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Asymptotic equivalence of identification operators in
geometric scattering theory

Batu Güneysu

Abstract. Given two measures �1 and �2 on a measurable space X such that d�2 D �1;2 d�1
for some bounded measurable function �1;2 W X ! .0;1/, there exist two natural identification
operators J1;2; zJ1;2 W L2.X; �1/! L2.X; �2/, namely the unitary J1;2 WD  =

p
�1;2 and the

trivial zJ1;2 WD . Given self-adjoint semibounded operatorsHj onL2.X;�j /, j D 1;2, we prove
a natural criterion in a topologic setting for the equality of the two-Hilbert-space wave operators
W˙.H2; H1I J1;2/ and W˙.H2; H1I zJ1;2/, by showing that J1;2 � zJ1;2 are asymptotically H1-
equivalent in the sense of Kato. It turns out that this criterion is automatically satisfied in typical
situations on noncompact Riemannian manifolds and weighted infinite graphs in which one has the
existence of completeness W˙.H2;H1I zJ1;2/ (and thus a-posteriori of W˙.H2;H1IJ1;2/).

1. Introduction
Geometric scattering theory has gained remarkable interest in the recent years, e.g., [1–4,
6–10,15,16], and usually takes place in a two-Hilbert-space setting: one starts with a mea-
surable space X and the two geometries in question on X are encoded by pairs .�j ;Hj /,
j D 1; 2, given by a measure �j on X and a self-adjoint semibounded (from below) oper-
ator Hj on L2.X; �j /. In typical applications the two measures are related by a positive
Borel density function �1;2 W X ! .0;1/ according to d�2 D �1;2 d�1. For example, in
the Riemannian setting, �j resp. Hj is the volume measure resp. the Laplace–Beltrami
operator induced by a (complete) Riemannian metric gj on a fixed noncompact mani-
fold, noting that in this case d�2=d�1 is automatically a smooth positive function (cf.
Section 4). By letting g2 run, one can obtain stability results for the absolutely continu-
ous spectrum under the Ricci flow [7] in this way. Likewise one can consider two infinite
weighted graphs .X; bj ;�j / withHj the induced weighted Laplacian in `2.X;�j /, where
again d�2=d�1 becomes a positive function (cf. Section 5).

Coming back to the general setting of measures spaces, in order to formulate that the
difference ofH2 andH1 is a scattering obstacle ofH1, one needs a bounded identification
operator J W L2.X;�1/! L2.X;�2/, which allows to define the two-Hilbert-space wave
operators W˙.H2; H1I J / (cf. Section 2). One natural choice (which does not require
any additional assumptions) is the unitary identification operator J1;2 W L2.X; �1/ !
L2.X; �2/ given by J1;2 WD  =

p
�1;2. This identification is used for example in [16]
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for scattering the geometry of some infinite weighted graphs. However, some recently
established analytic techniques (that are based on what is called Hempel–Post–Weder
decomposition formula in [6, 7], building on [9]) used to prove the existence and com-
pleteness of the wave operators require instead that �1;2 is bounded and to work with the
bounded identification operator

zJ1;2 W L
2.X; �1/ �! L2.X; �2/; zJ1;2 WD  

instead of J1;2. This raises the following natural question: under which assumptions does
one have the equality

W˙.H2;H1IJ1;2/ D W˙.H2;H1I zJ1;2/ (1.1)

of the induced wave operators? To the best of our knowledge, this question has not been
addressed at all in the literature so far.

At an abstract level, this question is answered by Kato in [11]: namely, the equality
(1.1) is equivalent to J1;2 and zJ1;2 being asymptotically H1-equivalent (cf. Section 2).

In order to formulate our main result, assume now that X is a locally compact and
separable metrizable space and that the �j are fully supported Radon measures on X . We
assume also that the heat semigroup of H1 has the smoothing property

exp.�sH1/ W L2.X; �1/ �! C.X/ for all 0 < s < 1;

which is a natural assumption in geometric scattering theory, for together with Grothen-
dieck’s factorization trick it implies that allH1-absolutely continuous states are scattering
states (cf. Proposition 3.1). Then with the Borel function

�1.s; �/ W X �! Œ0;1/; �1.s; x/ WD sup
 

ˇ̌
exp.�sH1/ .x/

ˇ̌2R ˇ̌
 .y/

ˇ̌2
d�1.y/

our abstract main result, Theorem 3.1, states that J1;2 and zJ1;2 are asymptotically H1-
equivalent, provided �1;2 and 1=�1;2 are bounded withZ �

1 � 1=�1;2.x/
�2
�1.s; x/ d�1.x/ <1: (1.2)

It came as a surprise to us that the assumptions of the criteria for existence and complete-
ness ofW˙.H2;H1I zJ1;2/ on noncompact Riemannian manifolds [7] and infinite weighted
graphs [6] (which both contain the current state-of-the-art) automatically imply (1.2) and
thus (1.1). This is clarified in Section 4 and Section 5, respectively.

