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A thresholding algorithm for Willmore-type flows
via fourth-order linear parabolic equation

Katsuyuki Ishii, Yoshihito Kohsaka, Nobuhito Miyake, and
Koya Sakakibara

Abstract. We propose a thresholding algorithm for Willmore-type flows in RN . This algorithm
is constructed based on the asymptotic expansion of the solution to the initial value problem for a
fourth-order linear parabolic partial differential equation whose initial data is the indicator function
on the compact set o. The main results of this paper demonstrate that the boundary 9$2(¢) of the
new set 2(¢), generated by our algorithm, is included in O(¢)-neighborhood of 0€2¢ for small # > 0
and that the normal velocity from 3¢ to S2(¢) is nearly equal to the L2-gradient of Willmore-type
energy for small 7 > 0. Finally, numerical examples of planar curves governed by the Willmore flow
are provided by using our thresholding algorithm.

1. Introduction
In this paper, we propose a thresholding algorithm for the L2-gradient flow of Willmore-

type energy in RY . Let T be a hypersurface in R . The Willmore-type energy & /{V (T") for
I' is defined as

1
—/szs+)k/ds it N =2,
2 Jr r
eNT) =141 2
g -/ szSr——/ 3 /ci/cder—l—/\/dSr itN =3,
2 Jr 3Jr 4 r
J EA
i<j

where A € R. For N = 2, k is the curvature of a planar curve I" and s is the arc-length
parameter. For N > 3,k; (i € A :={1,2,..., N — 1}) are the principal curvatures of I" and
H is the ((N — 1)-times) mean curvature of I". This can be regarded as a generalization of
the Willmore energy. Note that the energy 8(1,\[ (") with N > 3 appears in the asymptotic
expansion of the heat content (see Angiuli-Massari—-Miranda [1]).

Let {T'()};>0 be a family of hypersurfaces in R" and assume that the motion of I'(z)
is governed by the L2-gradient flow

V =-V.&N(T@), (1.1
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where V is the normal velocity of I'(¢) and V28 /{V (T) is the L2-gradient of & iv (T") given
by

1
a2k + 5K3 — Ak if N =2,
1
AgH + H|AP> — -H?® - \H if N =3,
VeV () = | et T HIAN = : (1.2)
1
AgH+H|A|2—§H3+2 > kikjkk —AH if N > 4.
i,j,keA
i<j<k

Here, 32 is the second-order differential operator with respect to s, A, is the Laplace—
Beltrami operator on I by the induced metric g = (gi;), and | A|*> denotes the norm of the
second fundamental form A = (h;;), which is defined as [A]> := ", ;¢ g a 87 % hirchjy
(=X en k7). where g=! = (') is the inverse matrix of g = (g;;). If ['(¢) is embedded
and encloses a domain D(¢), we choose the orientation induced by the outer unit normal
so that V is positive if D(¢) grows and H is negative if I'(¢) is a spherical surface. Note
that the term ), ; pcp kikjky for N > 4 in (1.2) is derived as the first variation of the
integral of (—1/3) Zi’jeA kikj on I (see, e.g., Reilly [36]). Also, note that if N = 3 and
the topology of I' is fixed, the integral of k1x, on I' is constant by virtue of the Gauss—
Bonnet theorem so that its first variation is zero.

Equation (1.1) with N = 2,3 and A = 0 is the Willmore flow (WF for short). For
the results of the existence and the asymptotic behavior of the WF and related flows,
see, e.g., Simonett [40], Kuwert—Schitzle [23,24], Dziuk—Kuwert—Schitzle [11], Okabe—
Wheeler [34], and Rupp [37] and references therein. As for the approximation schemes
and the methods of numerical computations of the flow by (1.1), there are many results
taking account of various applications. Mayer—Simonett’s work [32] is one of the first
numerical approaches for the WF in R3. They used a finite difference scheme to the WF
and numerically observed that the WF can develop singularities in finite time. Rusu [38]
presented an algorithm for the WF in R3 based on the variational method and studied a
semi- and a fully discrete scheme in space and a semi-implicit method in time. Dziuk [10]
introduced a parametric finite-element method to the WF in general space dimensions.
In [3, 4], etc. Barrett, Garcke, and Niirnberg studied parametric finite-element methods
for fourth-order geometric evolution problems, such as surface diffusion flow and the WF.
Furthermore, it is well known that the WF can be approximated by the fourth-order phase-
field equations or equivalent systems of PDE’s, which are derived from approximations
of the Willmore functional. Loreti-March [30] obtained the formal asymptotic expan-
sions of solutions of the fourth-order phase-field equations (or equivalent systems) and
derived (1.1) for N = 3. Bretin—-Masnou—Oudet [6] gave similar results to some mod-
ified versions of the fourth-order phase-field equations and the related energies. They
also presented in [6] some numerical simulations of the flows for N = 2, 3, based on
their formal asymptotic expansions. Colli-Laurencot [7,8] studied the well-posedness of a
phase-field approximation to the WF with volume and area constraints in RV (1 < N < 3).
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Ritz—Roger [35] introduced a new diffuse-interface approximation of the WF, avoiding
intersections of phase boundaries that do not correspond to the intended sharp interface
evolution. They also justified the approximation property by a Gamma convergence for
the energies and a matched asymptotic expansion for the flow. Fei—Liu [16] rigorously
proved the convergence of the zero-level set of the solutions of the phase-field system to
the WF for N = 2, 3 if the smooth WF exists.

The purpose of this paper is to introduce a thresholding algorithm by using the follow-
ing Cauchy problem for the fourth-order linear parabolic equation:

U = —A%u + AAu inRY x (0, 00),
1 in Qo, (1.3)

u(x,0) = yq,(x) =

( X2 (x) {0 in RV \ Qo.

Here, N >2,A €R,and Q¢ C RY is compact set with smooth boundary. By the derivation

of a threshold function from the solution to the above problem, we obtain a thresholding

algorithm to the motion of I'(¢) by (1.1) at least formally. The outline of our algorithm

is as follows: set 41 > 0 as a time step. For a given compact set Q¢ in RY with a smooth

boundary 99, we solve the initial value problem (1.3). Next, let u° be the solution to

(1.3) and set u%(x, 1) := u%(x,a*t) for a > 0. Then, define a threshold function U° as

Ux,t) :=ud, (x,1) — 3ud,(x,1) + 3ul(x,1)

and give a new set 21 by
1
Q= {x e RV | U%(x,h) > 5}

Repeating this procedure inductively, we obtain a sequence {2 }7_, of compact subsets
of RV. Set
QM) :=Qr forkh<t<(k+1Dh k=0,12,....

Then, letting i1 — 0, we observe at least formally that " (z) converges to a compact set
Q(t)(c RY) and that Q(¢) moves by (1.1) if we choose a suitable constant a. In order
to justify the thresholding algorithm explained above, we derive the asymptotic expansion
of the solution to (1.3) near d€2¢. For the details of the justification, see the argument in
Section 4.1.

Thresholding algorithms for the geometric evolution equations were first introduced
by Bence—Merriman—Osher [5] to numerically compute the mean curvature flows. Based
on the level set approach for geometric evolution equations, the convergence and gen-
eralizations of their algorithm were studied by Mascarenhas [31], Evans [15], Barles—
Georgelin [2], Ishii [21], Ishii-Pires—Souganidis [22], Vivier [41], Leoni [29], and so on.
Recently, another approach was suggested by Esedoglu—Otto [13], which was considered
the thresholding algorithm for the multi-phase mean curvature flow. They gave the inter-
pretation such that the thresholding algorithm can be regarded as a minimizing movement
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scheme. For the result of the convergence and the further development on this approach,
see Laux—Otto [26-28], Laux—Lelmi [25], and Fuchs—Laux [18].

On the thresholding algorithm for the WF, there are results by Grzhibovskis—Heintz
[20] in R3 and Esedoglu—Ruuth—-Tsai [14] in R2.1n [14,20], the asymptotic expansion of
the convolution (1 =N/4p(| - |/11/*) % X9,)(x) is used to define a threshold function. Here,
t=N4p(| - |/t1/4) is a modified Gauss kernel or some similar ones. Note that in [14] the
L?-gradient flow of the Helfrich functional in R? was also considered. On the details of
the difference between their thresholding algorithm and ours, see Remark 4.1. Metivet—
Sengers—Ismail-Maitre [33] treated the diffusion-resistance scheme in R2 or R3, which is
a variant of the algorithm by [14].

Referring to [14,20], the space-time scale |x|/¢'/“ plays a key role in obtaining the
WF from the formal asymptotic expansions of their convolutions. Indeed, in [14,20], they
used a modified Gauss kernel whose space-time scale is |x|/¢!/* instead of a natural
space-time scale |x|/ 112 of the usual Gauss kernel (see Remark 4.1 on the details of the
calculation). Based on this fact, we arrive at the idea of using the fundamental solution
to the fourth-order linear parabolic equation in (1.3) to construct a thresholding algorithm
for the flow by (1.1) since a natural space-time scale of its solution is |x|/7!/4. Another
reason to consider the equation in (1.3) is that (1.1) can be written by the signed distance
function d as follows (cf. [6, Section 3.3] and [16, Lemma A.2]):

1/4

d, = —A%d + (D((D(Ad), Dd)), Dd) + 2{D(Ad), Dd)Ad

1
+ 5(Aar)3 +AAd onT(z).

Dropping all of the nonlinear terms, we have the fourth-order linear parabolic equation
in (1.3), and hence, it is regarded as the “rough” approximation of this equation. Further-
more, as the benefit of using the fundamental solution to (1.3), the part related to the area
constraint is naturally derived from the term of Laplacian of the equation in (1.3). Such
a derivation considering the structure is difficult if we use a modified Gauss kernel. We
remark that for a thresholding algorithm for the WF, at present, there are no results on
the convergence to some suitable solution to the WF. Since it seems that our approach is
more natural compared with that in [14,20], it is expected that the construction of some
suitable solution and the convergence to it are shown based on our results. Indeed, in order
to prove the convergence, the ideas based on the gradient flow as in [18,25-28] may be
useful for the WF. We think that our algorithm has a strong possibility for connecting to
their approach.

This paper is organized in the following way. In Section 2, we derive some formulae
and pointwise estimates of the fundamental solution Gy ; to the operator 9, + (—A)? +
A(—A) and of its derivatives. In Section 3, we discuss the formal asymptotic expansion of
the solution to (1.3), which is stated in Theorem 3.4. Section 4 is devoted to the justifica-
tion of our algorithm. In Section 4.1, we recall the algorithm and the fact to be justified
and prove this fact in Section 4.2. Section 5 presents the results of numerical experiments.
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We consider the equation in (1.3) with A = 0 and N = 2, i.e., the case corresponding to
the WF in R?, in a periodic square domain. The last two sections are appendices.

2. Preliminaries
In this section, we derive some properties and estimates of the fundamental solution Gy,

to the operator 9; + (—A)% + A(—A) on R¥ x (0, c0), where A is the Laplace operator
onR¥Y and A € R.

