then, 1<i£1a Ag is a closed subset of l(iLna By,. m

Now by (1), we have the following exact sequences of abelian groups (which hold
due to (3.12), (3.13)) (recall that As = ys(H!(k, H))):

1 — As — [[H'(ky. H) — TEH™) — 1,

ves
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and by Statement (a), we have the exact sequence of abelian groups

(18) 11— yy(H (k. H)) — [ H"Cko, H) — GLH™) —> 1.

veV

We need to show that we have
yv (H (k. H)) = yy (H' (k, H)).

For each finite set S, ys(H' (k, H)) is a closed Hausdorff topological subgroup of the
product [[,cs H! (ky, H) (which is equipped with the discrete topology, see above).
Since G is quasi-trivial, it satisfies the weak approximation property over k and we
have the following commutative diagram with the exact second column, where we
show that the first column of which is also exact:

Gk) ———— T, G(ky)
! X(k) [T, X(ky) —— UL (HM™) — |
(3.19) 5, 5 lz
L —— yy (H! (k. H) —— TT, H' (k. H) — T (H™) — 1

1 1.

By assumption, £ has no real places, so over such a field k, by Lemma 3.2 (3), we have
H!(k,G) = H'(k,, G) = 1; hence, the map 87, is surjective. As in the above diagram,
since 5{, is continuous, we have

yy (' (k. H)) = 8, (X)) € 8, (X(k)) = yv (HI (k. H)):
thus,
(3.20) yv (H (k. H)) € yv (HI (k. H)).

By Statement (b) or [27, Ch. 2, Thm. 6.14], the projective limit

yy (H' (k. H)) = lim (ys (H' (k, H)))
N
is a closed Hausdorff subgroup of the product [ [, H'(k,, H), which clearly contains

yv (HY(k, H)), so we have

(3.21) yv (H (k. H)) € yv (H' (k. H)).
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From the inclusions (3.20) and (3.21), we deduce that the two groups yy (H1(k, H))

and yy (H! (k, H)) are equal and (3.14) holds.
(3) If H is connected and reductive, we have H™ = H'" If k is a number field,
the assertion follows from [7, Prop. 1.9], so we assume that k is a global function field.
First we claim that there is the exact sequence
(3.22) HYy (k. H) 225 T HYy ko, H) =25 Cs(H) —> 1.

vesS

By Theorems 2.1 and 2.2, we have the following commutative diagram with exact rows:

H(k, H) — @, H' (ky, H) —— B'(H) —— 1

Zl «| l,g

HY(k, H) —255 @, s H' (ko. H) —— Coker(ys) —— 1,

where £ = @,§&,, and each &, is the composition

v

& H (ky, H) 25 By (H) 25 B/(H),
where @, is a bijection by [43, Thm. 2.5], yy, ys are localization maps, and
o (Xy)vey = (Xp)ves.-

It is clear that f is surjective and a chase on the diagram shows that Ker(8) = BS (H).
In fact, on the one hand, let x € Ker(8),

x= )" Eylrw), xw€H (ky, H).

weWw

Then, x = £(¥,, %u) = (), where y = Yy, xu, 50 £5(@(1)) = 0; thus,
a(y) = ys(h) = a(y(h), heH (k H).

Hence,

y = y(h) € Ker(a) = @ H' (ky. H),
vegS

so x € BS(H). On the other hand, it is clear that BS (H) < Ker(B), so
(3.23) Coker(ys) ~ B'(H)/BS(H) = Cs(H);

hence, the sequence (3.22) is exact, where we take = £g.
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From above and the claim, we derive the following diagram, where the first row is
exact due to (3.23):

ydb S

H. (k, H) = @yes HY (ky, H) —— Cs(H) —— 1

- § s

yaS )’d
HY (k. H) =% @), 5 Hy (ky, H) — 9L o(H™) —— 1,

where y)} 1= ul, © 7Ta,s and pg is a map defined as follows. If x € Cs(H ), then we
lift x to an element y € [],cs HY, (kv, H), and then let pg(x) := y., (¥). It is clear
that if x lifts to y’, then y" — y € Ker(y,;) = Im(ya), so

v =y +ywl(z), zeHyk H).

Thus, v, (¥) = y5,(¥"), so the map gy is well defined. Thus, y); = gs o B/ and this
last diagram is commutative with exact rows.

One checks that gpg is a bijection, thus an isomorphism. From this, we see that
Cs(H) ~ qg (H ™) and similarly, C,, (H) ~ gl (H ™). From all the above, we see
that (3) holds.

Theorem 3.3 is proven. ]

Now we are able prove the general case of Theorem 3.3 (1), (2).
THEOREM 3.4. Let k be a global field, H a quasi-connected reductive k-group, and S
a finite set of places of k. Then,

(1) we have the exact sequence of pointed sets

1 — ys(H! (k, H)) —> []H (kv,H)——>LI (H™) — 1,

vesS
(2) we have the exact sequence of pointed sets

fabS

abS

(324)  1—>yus(Hy (k. H)) == [ | H}, (ko. H) —>

veS

YL(H™)— 1,

(3) there are natural isomorphisms of finite abelian groups:
Dip,s(H) — GYH™), T, , (H) — T (H™),
(4) we have the following exact sequences of pointed sets, functorial in H:

(3.25) 1—>yy (H'(k, H))— [ B! (ky, H) -2 UL (HE) — 1,
veV

fab 14

abV

(326) 11—y v (HY (k. H))—— [ [ Hy ko, H)——
veV

gl (H™) —1.
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Before proving the theorem, we need the following lemma. For simplicity, we
consider only the case of Galois cohomology (which will be used later on).

LemMA 3.5. Let k be a global field, 1 - A — B X C = 1 an exact sequence of
smooth k-group schemes, and k, a completion of k.

(1) In the following commutative diagram of cohomology, where § is the coboundary
map:
Clk)—2 5 H'(k, 4)

ivl resvl

Clky) —2s H (ky, A)

for any element ¢ € C(k), y € H'(k, A), we have
resy(c - y) = ¢ -resy(y),

where iy is the natural embedding and - denotes the action [39, Ch. I, Sec. 5.5] of
C(k) on H' (k, A) (resp. C(ky) on H (ky, A)).

(2) If we equip C(ky), C(k) with the v-adic topology and H' (k,,, A) with the discrete
topology and the weakest one on H! (k, A) such that all the maps are continuous,
then the action - of C(ky) on H! (ky, A) is continuous.

Proor. LetI' := Gal(ks/ k), and let ", := Gal(k, s/ ky), considered as the decompo-
sition group of v, thus as a closed subgroup of I' (cf. [39, Ch. II, Sec. 6]: the treatment
given there was for number fields, but it is also valid for any global field).

(1) The map res, is just the restriction map

resy : (dg)ser — (as)seFv~

Recall that if y is the class of the 1-cocycle (as)ser, and ¢ has a lifting b € B(ky),
7w (b) = c, then we have 7(h) = n(h)*, Vs € I',so b~! b € Ker(;r) = A(ky). Then,
c -y is the class of the 1-cocycle s > (b~'ash), s € T, and this class does not depend
on the choice of lifting. (In fact, if there is another lift b; € B(k;) for ¢, then we have
by = ba, a € A(ks), so by'ashy = a1 (b~ 'ash)*a is equivalent to (b~ 'ash) as a
1-cocycle with values in A.)

By definition, res, (c - y) is the class of the 1-cocycle ¢ — (b~'alh), 1 € T,. Let
b1 € B(ky ) be alifting of ¢ (considered as an element of C(k,)). Then, we have, on the
onehand, 7(b1) = ¢ = n(b),sob; = ba,a € A(ky,s), and on the other hand, c - res, ()
is the class of the 1-cocycle z +> (b7 alby),t € T'y, whichis thus 7 +> (a~1b~1albla),
t € T, which is equivalent to the 1-cocycle  +— (b~'alb), t € T',,. Hence, their classes
in H! (k,, A) coincide.
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(2) To show that the map
Clhy) x H (ky, A) <> H (ky, A),  (c.x) 1> - x

is continuous, we need only to show that for any x € H!(k,, A), £ ~!(x) is open. By
definition,

f7Hx) = {z = (c,y) € Clky) x H' (ky, A) | ¢ - y = x},
so this simply means that y belongs to the C (k, )-orbit of x, so we have
' x) ={z=(c,c7" - x) € Clky) x H' (ky, A) | ¢ € C(ky)}.
Let Stabc (x) be the stabilizer of x in C(k,) and let

C(ky) = | Stabe (x)cj. j € J.
jeJ

be a partition of C(k,) into right cosets of Stabc (x). Then, we have

fx) = U (ccj.cit-x) = U (Stabe (x)¢j x (¢! - x)).

Jj€J,ceStabe (x) J

Since A is smooth, the map 7 is separable, so 7 (B(ky)) is an open subgroup of C(k,),
and it is true for the twist 4B (instead of B), for any a € H'(k, A). By [39, Ch. I,
Prop. 39 (iii)], we have Stab¢ (x) = 7 (x B(ky)). Therefore, Stab¢ (x) is an open subset
of C(ky), and so is Stab¢ (x)c; for all j. The topology on H (k,, A) is discrete, so
each point cj_l - x is open in H!(k,, A). It implies that £ ~!(x) is the union of open
subsets

(Stabc (x)cj x (cj_1 -x))

of C(ky) x H(ky, A), so is also open as required. ]

REMARK 3. One can state the above lemma in a more general form in the framework
of [22, Prop. 3.3.3, Ch. III].

Proor oF THEOREM 3.4. (1) Since H is quasi-connected, H ™ is a smooth k-group
of multiplicative type by Lemma 3.1. Let H be defined from the exact sequence

l1—H—>H —T —1,
where H; is a connected reductive k-group and 7 is a k-torus. Let

l1—F —>0—T—1
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be a flasque resolution of 7', where F is a flasque k-torus and @ is an induced k-torus.
Then, we have the following commutative diagram with exact rows and columns:

1 1
F—=5F
(02 Y
) 1 H— s H, -0 1
-
1 7 AN R AN |
1 1.

