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Abstract. We consider the maximal operator with respect to uncentered cubes on Euclidean space
with arbitrary dimension. We prove that for any function with bounded variation, the variation of its
maximal function is bounded by the variation of the function times a dimensional constant. We also
prove the corresponding result for maximal operators with respect to collections of more general
sets than cubes. The sets are required to satisfy a certain inner cone star condition and in addition
the collection must enjoy a tiling property which for example the collection of all cubes does enjoy
and the collection of all Euclidean balls does not.
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1. Introduction

For a locally integrable real-valued function f € Ll (R?), withd € N, we consider the

loc
uncentered maximal function over cubes, defined by

1
Mf) = swp g | fma,

where the supremum is taken over all open axes-parallel cubes Q which contain x € R?.
We discuss maximal operators with respect to more general sets in Section 2. Usually, the
maximal operator integrates over | f| instead of f because the maximal function is clas-
sically used for L? estimates such as the Hardy-Littlewood maximal function theorem
which states that for every p > 1 and f € L?(R%) we have

IMfllLoway < Capll fllLerma)- (1.1)

In this article we discuss the regularity of maximal functions for which also sign-changing
functions matter. The first regularity result is due to Kinnunen [19] who proved that for
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p>land f € WHP(R¥) the bound

VM Sl r@way < Ca,pllV fllLrwa) (1.2)

holds, from which it follows that the maximal operator is bounded on W12 (R%). Origi-
nally, (1.1) and (1.2) were proved only for the Hardy—Littlewood maximal operator which
averages over all balls centered at x, but both arguments work for a variety of maximal
operators, including the operator M defined above. The proof strategy for (1.2) relies on
(1.1) and thus also fails for p = 1. The question of whether (1.2) nevertheless holds with
p = 1 for any maximal operator has become a well known problem and has been subject
to considerable research. However, it has so far remained mostly unanswered, except in
one dimension. Our main result is the following:

Theorem 1.1. Let f € L1 (R?) with var f < oo. Then M f € LY@"D(R4Y and

loc loc

varM f < Cy var f, (1.3)
where the constant Cy depends only on the dimension d.

Theorem 1.1 answers a question in the paper [16] of Hajtasz and Onninen from 2004
for the uncentered maximal operator over cubes. This question was originally raised for
the classical centered and uncentered Hardy-Littlewood maximal operators given by

_ 1

/() = swp oo [ fa.

B>sx cfti(B ) B

where the supremum is taken over all balls B > x, but remains valid for a wide range of
maximal operators. We prove the variation bound corresponding to (1.3) also for maximal
operators which average over more general sets than cubes (Theorem 2.6 and Corol-
lary 2.11). The requirements on the collection of sets over which the maximal operator

averages are twofold: we require the collection to have a certain tiling property (Defi-
nition 2.3), and each individual set in the collection has to satisfy a certain inner cone
star condition (Definition 2.2). The collection of all cubes is the simplest example having
these two properties. While a ball satisfies the inner cone star condition, the collection
of all balls does not have the required tiling property and therefore one part of our argu-
ment does not apply to the classical uncentered Hardy—Littlewood maximal operator M
(Remark 2.14).

There is a subtle difference between (1.2) for p = 1 and Theorem 1.1: Theorem 1.1 is
more generous in the condition on f as any f € W1(R?) satisfies var f = ||V f||; < oc.
However, its conclusion is slightly weaker because varM f* < co only means that M f* has
a finite Radon measure as its weak gradient, not necessarily a function in L! (Rd), even
if we assume f € W1 (R?). And indeed, some maximal functions covered by our more
general Theorem 2.6, such as the dyadic maximal operator which only averages over
dyadic cubes, satisfy (1.3) but do not possess a weak gradient in L' (R¢) no matter how
smooth f is. Lahti [24] showed that if the variation bound (1.3) holds for the Hardy—
Littlewood maximal operator M, then for any f € W11(R?) we have VM f € L(R?).
For the cube maximal operator M defined above this question remains open.
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For a function f : R — R, the variation bound for the uncentered maximal func-
tion was already proved by Tanaka [28] and by Aldaz and Pérez Lazaro [3]. Note that in
one dimension, balls and cubes are the same. For the centered Hardy-Littlewood max-
imal function the bound was proved by Kurka [23]. The latter proof turned out to be
much more complicated. Aldaz and Pérez Lazaro [2] proved the gradient bound for the
uncentered maximal operator for block decreasing functions in W1 (R¢) and any dimen-
sion d. Luiro [26] did the same for radial functions. More endpoint results are available
for related maximal operators, for example convolution maximal operators [8, 13], frac-
tional maximal operators [5,6,11,11,18,21,29], and discrete maximal operators [10], as
well as maximal operators on different spaces, such as in the metric setting [22] and on
Hardy—Sobolev spaces [27]. For more background information on the regularity of max-
imal operators see the survey by Carneiro [7]. Local regularity properties of the maximal
function which are weaker than the gradient bound of the maximal operator have also
been studied [1, 15]. The question whether the maximal operator is a continuous operator
on the gradient level is even more difficult to answer than its boundedness because the
maximal operator is not linear. Some progress on this question has already been made in
[4,9,12,25].

This is the fourth paper in a series [29-31] on higher-dimensional variation bounds
of maximal operators, using geometric measure theory and covering arguments. In [30]
we prove (1.3) for the uncentered Hardy-Littlewood maximal function of characteristic
functions, in [31] we prove it for the dyadic maximal operator for general functions, and
in [29] we prove the corresponding result for the fractional maximal operator. Here we
apply the tools developed in [30, 31]. Note that it is not possible to extend the variation
bound from characteristic to simple and then general functions, using only the sublinearity
of the maximal function. The pitfall in that strategy is that while the maximal function is
sublinear, this is not true on the gradient level: there are characteristic functions f1, f>
such that var M(f1 + f3) > varM fi + varM /5 [31, Example 5.2].

The starting point here and in [30, 31] is the coarea formula, which expresses the
variation of the maximal function in terms of the boundary of the distribution set. We
observe that the distribution set of the uncentered maximal function is the union of all
cubes on which the function has the corresponding average. We divide the cubes of the
distribution set of the maximal function into two groups: we say that those which intersect
the distribution set of the function a lot have high density, and the others have low density.
The union of the high density cubes looks similar to the distribution set of the function,
and for characteristic functions we have already bounded its boundary in [30] due to a
result in the spirit of the isoperimetric inequality. The motivation for that bound came
from Kinnunen, Korte, Shanmugalingam and Tuominen [20, Theorem 3.1]. In [31] and
in this paper the high density cubes are bounded using the same argument. This bound
is even strong enough to control the low density balls for characteristic functions in the
global setting of [30]. But in the local setting of [30], dealing with the low density balls
is more involved. It requires a careful decomposition of the function in parallel with the
low density balls of the maximal function by dyadic scales. In that paper it also relies
on the fact that the function is a characteristic function. In [31] we devise a strategy for



J. Weigt 4

dealing with the low density cubes for general functions in the dyadic cube setting. The
advantage of the dyadic setting is that the decomposition of the low density cubes and the
function are a lot more straightforward because dyadic cubes only intersect in trivial ways.
Furthermore, the argument contains a sum over side lengths of cubes which converges as
a geometric sum for dyadic cubes. In [29] we bound the fractional operator, using that it
disregards small balls, which allows for a reduction from balls to dyadic cubes so that we
can apply the result from [31]. Non-fractional maximal operators are much more sensitive,
in that we have to deal with complicated intersections of balls or cubes of any size.

In this paper we represent the low density cubes of the maximal function by a sub-
family of cubes with dyadic properties, which allows us to apply the key dyadic result
from [31]. In order to make the rest of the dyadic strategy of [31] work here, the function
is decomposed in a similar way to the local case of [30].

2. Preliminaries and core results

We work in the setting of functions of bounded variation, as in Evans—Gariepy [14, Sec-
tion 5]. Let @ C R? be an open set. A function f € Ll () is said to have locally

loc
bounded variation if for every open and compactly contained set V' C 2 we have

sup {/ fdivp:g e CCI(V;Rd), lp| < 1} < 00.
14

Such a function comes with a Radon measure j and a j-measurable function o : @ — R?
which satisfies |o(x)| = 1 for u-a.e. x € © and such that for all p € C}(L; R?) we have

/fdiv¢=/<p0du.
Q Q

We define the variation of f in Q by varq f = u(2). If f does not have locally bounded

variation or if f/ ¢ L} (Q) then we set varg f = oo.

For a measurable set £ C R? denote by E, 9 E and E the topological closure, bound-
ary and interior of E, respectively. The measure-theoretic closure, boundary and interior
of E are defined as

E = {x : lim sup

r—0

ci(i(B(x’:;’) NE) - 0}’

WE=E NRINE and E =E"\0.E.

Note that £~ C E,d+ E CJE and l% C l%* For a cube, its measure-theoretic boundary,
closure and interior agree with the respective topological objects. We also introduce the
following measure-theoretic set relations: Let A, B C R be Lebesgue measurable sets.
By A & B we mean £(A \ B) = 0, and similarly by A 2 B wemean A & Band B & A,
and by A4 i B wemean A & B and B ¢ A. All these measure-theoretic notions are robust
against changes with Lebesgue measure zero.
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For @ C R? and a function f : Q@ — R we write

(F>A={xeQ: f(x)>A)

for the superlevelset of f, and we define { f > A} similarly. Denote by #¢~! the d — 1-
dimensional Hausdorff measure. The following coarea formula provides an interpretation
of the variation that is useful for us:

Lemma 2.1 ([14, Theorem 3.40]). Let Q C R? be an open set and assume that [ €
LIIOC(Q). Then

vargf=/RJ€d_1(8*{fZA}ﬂQ)d/\.

