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Asymptotic expansions for harmonic functions
at conical boundary points

Dennis Kriventsov and Zongyuan Li

Abstract. We prove three theorems about the asymptotic behavior of solutions u to
the homogeneous Dirichlet problem for the Laplace equation at boundary points with
tangent cones. First, under very mild hypotheses, we show that the doubling index
of u either has a unique finite limit, or goes to infinity; in other words, there is a well-
defined order of vanishing. Second, under more quantitative hypotheses, we prove
that if the order of vanishing of u is finite at a boundary point 0, then locally u(x) =
[x™y(x/|x]) + o(]x|™), where |x|™y(x/|x|) is a homogeneous harmonic func-
tion on the tangent cone. Finally, we construct a convex domain in three dimensions
where such an expansion fails at a boundary point, showing that some quantitative
hypotheses are necessary in general. The assumptions in all of the results only involve
regularity at a single point, and in particular are much weaker than what is necessary
for unique continuation, monotonicity of Almgren’s frequency, Carleman estimates,
or other related techniques.

1. Introduction

Let @ C R? be an open set with 0 € 9L, and consider solutions to the Dirichlet problem
for the Laplace equation:

Au =0 1in QN By,

(1.1)
u=20 on 42 N Bs.

A basic question here is to understand the asymptotic behavior of u near 0.

If, instead, 0 € 2 were an interior point, the asymptotic behavior would be clear: as u is
analytic, locally it can be decomposed as a leading-order homogeneous harmonic function
plus higher order terms. Similar expansion formulas hold in related contexts where analyt-
icity is not available, including second-order or higher order elliptic equations with C°,
Lipschitz, or Holder coefficients; see [3,4,9].

Below, we will use the term asymptotic expansion loosely for representations of the
form u = v + w, where v has homogeneity m (or more generally, growth at least g(|x|)
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for some nondecreasing g > 0) and w = o(]x|™) (or more generally, w = o(g(|x|)) for
the same modulus g), possibly with more quantitative control over w.

At boundary points (so 0 € ), Felli and Ferrero proved in [5] that if Q is a C ¢
perturbation of a regular cone, then suitable rescalings of the solution (i.e., blow-ups)
converge to a non-trivial homogeneous harmonic function on that cone; this gives an
expansion of u to leading order. In [14], Kenig and Zhao show that when 32 € C 1-Pini,
the expansion formula u(x) = Py(x) + O(|x|V fo‘xl @) holds, where @ is a modified
modulus of continuity for the unit normal and Py is a degree N homogeneous harmonic
polynomial on ]Ri that vanishes on the boundary (choosing coordinates so that BJR{?L is
tangent to d<2 at 0).

In these results, €2 is required to have certain smoothness in a neighborhood of 0. Here,
we aim to discuss rougher domains under only one-point conditions, i.e., conditions which
do not imply any smoothness except possibly at the single point O itself. It is clear that at
least some assumptions are necessary at 0 to have any hope for solutions to (1.1) to have
asymptotic expansions. Indeed, assuming €2 is regular for the Dirichlet problem, consider
a Green’s function G for Q with some fixed pole: if G(x) = |x|"¥ (x/|x]) + o(|x|™),
then Q = {G(x) > 0} is tangent to the cone I' = {x : ¥ (x/|x|) > 0} at the origin. With
this in mind, we begin with the following definitions.

Definition 1.1. Given an open cone I', the point 0 € 92 is called conical with cone T if,
in Hausdorff distance,
r~1dist(dQ N B,,dT N B,) — 0.

Here, a cone I is a set invariant under dilation, i.e., rI" = I" for all » > 0.
For an open cone I, let
0<) Ayr<Asr<--=<Ar =--

be the sequence of Dirichlet eigenvalues (counting multiplicity) of the Laplace—Beltrami
operator on the cross-section I' N B;. Also, let ¥ r be the associated eigenfunction,
and let

_ —d -2+ (d =22+ 4
- 2

be the characteristic constant. Then all homogeneous harmonic function on I' vanishing
on JI" can be written as [x[™<T' 9y, . (x/|x]). Below, the dependence on I" will be omitted
when there is no ambiguity. It is worth mentioning that in Definition 1.1, I" is allowed to
be ]Ri, so in particular every boundary point of a C! domain is conical.

If one wants to find an asymptotic expansion for u at 0, the first step is to identify the
homogeneity of the leading-order term. On cones, convex domains, or sufficiently regular
perturbations of them, the Almgren frequency gives a way to read off this homogeneity
(this will be discussed below), but in this more general configuration, it is unclear that the
frequency is even approximately monotone. Instead, taking zero extensions of solutions
to (1.1) outside €2, define the doubling index

(1.2) Mg,r

(>0

|u|?
(1.3) Nu(r) = %
aBr/4
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We say that u is asymptotically homogeneous if the limit of N, (r) at r = 0 exists in
the extended real number sense (lim,~\ o Ny (r) € [0, 00]). The doubling index is a rough
measure of homogeneity, and the existence of this limit means that there is a unique
leading-order homogeneity for v in this rough sense. Our first theorem states that u is
asymptotically homogeneous if 0 is a conical point, under a smoothness assumption on I'.

Assumption 1.2. The open cone I' is graphical, in the sense that ' = {(x/, x,) : x, >
g(x")} for some choice of coordinates and function g: R?~! — R, and g is Lipschitz.

Theorem 1.3. If 0 € dQ is conical with cone T satisfying Assumption 1.2, then u is
asymptotically homogeneous and, moreover,

li\I‘n Nu(r) = 4™ for some m € {my, .}32, U {+00},
r\O0 ’

where m,, . are the characteristic constants of ' defined in (1.2).

Note that Theorem 1.3 does not exclude the possibility that u vanishes to infinite order
near 0, i.e., that the strong unique continuation property (SUCP) fails. In the literature,
(SUCP) is known to hold when €2 is regular enough. See Remark 1.7 below for discussion.
Assumption 1.2 can be considerably relaxed, for example to a uniform Lebesgue density
condition on I'¢, but we do not attempt maximal generality here: in fact, this theorem is
interesting even when I' = Rf{_.

Theorem 1.3 suggests that one might consider Almgren blow-ups of u, the rescaled
functions

uery)
(38,00 )2

to attempt to find the leading order term in an asymptotic expansion for u, even when
the Almgren frequency is unavailable. Indeed, the boundedness of N, (r) is enough to
guarantee the compactness of {u,},e(0,1) in L?. Hence, along subsequences ry — 0, u,
converges. Moreover, lim,\ o Ny (r) = 4*™ < co guarantees that the blow-up limit has to
be a homogeneous harmonic function with homogeneity m. When d = 2, one can further
obtain the uniqueness of the blow-up limit simply due to the fact that the eigenvalues Ax p
are all simple.

When d > 3, however, it turns out we require additional assumptions. First, the fol-
lowing essentially says that 2 is C 1** at 0 only, but with an arbitrary tangent object.

(14) up (y) =

Definition 1.4 (a-conical). Given an open cone I', we say 0 is a-conical with cone T if
there exists & > 0 such that

(1.5) lim sup r~0+9) dist(dQ2 N B,., T N B,) < oo.

r—>0
‘We will also need to assume some smoothness of the limit cone I'.

Assumption 1.5. The open cone I' is graphical in the sense of Assumption 1.2 with the
graph g being either C1>P™ or semiconvex on S 1.

Recall that a function g is called semiconvex if there exists a constant C > 0 such that,
locally, g(x + y) —2g(x) + g(x — y) > —C|y|?. This is equivalent to say that I' N 9B
satisfies a uniform exterior ball condition, cf. Theorem 3.9 in [18].
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Theorem 1.6. Ler Q@ C R? with0 € dQ and d > 3. If 0 is a-conical with cone T satisfying
Assumption 1.5, then for any non-trivial solution u to (1.1), either lim,_o N, (u) = 400,
or there exist a Laplacian eigenfunction Y, . on ', C # 0, and o € (0, 1) such that

(1.6)  u(x) = Clx|"¥ 'y 1 (x/|x]) + w(x), where |w(x)| < C|x|mnrteoe

Recall that the characteristic constant is defined in (1.2). It is easy to see that (1.6)
implies (f55 n [u|?)1/2 ~ r™Nr and u, — C|x|™¥T ¢ in L. That is, the Almgren
blow-up of u is also unique. However, the opposite is not true: (SUCP) or even the validity
of Almgren’s monotonicity formula combined with the uniqueness of blow-ups do not
imply an expansion formula in the format of (1.6). This can be seen from the harmonic
function Re(x + iy)/log(x + iy) on R2.

