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Projective representation theory for compact quantum
groups and the quantum Baum—Connes assembly map

Kenny De Commer, Rubén Martos, and Ryszard Nest

Abstract. We study the theory of measurable projective representations for a compact quantum
group G, i.e., actions of G on B(H ) for some Hilbert space H. We show that any such measurable
projective representation is inner, and is hence induced by an Q-twisted representation for some
measurable 2-cocycle 2 on G. We show that a projective representation is continuous, i.e., restricts
to an action on the compact operators K (H ), if and only if the associated 2-cocycle is regular,
and that this condition is automatically satisfied if G is of Kac type. This allows in particular to
characterise the torsion of projective type of G in terms of the projective representation theory
of G. For a given regular 2-cocycle 2, we then study Q-twisted actions on C*-algebras. We define
deformed crossed products with respect to €2, obtaining a twisted version of the Baaj—Skandalis
duality and the Green—Julg isomorphism, and a quantum version of the Packer—Raeburn’s trick.

1. Introduction

Let G be a compact group. Let H be a (possibly infinite dimensional) Hilbert space,
and JC(H) the C*-algebra of compact operators on H. An action G % K (H) is usually
referred to as a continuous projective representation of G on H. Such a § is always of
the form 8, (T) = n(g)Tn(g)* forall g € G and T € K (H), where 7 : G — U(H)
is a measurable map and w : G X G — § 1 C C is a measurable 2-cocycle such that
w(x)m(y) = o(x, y)r(xy), for all x, y € G. Such a map 7 is called a w-representation
of G on H. One can similarly consider actions G rsq, B(H) of G on the von Neumann
algebra B(H ), but this does not give anything new: any such action necessarily restricts
to K (H ), and conversely any action of G on K (H) extends to B(H ).

An extension of projective representation theory to compact quantum groups was
introduced in [14] by the first author. For G a compact qguantum group, a measurable
projective representation was introduced as an action G ~, B(H). It was then shown
that the obstruction for § to be inner is related to the theory of Galois co-objects for G,
which are regarded as generalised 2-cocycle functions on G. Particular instances of Galois
co-objects can be defined in terms of (measurable) 2-cocycles 2 on G, extending the
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classical setting described above. Such Galois co-objects are called von Neumann cleft. It
was left open in [14] whether there exist Galois co-objects which are not von Neumann
cleft. We completely resolve this problem in this article: a Galois co-object for a compact
quantum group is automatically cleft. We can hence restrict to projective representations
defined through a measurable 2-cocycle 2. See Section 3.1. For the sake of complete-
ness of the present article, we have included an explicit development of the corresponding
Q-representation theory for G in Section 3.2.

In spite of the above positive result, there is however an important new phenomenon
arising for projective representations of compact quantum groups: Contrary to the case
of classical compact groups, an action of a compact quantum group G on B(H) does
not automatically restrict to a continuous action on the C*-algebra of compact operators
J (H). If this is the case, we call the projective representation continuous, and the asso-
ciated 2-cocycle of finite type. In general, not all 2-cocycles are of finite type. We show
however that if G is of Kac type, then all projective representations are continuous, and
all 2-cocycles are of finite type. See Section 3.3.

In [32] (see also [44] for the von Neumann algebra setting, and [37] for the classical
setting of locally compact groups), it was shown how a 2-cocycle €2 on a locally compact
quantum group allows to form Q-twisted actions of G on C*-algebras, in case the 2-
cocycle satisfies a particular regularity condition. This then allows to define also twisted
crossed products for which a twisted version of the Baaj—Skandalis duality holds. We
show that in the setting of compact quantum groups, regularity of €2 is equivalent to €2
being of finite type. We then revisit some of the results of [32] in the technically simpler
setting of compact quantum groups, and obtain in particular a quantum version of the
Packer—Raeburn’s trick [35]. See Section 4.

The theory of projective representations for G is closely related to the theory of torsion
for the dual (discrete) quantum group G.A general theory of torsion for discrete quantum
groups was introduced first by R. Meyer and R. Nest (see [30] and [28]) in terms of ergodic
actions of G, and re-interpreted later by Y. Arano and K. De Commer in terms of fusion
rings and module C*-categories [1]. Basically, the torsion of G is described by the non-
trivial ergodic actions of G on finite dimensional C*-algebras. In case the latter is simple,
we obtain an ergodic action of G on some B(H) for H finite dimensional, i.e., a finite
dimensional irreducible projective representation of G.

The study of such torsion was the original motivation for this article, more precisely
with respect to the Baum—Connes conjecture for discrete quantum groups. The original
Baum—Connes conjecture for (second countable) locally compact groups had been for-
mulated in 1982 by P. Baum and A. Connes. We still do not know any counterexample
to the original conjecture, but it is known that the one with coefficients is false. For this
reason we refer to the Baum—Connes conjecture with coefficients as the Baum—Connes
property. The goal of the conjecture is to understand the link between two operator K-
groups of different nature that would establish a strong connection between geometry and
topology in a more abstract and general index-theory context. More precisely, if G is
a (second countable) locally compact group and A is a (separable) G-C*-algebra, then
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the Baum—Connes property for G with coefficients in A claims that the assembly map
/Lff cKXP(G A) — Ko (G X A) is an isomorphism, where K,*(G; A) is the equivariant
K-homology with compact support of G with coefficients in A and K..(G X A) is the K-
theory of the reduced crossed product G X A. This property has been proved for a large
class of groups; let us mention the remarkable work of N. Higson and G. Kasparov [23]
about groups with Haagerup property and the one of V. Lafforgue [25] about hyperbolic
groups.

The equivariant K-homology with compact support K, *(G; A) is the geometrical
object obtained from the classifying space of proper actions of G, thus it is, a priori,
easier to calculate than the group K. (G X A), which is the one of analytical nature and
less flexible in its structure. Nevertheless sometimes the group Ky (G; A) creates non-
trivial troubles. This is why R. Meyer and R. Nest provide in 2006 a new formulation
of the Baum—Connes property in a well-suited category framework, using the language
of triangulated categories and derived functors [29]. More precisely, if KX is the G-
equivariant Kasparov category and F(A) := K« (G X A) is the homological functor KXY
— AbZ/2 defining the right hand side of the Baum—Connes assembly map, they show that
the assembly map G 4 1is equivalent to the natural transformation ng 7 (LF(A) — F(A),
where IL F is the localisation of the functor F' with respect to an appropriated comple-
mentary pair of (localizing) subcategories (£, Ng ). Here Lg is the subcategory of KK
of compactly induced G-C*-algebras, and Ng is the subcategory of XK of compactly
contractible G-C*-algebras. We say that G satisfies the strong Baum—Connes property
if Lg = KKEC, which corresponds, in usual terms, to the existence of a y-element that
equals 1¢. This approach yields as well a characterization of the Baum—Connes property
only in terms of compact subgroups, K -theory and crossed products.

The above reformulation allows in particular to avoid any geometrical construction,
and thus seems (at least in principle) better suited to apply also when G is replaced by a
locally compact quantum group G. For instance, this approach has already been imple-
mented by R. Meyer and R. Nest [30] by proving that duals of compact connected' groups
satisfy the strong Baum—Connes property. Also, for genuine discrete quantum groups G
the strong Baum—Connes property has been studied, leading to explicit K-theory compu-
tations of the C*-algebra C(G) in remarkable examples: [20,46,48].

A major problem when studying the quantum counterpart of the Baum—Connes prop-
erty in the particular setting of discrete quantum groups is the forsion structure of a
discrete quantum group G. Indeed, if G is an ordinary discrete group, its torsion phe-
nomena are completely described in terms of the finite subgroups of G and encoded
in the localizing subcategory L using the Meyer—Nest reformulation. More precisely,
induction and restriction functors provide a pair of adjoint functors allowing to apply the
general Meyer—Nest machinery to define the complementary pair encoding the Baum—
Connes property. Hence if we want to follow the Meyer—Nest approach, we need for

'In an upcoming paper, the second author (together with P. Fima) has extended this result by removing
the connectedness assumption.
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discrete quantum groups G an analogous complementary pair of localizing subcategor-
ies (La, N@), where L@ must encode the torsion phenomena of G. In this case, the
induction-restriction approach is no longer valid since finite discrete quantum groups do
not exhaust the torsion phenomena for G.

A candidate for L@ had been apparent for specific examples [30, Section 1] and [48,
Section 5] (see also [26, Section 4.1.2] for a description for general discrete quantum
groups), but it was not at all clear if (L@, £2) formed a complementary pair.

This was completely resolved by Arano and Skalski [2]. Their key insight concerned
a direct description of N = L% in terms of a double crossed product construction. The
results of [2] hence allow to define a quantum assembly map for every discrete quantum
group G (torsion-free or not).

In Section 5, we will revisit this result from a different perspective in the case when
there is only projective torsion, i.e., any finite dimensional C*-algebra carrying an ergodic
action of G is simple. More precisely, having defined a “twisted” descent map Fs :=
JG.T: KKE — KX for each projective torsion action (T, 8) and with 17 : KK — KKC
given by making the tensor product by T on the right, we re-prove the adjointness between
JjG,r and tr, formulated as a twisted Green—Julg isomorphism, by explicit use of the
specific structure of cocycle crossed products. Such results can be seen as a first step
towards spectra computations in the quantum Kasparov category in the realm of tensor
triangular geometry [6, 17].

2. Preliminaries

2.1. Conventions and notations

Let us fix the notations and the conventions that we use throughout the whole article.

If E is a C-vector space and § is a subset of vectors of E, then we write span § for the
corresponding C-vector subspace generated by S. If (E, ||-||) is a normed C-vector space
and F' C E is a vector subspace, we write [F] := 7”'” for the ||-||-closure of F in E. We
then also write span§ = [span §] for § C E. If V, W are subspaces inside an algebra A,
we denote VW =V - W :=spanfvw | v € V,w € W}.

Let H be a Hilbert space. We denote by B(H) (resp. K (H)) the space of all lin-
ear bounded (resp. compact) operators on H. If § is a subset of B(H), then we write
span° V3§ for the closure of the linear subspace generated by § with respect to the -
weak topology. We denote by B(H ) the space of normal functionals on B(H ), and for
&,n € H we denote by wg , € B(H )« the linear form defined by wg , (T') := (§, T'(n)), for
allT € B(H). If V € B(H ® H) is a unitary operator, we put (V) := [{(id ® n)(ZV) |
n € B(H)«}]. Observe that (id ® n)(ZV) = ((n ® id) 0o Adx)(ZV) = (n ® id)(V X), for
all n € B(H )«. Also, we clearly have C(V') = span{(id @ we »)(XV) | £, n € H}.

If A is a C*-algebra and H a Hilbert A-module, we denote by £ 4(H) (resp. K4(H))
the space of all (resp. compact) adjointable operators on H. Hilbert A-modules are con-



Projective representation theory for compact quantum groups and Baum—Connes 5

sidered to be right A-modules, so that the corresponding inner products are considered to
be conjugate-linear on the left and linear on the right. Given a Hilbert A-module H and
£¢,n € H we denote by 0, € £4(H) the rank one operator defined by 0 ,,(¢) := &(n, {),
forall { € H. Then K4(H) =span{f, | §.,n € H}.

All our C*-algebras (except for obvious exceptions such as multiplier C*-algebras
and von Neumann algebras) are supposed to be separable and all our Hilbert modules are
supposed to be countably generated. If A is a C*-algebra and § is a subset of elements
in A, we write C*(8) := C*(S U §*) for the corresponding C*-subalgebra of 4 generated
by §, that is, the intersection of all C*-subalgebras of A containing §. In this case, the
elements of § are called generators of C*(S).

The symbol ® stands for the minimal tensor product of C*-algebras and the exterior
tensor product of Hilbert modules depending on the context. The symbol ® stands for
the maximal tensor product of C*-algebras. The symbol ® stands for the tensor product
of von Neumann algebras. In any of the previous cases, the elementary tensors in the
corresponding tensor product are denoted simply by ® and the context will distinguish the
specific situation. If H is a Hilbert A-module and (K, ) is a Hilbert (A4, B)-bimodule, the
interior tensor product of H and K with respect to 7 is denotedby H @ K or H ® K. If
A and B are two C*-algebras, X : A ® B — B ® A denotes the flip mjép. The syﬁ‘%bol by
is used as well for the suspension functor in the framework of triangulated categories. The
context will distinguish the specific situation. We use systematically the leg numbering,
so if H is a Hilbert space then X1, = X ® 1 € B(H®?) for X € 8(H®?), etc..

If S, A are C*-algebras, we denote by M(A) = £4(A) the multiplier algebra of A and
we put

MA®S) ={x e M(AR S) | x(idy ® S) CA® S and (idy ® S)x C A ® S},

which contains A ® M(S). If H is a Hilbert A-module, we put M(H) := £4(A, H),
which contains canonically H = K4(A, H). We put M(H ®S)={XeMHRS) |
X(ids ® S) C H® S and (idg ® S)X C H ® S}, which contains H @ M(S).

If T := B(H) is a type I-factor, we denote by Tr the usual trace on 7. If ¢ is any
state on 7', we denote by o € T the density matrix (i.e., the positive matrix with trace 1)
such that ¢ = Tr(g ).

Given a state ¢ on T, we denote by (L2(T), A7, A, £7) the corresponding GNS con-
struction, but we drop the notation A7 when it is clear from the context. If 7°P denotes the
opposite von Neumann algebra of T, then the modular properties for ¢ yield a *-represen-
tation pr of T° on L2(T) determined by the formula pr (s?)(tE7) := 10"/ 250"/ 2Er
for all s,¢ € T of finite rank with respect to an eigenbasis of p. We consider the anti
*-homomorphism (-)° : T — B(L?(T)) defined by s° := pr(s°®?) = Jrs*Jr for all
s € T, where Jrtér 1= p/2t*p~1/2¢r is the modular conjugation on L2(T'). We then
have T° = T’. In the following, we will also identify j : B(H)*® = B(H) through the
*-isomorphism T > T*,

Whenever € denotes a category, we shall assume that C is essentially small, so morph-
isms Home(+, -) form sets. Given a category C, we denote by CP its opposite category. We
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say that C is countable additive if it is additive and it admits countable direct sums. If F is
an additive functor on an additive category, it is, by definition, compatible with finite direct
sums. The categories considered in the present paper are assumed to be countable addit-
ive. Whenever we require an additive functor to be compatible with infinite (countable)
direct sums, it will be explicitly indicated.

We denote by Ab the abelian category of abelian groups and by Ab%/2 the abelian
category of Z /2-graded abelian groups.

2.2. Compact/discrete quantum groups

In this section, we recall elementary and fundamental facts concerning compact quantum
groups and their corresponding duality theory. We refer to the books [31,42] or to the
original papers [5,50] for more details.

Definition 2.1. A compact quantum group G is the data (C(G), A) where C(G) is a
unital C*-algebra and A : C(G) — C(G) ® C(G) is a unital *-homomorphism such that

(i) A is co-associative meaning that (id ® A)A = (A ® id)A and

(ii) A satisfies the cancellation property meaning that [A(C(G))(C(G) ® 1)] =

C(G) ® C(G) =[A(CG)(1 & C(G))].

A compact quantum group has a unique Haar state hg such that (hg ® id)A(x) =
hg(x)lc) = (id ® hg)A(x) for all x € C(G). We will make the standing assumption
that hg is faithful, so we only work with the reduced form C(G) of a compact quantum
group.

The GNS construction corresponding to hg is denoted by (L2(G), A, £g). We also
write A(x) = A(x)ég for x € C(G). We adopt the standard convention for the inner
product on L?(G), which means that (A(x), A(y)) := hg(x*y) forall x, y € C(G). We
suppress the notation A in computations so that we simply write xA(y) = A(xy) for all
x,y € C(G).

Theorem-Definition 2.2 (Regular representation). Let G = (C(G), A) be a compact
quantum group.
(i)  There exists a unique unitary operator Vg € M(X (L*(G)) ® C(G)) such that
Ve(A(x) ® §) = A(x) (g ® &), forall x € C(G) and £ € L*(G).
(i) Forall x € C(G) we have A = Ay, where Ay (x) = Ve (x ® V(.
(iii) The following identity holds: id ® A)(Vg) = (Vg)12(Ve)13-
@iv) The following pentagonal equation holds:

Ve)12(Ve)13(Vg)23 = (Ve)23 (Vg )12.

So Vg is a multiplicative unitary on L*>(G) in the sense of Baaj—Skandalis [5].
(v)  We have that C(G) = Sy, :=span{(n ® id)(Vg) | n € B(L*(G))«}-
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The unitary Vg is called right regular representation of G on L?(G) or fundamental
unitary of G.

Remark 2.3. In a similar way, we can define the left regular representation of G: there
exists a unique multiplicative unitary Wg € M(C(G) ® K (L?(G))) such that (Wg)* (£ ®
A(x)) = A(x)(E ® &g), for all x € C(G) and £ € L?(G). For all x € C(G) we have
A(x)=WZ (1 ® x) Wg and the following identity holds: (A ® id)(Wg)=(Wg)13(Wg )23.