In [14, Theorem 3.40] the coarea formula is stated with the set { f > A} in place of
{f = A}, but it can be proven for { /' > A} using the same proof. For a set @ of subsets

of R? we denote
Je=J o

Qe@

The integral average of a function f € L'(Q) over a set O C R? with finite Lebesgue

measure is denoted by
1
fo = gig [, Ford
°T 22 Jo

For any functions £, g : R”T% — R we mean by f(a,b) <, g(a,b) that for every a € R”
there exists a constant C > 0 such that for all » € R*¥ we have f(a,b) < Cg(a,b).
For a ball B = B(x, r), a real number ¢ > 0 and y € R? denote a B = B(x,ar) and
B+ 7y = B(x +y,r).Foraset E C R denote by conv(E) its convex hull.

Definition 2.2. For A > 1 we call aset Q C R4 a A-star if it has a ball denoted by B(Q)
with radius denoted by r(Q) which satisfies

B(Q) C Q0 C AB(Q)
and such that for any x € Q we have conv(B(Q) U {x}) C Q.
Definition 2.3. Let L > 2.

(i) We say that a collection & of subsets of R? is an L-decomposition of a set
O c R? with finite Lebesgue measure if Q & J P, every P € P satisfies P EQ
and £(Q)/L < £(P) < £(Q), and for any Py, P, € # with P; # P, we have
L(P1 N Py)=0.

(i1) We say that a collection @ of A-stars is L-complete if it has a superset > O @ of A-
stars such that every Q € & has an L-decomposition #(Q) C & and forall Q,Re @
and P € £ (Q) with R & P we have P € Q.

Remark 2.4. Every bounded open convex set is a A-star for some A > 1, and every A-
star is a John domain; see Lemma 3.2. In particular, every cube is a V/d-star and the set
of all cubes is 2¢-complete since every cube can be decomposed into 2¢ cubes with half
its side length.
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Even though a cube is convex unlike an L-complete A-star in general, our proofs
barely simplify when considering only the special case of cubes. In order to facilitate
understanding, the reader is hence justified to imagine cubes when encountering L-com-
plete A-stars in this article.

Our main result is the following theorem, which we prove in Section 3:

Theorem 2.5. Let L > 2, A > 1, let @ be a finite L-complete set of A-stars and let [ €
LY(R?) be a function with var| g f < oc. Forall A € R denote 0 ={0e€@: fo = A}
Then

/_Oo Jed—l(aU@* \m*) A

o0
Saa [ _#(outrzn0Jid 0 e@)an @
—o00
Theorem 2.6. Let L > 2 and A > 1. Given an open set Q2 C Rd, let @ be an L-complete
set of A-stars Q with Q C Q and let f € L} () be a function with varg f < oo. Then

for every Q € @ we have |, 0 | f| < oo, and the maximal function defined by

1
Ma f(x) = max {f(xx i /Q £ dy}

belongs to Ld/(d_l)(Q) and satisfies

loc
varg Mg f* <a,L,A varg f.

Theorem 2.6 follows from Theorem 2.5 by the coarea formula of Lemma 2.1 and
since

Maf =1 =Je@  u{f =1}
if @ is finite, in combination with integrability and approximation arguments. We lay out
the details of this reasoning in Section 4.2.

Remark 2.7. Itis not clear if Theorems 2.5 and 2.6 hold also without the assumption that
@ is L-complete or if we omit taking the maximum with f in the definition of Mg f. The
following example shows that Theorems 2.5 and 2.6 fail if we drop both conditions at the
same time: Let f = 1y 1)« and for N € N let @y be the set of dyadic cubes with side
length at least 2, and the cubes (n;27N, (ny + )27V) x - x (ng27N, (ng + 1)27V) C
(O, l)d, where ny,...,ng are integers such that n; + --- 4+ ny is even. Then the maximal
operator that averages over all cubes in @ has variation of order 2V¢ . 2=N@=1) — 7N
which goes to infinity for N — oo.

Lemma 2.8. If @ C R? and Q is an L-complete set of measurable sets then so are
(0€@:0EQand{Qe@: 0" CQl

Proof. This follows from the fact that for every Q € @ we have Q & Qifand only if for
all P € P(Q) we have P & Q, and E* C Q if and only if for all P € P(Q) we have

—%

P cQ. [
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Proposition 2.9. Let Q be a set of A-stars and let Q be a set of subsets of R? such that for
each Q € @ there exzsts a Q €@, and, conversely, for each Q € @ there exists a 0ea@
such that O C O and Q E0. Thenfor almost every x € Q we have Mz f(x) = Mg f(x)
and thus Theorem 2.6 holds with @ in place of Q. If @ and Q are finite then also The-
orem 2.5 holds for Q in place of @ with the topological boundary and interior replaced
by the measure-theoretic boundary and interior. If in addition Q C Q then Theorem 2.5
holds for Q as stated with the topological boundary and interior.
Particular examples for Q are {0:0€Q)and {Q 10 e @}

We prove Proposition 2.9 in Section 4.1.

Remark 2.10. Theorem 2.6 can fail for @ from Proposition 2.9 if we replace the condi-
tion 0 C Q by O & Q. For example, take a set A C [-2, —1]¢ with

HAINB, A) =00, Q={0.11%}, Q@={0.117U{x}:x€ A}, and f= L0174 -
Then

var f = #471(010,1]¢) < oo,
but Méf = l[O,I]dUA and thuS

varMg = #971(91[0, 1]7) + #9471 (0, A) =

Corollary 2.11. For any open subset @ C R and any f € LlOC(Q) each maximal func-
tion Mf from the following list (i) to (iv) belongs to L/d= 1)(Q) and satisfies

loc
varg ﬂ\/lf < Cq,p.Avarg f.

(1) Let @ be the set of cubes Q contained in Q2 and let

B = e TG Jy O
Here, we may let @ consist of cubes with any orientation, of only axes parallel cubes
or of only dyadic cubes. In particular, it supersedes the main results in [31]. We may
consider cubes to be closed or open and we may replace the condition Q C 2 by
0cQ.

Instead of cubes, @ may consist of any open convex shapes that can be decom-
posed into more than one boundedly rescaled and rotated version of itself.

(ii) Let @ be an L-complete set of A-stars Q C Q2 such that for every ¢ > 0 and almost
every x € Q there existsa Q € Q withx € Q and r(Q) < ¢. Define

~ 1
= —_— dy.
Mf= s i [ o)

Qe@,xe
(iii) Let Q be an L-complete set of A-stars Q C R? and let

Qe={0€Q@:0&Q) or Qe={0€@:0 CQ).
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Define

Sfw =ma{r@. s o e,
0e@q, xeQ I(Q)
@iv) In any of the previg)us cases we may replace the condition x € Q in the supremum
byx e QorxeQ.

Proof of Theorem 1.1 and Corollary 2.11. In case (ii) a Lebesgue density theorem holds
for the stars in @, which implies M f(x) > f(x) and thus M f(x) = Mg f(x) for almost
every x € Q2. Since the variation of a function does not change under modifications on sets
of Lebesgue measure zero, we can conclude (ii) from Theorem 2.6. Item (iii) follows from
Lemma 2.8. Item (i) follows from Remark 2.4 and (ii) and (iii). Theorem 1.1 is a special
case of (i). By Proposition 2.9 the maximal function only changes on a set of measure
zero when replacing the condition x € Q in the supremum by x € Q or x € Q and we
can conclude (iv). [

Remark 2.12. It is usually more difficult to prove regularity results for local maximal
operators than for global maximal operators, because some arguments use the fact that
the maximal operator also takes into account certain blow-ups of balls or cubes. In fact,
for the fractional maximal operator, gradient bounds which hold for the global operator
fail for the local operator [ 18, Example 4.2]. Not so here: our results also hold for domains,
and by the same proof as for R%.

Remark 2.13. In [31] we assumed that the dyadic maximal operator averages only over
cubes which are compactly contained in the domain €2 in order to ensure local integrabil-
ity of the maximal function. This condition turned out to be not necessary, provided that
varg f < oo.

Remark 2.14. The proofs in this article yield partial results also in the case of balls, i.e.
for the classical uncentered Hardy-Littlewood maximal operator M.

(1) Balls are 1-stars but the collection of all balls is not L-complete for any L > 2 since
a ball cannot be decomposed into a finite set of smaller balls. That means Theorem 2.6
does not apply to the classical uncentered Hardy-Littlewood maximal operator M.

(i) However, balls are not forbidden in the collection of sets @ per se; one can con-
struct a superset of the set of all balls which for some L > 2, A > 1 is an L-complete set
of A-stars. That means Theorem 2.6 applies to a maximal operator that averages over all
balls if we also allow it to average over certain additional sets.

(iii) We only use L-completeness in Section 3.4, while the arguments in Sections 3.1
to 3.3, 3.5 and 3.6 and Section 4 work for any collection of A-stars and thus in particular
for balls. That means we provide several tools that may be directly used in further attempts
to prove the endpoint variation bound (1.3) for the uncentered Hardy-Littlewood maximal
operator. In particular, it suffices to find a suitable replacement of Proposition 3.22 for
balls in order to complete the proof.

Remark 2.15. The notion of a A-star may appear to be only slightly more general than
that of a classical A-John domain; see Definition 3.1 and Lemma 3.2. One key difference,
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however, is that a John domain may have infinite perimeter while a A-star may not. So
take a John domain Q with infinite perimeter. Then for a function f € L!'(R%) with
f=00onR%\ Q and fo > 0, the maximal function

Mg} f(x) = max{ f(x), folo(x)} has varMg;f > foH? (3« Q) = 0,

which means that Theorems 2.5 and 2.6 do not hold if we allow A-John domains instead
of A-stars. It is unclear, however, if Theorem 2.6 holds if @ is for example the set of all
A-John domains.

Remark 2.16. The space L] () is not an appropriate domain for Mg, as has already
been observed in [ 16, footnote (2), p. 170]. For example, the function f : x > |x|? belongs
to LIIOC(SZ) but its classical Hardy-Littlewood maximal function is infinite everywhere. If
we strengthen the assumption to f € L!(S2), then Mg f is finite almost everywhere by the
weak endpoint p = 1 of the Hardy-Littlewood maximal function theorem. Corollary 4.5
shows that an alternative way to ensure the almost everywhere finiteness of Mg f is to

require varg f < oo in additionto f € L] ().