Finally, we remark that the techniques developed here can be generalized to geometric
scattering theory on vector bundles, as no genuinely scalar assumptions are made on the
Hj ’s (such as e.g. that exp.�tHj / positivity preserving). The vector bundle setting arises
naturally [1, 2] in the scattering theory of the Hodge–Laplacian and [3] the scattering
theory of the Dirac operator and its square, noting that in the Dirac case even the vector
bundles themselves change with the geometry. We have not addressed this issue here as
the formulation of these results would be somewhat cumbersome, without producing new
analytic insights.
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2. Two-Hilbert-Space scattering theory

Given a self-adjoint operator H in the complex Hilbert space H, let EH denote the
projection-valued spectral measure of H and let �ac

H denote the projection on the closed
subspace of H given by all  2H such that the Borel probability measure kEH .�/ k2 on
R is absolutely continuous with respect to the Lebesgue measure. For later reference we
record the following fact, which is ultimately a consequence of the Riemannian–Lebesgue
lemma applied to the spectral calculus:

Lemma 2.1. Let D W H ! zH be a compact operator from H to some complex Hilbert
space zH such thatDEH .�l; l/ is compact for every interval .�l; l/, l 2N. Then for every
 2 Ran.�ac

H / one has D exp.�i tH/ 
 �! 0 as t �! ˙1:

Proof. Lemma 2 on page 24 in [17] states that k zD exp.�i tH1/ k ! 0 as t ! ˙1 for
every compact operator zD. In view of this, we estimate as follows:D exp.�i tH/ 


�
D exp.�i tH/ �DEH .�l; l/ exp.�i tH/ 

C DEH .�l; l/ exp.�i tH/ 


D
D exp.�i tH/ �D exp.�i tH/EH .�l; l/ 

C DE1.�l; l/ exp.�i tH/ 


D
D exp.�i tH/

�
 �EH .�l; l/ 

�C DEH .�l; l/ exp.�i tH/ 


� kDk
 �EH .�l; l/ C DEH .�l; l/ exp.�i tH/�

:
The second summand one goes to zero as t ! ˙1 by the above fact, and the first sum-
mand goes to zero as l !1 by spectral calculus.

Assume we are given a self-adjoint operator Hj in the complex Hilbert space Hj for
j D 1; 2, with Ej WD EHj and �ac

j WD �
ac
Hj

. Given a bounded operator J W H1 ! H2 one
says that the wave operators W˙.H2;H1IJ / exist, if the strong limits

W˙.H2;H1IJ / WD s lim
t!˙1

exp.i tH2/J exp.�i tH1/�ac
1

exist, in which case one calls W˙.H2;H1IJ / complete, if

Ker
�
W˙.H2;H1IJ /

�?
D Ran.�ac

1 /; Ran
�
W˙.H2;H1IJ /

�
D Ran.�ac

2 /:

Recalling that the absolutely continuous part H ac
j of Hj is defined as the self-adjoint

operator obtained by restricting Hj to the Hilbert space Ran.�ac
j /, the completeness of

W˙.H2; H1I J / implies [11] that H ac
1 is unitarily equivalent to H ac

2 , which implies that
the absolutely continuous spectra coincide:

specac.H1/ WD spec.H ac
1 / D spec.H ac

2 / DW specac.H2/:
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Given two bounded operators zJ ; J WH1 !H2, following Kato [11], one says that zJ and
J are asymptotically H1-equivalent, if

s lim
t!˙1

. zJ � J / exp.�i tH1/�ac
1 D 0:

It follows [11] that if zJ and J are asymptotically H1-equivalent, then one has

W˙.H2;H1I zJ / D W˙.H2;H1IJ /

in the sense that the existence of one side implies the existence of the other and equality.

