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A filtered generalization of the Chekanov–Eliashberg algebra

Russell Avdek

Abstract. We define a new algebra associated to a Legendrian submanifoldƒ of a contact man-
ifold of the form Rt �W, called the planar diagram algebra, and denote it by PDA.ƒ;P /. It is
a non-commutative, filtered, differential graded algebra whose filtered stable tame isomorphism
class is an invariant of ƒ together with a partition P of its connected components. When ƒ is
connected, PDA is the Chekanov–Eliashberg algebra. In general, the PDA differential counts
holomorphic disks with multiple positive punctures using a combinatorial framework inspired
by string topology.
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1. Introduction

The Chekanov–Eliashberg algebra CE.ƒ/ [18, 32] is an indispensable tool in the
study of Legendrian knots [34], smooth knots [47], and Weinstein manifolds [9].
It is a differential graded algebra (DGA) assigned to a Legendrian submanifold ƒ
of a contact manifold, constructed within the framework of symplectic field theory
(SFT) [33]. The stable tame isomorphism class of CE and the isomorphism class of
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its homology—Legendrian contact homology, denoted by LCH—are invariants of the
Legendrian isotopy class of ƒ.1

This article describes a generalization of CE which enhances its fundamental
algebraic properties. We call our new invariant the planar diagram algebra, denoted
by

PDA D .A; @;F /;

which is a DGA .A; @/ equipped with a special ascending filtration F . More precisely,
PDA is a max-filtered DGA (mfDGA), a type of algebraic object which is manifest
in algebraic topology and symplectic geometry but which did not (to the author’s
knowledge) previously have a name.

The planar diagram algebra depends on a partition P of the connected compo-
nents of ƒ. A Legendrian isotopy of .ƒ;P / is a 1-parameter family .ƒT ;PT / with
ƒ0 Dƒ for which the partition assignment function is continuous. If P is trivial (e.g.,
when ƒ is connected), PDA D CE. Each filtered piece

F `PDA D .F `A; @;F /

of PDA is itself an mfDGA.
The filtration F determines Z>0 [ ¹1º-valued torsion invariants �H ; �A [40,

41, 45, 59] of .ƒ; P / and each F `PDA automatically comes equipped with rich,
well-studied algebraic structures, such as associated augmentation varieties [51] and
bilinearized (co)homologies [8, 21]. When combined, augmentations and filtrations
generate a wealth of easy-to-compare invariants of .ƒ;P / from PDA which we pack-
age as graphs and polynomials in Section 5. From a computational point of view, PDA
is accessible using the CE toolkit combined with spectral sequences and analysis of
crossingless matchings on disks.

Differentials and cobordism maps for PDA are defined by counting the holomor-
phic disks of Ekholm’s RSFT [26] in a new way, thereby determining our new alge-
braic structures. The story here is analogous to that of Hutchings’ “q-variables only”
closed string RSFT [38, 45, 57] reformulating the closed-string RSFT of Eliashberg–
Givental–Hofer [33].

Because we are using the disks of [26], we avoid having to worry about multiple
covers and string topological degenerations of disks [20, 46]. The way we organize
counts of holomorphic disks is, however, motivated by Chas–Sullivan’s “chord dia-
gram” reformulation of string topology [16, 17].

Before further motivating PDA and reviewing its construction, we state our main
results.

1Stable tame isomorphism is a refinement of homotopy equivalence of DGAs, analogous to
simple homotopy equivalence of cellular complexes refining homotopy equivalence.
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Theorem 1.1. Letƒ be a Legendrian submanifold with a partition P of its connected
components inside of a contactization Rt �W of an exact symplectic manifold .W;ˇ/
with finite geometry at infinity. Then, PDA.ƒ;P / is a max-filtered DGA whose fil-
tered stable tame isomorphism class is an invariant of the Legendrian isotopy class of
.ƒ;P /.

An exact Lagrangian cobordismL�Rs �Rt �W with positive endƒC, negative
end ƒ�, and partition P inducing partitions P˙ of the ƒ˙ induces a morphism of
mfDGAs,

PDA.L;P / W PDA.ƒC;PC/! PDA.ƒ�;P�/:

The chain homotopy class of the morphism PDA.L;P / is an invariant of .L;P /.

Here, filtered stable tame isomorphism is a refinement of stable tame isomorphism
for mfDGAs described in Section 5. Using the techniques of [26], chain homotopy
invariance of PDA is easily established. Filtered stable tame isomorphism provides a
more precise notion of invariance, which simplifies analysis of augmentations. The
proof is addressed in Appendix A. We say that a pair .L;P / as described in the
theorem is a partitioned Lagrangian cobordism which we will denote by

.L;P / W .ƒC;PC/! .ƒ�;P�/:

Our convention is that Lagrangian cobordisms point downward in symplectizations
so that CE and PDA are covariant functors.

Applying homology to each of the F `PDA yeilds a max-filtered graded algebra
(mfGA), which we call the `-th planar diagram homology, denoted by

PDH` D PDH`.ƒ;P /:

Here is the homological version of the above theorem.

Theorem 1.2. The mfGA isomorphism class of PDH`.ƒ;P / is an invariant of the
Legendrian isotopy class of .ƒ;P /. An exact Lagrangian cobordism .L;P / as above
induces an mfGA morphism

PDH.L;P / W PDH`.ƒC;PC/! PDH`.ƒ�;P�/;

which is an invariant of .L;P / up to homotopy as in Theorem 1.1.

The following is then immediate from the above theorems and the definition of
the torsions in Section 5.

Theorem 1.3. The torsions �A; �H 2 Z�0 [ ¹1º are such that �A.;/ D �H .;/ D1
and �A.ƒ;P / � �H .ƒ;P / for all .ƒ;P /. If there exists a .L;P / W .ƒC;PC/!
.ƒ�;P�/, then

�A.ƒ
�;P�/ � �A.ƒ

C;PC/; �H .ƒ
�;P�/ � �H .ƒ

C;PC/:
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In particular, if one of �A.ƒ;P / or �H .ƒ;P / is finite, then .ƒ;P / cannot be filled
by any .L;P /.

As expected, PDA will depend on choices of almost complex structures which
become irrelevant in light of deformation invariance. We assume throughout that
c1.W/ D 0. When H1.W/ ¤ 0, the gradings of the algebras vary according to homo-
topy classes of trivializations of some circle bundles over W. See Section 2.4.

In this article, we work with coefficients R D F or R D F ŒH1.ƒ/� with F D

Z=2Z.2 As is the case with CE, choices of coefficient systems together with Maslov
classes of Legendrians impose restrictions on the possible gradings. Although this will
not be addressed here, our invariants can be upgraded to Z and ZŒH1.ƒ/� coefficients
using the techniques of [28, 35, 39].

Basic computations of PDA and PDH are carried out—mostly for 2-component
links—in Section 6. Perhaps surprisingly, PDH vanishes for many partitioned links
.ƒ; P / for which LCH.ƒ/ ¤ 0, meaning that ƒ does not admit a disconnected
Lagrangian filling. See [12] for examples of disconnected fillings, one of which we
study in Section 6.5.

1.1. Background and motivation

Now, we delve into slightly more details, assuming familiarity with the basics of sym-
plectic topology and CE. To simplify, we use F coefficients for the remainder of this
section. Our intention is that, by the end of this introduction, readers who are inti-
mately familiar with CE will have a good idea as to how PDA works and be able to
skip ahead to Section 5 to read more about the underlying algebra or Section 6 to see
some examples. Readers can also perform their own calculations using software we
have written to accompany this project [2].

Fix a .2n� 1/-dimensional contact manifold .M; �/ with contact form ˛ contain-
ing an oriented Legendrian ƒ. Throughout this paper, we will assume that

M D Rt �W; ˛ D dt C ˇ; � D ker˛

for an exact symplectic manifold .W; ˇ/ so that the Reeb vector field is @t . See Sec-
tion 2.1 for details. The reader is encouraged to pretend that .M; �/ is specifically the
standard contact Euclidean space .R2n�1; �std/ defined by

R2n�1 D Rt �Cn�1
x;y ; ˛std D dt �

X
yidxi ; �std D ker.˛std/:

2Other twisted systems—such as F ŒH2.M; ƒ/� used in knot contact homology—are also
available but will not be addressed.
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Further specifying nD2 is even better. The usual genericity and transversality assump-
tions for chords and holomorphic curves are in play for now and will be addressed in
detail later in the text.

The CE differential is defined by counting holomorphic disks with one positive
puncture and any number of negative punctures [18, 32]. Like products in wrapped
Floer homology [1] or differentials of Cthulhu invariants [15, 42], the differentials of
Legendrian RSFT invariants count disks with multiple positive punctures [20,26,46].

When multiple positive boundary punctures of a holomorphic map are allowed to
touch the same connected component of a Lagrangian cylinder R�ƒ in a symplecti-
zation, families of index 2 disks may degenerate into single-level SFT buildings [10]
whose domains are nodal Riemann surfaces. As described in [20], such degenera-
tions can be organized using string topology [16]. String topological degenerations are
dealt with combinatorially for .n � 1 D 1/-dimensional Legendrians in [46], result-
ing in curved DGAs with @2 ¤ 0 in general.3 The n� 1 > 1 case requires analysis of
high-dimensional moduli spaces of holomorphic disks. Moreover, RSFT disks may
be multiply covered, further complicating the underlying analytical theory.

Like the RSFT of [26], PDA is designed to avoid these string topological degen-
eracies (and subsequent analytical difficulties) by only counting disks with multiple
positive punctures when they touch distinct connected Legendrians. This is not so
unnatural from a Floer or Morse theoretical perspective, where multiple Lagrangians
or Morse functions are required to define product structures [1,8,42,49,56]. Partitions
of Legendrians also appear in the link gradings of [44, 49]. String topology still plays
an essential motivating role in defining the PDA differential and its cobordism maps.

Let L be a smooth, oriented manifold with free loop space L. In [17], Chas and
Sullivan used certain fatgraphs they call chord diagrams to organize string topology
operations [16] on (tensor powers of) the homology of L. The left-hand side of Fig-
ure 1 depicts a chord diagram for coproduct operations

�1k W Hd .L/!
M�

Hi1.L/˝ � � � ˝Hik .L/
�
;

kX
jD1

ij D d � k dim.L/

in the case k D 3.
The outer loop in the diagram represents a d -chain in L with interior edges rep-

resenting self-intersections of loops in L. When a loop in the d -chain satisfies the
self-intersection determined by the interior edges, we split it up into segments deter-
mining k loops in L. The thickening of the chord diagram sweeps out a cobordism
between the input loop and the output loops.

3Cyclic versions of Ng’s RSFT are non-curved DGAs.
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Figure 1. A string triple coproduct �1
3

is described by a chord diagram (left). The thickening of
the diagram (center) together with cylinders over input and output circles (right) yields a genus
0 cobordism.

1.2. Overview of PDA

A slight variation of the chord diagram picture for the loop coproduct operators takes
a holomorphic disk with any numbers of positive and negative punctures and defines
from it a “one in, many out” operator on an algebra of Reeb chords associated to a
Legendrian submanifold of .M; �/. In more colorful language, we will get a curved
A1 coalgebra, the type of algebraic object underlying CE. An advantage of finding
inspiration in [17] is that pictures will perform a great deal of mathematical labor
for us.

Let ƒ D
FN
1 ƒk be a Legendrian submanifold of .M; �/. The ƒi are closed,

connected, and grouped together as follows: let �P be an equivalence relation on
¹1; : : : ; N º which partitions it into NP � 1 non-empty subsets P1 t � � � t PNP D

¹1; : : : ; N º. Then, write
ƒP
j D

[
i2Pj

ƒi :

The ƒP
i are all connected if and only if NP D N . We say that an ordered pair of

chords �1; �2 on ƒ are composable if �1 ends on the same ƒi on which �2 begins.
The pair is P composable if �1 ends on the same ƒP

j on which �2 begins. A � is
pure if it is composable with itself and mixed otherwise. A � is P pure if it is P

composable with itself and P mixed otherwise.
Let w D .�1 � � � �`/ be a P cyclic word of chords on ƒ. This means that each

pair �i ; �iC1 is P composable (with k modulo `). Say that each �i ends on ƒP
ji

. To
avoid the aforementioned string topological degenerations, we will want the ji to be
pairwise distinct in which case we say that w is admissible. In order that our algebra
be non-commutative, it is essential that we do not consider cyclic permutations of
words to be equivalent: .�1�2 � � � �`/ œ .�2 � � � �`�1/.

Our word w can be represented as the boundary of 2`-gon, P D.w/ � C, with
half of its boundary segments drawn as dashed arcs representing the �i traversing
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�3 �1

�2

�4

j1j2

j3 j4

��6

��5

�C1

�C2

��7

Figure 2. On the left, a planar diagram P D.w/ for some w D .�1�2�3�4/. Integers indicate
boundary labels so that �1 begins onƒj4

and ends onƒj1
. The marker at the tip of �1 indicates

the beginning of the word. On the right, a planar diagram P D.u/ for some holomorphic disk
u. Signs indicate which boundary punctures asymptotics are positive and negative.

@P D.w/ according to the (counterclockwise) boundary orientation. The remaining
boundary segments represent (indeterminate) capping paths—as typically considered
in CE—connecting the ending point of �i to the starting point of �iC1.4 We say that
P D.w/ is the planar diagram for w.5 See the left-hand side of Figure 2.

