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Cowling—Haagerup constant of the product of discrete
quantum groups

Jacek Krajczok

Abstract. We show that (central) Cowling—Haagerup constant of discrete quantum groups is multi-
plicative Acp(I'1 X ') = Acp(I'1) Acp(I'2), which extends the result of Freslon (2015) to general
(not necessarily unimodular) discrete quantum groups. The crucial feature of our approach is con-
sidering algebras C(f), L (]IA’) as operator modules over L1 (]IA“).

1. Introduction

Weak amenability is an approximation property introduced in the context of locally com-
pact groups by Cowling and Haagerup in [6]. It is weaker then amenability, but still quite
strong as it implies Haagerup—Kraus approximation property (AP). A significant aspect
of weak amenability is that it comes together with a quantifier: for any locally compact
group one defines Cowling—Haagerup constant A, (G) € [1, +o00] which is finite precisely
when G is weakly amenable. Authors of [6, 16] calculated this constant for all connected,
non-compact, simple Lie groups with finite center. For example

Aw(Sp(l,n)) =2n—-1 (n=2)

but if real rank of G is greater than one, then G is not weakly amenable and A, (G) =
+00. Another important result tells that if I is a lattice in G then A, (") = A (G),
hence Cowling—Haagerup constant is a useful tool in telling apart discrete groups and
their group C*/von Neumann algebras. Cowling and Haagerup proved also that constant
Ap is multiplicative, i.e.

Ae(G x H) = Ay (G)Acr(H)

holds for any locally compact groups G, H [6, Corollary 1.5].

One can extend the definition of weak amenability and Cowling—Haagerup constant
to discrete or even general locally compact quantum groups ([ 14, Definition 3.5], [3, Def-
inition 5.12], see also Definition 3.4). This property has received a lot of attention — let us
mention that it is known that strong amenability (i.e. co-amenability of the dual) implies
weak amenability which in turn implies AP, weak amenability with A, = 1 is preserved
under taking free products of discrete quantum groups [13] and quantum groups such as
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0;—", U I}" or SUy (1, 1)ex are weakly amenable with Cowling—Haagerup constant equal 1
([11, Theorem 24], [5, Theorem 7.4]). It is however an open question whether amenabil-
ity implies weak amenability (in fact it is not known whether amenability implies AP, see
[8, Corollary 7.4]. These implications are known to be true in discrete case by [24, Theo-
rem 3.8]). Freslon in [ 15, Proposition 3.2] proved that weak amenability passes to products
of discrete quantum groups, but so far the best information on the value of Cowling—
Haagerup constant were the bounds

max (A1), Aew(2)) < Aep(T'1 X T2) < Acp(T1)Ac(I2).

In Theorem 3.5 we will show that the upper bound < is in fact always an equality. Exam-
ple 4.9 shows why this knowledge can make a qualitative difference.

For discrete quantum groups there is a close connection between properties of a quan-
tum group I" and its operator algebras C(]IA“), L (HA“). For example, weak amenability of
I" implies that C(]IA’) has completely bounded approximation property, L*° (HA“) has weak™*
completely bounded approximation property and there is a bound on respective constants
(see [3, Theorem 6.6] and references therein). The converse holds under unimodularity
assumption [19, Theorem 5.14] and in this case all the involved constants are equal (see
also [8, Proposition 4.7] for a related result). Whether this converse and its variants for
strong amenability and AP hold in general, is a major open problem [3, Remark 6.9].
The main reason why in general it is difficult to deduce a property of I" from proper-
ties of C(]IA“), L (I[A“) is the lack of averaging which exists in unimodular (dually-Kac
type) case, and allows one to turn a CB map into a multiplier (see [3, Section 7.1] and
[10, Section 7.1]). As Freslon notes in [15, Remark 3.3], in the unimodular case we can
use equality Ap(I7) = Acb(C(f)) to deduce that Cowling—Haagerup constant is multi-
plicative using [4, Theorem 12.3.13]. This result states that Cowling—Haagerup constant
of C*-algebras is multiplicative with respect to minimal tensor product. In general how-
ever this approach does not work, as it is not known whether A, (I') < A (C(f)). One
way of remedying this situation is to look at C(]IA1 ),L*® (HA“) not only as at C*/von Neu-
mann algebras, but consider them together with extra structure. This approach already
turned out to be quite fruitful and led to several results concerning amenability — injectiv-
ity (see [23, Theorem 3] and [7, Theorem 5.1]), AP — weak® OAP [9, Theorem 6.16] or
strong amenability — weak™ CPAP [18, Theorem 6.11].

In our work we take a similar point of view, and look at C(f), L*® (f) as Ll(]f)-
modules. In Definition 3.4 we introduce respective Cowling—Haagerup-like constants and
in Theorem 3.5 show that they are equal to the analogous constants for I'. In Section 4
we show that such Cowling—Haagerup constant for operator modules of the form C(f)
is multiplicative (Proposition 4.5). Its proof is a modification of the proof of [4, Theo-
rem 12.3.13]. The main difference is that we take also the module structure into account
(see also Remarks 3.2, 4.6).

Apart from weak amenability of discrete quantum groups, we are also interested in its
central variation (see Definition 3.4). To study this property, we will look at C(HA“), L (]IA“)
as L1([")-bimodules.
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2. Preliminaries and notation

In this section we will briefly recall the necessary operator space and quantum group back-
ground. We refer to [1-3,7,9,12,20-22,27] and references therein for more information.

Completely contractive Banach algebra is an associative algebra A which is at the
same time an operator space and the multiplication map extends to a complete contraction
A®A — A, where ® is the projective tensor product of operator spaces. We say that an
operator space X is a left operator A-module, if it is a left module over A and the action
extends to a complete contraction AQ X — X. Since this is the only type of modules we
consider, we will simply say that X is a left A-module. In a similar way we define right
A-modules and A-B-bimodules. By definition, an A-bimodule is an A-A-bimodule. Note
that every operator space or module can be considered as a bimodule by setting 4 = C,
B = C or both. Furthermore, if A, B are completely contractive Banach algebras, then so
is A®B.

The operator space of completely bounded (CB) maps between two operator spaces
X, Y will be denoted by CB(X, Y). If X, Y are left A-modules, then the closed subspace
consisting of left A-module maps will be denoted by 4 CB(X, Y). Similarly we define the
space of right A-module maps CB4(X, Y) and A-B-bimodule maps 4 CBg(X, Y). The
CB norm will be denoted by ||¢||cp(x,y) or simply ||@]|cb.

If A is a completely contractive Banach algebra and X is a left A-module, then
the dual operator space X* becomes canonically a right A-module with action defined
by (wa, x) = (w, ax). Similarly for right modules and bimodules. The canonical pair-
ing between X™* and X will be denoted simply by (®, x) or (w, x)x= x if we want to
indicate which spaces are involved. Pairing gives rise to canonical complete contraction
K X®X* — C.