Remark 2.17. Theorems 1.1 and 2.6 and Corollary 2.11 also extend to the maximal func-
tion of the absolute value due to varMg (| f|) <g,p.a var|f| < var f.

3. The finite case

In this section we prove Theorem 2.5.

3.1. Preparations

Given a point x € R4 we denote its Euclidean length by |x| = , /xf + -+ xfi. For a set
E C R? define dist(x, E) = infyeg |x — y|.

Definition 3.1. For A > 1 a bounded open set O C R¢ is a A-John domain if it has a
distinguished point x € Q such that for any y € Q there is a continuous map y : [0, 1] - Q
with y(0) = x and y(1) = y such that for any 0 < ¢ < 1 we have

dist(y(1), 9 Q) = |y —y(@)I/A.
Lemma 3.2. Let A > 1.
(i) Every A-staris a A-John domain.
(ii) Conversely, for every A-John domain Q there is a ball B(Q) with B(Q) C Q C
AB(Q).

Proof. For a A-star Q set x to be the center of B(Q) and for y € Q take y : ¢
(1 — t)x + ty. This proves (i). For the proof of (ii) let x be the distinguished point of
Q and let y;, y,,... € Q be a sequence of points with

|[yn — x| = sup{|x —y|:y € O} =r.
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Let y,, be the map witnessing that Q is a John domain for y,. Then
dist(x,d Q) = dist(yx(0),9 Q) = [yn — ¥n(0)|/A = [yn — x|/A — r/A.
Therefore, B(x,r/A) C O C B(x,r). [
Next, we collect a few elementary geometric properties of A-stars.

Lemma 3.3. Let A > 1 and let Q be a A-John domain. Then
(1) Q is Lebesgue measurable,
—%
i) 0 =0.
If in addition Q is a A-star then
(iii) for any x € Q we have conv(B(Q) U {x}) C O,
(iv) O and QO are also A-stars,

O %

V) 0=0,
(vi) if @ is an L-complete set of A-stars then so is (,?2
—%

Proof. Since Qo is open and thus Lebesgue measurable the set Qo is well defined and it

follows from the definitions that é C Q. For the reverse inclusion let x € Q and let
& > 0. Then there exists an X € Q with |X — x| < &. Let y be the curve corresponding
to X. Because it is continuous there exists 0 < ¢ < 1 with |y(¢) — X| = € and by definition
B(y(t),e/A) C Q. Since Qo is open it is measurable and thus

L(B(x,2+1/A)e)N Qo) > £(B(y(t).e/N)) = QA + 1) L(B(x, (2 + 1/A)e))

—*
and we can conclude x € Q , which implies (ii), and hence

0\3c0\6=0 \6.

¥ o
By the Lebesgue density theorem we have £(Q \ Q) = 0 and thus we can conclude
£(0 \ Q) = 0, which entails (i). Assume in addition that Q is a A-star. It is straightfor-
ward to show that

B(Q)C Q C 0 C AB(Q).
Let y € conv(B(Q) U {x}). Then for some ¢ > 0 we have B(y,2¢) C conv(B(Q) U {x}),
which implies
B(y,e) Cconv(B(Q)U{x}) C O
and thus y € Qo We can conclude (iii), which implies conv(B(Q) U {x}) C O and thus
0 is a A-star. o
Next denote by c¢ the center of B(Q) and let x € Q with x # c. Then there exists a

y € Q with
(y—x,x—¢c)>~1—-A"2|y—x||x —¢|
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and thus

(y—x,y—c)=(—x,x—c)+{(y—x,y —x)
> [VI—A2|x—c|+ |y —x]|]ly — x|
>V1I-=A"2]y —x]||y—c|

Since the opening angle of the cone conv(B(Q) U {y}) is at least arcsin(A) we can con-
clude

x € conv(B(Q) U {y}) C QO
Since Q0 C Qo* this implies (v). Moreover, we obtain
conv(B(Q) U {x}) C cchv(B(Q) U{y}) C 0,

from which we can deduce that Qo is a A-star, finishing the proof of (iv).

If @ is an L-complete set of A-stars then by (iv) the set @ consists of A-stars as well.
Moreover, by (v) and the Lebesgue density theorem for any Q € @ we have QO £ Q0.
Since the definition of L-completeness is resistant to changes of Lebesgue measure zero,

we can conclude that @ is L-complete because @ is L-complete. This concludes the proof
of (vi). [

Instead of explicitly invoking Lemma 3.3 (i), for the rest of this article we will tacitly
assume that a A-star is a Lebesgue measurable set when needed.

By [17, Theorem 107] every John domain satisfies a Poincaré inequality. It is our most
important building block and used repeatedly in this article.

Theorem 3.4 ([17, Theorem 107]). Let A > 1, let Q be a A-John domain and let f €
LY(Q) with locally bounded variation. Then

d-1)/d
( /Q f — fol¥ “’—“) <an varg f

Remark 3.5. By Holder’s inequality applied to Theorem 3.4 we have

/Q |f — fol San £(0)"9 varg f. (3.1)

Let f be finite almost everywhere. It is an exercise to show that with the median
m=inf{A e R:L(QN{f>A}) <L(Q)/2}

we have

310 sel= [ 1r=mi=int [15—cl< [ 17 -0

with all values in this chain of inequalities understood to be infinite if f & L!(Q). Let

f €Ll (Q)withvarg f < oco. Then f is finite almost everywhere, and thus its median
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is finite too. Approximating f by its truncations
fu = max {min{f,m +n},m—n} € L' (Q),
which for n large enough have the same median as f, we can conclude
. . . d
Jir=mi=tim [1fy=mi <2 tim [ £~ ol San Jim 2000 varo f,
< £(0)Y4 varg f < oo,

i.e. (3.1) holds also with fp replaced by m. Moreover, we can conclude f € L'(Q)
and thus Theorem 3.4 and (3.1) still hold if we weaken the assumption f € L'(Q) to

f G Llloc(Q)'
The relative isoperimetric inequality holds as a corollary of Theorem 3.4.

Corollary 3.6. Let A > 1, let Q be a A-John domain and let E C R? be Lebesgue
measurable. Then

(min{£(Q N E), L0\ E)N?™" <an #7710 N E).

Proof. Since dx E = 34 (R? \ E) it suffices to consider the case £(Q N E) < £(Q)/2.
Then (1g)p < 1/2and thus |1g — (1g)g| = 1/20on Q N E and thus

/ g —(15)p4/@ D = / (1/2)%@D = (1/24/@Dg(0 N E)
(0] ONE

and by the coarea formula of Lemma 2.1 we have

1
varg 15 = / KN (O N E) = KT (Q N oy E).
0

By Theorem 3.4 we can conclude

d—1
£QNE)¥ ! <2? (/ g — (1E)Q|d/(d_l)) <a.a (varg 1g)?
(9]
=H(Qnd, E). .
Corollary 3.7. For A > 1 and A > 0, let Q be a A-John domain and let E C R with

_LONE) _

A< =2 =
- L9 T

1-A.

Then
HETHQ N B4 E) Zaa ATV L(Q)@TVI,

Proof. By Corollary 3.6 we have

AL(Q) < min{L(Q N E), L(Q\ E)} Sap #47(QNa YYD m
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Definition 3.8. Let L > 2, A > 1 and let @ be a finite set of A-stars and let f € L'(R9).
ForAeRset@* ={0 € @: Jo = A}. We consider the partition

Q* = @luaelual
where the set (Qé consists of all stars Q € @* with
LQN{f =4} = @L) L),

the set (,‘2{L consists of all stars Q € @\ é‘lé with
g(onlJed) z 2" 2(0),
and @4 = @*\ (Q} U @}).
Lemma 3.9 ([30, Lemma 1.6]). Let A, B C R? be measurable. Then
d(AUB)C (0A\ B)UJB.

In addition, the measure-theoretic variant 9« (AU B) C (0« A \E*) U 0« B and the
mixed variant d (AU B) C (0 A \E*) U ad B hold.

Proof. We have
3(AUB)=AUBNRI\ (AU B)

C(AUB)NRI\ANRYI\ B
=(ANRI\ANRI\ B)U(BNRY\ ANRY\ B)
=(@ANRI\ B)U(@BNRI\ A)
=@ANRI\BNB)U@ANRI\ B\ B)UDBBNRI\ A)
C(@ANIB)U(WA\B)UJIB
=(@A\B)U?B.

The same proof with the topological boundary and closure replaced by the measure-
theoretic boundary and closure also proves the measure-theoretic variant of the inclusion.
Since £ C E, the mixed variant directly follows from the topological variant. ]

Using Lemma 3.9 we obtain
Jedfl(aU Q*\{f = A}*) < Jedfl(a (U Qtu Uczf) \{f > x}*)
+x (0@ ueh). (3.2)

We bound the first summand in Section 3.2. In Sections 3.3 to 3.5 we collect the necessary
ingredients to deal with the second summand. In Section 3.6 we combine these results to
a proof of Theorem 2.5. The results in Sections 3.2 and 3.4 are generalizations of results
in [30,31].
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Fig. 1. The 2A-Lipschitz function f in Lemma 3.10 traces a segment of the boundary of U.

3.2. Stars with large intersection

The main results in this section are Propositions 3.11 and 3.16, two bounds on the perime-
ter of a union of A-stars. They generalize [30, Lemma 4.1, Proposition 4.3] from balls to
stars.

For ¢ € (¢1,...,¢q) € R4 denote c<qg = (€1,...,c4-1) € R4~1 and denote by
Bg_1(x,r)aball in R4,

Lemma 3.10. Ler A > 1, r > 0, ¢ € R? and let U be a convex set with B(c,r) C U C
B(c, Ar). Then there is a 2\ -Lipschitz function f : Bg_1(c<q,r/2) = (cq,00) such that
foranyu € Bg_1(c<gq,r/2) and s > cq with f(u) # s we have (uy,...,ug—1,8) € U if
and only if f(u) < s.

Proof. By translation and scaling it suffices to consider the case ¢ = 0 and r = 1. For
u € R and s € R we denote

(u;s) = (uy,...,ug—1,5) € RY.
Foru € B;_1(0, 1) define
f(u) =sup{s eR:(u;s) e U} >0.