Here, H, = H; xT Q. By considering the quotients by the derived subgroup of H,
and H;, we derive the following analogous commutative diagram with exact rows and

columns:
1 1
F—=F
am Ym
hm .m
) 1 H™ HY —"— 0 1
J: ﬂﬂ‘l )Lm
1 H(m) Bmohm H{m Jr/n T 1
1 1

We then derive the following commutative diagram with exact rows:

0y — s H'(k, H) — " H'(k, H)) — L H'(k, 0)

o - |

) h Jx.S
Mes Qo) = TTyes H' (k. H) = [T,es H' (k. H2) == [Tyes H' (kv. Q).
where ¢g is the diagonal map and yg, fs are the localization maps. Since Q is an
induced k-torus, its first cohomology is trivial, so the maps &, hg are surjective. Then,
by considering the induced diagrams of Galois cohomology, we have the following
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commutative diagram, where the first two rows are exact:

ok) —2 S H'(k,H) — " H' (k, Hy)) —— 1

qs Vs Os
8 h
HUGS Q(kv) _S> nveS H! (kv’ H) _S> HUES H! (kv’ HZ) —1
am " fs 0

’ ’

8 h
| ——A(S, Q) —>— UL(H™) — > GL(HP) ——— 1

1 1 1,
where fs is the composite map

[[H (kv H) — []Hi (ko H) — [ ] HY (ko H™) — Gg(H™),

veS vesS vesS

and 65 is the composite map

[[H (ko. Hy) — [ ] Hly(ko. Hy) — [ ] Hly(ko. HY") — g (HE).

veS vesS veS

Similarly, we have also the following commutative diagram with the first two exact
rOws:

O(k) —" S H' (e, H™) — 7 W (k, 1)

qs Ym.S Om.s

8m. hm, or
[Tyes ko) =3 TTyes H' (k. H™) 3 ], 5 H (ko, HY™)
Iv) . fm.s

7
em .S
4 ’
m

h
I ——A(S. Q) — "2 UL(H™) —— 5 gL (Hy) —— |

1 1 1.

Cram 1. The third row of diagram (IV) is exact. More precisely, it boils down to an
isomorphism of finite abelian groups q}; (H™) ~ Q}g (H™).

Indeed, it is clear that /s is surjective. Assume that i'g(x) = 1, x € qgllb, (H (m)).
Let
X=fus). ye[][H k. H™).

veS
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Then, 6, ¢(hm,s(y)) = 1,50
hm,s(y) = Om,s(z), z € H'(k, H™).

Take ¢ € H!(k, H™) such that 4,,(¢) = z, so we have hpy s (Ym.s (1)) = hm.s(»).
Therefore,
y=2gsvms(), gse]]Qk),
ves

where - is the action of [],cgs Q(ky) on [],cg H! (ky, H™) (cf. [39, Ch. I, Sec. 5.5]).
We equip [ [,cs Q(ky) with the product of v-adic topologies, v € S, and equip the
cohomology sets with the natural topology (cf. [34, Ch. III], [1]) such that all the maps
appearing in this diagram are continuous. Also, since H, H, are smooth, the natural
topology on [[,cs H! (ky, H™) and [],cs H' (ky, HY") are discrete ones (cf. [1]).
Since Q is an induced k-torus, ¢ s has dense image, so we may write gs = lim,, g», g, €
Q(k), and due to the continuity of the action of [, Q(kv) on [],cs H! (ky, H ™)
(see above lemma), we have

Yy =88 Yms(t) = lim Ym,s(&n) * Ym,s () = lim Ym,s(&n * 1),

where g, - t denotes the action of g, on # coming from the action of Q (k) on H'(k, H ™).
Since [[,cs H' (ky, H (m)) is finite, discrete, it implies that starting from certain 1, we
have y = Y, s(gn - t). It shows that x = 1, and we obtain an isomorphism

(3.27) Wy : UL (H™) ~ 9L (HL)
and the claim is proven.
Cram 2. (1) holds; i.e., the second column of diagram (111) is exact.

The idea of the proof is similar, but for completeness, we give the proof in detail. It
is clear that fs o ys = 1.If x € Ker(fs), then we have 1 = h's(fs(x)) = 05 (hs(x)).
Since H is a connected reductive k-group, we know by Borovoi’s result [3, Thms. 1.2
and 1.4] that the third column is exact in the case of number fields. In the case of global
function fields, it follows from Theorem 3.3 (2) proved above.

Thus, hs(x) = 0s(y), y € H'(k, H). Since h is surjective, we have y = h(z),
z € H'(k, H); thus, we have hg(ys(z)) = hs(x). Therefore, there is an element g5 €
[[,es O(ky) suchthat gs - ys(z) = x, where - denotes the usual action of [ [, . ¢ O (k)
on [[,es H' (ky, H) (cf. [39, Ch. 1, Sec. 5.5]). We may equip [[,cs Q(ky) with the
product of v-adic topologies, v € S, and equip [, s H! (ky, H),and [],cs H (ky, H>)
with the natural topology (cf. [1]) such that all the maps appearing in this diagram are
continuous. Also, since H, H{ are smooth, the natural topology on [ [, < H!(k,, H)and
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[Tves H(k,, H,) are discrete ones (cf. [ 1]). As above, we may write gs = lim,, ys(gn),
gn € Q(k), and we have

x=gs-ys(z) = 11,{HJ/S(gn) cys(z) = 11,{n)/s(gn - z),

where g, - z denotes the action of g,, on z (coming from the action of Q (k) onH! (k, H)).
Since [],es H! (ky, H) is finite, discrete, it implies that starting from certain 1, we
have x = ys(g, - z). It shows that Ker( fs) = Im(yg). Finally, fs is surjective since
we have shown that h/S is an isomorphism and since &g, 9& are surjective. Hence, the
claim is proven.

(2) We have the commutative diagram

H'(k, H) — " H'(k, Hy) —%— HL (k. H)) —— 1

lys les leﬂb, s

h
]_[veS H' (kv, H) _S> HveS Hl(kv, HZ) ﬂ HveS H;b(kv’ H2) — 1

V) lfs ) le’s leéb,s
1 —— Uk (H™) _hs YL(HY) —=—— UL(HY) ——— 1
% ! !

where the first two columns are exact (the first by what we have proved and the second
by a result of Borovoi for number fields [3, Thms. 1.2, 1.4] and by what we have proved
above for global fields without real places), and the map 6,  is the composite map

[ [ Hiy ko, Ha) — [ [ Hay ko, HY) — Y (HS™).

veS ves

Also, we know that the maps u, ug are surjective, by [6, Sec. 5] for char. k = 0 case
and [23, Thm. 5.8] (or [43, 1.12-1.14]) for char. k > 0 case. Since 6 is surjective, we
derive that so is 6, ¢, and that 6, ¢ © by, is a trivial map. Let 6, ¢(x) = 1. Choose
y € [1yes H! (ky, H2), such that us(y) = x. Then, we have

1= Qéb,S(x) = zib,s(“S(J’)) = 9/5()’)’
soy = 0s(z), z € H' (k, Hy); thus,
x =ugs(0s(2)) = b5 (u(2)):

i.e., x € Im(6ap,s), and the third column is exact.
By the way, we obtain also the following isomorphisms of finite abelian groups:

(3.28) Ul g (Ha) =~ YUg(Hy™).
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(3) From the exact sequence
11— H— H, — Q — 1,
by passing to abelianized cohomology, we obtain the commutative diagram

O(k) —4—— 1L (k. H) — " HL (k. Hy) —— 1

qs lyab,s laab,S
d h
HUES Q(kv)_s> veS H;b(kU’H)_S>Hv€S Helnb(kv’l_l2)_> 1
(VD s J/fab.s laz:b.S
_ d’. 1%
1—=5A(S.0) —— 1}, ((H) ———— 1 ((H) —— 1
1 1 I,

where the second and the third columns and the first and the second rows are exact.
Again, by a similar, but simpler, chase on the diagram involving only abelian groups as
in the proof of (2), we obtain the following isomorphism:

(3.29) Ul G(H) —> Y} s(Hy).
By (2), we have
(3.30) UL(H™) =5 UL (HP) ~ Ul s(Ha).

Thus, from the above isomorphism and the natural morphism H — H (m), which
induces the following homomorphisms of abelian groups:

Hly (k. H) — HYy( H™), [ H ke H) — [ By ko, H™),
ves ves

we get finally a natural projection:
a5 (H) — T(H™)

which is an isomorphism of finite abelian groups due to [45, Prop. 1.4.1], (3.29) and
(3.30).
The isomorphism
Wi (H) —> Hg, (H™)

is proved in a similar way, so we omit the details: we show as in Claim | that we have
an isomorphism

(3.27) Yl (H™) = Yl (Hw),
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and then

(3.28) (Hy) —> 9L (HLT).

abw

Then, we show

(3.29)) Ul o (H) —> Yl (Hy),
and finally
(3.30') UL (H™) = Ul () = 4l (Ha).

(4) The proof of (4) is quite similar to that of Theorem 3.3 (2), by using (1), (2)
proved above, so we omit the details.
Theorem 3.4 is thus proven. ]

We derive the following consequences.

CorOLLARY 3.6. Let the notation be as in Theorem 3.4. The localization maps

Voo 1 H'(k, H) — [ | H' (kv H),

VEOO

Yaboo : Hiy (k. H) — [ | Hiy (ko H)

VeSO
are surjective.

Proor. By looking at the diagram (III) in the proof of Theorem 3.4, where S = oo,
and by using the well-known facts that the localization map for H5,

Ooo : H' (k. Hy) — [ ] H'(ky. Ha).

VEOO

is surjective and the image of ¢ is dense in [ [, ., Q(ky) and applying a suitable
twisting argument, we deduce that Yy, is surjective.
Since the abeliniazation maps

aby :H'(k, H) - H}y (k. H), ab) 5 : H'(ky, H) — H},(ky, H)
are surjective for any local and global field (see [33, Prop. 1.6.7] for char. 0 case and

[43, Thm. 1.12 (b)] for char. p > 0O case) from the commutative diagram

b]
H(k, H)—2 HY (k. H)

Vool Vab.ool
ab!

Hveoo Hl(kv7 H) LH) Hveoo Hz}b(kv» H)

and from above, we deduce that y,, o is also surjective. [ ]
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CoroLLARY 3.7. Let H be a quasi-connected reductive group defined over a global
field k, S a finite set of places of k, and

ys :H'(k, H) — [ H' ko, H),

veS

yv H'(k. H) — [ [H! (ko. H)

the localization maps. Then, the following hold.

(1) The obstructions to weak approximation in S and over k in the first Galois coho-
mology of H are finite abelian groups Q}g(H(m)) and Y}, (H ™),

(2) The almost weak approximation holds: there is a finite set Sy of places of k such
that for any finite set S of places of k with S N So = @, the localization map ys is
surjective.

(3) The obstruction is finite if the following holds: (|mo(H™)|, p) = 1, where p =
char. k. In particular, if H™ = {1} (e.g., when H is semisimple), then the weak
approximation holds for H (k, H).

Proor. (1) follows from Theorem 3.3 (2).
(2) We indicate two proofs.

First proof. As in the proof of [42, Prop. 4.4.2 (b)], we may embed H ™ into an induced
k-torus P and set T := P/H ™ which is a k-torus. Let Sy be the set of all places v
of k, where v has a non-cyclic decomposition group in a fixed splitting field L for P,
thus also for H™_ It then follows from [42, Prop. 4.4.2] that we have

qg(H(m)) — LI.IS'OSO(H(m))
for any finite set of places S of k and for Sy. So if S N Sy = @, then
Uy (H™) = U, (H™) = {1},
and ygs is surjective. Thus, the image of H! (k, H) via YV\S, is dense in the product
[Togs, H' (ky, H).

