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Duality for condensed cohomology of the Weil group
of a p-adic field

Marco Artusa

Abstract. We use the theory of Condensed Mathematics to build a condensed cohomology theory
for the Weil group of a p-adic field. The cohomology groups are proved to be locally compact
abelian groups of finite ranks in some special cases. This allows us to enlarge the local Tate duality
to a more general category of non-necessarily discrete coefficients, where it takes the form of a
Pontryagin duality between locally compact abelian groups.
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1. Introduction

Let F' be a finite extension of Q,, and let F be an algebraic closure. Let G r be the absolute
Galois group of F. In [31], Tate proves that for all finite continuous G r-module A and
for all ¢, one has a perfect cup product pairing

HY(Gp,A) ® H*?(Gp,Hom(A, F*)) - H*(Gp, F*) = Q/Z. (L.1)

However, if A is finitely generated, the result only holds up to profinite completion, which
loses important information. There are two promising approaches to overcome this short-
coming of the local Tate duality.

Firstly, Lichtenbaum’s influential paper [19] suggests that one should replace the
Galois group G r with the Weil group Wr. In [18], Karpuk studies the cohomology of the
latter with discrete coefficients. Secondly, as pointed out by Geisser and Morin in [14],
one should put a topology on both coefficients and cohomology groups. We try to follow
both intuitions simultaneously.
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In this paper we construct topological cohomology groups H?(B e —) which coin-
cide with Galois cohomology groups H?(GF, —) for finite coefficients and with Weil
cohomology groups H? (W, —) for discrete coefficients. Moreover, we extend the local
Tate duality to more general non-discrete coefficients, making it a Pontryagin duality
between locally compact abelian groups. In order to do this, we use the theory of Con-
densed Mathematics [9], which makes it possible to do algebra with topological abelian
groups. A more precise way of saying this is that Condensed Mathematics provides a
topos' € of condensed sets which contains compactly generated topological spaces as a
full subcategory stable by all limits.

In particular, we consider the prodiscrete topological group Wr as a pro-condensed
group, say Wr. We define its classifying topos and we call it By, The abelian category
Ab(BvT/F) contains nice enough topological abelian groups with a continuous action of
the prodiscrete topological group Wg. For all M € Ab(BWF), or more generally for all
objects of the bounded derived co-category D? (BVT/F ), and for all ¢, we define a condensed
abelian group HY(B W M). Since the category of condensed abelian groups contains
the quasi-abelian category LCA of locally compact abelian groups as a full subcategory,
the objects HY(B e M) may naturally carry a locally compact topology. We define a
dualising complex R/Z(1) € D? (BWF). For all M € D? (BWF), we define a dual module

MP := RHom(M,R/Z(1)) € Db (vi/p)' Our main result can be stated as follows.

Theorem 4.27. Let M be a locally compact abelian group of finite ranks with a continuous
action of a finite quotient G of Gg. Suppose that Homy «,(R/Z, M) and Ext; c,(R/Z, M)
are finitely generated discrete abelian groups. Then we have a perfect cup-product pairing

HY(By, . M) ® H* (B, MPy - H?(By, .R/Z(1)) = R/Z (1.2)
of locally compact abelian groups of finite ranks.

We will state and prove this result more generally, for all the objects of a full stable
oo-subcategory of D? (FLCA), which we denote by Dﬁg,ﬁz. If M is finite, then we have
MP = Hom(M, F*) (see Lemma 3.25) and (1.2) coincides with the Tate pairing (1.1).
Indeed, the local Tate duality is a key ingredient to prove our result.

1.1. Outline of this article

In Section 2 we study the cohomology of condensed groups and, whenever the condensed
group is represented by a topological group, its relations with other cohomology theor-
ies (continuous cohomology, discrete group cohomology). Part of this section is inspired
by [12], where Flach uses Grothendieck’s “gros topos” instead of condensed sets. The
cohomology of condensed groups is also treated in [8]. For every condensed group G,
we define its classifying topos Bg and the condensed cohomology of G, i.e., functors
H4(Bg,—) : Ab(Bg) — Ab(C) for all ¢ € N. We apply this to topological groups acting

'We are ignoring set-theoretic issues here. In order to be more precise, we fix k¥ an uncountable strong
limit cardinal. Then the topos C is the topos of xk-condensed sets defined in [9].
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continuously on topological abelian groups, and we obtain a Hochschild—Serre spectral
sequence.

Proposition 2.24. Suppose that
i p
l-H—-G— Q0 —1

is an exact sequence of topological groups, i.e., Q is homeomorphic via p to the coset
space G/H, and H is homeomorphic to the kernel of p with its subspace topology.
Suppose that G — Q is an epimorphism in C. Let A be a topological G-module. Then
the condensed abelian group HY(Bg, A) carries a Q-action for all q, and there is an
Hochschild—Serre spectral sequence o

BP9 = HP(Bo. HY(Bu. A) —> EP*(B. A).

We develop a more general theory for pro-condensed groups, for which Proposi-
tion 2.24 generalises to a Hochschild—Serre spectral sequence for condensed cohomology
of pro-groups (see Proposition 2.49). We also recover a continuity result for the cohomo-
logy of strict pro-condensed groups, which generalises the analogous property satisfied by
continuous cohomology of profinite groups with discrete coefficients.

Proposition 2.50. Let G be a strict pro-condensed group. Suppose that G; is compact
Hausdorff for all i. Let (A;, o;;)i,jer be a compatible system of abelian group objects of
(Bg;, fij)i,jer (see Construction 2.12). We set

Ao = limr A; € Bg.
iel

Then the canonical morphism

lim HY(Bg, . A;) — HY(Bg. Aco)

iel
is an isomorphism for any integer q.

In Section 3, we apply the constructions of Section 2 to the Weil group of a p-adic
field. Let F be a p-adic field with residue field k. Let Wg, I and Wy be the Weil group
of F, the inertia subgroup and the Weil group of k respectively. We have an exact sequence
of topological groups | — I — Wr — Wy — 1 which relates H?(B;, —), H?(Bw,, —)
and H?(By, , —) according to Proposition 2.24. Let L be the completion of the maximal
unramified extension of F, and let L be an algebraic closure of L containing an algebraic
closure F of F. Putting the canonical topology on L, we can see L> as an abelian object
of By. Since L is a Cl field [30, Section 3.3 (c)], one would expect HY(B;, L*) to vanish
for all ¢ > 1. However, we prove the following result.

Proposition 3.4. The abelian group H'(By, L*)(x) is not torsion.

In order to overcome this problem, we consider the profinite group / and the prodis-
crete group W as pro-condensed groups. We obtain classifying topoi B and BWF. In
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this way, the groups HY(Bj, L*) and H?(B e L*) behave as in the discrete case (see
Propositions 3.10 and 3.12). We define a dualising complex R/Z(1) € Db(vi,F) as the
fiber of the valuation morphism L* — R, and we compute H (B P R/Z(1)).

Proposition 3.15. The cohomology of Wr with coefficients in R/Z(1) is given by

O q=0,
HY (B, .R/Z(1)) = {R/Z q =12,
0 q =3,

where OF denotes the units of the ring of integers of F, which is a topological abelian
group.

For all M € D? (BWF), we define a dual complex
D ._ b(B.~
M" = RHom(M, ]R{/Z(l)) eD (BWF)'

We also determine the condensed structure on H? (B e M) and HY(B e MP ) in some
special cases. In particular, we study the case where M is a finitely generated abelian
group with a continuous action of a finite quotient of Gr (see Theorems 3.30 and 3.31),
or a finite-dimensional real vector space with a continuous action of Wg /U, where U is
an open normal subgroup of I (see Proposition 3.21).

Finally, in Section 4, we suppose that M is a locally compact abelian group of
finite ranks with a continuous action of a finite quotient G of Gr. We suppose that
Homy o4 (R/Z, M) and Ext; 4 (R/Z, M) are finitely generated abelian groups. Note that
this is the case, for example, if M is a finitely generated abelian group with the discrete
topology or a finite-dimensional real vector space with its Euclidean topology. In this con-
text we enlarge local Tate duality by proving Theorem 4.27. We observe that in the case
where M is a finite-dimensional real vector space, we are more flexible on the hypothesis
on the action of the Weil group. Indeed, we have the following.

Theorem 4.23. Let M be a finite-dimensional real vector space with a continuous action
of Wr /U, with U C I an open normal subgroup. Then we have a perfect cup-product
pairing

H?(By, . M) @ H*“(By, ,MP) — H*(By,_,R/Z(1)) = R/Z
of locally compact abelian group of finite ranks.

1.2. Relation to previous work

As we already remarked, in [31] Tate proves that for any finite continuous G r-module M,
the cup-product pairing (1.1) is perfect. This means that the induced maps

Y4 (M) : H?(Gp,Hom(M, F*)) - H* 9(Gr, M)*
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and
y4(MP) : HY(Gp, M) — H> (G, Hom(M, F*))"

are isomorphisms for all ¢, where (—)* denotes the Pontryagin dual. In the attempt of
generalising this result to finitely generated continuous G r-modules, Milne proves the
following (see [23, Theorem 2.1]).

Theorem A. Let M be a finitely generated G r-module, and consider the map
Y4(M) : HY(Gp,Hom(M, F*)) - H>"9(Gp. M)*.

Then w4(M) is an isomorphism for all ¢ > 1, and w°(M) defines an isomorphism (of
profinite groups)

H®(GF,Hom(M, F*)) @ Z — H*(GF, M)*,
where (=) ®@F 7 denotes the profinite completion.

Hence (M) is an isomorphism only up to profinite completion. However, the profin-
ite completion loses a lot of information on the abelian groups. For example, let M = Z
with the trivial action of G . Then we have

H’(Gp,Hom(M, F*)) = F*, H*(Gr,M)* =GP,
and ¥°(M) induces an isomorphism of abelian groups
(F) L7 = G¥, (1.3)

which is the reciprocity isomorphism of Local Class Field Theory. We have F* = O @
Z =1, ® H & Z, for some finite abelian group H and some n € N. Taking the profinite
completion, we get
(Fye*Z=z"eHe [z
I#p

Hence the information coming from @ and Z is mixed. In order to resolve this prob-
lem, we should replace the Galois group G with the Weil group W, as suggested by
Lichtenbaum (see [19]).

In [18], Karpuk follows this intuition and studies the cohomology of Wr with discrete
coefficients. The role of F* is taken by L*. The cohomology of Wr with coefficients in
L* is given by

F* ¢ =0,
HI(Wp, L) =37 q=1,
0 q>2.

If M is a finitely generated continuous Wr-module, we define M D.— Hom(M, ZX) and
we obtain a cup-product pairing in D(Ab)

RT (Wg, M) % RT(Wg, MP) — tZ'RT (W, L*) = Z[-1]. (1.4)
Karpuk proves the following (see [18, Theorem 3.3.1]).
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Theorem B. Suppose that M is a finitely generated continuous Wg-module. Then the
map

¥(M) : RT(Wr, MP) — RHom (RT(Wg, M), Z[-1])

induced by (1.4) is a equivalence in D(ADb). In particular, there are, for all q, short exact
sequences

0 — Ext(H>™4(Wp,M),Z) — HY(Wr, MP) — Hom (H' ™4 (Wp,MP),Z) — 0. (1.5)

Hence we now have a duality for finitely generated modules which holds in all degrees,
without needing the profinite completion. However, since Ext(H>~4(Wg, M), Z) does not
vanish in general, (1.5) cannot express this duality as a duality between the cohomology
groups.

Another aspect to consider is that topology is not taken into account neither by Milne
nor by Karpuk. This is the reason why both in Theorem A and in Theorem B we do not
have perfect pairings, but we only have results about the map v (M ). We solve this prob-
lem by putting a topology both on coefficients and on cohomology groups, as suggested by
Geisser and Morin in [14]. The role played by the discrete G r-module F* for Milne and
by the discrete Wr-module L* for Karpuk is now played by the complex of condensed
WF -modules

— val
R/Z(1) = [L* 5 R].
If M is alocally compact abelian groups of finite ranks with a structure of a W -module,
we define M P := RHom(M,R/Z(1)). In Theorem 4.27 we show that if M has an action
of a finite quotient G of G and if RHom; 4 (R/Z, M) € DP(Z), the cup product-
pairing

Hq(BWF’M) ®H2_q(BWF’MD) — HZ(BWF,R/Z(U) =R/Z

is a perfect pairing of locally compact abelian groups of finite ranks.

This theorem enlarges the result of Tate to more general non-necessarily discrete coef-
ficients. The “enlarged” local Tate duality takes the form of a Pontryagin duality between
locally compact abelian groups, and in this sense it is richer than Theorems A and B. The
proof relies on the topological structure of the cohomology groups. In order to determine
it, we must suppose that the action of the Weil group is induced by the action of a finite
quotient G of Gr. Hence, even if Theorem B only considers discrete finitely generated
coefficients, the hypothesis on the action of W is less restrictive in that case. However,
if we consider finitely generated abelian groups with a continuous action of G, as in
Theorem A, this “finitary” property on the action is always satisfied.

Finally, as a particular case of Theorem 4.27, if M = R/Z and g = 1, the perfect
cup-product pairing yields the isomorphism of topological abelian groups

x b
F* — W&,

which is the reciprocity morphism of Local Class Field Theory “a la Weil” (compare it
with (1.3)), and does not need profinite completion.



Duality for condensed cohomology of the Weil group of a p-adic field 1387

1.3. Set-theoretical conventions and notation

We say that a category C is small if both Ob(C) and Mor(C) are sets. We say that a
category is essentially small if it is equivalent to a small category. Let « be an uncountable
strong limit cardinal such that ¥ > 8. For example, let ko := 8 and for all n € N, let
Ky = 2*n=1.We set k = sup, k,. We say that a set S is k-small if |S| < «.

We denote by Top the category of topological spaces, and by Top® (resp. Top®®)
the full subcategory of Top of k-small compact Hausdorff topological spaces (resp. k-
small extremally disconnected topological spaces). We observe that Top® and Top®® are
essentially small categories. We denote by Top®® the category of x-compactly generated
topological spaces, i.e., the smallest full subcategory of Top containing Top® and closed
under small colimits. We denote by € the category Cond, (Set) of k-condensed sets, as
defined in [9]. Unless stated otherwise, compact Hausdorff (resp. extremally disconnec-
ted, resp. compactly generated, resp. condensed) means «x-small compact Hausdorff (resp.
k-small extremally disconnected, resp. k-compactly generated, resp. k-condensed).

