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Properties of non-equilibrium steady states for the
non-linear BGK equation on the torus

Josephine Evans and Angeliki Menegaki

Abstract. We study the non-linear BGK model in one dimension coupled to a spatially varying
thermostat. We show existence, local uniqueness, and linear stability of a steady state when the linear
coupling term is large compared to the non-linear self-interaction term. This model possesses a non-
explicit spatially dependent non-equilibrium steady state. For the existence and the local uniqueness
we utilise a fixed point argument, reducing the study of the non-linear model to the linear BGK
model, while for the stability we adapt theL2 hypocoercivity theory, yielding existence of a spectral
gap for the linearised operator around this non-equilibrium steady state.

1. Introduction

Properties of non-equilibrium steady states (NESS) in systems in contact with thermal
reservoirs (thermostats) remain major open problems in statistical mechanics. Key ques-
tions include the existence, uniqueness, and structure of these states – whose analytic
expression is not explicitly known – as well as the rate at which out-of-equilibrium sys-
tems converge towards them.

There are a few classical open systems at the microscopic level that have been intro-
duced and studied to understand and derive the macroscopic Fourier law of heat conduc-
tion from microscopic Hamiltonian dynamics, for which there are some partial answers.
A particular class of models that has attracted a lot of attention in the mathematical
and theoretical physics community on thermal transport is the one-dimensional chain of
atoms/oscillators with nearest neighbour interactions, perturbed at the boundaries with
two reservoirs at different temperatures. Harmonic such crystals is a case well studied,
where the non-equilibrium steady state is explicit but it corresponds to a rather unphys-
ical scenario where Fourier’s law breaks down [40]. Regarding anharmonic crystals, even
though there are partial answers in certain cases on the non-equilibrium steady state –
existence, uniqueness, and exponential relaxation are ensured even quantitatively in the
number of particles in certain cases – very little is known on the structure of such states.
Apart from microscopic oscillator chains, existence and uniqueness are also provided for
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a system of Newtonian particles with a long-range repulsive interaction potential [29].
Again, the situation is far from well understood regarding a canonical description of the
state.

The same is true for systems in the mesoscopic level, i.e. kinetic models described
by a one-particle distribution function f .t; x; v/, where t; x 2 � � Rd ; v 2 R are the
time, space, and velocity variables respectively. In particular, there are no explicit solu-
tions of the stationary (time-independent) Boltzmann equation in the more realistic non-
equilibrium scenario and in many cases even the existence of such states is not known.

In this article we study the non-linear BGK model of the Boltzmann equation, which is
a kinetic relaxation model introduced by Bhatnagar, Gross, and Krook [9] as a toy model
for Boltzmann flows. We continue our investigation as in [27], where we showed existence
of a NESS for the one-dimensional model on the interval .0; 1/ with diffusive boundary
conditions playing the role of two thermal reservoirs at the boundaries.

Here we change the boundary conditions to periodic boundaries, meaning that we
consider a gas of particles on the one-dimensional torus T . Our objective is to study
existence, uniqueness, andL2x;v stability for the non-linear BGK model coupled to a linear
BGK operator with spatially varying temperature – now being a thermostat that acts all
over the space.

1.1. Description of the model

We consider a gas of particles on the one-dimensional torus T where the collisions among
the particles are represented by the non-linear BGK operator.

@tf C v@xf D Lf D
1

�

�
�f .˛Muf ;Tf C .1 � ˛/M�.x// � f

�
; (1.1)

where x 2 T , v 2 R, �.x/ is a fixed function which varies with x, and ˛ 2 Œ0; 1�. Also,
with � we denote the Knudsen number, i.e. the ratio between the mean free path and the
typical observation length.

For a stationary solution f .x; v/ on the phase space T � R we define the hydro-
dynamic moments, the spatial density �f .x/, the bulk velocity uf .x/, and the pressure
Pf .x/ respectively as

�f .x/ D

Z 1
�1

f .x; v/ dv; �f .x/uf .x/ D

Z 1
�1

vf .x; v/ dv;

Pf .x/ D

Z 1
�1

v2f .x; v/ dv D �f .x/ŒTf .x/C uf .x/2�;

and then the local temperature profile corresponding to f is Tf . We denote by Muf ;Tf .v/

the Maxwellian with temperature Tf :

Muf ;Tf .v/ D .2�Tf /
�1=2 exp

�
�
jv � uf j

2

2Tf

�
:
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Finally, we write M�.x/´M0;�.x/ for the Maxwellian with the spatially varying temper-
ature �.x/.

Our main objectives are (i) to determine the range of the parameters ˛, �; and � � � � N�
for which we have existence of a non-equilibrium stationary state g.x; v/ to (1.1), (ii) to
show uniqueness of such a state for small ˛, and (iii) to prove L2 linear stability around g
via adaptations of hypocoercivity methods in this non-equilibrium scenario.

1.1.1. Motivation and state of the art. The main goal of our study is to understand
fundamental properties – such as existence, uniqueness, and possible stability – of non-
equilibrium steady states in particle systems in kinetic theory. There are many works in
this direction both for BGK and Boltzmann equations.

On BGK models: Boltzmann-type models with several thermostats acting either at the
boundaries or in the whole space have received a lot of attention in recent years. In par-
ticular, in [14, 15] the authors study the non-linear BGK model on the torus with periodic
boundary conditions when scatterers at two different temperatures are imposed. In the
cases covered there, one can find an explicit steady state which is spatially homogeneous
and which is also unique. However, our linear thermostat, in this article, is spatially non-
uniform, meaning that our non-equilibrium steady state is non-explicit, spatially inhomo-
geneous, and there is complex behaviour of the hydrodynamic quantities.

In [27] we also started studying the non-linear BGK equation on the domain .0; 1/
when the boundary conditions are diffusive, meaning that whenever a particle hits one of
the boundaries it is reflected back in the domain and its velocity is “thermalised” according
to the temperature of the boundary. We studied the case where the boundary temperatures
are sufficiently away from each other, which is an extreme non-equilibrium regime – for
a fixed Knudsen number – and we showed existence of a steady state. A very similar
scenario for the non-linear quadratic BGK model with large boundary data was studied in
[41] also providing existence, but the prescription of the boundary data is different.

On Boltzmann models: For the Boltzmann equation on bounded domains out-of-
equilibrium there are many contributions in the perturbative case around the equilibrium,
that is, when the boundary temperatures are close to the equilibrium at some uniform
temperature. In [22] the authors constructed a unique steady state in the kinetic regime,
i.e. finite Knudsen number, in the neighbourhood of the equilibrium and proved dynam-
ical stability, generalising and expanding existence and uniqueness results in [31, 32] on
convex domains. Existence and stability results on the NESS of the Boltzmann equation
expanding around a small Knudsen number include [1–3]. Moreover, existence of non-
equilibrium steady states to the Boltzmann equation in the slab under diffuse reflection
boundary conditions in a non-perturbative setting was proven in [4].

Regarding the spatially homogeneous Boltzmann equation in the presence of scatterers
and Kac’s toy model, existence, uniqueness, and exponential relaxation towards the NESS
can be found in [16] and in [26], respectively.
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In the context of deriving Fourier’s law, i.e. a heat conduction law stating that the heat
flux vector is proportional to the gradient of the temperature with the proportionality to be
the thermal conductivity of the material, one needs to let the Knudsen number to go to 0,
allowing thus a large number of collisions per unit time and establishing a hydrodynamic
regime. Historically, that was obtained formally by Boltzmann and Maxwell [10,37] and a
rigorous proof was given in [23,24] in the slab geometry, in the close to equilibrium case.
For a collection of the recent works on the stationary Boltzmann equation of bounded
general domains on the perturbative close-to-equilibrium regime for both finite and close-
to-0 Knudsen number, we suggest the recent survey [25].

The question of deriving Fourier’s law from a deterministic particle system in the
microscopic level remains a major open question in statistical mechanics [11, 19, 28, 36],
and recent works include studies of harmonic as well as anharmonic oscillator chains in
contact with thermal reservoirs at the boundaries [5, 6, 17, 18, 21, 33, 34, 38–40]. These
works provide existence and uniqueness of a NESS for a large class of interaction poten-
tials, exponential relaxation towards the NESS, and in some more specific cases quantit-
ative convergence rates as a function of the number of particles. Fourier’s law has been
shown to hold in cases of harmonic atom chains perturbed by a conservative stochastic
dynamics as considered in [8].

1.2. Notation

We write A . B in order to say that A � CB for some finite constant C independent of ˛.
We also write f .x/DO.g.x// to denote that there is a constant C > 0 such that jf .x/j �
C jg.x/j and f .z/ D o.g.z// for z ! z0 if there is, for any " > 0, a neighbourhood U"
of z0 such that jf .z/j � "jg.z/j. By L2x;v we denote the space with functions that are in
L2 for both space and velocity variables x, v. Finally, for simplicity we write MTf .v/ for
M0;Tf .v/.

1.3. Plan of the paper

In the rest of this section we state the main results. In Section 2 we prove the existence and
uniqueness of the steady for state the full non-linear problem. This is split into subsections
with the basic steps of the proof: in Section 2.2 we prove existence and uniqueness for the
linear version of the model, in Section 2.3 we provide upper and lower bounds on the
moments of the NESS, and the requirements for the fixed point theorem are proved in
Section 2.4. In Section 3 we prove L2x;v stability of the linearised operator around the
NESS, by first proving a microscopic coercivity, i.e. in the v variable (Section 3.3), a
macroscopic coercivity, i.e. in the x variable (Section 3.4), and boundedness of certain
operators (Section 3.5), introduced to modify the entropy and to run our hypocoercivity
argument.

1.3.1. Techniques and main results. Our first main theorem gives existence and a qual-
ified uniqueness result for a steady state.
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Theorem 1 (Existence and local uniqueness). Suppose there exist constants � and N� such
that � � �.x/ � N� for all x 2 T : Then if � is sufficiently large and ˛ is sufficiently small
(depending on � , N� ), there exists a steady state g D g.x; v/ to the non-linear equation
(1.1). Moreover, there exist constants T and xT depending on ˛, � , N� such that the temper-
ature profile corresponding to this steady state Tg.x/D

R1
�1

v2g.x;v/dv=
R1
�1

g.x;v/dv
satisfies

T � Tg.x/ � xT :

Finally, g is the unique steady state in the class of functions g satisfying this constraint.

This theorem is proved by a contraction mapping argument on the temperature. We
first show that for a specific set of parameters ˛, � , N� , upper and lower bounds on the
temperature, pressure, and spatial density are preserved. Then in this set of parameters we
show that the mapping on the temperature is in fact contractive. To construct the map we
freeze the non-linearity in the equation to produce a linear equation which can be related
to a Markov process. We then use this to show that the linear equation has a unique steady
state for which we can define its temperature. This gives us a map from one temperature to
another. Our estimates showing bounds on the temperatures rely on a representation of the
steady state of this linear equation found through Duhamel’s formula. This is an adaption
of our techniques from [27] where we performed a Schauder fixed point argument on a
similar equation.

Theorem 2 (Linear stability of the steady state). For � sufficiently large so that the result
of Theorem 1 applies and ˛ sufficiently small, the linear operator found by linearising
(1.1) around g has a spectral gap in L2.g�1/.