Let u D .uR; uM / W D n ¹zj º ! Rs �M be a holomorphic map from a disk with
boundary punctures zj 2 @D into the symplectization of M , with its boundary arcs
mapped to L D Rs � ƒ and the zj asymptotic to @t chords of ƒ via u. Here, and
throughout, we use D for the unit disk in C whose interior is denoted by B. A zj

is declared positive (negative) if limz!zj uR D1 (respectively, �1). A planar dia-
gram for u is a 2#.zj /-gon, P D.u/�C with dashed boundary segments associated to
the zj and solid boundary segments associated with components of D n ¹zj º. Dashed
arcs are decorated with chords and signs indicating positive or negative asymptotics.
See the right-hand side of Figure 2.

Definition 1.4. An inscription of P D.u/ into P D.w/ is an inclusion P D.u/ �

P D.w/ such that the arcs in P D.u/ representing positive chords are sent to their
corresponding chords in P D.w/ and such that the arcs in P D.u/ representing com-
ponents of @.D n ¹zj º/ are contained within the (non-dashed) arcs of @P D.w/ not
labeled by chords.

4When using enhanced coefficient systems, we will want to keep track of homotopy classes
of capping paths. When the ƒP

j
are disconnected, the capping paths may need to jump across

components of ƒ. This can be managed with additional choices of connecting paths. See Sec-
tion 2.3.

5Readers familiar with [26] can think of a planar diagram as a drawing of a “formal disk”.
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�1

�2

�3 �6 �5

�7

�4

- �3 �6 �5

�7

�4

Figure 3. An inscription of planar diagrams from Figure 2 determines an association
.�1�2�3�4/ 7! .�5/ � .�6�3/ � .�7�4/.

If an inscription P D.u/ � P D.w/ exists, it is unique up to isotopy. Observe
that the way in which positive chords and non-chord arcs of P D.u/ are mapped into
P D.w/ completely determines how the negative chords of P D.u/ are mapped into
P D.w/.

Example 1.5. If a w consists only of P pure chords, then it must have word length 1
and P D.w/ is a bigon with one dashed arc and one solid arc. Say w D .�/ is such a
word with � beginning and ending on someƒP

j . Given a holomorphic disk u, P D.u/

can be inscribed in P D.w/ if and only if u has a single positive puncture given by �
and all of the negative punctures of u are chords which also begin and end on ƒP

j . In
other words, u contributes to the differential of � for CE.ƒP

j /.

Provided an inscription P D.u/ � P D.w/ with w admissible, the complement
P D.w/ n P D.u/ is a disjoint union of planar diagrams for admissible P cyclic
words of chords, and these words come with an ordering determined by the boundary
orientation of P D.u/. Details are provided in Section 3.2.

Say this ordered collection of words is w1; : : : ;wm� , where m� is the number of
negative punctures of u. We view the inscription as associating w 7! 1 when m� D 0
(whence P D.u/ D P D.w/) and w 7! w1 � � �wm� otherwise. See Figure 3.

Writing V for the free F D Z=2Z module generated by the admissible cyclic
words of chords, our disk u determines an operator

�u W V ! .V /˝m�

such that �u.w/ D 0 if we cannot inscribe P D.u/ into P D.w/ and with the con-
vention that V ˝0 D F . After grading the w, weighted counts of the �u.w/ over all
ind D 1 holomorphic maps u determine a differential operator

@ W A! A; A D T .V /; deg.@/ D �1; @2 D 0
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on the tensor algebra of V , extending the domain of @ from V � A to all of A by the
Leibniz rule.

The admissibility condition for words together with the fact that ƒ has only a
finite number of chords implies that V is finitely generated. It comes equipped with
an ascending filtration

0 D F 0V � F 1V � � � � � F NP

V D F NPC1V D � � � D V;

where each F `V is generated by words of length � `. The induced filtration on A is
also denoted by F ,

F `A D T .F `V /; F D F 0A � F 1A � � � � � F NP

A D F NPC1A D � � � D A:

(1.1)
By construction, the filtration satisfies

F `A � F `0A � F max.`;`0/A; (1.2)

and the definition of inscription ensures that our differential is filtration preserving,

@.F `A/ � F `A; (1.3)

so that each .F `A; @/ is a unital DGA and each inclusion F `A! F `C1A is a unital
DGA morphism.

Definition 1.6. A filtered graded algebra .A;F / satisfying equation (1.2) is a max-
filtered graded algebra (mfGA). A triple .A; @;F / for which .A;F / is a max-filtered
algebra and for which .A; @/ is a DGA satisfying equation (1.3) is a max-filtered DGA
(mfDGA).

See Section 5 for further details. With the above notation, we define the planar
diagram algebra and planar diagram homologies,

PDA D .A; @;F /; F `PDA D .F `A; @;F /; PDH` D H.F `PDA/:

By forgetting the orderings of words in A, we obtain a commutative mfDGA, PDAcom.
By forgetting both the orderings of words and the cyclic orderings of chords in each
word, a cyclic version, PDAcyc, is determined. The three algebras are related by quo-
tient maps

.PDA D T .V //! .PDAcom
D ^.V //! .PDAcyc

D ^.V cyc//;

where ^ is the exterior algebra and V cyc is V modulo cyclic equivalence of words.
There are analogous relationships between the algebras of [46]. See Section 4.
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1.3. Subalgebra structures

Passing to homology, the (injective) inclusion morphisms of equation (1.1) determine
a sequence of (not necessarily injective) mfGA morphisms,

F D PDH0 ! PDH1 ! � � � ! PDHN
P

D PDHN
PC1
D � � �PDH1 DW PDH:

In addition to using word length filtrations, geometrically relevant subalgebras
of PDA are generated by pieces of ƒ. While relabeling of indices j of ƒP

j induces
isomorphisms of PDA, we can such encode subalgebras by fixing this indexing data.
An ordering ord of the indices j for theƒP

j determines a filtration Ford of PDA, where

F k
ordPDA is generated by admissible P cyclic chords with endpoints on

Fk
jD1 ƒ

P
j .

Then, the inclusion morphisms for the F and Ford fit together as

F `F k
ordA F `C1F k

ordA

F `F kC1
ord A F `C1F kC1

ord A;

F `FordA D FordF `A:

Clearly, each
F k

ordPDA D .F k
ordA;Ford/

is an mfGA and the definition of inscription ensures that @ preserves Ford. So, each
.F `F k

ordA; @/ is a DGA with two max-filtration structures and the above equation is
a commutative diagram of mfDGA morphisms.

In particular, we have mfDGA functoriality for PDA and mfGA functoriality for
PDH with respect to inclusions,

PDA

 
kG

jD1

ƒP
j ;P

!
! PDA

 
kC1G
jD1

ƒP
j ;P

!
;

PDH`
 

kG
jD1

ƒP
j ;P

!
! PDH`

 
kC1G
jD1

ƒP
j ;P

!
:

Consequently, PDA is amenable to direct limit constructions by consideration of Leg-
endrians with infinitely many pieces. Note that LCH and the RSFT of [46] are not
functorial with respect to inclusions of Legendrians into one another.6

6Consider, for example, a two-copyƒ2 of a stabilized Legendrian knotƒ so that LCH.ƒ/D
0. As ƒ2 is fillable by an annulus (cf. [31, 50]), LCH.ƒ2/ ¤ 0, so there cannot exist a unital
morphism LCH.ƒ/! LCH.ƒ2/.
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1.4. Filtration-enhanced numerical invariants

Due to their non-commutativity, (free) DGAs are difficult to use directly as invariants
even when differentials can be explicitly computed. Thankfully, the CE literature
provides a variety of techniques from commutative algebra to distinguish stable tame
isomorphism classes of free DGAs which can be implemented by hand (in simple
cases) or computer. See [51].

In Section 5, we demonstrate how known invariants of DGAs can be upgraded for
mfDGAs, such as PDA.

(1) The vanishing or non-vanishing of the homology of a DGA is upgraded to the
H-torsion, �H .A; @;F /.

(2) The existence (or lack thereof) of an augmentation is upgraded to the A-
torsion, �A.A; @;F /.

(3) The set of homotopy classes of augmentations [18] is upgraded to the aug-
mentation tree, TTT Aug.

These are all filtered stable tame isomorphism invariants.
A pair of augmentations """0, """1 of some F `PDA determines a bilinearized chain

complex [8, 18], and so, a single-variable Poincaré polynomial

P"""0;"""1
; P """0;"""1 2 ZŒt˙1�;

which count dimensions of associated homology and cohomology groups. Since the
bilinearized complexes are filtered by F , these Poincaré polynomials can be upgraded
to three-variable polynomials

P
spec
"""0;"""1

; P """0;"""1
spec 2 ZŒt˙1; x; y�

by counting dimensions of spectral sequence homology and cohomology groups
Erp;q."""0; """1/ and Ep;qr ."""0; """1/. As our chain complexes are finitely generated, the
spectral sequences converge after NP pages and as we are working over a field, the
P

spec
"""0;"""1

; P
"""0;"""1
spec determine the P"""0;"""1

; P """0;"""1 . These polynomials are invariants of the
homotopy classes of """0, """1 and the collections of all such polynomials is a filtered
stable tame isomorphism invariant. It is well known that the single-variable polyno-
mials associated to linearized homologies (when """0 D """1) are powerful enough to
distinguish many smoothly isotopic but Legendrian non-isotopic knots [19].

1.5. Further comparison with existing theories

While PDA is an RSFT invariant in the sense that it counts disks with multiple positive
punctures, its algebraic properties indicate that it is closer in nature to CE than exist-
ing RSFT constructions. We further compare with [26] and [46], assuming familiarity
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with the Weyl algebra formalism for (closed string) RSFT from [33] which assigns
two variables p
 and q
 to each closed Reeb orbit in a contact manifold (not neces-
sarily of the form Rt �W).

First, let us address analytical issues: the admissibility of the w ensures that when
�u.w/ ¤ 0, then u must be admissible in the sense of [26] and in particular u must
be somewhere injective. Hence, we can prove that @2 D 0 without having to worry
about string-topological corrections or multiple covers. In fact, PDA moduli spaces
for disks contributing to @ are homeomorphic to CE moduli spaces, as described in
Lemma 3.19 (which is dependent on the fact that our ambient contact manifold is a
contactization). Therefore, well-established compactness and transversality results are
applicable to holomorphic curves contributing to @ and cobordism maps [26, 27, 29].
There are no analytical innovations in this article.

As previously mentioned, PDA counts the same holomorphic disks used to define
the RSFT of [26] which we will call RSFTE . It is a spectral sequence which can be
packed as a triply graded homology group

RSFTE D
M
p;q;r

.RSFTE /p;qr :

The chain level generators of RSFTE are “formal disks” whose boundaries are se-
quences of positive and negative chords spanning a vector space we will call VE .
Modulo our reorganization of homotopy classes of maps using group ring coeffi-
cients, the generators of VE correspond to the boundary words of Section 3 which
are considered equivalent up to cyclic rotation both here and in [26].

The generators of VE with only positive chords correspond to our quotient V cyc

of V [26, Section 2.1]. Putting cyclic rotations aside, this roughly parallels the way
in which the closed string RSFT of [38,45,57] uses only the q-variables of the RSFT
of [33] to generate its underlying algebra. The RSFT of [46], which we will call
RSFTN , also uses both p and q variables—one for each chord.

The algebraic formalisms of RSFTE and RSFTN are such that differentials are not
action decreasing, and so, the differential of a single generator may contain infinitely
many summands. Like CE, closed string contact homology [5, 53], or the RSFT
of [38,45,57], the PDA differential is action decreasing so that only finite numbers of
holomorphic disks are counted. Therefore, there is no need for (Novikov or p-adic)
completion to define PDA.7

On the subject of commutativity, like RSFTN , PDA is non-commutative whereas
RSFTE is an abelian object. Because PDA is non-commutative and finitely generated,

7Note that for RSFTE holomorphic disks are counted cohomologically (with “inputs” being
negative chords and “outputs” being positive chords) so that differentials are not action decreas-
ing and Novikov completion is employed.
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the constructions of bilinearized (co)homology theories and augmentation categories
of [8, 21] can be applied directly without modification.8

The linearized cohomology for PDAcyc (associated to a single augmentation)
recovers the Lagrangian invariants of [26] as follows: suppose that """L is an augmen-
tation of PDAcyc determined by an exact, partitioned Lagrangian filling .L;P /. Equip
V cyc with a descending filtration F `

op, where the F `
opV

cyc are additively generated by
words of word length � `. Then, the linearized cohomology differential

d"""L W V
cyc
� ! V

cyc
�C1

preserves the ascending filtration, yielding a filtered abelian cochain complex and
spectral sequence cohomology groups

Ep;qr .V cyc; d"""L
/ D .RSFTE /p;qr :

Indeed, .V cyc; d"""L
/ is by definition the filtered complex of [26] determined by .L;P /,

and so, it determines the same homology.
To our knowledge, the constructions of bilinearized theories and augmentation

categories of a free DGA over a finite field (such as F D Z=2Z) depend essentially
on non-commutativity, which is a feature of PDA. Linearization with chain level A1
Fukaya–Massey product structures associated to a single augmentation are still avail-
able when working with a commutative free DGA, such as PDAcyc, and the second
A1 relation states that the “two-input, one-output” operation descends to cohomol-
ogy. Hence, the RSFTE of a partitioned Lagrangian filling is naturally equipped with
a pair-of-pants product (after a grading shift so that the product has degree 0), making
it a multiplicative spectral sequence.