Let X, Y be operator spaces, X aright A-module, and Y a left A-module. Then we can
form the A-module tensor product X ®4Y, which by definition is given by the quotient
operator space

X®4Y = (XQY)/span{xa ® y—xQay |xe€ X, ac A, yeY)

By an abuse of notation, the quotient map will be denoted by g: X®Y — X ®4Y . A result
which will be very useful, is that in this situation CB4(X,Y*) ~ (X®4Y)* completely
isometrically, where ¢(x ® y) corresponds to the functional ¢ — (¢(x), y) [2, Proposi-
tion 3.5.9]. Similarly CB(X, Y*) ~ (X®Y)* completely isometrically. In this way both
CB4(X, Y ™) and CB(X, Y*) are dual operator spaces and have the corresponding weak*
topologies. In particular, one can restrict weak™ topology from CB(X,Y *) to CB4 (X, Y *).
One easily checks that both topologies on CB4(X, Y *) agree and CB4(X, Y*) is weak™
closed in CB(X, Y'™).

If A is a completely contractive Banach algebra, then so is A°P (A°P by definition has
the same operator space structure, but opposite multiplication). Then any left A-module
becomes right A°°-module and vice versa. Furthermore, if X is a A- B-bimodule then it is
a right A°°® B-module, with module structure x (a®® ® b) = axbh. One immediately sees
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that 4 CBp(X,Y) = CB 455 (X, Y) for any A-B-bimodules X, Y. Let us also recall that
for any finite dimensional operator space E, the canonical map E — E** establishes a
completely isometric isomorphism.

In this work we will be interested only in compact or discrete quantum groups. Read-
ers interested in general framework are referred to [20]. A compact quantum group G is
defined by a unital C*-algebra C(G) and a unital *x-homomorphism

A:C(G) — C(G) ® C(G)

called comultiplication, which satisfies certain conditions. Under separability assumption
Woronowicz [27] (and Van Daele [25] in general) proved that there exists a unique state
h € C(G)* (called Haar integral) which is bi-invariant. We will assume that it is faithful,
i.e. we work at the reduced level (see [1]). Performing GNS representation, we obtain a
Hilbert space L2(G), faithful representation of C(G) and after taking SOT-closure, von
Neumann algebra L°°(G). Both / and A extend to normal maps on L*°(G). The predual
of L°°(G) will be denoted by L!(G). The predual mapping of A gives a completely
contractive Banach algebra structure on L' (G):

LYG)R®LI(G)20@v > w*+v=(0Q@Vv)A € LI(G).

It is not difficult to check that both C(G) and L*®(G) are L' (G )-bimodules with respect
to actions @ * x = (id ® w)A(x), x *» ® = (v ® id)A(x) for v € L(G) and x € C(G)
or x € L*®°(G). The representation theory of compact quantum groups resembles the one
of compact groups. In particular, every irreducible representation is finite dimensional.
Let Irr(G) be the set of their equivalence classes. For each class @ € Irr(G) we choose
its representative U® which acts on a Hilbert space H, of dimension dim(x). In each
Hy choose an orthonormal basis {£7 }?i;nl(a) in which operator p, is diagonal (see [21,
Section 1.4]), with eigenvalues pg,; (1 <i < dim(«)). Number Tr(pg) is called the quan-
tum dimension of « and is denoted dimy («). The space Pol(G) spanned by coefficients
U = (id ® wge, ga)U “(1 <i,j <dim(w)), together with restricted comultiplication, is
a umtal Hopf *- algebra It is norm dense in C(G), hence weak™® dense in L*°(G).

By definition, any discrete quantum group I' is a dual of compact quantum group
G:T =G (thus also G = I - we will prefer to look from discrete point of view). It
comes together with C*-algebra co(I") = €, ctn(P) B(H,,) (Cp-direct sum), von Neumann
algebra £°(I') =[], cire(D) B(Hgy) and comultiplication A. Consequently any element
of £>°(T") is given by a family (aq), cire() of matrices in B(H,). We will say that a
net (ap)rep converges pointwise to some a in £°°(I') if and only if a) 4 — a4 in
B(H,) for all @ € In(f). The dense subspace consisting of families (aq),, 2;81:) such
that a, # O for only finitely many «’s, will be denoted by coo(I'). Another important
subspace of £°(T") is A(T"), the Fourier algebra of I'. It consists of elements of the
form X(w) with o € Ll(f) (see [3, Section 4.2], [9, Section 3]). It is an subalgebra of
co(I') and is itself a completely contractive Banach algebra with operator space struc-
ture given by completely isometric isomorphism A(I") > i(a)) = w e Ll(f). A (left)
completely bounded multiplier is an element a € £°°(I") such that ab € A(T") for all



Cowling—Haagerup constant of the product of discrete quantum groups 1503

b € A(I") and the associated map A(I") — A(I") is completely bounded. After composing
with isomorphism A(I") ~ L! (f) and taking the dual map, any such a gives a normal CB
map O (a) € CBY (L*® (]IA’)) (superscript ¢ indicates that CB? (L™ (]IA’)) consists of nor-
mal CB maps). The space of completely bounded multipliers, equipped with the CB norm
lalles = [|©"(@)]|eb, is denoted by M. o (A(I)). For example, any /\(a)) € A(T) is a left
completely bounded multiplier with the associated map @' ()L (a))) =(w® 1d)A Let us
also note coo(I") € A(I"). For any ae Mlb(A(]F)) we have 0 (a) € L) CB?(L*® (]F))
i.e. ©!(a) is a normal, CB, left L' (IF) module map. By [17, Corollary 4.4] (see also dis-
cussion in [9, Section 3]) all maps on L°°(]F) which satisfy these properties are of the
form ®! (a) for some a € M/ o (A(I)). It is not difficult to check that O (a) restricts to

o' (a) rC(If‘) € Ll(f)CB (C(]F))

Using e.g. [9, Proposition 3.5] we again see that every CB, left L (f) module map on
C(IF) is of the form ®!(a) FC ) for some a € Méb(A(]I“)) Sumlarly, central multipliers
ae ZMlb(A(IF)) correspond to CB, L! (IF) bimodule maps on C(T) and normal, CB,
L! (If‘) bimodule maps on L*° (T).

Whenever we have two compact quantum groups I['y,T',, we can form their product
= ]fl X fz. The associated algebras are

C() = C(T) ® C(T,), L®(T) = LT )®L=(T,)

(hence Ll(]f) = Ll(f‘l)@ Ll(fz)), Pol(ff‘) = Pol(fl) ©) Pol(fz) and the Haar integral
is hp = hp ® hA We can also 1dent1fy irreducible representations of I Irr(]f‘) is the
set ofa X ,8 for a e Irr(]Fl) B e Irr(IFz) where U*®8 — U{"3U’34 isa representatlon of
T on H, ® Hg. For details see [26]. For finite subsets F; € Irr(]I‘l) F, C Irr(]Fz) denote
FiIXF,={aXf|aeF, e F,}. Product of discrete quantum groups I'; and I'; is
definedtobe 'y x ', =T, where I' is the dual of T'.