We denote by LCA the quasi-abelian category of locally compact abelian groups, and
by LCA, the quasi-abelian full subcategory of k-small objects. We denote by FLCA
the quasi-abelian full subcategory of LCA of locally compact abelian groups of finite
ranks (see [17]). We observe that we have FLCA C LCA, C LCA. The categories FLCA
and LCA, are essentially small. For a locally compact abelian group A, we denote by
AY its Pontryagin dual, i.e., the locally compact abelian group Hompca (4, R/Z) with
the compact-open topology. The Pontryagin duality induces an equivalence of categories
LCA®® = LCA, resp. LCA” = LCA,, resp. FLCA®® = FLCA.

Another way of dealing with set-theoretical issues is to follow the conventions of
Barwick and Haine (see [4]). In particular, one can assume the existence of universes.
We let ko be the smallest strong inaccessible cardinal which is uncountable, and «; the
smallest strong inaccessible cardinal with k¢ < «1. Then we define the universe U (ko)
(resp. U(k1)) as the set of all sets with rank strictly less than kg (resp. x1). The set U(kg)
has rank and cardinality «o, and hence we have U(kg) € U(k1). A mathematical object is
Kko-small (resp. x1-small) if it is equivalent to an object which is in U(kyg) (resp. U(k1)).
If the readers find this approach more convenient, they can replace k-small by ko-small
and small by «1-small in the previous discussion. In this case, the categories which in the
previous discussion are essentially small, actually become k;-small.

In this article, we use the theory of co-categories, developed in [20-22]. If A is an
abelian category, we denote by D(A) (resp. D?(A4), resp. DT (A)) its derived co-category
(resp. bounded derived oco-category, resp. bounded-below derived co-category), whose
homotopy category is the derived category D(A) (resp. the bounded derived category
DP?(A), resp. the bounded-below derived category Dt (A)). Finally, we make use of topos
theory, which main reference is [2,3]. In particular, if T is a topos and X is an object of 7',
we denote by 7'/ X the induced topos [2, Exposé IV, Section 5.1]. We call the canonical
morphism of topoi jy : T/X — T [2, Exposé IV, Section 5.2] localisation morphism.

Any other unconventional notation will be made clear when it occurs.
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2. Cohomology of condensed groups

2.1. Topoi over condensed sets

In the following we adapt Morin’s definition [24, Section 8.1] of strongly compact topoi to
topoi over condensed sets. The cohomology of a topos is replaced by an enriched cohomo-
logy over condensed sets.

Remark 2.1. We recall some properties of extremally disconnected topological spaces,
and their role among condensed sets.

(1) [9, Proposition 2.7] A condensed set is a functor X : (Top®®)®® — Set such that
X (@) = *xand X(S1 U S3) = X(S7) x X(S>).

(2) For all extremally disconnected S, the functor
I'(S,—):Ab(C) - Ab, A A(S)

commutes with all limits and colimits. This is shown in [9, Proof of Theorem 2.2].

(3) A morphism of condensed sets X — Y is an isomorphism if and only if X(S) —
Y(S) is an isomorphism for all S extremally disconnected. This follows from (1)
and (2).

Definition 2.2. Let f7 : T — C be a topos over C. We define H?(T ﬁ) G, —) as the gth
derived functor R? fr. : Ab(T) — Ab(C).

Notation 2.3. Whenever it does not create confusion, we denote H? (T i C, —) just by
HI(T, —).

If we consider the unique morphism of topoi € — Set, whose direct image is the
underlying set functor —(x) : ¢ — Set, the composition

—(x)o fr: T — Set

is the global section functor. Since —(x) : Ab(C) — Ab is exact (see Remark 2.1 (2)) the
associated Leray spectral sequence degenerates, giving us

HY(T, —)(x) = HY(T, ).

Remark 2.4. Let A € Ab(T'), and let S be an extremally disconnected topological space.
Then we have

This follows from Remark 2.1 (1), since we have
HY(T/ /7 (S1U 82). 4 prsinsn) = HUT/ 781, Ay s,) x BUT/f7 S, Ay ps,)-
Notation 2.5. Let X €C. Let fx : €/ X — € morphism of topoi. For all M € Ab(C), we set
HY(C; X, M) :=HY(C/X,Mx), HY(C X, M):=H!(C/X. My).
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Let S be an extremally disconnected topological space. By Remark 2.4 we have
HY(C; X, M)(S) =HY(C; X x S, M).

Definition 2.6. Strongly compactness is defined as follows.
(i) A morphism of topoi f : Ty — T3 is strongly compact if for all ¢ € N the
functor RY f,. commutes with filtered colimits of abelian sheaves.

(i) [24, Definition 8.1] A topos T is strongly compact if the unique morphism of
topoi " — Set is strongly compact.

(iii) Let fr : T — C be a topos over C. We say that T is strongly compact over C if
fr is strongly compact.

Remark 2.7. Let T be a topos, U — er a covering of the terminal objectand A — B a
morphism in Ab(T’). If Ajyy — B)y is an isomorphism, then so is A — B. More generally,
let ¥ — § be a morphism in D(T). If oy — %)y is an equivalence, then so is ¥ — §.

Remark 2.8. For every morphism of topoi f : Ty — T, and for every object X of 75, the

commutative diagram

T/ x 25 1x

ljf *X ljx
T1 ;) T2

is a pullback. Here jx and js«x are localisation morphisms [2, Exposé IV, Section 5.2].
Moreover, one has

]}}k o qu* = Rq(f/X,*) o j;*x
for all g.

Lemma 2.9. Let f : Ty — T, be a morphism of topoi. Let X be an object of T, such that
X — er, is a covering of the terminal object. If f;x is strongly compact, then so is f.

Proof. Combine Remarks 2.7 and 2.8. ]
Lemma 2.10. Strongly compact morphisms of topoi are stable by composition.

Proof. Let f : Ty — T, and g : T, — T3 be strongly compact morphisms of topoi. Let
h:=go f:T; — T3.Forall A € Ab(T), we have a spectral sequence

EP? = RPg, (R fiA) = RPT1h,A.
Since R" fx and R" g, commute with filtered colimits for all n, then so does R" /1. [

Remark 2.11. The topos € of condensed sets is strongly compact. Indeed, the functor
—(*) : Ab(C) — Ab is exact and commutes with filtered colimits (see Remark 2.1 (2)).
Consequently, if a topos is strongly compact over C, then it is strongly compact.
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A cofiltered limit of strongly compact topoi along strongly compact transition maps
is strongly compact [3, Exposé VI, Corollary 8.7.7]. In fact the same can be proved for
strongly compact topoi over C.

Construction 2.12. Let (7;, fj;)i,jer be a filtered projective system of topoi over C,
where the maps f;; : T; — T; are the transition maps. Then we set
Too = lim T,
i
where the cofiltered limit of topoi is computed in the 2-category of topoi. For all i, we
have a morphism 7; : Too — T;. The topos T is automatically a topos over C, and ; is
a morphism of topoi over C for all i.
Let A; € Ab(T;) foralli € I. Let (o; : fj*lfAl- — A;)i,jer be afamily of morphisms
such that
Uik = Oljk o f]:}(aij) . f]:;-Ai == f]:}fj);Ai —> fk);Aj —> Ak.
The morphisms
(”;(O‘if) : ”Ja'kfjjigAi = Ai — T[JikAf)i,jeI
yield a filtered inductive system of abelian objects (7] A; )i in Too. Then we set
Ago = li_n}n,-*Ai.
iel

Lemma 2.13. Let (T;, fji)i,jer and T be defined as in Construction 2.12. Suppose that
T; is strongly compact over C for all i, and that the transition maps f;; : T; — T; are
strongly compact. Then Ty, is strongly compact over C.

Proof. By [3, Exposé VI, Corollary 8.7.6], the morphism r; : Too — T; is strongly com-
pact for all i. Since the morphism 7, — € is the composition of two strongly compact
morphisms 77; : Too — T; and fr, : T; — C, the result follows from Lemma 2.10. [

Lemma 2.14. Let (T, fij)i jer. (Ai,ij)i,jel, Too and Ao be defined as in Construc-
tion 2.12. Suppose that T; is strongly compact over C for all i, and that the transition
maps f;i + T; — T; are strongly compact. Then the canonical morphism

li_n)lHq(T}, A,’) — Hq(Tom Aoo)

iel
is an isomorphism for any integer q.
Proof. By Lemma 2.13 and [3, Exposé VI, Corollary 8.7.5] one has

H" (Too, Aco) = li_H}Hq(Too» ”i*Ai) = h_r)n(h_r)an(T], f]TAz))

i i Jj—i

We conclude as in the proof of [24, Lemma 8.2]. [
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2.2. The classifying topos of a condensed group

Definition 2.15. Let G be a condensed group. We define its classifying topos Bg as the
category of objects X of € with a G-action G x X — X. Morphisms in Bg are those
morphisms in € which are G-equivariant.

Remark 2.16. The fact that Bg is a topos follows from [2, Exposé IV, Section 2.4].
Proposition 2.17. Let G be a condensed group. Then its classifying topos Bg is replete.

Proof. One has a localization morphism jgg : Bg/EG — Bg. By [12, Lemma 7 (i)],
we have Bg/EG = C, which is replete by [5, Proposition 3.2.3]. Since jz, reflects
epimorphisms and commutes with projective limits, the result follows. ]

The construction of the classifying topos is functorial. For every morphism of con-
densed groups g : G; — G, we get a morphism of topoi

Bg : Bg, — Bg,.-

The pullback functor Bg* : Bg, — Bg, sends X € Bg, to itself with the action of G;
induced by g. Moreover, if g : G; — G, and g’ : G, — G3, then B(g’ o g) = Bg’ o Bg.

Notation 2.18. We denote Bg simply by g.

Let G be a condensed group. The unique map G — {*} induces fg : B¢ — B = C.
We obtain functors

HY(Bg,—) := R fg«(—) : Ab(Bg) — Ab(C),
as in Section 2.1.

Lemma 2.19. Let S be an extremally disconnected topological space and let A€ Ab(Bg).
There is a Cartan—Leray spectral sequence

EJY =HP(HY(C;G* x S, A)) = HP(Bg, A)(S),
which is functorial in S.

Proof. The morphism G x § — § is an epimorphism in €. Consequently, EG x f5§ —
J& S is an epimorphism in B (C). We get a simplicial object

= S2 — S] S()
where So = EG x f5§ with projection on the second component towards f; S, and
Sn = So Xf&ks Xioeee XfG*S So,

the fiber product of n + 1 copies of Sp, which is isomorphic over £35S to EG X f5(G" X §).
We have the Cartan—Leray spectral sequence

ES? = WP (H1(Bg: EG x f&(G* x S). A)) = HPV9(Bg: f3S. A).
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By [12, Lemma 7 (i)], with X = G" x S, we have
HY(Bg: EG x fG(G" x S),A) = HY(Bg/EG x fG(G" x S), AlgGxf3Gnxs))
=~ HY(C/G" x S, A|lgnxs) = HI(C; G" x S, A).
The result follows from Remark 2.4. |

Corollary 2.20. Let G be a condensed group and let A € Ab(Bg). There is a Cartan—
Leray spectral sequence

EP =HP(H?(C;G*, A)) = HPT(Bg. A),
where HY(C; G*, A) is defined in Notation 2.5.
Proof. By Remark 2.1 (2) and (3), it is enough to check that for all S we have a spectral

sequence
ED" = HP(H(C; G*, A))(S) = HP*(Bg, A)(S)

which is functorial in S. This is Lemma 2.19. [

Definition 2.21. Let G be a topological group, and let A be a topological abelian group
with a continuous action of G. We define the condensed cohomology of G with coeffi-
cients in A as H?(Bg., A).

Notation 2.22. If X is a compact Hausdorff topological space/group/abelian group, we
denote the condensed set/group/abelian group X just by X.

Proposition 2.23. If G is a compact Hausdor{f topological group, Bg is strongly compact
over C.

Proof. By Corollary 2.20 we have a spectral sequence
EPY =HP(HY(C;G*,—)) = HP*(Bg,-).

Since filtered colimits are exact in Ab(C) [9, Theorem 2.2], it is enough to show that the
topos C/G" is strongly compact over C for all n. Since G" is compact Hausdorff for all n,
this follows from [9, Proposition 4.12]. [

Proposition 2.24 (Hochschild—Serre spectral sequence for topological groups). Suppose
that )
1>HS5G652 0—1

is an exact sequence of topological groups, i.e., Q is homeomorphic via p to the coset
space G/H, and H is homeomorphic to the kernel of p with its subspace topology. Sup-
pose that G — Q is an epimorphism in C. Let A be a topological G-module. Then the
condensed abelian group H4(Bpg,i*A) carries a Q-action for all q, and there is an
Hochschild—Serre spectral sequence o

Ef = HP (Bg, HY(Bpz.i*4)) = HP™(Bg, A).

Proof. This is a special case of Proposition 2.49. ]
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2.2.1. Comparison with continuous cochain cohomology. We can recover “continuous
cochains” in Corollary 2.20.

Proposition 2.25. Let G and A be as in Definition 2.21. Suppose that G" is compactly
generated for all n. Then for all n € N the condensed abelian group H°(C; G™, A) is
represented by Cont(G", A) with the compact-open topology.

Proof. For all S extremally disconnected we have

H°(C; G", A)(S) = Home(G" x S, A) = Cont(G" x S, A)
= Cont (S, Cont(G", A)) = Cont(G", A)(S),

where Cont(G", A) is given the compact-open topology. The second isomorphism is [9,
Proposition 1.7]. The result follows from Remark 2.1 (3). ]

Corollary 2.26. Let G and A be as in Definition 2.21. Suppose that G" is compactly
generated for all n. Then the following holds.

(1) The condensed abelian group H°(Bg, A) is represented by AC, with the subspace
topology induced by A.

(2) Suppose that A has the trivial action. Then H'(Bg, A) is represented by the topo-
logical abelian group Hom®™ (G, A), endowed with the subspace topology of the
compact-open topology on Cont(G, A).