The coproduct on C(G) can be extended to L°°(G) = C(G)” using Theorem-Defi-
nition 2.2 (ii), obtaining the normal map A : L®°(G) — L*®(G) ® L°°(G). The Haar
state extends uniquely to a normal faithful state on L°°(G), and we denote by Jg the
associated modular conjugation on L2(G).

Conversely, if L>°(G) is a von Neumann algebra with a coassociative normal *-homo-
morphism A : L®(G) — L*°(G) ® L*®(G) and admitting an invariant normal faithful
state hg, then (L°°(G), A) arises from a (reduced) compact quantum group G in a unique
way.

Definition 2.4. A unitary representation of G on a Hilbert space H = H,, is a unitary
element ¥ in M(K(H) ® C(G)) with (id ® A)(u) = uju13. For u, v unitary represent-
ations, we denote Homg (u,v) ={T : H, — H, | T bounded and (T ® 1)u = v(T ® 1)}.
One calls u irreducible if Endg () = Homg (v, u) = Cidg,.

In the following, all representations will be assumed unitary.

Any irreducible representation u has finite dimensional H, so then u € B8(H) ®
C(G). The set of all equivalence classes of irreducible representations of G is denoted
by Irr(G). If x € Irr(G) is such a class, we write u® € B(H,) ® C(G) for a represen-
tative of x and H, for the finite dimensional Hilbert space on which u* acts. We write
dim(x) := n, for the dimension of H,. The trivial representation of G is denoted by ¢,
and we put u¢ = l¢(g). Given x, y € Irr(G), the tensor product of x and y is denoted by
x ® y. Given x € Irr(G), there exists a unique class X of irreducible representations of G
such that Homg (€, u* ® u™) # 0 # Homg (€, u* ® u~). It is called the contragredient
or conjugate representation of x.

The linear span of matrix coefficients of all finite dimensional representations of G
is denoted by Pol(G). It is a *-Hopf algebra by restriction of the co-multiplication A,
and we denote its co-unit by ¢ and its antipode by S. Let Iy be the anti-linear involutive
map A(Pol(G)) — L?(G) defined by A(x) — A(S(x)*) for x € Pol(G). Then I is
closeable, and we denote I = Jg | 7] for the polar decomposition of its closure. The map
R(x) = Jgx*Jg, for all x € C (G), is a well-defined anti-multiplicative and anti-co-
multiplicative map on C(G) preserving Pol(G), called unitary antipode.

Theorem-Definition 2.5 (Discrete quantum group). Let G = (C(G), A) be a compact
quantum group. We switch between the following notations for the same space co(G) =
CHG) = Sy, :==[{{d @ n)(Vg) | n € B(LA(G))«}] C B(L*(G)). Then co(G) is a
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C*-algebra, and we denote also the identity map by
1 co(G) > B(LAG)).

Furthermore, we have the following:

(i) The formula ﬁ(x) WP (x) = EVG(I ® x)Vg X defines a non- degenerate *-
homomorphism cg (G) — M(co (G) ® co (G)) such that the pair G= (co (G) A)
is a locally compact quantum group. One calls G the (Pontryagin) dual discrete
quantum group of G.

(1) There exists a natural isomorphism cg (@) ~ @i"em(@) B(Hy).

(iii) We have Vg € M(co(G) ® C(G)).

(iv) We have [(n ® id) (W) | n € B(L*(G))«] = Jeco(G)Jg C B(LA(G)).

We denote loo(@) for the o-weak closure of cq (@) It is a von Neumann algebra
with coproduct A given by extending the formula in item o) above. It has a left, resp.
right invariant normal, semifinite faithful weight hy, , Tesp. hr. We can identify L2(G)

with the standard space of / °°((G) in such a way that Jg becomes the associated modular
conjugation. We further have inside cg ((G) the dense 2-sided ideal

alg

co@) = P B(H),

xelr(G)
contained in the set of integrable elements for h 1 and h R-

Theorem-Definition 2.6 (Kac system associated to G). Let G = (C(G), A) be a compact
quantum group. Then Ug = Jg Jg = JgJg € B(L?*(G)) is a symmetry, and we call the
pair (Vg, Ug) the standard Kac system associated to G. We then denote

p(a) = Ugh(a)Ug, p(x) = Ugh(x)Ug, a € C(G), x € co(G).
Moreover, we have Wg = Vg where
Ve = 3(Ue ® NV (Ug ® DT = (Ug)a2(Ve)21(Ug)z € M(C(G) ® pleo(G))).
and Vg, Vg together with
Ve == (1@ Us)Vs(1 ® Ug)T = (Ug)1(Vg)21(Us) € M(p(C(G)) ® ¢o(G)),
Ve = (Ug ® Ug)Ve (Ug ® Ug) € M(p(C(G)) & plco(G))

(i)  are multiplicative on L*(G) in the sense of Baaj—Skandalis,
(i)  are regular, meaning that X (L*(G)) = C(Vg) = @(ﬁg) = G(?G) = G(ﬁg),
(iii)  satisfy the following identity in V : (2(1 @ Ug)V)3? = id



Projective representation theory for compact quantum groups and Baum—Connes 9

Moreover, the following properties hold:
O (&)13(Ve)2n(Ve)z = (Fe)2(Vehs and (Ve)as(Ve)2(Ve)is = (Vo)

(VG)2s.

(ii) (Co(@), AP = (517(;’ AVG); in particular, AP(x) = Vg (x ® )V, for all
x € co(G).

Gii) (C(G),A) = (§I7G’ AVG); in particular, A(a) = 176(1 ® a)Vg, for all a €
C(G).

@iv) (Vg)12(17@)23 = (17@)23(17(;)12; in particular, Vg(a ® 1)176 =a® 1, forall
a € C(G).

W) (Ve)(Ve)z = (Ve)12(Ve)as: in particular, Vo (1@ x)VeE = 1@ x, for all
x € co(G).

~vi) (Ve)12(Ve)2s = (Ve)23(Ve) 12, in particular, Ve (x ® Vg =x®1, forall
x € Ugco(G)Ug.
(vii) (UeC(G)Ug). Aug) = (Sp_. Ap.), where

AUG (U(;,aU(;,) = AdU@@U@ (A(Cl)),

foralla € C(G), inparticular, Vg(1 @ a)VE =1 ® a, foralla € Ug C(G)Ug.
(vii) [C(G) - co(G)] = K (L(G)).

We refer to [42] or [5] for more details about these computations.

2.3. Actions of compact and discrete quantum groups

In this section, we recall elementary notions and results concerning actions of quantum
groups.

Definition 2.7. Let G = (C(G), A) be a compact quantum group and A a C*-algebra. A
left (continuous) action of G on A (or a right co-action of C(G) on A) is a non-degenerate
*-homomorphism § : 4 - A ® C(G) such that

(i) & intertwines the co-multiplication, meaning that (§ ® idc(g)) 08 = (idg ® A) 04

and

(ii) & satisfies the density condition [§(A4)(1 ® C(G))] = A ® C(G).
We write G ré,» A. We say that (A4, §) is a left G-C*-algebra if moreover § is injective.

If M is a von Neumann algebra, then a left (measurable) action of G on M is a normal
unital *-homomorphism § : M — M ® L°°(G) intertwining the co-multiplication (the
density condition being superfluous in this case).

Example 2.8. The co-multiplication of any compact quantum group G defines an action
of G on its defining C*-algebra. This action is called the regular action of G.
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Similarly, we can define a right action of G on A (or a left co-action of C(G) on A) as a
non-degenerate *x-homomorphism § : A — C(G) ® A satisfying the analogous properties
of the preceding definition. In the present article, an action of a compact quantum group G
is supposed to be a left one unless the contrary is explicitly indicated. Hence, we refer to
such actions simply as actions of G. Observe however that if (A4, §) is a left G-C*-algebra,
then (AP, §) is a right G-C*-algebra where A°? denotes the opposite C*-algebra of A and
§: A% — C(G) ® A is defined by

§:=(R®id)o X o8, (2.1

where R denotes the unitary antipode of G.

Remark 2.9. Our conventions for the left/right terminology are motivated by the follow-
ing: when G = G for an ordinary compact group G, we obtain an honest left action of G
on A from a right coaction § : A - A ® C(G) by evaluating the second leg in g € G,

GxA— A, (g.a)8g(a):=(1dR®evg)d(a).

Definition 2.10. If (4, §) is a G-C*-algebra, we denote 4° = {a € A | §(a) =a ® 1}.
We call (4, 8) ergodic if A is unital and A% = Cly.

In general, we denote Es : A — A% for the §-invariant conditional expectation given
by Es(a) = (id4 ® hg)d(a), foralla € A.

Remark 2.11. Recall that we assume G to be a reduced compact quantum group, so Eg
is automatically faithful. Moreover, if (1;); is a (bounded) approximate unit for A, then by
non-degeneracy of § we have that (§(u;)); is an approximate unit for A ® C(G). Thanks to
the continuity of id ® hg, the operators v; := (id ® hg)(8(u;)) form an approximate unit
for A inside A%, and we have [4A4%] = [4A4%] = A. In particular, if A acts non-degenerately
on a Hilbert space H, then also A% acts non-degenerately on H .

Given a G-C*-algebra A, we can equip A with the pre-Hilbert A%-module structure
given by (a,b) g, := Es(a*b),foralla,b € A. We denote by L?(A, Ej) the completion of
A with respect to the inner product (-, -) ;. When § is ergodic, we have Es(a) = ¢s(a)la
for s a (unique) §-invariant state on A. We then write L2(A4) = L2(A, ¢) for the Hilbert
space completion of A with respect to the inner product (a, b), := @(a*b), foralla,b € A.

The notion of action of G can be defined also for Hilbert modules.

Definition 2.12. Let G = (C(G), A) be a compact quantum group and (4, §) a G-C*-
algebra. Let E be a Hilbert A-module. A left action of G on E (or a right co-action of
C(G)on E)isalinear map 8g : E — E ® C(G) such that

i) Odg-a)=906g)s(a)forallé € E,a € A;

(i)  8((&.n) = (8(§).8E(n) forall §.n € E;

(iii) g intertwines the co-multiplication meaning that (§ ® id¢(g)) 0§ = (id4 ®
A)odE;
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(iv)  the density conditions [§g (E)(1 ® C(G))]|=[(1® C(G))Sg(E)]|=E ® C(G)
are satisfied.

§
We write G & E. We say that (E, §g) is a left G-equivariant Hilbert A-module if more-
over 8 is injective.

If (E,d8g) is a G-equivariant Hilbert A-module as above, then J4(F) is a G-C*-
algebra with action 8%, (g) defined by 85, (£)(0¢,,) = S (§)SE(N)* € K4(E) ® C(G),
for all £, € E where 0, denotes the corresponding rank one operator in E. By abuse
of notation, we still denote by 8, () the extension of this homomorphism to £4(E) =
M(K4(E)) > M(K4(E) @ C(G)). The latter is however not in general an action of G
on £4(F).

Recall further that giving an action §g is equivalent to giving a unitary operator
Ve € Lagc)(E ? (A® C(G)), E® C(G)) such that §g(§) = Vg o Ty for all § €
E where Tt € £40c)(A QR C(G), E (? (4 ® C(G))) is such that Tg(x) = & ? x, for
all x € A ® C(G). One calls Vg the admissible operator for (E, §g). Moreover, we have
854(E) = Ady; . We refer to [4] for more details.

Next, we recall the following useful result (recall the notations from Definition 2.10).

Proposition 2.13. Let G be a compact quantum group. Let (A, §) be a unital G-C*-
algebra. If § is ergodic, then there exists a representation V4 € M(K(L?*(4)) ® C(G))
of G such that §(a) = Va(a @ 1)V}, forall a € A.

Proof. Consider the map 4 @ C(G) E) A ® C(G) such that a ® x — 6(a)(14 ® x).
By §-invariance of ¢s, this map is isometric with respect to the natural pre-Hilbert C(G)-
module structure on A ® C(G). Moreover, since § is an action of G on A, we know that
[6(A)(1 ® C(G))] = A ® C(G), that is, V4 has dense range. Accordingly, V4 extends to
a unitary operator in M (K (L?(A)) ® C(G)), which we still denote by V4.

The relation §(a)Vy = V4(a ® 1), for all a € A is obvious. The coaction property
for § straightforwardly leads to (V4)12(Va)13(Vg)23 = (Vg)23(Va)12, 50 (id @ A)Vy =
(Va)12(V4)13 and V4 is a representation of G on L?(A) (see [9] for more details). [ ]

Remark 2.14. A similar result can be obtained when § is not ergodic by considering
instead the Hilbert A®-module L2(A, Es). One also has a corresponding result in the
von Neumann algebraic setting: if M — M ® L°°(G) on a von Neumann algebra (say
with separable predual), we can find a G-invariant state on M leading to a unitary Vs :
L*(M) ® L?(G) — L?>(M) ® L*(G) as above. This map is independent of the chosen
state [43].

We also recall the notion of action for discrete quantum groups.

Definition 2.15. Let G be a compact quantum group and A a C*-algebra. A left action
of G on A (or a right co-action of co(G) on A) is a non-degenerate *-homomorphism
§:A— M(A® co(G)) such that

(i) ¢ intertwines the co-multiplication meaning that (§ ® id)§ = (id ® &)8 and



K. De Commer, R. Martos, and R. Nest 12

(ii) & satisfies the cancellation property meaning that [6(A4)(1 ® co (@))] =A®co (@).
We say that (A4, §) is a left @-C*-algebra if moreover § is injective.

Again, one has the analogous notion of a right action of G.In the following, an action
of a discrete quantum group G is supposed to be a left one unless the contrary is explicitly
indicated.

2.4. Torsion phenomena for discrete quantum groups

In this section, we recall elementary notions and results concerning the notion of torsion-
freeness for discrete quantum groups. It was initially introduced by R. Meyer and R. Nest
and it can be characterized as in Theorem-Definition 2.19 below (see [28,30] and [48] for
more details).

Definition 2.16. Let G = (C(G), A) be a compact quantum group. A torsion action of G
or a torsion for G is a left G-C*-algebra (A4, §) with A finite dimensional and § ergodic.
We say that (A4, §) is a torsion action of permutation type if A is not simple. We say that
(A, ) is a torsion action of projective type if A is simple. The set of all equivariant Morita
equivalence classes of torsion actions of G is denoted by Tor(@).

Remark 2.17. If G is a classical discrete group I', then Tor(I") detects the torsion in T,
hence the notational use in general of the dual discrete quantum group.

Examples 2.18. (1) The trivial action (C, trv.) is of course a torsion action of any
compact quantum group G.

2) If H < G is a discrete quantum subgroup of @, we have by definition an inclusion
of C*-algebras C(H) ccC (G) intertwining the corresponding co-multiplications.
Therefore, if (B, §) is a H-C*-algebra, we can obviously extend B (by composmg
with ¢) into an action of G on B, which is denoted by ﬂ We denote by IndH (B,p)
the same C*-algebra B but equipped with the composition ﬂ = (idg ®t)opas
an action of G. Observe that if (B, B) is a torsion action of H, then Ind%(B ,B)is
a torsion action of G.

(3) Let G be a d1screte - quantum group that has a non-trivial finite discrete quantum
subgroup, say H < G. Then (C(H), Ag) defines a non-trivial torsion action of G.

@) Ifu € B(H,) ® C(G) is a representation of G on a finite dimensional Hilbert
space H,,, then it defines an action of G on 8(H,,) given by

Ady : B(Hy) —» B(Hy) ® C(G), T > Ady(T) := u(T ® leeyu®,
It is clear that B(H )% = Endg (u). Hence, the pair (B(H,), Ad,) is a torsion

action of G if and only if u is irreducible.

(5) Consider the rotation group SO(3). Recall that SO(3) = SU(2)/Z,, where Z, =
Z(SU(2)) is the centre of SU(2). Then the conjugation action of SU(2) on M, (C)
descends to a torsion action of projective type § of SO(3) on M5(C). Similar
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considerations can be made for SO, (3) with g € (-1, 1)\{0} (see [39] for more
details).

The following characterisation of torsion-freeness for discrete quantum groups is well-
known. A full proof can be found in [26, Theorem 1.6.1.4].

Theorem-Definition 2.19. Let G be a compact quantum group. We say that G is torsion-
free if one of the following equivalent conditions hold:

(i)  Any torsion action of G is G-equivariantly Morita equivalent to the trivial G-
C*-algebra C.

(i1)  Every finite dimensional G-C*-algebra is G-equivariantly isomorphic to a dir-
ect sum of G-C*-algebras which are G-equivariantly Morita equivalent to the
trivial G-C*-algebra C.

(iii) Every torsion action of G of permutation type and every torsion action of G
of projective type is G-equivariantly Morita equivalent to the trivial G-C*-
algebra C.

In view of characterisation (iii) of the previous theorem, we give the following defini-
tion.

Definition 2.20. Let G be a compact quantum group. We say that G is permutation
torsion-free if every torsion action of G of permutation type is G-equivariantly Morita
equivalent to the trivial G-C*-algebra C. We say that G is projective torsion-free if every
torsion action of G of projective type is G-equivariantly Morita equivalent to the trivial
G-C*-algebra C.

