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1. Introduction

Recently, nonlocal fractional problems have attracted the interest of the mathematical
community both for pure academic research and for their wide applications in many
different fields, such as continuum mechanics, phase transition, population dynamics,
optimal control, game theory, just to name a few (see, for instance, [2, 3, 9, 19] and the
references therein). Motivated by this wide interest we consider the following fractional
p-Laplace equation:

(1.1) .��p/
su D 0 in �;

where � is a bounded open set of RN with N � 2, p > 1, s 2 .0; 1/ and .��p/s is
the fractional p-Laplace operator defined as

.��p/
su WD p.v.

Z
RN

2
ˇ̌
u.x/ � u.y/

ˇ̌p�2�
u.x/ � u.y/

�
jx � yjNCsp

dx:

Its solutions are termed the .s; p/-harmonic functions; see Definition 2.1. Equation
(1.1) can be seen as the nonlocal counterpart of the p-Laplace equation

(1.2) � div
�
jrujp�2ru

�
D 0:

Classical results state that the gradient of local weak solutions of (1.2) is locally Hölder
continuous; see [11, 13, 16, 18] for equations and [1, 15, 17] for systems.

Up to now it is unclear whether an analogue of this result holds true for the fractional
p-Laplace equation (1.1). Regularity theory for equations involving the fractional
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p-Laplace operator is a challenging open problem and only partial results are present
in the current literature. Local boundedness and Hölder regularity with an implicit
Hölder exponent were obtained in [10] for every s 2 .0; 1/ and p 2 .1;1/.

When it comes to higher regularity, the situation is more delicate and the picture
is less clear. For instance, it is far from trivial to assert that the gradient of an .s; p/-
harmonic function u exists in the Sobolev sense. As far as we know, the first decisive
results in this direction were proven in [7]. In the regime p � 2 and s 2 .p�1

p
; 1/, the

authors prove that the gradient of u exists in Lp if it is globally bounded. Moreover,
the range of s can be improved to s 2 . p�1

pC1
; 1/ when u fulfills a certain boundary

condition. Again in the case p � 2, interior higher Hölder regularity with an explicit
Hölder exponent was established in [8]. Provided that s 2 .0; p�1

p
�, the authors proved

that .s; p/-harmonic functions are almost C
0; spp�1
loc , while they are almost Lipschitz

continuous whenever s 2 .p�1
p
; 1/.

Motivated by the broad interest, we present in this paper substantial improvements
of the results from [7,8]. More precisely, we are able to show that, when p � 2 and
s 2 .p�2

p
; 1/, the gradient of any .s; p/-harmonic function u belongs to the fractional

Sobolev spaceW ˇ;q
loc .�/ for any q � p and any ˇ 2 .0; p

q
.s � p�2

p
//. In particular,ru

belongs to Lqloc.�/ for any q � p. As a meaningful consequence of the above results,
we get that u 2 C 0;˛loc .�/ for any ˛ 2 .0; 1/.

On the other hand, whenever p 2 .2;1/ and s 2 .0; p�2
p
�, we are able to show that

the fractional differentiability of order s can be improved to any number less than sp
p�2

,
whereas the integrability order q can be any number larger than p; that is, u 2W ;q

loc .�/

for any q � p and  2 Œs; sp
p�2

/. Consequently, as a byproduct of the aforementioned
results, we also have that

u 2 C
0;
loc .�/ for any  2

�
0;

sp

p � 2

�
:

All regularity results that we obtain for the case p � 2 are summarized in Table 1
below. Finally, in the case p 2 .1; 2/ and s 2 .0; 1/, our main result includes that any
.s; p/-harmonic function u satisfies u 2 W 1;q

loc .�/ for any q � p. As a consequence of
this regularity result and the Morrey-type embedding, we deduce that u 2 C 0;loc .�/ for
any  2 .0; 1/. Prior to us, the known Hölder exponent is any  2 .0;min¹1; sp

p�1
º/,

obtained in [14]. In addition, we also have acquired some fractional differentiability
results for ru.

s 2
�
0; p�2

p

�
s 2

�
p�2
p
; 1
�

u 2 W
;q

loc .�/, 8 2
�
s; sp
p�2

�
ru 2 W

;q
loc .�/, 8 2

�
0; p
q

�
s � p�2

q

��
u 2 C

0;
loc .�/, 8 2

�
0; sp
p�2

�
u 2 C

0;
loc .�/, 8 2 .0; 1/

Table 1. Main results for p � 2.
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2. Preliminaries

In this section, we introduce the notation and the definition used along the paper.
• Hölder space C 0;˛loc .�/. For ˛ 2 .0; 1/, this space consists of locally bounded

functions with the finite semi-norm in a ball BR.xo/ b � given by

Œw�C0;˛.BR.xo// WD sup
x 6Dy2BR.xo/

jw.x/ � w.y/j

jx � yj˛
:

• Fractional Sobolev spaceW ;q
loc .�/. For q 2 Œ1;1/ and  2 .0;1/, this space consists

of all Lqloc.�/-functions with the finite semi-norm in a ball BR.xo/ b � given by

Œw�W ;q.BR.xo// WD

�“
BR.xo/�BR.xo/

jw.x/ � w.y/jq

jx � yjNCq
dxdy

� 1
q

:

• Tail. It is defined as follows:

Tail.uI xo; R/ WD
�
Rsp

Z
RN nBR.xo/

ju.x/jp�1

jx � xojNCsp
dx
� 1
p�1

:

In the above notation, if xo D 0 or if the center point is clear from the context, we omit
it. We end this section with the definition of .s; p/-harmonic functions.

Definition 2.1 (.s; p/-harmonic functions). Let � � RN be a bounded open set,
p 2 .1;1/ and s 2 .0; 1/. A function u 2 W s;p

loc .�/ is called .s; p/-harmonic in � if
and only if Z

RN

ˇ̌
u.x/

ˇ̌p�1�
1C jxj

�NCsp dx <1;

and

(2.1)
“

RN�RN

ˇ̌
u.x/ � u.y/

ˇ̌p�2�
u.x/ � u.y/

��
'.x/ � '.y/

�
jx � yjNCsp

dxdy D 0

for every ' 2 W s;p.�/ compactly supported in � and extended to 0 outside �.

3. Regularity of .s; p/-harmonic functions when p � 2

In this section, we announce the regularity results for .s; p/-harmonic functions,
obtained recently in [5]. In order for this, we need to distinguish two cases: when
s 2 .0; p�2

p
� and when s 2 .p�2

p
; 1/. For the sake of simplicity, we formulate all

statements for locally bounded .s; p/-harmonic functions, keeping in mind that any
.s; p/-harmonic function is locally bounded.
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3.1. Regularity results when s 2 .0; p�2
p
�

This section is devoted to the regularity of .s; p/-harmonic functions in the case
s 2 .0; p�2

p
�, with p � 2. In this framework, the main results upgrade the solution to a

higher fractional Sobolev space.

Theorem 3.1 (Almost W
sp
p�2 ;q-regularity). Let p 2 .2;1/ and s 2 .0; p�2

p
�. Then,

for any locally bounded .s; p/-harmonic function in �, we have

u 2 W
;q

loc .�/ for any q 2 Œp;1/ and  2
h
s;

sp

p � 2

�
:

Moreover, there exists a universal constant C D C.N;p; s; q; / � 1 such that for any
ball BR � BR.xo/ b �, we have

Œu�W ;q.B 1
2
R
/ �

C

R

�
Rs�N.

1
p�

1
q /Œu�W s;p.BR/ CR

N
q
�
kukL1.BR/ C Tail.uIR/

��
:

The constant C blows up as  " sp
p�2

.

For the proof we refer to [5, Theorem 1.1]. Using Theorem 3.1 and the Morrey-type
embedding for fractional Sobolev spaces, we immediately obtain the next regularity
result.

Theorem 3.2 (Almost C 0;
sp
p�2 -regularity). Let p 2 .2;1/ and s 2 .0; p�2

p
�. Then,

for any locally bounded .s; p/-harmonic function in �, we have

u 2 C
0;
loc .�/ for any  2

�
0;

sp

p � 2

�
:

Moreover, there exists a universal constant C D C.N; p; s; / � 1 such that for any
ball BR � BR.xo/ b �, we have

Œu�C0; .B 1
2
R
/ �

C

R

�
Rs�

N
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
:

The constant C blows up as  " sp
p�2

.

For the proof we refer to [5, Theorem 1.2].

3.2. Regularity results when s 2 .p�2
p
; 1/

In the case ofp � 2 and s 2 .p�2
p
; 1/, better regularity properties of local weak solutions

of (1.1) can be achieved. The first result states that for any .s; p/-harmonic function,
the weak gradient ru exists and is locally in Lp.�;RN /.
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Theorem 3.3 (Lp-gradient regularity). Let p 2 Œ2;1/ and s 2 .p�2
p
; 1/. Then, for

any locally bounded .s; p/-harmonic function in �, we have

u 2 W
1;p

loc .�/:

Moreover, there exists a universal constant C D C.N; p; s/ such that for any ball
BR � BR.xo/ b �, we have

krukLp.B 1
2
R
/ �

C

R

�
Rs.1 � s/

1
p Œu�W s;p.BR/ CR

N
p
�
kukL1.BR/ C Tail.uIR/

��
:

The constant C is stable as s " 1 and blows up as s # p�2
p

.