Second proof. We may use the same argument given in the proof of Lemma 4.2 (b)
below.

(3) In our case, we note that if (|o(H ™)|, p) = 1, then H' (k,,, H ™) is finite for
all places v [39, Ch. III]. Since the almost weak approximation holds, it follows that
the obstruction to weak approximation is finite. ]
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RemMark 4. (1) It is interesting to compare the obstructions obtained above to the one
studied in [42, Sec. 4].

(2) Simple examples show that in general, (3.12) does not have an analog in the case
S = V;ie., yy(H' (k, H)) may not be closed in [], H' (ky, H) for non-connected
groups H . The reason is that for non-connected H, the closure of y(H!(k, H)) in
product topology on [], H!(ky, H) is very big in general. For example, if H is a
connected reductive k-group, then it is well known that the image of the localization
map yy : H'(k, H) — [, H' (ky, H) can land only in the direct sum |_|, H! (k,, H).

(3) In [43, p. 86], there was introduced the notion of pseudo-connected groups, the
class of which a priori contains that of quasi-connected ones. We show that they are
in fact the same. Recall that a smooth affine k-group H is called 0-quasi-connected
reductive if it is quasi-connected reductive, 1-quasi-connected reductive if H is the
kernel of a surjective k-morphism from a (0-)quasi-connected reductive G onto a
k-torus. By induction, an affine, smooth k-group H is an n-quasi-connected reductive
group if it is the kernel of a surjective k-morphism from an (n — 1)-quasi-connected
reductive onto a k-torus. One may ask if the class of n-quasi-connected groups strictly
contains the quasi-connected ones. We show that any n-quasi-connected group is quasi-
connected by induction on n. If n = 0, there is nothing to prove and we assume the
assertion holds for n — 1. Consider the exact sequence

l—H —H —T —1,

where H; is (n — 1)-quasi-connected and T is a k-torus. By the induction hypothesis,
H, is quasi-connected, say via the exact sequence 1 — H; — G; — S — 1, where
G is connected and reductive, and S is a torus. Since S is a torus, thus commutative,
we have DG; C H;. Since DG is semisimple, from this inclusion, we derive DG; =
[DGy,DGy] € DH;. Since T is a torus, thus commutative, we have DH; C H ; thus,
DG, C H, so we have a surjective morphism from the torus G;/D Gy onto G /H;
hence, G1/H is also a torus and we are done.

. FORMULAS FOR OBSTRUCTION TO WEAK APPROXIMATION IN HOMOGENEOUS SPACES

In this section, we propose an extension of an exact sequence computing an obstruction
to the weak approximation for homogeneous spaces due to Borovoi [7] and Borovoi
and Schlank [10].

As applications of results proved in Section 3, we derive a generalization of the
formula A(S, G) ~ (Bs(G)/B(G))? or the same, of the Sansuc exact sequence (S”)
(see [44, Thm. 2.1] and [45, Thm. 2.2.1 (2)]) and also that of the isomorphisms of
[44, Prop. 1.3] (or [45, Prop. 1.4.1]), to the case of homogeneous spaces.
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The following theorem extends well-known results of Borovoi [7, Thms. 1.3, 1.11]
obtained in the number field case to the global function field case and to the case of
homogeneous spaces over global fields with quasi-connected reductive stabilizers.

THEOREM 4.1. Let k be a global field, S a finite set of places of k, and X = G/H
a homogeneous space under a quasi-trivial connected reductive k-group G with a
quasi-connected reductive k-stabilizer H.

(1) There is an exact sequence of pointed sets

(4.1) I — Xk — [ Xk 25 ayH™) — 1,

ves

and also an exact sequence of pointed sets

@1b) 11— XE)° — [ Xk = (Bs(X)/BX)” — 1,

ves

or the same,

@l 1— X&) — []xk) — (Bs(X))” — (B(X))” — 1,

vesS

where the closure is taken in the finite product [ [,cq X (kv).

(2) The Brauer—Manin obstruction to the weak approximation for X = G/H in S is
the only one.

(3) If H is connected and reductive, then there are isomorphisms
D D
(4.1d) Cs(X) ~ (Bs(X)/B(X))”. Cu(X) =~ (Buo(X)/B(X))".

RemMArk 5. (1) If k is a number field, G (resp. H) a connected affine k-group (resp.
connected k-subgroup of G), such that A(G) = 1, III(G) = 1, then (4.1a) has been
given in [7, Thm. 1.3], (4.1b) and (4.1c) in [7, Thm. 1.11], and (4.1d) in [7, Cor. 1.12].

(2) If k is a global field with no real places, and G is either connected (and H is
connected) reductive or quasi-trivial (and H is quasi-connected) reductive k-group, then
(4.1a) has been given in [44, Thm. 4.1 (1)] and (4.1b) and (4.1c) in [44, Thm. 4.1 (2)].
Around the same time, (4.1b) and (4.1c) have been given (with a different method of
proof) in [20, Thm. 4.2] (where k is a global function field, and G, H are connected
reductive k-groups).

Proor orF THEOREM 4.1. Before proving the theorem, we need some more preparation.
First we need the following lemma.
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Lemma 4.2. Let k be a global field, and let M be a smooth k-group of multiplicative
type, embedded as a k-subgroup of an induced k-torus P.

(@) If the set of archimedean places coy # @, then the localization map

H' (k. M) > [] H' (ky. M)

PiSee]
is surjective.

(b) If S = So U S, is the disjoint union, where S; is the set of all places in S, the
decomposition groups of which in some fixed splitting field of P are cyclic, then
we have an isomorphism

U§(M) ~ 9§ (M).

(c) Under the assumption of Theorem 4.1 (1), if for S = So LI S, (notation as in (b))
the following sequence

I — Xk — [] Xk =5 ab(H™) — 1
veS

is exact, then the same also holds for Sy, i.e., the following “truncated” sequence
is exact:

1 — X0 — [] Xe) 25 ab (H™) — 1.

veSy

In particular, if it holds for S = So I Seo, where Sg (resp. Soo) is the subset of
all non-archimedean (resp. archimedean) places of S, then it also holds for Sy.

To prove Lemma 4.2, we start first with (a).
Let T := P/M, which is a k-torus. We have the following commutative diagram
with exact rows:

Pk) T (k) H'(k, M) —— 1

! ! s

8
Mocoo Pky) —— [yeoo T ko) —— [Tpeoo H (ky, M) —— 1.
Since T'(k) is dense in [ [, co 7 (kv) [38, Cor. 3.5], and since the cohomology set
[Tyeoo H! (ky, M) is discrete and finite, it follows that ys is surjective.
For (b), by replacing co by any finite set S of places of k, from the above diagram,
one can derive that

4.2) A(S,T) ~ T~I§ (M), for any finite S.
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(See [45, Prop. 1.4.1] for a more general statement.) Let ] - F — Q — T — l bea
flasque resolution of the above torus T'(= P/M), where F is a flasque k-torus and
Q is an induced k-torus. Then, the same proof of [42, Thm. 2.3, First proof of (2)
on p. 1294], where H (resp. G) is replaced by Q (resp. T'), shows that there are the
following isomorphisms:

(4.3) A(S.T) ~ Coker(ys : H' (k. F) — [ [ H' (k. F)).
vesS

4.4) A(S,T) ~ A(So, T), in particular, A(S,T) >~ A(S \ 0o, T).
From (4.2)-(4.4), we derive that
Ug(M) ~ Y, (M)

as required.
Regarding (c), by functoriality, the following diagram of pointed sets is commutative:

1 —— X)) —5 Xy x X5, —555 UL (HM) — 1

S0 gs

——=S
l—— Xk —2 s X5, —2 s Ul (™) —— 1,

where we set Xy := [[,ey X(ky) and the first row is exact by assumption. Due to the
commutativity, since gs and p are surjective, so is gs,. Regarding the exactness of
the second row, it is clear that the product gs, o is, = 1 (trivial mapping). To show
that Ker(gs,) = Im(is,), notice that for the number field case, by part (b), we have
LI}S (M) ~ q~190 (M). Hence, from the diagram and from this isomorphism, it implies
that the second row is also exact. Hence, Lemma 4.2 is proven.

To continue the proof of Theorem 4.1, we have the following commutative diagram
with exact rows:

Gk) —— 5 X(k) — s H'(k, H) — " H'(k, G)

zl i’ vs lﬂs
HveS G(kv) L) l_[veS X(kv) 8—S> veS Hl (kv, H) L nveS Hl(kv’ G)
gs fs

qé(H(m)) = qé(H(m))
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where gs := fs o §s. By Theorems 3.3 and 3.4 (with the notation used in the proof
there), the following sequence
H'(k, H) 25 [T H (ky, H) =22 qL(H™) — 1

ves

is exact; i.e., the second column in the diagram above is exact.

(1)(a) Assume first that k is a number field. Then, by Lemma 4.2 (c), to prove
Theorem 4.1 (1), we may enlarge S so as to contain the finite set of all archimedean
places of k. Given that oo C S, then by Lemma 3.2 (3), we see that the map fs is a
bijection (the Hasse principle for quasi-trivial groups).

Let K := Im($), K5 := Im(§s), and L := Im(h), Ls := Im(hg). Then, we have
the following commutative diagram with exact rows:

X(k) — s H'(k, H)

Y Vs Os
) h
MMoes X(ky) —= [T,es H' (ky, H) —— Ls — 1
4.5) gs fs

a5 (H ™) —=— g, s (H™)

1 17

where g5 := fs 0d5.
First we show that the map g is bijective. Note that O is injective since By is so.
Since H is quasi-connected, by 3.6, the localization map

H' (k. H) — [ H'(ky. H)

VEOO

is surjective. To show that fg is surjective, we pick an element zs = (Zoo, Zf) € Ls,
where

Zo € [[ H' (k0. G). zp e [] H'(kv.G).

vEOO veS\oo
Since G is quasi-trivial, we know that H! (k,,, G) = 1 if v & o0, so zy = 1. Therefore,

Ls = Loo X (1y)and zg = zoo x (15), where

ly=(.....0e [] H'(.G).

veS\oo



N. Q. THANG 278

Let
hs(ys) =zs. ys = (Voo yr) € [ [ H' (ky. H).
veS
where hs(yr) = zf, hs(Yoo) = Zoo. Then, we have yo, € Im(ys) by the surjectivity of
Yoos SO Yoo = Yoo (¥), ¥ € H (k. H), and zg = hs (Yoo, 1) = hs(ys(y)) = Os(h(y))
and zs € Im(ys). Therefore, O is also surjective, thus bijective as asserted.