In [14], an expansion formula was proved when 9Q € C1-P"_Tt is interesting to ask
whether our «-conical condition can be relaxed to a Dini rate.

Remark 1.7. For 9Q € C1-P (see [1]) or convex (see [2]), it is known that (SUCP)
holds at every boundary point. For 9Q € C!, combining our Theorem 1.3 and Lemma 4.1
in [20], it can be shown that (SUCP) holds at almost every boundary point. See also [21]
for discussion on quasiconvex Lipschitz domains. At a point where (SUCP) holds, any
non-trivial solution must vanish to at most finite order, and in particular N, (1) is bounded.
On the other hand, the assumptions in Theorem 1.6 are weaker than any known criterion
for (SUCP) even if the cone I' is a half-space, as far as we are aware. That is, assuming
(SUCP), the expansion formula only requires the regularity of d€2 at one point.

Remark 1.8. We expect similar results as Theorem 1.6 hold for operators with scaling
subcritical coefficients and lower order terms, i.e.,

Lu = D;(a;; Dju + W,u) + W;Diju + Vu,

witha;; € C?, I/AI}, W; e leoj's and V € Lff)éZH. See [4] for an interior version which works

for higher order elliptic equations with subcritical lower order terms.

One may naturally ask whether the extra convergence rate condition in (1.5) is neces-
sary. We construct a convex domain Q C R3 for which 0 € 2 is conical with cone ]R3+,
but for which no expansion (1.6) exists for some u:

Theorem 1.9. There exist a convex domain Q C R> with 0 € dQ being conical with
tangent cone R3. = {(x, y,z) : z > 0}, a solution u to (1.1), and a sequence ry — 0, such
that

u(rog+1°) u(rog-)

2\1/2 2\1/2
(fa[,vrzk+1 [u]?) (fBBrzk |u]?)

The point here is that ¥~} (2 N B,) — BlJr slowly, with cross-sections 0B, N 2 resem-
bling ellipses with oscillating eccentricity. Then a suitably chosen u can be made to have
traces u|pp, “rotate” between two second eigenfunctions of the Lapacian on 9B, N R3,
as r decreases.

Note that when 2 is convex, every point xo € d2 is conical. Indeed, (2 — x¢)/r
always converges monotonically to a cone I'y,. Moreover, Almgren’s frequency is mono-
tone on convex domains ([2]), so

Nu(r) \¢ Ny (0) = 4°™¥x0  forsome N € N, as r \ 0.

— 4+/2/mw xz and — 4.2/ yz.
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So the conclusion of Theorem 1.3 for convex 2 holds, and in the following stronger form:
lim,\ o Ny (r) < oo and (SUCP) is valid. Therefore, the example of Theorem 1.9 shows
that to have an asymptotic expansion in the weakest possible sense (uniqueness of limits
for the Almgren rescalings u,), it is not sufficient to have monotonicity of the frequency,
or (SUCP), or even monotonicity in the convergence of €/r to its tangent cone; some
sufficiently summable rate of convergence appears to be needed.

Similarly, it follows that the Dini condition in [14] cannot be replaced by even very
strong geometric assumptions like convexity. In the recent work [15], counterexamples are
constructed of barely non-C P domains admitting solutions to the Dirichlet problem
with large singular sets, but in those examples u still has unique Almgren blow-ups.

It is worth emphasizing that in both Theorems 1.6 and 1.3, we only assume one-point
conditions at 0. Compared to earlier results in [5, 14], we do not need any smoothness
condition on d€2 or its normal direction n in a neighborhood. We hope the methodology
here could be useful when discussing asymptotic and unique continuation properties of
harmonic functions on rough domains.

The paper is organized as follows. In Section 2, we prove Theorem 1.3. After collect-
ing some preliminary facts about Green’s functions on cones in Section 3, we provide the
proof of Theorem 1.6 in Section 4. Finally, in Section 5, we discuss the uniqueness of
Almgren blow-ups on  C R2, and construct the example in Theorem 1.9.

2. Asymptotic homogeneity at a conical point

In this section, we prove Theorem 1.3. The key idea is to combine a compactness argument
motivated by [16,17] and a rigidity result. Besides the usual doubling index N, (r) defined
in (1.3), the following version using averages over full balls rather than spheres will also

be useful: 5
~ u
Ny(r) := fBr il

B fB,,2 Juf?

If there is no ambiguity, we suppress the subscript: N = N,, and N = N,. It is worth
noting that if u is harmonic, u? is subharmonic, and so from the mean value property both
N, N > 1. The following lemma shows that N and N are comparable at adjacent scales.

Lemma 2.1. Let v be a harmonic function on By C R%, d > 2, with v = 0 on any neigh-
borhood of 0. Then, for some C = C(d),

Ny(r) <CNy(r) and Nv(s)fcnjzoﬁv(2l_jr), Vre(0,1/2)and s € (r/2,r).

Proof. For the first inequality, by definition,

fB, v <C fBr lv|? )
fBr/Z |U|2 B J[Br/2\Br/4 |U|2

By the mean value property of v2, which is subharmonic, we obtain

to, 107
W = CNU(I')
aBr/4

@2.1) Ny(r) =

RHS of 2.1) < C
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The second inequality can be proved similarly:

fBBs v < fBZr\Br [v]? < fBZr Li§
faBm vl ~ fB,/g LI fB,/s |vf?

The rigidity result is given as follows.

Ny(s) =

3
= C ]Vv(Zl_jr). |
j=0

Lemma 2.2. Let T C R%, d > 2, be a cone with vertex at 0 satisfying Assumption 1.2,
and let v be a non-trivial solution to

Av=0 inT N B,,
v=20 on dT' N B,.

Then both N, and ﬁv are non-decreasing for r € (0, 2). Moreover, if either Ny(t) =
Ny(s) or Ny(t) = Ny(s) for some t > s, then u is homogeneous of degree m; with a
characteristic constant defined in (1.2). In particular, N, = 16™'T and N, = 4T,

The proof of Lemma 2.2 is standard, by computing the derivatives of the (generalized)
Almgren frequency functions. See Appendix B. The rest of the section is devoted to the
proof of Theorem 1.3. From now on, let I" be the tangent cone of €2 at 0, and let m; be the
characteristic constant defined in (1.2).

2.1. Step 1
We prove that lim inf, .o N, (r) < oo implies (SUCP). More precisely, we show
(2.2) lim sup N, (r) < C(liminf Ny, (r))*.

r—0 r—0

For this, we first prove the following:

Claim. For any number . ¢ {m;};, there exists ro = ro(d, L, ), such that Ny (r) <22
implies Ny, (r/2) < 22" for all r € (0,r9).

Proof of the Claim. We argue by contradiction. Suppose the contrary, that there exist solu-

tions uy € H! to (1.1) and r — 0, such that ﬁuk (re) < 224, Ny, (re/2) > 221 et

ur(rey)

() = ——
k (J[Brk |uk|2)1/2

Then we have
Afiy =0 inr,"(QN By,), #x=0onB \r; (RN By,), and f [i|* = 1.
B

By the Caccioppoli inequality and the Sobolev embeddings, for all € € (0, 1),
(2.3) ix = Us weaklyin L2(By), H'(B;_,), and strongly in L?(B;_;),
passing to a subsequence. Since 2 is conical at 0, we claim that

2.4) AU =0 in By NT and us =0 ondl N By.
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To see that u, is harmonic, take any test function ¢ € C2°(B; N I'). From Defini-
tion 1.1, for sufficiently large k, we have supp(¢) C ry” 1(2 N By, ). Combining with (2.3),
we obtain [ Viig - V¢ = 0. Passing k — oo and noting that ¢ is chosen arbitrarily, we
obtain Aus, = 0in By N I'. For the boundary condition, we first note that uo, = 0 a.e. on
Bi \ T by recalling the L>(B;_,) strong convergence. The desired zero boundary value
now follows from the fact that I is Lipschitz.