Example 2.21. The SO(3)-C*-algebra (M, (C), §) introduced in Examples 2.18 is a tor-
sion action of SO(3) of projective type. Notice that (M, (C), §) is not SO(3)-equivariantly
Morita equivalent to C, as there are no irreducible 2-dimensional SO(3)-representations
to implement this equivalence. Hence, S/O(\S) is not torsion-free. Moreover, (M, (C), §) is
the only, up to equivariant Morita equivalence, non-trivial torsion action of SO(3). Sim-
ilar considerations can be made for SO, (3) with g € (—1, 1)\{0}; namely ST(Sq(\3) is not
torsion-free and SO, (3) has only one, up to equivariant Morita equivalence, non-trivial
torsion action, which is of projective type (see for instance [48]).

3. Projective representation theory for compact quantum groups

In this section, we develop the theory of projective representations for compact quantum
groups based on the notion of (measurable) 2-cocycle. We obtain a projective representa-
tion theory analogous to the one for classical compact groups. Namely, given a 2-cocycle,
we construct the associated projective regular representation containing all irreducible £2-
twisted representations and reaching thus a twisted version of the Peter—Weyl theorem.
The content of this section concerns a particular case of the more general framework
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developed in [14] by the first author, but we give more attention here to the associated
C*-algebraic theory.

3.1. Projective representations of compact quantum groups

Definition 3.1. Let G be a compact quantum group. A measurable left projective repres-
entation of G consists of a Hilbert space H and a (measurable) right coaction § : B(H) —
B(H) ® L®(G). A continuous left projective representation of G consists of a Hilbert
space H and a (continuous) right coaction § : X (H) — K(H) ® C(G).

Note that any continuous coaction § : K (H) — K (H) ® C(G) extends uniquely to
a (normal) coaction § : B(H) = M(K(H)) — B(H) ® L*(G). Indeed, since § is by
definition non-degenerate, and since K (H)** = B(H), we have ([19]) a unique normal
unital *-homomorphism

BH)=KXKH)"™ - (K(H)QC(G)™ - B(H) ® L™(G),

which extends §. Hence a continuous projective representation can be seen as a special
type of measurable projective representation. On the other hand, any measurable left
projective representation § on a finite dimensional Hilbert space H is automatically con-
tinuous: We can endow B(H ) with a Hilbert space structure for which § becomes a finite
dimensional representation, hence its matrix coefficients lie in Pol(G) C C(G). On the
other hand, it is not true that a general measurable left projective representation is auto-
matically continuous, as we will comment on later.

Remark 3.2. There is also an obvious notion of right projective representation. Identify-
ing j : B(H)® = B(H) via j(x) = x*, there is a natural correspondence between left
and right measurable/continuous projective representations by § <> §:=3 (j ® R)§j 1,
so we consider § as a right continuous projective representation of G on H. More directly,
one can also view a left projective representation of G as a right projective representation
of GP,

Recall from the introduction that any continuous action of a classical compact group G
on K (H), for some Hilbert space H, is implemented by an w-representation of G on H,
where w is a measurable 2-cocycle on G. The same in fact holds for measurable actions
of G on B(H ). The main goal of this section will be to show that these statements are still
true for compact quantum groups. This will in particular justify the terminology projective
torsion action (recall Theorem 2.19).

Definition 3.3. Let § be a measurable left projective representation. We say that § is cleft
if there exists a unitary u € B(H) ® L°°(G) such that §(a) = u(a ® 1)u*.

Similarly, we say that a measurable right projective representation § is cleft if there
exists a unitary u € B(H) ® L°°(G) such that §(a) = X (u*(a ® 1)u). Clearly § is cleft
if and only if § is cleft. We call u an implementing unitary.
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We will show in Theorem 3.15 that all measurable projective representations are cleft.
We start with the following elementary well-known result, which is a version of the
Skolem—Noether theorem in the setting of von Neumann algebras.

Lemma 3.4. Let M be a von Neumann algebra and k € N. If {e;j}; j=1,. . x and
{fij}i,j=1,..k are the matrix units of two unital copies of My (C) inside M, then there
exists a unitary U in M such that Ue;;U™* = fi;, foralli,j = 1,... k. Moreover, U is

unique up to a unitary in {e;; }; =1

Proof. Let p be the maximal properly infinite projection of M, and put g := 1 — p. We
split M into its finite and its properly infinite part, M = gM @& pM . Next, note that e
and f11 have central support 1 and k[e1;] = [1] = k[ f11] in Ko(M). Then, by taking
the centre valued trace on g M, we deduce that geq; and ¢ f1; are Murray—von Neumann
equivalent in gM (cf. [40, Corollary 2.8], for instance). It is obvious that peq; and pfi1;
are equivalent in pM . Hence e11 and f1; are Murray—von Neumann equivalent by a partial
isometry u € M. Then U =) fs1uey, is the sought-after unitary. The stated uniqueness
of U is clear. ]

Theorem 3.5. Let G be a compact quantum group. Then any finite dimensional projective
representation is cleft.

Proof. Let$ : B(H) - B(H) ® L*°(G) be a right coaction with H finite dimensional.
Applying Lemma 3.4 with respect to the matrix units §(e;;) and e;; ® 1 provides a unitary
u € B(H) ® L*®(G) implementing the coaction §, hence § is cleft. L]

To extend this result to arbitrary projective representations, we first take a further look
at implementing unitaries. Note that if § : B(H) — B(H) ® L>®°(G) is a measurable
projective representation implemented by u € B(H) ® L*°(G), then

(6 ®id)s(a) = (6 @ id)(u(a ® Du™) = u2(u(a ® Hu™)3u7,

=upuz(a ® 1 @ Dujsui,,
while

(d ® A)d(a) = (i[d ® A)(u(a @ u*) = (Vg)2z (@ ® Du*)12(Ve)s;
= (Vg)23u12(@a ® 1 ® Dui,(Vg)ss.

Hence by the coaction property (§ ® id)§ = (id ® A)§, we obtain
upui3a ® 1 ® Dujzui, = (Ve)asuz(a ® 1 ® Dui, (Ve)ss,
for all a € B(H). In other words,

uisui,(Ve)2suiz € (B(H)® C® L¥(G)) = C® B(LX(G)) ® L¥(G),
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so there exists a unitary X € 8(L?*(G)) ® L>®(G) such that (Vg)a3u12 = uj2u13X23.
This relation allows to write the following:

(id ® A)(u) = (Vg)23u12(Vg)r3 = ui2u13X23(Vg )35

Since the left hand side is an element of B(H) ® L®(G) ® L°°((G) and u is a
unitary, then Q= = ul;ul,Ax3(u12) € C ® L®(G) ® L*(G) and Q=1® Q with
Q € L*(G) ® L*(G) unitary. Moreover, we have Ay3(u12) - 255 = ui2u13. Apply-
ing this equation to the identity (u12u13)u14 = U12(U13U14), We obtain that Q* satisfies
the 2-cocycle relation

(A ®id)(Q7)Q], = (id ® A)(QRF)Q;

Let us formalize this in the following definition.

Definition 3.6. Let G be a compact quantum group. A (measurable, unitary) 2-cocycle
on G is a unitary element Q € L®(G) ® L*®(G) such that

Q®1)(AR®I)Q) = (18 Q)id® A)RQ).

Two 2-cocycles  and  on G are said to be coboundary equivalent if there exists a
unitary X € L>®(G) such that Q' = (X* ® X*)QA(X).

Note 3.7. If one replaces L>°(G) by C(G) or Pol(G), then we define analogously a
continuous or algebraic 2-cocycle on G, respectively.

Given a 2-cocycle 2 on G we can define the following linear maps:

QA L®(G) - L®(G) R L®(G), Ag+:L®G)— L®G)RL®G),
x = oAXx) = Q- A(x), x = Agx(x) 1= A(x) - Q*.

We call g A and A+ the right/left twisted pseudo co-multiplication on G with respect to
Q or the right/left Q-pseudo co-multiplication on G; respectively. Observe that both g A
and Agq+ are linear maps satisfying the following identities:

1) eAlxy) = gAM)A(y) and Ag+(xy) = A(x)Aq=+(y), forall x, y € L*®(G),

(i) @AM *QA(y) = A(x*y) and Ag«(x)Aqg+(y)* = A(xy™), for all x,y €
L=(G),

(i) (oA ®id)oA = (i[d ® oA)oA and (Ag+ ® id)Ag+ = (id ® Ag+)Agx;

(iv) and s5pan® V™ G A(X)(y ® 2) | x, ¥,z € L®(G)} = L®(G) ® L*®(G) and
span” " ™{(y ® 2)Ag+(x) | x,y.z € L¥(G)} = L=(G) ® L®(G).

These identities are obtained after a straightforward computation. Hence, g A and Ag+ are
in particular von Neumann algebraic analogues of module coalgebras, and form concrete
instances of the notion of Galois co-object introduced in [12].
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Definition 3.8. Let G be a compact quantum group and €2 a 2-cocycle on G. A (meas-
urable) Q-representation of G on a Hilbert space H is a unitary element u € B(H) ®
L*°(G) such that (id ® g A)(u) = ujou13. A (measurable) Q*-representation on H is a
unitary element u € B(H) ® L>®(G) satisfying (id ® Aq+)(u) = uiu;s.

The elements of the form ug ¢ := (wg: ® 1)(u) € L°(G) with §, ¢ € H are called
matrix coefficients of u. In particular, if we fix an orthonormal basis {&;}; in H, we write
ujj := Ug, ¢ - Then for an €2-representation u we obtain the usual corepresentation iden-
tities  A(u;j) = D Uik ® ugj, forall i, j, where the sum converges in (say) the strong
operator topology. The same conclusion holds for ©2*-representations.

Note that if the u; are measurable Q2-representations on Hilbert spaces H;, then clearly
u = @; u; is a measurable Q-representation on H = P, H;, called the direct sum Q-
representation.

Summarizing the discussion following Theorem 3.5, we obtain the following result.

Proposition 3.9. Let§: B(H) — B(H) ® L>®(G) be a cleft measurable projective rep-
resentation. Then there exists a 2-cocycle Q € L®(G) ® L*®°(G) and a Q*-representation
u € B(H)® L®(G) such that §(a) = u(a ® 1)u*.

Conversely, if u is a Q*-representation, we obtain a measurable right coaction
8y : B(H) — B(H)® L®(G), 8y(a) =ul@a® Hu*, aec B(H), 3.1

where the coaction property follows immediately from the Q*-representation property
of u. Similarly, any 2-representation u provides a measurable left coaction

8, : B(H) = L®(G)® B(H), 8,(a)=Zw*(a®Du), aecB(H). @2

Note 3.10. If v is another implementing unitary for §, we see that v*u(a ® 1)u*v =
a® lforalla € B(H), hence v = u(l ® X) for some unitary X € L°°(G). If v has an
associated 2-cocycle €', it then follows from the projective representation identities for v
and u that Q' = (X* ® X*)QA(X), so Q and Q' are cohomologous.

Lemma 3.11. Let § : B(H) — B(H) ® L*(G) be a measurable projective repres-
entation on H. Assume that p € B(H) is a non-zero coinvariant projection, and let
8p : B(pH) — B(pH) ® L>®°(G) be the restriction of §. Then § is cleft if and only if 8 is
cleft. Moreover, if 8, is implemented by an Q*-representation v for some 2-cocycle 2, then
8 can be implemented by some Q*-representation u such thatu(p ® 1) = (p ® 1)u = v.

Proof. Assume that § is cleft, with an implementing unitary u. Then, as 6(p) = p ® 1,
it follows immediately that ¥ commutes with p, hence v = (p @ Du = u(p @ 1) is a
unitary in B(pH) ® L°°(G) implementing §,. This shows that §), is cleft.

Conversely, assume that §,, is cleft. Then 8(H ) contains a minimal projection e such
that §(e) and e ® 1 are unitarily equivalent in B(H) ® M. The same reasoning as in
Theorem 3.5 then shows that § is cleft.



K. De Commer, R. Martos, and R. Nest 18

Assume now that v is a unitary in B(pH) ® L*°(G) implementing §, and & €
B(H) ® L°°(G) a unitary implementing §. Assume that Q is the 2-cocycle associated
to v, and € the 2-cocycle associated to 7. Then it is easily seen that (p ® 1)i is a Q*-
representation implementing §,. Hence Q2 and Q are cohomologous, say Q= X*®
X*)YQA(X) whereti(p ® 1) =v(1 ® X). Hence u = t(1 ® X*) is an Q*-representation
implementing § with u(p ® 1) = v. L]

We can now generalise Theorem 3.5 to the infinite dimensional setting for continuous
projective representations. As mentioned, we will later then strengthen this and show that
this holds in fact in general.

Theorem 3.12. Let G be a compact quantum group. Then any continuous projective rep-
resentation is cleft.

Proof. Assume that § : X(H) — K(H) ® C(G) is a continuous projective represent-
ation. Recall from Remark 2.11 that K (H)? acts non-degenerately on H. Hence, as
K (H)® is a (separable) C*-algebra of compact operators, we can find an ascending se-
quence p; of finite rank projections in K (H)® converging strongly to 1. By Theorem 3.5
and Lemma 3.11, we can find a 2-cocycle Q € L®°(G) ® L*°(G) and Q*-representations
u; € K(p; H) ® L*°(G) such that u; implements 3, and such that u; (p; ® 1) = u; for
Jj < i.Then clearly the u; converge o-strongly to a unitary u € B(H) ® L>®(G), and u
is an Q*-representation implementing &. L]

Let now § : B(H) — B(H) ® L°°(G) be a measurable projective representation
of G, and consider in this setting the averaging operator

Es: B(H) — B(H), x> (id® hg)s(x).

Then Ej is a normal conditional expectation on B(H )%, and it is well known that then
necessarily B(H )% is a (possibly infinite) direct sum of type I factors. In particular,
B(H)?® contains a minimal projection p, and dp is then an irreducible projective rep-
resentation, meaning B(pH )% = C p. This leads to the following.

Corollary 3.13. If G is of Kac type, then all measurable projective representations of G
are continuous, hence cleft.

Proof. Let§: B(H) — B(H) ® L*(G) be a measurable projective representation of G.
If p; are a maximal set of orthogonal minimal projections in B(H)?, then each dp; is an
irreducible projective representation. By [14, Corollary 5.2], it follows that each p; H is
finite dimensional, and in particular each §,, is continuous. Since K (H) is the directed
union of all K (¢H) with ¢ a finite sum of p;, it follows that § is continuous, and in
particular cleft. ]

Recall now that any compact quantum group allows a maximal compact quantum
subgroup of Kac type [38, Appendix A.1]. We will slightly modify this construction as
follows.
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Lemma 3.14. Let G be a compact quantum group. Let p be the maximal properly infin-
ite projection of M = L*°(G), and put ¢ = 1 — p. Then gM defines a von Neumann
algebraic compact quantum group of Kac type with coproduct A4(x) = A(x)(q ® q).

We call gM the normal Kac quotient of M.

Proof. Note that pM = {x € M | t(x*x) = 0 for all normal tracial states }. Since the
convolution product of two normal tracial states is still a normal tracial state, it follows
that A descends to a coproduct A; on gM = M/pM. We are to show that gM has an
invariant normal tracial state.

Note first that p is invariant under the scaling group and the unitary antipode. It fol-
lows that pM N Pol(G) is preserved under the antipode, hence Pol(H) := gPol(G) =~
Pol(G)/Pol(G) N pM is a Hopf x-algebra with respect to A,. As it spanned by matrix
coefficients of finite dimensional corepresentations, it defines indeed a compact quantum
group H. As Pol(H) has a separating family of tracial states by construction, it follows
that H must be of Kac type.

Write 7 : Pol(G) — Pol(H) for the natural quotient map, and consider N = L*°(H).
As H is a compact quantum subgroup of G, we have a normal coactiona : M - M ® N
restricting to (id ® w)A on Pol(G). As the Haar state of H is tracial, « descends to a
normal coaction oy : ¢gM — gM ® N. Moreover, we have

(A, ®id)a, = (id ® ag)A,. (3.3)

Let £ : gM — gM be given by E(x) = (id ® hm)oy(x), for all x € gM, where hig € N«
is the Haar state for H. Since E is normal and E(x) = hg(x)1 for x € Pol(H), we have
by o-weak density of Pol(H) in gM that there exists a normal state s a3 on gM with
E(x) = hym(x)1, for all x € gM. From (3.3), it then easily follows that Ay is left
invariant, i.e., (id ® hgm)(Ag(x)) = hgm(x), for all x € gM . As the unitary antipode
of M descends to gM, we also have that g M has a right invariant normal state, hence
(gM. A,) defines a compact quantum group in its own right. It is then clear that (gM, A,)
in fact equals L°°(H), and in particular defines a compact quantum group of Kac type. m

We are now ready to prove the main theorem of this section.

Theorem 3.15. Let G be a compact quantum group. Then all measurable projective rep-
resentations of G are clefft.