Define the Fourier transform as
) = [ e x| p@dag

for v € LY(RY), where i := +/—1, ¢y := (27)™" and (-, - ) is the inner product on
RY . Then, Gy, is given by

Guae.1) = Fi [P (o) = ¢ /RN (B F2IE P+ N g5
and we readily see that
/RN Gua(x, )dx = Fiy[Fyg ' le™CIHADIY0) = e EFHAEDY =1 1)
Set gn(x) := Gy o(x,1). That is,
gn(x) = Fy'le” @) = ey /R e g, 2.2)

We derive the expansion of Gy 3 by use of gy and its derivatives.

Proposition 2.1. Gy ; is represented as

1 & (—A)memi? . x
GN,;L(x,t) = N/4 ”;) o (=Az) gN(m),

where A, gy is the Laplacian of gn (z) with respect to z € RV

Proof. Applying the change of variable & = 3/1'/4, we have
S\ —|n*+i( -, aIn(251/2
GN,)L(x,t) = W e [nl +l(l1/4 7I>Ne Aln|?t dﬂ
)mtm /2

4 X
- +i{+577,
|2me ] l(t1/4 mNd)].

:tN/4/RNZ(A
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Since

(—X)m[m/2 |n|2me7|"‘4+i(ﬂ%’m

o |A|mem/2 "
Man= [ 3 B ety
RN m—0 m!

e 2.1/2
:/ e IHMIRAR g
RN

N
R m=0

the Lebesgue convergence theorem implies that termwise integration is possible, and
hence,

(- A)mtm/z (X
GNA(x 1) = N/4 Z |”|2me [n] l(t1/4 ")Ndﬂ. (2.3)
Taking account of 92, ¢! {2 = —p2ei=MN (j = 1,..., N), we obtain the desired result
by some properties of the Fourier transform and (2.3). [ ]

SetZﬂ\_’ ={a=(ay,....an)€ZV |a; >0( =1,...,N)}and Z, := ZL.Hereafter,
a=(a1,....,an) € ZY is amulti-index with || = a; + -+ + oy and D¥ = 95! --- 95N
For Gy, we have the pointwise estimates as follows.

Theorem 2.2. There exist C,v, i, K > 0 such that foralloa € ZY, m € Z,, A € R, and
(x.,1) € RN x (0, 00)

2 N
DY (~Ax)" Gy (x.0)] < cu'““mr(—'“' e );—<N+lal+2m>/4

(Ja|4+2m)/3
. (1 " ﬂ) o= [4/0V3+KIAPE

In the case A = 0, this estimate is originally obtained in Eidel’man [12, Section 3 in
Chapter I] and Cui [9, Theorem 3.2]. However, in these references, the precise depen-
dence of the constant on o € Zﬂ\r’ and m € Z4 is not stated. Thus, we give the proof of
this theorem in Appendix B below. The following corollary is a direct consequence of
Theorem 2.2.

Corollary 2.3. There exist C,v, u > 0 such that for all ¢ € Zﬁ, meZy, andx € RN
D% (= Ay gn ()] < CV|<¥+2mF(|a|+2++N)(1 1 ) ed+2m)/3 nlx 1,

If N > 2, for an orthogonal matrix Py of size N satisfying Pyx = (|x|,0,...,0)7 €
N set& = Py&in(2.2). Since |det Py| = 1 and |&| = |¢|, we obtain

mm=m/

oI PNEN g o CN[ oI+l g
RN

RN
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Applying the change of variable on the polar coordinate, gy (x) is represented as
0o B T
gn(x) = cyon_» / pNlemP { / elixlpcost (jn N—2 Gde}dp
0 0

o0
_ _ _ 4
= Qu) N2V /0 (210N 2e™" Jn—22(|x | p)dp, (2.4)

where J(y_2)/2 is the (N — 2)/2-th Bessel function. If N = 1, we have

oo

g1(x) = Ae_éui"&dg = 201/ e ¥ cos(x§)d&

0
— @) /0 (x16) 28" Ty (1 ) dE. 2.5)

From (2.4) and (2.5), set

o0
_ _ _ 4
on (Jx]) = @m)N2[x N /0 (%26 Tyl |0)dp

for N > 1, which means gy (x) = ¢n (|x]). According to Ferrero—Gazzola—Grunau [17,
Section 2], n (r) with r = |x| > 0 satisfies

- 1 = (=D'TE/2 4+ N4,
o8 0) = ST L T DN N

’

=0
oy (1) = =ron12(r). (2.6)

In addition, we have the following lemma.

Lemma 2.4. For gn(x) = on(r) withr = |x| > 0,

d> N-1d\"
m —_ I —
ATgn(x) = (_dr2 +— dr) @n(r)

_(=n” i (DT (L +m)/2 + N/ 2
© 2N+1gN/2 0 2T+ DL+ N/2)

Proof. For m = 1, the direct calculation yields that

> N-1d L SEDITEH D24 N/A o
(W-’_ . E)wN(”) = 2N+17TN/ZE§ zzzr(g+ DI+ N/2) .

The result follows by induction. ]

We show the following lemma. It is necessary to estimate some integrations of Gy,
in the next section.
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Lemma 2.5. Leto € Zf with |a| < 2. Then, there exists y > 0 such that for |A|t'/? <y
o |A|mtm/2 N .
S E [ DE-Ag e (0)]dx < oo,
m: RN
m=0
Proof. By Corollary 2.3, there exist C, v, u > 0 independent of m such that
M|mlm/2

Pl I LHCINSL e R

2,1/2
- C(|A|vet )mr(% N || + N)/ (+ |x|)(|a|+2m)/3e_“‘x|4/3dx.
RN

- m! 4

Applying the change of variable on the polar coordinate, we obtain

/ 1+ |x|)(|a\+2m)/3e—ulx\“/3dx
RN

(lee|+2m)/4
< 2(|ot|+2m)/3cl{1 + (l) F(K n || + 3N)}
m 2 4

for a constant C; > 0 independent of m. Here, it follows from the Schwarz inequality that

1/2 1/2
(24 Y < (N (LA

form € N and k = 1, 3. Therefore, we see that
(41/3M|v2t1/2)m 41/3|/\|U211/2 m
(m")1/2 C3( e )

|A|m1m/2 " m

T | DI "gn(x)|dx < G
m! RN

for constants C, C3 > 0 independent of m. Choose y > 0 satisfying

1/2

"

V< 41/312°

Then, with the help of d’ Alembert test, we can judge that the series

i (41/3|X|U2[1/2)m i (41/3M|v2t1/2)m

ot (m!)l/z ’ = Ml/z

1/2

converge uniformly for [A|¢'/* < y so that we obtain the desired result. |

Lemma 2.5 and the Lebesgue convergence theorem lead to the following lemma.

Lemma 2.6. Let o € Zﬁ_’ with || <2 and h € L®(RN). Then, there exists y > 0 such
that for |AtV/2 <y

—1)m m/2
L Z( S DA g (hx)dx

( A)mtm/Z
(=A™ h(x)dx.
Z |, PEea en b

With regard to (—02 v )Z (—Ax)"gn (x’,0), we have the following representation.



A thresholding algorithm for Willmore-type flows 9
Lemma 2.7. Let gy be given by (2.2). Then,

(=2 ) (—Ax)"gn (x,0)
—612( ) [Z o L2<k+,~+e)|-|2"‘+'"—f>e—""‘}(x/>

for&,m € Z, where

o 4 1 _(o+1
. o, —& _
LU._2/0 % dg_zr( ; ) 2.7)

foro > 0.

Proof. Fix any x € R . Taking account of

&% = |&')* + &8 + 2081787
for & = (&1,....En_1), we see that for x’ = (x1,...,xN_1)
(=%, (—82)"gn (x)

_1E A
=cN/ £2L g [2m o it ) g
RN

m
. Z(T) /RN 67 [20m=1) 200 (8 [+ 64 1208 PR w1 bxn) g
=0

m
m
=CN E (J )/ E ( |€ |2(k+m J)%-Z(k+]+£) —|&"|*+i(x' & ) N— 1e—EN+1xN§NdE
j=0

Note that by Fubini’s theorem

m
2 ¢ = " 20m—j) o= I8/ 1*+ilx' &) -
(=0d%,) (—Ax)"gn(x) =cn Z_:(J)ANI 1&/12m=D, x &) N1

{/ Z ( |§ |2k$2(k+l+£) _EN—HxNSNdEN}ds/-

Here, it follows that, for each £ € R¥ "l andn € N,

J

Z( 2) |$ |2k§2(k+]+4) —EN‘HXNEN
k=0

S/ %-12\](./+5)e—$}4\,+2|5,\2§12vd€1v < 400.
R

dén




K. Ishii, Y. Kohsaka, N. Miyake, and K. Sakakibara 10

The Lebesgue convergence theorem implies that

/ Z ( |E |2k£_-2(k+J+5) —EN-HXNSNdEN

00 2)k .
- k+j+0) — i
— Z |E/|2k/ i:[zv( +j+ )e %‘N+xN§'Nd§N.
k! R
k=0
Substituting xy = 0, we have

/ Z( g/ e gy = Z( M / g20HIH0 8 gy

k=0

0 k

(= 2)
= Z &' Lo +0)-

k=0

Since
o
| |2(m J) —| [*+i(x Z L2(k+j+€)| . |2k c LI(RN_I)

by Fubini’s theorem, we obtain the desired result. ]

3. Asymptotic expansion of a solution to linear parabolic equations

The purpose of this section is to derive the asymptotic expansion of a solution u(x, t) to
(1.3) as t — +0. Throughout this section, we assume that ¢ is a compact set in R" and
9 is of class C°. Recalling Proposition 2.1 and Lemma 2.6, the solution u(x, t) to (1.3)
is given by

u(x,1) = (Gna(-.1) * xa0)(x)

mem/2
= ,13/4 Z( A) t / (=A™ gN( l/‘ty))(szo(y)a’y

)™ m/2
_ Z = ) ! / (~A:)"gn(z)dz

{zeRN |x—t1/4zeQ}

forx € RV,

3.1. Notations related to 92

In this subsection, we give some notations related to d€2¢. For x, € RY and § > 0, we
denote a neighborhood of x . by

X, - i Xk =1,..., , x5 - — Uxy,1s
Qu.s i ={x eRY | |xi —xui| <8 =1,...,N)} 0 0
Q.5 =1{x € Ox. 5 | XN = Xun}. QL. =0 1.
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Since €29 is compact, we can choose 8o > 0 such that the family { Oy, 5,}x.co0, 1S an
open covering of 0Q2g. We may set §o = 1. Let n(x) be the unit outward normal to 0€2¢
at x € 0Q2p and Py an orthogonal matrix of size N such that Pyn(x) = ey, where
eny = (0, 1)7 with 0’ = (0,...,0) € RV~1. Then, set Qo := {j € RY | P5'§ € Qo).
Without loss of generality, we may assume that for each x € 9€2 there exists a function
flx : Qg — R satisfying the following properties.

(Al) flx € CS(Q_;)) for any x € dQ2¢ and ||f|X||CS(?6) is uniformly bounded for
X € 890
(A2) flx(0) =0and Vy f|x(0) =0

(A3) 320N Opyx = {7 €RN |y — (Pyx)N = flx(3' — (Pnx))(F € Opyx)}bs
where (Py x); is the i-th component of Py x and

(Pyx) = ((PNX)1.....(PNX)N=1).