3. Two-Hilbert-Space scattering on locally compact spaces

Assume nowX is a locally compact separable metrizable space and � is a Radon measure
on X with full support. If H is a self-adjoint operator in L2.X;�/ which is semibounded
(from below) and if s > 0 is such that

Ran
�

exp.�sH/
�
� C.X/; (3.1)

then the induced operator from L2.X;�/ to C.X/ is automatically bounded by the closed
graph theorem, when C.X/ is turned into a Fréchet space with respect to uniform conver-
gence on compacts (noting that X is compactly exhaustable). In particular, for all s > 0,
K � X compact there exists a constant c D c.H; s;K/ > 0 with

sup
K

ˇ̌
exp.�sH/ 

ˇ̌2
� c

Z ˇ̌
 .y/

ˇ̌2
d�.y/ for all  2 L2.X; �/:

It then follows from the separability of L2.X; �/ that the function

�H .s; �/ W X �! Œ0;1/; �H .s; x/ WD sup
 

ˇ̌
exp.�sH/ .x/

ˇ̌2R ˇ̌
 .y/

ˇ̌2
d�.y/

(3.2)

is a well-defined Borel function. The importance of a smoothing assumption such as (3.1)
in the context of scattering theory is reflected by the fact that every H -absolutely contin-
uous initial state  is a scattering state:

Proposition 3.1. Assume H is a self-adjoint semibounded operator in L2.X; �/ which
satisfies (3.1) for some s > 0. Then for every  2 Ran.�ac

H / and every compact K � X
one has

lim
t!˙1

Z
K

ˇ̌
exp.�i tH/ .x/

ˇ̌2
d�.x/ D 0:

Proof. This is a consequence of Grothendieck’s factorization trick (cf. [18] for a very nice
discussion of this result), which states that every operator A in L2.X; �/ which factors
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boundedly according to the diagram

L2.X; �/ L2.X; �/

L1.X; �/

A

A1 A2

is Hilbert–Schmidt. LetMK denote the multiplication operator inL2.X;�/ induced by 1K .
The operator

MK exp.�sH/ DMKMK exp.�sH/ factors boundedly according to MK exp.�sH/

D A2A1;

where

A1 W L
2.X; �/ �! L1.X; �/; A1 WD 1K exp.�sH/ ;

A2 W L
1.X; �/ �! L2.X; �/; A2 WD 1K :

Thus by Grothendieck’s factorization trick the operatorMK exp.�sH/ is Hilbert–Schmidt
and thus compact. It follows that

MKEH .�l; l/ DMK exp.�sH/ exp.sH/EH .�l; l/

is compact for every bounded interval .�l; l/, which proves the claim by Lemma 2.1.

If a quantum particle has the energy operator H and an initial state  2 L2.X; �/
with

R
j .x/j2d�.x/ D 1, then  .t; x/ WD exp.�i tH/ .x/ is its state at time t , and

the probability of finding the particle in a Borel set Y � X at the time t is given byR
Y
j .t; x/j2d�.x/. Thus Proposition 3.1 shows that if the initial state is anH -absolutely

continuous one, then the particle will eventually leave every compact set.
We fix now two fully supported Radon measures �j on X , j D 1; 2, as well as two

self-adjoint semibounded operators Hj in L2.X; �j /. We assume

d�2 D �1;2 d�1 for some Borel function �1;2 W X ! .0;1/:

Then there is a unitary map

J1;2 W L
2.X; �1/ �! L2.X; �2/; J1;2 WD  =

p
�1;2:

If �1;2 is bounded, we also get the bounded map

zJ1;2 W L
2.X; �1/ �! L2.X; �2/; zJ1;2 WD  :

We set
�j .s; x/ WD �Hj .s; x/;

whenever this function is well-defined. Here comes our main result.
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Theorem 3.1. Assume 0 < inf �1;2 � sup �1;2 <1 as well as (3.1) andZ �
1 � 1=�1;2.x/

�2
�1.s; x/ d�1.x/ <1 for all 0 < s < 1: (3.3)

Then zJ1;2 and J1;2 are asymptotically H1-equivalent, in particular,

W˙.H2;H1IJ1;2/ D W˙.H2;H1I zJ1;2/:

Proof. Set � WD �1;2, J WD J1;2, zJ WD zJ1;2. By the semigroup property (3.1) holds for all
s > 0 and then the proof of Proposition 3.3 from [12] entails the existence of a uniquely
determined jointly Borel measurable map

.0;1/ �X �X 3 .r; x; y/ 7�! exp.�rH1/.x; y/ 2 C;

such that for all r > 0, x 2 X one has exp.�rH1/.x; �/ 2 L2.X; �1/ with

exp.�rH1/ .x/ D
Z

exp.�rH1/.x; y/ .y/ d�1.y/ for all  2 L2.X; �1/.