Proof. Let§: B(H) — B(H) ® L*(G) be a measurable projective representation of G.
To show that § is cleft, we may by the discussion before Corollary 3.13 assume that § is
ergodic. As we are assuming that C(G) is separable, it then follows in particular that
H is separable. We can then moreover find a unique normal state ® on B(H) such that
®d(x)1 = Eg(x) for all x € B(H). We necessarily have that ® < Tr, with Tr the usual
trace of B(H).

Let e be a minimal projection in B (H ). It is sufficient to show that §(e¢) and e ® 1 are
unitarily equivalent in B8(H) ® M, as we can then proceed as in Theorem 3.5.
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Let p be the (central) maximal properly infinite projection of L>°(G), and put g =
1 — p. We are to show that §(e)(1 ® p) ~ e ® p and §(e)(1 ® g) ~ e ® ¢, where ~
denotes Murray—von Neumann equivalence.

To show that §(e)(1 ® p) ~ e ® p, let us show first that §(e)(1 ® p) is properly
infinite. Assume this were not the case. Then there exists a non-zero semifinite normal
tracial weight t on pL®°(G) with (Tr ® 7)(6(e)(1 ® p)) < oco. But the left hand side
is larger than (® ® 7)(6(e)(1 ® p)) = ®(e)r(p), which is infinite since p is maximally
properly infinite and & is faithful. This contradiction shows that §(e)(1 ® p) is necessarily
properly infinite. Since §(e)(1 ® w) # 0 for any non-zero w, again using faithfulness
of @, it follows that the properly infinite projections §(e)(1 ® p) and e ® p have the same
central support 1 ® p, and hence §(e)(1 ® p) ~e ® p.

To show that also §(e)(1 ® ¢) ~ e ® ¢, we note that x — §(x)(1 ® q) defines a pro-
jective representation of the Kac type compact quantum group (¢L*°(G), A,). By Corol-
lary 3.13 we have that this projective representation is necessarily cleft, which implies that
de)(1®qg)~e®q. [

3.2. Measurable 2 -representations

We recall some of the results of [14], where by Theorem 3.15 we can restrict to the cleft
case.

Definition 3.16. Let G be a compact quantum group and €2 a 2-cocycle on G. Let (u, Hy,)
be a measurable Q2-representation of G. A (closed) subspace E C H is called u-invariant
if(pe ® DHu(peg ® 1) =u(pe ® 1), where pg denotes the orthogonal projection from H
onto E. We say that u is irreducible if the only u-invariant subspaces are (0) and H,,, and
we say that u is indecomposable if H cannot be written as a direct sum of two non-zero
u-invariant subspaces.

If (v, Hy) is another Q2-representation, an intertwiner between u and v is a linear
bounded operator T : H, — H, such that (T ® 1)u = v(T ® 1). The space of all inter-
twiners between u and v is denoted by Homg (u#, v). We write Endg (u) if u = v.

We say that (u, Hy) and (v, H,) are (unitary) equivalent if Homg (u, v) contains a
unitary operator.

It is a straightforward computation, using that ¥ and v are unitary, to show that T* €
Homg (v, u) whenever T e Homg (1, v). Then clearly Endg (#) is a von Neumann algebra.
Similar definitions can be stated for Q*-representations.

Definition 3.17. We denote by Irr(G, ©2) and by Irr(G, %) the set of all equivalence
classes of irreducible Q-representations of G and the one of irreducible Q*-representa-
tions of G, respectively.

If x € Irr(G, ) is such a class, we denote by u* € B(Hy) ® L>®°(G) a representative
of x, where H, denotes the Hilbert space on which u* acts. We put ny := dim(H,), where
possibly n, = oco. Notice that these notations are similar to the ones used for ordinary
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representations of G, so that the context will explain in which situation the notations are
used.

For further use, let us note here that if €2 is a 2-cocycle for G, then Q* is a 2-cocycle
for G = (C(G)°P, A). Hence all arguments valid for Q2-representations are also valid
for unitary Q*-representations.

Another way to link up Q2-representations with Q*-representations is given by the
following result.

Lemma 3.18. Let G be a compact quantum group and 2 a 2-cocycle on G. Let u €
B(H) ® L>®(G) be a (measurable) Q*-representation on H, and put§ = 8, : B(H) —
B(H)Q L™(G) as in 3.1). With T = B(H), the unitary operator Vr € 8(L*(T)) ®
C(G) implementing the action § (recall Remark 2.14) can then be written as Vp =
usuz; € T @ T @ C(G), where u° is an Q-representation implementing 8 in the sense

of (3.2).

Proof. We have by construction that §(¢) = u(t ® 1)u*, forall t € T. On the other hand,
we have by Remark 2.14 that there exists a canonical unitary operator Vy € B(L*(T)) ®
C(G) implementing &, that is, 6(t) = Vr(t ® 1)V, forallt € T. Hence, forallt € T we
write the following, upon identifying 7 ® T == B(L>(T)):

V{fluw(t ®I®l) = IVT*5(f)13lu13 =@ ®1®1)Vrus,

which shows that there exists a unitary operator u° € T° @ C(G) such that V7 = uq3u3;.
As Vr is a corepresentation, it is easily seen that #° must necessarily be an Q-representa-
tion. Finally, we have by [43, Proposition 3.7.3] that (J7 ® f@)VT(.IT ® f(;,) = Vr.
Since Jg implements the unitary antipode R, and since for x € T° we have Jr(1 ®
x)Jr = x* ® 1 by definition, it then follows that for x € T° we have 1 ® (¥°)*(x ®
Du® =VF1®x® DVr =8(x)3. L]

Corollary 3.19. There exists a canonical element Xq € L*°(G) such that
u®=(j ® R))(1 ® Xg)

for all Q*-representations. Moreover, Xq is then a coboundary between Q and the 2-
cocycle @ = (R ® R)Q3,, so Q= (X& ® X5)QA(Xq). We obtain in particular a one-
to-one correspondence between Q2-representations and Q*-representations by the map
ur—u® = ®R)u(1 e XS).

Note that the fact that  and € are canonically coboundary equivalent holds in the
general context of locally compact quantum groups, see [13, Proposition 6.3 (iii)], but we
can give in our setting an easier, more direct proof. It can be shown that the coboundary
element obtained here indeed coincides with the one from [13, Proposition 6.3 (iii)], but
we refrain from showing this explicitly.
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Proof. If u is an Q*-representation, it is easily seen that u° and (j ® R)(u) both imple-
ment the same left coaction on B(H )P, hence by Note 3.10 we have u® = (j ® R)(u)(1
® X,;) for some unitary X,,. It is also easily seen that 8(;gRr)@) is cleft with associated
2-cocycle Q, showing that X, is a coboundary between 2 and Q.

It remains to show that X,, is independent of u. But by construction, it is easily
shown that (u @ v)° = u® @ v°. It then follows that X;, = X,g, = X, for any two
Q*-representations u, v. Namely, by the previous discussion we have (j ® R)(u) =
u?(1® Xy), (j ® R)(v) = v°(1 ® X,) and (j @ R)(u & v) = (u & v)°(1 ® Xugv),
hence

u(1®Xy) ®v°(1®Xy) = @R & (j ®R)(v) =(j ® R)(u ®v)
=u®v)°(1 ® Xygy) = ° )1 ® Xyav)
=u’(1® Xugy) ® v°(1 ® Xugo)-

Multiplying both sides of this equation by (1 ® X,;) on the right, we obtain that
u’ ®v°(1 @ Xp X)) =u’(l ® XuguvX,y) ® v°(1 @ XuguX,)), hence XygyX,; = 1 and
Xy X)) = Xuev X, ; which yields X, ¢y = Xy, and X, = X, gy as claimed. [ ]

Lemma 3.20 (Twisted Schur’s lemma). If (u, Hy,) and (v, Hy) are two irreducible Q2-
representations (resp. Q*-representations) of G, then either u is not unitary equivalent
to v and Homg (u, v) = (0); or u is unitary equivalent to v and Homg (4, v) is a 1-
dimensional subspace of B(H,,, Hy). In particular, Endg (u) = C, and u is irreducible if
and only if u is indecomposable.

Proof. Let us prove this for Q*-representations, the result for Q2-representations then fol-
lows by considering (C(G)°P, A).

Let u be an Q*-representation, and let E C H,, be an invariant closed subspace. Let
pE be the projection onto E. Let w be a faithful normal state on B(H ). By possibly repla-
cing w by (0 ® hg)dy, we may assume that (w ® id)dy (x) = w(x)1. The operator Vs, on
L*(B(H),w) ® L*(G) sending Ay, (x) ® A(a) to (Ay ® A) (8, (x)(1 ® a)) is a corep-
resentation implementing &, by §,(x) = Vs, (x ® l)VS’;. Then the invariance of E gives
that (pg ® 1)8u(pE) = Su(pE), which implies (pg ® 1)Vs,(pe ® 1) = V5, (pe ® 1).
But it is well known that this implies pg ® 1 commutes with Vj, . In particular, 6, (pg) =
PE ® 1,50 pg ® 1 commutes with u.

It is now immediate that u is indecomposable if and only if it is irreducible, and that
for u, v irreducible one has that Homg (u, v) is either 0- or one-dimensional, the latter
case occurring if ¥ and v are unitarily equivalent. ]

Lemma 3.21. Let G be a compact quantum group and 2 a 2-cocycle on G. Let (u, Hy)
and (v, Hy) be two measurable Q2-representations of G.

(i) IfT : H, — H, is a linear bounded operator, then the bounded linear operator
S = ({d ® hg)(W*(T ® 1)u) lies in Homg (u, v). It is called average inter-
twiner with respect to 7.
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(i)  Every Q-representation u of G decomposes into a direct sum of irreducible $2-
representations.

Proof. (i) Assume that T € B(H,, H,). Clearly the linear operator S = (id ® hg)(v*(T
® 1)u) is a well-defined bounded operator. By definition of Q2-representation, we have

(d® qA)(u) =upu;z and (Id® gA)(v) = viav;13,
which, using the definition of g A, can be written as
[ A)u) =1 QLuUpuiz and (A A)() = (1 ® QL*)viav13.
Apply the unital x-homomorphism (id ® A) to v*(T & 1)u,

(id ® A)*(T ® Du)

(d® AT ® 1)(id ® A)(u)
=301 @I 1@ (1 ® Q" )uiouis
= UT3UT2(T ® 1 ® l)M12M13.

Next, the G-invariance of the Haar state of G yields that
(d® he Qid)((d AW (T ® Du)) = S R 1.
Also, we have

(id ® hg ®id)(vi3v],(T ® 1 ® Duzui3)
= v],((d ® hg) (V™ (T ® Du))1u12
=v*(S ® Nu

and the conclusion follows.

(ii) If u is an Q-representation, then the averaging operator 8(H) — Endg (u) =
B(H)% sending T to (id ® hg)*(T ® 1)u) is a normal conditional expectation onto
Endg (u), as already observed, hence Endg (1) is a direct sum of type [ -factors, proving
that u is a direct sum of irreducible 2-representations. ]

Again, a similar statement holds for Q*-representations.

Remark 3.22. Let§ : B(H) — B(H) ® L°°(G) be a measurable projective representa-
tion on H with implementing unitary u. By the argument used in point (ii) of Lemma 3.21,
one has a one-to-one correspondence between the set of all §-invariant projections in
B(H) and the u-invariant subspaces of H. Accordingly, § is ergodic if and only if u
is irreducible. In particular, § is a torsion action of projective type (recall Theorem-Defini-
tion 2.19) if and only if u is finite dimensional and irreducible.

To any 2-cocycle €2 one can associate a canonical 2-representation.

Theorem-Definition 3.23 (Projective regular representation). Let G be a compact quan-
tum group and Q@ a 2-cocycle on G. Defining V¢ = QVg, the following properties hold:
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(i) Forallx € L®(G)and £ € L*(G) we have V¥ (A(x) ® §) = g A(x) (g ® &).
(i) Forall x € L®(G) we have gA(x) = VE(x ® DVg.
(iii) The following identity holds: (id ® @ A)(V®) = VEVE 50 V¥ € B(LX(G) ®
L°°(G) is an Q-representation.
(iv) The following pentagonal equation holds: VI% VI%(V(;,)23 = Vz% VI%.
The unitary V' is called right projective regular representation of G on L2(G) with
respect to Q or simply right Q-regular representation of G on L?(G).

Remark 3.24. Similarly, defining W = WgQ*, we have that (W9)*(§ ® A(x)) =
eA(X)(E ®&g), forall x € L®°(G) and £ € L?(G). Forall x € L®(G) we have g A(x) =
(WS)*(1 ® x)Wg and the pentagonal equation (Wg)12 W2 WS = WS2WS. Moreover,
the following identity holds: (A~ ® id) (W) = WE WL, so SW S is an Q*-projective
representation.

The unitary W is called left projective regular representation of G on L*(G) with
respect to Q or simply left Q*-regular representation of G on L*(G).

The following lemma follows from direct computations by using the relations from
Theorem 2.6.

Lemma 3.25. Let Q be a 2-cocycle for G. Given the canonical Kac system, (Vg, Ug),
associated to G, the following identities hold:

i) (Ve)i2(V®)13(Ve)t, = (V) 13(Ve) 23
(i) (V12(Ve)2s = (Vg)as (V)1

Lemma 3.26. Let G be a compact quantum group and 2 a 2-cocycle on G. We have

L%(G) = span” ™ ¥ {(n @ id)(V?) | n € B(L*(G))+}
= 5pan” ™ {(id @ n)(W)*) | n € B(L?(G))«}-
Proof. Let us show the first identification. The second one follows analogously. Given

x,y € L®(G) consider the coordinate linear functional wyg, ye., € B(L*(G))« and write
the following:

((xte .yt ® IV (E).E) = (VR (xEg ® §). yég ® &)
2AX) (e ®£). yEc ® &)
0* ® DaA(x)(Ec ® §). ¢ ® &)

(he ®id)((Y" ® DeA(x))E. &),

for all £, £ € L?(G). Hence, (0xeg,yeq ® id) (V) = (hg @ id)((y* ® 1)qA(x)), for
all x, y € L*°(G). It is enough to show that the linear span of these elements is o-weakly
dense in L*°(G).

As hg is a faithful normal state on L°°(G), it is in fact sufficient to show that the linear
span of elements of the form (g ®id)(@ A(x)(y*®1)) is o-weakly dense in L>°(G). But

o~~~ —~
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by the cancellation property of A we find immediately that g A(L*°(G))(L®(G) ® 1) is
o-weakly dense in L*(G) ® L*°(G), which yields the conclusion. ]

A standard argument by combining the previous lemma and Lemma 3.21 yields the
following Peter—Weyl theorem.

Theorem 3.27 (Twisted Peter—Weyl theorem ). Let G be a compact quantum group and
Q a 2-cocycle. The right projective regular representation (V, L2(G)) contains all irre-
ducible Q2-representations of G in its direct sum decomposition.

Following [14] we have a twisted version of the Schur’s orthogonality relations. This
theorem follows straightforwardly by applying Lemma 3.21 (i) with respect to rank one
operators.

Theorem 3.28 (Twisted Schur’s orthogonality relations). Let G be a compact quantum
group and Q2 a 2-cocycle on G. Let {u™ } xenr(G, @) be a complete set of mutually inequival-
ent, irreducible Q2-representations, with fixed bases for the associated Hilbert spaces Hy.
For each x € Irr(G, Q) there exists a positive trace class operator F* € B(Hy) with zero
kernel such that the following orthogonality relations hold:

hG((uil)*ufj) = 5xy51jFi);€,
foreveryx,y elir(G,Q),i,j =1,....nxandk,l =1,...,n,y.

The matrix F* is nothing but the density matrix of the §,x-invariant state ¢, with
0x(T) = (hg ®1d)6(T) for T € B(H),s0 ¢ = Tr(F*—).

Given x € Irr(G, 2) and the corresponding positive operator F* € B(H,) from the
previous theorem, we fix an orthonormal basis of Hy, {£§}};=1.....,, that diagonalises F**.
If ij € R+ denotes the eigenvalue of F* for the eigenvector EJ’F ,forevery j =1,...,ny,
then the orthogonality relations become h@((u,ﬁl)*ul?}) = Oxy6ki1; F . Following these
notations, we obtain as an immediate corollary of the previous two theorems the following
decomposition for L2(G).

Theorem 3.29 (Twisted Peter—Weyl theorem II). Let G be a compact quantum group and
Q a 2-cocycle on G. We have a unitary transformation L*(G) = @, cjr.0) Hx ® Hy
such that A(ufj) = V' ® E;‘,forallj =1,...,nx x € Irt(G, Q).

3.3. Continuous 2-representations and 2-cocycles of finite type

We now consider a special type of measurable 2-cocycles.

Definition 3.30. We say that a 2-cocycle 2 on G is of finite type if there exists a finite
dimensional Q2-representation.

Not all 2-cocycles 2 are of finite type, see, e.g., [14, Section 8] for an example of a
2-cocycle which is not of finite type. These types of 2-cocycles will however be sufficient
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for our needs. The following lemma shows that being of finite type is an ambidextrous
notion.