Note that from (2.3), we have

][ |uoo|2§1iminff lik)> =1 and f |uoo|2=1imf e, Vr <1,
B kJp B, k JB,

In particular, fBl/z |uoo|2 > 221 5 (0, 80 Uoo = 0 on I'. Moreover,
Ny (1) < 1imkinf]\7;,k(1) <22 and N,_(1/2) = lim Nz, (1/2) > 221,

From Lemma 2.2, this implies Nuoo (r)=4" for some m € {m;};, and in particular, = m.
But we have assumed p ¢ {m;}, which is a contradiction. Hence, the claim is proved. =

Using the Claim, now we prove (2.2). Let Noo = liminf N, (r). Since Ny, < 00, we
can find a sequence of ry — 0 such that N, (ry) < 2N for each k. Using Lemma 2.1,
we can deduce that Ny (rg) < CNy(rg) < 2CNoo. Pick a small & > 0 such that =
log,(2CNuo + €) ¢ {m;};, then fix an ry < ro with ry given in the claim with such p.
Now, applying the claim iteratively, we obtain that for all j > 0, N (277 rt) <2CNoo + €.
Finally, for all sufficiently small r, we can find some j such that r € (Z_j 21, 2—Ji—1 k).
Using the second inequality in Lemma 2.1, we obtain Ny, (r) < C ]—L-SZO Ny, Q7)) <
C(2CNu + €)* < CNZ, noting that & can be chosen arbitrarily close to zero.

2.2. Step 2

We now are in a position to perform a more precise version of the argument in Step 1,
this time using N in place of N. Step 1 is used to improve compactness for the less well-
behaved quantity N.

Lemma 2.3. Suppose liminf, .o Ny (r) < oc. Then for any ju ¢ {m;}, there exists some
ro = ro(d, w, 2, u) such that N, (r) < 42" implies N, (tr) < 4" for any r < ro and any
T e[l/16,1/4].

Proof. We prove this by contradiction. Suppose the contrary, that there exist sequences
ry — 0 and 7 € [1/16, 1/4] such that

(2.5) Nu(rg) <42% and Ny (terg) > 424

Recall from Step 1 that, for all large enough k,

(2.6) Ny (4rg) < 2 limsup Ny, (r) < 2C(liminf Ny, (r))* = 2CM*,
r—0 r—>0

where we denote M := liminf, ¢ Ny (r). Let
u(rgy)

ug(y) = ———-
(J[aBrk/At |u|2)1/2
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Then

ury =0 on By \ (2/rg).

Combining with (2.5) and A(uy)? > 0, we obtain 18, lug|? < 42+ fan [ug|? = 42+,
Hence, also noting (2.6), we reach

][ lug|> =1 and Aug =0 in (§2/r) N Ba,
0B1/4

@27 f Juel? < f Juel® < 2CM4][ lug> < 2CM* 4%,
By 9B, 3B,

From the Caccioppoli inequality and the Sobolev embedding, passing to a subsequence,
for all € € (0, 4),

Up = Uoo Weakly in L*(By4), H'(Bs—s). strongly in L*(Ba—s).
Passing to further subsequences, we can also obtain that 7z — 7o, €[1/16, 1/4] and
(2.8) U — Uoo  strongly in L*(0By,), L*(3By4), L*(3B1), L*(3By,4).
Hence,
Fom, Iuool? L fom, luil?
faBl/4 [Uoo|? koo f881/4 |ur|?

Here, in the last inequality we used (2.5). Next, we show

(2.10) ][ |uk|2 —>f |uoo|2 and ][ |uk|2 —>][ |uoo|2.
3By, 3Beoy 0B, /4 9B

Too/4

29) N, ()= = lim Ny(r) < 4**.
k—>o00

For the first limit, we estimate

e [ f P f P =] Gl e ) do
8B, 0B1og 0B

% Tk
= ‘ ][ / —ur(rx)|* drdoy ]l / |Vug(rx)| drdoy
BB] dr 331 Too

Too
From the mean value property for ui (which is subharmonic) and the inequality (2.7), we
have [lug||L=(B,,,) < Cy.. Hence,

< CllukllL=(s,.)

T
RHSof(Z.ll)fC’][ / \Vug (rx)| dr dox
331 Too

T
/ fa |Vuk|d0dr‘ §C||Vuk||L2(Bl/4) ViItk — teo| = 0.
Too B,

The last step used that Vuy is uniformly bounded in L?(B, /4). Combining with (2.8), we
have

P f el
9By, 0Bro
S G A T T B
9By, 3Bryy 3Bryy 3Broy

<C
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This proves the first convergence in (2.10). The proof for the second convergence is almost
identical. From (2.10) and (2.5),

2 2
faB [Uool . JfaBr vl )
(2.12)  Nug(too) = 52— = lim —%5—— = lim Ny (ery) > 4.
faBrooM |uoo| k—o00 faBrkM |uk| k—o00

As before, u, satisfies (2.4). From (2.9), (2.12), and the rigidity in Lemma 2.2, we must
have N, = 16™ for some m € {m;}. Hence, © = m, a contradiction. ]

2.3. Step 3: Conclusion of the proof of Theorem 1.3

We may as well assume that liminf Ny, (r) < +o0. Recall that N,,(r) > 1 for all r, and let
m := 27 log, (liminf, ¢ N, (r)). We have m € [0, 00).

Now, we find a sequence of positive numbers g — 0 such that m + e ¢ {m;}. For
each k, we further find a small enough ri with Ny, (ry) <m + e and ry < ro(d, m + &g,
2, u) (where ry is given in Lemma 2.3). Applying Lemma 2.3 iteratively, we have that
SUP, <y, /4 Nu(r) < 420m+e) "and so in particular lim sup,_, o N, (r) < 42"+¢)_Sending
k — oo,

limsup Ny, (r) < 4*™ = liminf N, (r).
r—0 r—0

This implies, passing to a subsequence, u, = u(r-)/(f, B, |u|?)/2 converges to a non-

trivial, homogeneous harmonic function on By N I", with the homogeneity m. This implies

that m must be one of the characteristic constants defined in (1.2).

3. Eigenvalues, eigenfunctions, and Green’s functions on cones

Before proving Theorem 1.6. we make some preparatory remarks concerning the Green’s
function on the limit cone. Let ' C R be a cone with vertex at the origin and let ¥ =
I' N 9B be its spherical cross-section.

3.1. Eigenvalues and eigenfunctions of spherical cross-sections

Let Ay <Ay <---Ax <--- be the Dirichlet eigenvalues (counting multiplicity) of the
spherical cross-section X and let {{}22 ; be a corresponding basis of eigenfunctions,
orthonormal in L2. We have the following properties.

Lemma 3.1. Foreachq > (d — 1) /4, there exists C = C(q,d,X) > 0, independent of k,
such that

IVkllLoo(z) < CAL.

Proof. Applying the local maximum principle to v = ||, which is a weak subsolution
of —Agn-1v < Agv, in charts (see, e.g., Theorem 8.17 in [7]),

IVkllzoz) < ClllAk¥rllLze + 1vkllL2]
noting 2q > (d — 1)/2. Then

—1 1
i lzze < AVl 1w lsd < ellvrllze + Cord,
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using that || Y ||z2 = 1. Choosing & small and reabsorbing the first term gives
IVkllLo(z) < CAY. "
Lemma 3.2. For some C = C(d), A > & k?/@=D,

Proof. Since ¥ C 9By, we have Ay > A (S971), where Ax(S¢~") is the kth eigenvalue
of Laplacian operator on a (d — 1)-dimensional unit sphere. We know that {4 (S A=ty
contains exactly one zero and (17 71) — (47773) & j4=2 copies of j(j + d — 2), for

d—1 d—1
j =1,2,... Hence, counting all eigenvalues up to the size j(j +d —2) ~ j2, we reach
1/(d—1 2
Ak = l((E) = _ 1) = L g2ra-n, .
- C\\C - C

As a direct corollary of Lemma 3.2,

3.1) Y uVH <o, Ve (0. 1).
=1

3.2. Green’s function on a cone and orthogonal expansions

From standard elliptic regularity theory, the Green’s function G(x, y) exists on an arbi-
trary Lipschitz cone I'. More precisely, for every x € I' N By, f, gi € L°°(I" N By), and
h e C2(3T N By), the unique continuous weak solution to

Au= f+0d;g; inl' N By,
u=nh on d(I" N By),
u—0 as [x| — oo

can be represented by

0 d
ue) = [ G0y = [ 700 ady+ [ h) GGy doy.
i y

See, for instance, Theorem 1.1 in [8] and [13]. See also [12] for discussions on unbounded
domains. The following properties are standard: symmetry G(x, y) = G(y, x); scaling
G(Ax,Ay) = A>7¢G(x, y); and a pointwise bound

3.2 Gx,y) =C —F—-

Furthermore, we have the following derivative bounds when I' is regular enough.