Since any vertical line intersected with a convex set is an interval and since Bz 1 (0, 1) x {0}
C U we can conclude that for any u € B;_1(0,1) and s > 0 with f(u) # s we have
(u;s) € U if and only if f(u) < s. It remains to show that f is 2A-Lipschitz on
By—_1(0,1/2). To thatend letu, v € By_1(0,1/2) with f(u) < f(v). For x € R¢ denote
by U(x) the interior of the convex hull of B(0, 1) U {x}. Then for every 0 < ¢ < f(v) by
convexity we have U(v; f(v) — &) C U and thus

Ui fey = |J U:f)-ecu.

0<e<f(v)
That means
S ) =z sup{s : (u:s) € U(v; f(v))}.
Denote
0= 20 p).

- f)
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Then X — (v )]
x—(v; fv )
B()‘; W) C U@ AN CT.

which implies

x — @ fO)] _ f) = f)

lu—x<al = [(u: f(w) — x| = =

|(v; f (V)] f(v)
Using
|x d_v| — f(v)_f(u)|v|
) f@)

we can conclude

[u—v| > |u—xcq|—|x<qg —v| > M(l_h}l) - f) - fw)

st <d <d = f(v) > N )

This means f is 2A-Lipschitz on Bz_1(0, 1/2), finishing the proof. -

Proposition 3.11 ([30, Lemma 4.1] for stars). Let K > 0, A > 1, let B be a ball and let
@ be a set of A-stars Q withr(Q) > Kr(B). Then

ged1 (B nal J cz) <4 (K71 DAY 3419 B).

Proof. Note that 3| J @ is a closed set and thus J¢~'-measurable. Recall that for x =
(xX1,...,xq) € R4 we denote X<qg = (x1,...,Xg—1). By translation and scaling it suf-
fices to consider the case B = B(0, 1), and we first consider the case K > 5. It suffices
to consider those Q € @ which intersect B(0, 1) because the other Q do not contribute
to B(0,1) N 3| J Q. Since O C AB(Q), this means the center ¢ of B(Q) satisfies |c| <
Ar(Q) + 1. For a unit vector e € S~ denote by @, the set of those Q € @ whose cen-
ters ¢ have an angle with e of at most 1/(4A). First consider the case e = (0,...,0,—1).

For every Q € @, we have
lc<al i 1 1
< — )< —
le|] — A ) = aA

r(Q) r@Q) e _r@ 1 5 1

> 1,
2 2 4A 4 4N T 4 4N T
which means B;_1(0,1) C Bg—1(c<q,7(Q)/2).For x € B(0,1) apply Lemma 3.10 with

U = conv(B(Q) U {x}) and B(c,r) = B(Q) and denote by fp x : Bg—1(c<q.r(Q)/2)
— (¢4, 00) the resulting 2A -Lipschitz function. Unless @, is empty, the assignment

Je(u) := sup Jo.x(u)

0€@,,x€Q,x4>—1

and therefore

—le<al =

defines a function f, : B4_1(0,1) — R which as the supremum of 2 A -Lipschitz functions
is itself 2A-Lipschitz. It suffices to consider the case that for every Q € @ the center ¢
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of B(Q) satisfies |c| > 2 because since K > 5 otherwise B(0,1) C B(Q) C Q and thus
dJ@ N B(0,1) = @. Thus we have c; < —|c|cos(1/(4A)) < —1.

Let x € By_1(0,1) x (=1, 00) with xgy < fe(x<g). Then there exist Q € @, with
Xg>—-1>cgandy € Q with y; > —1land xg < fg,,(x<4). By Lemma 3.10, we can
conclude

x econv(B(Q)U {y}) C QO C Ué‘le.

Conversely, let x € By_1(0, 1) x (—1, 00) with x7 > fe(x<4) and let Q € @,. Then
Xqg > —1 > ¢4 and since x € conv(B(Q) U {x}) we see by Lemma 3.10 that x; <
Jfo.x(x<q). By definition of f, this requires x ¢ Q. That means x & | J Q.. Since fe
is Lipschitz on By_1(0, 1) and B;_1(0, 1) x (—1, 00) is open, we can conclude that for
all x € By_1 x (—1,00) we have f,(x<4) = xg if and only if x € 9] Q.. Because the
graph of a Lipschitz function satisfies a surface measure bound, we can conclude

x(Bo.n N Je.)

IA

Jed1 ([Bd,l(o, 1) x (~Loo) nal ez)
= HT {(ur, .. ug—1,5) s u € Ba—1(0,1), fo(u) = s})
< HUN(By—1(0,1) V1 + 2A)2 <4 A.

By rotation this estimate holds for any unit vector e € S~1. There is a grid G c S4~!
with cardinality #G <; A?~! such that for every v € S?~! there is an e € G which has
an angle less than 1/(4A) with v. We can conclude

Jed—l(B(o, nnalJ cz) — Jed—l(B(o, nnalJ U(:ze)

eeG
<Y xi! (B(o, nnal @)
ecG
Sa #GA g A7
finishing the proof for K > 5.
For K < 5 take a covering B of B by a dimensional constant times (5/K)? many balls
B’ with r(B’) = (K /5)r(B). This means that for any Q € @ we have r(Q) > Kr(B) =
5r(B’) and by the above case we can conclude

de—l(aUcz n B) =3 de—l(aU@ N B’) <a Y A0 B
B'eB

B'eB
<a K4ANKT 39 @ B) = K'AYHY (3 B). "

Remark 3.12. In [30] the original version of Proposition 3.11, [30, Lemma 4.1], has the
unnecessarily large factor K~ instead of K~! due to an oversight.

For t > 0 denote

Q1) ={y € Q : dist(y,R? \ Q) > 1}.
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Lemma 3.13. Let Q be a A-star. Then for any t > 0 we have

d
20\ 00)) < Té)sﬁ(Q).

Proof. By translation consider the case that B(Q) is centered at the origin. Let e € S¢~!
and let s > 0 with se € Q. Then for all 0 < u < 1 we have

B((1 —u)se,ur(Q)) C conv(B(Q) U{se}) C O
and thus if u > ¢/r(Q) then
(1 —wu)se € B((1 —u)se,ur(Q)—1t) C Q(t).
With s, = sup {s : se € Q} this means
{se:0=s<(1—1/r(Q))se} C Q).

By Fubini we can conclude
— d—1
L£(0()) = / / s dsdv
Sa—1 J{s:se€Q(t)}

(1—t/r(Q))se
> / / s4Vds dv
sd=1Jo

=(1—1/r(Q))* /S‘H /Ose s9 1ds dv

=(1-1/r(Q)?£(Q)
> (1—dt/r(Q)Z(0). .

Lemma 3.14. Let Q be a A-star andt < r(Q). Then Q(t) is an r(fé()!lt A-star.

Proof. Define B(c,r) = B(Q) and let x € Q(t). Then there exists an ¢ > 0 such that
B(x,t + &) C Q and thus

A= U conv(B(c,r)U{y}) C Q.

y€B(x,t+e)

Since B(x,t + ¢) is convex we have A = conv(B(c,r) U B(x,t + €)), which implies
B(c,r —t) C A(t), x € A(t) and that A and hence A(¢) is convex. We can conclude

conv(%B(Q) U {x}) = conv(B(c,r —t) U{x}) C A(t) C Q(1),

finishing the proof. ]

Lemma 3.15 ([30, Lemma 2.3] for stars). Let0 <A <1, A > 1, and let Q C RY be a
A-star. Let E C R? with $(E N Q) > A£(Q) and let x € 3 Q \f*. Then there exists
0 <t < diam(Q) such that

K10 E N Q(At/(4dN)) N B(x, 1)) Zg.a A4V 45971 B(x,1)).



J. Weigt 18

Y
Kt = 24K

Fig. 2. The ball B(X,7) away from the boundary of Q in Lemma 3.15.
Proof. Denote B(c,r) = B(Q) and abbreviate u = A/(4d A) and note that since x € d Q
we have |x —c¢| > r.For 0 <t < 2|x — ¢| define
ur=t/Qlx —c|), rr=umr/2, y;=usc+ (1 —u;)x.
Then 0 < u; < 1 and by Lemma 3.3 (iii) we have
B(y:,2r;:) C conv(B(c,r) U {x}) C Q.

Since
rt

t
2Vt—7z="z=4|x_c| ZHEMI,

we can conclude B(y;,r;) C Q(ut). Moreover,

| |+ PRI S
—x|+ri=ulx—cl+—=t{ = ,
i e 2 2 T 4x—cl)

which means B(y;,r;) C B(x,t). Since x ¢ E" we can conclude
L(E N B(yi,11)) ) L(E N B(x,1))

< (4A

-0
L(B(y:.71)) L(B(x,1))

fort — 0.
We first consider the case

L(E N B(c,r/2)) = £(B(c,r/2))/2.

Since yp|x—c| =c and ryx_¢| =r/2and both t = £(B(y;,r;)) and t = L(E N B(y;s, 7))
are continuous maps, this means that there exists 0 < ¢ < 2|x — c¢| such that

L(E N B(ye.rr)) = L(B(yr.11))/2.
Note that a ball B is a 1-John domain with
i(B)d_l ~d r(B)d(d—l) ~d e%d—l(a B)d.
Thus by Corollary 3.7 we can conclude
J4TN 0w E N Q(ut) N B(x, 1) = HT (04 E NV B(yeor1)) 2a K70 B(ye. 7o)

- HA=1(3 B(x,1))

)

finishing the proof in this case.
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It remains to consider the case
E(B(c,r/2)\ E) > £(B(c,r/2))/2.