Lemma 3.31. A 2-cocycle 2 is of finite type if and only if there exists a finite dimensional
Q*-representation.

Proof. This follows immediately from Corollary 3.19. ]

Recall the notation introduced in (3.1) and (3.2).

Definition 3.32. Let Q@ € L®°(G) ® L*°(G) be a measurable 2-cocycle. We say that a
measurable Q-representation (resp. Q*-representation) u is continuous if &, is a continu-
ous right (resp. left) projective representation.

Note that this notion is strictly weaker than demanding that u € M (K (H) ® C(G)),
which is a too strong condition in practice. Note also that any 2-representation on a finite
dimensional Hilbert space is automatically continuous.

We will show that continuous 2-representations can only exist if €2 is of finite type,
and that then all Q-representations are continuous.

Theorem 3.33 (Twisted Maschke’s theorem). Let G be a compact quantum group and 2
a 2-cocycle on G. Let (u, Hy,) and (v, Hy) be two continuous Q2-representations of G.

(i) IfT : H, — H, is a linear compact operator, then the average intertwiner S
with respect to T is again compact.

(i) The C*-algebra D, = K (H, )% acts non-degenerately on H,, that is, [Dy Hy]
= H,.

(i) If u is irreducible, then u is finite dimensional.

(iv)  Every continuous Q2-representation of G decomposes into a direct sum of finite
dimensional irreducible Q2-representations.

Proof. (i) Assume that u is a continuous Q-representation. If then 7" € K (H,,), we have
that the average S = (id ® hg)*(T ® NHu) = (hg ® id)8,(T) € K (H). This proves
the first point when u = v.

(i1) This is just a special case of the observation in Remark 2.11.

(iii) Since K (H)? is necessarily non-trivial when H is infinite dimensional, it fol-
lows that u can only be irreducible when H is finite dimensional. A general continuous
Q-representation ¥ must then be a direct sum of finite dimensional (and hence continu-
ous) 2-representations. It then also follows immediately that if u, v are continuous £2-
representations, an average intertwiner with respect to an operator in X (H,,, H,) remains
in this space, proving the first point in general.

(iv) The last point follows from (iii) and Lemma 3.21 (ii). ]

Note that the previous lemma shows in particular that the class of continuous 2-
representations is stable under direct sums, which is not immediately obvious. By Re-
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mark 3.22, we moreover see that G is projective torsion-free if and only if all 2-cocycles
of finite type on G are cohomologous to the trivial one.

Theorem 3.34. Let G be a compact quantum group, and let Q2 be a 2-cocycle. Then the
following are equivalent:

(i)  There exists a continuous S2-representation.
(i) 2 is of finite type.
(iii) All irreducible Q2-representations are finite dimensional.

Moreover, if one (hence any) of these conditions hold, then all Q2-representations of G are
continuous.

Proof. The implication (i) = (ii) follows from Theorem 3.33 (iv). The implication (ii) =
(iii) follows from [14, Proposition 4.3]. The implication (iii) = (i) is trivial, and the final
statement follow from Lemma 3.21 (ii). [

Corollary 3.35. Assume that Q € C(G) ® C(G) is a continuous 2-cocycle. Then Q2 is of
finite type.

Proof. In this case, we have that the right regular projective representation V¢
M(X(L*(G)) ® C(G)), so a fortiori the associated projective representation is continu-
ous. By the previous theorem, this forces €2 to be of finite type. ]

Assume now again that €2 is a general measurable 2-cocycle. Then clearly
aAgs : L®(G) - L®(G) ® L®(G), x> QAX)Q*

defines a coassociative coproduct on L°°(G). It follows from [13] that (L*°(G), g Ag*)
is again a locally compact quantum group. It needs not necessarily be compact, as the

example in [11] shows. However, one has the following theorem as a particular case of
[14, Proposition 4.3.2].

Theorem 3.36. Let G be a compact quantum group and let Q2 be a 2-cocycle. Then the
couple (L*°(G), g Aq+) defines a compact quantum group if and only if Q is of finite type.

We will use the notation (L*°(Ggq), Agy) = (L®(G), g Agx). We denote C(Gg) <
L*®(Gg) for the associated reduced C*-algebra, and Pol(Gg) for the polynomial Hopf
*-subalgebra.

By standard von Neumann algebra theory [41, Theorem IX.1.14], there is a canonical
identification L?(Gg) =~ L?(G) intertwining in particular the modular conjugations Jg,,
and Jg and the left action of L°°(G). In the following, we will then simply identify
L*(Gg) = L*(G).

Remark 3.37. An interesting situation where Gg is always compact is when G is of Kac
type (see [14, Proposition 5.1]). More precisely, by [14, Proposition 4.3] it follows that
any 2-cocycle of a compact quantum group of Kac type is of finite type.



K. De Commer, R. Martos, and R. Nest 28

In [14, Proposition 4.3], the language of Galois co-objects is used (in the measurable
setting), of which (L*°(G), @A) is a particular case, see [14, Example 1.20]. Although
we are able to avoid this more abstract theory in the measurable setting, it is necessary
to use this formalism in the C*-algebraic and algebraic setting, due to the fact that most
2-cocycles are in practice not cohomologous to continuous or algebraic ones, even when
of finite type, and that in general one can expect C(Gg) # C(G) inside L*°(G).

Let us provide now some more information on the relation between Pol(G) and
POI(GQ).

Definition 3.38. Let Q2 be a 2-cocycle of finite type. We denote by Pol(G, Q) C L*®°(G)
the linear span of matrix coefficients of all irreducible Q2-representations of G, and by
C(G, 2) its normclosure.

By Lemma 3.26 and Theorem 3.33 (iv), it follows that Pol(G, €2) is o-weakly dense
in L*(G).

Contrary to the ordinary case when Q = 1 ® 1, Pol(G, 2) is not a Hopf x-algebra.
More precisely, it is a coalgebra but not an algebra. However, Pol(G, 2) will be a Pol(Gg)-
Pol(G)-bimodule (and in fact a bimodule coalgebra) such that

Pol(G, Q)*Pol(G, Q) = Pol(G), Pol(G, Q)Pol(G, 2)* = Pol(Gg).

Indeed, if u is a finite dimensional Q-representation and v a finite dimensional G-repres-
entation, then #13v53 is a finite dimensional Q2-representation, showing that Pol(G, 2) is
a right Pol(G)-module. We obtain then for example the equality Pol(G, Q)*Pol(G, ) =
Pol(G) as clearly the left hand side is a o-weakly dense *-subbialgebra of L°°(G). The
analogous properties for C (G, 2) then follow immediately.

From Theorem 3.28, we also deduce the following.

Corollary 3.39. Let G be a compact quantum group and 2 a 2-cocycle of finite type
on G. The set of matrix coefficients of all representatives of irreducible Q2-representations
of G (with respect to fixed bases) form a basis for Pol(G, Q2).

3.4. Example: ¢g-deformations of compact connected Lie groups

In order to illustrate the previous theory, let us study the projective representations of g-
deformations of connected semisimple compact Lie groups. If G is such a group which
is in addition simply connected, and ¢ > 0, we denote by G, the Drinfeld—Jimbo g-
deformation of G, which is a compact quantum group [31, Section 2.4]. We put G, := G.

First of all, it is important to say that the measurable 2-cohomology of G, i.e., the
set of all 2-cocycles of G4 up to coboundaries, can be hard to determine. Indeed, this is
already the case for G, := SU,(2), for which the measurable 2-cohomology contains at
least 3 elements [15], but where to the best knowledge of the authors, it is open to decide
whether this is sharp.

Therefore, it is more reasonable to consider projective representations of G, with
respect to a finite type 2-cocycle. Then we restrict our attention to irreducible ones by
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Theorem 3.33, which are finite dimensional. In this case, we recall that m is torsion-
free [47]. In particular, §@\(2) is projective torsion-free, which in our language means
that all 2-cocycles of finite type on SU,(2) are cohomologous to the trivial one. In other
words, all finite dimensional irreducible projective representations of SU,(2) are trivial.
This example can be generalised as follows.

Theorem 3.40. Let G be a connected simply connected semisimple compact Lie group.
Given a parameter q > 0, G is torsion-free.

Proof. This is shown in [22, Theorem 5.3]. [

Related to SU, (2) there is the g-deformation of the rotation group, SO, (3). As indic-
ated in Examples 2.18, ST);(\3) is not projective torsion-free and its projective repres-
entation can be viewed as a g-deformation of the projective representation of SO(3)
associated to its universal cover SU(2). Moreover, this projective representation is unique
up to equivariant Morita equivalence (Example 2.21). As in the classical situation, one has
SO, (3) = SU,(2)/Z, [36]. This example can be generalised as follows.

Let G be a connected semisimple compact Lie group and ¢ > 0. We denote by G
the universal cover of G. Recall that there exists a central (finite) subgroup I' < G such
that G =~ G / T'. Observe that Z (G) cCZM (co(Gq))) Hence, glven any central subgroup
r<Zz (G) it is legitimate to consider the quotient quantum group Gq / T'. In this way, we
can define g-deformations of connected semisimple compact Lie groups which are not
necessarily simply connected by putting G, := (6 /T)q = Gq /T.

Coming back to the classical case SO(3) = SU(2)/Z,, recall that (finite dimensional)
irreducible representations of SU(2) are classified by positive integers. The following is a
well-known fact from representation theory of compact Lie groups. If x(n) € Irr(SU(2))
with n an odd positive integer, then x(n) descends to an ordinary (finite dimensional)
representation of SO(3). If x(n) € Irr(SU(2)) with n an even positive integer, then x(n)
descends to a projective (finite dimensional) representation of SO(3). This establishes a
one-to-one correspondence between irreducible projective representations of SO(3) and
ordinary irreducible representations of SU(2). The same correspondence holds for con-
nected semisimple compact Lie groups. The following theorem generalises these results
for g-deformations.

Theorem 3.41. Let G be a connected non-simply connected semisimple compact Lie
group. Given a parameter q > 0, 6q is not projective torsion-free and there is a one-
to-one correspondence between finite dimensional irreducible representations of éq and
finite dimensional irreducible projective representations of Gg.

Proof. First of all, since I is a central subgroup of 64, it is a normal quantum subgroup
of @q. Therefore, the left coset space Gq / T defines a compact quantum group. Moreover,
one has that the dual of 6,1 /T is a discrete quantum subgroup of the dual of @q (cf. [49,
Proposition 2.1]), i.e., C (éq /') embeds into C (éq) intertwining the co-multiplications.
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Assume that§ : B8(H) — B(H) ® C(G,) is a finite dimensional irreducible projective
representation of G, = G ¢/ T'. By composing with the inclusion C (5 /T)yccC (6 ), we
obtain a finite dimensional irreducible projective representation of Gq, say §: B(H) —
BH)®C (Gq) However, by virtue of Theorem 3.40, the dual of Gq is in particular
projective torsion-free. Hence there exists a finite dimensional irreducible representation
u of é such that § = Ad(u).

Conversely, assume that u € B(H) ® C (Gq) is a finite dimensional irreducible rep-
resentation of G If we denote by p : C (Gq) —» C(I") the surjective *-homomorphism
realising I" as a subgroup of éq, then it is clear that (id ® p)(u) is a finite dimensional
representation of I'. But since the u, for g € I' then commute with all (id ® w)(u) for
weC (éq)*, by centrality of T, it follows by irreducibility of u that (id ® p)(u) = 1 ® ¢
for some group-like unitary in C(I"). In particular, (id ® p)(u(x ® 1)u*) = x ® 1 for all
x € B(H), showing that § := Ad(u) is a well-defined *-homomorphism defining a finite
dimensional irreducible projective representation of G. ]

4. Twisted Baaj—Skandalis duality

We study the construction of a twisted crossed product by a compact quantum group based
on the notion of twisted dynamical system. Twisted C*-algebras associated to classical
locally compact groups and, more generally, twisted crossed products with respect to a
2-cocycle have been studied in the literature by several hands (standard references are [7,
34]). The more general framework of locally compact quantum groups has been addressed
for instance in [32,51], see also the work of S. Vaes and L. Vainerman in the von Neumann
algebraic setting [44].

In this paper, we focus on the case of compact quantum groups. First, we relate the reg-
ularity of a 2-cocycle as defined in [32] to our notion of being of finite type. Then we study
twisted crossed products coming from projective representations. We end by considering
a twisted version of the Takesaki—Takai duality and the Baaj—Skandalis duality.

The contents of this section have been initially inspired by [37].

4.1. Twisted group C*-algebras and regularity

Definition 4.1. Let G be a compact quantum group and 2 a measurable 2-cocycle on G.
The twisted reduced C*-algebra of G with respect to €2 is the C*-algebra defined by

CHG,Q) = ¢(G, Q) := C*((d@n)(V) | n € BILXG))x) C B(L*(G)).

The following result can be found in [8, Lemma 4.9] when G is discrete, but is valid
for general regular locally compact quantum groups as was already remarked in [32]. As
we are using a slightly different setup (on which we will comment after the lemma) we
include a proof for G compact, following a different path.
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Lemma 4.2. We have an equality C} (G, Q) = [{(id ® n)(V?) | n € B(L*(G))«}]. More-
over, C¥(G, Q) acts non-degenerately on L*(G).

Proof. By a direct computation, we have (id ® 7)(V?)A(x) = A((id ® n)(g A(x))) for
x € L®(G) and € L®°(G),. By Lemma 3.26 and the fact that V¢ € B(L?(G)) ®
L*°(G), we have that

{Gd @ n(V?) | n € B(L*(G))4}]
= [{(d ® wpp2)e) (V) |y €Im(G. Q). I < r.s <ny).

But a direct computation using the twisted orthogonality relations in Theorem 3.28 shows
that with respect to the basis in Theorem 3.29 we have that

(F)7 0 ® 0p 2 60)(VOE @ EF) = 82085 167 Q&Y. @1

Hence [{(id ® n)(V) | n € B(L?*(G))«}] forms a C*-algebra acting non-degenerately
on L?(G), and we moreover obtain the following corollary. |

Corollary 4.3 (Twisted Peter—Weyl theorem III). Let G be a compact quantum group and

Q a 2-cocycle. Then we have a C*-isomorphism C; (G, Q) = @;Oelrr(G,Q) K(Hy).

Denoting 1°(G,Q) = L(G,Q) = C} (G, 2)", we then also have that 1°(G, Q) =~

Dm0 BH).-

Remark 4.4. It follows from Corollary 3.19 that there is a one-to-one correspondence
between projective representations of G and Gg, where we assume that €2 is of finite type
and hence Gg compact. First of all, ® := Q* is then easily seen to be a 2-cocycle of
finite type for Gg with (Gg)q+ = G. If then u is a Q-representation of G, it is also a ®*-
representation of Gg, leading to the left projective Gg-representation 6, (a) = u(a ® 1)u*
for a € 8(H,). By Corollary 3.19, we obtain a one-to-one correspondence between $2-
representations of Gg and Q*-representations of G.

Remark 4.5. We can also relate the regular representations of G and Gg. Indeed, since
L®(G) = L*®(Gg), we can canonically identify L2(Gg) and L?(G), and by [13, Pro-
position 5.4] the right regular representation of the twisted quantum group is given by
QVge = ® JAXS)(Q Ve)*(J ® f). To see that we can use here the same 2 as before,
it is sufficient to calculate that (2*Vg,)° = QVg (after identifying L2(G) with L2(G)
by J), that is that Vg(12()) = R13(Veq)13223(Ve )23, where B(L?(G)) carries the co-
action AdeGQ . This can be verified using the techniques of [13]. Alternatively, one can
also follow more directly the proof of [14, Proposition 4.1.5].

In any case, from the above we immediately get that C*(Ggq, Q%) = JC (G, Q)J.
Analogously, we have Q*Wé‘ﬂ = (ng ® J)Wc,SZ*(f ®J).
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Remark 4.6. In [32, Theorem 2.1], a different twisted group C*-algebra is introduced,
which we will write C* (2, G) := [(w ® id)(W Q2*)]. Indeed, by a similar computation to
Lemma 4.2, we obtain that

(FFFN) 2@zl 60 @ IDWHDE @ EF = 81,867 ® EF,

so that also C,f(2, G) forms a C*-algebra, which is isomorphic to the direct sum
@ioeln(G’Q) K (Hy), whose o-weak closure equals the commutant / oo(@, Q). In fact,
using that V' = (f® f)Wz"‘l(f® f), we see that fCr*(Q,G)f = CX(G, Q), with Q
as in Corollary 3.19. It hence follows (cf. [32, Proposition 3.12]) that C*(Q2, G) =
XoJCHG, Q)T X,

Example 4.7. Let us briefly relate the above construction to the classical setting. Let G
be a classical compact group. Let w : G x G — S be a (measurable) 2-cocycle on G, that
is, w(x, y)w(xy,z) = w(x,yz)w(y,z) forall x, y, z € G. By passing to a cohomologous
2-cocycle, we may without loss of generality assume that w is normalized, so w(e, x) =
1 = w(x,e) forall x € G. If p denotes the right regular representation of G, then the right
w-regular representation of G on L*(G) is the map

PG = B(LXG)). g+ pg. pg())(x) 1= o(x,8)pg (f)(x) = w(x. g) f(xg),

for all £ € L?(G) and x € G. A direct computation shows that p® is a w-representation
of G on L?(G). The corresponding Peter—Weyl theory can be obtained in this context (for
instance, see [10] for more details). The rwisted reduced C*-algebra of G with respect
1o w is defined as the C*-algebra C* (G, w) := [[5 f(g)p®(g)dg | f € C(G)}].