For the proof we refer to [5, Theorem 1.3]. The strategy of the proof relies on the
fact that for any .s; p/-harmonic function the difference quotient

u.x C h/ � u.x/

jhj

can be uniformly bounded inLp . This is proved using an iteration scheme improving the
fractional differentiability by increasing the power of the increment jhj. This procedure
allows us to improve the regularity of u from W

s;p
loc to W 1;p

loc .
Having the Lp-regularity of the gradient at hand, a natural question arises: can

this regularity be improved? The answer is affirmative. Indeed, for any q > p, the Lq-
gradient regularity holds. This higher gradient regularity is the core of the next theorem.
The main idea of the proof is to use a Moser-type iteration argument, improving the
W
1;p

loc -regularity to W 1;q
loc by a refined estimate for the finite second-order difference

of u.

Theorem 3.4 (Lq-gradient regularity). Let p 2 Œ2;1/ and s 2 .p�2
p
; 1/. Then, for

any locally bounded .s; p/-harmonic function in �, we have

u 2 W
1;q

loc .�/ for any q 2 Œp;1/:

Moreover, there exists a universal constant C D C.N; p; s; q/ such that for any ball
BR � BR.xo/ b �, the quantitative Lq-gradient estimate

krukLq.B 1
2
R
/ � CR

N
q �1

�
Rs�

N
p .1 � s/

1
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
holds true. The constant C is stable in the limit s " 1 and blows up as s # p�2

p
.

For the proof we refer to [5, Theorem 1.4]. At this stage, the classical Morrey-type
embedding for the Sobolev space W 1;q with q > N implies that .s; p/-harmonic
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functions in the regime s 2 .p�2
p
; 1/ are locally Hölder continuous with exponent

1 � N
q

. Since q can be chosen arbitrarily large according to Theorem 3.4, this means
Hölder continuity for each Hölder exponent in .0; 1/, as stated in the next theorem.

Theorem 3.5 (Almost Lipschitz continuity). Let p 2 Œ2;1/ and s 2 .p�2
p
; 1/. Then,

for any locally bounded .s; p/-harmonic function in �, we have

u 2 C
0;
loc .�/ for any  2 .0; 1/:

Moreover, there exists a universal constant C D C.N; p; s; / such that for any ball
BR � BR.xo/ b �, we have

Œu�C0; .B 1
2
R
/ �

C

R

�
Rs�

N
p .1 � s/

1
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
:

The constant C is stable as s " 1 and blows up as s # p�2
p

.

For the proof we refer to [5, Theorem 1.5]. It is a classical result that p-harmonic
functions satisfy jruj

p�2
2 ru 2 W

1;2
loc .�/ (see [6,17,18]). This higher differentiability

can be converted into fractional differentiability; namely, ru 2 W ˇ;p
loc .�;RN / for any

0 < ˇ < 2
p

. The corresponding result for .s; p/-harmonic functions is contained in the
following theorem.

Theorem 3.6 (Almost W
sp�.p�2/

q ;q-gradient regularity). Let p 2 Œ2;1/ and s 2
.p�2
p
; 1/. Then, for any locally bounded .s; p/-harmonic function in �, we have

ru 2 W
˛;q

loc .�/ for any q 2 Œp;1/ and ˛ 2
�
0; p
q

�
s � p�2

p

��
:

Moreover, there exists a universal constant C D C.N;p; s; q; ˛/ such that for any ball
BR � BR.xo/ b �, we have

Œru�W ˛;q.B 1
2
R
/ �

CR
N
q

R1C˛

�
Rs�

N
p .1 � s/

1
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
:

Moreover, the constantC is stable as s " 1 and blows up as s # p�2
p

and˛ " p
q
.s � p�2

p
/.

For the proof we refer to [5, Theorem 1.6]. In particular, Theorem 3.6 states that
when s 2 .p�2

p
; 1/, any .s; p/-harmonic function satisfies

ru 2 W
ˇ;p

loc .�/ for any ˇ 2
�
0; s � p�2

p

�
;

and thus formally recovers the classical result in the limit s " 1.
We stress that, in this sense, our range ofˇ is sharper than the one obtained previously

in [7, Corollaries 1.8 & 1.9]. Moreover, our approach dispenses with any additional
assumption on the solution’s global behavior and relies solely on the notion of local
solution.
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4. Regularity of .s; p/-harmonic functions when p 2 .1; 2/

This section is devoted to the gradient regularity estimate for .s; p/-harmonic functions
when p 2 .1; 2/, obtained in [4].

Theorem 4.1 (W 1;q-gradient regularity). Let p 2 .1; 2� and s 2 .0; 1/. Then, for any
locally bounded .s; p/-harmonic function in �, we have

u 2 W
1;q

loc .�/ for any q 2 Œp;1/:

Moreover, there exists a universal constant C D C.N; p; s; q/ such that for any ball
BR � BR.xo/ b �, the quantitative Lq-gradient estimate

krukLq.B 1
2
R
/ � CR

N
q �1

�
Rs�

N
p .1 � s/

1
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
holds true. The constant C is stable as s " 1

For the proof we refer to [4, Theorem 1.2]. An immediate consequence of the
previous theorem, joint with the Morrey-type embedding, is the following result.