We will be using the following useful notation: if [ is an arbitrary compact quantum
group and @ # F C Irr(]IA“) is a finite subset, set

Polp(f) = span{Ui‘f‘j lae F,1<i,j< dim(a)}

and consider it to be an operator space with structure coming from C(f). Next, for each
a € Irr(I), let py be the central projection corresponding to B(Hy) € £°°(I") and pr =
Y weF Pa € coo(I). Using orthogonality relations one easily sees that

dim(a)
pr = Mwr), where wp = Z Z dimg (o) po,i R (US) € LY(D). 2.1

aeF i=1

Furthermore, © (pr) is a projection onto Pol 7 (f‘)

Symbol © will denote the algebraic tensor product, ® tensor product of Hilbert spaces
or minimal (spatial) tensor product of C*-algebras, ® von Neumann algebraic tensor prod-
uct and & projective tensor product of operator spaces. Operator spaces are assumed to be
complete. All vector spaces are considered over C.
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3. Cowling-Haagerup constant for modules

In this section we introduce a Cowling—Haagerup constant for (bi)modules C(f), L (]f‘),
study its properties and relate it to the (central) Cowling—Haagerup constant of I (Theo-
rem 3.5).

Definition 3.1. Let I" be a discrete quantum group.

(1) Define ;g Acb (C(]IA’)) to be the infimum of all numbers C > 1 such that there is a
net (¢;)aea of finite rank, left L! (IF) module CB maps on C(]F) with [loalles < C
and @) (x) T—A_) x forall x € C(]F). If no such number exists, set

€

Ly A (C(f)) = 4o00.

2) Slrnllarly define A Ll (D) (C(T )) and |, (T)Acb ) (C(F)) by considering right
L! (F) module maps and L! (T) bimodule maps, respectively.

(3) Define LL(E) Agp(L*® (T)) to be the infimum of all numbers C > 1 such that there
is a net (¥3)ea of normal, finite rank, left L! (]I‘) module CB maps on L™ (T)
with [|¥a]lep < C and ¥y (x) ﬁ x weak* forall x € L°°(]I‘). If no such number

€

exists, set
Ll(f)Acb(Loo(T)) = +oo.

() Similarly define A L1 (D) (L*>® (T)) and |, (E‘)Acb Lt (T)(L (IF)) by considering
right L! (IF) module maps and L! (]F) bimodule maps, respectively.

Numbers | ) Ap(C (]I“)), etc. will be called Cowling—Haagerup constants. A standard
argument (using a new net indexed over A x N) shows that the infimum in the above
definition is actually achievable.

Remark 3.2. In principle we could have introduced similar constants for arbitrary opera-
tor modules over completely contractive Banach algebras. We have decided not to do that,
as general operator modules can fail to have any finite dimensional submodules, and also
we were unable to prove that such constant is in general multiplicative (see Proposition 4.5
and Remark 4.6).

In our first proposition we show that it does not matter if we look at left or right module
structure, and similarly it does not matter if we look at C* or von Neumann level.

Proposition 3.3. Let I" be a discrete quantum group. Then
@ An(CD) = Ay i@ (CD) = 1@y Aa(LTM) = Ay 1y (LZ D)
Ll(f)Acb,Ll(f) (C(F)) = Ll(]f)Acb,Ll(]f)(Loo (T))~

Proof. If € CB? (Loo(f‘)) is a normal, left Ll(f)-module map, then Ro Yo Risa
normal right L! (]I‘) module map with ||R oo R|ep = ||1p||cb [9, Lemma 4.8], where R
is the unitary antipode on L™ (]I“) We can 51m11ar1y turn right L! (]I‘) module maps into left
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one, the property of being finite rank is preserved. Eventually, a net (1)) eca converges
to id in the point—wea/l\k* topology if and or/}ly if (ﬁ oYy o ﬁ) e converges to id. This
shows Ll(f)ACb(Loo(]l")) = ACb’Ll(f)(L‘x’(]F)).

The above quoted part of [9, Lemma 4.8] has a C*-algebraic variant (with virtually the
same proof, using usual Wittstock’s theorem [4, Theorem B7]): if ¢ € CB (C(If‘)) is a finite
rank, left L! (f)-module map, then Ro Qo R is a finite rank, right L (f)-module map with
the same CB norm, and vice versa. Similarly, (¢3)ea converges in point-norm topology
to id if and only if (ﬁ o@) o IQ)MA does, hence | , (ﬂ:)Acb(C(f‘)) = Acb,Ll(f)(C(f))'

Assume that (¥3),ep is a net of finite rank maps in CB? (L™ (}IA‘)) which con-
verges to id in the point-weak™ topology and

[Vallew < LI(H:)Acb(LOO(f)) < +00.

L)

As discussed in Section 2, for each A € A there is aj € Coo (") such that ¥, = ©%(ay).
Then ©(a,) restricts to a map ¢, in L) CB(C(]F)) with [|@allco = [[¥allco (by weak™
density of C(]I‘) CL*™® (T)) such that

X)) —> X
®a(x) o

in norm for every x € Pol(I[A“). Indeed, observe that {¢,(x), x | A € A} live in a finite
dimensional subspace of Pol(]f), and in finite dimensional spaces there is a unique Haus-
dorff vector space topology. Since Pol(]IA“) is norm dense in C(I[A“) and the net (¢))rep 1S
bounded, a standard approximation argument allows us to conclude that ¢, (x) —> x for
all x € C(}F) and consequently A

Ll(]F) cb(C(F)) L! (r) cb(Loo(Hq))

Similar reasoning gives | (f)Acb,Ll (]f‘) (C(]F)) <n (]f‘)Acb,Ll @) (L (f)) The only dif-

ference is that if ¥, is known to be a L (]IA’) bimodule map, then so will be ¢, .
Assume that (¢3),ca is a net of finite rank maps in L) CB (C(]F)) with CB norm
bounded by [[@allco <1 @ Aw(C (IF)) assumed to be finite. As in the previous paragraph,

there are a;, € coo(I") such that ¢; = ©%(ay) rc(r)' Then ®!(a;) are normal, finite rank,
CB maps in |, &, CB? (L(T")) with [©' (a2)[lev = [l lev- Take x € L*(I) \ {0}, » €
L! (HA“) \ {0} and > 0. Since products are linearly dense in L! (]IA“) [7, Section 3], we can
find o, w;, € L'(I') (1 < k < K) such that

&
< = .

a)—X:a)kuo((u,’c

H 3
k=1

Furthermore, for any k we have a)l’c * X € C(If‘) [9, Lemma 4.6], hence there is Ag € A
such that
£

X|<——— (1 <k<K, A>2).
“_ZK(I-i-HwkH) (I=k= o)

I @l(ak)(w,’g * X) — Wy *
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For A > Ao we have

K

+ Z |((~)l(a,1)(x) — X, W * wllc>|

1

(© (@) (x) — x, w)|

IA
S
~
Il

K
=2+ Z |<a),’C * @l(al)(x) — wp, * x,a)k)|

k=1
K
=5+ ) |(0'(an) (@} * x) — 0 * x. ;)|
k=1
K
<2+ |0 @) (@) x x) — wf * x|kl <.

~
Il

1

This proves O (a;)(x) A—A> x weak™ and consequently
€

L@ L@

As above, a minor modification gives L! (f)-bimodule version. [ ]

Because of Proposition 3.3, we will focus on | (f)Acb (C(f)) and |, (f)Acb L (H:)(C(f)).
Let us now recall the definition of the Cowling—Haagerup constant and its central variant
for discrete quantum groups [3, 10, 14].

Definition 3.4. Let I" be a discrete quantum group.