Let us now relate the notion of “being of finite type” to the regularity of a 2-cocycle.
This will be essential for the twisted Takesaki—Takai duality in the next section. For what
follows, we recall that C(V) := [{(id ® n)(EV) | n € B(H)«}] forany V € B(H ® H).
Regularity of a multiplicative unitary was introduced by S. Baaj and G. Skandalis in [5].
By analogy to [5], we define regularity of € in terms of regularity of the unitary V. We
will see (Remarks 4.10 below) that our notion of regularity for a 2-cocycle coincides with
the one by S. Neshveyev and L. Tuset in [32].

Definition 4.8. A 2-cocycle Q is called regular if C(VS) = K (L*(G)).

Theorem 4.9. Let G be a compact quantum group and 2 a (measurable) 2-cocycle on G.
(i) The set Q(V)C(VS) is linearly dense in C(V®). In particular, @(V?) is an
algebra. Moreover, (V) acts non-degenerately on L*(G), so [Q(V)L?(G)]
= L2(G).
(i)  The 2-cocycle Q2 is regular if and only if Q is of finite type.
(iii) We have span{UsC(G)Ug - CX(G, Q)} = K(L*(G)) if and only if Q is of
finite type.
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Proof. (i) Applying the definition of C(V ) together with the pentagonal equation satis-
fied by V¥ from Theorem 3.23, we write the following:

span{C(V*)C(V' )}
= span{(id @ N)(EZV) - ([d ® 1) (ZVE) | 0.0 € BL*(G))«}
= span{(id ® ' ® N(Z13Vi5Z2V5) | 0.1 € BLA(G))s)
= span{(id ® 1’ ® N)(Z13Z12V53 V) | 0.0 € B(L*(G))«}
= span{(id ® ' ® MN(Z13T12V VS (Ve)as) | 1.7 € B(L?(G))x}
= span{(id ® 7 ® N (E23 13V 5V E(Ve)23) | 1.1 € BLHG)))
= span{(id ® 11 ® N(T23 V3 T13Vi5(Ve)as) | 1.1 € BL(G))u}
= 5pan{(id ® 0’ ® N)(Z23 23 V53 223 Z13 V5 (Ve )23) | 0.0 € B(LA(G))u}
= 5pan{(id ® 0’ ® ) (VarT23Z13 Vi3 (Vs)a3) | n. 0 € BIL?(G))}
@ span((id ® 1")(SVY) | 1 € B(LA(G)).)
= e(V9),
where 11" € B(L?(G))x is defined by 1”(a) := (f @ n(VEEZ( ® a)Vg), for all a €
B(L*(G)); and (%) follows from the fact that the vector space generated by these func-
tionals is dense in B(L?(G))x.
To see that C(V¥?) acts non-degenerately, take ¢ € (C(VS)L2(G))L. For every &,
£',x € L*(G) we have 0 = (¢, (id ® wg ¢/ (SVH)(x))) = ({ ® & SV (x ® £)). Since
SV is a unitary in B(L?(G) ® L3(G)), so surjective, the above equality implies

CIVHLAG))* = (0).
(i) By Theorem 3.28, the set

{(id ® a)A(u]{l)’A(a))(EVQ) |y €err(G,Q), k,l =1,...,n,, a € Pol(G)}

is dense in C(V<?). Given uf; € Pol(G, 2) we compute with the help of the twisted ortho-
gonality relations from Theorem 3.28 that for { € L?(G)

(¢ (id ® Wp @ ) a@) (EVHAWH)) = (Auz) @ & V(A ® A@))

= {

= (A(uy) ® & Aq ;) (bc ® Aa)))

= <A(u,{l) ® ¢, (Zufr ® ufj)(&s ® A(a))>
r=1

= > he () uf) (6 A A@)
r=1

= F{8ey8i (8 A0 A @),
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so with respect to the orthonormal basis of Theorem 3.29 we have
(FOTHd ® 0p g ), a0@) BV E)ZAWE) = 8x,y8ei (F1) 2w, Aa).

Assume now that  is regular. Taking a = 1, we see from the above that (id ®
NI D& V) is of the form T ® 1 for some non-zero operator 7%, with respect
to the model L*(G) = @xem(G Q) H ® H,. As this operator needs to be compact, we
see that all n,, need to be finite, hence 2 is of finite type.

Conversely, if €2 is of finite type, we see from the above computation (and the fact
that the operators A (b) — A(ba) are bounded for a € Pol(G)) that C(V?) C K (L*(G)).
To see that this is an equality, it is sufficient to show that the commutant C(V )’ = C
Now if x € @(V), then in particular x commutes with all (id ®,f’)A(u,f,),EG)(E v,
and it follows from the above computation and (4.1) that x € [°°(G, €2). On the other
hand, the computation above also shows that then x € p(L*®°(G)) = L*°(G), hence x €
lm(@, Q) N L°°(G). But by Remark 4.6, this implies (W)*(1 ® x)W®? = 1 ® x, hence
Ag+(x) =1®xandsox € C.

(iii) By (4.1) we see that C*(G, 2) is formed by compact operators if and only if Q
is of finite type. Hence span{Ug C(G)Ug - C} (G, Q)} C K(L*(G)) if and only if Q is
of finite type. To see that this is an equality if €2 is of finite type, we can follow a similar
strategy as in (ii). Alternatively, conjugating with J and taking into account Remark 4.6,
we see that we have an inclusion C*(22, G)JC(G)J € K (L*(G)), and this must be an
equality by the discussion following [32, Definition 2.9]. Conjugating back with J, we
see that span{Ug C(G)Ug - C (G, Q)} = K (L*(G)). |

Remarks 4.10. (1) As follows from the end of the above proof, our notion of regu-
larity indeed coincides with the notion of regularity of a 2-cocycle as introduced
in [32, Definition 2.9].

(2) Up to unitary conjugation, our operator V% also coincides with the operator
S(V,)*T with V| as it appears in [3, Proposition 2.44]. It hence follows from
that result that 2 is regular if and only if Gg is regular, and hence that Gg is
never regular if € is not of finite type. It is unclear at the moment if in general
Gg is semi-regular (this holds in all known cases). By [3, Proposition 2.44], this
is equivalent to K (L?(G)) C (V).

The following proposition is a straightforward adaptation of [32, Proposition 2.3] to
our setting.

Proposition 4.11. Let G be a compact quantum group and Q a 2- cocycle Then the twis-
ted reduced C*-algebra C} (G, Q) is a right G-C*- algebra with action «* defined by

a?(x) = T(VH*1 @ x)V9exE

forallx € CX (G, Q).



Projective representation theory for compact quantum groups and Baum—Connes 35

Proof. Given x € C}(G, Q2), assume without loss of generality that x := (id ® (V<)
for some 7 € B(L?(G))s. Then, with the help of the pentagonal equation satisfied by V<
(see Theorem-Definition 3.23), we have a%(x) = (d®id® n) VZ%(VG,)U € M(co(@) ®
C} (G, Q)), which shows that o is well defined as a (injective) *- homomorphism
Cr (G, SZ) — M(co((G) ® C(G, Q)). Next, we are going to show that o defines an
action of G on C} (G, 2). On the one hand, since the elements of the form x = (id ®
(Ve e CX(G, Q) with n € C(G), are dense in C*(G, Q), then the previous com-
putation shows also that the subspace aQ(C,* (G, Q))(co(@) ® 1) is dense in CO(@) ®
C} (G, Q). On the other hand, applying id ® a® and A ® id to the above expression, we
obtain (id ® «®)a?(x) = (id ® id ® id ® NVE(Vg)2a(Ve)a = (A ® id)a®(x) by a
direct computation. ]

Remark 4.12. By the formula 8% (x) := (V¥)*(1 ® x)V for x € C*(G, Q), we can
also view (C*(G, ), B%) as a (left) G*°P-C*-algebra.

4.2. Twisted crossed products

In this section, we consider twisted crossed products, cf. again [32]. We start however
from the twisted side, and work our way back to the original compact quantum group. As
to spare the reader a battle with conventions, we spell out some of the details particular to
our setting.

Definition 4.13. A (measurable) left twisted dynamical system is the data (G, 4, §, Q)
where G is a compact quantum group, €2 is a 2-cocycle of finite type on G, A is a C*-
algebraand § : A > A ® C(Gg) is left action of Gg.

We write G Sr’wg A, and say that § is a twisted action of G on A with respect to Q2
or simply that § is an Q2-action of G on A. We say that (A4, §) is a left Q2-G-C*-algebra if
moreover § is injective.

Definition 4.14. Let (G, 4, §, Q) be a twisted dynamical system. The twisted reduced
crossed product of A4 by G with respectto (§, 2), denotedby A x G, is the C*-algebra
defined by 16,0

A (549) G = C*{(id ® 1)8(A)(1 ® CX(G,Q))) C L4(A® L*(G)).
r, £
Note 4.15. To lighten the notation, we will omit the representation A appearing in the
definition of A x__G. Note that our convention of writing G on the right in the crossed

r,(8,)
product notation is in line with the notation followed, e.g., in [2].

Lemma 4.16. We have A x G =span{é(4)(1 ® C*(G, 2))}.

r.(,

Proof. 1t is enough to show that

[(1® CH(G,Q)8(4)] C (A1 ® C(G, Q). (4.2)
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But, using the implementation of g A = Q - A in terms of Vg and V%, the compatibility
of 6 with A as a twisted action of G on A yields that

(1® (d® n(V)sa) = (id®id ® n)((§ ® id)s(a)(1 ® V)
=1im ) _ 8(a)(1 ® (d ® n-u;)(VY)),

i
foralla € A and all n € B(L?*(G))«, where §(a) =1im )_; a; ® u;. This proves (4.2). =

As a consequence, the maps A — £4(4 ® L2(G)) and C*(G, Q) — L4(A ® L*(G))
given by a > 8(a) and x — 1 ® x, send A and C;* (G, 2) respectively onto non-degener-

ate C*-subalgebras of M(A x_ G).
r(5,%)

Example 4.17. We note that both Definition 4.13 and Definition 4.14 are natural dual
versions of the classical framework. Let G be a classical compact group and A a unital
C*-algebra. Given a Borel measurable map w : G x G — U(A), a w-action of G on A
isamap o : G — Aut(A) such that ag, 0 ag, = Ady(g,.g,) © Xg1g, for all g1, g2 € G;
o(x, y)o(xy,z) = ax(w(y, z))w(x, yz) forall x, y,z € G and w(x,e) = 1 = w(e, x)
for all x € G. Consider the vector space of continuous functions on G with values in A
equipped with the usual point-wise operations, C(G, A). We define the twisted convolution
product on C(G, A) with respect to @ by

(f % g)(x) 3=/Gf(y)ay(g(y_IX))w(y,y_IX)dy,

forall f,g € C(G, A) and x € G. We define the twisted involution on C(G, A) with respect
to o by
* _ —
fo@x) =0, x Dax(f(x~1)"),

for all f € C(G, A) and x € G. Straightforward computations show that C(G, A) is a
x-algebra with the product and involution above. Next, by applying standard arguments
(analogous to the untwisted case) we find that (L?(G) ® Ho, 7, A?) is a faithful covari-
ant w-representation of (A, ), where  : A — B(L?*(G) ® Hy) is such that 7 (a)(f ®
£)(x) := (f ® molay-1(a))(£))(x), for all a € A, f € L*(G), £ € Hy, x € G; and
(0, Ho) is any faithful representation of A. Thus we define the reduced twisted crossed
product by A o) G := (m, A\?)(C(G, A))" 182,500 404 one shows that this defini-
tion does not depend on the faithful representation . Alternatlvely, we have A (&4 o) G

= span{x(A4)(1 ® C¥(G, w))}, where the action G A A is viewed as a map a A —
M(A ® C(G)) — £4(A ® L*(G)).

Specially interesting is the case when w is scalar valued (that is, w takes its values on
S! >~ §1.14), then w is a usual (normalized) 2-cocycle on G and « a group homomorph-
ism. In this case, we observe that these constructions yield the usual C*-algebras: if v = 1,

wehave A X G = A x G;ifaistrivia, wehave A x G =AQ CX(G,w).
r, (@, w) ro r, (@, w) r
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Proposition-Definition 4.18. Let (G, A, 8, Q) be a twisted dynamical system. The twisted
reduced crossed product, A (?Q) G, is a G°P-C*-algebra with action
r,(,

G*l4 x G
r,(8,Q)
such that R
(@)1 ®x)) =((a)® (1 ® (VAQ)*(l ® x)V9),

foralla € Aand all x € C7 (G, Q). The action Geop f‘sw A % G is called twisted dual
action of (8, 2) or ©-dual action of §. (8,8

Proof. Let us consider the unitary Vg as in Theorem-Definition 2.6. We are going to
show that § can be written as a conjugation by 1 ® V. Given x € Cx(G, ), assume
without loss of generality that x := (id ® 7)(V?) for some n € C(G)«. On the one
hand, using the pentagonal equation satisfied by V' (see Theorem-Definition 3.23) and
Lemma 3.25, a direct computation shows that (V)*(1 ® x)V¢ = Vo(x ® 1)I7Gf. On
the other hand, Theorem-Definition 2.6 guarantees that Vg Or® I)Vé =y ® 1, for all
y € C(G)”" = L*®(G) 2 C(Gg). Combining these two expressions, it is easy to see that
(@) @DARVH* A @)V =(1Q Vg)$(a)(1®x) @ 1)(1® 17(’5), foralla € A
and all x € C*(G, 2). In other words, these expressions show that the formula of the
statement defines a A(injective) *—ljomomorphism fi . §<’IQ G—>M (A r,(gfsz) G)®co (@))
given precisely by 3z2)=(01® I{@)(z ® DA ® V), forallz € A L G. It remains to
show that § defines an action of G on A x__ G. On the one hand, ’t(hé c)iensity condition
for § is obtained as follows: e

B4 Foy O E co(G))]

>0

(A DI (VH*(1® CHG,2)VH(1 @18 co(G))]

|
D[ ® (1 © ¢ (G, 2) ® co(@))]
~(

A x G co(G ,
L ) ® co(G)
where in () we use Remark 4.12. On the other hand, the compatibility of § with AP jg
obtained by a direct computation using again Remark 4.12. ]

To end this section, let us introduce the following nomenclature for a special type of
quantum dynamical systems.

Definition 4.19. Let G be a compact quantum group and €2 a 2-cocycle of finite type
on G. Let H be a Hilbert space. A left twisted dynamical system (G, X (H), §, Q) is
called Q-inner if there exists a 2-representation u € B(H) ® L*°(G) such that §(a) =
Sy(a) =u(a ® u*, foralla € K (H). In this case, the data (G, K (H), 5,2, u) is called
a left twisted inner dynamical system or right Q-inner dynamical system.
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So a left twisted dynamical system (G, K (H), §, 2) is nothing but a projective left
Gg-representation induced from an Q-representation of G.

It is well known that an inner action is exterior equivalent to the trivial one, so that the
corresponding crossed products are isomorphic (see, for instance, [21] for more details).
The following proposition shows that a similar phenomenon occurs in the quantum group
setting when the action is 2-inner.

Proposition 4.20. Let G be a compact quantum group and 2 a 2-cocycle of finite type
on G. Let H be a Hilbert space. If (G, K (H),§,2,v) is a left Q-inner dynamical system,

then R
K(H G = XK(H G).
(H) | % G = K(H)® @)

Proof. We canrepresent X (H) x G asthe normclosure of (1 ® C¥(G,2))é, (K (H))
on H ® L?(G). It is then suffiSi&nt to show that u*[(1 ® CXG, 2))8, (K (H))u =
K(H) ® co(@). But since uTz(VQ)%uu = u13(Vg )23 as u is a Q-representation, we
have that

u*[(1® GG, Q))8u (K (H))u
= {((d®id® 0)(u13(x ® Vg)) | x € K(H), o € B(L*(G))4}].