(1)(b) If k is a global function field, then we know that H! (k, G) = 1,H (k,,G) =1,
so L = {1}, Ls = {1s}; thus, 05 is trivially bijective. Hence, in all cases, the map g
is bijective.

Further, we endow H! (k, H) and H' (k,, H) with the natural topology (see Sec-
tion 3.2) such that all the connecting maps and the localization maps appearing in the
diagrams above are continuous, where G (k), X (k) have the usual topology, induced
from the product topology on [[,cg G(ky), [ [,c5 X (kv), respectively.

Now we show that the sequence (4.1a) is exact. Recall that gg := fs o §s. Due to
the continuity, it is clear that X (k)~ < Ker(gs). Conversely, let xg € Ker(gs). Then,
8s(xs) = ys (), y € H' (k, H). Since

1 =hs(8s(xs)) = hs(ys(»)) = Os(h(»)).

and since Oy is bijective, we have y = §(x), for some x € X (k). So we have 85 (y(x)) =
8s(xs) and it implies that x5 € [[,cg G(ky) - x, the orbit of x under [[, ¢ G(ky).
Since G has weak approximation property over k (see Lemma 3.2 (3)), it implies that
Xs € ms as well.

Next, we show that gg is surjective. We consider the diagram

8 h

X(k) —>——H"(k, H) L 1
Y Ys Os
') h
Moes X(ky) —— [Tyes H (ky, H) ——= Lg — 1

(4.6) gs fs

Im(fs 0 85) ——— Yk o(H™)

and the maps

Yoo :H' (k. H) — [] H'(ky. H),

veSNoo

v H' (k. H) — [] H'(ky. H).

veS\oo
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and for hg € [[,es H (ky, H), let hs = (hoo, i), With hoo € [Tyesnoo H (kv, H),
hy € [Tyes\oo H!(ky, H). Let hoo, hs be the image of fioo, A7 in [,esn00o Hiy (v, H)
and [ ], S\oo H), (ky, H), via the maps absnoo and abs\ o, respectively. Finally, let

ﬁS = (ﬁOOa Ef)
be the image of g = (hoo, ﬁf) in the group LI;b’S(H).
We have
4.7 hs = (hoo.hy) = (hoo. 1) - (1. 1y).

Since H' (ky, G) = 1 for v & 0o, the map 61 : [Tyes\00 X (kv) = [Tyesn00 H' (Ko, H)
is surjective; there exists xf € [[,es\00 X (kv) such that 8¢ (xr) = hy, so

Byl

(4.8) s = (hooo 1) - (1. 87 (x)).

Further, since the map

Voo ! H'(k, H) — [ | H'(ko, H)
VEOO

is surjective by Corollary 3.6, there exists & € H!(k, H), such that yoo(h) = heo. Let

vs(h) = (Yoo (h), vy (h)). There is X} € [, e5\00 X (kv) such that 8¢ (x}) = yr (h).
Then, from (4.7), we have

@9 s = Gl ) - (17 00) = e, D) - (17 0)
= (hoor 1) - (1.7 (x}).

From (4.8), it follows that for any element is € [[,cg H!(k,, H), we have

/;S = (hoo, 1) (modIm(8r) ),

and by (4.9), we have

(hoo, 1) =1 (modIm(Sf)).

Since

Im(8y) < Im(gs),

it implies that the injective map
Im(fs 0 85) —> Uy, s(H™)

is also sujrective, hence an isomorphism.
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Thus, we have proved that there is the following exact sequence, which is (4.1a):
1— Xk — [ Xk 25 dly s(H™) — 1.
vesS

Since H™ is of multiplicative type (Lemma 3.1), we have

Uy, 5 (H™) =Yg (H™)
and by [44, Thm. 1.5] (or [45, Thms. 2.1.1, 2.1.2]), we have
ab(H™) % (Bs(x)/BX)”.

Hence, from (4.1a), we obtain the exact sequence (4.1b):

| — X — [ Xtko) => (Bs(X)/B(X)” — 1
vesS

where {s := js o gs. Hence, the sequences in Theorem 4.1 (1) are proved to be exact.
(2) Now we show that the Brauer—Manin obstruction to weak approximation in S
is the only one; i.e., we have

X = ([ %)
ves

We need the following.

Lemma 4.3. Let k be a global field, S a finite set of places of k, and X = G/H a
homogeneous space under a quasi-trivial connected reductive k-group G with a quasi-
connected reductive k-stabilizer H. With the above notation, we have the following
natural commutative diagram:

(a) [Toes X(kv) X Bs(X)/B(X) —— Q/Z

lgs g’sT: I:

ql(H®)  x L (H®)/(H®) — Q/Z.

(b) [Toey X(ky) X B (X)/B(X) —— Q/Z

lgv g’vT: I:

qlH™)  x L (H™)/I (™) — Q/Z.

RemARrk 6. The diagram (a) was given in [10, Thm. 5.1 (ii)] for any k-subgroup
H (not necessarily quasi-connected) of G and for any number field k. The proof of
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[10, Thm. 5.1 (ii)] given for number fields does not seem to extend to the case of global
function fields: The treatment of arbitrary k-subgroup H of G is fairly complicated.
However, in the case k is a global function field, H is quasi-connected reductive; then,
by using [45, Thm. 2.1.2] instead of [10, Thm. 4.1], and using [45, Thm. 2.1.1] instead
of [10, Thm. 4.2], with the other arguments unchanged, the proof given there can be
extended to cover the case char.k = p > 0.

Below we give another approach, which is natural in some sense, which is based on
a result of [18, Prop. 2.7]. Note that our map gg is the map (—cg) in [10, Sec. 3.3].

ProoF oF LEMMa 4.3. The proof consists of two steps.
Step 1. We will show that there is such a commutative diagram as stated.

First we recall the following result. Given an algebraic k-group H , Exty o (H, Gp,)
denotes the group of isomorphic extensions of H by G, Ext} _ gr(H , Gp) the abelian
group of isomorphic central extensions of H by Gy,, and Exty_ae(H, Gp,) the group
of abelian central extensions of H by G,.

Let p : Y — X be an H-torsor. Then, it gives rise to a class § € H'(X, H) and a
(boundary) map

evy : X(k) — H'(k, H).

Every central extension
1—G, — H — H —1
with its class 6 gives rise to an exact sequence of pointed sets
H'(X, Hy) — H'(X, H) 2% H2 (X, Gm) = Br(X);
thus, one gets a natural pairing
HY(X, H) x Ext}_,(H,Gpn) — Br(X); (§,0) — pg(§),

and also a homomorphism

Prors(Y) - Exti_gr(H, G,) — Br(X).
Then, the key result we need is the following.

Prorosrition 4.4 ([18, Prop. 2.7]). Let H be a (not necessarily connected) linear
algebraic group over k. Let M = H™ denote the maximal quotient of H which is
a group of multiplicative type. Let Y — X be an H -torsor. With notation as above,
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there is the commutative diagram
X(k) X Br(X) ——  Br(k)
vy ptors(Y) =

H'(k, H)  x  Extg_,(H,Gn) — Br(k)

H'(k, H™) x Extg_gr(mm),(;m)—mr(k)

H'(k, H™) X Extg—ape(H™, Gyp) — Br(k)

— ~ =

HI (k, H™)  x H! (k, H™) — s Br(k).

Further, by the discussion preceding [18, Prop. 2.8], the image of the resulting map
from H! (k, H ™) to Br(X) actually lands in the subgroup Br;(X), so we obtain the
commutative diagram

X(k) X Bri(X) —— Br(k)

| I I-

H'(k, H™) x H'(k, H™)—— Br(k),
thus also a commutative diagram

X (k) Bra(X) — Br(k)

FooT T

X (k) Br;(X) — Br(k)

| I I-

H(k, H™) x  H'(k, H™) — Br(k).

X

X

By considering a finite set S of places of k, then we obtain the commutative diagram

[Toes X(kv) X Bs(X) ———Q/Z

l T -

HUGS Hl (kv’ H(m)) X nvES Hl (kvv H(m)) — Q/Z

l L]

YLl (H™) x mL(H™) ——— Q/Z,
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or the commutative diagram

[Tyes X (kv) x Bs(X)/B(X) —— Q/Z

l T I

HUES Hl(kU’H(m)) X nvES Hl(kva(m)) —>Q/Z

| ! I

g (H™) x  MIg(H®™)/W5(H™) — Q/Z,
and finally the commutative diagram

[Toes X(ky) % Bs(X)/B(X) ——— Q/Z

(4.10) lgs Tg's I:

YlHE™)  x HILH™)/mH™) —— Q/Z.
Step 2. We will show that the right up arrow g is an isomorphism.

Remark that the bottom row is a perfect pairing due to [10, Thm. 5.1 (ii)] (for any
k-group H and k a number field) and [45, Thm. 2.1.1 (2)] for any global field k. We
show first that g’ is injective. Let & € IITL (H ™)/III' (H ™), such that g (h) = 1.
Then, since (4.10) is commutative, for any x5 € [[,cg X (ky), we have the pairing

(gs(xs).h) = (xs.85() = 1.

Since we have shown above that the map g is surjective, it follows that / is orthogonal
to the whole group ‘I}g(H (m)) with respect to the given pairing. Since the second
pairing is a perfect pairing, it follows that 2z = 1. Therefore, on the one hand, 7 is a
monomorphism. On the other hand, by [10, Thm. 5.1 (i)] for k a number field, and
[45, Thm. 2.1.2 ()], for any global field k, there exists an isomorphism of finite abelian
groups

YL ()P =, 1L (@) /1 (H®) = Be(X)/B(X).

Since H™ is smooth (by assumption) and it is of multiplicative type, then it is well
known that [ [, < ¢ H!(k,, H(m)) is finite ([39, Ch. III] and [45, Prop. 1.4.1]); hence, so
is qg(H m)D 5o g’ is also surjective, hence an isomorphism.

The case § is replaced by V' is treated in a similar way and by using [45, Thm. 2.1.1]
and [45, Prop. 1.4.1] regarding the finitude of Y. (H (). Hence, Lemma 4.3 is
proved. |
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Notice that the surjective map ggs is canonical and the isomorphism
. =~ D
js U (H™) — (Bs(X)/B(X))

(from [44, Thm. 1.5] or [45, Thm. 2.1.2]) comes from a perfect duality of [44, Thm. 1.5]
(or [45, Thm. 2.1.2 (1)(ii)]), so from Lemma 4.3, it follows that the composite map

¢s o [ X(hko) =25 ah (™) 225 (Bs(x)/B(X))”
ves

thus also comes from this same duality, which is nothing than the map coming from
the pairing

[ ] X(ko) x (Bs(X)/B(X)) — Q/Z.

veS

Therefore, if x5 € ([T,cs X(ky))P5X), then we have
ts(xs) = js(gs(xs)) = 1.