(1) The Cowling—Haagerup constant of I, A, (") € [1, +o¢], is the infimum of all
numbers C > 1 such that there is a net (aj) e in coo(I') with |lay]ley < C and
a,xH)]l pointwise. If no such number exists, set A, (I') =400. If A () < 400,
one says that " is weakly amenable.

(2) The central Cowling—Haagerup constant ZA,(I") € [1, 400] is the infimum of
all numbers C > 1 such that there is a net (ay) e in Zcoo(I') with ||ay | <
C and a) ﬁ 1 pointwise. If no such number exists, set ZA,(I") = 4o0. If

€
ZAp(T') < 400, one says that T is centrally weakly amenable.

Similarly to Definition 3.1, the infimum is actually attainable. Let us note that in the
definition of A (I") we could also consider more general nets (aj) ea assumed only
to be in the Fourier algebra A(I"). A standard approximation argument shows that both
definitions are equivalent (see e.g. [3, Section 3.2]). Instead of speaking about pointwise
convergence, one can require that (a;) e forms an approximate identity in the Fourier
algebra A(T"). In this context, both conditions are equivalent. The following result pro-
vides a link between Cowling—Haagerup constant of a discrete quantum group I'" and the
associated module C(}IA’). Its proof is quite standard, compare e.g. [3, Theorem 6.6].
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Theorem 3.5. For any discrete quantum group T’

Acb(H‘):Ll(f)Acb(C(HA‘)) and ZAy(T) = L1(r)/\cb’LIGf)(C(JT*)).

Proof. Assume A, (I') < +o00 and let (ay)yep be a net in coo(I") such that |jay || <
Ap(I") and a), —— 1 pointwise. Since coo(I') € A(I"), we can find normal function-
als w) € Ll(]f) seuch that a) = /A\(a);t). Then ©!(ay) = (w; ® id)ﬁ, consider @) =
Ol(ay) rc - This map is of finite rank, belongs to LL(E) CB(C(f‘)) and has CB norm
equal to ||a,\||cb Furthermore, since sup,ca [l@allcv < 00, to see that ¢, T) id in the

point-norm topology of C(F) it is enough to look at the dense subspace Pol(I"). Since
A 1 pointwise, for any « € Irr([’), 1 < i, j < dim(e) we have wp(U) N 8i,;
€ ’ €

and consequently

dim(e)

QUA(U;L') = Z (U, ak)Uk J

k=1
converges in norm to U "‘ . We conclude that | , (]F) cb(C(]IAj)) < Agp(I').

Assume now that Ll @) Cb(C(]P)) < 400 with the corresponding net (¢3)ica in
) CB(C(]F)) As discussed in Section 2, there is a multiplier a; € M. (A()) such
that ¢; = O (a;) rc(r)’ in particular ||a; ||cv = ||@a||cb- Since ¢y, is of finite rank, we have
in fact a; € coo(I'). As the net (¢))rea converges to id in the point-norm topology, we
have a;, H) 1 pointwise. This shows A, (') < Ll(f)ACb(C(]I’)).

€

The central and bimodule variant is proved in a similar way, with slight modification.
In the first direction, we addltlonally have a;, € Zcoo(I), then O (ay) rC(]I‘) isaL! (F)
bimodule map giving , , (]1“) eb.L1 (E) (C(F)) < ZA&(I"). Conversely since ¢ is a map of
bimodules, a, is central. ]

Remark 3.6. Itis an interesting question whether | (]f)Acb (C(]IA‘)) =L (f)Acb,Ll (]f)(C(HA“))
always holds, equivalently (by Theorem 3.5) whether the Cowling—Haagerup constant
of " is equal to its central variant A, (') = ZA(I7). To the best of our knowledge,
no counterexample is known. An analogous result for strong amenability is false (see
e.g. [10, Theorem 7.6]).

4. Cowling—Haagerup constant of the product

In this section we prove our main result: (central) Cowling—Haagerup constant of discrete
quantum groups is multiplicative (Theorem 4.7). We will do this by establishing first an
analogous result for modules C(f‘) (Proposition 4.5) and then using Theorem 3.5. As
mentioned in the introduction, our proof of Proposition 4.5 is a modification of the proof
of [4, Theorem 12.3.13] (see also Remark 4.6).

It will be convenient to work in the more general language of completely contractive
Banach algebras and operator modules, see Section 2. The next lemma is a bimodule
generalization of [4, Lemma 12.3.16]. Recall that any A-B-bimodule, is also a right
A°’® B-module (see Section 2).
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Lemma 4.1. Let A, B be completely contractive Banach algebras, X an A-B-bimodule
and F C E C X finite dimensional submodules. Take C > 1. The following statements
are equivalent:

(1) thereis ¢ € 4 CBp(X, E) such that (x) = x (x € F) and | ¢|cax,g) < C,

2) k)| < Cllg)| foru € F © E*, where k: E ® E* — C is the pairing map
and qg: XQE* — X@)Aop@B E* is the canonical quotient map.

Proof. Assume that we have ¢ € 4 CBp(X, E) as in (1), take u € F ©® E* and write
u=>y_; Xk ® wy for some x; € F,w; € E*. Then using identifications CB(F, E) =
CB(F,E**) ~ (F®E*)* and 4 CBp(X, E) = CB 4055 (X. E) = (X® g E*)* we
calculate

n

Z(wk»xk>

k=1

n

Z(wk»‘P(xk))‘ = |<¢»u>CB(X,E),X®E*
k=1

@] =

< Clq)

)

= |<¢)’ q(u))CBAop®B(XaE)=X®A0p®BE*

i.e. (2) holds.
Conversely, assume that |« (u)| < C|lq(u)|| forallu € F ©® E*. Then the functional

X®0gpE* 2q(F @ E*) 3 q(u) — k(u) € C 4.1

is well defined and has norm bounded by C. By Hahn—Banach theorem, we can find
@€ (X@A(,p@BE* * ~ 4 CBpg(X, E) which extends (4.1) and has norm < C. For x €
F,w € E* we have

(@.0(0)) = {p.q(x® w)>CBAnp®B(X,E),X®Anp®3E* =k(x @) = {0, x)

hence ¢(x) = x. |

Next we establish several useful properties of left L! (]f‘)-module C(If‘).

Lemma 4.2. Let " be a discrete quantum group and C > 1. The following conditions are
equivalent:

(D) iy AaC@) < C,
(2) forevery e > 0 and finite @ # F C Irr(]f) there is a finite rank ¢ € Ll(lf‘)CB (C(f))
such that ||o(x) — x|| < e|x]| (x € Polp(f)) and |l¢|le < C.
Proof. (1)=(2): take & > 0 and finite @ # F < Irr(T"). Since Pol g (I") is a finite dimen-

sional normed space with basis {U*; |« € F, 1 <i, j < dim(«a)} we can find D > 0 so
that

dim(e) dim(a)

o o o

YD Iil=D| Y Y iU
a€F i,j=1 a€F i,j=1
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forall ) ,cp Zdlm(“) 2 US € Poly (). By (1), there is ¢ € CB(C(I")) such that

i,j=1 1/
[¢lles < C and

L)

le?)-U? | <5 (xeF.1<i j<dim(a).