Let us first show that . zJ � J / exp.�sH1/ is compact: define a bounded bijective operator
A with bounded inverse via

A W L2.X; �2/ �! L2.X; �2/; A WD .1C ��1=2/ ;

so that
A�1 W L2.X; �2/ �! L2.X; �2/; A�1 D .1C ��1=2/�1 ;

noting that the boundedness of A follows from inf � > 0. The assumption (3.3) implies
that the operator A. zJ � J / exp.�sH1/ is a Hilbert-Schmidt integral operator: indeed, its
integral kernel is given by�

A. zJ � J / exp.�sH1/
�
.x; y/ D

�
1 � �.x/�1

�
exp.�sH1/.x; y/;

and by the very definition of �1.s; x/ D �H1.s; x/ and Riesz–Fischer duality,Z ˇ̌
exp.�sH1/.x; y/

ˇ̌2
d�1.y/ � �1.s; x/;

and so “ ˇ̌�
A. zJ � J / exp.�sH1/

�
.x; y/

ˇ̌2
d�1.y/ d�1.x/

D

Z �
1 � �.x/�1

�2 Z ˇ̌
exp.�sH1/.x; y/

ˇ̌2
d�1.y/ d�1.x/

�

Z �
1 � �.x/�1

�2
�1.s; x/ d�1.x/ <1:
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In particular, A. zJ � J / exp.�sH1/ is compact for all 0 < s < 1, and thus

. zJ � J / exp.�sH1/ D A�1A. zJ � J / exp.�sH1/

is compact, too. It follows that

. zJ � J /E1.�l; l/ D . zJ � J / exp.�sH1/ exp.sH1/E1.�l; l/

is compact for every bounded interval .�l; l/, l 2 N, so that the claim follows from
Lemma 2.1.

4. Application to noncompact Riemannian manifolds

Let X be a connected noncompact manifold (smooth, without boundary) of dimension m
and let g be a (smooth) Riemannian metric on X , that is, g a smooth .0; 2/ tensor field
on X with g.x/ D g.x/.�; �/ a scalar product on each tangent space TxX . Let �g denote
the induced Riemannian volume measure. This measure is uniquely determined by its
local values on charts, where with the symmetric strictly positive definite matrix-valued
function gjk WD g.@j ; @k/ one has

d�g.x/ D
p

det.g/ dx: (4.1)

The metric g allows to calculate [5] the length Lg./ of a smooth curve  W Œ0; 1�! X

according to

Lg./ WD

Z 1

0

q
g
�
.s/

��
P.s/; P.s/

�
ds;

which incudes a distance function on X via

dg.x; y/ WD
®
Lg./ W  is a smooth curve from x to y

¯
:

This distance induces the original topology on X , its induced open balls are denoted
with Bg.x; r/, and finally

�g.x; r/ WD �g
�
Bg.x; r/

�
stands for the volume function. The symbol �g denotes the negative-definite Laplace–
Beltrami operator, which is the second order elliptic operator given locally by

�g D

mX
j;kD1

1p
det.g/

@j ı
p

det.g/gjk@k ;

with gjk the components of g�1. The symbol Hg � 0 stands for the Friedrichs real-
ization of the symmetric nonnegative operator ��g in L2.X; �g/, defined a priori on
smooth compactly supported functions. In other words, the nonnegative sesqulinear form
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in L2.X; �g/ given by

C1c .X/ � C
1
c .X/ 3 . 1;  2/ 7�! �

Z
�g 1.x/ 2.x/ d�g.x/ 2 C

is closable and Hg is induced by the closure of this form. If g (that is, dg ) is complete,
then ��g is essentially self-adjoint [19].

The assumption (3.1) is clearly always satisfied for all s > 0, as

Ran
�

exp.�sHg/
�
�

\
n2N

Dom.Hn
g / �

\
n2N

W
2n;2

loc .X/ � C1.X/;

where the first inclusion follows from spectral calculus, the second one from local elliptic
regularity and the last one from Sobolev’s embedding theorem. In fact, by local parabolic
regularity, s 7! exp.�sHg/ has a nonnegative integral kernel which is jointly smooth in
.s; x; y/ and Markovian (cf. [5, Theorem 7.13]):Z

exp.�sHg/.x; y/d�g.y/ � 1 for all s > 0: (4.2)

Finally, the Ricci curvature Ricg is the smooth .0; 2/ tensor field on X given locally
in terms of the Christoffel symbols