1.6. Organization of this article

Section 2 outlines the geometric structures of this article, establishes notation, and
defines gradings on the generators of PDA. In Section 3, we describe the � oper-
ators in detail and describe moduli spaces of holomorphic disks required to define
differentials and cobordism maps for PDA. In Section 4, we define these differentials
and cobordism maps and then outline some basic algebraic structures of PDA. Essen-
tial properties of abstract mfDGAs—including the definition of filtered stable tame
isomorphism—are covered in Section 5. Section 6 covers elementary computations,
including generalities for working with links in .R3; �std/. Finally, invariance proofs
appear in Appendix A.

8We do not address possible analogues of the AugC category of [49] for PDA in this article.
Currently, AugC is only defined for CE with 1-dimensional Legendrians.
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2. Geometric setup, chords, and gradings

Here, we describe the geometric objects of interest in this article. Most of the mate-
rial in this section is standard, following [29]. However, we will want to pay special
attention to labelings and partitions of components of Legendrian and Lagrangians as
described in the introduction and in [26].

2.1. Ambient geometric setup

Contact manifolds will be written as .M; �/. The dimension of M will always be
2n� 1, and we assume thatM is equipped with a contact form ˛ for which � D ker˛.
We say that .M; �/ is a contactization if

M D Rt �W; ˛ D dt C ˇ

for ˇ 2 �1.W/ a Liouville form, meaning that dˇ is symplectic on W. This implies
that the Reeb vector field is @t . Denote by JW a complex structure in W which is
compatible with dˇ in the sense that dˇ.JW�;�/ is a JW-invariant Riemannian metric
on W.

Assumptions 2.1. Contact manifolds in this paper will always be contactizations.
We require that .W; ˇ; JW/ has finite geometry at infinity in the sense of [29, Defini-
tion 2.1] and vanishing first Chern class, c1.W/ D 0 2 H 2.W;Z/.

Remark 2.2. As in [29, Remark 1.4], the c1 D 0 hypothesis could be removed at the
expense of complicating our exposition. This condition is satisfied in the most studied
cases when M is a 1-jet space of an oriented manifold [18,27]. This also includes the
cases of unit cotangent bundles of Euclidean spaces studies in knot contact homol-
ogy [47].

The symplectization of M is

Rs �M ' Cs;t �W

which is equipped with the symplectic potential es˛. Except when we are defining
cobordism maps, symplectizations are always equipped with almost complex struc-
tures J determined by JW via the equations

J@s D @t ; J jT W D JW:

With this choice,

(1) J is invariant under s and t translations and

(2) both of the projections onto the factors of Cs;t �W are holomorphic.
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2.2. Legendrians and Lagrangian cobordisms

Let ƒ˙ be Legendrians in .M; �/.

Definition 2.3. An exact Lagrangian cobordism

L W ƒC ! ƒ�

is a submanifold L � Rs �M such that there exists some C � 0 satisfying the
following conditions.

(1) L is a collar of the ƒ˙ outside of Œ�C;C � �M :�
.�1;�C � �M

�
\ L D .�1;�C � �ƒ� D L�;�

ŒC;1/ �M
�
\ L D ŒC;1/ �ƒC D LC:

(2) There exists f 2 C1.L/ such that es˛jTL D df and there are constants f ˙

such that f jL˙ D f
˙.

See [14] regarding the second condition. Various types of cobordisms have special
importance.

(1) L is an exact Lagrangian filling if ƒ� D ;.

(2) L is a concordance if it is homeomorphic to Rs �ƒC.

(3) L is a homology cobordism for i D 0;1 the inclusion mapsHi .ƒ˙/!Hi .L/

are isomorphisms.

When n D dimL D 2, concordance and homology cobordism are equivalent notions.
The most important example of a concordance is the Lagrangian cylinder

Lƒ D Rs �ƒ

associated to a Legendrian ƒ. The trace of a Legendrian isotopy sweeps out a
Lagrangian concordance as described in [13, Theorem 1.1], [31, Section 6.1].

Assumptions 2.4. Henceforth, we will assume that Legendrians and Lagrangians
are equipped with partitions P as described in the introduction. Our Legendrians
and Lagrangians are also equipped with orientations so that the orientation o.L/ of
L W ƒC ! ƒ� induces orientations on the ƒ˙ for which o.L/ D @s ^ o.ƒ˙/ over
collared ends.

2.3. Chords and words of chords

The chords of ƒ will be denoted by � with actions

E.�/ D

Z
�

˛ > 0
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so that � is naturally parameterized by Œ0;E.�/�. For a chord �, we will write the
initial and terminal points of � as q�.�/ and qC.�/, respectively, with q˙.�/ 2 ƒ.

The chords of ƒ are in one-to-one correspondence with double points of �Wƒ,
where �W is the Lagrangian projection,

�W W Rt �W!W :

For each �, �W.�/ is the associated double point. For such a �, subspaces

�WTq˙.�/ƒ � T�W.�/ W

are Lagrangian. We say that ƒ is non-degenerate if these subspaces are transverse.
The following technical definition helps us when studying moduli spaces of holo-

morphic curves. See, for example, [23, 27, 29]: the pair .ƒ; JW/ is admissible if for
each � there is a neighborhood U.�/ � W about �W.�/ 2 W within which JW is
integrable and �Wƒ is real-analytic.

Assumptions 2.5. Legendrians are non-degenerate and .ƒ; JW/ is admissible unless
otherwise indicated.

We have two ways of partitioning the chords of ƒ:

K D
G

1�j�;jC�N

Kj�;jC D
G

1�j�;jC�NP

KP
j�;jC

;

Kj�;jC D
®
� W q˙.�/ 2 ƒj˙

¯
; KP

j�;jC
D
®
� W q˙.�/ 2 ƒP

j˙

¯
:

Recall the notions of pure, mixed, P pure, and P mixed, cyclic words of chords,
and admissible cyclic words of chords from the introduction. We will take the follow-
ing notational shortcut moving forward.

Notation 2.6. Henceforth, a word will refer to an admissible P cyclic word of chords.

For a word w D .�1 � � � �`/, the action is defined as

E.w/ D
X̀
iD1

E.�i /:

2.4. Maslov classes and gradings

The words w are going to generate our algebra PDA, so we will have to assign them
gradings. The story here is analogous to that of Legendrian contact homology.

(1) Z=2Z gradings are available for any choice of coefficient system.
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(2) Suppose that the ƒP
j are each connected and 2� 2 Z is the divisibility of the

Maslov class of ƒ—to be defined momentarily. Then, we will get Z=2�Z

gradings when using F coefficients.

(3) When theƒP
j are each connected, F ŒH1.ƒ;Z/� coefficients yield Z gradings.

(4) When the ƒP
j are not connected, we can still get Z=2�Z gradings with F

coefficients or Z gradings with F ŒH1.ƒ;Z/� coefficients with additional data,
to be described below.

Again, matters are simplified by the assumption c1.T W/ D 0.
To assign Maslov numbers and PDA gradings to words w, we will need to work

out the “additional data” described above—special paths and a trivialization of a circle
bundle over W . The following constructions are standard in relative SFT.

2.4.1. Special paths. Choose a basepoint q.ƒi / in each connected componentƒi of
ƒ which we assume is not a q˙.�/. If someƒP

j is disconnected, for each pair of con-
nected components ƒi1 ;ƒi2 � ƒ

P
j , choose an unoriented path 
Œi1; i2� D 
Œi2; i1� �

M connecting q.ƒi1/ to q.ƒi2/ whose interior lies in M n ƒ. This determines ori-
ented paths 
.i1; i2/ and 
.i2; i1/ from q.ƒi1/ to q.ƒi2/ and vice versa, respectively,
whose images agree with 
Œi1; i2�. We call the 
.i1; i2/ connecting paths.

Remark 2.7. To simplify matters, the reader may want to work under the assumption
that the ƒP

j are connected in which case the connecting paths may be ignored.

Let � 2K. Choose a path �C.�/ inƒ starting at qC.�/ and ending at the basepoint
of ƒ belonging to the same connected component of ƒ as qC.�/. Similarly, choose
a path ��.�/ in ƒ which starts at a basepoint and ends at q�.�/. We call the �˙.�/
preferred base paths.

Let �i1 , �i2 be a P composable pair of chords with �i1 2Kj1;j and �i2 2Kj;j2
for

some index j . The preferred capping path for �i1 , �i2 is the oriented path

�.i1; i2/ W Œ0; 1�!M

which begins at qC.�i1/, travels to the basepoint q.ƒj / via �C.�i1/, traverses a con-
necting path if necessary, and ends at q�.�i2/ by traveling along ��.�i2/.

Given a word wD .�i1 � � ��i`/, we say that .�.i1; i2/; : : : ; �.i`; i1// is the preferred
capping path for w and denote it by �.w/. The chords and preferred capping paths can
then be concatenated to give a closed loop 
.w/ in M ,


.w/ D �.i1; i2/#�i2# � � � #�.i`; i1/#�i1 : (2.1)

When L W ƒC ! ƒ� is a homology cobordism with connected components Li ,
we also choose paths 
i connecting the basepoint ofƒ�i to the basepoint ofƒCi . When
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L is more specifically a Lƒ D Rs � ƒ, we assume that connecting paths are of the
form Rs � ¹q.ƒi /º.

2.4.2. Clockwise rotations and Z=2Z gradings. Let V C0 , V C1 be an ordered pair of
transverse Lagrangian subspaces of Cn�1. We write Vk , k D 0; 1 for the V C

k
with

their orientations forgotten. Following [28, Section 3.1.2], we say that a Hermitian
coordinate system z D x C Jy on Cn�1 is a canonical coordinate system for the
pair V C0 , V C1 if V C0 D Rn�1x (equipped with the orientation determined by a standard
basis) and

V1 D e
J E�V0 D Diag

�
eJ�1 ; : : : ; eJ�n

�
V0; �k 2 .��; 0/:

We emphasize that the �k are negative.
The preceding data is sufficient to define Z=2Z Maslov numbers and gradings to

all words (without the assumption that the ƒP
j are connected). Assume that at each

�i we have chosen canonical coordinate systems on T�W.�i / W.

Definition 2.8. Define �.V C0 ; V
C
1 / 2 ¹0; 1º by

eJ
E�V C0 D .�1/

�.V
C

0
;V
C

1
/V C1

as oriented spaces. For a chord �, define

�.�/ D �
�
�WTq�.�/ƒ;�WTqC.�/ƒ

�
;

using the aforementioned canonical coordinate systems. For a word w D .�1 � � � �`/,
define

Mas2.w/ D
X
i

�.�i / 2 Z=2Z;

jw j2 D n � 3C `CMas2.w/ 2 Z=2Z:

2.4.3. Z gradings. Now, we upgrade the Z=2Z-valued gradings, jw j2, to Z-valued
gradings, jw j. Write Lagn�1 for the space of linear Lagrangian subspaces of Cn�1

and LagCn�1 for the double cover of oriented Lagrangian subspaces. Using the Vk , V C
k

and E� as above, we say that

eJ
E�tV0 W Œ0; 1�t ! Lagn�1

is a CW rotation from V0 to V1. We can also view CW rotations as paths in LagCn�1.
There are naturally defined bundles over M ,

LagCn�1 ! LagCW !M; Lagn�1 ! LagW !M;
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whose fibers at .t; q/ are the Lagrangian Grassmannians of Tq W. Identifying

LagCn�1 ' U.n � 1/=SO.n � 1/; Lagn�1 ' U.n � 1/=O.n � 1/;

the C�-valued determinants det W LagCn�1!R=2�Z induce isomorphisms onH1 [43,
Section 2.2]. This determines determinant circle bundles detW and detCW fitting into a
diagram

R=2�Z detCW W

R=�Z detW W

Id

where each row is a “fiber, total space, base space” diagram and the vertical arrows
forget orientations of Lagrangian subspaces. As c1.W/ D 0, these determinant circle
bundles admit trivializations over all of W, and we will assume that such trivializa-
tions are fixed.

The (oriented) Lagrangian Gauss map (GC)G is the section of (LagCW) LagW over
ƒ which assigns to each q 2 ƒ its (oriented) tangent space. Extend G over each � by
a CW rotation. This extension is unique up to boundary-relative homotopy. Choose
an extension of GC over the connecting paths 
Œi; i 0�.

Consider a loop in the union of ƒ with the chords and connecting paths,


 W R=Z! ƒ [K [ .[
Œi; i 0�/:

Then, detG
 is a map from R=Z to R=�Z. We define

Mas.
/ 2 Z

to be the degree of this map. If im.
/ � ƒ, then we can factor through GC as

deg detG
 D 2 deg detCGC
;

so Mas.
/ 2 2Z. The result will depend on Œ
� 2 H1.ƒ;Z/ and vanishes on torsion
elements.

Definition 2.9. The map Mas W H1.ƒ;Z/ ! Z is the Maslov homomorphism and
� D �.ƒ/ is defined by im.Mas/D 2�Z � Z. For elements h 2H1.ƒ;Z/, we define
Z gradings by

jhj D Mas.h/:

For a word w of length `, define Z-valued Maslov numbers and gradings

Mas.w/ D Mas.
.w//; jw j D n � 3C `CMas.w/;

where 
.w/ is as defined in equation (2.1).
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The following lemma is evident from tracking the orientation changes of Tƒ as

.w/ traverses chords, where CW rotations are applied.

Lemma 2.10. Mas.w/ mod 2 D Mas2.w/.