This theorem is proved by adapting the L2-based hypocoercivity strategy of Dol-
beault–Mouhot–Schmeiser [20]. The novelty here is that we push forward the hypoco-
ercivity techniques to an out-of-equilibrium system, meaning that we deal with a non-
explicit, spatially inhomogeneous, steady state. Therefore we work on a functional space,
L2.g�1/, with non-explicit weights. The L2 hypocoercivity theory relies on verifying
assumptions. In our case the most challenging is the microscopic coercivity assumption.
Difficulties in verifying this assumption are related to the fact that the non-equilibrium
nature of our dynamics mean there are complex behaviours relating to flow of macro-
scopic quantities which appear as potentially growing modes in the space spanned by g,
vg, v2g. We are able to control these terms when ˛ is small. Doing this involves bounding
the normalised third and fourth moments (skewness and kurtosis) of the steady state g that
we find.

Remark 1 (On the Knudsen number). Both Theorems 1 and 2 require a finite Knudsen
number � of order O.1/, meaning that we stay on the kinetic–mesoscopic level, without
passing to the hydrodynamic regime. We remark that this was also the case for the steady
state we found in [27] when the model was subject to diffusive boundary conditions at two
different – sufficiently large – temperatures far away from each other.
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Remark 2 (Discussion for the hydrodynamic regime). The BGK operator is of special
significance in kinetic theory when we are close to the hydrodynamic limit, which occurs
as the Knudsen number �! 0. In our previous work on a bounded interval [27], this would
bring us close to the situation where the steady state f approximates a Maxwellian distri-
bution whose moments solve a stationary fluid equation with boundary conditions set at
the walls. In the situation of the current paper it means we are close to M�.x/. In this situ-
ation we expect we could establish existence, uniqueness, and hypocoercivity arguments
by expressing the solution as f DM�.x/ C �h, where �h represents a small perturbation.
This approach would involve a different set of arguments from those presented in this
work, likely being more straightforward since the solution would be near a Maxwellian
distribution.

Remark 3 (Comparison with [27]). Regarding the stability and uniqueness of the steady
state that is provided here for small ˛, let us remark that it is due to the thermostat at
temperature �.x/ acting all over the space. This term is helping the system to be stabilised
as it imposes constraints everywhere in the space. That comes in contrast with the case
when the thermostats act just on the boundaries, as in [27]. This means that the steady state
found for the system studied in [27] when the difference of the boundary temperatures is
large, could possibly be unstable.

Remark 4 (Discussion of larger values of ˛). If we were to consider ˛ larger, we are
presently unsure whether or not stability would be retained. Even for values of ˛ very
close to 1, where the equation approximates the standard BGK operator, the situation is
still not entirely clear. For this equation the momentum and kinetic energy are preserved
and the kernel of the linearised BGK operator will contain terms not fixed by the very
small thermostat term.

Nevertheless, we emphasise that the existence of a steady state is expected to hold for
all ˛ 2 Œ0; 1�. In this sense our statements on existence are not fully optimised, as small
values of ˛ are required for the stability argument later on in any case.

1.3.2. Discussion and open problems. There are several natural next steps from this
work. For the model studied in the paper two natural next steps would be

• studying the non-linear stability of this equation by first utilising the toolbox in [30]
to prove weighted L1 stability for the linearised equation;

• looking at the case of small Knudsen number (�) where we expect that one should be
able to use the fact that the steady state will be close to Maxwellian.

We comment that we could also look at the situation where � does not vary very much.
That is to say, j N� � � j is small and we can weight by the Maxwellian at a fixed temperature.
In fact, we expect this case to be rather straightforward. We have included a brief proof
of linear stability in the appendix under the assumption that the temperature of the steady
state is close to a uniform temperature, close to N� , � in this case. We expect that this
assumption could be verified by arguments similar to our contraction mapping argument
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to show that the temperature of the steady state is a Lipschitz function of �.x/ when � is
considered as a function in L1. These would be more involved than the linear stability.

We would like to be able to perform a linear stability analysis similar to the one in this
paper for the equation studied in [27] with diffusive boundary conditions. For this equation
it is not at all clear that the steady state found is stable when the difference between the
boundary temperatures is large. This comment is also made in the related paper of Ukai
[41]. Briefly, if we try and run an argument similar to the linear stability argument in
this paper we are not able to verify the microscopic coercivity assumption and we can in
fact show that it is possible for the L2.g�1/ norm to grow for certain initial data. This is
caused by complex behaviour of the hydrodynamic quantities and these terms cannot be
controlled by terms coming from the thermostat since it only acts on the boundary.

2. Existence and uniqueness

2.1. Overview of the strategy

In this section we prove Theorem 1, which is split into several steps. We provide a sum-
mary of the strategy of the proof before giving all the details.

Step 1. For any T D T .x/ > 0, it is proved that there exists a unique probability density
g D gT satisfying

v@xg D LT g´
1

�
Œ�g.˛MT.x/ C .1 � ˛/M�.x// � g�;

which is obtained through Doeblin’s theorem applied to the stochastic process associated
with the linear BGK relaxation equation

@tf C v@xf D LT f: (2.1)

The main technical argument is to establish Doeblin’s condition, namely a positive lower
bound on the solutions to (2.1).

Step 2. Given the existence of gT from Step 1, we then continue by defining the mapping
on C.T /,

F WT 7! TgT ;

and proving that it is a contraction under a suitable smallness condition on ˛ and a suit-
able lower bound on � � �.x/. This means that F admits a unique fixed point thanks
to the Banach fixed point theorem. This fixed point g is the stationary state to the BGK
equation (1.1).

The proofs are based on several technical estimates established on gT (in Lemma 1),
on �gT (in Lemma 2), on TgT (in Lemma 3), and on F (in Proposition 2).

We write LD LT to simplify the notation and we write g D gT .x; v/ to be the steady
state of (2.1) corresponding to the temperature profile T 2 C.T /. First we prove the exist-
ence and uniqueness of such a state through Doeblin’s theorem.
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2.2. Doeblin’s argument for existence and uniqueness of a steady state
to the linear equation

We need to show the existence and uniqueness of a steady state for the linear PDE (2.1).
We first construct a stochastic process, the law of which is a weak solution of the PDE
(2.1). Then using Doeblin’s theorem from Markov process theory we show existence and
uniqueness of the steady state.

To construct the stochastic process, first let us generate a Poisson process with rate
1
�

and call J1; J2; J3; : : : the jump times of the Poisson process. In order to construct
the stochastic process Xt , Vt we proceed iteratively: Suppose we have it up to time Ji ;
then for

Ji < t � JiC1; we set Xt D XJi C .t � Ji /VJi
and

Ji < t < JiC1; Vt D VJi ;

while for t D JiC1 we generate a new velocity independent of everything except XJiC1 ,
drawn to have density ˛MT.XJiC1 /

C .1� ˛/M�.XJiC1 /
. It is straightforward to check that

this gives the right equation: By taking a test function � on C1c ..0;1/ � T �R/, Taylor
expanding the quantity s�1E.�.t C s; XtCs; VtCs/ � �.t; Xt ; Vt //, and taking the limit
as s ! 0, we indeed recover a weak solution of our PDE (2.1).

Before applying Doeblin’s theorem, let us first give a general statement of it.

Theorem 3 (Doeblin’s theorem). Let Zt be a continuous time Markov process on a state
space Z. Let us write f z0t for the law of Zt conditional on Z0 D z0. Suppose that there
exist a time t� > 0, a constant ˇ 2 .0; 1/, and a probability measure � on Z so that for
any z0 2 Z we have

f
z0
t�
� ˇ�:

Then the Markov process has a unique steady state.

In order to prove the conditions of Doeblin’s theorem for our particular Markov pro-
cess, the most convenient way is to look at the PDE form of the equation.

Proposition 1. For the linear equation with f0 D ıx0;v0 we have ˇ 2 .0; 1/ and � a
probability density such that

ft � ˇ�:

Proof. First, since � , T are bounded above and below we can find c > 0 so that

˛MT.x/.v/C .1 � ˛/M�.x/.v/ � c1jvj�1

uniformly in x. Then Duhamel’s formula yields the lower bound

f .t; x; v/ � e�t=�f .0; x � vt; v/

C
1

�

Z t

0

e�.t�s/=�
Z
f .s; x � v.t � s/; u/ du

� .˛MT.x�v.t�s//.v/C .1 � ˛/M�.x�v.t�s//.v// ds:
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Then using the notation .Stf /.x; v/ D f .x � tv; v/, i.e. the semigroup of the transport
part, and Pcf ´ c1jvj�1

R
R f .x; u/ du we write

f .t; x; v/ � e�t=�Stf0 C
1

�

Z t

0

e�.t�s/=�St�sPcfs ds:

This implies that f .t; x; v/ � e�t=�Stf0. Now, by substituting this into the second term
of the equation, we get

f .t; x; v/ �
1

�

Z t

0

e�t=�St�sPcSsf0 ds;

and by substituting the new lower bound in again we get

f .t; x; v/ �
1

�2

Z t

0

Z s

0

e�t=�St�sPcSs�rPcSrf0 dr ds:

Now, by our initial assumption f0 D ı.x0;v0/, we have that

Srıx0;v0 D ıx0Crv0;v0 :

Therefore we have

PcSrıx0;v0 D cıx0Crv01jvj�1;

Ss�rPcSrı.x0;v0/ D cıx0Crv0.x � .s � r/v/1jvj�1;

and PcSs�rPcSrı.x0;v0/ D
c2

s � r
1jvj�11jx0Crv0�xj�.s�r/1:

Since x is on the torus as long as .s � r/1 �
p
d2, where d is the dimension fixed here to

be d D 1, then the last indicator function is always satisfied. So

PcSs�rPcSrı.x0;v0/ �
c2

s � r
1jvj�1

and hence

St�sPcSs�rPcSrı.x0;v0/ �
c2

s � r
1jvj�1

whenever .s � r/1 �
p
d . Finally, choose t� D 2

p
d D 2, in our one-dimensional setting,

and integrate over 0 < r < s < t� so that indeed we have s � r �
p
d , to get our lower

bound as needed.

2.3. Representation formula for the steady state and moment bounds

In this subsection we proceed by getting a handy representation of our steady state for the
linear BGK (2.1) through an application of Duhamel’s formula. This will then allow us to
estimate, below and above, the density and the pressure in the steady state.
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Lemma 1. Let gT be a stationary solution to (2.1). We can get the following representa-
tion formula:

gT .x; v/ D

Z 1

0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x C sgn.v/y/

� .˛MT.xCsgn.v/y/.v/C .1 � ˛/M�.xCsgn.v/y/.v// dy:

Proof. To simplify the notation we write g for gT . Let v > 0 and notice that Duhamel’s
formula yields

et=�g.x C vt; v/ � g.x; v/

D

Z t

0

es=�

�
�g.x C vs/.˛MT.xCvs/.v/C .1 � ˛/M�.xCvs/.v// ds:

Since x 2 T , by inserting t D 1
jvj

and y D vs, we write

.e1=�jvj � 1/g.x; v/ D

Z 1

0

ey=�jvj

�jvj
�g.x C y/.˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v// dy;

or equivalently

g.x; v/ D

Z 1

0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x C y/.˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v// dy;

while the same calculations for v < 0 give

g.x; v/ D

Z 1

0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x � y/.˛MT.x�y/.v/C .1 � ˛/M�.x�y/.v// dy:

This implies the stated representation formula for the steady state.