Lemma 3.3. Suppose that T satisfies Assumption 1.5. Then for x,y €', x # y, we have

33) NG =y + Ix =y [x =y P4,
G4 VG, )| = C8x) (x| + x =y ™) Iy + Ix = y[THlx — y[279,

where §(x) = dist(x, dT").
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The proof is standard, and it is based on scaling, the point-wise bound (3.2), and a
local Lipschitz estimate coming from the smoothness of 3. For completeness, we provide
a proof in Appendix A. Throughout the rest of the paper, we denote

G (x,
Ki(x,y)::% forx,y eI, x # y,
1
G (x,
k(x,y):z% forxeT,yedl \ {0}.
y

From Lemma 3.3, we know that K;(-, ¥), k(-, y) € L22(B|y|) are harmonic functions,
which have orthogonal expansions

oo oo

Ki(x.y) =Y bP()Ix|™ yj(x/|x]) and K(x.y) =Y b9 () |x™ vy (x/|x]).
j=1 j=1
where
b0 ) = Jomy, s Ki@ 929 (2/12]) dz

Jopoy e (2175 2/ 12D)? dz
faBzmmﬂF k(Z, y)|Z|mj W](Z/|Z|) dZ

p) —
v faBz\y|/3mr(|Z|mj vj(z/|z)? dz

Here, 2/3 could have been any fixed number smaller than 1. By scaling,

3.5 b () =D (y/ly) and b (y) = [y D (/).
Denote the partial sums as
N i —d—m: .
KM@y =300/ DIy ™ gy (/1)
J=N

KN Geoyy =Y bD /[y DIy =47 x|y (x/|x)).
J<N

(3.6)

We have the following estimates.

Lemma 3.4. Suppose that I satisfies Assumption 1.5 and that bi(j ) and b are defined
as above. Then for some C = C(d, X),

G B G/yD+ D/ IyD < CONTEE/M L =12
Furthermore, we have remainder estimates: for some C = C(d, X, N),

|x|mN+1

1Ki(x,y) — KN (x,y)| < C Vy el \ {0}, x €T N By,

(3 8) |y|m1\]+1+d—l’
' W _ e
lk(x,y) — k" (x,y)| < C v Vy edl' \ {0}, x €T N By.
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Here, (3.7) is not sharp in general, but as it is enough for later use, we do not pursue
more precise bounds.
Proof. We only prove for K; and bl.(j ) as the computation for k and b/) is almost identical.
For (3.7), by the scaling property (3.5) and ||y |2 = 1,

b v/ Iy = 3/2)7 14+ 1D 3y/2ly))|
= 3/ 1+ f Ki(w.3y/QlyD) ¥ (w) dw
T'NdB;

< (3/2)7 M C (172 1yl < CAT (3/2)™

Here we have also used the point-wise bound (3.3) and Lemma 3.1 with ¢ = d /4. Next,
we prove (3.8):

o0
N i —d—m: .
KiGe, ) = KMol = 30 00/ I ey e/ 1x)
j=N+1
| x|+ ° . -
< ST S 1B /YD1y D™ = g | oo
y j=N+1
|| TN+ - m; m;—m d/2
< C T DG/ (12T A8
Y J=N+1

In the last inequality, we used (3.7), |x| < |y|/2, and Lemma 3.1. Hence,

o0

Yo G/

J=N+1

o0
Z (3/4)mj—(d/2)10g4/3(lj)
j=N+1

> GV

J=N+1

|x|mN+1

. _ kWM™ M
|Ki(x,y) — K;"(x, )| =C [y | d—T

|x|mN+1

- |y|mN+1+d—l

| x|V +1

- |y|mN+1+d—1

|x|mN+1

<C o Y BV =c
=1

- myy1+d—1
[yl §

|x|mN+1

|y|m1v+1+d—1.

Here we have also used (1.2) and (3.1). The lemma is proved. [

4. Proof of Theorem 1.6

In this section, we prove Theorem 1.6. From Assumption 1.5, we first fix coordinates
x = (x’, xg) such that the tangent cone I' at the origin can be locally represented by
{x4 > ¥ (x")} for some 1-homogeneous function ¥. By (1.5), we know that for sufficiently
large C, locally,

4.1 €= {(x",xg) 1 xg > V() + C|x|'TY) c Q.
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The following De Giorgi-type estimate plays a key role in our proof.

Lemma 4.1. Assume Q2 together with its tangent cone at the origin I satisfy assumptions
of Theorem 1.6, and let € be defined as above. Let u € Hlf)c satisfy

4.2) 0i(a;joju) =0inQN By, and u=0 ondQ2N By,

with bounded and measurable coefficients a;; = a;; (x) satisfying, for some A, A > 0,
(4.3) aij€ik; = MEP, VEERI\{0}, and laj| < A.

Then there exists a constant oy € (0, 1), such that for all small enough r > 0,

sup  |u| < Cr®* sup |ul.
B,N(R\E) BN

Proof. Fix a point x € B, N (2 \ €). From the definition of € and (1.5), there exists a
constant C; > 0, such that for all sufficiently small 7, we have

dist(dQ2 N B,, € N B,) < Cyr't®
and
4.4) |Bs(x) N Q€| > co|Bs|, Vse(10C;rit¥ r/2).

Now, from u = 0 on 92, Bjoc,r1+e(x) N IQ # @, and the De Giorgi improvement of
oscillation lemma, we have that, for some g € (0, 1),

10C1r1+°‘)0¢0

sup |u| < Cr*® sup |ul.
) p |ul = p lu|

() = 0] = 05¢@nB,,¢. 12001 = C
Br/2(x) BZr

See for instance Theorem 8.27 in [7]. Note that in the proof of Theorem 8.27 in [7], the
exterior cone condition can be replaced by the exterior measure condition. Moreover, here
we only need the estimate up to the scale C 111 instead of zero, and at these scales, the
exterior measure condition is true due to (4.4). ]

Proposition 4.2. Let Q2 and T satisfy assumptions of Theorem 1.6, and in addition, for
some small R > 0, ' N B C Q2 N Br. Let my < my+1 be two distinct characteristic
constants of T'. Suppose that uw € H satisfies (4.2) with coefficients satisfying (4.3) and

loc
(4.5) laij (x) — 8| = O(Ix[#), asx—0

for some B > 0. Then, if u(x) = O(|x|*) for some u € [my,my+1), we have

u(x) = C|x|'"wN(%) +w(x) inT,
4.6)

with (f |w|p)l/p — O(rmin{u+a0 min{(x,ﬂ},mN_,_l})’
B,NI

where p > 2d/(d — 2) and ag € (0, 1) are constants depending only on (2,d, A, A).
Furthermore, when € (my,mp+1), we must have C = 0.
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Assuming Proposition 4.2, we prove Theorem 1.6.

Proof of Theorem 1.6. From Theorem 1.3, lim,_.¢ N, (r) € (0, o0] exists. Clearly, we only
need to consider the case of lim,_o N,, < co. We claim that there exists a characteristic
constant m y such that

“.7) lu(x)] = O(Ix|™¥) and [u(x)| # O(|x|™¥+1).