From the exact sequence (4.1a), (4.1b), we have gg(xs) = 1; i.e., x5 € ms as
required. In particular, it implies that the Brauer—Manin obstruction to the weak approx-
imation in S is the only one. Hence, part (2) of Theorem 4.1 is proven.

(3) Since H is connected and reductive, by Lemma 3.1, we may represent the
homogeneous space X = G/H in the form of a quotient Go/Hy, where Gy is quasi-
trivial reductive k-group and Hy is a connected reductive k-subgroup of Gy, so we may
assume that G is quasi-trivial. By Theorem 3.3 (3), we have the natural isomorphisms
of finite abelian groups

cs : UL(H) =5 Cy(H).
Co : UL (H) =5 C,(H).
and by the proof of Theorem 4.1 (1), we have isomorphisms of finite abelian groups
¢ UL(H®) = (Bsg(X)/B(X))”
¢l Ul (H©)) =5 (B, (X)/B(X))”
Since G is quasi-trivial, by Lemma 3.2 (5), we have B'(G) = 0, BS(G) = 0, so

B(H’ G) = B(H), B(Hv, Gv) = B(Hv),
B'(H,G) = B'(H), BS(H,G)= BS5(H);

thus, we have

(4.11) Cs(H) = B'(H)/B%(H) = B'(H,G)/B%(H,G) = Cs(X),
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so finally ~
Cs(X) = (Bs(X)/B(X))",

and the isomorphism
Co(X) —> (Bu(X)/B(X))”

follows from the fact that B, (X) = li_r)ns Bs(X)and C,(X) = LiLns (Cs(X)).
Theorem 4.1 is thus proven. |

REMARK 7. Another way to prove this last assertion (namely, the isomorphisms (4.1d))
in the case H is connected is as follows (cf. also [7]). As above, we may assume that G
is quasi-trivial. It follows from [38, Prop. 6.10] that we have the following commutative
diagram with exact rows and columns:

0 0 0
I |
0 — Pic;(H) —— Br{(X) ——— Br1(G)
T

0 —— Pic(H) ———Br(X) —>— Br(G)

vl el #|

0 — Pic(H x ky) —— Br(X x ks) ——— Br(G x ky),

where Picy (H) := Ker(p’), hence also the following commutative diagram with exact
rows and columns:

0 —— Pic1 (H) —V— Bry (X) — Bry (G)

=Ll Al

0 — Pici (H) — Bra(X) — ' Bra(G)

with Pic; (H) = Ker(p') = Ker(6;) (= Ker(8})). Therefore, we also have the following
commutative diagram with exact rows and columns:

0 0 0
0 —— Pic; s(H) ——=—— Bg(X) — 2 Bs(G)
I’ll o B
4 8/
0 —— Picy (H) ——— Bry(X) ———— Bry(G)
P/ll o , B’

8
0 —— [Tygs Pict (Hy) — [Tygs Bra(Xv) — [Tygs Bra(Gy).
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where Pic; s(H) := Ker(p;). Since bs(G) = 0 and 5(G) = 0, we have
Pic; s(H) —> Bs(X). Picig(H) = Pic;(H) = B(X).
Applying the formulas (3.3)—(3.4) (at the beginning of Section 3) to the groups

A := @PPici(H,)”. B := Pic;(H)"
vegS

with a natural map fs : A — B,

fS = @fvy

vgS

where
fo : Picy(Hy)P? —> Pici (H)P, veV.

Then, we have Im( fs) = (Im(fy) | v € S), Im(fg) = (Im(fy) | v € V). Then,

f$ :Picy(H) — [ [ Pici(Hy).
vgS

so Ker( fP) = Pic; s(H) = Bg(X) (see above) and we have
s ;

AP = []Pici(Hy). BP = Picy(H).
vgS

and thus one obtains the isomorphisms
(Im(f5))” —> BP/Ker(f{ : B? — AP)
—> Pic; (H)/ Ker(fP) —> Pici (H)/Bs(X).
so Im(fs) = (Pic;(H)/Bs(X))P, and applying this to S = @, we get
Im(fp) = (Pic1(H)/Bp(X))” = (Pici(H)/B(X))".
Hence,
Im(fp)/ Im(fs) —> [(Picy(H)/B(X))"]/[(Pier(H)/Bs(X))"]
= [Bs(X)/B(X)]".

But by (3.10), we also have Im( fg)/ Im( fs) >~ Cs(H); hence, combined with (4.11),
we have

.12) Cs(X) = Cs(H) —> [Bs(X)/B(X)]".

Thus, from (4.12), we derive (4.1d). (The case C,,(X) = Co(H) ~ [Bo(X)/B(X)]?
is similar.)
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We derive some consequences from Theorem 4.1 and its proof.

COROLLARY 4.5. Let k be a global field, S a finite set of places of k, and H a quasi-
connected reductive k-group. Then, for any quasi-trivial reductive k-group G contain-
ing H as a closed k-subgroup and X = G/H, we have the exact sequences

H'(k, H) 25 [ H (k. H) — (Bs(X)/B(X))” — 1,

ves

1 — py (B (k, H)) — [[H (o, H) — (Bu(X)/B(X))” — 1.

Proor. We divide the proof into two cases.
Case 1. H is connected and reductive. By Theorem 3.3, we have to prove that
(4.13) Cs(H) —> (Bs(X)/B(X))".
By (4.11), we have Cs(H) ~ Cs(X), and by (4.12), we have
Cs(X) = (Bs(X)/B(X))":

thus, we have
Cs(H) ~ (Bs(X)/B(X))".

Case 2. H is quasi-connected reductive. Since H () js commutative, by Theorem 3.3,
we have the exact sequence

(4.14) H'(k. H) — [ [H'(ky. H) — Y5(H™) — 1.

vesS

By [44, Thm. 1.5] (or [45, Thm. 2.1.2(2)]), since H™ is of multiplicative type, we
have an isomorphism of finite abelian groups

YL (H™) = (L (H™)/1 (H™))?
Since ﬁ@ ~ ﬁ, we also have
b (H ™) = (/).
Again, by [44, Thm. 1.5] (or [45, Thm. 2.1.2]), we have

MY (A) —> Bs(X), HI'(H) — B(X);
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hence, also N
YE(H™) =5 (Bs(X)/B(X))".

Hence, from (4.14), we obtain an exact sequence

H'(k, H) 2> [ H! (kv. H) — (Bs(X)/B(X))” — 1

ves

as required. The other exact sequence is treated in the same way. |

We derive some other immediate consequences from Theorems 3.3 and 4.1. The
strategy of most of the proofs follows the same proofs given in [7], so we give here
only a sketch of the proofs.

COROLLARY 4.6. Let k be a global field, S a finite set of places of k, and G a connected
reductive k-group.

(1) (See [7, Cor. 1.5] for number field case) Let H be a connected reductive k-subgroup
of G, and let X := G/H. Then, X has weak approximation in S (resp. over k) if
and only if Cs(X) (resp. Cy, (X)) is trivial.

(2) Let G be a quasi-trivial group, H a quasi-connected reductive k-subgroup of G,
and X := G/H. Then, X has weak approximation in S (resp. over k) if and only
if UL (H™) (resp. UL (H™)) is trivial.

(3) (See[7, Cor. 1.6] for number field case) Let G, H, X be asin(1). Let L/ k be a finite
Galois extension in ks which splits H'" (i.e., Gal(L / k) acts trivially on X*(H"™"))
and let Sy be the set of all places of k which have non-cyclic decomposition groups
in L. Then, we have Cs(X) = Csns,(X). In particular, if S N So = @, then X
has weak approximation in S.

(4) Letk, G, H, X be as in (2). Let L/ k be a finite Galois extension in kg which splits
H™  and let Sy be the set of all places of k which have non-cyclic decomposition
groups in L. Then, we have LI% (H ™)~ LI}mS0 (H ™). Inparticular, if SN Sy =0,
then X has weak approximation in S.

Proor. (1) and (2). It follows from Theorems 3.3 and 4.1.

(3) and (4). From Theorems 3.3 and 4.1, we deduce that it suffices to investigate
the triviality of the groups Y}, ¢(H (m)) and Yy (H M) In case (3) (resp. case (4)),
H™ is a k-torus (resp. a group of multiplicative type), which is split over L. Then,
the assertion follows from standard statements regarding weak approximation for the
first Galois cohomology of tori (resp. groups of multiplicative type) in this case (see
[42, Thm. 4.4, Prop. 4.4.2], where the arguments of the proof given there also hold in

the case of number fields). ]
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CoroLLARY 4.7 (See [3, Thm. 1.4] for number field case). Keep the notation as in
Corollary 4.6.

(1) With the assumption as in Corollary 4.6 (1), (3), we have canonical isomorphisms
of finite abelian groups

Cs(H) —> Cs(H") —> Csns,(H™),

where Sy stands for the set of all places of k, ramified in a fixed splitting field of
H '™ with non-cyclic decomposition groups.

(2) With the assumption as in Corollary 4.6 (2), (4), we have canonical isomorphisms
of finite abelian groups

Ul s(H) — Y (H™) — qgmso(H(m)),

where Sy stands for the set of all places of k, ramified in a fixed splitting field of
H™ with non-cyclic decomposition groups.

Proor. (1) If in Theorem 3.3 (3), we let T = H'' be a torus, then we obtain an
isomorphism
Cs(T) = Yg(T)

and
(4.15) Cs(H) ~ Ug(H"™) = Uy(T) ~ Cs(T) = Cs(H'™).

To prove the second isomorphism, we may assume that G is a quasi-trivial reductive
group. Then, by Corollary 4.6 (4), we have

U (T) = Usns, (1),
and again by (4.15), we have
Csnso(H') = Csnsy(T) =~ U, (T) = Csns, (H).

As yet another argument to prove the first isomorphism, we let X = G/H, where
G is a quasi-trivial reductive k-group containing H . Then, by Corollary 4.5 and (4.13),
we have

(4.16) Cs(H) — (Bs(X)/B(X))".

From the proof of [45, Thm. 2.1.1], the case B is connected, and it follows that we
have the isomorphism of abelian groups

(4.17) 1L () /11" (H) => Bg(X)/B(X).
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By Theorem 3.3 (3), we have an isomorphism Y} (H"") ~ Cs(H""), and by [44,
Thm. 1.5] (or [45, Thm. 2.1.1]), the isomorphisms

(4.18) YL (H™) =5 Cs(H'™) —> (I (H"™) /I (H7) "

Since H = H® from (4.16)—(4.18), we derive that Cs(H) ~ Cs(H"").
To show that Cs(H'") >~ Csns, (H'), it suffices to note that we have

qé‘ (Htor) i> CS (Htor)
for any S and that
Ug(H') —> Ygng, (H).
(2) Similar proof. ]
RemArk 8. It follows from all the results proved above that over any global field k,
any homogeneous k-space X under a connected reductive k-group G with a quasi-

connected k-stabilizer H has almost weak approximation over k; i.e., X has weak
approximation outside a finite set of places.