Note that (5, (Pnx)n + flx (3" — (Pnx)))(§’ € O, ,) is a graph representation of
3Qp ina neighborhood of Py x for x € dQ2y. Hereafter, for simplicity, we denote f |, by
f. We also define a function = ¥ (z/,v,1):R¥ "1 x R x Ry — R as

vz v, 1) =174 —v + fV42)).

Let g = (gij), A = (hij), H, k;, and Ag be the induced metric, the second fundamental
form, the mean curvature, the principal curvatures, and the Laplace—Beltrami operator of
08, respectively. | A|? is the norm of the second fundamental form, that is,

-
AP = > &Y  hikhy.
i,j,k €A

! = (g") is the inverse matrix of g = (g;;). For the representation of these

where g~
quantities by f, see Appendix A.

Define the signed distance function to 0€2¢ as

infycaq, |y — x| (y € Qo).

. 3.1)
—infrep, [y — x| (¥ € RV \ Qo).

d(y,08) := {

Set (0820)% :={y € RV | |d(y,3%0)| < §}. Then, we take 8o € (0, 1/2) such that for any
y € (0R0)% there is a unique x¢ € 9K satisfying |d(y, 9Q0)| = |y — xo|.

Furthermore, in the following, we often use the notation F(x,t) = Op(b(t)). This

means that there exists C >0, which is obtained uniformly for x € D, such that | F(x,t)| <
C|b(1)|.

3.2. Asymptotic expansion

We first show the asymptotic expansion of u(x + vr(x),t) by using the graph represen-
tation.
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Theorem 3.1. Let y be a constant obtained in Lemma 2.5. Then, there exists [Lx > 0 such
that for all x € 90, v € (—80,80), A € R, and t > 0 satisfying |A|t'/? <y

u(x +vn(x),t)

1 A)mpm/2 ¥(z',v,t)
-3+ 3 (#/ v f (~A2)"gn ()dzydz + Opgy (™),
R

2 m=0
3.2)
Furthermore, for j € {1,...,N}, A € R, and t > 0 satisfying |A|t1/2 <y
(Vyxu(x + vn(x),1t), P;lej)N
1 (- A)mtm/z ¥(z',v,t)
T4 Z /]RN 1/ 0z, (—A)"gn(z)dzyd 2’
+ Oaszo(e‘“*’ 1/3). (3.3)

Remark 3.2. Note that the term 0390(6_”“*171/3) is not only uniform for x € 92, but
also for v € (=8, 8p). See the estimate of I, in the proof below.

Proof of Theorem 3.1. Step 1. We first prove (3.2). Using the fact that Gy (-, ) is radi-
ally symmetric, we have

u(x +vn(x),t) = / Gya(x +vn(x)—y,t)dy
Qo
= | Gwaty =G+ vnton.n dy.

Choose an orthogonal matrix Py of size N such that Pyn(x) = ey. Setting y = Py y
and taking account of |P1§12| = |z| for z € RY, we obtain

u(x + vnx).0) = / Gna(F — (Pyx + vew).0)d§

Qo
- (/ w o )owaG - ax vewnds
QoNQpyx Qo\Qpyx
=11 + I,.
It follows from Theorem 2.2 with |e| = m = 0 that for ¢ > 0 satisfying |A|t1/2 <vy

I < Clt—N/4eK|M2t/ (3 —(Pyxtve MIY/D 4 5
RN\By(Pyx+ve y,1/2)

<G / I 5 = Ogg (e,
RN\By(0,t71/4/2)
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where By (x, r) is the N-dimensional ball with the center x and the radius r. We also see
that for ¢ > 0 satisfying |A|t1/2 < y

SO =(Pnx))+(PNx)N _ B .,
/N 1[ Gy (Y — (Pnx +ven), t)dyndy' — 1
R

< Cr N/ KA / e HUF—(Prx+ve /D' 4 5
RN\BN(PNx+veN,1/2)

o —1/3
= Oyq, (e

).

where f is a function satisfying (A1)—(A3). These facts imply that

f('=(Pyx))+(PNyx)N
utx +one.n=[ - f Grp(G — (Pyx +ven),0) dind§’
]R -1

).

173

+ Ojq,(e™#*
Applying the change of variable
n=y—(Pvx +ven)
and recalling (2.1), Proposition 2.1, and Lemma 2.6, we have

u(x + vn(x),t)

173

v(n',v,1)
) /R” 1/ G (. Odnndy' + Opgy(e™ )

(—1/3

v(',v,1)
=3+ [ f G (n. Odnndy’ + Opay e

5
1 1 (- A)mtm/2 v('v,1) m n ,
=3 zN/4m2=‘:) Lo e () dnan

_ -1/3
+ 0390 (€ put )

—1/4

By the change of variable z = ¢ 7, we obtain (3.2).

Step 2. We derive (3.3). Using again the fact that Gy (-, t) is radially symmetric and
setting

y=PFny
with an orthogonal matrix Py introduced in Step 1, we see that
Vaulx + vn(x).) == [ PIV:Gya(5 — (Pyx + ven).1) d5.
Qo

where P 15 is the transposed matrix of Py and

V:Gni = (0z,Gna(z,1),...,0;,GN(z,1)).
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This implies that
(Vyu(x + vn(x),1), Pﬁlej)N

. /Q (PIV, Gy (5 — (Pyx + ve).0), Py'e;)nd 3
0

= —/~ 0z;GNA (Y — (PNx +ven), t)dy.
Qo

Applying an argument similar to the above, we are led to (3.3). ]

By the Taylor expansion of f(z') at z/ = 0/, we see that

y(z' v.1)
/’ \v 2 0/
= 1)+ T g B D s
n (Z’,Vz/)?v_lf(ﬂ')t3/4 n (Z’,sz)}‘v_lf(o')t
6 24
(z, Vz/)i,_lf(@tl/“z/) (5/4
120
— /4 T (', Vz/ﬁ\/—lf(o/)tlﬂ + (', Vz/)?v_lf(ol)tl/z
2 6
<Z/7 Vz/>§v_1f(0/)[3/4 + (Z/a Vz’)?v_lf(etl/“z/)t (3 4)

24 120 '

for some 6 € (0, 1). Note that (z', V/)%,_, f is defined by
n
Voo f = (D zi0a) f
ieA
n
= Z (d d )(Zlazl)dl "'(ZN—laZN—l)dNilfv

d1+"'+d}v_]=i’l 15+, dN—-1

where
n _ n!
di,....dy—) di!---dy—g!
According to (A2) and Appendix A below, (z’, Vz/)?\,_l f(0') is represented as
(V) SO) =D al?, (3.5)

ieA
where ¢’ = P;l_lz/ for an orthogonal matrix Py—_; of size N — 1. This implies that
2
(. V) ) O) =Y 28t +2 ) ki 8282 (3.6)

ieA i1,i2€A
i1<i2
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3
(2 Vo) y o ) @) =" Qee+3 > klentie?
ieA i1,i€A

i1#i>
+6 Z KilkizKi3§i21§i22§i23' 3.7

i1,02,i3€A
i1<iz<i3

Since Py_; is an orthogonal matrix, for any F': R¥-1 5 R, it holds that

fR R = /R F@hay,

where F(C/) := F(Pny_1¢") = F(2'). Hereafter, we use the variable z’ in the sense of the
variable ¢’ as the above.
We introduce some notations. Set

B:={icAl|p:#0).

Then, for 8 = (B1,...,BN-1) € Zﬂ\r’_l, (Bi)iep denotes a multi-index in which only
positive components are chosen. For example, if 8;, = p (> 0), i, =q¢ (> 0),and 8; =0
fori # iy,i2, (Bi)iep is represented as

(Bi)ieB = (P, @iy iz

Using the above notations, we define moments related to gx as follows:
o / / {,m o a2 b m / nB /
My = /RN—I gn(z’,0)dz, M(ﬂi)ies = /RN_I {( BZN) (—A)"gn(z ,O)}(z) dz

for{,meZ4 and B = (B1,...,BN-1) € Zﬂ\r’_l. We calculate the explicit values of some
moments.

Lemma 3.3. Let {.m € Zy and B = (B1.....Bn—1) € ZY¥ " with |B| := By + -+ +
Bn—1 < 6. Then, (1), (ii), and (iii) hold as follows.
(i) Mo =ciLo.
.. . L,m _
(i) If|B| is odd, Mg . =0
(iii) Forig,iy,in, i3 € A withiy < iy <3,
dei Lo ((BiieB = 2)ip),
0,0
Mgy, =1 —12¢1Lo  ((Bi)ieB = (4)iy).
—4c1Lo  ((Bi)ieB = (2,2)iy,ir)s

—60c1Lo  ((Bi)ier = (6)iy),
1,0

Mgy, ., =1 —12a1Lo  ((Bi)ieB = (4.2)i1r),
_4’C1L0 ((ﬂi)iGB = (27272)i1,i2,i3)7
]\40’1 = —c1Lo.

)iy
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: N-1
Proof. Step 1. We first prove (i). It follows from Lemma 2.7 that for 8 € Z

| ) 80 e (0N

k
_“Z( ) oo _11[2(;.) Laks o - PEFm=Det "‘}(z)(z)ﬂdz

k=0
Setting (¢, m) = (0,0) and B = (0,...,0) € ZY¥ !, we have

e’} ) k
k=0 ’

ch( Log|§' e

= C1L0.
§/=0/

Step 2. We derive the precise form of M (e é:')’ieB and prove (ii). It is observed that

= — — iy .4
[I;N—l lel|: X L2(k+j+()| . |2(k+m ])e |- j|(z/)(z/)ﬂdz/
k=0 '

- (_i)_‘m/ —1|:Z e — Lak+j+ol - |2Uktm=0) o=l |4:|(z )(—iz')Pdz’
RN-1

_ I8l (=2 B (120 bm—) 1

-1 /RN 1 [Z Lo+ j+0 Dy (18] ):|(z)dz

o0
ST/
=11y 5
k=0

This implies that

m
L, . m (-2 I ryur
Mygh, = ail”! Z(] ) Z L2(k+j+4)Dﬁ (18 [2UFm=D =) (@),
j=0

In particular, we see that

—i) —|g4
L2(k+j+€)Df/(|E/|2(k+m J)e 1&] )(0/)

o (—2)F .
Mg,y = ri?1 Y Lok DY (1€ P*e 1) @), (3.8)
k=0 :
o (—2)F ]
Mg,y = cii? Y X Lz(k+1)Df/(|§'|2ke_'£' )(0'), 3.9)
k=0 :
o (—2)F ]
M(Oﬁ,il)iEB — C]iﬂl{ Z o L2kD§,(|§,|2(k+l)e_|E | )(0/)
k=0
o0

Z

L2<k+1>Dﬁ (18|18 "‘)(0’)} (3.10)
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Since Mf[;l_”)’iEB is real-valued by its definition and i#! = +i if |8] is odd, we easily

obtain (ii).
Step 3. We show that (iii) holds. By virtue of the Leibniz rule, we have
B 2(k+j) ,—IE'1*y _ B 2(k+j -y ,—l&'*
DL (8D ) = %(y)(Dy|§/| Ge00) (pBr I8 1)
y<

for j =0,1, where y = (y1,...,YN-1) € Zﬁ_’_l and
()= Co)Cat ) )= 5=
y % yww-1) \vi yil(Bi —vi)!
Note that y < B isdefinedasy; < B;(i =1,..., N —1). Since
; ; k+j d -
|§/|2(k+]) = (512 +oeet 512\7—1)k+j = Z (d1 ) 12 e ]2\7—Nl Y

oo dy—
di++dn-1=k+j N=1

we see that

DL(EPE)0)

k+j _ _
SR I PR (U AR

e dy—
di+-+dyn_1=k+]j N-1

§/=0/

.....