Indeed, if N, (r) < M, we have fB . u? > ¢M~* from Lemma 2.1, and so
-

2 2
B,

for some B > 0. This shows that |u| # O(|x|*) for some u < oo. We still need to show
u = O(|x|™"), which can be done by constructing a barrier function. By (1.5), we know
that for sufficiently large C, locally,

QC € i={(x"xg): xg > W) —Clx'|'T9).
Now for sufficiently small R > 0, let u; € Hléc be the solution to
Auy =0in €, N Bgr, u;=00nd€ NBr, u;=1o0nE€ NIBg,

where the boundary condtions are understood in the sense of non-tangential limit. Such
solution exists since €; N Bp is a Lipschitz domain. Now, €; is a “C La perturbation” of
the cone I', which verifies the assumptions in Theorem 1.1 of [5]. Hence, for some non-
trivial homogeneous harmonic function Py, of degree m;, we have (0 <)u; = Py, (x) +
o(]x|™1), noting that m is the characteristic constant associated with the leading eigen-
value of the tangent cone I". Now, since 2 N Bg C €; N Bg by choosing R small enough,
by comparison, we have |u| < u; = O(]x|™!). Combining these, we have proved (4.7).
Now we prove (4.6). Take a C 1** change of variables

(X', %2) = (', xq) = (x', xg — C|x'|'F%),

where C is the number given in (4.1). It is easy to see that Q 1= ®(Q) is still a-conical
with the tangent cone [ := ®(€), which satisfies Assumption 1.5. More importantly, now
the tangent cone [is locally contained in Q.
In the new coordinates,
Hi=uod!
satisfies (4.2) locally on Q, with coefficients verifying all the conditions in Proposition 4.2.
Moreover, we still have # = O(|X|™") since & is locally a diffeomorphism. Applying
Proposition 4.2 with u = my to u on €2, we obtain a homogeneous harmonic function
P(X) = Cy|X|™¥ ¢y (%/|%]) on T, such that

1/p .
(4.8) ( ff | i@ = PP dx) < Cpmintmy +aoamy 1},
NB,

We first show the leading term P # 0, i.e., C; # 0. Suppose the contrary, that is, C; = 0.
Again from the fact that @ is locally a diffeomorphism, by Lemma 4.1, we have

”a”Loo(Brn(’a\f)) < CllullLeoBe,n@ve) < C F %o ;up lu| < C MmN Tao
2Cr
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Combining this, (4.8), and a local maximum principle, we reach |u(x)| = O(|x|*1),
where (1 := min{my + apa,my1}. If 41 = my+1, this is a contradiction. Otherwise,
repeating the above procedure, but now applying Proposition 4.2 with = p; instead
of my, we can further improve the vanishing order of u, and in finitely many steps reach
|u| = O(|x|™~+1), which is again a contradiction. Hence, C; # 0.

Set

w(x) = u(x) — P(x),

where u and P are extended by zero outside €2 and I, respectively. We are left to show

”w ”LOQ(B,) < Crmin{mN-‘raoa,mNH}.

Note that both u and P satisfy assumptions of Lemma 4.1 (for P, we take 2 = I"). Hence,

sup |w| < sup (Ju| + | P|) < CrmVFaxo,
B\C B\E

Here, we alsoused u = 0on B, \ Q and P = 0on B, \ I'". To bound w on B, N €, we
transform (4.8) back to x-coordinates and apply the triangle inequality. This gives

(][m u(x) — P(x)[? dx)l/p

< () — P od()Pdx)" + P(x)— P o ®()|? dx
€NB, €NB,

1/p

1/p _
= C(][~ [uod ! — PII’) + sup (|Jx — ®(x)||VP|) < C pmintmy +aoamy i1}
I'NBc, B.nE

Here, we also used |x — ®(x)| < C|x|'*® and [VP| = O(|x|™~~1). Now, note that
Aw=Au—-P)=0in Bi1NE, |w|=]|u—P|<Clx|"™ % on B, NIE.

We apply a local maximum principle to (w — Cr™N %), on B,, N '€, which is subhar-
monic in By, N € and vanishes on B, N € by choosing C large enough, to obtain

[(w — CrmvFee0) 1 oopney < Cré/2|[(w — Crmvtee) 5 p ey < Crmyteco,

Similarly, we can bound |(—w — Cr™¥N*+®%0) |, g ey, and hence, as desired,
[wllzeo(s,ney < Crmn+aeo, u

The rest of Section 4 will be devoted to the proof of Proposition 4.2.

4.1. A representation by Green’s function

Let n € C2°(BR) be a usual cut-off function with n = 1 on Bg/». Let

vim = [ Kie) fi0)dy + [ kGep)h()doy =141
T or
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where f; = n(8;; — aij) dx;u, h = un, and K; and k are the kernels defined in Section 3.2.
Now, u — v satisfies
A(u—v) =0 in I' N Br/s,
{u—v:O on dI' N Bgy».

Hence, we have the full series expansion

i N
u—v=> Cilx|™ y;(x/Ix) =Y Cjlx|™ y;(x/]x]) + O(|x|"¥+).

j=1 j=1

Next, we expand v. First, from Lemma 4.1, we have

4.9) sup |h| = O(r*ta),
B,.NaT
By (4.5),
(4.10) | /il = n18ij — aij|18x,ul < Clx|P [Vul.

4.2. Estimating the term I
Recall the definition for Ki(N) in (3.6). We split

d ) d (N)
IZZ[FK,' (x»y)fi(y)dy—;/rB K7 (x,y) fi(y)dy

i=1 = NBjx|

d
w2
i=1 /TNB3

d
(Ki — K™M)x, 9) fi () dy + Z/F Ki(x,y) fi(y) dy
i=1

NBjx|
=L - +13+ 14

In the following,we prove that I is a finite combination of homogeneous harmonic func-
tions with degree up to my, and the rest three terms I,, I3 and 14 are of higher order.

Convergence and expansion of 1.
Foreach j =1,...,Nandi =1,...,d, from (3.7) and (4.10),

b /1y DI | £()] < C |y~ | Vu(y)),

where C is a constant that could depend on m;, A;.
Hence,

»/l;ﬂBR

b (Z20)| A £y

4
o0

scyetrit e f ul
=0 Fm(BzflR\Bzfl—lR)

(] /2
4.11) <CY @ IRlmith ][ |Vu|21 .
b3 (1 )

N(B,—i g\ By—i-1g)
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By the Caccioppoli inequality, u = O(|x|*), and m; < u, we can further compute
o0
RHS of (4.11) < C Y 7' R Q7' R)™ ull oo rnB, 141 )
=0
oo
<C 2(2—1 R)—mj-l-ﬂ (2—l+lR)/1«
- o0
(4.12) < CRUTmHE N "7t g llumy)
=0
oo
(4.13) < CRM BN "o lE < C RITIHA
=0
This proves that the integrands in I are in L'. Hence,
d N Ny X
L=y>% / b () 1 ey () fi () dy
oo |1 |x|
—Z|x|'"f vi ( Z/ b () 14 fiy) dy)
< ] )
is a combination of homogeneous harmonic functions of degree up to m .
Smallness of 1,.
From Lemma 3.1 and (4.11)—(4.13) with R replaced by 2|x|, we have
L <C Z ] [ 1D 1 f
Z\x\
=Xe Z e[ A% @Ixr A < C x|t
j=1
Smallness of 13.
By (3.8) and (4.10),
a] =l [ [y Du(y) | dy
rn{2|x|<|y|<R}
logy (R/|x|)
< Clx|mvet Y @t x|y ][ [Vu(y)| dy
— FO(BZH'IIM\BZI\xl)
logy (R/|x|)

@14 <Clxma Y (21|x|)1—m1v+1+/3(f

=1 Fn(leJrl‘x‘\lebc‘)

1/2
Vu(y)[dy)
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Again by the Caccioppoli inequality and u = O(|x|*), we obtain

logz (R/x0)
RHS of (4.14) < Clx™+1 3~ @)= % 148 @1 )™ flull oo 0By 1,\ Byt )
=1
log, (R/x[) log, (R/|x[)
< C|x|mN+1 Z (21|x|)—mN+1+ﬂ(2l|x|)M < C|X|M+ﬂ Z ZI(M—mN+1+ﬁ)
I=1 I=1
< C|x|“+ﬁ (210g2(R/IX\)(M—mN+1+ﬂ) + 1) — CRM—mN+1+l3|x|rnN+1 + C|x|“+ﬁ.