Then forany x = ) o Z;h;nial) iU € Polp (') we have

dim(a) dim(a)

leG) —x| = > > x| <Y s <elxl.

aeF i,j=1 acF i,j=1

(2)=(1): for ¢ > 0 and finite @ # F < Irr(D), let 9. F € 11 CB(C(]IA“))Abe the map
from (2). As ||¢gg,Fllev < C for all &, F and Pol(I') is norm dense in C(I), it easily
follows that Ehe net (@g,F ) (e, F) indexed over & € ]0, 1[ and finite & # F C Irr(]f) gives
@As(C@)) < C. L]

There is also a natural analog of Lemma 4.2 for L! (f)-bimodule C(]IA1 ). Recall that for
finite @ # F C Irr(T), pr € coo(I') S A(T) is the central projection pr = Y, cp Pa-

Lemma4.3. Let T be a discrete quantum group and € > 0. For a finite set @ # F C Irr(]f),

L<llprllamy < [ dimg(@)>.
a€F

Proof. Recall that pp = X(wp) (equation (2.1)). Let || x|l = h(x*x)Y/? (x € Loo(f‘)) be
the 2-norm on L°°(I"). Using orthogonality relations [21, Theorem 1.4.3] we see

dim(a) 2 dim(a)
Iprlae = llorlP<| D Y dimg(@pe, US| =D > dimg(@)pai*[U% 13
aeF i=1 aceF i=1
dim(a)
=D D dimg(@) pa” gty = D dimg (@),
aceF i=1 acF
For the lower bound, choose o € F and let y, = Z?f‘l(a) U "‘ be character of «. Then

| x|l < dim(e) and

dim(a)
”pF“A(]F) = ”C()F” > ’wF(Hiz |)| = Z dimq(“)Pa,ih(Ua*on)
i=1
_ dim(a)
= Tl 21 =

The next lemma shows intuitively that one can correct an almost equality a &~ 1 over
a finite set F' C Irr(I") to an actual equality, with an error over which we have precise
control.
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Lemma 4.4. Let " be a discrete quantum group, ¢ > 0, @ # F C Irr(f) a finite set and
ae€ Méb(A(H‘)) Assume that |©!(a)(x) — x| < 8||X|| for x € Polp (]F) Then there is
ae Mlb(A(]F)) such that O (@)(x) = x for x € Polp (H‘) a—a €cy(l) and

@ = allam) < &) dimg(@)?.

oEF
Ifa € ZM!, (A(T")), then we can take @ € ZM., (A(T")).
Proof. Write a = (aa)aem(f). Define b = ) ,cp(Pa — ag) € coo(l') and @ = a + b.
Since dy = po (@ € F), we have ®!(d)(x) = x for x € Polg (]IA“). Furthermore

i—a=b=7) (pa—de)=(1—a) ) pa=(1—-a)pr

aeF aeF

= (1 - a)k(wr) = 2(0' (1 - a).(@F)).

Consequently, using the facts that O/ (pr)«(wr) = wr, O (pr)(x) € Polp (HA“) for x €
L°° (") and pp is central

|a —alla@) = [©' (1 —a)s(wr)]|
= sup |(x, 0" (1 — @)« (wF))|
xeL(D),llx[=1

= sup [(x,0/(1-a)0 (pr)s(wp))
xeL® (), llxll=1

= sup |01 -a)0 (pr)x) oF)]
xeL®(),llxll=1

< sup |0 (pr)x) - 0'(@) (O (pr))|ller]
xeL®(D),|lx[l=1

= sw |0 (prW]lerl
xeL®(),llx[l=1

= e|wrll]|® (pr)| < ellprlamliprle < el prlic).

hence the first claim follows from Lemma 4.3. If a is central, then so is b and conse-
quently a. |

Let us remark that using [12, Corollary 2.2.4] one can obtain a better bound for
|@ — allep — we will however not need this. Our main result, in the language of modules,
is the following.

Proposition 4.5. Let "1, be discrete quantum groups and ' = T"y x I, their product.
Then

L@ As(CD) = ey As(CTD) L@, As(C(T2)). 42)

Ll(f)Acb,Ll(f)(C(F)) = Ll(f‘l)Acb,Ll(]f‘z)(C(]Fl)) Ll(f‘z)Acb,Ll(f‘z)(C(FZ))' (4.3)
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Proof. The easier inequality < was already established in [15, Proposition 3.2] (after
conjunction with Theorem 3.5), let us give an essentially equivalent argument for the con-
venience of the reader. Recall that C(]f‘) = C(f‘ 1) ® C(f ») as C*-algebras and L' (]f‘) =
L! (f1)<§) L! (If‘z) as completely contractive Banach algebras. It is enough to assume that
both Ll(ﬂql)Acb(C(HA’l)) and L1(f2)1\cb(c(fz)) are finite, let (p1)aea and (V) uex be the
corresponding maps. Then we can construct new net (¢ ® ¥,)a,u)eaxxs of finite rank
maps in LEDSLIE) CB(C(]Tl) ® C(]FZ)) [12, Proposmon 8.1.5]. For any A, u we have
loa @ Yullew < LI(T) cb(C(Tl)) ) LI(T,) cb(C(TZ)) and clearly ¢) ® ¥y —— i
on a norm dense set C(]Fl) o CT,) C C(]T) Consequently (¢ ® wu)(l(ﬁ)léffg%on-
verges to id in the point-norm topology. This allows us to conclude inequality < in (4.2).
An analogous reasoning gives inequality < in (4.3): the only difference is that if ¢, and
¥, are bimodule maps, then so is @) ® V.

Let us now prove the converse inequalities; we will treat both cases at the same time.
Assume by contradiction that (4.2) or (4.3) does not hold, i.e.

Ll(f)Acb(C(f)) < Ll(fl)Acb(C(fl)) Ll(fz)Acb(C(fZ))

or

Ll(f‘)Acb,Ll(f‘) (C(F)) < Ll(]f‘l)Acb,L'(]f‘l)(C(rl)) L](f‘z)Acb,Ll(fz)(C(rz))'

Then we can choose positive constants Cy, Cy such that

L‘(f‘)ACb(C(f)) < C1Cy, (4.4)
1<C1 <) Aa(C). 125G < i@, Aa(CT?)) (4.5)

in the left module case and
v A @ (D) < CiCa, (4.6)

L<Ci <) Aan@)(CTD), 1=C < ig)Agn@,) (CT2) @7

in the bimodule case.

In order to easier work with both cases at the same time, it will be convenient to
reformulate the situation slightly. As discussed in Section 2, left L! (f)-module structure
on C(]f) gives us right L! (]IA“)OP-module structure. Similarly, L! (f)-bimodule structure can
also be encoded as right L! (f)°p® L (]IA1 )-module structure. Thus from now on, let A be
equal to L! (T )P or L! (T)°P® L! (T ), and consider C(T) as a right A-module. Slmllarly
for quantum groups I';, ', consider C(Tk) as a right Az-module, where Ay = L! (]I‘k)"p
or Ay = LI ([T x)PQ L1 (Ty).