G5t yna! (idseven,yr 4 ynor = 2k + ),
0 (otherwise).

This implies that
N e
Dg,(|§/|2(k+1)e |&'] )(0/)

_ Z (ﬁ1)m(ﬁN—1)( k+j )
2 20N — _
201=<B15-20N-1=BN-1, o1 ON-1 o1 2 ON=1

o1 t+ton-_1=k+j
. (201)! . (ZON_I)!(agll—ZUl .. 8/3N—1—2UN71 e_|§/|4)(0/)

EN—1

_ 3 Pi!---Bn—1! ( k+j )
- _ ... — |
201 <P o s <Brr (B1 =201+ (BN-1 —20n-1)!\O1,...,0N—1

o1+t oN-_1=k+ ]
. (8511_201 . aﬁN—l_ZUN—le—|§,‘4)(0/). (3.11)

En-1

Here, it follows that
—|&"*

—|g’|* — —&")* — —
aéie £=0 — 8%'1'1 afize ig’:o = 8&1 8&'2 851'36 |§’=0 =0,
_ig'|4
3&'1 aéiz 8&3 8&.46 2 =0 — —8(8i1i8isis + 8irinSinia + 8iriaini )
g4 _|£12
aSil aSiz 3&.3 aéu aéise & g=0 — aé‘il aéiz 3&'3 a$i4 a$i5 a$i6e & g=0 — 0.
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Therefore, we obtain

(A2 g2 T )

EN—1
1 Bi—20i=0(@G=1,...,N—1)),
_ 4 (B =200, =4, i — 200 = 0 # o)), a2
-8 (Bi —20; =2(i =i1,i2), Bi —20; =00 # i1,i2)),

0 (otherwise)
for |B| < 6 and iy, i1,iz,i3 € A with iy < iy < i3. Thus, (3.11) and (3.12) imply that
s
DEﬂ’(|§/|2(k+])e 1€ )(0/)

2 ((Bi)ieB = (2)iy, (k, j) = (1,0), (0, 1)),

—4! ((Bi)iep = (4ig, (k. j) = (0,0)),

4! ((Bi)ies = iy, (k,j) = (2,0),(1, 1)),

—8 ((Bi)ieB = (2,2)iy,i,» (k, j) = (0,0)),

8 ((Bi)iep = (2,2)iy,i,, (k, j) = (2,0),(1, 1)),

_ )¢ ((Bi)ie = (6)iy, (k. j) = (1,0),(0, 1)) 3.13)
6! ((Bi)ies = (6)iy. (k, j) = (3,0),(2, 1)),

—6 - 4! ((BidieB = (4,2)i1,ir. (k, j) = (1,0), (0, 1)),

6 -4 ((Bi)iep = (4,2)i1,i,, (k, j) = (3,0),(2, 1)),

=2 -4 ((Bi)ier = (2,2,2)i,ir,i5, (k, j) = (1,0), (0, 1)),
241 ((Bi)ier = (2.2,2)iy,ir,i5. (k, j) = (3,0), (2, 1)),
0 (otherwise)

for || < 6. Furthermore, by (3.8), (3.9), (3.10), and (3.13), we have

der Lo ((Bi)ier = (2)iy)»
MGG, ., =1 —4e1(Lo —2Ls)  (Bies = )i,
—8c1(Lo—2L4)  ((Bidier = (2,2)i1,ir),
—6lc1(2L4 — $ Ls) ((Bi)ieB = (6)iy),
MGS =14 -6 4lci(2La— SLs) ((Bies = (4.2)i,.1,).
=2 - 4e1(2Ls — 3Ls)  ((Bi)ieB = (2,2.)i1,izi3)-

M(Oz’)lio = —2¢1(Lo —2Ly).

Since it follows from (2.7) that

1.(5\ 1_(1 1 1._(9 5 (1 5
Li=-T(Z)=-T(-)=-Ly. Lg==-T(=)==T(-)==Lo,,
2 \4) "8 \4) 4 2 \4) 32 \4) 16

we are led to (iii). ]
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Combining Lemma 3.3 with Theorem 3.1, we obtain the following precise asymptotic
expansion of the solution to (1.3).

Theorem 3.4. Let y be a constant obtained in Lemma 2.5 and take v = V't in Theorem 3.1
for V e R. Then, an asymptotic expansion of a solution to (1.3) is given by

u(x + Vin(x),t)

1 3
= — +C1F(Z)Hll/4

2
_ap(By 4L AgH+H|A|2—1H3+z > kikikiy — AH | pr3/*
2 4 2 2 . = 1R
11,122136'1\
11<I2<13
+ Oy, (1) (3.14)

forany x € 30, A € R, and t > 0 satisfying |A|t'/? < y and |V |t < 8.

v (z',Vt,t)
/ / gn(z)dzyd?z,
RV-1 Jo

v (z/,Vit,t)
/ / (—A)gn (2)dzydZ .
RN-1

0

Proof. Step 1. Set

m
I

m
i

Then, we prove that

u(x + Vin(x),t) = = + 8O 11220 4 00 (1). (3.15)

l\JI'—‘

According to (3.2), we see that
u(x + Vin(x),t)

_ % L EO _ 1250

o (=A)mem2 v(Z Vi)
+ Z ()—/ / ( Az)mgN(z)dZNdz + 039 (e st~ 1/3).
m=2 RN-1

By calculation similar to the proof of Lemma 2.5, we are able to find C > 0 and y > 0
such that

mem (z',v,1)
> O [ camenteaznar

m=2

|A|mtm/2 m )
Z [, 180" en@laz = claps

for |A|¢1/2 < y. This implies (3.15).
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Step 2. We derive the precise asymptotics for E(© and (1. Applying the Taylor’s expan-
sion of gy (z) and (—A;)gn (z) with respect to the variable zx and taking account of

dzygn(2'.0) =03, gn(z',0) =0, 3y (=Az)gn(z'.0) =0, (3.16)

which is obtained with the help of (2.6), we have
gn(z) = gn(z'.0) + 3 2.8n (. 00z} + ,3§NgN(Z',9oZN)Z?V,
(~A8N() = (~AEN(0) + 30, (~A)en ' rzw)
for some 6y, 6 € (0, 1). These imply that
=0 _ !
20 = [ an@ 0w E Vends - < [ (02 )enE 0 Vo)
RN- 6 RN-1
v (z',Vt,t)
vl [ (~02 )2 gn (' Bozw) 2l dzydz,
RN-1
0= [ C8enE OV Vi
N—
v (z',Vt,t)
__/I;N 1/ (=02 )(=An)gw (2, 1zn) 3 dzndz.

Using Corollary 2.3, we observe that

v (z',Vit,t)
Lo e bazzhdznd | = Oy 6.
—1Jo

v (z',Vt,t)
/R N [0 (32, )(—An)gn (2 rzn) R dznd 2| = Oagy(1P/4).

Then, it follows from (3.4), (3.5), (3.7) and Lemma 3.3 that

1
=20 _ = 2 14 3/a
= - 2 /RN—l gN(Z/,O) Z ZiOKl()dz/t /I\KN_I gN(Z/,O)VdZ/t

igEA
1
5. gN(Z 0)(22,0 2,/ +6 > 523,07, 97, f)dz/t3/4
RN igEA ll. le.A
11 <ip
1
_E ( 8 )gN(z 0)(22,0 10+3 Z Zf'llzzlzllc,2
igEA i1,l2€EA
i1 70
+ 6 Z zl1 s 13K,1K,2Kl3)dzl3/4+ Oy, (1)
11 lzll3€.A

11<I12<13
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320 MER kit — MoV

loEA
! 0,0 a4 52 52 3/4
+ ﬂ( Z M(4)10 azlo +6 Z M(2 2)iy,ip 211 aztz 4 /
ipeA i1, lzG_A
11 <1y
1 10 1,0 2
_ﬁ(z Okio T3 D Mo, Kk
igeA i1,i€EA
i1 #iz
+6 Z M(z 2,2);, lz,iSKilKizKi3)[3/4 + Osq, (1)
i1,i2,i3€A
i1<iz<i3
=2c1Ly Y kigt'*
ipEA
3
3 2
—atofvey (Lo 22 -1Y 63 ¥ de
igEA i1,l2€EA l()EA i1,l2€EA
t]<i2 i17éi2
o Z KilKizKi3)}l3/4 + OBQo(t)v
i},l‘zzi;;e'l\
11<I2<I3
1
w“=1/ (—A)gn(Z.0) Y Z2kiydz't"* + Ogq, (134
2 Jry-1 oyl
1
=——c1Ly Z Ki0t1/4 + 0390(13/4).
2 .
igEA

Step 3. From the results in Step 1 and Step 2, we prove (3.14). Taking account of Ly =
I'(1/4)/2 and L, = I'(3/4)/2, we obtain

u(x + Vitn(x),t)

+EO -2 W + 0yg, (1)
r(3) X o
4) 0
igEA
3
3 2
(Zaz,of+2 Yo g0 -5 k=5 3 G

io€A i1,i2€A zoeA i1,i2€A
i1<iz i1 #in
3/4
— > KiKikis—A Y K,-O)}r 14 1 Ogqy(1).
i1,i2,i3€A ip€A

i1<iz<i3
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Referring to Appendix A below, we see that

H = ZK,, |A]? = ZK,,

ieA ieA
5
2 2 a2 3
AgH + H|AP - =Y RS2 Y RS-
l()EA i1,i2€A ieA
i1<i2
3 2
—3 E Ki Ki, —3 E Kii KiyKisy .
i1,l2€EA i1,i2,i3€EA
i1#i2 11<iz<i3

Consequently, we have (3.14).

4. A thresholding algorithm for the flow by (1.1)

22

In this section, we first introduce a threshold function based on the asymptotic expansion
obtained in Theorem 3.4 and propose the thresholding algorithm. After that, we justify its
algorithm. Throughout this section, we assume that Q¢ C R¥ is a compact set and 9Q2¢

is of class C°.

4.1. A thresholding algorithm
Let u be a solution to (1.3). Set
uq(x,1) == u(x,a*t)
for x € RY and a > 0. Then, it follows from Theorem 3.4 that for V € R

Ug(x 4+ Vin(x),1t)

1 3
=+ = )aH Y4

c1 1 V a
—EF(Z){Z 7(A H+H|A|2——H3+2 > K,IKQKU—AH)}R/‘*

11 i, I3€EA
l] <l2<l3

+ Ojq, ().