A few more details on Maslov homomorphisms: suppose that L W ƒC ! ƒ� is a
homology cobordism. Since the i˙ W H1.ƒ˙/! H1.L/ are isomorphisms, so is the
composition

.i�/
�1iC W H1.ƒ

C/! H1.ƒ
�/: (2.2)

Lemma 2.11. For h 2 H1.ƒC/, Mas.h/ D Mas..i�/�1iCh/.

Proof. Consider the Lagrangian Grassmannian bundles LagC�W ! C �W over the
symplectization with Gauss map section zG WL!LagC�W using which we may define
and compute Mas W H1.L/! Z.

Along ŒC;1/�ƒC and .�1;�C ��ƒ�, the Gauss map is zG DRs ˚G. There-
fore, zG over the collars of the ƒ˙ computes Mas W H1.ƒ˙;Z/! Z and Mas.h/ D
Mas.i˙h/ for h 2 H1.ƒ˙/ by the additivity of Mas under direct sum [43]. This is a
restatement of what we wanted to prove.

In the case dimƒ D 1, this is one of Chantraine’s results [13] on preservation of
classical invariants (tb; rot) of Legendrian knots under Lagrangian concordance.

3. Boundary words and their moduli spaces

In this section, we further develop the language of planar diagrams and inscriptions
introduced in the introduction. We also incorporate H1.ƒ/ and H1.L/ data into the
story described there. Then, the moduli spaces relevant to PDA are described. To
simplify matters, readers may want to ignore H1 data upon a first reading.

Throughout, .L;P / W .ƒC;PC/! .ƒ�;P�/ will be an exact Lagrangian cobor-
dism with a partition P of its connected components inducing partitions P˙ of its
ends. We assume that connecting paths and preferred capping paths have been chosen
for all pairs of P˙ composable chords on theƒ˙ so that each word w has a preferred
capping path. Recall that we use Lƒ˙ to denote Lagrangian cylinders over the ƒ˙.

As described in the introduction, we have vector spaces V D V.ƒ/ spanned by
the admissible P cyclic words associated to a .ƒ;P /. We say that

T .V /; F ŒH1.ƒ/�˝ T .V /

are the PDA algebras for ƒ with F and F ŒH1.ƒ/� coefficients, respectively. Either
will be denoted by ADA.ƒ/. When working with homology cobordisms, we implic-
itly identify the F ŒH1.ƒ˙/� using equation (2.2).
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3.1. Boundary words and homological decoration

A H1 decorated boundary word for L is a sequence

w@ D
�
�
a1

i1
�1�

a2

i2
� � � �

am

im
�m
�
; (3.1)

where ai is a˙ sign, each �˙ij is a chord ofƒ˙ (with the˙ signs matching), and each
�j is an endpoint-relative homotopy class of paths in L. We require that at least one
of the ai is positive. The endpoints �j are constrained as follows: if aj DC (aj D�),
then �j begins at qC.�ij / (respectively, q�.�ij /). If ajC1 D C (ajC1 D �), then �j
ends at q�.�ijC1

/ (respectively, qC.�ijC1
/). A boundary word for L is obtained by

deleting the �j .
Unlike P cyclic words of chords, we consider two w@ to be equivalent if they can

be obtained from one another by cyclic rotation. A H1 decorated boundary word w@

has a planar diagram P D.w@/�C, which is as described in the introduction but with
additional decorations of the �j along the non-dashed boundary arcs.

When L D Lƒ is a cylinder over a Legendrian and � is a chord of ƒ, we say that
.�CqC��q�/ is the trivial strip over �, where the q˙ are constant paths at the ends
of �.

Maslov numbers of boundary words for L are defined using the notation of the
proof of Lemma 2.11 as follows: let w@ be as in equation (3.1). Each �i is lifted to
LagC�W by applying the Lagrangian Gauss map, and the end of each �i is joined to the
beginning of the next using a CW rotation along a chord. Applying the determinant,
we have a map R=Z! R=�Z whose degree is

Mas.w@/ 2 Z:

We then define the index of a boundary word as

ind.w@/ D n � 3CmCMas.w@/:

Observe that when all of the ai are C signs and the �i are preferred capping paths,
then w@ corresponds to a generator w 2 V.ƒC/ for which

ind.w@/ D jw j:

3.2. Operators �www@

Let V ˙ be the vector spaces of words associated to the ƒ˙ as described in the intro-
duction. We will now formally define the operators sketched there. To do so, we will
need a modified notion of inscription which we will call full inscription requiring
consideration of multiple boundary words simultaneously. This is necessary to define
cobordism maps and will help us to track markers needed to define our differential @.
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Figure 4. The inscription of Figure 3 is extended to a full inscription by adding trivial strips.

3.2.1. Disconnected boundary words and full inscriptions. We use

www@ D ¹w@i º

to denote an unordered, finite collection of boundary words. The planar diagram
P D.www@/ is the disjoint union of the P D.w@i / and an inscription P D.www@/�P D.w/
is a collection of inscriptions P D.w@i / � P D.w/ whose images are disjoint in
P D.w/.

Definition 3.1. A full inscription P D.www@/ � P D.w/ is an inscription for which
every �i 2 w appears as a positive puncture of some w@j .

In the caseLDLƒ, a word w, and a single w@, an inscription P D.w@/�P D.w/
can be extended to a full inscription by adding trivial strips over each chord in w which
is not a positive chord of w@. Compare Figures 3 and 4.

Lemma 3.2. Let w be a word of ƒC chords. Provided a full inscription P D.www@/ �
P D.w/, the complement P D.w/ n P D.www@/ is a collection of planar diagrams
P D.wi / of admissible words wi for ƒ�.

Proof. The full inscription condition ensures that all of the chords in the boundary of
P D.w/ n P D.www@/ are chords of ƒ�. We can view all of the negative chords of www@

as properly embedded arcs in P D.w/.
If some connected component of P D.w/ nP D.www@/ is a bigon, then its boundary

must consist of a single non-dashed arc corresponding to some piece LP
j of L and

a single negative chord, ��i . Because ��i connects LP
j to itself and P induces the

partition P� of ƒ�, ��i must be P� pure. Therefore, our bigon is the planar diagram
for .��i / 2 V

�.
Now, suppose that a connected component of P D.w/ n P D.www@/ is a 2m-gon

for m > 1. Say that ��i ; i D 1; : : : ; m are the corresponding negative chords, ordered
counterclockwise. At the positive end of each ��i , traverse the boundary of P D.w/
clockwise until you hit the endpoint of some �Ci 2 w. The �Ci must be distinct and
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lie on distinct pieces LP
j of L. Since the piece of L touched by the positive endpoint

of �Ci is the same as the piece of L that is touched by the positive endpoint of ��i
and the endpoints of the �Ci lie on distinct pieces of L (by admissibility), it follows
that the ��i all end on distinct pieces of L. Since P induces the partition P� of ƒ�,
w� D .��1 � � � �

�
m/ is an admissible generator of V �. The connected component of

P D.w/ nP D.www@/ which we are studying is a planar diagram for this w�.

Lemma 3.3. Let P D.www@/ � P D.w/, and let wi be as in the previous lemma so that
P D.wi / corresponds to some connected component of P D.w/ n P D.www@/. Then,
`.wi / � `.w/.

Proof. Because we can insert each of the P D.w@/ into P D.w/ one at a time for
w@ 2 www@, it suffices to work out the case when there is a single w@. In this case, there
is one connected region R in P D.w/ n P D.w@/ for each negative chord of w@.
There is one negative chord of w@ and some number of positive chords of w in @R.
The result then follows from the fact that w@ has at least one positive puncture.

3.2.2. Markers and orderings of output words. Now, we define an operator

�www@ W V C ! A�

for each finite collection www@ D ¹w@i º of boundary words. Here, A˙ D T .V ˙/ are the
algebras associated to the positive and negative ends of a cobordism.

For each w and full inscription P D.www@/ � P D.w/, the proof of Lemma 3.2
provides us words w�i as possible outputs for �www@.w/. However, the w�i are only (so
far) defined up to cyclic rotation. To provide a formal description of �www@.w/, we need
to address this ambiguity, as well as how the w�i should be ordered in a tensor product.

Suppose that we have a full inscription with input

w D .�i1 � � � �i`/:

Index the negative chords ��ij 2 K.ƒ
�/ of www@ (ordering the j s) so that when we

traverse the boundary of P D.w/ counterclockwise starting at the endpoint of �i1 , we
encounter the endpoints of the ��ij in order.

Definition 3.4. For each connected component of P D.w/ nP D.www@/, we get a word
w�j D .�

�
i1
� � � ��im/ by requiring that i1 is the least index with respect to the aforemen-

tioned ordering. The indices j of the w�j ,

w�1 D
�
��i1;1
� � �
�
; : : : ;w�m D

�
��im;1

� � �
�
;

are determined by the ��ij;1
as follows: when we traverse the boundary of P D.w/

counterclockwise starting at the endpoint of �ii , we first encounter the endpoint of
��i1;1

, then the positive endpoint of ��i2;1
, and so on.
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For each www@, define

�www@ W V C ! A�; �www@.w/ D

´
w�1 � � �w

�
m; P D.www@/ � P D.w/;

0 otherwise:

The definitions above are easier to see in pictures than in formulas. The reader
may want to refer back to Figure 3, add in trivial strips as shown in Figure 4, and
ensure that the input and output words for the �www@ are as described in the caption of
Figure 3.

3.2.3. H1 twisted coefficients. When L WƒC!ƒ� is a homology cobordism (e.g.,
a cylinder Lƒ), we associate an element of H1 D F ŒH1.L/� ' F ŒH1.ƒ˙/� to each
H1 decorated w@ D .�a1

i1
�1�

a2

i2
� � � �

am

im
�m/. Each �j 2 w@ is an oriented path between

starting or ending points of chords. Following preferred basepaths (using forward
or backwards orientations depending on the aj , ajC1), start at a basepoint, travel
to the start of �j , traverse �j , then travel back to a basepoint. If necessary, follow a
concordance path to obtain a closed loop inL. This yields an element h.w@/ 2H1.L/.
Applying exponential notation, write

eh.www
@/
D e

P
w@2www@ h.w@/

D

Y
w@2www@

eh.w
@/
2 F ŒH1.ƒ/�:

When using F ŒH1.ƒ/� coefficients, we upgrade the definition of �www@ to

�www@ W V C ! A�; �www@.w/ D

´
eh.www

@/ w�1 � � �w
�
m; P D.www@/ � P D.w/;

0 otherwise:
(3.2)

3.3. Moduli spaces

In this article, we will mostly need two types of moduli spaces.

(1) Those associated to Lagrangian projections �Wƒ �W.

(2) Those associated to general Lagrangian cobordisms L � Rs �M .

Moduli spaces associated to 1-parameter families of Legendrians and Lagrangians
will also be considered in the invariance proofs of Appendix A.

Let zzzD .z1; : : : ; zm/ be a tuple for which the zk 2 @D are pairwise distinct, ordered
counterclockwise, and have zzz1 D 1. The moduli space of such zzz has dimensionm� 3
form� 3 and 0 otherwise. A fixed zzz has automorphism group of dimension 3�m for
m � 3 and otherwise consists only of the identity map. For such zzz, write Dzzz D D n zzz.
For k D 1; : : : ; m, let Ik � @Dzzz be the open interval whose closure xIk has oriented
boundary @Ik D zkC1 � zk .

Let w@ be a boundary word as described in equation (3.1). From the data of w@, we
declare that zk 2 zzz is positive (negative) if ak D C (respectively, ak D �). Likewise,
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we declare that a zk 2 zzz is pure, mixed, P pure, or P mixed if the corresponding
chord �ik 2 w@ has the corresponding property. We label each Ik � @Dzzz with a jk
index of some LP

jk
as follows. If ak D C and �ik ends on LP

j , then we set jk D j .
If ak D � and �ik begins on LP

j , then we set jk D j . We say that the jk associated
to the Ik are Lagrangian boundary labels. The paths �k associated to each Ik is the
relative path label. Note that these �k cannot jump across connected components of
ƒ and will not necessarily coincide with preferred capping paths. When L D Lƒ, we
can view the �k as paths in ƒ via the projection Rs �ƒ! ƒ.

Definition 3.5. Given a boundary word w@ for ƒ, define Mƒ.w@/ to be the moduli
space of pairs .zzz; u/ with u W Dzzz !W satisfying the following:

(1) u is holomorphic with respect to JW,

(2) limz!zk
u.z/ D �W�ik ,

(3) u.Ik/ � �Wƒ for all k,

(4) ujIk
is boundary-relative homotopic to �W�k for each k, and

(5) u admits a continuous lift Qu to M so that �W Qu D u

modulo the relation .zzz; u/ � .zzz0; u0/ if there is some � 2 Aut.D/ for which zzz0 D �zzz,
u0 D u�.

The continuous lift condition ensures that u cannot jump across double points
along the interiors of the Ik . We define the energy of such a u as

E.u/ D

Z
Dzzz

u�dˇ:

It follows from Stokes’ theorem that

E.u/ D
X
k

akE.�ik / <1:

Now, we modify the above notation to deal with Lagrangian cobordisms L W
ƒC ! ƒ�. Let K˙ be the chords of the ƒ˙.

Definition 3.6. Given a boundary word w@ for L, define ML.w@/ to be the moduli
space of pairs .zzz; u/ with u W Dzzz ! Rs �M satisfying the following:

(1) u is holomorphic with respect to J ,

(2) each zk is positively (negatively) asymptotic to �ik if ak D C (respectively,
ak D �), and

(3) u.Ik/ � L for all k

modulo the relation .zzz; u/ � .zzz0; u0/ if there is some � 2 Aut.D/ for which zzz0 D
�zzz; u0 D u�.
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For a www@ D ¹w@i º, we set ML.www@/D
Q

ML.w@/. For more details on convergence
to chords near boundary punctures, see [23, 26, 27, 55]. For the following, see [26,
Section 3.1].