(3) Suppose that H4(C; G", A) = 0 for all ¢ > 0 and for all n. Then H4(Bg, A) is
computed by the complex

A — Cont(G, A) — Cont(G?, A) — - -,

where the mapping spaces are given the compact-open topology. In particular, the
underlying abelian group H? (Bg, A) = H?(Bg, A)(*) coincides with continuous
group cohomology.

Proof. Letd®: A — Cont(G, A) and d'! : Cont(G, A) — Cont(G?, A) be the continuous
morphisms of topological abelian groups defined by

d%a) = (g ga—a), d'(f)=/((&1.8)~ & f(g)+ f(g1) - [(g1£2)).
By Corollary 2.20 and Proposition 2.25 we have
d°
H%(Bg, A) = H*(4 — H°(C; G, A) — --+) = ker(d”).

This proves (1).
By Corollary 2.20 we have an exact sequence of condensed abelian groups

0 — H'(H°(C; G*)) - H'(Bg, A) — H°(H'(C; G*, 4)).
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Since H!(C; *, A) = 0, we have H*(H'(C; G*, A)) = 0. By Proposition 2.25, we get

1 g L dal 2
H'(Bg.A) = H'(4 — Cont(G, A) — Cont(G*>, A)).

Since the action on A is trivial, d° is the zero morphism and ker(d!) = Hom®"(G, A).
This proves (2).
For (3), we just combine Corollary 2.20 with Proposition 2.25. ]

Example 2.27. If G is a finite group, the condition in (3) is satisfied for any condensed
abelian group A. In particular, the following holds:

(i)  if A is represented by a discrete abelian group, then so is H?(Bg, A). Indeed,
the functor Ab — Ab(C) is exact, hence the quotient of a discrete condensed
abelian group by a discrete subgroup is discrete as well.

(i) if A is represented by a compact Hausdorff topological abelian group, then so is
H4(Bg, A). Indeed, all the terms of the complex are compact Hausdorff, and the
morphisms are closed. In addition to this, the functor Top — C sends surjections
between compact Hausdorff topological spaces to epimorphisms.

Example 2.28. If G is a profinite group, the condition in Corollary 2.26 (3) is satisfied
for any discrete abelian group A, and more generally if A is a topological abelian group
such that A is solid [9, Theorem 5.4, Corollary 6.1].

Example 2.29. If G is compact Hausdorff, the condition in Corollary 2.26 (3) is satisfied
for any Banach real vector space [9, Theorem 3.3].

Proposition 2.30. Let V be a Banach real vector space with a continuous action of a
compact Hausdorff topological group G. Then we have

HY(Bg,V) =0 Vg > 0.

Proof. We just combine Example 2.29 and [6, Chapter IX, Proposition 1.12]. The exact
sequence of Banach spaces is also exact as sequence of condensed abelian groups by the
following lemma. L]

Lemma 2.31. A complex of Frechet (resp. Banach) spaces is exact as a complex of con-
densed R-modules if and only if it is exact on the underlying vector spaces.

Proof. This is a consequence of the Baire category theorem, see [10, Lemma 11.2]. ]
2.2.2. Discrete coefficients.

Remark 2.32. The functor (—) : Top — C respects coproducts. Indeed, let {X;};es be a
family of topological spaces. For all i, the inclusion X; < U;cs X; is a closed and open
immersion. Hence, if S a profinite set and g is a continuous map S — L; <7 X, there exists

a partition § = Sy U --- U Sy, with S; profinite, such that g| s; factors through some X ij-

We call f the unique morphism of topoi C — Set. In particular, we have fi, = —(x).
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Remark 2.33. Let X be a set, and let X% be the topological space defined by X with the
discrete topology. By Remark 2.32, £*X is naturally isomorphic to X in €.

Definition 2.34. A condensed set T is discrete if the natural map T (x)® — T', or equival-
ently f* £, T — T, is an isomorphism.

Lemma 2.35. A condensed set T is discrete if and only if for every extremally disconnec-
ted S = Ligli S;
lim T(S;) =T(S).
i
Proof. By Remark 2.1 (3), T is discrete if and only if the morphism 7'(x)*(S) — T'(S)
is an isomorphism for all S extremally disconnected. For all S = lim, S; extremally dis-
connected we have
lim 7(S;) = lim [[760) = li_'r)nMaps(Si, T(%))

i i seS; i

= lim Cont (Si, T(*)‘g) = Cont (S, T(*)‘S)

T(*)’(S),

where the second-to-last equality is a computation of Oth cohomology with discrete coef-
ficients [11, Chapter X, Theorem 3.1]. The result follows. |

Proposition 2.36. Lett : T’ — T be a morphism of condensed sets.
(1)  Suppose that t is a monomorphism. If T is discrete, then so is T'.

(ii)  Suppose that t is an epimorphism. If T’ is discrete, then so is T.

Proof. We first prove (i). Let S = lim; §; be an extremally disconnected topological
space. We have the commutative diagram

lim T'(S;) —— lim T(S;)

l l 2.1

T'(S) —— T(S),

where the map on the right is an isomorphism, and all maps are injective. If the map
on the left is surjective, we conclude by Lemma 2.35. Take a € T/(S). By the diagram
above a € T'(S;) for some i. We need to show that a € T7(S;). This follows from the sheaf
condition on 7", namely 7"(S;) is the equaliser of T/(p1), T'(p2) : T'(S) — T'(S xs; S).

We prove (ii). Let S = lim; S; be an extremally disconnected topological space. The
diagram (2.1) is such the map on the left is an isomorphism, and all maps are surjective.
Moreover, the map

li_.)m T(S;)—T(S)
J

is injective, being a filtered colimit of injective maps. We conclude by Lemma 2.35. =
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Proposition 2.37. Let0 — A’ — A — A” — 0 be an exact sequence of condensed abelian
groups. Then A’ and A" are both discrete if and only if A is discrete.

Proof. If A is discrete, then so are A’ and A” by Proposition 2.36. Conversely, let S =
lim; S; be an extremally disconnected topological space. Using Lemma 2.35, the result
follows from the Snake Lemma applied to

0o —— @lj A(S;)) — linj,- A(S)) — lin;/. A"(Sj)) —— 0

| | | -

0 —— A'(S) s A(S) s A(S) y 0.

Corollary 2.38. Let EY'? = EP*4 be a spectral sequence in Ab(C), with E3* = 0 for
p < 0orq < 0. Suppose that Eé”q is discrete for all p,q. Then E" is discrete for all n.

Proof. By Proposition 2.37, the subcategory Ab C Cond(Ab) is stable by extensions.
Hence it is enough to show that for every complex of condensed abelian groups

147 0 4% g
CT' —C"—C

such that all the terms are discrete, the cohomology group ker(d®)/im(d ') is discrete
as well. This follows from Proposition 2.37. |

Proposition 2.39. Let G be a compact Hausdorff topological group acting continuously
on a discrete topological abelian group A. Then H4(Bg, A) is discrete for all q.

Proof. By Corollaries 2.20 and 2.38, it is enough to show that H? (HY(G*, A)) is discrete
for all p,q. Let S = lim; S; be an extremally disconnected topological space. By [11,
Chapter X, Theorem 3.1] and [9, Theorem 3.2], we have

HY(C;G" x S, A) = limHY(€: G" x ;. A),

1

functorially in n. Thus we have

HP (H7(C: G" x S, 4)) = HP (limH'(€; G* x Si, 4)).

4

Since filtered colimits are exact in Ab, we have

lim H? (H(€; G* x Si, 4)) = H” (1lim HY(€; G* x S, 4))
=~ H? (HY(C: G* x S, A)).

The result follows from Lemma 2.35. [

Remark 2.40. For profinite groups, the same result is shown in [1, Lemma 2.5].
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2.2.3. Cohomology of discrete groups.

Proposition 2.41. Let G be a discrete group and let A be a condensed G-module. Then,
for all g and for all S extremally disconnected, we have

H(Bg, A)(S) = H?(Bg(Set), A(S)),
where the right-hand side is the classical group cohomology of G with coefficients in A(S).

Proof. By Remark 2.8, the commutative diagram of topoi

C/S —— Set

! L

Bg/S —L Bg(Set)

is a pull-back square and p is a localisation morphism. Indeed, we have Set= B (Set)/EG
and C/S = (Bg/S)/f*EG. Thus we get

p*Rf*(A|S) = RF(G/S, A|S) = RHOInAb(@) (Z[S],A)
= HOmAb((g) (Z[S], A) = A(S),

where we use the fact that Homap(e)(Z[S], —) is exact if S extremally disconnected (see
Remark 2.1 (2)). Hence R f«(A)s) is concentrated in degree 0 and we have

HY(Bg, A)(S) = RqF(BQ/S,A‘S) =~ RqF(Bc;(Set),f*(A|S))
~ HY(Bg (Set), A(S)). .

Example 2.42 (Cohomology of Z). Let G = Z = (®) with the discrete topology. Then

2121 =2 7121 25 7

is a projective resolution of Z. Let A € Ab(Bgz). For all extremally disconnected S, let
s : A(S) — A(S) be the automorphism of A(S) induced by the action of ®. By Propos-
ition 2.41, we have

ker(1 — ¢s) g =0,
H?(Bz., A)(S) = { coker(1 —ps) ¢ =1,
0 q=>2.

Let ¢ : A — A be the automorphism of 4 defined by ¢(S) := ¢s. Then we have

ker(1 — @) =: A% q=0,
HY(Bz, A) = { coker(1 —¢) =1 Az q =1,
0 q=2.
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If A is a topological abelian group with a continuous action of Z, the morphism ¢ is
represented by the automorphism of topological abelian groups A — A, mapping a to
® - a. Consequently, AL s represented by the topological abelian group AZ (in agreement
with Corollary 2.26 (1)). Moreover, if A is discrete, A, is represented by the discrete
abelian group A/(1 — ¢)A. If A is compact Hausdorff, the condensed abelian group A,
is represented by the compact Hausdorff abelian group A/(1 — ¢)A with the quotient

topology. Indeed, the morphism 1 — ¢ is closed.

2.3. The classifying topos of a pro-condensed group

We would like to generalise a well known fact from the cohomology of profinite groups
with discrete coefficients. Let (G;);es be a projective system of topological groups and
(A; € Ab(Bg;))ier a compatible system. Let 7; : G — G; be the projections. We set
G = liLni G;md Ago = li_r)nl_ ni*A,-. We would like the isomorphism

HY(Bg. Aoo) 2 lim HY(Bg,. A;)
l
to hold. Unfortunately, this is not always the case even if G; is finite for all i, see Propos-
itions 3.4 and 3.10. In order to recover this property, we introduce pro-condensed groups
and their cohomology.
We are adapting [25, Section 2.6] to the condensed setting. A pro-object of a category
C is a functor X : I — C, where [ is a cofiltered category.

Definition 2.43. A pro-condensed group Gisa pro-object in the category Grp(C) of
condensed groups. A pro-condensed group G is strict if all transition maps G; — G, are
epimorphisms of condensed groups.

LetG : [ — Grp(C) be a pro-condensed group. For every i € I we have a condensed
group G; and a classifying topos Bg,, which is a topos over C. We get (Bg;, fji)i,jeI, a
projective system of topoi over C.

Definition 2.44. The classifying topos of a pro-condensed group G:I1— Grp(C) is
defined as
B g = lgl Bg;,

where the limit is taken in the 2-category of topoi.

Foralli € I, wecall ; : Bg — Bg, the projection morphism, and f5 : Bg — C the
structure morphism.

Definition 2.45. The gth group cohomology of the pro-condensed group G:1— Grp(©)
is
HY(Bg,—) := R f5 , : Ab(Bg) — Ab(C).

Remark 2.46. Let G be a constant pro-condensed group with value G € Grp(C). Then
Bg is equivalent to Bg via any projection ;, and HY(Bg, —) coincides with HY (B¢, —)
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for all ¢g. Hence the condensed cohomology of pro-condensed groups generalises the
cohomology of condensed groups.

We now prove the existence of a Hochschild-Serre spectral sequence.

Construction 2.47. Let H,G : J — Grp(€) be two pro-condensed groups, and Q S -
Grp(C) a constant pro-condensed group with value Q € Grp(C). Let

1> H 56201

be an exact sequence of condensed groups for all j, inducing morphisms of pro-condensed
groups H—-GandG — 0. By [2, Exposé IV, Section 5.8], we obtain an equivalence of
topoi Bp; 5 Bg,/ p;‘E Q for all j. Moreover, we have morphisms of topoi i:B i— Bg
and p : Bz — Bg.

Lemma 2.48. Let H , @ Q be as in Construction 2.47. There exists an equivalence of
topoi By — B/ p*EQ induced by By; — Bg,/p; EQ.

Proof. By Remark 2.8, we have
B@/ﬁ*EQ = Bg X, Bo/EQ.

In the 2-category of topoi, cofiltered limits commute with fiber products. Thus we have

BG XBo BQ/EQ = l(iI'_n(BGj XBg BQ/EQ) = l(iI'_nBGj/p;EQ = lﬁ—nBHf = Bljl. ]
J J J

Proposition 2.49 (Hochschild—Serre spectral sequence). Let H.G, Q be as in Construc-
tion 2.47. For all A € Ab(Bg), the condensed abelian group H?(B g, i*A) carries a
Q-action for all q. There is a Hochschild—Serre spectral sequence

HP?(Bo.H9(By.i*A)) = HPYI(Bg, A).

Proof. By Lemma 2.48 and [12, Lemma 7], we have the commutative diagram of topoi

B

o, b

N DP/EQ
Bg/p*EQ ———— Bo/EQ

ljﬁ*EQ leQ

14
Bé > Bo,

'vI)

where the outer square is a pullback. The composition of the two vertical maps on the left
is i. On the right, the composition gives the morphism e : € — Bgp. The morphism e is
induced by the morphism of groups {*} — @, which sends * to the identity of Q. Hence
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we have fg , oi* = e* o p,. Moreover, since the vertical morphisms are localisation
morphisms, we have
Rfg 01" =€ o Rpx.

The spectral sequence computing the derived functor of f5 , = fo « © px concludes the
proof. ]

Finally, we recover the well-known continuity property of cohomology of pro-finite
groups, extending it to strict pro-compact Hausdorff groups.