First we use “negative” (4.5) (or (4.7)). Fix k € {1, 2} and use Lemma 4.2 (or its
bimodule version) to find g > 0 and a finite set § # Fy C In(fk) such that for all
finite rank maps ¢ € CBy4, (C(fk)) with ||¢||CB(C(H:k)) < Ci there is x € Polg, (f‘k) with
le(x) — x| > e |lx]. In particular

le rpole @~ idHCB(Polpk @Co.cdp) = € (4.8)
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Now we use “positive” (4.4) (or (4.6)). Define F = F1 X F, C Irr(f) and choose
small § > 0 such that

Aa(C(T)) < (1 =8)C1Ca < C1Ca

LI(D)
or
L Aar @ (CM) < (1=8)Ci1C < C1C,
depending on the version we are considering. Next set

GG
2 aer dimg(a)?

For this € and F, by Lemma 4.2 we can find finite ranli(p € CBy (C(]f)) with ||@ ||CB(C(]1:)) <
(1 —-146)C1C; and ||¢(x) — x| < ¢| x| for x € Polg (I"). Since ¢ is a right A-module map,
it corresponds to a € coo(I") (or a € Zcgo(I)) via ¢ = O (a) rc(]f)' Choose a € cgo(I")
(or @ € Zcoo(I")) using Lemma 4.4, so that ®! (@) = id on Polfg (f‘) and since the CB
norm is majorized by Fourier algebra norm

H®l(5) Tc(f) “CB(C(]IA“)) = llallev =< llalles + ll@ —afes = (1 =8)C1C2 + ¢ Z dhnq(c‘f)2

aeF

E =

= C1Cs.

0l (a) rc(]f) is a finite rank right A-module map, hence it has image in Polg (f) for some
finite £ C Irr(]F) By enlarging F if needed, we can assume £ = E| X E; for finite @ #
E; C Irr(]Fk) with F, C Ej. Existence of © (@) rc(]r) shows that point (1) of Lemma 4.1
holds (for modules Pol p(]I’) C Pol E(]I‘) and constant C;C5), consequently (2) of this
lemma gives

k)] = C1Calq ()] 4.9

for u € Pol g (I") ® Polg (I')*. Here ¢ is the quotient map
C()& Polg (T)* — C(I)&4 Polg (T)*.

Next we go back to the reasoning concerning "'y ’s. Consider finite dimensional right
Ajg-submodules Pol g, (Tk) C Polg, (}I‘k) of C(Fk) and numbers Ck We will denote this
action and its dual by x < f, f > o (x € C(Tk) w € PolEk(Fk)* f € Ay) to avoid
confusion. By the reasoning above (mequahty (4.8)), point (1) in Lemma 4.1 does not
hold, and there is u; € Polp, (Tk) © Polg, (]Pk)* such that

|k (ui)| > Cic[lq i) |- (4.10)

We claim that g(uy) # 0. To see this, we need to introduce an auxiliary bounded func-
tional. First, observe that we can understand ®’(p E.) FC(T ) asa CB map C(I[‘k) —
Polg, (]T‘k) Next consider its dual map and define p to be the composition

) ~ R ~ . 1d®(®l(PEk)TC(]fk))* ~ ~ ~ % K
p: C(T1)& Polg, (T) RS .
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Let us write

Ny
Uy = Zxk’i Q wg,; forxg; € Pole(f‘k) c (') and wk,i € Polg, Tp)* @.11)

i=1
and observe

Ny Ni

(o) =D {0 ki ® 0pi) = Y (@rir O (pE) (k)

i=1 i=1
Ni
= > ok xei) = (ug). (4.12)
i=1
Assume by contradiction that g (uz) = 0, then
ugepan{x < f®w—-xQ@ f>w|xe C([y), f €Ak, we PolEk(fk)*}
c ([ ® Polg, (Tr)*.

Since

(px<fRw—x® f 1> w) =006 (pg)x <)) —(f >0, 60 (pg)x))
(w O (pg)(x) < f)=(f > 0.0 (pg,)(x))

for x € C(fk), f € Ay, w € Polg, (fk)*, we have (p, ux) = 0 by continuity of p. This
contradicts (4.10) and (4.12), consequently g (uy) # 0.
Let us introduce shuffling map (cf. [4, Lemma 12.3.14])

(C(T'1)&Polg, (T1)*) x (C(T2)& Pol g, (T2)*) 3 (v1,v2) > v1 X v, € C(T)& Pol g (T)*
given by the bilinear extension of
(X1 @ w1) X (X2 @ w2) = X1 X2 ® W1 @ W2

(@it is well defined as E = E; X E, is finite, hence we can identify completely isometri-
cally Polg (f) = Polg, (fl)é) Polg, (fz), where ® is the injective operator space tensor
product [12, Section 8]). According to [4, Lemma 12.3.14] we have ||vy X v2|| < [|v1]|]|va2]|
for any vy € C(fk)@) Polg, (fk)* Consider

u =u; X uy € Polp(I) © Polg (I')* € C(I')® Polg (T)*.

We will use this element to obtain a contradiction. Using (4.11) we have

N1 N>

u = E E X1, @ X2,j @ 01,1 @ W3,

i=1j=1
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and consequently

N1 N2 Nl NZ
K(u) = ZZ(wl,i ®wr,j.X1,i ® X2,j) = ZZ(wl,hxl,i) (w2,j,x2,5)
i=1j=1 i=1j=1
=k (uy)k(uz)
and
)| = [rc(u1)| |k (u2)| > C1Ca g (ur) | |lg(u2)]|. (4.13)

by (4.10). Next we need to get a hold on the norm |¢(u)|, which is the norm in the
quotient space C(I')®4 Pol g (T')* = (C(T')® Pol g (T')*)/ ker(q). Fix an arbitrary &g > 0.
For k € {1, 2} we can choose

ng € ker (q: C(Cx)® Polg, (Tx)* — C(Tx)&®4, Polg, (Tx)*)
=Spanj{n < f®v—n® f >v|neCy), f € Ax, vePolg (Tx)*}

such that |ug + ngll — o < llq(ug) |l < |lug + nil|. We can write

Ly
_ 1 J J J J J J
ng = lim Z (i, < S @i —ni, ® £ > v)

—>00
74

for some ”i,l € C(]f‘k), fkj;l € Ayg, v,il € Polg, (f‘k)*, Then

q(uy x ny)
N L . S o
= lim ZZ‘](("U ® w1,i) X (”é,z < fz],l ® Vﬁ,l _”é,z ® fzj,l > "é,z))

J—oo 4

i=1[=1
Ny Lé
= lim ZZQ(XU ®né,l < fZJJ Qwy,i ®Vil — X1, ®ni, Qw1 ®f2{l > vi,)

Jj—00 4

i=1[]=1
Ni L3 . . .
= lim Y "% " g((x1, ®n},) < (@® ) ® (@1 ®v] )

Jj—00 4

i=1[=1 i j j
- (xl,i & nz,]) 02y ((,() & fz’[) > (wl,i & v2,l))’

where w e L! (]IA’I) (orweL! (fl)@) L! (f‘l)) is any normal functional which on Polg, (fl)
acts as the counit — so x1; << @ = x1,; and @ > w; = wy,;. Such functional can be
easily constructed using orthogonality relations [21, Theorem 1.4.3], for example we can
take @ = wg, (or ® = wg, @ wg,). It follows that g(u; x ny) = 0. Similarly we check
q(ny xuz) = 0and g(ny x ny) = 0. Consequently

q(u) = q(uy xuz) = quy X up +ny Xuy +uyg Xny +ny xny)
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)
||q(u)H < |lug Xuz +ny Xus +uy Xny+ny Xny|| = ||(u1 +n1) X (uz +n2)H
< Iy + 2l lluz + nal = (g @) | + 20) (g (u2) | + €o)-

Since g9 > 0 was arbitrary, we conclude ||g(u)|| < |lg(u1)|l|lg(x2)]||. Combining this with
inequalities (4.9) and (4.13) we get

CiCafa@n] a@)| < Ci1C2flq@n]] gz

b

and as g(u1) # 0,q(u2) # O this gives a contradiction. |

Remark 4.6. We have formulated and proven Proposition 4.5 only for modules of the
form C(]f) because of two reasons. First, in the case of C(f) there is a canonical dense
submodule Pol(]f‘) whose finite dimensional subspaces give a wealth of finite dimensional
submodules. Another reason is that for any finite § # E C Irr(]f) one can find w € L! (f)
which acts as the identity on Polg (]f‘) This “local unitality” property was used to obtain

bound ||g(uy x u2)[| < [lg (i)l llgu2)].