Hence, we see that

Uzg(x + Vin(x),t) —3uzq(x + Vin(x),t) + 3u,(x + Vin(x),t) — =

=_11C1F1

12a 4
184* 2 1.3 3/4
Vit = (BeH + HIAP = SH? +2 D kikikiy — AH |t

i1,02,i3€A
i1 <i2<i3

+ Oy, (1).
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Choosing @ > 0 such that 18a*/11 = 1, we are led to
1
Usg(x + Vin(x),t) —3uze(x + Vin(x),t) + 3ug(x + Vin(x),t) — 3

1le; (1 1
=—lzaF(Z)(V+AgH+H|A|2—§H3+2 Z :c,-]:c,-zxi3—AH)z3/4

i1,i2,i3€A
11 <ipz<i3

+ Ojq,(1). 4.1

From the above observation, let us introduce a threshold function and a new set generated
by its function. Define a threshold function U(x, t) as

U(x,t) ;= uzqg(x,t) —3uzq(x,1) + 3us(x, 1) 4.2)

for a > 0 satisfying 18a*/11 = 1 and set
N 1
Q) :=qx e RY | U(x,t) > 30 4.3)

For any x € 0929 and small z > 0, we define V = V(x,t) by
x 4+ V(x,t)tn(x) € 922(¢). 4.4)

Then, setting y(x,t) := x + V(x,t)tn(x), we notice that

Ve = ~TIEDIR0 e 1,900 = Iy~

for all x € dQ2p and small # > 0. Hence, we can regard V as the outward normal velocity
from 982 to d$2(¢). Here, d(y, d2) is defined by (3.1).
We assume that

[V | Lo(9920x(0.10)) < 00  for some 7y > 0, 4.5)

and U(x + V(x,1)tn(x),t) = 1/2. Then, by (4.1),

V + AgH + H|A* - %H3 +2 Y Kikipki; — AH = Oy, (1'%,
i1,i2,i3€A
i1<ip<i3
where g = g(x) and k; = k;(x) for x € dQ2¢. This implies that IV must be closed to the
L2-gradient —V;. 68 iv (0€20). We emphasize that the assumption (4.5) is actually valid as
we show in the next subsection.

Based on the above argument, let us derive a thresholding algorithm for (1.1). First,
we solve the initial value problem (1.3) for the initial function ygq,(x) and let u° be the
corresponding solution. Define a threshold function U°(x, ¢) as (4.2) and a set Q°(¢) as
(4.3). Fix a time step & > 0 and define Q; := Q°(h). As the second step, we solve the
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problem (1.3) with Q; replacing 2o and define Q!(¢) as the set of (4.3) with u replaced
by the solution to the problem (1.3) with the new initial function ygq,(x). Repeat this
procedure to obtain a sequence {Q }rez, of compact sets in R . Then, setting

QM1) = Qi fort € [kh, (k + Dh)(k € Z4)

and letting 1 — 0, we can expect that at least formally there is a limit flow {8@(1)}20 of
{0Q" (1)} ;50 as h — 0, whose boundary moves by (1.1) with T'(¢) = dQ(¢). Indeed, since
Vh(x,1), given by

x + I7h(x,t)hn(x) € 0Qpyq fort € [kh,(k 4+ 1)h) (k € Z4+) and x € 09,

can be regarded as a normal velocity of 8Qh(t), the above observation implies that the
limit flow of {8Qh(t)}t20 formally moves by (1.1).

1 x| )= 1 ox 52

ey P ) P T gz P\ T )
Va(z' v,0) =17 %—v + f(%2))}.

Then, the expansion of V¥ (z’, V't,t) is given by

(z/, Vo)1 f(0) oy (z, Vz/)?v_lf(ol)tza

2 6
(2, VZ’)?V_lf(Ol)ﬁa + (Zlvvz’ﬁv_lf(@tazl) 4a
24 120

for some 6 € (0, 1). Let VLzE?(],V(F) be the L2-gradient of 85’ (I") given by (1.2) with
A =0, that is,

Remark 4.1. Set

Ey(x,t):=

V(' Vi, t)=—ViI™* 4

V8N (T) = AgH + H|A|? - %HZ’ +2 ) Kikikis.

i1,i2,i3€A
i1<iz<i3

and set

W (X, 1) 1= (Eq(-.1) * xo)(x).
Since Ej/,(x,t) is the Gauss kernel, wj, is a solution to
w; = Aw in RN x (0, 00),
{ w(x,0) = yg,(x) inRY,
Here, the precise asymptotic expansion of wy/(x + Vtn(x),t) until the term of 132 is
represented as

U)l/z(x + th(x),t)
1
=5- iV — H)t'?

1 1 1 1
+ clﬁ{EVngév(F) + ZV(2|A|2 + H?) — ZVZH + EW}P/Z + Oy, (t?).
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1/2

We remark that the precise asymptotic expansion until the term of 7°/< is obtained in

Evans [15] and its expansion is the basis of the BMO algorithm for the mean curvature
flow (cf. Bence-Merriman—Osher [5]). On the other hand, considering the asymptotic
expansion of wy 4(x + Vtn(x),t), we have

1
wisa(x + Vin(x), 1) = - + /T Hi'V4
1
— clﬁ(v - 5szé:{)"(r))ﬁ/“ + Oy, (1).  (4.6)
The difference between (4.6) and our expansion

1 3
u(x + Vtn(x),t) = 3 + ch(Z)Ht1/4
1

; 1
- %I‘(Z) (V + EVLZS{,V(F))P/“ + Oyq, (1),

which is given by (3.14) with A = 0, is the sign before V2 86\’ (T"). This difference is due
to the fact that w4 satisfies the second-order parabolic equation

w; = 2v1) 1 Aw,

whereas u fulfills the fourth-order parabolic equation ; = —AZu. The thresholding algo-
rithms of the Willmore flow based on (4.6) are derived for N = 2 in Esedoglu—Ruuth—
Tsai [14] and for N = 3 in Grzhibovskis—Heintz [20]. Since the difference explained
above is essentially related to the parabolicity, the same threshold function as ours, that is,
U given by (4.2), cannot be chosen if w4 is used.

4.2. Properties of evolving sets

We give a justification of the argument in the previous subsection; more precisely, we
prove that the assumption (4.5) is actually valid. In order to do so, we prepare several
propositions and lemmas. In the following, we use the notation defined as in (4.2), (4.3),
and (4.4).

Proposition 4.2. There exist K. > 0 and t« > 0 such that
Q) C {x e RN | |d(x,9Q0)| < K.t'/*)
fort € (0,t.), where d(-,0829) is the signed distance function to 02¢ given by (3.1).

Proof. Step 1. Set D (t,r) := {x € RN | d(x,dR0) > rt'/*} for r > 0. We show that
there exist £ > 0 and Ky > 0 such that D (¢, Kx) C Q(¢) forall ¢ € (0, ¢4). Recalling
the definition (3.1) of the signed distance function, we can find

Iy :t+(r) >0
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satisfying @ # D4 (¢,7) C Qg for ¢t € (0,74+). Fix any x € D4 (¢, r). Taking account of
By (x,rt'*/2) € Q¢ fort € (0,t4) and recalling (2.1), we see that for any a > 0

lua(x,1) = 1] = [(Gna(-.a't) * xo)(x) — 1]

<

/ Gualx —y.a*ndy — 1
By (x,rtl/4/2)

+/ Gya(x — y.a*D)ldy
SZQ\BN(x,rtl/“/Z)

< z[ Ga(x — y.a*n)ldy.
RN\By (x,rt1/4/2)

Here, it follows from Theorem 2.2 with |a| = 0 and m = 0 that for ¢ € (0,¢4)

/ Gyax — y.a*n)dy
RN\B(x,rt1/4/2)

CleKlet

< emHlx=y /@' 4,
a

/]RN\B(x,rtl/“/Z)

< Cz/ oMz g
RN\B(0,r/2a)

Using the polar coordinate, we have

o]

_ 4/3 _ 4/3 _ _ 4/3
ez g, G)N71/ P4 pN ldp < Cse w1(r/a) i
r/2a

/n;N\B(o,r/za)
where C3 := (3/4)(2/)>N*T' (3N/4) and ju; := ;1/27/3. Thus, it is seen that
[ug(x,2) —1| < C4e_‘“(’/”)4/3.
By means of this inequality, we obtain

U(x,t) = uzqg(x,1) —3upa(x,t) + 3ug(x,t) > 1— 7C4(3_’“(r/3”’)4/3
fort € (0,¢4). Taking r = K4 > 0 such that 7C4€_‘“(K*/3“)4/3 < 1/2, we conclude that
V1) > -
x,t)>—
2
for t € (0,14 (Kx)). This implies that x € int2(¢) so that D4 (¢, K«) C intQ2(¢) for t €

(0,14 (Kx)).

Step 2. Set D_(t,r) := {x € RN | d(x,080) < —rt!/*} for r > 0. We prove that there
exists 7_ > 0 such that D_(¢, K.) C RV \ Q(¢) forall ¢ € (0,¢_), where K, is a constant
as in Step 1. Recalling (3.1) again, we are able to find a z— = ¢_(r) such that

@ #D_(t.r) RV \ Q
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fort € (0,7_). Fixany x € D_(t,r). Since Q¢ C RN \ By (x,rt'/*/2) fort € (0,1_), it
follows that for any a > O and z € (0,¢-)
ua(x, 1) = [(Gna(-,a*t) * xa,)(x)]

<

[ Gya(x — y.a*Dldy
RN\B(x,rt1/4/2)

< Cae @/,
Using this inequality, we have
Ux.1) = uza(x.1) — Suza(x.1) + Sug(x,1) < 7Cse~ 1 /30"

fort € (0,¢_). Taking r = K4 > 0 as in Step 1, we obtain

U(x,t) < l

2
for t € (0,7_(K4)). This implies that x € RV \ Q(¢) so that D_(¢, Kx) C RN \ Q(¢) for
t € (0,1-(Kx)).
Step 3. Define t, := min{t; (Kx), —(K«)}. Then, we see that
D.(t,Ky) CintQ(t), D_(t, Ky) C RV \ Q1)

for ¢t € (0, t,). This leads to the desired result. n

Furthermore, we are able to derive the following refinement of Proposition 4.2.

Proposition 4.3. For any ¢ € (0, 1), there exists t« > 0 such that
Q) C {x e RN | |d(x,9Q0)| < er'/%}

fort € (0,14 ).

In order to prove this proposition, we need several preparations. Let us consider the
case where A = 0 and Q¢ = {x ¢ RY | xy < 0}. Taking accountof n(x) = ey and f =0
in this case, we see that for x € 0Q2p, v € R,and ¢ > 0

—pr1/4

u(x +vn(x),t) = % + A;Nil /0 gn(z)dz =u(vey,t).

Since u(vey, t) is the solution to (1.3) with A = 0 and Q¢ = {x € RY | xy < 0},
u(vey,t) can be the solution to

U = —3$Nu in R x (0, 00),
1 in(—00,0], “@.7)

U(yn,0) = X(—o0,0(YN) = {o in RV \ (—00,0]
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On the other hand, the solution #(yx, ¢) to (4.7) is represented as

1 —ynt~V/4
v =5+ [ a@d
0
By the uniqueness of the solution to (4.7), we obtain
—pr~1/4

u(veN,t)zﬁ(v,t)zé—i-/O g1(2)dz.