Lemma 3.7. The expected dimension of ML.www@/ is
P

ind.w@i /. If w 2 V C bounds a
disk uw, then

jw j D ind.uw/:

Our choice of gradings of words is designed so that the degree of the operator
�www@ computes the Fredholm index. The following is an immediate consequence of
additivity of the Fredholm index under gluing along pairs of positive and negative
punctures.

Lemma 3.8. The operator �www@ of equation (3.2) satisfies deg�www@ D
P

ind.w@i /.

The moduli space MLƒ
.w@/ admits an Rs action by shifting in the symplecti-

zation coordinate. The action is free away from trivial strips whose corresponding
Mƒ.w@/ elements are constant maps to �W�i .

Lemma 3.9. The map u 7! �Wu induces a homeomorphism

MLƒ

�
w@
�
=Rs !Mƒ

�
w@
�
:

The proof is identical to [23, Theorem 2.1]. See also [35, Theorem 7.7] for the
case W D C. We have the immediate corollary.

Lemma 3.10. The expected dimension of Mƒ.www@/ is the sum of ind.w@i /� 1 over all
w@i 2 www@ which are not trivial strips.

Notation 3.11. For u 2Mƒ.www@/, we use ind.u/ for the index of the corresponding
element of MLƒ

.www@/.

3.4. Admissibility of disks

A splitting arc in Dzzz is a compact, embedded, oriented arc Ea � Dzzz with boundary
on @Dzzz with the interior of Ea contained in B. Splitting arcs are oriented as follows:
Dzzz n Ea has two connected components D0 and D1 with 1 2 @D1. We declare that the
orientation of Ea agrees with the boundary orientation of the closure D0 of D0.

The following definition and lemma are from [26].

Definition 3.12. We say that w@ is an admissible boundary word if for every splitting
arc Ea for which the Lagrangian boundary labelsLP

j at the endpoints of Ea are the same,
one component of the complement of Ea has either

(1) no boundary punctures or

(2) only negative, P pure chords.
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A holomorphic disk u 2Mƒ.w@/ or u 2ML.w@/ is admissible if w@ is an admissible
boundary word.

Lemma 3.13. Suppose that w@ is an admissible boundary word. If w@ has a P pure
positive boundary puncture, then all of its other boundary punctures must be P pure
negative punctures. A holomorphic map u 2ML.w@/ is somewhere injective.

Lemma 3.14. Let w@ be a boundary word with all ak positive. Then, the word of
chords w@ is admissible if and only if it is an admissible boundary word.

Proof. Suppose that Ea � P D.w/ is a splitting arc with both endpoints on the same
LP
j . If w@ is an admissible P cyclic word, then Ea must be boundary parallel. There-

fore, w@ is an admissible boundary word.
If w@—as a word of chords—is not admissible, then two distinct chords in w@ end

on the same LP
j . If one of the two chords is P pure, make a Ea � P D.w@/ which is

parallel to this chord. Then, both components of P D.w@/will have positive chords. If
both chords are P mixed, we get two non-dashed boundary arcs for P D.w@/with the
same Lagrangian label and we can choose an arc Ea connecting them to split P D.w@/
into two components, each containing a positive chord. Thus, w@ is not admissible as
a boundary word.

Lemma 3.15. Let w be admissible P cyclic word for ƒC, and let www@ be a collection
of boundary words forL. If there exists an inscription P D.www@/�P D.w/, then each
w@i 2 www@ is admissible in the sense of Definition 3.12.

Proof. Let Ea be a splitting arc in some w@i with both of its endpoints associated to
the same piece LP

j of LP . Using the inscription, we can view a as being contained
in P D.w/. By the fact that w is admissible, there is a bigon b � P D.w/ whose
(unoriented) boundary is the union of a with an in arc inLP

j connecting the endpoints
of a. Then, b \ P D.w@i / gives us one of the connected components of w na. This
subset can only contain P pure negative chords, both of whose endpoints live in LP

j .
Therefore, w@ is admissible.

3.5. Bubble trees and compactness

We use language similar to that of [5, 53] to describe gluing operations on boundary
words.

Definition 3.16. A bubble tree of boundary words for L is a connected, directed
acyclic graph

TTT D .¹VVV iº; ¹EEEj º/
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C C
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C �

C �
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�

�

Figure 5. A bubble tree of boundary words represented as a graph (left) and a planar diagram
(right). For simplicity, only signs of chords are indicated.

with the following labeling data and conditions.

(1) An assignment L.VVV i / 2 ¹L;LƒC ; Lƒ�º to each vertex VVV i .

(2) An assignment of a boundary word w@.VVV i / for L.VVV i / to each vertex.

(3) A chord �.EEEj / is assigned to each edgeEEEj W VVV j� ! VVV jC which is a positive
chord of w@.VVV j�/ and a negative chord of w@.VVV jC/.

(4) For all w@.VVV i /, each �j 2 w@.VVV i / is associated to at most one edge.

(5) If �ik 2 w@.VVV i / is not touched by any edge, then it is either a positive chord
of ƒC or a negative chord of ƒ�.

When ƒ D ƒ� D ƒC, we simply say that TTT is a bubble tree for ƒ.

To simplify notation, when L is understood, we will simply call a bubble tree
of boundary words for L a bubble tree. We define and draw a planar diagram of a
bubble tree of boundary words TTT by adjoining the planar diagrams of the w@.VVV i /
in C according to the matchings determined by the EEEj . See Figure 5. We denote the
planar diagram P D.TTT /. Clearly, all of the data ofTTT can be recovered from the picture
P D.TTT /.

For anEEEj of aTTT , define a new bubble tree #EEEj
TTT whose planar diagram is obtained

by deleting �.EEEj / from P D.TTT / and concatenating capping paths according to the
boundary orientation of non-dashed arcs of the planar diagram. The operation #EEEj

is
associative. By applying #EEEj

to eachEEEj , we obtain an H1 decorated boundary word,
which we will call #.TTT /.
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Definition 3.17. An ML bubble tree forL WƒC!ƒ� is a bubble treeTTT of boundary
words for L with an assignment of an unparameterized holomorphic maps

u.VVV i / 2ML.VVV i /.w
@.VVV i //

to each vertex. An Mƒ bubble tree is a bubble tree TTT for ƒ with an assignment of a
holomorphic map

u.VVV i / 2Mƒ.w@.VVV i //

to each vertex.

Theorem 3.18. Let un; n 2 Z�0 be a sequence of holomorphic disks in ML.w@/
(respectively, Mƒ.w@/). Then, there is a subsequence uk which converges in the sense
of [10] to a ML.w@/ bubble tree (respectively, a Mƒ.w@/ bubble tree).

Since we are using the same holomorphic disks as [26], the case ML.w@/ follows
immediately from [26, Appendix B]. The case for Mƒ.w@/ follows from the results
of the next section, combined with the corresponding results for CE moduli spaces
in Rt �W (using the finite geometry at infinity hypothesis) described in [29], with
details appearing in [27]. Observe that in either case the fact that all elements of
our sequences are contained in a single moduli space entails that the energy bounds
required for compactness are automatically satisfied. See [26, Appendix B] for details.

3.6. CE -type boundary words

Say that w@ is of CE type if it has exactly one positive chord. The following lemma
states that each moduli space of admissible disks is homeomorphic to a moduli space
of CE-type curves. The proof applies shifts to the connected components of ƒ in
the t -coordinate of M D Rt � W , as indicated in Figure 6. This shifting preserves
the Lagrangian projection. The particular type of CE moduli space produced by the
lemma is not relevant: the lemma will be used to manage analytical aspects of moduli
spaces of admissible holomorphic disks, since CE moduli spaces are well understood
by the results of [27, 29].

Lemma 3.19. For every admissible boundary word w@ D .�Ci1�
a2

i2
� � � �

am

im
/, there is a

Legendrian zƒ �M and an admissible boundary word fw@ D .z�Ci1 z��i2 � � � z��im/ for zƒ of
CE type such that

�W zƒ D �Wƒ; �Wz�ik D �W�ik

for all k D 1; : : : ; m and we have homeomorphisms of moduli spaces

Mƒ

�
w@
�
'M zƒ

�fw@�; MLƒ

�
w@
�
'MLzƒ

�fw@�:
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ƒP
1

ƒP
2

ƒP
3

ƒP
4

��i4

�Ci1

��i2

�Ci3

�i2

�i1

�i3

�i4

zƒP
1

zƒP
2

zƒP
3

zƒP
4 z��i4

z�Ci1

z��i2

z��i3

z�i2

z�i1

z�i3

z�i4

P D.u/

P D. Qu/

Figure 6. A schematic for the proof of Lemma 3.19 for m D 4 and all �ik
P mixed. Relative

heights of theƒP
j

and zƒP
j

in neighborhoods of chords are indicated on the left. Planar diagrams
for holomorphic maps are shown on the right.

Proof. If all of the �ik are P pure, there is nothing to prove, since in this case the
admissibility criterion would imply that w@ is of CE type. Likewise, admissibility
implies that if there are any P mixed chords, then at least one of them must be posi-
tive. So, we assume that �i1 is P mixed. Traverse the boundary of P D.w@/ starting
at the endpoint of �i1 while tracking Lagrangian boundary labels. This yields a length
l tuple .ƒP

j1
; : : : ; ƒP

jl
/ of pairwise distinct Legendrians. For simplicity, let us assume

that their union is all of ƒ so that l D NP and that jk D k for k D 1; : : : ; NP .
The remainder of the proof is summarized in Figure 6. For C � 0, consider

zƒP
j D Flow.1�j /C

@t
ƒP
j
zƒ D tzƒP

j :

Choose C large enough so that min t j zƒP
j
> max t zƒP

jC1
for j D 1; : : : ;NP � 1. Then,

zƒ is embedded and there will be no chords from zƒP
i to zƒP

j if i < j , where the i , j
are not taken modulo NP .

Clearly, �W zƒ D �Wƒ, and as chords are in bijective correspondence with double
points in W, the chords ofƒ are in bijective correspondence with those of zƒ. For each
�i of ƒ, write z�i for the corresponding chord of zƒ.

For a holomorphic u 2 Mƒ.w@/, we get a holomorphic Qu associated to zƒ with
associated boundary word fw@ as described in the statement of the lemma. The planar
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diagram for Qu is the same as for u except that all chords in P D. Qu/ except for �i1 are
negative. The identification of Mƒ moduli spaces is evident from

�W zƒ D �Wƒ:

The corresponding statement relating the MLƒ
and MLzƒ

then follows from Lemma
3.9.

3.7. Transversality

Now, we address transversality for generic adapted almost complex structures.

Lemma 3.20. For a fixedƒ and generic choice of JW, the compactified moduli space
Mƒ.w@/ is a smooth manifolds of its expected dimension ind.w@/ � 1 with corners,
provided ind.w@/ � 2. With such JW, all admissible ind.u/ D 0 holomorphic disks
are trivial trips.

Provided Lemma 3.19, this is a consequence of [29, Proposition 2.3]. We can
similarly use a fixed JW and generic C1 small perturbations of ƒ through Legen-
drian isotopy. The following is the corresponding statement for holomorphic curves
in symplectizations following [26, Lemma B.6].

Lemma 3.21. For a fixed L and generic choice of J , the compactified moduli space
ML.w@/ is a smooth manifolds of its expected dimension ind.w@/ with corners, pro-
vided ind.w@/ � 1.

4. Differentials, cobordism morphisms, and basic structural features

Now that we have defined the �www@ operators and the moduli spaces Mƒ.w@/ and
ML.w@/, we are ready to state the definitions of @ and cobordism maps. We use
F ŒH1� coefficient systems unless otherwise indicated.

4.1. Definition of @

Here, we work with a fixed chord generic ƒ with associated F module V spanned by
the admissible P cyclic words with word length filtration and algebra

A D F ŒH1.ƒ/�˝ T .V /

with filtrations

F ŒH1� D F 0A � F 1A � � � � F NP

A D F NPC1A D � � � D A;

F `A D F ŒH1�˝ T .F `V /:
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Suppose that JW is chosen so that the conclusions of Lemma 3.20 are satisfied.
According to Lemma 3.10, if Mƒ.www@/ is non-empty and ind.www@/D 1, then www@D¹w@i º
consists of one w@i 2 www@ having ind.w@i / D 1 with all other elements of www@ having
ind D 0 so that they are trivial strips. In this case, the moduli space must consist of a
finite number of points by compactness. We define

@ W V ! A; @ D
X

ind.www@/D1

#Mƒ.www@/�www@ :

To extend @ to all of A, we set @1 D 0, apply the Leibniz rule

@.x � y/ D .@x/ � y C x � .@y/;

and extend linearly over F ŒH1�.

Theorem 4.1. .A; @;F / is a max-filtered DGA.

Proof. Clearly, A is a max-filtered graded algebra. Because @ is defined using �www@

operators, it preserves the word length filtration by Lemma 3.3. The fact that @ has
degree �1 follows from Lemma 3.8. Indeed, jw j � j@w j is computed as the index of
the holomorphic disks whose count contributes to @, which is always 1. To establish
that @ squares to zero, it suffices to analyze @jV as we are using the Leibniz rule.