Since

%

pdiam(Q) < 2Aru =

N |

<
2d ~
we have B(c,r/2) C Q(udiam(Q)) and thus

L(Q(ndiam(Q)) \ E) = £(B(c,r/2) \ E)
£(B(c,r/2))
g 2
£(B(c, Ar))
T T odtipd
- rf(Q(Mdiam(Q)))'

- 2d+1Ad

(3.3)

By Lemma 3.13 we have

dA dlam(Q)

L(Q\ Q(udiam(Q))) = — -+

£(0) = f,(Q)

and thus
£(0(udiam(0)) N E) > xx(Q) _ £(0\ 0(udiam(Q))
> 21(0)
> 2 2(0(udiam(0)). (3.4)

Since p diam(Q) < r(Q)/d, by Lemmas 3.2 (i) and 3.14 the set Q(u diam(Q)) is a
dA/(d — 1)-John domain and thus by (3.3) and (3.4) and Corollary 3.7 we can conclude

FH471(B(x, diam(Q)) N Q(u diam(Q)) N 4 E)
> #971(Q(ndiam(Q)) N B4 E)

Za.a (min {27CED A /2D £(Q ( diam(Q))) D
>dA )L(d—l)/d%d—l(a B(x, diam(0))). .

For a set @ of subsets of R” abbreviate @ = {QO 10 €@y,

Proposition 3.16 ([30, Proposition 4.3] for stars). Let A € (0,1). Let E C R? be a set of
locally finite perimeter and let @ be a finite set of A-stars such that for each Q € Q we
have L(E N Q) > AL(Q). Then

Jod—1 (a e \F*) <an (1—log )A~—@=D/d gpd—1 (a* Enl a)
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Proof. Since @ is finite, forevery x € 9| @ \F* thereisa Q € @ withx € 9 Q \E* Let
B be the set of all balls from Lemma 3.15 applied to every such x and Q. Foreachn € Z
apply the Vitali covering lemma to {B € 8 : 2" < r(B) < 2”1} and denote by B,, the
resulting set, i.e. the balls in 8, are disjoint and for each B € 8 with 2" < r(B) < ontl
we have B C | J{5C : C € B,}. Let

Q, ={0 € @:2"! <diam(Q) < 2"}

and @Zn = Uan @n. Then

sl JaenalJe.\E c | U sc (3.5)

k<n CeBy

Using (3.5) and the fact that @ is finite we obtain

| Je\E" = JolJanal Ja.\ E

nez

=JU U scnalJanal Ja.\E

neZ k<n CeBy

= U Uscnal Jenal Ja.\E

k€Z CeBy n>k

= U scnalJanal Jas\E

keZ CeBy,

clJ U scnal .

keZ CeBy
By Proposition 3.11 we can conclude

Jed—l(aUcz\F*) <3y Jé’d‘l(SCDBU(sz)

keZ CeBy,

Saa Y. Y, HTOO). (3.6)

keZ CeBy
By Lemma 3.15 and since every ball C € By satisfies r(C) > 2%, we have
HITLDC) Sgp A7V max H4 1D, EN Q2K /(4dA)) N C). (3.7)
€
Abbreviate
4 =Jtoa2k/@any 0 e @p\ (Je@)e.

Since the balls C € B are pairwise disjoint, centered on the boundary of | J @ and satisfy
r(C) < 2%*1 we have

> max HAT 0 EN QA2 /(4dA)) N C) < #7104 E N Ayp). (3.8)

€
CeBy 0
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Forany y € R4, k € Z we have
yedr = ye (U a)(xzk/md/\)) \ (U @)(2"“)
= 125/(dh) <dist(y. RO\ | J @) < 24+
= k +logy(1/(4dA)) < log, (dist(y, RO\ | J@)) <k +1
> 0=k +1-log,(dist(y. R\ [ J@)) < 1 —log,(1/(4dA)).
This means that for any y € R¢ there are at most
1 —log,(A/(4dA)) + 1 =log,(16dA /)

different k € Z with y € A. Together with A C | @ we obtain

> HITN B E N Ap) = / D La () dHT ()

kez E ez
<[ los(16dA/2) axd )
3 ENUQ
= log, (16dA /) Je4! (a* Enl (:2)
— [log,(16dA) — 1og2(x)]J€d—1(a* En| @) (3.9)
Combining (3.6) to (3.9) finishes the proof. [

Observe the extra factor 1 — log A in Proposition 3.16 in comparison to Corollary 3.7.
In [30, Proposition 5.3] we managed to remove this log factor in the case of balls with
additional effort. For our purposes here the rate in A in Proposition 3.16 is particularly
irrelevant since we will apply it only for a few fixed values A > 0 that depend only on the
dimension d.

As a corollary of Proposition 3.16 we can bound the first summand in (3.2). Recall
Definition 3.8.

Corollary 3.17. Let L > 2, A > 1, let @ be a finite set of A-stars and let f € L'(R?).
Then

0 (0(J@ V@) \TTZA) Sara #4707 2 20| @4).
Proof. By Lemma 3.9 we have

1(JesvlJe}) colJer\Jai val Jek,

by Proposition 3.16 we have

# (D J@NTZAT) Sara #4047 2 i @3).
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and by Proposition 3.16 and Lemma 3.9 we have
Jed—l(aU e\ Jeiuis = A}T) <dA Jed—l(a* (U Qtulf > A}) N U@?)
< a0\ T=a @)+ (0.7 = nJek).

We use the fact that the measure-theoretic boundary is contained in the topological bound-
ary and combine the last three displays to finish the proof. ]

We integrate (3.2) and Corollary 3.17 over A € R to obtain

/oo ﬂd—l(aUa*\m*)dx g/_oo ﬂd—l(aU@é\U(@gu@f))dx

+Cara /oo J{d”(a* {f =N U(;M) dA.  (3.10)

3.3. Reducing to almost dyadically structured stars

The purpose of this subsection is to represent the first term on the right hand side of (3.10)
by almost dyadically structured stars.

Definition 3.18. For a set @ of measurable subsets of R? we define the maximal sets
in @ by
m@) ={0ec@:VPec@, -0 < P}

Lemma 3.19. Let @ be a finite set of measurable subsets of R%. Then for any Q € @
there isa P € m(Q) with Q & P.

Proof. Let Q¢ € Q. Any sequence of sets Qo, Q1,... € @ with Oy i Q1 s finite. Let
Qo, ..., On be alongest such sequence. Then there is no Q0 € @ with Q, i Q, which
means @, € m(Q) and Q¢ & Q. finishing the proof. |

For n € Z we say that a star Q is of scale n if
2"t <r(Q) <2".

Proposition 3.20. Let L, A > 1, let @ be a finite set of A-stars and let f € L'(R?).
Then @ has a subset § C @ with the following properties:

(1) Forany Q € § thereisno P € @ with Q i P and fp > fo.
(ii) Let Q, R € § be distinct with r(R) < r(Q). Then

L(RN Q) <27 ' min{L(B(Q)). £(B(R))},

or R is both of strictly smaller scale than Q and fr > fo.
(iii) For Q € @ let

o =inf{h: £(Q N{f = A} < AL)"'£(Q)}.
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Then for all Q € § we have fg > Ag and
o0 e —
[ xUai\ U@ uah) i san Y (fo - 20 0 0)
e Qes
Proof. Let B
Q={0e€@:VPe@ (-Q <& P)orfp< fo)

We construct § using the following algorithm:
Algorithm. Initiate R = @ and § = 0. We iterate the following procedure:

If R is empty then output § and stop. If R is nonempty let n be the largest scale of a
star in R, take a star S € R of scale n which attains

max{fp:Q € R, r(Q)>2""1)
and add it to §. Then remove all stars Q with fp < fs and
£(0NS) =27 ' min{£(B(Q)). L(B(S))}

from R and repeat.
Finally, remove those sets Q from § with fp < Ag.

The definition of @ and § C @ imply (i). Next, we prove (ii). In each iteration in the
above loop we remove at least the star S from R that we added to §. Since @ is finite this
means the algorithm will terminate and return a set § of stars. Let S, 7T € § be distinct
stars with 7(S) < r(T) and £(S N T) > 27 1£(B(S)). Then S and T cannot be of the
same scale, because otherwise one of them would have been removed when the other was
added to §. That means S is of strictly smaller scale than 7', which means 7 has been
added to § in an earlier step than S, and thus fs > fr because otherwise S would have
been removed in that step.

It remains to prove (iii). For A € R and S € § denote

Q@ ={0ec@in@:£0NS)=29"£B(Q)).

Let A € R and Q € @} N @. Then there is a star S which has been added to § when Q
was removed from R. This means S has at least the same scale as Q and

£(Q NS) =27 min{L(B(Q)), L(B(S))} = 27" £(B(Q)) = 277" A~ £(0)

and fs > fo > A. Since we assumed Q ¢ (Q’& U (3'11’ this requires S & (Qé and thus
As < A < fs. This means that for each A € R we have

Qlna= ) e (3.11)
SeS:As<A<fs

By Lemmas 3.3 (i) and 3.19 and m(Q*) c {Q € a: Jo=A}C @* we have

Jer=Je* =Jm@) cJm@)c|Jioe@: fo=rcl e
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and hence

il et cal Jioe@: fo = A},
Abbreviating C = U((Q(’} U (Q%) we can conclude
il Jat\c=al Jor\ccal J@n@\c=dJ@nd®\Cc. (12

Let S € § withAg <A < fs. That means S ¢ (,‘Zé and thus either S € (Q%, which implies
S e (Qﬁ, orS € (,‘2’1l By Lemma 3.9 in the first case or set inclusion in the second case

we obtain
slJes\JetcalJet\s|uas. (3.13)
We can conclude from (3.11) to (3.13) and Proposition 3.16 that

gt \Jw@iueh) s Y et (aJed\UJw@iue))

SeS:As<A<fs

< ¥ de—l(aUczg \E) + 91 S)

SeS:As<A<fs

San Y. HUTNOS).
SES: As<A<fs

Integrating both sides over A implies (iii), finishing the proof. ]

Lemma 3.21. Letr > 0 and let B be a set of balls B withr/2 < r(B) < r such that for
any two distinct By, B, € 8B we have

£(B1 N By) <27 ' min{L(B1), £(B2)}.

Then for any ¢ > 0 and any point x € R?, there are at most (8d(1 + ¢))? balls in {cB :
B € B} which contain x.