Proposition 2.50 (Continuity result). Let G be a strict pro-condensed group. Suppose that
G; is compact Hausdorff for all i. Let (A;, ®j;)i,jer be a compatible system of abelian
group objects of (Bg; . fij)i,jer (see Construction 2.12). We set

Ao = lim 7] 4; € Bg.
iel

Then the canonical morphism

h_r>an(BGl»Al) e Hq(BévAOO)

iel
is an isomorphism for any integer q.

Proof. By Proposition 2.23, the topos Bg, is strongly compact for all i. Let f;; : Bg, —
BG]. be a transition map. Let K be the kernel of G; — G, which is compact Hausdorff.
The localisation of f;; at EG; is Bx — C. This morphism is strongly compact by Pro-
position 2.23. Hence, by Lemma 2.9, so is f;;. We conclude by Lemma 2.14. ]

2.4. The category D*(B3)

Let G : I — Grp(C), i — G; be a strict pro-group. Suppose that all G; are compact
Hausdorff. In this section, we give a description of objects in D (B ¢) in terms of objects
of D (Bg,) for all i (see Proposition 2.54). Moreover, we obtain a formula which relates
the internal Hom in D(Bg) with internal Hom’s in D(Bg; ) for all i (see Corollary 2.58).
To do this, we start by studying the defining site of the category Bg.

Let G = lim; G; be the topological group associated to G. We denote by G — Top°®
the category of compact Hausdorff topological spaces with a continuous action of G, with
G-equivariant continuous maps as morphisms.

Proposition 2.51. Let G — Top® be the full subcategory of G — Top® of those compact
Hausdorff topological spaces with a continuous action of G which factors through G; for
some i. Let jeona be the topology on G- Top® with finitely jointly surjective families of
maps as covers. Then there is a natural morphism

Bg — Sh(G — Top°, ji)

which is an equivalence of topoi.
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Proof. For all i, let G; — Top® be the category of topological spaces with a continuous
action of G;, with G;-equivariant continuous morphisms. Let j; be the coarsest topology
such that the forgetful functor (G; — Top®, j;) — (Top®, jeona) is continuous. We have
a defining site (G; — Top®, j;) for Bg,. By [3, Exposé VI, Section 8.2.3], a site for Bg
is given by (H_II)II (G; — Top®), j). Here j is the coarsest topology such that the functor
(G; — Top®, Jji)(lim, (G; — Top®), j) is continuous for all ;.

We can make the category EII;I (G; — Top®) explicit as follows. An object of this
category is a compact Hausdorff topological group with a continuous action of G; for
some i. Let X, X, be two objects of this category with an action of G1, G, respectively.
Then there exists k € I such that Gy surjects on both G; and G,. Then a morphism
X1 — X> is a Gg-equivariant continuous map X; — X,. Hence we have an equivalence
of categories

lim(G; — Top®) == G — Top®.
I

Under this identification, j¢ng is the coarsest topology on G- Top® such that the functor
(Gi —Top®, ji) — (G — Top®, jcona)
is continuous for all ;. The result follows. [

Lemma 2.52. Let«a : ¥ — § be a morphism in D+(B@). Suppose that for all i € I the
induced morphism R (Bg/EG;, ¥|gg;) — RT (Bg/EG;, $Eg,) is an equivalence in
D(C). Then « is an equivalence.

Proof. Let X be a compact Hausdorff topological space with an action of G;, for some
i. We show that the morphism RT'(Bg/X, #1x) — RI'(Bg/X, §x) is an equivalence in
D*(Z). We observe that

EG,xX"—> X, (g.x)~g-x,
is a covering in G — Top®, where X" is X with the trivial action of G. Thus we have
RF(B@/X, 37|X) = colim Rl"(Bé/(EG,- x XM, FiEGxx)e)s

and similarly for €. For all n, we have an isomorphism (EG; x X")" ~ EG; X (G;r)”_1 X
X' over X. Thus it is enough to check that the morphism

RF(BG/EG, X (G:r)n X Xtr, %EGL'X(G;')”XX“')

|

RT(Bg/EGi x (GI)" x X", 856, x(Gvyrxxv)
is an equivalence for all n and all ;. This follows from the hypothesis. Indeed we have

RT(Bg/EG; x (GI)" x X", Fgg,x(Giyxxv) = RT (G x X, RT (Bg/EG;. Fig,)).
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and similarly for §. Thus for all X compact Hausdorff with an action of G; for some i,
the morphism
RT(Bg/X, Fix) > RT (Bg /X, §x)

is an equivalence in D (Z). The result follows from [22, Corollary 2.1.2.3] and Proposi-
tion 2.51. u

Notation 2.53. Foralli € I, letn; : G — G; be the projection. For all j — i, let p; ; be
the morphism G; — G;. We set U; = ker(r;), and K; ; := ker(p;, ;). Thus we have

B@/EGi = Bﬁi = @BKLJ"

J—>1
We call 71]’ the projections Bﬁi — Bk, ;-

Proposition 2.54. Forall ¥ € Dt (Bg), the natural morphism li_r)nj 711.*R7rj,*37 — Fis
an equivalence.

Proof. By Lemma 2.52, it is enough to prove that the morphism

RF(BG/EGI, (EE”;R”]',*‘(F)IEG,-) — RF(BG/EG,-,EEGi) (22)
J

is an equivalence for all ;. This can be written firstly as

Rr(Ble, h_I>n ﬂ]l’*(RjT]y*?)lEGl) g Rr(Bﬁlv *(flleGl)s

J>i
and then, by Proposition 2.50, as

lim RT (B, ;. (R7j«¥)|£6,) = RT (Bg,, FieG;).

i
For all j, we have
RT (Bk, ;. (R7jxF)\EG;) = (Rpi,jx R F ) g6, = (R7ixF)EG; -
Hence the colimit is constant and (2.2) becomes
(R« F)|EG; > RT(Bg,. FiEG;)-
This is an equivalence by Remark 2.8. ]

Corollary 2.55. Let ¥ € D (Bg) such that R; «F = 0 for all i. Then ¥ = 0.

When working with Bg instead of Bg we lose an important property. Indeed, the
morphism of topoi C — Bg is not a localisation morphism. Thus, we cannot check van-
ishing in € apriori. However, thanks to Proposition 2.54 we can reduce to prove vanishing
in Bg,, where we have localisation morphisms € — Bg,;.
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Remark 2.56. Let f : 73 — 75 be a morphism of topoi. We denote by RHom- (—, —)
the derived internal Hom in D(7;) fori = 1,2. For all ¥,§ € D(72) we have a canonical
morphism

/* RHomg, (4, B) — RHomy, (f*A, f*B), 2.3)

which is functorial in A and B. Moreover, if f is a localisation morphism, then (2.3) is an
isomorphism.

Lemma 2.57. Let ¥ € DY (Bg,) and let § € DT (Bg). Then the natural morphism
RHomp (¥, Rmi +§) — R« RHomp (77 ,8)
is an isomorphism.
Proof. Let us consider the pull-back diagram of topoi given by the localisation at EG;
u
By —— C
Lok

Bs; — Bg,.

By Remarks 2.7 and 2.56, it is enough to show that the morphism

RHomg (e* ¥, Ruy§) — Ru*RHomBﬁ_ W*e*¥.8)

is an equivalence in D(C). This can be checked on extremally disconnected topological
spaces. Take S extremally disconnected. Then, by Remark 2.56, the morphism

RF(@/S, RHome(e* ¥, Rus8)|s) — RF(G/S, Ru*RHomBﬁ. (u*e*?,ﬁ)m)
is
RHome/s (¢]sFis, Russ «(§)s)) — RHomBﬁi/S (u;‘se;‘s.’ﬂs,ﬁw).
This is an equivalence by adjunction. The result follows. ]

Corollary 2.58. Let ¥,6eD™ (Bg)- We have the following expression of RHomg (¥, §).
(i) If¥ =n'¥' with¥' € DY (Bg,), then we have
RHomBé (7.9) ~ h_n)1 njf"RHomBGj (p; jF', Rj+9).
Jj—i
(i) In general, we have
RHomBG (F,9)=R lgl h_r)n n]’-k RHomBGj (pi*,j R7i « ¥, R7j«§).
i j—i
Proof. For (i), we apply Proposition 2.54 to R Homg, (¥, ). We conclude by applying
Lemma 2.57 to R7j« R Homp, (F.,9).
For (i), we apply Proposition 2.54 firstly on ¥ and then on RHomp_ (7 R7; + F,§)

for all i. We conclude by applying Lemma 2.57 to an,*RHomBé (7 Rm; +«F,§) for
all j. ]
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3. Cohomology of WF

Definition 3.1. Let k be a finite field. The Weil group Wy C Gy is defined by the pullback
square of topological groups
Wy —— Gi

7 —— 7.

The cohomology of the condensed group Wy = Z is explicited in Example 2.42. Let
F/Q) be a finite field extension, and k := O /m the finite residue field. Let F'" be its
maximal unramified extension, and let L be the completion of F'. Let F be an algebraic
closure of F and let L be an algebraic closure of L containing F. Let G = Gal(F/F)
and Gy = Gal(F"“/F) = Gal(lg/ k). Let I := Gal(F/F") be the inertia group. We have
an exact sequence of topological groups | - I — G — Gy — 1.

Definition 3.2. The Weil group of the local field F is the pullback of Wy under G — Gi
WF = GF xg, Wk.
The pullback is taken in the category of topological groups.
The subgroup I C W is clopen, and we have an exact sequence of topological groups
1—>1—>Wr—>W,—1.

The topological groups I and W are a profinite group and a prodiscrete group respect-
ively. Indeed, if § denotes the set of open normal subgroups of 7, we have

I=1m /U Wr = lim Wr/U, (3.1)
Ues Ues

where 1 /U is finite and Wg /U is discrete for all U.

It follows from Krasner’s Lemma applied to the extension F'" C L that I = Gal(L/L).
Hence we have a continuous action of the topological group I on the discrete abelian
group L*. By Hilbert 90 we have

H' (B (Set), L) = 0. (3.2)

We would like a similar computation for the fopological abelian group L, where the topo-
logy is induced by the natural topology on L. We try to recover this in By, the classifying
topos of the condensed group /.

Definition 3.3. Let K/L be a finite Galois extension of group G. Let us endow K> with
the topology induced by the inclusion K* C K. Let K* be the associated condensed
G-module. We set

—

L* :=lim K* € Ab(By),
K



Duality for condensed cohomology of the Weil group of a p-adic field 1405

where K* is seen as an object of Ab(By) by pullback along By — Bg, and the colimit is
computed in By.
Proposition 3.4. The abelian group H'(B;, L*)(x) is not torsion.
Proof. Let us consider the exact sequence in Ab(By)
0—>L"—L*—L*/L* —0.

We get an exact sequence in cohomology

S HOBy LY /L) () S H (B L) (+) B H' (B I (%) = - .

Since L*, L* and L*/L* are solid, the spectral sequence given by Lemma 2.19 degen-

erates. Hence
HY(By, L) (%) = HY(L*(%) — L*(I) — -+-),

and similarly for L* and L*/L*. We have the following morphisms of complexes

0 0
| |
L*(¥) —— Cont(I,L*) — ---

| |

L*(¥) — Cont(I,L*) — ---

| |

L*/LX (%) — L*/LX(I) — ---.

| |

0 0
Since for all 7 the topological group /™ is profinite, we have
EXt}xb(e) (ZU"), LX) = Extgoq (Z[1"™, LX) = 0.

Hence vertical sequences are exact. By diagram chasing, the morphism « is explicited as
follows

o HO(By, L /LX) (%) - H (B, L) (%), X+ (i = x'i-x),

where x is a representative of X in L*(*) = | Jg K*(*). In particular, since x € K* for
some K, its orbit under the action of [ is finite. Hence, the image of « lands in those
continuous homomorphisms / — L* whose image is finite. Local Class Field theory
provides an isomorphism of topological groups [16, Corollary 9.16]

J = OF,
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where J = I/ Gal(F / F™). Then we get a continuous group homomorphism ¢ : [ — J =
OF < L*.Forall n, the image of ¢" is (O )", an infinite subgroup. Hence ¢" ¢ im(x) =
ker(B) for all n. Thus B(¢) is an element of H!(B;, L*)(x) which is not torsion. [

Consequently, the condensed version of Hilbert 90 does not hold if we consider [
as a condensed group. Hence we consider the profinite topological group I (resp. the
prodiscrete topological group Wr) as a pro-condensed group, say I (resp. WF). We get
an exact sequence of pro-condensed groups

1—>IA—>VT/F—>Z—>1.

Following Section 2.3, we have classifying topoi By and BWF. Let M € Ab(BVf/p)' By
Proposition 2.49 and Example 2.42, we get an exact sequence

0 — H'(Bw,, H"'(B;, M)) — H?(By, . M) — H°(Bw,, H? (B}, M)) = 0 (3.3)

for all q.
In the next section we see how to recover a topological version of (3.2) in this setting.

3.1. The complex RT (B;, L)

Replacing I with I in Definition 3.3, we obtain an object

L = lim K* € Ab(Bj).
K

The goal of this section is to compute the complex RI (B7, L*). In particular, we show
that it is concentrated in cohomological degree 0.

If K/L is afinite Galois extension, the ring Ok is a discrete valuation ring with residue
field k. The group of invertible elements of Ok is Ok = {x € Ok | vg(x) = 0}. For
alli > 1, we set U% = 1 + m.. Let us consider the filtration of the topological abelian
group K*

e C WS c U €U =05 C U =K (3.4)

This is a filtration by clopen subgroups of K*. Since K* is complete with the topology
induced by the valuation, we have

K =~ mK*/u;

i>0

as topological abelian groups. Moreover, by [29, Chapter IV, Section 2, Proposition 6], we
have the following associated graded topological abelian groups

grl=U /Uy =Z, g’ =UR/Ug" =k*. gr' =Uk/Ug' =k Vi=1,

where the last isomorphism is non-canonical.
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Lemma 3.5. The filtration (3.4) is a filtration by clopen subgroups, and we have

K* = Rlim K*/Uj € D(B).
i>0
where the right-hand side is a pro-discrete condensed abelian group with its obvious
G-action.