For a word w, an element h 2 H1.ƒ/, and an ordered collection w�1 ; : : : ;w�m
of boundary words for which j w j � 1 D

P
j w�i j, write www for the product www D

w�1 � � �w
�
m and h@2 w; ehwwwi 2 F for the coefficient of ehwww in @2 w. Ignoring trivial

strips, contributions to h@2 w;wwwi are ordered pairs u1, u2 of holomorphic disks with

ind.u1/ D ind.u2/ D 1; h.u1/C h.u2/ D h;

P D.u1/ � P D.w/; P D.u2/ �
�
P D.w/ nP D.u1/

�
:

Recall that the h.uk/ are defined in Section 3.2.3. The inclusions in the second row
of the above equation indicate inscriptions of planar diagrams. There are two cases to
consider.

First, if some positive puncture of u2 connects to a negative puncture of u1, then
P D.u2/ [ P D.u1/ forms a connected region in P D.w/ whose complement is the
union of the P D.w�i /. By gluing, a bubble tree with vertices assigned to the uk and
a single edge determines a point in the boundary of the moduli space of ind.u/ D 2
admissible curves Mƒ.w@/ with �w@ w D ehwww. It follows that h@2 w; ehwwwi counts
points in @Mƒ.w@/. By the compactness results of Lemma 3.20, this is a count of
points in the boundary of a compact 1-manifold, and so, is zero.

Second, all positive punctures of u2 may be sent to positive punctures of w in
which case the P D.uk/�P D.w/ for kD 1;2 are disjoint and the positive punctures
of the uk must all be distinct. Tracking the sequential orderings of the endpoints of
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negative chords around the boundary of P D.w/, it follows that there areml ,mr ,m0l ,
m0r 2 Z�0 for which�

1˝ml ˝ �w@.u1/
ı 1˝mr

�
ı �w@.u2/

w D
�
1˝m

0
l ˝ �w@.u2/

ı 1˝m
0
r
�
�w@.u1/

w :

So, there is a Z=2Z action on the pairs .u1; u2/ of index 1 disks contributing to
h@2 w;wwwi given by swapping the order of the pair. Since this action is free and we are
working over F D Z=2Z, h@2 w;wwwi D 0.

4.2. Definition of cobordism morphisms

Now, we work with a partitioned exact Lagrangian cobordism .L;P / W .ƒC;PC/!

.ƒ�;P�/ with associated filtered F modules and algebras A˙. When L is a homol-
ogy cobordism, we work with F ŒH1.L/�. Otherwise, we use F coefficients.

Assume that an almost complex structure J on Rs �M has been chosen which
satisfies the conclusions of Lemma 3.21. Then, if ML.www@/ is non-empty and satisfies
ind.www@/ D 0, then each w@ 2 www@ has ind.w@/ D 0. Again, the moduli space must
consist of a number of points by compactness. We define

PDA.L;P / W V C ! A�; PDA.L;P / D
X

ind.www@/D0

#M.www@/�www@

and extend to a unital algebra morphism,

PDA.L;P /1AC D 1A� ; PDA.L;P /.x � y/ D PDA.L;P /x � PDA.L;P /y:

Theorem 4.2. PDA.L;P / is a filtration-preserving degree 0 chain map,

@� ı PDA.L;P / � PDA.L;P / ı @C D 0:

Proof. Filtration preservation and the degree 0 condition again follow from Lem-
mas 3.3 and 3.8. The chain map condition can again be checked on individual ele-
ments of V C using the compactness and transversality results of Lemma 3.21 and
will follow from standard compactness and gluing arguments.

For ind.www@/D1, the boundary of the compactification of the moduli space ML.www@/
will consist of collections of bubble trees ¹TTT iº having 1 vertex of one TTT i assigned an
ind.u/ D 1 holomorphic map and the remaining vertices assigned ind.u/ D 0 holo-
morphic maps.

The ind D 1 vertex must correspond to a holomorphic map in one of the Lƒ˙ . If
not, then it corresponds to an element in the interior of ML, which is impossible since
we are at the boundary of the moduli space.

The ind D 0 vertices must all either correspond to trivial strips or ML disks. Oth-
erwise, we could take the corresponding disk, project it down to W, and obtain a disk
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living in a Mƒ˙ of expected dimension �1 in violation of our transversality assump-
tions. Therefore, all of the holomorphic disks associated to the ind D 0 vertices give
us a PDA.L;P / contribution.

If the ind D 1 holomorphic disk is a LƒC disk, then by looking at the planar
diagram for the bubble tree it contributes to @C w (after applying Lemma 3.9) and
the ind D 0 disks contribute to PDA.L;P /@C w. Otherwise, the ind D 0 disks con-
tributes to PDA.L;P /w and the ind D 1 disk contribute to @�PDA.L;P /w (again
via Lemma 3.9).

So, points in the boundary of our compactified ind D 1 moduli spaces contribute
to @�PDA.L;P / � PDA.L;P /@C. By gluing, this is exactly the count of points in
the boundary of the ML.www@/ spaces of ind D 1. Since these are compact 1-manifolds
by Lemma 3.21, the proof is complete.

5. max-filtered DGAs and their invariants

In this section, we describe basic properties of max-filtered DGAs and their invariants.
Throughout, � is a non-negative integer and R is a unital F algebra.

5.1. Basic definitions

Definition 5.1. A Z=2�Z-graded differential graded algebra (DGA) over a unital
ring R is an algebra A over R with graded components and differential @

A D
M

i2Z=2�Z

Ai ; @ W Ai ! Ai�1

satisfying the relations

Ai �Ai 0 � AiCi 0 ; @.xy/ D .@x/y C .�1/jxjx.@y/; @2 D @1 D 0:

We also consider DGAs whose differentials have degree 1, in which case we
use d in place of @. max-filtered graded algebras (mfGAs) and max-filtered DGAs
(mfDGAs) have already been defined in the introduction. The following example
demonstrates the abundance of mfDGAs in algebraic topology.

Example 5.2. Set F D R or C, � D 0, and consider a compact manifold L equipped
with an exhaustion by a countable collection of nested open sets

U 0 � U 1 � � � �L:

The open cover induces a filtration F on the de Rham complex .�� D ��.L/; d/

with F `�� being the space of forms with compact support contained in U `. With the
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wedge product ^, .��; d;F / is an mfDGA as

F `�� ^ F `0�� � F min.`;`0/�� � F max.`;`0/��:

This setup can be used to derive classical cohomological spectral sequences, such as
the Leray–Serre sequence, for a fibration. See, for example, [7].

A morphism of mfGAs

� W .A;FA/! .B;FB/

is an degree zero algebra morphism which preserves the unit and filtration structures:

�.a1a2/ D �.a1/�.a2/; �.1A/ D 1B ; �
�
F `
AA

�
� F `

BB:

A morphism of mfDGAs

� W .A; @A;FA/! .B; @B ;FB/

is a mfGA morphism which is also a chain map, @B� D �@A.
A chain homotopy of DGA morphisms �; WA!B is a degree 1map h WA!B

satisfying
� �  D @B ı hC h ı @A:

A chain homotopy of mfDGA morphisms is a chain homotopy of DGA morphisms
which preserves the filtration structure,

h
�
F `

AA
�
� F `

BB:

A chain homotopy equivalence between (DGAs or mfDGAs) A and B is a pair of
morphisms

A B

�

 

such that  � is chain homotopic to IdA and � is chain homotopic to IdB .
Each filtered piece F `A of A is itself an mfDGA, and the canonical examples of

mfDGA morphisms are inclusion maps

F 0A! F 1A! � � � ! A: (5.1)

Provided a morphism � as above, inclusions of the filtered pieces of A and B fit
together in a commutative diagram of mfDGA morphisms

F 0
A

A F 1
A

A � � � A

F 0
A�

B F 1
B

B � � � B

(5.2)
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Because mfDGA chain homotopies are filtration preserving, a chain homotopy h
between pairs of mfDGA morphisms

�; W A! B

will induce chain mfDGA chain homotopies between filtered pieces

�; W F `
AA! F `

BB:

Consequently, if A is mfDGA homotopic to B, then each F `
A

A is homotopic to F `
B

B

for each `.

5.2. Homology and torsion

The homology of an mfDGA is a mfGA which is an invariant of the mfDGA chain
homotopy class of A. The inclusion morphisms of equation (5.1) induce mfGA mor-
phisms

H.F 0A/! H.F 1A/! � � � ! H.A/:

Applying homology to equation (5.2) produces a commutative diagram of mfGA mor-
phisms

H.F 0A/ H.F 1A/ � � � H.A/

H.F 0B/ H.F 1B/ � � � H.B/:

The homology H.A/ of a DGA vanishes if and only if 1 2 A is exact, 1 2 im @.
So, if we have a mfDGA morphism � as above, then

H.A/ D 0) H.B/ D 0: (5.3)

So, if H.F `A/ D 0 for some `, then H.F `0A/ D 0 for all `0 � `.

Definition 5.3. The H-torsion of an mfDGA,

�H D �H .A/ 2 Z�0 [ ¹1º;

is the greatest ` for which H.F `A/ ¤ 0.

Clearly, �H is a quasi-isomorphism invariant of an mfDGA and the existence of a
morphism � implies

�H .B/ � �H .A/;

refining equation (5.3).
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5.3. Augmentations and A-torsion

Definition 5.4. Let A be a Z=2�-graded DGA. An augmentation of A is a DGA
morphism

""" W A! F ;

where F is viewed as a Z=2�-graded DGA with trivial differential.

Remark 5.5. While we only discuss augmentations with target F , representations of
other rings are interesting and useful in applications [48, 58]. Interesting augmenta-
tions also come from reducing gradings of some Z=2�0 graded DGA to Z=� with �
not necessarily even. See [34, 52] for further discussion and results.

The primary utility of augmentations is to establish the non-vanishing of DGAs
[18].

Lemma 5.6. The existence of an """ implies that H.A/ ¤ 0.

When A is an mfDGA, the filtration structure allows us to pull back augmen-
tations along inclusion morphisms: if """ is an augmentation of F `A, then there are
induced augmentations

F 0A F 1A � � � F `A

F F � � � F

"""

Id Id Id

(5.4)

For a given A, we can ask which F `A admits augmentations and package the answer
with the following.

Definition 5.7. The A-torsion

�A D �A.A; @;F / 2 Z�0 [ ¹1º

is the greatest ` for which F `A admits an augmentation.

So, �A D1 if and only if A admits an augmentation. According to Lemma 5.6,

�A.A/ � �H .A/:

By our ability to pull back augmentations along �, the existence of an mfDGA mor-
phism � W A! B implies

�A.A/ � �A.B/:

The same reasoning implies that the A-torsion is an mfDGA chain homotopy invari-
ant.
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For a given """ W F `A! F , it is natural to ask if an extension exists

F `A F `C1A

F ;

"""
9‹ (5.5)

and if so, when is such an extension unique? The augmentation tree, defined in Sec-
tion 5.5.2 below, will package the answer to this question on a homotopical level.

5.4. Free mfDGAs

Let R be a graded F algebra. An mfDGA .A; @;F / is free if there is a collection of
generators a`i ; ` � 0, with degree gradings ja`i j 2 Z=2�Z from which we can define
a filtered, graded R module

F 0V �F 1V � � � � � V; F `VdegD
M

`0�`; ja`0

i
jDdeg

Ra`
0

i ; F `V D
M

deg2Z=2�Z

F `Vdeg

so that .A;F / is the tensor algebra with the induced filtration

F 0A � F 1A � � � � � A; F `A D TR.F
`V /;

where TR is the tensor algebra over R. We require that the differential @ satisfies the
Leibniz rule with respect to tensor multiplication. A free mfDGA is finitely generated
if #.a`i / � 1. If .A; @;F / is free, then @ is entirely determined by @jV . Free DGAs
are defined similarly with filtrations ignored [18]. Free commutative mfDGAs Acom

are defined similarly, using the exterior algebra F `Acom D ^.F `V / instead of the
full tensor algebra.

Remark 5.8. For PDA, we can take R to be F or F ŒH1.ƒ/�. In the latter case, we can
identify

TR.˚R wi / D R˝F

�
TF .˚F wi /

�
so that the notation of this section matches that of the rest of the paper.

Example 5.9. Any free DGA becomes a free mfDGA by declaring that V D F 0V

or F 1V . The Chekanov–Eliashberg algebra of a Legendrian ƒ in a contact manifold
of the form R �W is the canonical example of a free DGA. The contact homology
algebra CH.M; �/ of a contact manifold .M; �/ is the canonical example of a free
commutative DGA.

Example 5.10. Let ƒ be a Legendrian submanifold whose chords �i have action
Ei DE.�i /with respect to some contact form. Assume that the �i are indexed so that
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the Ei are monotonically ordered Ei � EiC1. Then, we can label aii D �i to obtain a
filtered F vector space spanned by the �i as above. This induces an mfDGA structure
on CE.ƒ/ by the fact that @CE is action decreasing. Such action filtrations are of
frequent use in quantitative applications [24] or direct limit construction in symplectic
field theory, cf. [5, 57]. Using alternative language, �A appears in [24, Theorem 1.1].

Assumptions 5.11. Throughout the remainder of the article, mfDGAs are free and
finitely generated.

Let A have generating set ¹a`i º and B have generating set ¹b`i º. An mfDGA iso-
morphism � W A! B is elementary if there is some j for which

�.a`i / D

´
b`i ; i ¤ j;

const b`j C vj ; i D j

for some unit const 2 R and element vj 2 B which does not have b`i as a factor. An
mfDGA isomorphism is tame if it is a composition of elementary isomorphisms.