Theorem 4.7. Let 'y, ", be discrete quantum groups and I' = 'y x ', their product.
Then

Ap([) = Acp(T'1) Ap(2)  and  ZA(I') = ZAcp(I'1) ZAb(I'2).
Proof. This result is an immediate consequence of Proposition 4.5 and Theorem 3.5. m

As a corollary, we extend this result to infinite direct sums. Let (I';);e; be a non-
empty family of discrete quantum groups. Then one can define product [[;; ]ﬁ-, which
is a compact quantum group ([26], see also [9, Section 7.2]). We will denote its discrete
dual by @D;; I'; and call it the direct sum of family (I';);e7 (the name and notation is
inspired by the classical case where [ [;o; I'; is larger than €p;; I'; whenever |/| = oo
and || > 2).

Corollary 4.8. Let (I';)ie; be a non-empty family of discrete quantum groups and let
I = @;c; I'i be their direct sum. Then

Aa(@) =[[A@i) and ZA&(T) = [ [ 2Aa(T0). (4.14)
iel iel
Proof. If I is finite, then the claim follows immediately from Theorem 4.7; assume that
|1| = oo. The discrete quantum group I is the direct limit of system (®;ecrI';) r indexed
by finite non-empty subsets F € I with the canonical injective maps C([[;cp ]IA“i) >
x> x® (®iernrli) € C([Lier ]IA“,-) for F C F’. Using Theorem 4.7 and [15, Propo-
sition 3.6] we have

Aan(T") = sup Ao(EDTI) = sup [T Aav(Ts) = [T A

ieF ieF iel
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(recall Ay, (I';) > 1). One easily sees that [15, Proposition 3.6] holds also for the central
Cowling—Haagerup constant, which gives the second equality in (4.14).

Alternatively, one can prove both equalities (4.14) as follows. Lower bounds follow
from Theorem 4.7 and decomposition B;c; I'i = (BD;er ') X (DB;ep\r ['i) which
holds for all finite @ # F < I. Upper bounds < in (4.14) can be directly showed as
in the first paragraph of the proof of Proposition 4.5. |

We end with an example, which shows that knowing the exact value of Cowling—
Haagerup constant (not just an upper and lower bound), can make a significant difference.

Example 4.9. Let (I';,),en be a sequence of discrete quantum groups, such that A, (I'y,)
< 4oo for all n € N and liminf,eny Ay (') > 1. Define ' = @;o:l I",,. Then, using
Corollary 4.8, we calculate

Aap(@) = [ ] Aev(Tn) = o0,

n=1

hence I[" is not weakly amenable. Note that we would not be able to conclude this knowing
only
ATy x T'py) = max (Acb(]rn)’ Acb(]rm))-

Since weak amenability implies Haagerup—Kraus approximation property AP [9, Propo-
sition 5.7], all quantum groups I';, have AP and so does I" [9, Proposition 7.5].

Acknowledgments. I would like to express my gratitude to Matt Daws and Christian
Voigt for discussing topics related to approximation properties of quantum groups.

Funding. This work was partially supported by FWO grant 1246624N.

References

[1] E. Bédos, G. J. Murphy, and L. Tuset, Co-amenability of compact quantum groups. J. Geom.
Phys. 40 (2001), no. 2, 130-153 Zbl 1011.46056 MR 1862084

[2] D. P. Blecher and C. Le Merdy, Operator algebras and their modules—an operator space
approach. London Math. Soc. Monogr. (N.S.) 30, Oxford University Press, Oxford, 2004
Zbl 1061.47002 MR 2111973

[3] M. Brannan, Approximation properties for locally compact quantum groups. In Topological
quantum groups, pp. 185-232, Banach Center Publ. 111, Polish Acad. Sci. Inst. Math., War-
saw, 2017 Zbl 1372.46053 MR 3675051

[4] N.P. Brown and N. Ozawa, C *-algebras and finite-dimensional approximations. Grad. Stud.
Math. 88, American Mathematical Society, Providence, RI, 2008 Zbl 1160.46001
MR 2391387

[5S] M. Caspers, Weak amenability of locally compact quantum groups and approximation proper-
ties of extended quantum SU(1, 1). Comm. Math. Phys. 331 (2014), no. 3, 1041-1069
Zbl 1305.43001 MR 3248058


https://doi.org/10.1016/S0393-0440(01)00024-9
https://zbmath.org/?q=an:1011.46056
https://mathscinet.ams.org/mathscinet-getitem?mr=1862084
https://doi.org/10.1093/acprof:oso/9780198526599.001.0001
https://doi.org/10.1093/acprof:oso/9780198526599.001.0001
https://zbmath.org/?q=an:1061.47002
https://mathscinet.ams.org/mathscinet-getitem?mr=2111973
https://doi.org/10.4064/bc111-0-6
https://zbmath.org/?q=an:1372.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=3675051
https://doi.org/10.1090/gsm/088
https://zbmath.org/?q=an:1160.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=2391387
https://doi.org/10.1007/s00220-014-2014-0
https://doi.org/10.1007/s00220-014-2014-0
https://zbmath.org/?q=an:1305.43001
https://mathscinet.ams.org/mathscinet-getitem?mr=3248058

(6]

7]
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

(27]

Cowling—Haagerup constant of the product of discrete quantum groups 1517

M. Cowling and U. Haagerup, Completely bounded multipliers of the Fourier algebra of a
simple Lie group of real rank one. Invent. Math. 96 (1989), no. 3, 507-549 Zbl 0681.43012
MR 0996553

J. Crann, Amenability and covariant injectivity of locally compact quantum groups II. Canad.
J. Math. 69 (2017), no. 5, 1064-1086 Zbl 1377.22006 MR 3693148

J. Crann, Inner amenability and approximation properties of locally compact quantum groups.
Indiana Univ. Math. J. 68 (2019), no. 6, 1721-1766 Zbl 1464.46072 MR 4052740

M. Daws, J. Krajczok, and C. Voigt, The approximation property for locally compact quantum
groups. Adv. Math. 438 (2024), article no. 109452 Zbl 07801729 MR 4683869

M. Daws, J. Krajczok, and C. Voigt, Averaging multipliers on locally compact quantum
groups. [v1] 2023, [v2] 2024, arXiv:2312.13626v2