Proof. We already observed that the subgroup ‘u% C K™ is clopen for all i. Since the
functor (—) : Top — € commutes with limits, the morphism

K* — lim K*/ Uk (3.5)

i>0

is an isomorphism in Ab(C). Moreover, for all i the transition morphism K>/ ‘uf,j‘ —>
K>/ ‘u; is G-equivariant. Hence (3.5) is an isomorphism in Ab(Bg) as well. For all i,
the topological G-module K>/ u;( is discrete by the first part of the lemma. Moreover,
all the transition morphisms are G-equivariant continuous surjections. Thus, for all i the
morphism KX/‘L{;(‘H —> KX/‘U% is an epimorphism in €, and consequently in Bg. The
result follows from [5, Proposition 3.1.10] and Proposition 2.17. ]

Lemma 3.6. The abelian group H4(Bg, K*)(S) is torsion for all S extremally discon-
nected and all ¢ > 1. Hence HY(Bj, L*)(S) is torsion.

Proof. By Proposition 2.50 we have

RT (B}, L*) = lim RT (Bg, K*).
K

Hence it is enough to check that
(='RT (Bg. K9))(S) = == (RT (Bg. K*)(S))

has torsion cohomology groups for any K and any S extremally disconnected. By Pro-
position 2.41 we have

RT (Bg, K*)(S) = RT(Bg(Set), K*(S)).

The result follows since higher cohomology groups of the finite group G are killed by the
order of G. ]

Lemma 3.7. For any finite Galois K /L of group G, the canonical map
K QL Z/mZ = KX @F Z/mZ

is an equivalence in D(Bg), where we consider K** as a discrete abelian group with a
continuous G-action.
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Proof. Let e be ramification index of K, i.e., the valuation of p € K*. We sete; :=e/(p-1)
and we consider the finite filtration

o= U = U CUR CoC U = O C U = KX
of K* for some n > e;. Similarly, we have a finite filtration
ce=Ue it cur o cuy = 08 cut = k0

of KX, For any —1 < i < n the map ‘L(;’(S/‘UZH’S — U%/‘L{?‘lis an isomorphism of
discrete abelian groups, hence the map

(UG /UF) @ Z/mZ — (U /UE") ®F Z/mZ
is an equivalence. Therefore, it is enough to check that
UL QL 2/mZ — Wk @ 7/ mZ (3.6)
is an equivalence. If m is coprime to p,
ur, 5

is an isomorphism of topological groups (see Lemma 3.9) so that both sides of (3.6) van-
ish. Hence we may suppose m = p". Then the map

n (_)pv n
Uy — Uk

induces an isomorphism of topological abelian groups
—)p¥
ur;{ ) unK—i-ve
onto the open subgroup U "¢ C UL, see [28, Corollaire 1]. We obtain an isomorphism
k O Z/p' T = U /UK,
where U / UV is discrete. Hence the map
UL RL 7/ p 7 = UL jUned 5w june = UL ®L 7/ pV T

is an equivalence. The result follows. ]
Corollary 3.8. For any positive integer m, one has an exact sequence

0 — pm(L) - L* O xS0 (3.7

in Ab(B;).
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Lemma 3.9. Let n € N. For m coprime to p, the continuous homomorphism
=)™ U - Uk
is an isomorphism of topological groups.

Proof. The topological abelian group U% is complete for the topology induced by the
valuation, hence we have
U = lim U/ U
i>n
Foralli > 1, ‘uk/u;{“ >~ k and (=)™ is the multiplication -m : k — k. This is an
isomorphism since m is coprime with p. The result follows from [29, Chapter V, Section 1,
Lemma 2]. [

Proposition 3.10. For any finite Galois extension K /L of group G we have
RT (Bg, K*) = L*[0]
and consequently RT (Bj, L*) 2= LX[0].

Proof. By Corollary 2.26 (1), H°(Bg, K*%) = L*% and H(Bg, K*) = L*. Hence we
have a morphism of fiber sequences

L*% — RI(Bg,K*%) —— 1Z!RI'(Bg, K*%)

| ! !

L* —— RT(Bg,K*) — t='RT(Bg. K*).
Applying (—) ®% Z/mZ, we obtain

L% ®L 7/m7Z — RT(Bg, K*%) @L Z/mZ — t='RT (Bg, K*%) ®L Z/m1Z

! l !

L*®L 7Z/mZ — RT(Bg, K*) ®L Z/mZ — t='RT (Bg, K*) @~ Z/m1Z,

where the left and the middle vertical maps are equivalences by Lemma 3.7. Hence the
right vertical map is an equivalence as well. By Corollary 2.26 (3) and [30, Propositions 5
and 8, Section 3.3 (¢c)] we have t=! RT (Bg, K*%) = tZ' RT'(Bg (Set), K**%) = 0. Con-
sequently, one gets

(t='RT (Bg, K*)) ®* Z/mZ = 0.
Therefore, for all extremally disconnected S, we have
(t='(RT (Bg, K*)(S))) ®" Z/mZ =~ ((+='RT (B, K*)) @~ Z/mZ)(S) = 0.
Hence we get

(x=!(RT (Bg, K*)(S))) ®" Q/Z = lim (> (RT (Bg, K)(5))) ®" Z/mZ = 0.
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Moreover, we have
(t=!(RT (Bg, KX)(S))) @* Q =0

by Lemma 3.6. Thus the fiber sequence

v=!(RT (Bg. K*)(5)) — v='(RT (Bg. KX)(5)) ®" Q

— = (RT (Bg, K)(5)) ®" Q/Z
yields
(t='RT (Bg, K*))(S) = =" (RT (Bg. K*)(S)) = 0
for all extremally disconnected S. We get 72! RT' (Bg, K*) = 0, hence we have
RT (Bg. K*) = H(Bg, K*)[0] = L*[0]. .

3.2. The complex RT (BWF ,R/Z(1))

In this section we define a “dualising object” in the category D? (BWF)’ which we denote
by R/Z(1). We study the complex RT (BVT/F ,R/Z(1)), showing that it is concentrated in
cohomological degrees 0, 1, 2.

Lemma 3.11. We have RT (Bw, . O[) = O%[0].

Proof. Let us consider the filtrations
ceCc UL Co-Cc U CUL CUY =0,
e CUR Co-CUR C U C UYL = 0F.
As in Lemma 3.5, we have
OF = RImOF /U € D), Of = Rlim O /Uy € D(Bw,).
i>1 i>1
By Example 2.42, we have
RT (B, gr°(05)) = k*[0] = ¢r'(©p)[0]
and
RI'(BWk,gr’((9_Z)) = k[0] = gr’(%)[O].

Consequently, we have

RT (Bw,. 07 /U}) = OF | UR[0]

and thus

RT (Bw,, Of) = RT (Bw,, Rlim O /U] )

i>1
~ Rlim RT (Bw,. OF /U})
i>1 S
= Rlim OF /Ui (0] = OF[0). -

i>1
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Proposition 3.12. The cohomology of Wr with coefficients in L™ is given by

F* q=0,
HY(By, . L*)={Z q=1,
0 ¢g=2,

where F* has its natural topology as a subspace of F and 7 has the discrete topology.
Proof. By Proposition 3.10 and by the exact sequence (3.3), we have
H?(By, . L*) = HY(Bw,, L*).
Let us consider the short exact sequence of condensed Wy -modules
0— (9_2< —L* -7 —0.
The result follows from the long exact cohomology sequence and from Lemma 3.11. m

Corollary 3.13. Let n € N. The cohomology of Wr with coefficients in j, (LX) is given

by
Mn(F) q=0,
FX/(F*)" q=1,
H?(By =
( Wr Kn) 7/nZ q=2.
0 q > 3.

In particular, the cohomology groups are finite. We set |1 = li_r)nﬂ . Then we have
H? (B, 1) = lim H* (B, ptn) = Q/Z.
n
Proof. Consider the long exact cohomology sequence associated to (3.7). The result fol-

lows from Proposition 3.12. |

Definition 3.14. We set Z(1) := L*[—1] and R(1) := R[—1] in D(BWF). Let us consider
the shifted valuation morphism Z(1) — R(1). We define

R/Z(1) == cofib(Z(1) — R(1)) = fib(L* — R).
We have an exact triangle in D(BWF)
Z(1) - R(1) —» R/Z(1). (3.8)
Proposition 3.15. The cohomology of Wr with coefficients in R/Z.(1) is given by

Oy q=0,
HY (B, . R/Z(1)) = {R/Z q =12,
0 q=>3.
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Proof. By Proposition 2.30, we have H?(B+, R) = 0 for all ¢ > 0. Therefore, we get

R g=1,2
HY(By ,R(1)) = HI ' (Bw,,R) = o
(By,-R(1) (Bw,.R) {O i1
The long exact cohomology sequence associated to (3.8) and Proposition 3.12 imply the
result. m
Consequently, there is a trace map
RI‘(BWF,]R{/Z(l)) — R/Z[-2]. 3.9

If M € D? (BVT/F)’ we set
MP = RHom(M,R/Z(1)) € D(By,).
We have a cup-product pairing
RT (B, . M) ®" RT (B, .MP) - R/Z[-2].

This cup-product pairing could allow us to express the local Tate duality as a Pontry-
agin duality between locally compact abelian groups. In the next section, we study the
condensed abelian groups HY (BWF’ M) and H? (BWF, M P) for several Wg-modules.

3.3. Condensed structures on the cohomology groups
We begin this section by studying some abelian groups of interest.

Definition 3.16. Let A be an abelian group. We say that A4 is

(1) of finite Z-type if A =~ 7" @ F for some r € N and some F finite abelian group;
equivalently, if A is an extension of a finite power of Z by a finite abelian group;

(2) of finite Qp/Zp-type if A = (Qp/Zp)" @ F for some r € N and some F finite
abelian group; equivalently, if A is an extension of a finite power of Q,/Z, by a
finite abelian group.

The equivalence in (1) comes from the fact that Z" is a projective abelian group, while
the equivalence in (2) is a consequence of the following.

Lemma 3.17. Let E be an extension of a divisible group D by a finite group F. Then
E =~ D & F’ for F' a quotient of F.

Proof. This is [14, Lemma 5.5]. [

Lemma 3.18. The following facts hold.
(a) An extension of an abelian group of finite Z-type (resp. of finite Q, /Z,-type) by
a finite abelian group is of finite Z-type (resp. of finite Qp /Z p-type).
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(b) Finite Z-type and finite Qp/Zp-type abelian groups are stable by taking sub-
groups.

(c) Finite Z-type and finite Qp/Z,-type abelian groups are stable by taking quo-
tients.

Proof. (a) is clear. We only prove (b) and (c) for finite Q,/Z,-type abelian groups. For
(b), let A be a subgroup of (Q,/Z,)" & F, where n € N and F finite. By (a) we can
reduce to the case where A is a subgroup of (Q,/Z,)". Hence A is a torsion p-group
with a finite p-torsion. By [13, Chapter III, Theorem 19.2 and Exercise 19] we are done.
For (c), let O be a quotient (Q,/Z,)" @ F/A, for A a subgroup of (Q,/Z,)" & F.
By (a) we can reduce to the case Q = (Q,/Z,)"/A. Hence Q is a torsion p-group with
a finite p-torsion. By [13, Chapter III, Theorem 19.2 and Exercise 19] we are done. [

We determine the structure of RT (BVT/F’ M) and RT' (B W MP) in some cases of
interest. In particular, we consider M either a finite-dimensional real vector spaces with
its Euclidean topology or a finite Z-type discrete abelian group.

Let V' be a finite-dimensional real vector space with a continuous action of Wg /U,
where U is an open normal subgroup of /. By [7, Chapter VII, Section 2.1, Proposition 1],
the action is R-linear. We set V* := Homg (V, R).

Lemma 3.19. We have RHom(R, L) = 0 in D(By, ).

Proof. By Remarks 2.7 and 2.56, it is enough to check that RI{()_mBi(R, L*) = 0. By
Corollary 2.58 (i), it is sufficient to show that for every finite extension K /L of group G,
we have

RHomp . (R, Rk« L) = 0.

We have
(Rrk+L*)gG = RT (B;/EG, Lizg) = lim RT (Bgy, . (K)*) = K*,
K'/K
where the last equality follows from Proposition 3.10. Since K* is solid and R®™ = 0
[9, Corollary 6.1 (iii)], we have
RHomg (R, Rk «L™) gg = RHom (R, K*) = RHomg,q(R™™, K*) = 0.

We conclude by observing that € — Bg is a localisation morphism. ]

Remark 3.20. There is an equivalence V'* =~ RHom(})/, R) in D(vi/p)' Consequently,
by Lemma 3.19, the induced morphism V*[—1] — V? is an equivalence in D(B W ). We
denote V and V* simply by V and V* from now on.

Proposition 3.21. Let V be a finite-dimensional real vector space with a continuous
action of Wg /U, with U C I an open subgroup. Then H4 (B P V') is a finite-dimensional
vector space for ¢ = 0, 1, and vanishes for all ¢ > 2. Moreover, H4 (BVT/F , VD) is a finite-
dimensional real vector space for ¢ = 1,2, and vanishes for all g # 1, 2.
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Proof. By Propositions 2.30 and 2.50, we have

RI'(BWF, V)= RF(BWk, RT (Bj, V)) = RF(BWk, lim RT(B/u, V))
Uu'cu
= RT (Bw,, V1/Y).
By Example 2.42, this complex is concentrated in cohomological degrees 0, 1. Moreover,

its cohomology groups are finite dimensional real vector spaces. The same holds if we
replace V' with V*. We conclude by Remark 3.20. ]

Let M be a discrete abelian group with a continuous action of W (resp. I). Let
us consider M as an object of Ab(Bﬁ,F) (resp. Ab(Bj)) by pullback along BVT/F —
By (Set) = B, (Set) (resp. B; — Bj(Set) = Bj(Set)).

Remark 3.22. Let N be a discrete abelian group with a continuous action of /. By Pro-
position 2.50 we have

RT (Bj, N) = lim RT (By;y, NY).
U

By Propositions 2.39 and 2.41, this is a complex of discrete abelian groups and it is equi-
valent to RT" (B (Set), N) in D(Ab(C)). The same holds for Wr and W instead of I and
I respectively.