From the following isomorphism
=~ D
A(G) — (Bu(G)/B(G))

(see [44, Thm. 2.1] (or [45, Thm. 2.2.1])) for connected reductive groups, we derive a gen-
eralization of this isomorphism for obstruction to weak approximation in homogeneous
spaces over k as follows. In fact, it can be seen as a global version of Theorem 4.1 and also
of an analog of the Sansuc exact sequence (S) (see [44, Thm. 2.1] (or [45, Thm. 2.2.1]))
in the case of homogeneous spaces.

THEOREM 4.8. Let k be a global field, G a quasi-trivial reductive k-group, H a
quasi-connected reductive k-subgroup of G, and X = G/H.

(1) We have the exact sequence of pointed sets

(4.19) 1 — X(k) — [ [ X(ky) — YLH™) — 1.

(2) There is the exact sequence of pointed sets

(4.20) I — X(k) — [[ X(ky) — (Bo(X)/B(X))” — 1

(or the same, 1 — X (k) — [, X(ky) = (Bo(X))P — (B(X))? — 1).

(3) The Brauer—Manin obstruction to the weak approximation of X over k is the only
one.
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Proor. (1) We have the following commutative diagram, similar to the one given in
the proof of Theorem 4.1, with exact rows

1 1

| |

Gk) —— X (k) —— yy (H' (k, H)) —— H! (K, G)

o b

[T, Gley) —2 TT, X(ky) —5s T, H (ko H) — TT, H! (ks G)

Lev v

qclo(H(m)) = qclo(H(m))

| |

1 1,

where jy is just an inclusion, gy := fy o 8y, and §' is the composite map

8 X(k) > (e, H) 25y (H (k, H)) —5 [T H ko, H).

We know by Lemma 3.2 (3) that By is a bijection (Hasse principle), and by Theorem 3.3,
the second column is exact. Further, we endow H! (k, H) and H! (k,,, H) with natural
topology (see Section 3.2 after the proof of Lemma 3.2) such that all the maps appearing
in the diagrams above are continuous. Then, by the proof of Theorem 3.3, we have a
natural identification

yv(H (k, H)) —> yy (H'(k, H)).

It follows from a similar argument in the proof of Theorem 4.1 that gy is surjective.
Due to the continuity, we have X (k) C Ker(gy ). Conversely, let x € Ker(gy ). Then,

4.21) Sy (x) = jv(y),
where
S VV(Hl(k’H))7 y=(v) Yv€ Hl(ka)'

Take any finite set S of places of k and consider the diagram (4.5). Let x5 := ps(x)
be the projection of x via

ps [ [ Xtko) — [T X(ko)
v veS
and take any open neighborhood U of y in [],cy H' (ky, H) in the form
U=[]H"Gy. H)x [] V.

veES veS
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where U, is an open neighborhood of y, in H! (k,, H), for all v € S. Then, it is clear that

- 5
ys = (Yv)ves € ys(H (k, H))

(the closure is taken in [ ], H' (ky, H)). Due to the discreteness of the topology on
the product [, g H!(k,, H) (cf. [1, Sec. 5]), we have

ys (HLGk, ) = ps (! (k, H)),

so this implies that yg € ys (H! (k, H)), and we have, forsome ze H! (k, H), ys(2) = ys.
So from (4.21), we derive §s(xs) = ys(z). As in the proof of Theorem 3.4, it implies

that
Xs € ns( 1_[ (G(kv))) - X,

veS
for some x € X (k). Since G has weak approximation property in S over k (see

——S
Lemma 3.2 (3)), this means that xg € X (k) . Since this is true for any S, this implies
that x € X (k) since G has weak approximation property over k. Thus, we have proved
that there is the exact sequence

(4.22) 1 — X(k) — [] X(ky) = ULH™) — 1.

(2) From the isomorphism A ~ H ™ and from [44, Thm. 1.5] (or [45, Thm. 2.1.2]),
we derive that

(423 UL (H ™) > (11, ™)/ (™))
= (i, (A (i))”
=5 (Bo(X)/B(X)".

Thus, from (4.22) and (4.23), we obtain the exact sequence (4.20).

(3) Finally, to prove that the Brauer—Manin obstruction to the weak approximation
over k for X is the only one, we need to show that

B (X)

4.24) Xk = (]_[ X(kv))

For any point x = (xy) € ([[, X (ky))P»X) let U be any open neighborhood of x.
By choosing U sufficiently small, we may assume that U is in the form (I am thankful
to the referee for this observation):

U=U, x---xU,, X l_[X(kv),
vegT
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where T := {vy, ..., v,} is a finite set of places and U,, is an open neighborhood of
Xy; in Xy, . Since

X = (x) € (]_[ X(kv))E“’(X),

we have

X7 1= (Xpyenn v o) € (]—[ X(kv))BT(X).

veT

We have proved that (see the proof of Theorem 4.1)
P Bs(X)
X® = ([T X))
veS

for any finite set S of places, so by taking S = T, there exists
x' € X(k) N (Uy, X +++x Uy,);
hence, we have x” € X(k) N U and it implies that x € X (k) and (4.24) holds. ]

ReEMARK 9. In the case k is a number field, in [19, Main Theorem, Cor. 6.3], there
was proved a more general exact sequence (in the same spirit) for the homogeneous
spaces X = G/H, G is a connected linear algebraic k-group, and H is a connected
k-subgroup of G.

CoroLLARY 4.9. If G is quasi-trivial and H is quasi-connected reductive, then we
have the exact sequence

- — 5
(4.25) G(k) — X(k) — y(H!(k, H)),
where Sy is surjective if k has no real places.

Proor. From the diagram drawn in the proof of Theorem 4.8, we derive the commuta-
tive diagram

G(k) ———— 1, G(kv)
426) 1 X(k) [T, X(ky) ——— UL, (H™) —— 1

5, JSV lz

1 —— p(H'(k, H)) — [T, H! (ky, H) —— Uk, , (H™) — 1.
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Here, 7 is induced from 7 and 8%, is induced from §. Since §y is surjective, from
the diagram, it implies that &7, is also surjective. A chase on the diagram shows that
Ker(8y,) = G(k) (since G has weak approximation over k). Hence, the left column is
exact and we obtain the exact sequence (4.25). If, moreover, k£ has no real places, then
H'(k,G) = 1,HY(k,,G) = 1, for all v, so 8%, is surjective as asserted. ]

RemaRrk 10. (1) In the next section (see Theorem 5.3), we will prove that over global
fields k& with no real places, the Brauer—Manin obstruction for weak approximation
is the only one for another (more general) class of homogeneous spaces, namely, for
those X = G/H where G is a connected reductive k-group with simply connected
semisimple part and with the stabilizer H such that H ™ is commutative.

(2) Locally, at truncated places, we have the following analogous commutative
diagram with exact rows and columns:

Gl) —=—Tlyes Glky)

| |-

1 Xk)® [Myes X(ky) —E5— Ul ((H) —— 1

B

1 —— ys (H (k. H)) — [T, es H! (ko, H) —— I}, o(H™) —— 1.

Recall that a Galois extension L/k is called metacyclic if its Galois group is
metacyclic; i.e., all of its Sylow subgroups are cyclic.

CoroLLARY 4.10 (See [8, Thm 4.2] for number field case). With notation and assump-
tion as in Corollary 4.6, if H*" (resp. H™) is split over a metacyclic extension of k
(e.g. if H™ = 1), then X = G/H has weak approximation in S.

Proor. It follows from Corollary 4.6. u

From Theorems 4.1 and 4.8 and their proofs, we derive the following.

TueoreMm 4.11 (See [38, proof of Thm. 8.12] for connected linear algebraic groups and
[10, Thm. 5.1] for homogeneous spaces over number fields). Let k be a global field,
S a finite set of places of k, G a connected reductive k-group, H a k-subgroup of G,
and X = G/H. Assume that G is quasi-trivial and H is quasi-connected reductive.
Then, we have the following commutative diagrams, where in each of the diagrams, the
columns are exact, the third rows represent such a pairing with the right kernel being
trivial and the left kernel being m (resp. m}, and the fourth rows represent
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perfect pairings of finite abelian groups:

1

Xk 1

! T

[Toes X(kv)  x Bs(X)/B(X) —— Q/Z

l 1T

UL(H™)  x IIL(H)/INH) —— Q/Z

| I

1 1

and

1
1
Xjk) T
I T(kv) % (Bo(X)/B(X)) —— Qil

UL(H™) x (WIL(H)/UI(H)) — Q/Z
1.

|

1

— S N
Here, the closure X (k) and X (k) are taken in the product |[,cg X(ky) and the
product [ ], X(ky), respectively. In particular, the Brauer—Manin obstruction to the
weak approximation for X in S and over k is the only one. ]

5. BRAUER—MANIN OBSTRUCTION TO THE HASSE PRINCIPLE AND WEAK
APPROXIMATION FOR HOMOGENEOUS SPACES: STABILIZERS AS EXTENSIONS OF
GROUPS OF MULTIPLICATIVE TYPE

In this section, for the global fields with no real places, we investigate the Brauer—Manin
obstruction to the Hasse principle and weak approximation for homogeneous spaces
under connected reductive groups with stabilizers H such that H ™ is commutative
and prove Theorems 5.2 and 5.3, which are an extension of Borovoi’s main result to
the global function field case. First we need the following.
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Lemma 5.1 (Cf. [5, Sec. 4.1]). Letk be a field, X a homogeneous space under a smooth
affine algebraic connected k-group G, and H the stabilizer of a point x € X (ks), which
is smooth. Then, there is a k-group H '™ which is a k-form of H™ = H/H*", such
that if Hy is the stabilizer of another point x1 € X(ks) and Ay : H — Hy,h > g~ 'hg
the conjugation H to H\, then A4 induces a k-isomorphism Xg CHM™ 5 H l(m). In
particular, H (m) jg uniquely determined and depends only on G and X .

Proor. The proof given in [5, Sec. 4.1, pp. 189-190] (under the assumption that
char. k = 0 (p. 183)) still holds in the case char.k = p > 0. Since H/H*" is an
extension of the finite group 7o (H ) by the torus H™", the same also holds for H (m)

Notice that the k-group H {m) is an extension of a finite k-group by a k-torus (see
Section 1). Hence, if it is of multiplicative type, then it is commutative, but not the
converse. In the case char. k = 0, the finite group scheme 7 (H ) contains no unipotent
elements, so if (™ is commutative, then H ™ is of multiplicative type. In the case
char.k = p > 0, then H™ may contain non-trivial finite unipotent subgroups, in
particular, non-trivial unipotent elements.