As a result, it follows that for x € 3¢ = {x € RY | x5 = 0}

u(x +on(x),7) = % + /]RN—I /o

We state several properties of the integration of

1/4

1 —vt~
g dz =5+ /0 gi(r)dr. (4.8)

g1(2) = ¢1(|z])
based on Ferrero-Gazzola—Grunau [17] and Gazzola—Grunau [19]. For n € Z 4, set

“ 1 I'(/2+ N/4)

— ¢ 24 .= )
Dy (r) -—;)( DN OGS NN B DR+ N2

The following lemma holds.

Lemma 4.4 ([17, Lemma A.2]). Set Sy, := bnu+1/bNn and assume that n € Z 4 is
even. Then, for 0 <r < 1//Snn,

Oypn—1(r) <on(r) < Py,
max{|pn (1) — @nn(r)], |on (1) — PN 1 (F)], | PN 1 () — PN ()]} < Byur?".

Set

r
o) i= [ pindn
Since @; is represented as a power series and converges locally uniformly in R, we readily
U(r) = i(—l)ebl ¢ /r n?tdn = i (=D* by o1,
-0 “Jo v

Forn € Z 4, define W, (r) as

see that

r n (_])Z
() i= [ @uamdn= Y0 bt
£=0

As a direct consequence of Lemma 4.4, we obtain the following corollary.
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Corollary 4.5. Assume thatn € Z is even. Then, for 0 <r < 1/./81,n,

Wy (r) < /0 o1(n) dn < Wa(r),

max{‘ /0 o1 () dn— W (1)

, ' /0 1) dnj— Uny ()], W) — wnl(r>|}

< bin p2ntl
“2n+1
According to [17, Theorem 2.3], ¢x changes its sign infinitely many times. Let
{r¥}ken be a sequence satisfying
§01(r,fc)=0, 0<r1+<r1_<r2+<r2—<...<r]j'<rk—<...,
>0 forrely rort ),
o1(r) { keZi k> Tk+1

+ —
<0 forr e UkeN(rk T )

where r, = 0. Applying Lemma 4.4 with n = 16, we obtain
3.453 <r <3454, 6.784 <r{ <6.785. (4.9)

The following lemma can be proved by using [19, Theorem 1 and Remark 1].

Lemma 4.6. (i) V(r) > Oforr > 0.

(ii) V(r) takes local maximum (resp., local minimum) at r,j' (resp., 1y ).

(iii) W(r) is strictly increasing (resp., decreasing) in each interval (r;, r]:' ) fork €
Z 4+ (resp., (r,:', r.) fork € N), where ry = 0.

Furthermore, we are able to prove the following lemma.
Lemma 4.7. {\Il(r,j)}keN (resp., {W(r; ) }ken) is strictly decreasing (resp., increasing).

Proof. Tt follows from [19, Theorem 1] that for each k € N

Tkt o
/ ¢1(r)dr >0, /+ o1(r)dr < 0. (4.10)
T, r

k k
This implies that

Y(r) = Y(rg) —+—/ " e1(r)ydr > W(ry),

Tk

+
Tke+1
W) = v + [ andr <o)
Tk

for each k € N. [
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With the help of (4.9), Corollary 4.5, and some numerical computations, we observe
that

W(r/3)>0.32584, 0.5522 <W(r;{) <0.5523, 0.4938 < W(r;) <0.4939. (4.11)
Forr > 0, set
I(r) :=V(r/(3a)) — 3¥(r/(2a)) + 3¥(r/a).
Using (4.11), we can prove the following lemma.
Lemma 4.8. /(r) > 0 forr > 0.
Proof. We divide the proof into several cases.

Case 1: 0 <r/a < rl+ . We readily see that

r/(3a) rla
I(r) = (/ ~|—3/ )(pl(r))dn>0.
0 r/(2a)

Case2:r;f <r/a <ry. Notethatr;" /3 <r/(3a) <r/(2a) <r{ /2 <r; by (4.9). Then,
it follows from Lemma 4.6 (iii) and (4.11) that

1(r) > W(r/3) = 3W(r") + 3W(ry) > 0.32584 + 3(—0.5523 + 0.4938) = 0.1329 > 0.

Case 3: r{ < r/a < 3r;. First, we derive the lower bound of W(r/(3a)). Note that
r1+/3 <r;y/3<r/(Ba)<r{.Ifr/(3a) < r1+,we have

r/(3a)
wr/Ga) = e )+ [ e dn > Wi/,

If r/(3a) > r1+, Lemma 4.6 (iii) implies that W(r/(3a)) > W(ry). Second, let us con-
sider the upper bound of W (r/(2a)).If r/(2a) < rl+ , it follows from Lemma 4.6 (iii) that
U(r/(2a)) < W(r{"). If r/(2a) > r;F, we can choose ks« € N such that r,:; <r/(Q2a) <

7 - Then, by (4.10), we see that
ka1 rI:r+1 r/(2a)
W(r/Qa) = V() + Y /+ @1(n) dn —i—/ @1(n) dn < ¥ (r{").
k=1 rk rk;,_

Finally, we derive the lower bound of W(r/a). Choose £, € N such thatr, <r/a < rZ: 41
By virtue of (4.10), we obtain

le—1

o4 r/a
/o) =woD)+ Y [ amdn+ [ amdn> vep.
t=1""¢ T

Lx
Consequently, based on these bounds and (4.11), we obtain
1(r) > min{W(rt /3), W(ry)} = 3%(rH) + 39(r))
> 0.32584 + 3(—0.5523 + 0.4938) = 0.1329 > 0.
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Case 4: 3r; <r/a. Choose k« € N suchthatr, <r/(3a) <r . Then, we have

> V() ifr/(3a) € (r,;,r];tH),
> U(rg ) ifr/(a)e [r,j;_‘_l,rk_*H).

Since W(r, ) = W(ry) for k € N by Lemma 4.7, we see that ¥(r/(3a)) > W(r). To
derive the lower bound of —W(r/(2a)) + W(r/a), take €., m4 € N satisfying

V(r/(3a)) {

+ + - -
re*fr/(za)<r[*+1» rm*fr/a<rm*+l'

Then, it follows from Lemma 4.7 that
—W(r/Qa)) + ¥(r/a) > =W (r}) + V(r, ) = V() + V().
Therefore, by virtue of these bounds and (4.11), we see that
I(r)>W(ry) + 3{—lIJ(r1+) + W(ry)} > 0.4938 4+ 3(—0.5523 4 0.4938) = 0.3183 > 0.
This completes the proof. ]
Now, we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. For y € 0Q2(t), take x € d2¢ such that |y — x| = |d(y, 920)|.
Set v = d(y, dQ). Then, we have y = x + vn(x). Applying Theorem 3.1, we obtain

© 2m( k)mtm/Z

u(x +vn(x),a*) = + Z

t71/3

Wa(z aUJ)
: / / (A" gn (2)dzndZ + Ogay (e "),
RN-1 Jo

where |
Va(Z'v,1) = — v + flat'/*2)) (4.12)
atl/4
for a > 0 and a function f satisfying (A1)—(A3). Then, we have

U(x +vn(x),t)
1 0 a2m(_k)mtm/2

2

m=0
Y34 (2',0,1) Y24(2',0,1) Ya(z',0,t)
L G A A Y AT O A
RN-1 Jo RN-1 Jo RN-1 Jo

: (_Az)mgN(Z)dZNdz/ + OaQO(e_M*t_IB).

Since y € 02(¢) and v = d(y, 0Q2¢), we see that
1
U(x +vn(x),t) = >

Furthermore, Proposition 4.2 implies that [v| < K,t!/* for ¢ € (0, t).
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Let us prove v = 03¢, (t'7*) as t — +0. In the proof by contradiction, suppose that
there exists €, > 0 such that for any k € N there are { }xen and {y; }xeny C 0Q2(#) such
that

1
0<n <. |d(yg.0Q0)] > ety

Then, there exist sequences {x }xen C 0929 and {ry }xen satisfying
Vi =X tveng,  ex <|re| = K, Ulxg +veng, te) = 5

where v = —rktk * and ny := n(xy). Since {xg}ren and {ri}ren are bounded se-
quences, by taking subsequences if necessary, we may assume that x; — x. € 9Qy,
Iy — I« as k — 00, where ¢4 < |r«| < K. On the other hand, v, (z’, v, tx ) is represented
as

l//tl(zlv vkvtk)

(atlm)_{ o 4 @R zf>2N 1f(9at1/4z/)}

1/4
ry at
= x4 Tk

: 5 (2, Vo), f(Bar/*2)

for some 6 € (0, 1). Since V4 (z', Vg, ty) —> r«/a as k — oo, it follows from (4.8) that

1
3 = hm U(xy + vgng, ty)

r«/3a r«/2a r«/a
st 2L R [ )emes
RN-1 RN-1 RN-1
r«/(3a) r«/(2a) r«/a
+ (/ —3/ +3/ )gl(r)dr.
0 0 0

By Lemma 4.8 and g1(r) = ¢1(|r|), we see that if r, > 0,

r«/(3a) r«/(2a) r«/a
(/ —3/ +3/ )gl(r)dr > 0,
0 0 0
and if re <O,

r«/(3a) r«/(2a) r«/a
(/ —3/ —|—3/ )gl(r)dr
0 0 0
—r«/(3a) —r+/(2a) —r«/a
=—(/ —3/ +3/ )gl(r)dr<0.
0 0 0

These facts lead to a contradiction. Therefore, v = 0jq, (tY*) ast — +0. ]

| = l\)l

We next prove an estimate of the derivative of U, which guarantees that dQ2(¢) is a
smooth hypersurface. Set My, := 11My/(6a), where M, is as in Lemma 3.3.
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Proposition 4.9. There exist g9 € (0, 1) and C > 0 such that for t > 0 small enough,
x € 0, and v € (—8¢. o) satisfying |v| < eot'/*

_3M0,at—1/4

5 — C(eog + tY*) < (Vo U(x + vn(x),1),n(x))n

M,
< - ;,a'f_1/4 + C(go + 51/4)' (4.13)

Here, 8¢ € (0,1/2) has been taken at the end of Section 3.1. Furthermore, 02(t) is a
smooth hypersurface for t > 0 small enough.

Proof. Step 1. Set

() _L Yal(z vt)8 ,

ENg = YD /RN_l /_Oo nEN(2)dzndzZ’ .
Then, we have

[(Vetta(x + vn(x). 1), n(x))y — B, | < C1[A]1/4, (4.14)
Indeed, applying an argument similar to the proof of Lemma 2.5, we obtain

S 2m( A)mtm/z

[1/4 Z

for |A|t1/2 < y/a?, where V4 (2, v, 1) is given by (4.12). This inequality and (3.3) yield
(4.14).