Proposition 3.23. Let M be a discrete abelian group with a continuous action of Wr.
Then H?(B Vp M) is discrete for all q and vanishes for all ¢ > 4. If M is torsion, then
we have H3(B e M) =0.

Proof. By Remark 3.22, the condensed abelian group HY(B e M ) is discrete for all g.
By [30, Chapter II, Section 3.3 (¢)], Hgom (I,M) =0forall g > 3, and even for all g > 2
if M is torsion. We conclude again by Remark 3.22 and by (3.3). ]

Suppose that M is finite. Then there exists an open normal subgroup U of I acting
trivially on M. We set H .= Wr/U.

Lemma 3.24. Let M be a finite abelian group with a continuous action of Wg. Then we
have RHom(M,R) = 0 in D(BVT/F)'

Proof. By Remarks 2.7 and 2.56 it is enough to prove that RHomBﬁ M e, Rigg) =0
in D(By). Since Mgy = Z/mZ & --- & Z/ngZ, we can reduce to M = Z/nZ. We
have the exact triangle in D(By;)

RHom(Z /nZ,R) — RHom(Z,R) > RHom(Z, R).
Since -n : R — R is an isomorphism, the result follows. [

Lemma 3.25. Let M be a finite abelian group with a continuous action of Wr. Then M P
is represented by the finite abelian group M’ := Hom(M, ) = RHom(M, p).
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Proof. By Lemma 3.24, it is enough to check that we have an equivalence
RHom(M, ) — RHom(M, L)

in D(BWF). The inclusion . € L* yields a morphism Hom(M, ;) — R Hom(M, L*%)
in D(Bw; (Set)). By Remark 2.56, the morphism of topoi D(BVT/F) — D(Bw; (Set))
yields a morphism

R Homp(zy, (sety) (M, L% > RHomD(BWF)(M, L*%) - RHomD(BWF)(M, L).

We get a morphism R Hom(M, ;1) — RHom(M, L) in D(BWF)' By Remark 2.7, it is
enough to check that the morphism

RHom(M|gp . jtjgn) — RHom(Migp, Lig )

is an equivalence in D(By). We can suppose M|gy = Z/nZ. The result follows since
RHom(Z/nZ,L*) = pu, is discrete. (]

Proposition 3.26. Let M be a finite abelian group with a continuous action of Wg. Then
H‘I(BWF, M) and H‘I(BWF , M P) are finite for all q, and vanish for q > 3.

Proof. If M = p,, this is just a consequence of Corollary 3.13. Then we adapt the proof
of the finiteness statement in [23, Theorem 2.1], plus Proposition 3.23. By Lemma 3.25,
the result for M P follows as well. ]

Lemma 3.27. Let M be a free abelian group of finite Z-type with a continuous action of
Wg. Then RT (BWF , M) is concentrated in degrees 0, 1, 2.

Proof. By Proposition 3.23, it is enough to show that

H?(By, . M) = H*(Bw; (Set), M) = 0.

This is [18, Theorem 3.2.1]. [

Lemma 3.28. Let F be a finite extension of Qp. Then we have

Z q=0,1,
HY(By, ,Z) = JY ¢q=2.
0 g¢g=3,

where J is the kernel of G*I‘}’ — Gg.

Proof. By Remark 3.22 and Lemma 3.27, we have HY(B o Z) = HY(Bw, (Set), Z)
for all g and Hq(BWF,Z) = 0 for all g > 3. In particular, HO(BW;F, Z) = Z. In order
to determine H! (B, (Set), Z), we observe that H! (B (Set), Z) = Hom*"(I, Z) = 0.
Thus we have

H' (Bw, (Set). Z) = H' (Bw, (Set), Z) = Z.
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It remains to determine H2(By, (Set), Z). Let us consider the long exact cohomology
sequence associated to
0>7Z—->Q—>Q/Z —0.

Since H?(Bj (Set), Q) = 0 for all ¢ > 1, we have
H'(Bw, (Set), Q) =~ H'(Bw, (Set), Q) ~ Q.
By the Snake Lemma, we have

H?(Bw, (Set), Z

= coker (H' (Bw; (Set), Q) /H' (Bw; (Set), Z) — H' (Bw, (Set), Q/Z))
coker (H' (B, (Set), Q) /H' (Bw, (Set), Z) — H' (Bw; (Set), Q/Z))
= coker (H' (B, (Set), Q/Z) — H'(Bw, (Set), Q/Z)),

where the last isomorphism follows from the fact that H? (B, (Set), Z) = 0. Since Q/Z
is torsion, by [18, Proposition 4.1.1] we have

Il

12

H?(Bw, (Set), Z) = coker (H'(Bg, (Set), Q/Z) — H' (G (Set), Q/Z))
= coker ((Gx)¥ — (GP)V) = JV. "

Remark 3.29. By Local Class Field Theory, we have an isomorphism
0% > J.
Hence RF(BWF , 7)) and RHom(RT (BWF ,R/7Z(1)),R/Z[-2]) have the same cohomo-
logy.
Let F’/ be a finite extension of F, and let G := Gal(F’/F).

Theorem 3.30. Let M be a free abelian group of finite Z-type with a continuous action
of G. Then HY (B W M) is discrete of finite Z-type for g = 0, 1, discrete of finite Qp /Z p-
type for q = 2, and vanishes for all ¢ > 3.

Proof. By Remark 3.22, we have HY (BVT/F . M) = H?(Bw, (Set), M). Firstly, the abelian
group

H(Bw, (Set), M) = M©
is of finite Z-type. Moreover, the exact sequence
0 — H'(Bw, (Set), M') — H' (Bw, (Set), M) — H°(Bw, (Set), H' (B (Set), M)) — 0

presents H' (B, (Set), M) as an extension of a finite group by a finite Z-type abelian
group. Hence H! (B, (Set), M) is of finite Z-type. It remains to determine the structure
of H?(Bw, (Set), M). Let us consider the Hochschild-Serre spectral sequence

E;,j =H' (BG (Set), H/ (BWF/ (Set), M)) = H'T/ (BWF (Set), M)
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By Lemma 3.28, E; % and E2 are finite for all i > 1. Moreover, by Lemmas 3.18 and 3.28,
E2 is of finite Q,, /Z,-type. Thus we have a finite filtration

0C F>C F'c F*=H?*(Bw,(Set),M), F°/F'=EY* F'/F>*=Ey' F*=E2",

where E:! and E2;0 are finite and E2: is of finite Q, /Zp-type. Hence H (B, (Set), M)
is of finite Q,/Z,-type by Lemma 3.18 (a). |

Theorem 3.31. Let M be a free abelian group of finite Z-type with a continuous action
of G. Then the Pontryagin dual of H4(B e MP) is discrete of finite Z-type for q = 1,2,
discrete of finite Qp /Z,-type for ¢ = 0, and vanishes for all ¢ > 3.

Proof. Let us consider the Hochschild—Serre spectral sequence

= H'(Bg. H/(By,,, MP)) = H'*(By, . MP). (3.10)
We determine the structure of E- and E " for all i, j. By Proposition 3.15 and
Lem_ma 3.18, E5° 9-9is the Pontryagin dual of a finite Q, /Z ,-type abelian group. Moreover
Ez’ is the Pontryagin dual of a finite Z-type abelian group for j = 1, 2. Finally, E 7
vanishes for j > 3. Consequently, EY/ is the Pontryagin dual of a finite Z-type abelian
group for j = 1,2 and vanishes for all j.

~Leti > 1. By Proposition 3.15, there exist N € N and a finite abelian group K such that
Eé’o =H!(Bg, Z;,V @ K). Hence E;’O is represented by a compact Hausdorff topological
abelian group (see Example 2.27 (ii)). Up to replacing K with its p°°-torsion, the abelian
group

H' (Bg. ZY & K)(x) = H'(Bg (Set). Z)* & K)

is a torsion Z,-module. Moreover, by Propositions 2.30 and 3.15 there exist ny,n, € N
such that E;’J H"H(BG 7" ), for j =1,2. Hence E, " is finite for all i > 1 and for
all j. Consequently, OOJ is finite for all i > 1 and for j = 0, 1, 2, and vanishes for all
j =3

We now determine the structure of HY (B e mP ). Forall ¢ > 2, (3.10) gives a three-
terms filtration

0CF>C F'CF°=HYBy, ,MP), gr'=F/F* = EZ. (3.11)

Let ¢ > 3. Then all the graded groups in (3.11) are finite. Hence H? (BWF, MP) is finite
for all ¢ > 3. In particular, we have HY (B e MD) = lim,, HY (BI/T/F , MD)/m. By the
inclusion,

lim H(By, . MPy/m — lim H (By, . (M/m)P)
and by Proposition 3.26, we have lim,, H? (BWF, MP)/m = 0 for all ¢ > 3. Hence
HY(By, . M P) vanishes for all ¢ > 3.

Let ¢ = 2. Then gr' is finite for i = 0, 1, and gr? is the Pontryagin dual of a finite
Z-type abelian group. Hence H?(B e M DY)V is of finite Z-type.
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Let g = 1. Then (3.10) gives an exact sequence
0— EL —>H1(BAF,MD) — E%' —o0.

The left term is finite and the right term is the Pontryagin dual of a finite Z-type abelian
group. Hence H' (B o MP)V is of finite Z-type.

Letq = 0. By (3.10), we have HO(By, . MP)¥ = (E3"°)¥, which s of finite Q,/Z,-
type by Proposition 3.15 and Lemma 3.18 (c). ]

Proposition 3.21 and Theorem 3.30 imply the following.

Proposition 3.32. Let M be a finite power of R/Z with a continuous action of G. Then
there exist ng,ny1,m; € N and finite abelian groups Hy, Hy such that

(R/Z)" & Ho q=0.
H7(By,. M) = { (R/Z)" & (Qp/Z,)™ & Hi ¢ =1,
0 q=>2.

Proof. By Corollary 2.26 (1), the condensed abelian group H°(B o M) is represented
by a closed subgroup of (R/Z)", hence it is of the desired form. Let us consider the exact
sequence in Ab(BWF)

0—->L—-R—->M—0O, (3.12)

where R ;= Hom(R, M) and L := Hom(R/Z, M). Applying Proposition 3.21 and The-
orem 3.30 to R and L respectively, we get H‘I(BWF, M) =0forallg > 2.

We only need to determine H!(B e M). If the action is trivial, by the long exact
cohomology sequence associated to (3.12), we get

1 ~ n
H'(By, . M) = R/Z)" & ((OF)")".
In the general case, we have an exact sequence
0— Hl(Bg,HO(BWF,, M)) — Hl(BWF, M) — K — 0,

where K is represented by a closed subgroup of HI(BWF/ M) = R/Z)" & (Op)V)".
Hence K is a direct sum of a finite power of R/Z and a discrete abelian group of finite
Qp/Z,-type, while H!(Bg, HO(BWF/ ,M)) = H?(Bg,Z") is a finite abelian group. We
conclude by Lemma 3.17. ]

4. Duality

By Proposition 3.15 we have a trace map

RT By, . R/Z(1)) - R/Z[-2].
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Let M € D? (BWF). We have a cup-product pairing in D(Cond(Ab))
RT (Wg, M) @ RT (Wrp, MP) > R/Z[-2] 4.1
inducing maps

Y(MP) : RT (Wg, M) — RHom(RT (Wp. MP). R/Z[-2]).
Y (M) : RT (Wp, MP) — RHom(RT (Wr, M),R/Z[-2]). 4.2)

In this section we first define a full stable co-subcategory D%e rﬂf{ of D?(Cond(Ab)) (see

Section 4.1). Then we prove that for all M € Dgrﬂg with an action of a finite quotient of
Gr, (4.1) is perfect, i.e., both ¥ (M) and y (M P) are equivalences (see Section 4.4). In
order to do this, we need two tools: these are presented in Sections 4.2 and 4.3.

4.1. Locally compact abelian groups of finite ranks

In the following, we recall the definitions of the derived co-categories D? (FLCA) and
D’ (Ab(C)) (see [15, Section 2.1]). We show that FLCA is stable by extensions in Ab(C).
Moreover, we define a convenient full stable co-subcategory of D(Ab(C)).

Let A be a quasi-abelian category in the sense of [27]. Let & C C?(A) be the full sub-
category of strictly acyclic complexes, and let S be the set of strict quasi-isomorphisms.
We define the bounded derived co-category of A

D’ (A) = Nyg(CP(A))/Nag (N) = Ngg (CP(A))[S7'].

where Ng4q (—) denotes the differential graded nerve [21, Construction 1.3.1.6]. The homo-
topy category

DP(A) := h(D(A)) = h(Nag (CP(A)))/ h(Nag(N))

is equivalent to the classical Verdier quotient. Hence it is the bounded derived category of
the quasi-abelian category A in the sense of [27].

The category Ab(C) is an abelian category [9, Theorem 2.2]. We define D? (Ab(C))
as above, where &' C C?(Ab(C)) is the full subcategory of acyclic complexes. This is
the bounded derived co-category of condensed abelian groups, and its homotopy category
DP(Ab(C)) appears in [9].

We denote by FLCA the category of locally compact abelian groups of finite ranks
in the sense of [17, Definition 2.6], which is a quasi-abelian category (see [17, Corol-
lary 2.11]). Let D?(FLCA) be its bounded derived co-category. Following [15], we ob-
serve that D?(FLCA) is a stable co-category in the sense of [21]. Its homotopy category
is the bounded derived category Db (FLCA) defined in [17]. In [15] the authors define an
internal Hom

RHom(—, —) : D?(FLCA)® x D?(FLCA) — D?(FLCA).
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The Pontryagin dual XV is given by
RHom(—,R/Z) : D’(FLCA)® — D*(FLCA), X — XV.

The functor (—) : FLCA — Ab(C) sending A to the associated condensed abelian group
A is fully faithful (see [9, Proposition 1.7]) and sends strict quasi-isomorphisms to usual
quasi-isomorphisms. Thus it induces a functor

D?(FLCA) — D?(Ab(©)).

Remark 4.1. Considering Hom instead of Hom in the proof of [9, Corollary 4.9], it fol-
lows that for all 4, B € D? (FLCA), we have an equivalence

RHomgy ¢4 (A, B) = RHomy,e) (4, B)

which is functorial in 4 and B.