As u is the direct sum of finite dimensional 2-representations, it follows that this last set
equals [{((d®id® w)(x ® Vg) | x € KX(H), w € B(L*(G))s}] = K(H) ® co(G). m

Remark 4.21. Note that if v is a Q*-representation, we also have an ordinary left action
G % K (H) by putting §(a) = 6y(a) = v(a ® 1)v*, for alla € B(H). We then say that
the action G ~, K (H) is Q2-inner. An analogous computation as above yields that in this
case we have for the untwisted crossed product that

K(H)xG = X(H)®CHG,Q).
r, Ad(v*)

Analogously, from an Q-representation u of G, one could consider an ordinary right action
K(H) @ G by putting §(a) = Z(u*(a ® 1)u), for alla € B(H) In this case, the (untwis-
ted) crossed product is defined as G x K (H) = (A(CO(G) ® 1)(p ® id)§(A)) where
we recall that p(x) = UgA(x)Ug forx € C (G). Then we now have, upon using the regu-
lar representation Wg = Vg that G K(H) ~ Cr(2,G) @ X(H), where we
use the notation of Remark 4.6. AdunUe.1)

4.3. Twisted Takesaki—Takai duality, twisted descent map and twisted
Baaj-Skandalis duality

Definition 4.22. Let (G, 4,8, 2) be a tw1sted dynamical system. The double reduced
crossed product of A by G*P with respect to 5 denoted by (4 x G) x G*o?, is the
C*-algebra defined by rGa s

cop .__ * 2 2
(Ar(gﬂmG):;G Pi=C*(Sy(4 (549)@)(1®C(G)))C$A((A®L (©)) ® L7(G)).

where SU(x) =(1® Uq;)S(x)(l ® Ug) forx € A (549) G.
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Remark 4.23. Observe that the crossed product (A4 (gqm G) x G*? defined above is
9, r,8

the usual one as, say, given in [5, Section 7] (we do not consider any deformation in this
definition, contrary to Definition 4.14). In particular, we have automatically that

A x G)x G =spanfdy(4d x G 1 ® C(G))}.
(41, 2ty © 2 EP =mu(a_ 5 €)1 CE)

Since (A ( gdm G) x G defined above is a usual crossed product, we can define the
r’ N e A

corresponding dual action §. Hence, the following proposition follows from the standard
theory of crossed products.

Proposition-Definition 4.24. Let (G, A, 5, Q) be a twisted dynamical system. The double
reduced crossed product (A (gqg) G) x G is a G-C*-algebra with action
7,00, r,s

GA (A x G)xG
R
such that N
$@u(2)(1® ) = Bu(z) @1 Ve(y ® DVE).
forallze A x )G and all y € C(G). The action

r,(8,Q2

(A x_ G)x G
r6.Q 5

BESH

G

is called twisted double dual action of (8, 2) or 2-double dual action of §.

The following theorem is a special case of [32, Theorem 3.6] by means of [32, Pro-
position 3.5], see also [44, Section 1] in the von Neumann algebraic setting (where no
regularity assumption is needed).

Theorem 4.25 (Twisted Takesaki—Takai duality). Let (G, A, 8, 2) be a twisted dynamical
system with Q of finite type.

(1)  There is a canonical isomorphism of C*-algebras,

AR K(LAG)) = (4 x  G) x G,
ACR) B

given by the map x + (Ug)3(V®)33(8 ® id)(x) (V)23 (Ug)s.

(i)  Under the above isomorphism, the twisted double dual action § of (8,R) is
conjugate to the action G rsq, A ® X (L*(G)) defined by § = Adye),, 0813,
where 813 denotes the amplified twisted action of G on A ® K (L*(G)) such
that

013@®@T) =150 eid)(1eX)(1T 1)
€ A® X(L*(G)) ® C(Gg),

foralla € Aand T € X (L*(G)).



K. De Commer, R. Martos, and R. Nest 40

Proof. By Theorem 4.9, we have X (L?(G)) = [C}(G)Ug C(G)Ug]. Since § is continu-
ous, we can hence write

A® X(L*(G)) = [B(A)(1 ® K(L*(G)))] = (A1 & C(G. 2)UsC(G)Ug)],

and the first item then follows by a straightforward computation. The second item then
follows from Remark 4.6 together with the fact that

We(1®@ UyU)(We)* = (1@ U)AP(»)(1 ® V),
which follows from the identity W = Vg in Theorem-Definition 2.6. |

As a corollary of the twisted Takesaki—Takai duality established in Theorem 4.25 we
obtain the following generalization of the well-known Packer—Raeburn’s untwisting trick
or Packer—Raeburn’s stabilisation trick [35] to compact quantum groups.

Proposition 4.26 (Quantum Packer—Raeburn’s untwisting trick). Let (G, A4, §, ) be a
twisted dynamical system with Q of finite type. Then

(A o G) ® K(L*(G)) = (A ® K(L*(G))) x G.

r,

P ~ 8
Proof. Put B := A FQ) G, which is a G®°P-C*-algebra with action G*? ~, B. Using

r’ 2
the usual version of Takesaki—Takai duality for quantum groups, we can write

B ® X(L*(G)) = (B x G™) x G.

7,8 r,8

Next, using the twisted version of Takesaki—Takai duality from Theorem 4.25 we have the
following:

(Bx G »xG=(A4 x )G) 3 GP) xG=(A® K(L*G) xG. m
r, r,g r,(0, r,8 r,g r,0

This trick helps to establish a twisted version of the well-known Baaj—Skandalis dual-
ity [5,45].

Note 4.27. “Takesaki—Takai duality” for quantum groups is also referred as “Baaj—
Skandalis duality” in the literature. We prefer to reserve the latter terminology for such
duality at the level of K K-theory.

Theorem 4.28 (Twisted Baaj—Skandalis duality). Let (G, A4, 8, Q) and (G, B, ¥, Q) be
two twisted dynamical systems with respect to a given 2-cocycle Q2 of finite type on G.
Then there exists a canonical group isomorphism

J&KK®(A4,B) = KK (4 x G,B x
r,(8,R2) r,(8,Q)

G),
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which is compatible with the Kasparov product, that is, if (G, C, v, Q) is another twisted
dynamical system with respect to 2, then we have

JEAXRY)=J%(X) ® JEY d J8(4) =14 x G,
G( P ) G( )C o G() an G(A) Ar’(m)G

r,(v,Q)
forall X € KK®2(A,C)and ¥ € KK®2(C, B).

Proof. Given the tw1sted dynamical system (G,A,6,Q2),put A, :=A Rl Gg.Thus (4, 8)

is an object in U{iKGQ It is known that ng and G are monoidally co Morlta equivalent
in the sense of [12, 15]. The corresponding co-linking quantum groupoid takes the form
Cr(Gq) ® CH(Gq. Q") & CX (G, Q) ® C)(G). Next, following the notations from [3,
Section 2.4], we consider the exterior comultiplication Aext = (g Ag* :CF(Ggq) >
M(Cr (Gq, Q") ® CX (G, Q)).

Following [3, Proposition 4.1], we consider the C*-algebra

Ay - = span{(id ® id ® n)(idg, ® ASP)S(a) | a’ € Ay, 1 € B(LA(G))«}
= Span{(id ® id ® ) (8(a) ® 1)(1 ® Agr (x)) | d’ € A, x € C}(Gg),
1€ B(L*(G))x).

Since {(id ® n)ﬁzif(x) | x € C¥(Gg),n € B(L*(G))} is norm-dense in C} (G, Q), we

have by construction that A, = A (54 G. Now, A5 is an object in foKG * with Geop-
12

action given by Proposition 4.18, which we still denote by 5.

In other words, the equivalence of triangulated categories

J~ R
KKCe™ T kK E

from [3, Section 4.5] sends A X Gg to A (><19 G. An application of the equivariant
7, R

Morita equivalence of [3, Section 4.4] yields that

(A® K(L*(G))) x Gg = A; x Gg™ x G

r,é r,8 s
in KKC2*" (here § is defined by the Takesaki—Takai duality for Gg) is sent to

(A® K(L*(G))) x G = 43 x G x G
7,8 r,8 r,g

in XKKC (here § is defined through the twisted Takesaki—Takai from Theorem 4.25)

through J=~ = Geor®
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Therefore, the twisted Baaj—Skandalis is obtained as follows:

KK®2(A, B) =~ KK® (4 ® X(L*(G), B ® X(L*G))

JEQ @;cop 2 2
= KK”% ((AQ K(L7(G)) X Gq,(BQ K(LY(G)) ¥ Gg)
r,8 r,é
I~ =,
Ca o Gew 2 2
0 KKC(A® K(LAG)) x G, (B ® K(L*G)) % G)
r, r,d

~ KK®"(A4 x G,B G). u

X
r,(8,2) r,(9,2)

As a consequence, we obtain a twisted version of the well-known descent map for
quantum groups [45].

Corollary 4.29 (Twisted descent map). Let (G, A, §, Q) and (G, B, ¥, Q) be two twisted
dynamical systems with respect to a given 2-cocycle Q2 of finite type on G. Then there
exists a canonical group homomorphism

.Q G
: KK”%(A, B KK(A x G,B x G
e (4. B) > KK( r(6.9) . (9,9) )

called twisted descent map (with respect to G). Moreover, j(g is compatible with the
Kasparov product, that is, if (G, C, v, Q) is another twisted dynamical system with respect
to , then we have

X®Y) = X)) ® Y) and 1) =1 ,
Jjg ( g ) =Jg ( )C S jc®) Jg (1a) A p G

for all X € KK®2(A,C) and ¥ € KK®2(C, B). Moreover, we have j& = Og o J§,
where Og is the obvious forgetful functor.

Proof. Similarly to Theorem 4.28 we have

KK®2(A,B) = KK®" (4 ® X(L*(G)) x G, (B ® X(L*(G)) x G).
r, r,
Applying Baaj—Skandalis duality for G, the latter is isomorphic to KK® (4 ® X (L*(G),
B ® X(L*(G)). Applying the ordinary descent map jg, we get

KK((A® X(L*(G)) x G, (B ® K(L*(G)) x G),
r,8 r,8

which is isomorphic to

KK(A x G,B

x  G)
r,(8,92) r,(9,Q)

thanks to the untwisting trick from Proposition 4.26. The map jé? of the statement is
obtained as result of these compositions. |
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5. Application: Quantum assembly map for permutation torsion-free
discrete quantum groups

5.1. The Baum—Connes property for discrete quantum groups

The framework for the formulation of the Baum—Connes property for discrete quantum
groups following the approach of R. Meyer and R. Nest is based on triangulated categories
and Bousfield localisation techniques. We refer to [29] or [24] for a complete presentation
of the subject.

Let G be a discrete quantum group and consider the corresponding equivariant
Kasparov category, KK©, with canonical suspension functor denoted by X. Then KK is
a triangulated category whose distinguished triangles are given by mapping cone triangles.
The word homomorphism (resp. isomorphism) will mean homomorphism (resp. isomorph-
ism) in the corresponding Kasparov category; it will be a true homomorphism (resp.
isomorphism) between @-C*-algebras or any Kasparov triple between @—C*—algebras
(resp. any equivariant K K-equivalence between @-C*-algebras). Analogously, we can
consider the equivariant Kasparov category KXC.

Assume for the moment that G is torsion-free. In that case, consider the usual com-
plementary pair of localizing subcategories in KK, (L@, N@). Denote by (L, N) the
canonical triangulated functors associated to this complementary pair. More precisely we
have that LA is defined as the localzzlng subcategory of XXC generated by the objects
of the form Ind]E C)=C®co (G) with C any C*-algebra in the Kasparov category XX
and NA 18 deﬁned as the localizing subcategory of objects which are isomorphic to 0 in
XX:. LA = ({IndG(C) =CQ® co(G) | C € Obj.(XX)}) and NA = {4 € Ob;. (UCfKG) |
Resg (A) = 0}.

If G is not torsion-free, then a technical property lacked in the literature in order to
define a suitable complementary pair. The natural candidate used in the related works E\see,

for instance, [30] and [48]) is given by the following localizing subcategories of KKC:
~:=({C®T xG | C €O0bj.(KK), T € Tor(G)}).
r

Ng=Ld=(de Obj(XKC) | KKC(L, 4) = 0,VL € Obj(L3)}.

Remark 5. 1. We put LA =({T®C|Cce Ob;. (XX), T € Tor((G)}) so that we have
LA xG = LA by deﬁmtlon Similarly, we put NA = NA xG.

In [2], Y. Arano and A. Skalski have showed that these two subcategories form indeed
a complementary pair of localizing subcategories in XK€ (note that, by [29, Proposi-
tion 2.9] any complementary pair (£, N) must have N= L") By the Baaj—Skandalis
duality, one then also obtains that the subcategories LA and NA form a complementary
pair of localizing subcategories in KKC.

The key step is a generalization of the Green—Julg isomorphism. In this section, we
will provide a different proof of this generalization in the case of projective torsion, see
Section 5.3.
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5.2. Two-sided crossed products

In this section, we give some technical tools necessary for the next section. In order to
define an assembly map for discrete quantum groups, we need to define a suitable pair of
adjoint functors on KX taking into account the torsion phenomena of G. For classical
discrete groups, the torsion phenomena are completely described in terms of finite sub-
groups. Hence, the induction and restriction functors will provide such an adjunction. In
the quantum case, the torsion is described in terms of G-C*-algebras, so the induction-
restriction approach is no longer valid since finite discrete quantum groups do not exhaust
the torsion phenomena for G. Moreover, the torsion objects in the Kasparov category are
also G-C*-algebras. In this sense, we need a construction encoding both the induction
process from the classical setting and the diagonal action with respect to G. We call it a
two-sided crossed product and it is already used in [2], see also [33, Section 2.6] for an
algebraic precursor.

Definition 5.2. Let G be a compact quantum group. If (B, §) is a left G-C*-algebra and
(A, @) is a right G-C*-algebra, then the two-sided crossed product of B and A4 by G,
denoted by B >% G x A, is the C*-algebra defined by

r, 7o

BxGx A= C*((([d® MB(B) @ (1 ® A(co(G)) ® (1 ® (p ® id)(a(A))))
C £Bo4(B ® L*(G) ® A).

Remark 5.3. First, to lighten the notations we will omit the representations A, A and P
in the definition of B x G X A, and note that p(x) = UgxUg for x € C(G). We also
write ay (x) = (Ug ® 1d)a (x)(UG ® id) for x € A. Next, it is easy to show that

B % G x A=5pan{(B(B)® D1 ® (@) ® D1 ® ay(4))).
cf. Lemma 4.16. From now on we will use these two descriptions of B (G X A inter-
changeably. As a consequence, we see that the maps B — £pg4(B ® LZ(G) ® A) A—
£pe4(B®L*(G)® A) and co(G) — Lpea(B ® L2(G) ® A) given byb>Bb)®1,
a~>1Qay@andx —~ 1 ® )L(x) ® 1 respectively, send B, A and ¢y (G) respectively
onto non-degenerate C*-subalgebras of M (B G X A).

Remark 5.4. In [2], a universal version B %4 G x A of the double crossed product is
o

introduced. It is not hard to see that our definition is compatible with theirs, in the sense
that there is a natural surjective x-homomorphism

B>4(GD<A—>B><1GD<A .1

B ra
Indeed, take some universal representations of B, A on Hilbert spaces Hp, H4. Then
one simply needs to observe that the representations 7 : b +— B(b) ® 1 and 0 : a —
1 ® (p ®id)a(a) of resp. Band Aon H = Hp ® L?(G) ® Hy, together with the unitary
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representation U := V4 of G, form a covariant representation in the sense of [2, Sec-
tion 3]: it follows immediately from the formulas in Theorem 2.2 that

U2((b) @ DU, = (w @ id)B(b), Ujy(p(a) ® Uiz = (0 ® id)a®(a).

The universal property of [2, Proposition 3.2] now provides (5.1).
It is furthermore not hard to see that 7z, will be an isomorphism if A4 is finite dimen-
sional: By, e.g., [16, Theorem 5.31], B >4 G=8B >4 G, and then both B ><1 G X A and

B xG X A are implemented on the al gebralc tensor product vector space (B ><| G) O A,
r,

SO 7T, must be an isomorphism.

As for usual crossed products, we can show that the two-sided crossed product con-
struction is functorial. More precisely, we have the following:

Proposition 5.5. Let G be a compact quantum group. Let (B, ), (B’, B') be left G-C*-
algebras and (A, @), (A', &) right G-C*-algebras.

(1) If ¢ : B — M(B’) is a non-degenerate G-equivariant x-homomorphism, then
there exists a non-degenerate x-homomorphism

Ppxidxid: B xGx A— M(B x G x A)
r,ﬂ r,o r,ﬂ’ r,o

such that ¢ 3 id x id((B(0) ® (1 ® x ® (1 @ ay(a)) = (B'(¢(1) ® H(1 ®
x @ 1)(1 ® ay(a)), forallb € B, a € A and x € co(G).

(i) If v : A > M(A') is a non-degenerate G-equivariant x-homomorphism, then
there exists a non-degenerate x-homomorphism

idxidxy:BxGx A— M(B xG x A)
r.p r,o r,B ro

such that id xidx Y ((BO) N1 @x @ N1 aU(cQ)) =BbL)1H1®x
® (1 ®@ ay; (¥ (a))), forallb € B, a € A and x € co(G).