Va(z',v,t)
. 1/ dzy (—A;)"gN(z)dzydZ <C1|)L|t1/4
R

Step 2. We prove (4.13). By (4.2) and (4.14), there exists a C, > 0 such that
[(VxU(x +vn(x).0),n(x))x — (B, —38 (0 +3EG) < GAll* @.15)

for small ¢ > 0. Note that E%)a is rewritten as

=) _ 1 ’ ’ ’
u1\]‘1 __0[1/4 /%N_lgN(Z,I//a(z,v,t))dz-

It follows from (3.16) and Taylor’s theorem that

1
EN (Z/v Wa(zls v, t)) = gN(Z/s 0) + EaiNgN (Z/’ Qwa (Z/v v, t)){Wa(zl9 v, t)}z

for some 6 € (0, 1). This and the definition of M imply that

H(l) _ M,y 1 2 ’ ’ ’ 29,7
ENa = —m — 26”—1/4 [RN—I 8ZNgN(Z ,Gwa(z s U,f)){l//a(z ,U,I)} dz’. (416)

In addition, taking account of

v at1/4

/ _ 1/4 /
wa(zvv’t)_ at1/4 + 2 (Z ) lf(eat
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for some 0 € (0, 1), we have
/ 92 vz Oa(e 0. 0) Wz 0. ) 2d 2
RN-1

v? / ,
" @y [ w00l ) dz

o B G R e P e Y
RN-1

(at'/*)? ) , ) Ve,
T fRN_l8ZNgN(Z’9%(Z»W)){< Va1 fBarl*2) 2 dz'. 4.17)

We assume that |v| < sotl/ 4 where g € (0, 1) is suitably chosen later. Then, it follows
that
[Wa(z' v.0)| < C3(|2'|PtY* + &0).

This fact and Corollary 2.3 with |¢| = 2 and m = 0 yield that
102, 8N (2, 0% (0. D)] = Cafl + (212 + [Yalz, v, )2 /2 el
< Ca(l + |2/ + [Wa (v, ) > e

< CS(l + |z/|2/3 + |Z/|4/3t1/6)e_'“|z/|4/3.

Applying this estimate to the right-hand side of (4.17), we are able to find a constant
Cg > 0 such that

‘%/RN 02y eN (2 0va(z v, D) Ya (2 v, 1)y d 2’

< Cs{ +eot'* + (ar!/*)? }

for ¢ > 0 small enough. Recalling (4.16), we see that

=) = (1) r-(1) —-1/4 1/4
“N3a_3“N2a+3 a T Mot /’5C7( 3[1/4+ + t/)
for some C7 > 0. Choosing gy > 0 such that
Crey _ Mo,
a? — 2
we obtain
3Moa, 14 €0 1/4 ) ) )
-t /4 — ¢, — tar /*) < By, — 3B ), +3EY,
M
<-4y g (8—0 +at1/4).
2 a

By this inequality and (4.15), we are led to the desired result.
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Step 3. Let us prove that dQ2(¢) is a smooth hypersurface for > 0 small enough. By
virtue of (4.13), (VxU(x + vn(x),t),n(x))y is far from zero for ¢ > 0 small enough;
in particular, it is negative. This fact and the implicit function theorem imply the desired
result. ]

Theorem 4.10. There exists Cy > 0 such that

sup |d(x,0dR0)| < Cot
x€IQ(r)

fort > 0 small enough.

Proof. Applying (3.14) with V' = 0, there exists C; > 0 such that

1
‘U(x,t) -5|= i34 (4.18)

for x € 0Qp and ¢ > 0 small enough. For any y € d2(¢), let x € 02y be a point sat-
isfying |d(y, 0R29)| = |y — x|. Then, y can be represented as y = x + vn(x), where
v =d(y,0Q0). This implies that
U(x +vn(x),t) —U(x,t) = (Vo U(x + Ovn(x),t),n(x))Nv

for some 0 € (0, 1). Taking account of U(y,t) = 1/2 for y € dQ2(¢) and using Proposi-
tion 4.9 and (4.18), we see that

[(VeU(x + 6un(x),1),n(x))nv| < C1t**,

— Cot ™4 < (Vo U(x + Bun(x), 1), n(x))y < —Cst~'/*
for ¢t > 0 small enough where C,, C3 are positive constants independent of x € 9o and

t > 0. As aresult, it follows that there exists C4 > 0 such that |v| < Cy4t for x € 9Q2¢ and
small £ > 0. This is the desired result. [

From this theorem, it follows that V', defined as in (4.4), is bounded on d2¢ x (0, tg)
for some small 7y > 0, and hence, the argument in Section 4.1 is justified; that is, we have
the following theorem.

Theorem 4.11. Let V be as in (4.4). Then, there exist C > 0 and ty > 0 such that

1
’V+AgH+H|A|2—§H3+2 Z ki Kiykiy, —AH | < Ctl/4

i1,02,i3€A
il <i2<i3

forallt € (0,t9) and x € 02g. Especially, this estimate turns to

1
‘V+xss+§/c3—kx <Ccr'/* if N =2,

1
‘V+AgH+H|A|2—§H3—AH <Cr'/* ifN =3

forallt € (0,t9) and x € 0R2y.
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Remark 4.12. (i) If 9Q is of class C"(n > 6), we can replace ¢/* with #1/2 in Theo-
rem 4.11. But we omit the details because the actual calculations are more complicated.
(ii) Based on the boundedness of V', we can improve (4.13) as follows:

(VeU(x +vn(x),1),n(x))y + Mo qt~V*| < C13/%.
Moreover, we can also estimate
[(VeU(x + vn(x).1),7(x))| < Cr¥/*,

where 7 (x) is any unit tangential vector of dQ2¢ at x € d€2¢. Thus, the outer unit normal
=V, U(-,1)/|VxU(-,t)| of 082(¢) is nearly equal to n(-), that of 2, for any small ¢ > 0.

5. Numerical experiments

In this section, we present some results of numerical experiments based on our threshold-
ing algorithm which is proposed in Section 4.1. We focus on the case where N = 2 and
A = 0, that is, the Willmore flow for planar curves.

5.1. Numerical scheme

Let D = (R/LZ) x (R/LZ) be a periodic square region with L > 0 and assume that
Q¢ C D holds. Then, we solve the following initial value problem:

{ut = —(=A)%u in D x (0,00), G.1)

u(-,0) = xq, inD.

By the definition of D, the periodic boundary condition is implicitly imposed on the above
problem. Note that there are other possibilities regarding the boundary conditions; for
example, the Dirichlet boundary condition or the Neumann boundary condition is natural.
However, we adopt the periodic boundary condition here since we develop a numerical
scheme based on the Fourier transform.

We seek a solution in the form of Fourier series

u(x,t) = Z ug (1)e?mixE)2/L
Eez?
since u is supposed to be a periodic function. Taking account of

. ; 167* ;
ue = Y g (NP (AP = YT g (1)
EcZ EecZ

and substituting these expressions into the first equation in (5.1), we are led to an infinite
system of ordinary differential equations

167*
T gt (0, £ ez

g (1) = —
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where the dot symbol indicates the time derivative. Each ordinary differential equation
can be separately and explicitly solved as

ug (I) — XQO,EB—16TE4|§\41‘/L4,
where ygq,,s denotes the Fourier coefficient of the characteristic function yg,. Then, the
function U defined by (4.2) can be computed as

U(x,h) = usq(x,h) — 3uzq(x, h) + 3ug(x, h)
= Z X0k (e—l6n4|§|4(3a)4h/L4 3167t 2a)*h/ LA
Eez?
+ 36‘_16”4|§|4a4h/L4>e27ri(x,§)z/L, 52)

where i > 0 denotes a time step. Hence, we obtain 1 by (%), where Q(¢) is given
by (4.3). Repeating the above procedure yields an approximation of the Willmore flow.
In the actual computation, we first generate a uniform mesh {x;; }; ;)¢ A2, as

i+
xij = <(.+ 21) ) (i.)) € A%,
(j +3)r

where r := L/N, Ay :=1{0,1,..., N — 1}, and N is a power of 2. Let us denote an
approximate value of u(-,t) at (x;, y;) by u;;(¢). Using the fast Fourier transform, we
can compute discrete Fourier coefficients ygq,¢ for & € A%\, with O(N?1log N) com-
plexity. Then, we are able to approximate {U(x;;, 1)} jye A2 given by (5.2) by means
of applying the inverse fast Fourier transform to {yqq.¢(ug(81a*h) — 3ug (16a*h) +
3u§ (a4h))}E€A?V'

Remark 5.1. As described above, we use a uniform mesh to perform the fast Fourier
transform and its inverse. It is preferable to adopt some mesh refinement techniques to
capture the evolution of the interface more precisely. Indeed, Ruuth [39] developed a
gradually adaptive mesh refinement technique and applied it to the computation of the
curve shortening and mean curvature flows based on the BMO algorithm. This technique
has also been applied to the Willmore flow in Esedoglu—Ruuth-Tsai [14]. It could be
expected that a similar approach would be necessary for our algorithm. However, as a first
step of numerical computation of the Willmore flow based on our proposed scheme, we
adopt the uniform mesh in this paper.

5.2. Numerical results

In this subsection, we show two numerical results of our algorithm.

5.2.1. Self-similar solution. First, let us consider the case where the initial curve is a
circle. As is well documented, the solution develops over time, maintaining a circular
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Figure 1. Plot of the absolute error versus the time step size h at t = 0.00064. The left is the
overview and the right is the close-up around s = 2.50 x 107,

shape. Its radius, designated as R, is defined as the solution to the following ordinary

differential equation:
. 1(1)3
R=—-(=].
2\ R

That is to say, R is specifically represented as

R(t) = v/ R(0)* + 2t.

Figure 1 illustrates how the discrepancy between the area of the exact solution and that
of the numerical solution diminishes as / is gradually reduced. The initial radius is 0.1,
and the final computation time is 0.00064. The remaining parameters were determined as
follows:

e L =1 (the domain size),
o N = 2!% (the number of mesh).

As illustrated in the graph, the approximation error exhibits a gradual decline as # is re-
duced. The orange line in the graph represents O (h), indicating that the proposed scheme
is first-order accurate. This is a superior value compared to the result by Esedoglu—Ruuth—
Tsai [14], which suggested one-half-order accuracy.

5.2.2. Other nontrivial examples. In this subsection, we show several nontrivial numer-
ical results. Parameters are chosen as follows:

e L = 5 (the domain size),

o N =219 = 1024 (the number of mesh).

Note that the time step /# cannot simply be made smaller. As pointed out by Ruuth [39,
Section 2.3], the spatial step must be sufficiently smaller than the time step to allow the
interface to move.

First, consider the case where the following Cassini’s oval gives the initial region:

Qo :={x eR*| (x] +x3)*> —2b*(x] —x3) <a*—b*}, a=0.6825, b=0.678.



A thresholding algorithm for Willmore-type flows

t = 0.000000 7 = 0.004000
5 T T T T 5 T T T T
4t 1 4k
3 1 3t
2 F 1 2t :
1F 1 1t
0 1 1 1 1 0 1 1 | 1
o 1 2 3 4 5 0 1 2 3 4
¢ = 0.080000 ¢ = 0.200000
5 T T T T 5 T T T T
4+ 1 4r
3+ 1 3F
2+ 1 2r
1 1 1F
0 1 1 1 1 0 1 1 | 1

0 1 2 3 4 5 0 1 2 3 4

39

Figure 2. Numerical results of the Willmore flow with initial region given as the Cassini parameters

are chosen as L = 5, N = 1024, and 1 = 0.004.