Lemma 4.2. The functor D?(FLCA) — D?(Ab(Q)) is an exact and fully faithful functor
of stable co-categories.

Proof. We observe that
Nag (CP(FLCA)) — Ngg (CP(Ab(©))) — D’ (Ab(C))

is exact, and sends strictly acyclic complexes of C?(FLCA) to 0. By Theorem 1.3.3 (i)
of [26], it induces an exact functor’ D?(FLCA) — D?(Ab(C)). Moreover, the induced
functor on homotopy categories

D®(FLCA) — D?(Ab(©))
is fully faithful by [15, Lemma 2.1] and [9, Corollary 4.9]. Hence the functor
D?(FLCA) — D?(Ab(©))
is an exact functor of stable co-categories which induces a fully faithful functor between
the corresponding homotopy categories. The result follows. ]

The stable co-category D?(FLCA) is endowed with a 7-structure by [27, Section 1.2.2],
since a z-structure on a stable co-category is defined as a #-structure on its homotopy cat-
egory [21, Definition 1.2.1.4]. We denote their heart by £ J# (FLCA).

Lemma 4.3. The fully faithful functor D? (FLCA) — D?(Ab(Q)) is t-exact. Therefore,
the induced functor
£ (FLCA) — Ab(C)

is exact and fully faithful.

2If k& is an uncountable strong limit cardinal such that cof(k) > N, then the cardinality of any
A € FLCA is less than «. Hence the category FLCA is essentially small, and so is the oco-category
Nyg (C®(FLCA)). Consequently, [26, Theorem 1.3.3 (i)] applies.
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Proof. Let X* € D?(FLCA)Z°. By [27, Proposition 1.2.19], in D?(FLCA) the complex
X* is isomorphic to

O—>Coim(d);1)—>X0—>Xl —> e

with Coim(d, 1) in degree -1. The functor (—) : LCA — Ab(C) respects cokernels of

closed immersions and all kernels, hence it respect coimages. By [17, Corollary 2.11], the
same holds for the functor (—) : FLCA — Ab(€). Hence in D? (Ab(€)) the complex X*
is isomorphic to o

0— Coim(d;l) > X' x5

with Coim(dy!) in degree -1. This complex is acyclic in strictly negative degree. Con-
sequently, we have X* € D?(Ab(€))Z°.
Now, let X* € D?(LCA)=°. By [27, Proposition 1.2.19], it is isomorphic to

o> X725 X 5 Ker(dR) — 0,
with Ker(d )?) in degree 0. Then the complex X * is given by
o= X725 X' - Ker(dR) — 0,

with Ker(d}(}) in degree 0, which is acyclic in strictly positive degree. Consequently, we
have X* € D?(Ab(C))=°.

Hence the functor D? (FLCA) — D?(Ab(C)) induces a functor on left hearts. Since
Hom-sets are computed as in the derived category, the functor £# (FLCA) — Ab(C) is
fully faithful by Lemma 4.2. ]

Corollary 4.4. Let A € Ab(Q). If A lies in the essential image of D?(FLCA), then it lies
in the essential image of £ H (FLCA). In other words, we have

Ab(C) N D?(FLCA) = £ (FLCA).

Proof. We write A = X*®, with X* € D?(FLCA). The condition X* € D?(FLCA)=0 is
equivalent to the condition

Homps prcay(X°.Y*) =0 VY*® € D?(FLCA)='.

Since the functor (—) : D?(FLCA) — D?(Ab(Q)) is fully faithful and -exact, one gets
Home(FLCA) (X., Y.) = Home(Ab(e)) (A, Y_.) =0.

Thus X* € D?(FLCA)=°. Similarly, one gets X* € D?(FLCA)Z°. The result follows. m

Proposition 4.5. Up 1o identification with its essential image via (—) : FLCA — Ab(C),
the category FLCA is a full subcategory of Ab(C) which is stable by extensions.
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Proof. Let us consider the exact sequence in Ab(C)
0—-A4—-E—-A" -0,
where A’, A” € FLCA. Then we have
E = fib(4” — A[l]) = fib(4"” — A'[1]),

where the last equality is a consequence of the exactness of D?(FLCA) — D?(Ab(C))
(see Lemma 4.2). In particular, we have £ € Ab(C) N D?(FLCA). By Corollary 4.4,
we have £ € £H (FLCA). Since FLCA C £#(FLCA) is stable by extensions [27,
Proposition 1.2.29 (¢)], the result follows. ]

Remark 4.6. Replacing FLCA with LCA, we build the derived co-category D?(LCA,).
All the previous results hold for D?(LCA,) instead of D? (FLCA).

Let us define a convenient full stable co-subcategory of D? (Ab(Q)).

Definition 4.7. We define Dgr{g as the full co-subcategory of D? (FLCA) whose objects

are those X € D?(FLCA) such that RHom(R/Z, X) € D" (7).
Let X € D(Ab(C)). We have a distinguished triangle in D(Ab(C))
RHom(R/Z, X) - RHom(R, X) — X. 4.3)

IfX e D%e'%, then the term on the left is in DP**(Z) and the middle term is in DP*"(R).

. . . perf
Remark 4.8. 'We highlight some properties of Dy .

. D%er]{R is a stable co-subcategory of D(Ab(C)).

«  DP™(Z) is stable under retracts, hence so is D‘;r]{{.

e Xe D%e,rﬂ; if and only if its Pontryagin dual is in D%e’r];. Indeed we have
RHom(R/Z, X") = RHom(X,R/Z") = RHom(RHom(R/Z, X), Z)[1].

where the last equality comes from (4.3).
* RoandZ are in D%er]f&.

» If A is a stable co-subcategory of D(Ab(C)) containing Z and R, then D‘zr% is con-

tained in #. This follows from stability of 4 and (4.3).

Proposition 4.9. Let A € DIZr]{R N FLCA with a continuous action of a finite quotient G

of Gf. Then we have a G-equivariant filtration in Ab(C)
0CFACF'AC F?A= A4,

where
s FY%A =: Agi is a power of R/ Z;
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s F'4/F°A =: AR is a finite-dimensional real vector space;

o A/F'A =: Az is a finite Z-type abelian group.
Proof. By the distinguished triangle (4.3), we get an exact sequence in Ab(C)
0->7Z" R >4 ->7Z"dH -0,

for some n1,n,,n3 € N and some finite abelian group H. The image of Z"! is of the form
Zvy & --- @ Zvy, for {vy,. .., v} linearly independent vectors of R™. Hence R"2 /Z"! =~
(R/Z)* @ R">~*_ We have a short exact sequence in Ab(C)

0> R/ZfF SR * 54720 H 0.

Since we have A € FLCA, the morphism (R/Z)F @ R">7% — A is represented by a
continuous homomorphism of topological abelian groups. The image of this morphism is
the connected component of 0, which is a G-equivariant subgroup. We call it F! A, and
we observe that Az, := A/F!A is a finite Z-type abelian group.

Moreover, we have an exact sequence in Ab(C)

0— (]R/Z)k — F'4A > R"™7% .

The image of (R/Z)¥ is the maximal compact subgroup of F' A, which is a G -equivariant
subgroup. We call it F°A or Ag1. Then Ag := F'A/F°A is a finite-dimensional real
vector space. u

Proposition 4.10. Let A € D%er]{R N FLCA with a continuous action of a finite quotient G
of Gr. Then H4(B e A) is locally compact of finite ranks for ¢ = 0, 1,2 and vanishes
for all ¢ > 3. Moreover, H?>(B o A) is discrete of finite Q, / Z,-type.

Proof. Let us consider the filtration of A given by Proposition 4.9. By Propositions 3.21
and 3.32, we have

Hq(BWF,A) ~ Hq(BVf,F,AZ) for all ¢ > 2.

By Theorem 3.30, this condensed abelian group is discrete of finite Q, /Z ,-type for g = 2,
and vanishes for all g > 3.
Let us consider the morphism of long exact sequences in Ab(C)

0 —— (Ug1)¢ —— (F'4)% ——— (4p)® —— H'(Bg. Ag1)

H H [

0 — HO(By, . As1) — HO(By, . F'A) — H(Bj, . Ag) AN H'(By, . Ast).

The group G is finite and Hom(R /Z, As1) is of finite Z-type. Moreover we have

H'(Bg, As1) = H*(Bg,Hom(R/Z, Ag1)).
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Hence H'(Bg, Ag1) is finite and §° is the zero morphism. The vanishing of the Ext-group
Extype) (H' (B, Ar), H' (B, As1)) gives
HI(BWF, F'4) = H'(By, . Ast) @ H'(By, . AR),
which identifies H! (vi/p , F1 A) to a locally compact of finite ranks by Propositions 3.21
and 3.32. By the same argument, the morphism H°(B e Az) - HY(B W F'A) has
finite image, we call it K. Hence we have an exact sequence in Ab(C)

0— H' (B, F'4)/K - H' (B, . A) - H (B, , Az) — 0,

where both the left and the right term are locally compact abelian groups of finite ranks.
By Proposition 4.5, H! (B o A) is a locally compact abelian group of finite ranks.

We conclude by observing that by Corollary 2.26 (1), H°(B 7o A) = HO(Bg. A) is
represented by AY with subspace topology. This is a closed subgroup of A, hence it is
locally compact of finite ranks. ]

Lemmad4.11. Let M € D%e,r]; such that H4 (M) is a locally compact abelian group for all
q. Then HI(M) € D%er]% N FLCA for all q.

Proof. Since HZ(M) is locally compact, the complex RHom(R /Z, H?(M)) is concen-
trated in degrees 0, 1. For all i, we have an exact sequence in Ab(C)

0 — Ext'(R/Z,H ™' (M)) — Ext'(R/Z, M) — Hom(R/Z,H' (M)) — 0.

By hypothesis, Ext' (R/Z, M) is a finite Z-type abelian group for all i . The exact sequence
with i = ¢ implies that Hom(R /Z, H?(M)) is of finite Z-type. The exact sequence with
i = ¢ + 1 implies that Ext!(R/Z,H?(M)) is of finite Z-type. Thus

RHom(R/Z,H%(M)) € D> (7). "

4.2. Duality for the cohomology of Wy

Let R be a condensed commutative ring with 1 and M a condensed R[W}]-module. Fol-
lowing example 2.42, we have

ker(1 — ¢) = M qg =0,

HY(Bw,, M) = { coker(1 —¢) = My, ¢ =1,

0 q = 2.
Construction 4.12. Let D be a condensed R[Wj]-module with the trivial action of W.
Then H®(Bw,, D) = H'(Bw,. D) = D and H%(By,, D) = 0 for all ¢ > 2. Hence we
have a trace map RT (By,, D) — D[—1]. Let M, N be condensed R[W]-modules. Sup-

pose that there exists a Wy-equivariant perfect pairing of R-modules M x N — D. For
all g, one gets an induced cup product pairing

H?(Bw,.M) g H'9(Bw,,N) — D. (4.4)
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Theorem 4.13. Let M, N, D as in Construction 4.12. Suppose that @}3 (Mw,.D) =0
and @}{ (Nw,, D) = 0. Then the cup-product pairing (4.4) yields a perfect pairing for
all q.

Proof. We consider the exact sequence of condensed R-modules
W, -9
0> M"* > M — M — My, — 0.

Since Exth (M, , D) = 0, the Wy -invariant isomorphism ¢ : N — Homy (M, D) induces
a morphism of exact sequences

0 — Homyp(Mw,, D) — Homgz(M, D)I:fHomR(M, D) — Homp(MWs, D) — 0

v wT wT w"T
> N > N

1-¢
0 > N Wk > Nw, > 0.

One remarks that ¥ ! : H°(Bw, , N) — Homg (H'(Bw,, M), D) and y° : H' (Bw, ,N) —
Hom g (HO(Bw,, M), D) are induced by (4.4). Since ¥ is an isomorphism, ¥° and y!
are isomorphisms as well. Replacing M with N, we conclude. ]

Example 4.14. Let R = Z, M be a Wy-module which is either discrete or compact Haus-
dorff as a condensed abelian group. Let N = MY and D = R/Z with the trivial action.
The perfect pairing M x MY — R/Z satisfies the hypotheses of Theorem 4.13. Then for
all g we have a perfect pairing

H?(Bw,, M) @ H' "4 (Bw,, M) — R/Z.

Example 4.15. Let R = R and V a finite-dimensional real vector space with a continuous
R-linear action of Wj. The perfect pairing V' x Homp (V,R) — R satisfies the hypotheses
of Theorem 4.13. For all g, we get a perfect pairing of condensed R-modules

H4(Bw,,V) ®& H'"?(Bw,,V*) - R.

Example 4.16. Let R = R and V a finite-dimensional real vector space. Let G be an
extension of Wy by a finite group H. Suppose that V' has a continuous R-linear action
of G. The perfect pairing V' x Homp (V, R) — R induces a R-linear and Wj-invariant
pairing VH x (V*)# — R. Since H is finite, this pairing is perfect. Moreover, it satisfies
the hypotheses of Theorem 4.13. Hence for all g we get a perfect cup-product pairing of
condensed R-modules

HY(Bw,, V) @ H'™(Bw,, V*)) > R.

4.3. Conservativity of completion

Definition 4.17. Let C be a complex of condensed abelian groups, and let m be an integer.
We define C ®L Z/m as the cofiber of the morphism -m : C — C in D(Ab(C)).
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Notation 4.18. Let A be a condensed abelian group and let m € N. We set ,, 4 =
ker(A o A) and A/m = coker(A o A), where the kernel and the cokernel are com-
puted in Ab(C). Moreover, we set

TA :=1lim,, A, A" :=1limA/m
“m “m
the Tate module of A and the naive completion of A respectively. Here the limits are
computed in Ab(C).