We proceed by providing explicit upper and lower bounds on the density �g , the pres-
sure Pg , and consequently the temperature Tg . Our ultimate goal is, through our bounds
on Tg , to determine the values of ˛, N� , � for which (i) the non-equilibrium steady state
g of the linear model coincides with a steady state to the non-linear model, providing
existence, and (ii) this steady state is unique.

Lemma 2. Assuming that T � � , for � � 1 and ˛ � 1���1=2

T�1=2���1=2
, we have uniformly in

x 2 T ,

1 �
1

�
Œ˛T �1=2 C .1 � ˛/��1=2� . �g.x/ . 4

h ˛

�T 1=4
C
1 � ˛

��1=4

i2
:

Proof. Upper bound on the density: In order to run our computations we first establish
two bounds that, while slightly fiddly, are not surprising. First, for all x > 0, a 2 .0; 1/ we
have

xe�ax

1 � e�x
� 1C

2

a
: (2.2)
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To demonstrate this, we define the function

�1.x/´ 1 � e�x �
2

a
e�.1�a=2/x C

2

a
eax=2;

and then we observe that

�01.x/ D e
�x
C
.2 � a/

a
e�.1�a=2/x C eax=2 � eax=2 � 1 and �1.0/ D 0:

From this it follows that �1.x/ � x for all x > 0. We also have

�1.x/ D .1 � e
�x/

�
1C

2

a
eax=2

�
;

so that
x

1 � e�x
� 1C

2

a
eax=2;

and hence
xe�ax

1 � e�x
� e�ax C

2

a
e�ax=2 � 1C

2

a
;

thus proving the bound (2.2).
Our second bound is that for x > 0, a 2 .0;1/ there existsC >0 a constant independent

of a such that
xe�ax

1 � e�x
� 1C Cx: (2.3)

To prove this, we consider
�2.x/´

x

1 � e�x
;

whose first derivative is given by

�02.x/ D
1 � .1C x/e�x

.1 � e�x/2
:

We observe that �02.x/! 1=2 as x ! 0 by L’Hopital’s rule and �02.x/! 1 as x !1
and �02 is continuous so �02 must be bounded. This implies the existence of a C such that
�2.x/ � �2.0/C Cx D 1C Cx. The bound (2.3) then follows from the fact that e�ax is
bounded by 1. Now we wish to bound a term of the formZ 1

0

1

�v

e�.1�y/=�v

1 � e�1=�v
M‚.v/ dv;

after applying Fubini, which we are allowed to do as the integrand has positive terms. We
split into bounds for small and large velocities, applying the inequalities (2.2) and (2.3)
respectively: Z v�

0

1

�v

e�.1�y/=�v

1 � e�1=�v
M‚.v/ dv �

�
1C

2

1 � y

� Z v�

0

M‚.v/ dv

�

�
1C

2

1 � y

�
.2�‚/�1=2v�
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and Z 1
v�

1

�v

e�.1�y/=�v

1 � e�1=�v
M‚.v/ dv �

Z 1
v�

�
1C

C

�jvj

�
M‚.v/ dv

�

�
1C

C

�jv�j

� Z 1
v�

M‚.v/ dv

�
1

2

�
1C

C

�jv�j

�
:

Putting these together gives that for any v� > 0 we haveZ 1
0

1

�v

e�.1�y/=�v

1 � e�1=�v
M‚.v/ dv �

�
1C

2

1 � y

�
.2�‚/�1=2v� C

1

2

�
1C

C

�jv�j

�
:

We want to choose a v� which balances the contribution of the two terms,

v� D
� C
2�

�1=2
.2�‚/1=4

�
1C

2

1 � y

��1=2
:

With this choice of v�, we obtain the boundZ 1
0

1

�v

e�.1�y/=�v

1 � e�1=�v
M‚.v/ dv � C 0

1
p
�
‚�1=4

�
1C

2

1 � y

�1=2
:

In particular, we get a bound which is integrable in y.
Applying this bound for ‚ being T and � , we get the following upper bound on the

density for positive v for some ı 2 .0; 1/:Z 1
0

gT .x; v/ dv

.
Z 1

0

h ˛
p
�

�
1C

2

1 � y

�1=2
T .y C x/�1=4

C
1 � ˛
p
�

�
1C

2

1 � y

�1=2
�.y C x/�1=4

i
�g.x C y/ dy

.
.1C 2

ı
/1=2

p
�

Z 1�ı

0

�g.y C x/Œ˛T .x C y/
1=4
C .1 � ˛/�.x C y/1=4� dy

C

Z 1

1�ı

h ˛
p
�

�1
2
C

1

.1 � y/

�1=2
T .y C x/�1=4

C
1 � ˛
p
�

�1
2
C

1

.1 � y/

�1=2
T .y C x/�1=4

i
�g.x C y/ dy

.
h ˛
p
� infy T .x C y/1=4

C
1 � ˛

p
� infy �.x C y/1=4

i
�

��
1C

2

ı

�1=2 Z 1�ı

0

�g.x C y/ dy C k�gk1

Z 1

1�ı

�1
2
C

1

.1 � y/

�1=2
dy
�
: (2.4)
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Expanding for ı small we notice thatZ 1

1�ı

�1
2
C

1

.1 � y/

�1=2
dy D O.iı cot.1/ csc.1/=2C

p
ı.1C ı// D O.

p
ı/:

Also taking into account the negative velocities, we eventually bound the last line in (2.4)
as

�g.x/ .
h ˛
p
�T 1=4

C
1 � ˛
p
��1=4

ih
C1

�
1C

2

ı

�1=2
C C2k�gk1

p
ı
i

.
h ˛
p
�T 1=4

C
1 � ˛
p
��1=4

ih C1
p
ı
C k�gk1C2

p
ı
i

for some finite constants C1, C2. Now take
p
ı D 1

2C2Œ
˛

p
�T 1=4

C 1�˛
p
��1=4

�
to find that for all

x 2 T ,

�g.x/ . 4C1C2

h ˛
p
�T 1=4

C
1 � ˛
p
��1=4

i2
:

Lower bound on the density: Let ƒ > 0 be sufficiently large so that 1

.e1=�jvj�1/
� �jvj for

jvj > ƒ and writeZ 1
0

gT .x; v/ dv

D

Z 1
0

Z 1

0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x C y/Œ˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v/� dy dv

&
Z 1

0

Z 1
ƒ

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x C y/Œ˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v/� dv dy

&
Z 1

0

�g.x C y/

Z 1
ƒ

1

.e1=�jvj � 1/

1

�jvj
Œ˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v/� dv dy

&
Z 1

0

�g.x C y/

� Z 1
ƒp

T.xCy/

˛

�
p
T .x C y/

M1.v/ dv

C

Z 1
ƒp

�.xCy/

1 � ˛

�
p
�.x C y/

M1.v/ dv
�

dy

&
r
�

2
�

r
�

2
.˛T .x C y/�1=2 C .1 � ˛/�.x C y/�1=2/

& 1 � Œ˛T �1=2 C .1 � ˛/��1=2�:

This implies the stated lower bound on the density, which is a non-negative quantity under
the constraints in the hypothesis.

Now we proceed to get upper and lower bounds on the pressure PgT .x/ which we
recall is given by

PgT .x/ D

Z
R
v2gT .x; v/ dv D �f .x/ŒTgT .x/C ugT .x/

2�:
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First we notice that

ugT .x/ D

R
vgT .x; v/ dvR
gT .x; v/ dv

D 0:

This is since, due to mass conservation, @x.ugT .x/�gT .x// D 0; which impliesZ
vgT .x; v/ dv D

Z
vgT .0; v/ dv D 0:

Moreover, the pressure is constant in x since

@xPgT .x/ D �
1

�
ugT .x/�gT .x/ D 0:

Lemma 3. For ˛ sufficiently small so that the following holds true,

˛
�
p
� �

p
T C

4�

�2T 1=4�1=4
.
p
� � T 1=4�1=4/C

2�

�2
˛
� 1

T 1=4
�

1

�1=4

�2�
�
p
� �

2�

�2
1
p
�
; (2.5)

we have uniformly in x 2 T ,h
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2
. PgT .x/ . ˛ xT C .1 � ˛/ N� C

1

�

�
˛
p
xT C .1 � ˛/

p
N�
�
:

Proof. Upper bound on the pressure PgT : Using the representation formula for the sta-
tionary state gT , we need to control the following for positive velocities:

JC.x/´

Z 1

0

�gT .x C y/

�

Z 1
0

jvj
e�.1�y/=�jvj

�.1 � e�1=�jvj/
.˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v// dv dy:

We use the inequality
1

�jvj
.1 � e�1=�jvj/�1 � 1C

C

�jvj

that was used in the bound on the density. This gives

jvj

�
e�.1�y/=�jvj.1 � e�1=�jvj/�1 � jvj2 C

C jvj

�
:

Integrating then givesZ 1
0

jvj
e�.1�y/=�jvj

�.1 � e�1=�jvj/
.˛MT.xCy/.v/C .1 � ˛/M�.xCy/.v// dv

. ˛
�
T .x C y/C

p
T .x C y/

�

�
C .1 � ˛/

�
�.x C y/C

p
�.x C y/

�

�
:
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From this it follows that

JC.x/ .
Z 1

0

�g.x C y/
�
˛ xT C .1 � ˛/ N� C

1

�
.˛
p
xT C .1 � ˛/

p
N�/
�

dy

D ˛ xT C .1 � ˛/ N� C
1

�

�
˛
p
xT C .1 � ˛/

p
N�
�
:

Here we have used the fact that � integrates to 1. The analogous bound for negative velo-
cities gives in total

Pg.x/ . ˛ xT C .1 � ˛/ N� C
1

�

�
˛
p
xT C .1 � ˛/

p
N�
�
:

Lower bound on the pressure PgT : For this we bound e�.1�y/=�jvj � 1� 1�y
�jvj

, so that for
positive velocities,Z 1

0

jvj
e�.1�y/=�jvj

1 � e�1=�jvj
MT.xCy/.v/ dv

&
Z 1
0

vMT.xCy/.v/ �

Z 1
0

jvj
1 � y

�jvj
MT.xCy/.v/ dv

D

p
T .x C y/
p
2�

�
1 � y

2�
&
p
T

2�
�
1 � y

2�
:

Consequently,

JC.x/ &
Z 1

0

�gT .x C y/
h
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
dy �

Z 1

0

�gT .x C y/
1 � y

2�
dy

&
h
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2
:

Collecting the same estimates for the negative v’s we write

PgT .x/ &
h
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2
:

The constraint (2.5) is required to make this lower bound non-negative.

2.4. Contraction of the mapping F

Since we have ensured the uniqueness of the steady state g D gT for equation (2.1), as
proved in Section 2.2, we are allowed to define the mapping

F WC.T /! C.T /; .F T /.x/ D

R1
�1
jvj2g.x; v/ dvR1
�1

g.x; v/ dv
D
PgT

�gT
.x/:

Our goal is to show that this mapping is contractive, which implies that there is a fixed
point. Existence of such a fixed point, i.e. T 2 C.T / so that T .x/ D Tg.x/ for all x 2 T ,
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implies that the steady state found for the linear model (2.1) corresponds to a steady state
in the non-linear BGK model (1.1).