Smallness of 14.
Note that the kernel K; (x, y) has two singular points for y € By||:at y = x and y = 0.
This motivates us to split

Iy =

Ki(x.y) fi(y)dy + / Ki(x.9) /i () dy

‘/I:m(BZLx(x)\Bx/lO(x)) CNBxj/10(x)

=: 141 + Iuz.

For I41, noting (3.3), (4.10), and |x| ~ |y| ~ |x — y| forall y € By|x|(x) \ Bjx|/10(X),

Ta1| < c/ (Ix =y + 1y Ix =y |y |Vu(y)l dy
TN(Bajx (X)\Byx|/10(x))

1/2
< Claies | Vul?)

Vu()ldy = €l x4 f
Box|(x)

By« (x)
—d d —
< Clx"" P x| x| 7! ull oo By ) < Clx [P

Here, in the last line, we also used the Caccioppoli inequality and u = O(|x|*).
For 142, by (3.3), (4.10), and |y| & |x| > 10|x — y|,

1
[1a2] EC/ ﬁ|y|ﬂ|Vu(y)|dy
FﬂB|X|/10(X) |x - yl

1
scllf [ Va0l .
TNByy |X—y|

Hence, for |x| <r,
1
|I42|§Crﬂ‘/ ﬁwu()’ﬂdﬂ
TNByy X — |

1
—cr| [ o VU dy|
TNBs, (x)NB2,(0) [X — Yl
< CrP |((127F gy) % (IVul 1y, 0) (1)
By Young’s inequality for convolution, a reverse Holder inequality for Vu (cf. [6]), the
Caccioppoli inequality, and u = O(|x|*), we obtain that for some g < d/(d — 1) to be
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fixed later, a small ¢ > 0 coming from the reverse Holder inequality, and p satisfying
1+1/p=1/g+1/2+¢),

azllzez,ary < Crliitp,, 1217+ iLe [1Vul 1, arll 2+

<Cb r—d+1+d/qrd/(2+e)(][ |Vu|2>1/2

B4rNQ
“ullLernpg) < Cr

1/p
(][ |I42|P) < Crite,
I'nB,

Finally, we can make p > 2d /(d — 2) by choosing ¢ to be sufficiently close to d/(d — 1).

< Crﬂ r7d+1+d/q rd/(2+s)r —d+d/q+d/(2+¢) rpHrﬂ‘

That is,

4.3. Estimating the term II

Similar to the treatment of I, we split

1= [ KM (x, ) h(y) doy — / KM (x, y) h(y) doy
ar 31—‘032‘)(‘

b ) k@ ho)de, + [ k) he) doy
BFﬂBz‘ﬂc 31—‘032‘)5‘
=: II] — IIZ + II3 + II4,

and further,

1, = k(e ) h(y) doy + / k(x.») h(y) doy

/arm(32|x|(x)\Bx/10(x)) LN B x/10(x)
= H41 + H42.

The estimates for II;, II,, II3, and II4; are very similar to those of the corresponding
terms in I. Actually, the estimates here are simpler since a point-wise bound (4.9) for 4 is
available, instead of merely an L? bound for Du from Caccioppoli’s inequality. For I1;,
formally,

N7y —d—m; X
= [ -z PO () 17 Lty v (77) ) doy

= S (i) [0 ) oy,

= |1

which is a combination of homogeneous solutions on I" with homogeneity at most m .
Such formal computation is rigorous since all integrands are in !, which we check below.
By (3.7) and (4.9),

/ B [y~ |h| doy < C [ [y [1md=m |y ptaeo 4o,
ar drNBR

R
< C/ rl—d—mj ru+aoz0 }"d_2 dr = CR[.L—mj+(lOt().
0
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As explained when estimating I, similar computation yields |II,| < C|x|#t@®o,
For 113, we use (3.8) and (4.9) to obtain

13| < Clxfmve f y[1mdm |y e g

arNBg,

R

< Clx|mN+ / phmN1tado=l gy < O x|HHe0 L O | x|+
2|x|

For 1141, from (3.3), (4.9), and the fact that |x| ~ |y| ~ [x — y| for any y € Byy|(x) \

Blx|/10(x)), we obtain

Iy < C / Iy~ + Jx = 1) Jx — y 24 y[a+eeo dg,
0N (B2)x| (X)\Bx|/10(x))
< C|x|u+aa0.

Finally, we estimate Il4,, which is different from estimating I4,. Here, using (3.4)
instead of (3.3), and noting (4.9) and the fact that |y| ~ |x| > 10[x — y| for y € B|x|/10(x),
we obtain

8(x)
sl <€ [ 0y e g,
BFOB‘X‘/w(x) |.X - y|
S(x
~ C|x|“’+°‘°‘°/ (—)d do-y_
BFQBM/IO(X) |-)C - y|

Let x* € T be the point with |x — x*| = 6(x). Since y € dT", by definition and the triangle
inequality,

|x —y] = 8(x) (= dist(x,0I)) and |x* —y| <|x—y|+8(x) <2|x —y]|.

Hence,
8(x)
|II42| < C|X|M+aa0/ do
AT B o) 89 + [x* —y[?
< Clx|pam [ _ B0yt / L4y < Clxptam
- rd-1 8(x)4 +[y’|4 ra-1 1+]y’|4 -

4.4. Concluding the proof of Proposition 4.2

With all above, we have constructed

N
P =3 Gilal™ gy (/)

J=1

such that :
(][ u— PP /P ¢ pmintutaominterB)my 1)
I'NB, B
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When p € (mp, my+1), clearly we must have P = 0 in order to match the vanishing
order. When u = my, i.e., u(x) = O(|x|™"), similarly P cannot have any term with
homogeneity lower than m . Hence, P is homogeneous of degree m . Choosing ¥n
from the eigenspace properly, we have P(X) = C|X|™~¥ vy (X/|X|). This finishes the
proof of Proposition 4.2.

S. Uniqueness and non-uniqueness of blow-ups

As mentioned in the introduction, Theorem 1.3 implies the existence of Almgren blow-
ups (along subsequences) for any non-trivial harmonic functions vanishing locally on the
boundary near a conical point. When d = 2, such limit is also unique.

Proposition 5.1. Let @ C R? and let 0 € 9Q be a conical point with a tangent cone T.
Suppose that u is a non-trivial harmonic function vanishing locally on 02 near 0, with
u = O(|x|") for some N > 0. Then there exists a homogeneous harmonic function P
on I, vanishing on 0T, such that for the function u, defined in (1.4), we have u, — P
weakly in H'(By) and strongly in C%%0(By), where ag is a constant depending only T.

As before, in the statement we do not distinguish # and P with their zero extensions.

We give a sketch of the proof. First, as explained in the introduction, all subsequence
limits of u, have to be L2-normalized on 9B, lying in an eigenspace of Ay determined
by lim,_¢ N, (7). Now from the fact that the eigenvalue A is simple, there exists an
L?-normalized eigenfunction v, such that all possible Almgren blow-ups along subse-
quences have to be either +v 5 or —y . Noting that the full blow-up sequence u, varies
continuously with respect to r in L2(8B 1), the limit has to be unique.

When the dimension is three or more, higher eigenvalues need not to be simple, so the
argument fails. This suggests that the Almgren blow-up sequences might “rotate” within
these eigenspaces, leading to non-unique limits. In this section, we confirm that this actu-
ally can happen by constructing the example promised in Theorem 1.9.

5.1. Setup

We construct 2 by intersecting cones. For k = 1,2, ..., let ag, Bx € (0, w/2) be numbers
satisfying

5.1 fr<ay<--<PBr<op<---—m/2

The values of a, B¢ are not important. For instance, here we can fix o = /2 — 2~ (2k+2)
and By = /2 — 27 @k+D et

Ty = {(x’y’z) e \/<talf,3k)2 * (tanyak)2 }

be an elliptic cone with opening angles 2o and 28 . For a sequence of numbers with
{0kt pey C (0,1), 8k | 0, to be chosen later, we set

o0
Q= () (OkTx — ),
k=1
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where
1 0 0 0O 1 0
Or=I=|0 1 0] ifkodd, and O, =0=| -1 0 0| ifkeven.
0 0 1 0 0 1

Here and throughout this section, we use the abbreviation
[y — 6 = T = 8,(0,0,1) = I'y —dge;

for cones shifted along the z axis. Clearly, this €2 is convex with 0 € 92, and is symmetric
with respect to reflections about the x and y axes.

z I, 0,1,
I3
B3 X
—
Ol% _83
=5,
B1
Z5,

Let Ay, and A, i be the first Dirichlet eigenvalues of the bisected cross-sections
I'x N0B; N {x > 0} and Iy N dB; N {y > 0}, respectively. Due to the eccentricity of
the elliptical region I'y N 0B, we have A, x < A, k. In the next section, we sketch a proof
of this fact via an elementary perturbation argument from a spherical cap. A more detailed
exposition (in the case of ellipses in the plane, but the approach is the same) can be found
in [11].