K. De Commer, A. Freslon, and M. Yamashita, CCAP for universal discrete quantum groups.
Comm. Math. Phys. 331 (2014), no. 2, 677-701 Zbl 1323.46046 MR 3238527

E. G. Effros and Z.-J. Ruan, Operator spaces. London Math. Soc. Monogr. (N.S.) 23, Oxford
University Press, New York, 2000 Zbl 0969.46002 MR 1793753

A. Freslon, A note on weak amenability for free products of discrete quantum groups. C. R.
Math. Acad. Sci. Paris 350 (2012), no. 7-8, 403-406 Zbl 1252.46058 MR 2922092

A. Freslon, Examples of weakly amenable discrete quantum groups. J. Funct. Anal. 265
(2013), no. 9, 2164-2187 Zbl 1328.46064 MR 3084500

A. Freslon, Permanence of approximation properties for discrete quantum groups. Ann. Inst.
Fourier (Grenoble) 65 (2015), no. 4, 1437-1467 Zbl 1367.46059 MR 3449186

U. Haagerup, Group C *-algebras without the completely bounded approximation property.
J. Lie Theory 26 (2016), no. 3, 861-887 Zbl 1353.22004 MR 3476201

M. Junge, M. Neufang, and Z.-J. Ruan, A representation theorem for locally compact quantum
groups. Internat. J. Math. 20 (2009), no. 3, 377400 Zbl 1194.22003 MR 2500076

J. Krajczok, Modular properties of locally compact quantum groups. Ph.D. thesis, Institute of
Mathematics, Polish Academy of Sciences, 2022

J. Kraus and Z.-J. Ruan, Approximation properties for Kac algebras. Indiana Univ. Math. J.
48 (1999), no. 2, 469-535 Zbl 0945.46038 MR 1722805

J. Kustermans and S. Vaes, Locally compact quantum groups in the von Neumann algebraic
setting. Math. Scand. 92 (2003), no. 1, 68-92 Zbl 1034.46067 MR 1951446

S. Neshveyev and L. Tuset, Compact quantum groups and their representation categories.
Cours Spec. 20, Société Mathématique de France, Paris, 2013 Zbl 1316.46003 MR 3204665
P. Podles and S. L. Woronowicz, Quantum deformation of Lorentz group. Comm. Math. Phys.
130 (1990), no. 2, 381431 Zbl 0703.22018 MR 1059324

P. M. Sottan and A. Viselter, A note on amenability of locally compact quantum groups.
Canad. Math. Bull. 57 (2014), no. 2, 424-430 Zbl 1304.46070 MR 3194189

R. Tomatsu, Amenable discrete quantum groups. J. Math. Soc. Japan 58 (2006), no. 4, 949—
964 Zbl 1129.46061 MR 2276175

A. Van Daele, The Haar measure on a compact quantum group. Proc. Amer. Math. Soc. 123
(1995), no. 10, 3125-3128 Zbl 0844.46032 MR 1277138

S. Wang, Tensor products and crossed products of compact quantum groups. Proc. London
Math. Soc. (3) 71 (1995), no. 3, 695-720 Zbl 0837.46052 MR 1347410

S. L. Woronowicz, Compact quantum groups. In Symétries quantiques (Les Houches, 1995),
pp. 845-884, North-Holland, Amsterdam, 1998 Zbl 0997.46045 MR 1616348


https://doi.org/10.1007/BF01393695
https://doi.org/10.1007/BF01393695
https://zbmath.org/?q=an:0681.43012
https://mathscinet.ams.org/mathscinet-getitem?mr=0996553
https://doi.org/10.4153/CJM-2016-031-5
https://zbmath.org/?q=an:1377.22006
https://mathscinet.ams.org/mathscinet-getitem?mr=3693148
https://doi.org/10.1512/iumj.2019.68.7829
https://zbmath.org/?q=an:1464.46072
https://mathscinet.ams.org/mathscinet-getitem?mr=4052740
https://doi.org/10.1016/j.aim.2023.109452
https://doi.org/10.1016/j.aim.2023.109452
https://zbmath.org/?q=an:07801729
https://mathscinet.ams.org/mathscinet-getitem?mr=4683869
https://arxiv.org/abs/2312.13626v2
https://doi.org/10.1007/s00220-014-2052-7
https://zbmath.org/?q=an:1323.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=3238527
https://zbmath.org/?q=an:0969.46002
https://mathscinet.ams.org/mathscinet-getitem?mr=1793753
https://doi.org/10.1016/j.crma.2012.04.015
https://zbmath.org/?q=an:1252.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=2922092
https://doi.org/10.1016/j.jfa.2013.05.037
https://zbmath.org/?q=an:1328.46064
https://mathscinet.ams.org/mathscinet-getitem?mr=3084500
https://doi.org/10.5802/aif.2963
https://zbmath.org/?q=an:1367.46059
https://mathscinet.ams.org/mathscinet-getitem?mr=3449186
https://zbmath.org/?q=an:1353.22004
https://mathscinet.ams.org/mathscinet-getitem?mr=3476201
https://doi.org/10.1142/S0129167X09005285
https://doi.org/10.1142/S0129167X09005285
https://zbmath.org/?q=an:1194.22003
https://mathscinet.ams.org/mathscinet-getitem?mr=2500076
https://doi.org/10.1512/iumj.1999.48.1660
https://zbmath.org/?q=an:0945.46038
https://mathscinet.ams.org/mathscinet-getitem?mr=1722805
https://doi.org/10.7146/math.scand.a-14394
https://doi.org/10.7146/math.scand.a-14394
https://zbmath.org/?q=an:1034.46067
https://mathscinet.ams.org/mathscinet-getitem?mr=1951446
https://zbmath.org/?q=an:1316.46003
https://mathscinet.ams.org/mathscinet-getitem?mr=3204665
https://doi.org/10.1007/BF02473358
https://zbmath.org/?q=an:0703.22018
https://mathscinet.ams.org/mathscinet-getitem?mr=1059324
https://doi.org/10.4153/CMB-2012-032-3
https://zbmath.org/?q=an:1304.46070
https://mathscinet.ams.org/mathscinet-getitem?mr=3194189
https://doi.org/10.2969/jmsj/1179759531
https://zbmath.org/?q=an:1129.46061
https://mathscinet.ams.org/mathscinet-getitem?mr=2276175
https://doi.org/10.2307/2160670
https://zbmath.org/?q=an:0844.46032
https://mathscinet.ams.org/mathscinet-getitem?mr=1277138
https://doi.org/10.1112/plms/s3-71.3.695
https://zbmath.org/?q=an:0837.46052
https://mathscinet.ams.org/mathscinet-getitem?mr=1347410
https://zbmath.org/?q=an:0997.46045
https://mathscinet.ams.org/mathscinet-getitem?mr=1616348

J. Krajczok 1518

Communicated by Roland Speicher
Received 3 May 2024; revised 26 June 2024.
Jacek Krajczok

Sciences and Bioengineering Sciences, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussels,
Belgium; jacek krajczok @vub.be


mailto:jacek.krajczok@vub.be

	1. Introduction
	2. Preliminaries and notation
	3. Cowling–Haagerup constant for modules
	4. Cowling–Haagerup constant of the product
	References