�
gIk
pj WD

1

2

mX
lD1

.gkl@pgjl C gkl@j gpl � gkl@lgpj /

by

Ricg
jk
D

mX
lD1

�
@l�

gIl

jk
� @j�

gIl

kl

�
C

mX
p;lD1

�
�
gIl

lp
�
p

jk
� �

gIl
jp �

gIp

lk

�
:

One says that the Ricci curvature of g is bounded from below, if

inf
x2X

inf
v2TxXn¹0º

Ricg.x/.v; v/
g.x/.v; v/

> �1:

Fix two Riemannian metrics g1 and g2 on X and set �j WD �gj , Hj WD Hgj . We can
always write

d�2 D �1;2 d�1;

where the smooth density function �1;2 W X ! .0;1/ is given locally by

�1;2 WD
p

det.g2/=
p

det.g1/;

noting that although each
p

det.gj / is only locally defined, their quotient is globally
defined. We get the unitary operator

J1;2 W L
2.X; �1/ �! L2.X; �2/; J1;2 WD  =

p
�1;2:
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Assume now that g1 is quasi-isometric to g2, meaning that there exists a constant a > 0
with

.1=a/g1.x/.v; v/ � g2.x/.v; v/ � ag2.x/.v; v/ for all x 2 X; v 2 TxX:

Then we have 0 < inf �1;2 � sup �1;2 <1, so there is another bounded operator

zJ1;2 W L
2.X; �1/ �! L2.X; �2/; zJ1;2 WD  :

Let A1;2 be the smooth .1; 1/ tensor field on X which is given locally by g1g�12 . In partic-
ular,

A1;2.x/ W TxX ! TxX

has strictly positive eigenvalues for all x 2 X and we can define the Borel function

ı1;2 W X �! Œ0;1/; ı1;2.x/ WD 2 sinh
�
.m=4/ max

�2spec.A1;2.x//

ˇ̌
log.�/

ˇ̌�
:

As an application of Theorem 3.1 we obtain:

Theorem 4.1. Let g1 and g2 be quasi-isometric and complete, both with Ricci curvature
bounded from below. Assume further that for some (and then by quasi-isometry: both)
j D 1; 2 and all 0 < s < 1,Z

ı1;2.x/�j .x; s/
�1 d�j .x/ <1: (4.3)

Then W˙.H2;H1IJ1;2/ D W˙.H2;H1I zJ1;2/, including existence and completeness.

Proof. Set � WD �1;2, zJ WD zJ1;2, J WD J1;2. It has been shown in [7] that under the given
assumptionsW˙.H2;H1I zJ / exist and are complete. It remains to check (3.3): to this end,
we remark that by Li–Yau heat kernel upper bound [14],

sup
y2X

exp.�sH1/.x; y/ � C�1.x; s/�1 for all x 2 X; 0 < s < 1;

where the constant C depends only on the dimension m and the lower Ricci curvature
bound of g1. Thus for all  2 L2.X; �1/, using Cauchy–Schwarz and (4.2),ˇ̌

exp.�sH1/ .x/
ˇ̌2
�

�Z
exp.�sH1/.x; y/

ˇ̌
 .y/

ˇ̌
d�1.y/

�2
�

Z
exp.�sH1/.x; y/2d�1.y/

Z ˇ̌
 .y/

ˇ̌2
d�1.y/

� C�1.x; s/
�1

Z ˇ̌
 .y/

ˇ̌2
d�1.y/:

Recalling the definition (3.2) of �1.s; x/ D �H1.s; x/, it follows that

�1.s; x/ � C�1.x; s/
�1
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and soZ �
1 � �.x/�1

�2
�1.s; x/ d�1.x/

� C
�
1C k1=�k1

� Z ˇ̌
1 � �.x/�1

ˇ̌
�1.x; s/

�1 d�1.x/

D C
�
1C k1=�k1

� Z ˇ̌
�.x/�1=2

ˇ̌ˇ̌
�.x/1=2 � �.x/�1=2

ˇ̌
�1.x; s/

�1 d�1.x/

� C
�
1C k1=�k1

�
k1=
p
�k1

Z ˇ̌
�.x/1=2 � �.x/�1=2

ˇ̌
�1.x; s/

�1 d�1.x/:

Lemma 3.3 in [9] states that ˇ̌
�.x/1=2 � �.x/�1=2

ˇ̌
� ı.x/;

which with A WD A1;2 is in fact a simple consequence of

�.x/1=2 � �.x/�1=2 D 2 sinh
�
.1=2/ log

�
�.x/

��
; �.x/ D det

�
A.x/

��1=2
:

We arrive using (4.3) at Z �
1 � �.x/�1

�2
�1.s; x/ d�1.x/ <1;

completing the proof.