Definition 5.12. For a free .A; @;F / with generating set ¹a`i º, define the .f; deg/-
stabilization .A; @;F / to be the mfDGA .�f;degA; @;F / with

(1) underlying graded vector space

�f;degV D V ˚ R efdeg ˚ R efdeg�1;

where jefj j D j ,

(2) filtration F `Sf;degV D F `V for ` < f and

F `Sf;degV D F `V ˚ R efdeg ˚ R efdeg�1

for ` � f ,

(3) differential extended by @efdeg D e
f
deg�1 and @efdeg�1 D 0.

Definition 5.13. A pair of mfDGAs .A; @A; FA/, .B; @B ; FB/ are filtered stable
tame isomorphic if there are finite sequences

.fa;k; dega;k/; k D 1; : : : ; na; .fb;k; degb;k/; k D 1; : : : ; nb

and tame isomorphisms

� W
�
�fa;na ;dega;na

� � � �fa;1;dega;1
A; @A;FA

�
!
�
�fb;nb

;degb;nb
� � � �fb;1;degb;1

B; @B ;FB

�
:
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Provided a stabilization �f;degA of an mfDGA, we have a naturally defined pair of
mfDGA morphisms

�f;degA A

�

inc

; �.v/ D

´
0; v D e

f
deg; e

f
deg�1;

v otherwise:

Clearly, � inc D IdA. According to [35, Corollary 3.11], inc� is chain homotopic to
Id�f;degA.9 This implies the following basic result.

Lemma 5.14. A free mfDGA is homotopic to its stabilization. Therefore, the homol-
ogy of an mfDGA is a stable tame isomorphism invariant.

As chain homotopies of mfDGAs preserve filtrations, we have the following obvi-
ous corollary.

Corollary 5.15. The mfGA isomorphism class of each H.F `A/ is a filtered stable
tame isomorphism invariant of A.

5.5. Augmentations of free mfDGAs

An augmentation of a free DGA A is completely determined by its values on V0, the
deg D 0 summand of V .

5.5.1. Augmentation varieties. For each generator a 2V1, define a polynomialDa2
F ŒV0� (the ring of polynomial functions on V0) by taking @a, eliminating all terms
which are not in V0, and making all variables commute. The algebraic variety

VAug D VAugA D ¹v 2 V0 W Da.v/ D 0 8a 2 V1º � V0

is the augmentation variety of A [51]. By construction, the points in VAugA are
exactly the augmentations of A. Indeed, suppose that V0 is generated by some a0;i .
Given v D

P
"ia0;i , we have an augmentation

"""v W A! F ; """v.a/ D

´
"i ; a D a0;i ;

0; jaj ¤ 0;

and the condition """ @ D 0 determines a point of VAug from each """. These correspon-
dences are bijective.

9The proof in [35] for DGAs extends to mfDGAs without modification. The homotopy is
given below in equation (A.6) when F D Z=2Z.
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If A is a mfDGA, then each F `A has an augmentation variety V`
Aug. Each inclu-

sion morphism F `A! F `C1A induces a morphism of varieties via equation (5.4)

�`C1 W V
`C1
Aug ! V`

Aug

so that im�`�V`
Aug is exactly the set of """ WF `A! F which admit extensions solving

equation (5.5).
Augmentation varieties are non-trivially modified by stabilization. It is not diffi-

cult to check that

VAug�f;degA '

´
VAugA; deg ¤ 0;

F � VAugA; deg D 0;

where the new F factor in the case deg D 0 comes from possible assignments of the
stabilized variable ef0 to elements of F . For an """ 2 VAug.A/ and c 2 F , write .c; """/
for the corresponding element of VAug.�f;0/. The proof of the following is easy using
equation (A.6).

Lemma 5.16. Each of the .c;"""/ are chain homotopic as DGA morphisms. Therefore,
for each `, the set augmentations of F `A! F modulo DGA chain homotopy are a
stable tame isomorphism invariant of A.

Remark 5.17. Observe that if the degree �1 summand V�1 of V is trivial, V�1 D 0,
then chain homotopy classes of augmentations are exactly the augmentations them-
selves.

5.5.2. Augmentation trees. Results of [11] discussed in the next subsection provide
us a means of distinguishing homotopy classes of augmentations. The chain homotopy
classes of augmentations of the F `A � A can be organized as a rooted tree

TTT Aug D TTT Aug.A/ D .¹VVV iº; ¹EEEj º/

which encodes all restriction and extensions of augmentations described in Equa-
tions (5.4) and (5.5) (modulo chain homotopy) as follows.

(1) Each vertex VVV i has a depth `.VVV i / 2 Z�0.

(2) There is exactly one VVV i for each DGA homotopy class Aug.VVV i / D Œ"""� of
""" W F `.VVV i /A! F .

(3) The root vertex is the trivial augmentation IdF W .F
0ADF/!F with depth 0.

(4) We add an edgeEEEj W VVV i ! VVV i 0 if `.VVV i / D `.VVV i 0/C 1 and Aug.VVV i / induces
Aug.VVV i 0/ via the inclusion F `.VVV i0 /A! F `.VVV i /A.

Definition 5.18. TTT Aug.A/ is the augmentation tree of A.
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By composing stable tame isomorphisms with chain homotopies, is it clear that
TTT Aug is a filtered stable tame isomorphism invariant of a free mfDGA A. Therefore,
the following is a consequence of Theorem 1.1.

Theorem 5.19. TTT Aug.PDA/ is a homotopy invariant of .ƒ;P / in the sense of Theo-
rem 1.1, and so, we can writeTTT Aug.ƒ;P /. A partitioned exact Lagrangian cobordism
.L;P / W .ƒC;PC/! .ƒ�;P�/ induces a morphism of trees

TTT Aug.L;P / W TTT Aug.ƒ
�;P�/! TTT Aug.ƒ

C;PC/

which is a homotopy invariant of .L;P /.

By a morphism of trees, we mean maps between vertex sets and edge sets satisfy-
ing the obvious compatibility conditions and preserving the depths of vertices. When
ƒ� D ; so that .L;P / is a Lagrangian filling, TTT Aug.ƒ

�;P�/ is just a single root
vertex and TTT Aug.L;P / sends this vertex to the vertex of TTT Aug.ƒ

C;P / corresponding
to the augmentation of PDA.ƒC;PC/ induced by .L;P /.

5.5.3. Comparison with CE augmentations. We will see that in Section 6 that
PDA.ƒ;P / often does not have augmentations even when ƒ cannot be destabilized.
On the other hand, the following lemma shows how partitions can be used to help
find augmentations of CE algebras of disconnected Legendrians. The following is a
restatement of [8, Proposition 2.1] whose proof we include for completeness.

Lemma 5.20. Let P be a partition of ƒ � .M; �/ such that each CE.ƒP
j / has an

augmentation """P
j . Then, the """P

j can naturally be combined to define an augmentation

""" W CE.ƒ/! F ; """.�/ D

´
"""P
j .�/; � 2 KP

j;j for some j;

0 otherwise:

Proof. Using the Leibniz rule, it suffices to establish """ @CE D 0 when restricted to
the vector space of individual chords. Restricting to this space, write @CE D @m C

@p , where @p counts holomorphic disks all of whose negative chords P pure and
@m counts disks with at least one P mixed negative chord. By definition, """ @m D 0
as """ annihilates P mixed chords. Likewise, @p preserves the subalgebra CE.ƒj / �
CE.ƒ/ of P pure chords which begin and end on a given ƒP

j . Therefore,

""" @pjCEj
D """P

j @CEj
D 0:

5.6. Bilinearization and spectral sequences

We briefly review the bilinearized homology and augmentation category construc-
tions of [8, 21] which enhance the linearization construction of [18]. There are a few
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ways to carry out the constructions, and we do so in a way which we feel is most
straightforward computationally. To simplify, we will set R D Z=2Z so that we do
not have to worry about signs.

5.6.1. Review of the constructions. For a free DGA .A D T .V /; @/, we can break
up the differential @jV into a collection of F -linear maps

@jV D

1X
0

@k; @k W V ! V ˝k :

Then, @2 D 0 is equivalent to .V; @k/ being a curved A1 coalgebra structure. Here,
“curved” means @0 is not necessarily 0 and “A1 coalgebra” means that we have the
A1 algebra relations “upside down”,

0 D
X

iCj�1Dk; aCbC1Di

�
1˝b ˝ @j ˝ 1

˝a
�
ı @i W V ! V ˝k :

When AD CE or F `PDA, energy bounds imply that only some finite number of the
@k are non-zero.

Let """l , """r be an ordered pair of augmentations of A. Define F -linear maps

�
"""l ;"""r

k
W V ˝k ! V; �

"""l ;"""r

0 D 0; �
"""l ;"""r

k>0
D

X
iCjDk�1

"""˝i
l
˝1˝ """˝jr :

Composing these maps, we get a F -linear differential operator

@"""l ;"""r D

X
�
"""l ;"""r

k
@k W V� ! V��1; .@"""l ;"""r /2 D 0:

Definition 5.21. .V; @"""l ;"""r / is the bilinearized chain complex whose homology

H
"""l ;"""r
� D H�.V; @

"""l ;"""r /

is the bilinearized homology.

Define a chain map ccc"""l ;"""r from the bilinearized chain complex to F ,

ccc"""l ;"""r D """l �"""r W V ! F ;

ccc"""l ;"""r @"""l ;"""r D

X
k

� X
iCjDk�1

"""˝iC1
l

˝"""˝jr �"""
˝i
l
˝"""˝jC1r

�
@k D 0;

yielding a linear map on homology which vanishes in non-zero homological degree

CCC """l ;"""r D Œccc"""l ;"""r � W H
"""l ;"""r
� ! F :

Definition 5.22. CCC """l ;"""r is the fundamental class on bilinearized homology.
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Remark 5.23. The name “fundamental class” is justified by the fact that when we are
working with the bilinearized complex associated to the CE algebra of a connected
ƒ, CCC """l ;"""r is the map

LCH"""l ;"""r

0 ! H0.ƒ/ ' F

in the duality exact sequence of [30]. See the proof of [11, Proposition 3.2].

The pair .H"""l ;"""r
� ;CCC """l ;"""r / depends only on the homotopy classes of """l , """r [8]. The

following is simply a restatement of [11, Lemma 3.1] and gives a practical tool for
distinguishing homotopy classes of augmentations. Its proof is purely algebraic, and
so, is applicable to any free DGA, such as the F `PDA.

Theorem 5.24. The augmentations """l , """r are homotopic if and only if CCC """l ;"""r D 0.

With a single augmentation """ D """l D """r , the bilinearized homology construction
gives rise to the linearized chain complex and linearized homology,

.V; @""" D @""";"""/; H"""
� D H�.V; @

"""/:

The linearized homology can also be defined for a commutative free DGA of the form
.^.V /; @/ in which case we replace the �"""0;"""1

k>0
with

�"""k.v1 ^ � � � ^ vk/ D

kX
iD1

�Y
j¤i

""".vj /
�
vi :

To define bilinearized cochain complexes from a pair of augmentations """l , """r ,
define a differential d"""l ;"""r

on V whose structure coefficients hd"""l ;"""r
v; wi are defined

by adjunction with @"""l ;"""r ,

d"""l ;"""r
W V� ! V�C1; hd"""l ;"""r

v;wi D hv; @"""l ;"""rwi:

Definition 5.25. .V; d"""l ;"""r
/ is the bilinearized cochain complex whose cohomology

H�"""l ;"""r
D H�.V; d"""l ;"""r

/

is the bilinearized cohomology.

When applied to CE, the (bi)linearized homology and cohomology groups are
called the (bi)linearized Legendrian contact homology and (bi)linearized Legendrian
contact cohomology, denoted by LCH"""l ;"""r

� .ƒ/ and LCH�"""l ;"""r
.ƒ/, respectively.

5.6.2. Enhancements for mfDGAs and F `PDA. For mfDGAs, the bilinearized
chain complex is a filtered chain complex: as @ W V ! A is filtration preserving,
then so is @"""l ;"""r . Of course, there are a few options to organize the filtration data
homologically.
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First, filtration inclusions induce chain maps determining morphisms on bilin-
earized homologies,

� � � ! .F `V; @"""l ;"""r /! .F `C1V; @"""l ;"""r /! � � � ;

� � � ! H�.F
`V; @"""l ;"""r /! H�.F

`C1V; @"""l ;"""r /! � � � :

As is evident from the chain level, fundamental classes are pulled back from inclusion
morphisms

H�.F
`V; @"""l ;"""r / H�.F

`C1V; @"""l ;"""r /

F :

CCC"""l ;"""r
CCC"""l ;"""r

Second, we can consider the spectral sequence homology groups associated to the
filtered complex,

Erp;deg."""l ; """r/ D E
r
p;deg.V; @

"""l ;"""r ;F /:

Our conventions for homological spectral sequences associated to ascending filtra-
tions are that on the r-th page Er , differentials go

Erp;deg ! Erp�r;deg�1 (5.6)

with p denoting filtration level and deg indicating homological degree. For cohomo-
logical spectral sequences associated to descending filtrations, our convention is that
differentials on the r-th page go

Ep;deg
r ! EpCr;degC1

r :

Lemma 5.26. The spectral sequence homology groupsErp;deg."""l ;"""r/, r�1, are homo-
topy invariants of the pair """l , """r . The set of all collections of spectral sequence
homology groups is a filtered stable tame isomorphism invariant of .A; @;F /.