Before proceeding with the statement let us define the following set that determines
the Lipschitz constants for F , in terms of ˛: We first define

�1.˛/ D
˛

�T 1=4
C
1 � ˛

��1=4
and �2.˛/ D

˛

�T 1=2
C
1 � ˛

��1=2
:

Then the set is as follows:

C xT ; N�;T ;�;� D .0; 1/ \

²
˛ W
16C˛�1.˛/

2Œ 1
2T
C

1

�T 3=2
�

1 � 4 xC
p
��1.˛/

�

� Œ˛ xT C .1 � ˛/ N� C 1
�
.˛
p
xT C .1 � ˛/

p
N�/�

Œ1 � �2.˛/�2

C .1 � ˛/
�
N� C

p
N�

�

�
C ˛

�
xT C

p
xT

�

��
C
8˛

�
�1.˛/

2 1

T 1=2
Œ1 � �2.˛/�

�1
2 Œ0; 1/

³
:

Proposition 2. Let two temperature profiles T1; T2 2 C.T /. Assuming that

inf
x2T

�.x/µ � > inf
x2T

T .x/´ T ; � &
� 4
p
�

�4
; and ˛ 2 C xT ; N�;T ;�;� ;

the mapping F exhibits a contraction property

kF .T1/ � F .T2/kL1.T/ � C˛; xT ; N�;T ;�;�kT1 � T2kL1.T/

for some explicit finite constant C˛; xT ; N�;T ;�;� 2 Œ0; 1/ depending on ˛, xT , N� , T , � , �.

Proof. We fix two functions T1; T2 2 C.T / and using the upper and lower bounds on the
density and the upper bound on the pressure, we calculate

jF .T1/.x/ � F .T2/.x/j

D
1

.�gT1�gT2 /.x/
jPgT1 .x/.�gT2 � �gT1 /.x/C �gT1 .x/.PgT1 � PgT2 /.x/j

�
PgT1

�gT1�gT2
.x/j�gT1 � �gT2 j.x/C

1

�gT2
jPgT1 � PgT2 j.x/

� C0j�gT1 � �gT2 j.x/
Œ˛ xT C .1 � ˛/ N� C 1

�
.˛
p
xT C .1 � ˛/

p
N�/�

Œ1 � 1
�
Œ˛T �1=2 C .1 � ˛/��1=2��2

C jPgT1 � PgT2 j.x/
h
1 �

1

�
Œ˛T �1=2 C .1 � ˛/��1=2�

i�1
: (2.6)
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Now we estimate the difference of the densities using the representation of our steady
state:

j�gT1 � �gT2 j.x/

D

ˇ̌̌̌Z 1

0

Z 1
0

ey=�jvj

�jvj.e1=�jvj � 1/
Œ�gT1 .x C y/.˛MT1.xCy/.v/C .1 � ˛/M�.xCy/.v//

� �gT2 .x C y/.˛MT2.xCy/.v/

C .1 � ˛/M�.xCy/.v//� dv dy
ˇ̌̌̌

C

ˇ̌̌̌Z 1

0

Z 0

�1

ey=�jvj

�jvj.e1=�jvj � 1/
Œ�gT1 .x � y/.˛MT1.x�y/.v/

C .1 � ˛/M�.x�y/.v//

� �gT2 .x � y/.˛MT2.x�y/.v/

C .1 � ˛/M�.x�y/.v//� dv dy
ˇ̌̌̌
:

We look at the positive velocities and writeZ 1

0

Z 1
0

ey=�jvj

�jvj.e1=�jvj � 1/
Œ�gT1 .x C y/.˛MT1.xCy/.v/C .1 � ˛/M�.xCy/.v//

� �gT2 .x C y/.˛MT2.xCy/.v/C .1 � ˛/M�.xCy/.v//� dv dy

D

Z 1

0

.�gT1 � �gT2 /.x C y/Œ.1 � ˛/K1.�; y/C ˛K1.T2; y/� dy

C ˛

Z 1

0

�gT1 .x C y/ŒK1.T1; y/ �K1.T2; y/� dy;

where K1 is the integral kernel defined by

K1.‚; y/ D

Z 1
0

1

�jvj
e�.1�y/=�jvj.1 � e�1=�jvj/�1M‚.yCx/.v/ dv:

Together with the negative velocities then

j�gT1 � �gT2 j.x/

. 2˛k�gT1 k1

Z 1

0

jK1.T1.x C y/; y/ �K1.T2.x C y/; y/j

C jK1.T1.x � y/; y/ �K1.T2.x � y/; y/j dy

C

Z 1

0

j.1 � ˛/K1.�.x C y/; y/C ˛K1.T2.xCy/; y/j j�gT1 � �gT2 j.xCy/ dy

C

Z 1

0

j.1 � ˛/K1.�.x � y/; y/C ˛K1.T2.x � y/; y/j j�gT1 � �gT2 j.x � y/ dy
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. 8˛
h ˛

�T 1=4
C
1 � ˛

��1=4

i2 Z 1

0

jK1.T1.x C y/; y/ �K1.T2.x C y/; y/j

C jK1.T1.x � y/; y/ �K1.T2.x � y/; y/j dy

C
4 xC
p
�
k�gT1 � �gT2 kL1.T/Œ.1 � ˛/�

�1=4
C ˛T �1=4�; (2.7)

where in the last line we used the following upper bound on K1 from the proof of
Lemma 2 on the density’s upper bound:

K1.‚.x C y/; y/ �
C 0
p
�

�
1C

2

1 � y

�1=2
‚.x C y/�1=4;

as well as the integrability in y, all these yielding a factor xC which is independent of ˛,
�, and the temperatures. We notice now that K1 satisfies

jK1.T1.y/; y/ �K1.T2.y/; y/j � C jT1.y/ � T2.y/j

for a constant C . Indeed, we compute

d
d�

K1.�; y/ D
d

d�

Z 1
0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
M� .v/ dv

D

Z 1
0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/

h
�

1

2�3=2
e�v

2=2�

p
2��

C
v2

2�2
e�v

2=2�

p
2��

i
dv

D
1

2�2

Z 1
0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
M� .v/.�� C v

2/ dv

�
1

2�2

Z 1
0

e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
M� .v/v

2 dv:

With similar estimates to the proof of the upper bound for the pressure, we write

d
d�

K1.�; y/ �
1

2�2

Z 1
0

jvje�.1�y/=�jvj

�.1 � e�1=�jvj/
M� .v/ dv

�
1

2�2

Z 1
0

�
v2 C

C jvj

�

�
M� .v/ dv .

1

2�2

�
t C

p
�

�

�
D

1

2�
C

1

��3=2
;

where for the last inequality we neglected the negative terms. This implies that

jK1.T1.y/; y/ �K1.T2.y/; y/j � C1

h 1
2T
C

1

�T 3=2

i
jT1.y/ � T2.y/j;

for a universal constant C1. Then inserting this into (2.7) implies

j�gT1 � �gT2 j.x/ . 8˛
h ˛

�T 1=4
C
1 � ˛

��1=4

i2
2kT1 � T2kL1.T/

Z 1

0

h 1
2T
C

1

�T 3=2

i
dy

C
4 xC
p
�
k�gT1 � �gT2 kL1.T/Œ.1 � ˛/�

�1=4
C ˛T �1=4�:
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There is a finite constant C then so that

j�gT1 � �gT2 j.x/ . 16C˛
h ˛

�T 1=4
C
1 � ˛

��1=4

i2h 1
2T
C

1

�T 3=2

i
kT1 � T2kL1.T/

C
4 xC
p
�
k�gT1 � �gT2 kL1.T/Œ.1 � ˛/�

�1=4
C ˛T �1=4�;

implying that, after taking the supremum over x in the left-hand side,

k�gT1 � �gT2 kL1.T/

�
1 �

4 xC
p
�
Œ.1 � ˛/��1=4 C ˛T �1=4�

�
. 16C˛

h ˛

�T 1=4
C
1 � ˛

��1=4

i2h 1
2T
C

1

�T 3=2

i
kT1 � T2kL1.T/

or, as long as .1 � 4 xCp
�
Œ.1 � ˛/��1=4 C ˛T �1=4�/ > 0 which is satisfied when

� > T ; � �
� 4 xC
p
�

�4
; and ˛ <

p
�

4 xC
� ��1=4

T �1=4 � ��1=4
;

we have that

k�gT1 � �gT2 kL1.T/ .
16C˛Œ ˛

�T 1=4
C

1�˛

��1=4
�2Œ 1

2T
C

1

�T 3=2
�

.1 � 4 xCp
�
Œ.1 � ˛/��1=4 C ˛T �1=4�/

kT1 � T2kL1.T/: (2.8)

As a next step we estimate the difference of the pressures:

jPgT1 � PgT2 j.x/

D

ˇ̌̌̌Z 1

0

Z 1
0

jvjey=�jvj

�.e1=�jvj � 1/
Œ�gT1 .x C y/.˛MT1.xCy/.v/

C .1 � ˛/M�.xCy/.v//

� �gT2 .x C y/.˛MT2.xCy/.v/

C .1 � ˛/M�.xCy/.v//� dv dy
ˇ̌̌̌

C

ˇ̌̌̌Z 1

0

Z 0

�1

jvjey=�jvj

�.e1=�jvj � 1/
Œ�gT1 .x � y/.˛MT1.x�y/.v/

C .1 � ˛/M�.x�y/.v//

� �gT2 .x � y/.˛MT2.x�y/.v/

C .1 � ˛/M�.x�y/.v//� dv dy
ˇ̌̌̌
:
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Looking at the positive velocities, the terms we need to estimate areZ 1

0

²
˛

Z 1
0

jvjey=�jvj

�.e1=�jvj � 1/
MT1.xCy/.v/.�gT1 � �gT2 /.x C y/ dv

C ˛

Z 1
0

jvjey=�jvj

�.e1=�jvj � 1/
�gT2 .x C y/.MT1.xCy/ �MT2.xCy//.v/ dv

C .1 � ˛/

Z 1
0

jvjey=�jvj

�.e1=�jvj � 1/
M�.xCy/.�gT1 � �gT2 /.x C y/ dv

³
dy

D

Z 1

0

®�
.1 � ˛/K2.�.x C y/; y/C ˛K2.T1.x C y/; y/

�
.�gT1 � �gT2 /.x C y/

C ˛�gT2 .x C y/
�
K2.T1.x C y/; y/ �K2.T2.x C y/; y/

�¯
dy;

where

K2.‚.x C y; y//´

Z 1
0

jvjey=�jvj

�.e1=�jvj � 1/
M‚.xCy/.v/ dv:

An upper bound on this integral kernel, as was computed above by the use of inequality
(2.3), is

K2.‚.x C y; y// � zC
�
‚.x C y/C

p
‚.x C y/

�

�
for a universal constant zC . We have then, also collecting the negative velocities, the fol-
lowing upper bound on the difference of the pressures:

jPgT1 � PgT2 j.x/

. k�gT1 � �gT2 kL1.T/
Z 1

0

Œj.1 � ˛/K2.�.x C y/; y/C ˛K2.T1.x C y/; y/j

C j.1 � ˛/K2.�.x � y/; y/

C ˛K2.T1.x � y/; y/j� dy

C ˛k�gT2 kL1.T/

Z 1

0

ŒjK2.T1.x C y/; y/ �K2.T2.x C y/; y/j

C jK2.T1.x � y/; y/ �K2.T2.x � y/; y/j� dy

.
16C˛Œ ˛

�T 1=4
C

1�˛

��1=4
�2Œ 1

2T
C

1

�T 3=2
�

1 � 4 xCp
�
Œ.1 � ˛/��1=4 C ˛T �1=4�

h
.1 � ˛/

�
N� C

p
N�

�

�
C ˛

�
xT C

p
xT

�

�i
� kT1 � T2kL1.T/

C 4˛
h ˛

�T 1=4
C
1 � ˛

��1=4

i2 Z 1

0

ŒjK2.T1.x C y/; y/ �K2.T2.x C y/; y/j

C jK2.T1.x � y/; y/

�K2.T2.x � y/; y/j� dy; (2.9)
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where for the first integral on the right-hand side we applied the upper bounds on K2, and
on k�gT1 � �gT2 kL1.T/ from (2.8). For the next term, we applied the upper bound on the
density.