The results are shown in Figure 2, where the time step / is chosen as & = 0.004. It can be
seen that the numerical computations are performed stably without any numerical insta-

bility. Another more complex initial shape is the following initial region:
Qo = {x eR? | x¥4+x2 < max{0.0l,r(x)z}},

where

16¢5 —20¢3 + 5
Al F(x) = 054 2 T2k H

,/x%—i—x% 3

The results are depicted in Figure 3, in which the time step / is chosen as

Cc =

h = 0.003.

In this case, the numerical computation is also successful without instability.

(5.3)
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t = 0.000000 t = 0.000300
5 T T T T 5 T T T T
4 r b 4 8
3r . 3 r 8
2 r 7 2 B
1 5 1r 4
0 1 1 1 1 0 | 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
t = 0.000900 t = 0.001500
5 T T T T 5 T T T T
4 r 4 4+ .
. O 1l O
2r 1 2r B
1 — 1F -
0 1 1 1 1 0 1 1 1 1

Figure 3. Numerical results of the Willmore flow with initial region given by (5.3). Parameters are
chosenas L = 5, N = 1024, and & = 0.0003.

A. Mean curvature and its derivatives

Set ®(x’) = (x’, f(x')), where x’ = (x1,...,xny—1). In this subsection, we denote 9.
by 0;. First, we have

3 ®=(0,...,0,1,0,...,0,0; f),
i
aICDX—HxaN_lCD = (—Vx/f,l).

Then, the outer unit normal n to the hypersurface {®(x’) | x’ € D} for D ¢ RV~ is
represented as

(Ve £, 1)
VI+ Ve [P
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Also, the first fundamental forms are
8ij = (0;P,0; )y =8;; +0; f0; f
Setting g = det(gi;) = 1 + |Vy f |2, we see that

7 9 f 9, f
ij _ g _9%JO%J
S ey

Let us derive the second fundamental forms. Since
0;0;® =1(0,...,0,0;0; f),
we are led to

0;0; f

VI+ Vo f2

hij = (0;0;®,n)n =

Thus, the mean curvature H is represented as

) Y,
H= iy = 5, — J il
Z g J Z ( ] 1 + |Vx/f|2 /1 + |Vx/f|2

i,jeA i,jeA
Furthermore, we have

AP = Y g™ e hijhie

i,j.k.Le
> (5.k_M)(5.[_ 0; f0c f )aiajfakazf
e N LIV PN L Ve fP) 14 Ve f P

When V, f = 0 at some point, H and |A|? are given by

H="8;00,f =Y 7f [AP= D 8ubj0:id;foxdef =Y  (3:0,/).

i,jEA i€EA i,j.k,LeA i,JEA

We derive the Laplace—Beltrami operator A,. The definition of the Laplace—Beltrami
operator Ag is

A=Y —ai(VEei) = Y { Y a,9; + ——0; (/g5 a-}.
g L \/g (\/Eg J) Lo 4 J \/g (\/gg )]

Since

0ig = 0i(1+ |V fIP) =2 0 fi0x f,
keA
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it follows that

> 0i(vEeh) = > @i vRIg” + Y JEdig”
ieA ieA ieA
1 8,~f8jf)
= — 0; 8ii —
N XA)( g)( i

O2f0; f +0; f0:0; f 3 f0; [0
—@Z( : g e o g)
i€eA

_ % S 0S50S + ——0; f S 00 f 0k S0 S

[t 8vV8 T ia

_ %; (210, f + 0; £0:0; f)
_ ﬁajfi’kg\ 3 f o fi0k f — %ajfl;a?f
s 5 (- LT

=—H; f.
Note that Vys f = 0 at some point gives 9; (,/gg") = 0. Here, we have

OdeH = ) {(0kdeg"Vhij + 0g” dhij + 008" dhij + g7 (B dchiy))-
i,JEA

The first partial derivatives of g/ and h;; are given by

deg = _ 00 S0, S + 0 SO0k | 9if0; S 0kg

g g2
9 p — 0100k S  0i9; fOkg
KU T g 268

and the second partial derivatives of g’/ and h; j are given by

akaegij _ _aiakaifajf + aiakfajaéf + 3iagfajakf + aifajakagf
8
N (0;0k fO; f + 0; f0; 0k f)eg
gZ
N 0;0¢f0; fOrg + 0i f0;0¢f0xg + 0; f0; fOr0eg
g2

20; f0; fOrgoeg
- S,

42
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0;0;0x0¢f  0;0,;0 fOeg  0;0,;0¢f0kg + 0;0; f0kdeg

akafhlj -

NG 288 2g./8
30;0; f 0k gdeg
LENG
Note that
0k0eg =2 (0k0m S 9eOm S + Om S 0k0Om [ ).
meA
When V,/ f = 0’ at some point, we have
g=1 kg =0, Okdeg =2 0kdmfmf.

meA
gij =87 =8, kg’ =0, 0k3¢g” = —(3;0 f3;00f + ;001 0; 0 f)
so that we obtain

OO H = — Y (3i0k f0;0¢.f + 80 0,0k £)9:9;

i,jeEA
+ 2 6 (00,0000 — 0,0, £ Y Ok f Db f )-
i,jEA meA

This implies that

AgH = Z gkeakagH
kLeA

= 3 Y Subke(0:0,0k00f — 00 £ Y Dk S 0e0m f )

i,jJEAkLeA meA
— Z Z 81000k f0;0¢ f + 0;0¢ f0; 0k [)0;0; f
i,jeA ke
= Y O f—HIAP -2 ) 00, f0:0x f0;0 f.
i,jJEA i,j,keA

Consequently, it follows that under the assumption V, f = 0 at some point

1
AgH + H|A]> - 5}13

1
= Y GFf-HIAP-2 ) 8i8jf8i8kf8j8kf+H|A|2—§H3

i,jEA i,j,keA
:Zazaz 2Zaafaakfaakf
i,jEA i,j,keA

43

Since A = (0;0; f') is a symmetric matrix, there exists an orthogonal matrix Py_; = (p;;)

such that
K1

P];l_lAPN—lz s

KN—-1
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where k;(i = 1,..., N — 1) are the principle curvatures. Taking account of P]QI_] =
! Py_1, it follows that

K1 K1
. —1 . t
A= Py - Py_y = PN - Py—1
KN-1 KN-1

so that we have

8,-8jf = Z KmPimPjm-

meA

Since ), pri pkj = 0ij, this implies that

> 0:0; f 00k f0; 0k f
i.jkeA

- E E Km1KmyKms Pi,my Pj,my Pi,ma Pk,my Pjms Pkoms

i,j,keA mi,ma,m3eA

= Z Klemsz3<Zpi,m1Pi,m2)<ij,mlpj,mg,)( Z pk,m;ﬂk,mg)
i€eA JEA keA

mi,ma,m3€N

_ _ 3
= § Kmy KmyKms Smymy Omyms Smams = § Km -

miy,my,m3eN meA

Thus, we are led to

1 1
AgH + H|AP = JH> = ) afa}f—z(zxmf—z >«

i,jeA meA meA

=Y 0t f+2 ) afa}f—gzxfn

ieA i,jJEA meA
i<j

3

2
—3 E Ko Kmy — 3 E Kmy KmaKms -

mi,mpy€AN miy,my,m3eN
my#my mip<mz<ms3s

B. Proof of Theorem 2.2

Theorem 2.2 with A = 0 is the same as Cui [9, Theorem 3.2]. However, in [9], the author
does not state the dependence of the constant C on o € Z" and m € N. Noting this point,
we give a proof of Theorem 2.2 in this subsection.

First, we prepare some notations, according to [9]. Set

Py (ig) := {(01)* + -+ @n)2W = (—DF @+ + %)k
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for &£ = (¢{1,....¢n) € CN and k € Z .. Since it follows from direct calculations that
there exist § € (0, 1), Ky > 1, and K, > 1 such that

Re{—Py(i8) — AP2(i8)} < —8|Reg|* + Ky |Im§[* + Ka[A?

for A € R, where Re¢ := (Rel;,...,Rely) and Im& := (Im &y, ..., Im ¢y ), we are led

to
’e—P4(i§)—)tP2(i€)| < e—tglRf>§'\4+K1|Ir¥11>'|4+l'(2|)k|2 forall ¢ € chN. (B.1)

Note that
Gn(x,1) = CN/ e—(P4(i§)+APz(i§'))t+i(x,§)Ndgl
RN

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. The proof follows from the argument in that of [9, Theorem 3.2].
It follows from Cauchy’s integral theorem that

DE(=Ax)"Gn(x,1)
N m
=cy /RN (i& — n)“{ — Z(igj — ,7].)2} e (PG HMFAPE+Hm)t+Hilx E) N — (XN g g
Jj=1
where § € R¥ is arbitrary and independent of £ € RY . Then, (B.1) implies that
|DF(—=Ax)"Gn (x,1)]

< cNe—(x,n)N /]RN (€] + |n|)|a\+2m|e—(P4(§+iﬂ)+/1P2(§+iﬂ))t|d‘f;-

_ 4 2 _ 4
<cye (x,mn+K1ln|*t+K2|A| I/RN(|£| + |n|)|a\+2me 51| td&

4 2 o 2m || + 2m 4
< cyemEmN Kl KlAP 3N ( i )|,7|Ia+2mk /RN |&|ke 1M g
k=0

Applying the change of variable on the polar coordinate, we have

)
/ |E|ke—8|8|4td§ = wN_1 / rk+N—1e—8r4tdr
RN 0

— 601\;71 F(k —; N)(gt)—(N+k)/4

- wz\;_l max{F(IaI +2m + N), F(%)}(Sl)_(NH‘)M,

4

where wy_; is the area of the (N — 1)-dimensional unit ball. Taking account of the fact
that the minimum of I'(s) exists and is positive for s > 0, we see that

|DF(—=Ax)"Gn (x,1)]
< Cr(lal +2m + N)I—N/4e—(x,1,)N+K1|1,|4t+K2|/1Zt{((gt)—l/4 Tyl

’
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where C > 0 is a constant depending only on N. Since § € R¥ is arbitrary, we can choose
n = (4K;)"V/3t71/3|x|72/3x. Then, it follows that

e—(x,i[)N+K1\n|4t+K2|/1|2t{(8t)—1/4 + |”|}|a|+2m

1/3 +2
T LY B R S 010 N R
()V/4 "~ (4K)V3\ ¢

1/3) |a|+2
_ al2my/a ~(al+am)/a—u(xtt/o P ekaape [y 8T (xR
(4K1)1/3 t1/4

s 5 |x| 1/3 |a|+2m
< pllal+2m)/a,~(al+2m)/4 ,—pu(lx |4/ + K APt {1 +( ) } ,

where 3 |
= 1(41(1)—1/3 €01, v=y>1

In the last inequality, we have used § € (0, 1) and K; > 1. Since 1 4+ r1/3 <22/3(1 4 r)1/3
for r > 0, we are led to the desired result. |
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