Theorem 4.2 (Almost Lipschitz continuity). Let p 2 .1; 2� and s 2 .0; 1/. Then, for
any locally bounded .s; p/-harmonic function in �, we have

u 2 C
0;
loc .�/ for any  2 .0; 1/:

Moreover, there exists a universal constant C D C.N; p; s; / such that for any ball
BR � BR.xo/ b �, we have

Œu�C0; .B 1
2
R
/ �

C

R

�
Rs�

N
p .1 � s/

1
p Œu�W s;p.BR/ C kukL1.BR/ C Tail.uIR/

�
:

The constant C is stable as s " 1 and blows up as s # p�2
p

.

For the proof we refer to [4, Theorem 1.3].

5. Technical aspects

To bring the novel point to light, let us consider an .s; 2/-harmonic function u for
simplicity, take ' to be supported in B 2

3R
and ' D 1 in B 1

2R
, and split its weak

formulation (2.1) into two terms; namely,“
BR�BR

�
u.x/ � u.y/

��
'.x/ � '.y/

�
jx � yjNC2s

dxdy

D �2

“
BR�.RN nBR/

�
u.x/ � u.y/

��
'.x/ � '.y/

�
jx � yjNC2s

dxdy:
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The right-hand side can be written as

� 2

Z
BR

u.x/'.x/

� Z
RN nBR

dy
jx � yjNC2s

�
„ ƒ‚ …

� 1

R2s

dx

C 2

Z
BR

'.x/

� Z
RN nBR

u.y/

jx � yjNC2s
dx
�

„ ƒ‚ …
DW 1
R2s

t.x/

dy:

This observation heuristically suggests viewing the problem locally as

(5.1) .��/su.x/ � �
u.x/

R2s
C

t.x/

R2s„ ƒ‚ …
DWh.x/

in B 1
2R
:

Let us call h.x/ the right-hand side of (5.1). To implement the finite difference scheme
to (5.1), we need to control the difference h.x1/ � h.x2/ for x1; x2 2 B 1

4R
. Our key

observation is that t.x/ is a Lipschitz function. More precisely,ˇ̌
t.x1/ � t.x2/

ˇ̌
.
jx1 � x2j

R
� Tail.uIB2R/:

Therefore, we haveˇ̌
h.x1/ � h.x2/

ˇ̌
.
ˇ̌
u.x1/ � u.x2/

ˇ̌
R2s

C
jx1 � x2j

R
�

Tail.uIB2R/
R2s

:

This is a rough explanation of the strategy from the general case of .s; p/-harmonic
functions. The details and the technical effort in [5, Lemma 3.1] are much more involved,
but this is the underlying idea. Essentially, and as experts know, the analysis of the finite
difference of the tail term hinges upon finding the optimal exponent of the increment,
as this will be eventually reflected in the fractional differentiability. This is the point
that allows us to improve the previous results.

6. New contributions to the higher regularity theory

The topic of higher Sobolev regularity theory for .s;p/-harmonic functions was initiated
in [7]. The authors established that ru 2 Lploc.�;R

N / for certain ranges of s and p,
provided some additional condition was assumed for the long-range behavior of u. Later,
a similar program about higher Hölder regularity was carried out in [8] and the Hölder
exponent could be any number less than min¹1; sp

p�1
º. These works were concerned

with the case p > 2. Recently, the higher Hölder regularity has been extended to the
case p < 2 in [14]. In p-s axis, the threshold obtained in [7, 8] is exhibited by the red
curve in Figure 1.
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21

1

p

s

Figure 1. Old threshold.

2

1

1

p

s

Figure 2. New threshold.

Our main contributions are three-fold. First, we establish the existence of ru in
the Sobolev sense for a wider range of s and p; see Figure 2. Second, we upgrade also
the integrability of ru to any integrability exponent. Conceivably, this will allow us
to establish a Calderón-Zygmund-type theory for ru. Third, we improve the Hölder
exponent of .s; p/-harmonic functions to any number less than min¹1; sp

.p�2/C
º.

For simplicity, we have chosen to prove our main results under the assumption of
local boundedness and discard an inhomogeneous term on the right-hand side. As the
expert knows, once this has been done, we can employ proper freezing and comparison
arguments and consider general inhomogeneous terms, and also adding coefficients to
the equation.

After the completion of our first work, the interesting preprint [12] appeared. Among
other things the authors establish similarly that ru 2 Lploc.�;R

N / for s 2 . .p�2/C
p

; 1/.
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