We next notice that – as in the case of K1 – the kernel K2 also satisfies

jK2.T1.y/; y/ �K2.T2.y/; y/j � C jT1.y/ � T2.y/j

for a constant C that is integrable in y 2 T : for that we compute

d
d�

K2.�; y/ D
1

�2

Z 1
0

jvjey=�jvj

2�.e1=�jvj � 1/
M� .v/.v

2
� �/ dv

D
1
p
�

Z 1
0

v

2�

ey=�jvj
p
�

e1=�jvj
p
� � 1

M1.v/.v
2
� 1/ dv

.
1
p
�

Z 1
0

v3

2�

ey=�jvj
p
�

e1=�jvj
p
� � 1

M1.v/ dv

.
1

2�
p
�

h
v4�

�
1C

2

1 � y

�
C
p
2�v3�e

�v2�=2
i

.
1

2�
p
�

h
v4�

�
1C

2

1 � y

�
C
4
p
2�

v�

i
;

where we split the integral on Œ0; v��, Œv�;1Œ. Then choosing v� D . 4
p
2�

1C 2
1�y

/1=5, we have

d
d�

K2.�; y/ .
1

2��1=2

�
1C

2

1 � y

�1=5
;

which implies

jK2.T1.y/; y/ �K2.T2.y/; y/j .
1

�T 1=2

�
1C

2

1 � y

�1=5
jT1.y/ � T2.y/j:

Inserting this into (2.9),

jPgT1 � PgT2 j.x/

.
16C˛Œ ˛

�T 1=4
C

1�˛

��1=4
�2Œ 1

2T
C

1

�T 3=2
�

.1 � 4 xCp
�
Œ.1 � ˛/��1=4 C ˛T �1=4�/

h
.1 � ˛/

�
N� C

p
N�

�

�
C ˛

�
xT C

p
xT

�

�i
� kT1 � T2kL1.T/

C
8˛

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2 1

T 1=2
kT1 � T2kL1.T/:

Finally, (2.6) together with (2.8) and (2.9) yields a contraction for F :

sup
x2T
jF .T1/.x/ � F .T2/.x/j � C˛; xT ; N�;T ;�;�kT1 � T2kL1.T/;
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where

C˛; xT ; N�;T ;�;� D
16C˛Œ ˛

�T 1=4
C

1�˛

��1=4
�2Œ 1

2T
C

1

�T 3=2
�

.1 � 4 xCp
�
Œ.1 � ˛/��1=4 C ˛T �1=4�/

�

° Œ˛ xT C .1 � ˛/ N� C 1
�
.˛
p
xT C .1 � ˛/

p
N�/�

Œ1 � 1
�
Œ˛T �1=2 C .1 � ˛/��1=2��2

C

h
.1 � ˛/

�
N� C

p
N�

�

�
C ˛

�
xT C

p
xT

�

�i±
C

8˛

�T 1=2

h ˛

�T 1=4
C
1 � ˛

��1=4

i2h
1 �

1

�
Œ˛T �1=2 C .1 � ˛/��1=2�

i�1
:

2.5. Proof of Theorem 1

Let us define the set ST ; xT ´ ¹T � T .x/ � xT º. In order to apply the Banach fixed point
theorem we want to ensure that the mapping F maps the set ST ; xT into itself, i.e.

F .ST ; xT / � ST ; xT : (2.10)

Using the estimates from Lemmas 2 and 3, we get the upper and lower bounds on the
image of F , F .T /.x/ D

R
T jvj

2g.x;v/ dvR
T g.x;v/ dv , stated in the following lemma.

Lemma 4. Under the condition (2.5) on ˛ and � , we have uniformly in x 2 T that

1

4

hh
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2ih ˛

�T 1=4
C
1 � ˛

��1=4

i�2
. F .T /.x/ .

Œ˛ xT C .1 � ˛/ N� C 1
�
.˛
p
xT C .1 � ˛/

p
N�/�

.1 � 1
�
Œ˛T �1=2 C .1 � ˛/��1=2�/

:

Thus, in order to ensure that (2.10) holds, we need to assume thath
˛ xT C .1 � ˛/ N� C

1

�

�
˛
p
xT C .1 � ˛/

p
N�
�i�

1 �
1

�
Œ˛T �1=2 C .1 � ˛/��1=2�

��1
� xT

and

1

4

hh
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2ih ˛

�T 1=4
C
1 � ˛

��1=4

i�2
� T :

By setting ˛ D 0 in the equations above we can see that this will be possible provided we
first choose

xT > N�
�
p
N� C 1

�
p
N� � 1

and T <

p
�

8�
�
1

�
; (2.11)

and then choose ˛ sufficiently small depending on N� , � , xT , T , and �.
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Proof of Theorem 1. Since F .ST ; xT / � ST ; xT and the mapping F is contractive as long as
˛ 2 CT ;�;� , we conclude that there is a unique fixed point, i.e. there is a unique T 2 C.T /
so that T � Tg . The uniqueness of the fixed point implies the uniqueness of the steady
state found, in the class of functions satisfying the condition T � Tg.x/� xT for all x 2T .
This holds for T ; xT satisfying (2.11) with ˛ sufficiently small so that ˛ 2 C xT ; N�;T ;�;� , is
in .0; 1/.

3. Linear stability

In this section we prove the dynamical perturbative stability in the weightedL2 space with
weight g.x; v/�1.

Before linearising our operator around the NESS g and studying its stability, let us
provide two more properties on g that are going to be needed for the basic estimates for
the stability, that is, to prove bounds on higher moments.

3.1. Bounds on the third and fourth moments of the NESS

Let us define the normalised third and fourth moments of the steady state gT .

Definition 1 (Normalised 3rd and 4th moments). Let us define the third moment of the
steady state gT corresponding to temperature T as

d3.x/´
1

�gT T
3=2

Z
R
v3gT .x; v/ dv

and the fourth moment by

d4.x/´
1

�gT T
2

Z
R
v4gT .x; v/ dv � 3:

Proposition 3. For ˛ sufficiently small and � > 1, uniformly in x 2 T we have for the
third normalised moment of the non-equilibrium steady state g,

xT �3=2

�

°
2
h ˛

�T 1=4
C
1 � ˛

��1=4

i2
.˛T C .1 � ˛/�/ �

1

2
p
2�
Œ˛
p
xT C .1 � ˛/

p
N��
±

. d3.x/ .
C. xT 3=2 C N�3=2 C . xT C N�/=�/

T 3=2.1 � .˛T �1=2 C .1 � ˛/�1=2//
;

while for the fourth normalised moment of g,

xT �2

4

hh ˛

�T 1=4
C
1 � ˛

��1=4

i�2r 2

�

1

�
.˛T 3=2 C .1 � ˛/�3=2/ �

1

�2
.˛ xT C .1 � ˛/ N�/

i
� 3

. d4.x/ .
C. xT 2 C N�2 C . xT 3=2 C N�3=2/=�/

T 2.1 � .˛T �1=2 C .1 � ˛/�1=2//
;

for a finite constant C .
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Proof. Upper bound on d3: We start with the upper bound on d3 using the representation
formula for gT . For positive velocities we writeZ 1

0

v3gT .x; v/ dv D
Z 1
0

Z 1

0

v3
e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
�g.x C y/

� .˛MT.yCx/ C .1 � ˛/M�.yCx// dy dv:

Again, we use the bound

1

�jvj
.1 � e�1=�jvj/�1 � 1C C=�jvj;

for some universal constant C . Using this we have the boundZ 1
0

jvj2e�.1�y/=�jvj

�.1 � e�1=�jvj/
MT .v/ dv � C.T 3=2 C T=�/;

for some different universal constant C . This then implies thatZ 1
0

gT .x; v/ dv �
Z 1

0

�g.x C y/C. xT
3=2
C N�3=2 C . xT C N�/=�/ dy

� C. xT 3=2 C N�3=2 C . xT C N�/=�/:

Combining this with a similar bound for negative velocities and dividing by our lower
bound on �g.x/ gives

jd3.x/j �
C. xT 3=2 C N�3=2 C . xT C N�/=�/

T 3=2.1 � .˛T �1=2 C .1 � ˛/�1=2//
:

Lower bound on d3: Regarding the lower bound on d3, we use the inequality e�.1�y/=�jvj

� 1 � 1�y
�jvj

to write

˛

Z 1

0

�g.x C y/

�Z 1
0

jvj2e�.1�y/=�

�.1 � e�1=�jvj/
MT.yCx/.v/ dv

�
dy

& ˛

Z 1

0

�g.x C y/

�Z 1
0

jvj2

�

�
1 �

1 � y

�jvj

�
MT.yCx/.v/ dv

�
dy

D ˛

Z 1

0

�g.x C y/
hT .x C y/

2�
�
1 � y

�

p
T .x C y/
p
2�

i
dy

& ˛
T

2�
�
˛

2

p
xT

p
2��

4
h ˛

�T 1=4
C
1 � ˛

��1=4

i2
:
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This in total gives

d3.x/ &
1

k�gkL1 xT 3=2

°
˛
� T
2�
�

p
xT

2
p
2��

4
h ˛

�T 1=4
C
1 � ˛

��1=4

i2�
C .1 � ˛/

� �
2�
�

p
N�

2
p
2��

4
h ˛

��1=4
C
1 � ˛

��1=4

i2�±
D
xT �3=2

�

°
2
h ˛

��1=4
C
1 � ˛

��1=4

i2
.˛T C .1�˛/�/ �

1

2
p
2�

h
˛
p
xT C .1 � ˛/

p
N�
i±
:

The parameter ˛ being small enough ensures the non-negativity of the lower bound.