5.2. The spectrum of perturbations of spherical caps

Let Eg C S9! ¢ R be a spherical cap of the form Eq = {x : |x| = 1, xg > s} for
a fixed s € (—1, 1). We parametrize S~1\ {(0,...,0,1)} by (¢, 0) €[0, 7) x §972 =
Tao,.., O)Sd_l via the exponential map, and write g for the round metric. Let ¢;: S4-1 %
[0, T) — S9! be a family of diffeomorphisms smooth in both parameters and with
$o(x) = x. Set E; = ¢¢(Eo).

Now consider the Dirichlet eigenvalues {Ax (E;)}7=, of these domains, i.e., the non-
decreasing sequences of numbers for which

—Aga1vg = A (Ef)vg  on Ey,
vy =0 on 0E;.

Att =0, A (Eo) have a straightforward structure which may be verified by separation of
variables: A1 (Ey) is simple, then A2(Eg) = --- = A5(E9) < A4+1(Ep) with an orthonor-
mal (in L?(Ey)) basis of (d — 1) eigenfunctions {v; }¢~!

i=1"
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The eigenvalues {Ax (E,)}g=2 of E; form, for ¢ small, a union of C! curves of the
following form: let

mi; = _/ g(Vv;, Vu;)g(V,v)dA,
dE,

where A is the surface measure on dEy and v; are the basis of second eigenfunctions,
V = 0;¢¢|:=0 (this is a vector field), and v is the outward unit normal vector to Eg. This
is an (d — 1)-dimensional symmetric matrix, with eigenvalues p; <--- < pg—1. Then

Ak(E) = A2(Eo) + t i + O(£%).

This formula can be found in [19] in the case of subsets R4 , but remains valid over any
Riemannian manifold by the same argument after a direct computation of the variation
of the Dirichlet and volume integrals ([10] carries out such computations). As a conse-
quence, if the numbers piy are all distinct, then there is a zo > 0 such that for 7 € (0, #9) the
eigenvalues A, (E;), ..., A, (E;) are simple.

When d = 3, the eigenfunctions v; and v,, by separation of variables, are easily seen
to be of the form vy (¥, 8) = q(¥) cos(6) and v, (¥, ) = g(y¥) sin(6) (after a rotation),
for a smooth function g which is positive on [0, arccos s) and vanishes at {» = arccos s.
This gives the explicit formula

cos?f  cosfsinf
m = _(q’)2/ ( Gin 0 )g(V, v)dA.

cos 0 sin 6

Then p; = o, if and only if this matrix is a multiple of the identity, or equivalently if
/ sin(20)g(V,v)dA =0 and / cos(20)g(V,v)dA = 0.
BEO aEO

If ¢s(9,0,t) = (p(1 + h(0,1)),0) where h(8,0) = 0, h is even and 7 -periodic in 6, and
has d,A(:, 0) strictly decreasing on [0, /2], then the second integral is positive and E;
has A,(E;) < A3(E}) for t € (0, tp). Moreover, the domains E; are symmetric across the
planes 8 = 0 and 8 = 7/2, so odd reflections of the first eigenfunctions of the bisected
domains E, N {6 € (0, )}, E; N {0 € (—m/2, w/2)} give eigenfunctions on E;. As all
the eigenvalues are continuous in ¢, these must be the second and third eigenfunctions: in
particular, A1 (E; N {0 €(0,m)}) # A1 (E; N{B €(—n/2,7/2)}). A more careful exami-
nation of the matrix m shows that in fact A1 (E, N {0 € (0, )}) is the larger of the two.

It is then easy to see that, given Ey a hemisphere, one may construct a ¢; of this form
for which each E; is the cross-section of an elliptic cone with opening angles @ = /2 — ¢
and B = 7 /2 — 2t (along the 6 = 0 and 6 = 7/2 axes, respectively). We conclude that
Axk < Ay i for the cones I'y above so long as B — oy is small enough.

5.3. Back to the example

The discussion in Section 5.2 shows that the second eigenvalue of the hemisphere dB; N
{(x,y,z):z > 0}, which equals 6 with a multiplicity of 2, splits into simple second
and third eigenvalues on every I'y N 0B,. Furthermore, from A, x < A, x, we have the
same order for their characteristic constants (see (1.2)), i.e., my x < m, x. Recall that by
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separation of variables, my x and m,  are equal to the homogeneities of the corresponding
extended harmonic functions on I'y.
Now find harmonic functions #; and u» solving the Dirichlet problems

Au1=0, QﬂBlﬂ{x>O}, AMZZO, QﬂBlﬁ{y>0},
ur =0, @QU{x=0)NB;, and { ur =0 (BQU{y=0})nN By,
u;y = 1, BBl n (Q n {X > O}), Uy = 1, aBl N (Q N {y > 0})

These are in W12(B; N Q) for t < 1. Take odd extensions of u; and u» with respect to
x = 0 and y = 0, respectively, and then extend both by zero outside 2. Still denote the
resulting functions by u; and u,. It is not difficult to see that

Ny, (), Nuy (r) | 422 =256, asr |0,

and

Aﬁ(‘,\/z‘xz L".)_)L‘, gyz asr\LO
(J[BB, |u1|2)1/2 T ’ (faBr |u2|2)1/2 V T s s

which are L2-normalized eigenfunctions associated with the second eigenvalue A, = 6 on
the hemisphere dB1 N {(x, y,z) : z > 0}. In the following, we show that the desired “rota-
tion” occurs for u = u; + u, by choosing 8 properly. We consider auxiliary domains Q2
and § and auxiliary functions ugk) and ugk). Here,

Q= [(O;Tj = 8;) N (Ok41Tk41) and Q= (015 = 8.
i<k i<k

It is not difficult to see that

(5.2) QCQC - CUCCQC--CC--CQC Q.
The functions ugk) and u;k) are solutions to
Au® =0, QN B N{x >0}, Au =0, QNB N{y >0},
63 {uP =0, @u_Uux=0pnB;, uP =0, O U =0)NB.
u® =1, 9B N(Qr_1N{x > 0}, u® =1, B NQN{y > 0}).

if k is odd, or

A =0, QN BiN{x >0}, A =0, Qe N BNy > 0},
G4 Tu =0 @ ux=0)nB;, {uP =0 O Uy =0HNB.

ugk) =1, 3B N(QN{x > 0}), ugk) =1, 9B N(Q-1N{y > 0}),
if k is even.

Like for u{ and u5, in the following we first take odd extensions of u(lk) and u ;k) with
respect to x = 0 and y = 0, respectively, and then extend both by zero outside. Still denote

the resulting functions by ugk) and ugk) .
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Below, we attempt to choose a sequence of §; decreasing to zero, such that, due to the
alternation of my x and m,, g,

(k) (k)
J[aBé'k | |2 . . faBb’k | 1 . .
(5.5 —Fr — >k ifkisodd,and —*—— < — ifkiseven.
Famy, 10512 Fomy, WO K
Sk 51

In Section 5.5, we show that (5.5) together with a comparison, which comes from (5.2),
imply that the desired “rotation” occurs.

5.4. Choosing dy

Starting point k = 1.