Proof. Let B(x1,r1), B(x2,r2) € B with r; < rp. Then by Lemma 3.13 we have

L(B(x1,71))/2 < L(B(x1,71) \ B(x2,72))
< L(B(xy,r1) \ B(x1,r2 — |x1 — x321))

< d(rl -1+ |)C1 —X2|)

L(B(x1,71)),
I

which implies
d|x1 —x32| =dry—(d —1/2)r1 > ry/2,

which means B(x1,r1/(4d)) and B(x;,r2/(4d)) are disjoint. Then for any B € B with
X € ¢B we have

(4d)™'B c B C B(x,(1 + ¢)r(B)) C B(x, (1 + c)r),
£((4d)"'B) = (8d(1 + ¢)) " £(B(x, (1 + ¢)r)).

We can conclude that there are at most (84(1 + ¢))? such balls. |



The variation of the uncentered maximal operator with respect to cubes 25

3.4. A sparse mass estimate

Throughout this section let L > 2,0 < a < 1, let Qg C R4 be bounded and let f e
L'(Qy). Moreover, let @ > Qy be a finite set of sets Q ¢ Qg such that for any two
0, P € Q we have

L(Q N P) €{0.£(Q). £(P)}.

Assume that whenever there are O, P € @ with P i Q for which there exists no R € @
with P i R é 0, the set Q has an L-decomposition $ (Q) according to Definition 2.3 (i)
with P € (Q) C Q. This means that if Q € @ has no L-decomposition into sets in &
then there exists no P € @ with P é Q, and we write (Q) N @ = @ in this case.

The prime example is that Qg is a dyadic cube and @ > Qy is a subset of the set of
dyadic subcubes of Qg such that for each Q € @ all dyadic siblings and ancestors of Q
belong to @ as well. This example satisfies the above assumptions for L = 2¢. We will
apply the subsequent results later in the setting of A-stars, although the shape of the sets
in @ is mostly irrelevant for the arguments in this section.

For R C @ recall the definition of its maximal sets, m(R) (Definition 3.18). For any
A € R denote

m(@,A)=m({Q €@: fo>Aor P(Q)NAQA =0}).
Our goal is to prove the following proposition:

Proposition 3.22 ([31, Proposition 3.1] for more general sets). For any u < fg, with

£(Qo N{f > pn}) = ad(Qo)
we have
(foo = )£(Qo)
< é/:oi({f > nJ{Q em@ 1) £(f =) N Q) = Lak(Q)}) dA.
We will later need a slight modification of Proposition 3.22.

Corollary 3.23 ([31, Corollary 3.3] for more general sets). For any ju < fo, with
£(00 N {f > 1)) = @/ £(Q0)
we have
(foo ~ W£(Q0)
<2 [T 21> n0lUfe e m@n) s 24 2 2410 0) = La(O)}) .

foq

Proof. By assumption

Sfoq o
[ 24 > 00 00 @ = 5 (o, - w200 (314
I
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By Proposition 3.22 we have

(fQo —w£(Qo)
< é/ £({f >nn{J{eem@ 1) : £4f 221N 0) = La(Q)})
i

o

fQo
5—/ LS > AN Qo) dA
yr
+ é/f: 2({f >nnJ{eem@1): £df = 21N Q) = La(Q)}) da.

Now we apply (3.14) to the first term on the right hand side and subtract the quantity
(foo — m)£(Q0)/2 from both sides. This finishes the proof. [

We will prove Proposition 3.22 with the help of the following lemmas:
Lemma 3.24. For every A € R we have Q¢ £ | Jm(@, 1).

Proof. By assumption on @ for every Q € @ with (Q) N @ # @ we have P(Q) C Q.
Since @ is finite and covers Qy, this implies that {Q € @ : P(Q) N @ = @} covers Q.
An application of Lemma 3.19 finishes the proof. ]

Lemma 3.25. Let Q € @ with

LO NS = fo}) = aL(Q).

Then for any 1 < fo we have

1 [fe
(fo —mWX(Q) < 5/ 2O N{f > A})dA.
w
Proof. Indeed,
fo 1 [fe
(fo — W£(0) =/M £(0)dL < &/M 200N {f > A} da. .

For u € R take

@u Cm({Q €e@Q: fo<port({f = foNQ) ZOlf(Q)})

such that for every Q on the right hand side of the above display there isa P € Q w With
P £ Q,andforall O, P € @, with Q # P wehave Q # P.

Lemma 3.26. Forany u < fo, we have

(foo—02(Q0) = o [~ 2(1f > W\ UKQ € s fo = ) .
w
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Proof. By Cavalieri’s principle, for any measurable Q@ C R” and g € L!(Q) we have

00 1
/(g—u):/ éC(Qﬂ{g>/\})d)L—/ L(QN{g < A})dA
Q L

I —00

g/oocf(Qﬂ{g>k})d/\.
w

Note that

/Q (f =) = (fo - WLO).

Thus, by the previous display for @ = Qg \ | (,?ZM and ¢ = f and by applying
Lemma 3.25 to each Q € @, with fp > p we obtain

(foo = WL(Qo)

S RCRTCEY SRREIED Sy KRR

0eQu
o0 i} max {i, fo}
5/ $({f>k}\U(£2M)dk+$ 3 / “eqr =100
122 QE@M 13

=/M°°[x({f>A}\U@M)+éz({f>x}mU{Qe(Zz,L:fQ>x})}dx

Eé/:oéﬁ({f>k}\U{Qe@M:fQSA})dA. .

Lemma 3.27. Let i € R with

LS > p}N Qo) = af(Qo)
and A > . Then for every Q € m(Q, 1) with

L{f =2} N Q) > La(Q)
thereisa P € @, with Q & P and fp < A.

Proof. The assumption implies O i Q. Thus there is an R € @ with smallest Lebesgue
measure such that Q i R. This means Q € £ (R) # 0. Since Q € m(&, 1) we must have
R € m(@, A). This implies fr < A and hence

LESf > RINR) =2 L{f =2A;N Q) > LaL(Q) = aL(R).

Thus, by Lemma 3.19 there is a P € (,?Z,L with Q i R & P. Again, we must have P ¢
m(@, 1) and thus fp < A. n

Proof of Proposition 3.22. This follows from applying Lemmas 3.24 and 3.27 to the right
hand side in Lemma 3.26. ]
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Remark 3.28. In order to prove Theorem 1.1 for the Hardy-Littlewood maximal opera-
tor M over balls it is enough to prove a suitable variant of Proposition 3.22 for the set of all
balls, see also Remark 2.14 (iii). Our proof of Proposition 3.22 does not work for the set
of all balls because a ball cannot be decomposed into finitely many smaller balls. In fact,
it is not even entirely clear how the statement of Proposition 3.22 should be formulated in
the case of balls. Note that in its current form Proposition 3.22 only takes into account the
parts of f that are contained within Qg, and lie above p. This is not strictly necessary;
in principle, we may allow the right hand side in Proposition 3.22 to take f into account
also anywhere below p and within 2By in order to hopefully enable a proof of a variant
for balls.

Lemma 3.29. Let P be a countable set of sets O C R? which have a ball B(Q) with
£(B(Q)) < £(Q)and Q & ATQ) and an L-decomposition P (Q) C P according to
Definition 2.3 (). Let Q¢ € P and let E C Qo be a measurable set with £(E N Qp) <
£(Q0)/2. Then the sets Q € P with Q & Q¢ and

I _2(ENQ) _

1
2L 20 2

cover almost all of E N Q.

Proof. By our assumptions on J# for almost every x € E N Qo there exists a sequence
Qo = 05, 07, 03.... € P such that for each n € N we have x € Oy and Q;,, €
P(0;). Since £(B(Q;)) < £(Q;) and OF & A B(Q%) we can infer from the Lebesgue
density theorem that for almost every x € E N Q¢ we have £(E N QF)/£(0;) — 1 for
n — oo. Let ny be the smallest integer n for which 2LEL(E N Q) > £(03). Ifny =0
then Q; = Qo, which means 2£(E N Q; ) < £(Q5 ) by assumption. In case ny > 1
we argué (

LENQY) _L(ENQY ) _£(Q5 /L) _1

L0 —  L@r) T L(©Q7) =7

finishing the proof. =

3.5. Organizing mass

Recall that fort > 0 and aset Q C R4 we define

0(r) = {x € Q : dist(x,R? \ Q) > t}.

Lemma 3.30. For every A > 1 and every 0 < ¢ < 1 there exist constants C,Cy,Cy > 0
which allow for the following: Let @ and § be finite collections of sets Q C R? which
have a ball B(Q) with B(Q) C O C AB(Q) and denote by r(Q) the radius of B(Q).
Assume that for each Qg € § there is a collection Qg, C @ with|JQg, & Q¢ and that
foreach Q € @ we have = Q¢ & - Q. Then @ has a subset P with the following properties:

(i) Forany x € R? there are at most C sets Q € P with x € Q(er(Q)).
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(ii) For each Qg € § and Q € Qg there exists a set P € $ with Q C C{B(P) and
P C C3B(Qo).

Proof. Denote by @ the set of all Q € @ for which there is no P € @ with Q C
P(er(P)/2). For each n € Z denote by @, the set of all Qe @ with 27! < r(Q) <2".
Take a maximal collection &, C (,‘2 such that for any two distinct Q, P € &, their subsets
Q(er(Q)) and P(er(P)) are disjoint. Set P = U, ez Pn-

First we prove (i). Let x € R? and let n € Z be the largest integer for which there is
aQ e P, withx € Q(er(Q)). Letk € Z withk <n — (3 + log,(A/¢)) and P € J
Then

diam(P) < 2Ar(P) < 2A2F < 2" 2 < er(Q)/2.

That means we cannot have x € P because otherwise P C Q(er(Q)/2), which contra-
dicts P € @. We can conclude that there are at most C = log,(A/¢) + 4 integers k for
which there is a Q € P with x € Q(er(Q)). Since by definition of P, for each k € Z
there is at most one such Q € £ we can conclude (i).