5. Application to weighted infinite graphs

Let the triple .X; b; �/ be a weighted infinite graph, that is, X is an infinite countable set
(with the discrete topology) with � W X ! .0;1/ a function and b W X � X ! Œ0;1/

a symmetric function which is zero on the diagonal and satisfiesX
y2X

b.x; y/ <1 for all x 2 X:

Here X is considered the vertices of a graph, � as a vertex weight function, and b as an
edge weight function, where ¹b > 0º are the edges of a graph. The function � induces a
fully supported measure on X which with the usual abuse of notation is given by �.A/ DP
x2A �.x/. The nonnegative sesquilinear form in `2.X;�/ defined on finitely supported

functions by

Cc.X/ � Cc.X/ 3 . 1;  2/ 7�!
X

x2X;y2X

b.x; y/
�
 1.x/ �  2.x/

��
 1.y/� 2.y/

�
2 C

is closablebyFatou’s lemma. Its closure thus induces a nonnegative (ingeneral unbounded)
self-adjoint operator Hb;� in `2.X; �/ which plays the role of the Laplacian in this con-
text. In fact, if .X; b/ is locally finite, meaning that

#
®
y 2 X W b.x; y/ > 0

¯
<1 for all x 2 X;
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then one has

Hb;� .x/ D
1

�.x/

X
¹yWb.x;y/>0º

b.x; y/
�
 .x/ �  .y/

�
for all  2 Cc.X/:

By discreteness every bounded operator satisfies (3.1). In fact, exp.�sHb;�/ has a
nonnegative integral kernel which satisfiesX

x2X

exp.�sHb;�/.x; y/�.y/ � 1 for all x 2 X; s > 0: (5.1)

We refer the reader to [13] for the foundations of such weighted graph Laplacians.
Fix now two such weighted infinite graphs .X;bj ;�j /, j D 1;2, and setHj WDHbj ;�j .

Clearly

d�2 D �1;2 d�1 with X 3 x 7�! �1;2.x/ WD �1.x/=�2.x/ 2 .0;1/;

and there is the unitary operator

J1;2 W `
2.X; �1/ �! `2.X; �2/; J1;2 WD  =

p
�1;2:

If we assume �1 � �2 in the sense of .1=a/�1 � �2 � a�1 for some constant a > 0, then
we have 0 < inf �1;2 � sup �1;2 <1 and we also get the bounded operator

zJ1;2 W `
2.X; �1/ �! `2.X; �2/; zJ1;2 WD  :

Define

z�1;2 W X �X �! Œ0;1/; z�1;2.x; y/ WD

´
b1.x; y/=b2.x; y/ if b2.x; y/ ¤ 0

1 else:

In analogy to the �j ’s, the notation b1 � b2 means that .1=a/b1 � b2 � ab1 for some
constant a > 0.

Theorem 5.1. Assume

�1��2;
X
x2X

ˇ̌
�1;2.x/

1
2 � �1;2.x/

� 12
ˇ̌
<1;

b1�b2;
X
x2X

X
y2X

ˇ̌
z�1;2.x; y/

1
2 � z�1;2.x; y/

� 12
ˇ̌�
�j .x/

�1
C�j .y/

�1
�
bj .x; y/<1;

(5.2)

for j D 1; 2. Then one has W˙.H2; H1; J1;2/ D W˙.H2; H1; zJ1;2/, including existence
and completeness.

Proof. Set � WD �1;2, zJ WD zJ1;2, J WD J1;2. It has been shown in [6] that under the given
assumptions the W˙.H2; H1; zJ / exist and are complete. Let us show that (5.2) implies
(3.3): it follows from (5.1) that

sup
y2X

exp.�sH1/.x; y/ � �1.x/�1 for all x 2 X; s > 0;
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which using Cauchy–Schwarz and (5.1) as in the proof of Theorem 4.1 implies �1.s; x/ �
�1.x/

�1, andX
x2X

�
1 � �.x/�1

�2
�1.s; x/�1.x/ � C1

X
x2X

ˇ̌
1 � �.x/�1

ˇ̌
� C2

X
x2X

ˇ̌
�.x/

1
2 � �.x/�

1
2

ˇ̌
<1;

completing the proof.
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