If a torsion action of projective type of G is involved in a two-sided crossed product,
then we can give an alternative description of the latter, which is useful for our pur-
pose. Recall first from Lemma 3.18 that, given a torsion action of projective type § on
T = B(H) with implementing *-representation u for some €2, we can construct the
Q-representation u° on H with associated coaction § on T° 2 B(H). By Remark 4.4
we can view u° as an Q = (2*)*-representation of Gg, and correspondingly &, as a left
action of Gg on T°P,

Proposition 5.6. Let G be a compact quantum group. Let (T, §) be a torsion action of
projective type of G. Let u be an Q*-representation of G implementing § for some 2-
cocycle Q (necessarily of finite type). Let (B, B) be a G-C*-algebra. Then

BxGxT?P=(B®T® xGgq,
B .8 B

where E = Adys, o p1s.
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We use here that the twisted quantum group Gg is again a compact quantum group by
Theorem 3.36.

Proof. First of all, it is straightforward to check that E := Adyg, o f13 is an action of Gg
on B ® T°P. For given b € B and x € T°° we have

(id ® o Ag) (b ® x) = (id ® g Ag+)(US5(bo) ® X ® b)) (U33)*)

= Q34A3(u33)(bo) ® x @ A(b(1)))Az(u33)* Q34

)
= u33t34(bo) ® x ® Alb1))) (u34)" (u33)"

(x

) u33u54(boy0) ® X ® boy1) ® b1y) (u34)* (u33)*
= (B@id)(35(bo) ® x ® b)) (U33)") = (B @ id)B(b ® x),

where in (*) we used the fact that u° is an Q-representation of G and in (x*) we used the
fact that 8 is a G-action on B.

Next, recall that #° implements §. Then on the one hand, by Remark 4.21 we have

G x T®=~CHQ.,G)® T
7,8

(here the identification is given by conjugating with u3, (Ug ® 1)). On the other hand, by
Remark 4.4 we view u° as a @* := (Q*)*-representation of Gg, so that, by applying again
Remark 4.21, we obtain that 7 X G = TP ® C)(Gq,0) =T®? @ CX(Gg, 2%)

(here the identification is given by’ /?:(é)njugatmg with (#°)*). Recall from Remark 4.5 that
Cr(Ggq,Q*) = JCX(G, 2)J. Therefore, by Remark 4.6 we see that T°P A>§ Gg is *-

isomorphic to G x T°P by introducing an extra conjugation with XqUg (and a flip map).

8
This allows to conclude the isomorphism of the statement. Indeed, since Ug XqUg €
L*®(G)’, we compute

(B ® T) ? Gg = span{(id ® id ® 1)B(B ® T)(1 ® 1 ® co(Gg))}

= span{(id ® id ® Mu35(Bo) ® T ® B(1))(u33)* (1 ® 1 ® co(Gg))}
Adgo v+ -
=" span{(id ® id ® 1)(Boy ® T ® B1)(35)* (1 ® 1 ® co(Gg))uss}
=5pan{(id ® Id® 1) (Bo) ® 1 @ By)) 1 @ T ® 1
(1@ ()" (1 ® co(Ga)u°)}

5 span{(id ® id ® 1)(B) ® 1 ® B1))(1 ® T @ C}(Ggq, %))}
* L 1

~ 3pan{(id ®id ® A)(Bio) ® 1 ® B1)) 1 @ T? ® JC:(G, Q)J)}
Ads,3 (UG XQUg)3

=~ span{(id ® A ® id)(B) ® B1) ® 1)
(1@ UsCl(Q,G)Us ® T)}
L ]
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Ad, 0

U

~" span{(id ® A ® id)(B(oy ® By ® N1 ® co(G) @ N1 @ p® 1)

(%) — L
(1® IE(u°)*(1 ® T"P)u"EI)}

= span{((id ® )B(B) ® 1)(1 ® co(G) ® 1)(1 ® (p ® 1)3(T°P))}

=B xGx TP,
r.B rs

where in (*) and (**) we have used the identifications T"p X GQ =TPQCx(Ggq, %)

and G x TP = C*(R2,G) ® TP explained above, respectlvely |
ré

The two-sided crossed product construction can also be defined for Hilbert modules
in a similar way as we do for usual crossed products.

Definition 5.7. Let G be a compact quantum group. Let (B, ) be a left G-C*-algebra
and (A4, o) a right G-C*-algebra. If (E, §g) is a G-equivariant Hilbert B-module, we
define the two-sided crossed product of £ and A by G, denoted by E %4 G X A, as the

following Hilbert B >%(G x Amodule E x Gx A:=E®B x G x A

r,o rdg r,o B r,B r,a
As for the usual crossed products, the embeddings of E =~ Kp(B, E) and B =~ Kp(B)
into KXp(B @ E) induce an embeddingof £ x G X Ainto Kp(B @ E) X (G X A.In

Ir0F
this way we have the following (see, for instance, [45, Lemme 5.2] for a proof).

Proposition 5.8. Let G be a compact quantum group. Let (B, B) be a left G-C*-algebra
and (A, @) a right G-C*-algebra. If (E, §g) is a G-equivariant Hilbert B-module, then
J{B(E)NG x A= J{BxGKA(E x G x A).

g
Following snmlar arguments as for usual crossed products (see, for instance, [45, Pro-
position 5.3] for more details), it is easy to show that Definition 5.7 above passes also at
the level of Kasparov triples. More precisely, we have the following.

Proposition 5.9. Let G be a compact quantum group. Let (B, ), (B’, B') be left G-C*-
algebras and (A, a) a right G-C*-algebra. If (E,Sg), 7, F) is a G-equivariant Kasparov
(B’, B)-module in KK®(B’, B), then the triple (E R G x A, xidxid, F ® id)

defines a Kasparov (B’ ><| G x A, B ><| G x A) -module in KK(B’ ><| G x A, B >}5
G X A). "

Fmally, as for usual crossed products, the two-sided crossed product functor inter-
twines the suspension of G-C*-algebras and transforms mapping cone triangles into map-
ping cone triangles. In other words, the functor ( -) X G X A preserves semi-split exten-
sions, i.e., extensions of G-equivariant C*- algebras that spht through a G-equivariant
completely positive contractive linear section, see, for instance, [27]; and the class of all
triangles in KXXC isomorphic to mapping cone triangles is the same as the class of all tri-
angles in KKE isomorphic to extension triangles (see, for instance, [26, Lemma 1.2.3.7]).
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In conclusion, we have obtained that, for a fixed right G-C*-algebra (A, o), the asso-
ciation (B, 8) — B % G X Ay, for all left G-C*-algebra (B, B) defines a triangulated
> » &0

Sunctor jg. 4, = () xG x Ag: KKC — KK.
r r, Qg

5.3. Twisted Green—Julg isomorphism

First of all, let us recall briefly the Green—Julg isomorphism for compact quantum groups
(see [45] for more details). If C is a C*-algebra equipped with the trivial action of G, then
we have that ¥ : KK©(C, B) = KK(C,B >f8 G), for all G-C*-algebra (B, 8). Since C

is equipped with the trivial action of G, then C X G=C®co (G) and we have a natural
*-homomorphism:

dpc:C > CRco(G), ¢+ ¢(c):=c® po,

where pg ;= (id ® hg)(Vg) € co(@) is the canonical projection onto the subspace of
invariant vectors of (Vg, L%(G)). In this way we obtain a Kasparov triple [¢c] €
KK(C,C ® co(G)). The Green—Julg isomorphism is given precisely by

Y(X) :=¢c(ic(X) =[pc] ® je(X),
C®co(G)

for all X € KK©(C, B). It is also possible to give an explicit expression of its inverse.
Given any C*-algebra C in XX, we denote by t(C) the same C*-algebra C equipped with
the trivial action of G and so we regard it as an object in XK€ . In this way, we define the
Kasparov triple 8z := [(B ® L%(G), n;,0)] € KK€(z(B x G), B), where n, denotes
the canonical representation of B x G in B ® L?(G). Thé action of G on B ® L%(G)
is defined as the tensor product action of B with the action of G on L?(G) induced by the
unitary 217(;,2 = (Ug ® 1)V (Ug ® 1) (see [45] for the precise definitions). Then we
have
vVl =1 ® &,
(B xG)

forall ¥ € KK(C, B >% G). In other words the Green—Julg isomorphism can be reph-
rased by saying that the functors KKC L5 KK and KK - KK are adjoint: 7 is a left
adjoint of jg. Precisely, the unit of the adjunction is given by n¢ := [¢¢] and the counit
by ep := &g, forall C € Obj(XK) and all B € Obj(KK).

The goal of this section is to generalise these constructions when C is replaced by an
object of the form C ® T € £, where (T, 8) is a torsion action of G of projective type.
Recall that a torsion action of projective type of G, (T, §), means simply that T = M (C)
for some k € N and that § is ergodic such that 7" is not G-Morita equivalent to C. We fix a
state o7 = Tr(o -) on T (recall Section 2.1). Recall as well that, by virtue of Theorem 3.5,
§ is implemented by an Q*-representation of G, say u, for some (measurable) 2-cocycle
Q on G. The 2-cocycle 2 is necessarily of finite type (recall Definition 3.30). Hence
Gg is again a compact quantum group by Theorem 3.36. Following equation (2.1), we
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denote by (T°?, §) the corresponding opposite twisted dynamical system. In this case, § is
implemented (in the sense of (3.2)) by an Q-representation of G that we denote by u°. The
representation of G on L2(T') implementing § according to Proposition 2.13 is denoted
by V7. Given such a projective torsion action of G, we define the following triangulated
functors:

jer : XX® > XX, (B.B)~ jer(B.p):=B 1 G T,
r, r,S

7 KK — KKC, Cr 17(C):=(CQRT,id®SJ).

We are going to show that 77 is a left adjoint of jg,r for every torsion action of
projective type (T, §) of G. To do so we start by showing an appropriate equivalence of
triangulated categories between KK and KK 2. Then the adjunction between 7 and
Jg,r will result from the usual Green—Julg isomorphism applied to Gg.

Let us consider the following triangulated functors:

o : KKC — XKC2, (B,B) — Hrw(B,B):=(BRTP, B := Adys, o B13),
M7 : XKC2 - XKC,  (C.y) — O7r(C.y) = (C QT.7 := Ady,, 0 y13).

First of all, observe that these functors are well defined. On the one hand, given
(B, B) € Obj(XK®), we have proved in Proposition 5.6 that E := Adyg, o f13 is an
action of Gg on B ® T°. So I7w(B, B) € Obj(KXKE2). A similar computation yields
that if (C, y) € Obj(KKC2), then 7 := Ad,,, o y13 is an action of G on C ® T'. So
[7(C,y) € Obj(KXKC).

On the other hand, given two objects (B, 1), (B2, B2) € Obj(XX®) and a Kasparov
triple X € KK G (B1, B3), then IT7op (X)) is given by the right exterior tensor product of
Kasparov triples with respect to T, i.e., [I7op (X) =X Q TP € KKGe (B1®T B, ®
T°P) (if X is represented by the G-equivariant Hilbert B,-module E with action §g, then
e (X) is represented by the Hilbert B, ® 7°P-module £ ® T°° with action of Gg
given by Ady,, © (§g)13). Similarly, [17(¥) =¥ ® T, forall ¥ ¢ KKGe (C1, Cy) with
(C1,71). (Ca, y2) € Obj(XKE2). Clearly, both [Tz and I17 intertwine the suspensions
of each category. Moreover, they transform mapping cone triangles into mapping cone
triangles. This is true by the following general fact: if ¢ : A — B is a homomorphism
between C*-algebras and D is any other C*-algebra, then we have that Cy ® D =~ Cywid
induced by the canonical identification Cy((0,1], B) ® D =~ Co((0,1],B® D), f ® d —
(t = f(t) ® d). If in addition ¢ is a G-equivariant homomorphism between the G-C*-
algebras (A, @) and (B, B), then Cy is a G-C*-algebra with action y((a, h)) := (x(a),
B o h), for all (a, h) € Cy. In this way, it is straightforward to check that given a G-
equivariant homomorphism between two G-C*-algebras (By, 1) and (B», B2), say ¢ :
B — B», then the isomorphism Cy ® TP = Cygiq is Gg-equivariant. As a consequence,
the functor I1re preserves mapping cone triangles; and similarly for ITr. In conclusion,
both IT7o and I17 are well-defined triangulated functors.
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Lemma 5.10. Following the previous notations, the pair of functors (Ilte, I17) defines
an equivalence of triangulated categories between XK and KKCe.

Proof. Tt only remains to show that IT7 o ITre 2 idgcgec and Mzo o M7 = idygeGq .
On the one hand, given an object (B, 8) € Obj(XXK®), we have

d®X
M7 (M7e(B.f) =BRTPR®T ~ BT @ T

equipped with the G-action E = Aduy,, © Adyg, o B14. Further, by identifying 7" ® T =
B(L*(T)) = K(L?(T)) along with the G-action Ady,., where V7 = uj3u3, as in Lem-
ma 3.18, we obtain that I[17 (IT7e (B, B)) is G-equivariantly Morita equivalent to (B, §);
and this identification is natural. So IT7 o IT7e 2 idggcc. On the other hand, given an
object (C, y) € Obj(KXKC2), we have

d®X
Nro(Mr(C,y)=CRTRT? =~ BRITPRT

equipped with the G-action )7/’ = Adys, © Ady,, © y14. By identifying T @ T' = (T ®
TOP)P == B(L?(T))P == B(L*(T°P)) = K (L?*(T°P)) along with the Gg-action Ady,.,,
where we define the (ordinary) Gg-representation Ve = uj;u»3, we obtain that
M7 (IT7(C, y)) is Go-equivariantly Morita equivalent to (C, y); and this identification
is natural. So IT7e o I17 = idg g . n

Remark 5.11. Using the theory of (bi)Galois objects for compact quantum groups [8],
there was proven in [47, Section 8] an equivalence of triangulated categories KKC! =~
KKC2 when the compact quantum groups G and G, are monoidally equivalent. In our
setting, with €2 a 2-cocycle of finite type f for the compact quantum group G, it is rather the
discrete quantum group duals G and Gg that are monoidally equivalent ([13]). We then
obtain equivalences

KKC >~ KKC =~ kKC2 =~ KKCe, (5.2)

where the outer equivalences are by Baaj—Skandalis duality, and where in the middle we
use the extension of the results of [47, Section 8] to the (regular) locally compact quantum
group setting [3, Theorem 4.36]. For lack of space, we refrain from showing that (5.2)
agrees with the equivalence we obtain — the argument is based on the observation that, up
to matrix amplification, 7' x G gives a Galois object C*(G, 2) for the discrete quantum
group Geor.

Theorem 5.12 (Twisted Green—Julg isomorphism). Let G be a compact quantum group.
Let (T, ) be a torsion action of projective type of G. Let u be an Q*-representation of G
implementing 8 for some 2-cocycle Q (necessarily of finite type). Then 11 : KK — KKC
is a left adjoint of jg.,r : KKC — KX as triangulated functors. More precisely,

Vr: KK®(C ®T,B) = KK(C, B >st x T°P),
r, rs

forall C € Obj(XX) and (B, B) € Obj(XKC).
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Proof. Since the 2-cocycle 2 is necessarily of finite type, the twisted quantum group Gg
is compact by Theorem 3.36. Given a C*-algebra C € Obj(KX) and a G-C*-algebra
(B. B) € Obj(KXKC), the previous lemma allows to write the following:

KK®(C ®T,B) =~ KK®*(C QT QT® BQ®T®) =~ KK®2(C,B Q T).

Next, by applying the usual Green—Julg isomorphism we obtain that
v
KKC2(C,B®T®) = KK(C,(B ® T*) x Gg).
B

To conclude, we observe that (B ® T) x Gg = B x G x T°P by virtue of Proposi-
tion 5.6. Therefore Y7 = W o I17op. B B rg i

Remark 5.13. By the twisted Green—Julg isomorphism, obtained in Theorem 5.12 for
the specific case of torsion actions of projective type and in [2, Theorem 4.5] for general
torsion actions, one easily obtains that (7, §) is a compact object in KK, that is, the
functor KK (T, ) is compatible with countable direct sums. Indeed, if {(B,, Bn) }neN
is a countable family of G-C*-algebras, the twisted Green—Julg isomorphism with C := C
gives

KK® (T, Bn) ~ KK((C,( B,,) x G 1><T°P) =~ KO(( B,,) x G b(TOp),
r@ r@l B g B s

and both the K¢ functor and the two-sided crossed product functor (-) x G x T°P are
compatible with countable direct sums. Toond

We believe that this property will be useful to study the equivariant Kasparov cat-
egory KXKC from a geometrical and topological perspective according to works by
L. Dell’ Ambrogio and his collaborators (see, for example, [17,18]). For instance, the above
compactness result yields that the subcategory Pp) :== ({T | T € Tor(lT(—(E))}) is a com-
pactly generated tensor triangular subcategory of KXKP(©) when G is finite (note that we
need to consider the Drinfeld double construction to provide a tensor structure on the
Kasparov category). In particular, (Pp(q), Tg(G)) is a complementary pair of localizing
subcategories in KK P as a consequence of the Brown representability theorem. Hence
it will be interesting to compute its spectrum, Spc(Pp(g)), in the sense of Balmer [6] and
to make a connection with the Baum—Connes property for G.

Funding. The work of K. DC. was supported by the FWO grant G032919N. R. M. was
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