Now we prove (11) Let Qg € $ and Q € Qg,. If Q € P take P = Q. Then Q C
AB(Q) and B(Q) & Qo C AB(Qy), which implies O C A2B(Qy). If 0 € @\ P
then thereisa P € P with r(Q) < 2r(P) < 4r(Q) < 2diam Q¢ < 4Ar(Qy) such that
Q(er(Q)/2) intersects P(er(P)/2). That means Q N P contains a small ball, almost
all of which also lies in Q. We can conclude Q C SAB(P) P C 5AB(Q) and P C
5A2B(Qy). If O ¢ @ then there is an R € @ with R(er(R)/2) D Q and since @ is
finite, such an R exists for which there is no R € Q with R C R(ar(R) / 2). That means
R € @ and so as in the previous case thereisa P € £ with Q € R C 5AB(P) and P C
5AB(R). Since Q & Qy, also Qy intersects R(er(R)/2). Thus, if 4Ar(Q¢) < er(R)
then diam(Q¢) < er(R)/2 and hence Q¢ C R, and moreover

L(R\ Qo) = £(B(R)) — L(AB(Qo)) = L(B(R))(1 —¢/4) > 0,

which would be a contradiction to our assumption on § and €. That means we must have
r(R) <4Ar(Qg)/e and thus

P C 5AB(R) C (24A /¢ + 1)AB(Qy). u

3.6. Combining the results

Lemma 3.31. For any t > 0, any A-star Q with £(Q(t)) > 0 and any measurable set

E C R we have
‘i(Q(t) NE) B L(QNE) - 2dt
L(Q(1)) £(Q) |~ @)

Proof. We have

‘éﬁ(Q(t) NE) £@QnE)|_ ‘i(Q(t) NE)  £(Q()NE)
2(0(1) 20) |~| 2w £(0)
'sz(z) NE) £(QNE)
£(0) 20) |
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Since
£0QONE) £QONE)|_ £QONE) £(0\ 0()
£000) 20) |~ 20z T@ T HeWI= "¢
d
" HOONE _£00D) _ £0)\00)
2(0) 20 =7 L0
we can conclude the proof using Lemma 3.13. ]

Proof of Theorem 2.5. In Section 3.2 we proved (3.10). It remains to bound the first term
on the right hand side of (3.10), and we will proceed to do so using the tools developed in
Sections 3.3 to 3.5.

Let § C @ be the set from Proposition 3.20. For every Qg € S let @g,,0 = {Qo} and
for n € N inductively define

Qoon+1 = JI1P(Q): Q € Qoo 3P €@, P S 0}
Since @ is finite there is an N € N for which Qg y+1 = 9 and we let
Qo, =Qgyo0U---URQg,n-

Then Qp and @ g, satisfy the assumptions from the first paragraph in Section 3.4. Recall
that A9, from Proposition 3.20 satisfies

L(Qo N{f > Ag,}) < (4L) ™' £(Qo)
and let
T, = {0 e m(Qgy. 1) : U f = A} N Q) < £(Q)/2}.
By Corollary 3.23 with o = (2L)~! we have
0 —rog) ¥ <4L Ty A0l )74 ) dr. (3.15)
(foo = *00)£(Q0) /fQO (tr>nnU7,)

Since & satisfies the assumptions in Lemma 3.29, for every A € R the collection

* L ZPn{f=1ph 1

@q@ . I, —
II{PeJ.PcQ,—2L§ i3 =3

QeTé‘O
has a finite subset R’éo with
9
A A
x(l LRQO) > —O:fi({f >3 n| |JQ0). (3.16)

Now we show that for every A € R the premise of Lemma 3.30 holds for the sets

S:={Q0€S: fo, <A}, @Qp,:= :R'éo, Q:= U Qo,.



The variation of the uncentered maximal operator with respect to cubes 31

SoletA e Rand O, Q¢ €8 C @ with fp, fo, <Aand P € :R)éo with Q & P. We need
to show that P & Q. Unpacking our definitions there is ann € {0,1,...} and a star R €
m(@g,.A) N Qg,,n With P & R.This means Q & R, and fg > A or P(R) N Qo,=10.
If O £ Rthen P & Q and we are done. Thus it suffices to consider the case O i R. Then
by definition of @ g, 41 we have P (R) C @ ,n+1, Whichmeans (R) N @ o, # ¥, and
thus fg > A must hold. Since R € @, there exists a sequence Qo. ..., 0, € & with
On = R such that foreach 0 < k <n —1 we have Oy € Qo x and Qx4+1 € P(Qk).
That means for every 0 < k < n we have Q é Ok Since @ is L-complete it follows
inductively that Qy, ..., Q, € @ and thus R € @. But then Q é Rand fr > 1> fp
contradict Proposition 3.20 (i).
That means for every A € R the premise holds and we can apply Lemma 3.30 with

§=1{00eS: fo, <A} @gy=Rbh,. @=|]J @g, e=@®dL)".
0o€s

We denote the resulting set of A-stars by *. By Lemma 3.30 (ii) for every Qo € § and
A > fo, we have

£(URb,) = £(UtC1B(Q): 0 e 7%, 0 € C:B(0)})
<cf . LB (3.17)

QeF*: 0CC2B(Q0)
By Proposition 3.11 for every Q¢ € § we have
HITHD Qo) S AT HITH O AB(Qo)) = AT B(Qo))
Sd.n £(Q0)/r(Qo). (3.18)
By Proposition 3.20 (iii) and (3.15) to (3.18) we obtain

/Oo %d—l(aUag\U(@g u(,‘z%))dx

San Y, (fog —A0)H*7 (3 Qo)

Q()GS

Sara Y @0 [ S 2B

Q0€$ foo QeF*:QCCrB(Qo)

5/00 > 2(B(Q)) > r(Qo)~ " dA. (3.19)

TP pegr Q0€S: 0CCyB(Qo)

Letk € Z and let Q¢, Q1 € S be distinct with

251 < 1(Qo) < 1(Qn) < 2,

Then by Proposition 3.20 (ii) we have
£(B(Q0) N B(Q1)) <27 min{£(B(Qo)), L(B(Q1))}-
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Let Q € ¥4 andletn € Z with 2"~ < r(Q) < 2". Then by Lemma 3.21 for any k € Z
the number of A-stars Qg € § with 28~1 < r(Qg) < 2F and O C C,B(Qy) is bounded
by a constant that depends only on d, L, A. Moreover, if k <n — 1 —log, C, then

diam(C, B(Q0)) < 2C>r(Qy) < 2¥+1C, < 2" < 2r(Q) < diam(Q),

which means Q ¢ C, B(Q¢). We can conclude

> rQot = > > r(Qo) " Saar Y, 27F

Qp€eS k>n—1—log, C> Qp€es k>n—1—log, C>
QCC2B(Qo) 0CC2B(Qo)
2k=l<r(Qg)=<2k
1
<22"Cy SarLA ——- (3.20)
r(Q)

By Lemma 3.14 for any Q € R’bo the set Q(er(Q)) is a A/(1 — g)-star. Moreover, by
the definition of R’éo we have

QL)' <=L N{f = AD/LQ) < 1/2.
Recalling ¢ = (84L)~!, by Lemma 3.31 we obtain

1 _L@Er(@)Nif =4)
4L~ £(Q(er(Q)))

That means by Lemma 3.13 and Corollary 3.7 that
£(B(Q))/r(Q) <a £(Q)™V/ <, £(Q(er(Q))) @14
Saar HTHQEr(Q) NaL{f = A)). (3.21)

Recall that by Lemma 3.30 (i) for every A € R and x € R¥ there are at most C different
stars O € F* with x € Q(er(Q)). Moreover, for every Q € F* there is an S € § with
0 & S and thus by Lemma 3.3 (v) we have

0@r(@)c g c§ =5
Denoting U§ = {§ : S € §} we obtain

IA

3
K

> HTTHOENQ) NS Z A = / T oty ()97 ()

QeFr 0« {f2A} QeFh

§C/ . A4 (x)
USNd«{f>A}
- c,%d—l(Ué’ Nou{f > A}). (3.22)

Combining (3.20) to (3.22) we obtain

Y o£BO) Y rQ0 7 sarad T (USnatrza). G2

QeF A Q0€S: QCC2B(Qo)



The variation of the uncentered maximal operator with respect to cubes 33

We integrate (3.23) over A € R and apply (3.19) to obtain

/_oo g1 (aU @i\ J@iu (fzf)) A <aza /_oo g1 (U§ No{f > A}) da.

Applying this inequality to (3.10) finishes the proof. ]

4. Local integrability and approximation

4.1. Perturbations with zero Lebesgue measure
In this section we prove Proposition 2.9.

Lemma 4.1. Every set B of open balls has a countable subset € C B with| J€ = | 8.

Proof. Because we may write 8 as the countable union

B=|J{Be8:2"" <r(B)<2"}.

nez

after rescaling it is enough to prove the lemma when B is a set of balls B with 27! <
r(B) < 1. Thenfor N € 2N and 0 <n < N/2 let 3’11\1 be a maximal set of balls B € B
with

27 4 n/N<r(B)<2 '+ m+1)/N

such that the centers of any two distinct balls in 8} have distance at least 1/N. Let
x € J B. Then there is aball B(y,r) € B withx € B(y,r) andan N € 2N with |y — x| <
r —2/N. Moreover, there exists 0 < n < N/2 with

27V 4 n/N <r<27' 4+ +1)/N,
which means there exists a B(¥,7) € 8% such that |7 — y| < 1/N. We can conclude
x=y <Ilx=yl+ly—=VI=r—-2/N+1/N=r—1/N<T,

which means x € B(y,7). Since Uy eony Uo<n<n/2 BY is a countable set of balls, this
finishes the proof. |

Recall that for a set @ of A-stars we denote @ = {Q : O € @} and Q= {Qo 10 €@},

Lemma 4.2. For any set @ of A-stars the sets | ) @, |J Q and \U @ are measurable and
UezJezJé

Proof. The set | J Qis Lebesgue measurable since it is open. For any n € Z let

Q,={0ec@:2" ! <r(Q) <2").
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Then by Lemma 3.3 (ii) we have

Ua\UécUUa\Jd.c JalJén.

nez nez

Let n € Z and let B be a ball with r(B) > 2"~!. By Lemma 3.3 (iv) the collection (5,,
consists of A-stars Q with r(Q) > 2"~! and thus we can apply Proposition 3.11 and
obtain £(B N d|J @,) = 0. Covering R4 by a countable set of such balls B and summing

over n € 7, we thus obtain o .
:E(U a\J @) —0

UeclJacJaclJa
This means that the three sets above have the same Lebesgue measure and in particular
are all Lebesgue measurable. ]

and hence

Lemma 4.3. Let @ and @ be sets as in Proposition 2.9, i.e. let @ be a set ofA stars
and let @ be a set ofsubsets of R¢ such that for each Q € @ there exists a Q €@, and
conversely for each 0 e Q there exists a Q € Q such that O C Q and Q & Q. Then
\U @ is Lebesgue measurable with | ] @ %= | @.