Upper bound on d4: We now continue with the upper bound on d4. From the representa-
tion formula for gT for positive velocities we writeZ 1

0

v4gT .x; v/ dv D
Z 1
0

Z 1

0

v3
e�.1�y/=�

�jvj.1 � e�1=�jvj/
�g.x C y/

� .˛MT.yCx/ C .1 � ˛/M�.yCx// dy dv:

Repeating the strategy for d3 we bound

jvj4e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
� jvj4 C

C

�
jvj3;

for some universal constant C . This implies that we haveZ 1
0

jvj4e�.1�y/=�jvj

�jvj.1 � e�1=�jvj/
MT .v/ dv � C.T 2 C T 3=2=�/;

for some different universal constant C . This implies thatZ 1
0

v4gT .x; v/ dv �
Z 1

0

�g.x C y/C. xT
2
C N� C . xT 3=2 C N�3=2/=�/ dy

D C. xT 2 C N� C . xT 3=2 C N�3=2/=�/:

Combining this with the analogous bound for negative velocities and our lower bound on
�g this gives

jd4.x/j �
C. xT 2 C N�2 C . xT 3=2 C N�3=2/=�/

T 2.1 � .˛T �1=2 C .1 � ˛/�1=2//
:

Lower bound on d4: Finally, for the lower bound we write

˛

Z 1

0

�g.x C y/

�Z 1
0

jvj3e�.1�y/=�

�.1 � e�1=�jvj/
MT.yCx/.v/ dv

�
dy

& ˛

Z 1

0

�g.x C y/

�Z 1
0

jvj3

�

�
1 �

1 � y

�jvj

�
MT.yCx/.v/ dv

�
dy
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& ˛

Z 1

0

�g.x C y/
hr 2

�

1

�
T .x C y/3=2 �

.1 � y/

�2
T .x C y/

2

i
dy

& ˛

r
2

�

1

�
T 3=2 � ˛

h ˛

�T 1=4
C
1 � ˛

��1=4

i2 xT
�2
:

Finally, together again with the negative velocities, the .1� ˛/ terms, and the upper bound
on the density, we write

d4.x/ &
xT �2

4

h ˛

�T 1=4
C
1 � ˛

��1=4

i�2h
˛

r
2

�

T 3=2

�
� ˛

h ˛

�T 1=4
C
1 � ˛

��1=4

i2 xT
�2

C .1 � ˛/

r
2

�

T 3=2

�

� .1 � ˛/
h ˛

�T 1=4
C
1 � ˛

��1=4

i2 xT
�2

i
� 3

D
xT �2

4

h ˛

�T 1=4
C
1 � ˛

��1=4

i�2hr 2

�

1

�
.˛T 3=2 C .1 � ˛/�3=2/

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2 1
�2
.˛ xT C .1 � ˛/ N�/

i
� 3

D
xT �2

4

hh ˛

�T 1=4
C
1 � ˛

��1=4

i�2r 2

�

1

�
.˛T 3=2 C .1 � ˛/�3=2/

�
1

�2
.˛ xT C .1 � ˛/ N�/

i
� 3:

3.2. Linearising and splitting the operator

In this subsection we linearise the operator L around the non-equilibrium solution g:
f .t;x;v/D g.x;v/C "h.t;x;v/. In the following lemma we state the linearised evolution
equation that the new unknown h satisfies.

Lemma 5. The linearised equation around the steady state g is

@th D Lh D �v@xhC
1

�

�
˛MTg .x/

Z 1
�1

�
1C

uv

Tg
C
1

2

�u2
Tg
� 1

�� v2
Tg
� 1

��
h.x; u/ du

C .1 � ˛/M�.x/

Z 1
�1

h.x; u/ du � h
�
: (3.1)

Proof. We write f D g C "h; then we have

�f D �g C "�h and �f uf D

Z 1
�1

vf .x; v/ dv D �gug C "
Z 1
�1

h.x; v/v dv:

We recall that ug D 0 (cf. the discussion just above Lemma 3), and therefore by denoting
mh´

R1
�1

uh.x; u/ du,

uf D
"mh

�g.1C "�h=�g/
D
"mh

�g
CO."2/:



Properties of non-equilibrium steady states for the non-linear BGK equation on the torus 27

Regarding the temperature we write, up to first order in ",

�f .Tf C u
2
f / D �gTg C "Ph;

and so

Tf D
Tg C "Ph=�g

1C "�h=�g
� u2f

D Tg C "
�Ph
�g
�
�h

�g
Tg

�
�

�
ug C "

�mh
�g
�
�hug

�g

��2
C o."/

D Tg C "
�Ph
�g
�
�h

�g
Tg

�
C o."/ D Tg

�
1C "

�Ph
Pg
�
�h

�g

��
C o."/

D Tg

�
1C

"

�g

Z 1
�1

� v2
Tg
� 1

�
h.x; v/ dv

�
C o."/;

where we used again that ug D 0. Next we move to the linearisation of the Maxwellian.
Up to first order in " we write

jv � uf j
2=2Tf D

ˇ̌̌
v � "

�mh
�g

�ˇ̌̌2 1

2Tg

�
1 �

"

�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du

�
C o."/

D

h v2
2Tg
� "v

� mh

Tg�g

�i�
1 �

"

�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du

�
C o."/

D
v2

2Tg
�

"v2

2Tg�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du �

"vmh

Tg�g
C o."/;

and so by expanding the exponential near 0,

exp
�
�
jv � uf j

2

2Tf

�
D exp

�
�
v2

2Tg

�
�

�
1C

"v2

2Tg�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ duC

"vmh

Tg�g
C o."/

�
:

For its normalisation we have by expanding again around 0 that

.2�Tf /
�1=2
D

1p
2�Tg

�
1 �

"

2

�Ph
Pg
�
�h

�g

��
C o."/

D
1p
2�Tg

�
1 �

"

2�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du

�
C o."/:

Therefore, altogether the infinitesimal Maxwellian is

Muf ;Tf .v/ DM0;Tg .v/

�
1C

"v2

2Tg�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ duC

"v

Tg�g

Z 1
�1

uh.x; u/ du

�
"

2�g

Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du

�
C o."/
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DM0;Tg .v/

�
1C

"

2�g

h v2
Tg
� 1

i Z 1
�1

hu2
Tg
� 1

i
h.x; u/ du

C
"v

Tg�g

Z 1
�1

uh.x; u/ du
�
C o."/;

and so the whole non-linear term is

�f Muf ;Tf .v/

D �gM0;Tg .v/

�
1C

"

�g

²Z 1
�1

�
1C

1

2

h v2
Tg
� 1

ihu2
Tg
� 1

i
C
uv

Tg

�
h.x; u/ du

³�
:

Using then that �v@xg CLg D 0, we end up with the stated operator L.

Next we stress that our linearised operator is a non-self-adjoint operator in the
weighted space L2.g�1/. Nevertheless, we proceed by decomposing the operator L D

T C C into a symmetric and an antisymmetric part. This is motivated by techniques in
hypocoercivity (see for example [20, 35, 42]) and more recently a technique via Schur
complements [7].

Lemma 6. The linearised equation (3.1) has the form

@tf C T f D Cf

where C is symmetric in L2.g�1/ and T is antisymmetric. The explicit formulas are given
by

Cf D
˛

2�

Z 1
�1

�
MTg .v/C

MTg .u/

g.x; u/
g.x; v/

�
�

�
1C

uv

Tg
C
1

2

hu2
Tg
� 1

ih v2
Tg
� 1

i�
f .x; u/ du

C
1 � ˛

2�

Z 1
�1

�
M� .v/C

M� .u/

g.x; u/
g.x; v/

�
f .x; u/ du

�
1

2�

�
1C �g

˛MTg C .1 � ˛/M�

g.x; v/

�
f .x; v/;

while

T f D �v@xf C
˛

2�

Z 1
�1

�
MTg .v/ �

MTg .u/g.x; v/

g.x; u/

�
�

�
1C

uv

Tg
C
1

2

hu2
Tg
� 1

ih v2
Tg
� 1

i�
f .x; u/ du

C
1 � ˛

2�

Z 1
�1

�
M�.x/.v/ �

M�.x/.u/g.x; v/

g.x; u/

�
f .x; u/ du

�
1

2�
f .x; v/

�
1 �

�g.x/

g.x; v/
.˛MTg .x/.v/C .1 � ˛/M�.x/.v//

�
:



Properties of non-equilibrium steady states for the non-linear BGK equation on the torus 29

Proof. We stress here that by L we denote the whole operator, together with the transport
part, so that

Lh D �v@xhC
1

�

�
˛MTg .x/

Z 1
�1

�
1C

uv

Tg
C
1

2

hu2
Tg
� 1

ih v2
Tg
� 1

i�
h.x; u/ du

C .1 � ˛/M�.x/

Z 1
�1

h.x; u/ du � h
�
:

Calculating the adjoint of this operator, L�, in L2.g�1/ we find that it is

L�h D v@xh

C
1

�

�
˛g.x; v/

Z 1
�1

MTg .u/

g.x; u/

�
1C

uv

Tg
C
1

2

hu2
Tg
� 1

ih v2
Tg
� 1

i�
h.x; u/ du

C .1 � ˛/

Z 1
�1

M�.x/.u/

g.x; u/
h.x; u/ dug.x; v/

�
�
�g.x/

g.x; v/

�˛
�

MTg .x/.v/C
.1 � ˛/

�
M�.x/.v/

�
h.x; v/: (3.2)

Indeed, the adjoint of the transport part gives, using that g is NESS,

.�v@x/
�h.x; v/ D v@xh.x; v/ � v

@xg.x; v/

g.x; v/
h.x; v/

D v@xh.x; v/

� g.x; v/�1�g.x/.˛MTg .x/.v/C.1 � ˛/M�.x/.v//h.x; v/�h.x; v/;

which accounts for the first and the last terms in (3.2). Then we use this to get symmetric
and antisymmetric parts since C D LCL�

2
and T D L�L�

2
.

Typically in L2-hypocoercivity (see [20]), the strategy is to prove that the collisional
symmetric operator in L2.g�1/ satisfies a microscopic coercivity property on the ortho-
gonal complement of its null space and that the transport antisymmetric operator satisfies
a macroscopic coercivity property exactly on the null space of the collisional operator.
These conditions imply that g is in the kernel of L. Then, after introducing a modified
entropy functional, equivalent to the L2 norm, under additional general assumptions on
the decomposing operators, one can control its dissipation and conclude exponential relax-
ation of the semigroup to the steady state.

This general framework in L2 to estimate relaxation rates for a general class of kinetic
equations does not apply in our case as it is, because our steady state does not have an
explicit formula. In [20] it is required that the global equilibrium lies in the intersection
of the null spaces of the two decomposing operators, i.e. the transport and the collision
operators. This is not the case in our out-of-equilibrium setting.

To our knowledge there are two articles so far dealing with such circumstances, [12]
where the authors treat the problem perturbatively and [13] where the transport and colli-
sion operators are redefined.
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Our approach is mainly inspired by the latter: in particular, we split the operator dif-
ferently from [20], into a symmetric and a skew-symmetric part as is shown in Lemma 6.
Then we show a microscopic coercivity inequality for the symmetric part and a macro-
scopic coercivity for the antisymmetric part.

Before we move on with proving such properties, let us stress that now one can check
with explicit computations that

Cg D T g D 0;

where C , T are computed explicitly in Lemma 6. So with this decomposition the steady
state belongs in the intersection of the kernels of the decomposed part of the operator.

We denote by … the orthogonal projection to Ker.C/ which is given by

…f D �f
g

�g
; where �f .x/ D

Z 1
�1

f .x; v/ dv:

The space that we work in is

H D
®
f 2 L2

� dx dv
g

�
W
’

T�R f .x; v/ dx dv D 0
¯

induced by the scalar product

hf1; f2i D hf1; f2iL2x;v.g�1/ D

“
f1.x; u/f2.x; u/=g.x; u/ du dx: (3.3)

3.3. Microscopic coercivity

This subsection is devoted to the coercivity property of the symmetric operator on the
orthogonal of the kernel of C .