We have the following extension of a result of Borovoi [5, Cor. 2.5] to the case
of global fields with no real places, in particular, global function fields. The proof
follows the same method (with suitable modifications) which uses the embedding
trick as in Borovoi [5] given for number fields. One should remark that in the case of
number fields, the condition H ™ being commutative implies that it is of multiplicative
type (see [5]), but in the case of global function field, H ™ may contain a non-trivial
unipotent element, so it may not be of multiplicative type. Therefore, our arguments
need be modified so as to overcome this difficulty.

TueOREM 5.2 (Cf. [5, Cor. 2.5] for number field case). Let k be a global field with
no real places, S a finite set of places of k, and X a homogeneous k-space under a
connected reductive group G with simply connected semisimple part and with a smooth
stabilizer H such that H™ is commutative. Then, the Brauer—Manin obstruction to
the Hasse principle for X is the only one.

Proor. Assuming that ([T, X(ky))P»X) # @, we will show that X (k) # 0. By
Lemma 5.1, there exists a k-form H ™ of the group of multiplicative type H ™.
We apply the fibration method as in the proof of [5] and the similar proof of [5, Cor. 2.5]
(char.k = 0) and [45, Prop. 4.3.3 and Thm. 4.3.6] (char. k = p > 0) and the embedding
trick due to Borovoi.

Case 1. The inclusion H <> G induces an injection H™ — G, In our case, this
means that H N G* = {1}. Consider the quotient 7 : X — Y := X/G*. Then, Y is



BRAUER—MANIN OBSTRUCTION 297

a k-homogeneous space under the k-torus G/ G = G™", and we have a map
my [ [X (ko) — [ Y (ko).
v v
Since G** is simply connected, we have Pic(G**) = 0 by [38, Lem. 6.9 (iv)], so from
[38, Prop. 6.10], it follows that we have the exact sequence of abelian groups
(5.1 0 —> Bry(Y) — Bry(X) — Br,(G*) = 0,
s0 Br,(Y) >~ Br,(X) and also for all v € V, Br,(Y) >~ Br,(Xy); hence,
5.2) Bs(Y) ~ Bs(X), forany finiteset S C V,
(5.3) Bu(Y) ~ By (X).
Consider the commutative diagram
[I, X(ky) x DBo(X)——Q/Z

P4

[T, Y(ko) x Bo(Y) —Q/Z,

where the pairings are the Brauer—Manin pairing. For any x € [], X(k,) and any
b € B, (X), we have

(x.b) = (x. 7y (b)) = (7 (x),b')

for some b’ € B, (Y). Hence, given that ([T, X(ky))PX) 5 @, we have
B (Y)
(]‘[ Y(kv)) £ 9.
v

Now as in the proof of [5, Prop. 3.5] (or similar proof of [45, Prop. 4.3.3(1)]), Y is a
torsor under a k-torus, which has locally everywhere rational points, and we know that
in this case, the Brauer—-Manin to the Hasse principle is the only one. Therefore, one
concludes that Y (k) # @ by [44, Thm. 3.3] (or [45, Prop. 3.2.1]).

For a k-point y € Y(k), X, := 7 ~!(y) is a homogeneous k-space under G** and
with a stabilizer H; := H N G*, which is trivial by our assumption. This means
that X is a G™®-torsor, which is a trivial torsor since by assumption G* is simply
connected and we have H! (k, G*) = 1 by Harder (see [25, Hauptsatz], [26, Satz A]
and [36, Ch. 6]). Thus, X, (k) # @ and hence so is X (k).

Case 2. General case. Here, we proceed in few steps.
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Step 1. Construction of some embeddings. We let ¢ : H — H ™ ~p, H {m) be the
composition of the projection from H onto H ™ and followed by any k-isomorphism
H®™ ~ g Since H ™ is defined over k and is commutative, then by [42, Proof of
Prop. 4.4.1], we may take a k-embedding j of H (™ into a smooth special commutative
k-group (i.e., a smooth affine k-group such that its first Galois cohomology over L is
trivial, for any field extension L/ k)

(5.4) T =T5xT",

with 7' being an induced k-torus and T* a k-split unipotent group.
Next, we consider the embedding (over k) with respect to the maps H — G
(embedding) and the map j' = jog: H — T,

H< F:=GxT, hw(h j'(h)eGxT,

all of which are defined over ks. We have F* = G*,s0 F/F* = G" x T. It is clear
that the inclusion H < F induces an injection H'™ — F/F*. For a k-variety U,
we denote Uy = U Xy ks. Consider the quotient Z := F/H . Here, F acts naturally
on X where T acts on X by trivial action. Therefore, X becomes naturally also an F'-
homogeneous space. Now, X = G/H being defined over k, it is clear that Z := F/H
is also defined over k.

With the natural action of F; on X (with trivial action of T on Xj), there is an
Fs-equivariant morphism ¢, from the resulting Fs-homogeneous space Zs := Fy/H,
into Xy = Fy/(Hs x Ts) = Gy /H,. Explicitly forz = Hg(g,t) € Zs,setps(z) = Hgg
and one can check as in [5, p. 190] that g5 : Z; — X is a T-torsor, which is defined
over kg, but may be not over k. However, if L/k is an extension and X (L) # @, then
the Ty -torsor ¢ : Zp — X is defined over L since then we may assume that H is
defined over L.

Step 2. Construction of some 7'-torsor with the same arithmetic Brauer groups as X.

Cram. Under the assumption that [ [, X (ky) # 9, there exists a k-form (Zy, o) of
(Zs, ps) such that @g induces the isomorphisms

Bs(X) — Bs(Zo), Bu(X) — Bu(Zo), B(X) —> B(Zo).

(a) The existence of such a k-form (Zy, ¢o). In fact, this can be proceeded just as in
the proof of [45, Thm. 4.3.6], using [45, Prop. 4.3.5] as follows. For the sake of the
convenience of the reader, we give it here.

Since X(ky) # 9, the same argument as in [5, p. 192] implies that the T'-torsor
@Yy : Zy — Xy is defined over k. Then, the exact sequence

Z(ky) 2 X(ky) — H(ky, T) = 1
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(T being a k-special commutative group) shows that ¢, is surjective; hence, from
X(ky) # @, it implies that Z(k,) # @, and it is true for all v € V. In particular, the
projection [ [, Z(ky) — [, X(ky) is surjective.

Consider the gerbe Z associated with the k-homogeneous space Z corresponding
to the pair (Z, F) and its band lien(2) as in [22, Ch. IV, Sec. 5]. Since Z(k,) # 9,
by [22, Ch. IV, Prop. 5.1.4 (ii)], the corresponding class ¢(Z,) of the gerbe Z, in
H%ppf(kv ,lien(2)) is neutral. By [22, Ch. IV, Prop. 5.1.4 (iii), p. 295], cf. also [5, p. 192],
the automorphism of the 7'-torsor Z is isomorphic to 7" and we have lien(Z) >~ lien(7).
Therefore, ~

HE (kv lien(2)) —> HE ;(ky. T).

Then, the corresponding cohomological class 7(Z), € H?(k,, T') is also trivial and this
is true for all places v of k. Hence, n(Z) € I11%(T). Since T* is commutative, we have
H%ppf(L, T%) = 1 for any field extension L /k. By the Hasse principle for the Brauer
group of global fields, we have I112(T') = 0; thus, n(Z) = 0in H?(k, T'). Therefore, the
class ¢(2) in Hfzppf(k, lien(2)) is neutral, so again by [22, Ch. IV, Prop. 5.1.4 (iii)], there
exists a T-torsor Zy, defined over k, which dominates Z; i.e., there is a T -equivariant
morphism 7o : Zyg — Z. Since Z; is also a Ts-torsor, it means that Zj is a k-form
(Z, @) of (Zs, ¢s); hence, (a) is proved.

(b) The isomorphisms of Brauer groups. The assertion of the claim regarding the
isomorphisms of Brauer groups and their quotients follows by using the same idea
in the proof of [5, Lemma 4.4, pp. 190-191]. For the T-torsor ¢ : Zp — X under a
smooth special commutative k-group 7 = T° x T* (as in (5.4)), there are associated
with it another two torsors, namely the T%-torsor Zy — Zo/T" and the T*-torsor
Zy:=2Zy/T" — Zy/T = X, thus also two fibrations:

1l —-7°—Z7Z — X — 1,

1l —-T4Y —>Zy— Z; — 1.
Then, related to the fibration 7° — Z; — X, we have the exact sequence
0 = Pic(T°) —> Bri(X) — Br1(Z1) —> Br,(T?),

and from this we derive the exact sequence

0 —> Bry(X) — Bra(Z,) —> Bry(T?)
over k and similar ones over all k,; thus, also

0 — Bg(X) — Bs(Z;) — Bg(TY).
Since B, (T*) = 0 by [38, Prop. 6.9 (v)], it follows that for all S we have
(5.5) Bs(X)>~DbBs(Z1), Dbup(X)>~DBy(Z;), andalso B(X) ~ B(Z;).
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By Proposition A.1 in the appendix, applied to our case, we have the following exact
sequence (7" being k-split unipotent group):

0 = Pic(T*) — Br1(Z1) — Bri(Zy) —> Br,(T"),
and similarly as above, an exact sequence
0 — Brg(Z1) — Bra(Zo) —> Bra(T"),
and finally we have
(5.6) B,(Zo)~b,(Z1), bs(Zy)~bs(Z1), VS, andalso B(Zy)~b(Z;).

From these isomorphisms, the claim follows.
Now for Z; as above, we have surjective maps

vy [ [Zotk) — [ ] Z1 ko),
vy [ [Z10e) — [ X (k)

hence, we have

o (([Tze00)")
o ((ze) ™)

since the induced homomorphisms

(TTzitk) ™"
(T xekn)™”

Vs 1 Bu(Z1) — Bu(Zo) (resp. Wi 1B (X) — Bw(zl))

are isomorphisms by our assumption (resp. by the claim (5.5) above). Given that
([T, X (ky))BeX) o£ @, clearly this implies that

(5.7) (T1 Zo(kv))B‘”(ZO) £0,

(5.8) ([T2:6)™" " #0.

Step 3. The rest of the proof. Now the rest of the proof follows the arguments given as
in the Case 1. Namely, consider the quotient

¢IZO—> Y() = Zo/FSS.



BRAUER—MANIN OBSTRUCTION 301

Then, naturally, Yy is a k-homogeneous space under the k-group F/F* = G x T.
Due to injection H < T, we have H N F* = {1}. By the same argument as in
Case 1 above, we have isomorphisms

(5.9) Bs(Zo) ~ Bs(Yo), V finite set S,
(5.10) Bo(Zo) ~ By (Yo).