Proof. For any x € UQ?Z thereisa O, € @ and a ball B, with x € B, C Qox & Q;.We
have | J @ = |J{Bx : x € |J @} and thus by Lemma 4.1 there is a sequence x1, X3, ... €
U @ such that | @ = By, U By, U---, which means

£(Ué\Ja) = ix(an \ 0x) = 0.
n=1

That means | J Q & U Qc | @ and we can finish the proof using Lemma 4.2. ]

Proof of Proposition 2.9. As aspecial case of Lemma 4.3 any star Q € @ differs from its
corresponding set Q €@ by a set of Lebesgue measure zero so that f5 0= = fo.By another
application of Lemma 4.3 we obtain

Jteea:fo>qy = J10c@: f5>4q}
Therefore, the set
Mg/ >Maf}t=|J{xreQ:Mgf(x)>gq>Maf(x)}
q€Q

has Lebesgue measure zero, which means that for almost every x € 2 we have Mz f(x) <
Mg f(x). The reverse inequality follows the same way.

It remains to consider Theorem 2.5 where @ and @ are assumed to be finite. By the
above arguments we have

o Ja@* =a. | Jet c al Je
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ok
and for every pair Q € @, Q € @ we have Qo C Qo* = Q . This means that Theorem 2.5
for @ implies Theorem 2.5 for @ with the measure-theoretic boundary and interior instead
of the topological boundary and interior.
It remains to cotgsider the case that for every pair Q € @, Q € @ we have Qo - Q ,
which means é C Q .By Lemma 3.3 (vi) also Qisan L-complete set of A-stars and thus
Theorem 2.5 holds also for (?2 instead of @. By Lemma 3.3 (ii) we have

Y

C@CEC

Y

and thus

Ué =& = Jar = Ja~

We can conclude

o J@ cJan\|J @ clJar\ | Jar =al Jar

and thus Theorem 2.5 for @ follows from Theorem 2.5 for (EZ [

4.2. Approximating uncountable sets of stars

In this section we prove the local integrability of the local maximal function, and use it
to deduce Theorem 2.6 from Theorem 2.5. Let A > 1,1let Q2 C R4 be an open set and let
f € LL (). Recall the local Hardy—Littlewood maximal operator

loc
Mg =Mg for@ = {B: Bball, B C Q},
and denote
Mp g =Mg for@ ={Q : Q A-John domain, Q C Q}.

Proposition 4.4. Let A > 1, let @ C R? be an open set and let f € LY (Q) with f >0

and varq f < oo. Then for every ball B and every & > 0 with (1 + &)B C Q there is a
K < oo such that for every x € B we have

Ma.g f(x) Sa.a.e max (K, M1z f(x)).
Proof. Recall Lemma 3.2 (ii): every A-John domain Q has a ball B(Q) with B(Q) C
0 C AB(Q). Define
@ = {Q A-Johndomain: Q C 2, QN B # @, AB(Q)\ (1 +¢/2)B # @}

and K = suppcq fo- Note that by Lemma 3.3 (ii) the sets Q and 'O only differ by a set
of Lebesgue measure zero and in particular fp = f@ Let x € B and let Q be a A-John

domain with x € Q and AB(Q) C (1 + &/2)B. Then for the ball C = ‘11"’5/23/\3(@

we have
xeQCABQ)cC
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and C C (1 + &) B and thus

! (1+2¢/3)¢ A? _ (4237 4
«f(Q)/Qf = U +e/21 x(c)/cf = W/\ Mate)p f (%),

which implies

Ma,of(x) < max{(1 + 2¢/3) A"M( 165 f(x), K}.

It remains to show K < oo. To that end take a sequence of John domains Q;, Q>,...€ @
with fp, — K as n — oo. That means for every n we have

r(Qn) = diam AB(Qy)/(2A) = er(B)/(4A).

Since there is an x,, € Q, N (1 4+ ¢/4) B, by definition of a John domain we can conclude
that there is aball B, C O, N (1 + ¢/2)B with r(B,) > er(B)/(8A). By a compactness
argument there is a subsequence ny < n, < --- such that the balls (B, )x converge in
LY((1 +&/2)B) to a ball By C (1 + ¢/2)B with r(Bg) > er(B)/(8A). That means
for C = 271 B, there is a ko such that for all k > ko we have C C Bn, C Op,- Let
Q €{C,0n,,0n,,-..}.Since f € L} (Q) with varg f < oo we know from Remark 3.5

loc

that f € L'(C) and f € L'(Qp,) and thus by Holder’s inequality and Theorem 3.4 we
deduce for k > k¢ that
|fe = fou | < £O)TNS = fou, i)
< 2OV — fo, NlLara-ncy
< (€)@ f - Jouw Nrara-v,,)
San L€)WV varg,  f
< £(C)" "V varg f.

Thus we can conclude
< —(d-1)
K Zaa fc+r(C) varg f < oo.
This finishes the proof. ]

Corollary 4.5. Let A > 1, let @ C R? be an open set and let f € LIIOC(Q) with varg f
< 00. Then MA,Qf € Ld/(d_l)(SZ).

loc

Proof. Let B be a ball with B C Q. Then there exists an ¢ > 0 with (1 + ¢)B C Q.
Therefore by Proposition 4.4 we have

/(MA,Qf)d/(dfl) < /(MA’Qlfl)d/(dﬂ)
B B

<ine L(B)KIED 4 /B (M8l £ @D,
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By (1.1) we have

/B (Matrosl £ N4 <, / | f|4/@=D

(1+¢)B

<4 2((1 + &)B)| fr1es]4/@D /(

|f = favenl? @D,
1+¢)B

We conclude the proof observing that K < oo and | f(14¢) | < 00, and that by Theo-
rem 3.4 we have

/( s |f = fa+es|Y@4™D <4 (vargiep £)47V < . L]
1+¢

Lemma 4.6 ([14, Theorem 5.2]). Let Q C R¥ be an open set and assume that f1, f>,...€

L} (Q) are functions with varg f, < co which converge in L} () to a function f as

n — oco. Then
varg [ < liminfvarg f,.
n—>o0
In [14, Theorem 5.2] it is assumed that f, € BV(£2), which is not necessary.

Corollary 4.7. Every set @ of open sets has a countable subset P C Q with | JP = Q.
Proof. Any open set U is the union of all balls B C U. This means that for
B={ball B:3U €@, BCU}

we have | J@ = | B and by Lemma 4.1 there is a countable subset € C B with | J€ =
(J B. For each B € € choose an open Q € @ with B C Q and let P be the resulting set
of open sets Q. Then & is countable and

Ue=Js=JecYrcJe =

d/(d-1)

loc

Proof of Theorem 2.6. By Corollary 4.5 we have Mg f € L
to prove

(£2) and so it remains

varg Ma f* <a,L,A varg f.
We first consider the case that all stars in @ are open. For every g € Q, let
Q1 ={0e@: fo >q}

By Corollary 4.7 it has a countable subset R, with | J R, = | @9. Recall thatany Q € @
has an L-decomposition L (Q). For Q € @ inductively define

Qoo =1{0}. Qo1 =J{P(Q)NQ:Q0eWpn}. Qo=QpoUQp 1U-.

With this definition let
s=J U @o.
q€Q QeRy
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Then § is countable and L-complete because @ is L-complete. Let x € Q. Then for
every A € R with Mg f(x) > A there exists a g € Q with Mg f(x) > g > A and we have

f(x)>qg=>Aor
xelJaor =R, c|s“.

We can conclude that

1
Ma f(x) = max {f(x), T /Q £0) dy}.

Take a sequence 1 C 8§, C --- of finite subsets of § which are L-complete and define

1
M = , — dy;.
o =max{ ., max o o]
Then for every x € 2 we have

S(x) =M, f(x) <Ma f(x)

and M,, f(x) monotonically tends to Mg f(x) from below. Let B be a ball with B C Q.
Since f € Ly (2) we have [5 | f| < 0o and by Corollary 4.5 we have [ Mg f| < co.

loc
So we can conclude by monotone convergence that

[ Mo )~ Ma f@ldx 0
for n — oo. It follows from Lemma 4.6 that

varg Mg f < I}ln_l) %)gf varg My, f, 4.1
and it suffices to bound varg M,, f uniformly. Since §,, is finite we have

MufzM={f 200 J{Qes:foz )
and thus by Lemma 3.9 we have
HET @ M f =2} N Q) < Jed—l(a* {0 €Sn: fo =2} \m*)
+ K0S = AN Q).

Using Lemma 2.1 we can conclude from Theorem 2.5 that
varg My, f

< /oo (7971 (0. 1@ € S fo 2 MNTT Z A7)+ #9710 {f = 3N

oo

Sd,L,A/ H 0, {f = A}NQ)dA
—00

= varg f.

By (4.1) this finishes the proof when all stars in @ are open.
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Now let @ be an L-complete set @ of general A-stars. Then by Lemma 3.3 (vi) the
set @ is an L-complete set of open A-stars and thus

varg Mé <d.L.A varg f

by what we have just shown. Moreover, by Proposition 2.9 the maximal functions Mg f
and M 3 f only differ on a set of Lebesgue measure zero. That means Mg f and M 8 f
have the same variation and so we can conclude the result also in the general case. ]
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