Proposition 4 (Microscopic coercivity). With the above notation, we have that the oper-
ator C satisfies

�hCh; hi � �mk.I �…/hk
2

for some positive constant �m.

Proof. In this proof we will write

hf1; f2i D hf1; f2iL2.g�1/ D

Z
f1.u/f2.u/=g.x; u/ du;

which we note is a function of x.
We start by computing hCh; hiL2.g�1/. In order to do this let us rewrite

Ch D
˛

2�
MTg

�
hh; gi C

vp
Tg

D
h;

up
Tg
g
E
C

1
p
2

h v2
Tg
� 1

iD
h;

1
p
2

hu2
Tg
� 1

i
g
E�

C
˛

2�
g.x; v/

�
hh;MTg i C

vp
Tg

D
h;

up
Tg

MTg

E
C

1
p
2

h v2
Tg
� 1

iD
h;

1
p
2

hu2
Tg
� 1

i
MTg

E�
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C
1 � ˛

2�
.g.x; v/hh;M� i CM� hh; gi/

�
1

2�

�
1C �g

˛MTg C .1 � ˛/M�

g.x; v/

�
h.x; v/:

Using this we write

hCh; hi D
˛

�

�
hh;MTg ihh; gi C

D
h;

up
Tg

MTg

ED
h;

up
Tg
g
E

C

D
h;

1
p
2

hu2
Tg
� 1

i
MTg

ED
h;

1
p
2

hu2
Tg
� 1

i
g
E�
C
1 � ˛

�
hh;M� ihh; gi

�
1

2�

Z 1
�1

�
1C �g

˛MTg C .1 � ˛/M�

g.x; v/

�h.x; v/2
g.x; v/

dv:

We split this into

hCh; hi D
1

�
Œ˛	 C .1 � ˛/J�;

where

	 D hh;MTg ihh; gi C
D
h;

up
Tg

MTg

ED
h;

up
Tg
g
E

C

D
h;

1
p
2

hu2
Tg
� 1

i
MTg

ED
h;

1
p
2

hu2
Tg
� 1

i
g
E

�
1

2

Z 1
�1

�
1C �g.x/

MTg

g

�h.x; u/2
g.x; u/

du;

while

J D hh;M� ihh; gi �
1

2

Z 1
�1

�
1C �g.x/

M�.x/

g

�h.x; u/2
g.x; u/

du;

and we are going to bound them separately.
Motivated by this, we consider as a function of v (for a fixed x 2 T ) the functions

p1.v/g´
g
p
�g
; p2.v/g´

vgp
�gTg

; p3.v/g´

. v
2

Tg
�
d3.x/vp

Tg
� 1/gq

�g.2C d4 � d
2
3 /

:

We observe that these are orthogonal functions in L2v.g
�1/.

Then we decompose h as the sum of h D Oh C Qh where Qh is orthogonal in L2v.g
�1/

to the space spanned by p1.v/g, p2.v/g, p3.v/g, while Oh belongs in the space that these
quantities span. We collect the above observations in the following lemma.

Lemma 7. For fixed x 2 T , we consider the mappings v 7! pi .v/g.x; v/ for i D 1; 2; 3,
where

p1.v/g´
g
p
�g
; p2.v/g´

vgp
�gTg

; p3.v/g´

. v
2

Tg
�
d3.x/vp

Tg
� 1/gq

�g.2C d4 � d
2
3 /

:

These are orthogonal functions in L2v.g
�1/ of norm 1.
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Proof. This is just a computation:Z � v2
Tg
�
d3vp
Tg
� 1

�2
g dv D

�gT
2
g .3C d4/

Tg
�
2�gd

2
3T

3=2
g

T
3=2
g

C
�gd

2
3Tg

Tg
� 2

�gTg

Tg
C �g

D �g.2C d4 � d
2
3 /:

We continue by writing h D Œap1g C ˇp2g C p3g� C Qh for some constants a, ˇ,
 and where Qh is orthogonal to the space spanned by p1g, p2g, p3g in L2v.g

�1/. In the
following lemma we collect the explicit values of each term appearing in 	, J. One can
check these by explicit computations.

Lemma 8. Decomposing the solution of (3.1) as h D ap1g C ˇp2g C p3g C Qh, for
some constants a, ˇ,  , then

hh; gi D a
p
�g ;

D
h;

up
Tg
g
E
D ˇ
p
�g ;

D
h;

1
p
2

hu2
Tg
� 1

i
g
E
D 

s
�g.2C d4 � d

2
3 /

2
C ˇd3

p
�g

and

hh;MTg i D
a
p
�g
C h Qh;MTg i;D

h;
up
Tg

E
D

ˇ
p
�g
�

d3q
�g.2C d4 � d

2
3 /

C

D
Qh;

up
Tg

MTg

E
:

From now on we will denote byZ DZ.x/´ 2C d4.x/� d3.x/
2 and let us note that

we are able to bound this from below and above uniformly in x, thanks to Proposition 3
with constants depending on ˛, � , N� . Inserting these values into 	, for its first three terms
we have

hh;MTg ihh; gi C
D
h;

up
Tg

MTg

ED
h;

up
Tg
g
E

C

D
h;

1
p
2

hu2
Tg
� 1

i
MTg

ED
h;

1
p
2

hu2
Tg
� 1

i
g
E

D a2 C ˇ2 C 2

C
p
�g

h
ah Qh;MTg i C ˇ

D
Qh;

vp
Tg

MTg

E
C

p
Z C ˇd3
p
2

D
Qh;
1
p
2

h v2
Tg
� 1

i
MTg

Ei
:

Moving to the fourth term in 	,we first note that we haveZ
h2

g
D a2 C ˇ2 C 2 C

Z
Qh2

g
; (3.4)
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and thereforeZ
h2

g2
�gMTg D

Z
Oh2

g2
�gMTg C

Z
Qh2

g2
�gMTg

D a2 C ˇ2 C
2.2C d23 /

Z
�
2ˇ
p
Z
d3

C
p
�g

h
2ah Qh;MTg i C 2

�
ˇ �

d3
p
Z

�D
Qh;

vp
Tg

MTg

E
C 2

r
2

Z

D
Qh;
1
p
2

h v2
Tg
� 1

i
MTg

Ei
C

Z 1
�1

Qh.x; v/2

g.x; v/2
�g.x/MTg .v/ dv:

Putting this together we get

	 � a2 C ˇ2 C 2 C a
p
�gh Qh;MTg i C 2ˇ

p
�g

D
Qh;

vp
Tg

MTg

E
C

D
Qh;
h v2
Tg
� 1

i
MTg

Er�g

2

�


r
Z

2
C
ˇd3
p
2

�
�
a2

2
�
ˇ2

2
�
2.2C d23 /

2Z

�
ˇ
p
Z
d3 �

p
�g

�
ah Qh;MTg i C

�
ˇ �

d3
p
Z

�D
Qh;

vp
Tg

MTg

E
C 

r
2

Z

D
Qh;
1
p
2

h v2
Tg
� 1

i
MTg

E�
�
1

2

Z 1
�1

Qh.x; v/2

g.x; v/2
�g.x/MTg .v/ dv �

a2

2
�
ˇ2

2
�
2

2
�
1

2

Z 1
�1

Qh.x; v/2

g.x; v/
dv

�
2

2

�
1 �

2C d23
2C d4 � d

2
3

�
C

ˇ
p
Z
jd3j

C
p
�g

h d3
p
Z

D
Qh;

vp
Tg

MTg

E
C

� 
p
2

�rZ

2
�

r
2

Z

�
C
ˇd3
p
2

�D
Qh;
h v2
Tg
� 1

i
MTg

Ei
�
1

2

Z
Qh2

g

�
1C �g

MTg

g

�
: (3.5)

Now regarding the terms involving Qh we first estimate by Cauchy–Schwarz and then use
that

R1
�1

v2MTg .v/ dv D Tg :q
�g.x/

D
Qh;

vp
Tg

MTg

E
D

q
�g.x/

Z 1
�1

Qh.x; v/
vp
Tg

MTg .v/

g.x; v/
dv

�

�Z 1
�1

Qh.x; v/2

g.x; v/2
�g.x/MTg .v/ dv

�1=2�Z 1
�1

v2

Tg
MTg .v/ dv

�1=2
D

�Z 1
�1

Qh2

g2
�g.x/MTg .v/ dv

�1=2
; (3.6)
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and similarlyq
�g.x/

D
Qh;
1
p
2

h v2
Tg
� 1

i
MTg

E
�

�Z 1
�1

Qh2

g2
�g.x/MTg .v/ dv

�1=2
: (3.7)

The first line on the right-hand side of (3.5) becomes

2

2

d4 � 2d
2
3

2C d4 � d
2
3

C
ˇd3
p
Z
:

The rest of the terms are estimated by (3.6), (3.7), and Young’s inequality. Altogether we
get

	 � 2
d4 � 2d

2
3

2C d4 � d
2
3

C
ˇd3
p
Z
C
1

4

�d3j j
p
Z
C

ˇ̌̌

�rZ

2
�

r
2

Z

�
C
ˇd3
p
2

ˇ̌̌�2
� '.d3; d4/.ˇ

2
C 2/ � '.d3; d4/

Z 1
�1

h?.x; v/2

g.x; v/
dv;

where
h?´ .I �…/h D h �

D
h;

g
p
�g

E g
p
�g
D h �

D
h; p1g

E g
p
�g
:

Moreover, '.d3; d4/ is a continuous function of d3, d4 which goes to 0 as d3; d4 ! 0.
The last inequality above follows from equation (3.4) as we can write h D h? C ap1g,
which implies that

a2 C ˇ2 C 2 C

Z
Qh2

g
D

Z
h2

g
D

Z
.h?/2

g
C a2I

cf. Lemma 7. Then ˇ2 C 2 D
R
.h?/2

g
�
R
h2

g
, and the claim follows.

Now we move onto J which is simpler as here we only want to split h into its parts
that are parallel and perpendicular to g. We have

J D a2 C a
p
�ghh

?;M� i � a
2
� a

1
p
�g

Z �
1C �g

M�

g

�
h?

�
1

2

Z �
1C �g

M�

g

� .h?/2
g

D �
1

2

Z �
1C �g

M�

g

� .h?/2
g

:

Therefore,

hCh; hi �
1

�

�
˛'.d3; d4/ �

1 � ˛

2

� Z .h?/2

g
:

Now d3, d4 change with ˛; however, from Proposition 3 we see that we do not have
singularities in terms of ˛ in the upper and lower bounds of d3, d4. Thus we can bound



Properties of non-equilibrium steady states for the non-linear BGK equation on the torus 35

the moments uniformly over all ˛ 2 Œ0; 1�. This implies that there is a finite constant M
so that '.d3; d4/ �M.�; xT ; T ; N�; �/ <1 for M independent of ˛. Then

hCh; hi �
1

�

�
˛M.�; xT ; T ; N�; �/ �

1 � ˛

2

� Z .h?/2

g
;

which yields microscopic coercivity as long as

˛ >
1

2M.�; xT ; T ; N�; �/ � 1
:

Since we can make this bound M.�; xT ; T ; N�; �/ large, we ensure that there is a positive
constant �m so the statement of the proposition holds true.