By (5.7), we have ([, Zo(ky)) P« (%0) =£ @, so this implies that ([ ], Yo (ky)) P o) £ @,
too, due to (5.10). The k-variety Yy is a k-homogeneous space under the connected
commutative k-group G' x T'; hence, it is a torsor under a quotient k-group N of
G x T. N is a connected smooth commutative k-group, with the unipotent part
N of N being the image of T%, hence also k-split. Therefore, N* has trivial Galois
cohomology in degree 1; thus, Y, can be considered also a k-torsor under N, the k-
toric part of N. Since the Brauer—-Manin obstruction for the Hasse principle for torsors
under connected reductive groups, in particular tori, is the only one ([38, Cor. 8.7]
for number fields, and [45, Prop. 3.2.1 and Thm. 4.3.6], and [20, Thm. 2.5] for global
function fields), this implies that Yy (k) # 0.

For a k-point y € Yo(k), Z) := ¢~ (y) is ahomogeneous k-space under F** = G**
and with a stabilizer H; := H N F* = {1} by our assumption. Thus, Z, is an F*-
torsor, which is a trivial torsor since by assumption F% = G* is simply connected
and H!'(k, G*°) = 1 by Harder (see [25, Hauptsatz], [26, Satz A], and [36, Ch. 6]).
Thus, Zy (k) # @, and hence so is Zo(k). Since ¢(Zo(k)) € X(k), X(k) # @ as
required. |

The following result extends [5, Cor. 2.5] (proved for number field case) to the case
of global fields with no real places, in particular, global function fields. This contains
no formulas for the obstruction to weak approximation like in Theorem 4.8, but it is
more general than Theorem 4.8, regarding the Brauer—Manin obstruction.

THEOREM 5.3 (Cf. [5, Cor. 2.5] for number field case). Let k be a global field with
no real places, S a finite set of places of k, and X a homogeneous k-space under a
connected reductive group G with simply connected semisimple part and with a smooth
stabilizer H defined over k, such that H™ is commutative. Then, the Brauer—Manin
obstruction to the weak approximation in S (resp. over k) for X is the only one.

Proor. Assume that X (k) # @ and consider any finite set S of places. Take any point
xs € ([yes X (ky))PsX) and we will show that xs € X (k). We distinguish two cases.

Case 1. The inclusion H < G induces an injection H™ — G'. Then, we are
back to Case 1 in the proof of Theorem 5.2, where we have shown that the k-variety
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Y := X/G* is a k-torsor under G*", and Y (k) # @, since X (k) is so. Then, it was
shown by [38, Cors. 8.7, 8.13] for number fields and [45, Prop. 3.2.1] for any global
fields that the Brauer—Manin obstruction to the weak approximation for torsors under
connected reductive k-groups (in particular under tori) is the only one.

Case 2. General case. As in Case 2 in the proof of Theorem 5.2, there exists a smooth
special commutative k-group 7 = T x T%, where T* is an induced k-torus and T
a k-split unipotent group, with a k-embedding H (™ <> T'. Then, we consider the
k-group F = G x T, the k-variety Z = F/H . As above, with the group T as in Case 2
in the proof of Theorem 5.2, we have H! (k, T') = 1, so again from the exact sequence

Zo(k) 225 X (k) — H' (k, T)

and from X (k) # @ and the surjectivity of ¢y, it implies that Zy(k) # 0. As in the
proof of Theorem 5.2, we have the following commutative diagram with ¢g being
surjective:

[Tves Zo(ky) x DBs(Zo) —— Q/Z

b ek

[Toes X(ky)  x  DBgs(X) —— Q/Z.

Hence, we have

Bs(X)

os((TT20000) ") = (T] xk0)
vES vES

Thus, there is zg € ([[,eg Zo(ky))Ps(Z0) such that g (zs) = xs. Since Zg is a
homogeneous space under F and by our construction we have H (m e /F* (see
Case 2 in the proof of Theorem 5.2), we have

25 € Zo(h)’,

which implies that xg € X (k). In particular, the Brauer-Manin obstruction to the weak
approximation in S is the only one.

The general case of weak approximation over k follows from this (which can be
proceeded as at the end of the proof of Theorem 5.2). (We may proceed by using similar
arguments just as in the proofs of Case 2 in the proof of Theorem 5.2 (general case)
above (or [45, Prop. 4.3.3 and Thm. 4.3.6]). All the statements are valid and proved with
the same argument given there, so to shorten the paper, we omit the long verification
of the details.) (Alternatively, we may argue directly by taking the limit over S from
the case when working with finite set S of places. I am thankful to the referee for this
remark.) [
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REMARK 11. In [37, Thm. 1.9], under some conditions on the Tate—Shafarevich group
and strong approximation for the k-subgroup H of G, it has been shown that the
Brauer—Manin obstruction to the strong approximation for X := G/H is the only one;
cf. also [19, Cor. 6.3] and [20] for the case of weak approximation over global function
fields, where H is assumed connected.

5.1. Relations with torsion primes

For a connected reductive group G, let F(G) be the fundamental group of G, i.e.,
the fundamental group of the semisimple part G’ of G. Namely, if 7 : G — G’ is
the central isogeny from the semisimple simply connected covering G of G, then
F(G) := Ker(n).

We may write

F(G) = Fs(G) x Fp(G),

where F5(G) and F,(G) denote the separable (i.e., smooth) and purely inseparable
part of F(G), respectively. Thus, if char. k = p, then over k; there are isomorphisms

F(G) = [ tms  Fp(G) =T mpms,
i J

where u, denotes the standard finite group scheme of n-roots of unity and (p, m;) = 1
for all ;.

A prime [ is called a forsion prime for G (cf. [41, Sec. 2]) if for some regular
semisimple subgroup K of G, the fundamental group F(K) of K has /-torsion. Denote
by P(G) the set of all torsion primes for G.

Recall that the set P(G) may also be defined as follows. If ® is a root system for G,
L(®) denotes the root lattice for @, and ®* denotes the dual root system. A prime [ is
called a rorsion prime for ® if L(®*)/L(®7) has [-torsion for some closed subsystem
®; € @ and we denote by P(P) the torsion primes for ®. Then, by [41, Lem. 2.5],
we have

P(G) = P(®(G)) U P(F(G)).
where P(F(G)) denotes the set of torsion primes for F(G).

Assume that H is a subgroup of multiplicative type of G. Consider the decomposi-

tion of H/H°(H N Z(G)) into a product of finite cyclic groups:

H/H°(H N Z(G)) = A x B,
where A (resp. B) is the product of all cyclic groups of torsion in common (resp. not
in common) with G. Let a(H ) be the number of cyclic groups appearing in A.

ProposITION 5.4. Let k be a global field with no real places, S a finite set of places
of k, and X a homogeneous k-space under a connected reductive group G with a
stabilizer H such that H™ is commutative. Assume that one of the following holds:
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(1) There exists a central extension
1— F — H; .6 —1

of G such that Hy is a connected reductive group with H}® simply connected and
Y (H)™ is commutative;

(2) H is a group of multiplicative type such that a(H) < 1;

(3) H°® is aregular torus in G.

Then, the Brauer—Manin obstruction to the Hasse principle and the weak approxi-
mation in S (resp. over k) for X are the only ones.

Prookr. In case (2), by [41, Cor. 2.25], H is contained in a torus T of G; therefore, it
is contained in a maximal k-torus 7’ of G. The preimage 7 ~!(T”) is then a maximal
k-torus of Hy; thus, it satisfies all the assumptions of (1), so (2) implies (1). In case (3),
it is known that if H ° is a regular torus of G (i.e., if it contains a regular element of G),
then T := Zg(H®) is a maximal torus of G by [28, Sec. 26.2, Cor. A]. In particular,
we have H C T and again (3) implies (1).

To prove the assertion under the assumption (1), for the central extension

| — F — H =G —> 1,
the preimage 7~ (H) is a subgroup of multiplicative type of H;. We also have
Hy/=~'(H) = G/H,

so we may reduce everything to the case, where G* is simply connected and the
assertion now follows from Theorems 5.2 and 5.3. u

APPENDIX. PICARD AND BRAUER GROUPS OF A FIBRATION UNDER A SMOOTH
CONNECTED AFFINE GROUP SCHEME

The purpose of this appendix is to present a statement, which is used in the proof of
Theorems 5.2 and 5.3. It is a slight extension (to the case we need) of one important
result due to J.-J. Sansuc [38, Prop. 6.10, Cor. 6.11]. For a k-variety X, denote U(X) :=
k[X]*/k*.

ProposiTioN A.1 (Cf. [38, Prop. 6.10]). Let k be a field, G a connected smooth affine
k-group scheme, such that G = G™ . R,(G) is a semi-direct product over k of the
reductive part of G with k-split unipotent radical Ry(G). Let w : X — Y be a 'Y -torsor
under G. Then, one has a natural exact sequence of abelian groups

| — U(Y) — U(X) — X*(G)r —> Pic(Y) —> Pic(X) —> Pic(G)
—> Br(Y) — Br(X).
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If 7 has (locally) a section with respect to the Zariski topology, one has the exact
sequence

1 —UY)— UX) — X*(G) — Pic(Y) — Pic(X) — Pic(G) — 1.

If o5 : Pic(Xs) — Pic(Gy) is surjective, e.g., if Pic(Gs) = 1, or g : Xy — Y locally
has a section with respect to the Zariski topology, then one has the exact sequence

1 — U(Y) — U(X) — X*(G)x —> Pic(Y) —> Pic(X) - Pic(G)
—> Bri(Y) — Br;(X) — Br.(G).

Then, one derives the following.

CoroLLARY A.2 (See [38, Cor. 6.11]). Let 1 - G' — G — G” — 1 be an exact
sequence of smooth connected affine k-groups, where G' = Gl R.(G') is a semi-
direct product over k of the reductive part of G’ with k-split unipotent radical. Then,
we have the natural exact sequences

| — X*(G")k —> X*(G)x —> X*(G')i —> Pic(G") —> Pic(G)
— Pic(G’) — Br(G") — Br(G) — Br(G'),

1 — X*(G") — X*(G) —> X*(G')x —> Pic(G") —> Pic(G)
—> Pic(G") —> Bry(G"”) —> Bry(G) —> Bry(G') — Br.(G).

REmArk A.3. (1) Sansuc’s original result in Proposition A.l was stated under the
assumption that if the field k is non-perfect, then G should be reductive.

(2) The condition on the unipotent radical of G is automatically fulfilled when
char. k = 0 by a classical result of G. Mostow.

Proor oF ProrosiTioN A.1 AND CoroLLARY A.2. The same proof given in [38] goes
through verbatim. The only place where we have to assume the splitness of the semi-
product G = G™¢ . R,(G) and that of R,(G) is where we use [38, Lem. 6.6]. (The
pathological behavior of unipotent radicals shows that the assumption on the splitness
is perhaps the best one for the proposition to hold.) ]
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