Definition 4.19 (Completion of a complex of condensed abelian groups). Let C be a
complex of condensed abelian groups. We define its completion C ®% Z as

C ®L 7 := Rlim(C ®F Z/m),
P2—

m

where the derived limit is computed in D(Ab(C)).
We have an exact functor
(-) ®F Z : D(Ab(C)) — D(Ab(©)),
and two functors
T : Ab(C) — Ab(C), (—)":Ab(C) — Ab(C).
In the topos of condensed sets the functor of N°P-indexed limits has cohomological dimen-

sion 1 [5, Propositions 3.1.11, 3.2.3]. Hence for all ¢ we get a diagram with exact row and
column

0

|

HY(C)"

l

1 A~
0 — lim ,H?(C) — HY(C ®* Z) — limH?(C ®" Z/m) — 0. (4.5

l
THI(C)

|

0

Proposition 4.20. Leta : A1 — Ay be a morphism of condensed abelian groups. Suppose
that we have

lim' , A; = l(iLn1 mAz = lim' , ker(a) = lim" , coker(a) = 0.

m m m m

Then the following properties hold:
(i) ker(Ta) = T ker(a);
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(ii)) coker(a”) = coker(a)”";

(iii) there exists a condensed abelian group which is both extension of ker(a’) by
coker(Ta) and extension of T coker(a) by ker(a)”.

Proof. We set a := [A; 5 As], with A; in degree —1. By exactness of (—) @~ 7, we
have fiber sequences in D(Ab(C))

A10] L Z — A5[01 % Z — a @F Z, (4.6)
ker(a)[1] ®F Z—>a@t7 - coker(a)[0] ®F Z. 4.7)

By the hypothesis and by (4.5), the complex representing 4;[0] ®~ 7 is concentrated in
cohomological degrees —1, 0. Moreover, we have

H!(4,[0] ®F Z) = TA,
H(4,[0] ®% Z) = A},

The same holds for A,, ker(a), coker(a). The long exact sequences coming from (4.6) and
(4.7) conclude the proof. [

Proposition 4.21 (Conservativity of completion). Let C, D be complexes of condensed
abelian groups cohomologically concentrated in degrees 0,1,2. Let f : C — D be a map
in D(Ab(Q)) such that f QF 2:CoL7 > D@LZisan equivalence. Suppose one of
the two (dual) conditions are satisfied
(i) HO(C),H!(C),H°(D),HY(D) are of finite Z-type, and H>(C) and H?(D) are
of finite Qp / Zp-type.
(i) HY(C)Y,H2(C)Y,HY(D)V,H?(D)" are of finite Z-type, and H*(C )V ,H°(D)¥
are of finite Q[ Zp-type.

Then f is an equivalence.

Remark 4.22. If A is a condensed abelian group, and either A or AV is of one of the two
types present in the hypotheses (i) and (ii), then ,, A is finite for all m. Hence the systems
{,;nA} are Mittag-Leffler and we have

lim' , 4 =0.

m
Proof. Themap f : C — D in D(Ab(C)) induces f? : HY(C) — HY(D) in Ab(C). We
need to prove that ker(f7) = coker(f?) = 0 for all g. We suppose that hypothesis (i)
holds. By Lemma 3.18 (b) and (c), if H?(C) and H?(D) are both of finite Z-type (resp.
of finite Q,/Z,-type), then so are ker(f?) and coker(f?). Thus there exist integers
ro, 71,50, 51, o, 0 and finite groups Fy, F, Gy, G1, H, K such that we have

ker(f7) = 2" & Fy. coker(f9) = 2% & Gg, ¢ =0,1,
ker(f2) = (Qp/Z,)° @ H. coker(f2) = (Qp/Z,)° ® K.
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Applying Remark 4.22 to the diagram (4.5), we get morphisms of exact sequences for
all g

0 — HY(C)" —— HY(C ®" Z) — THI*Y(C) —— 0
l(fq)A l(f@LZ)q leq“
0 — HY(D)» —— HY(D @* Z) —— THIT (D) —— 0.
By hypothesis, (f ®F 2)‘1 is an isomorphism. The Snake Lemma and Proposition 4.20
give us
(A) ker(f9)" = 0forall ¢;
(B) T coker(f9) = 0 for all ¢;
(C) T ker(f91) = coker(f9)" for all q.
(A) implies that ro = r; = 0 and Fy = F; = H = 0, and (B) implies that 0 = 0. Con-
sequently, we have
ker(f?) =0, coker(f9) =72 ® G, ¢q=0,1,
ker(f?) = (Qp/Zp)°, coker(f?) = K.
We now apply (C), hence we have
T ker(f1) = coker(f%)" = 0=2% @ Gy = 5o =0, Gy =0,
T ker(f?) = coker(f1) = zh = 2®G, = s, =p=0, G; =0,
T ker(f3) = coker(f*)" = 0=K.
Thus f is an equivalence.
The proof with hypothesis (ii) can be done in the same way. ]
4.4. The main result

In this section, we enlarge local Tate duality. We start by proving duality results for the
cohomology of W with coefficients in finite-dimensional real vector spaces and finitely
generated discrete abelian groups (Theorem 4.23 and Proposition 4.26). In the first case we
have more flexibility on the hypothesis on the action of the Weil group. We combine these
two results in Theorem 4.27, and we conclude by deriving the reciprocity isomorphism of
Local Class Field Theory “a la Weil” in Example 4.30 .

Theorem 4.23. Let M € DP(R) with a continuous action of Wg /U, with U C I open
normal subgroup. Then one has RT (BWF ,M), RT (BVT/F ,MP) e D’(FLCA). Moreover,
the trace map

RF(BWF,R/Z(I)) — R/Z[-2]
induces a perfect cup-product pairing

RT By, . M) ®" RT (By, . MP) - R/Z[-2]
in D (Ab(C)).
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Remark 4.24. A fortiori, the result holds if M € DP(R) has a continuous action of a
finite quotient G of GF.

Proof. By induction on the length of the complex, we suppose that M = V is a finite-
dimensional real vector space with a continuous action of Wr /U . By Proposition 3.21,
we have RT (By, . V), RT (B, . VP) € D?(FLCA).

The morphism R(1) — R/Z(1) induces a morphism of cup-product pairings

RT By, .V) ®" RT (B, . V*)[-1] — RT(By,.V) ®" RT (By, .V?)

| |

R[—2] y R/Z[-2].

By Remark 3.20, V*[—1]— VP is an equivalence. Since RT (BWF, V) and RT (BWF, V*)
are complexes of DP*f(R) (see Proposition 3.21), we have

RHom(RF(B o V), R) = RHom(RF(B Ve V), R/Z)
and the same for V*. Moreover, we have
RHom(RI'(BWF, V),[R[—l]) = RHomR(RI“(BWF, V),R[—l])

and the same for V*. Consequently, it is enough to prove that the cup-product pairing of
condensed R-modules

RT(By, . V) ®f RT (B, ,V*) - R[-1]
is perfect. This coincides with the cup-product pairing
RT (Bw, . V1/V) @k RT (Bw,, (VH)/'V) - R[-1].
We conclude as in Example 4.16. ]

Proposition 4.25 (Condensed Weil-Tate Local Duality). Let M be a finite abelian group
with a continuous action of Wg. Then the trace map

RI‘(BWF,R/Z(I)) — R/Z[-2]
induces a perfect cup-product pairing
L D
RF(BWF, M)® RF(BWF, M”) —>R/Z.

Proof. Let u C L* denote the discrete continuous Wr-module of roots of unity. We set
M’ := Hom(M, ). By Lemma 3.25 and Remark 3.22, the cup-product pairing becomes

RT (Bw, (Set), M) ®" RT'(Bw, (Set), M') — R/Z.
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By Proposition 3.26, we have
RHom(RT (Bw; (Set). M),R/Z) = RHom (RT (Bw, (Set), M), Q/Z)

and the same for M’. Hence it is enough to prove that the cup-product pairing in DP*"'(Z)
RT(Bw, (Set), M) ®" RT (Bw, (Set), M) - Q/Z
is perfect. This follows from [ 18, Proposition 4.1.1] and [23, Theorem 2.1]. ]

Proposition 4.26. Let M € DP*(Z) with a continuous action of a finite quotient G of G .
Then one has RT (vi/p’ M), RT (vi/p’ MP) e D?(FLCA). Moreover, the trace map

RF(BWF,R/Z(l)) — R/Z[-2]
induces a perfect cup-product pairing
RT (B, , M) ®" RT (By, ., MP) - R/Z[-2]
in D (Ab(C)).

Proof. By induction on the length of the complex and by Proposition 4.25, we can suppose
that M is a free abelian group of finite Z-type. By Theorems 3.30 and 3.31, we have
RT (B, . M), RT (B, . MP) € D?(FLCA).

Let ¥ (MP) and v (M) be defined as in (4.2). Let us consider

yMPy QL7 = Rlim (M L z/m)P),
y(M) L Z = Rlimy (M QL 7/m).

Localising at EG, we have M ®% Z/m = M/m in Db(BWF). Hence M ®% Z/m is

a finite abelian group with a continuous action of G. By Proposition 4.25, ¥ ((M/m)P?)
and v (M/m) are equivalences. Hence so are ¥ (M P) @& 7 and V(M) QL Z. By The-
orem 3.30 (resp. Theorem 3.31), (M P) (resp. ¥ (M)) satisfies the hypotheses of Pro-
position 4.21. Thus ¥ (M P) (resp. ¥ (M)) is an equivalence. This concludes the proof. =

Theorem 4.27. Let M € D%e'ﬁ; with a continuous action of a finite quotient G of GF.
Then one has RT (BWF’ M), RT' (B e MP) e D?(FLCA). Moreover, the trace map

RF(BWF,R/Z(I)) — R/Z[-2]
induces a perfect cup-product pairing
RT(By, . M) ®" RT (By, . MP) - R/Z[-2]

in D (Ab(C)).
IfHY (M) is a locally compact abelian group for all q, the induced cup-product pairing

Hq(BWF’ M)® Hz_q(BWF’ MD) N Hz(BWF,]R/Z(l)) =R/Z

is a perfect pairing of locally compact abelian groups of finite ranks.
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Proof. We have a distinguished triangle in D(BWF)
RHom(R/Z, M) - RHom(R, M) — M.

Since M e D%CR, we have RHom(R/Z, M) € D*"(Z) and RHom(R, M) € D" (R).

By Proposition 4.26 and Theorem 4.23, the fist two statements of the theorem hold for
RHom(R/Z, M) and RHom(R, M) instead of M. Hence the same holds for M.
Let us suppose that H? (M) is locally compact for all ¢g. We have the spectral sequence

= H! (Byp, JH/ (M) = H'T/ (B 9 M)
By Lemma 4.11, we have
H/ (M) € D¥ NFLCA forall j.

By Proposition 4.10, E;J is locally compact of finite ranks for all 7, j, and vanishes for
all i > 3. Moreover, EZ’J is discrete for all j. Thus the morphism EO"’+1 — E2’] is
strict for all j. These are the only morphisms of the second page. Moreover, for all n > 3
and for all i, j, we have d; J = 0. Consequently, the condensed abelian group Eoo is
a locally compact abelian group of finite ranks for all i, j. By Proposition 4.5, we have
HY(B s M) e FLCA for all . Consequently, we have Ext’ (H(B e M),R/Z) =0
for all i > 1 and for all g. Hence the equivalence
RT (B AF,MD) =~ RHom(RT (B, ., M), R/Z[-2])
yields
HY(B e MP) ~ Hq(RHom(Rl"(B e M), R/Z[-2])) = H>"4(B e M),

which is locally compact of finite ranks. The result follows. |

Remark 4.28. By Remark 4.1, the corresponding cup-product pairing in D? (FLCA) is
perfect too.

Corollary 4.29. Let M be a discrete countable abelian group. Then for all q the con-
densed abelian group H4 (BW , M) is represented by a k-small discrete abelian group
and H? (B ,M Dy is represented by a k-small compact Hausdorff topological abelian
group. Moreover the trace map

RF(BWF,R/Z(l)) — R/Z[-2]
induces a perfect cup-product pairing
2— D 2
Hq(BAF, M)® H q(BAF, M7)—-H (BWF,R/Z(l)) =R/Z
of k-small locally compact abelian groups.
Proof. Firstly, we observe that we can write

M = h’gnMn

n
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where M, is a G-equivariant finitely generated abelian group. In order to show this, we

observe that since M is countable, we can write M = {x;};en. Hence, for all n € N,

we consider M,, as the subgroup of M generated by {g - X;}¢eG,0<i<n. Then M, is G-

equivariant and finitely generated for all n, and if ny < n», we have M,, C M,,.
Consequently, we have

HY(Bg,. M) = im0 (B, . M),
n
which is k-small and discrete for all g. Moreover, since we have M D_R llnn MnD , there
is an exact sequence in Ab(C)
0 — lim' H'™'(By;,, MP) - H?(By, . MP) - limHY(By;, . MP) -0
n n
for all g. By Theorem 3.31, both H?~!(B e MnD) and HY(B e MnD) are compact
Hausdorff of finite ranks for all n. Hence H?(B e M) is k-small compact Hausdorff

for all ¢ by [1, Proposition 3.2]. In particular, since D? (LCA,) — D?(Ab(Q)) is a stable
oo-subcategory, we have

RT (By,.. M), RT (By; . MP) e DP(LCA,).
Moreover, the cup-product pairing
RT(By, , M) ®" RT (By, ,MP) - R/Z[-2]

induces the morphisms

Y(MP): RT (By,_, M) — RHom(RT (By, ,MP),R/Z[-2]),

¥ (M) : RT (By, , MP) — RHom(RT (By, , M), R/Z[-2)).
It is easy to see that we have (M) = R li(_mn Y (My,). Moreover, since

RHom(—, R/Z[-2]) : D?(LCA,)*® — D?(LCA,)

is an equivalence, we also have ¥ (MP) = h_r)nn ¥ (MP). Consequently, both ¥ (M) and
¥ (M P) are equivalences by Theorem 4.27. Moreover, since Ext’ (H? (B e M),R/Z) =
0 for all i > 1 and for all g, taking gth cohomology on ¥/ (M) yields

Dy ~ 22—
Hq(BWF,M )~ H q(BWF,M)V
and similarly for (M ?). The result follows. L]
Example 4.30. Let us consider M = R/Z. Then we have

H'(By, .R/Z) = lim H'(Bw,/v.R/Z)= lim ((Wr/U)™)" = Wi)".
vcl vcl
open normal open normal
subgr. subgr.

MOI’GOV@I’, one gets

H'(By, . MP) = H'(By, ,Z(1)) = F*.
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Hence the perfect cup product pairing of Theorem 4.27 yields the isomorphism of topolo-
gical abelian groups
F* 5 Wik,

which comes from Local Class Field Theory “a la Weil”.
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