Recall that ugl) and ugl) solve (5.3) with Qg = I'7 and Ql = I'; — ;. Denote ¥ 1
to be the (odd extension with respect to x = 0 of) L2-normalized leading Dirichlet eigen-
function on dB; N I'; N {x > 0}. From the orthogonality properties of the spherical har-
monics, it is easy to see that

1/2
(5.6) (f uf"P? ) > r’"x’l(f Y e e
dB, NI dB1NI'

For ug ), by Almgren’s monotonicity formula on the convex domain (actually, cone) Q1.

centered at —§, e, € 9, and the fact that the lowest non-orthogonal mode of u ;1) is Ay,1,
we have

J[ |u (1)|2
3By (—81ez)

(5.7) =N o (r) = N 1 (0) =41, Vre(0,1-46).
2 2

f ud |2
By /4(—81e2)

Here and also later in this section, we abuse the notation N u(D (r), which includes a shift

of the center. Iterating (5.7), we obtain, for all r < 3/4 and 81 < 1/4 (away from 1 is
enough),

(f |u(1)| ) < Crmy,1(][ |u(1)| ) < Crme,
0B, (—81ez) 0B3/4(—d1e2)

By the subharmonicity of |u2 )|2 and the mean value property, for r € (§;/2,3/16) and

81 < 1/4
1/2 1/2 1/2
(f wr)" <c(f wr)” <c(f 1)
0B, By, Byr(=6b1ez)

1/2
(5.8) < C(f |u§1’|2) / < Cr™,
0By (—01ez)

Here, C is a constant independent of r and &;.
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Combining (5.6)—(5.8) with r = 1,

12
JfBBgl | —1 o2(mx,1—my 1)
P > . V8 < 1/4.
3351 U

Finally, noting that m, ; < m, i, we are able to choose §; small enough, such that

—15f(mx,l_my,l) -

Given {8, }j<k—1, choose J.

By switching the roles of x and y, without loss of generality, we can always assume
that k is an even number.

Recall that u(k) solve (5.4). The estimate of u(lk) is similar to that of ugl), not-
ing that Q « 1s still convex. By Almgren’s monotonicity formula centered at —4 e, € 9 k>

and u(k)

ot s 18P
0By (—bez)

| (k)|2
)

=N w() =N @) =4"% Vr<l-6§.
faBr/4( Sre:z ' 1

Here, in the last step, we used the fact that the lowest non-orthogonal mode of ugk) isAyk,
noting that the cone O 'y was rotated by 90 degree in (x, ¥). Hence, following the proof
of (5.8), we obtain, whenever §; < 61 < 1/4,

(5.9) (][33 Ju “‘)I) < Cr™k, Vr e (8;/2.3/16).

Compared to u(ll), the estimate of ugk)

exactly a cone. Define

requires some extra work, since now $2x_; is not

Ry :=sup{r: B, N0Qr_1 C 3(OxT})}.

From the monotonicity of the cones coming from (5.1), we have Ry > 0. Clearly, Ry
depends on {§;} up to j < k — 1. As in the proof of (5.6), denote V¥,  to be the (odd
extension of) L2-normalized leading Dirichlet eigenfunction on B, N 'y N {x > 0}. Note

that Oy is a 90 degree rotation in (x, y) and the symmetry, the projection of u ;k) onto Yy k,

is non-trivial, from which

o\ 1/2 £ o\ 1/2
(f wfr)"=(f W)
B dB,NO, Ty

r My k (k) 1/2 r \Mxk
(5.10) = (=) ( vei)  2C(%) " vr <Ry,
Rk 8Ber10kI‘k Rl

where C is a constant depending on {8; }; <x—1. Here we used the fact that
0B, N0Q;_; C 00;T;, Vr < Ry,

coming from our definition of R;.
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Combining (5.9)—(5.10) and the fact that my ;41 < my 41, we can choose §; small
enough such that § < Ry and

15 |”(k) 1
5k —2my o o2(my =My k)
< kg ¥, *)
fo |“(2k)|2 - ¢ g k
Sk

With all above, we have finished our choice of {8 }72 -

5.5. Conclusion of the proof of Theorem 1.9

Since Q5 C 2 C §2k+1, by the comparison principle, we have that [u;| > |u(12k+1)| and

lus| < |u£2k+l)|. Hence,

£ P s B (2k+1)|2
Ui

lim sup 9B, 5 = i Pakt1 aETD > lim kK = o0

r—00 fBB |u2| k—)oo faBg - |u |2 k—o00

Similarly,
(2k) 2
fom, 11 1|2 . f?’Bsk'u | 1
liminf ——— im ——0 < lim =0.
r—>00 faB |u2| k—>oo fBBg ug )|2 k—oo k
2%

Then in strong L2(B1) topology, u = u; + u, satisfies

1] . I} . 2
lim u(d2k41°) — lim u1(Sok+1°) _ 4\/ixz
T

k=00 (f3382k+1 |M|2)1/2 ko0 (faBb’zkH |u1|2)1/2

and
im0 o weGw) o, 2
N 2y1/2 ~ o 2\1/2 ’
k=00 (]faggzk |u|?) k—o0 (faBﬁzk [uz?) b4
which are second eigenfunctions on a hemisphere, symmetric with respect to x and y

axis, respectively. Hence, u has non-unique blow-up limits near the origin. This finishes
the proof of Theorem 1.9.

A. Proof of gradient estimates in Lemma 3.3

The proof of (3.3) is standard. Take R := 3 m1n{|y| |x — y|}. Now, since 0 ¢ Bgr(y) and
x ¢ Br(y), we apply a local LlpSChltZ estlmate for harmonic functions in Bg(y) N T and
the point-wise bound (3.2) to obtain

IVyG(x,»)| <CR™"  sup |G(x,2)] < CR 'x—y|*™,
z€BRr(y)NT

which proves (3.3). Here, Assumption 1.5 implies the same smoothness of dI" N B,
and hence a local Lipschitz estimate for harmonic functions with zero Dirichlet boundary
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conditions. When g in Assumption 1.5 is C"P"i such estimate is standard. When it is

semiconvex, a local Lipschitz estimate can be obtained by constructing a simple barrier
coming with the exterior ball.

The proof of (3.4) requires more work. First, by (3.3) and the fact that G(x,y) =0
for y € dI', we immediate obtain

G(x,y) < C8() (yI™ + [x — y™H |x — y[*77.
By symmetry, we also have
(A.1) G(x,y) < C8x) (Ix[7" + |x =y [x — y >4,

Now, repeating the argument in the proof of (3.3) but using the new point-wise bound (A.1)
instead of (3.2), we reach (3.4). The lemma is proved.

B. Doubling indices and Almgren’s frequencies on cones

In this section, we prove Lemma 2.2. Define the (generalized) Almgren frequency func-

tions ) 5 5
F(r) = M Jp, IVul*(* —|x| ).
. faB, |u|? fB, |u]?

By standard computations, we have

(U, W0 7))
P~ (U, ) o) o)

See for instance [2]. Note that here all contributions from 9I" vanish since T is a cone.
Moreover, by standard elliptic regularity theory, we have Du|yq € L2, which is understood
in the sense of non-tangential limit. This guarantees that all the integration by parts in the
process are justified. Now we give the proof of Lemma 2.2.

and F(r):=

(B.1) F'(r) =

and

Proof of Lemma 2.2. Noting

D) _r d d—1 _ Be 4 -
= = - — h— —— d F=— =7 —1logh — d,
hey " 2dr et T2 W Ry dr 't
we have
2
Nu(4) = M a1 h@) 441 iy & 0gh(a®) ds

faB4,_1 |u|? - h(4t=1) =
— 4d-1 euog(4)/,’,1(r log())|;=as ds _ 1gd—1 16/},1 F(4%)ds
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and

2 7t -
N, (2') = fag I Y ICORS VY LT
o, lul h(2=1)
— pd ,log(2) Ji1 @ log(B))] a5 ds _ 4d o Iy f(zs)ds‘

From these, in the following we only prove the monotonicity and rigidity of F and F,
since those for N and N naturally follow. Moreover, we only prove for F as the proof
for F is almost identical. First, from (B.1) and Holder’s inequality, clearly F’ > 0. Now,
if F(t) = F(s) for some ¢ > s, by the condition for achieving “=" in Holder’s inequality,
odu/or = C,u for all r € (s,1). Expanding as spherical harmonics, clearly this can only
be true when u is homogeneous in r. Once u is homogeneous in r, we immediately have
F = constant and u is a homogeneous harmonic function. ]
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