3.4. Macroscopic coercivity

We recall that if … is the projection onto the kernel of C then …h D �h
�g
g. We proceed by

providing a macroscopic coercivity inequality for the antisymmetric part of the linearised
operator on the null space of C .

Proposition 5. Let the condition (2.5) on ˛ hold, namely ˛ is sufficiently small so that

˛
�
p
� �

p
T C

4�

�2T 1=4�1=4
.
p
� � T 1=4�1=4/C

2�

�2
˛
� 1

T 1=4
�

1

�1=4

�2�
�
p
� �

2�

�2
1
p
�
:

Then with the same notation as above, for the antisymmetric operator there exists a posit-
ive constant �M so that

kT …hk � �Mk…hk

for all h 2 H \D.T …/.

Proof. We first recall (cf. Lemma 6) that the antisymmetric part T is given by

T h D v@xhC
˛

2�

Z �
MTg .v/ �

MTg .u/g.x; v/

g.x; u/

�
�

�
1C

uv

Tg
C
1

2

�u2
Tg
� 1

�� v2
Tg
� 1

��
h.x; u/ du

C
1 � ˛

2�

Z �
M� .v/ �

M� .u/g.x; v/

g.x; u/

�
h.x; u/ du

�
1

2�

�
h �

�g

g
.˛MTg .v/C .1 � ˛/M� .v//h

�
:

From this we can explicitly compute, since T g D 0, that

T …h D v@x

��h
�g

�
g:



J. Evans and A. Menegaki 36

Consequently, with respect to the inner product defined in (3.3),

kT …hk2 D

“
T�R

v2g.x; v/
�
@x

��h
�g

��2
dv dx D

Z
T
�g.x/Tg.x/

�
@x

��h
�g

��2
dx

�
1

4

hh
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2i
�

h ˛

�T 1=4
C
1 � ˛

��1=4

i�2 Z
T
�g.x/

�
@x

��h
�g

��2
dx;

where we applied the lower bound on the temperature from Lemma 4. Therefore we con-
clude the macroscopic coercivity provided that �g.x/ dx satisfies a Poincaré inequality:
Indeed, then

kT …hk2��M

Z
T
�g.x/

��h
�g

�2
.x/dxD�M

“
T�R

g.x;v/�1j…hj2 dx dvD�Mk…hk2;

where �M D �M .˛; �; xT ; T ; N�; �/. Now a Poincaré inequality is true since our space
is the torus and �g is upper and lower bounded uniformly in x 2 T : For h 2 H , i.e.R

T .
�h
�g
/.x/ dx D 0 (this is equivalent by the upper and lower bound on the density withR

T �h dx D 0), it holds thatZ
T

�
@x

��h
�g

��2
dx �

Z
T

��h
�g

�2
dx:

Hence macroscopic coercivity holds with the explicit constant

�M D
1

4

hh
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2ih ˛

�T 1=4
C
1 � ˛

��1=4

i�2
� Œ1 � Œ˛T �1=2 C .1 � ˛/��1=2��:

3.5. Boundedness of auxiliary operators

From above we can see that
…T …h D 0 (3.8)

since
R
ug.x; u/ du D 0. Indeed,

…T …h D

Z
u@x

��h
�g

�
.x/g.x; u/ du

g.x; v/

�g.x/
D @x

��h
�g

�
.x/ug.x/

g.x; v/

�g.x/
D 0:

Following the approach in [20], we define the operator

A´ .1C .T …/�T …/�1.T …/�:

We will use this operator in order to define the modified entropy for the hypocoercivity.
The final ingredient we will need is the boundedness of certain operators. In this subsec-
tion we record some properties of these operators. The first thing to notice is thatAD…A.
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This is easy to see for example from the relation

Af D �…T f C…T 2…Af; for all f 2 H ; (3.9)

which follows directly from the definition of A. Then taking the inner product in (3.9)
with Af we see that

kAf k2 D hf; T …Af i � kT …Af k2 � k.1 �…/f kkT …Af k � kT …Af k2

or kAf k2 C kT …Af k2 .
k.1 �…/f k2

2"
C
"

2
kT …Af k2

for " > 0, where we used (3.8). This yields the boundedness of both A and T A for all
f 2 H .

In [20] they require a stronger hypothesis regarding the boundedness of auxiliary oper-
ators, namely that

kAT .I �…/f k C kACf k . k.I �…/f k:

It is immediate on studying the proof in this paper that it is also sufficient to show that

kAL.I �…/f k . k.I �…/f k:

Lemma 9. With the above notation the operators

A; T A; and AL

are bounded and
kAL.I �…/f k � Ck.I �…/f k

for some constant C depending on ˛, �, xT , T , N� , � .

Proof. The operator AL is bounded if and only if L�A� is bounded. We show this is
bounded by adapting an elliptic-regularity-style result as in [20] but here with some extra
terms. Let us write

Qf ´ .I C .T …/�.T …//�1f

and define m.x/ D
� Qf
�g
.x/. Then

L�A�f D L�T … Qf D L�.v.@xm/g.x; v//

D v@x.v.@xm/g.x; v//

C
@xm

�

�
˛g.x; v/

Z
uMTg .u/

�
1C

uv

Tg
C
1

2

hu2
Tg
� 1

ih v2
Tg
� 1

i�
du

C .1 � ˛/

Z
M�.x/.u/

g.x; u/
ug.x; u/ dug.x; v/

�
�
�g.x/

g.x; v/

�˛
�

MTg .x/.v/C
.1 � ˛/

�
M�.x/.v/

�
vg.x; v/.@xm/

D v2.@2xm.x//g.x; v/ �
1 � ˛

�
.@xm.x//vg.x; v/;
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where in the last line we used that g is a NESS and the cancellation of the odd Maxwellian
moments. So taking the L2x;v.g

�1/ norm we have

kL�A�f k �

Tgp�g Œ@2xm� Z v4g dv

L2.T/

C
.1 � ˛/

�
k
p
�gTg.@xm.x//kL2.T/

� CkmkH2.T/; (3.10)

where C D C.˛; �; xT ; T ; N�; �/ and for the bounds we used the results from Lemma 3 and
Proposition 3. We furthermore know that

.I C .T …/�.T …// Qf D Qf C Tg.@
2
xm/g D f:

Integrating this and dividing by �g gives

1

Tg.x/
m.x/ � .@2xm.x// D

1

Tg.x/
ng.x/;

where ng.x/ D
�f
�g
.x/. Then since Tg is bounded above and below (see Lemma 4),

L2 ! H 2 elliptic regularity gives us that

kmkH2.T/ � C
ng
Tg


L2.T/

� C
�1
4

hh
˛
T 1=2

2�
C .1 � ˛/

�1=2

2�

i
�
1

�

h ˛

�T 1=4
C
1 � ˛

��1=4

i2i
�

h ˛

�T 1=4
C
1 � ˛

��1=4

i�2��1
kngkL2.T/:

This in turn yields from (3.10) that

kL�A�f k � C.˛; �; xT ; T ; N�; �/kngkL2.T/ � C.˛; �; xT ; T ; N�; �/kf kL2.g�1/;

which concludes the lemma.

3.6. Proof of Theorem 2

As we have verified the main assumptions required for the abstract L2 stability theorem
– microscopic coercivity of C , macroscopic coercivity of T , and boundedness of certain
operators – the stability of our linearised equation follows directly by considering, for A
defined in (3.9), the modified entropy

H.f /´
1

2
kf k2 C "hAf; f i;

where " > 0. One then computes the entropy dissipation

D.f / D �hCf; f i C "hAT …f; f i C "hAC.I �…/f; f i � "hT Af; f i

D �hCf; f i C "hAT …f; f i C "hAL.I �…/f; f i � "hT Af; f i:
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The coercivity of the Dirichlet form follows thanks to Propositions 4 and 5, via which we
treat the first two terms:

�hCf; f i C "hAT …f; f i � �m ^
h "�M

1C �M

i
kf k2

for �M D�M .˛;�; xT ;T ; N�;�/ and the same for �m. Then up to sufficiently small "2 .0;1/,
(i) the new perturbed entropy is equivalent to the L2 norm, i.e. 1

2
.1� "/kf k2 � H.f / �

1
2
.1 C "/kf k2 and (ii) also using the boundedness of AL (cf. Lemma 9), we conclude

the existence of a positive constant � D �.˛; �; xT ; T ; N�; �/ for which D.f / � �kf k2.
From this, due to the equivalence, we get from Grönwall an exponential relaxation of the
semigroup etL in H.f / and therefore in L2 up to prefactors.

A. Linear stability when the temperature variation is small

Theorem 4. Suppose that there exist a �� and an � > 0 such that j�.x/� � j< � and there
exists a steady state g such that jTg.x/� ��j � C� for some C that can depend on �� but
not on �. Then the steady state g is linearly stable provided � is sufficiently small in terms
of ��.

Proof. Let us define

L��f D �v@xf C
1

�

�
M��

Z 1
�1

�
1C ˛

uv

��
C
1

2

�u2
��
� 1

��v2
��
� 1

��
f .x; u/ du � f

�
:

Then we notice that using a standard L2-hypocoercivity argument we can find a norm
k � k� which is equivalent to the L2.M�1�� / norm for which L�� has a spectral gap. We
write

hL��f; f i� � ���kf k
2
�;

where �� depends on ��, �, and the choice of norm. We also notice that

jLf � L��f j �
1

�

�
C.MTg �M��/

�
�f C

v

�� � �
mf C

1C v2

.�� � �/2
Pf

�
C CM��

�
1C

1

�� � �

�
.1C v2/� C .M� �M��/�f

�
:

Therefore,

kLf � L��f kL2.M�1�� /
� C.��/

�
�2 C k.1C v2/.MTg �M��/kL2v.M�1�� /

C kM� �M��kL2v.M
�1
�� /

�
kf k:

We can show thatZ
v

.1C v2/ŒMT .v/ �MT.x/.v/�
2M�1T dv D

Z
v

.1C v2/
h
1 �

MT.x/.v/

MT .v/

i2
MT .v/ dv

�

Z
v

.1C v2/MT .v/

�
1 �

s
T

T .x/
e�
jvj2

2 .T .x/
�1�T�1/

�2
dv:
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If we write T .x/ D T C �.x/ with supx j�.x/j � ",Z
v

.1C v2/MT .v/

�
1 �

s
T

T .x/
e
�
jvj2

2T .
1

1��.x/=T
�1/

�2
dv

�

Z
v

.1C v2/MT .v/

�
1 �

s
T

T .x/
e
jvj2�.x/

2 C
jvj2

2T

�2
dv

.
"2

4T 2

Z
v

.1C v2/MT .v/e
jvj2" dv:

Applying the above for our temperatures �.x/, ��, Tg ; we have

kLf � L��f kL2.M�1�� /
� C.��/�

2
kf k:

Therefore, as our other norm is equivalent we have

kLf � L��f k� � C
0.��/�

2
kf k:

Hence,
d
dt
kf k2� � �.�� � C

0.��/�
2/kf k2�:

So indeed Grönwall implies that if � is small enough we will have a positive spectral gap
in the �-norm for the operator L.
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