Proof. This follows from the fact that if a chain map between filtered complexes
induces isomorphisms on E1, then it induces isomorphisms on all Er . See, for exam-
ple, [4, Section 4]. If we modify """r by a chain homotopy, we have induced chain
homotopy equivalence between filtered complexes .V; @"""l ;"""r ;F / and .V; @"""l ;"""

0
r ;F /

which induce E1 isomorphisms. The same goes for modification of """l .
As for stable tame isomorphism invariance, we can apply the homotopy equiva-

lence between an algebra and its stabilization pulling back augmentations to A via
the inclusion A ! �f;degA. The associated map on the linearized complex clearly
induces an E1 isomorphism as the differential on �f;degA is linear when restricted to
new generators.
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Using theErp;deg."""l ;"""r/, where the """l , """r are augmentations of F `PDA, we define
a polynomial invariant of the homotopy classes of the """l , """r ,

P
spec
"""l ;"""r

.t; x; y/ D

max.`;NP /X
rD1

dimErp;deg."""l ; """r/t
degxr�1yp: (5.7)

The “r � 1” ensures the polynomial is not guaranteed to be divisible by x.
As an immediate consequence of the above lemma and Theorem 1.1, we have the

following theorem.

Theorem 5.27. Let """l , """r be augmentations of F `PDA.ƒ;P /. Then, the isomor-
phism class of the bilinearized spectral sequence homology groups Erp;q."""l ; """r/,
r � 1—and so, the P spec

"""l ;"""r
—associated to the filtered complex .F `V; @;F / are homo-

topy invariants of the pair """l ;"""r . The set of all such collections of spectral sequences—
over varying pairs """l ; """r—is a Legendrian isotopy invariant of the partitioned Legen-
drian .ƒ;P /.

We can continue in the same fashion describing analogues ofCE structures for the
F `PDA and stating theorems which come for free as a consequence of Theorem 1.1
combined with the results of [8] and standard homological algebra. Here are some
examples.

(1) Bilinearized cochain groups and spectral sequences are also available with
the caveat that the differentials no longer preserve the ascending filtration. We
can instead equip V with an descending filtration Fop with each F `

op addi-
tively generated by words with length � `. Let us call Ep;qr the associated
cohomological spectral sequence with associated Poincaré polynomial,

P """l ;"""r
spec .t; x; y/ D

max.`;NP /X
rD1

dimEp;deg
r ."""l ; """r/t

degxr�1yp:

(2) The bilinearized cochain complexes give the set of all augmentations of
F `PDA the structure of an A1 category whose pseudo-equivalence class [8]
is a Legendrian isotopy invariant.

(3) With a single augmentation of some F `PDAcom or F `PDAcyc, we have lin-
earized chain complexes and cochain complexes with obvious analogues of
the above theorem.

(4) For a single augmentation """, the A1 structure makes the linearized cochain
complex .V; d""";Fop/ an A1 algebra whose products

�k W V
˝k
! V

for k � 1 preserve the ascending filtration Fop.
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"""l

"""r

w�

Figure 7. Disks contributing to @"""l ;"""r in linearized LCH.

(5) Cochain complexes are—according to our convention that Lagrangian cobor-
disms go downward in a symplectization—contravariantly functorial with re-
spect to cobordism.

(6) If we shift the grading by 1, the linearized cohomology groupH�""" Œ1� becomes
a ring and the Ep;qr Œ1� determine a multiplicative spectral sequence using the
product �2.

In particular, the last item applied to PDAcyc gives the RSFT spectral sequence
of [26] a multiplicative structure after a grading shift has been applied.

5.6.3. Planar diagrams for bilinearized disk counts. To gain some intuition as to
how these invariants work, let us draw planar diagrams for the disks counted by the
differentials for the PDA (bi)linearized (co)chain complexes and spectral sequences.

For (bi)linearized Legendrian contact homology, we count holomorphic disks with
one positive puncture andm� � 1 negative punctures, capping off all but one of them
with augmentations. Figure 7 displays the usual picture (cf. [8, Figure 1]) in the planar
diagram style of this article.

For F `PDA, the differentials on the E0 page of a (bi)linearized spectral sequence
count disks for which the inputs and outputs of the operators have the same word
length, with some numbers of additional outputs assigned augmentations. For the dif-
ferentials on the Ek>0 page of the homological spectral sequence, the disks we count
will have one input w, one output w� for which

`.w/ � `.w�/ D k;

and some additional w�i which are augmented. For the cohomological spectral se-
quence, we view w as an output and w� as an input. See Figure 8.

5.6.4. Convergence of spectral sequences for links in .R3; �std/. Now that we
know what the spectral sequence differentials count, it is easy to see that for links
in .R3; �std/ the PDA bilinearized spectral sequences converge very quickly.
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"""l """r

w�
"""l

"""r

w�

"""l

"""l

"""r

w�

"""l """r

"""r
w�

Figure 8. Planar diagrams for contributions to the bilinearized homology spectral sequence
differentials of a word w of length 4. From left to right, top to bottom, we see contributions
to differentials on the E0, E1, E2, and E3 pages. Here, trivial strips appear near the positive
chords in w which are not touched by the ind D 1 admissible disk.

Theorem 5.28. Let .ƒ; P / be a partitioned Legendrian in .R3; �std/, and let """l ,
"""r be augmentations of some F `PDA. Then, the associated (bi)linearized spectral
sequences Erp;q and Ep;qr converge at their E2 and E2 pages, respectively.

Proof. This is an immediate consequence of [3]: after applying a Legendrian isotopy,
we can guarantee that all rigid holomorphic disks contributing to the PDA differential
have at most two positive punctures. This means that for this isotopy representative
the differentials on Ek and Ek pages of the spectral sequences vanish for k � 2.
The result then follows from the fact that the spectral sequence is an invariant of the
Legendrian isotopy class of .ƒ;P /.

6. Computations

Here, we carry some basic computations. Prior to Section 6.6, we focus on low-
dimensional examples. We start by describing general techniques for Legendrian links
in .R3; �std/ which are implemented in the software package [2].
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6.1. Computations in .R3; �std/

We assume that the reader is familiar with the basics of combinatorially defined Leg-
endrian contact homology for links in .R3; �std/ as in [18, 34] and will use a slightly
modified setup following [46] (which uses two marked points rather than one marked
point on each connected component of ƒ).

Everything here works just as well for Legendrians in Rt times a Riemann surface
† with non-empty boundary and Liouville form ˇ as in [6]. The only additional data
that is needed in this more general case is a framing of T† which can be determined
by an immersion †! C.

Decorate each connected componentƒi ofƒwith an arrow and two points �i and
�i which are not the endpoints of any chord. The arrow indicates orientation, the �i
will be our basepoint, and the �i will help us record homology classes of curves.

If the ƒP
i are connected or if we are satisfied working with Z=2Z, gradings the

basepoints can be ignored. Otherwise, we must draw connecting arcs between the
�i and extend the oriented Lagrangian subspaces T�i

ƒ over them as described in
Section 2.4.

To compute the Maslov number of a word wD .�1 � � ��`/, we calculate the rotation
angles over preferred capping paths (which miss the �i ), performing CW rotations of
the tangent spaces T .�Wƒi / when traversing chords. In this dimension, CW rotations
are simply clockwise rotations in the usual sense. Standard calculations show that
taking modulo 2 we get

Mas2.w/ D #.negative crossing �i 2 w/ 2 Z=2Z;

jw j2 D 1C `C #.negative crossing �i /

D 1C #.positive crossing �i / 2 Z=2Z:

Of course, if ` D 1, we get the CE grading by definition.
We assign a variable Ti D eŒƒi � 2 F ŒH1.ƒ/� to each ƒi , where Œƒi � is the funda-

mental class in homology with respect to the prescribed orientation. The grading of
each Ti is given by

jTi j D 2 rot.ƒi /; jT �1i j D �2 rot.ƒi /:

We recall that it is our convention that the Ti commute with the w generators of our
algebra.

Differentials can be computed by counting immersions of polygons into C with
boundary on �Wƒ as in [18, 34, 46]. To compute the F ŒH1.ƒ/� element h.u/ asso-
ciated to each polygon u contributing to @, traverse the boundary of the polygon and
multiply by Ti (or T �1i ) every time we cross over a �i according to the positive (or
negative) orientation of ƒ. To check admissibility of disks and compute their output
words, we recommend having plenty of scrap paper on hand.
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ƒ2

ƒ1

�1 �2

�3

�4

u31;2

u1;2

Figure 9. A Legendrian Hopf link in the front (left) and Lagrangian projections (right) in the
xz- and xy-planes, respectively. Projections of holomorphic disks u3

1;2
and u1;2 to R2

x;y are
shaded.

6.2. The Hopf link

Let ƒ1 be the standard tb D �1 unknot in .R3; �std/, and let ƒ2 be a push-off with
its orientation flipped,ƒ2 D �Flow"@t

.ƒ1/ for " small. Then,ƒ is a Hopf link which
bounds an exact, oriented Lagrangian annulus in the symplectization of .R3; �std/ [31].
The Lagrangian filling implies the existence of an augmentation of """L WLCH.ƒ/! F ,
and so, LCH.ƒ/ is non-zero. Likewise, the individual ƒi bound Lagrangian disks so
that LCH.ƒi / ¤ 0.

There are two ways to group ƒ: either NP D 1 or NP D 2. In the first case,

PDH.ƒ;P / D F 1PDH.ƒ;P / D LCH.ƒ/ ¤ 0; �H .ƒ;P / D �A.ƒ;P / D1:

Moving forward, we assume NP D 2 so that ƒP
i D ƒi .

Figure 9 shows a Lagrangian resolution [51] of ƒ with four chords: �1 and �2 are
mixed (going from ƒ1 to ƒ2 and vice versa, respectively) and �3; �4 are pure. Then,

F 1V D h.�3/; .�4/i; F 2V D F 1V ˚Rh.�1�2/; .�2�1/i D V;

where R D F ŒT˙1 ; T
˙
2 �. The differentials of the .�3/; .�4/ count only disks with one

positive puncture so that

@�3 D 1C T
�1
2 ; @�4 D 1C T1) T1 ' T2 D 1:

As described in Example 1.5, the disk u31;2 shown in the figure does not contribute a
term to @.�3/ as it cannot be inscribed in P D..�3//. (More on this will be shown in a
moment.) WithR coefficients, we see that PDA1 admits an augmentation T1; T2 7! 1,
�3; �4 7! 0, and so, PDH1 is non-zero. With F coefficients, the differential vanishes
so that PDH1 is freely generated by the .�3/; .�4/.
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Figure 10. On the left is a link of tb D �1 unknots with 0 linking number. On the right, a front
satellite pattern for .2k; 2/-cabling (with respect to the contact framing) in the case k D 2 in the
style of [50].

There is a disk u1;2 with two positive punctures asymptotic to �1 and �2, yielding

@.�1�2/ D @.�2�1/ D T
�1
2 ' 1:

We conclude that for this choice of grouping

PDH D PDH2 D 0; �H .ƒ;P / D 1:

For this P , the augmentations of PDA1 are in one-to-one correspondence with tensor
products of augmentations for theƒi . There is only one such """ sending 1 7! 1, Ti 7! 1,
and �3; �4 7! 0.

Observe that if we glue u31;2 to u1;2 at �1, we obtain an indD 2 disk uD u1;2#u31;2
with four boundary punctures. The moduli space Mƒ in which u is contained is one
dimensional and at one of its (compactified) ends we obtain a 2-level SFT building
with u1;2 on the bottom and u31;2 on the top. At the other end of M=Rs , the disk
degenerates into a nodal curve consisting of a trivial strip over �2 conjoined to a disk
with one positive boundary puncture at �3. This nodal degeneration is exactly the
string topological breaking which we are seeking to avoid in defining PDA.

So, how is it possible that PDH D 0 if ƒ has an exact Lagrangian filling? This is
because theNP D 2 partition obstructs the existence of Lagrangian fillingsLDL1 t
L2 for which @Li D ƒi . Such Li would have intersection number˙1 D lk.ƒ1; ƒ2/
so that L could not be embedded. In Section 6.7, we will generalize this computation
to all dimensions.

6.3. More 2-component links in .R3; �std/

Similar calculations show that PDA obstructs disconnected fillings for two-component
links with 0 linking number. For example, consider the two-component link of unknots
on the left-hand side of Figure 10 with NP D 2. The LCH of this link is non-zero but
using this partition PDH.ƒ;P / D 0. So, ƒ has no disconnected filling.
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Figure 11. Links ƒ in Rt �† in the cases k D 2; 3. The .k C 1/-gon U is shaded.

Similarly, for any knot ƒ, we can consider the .2k; 2/ cable, ƒ.2k; 2/, shown in
the front projection on the right-hand side of the figure withNP D 2. Our convention
is that cables are defined with respect to the contact framing. For any k > 1, there is a
length 2 word w satisfying @w D 1 as can be seen by counting disks of low energy in
a 1-jet neighborhood of ƒ. We will see an alternate proof which generalizes to high
dimensions in Proposition 6.4.

The case k D 1 is more subtle. When ƒ is the tb D �1 unknot, then the .2; 2/
cable is an unlink. For ƒ a Lagrangian slice knot, there is a Lagrangian concordance
from the .2; 2/ cable to the .2; 2/ cable of the unknot. Therefore,ƒ.2; 2/ is fillable by
a pair of disjoint Lagrangian slice disks. See [22, Proposition 1.8].

6.4. Unbounded torsion for links in 3-manifolds

We do not currently have examples of links in .R3; �std/ with torsions other than 1 or
1. Figure 11 sketches the construction of Legendrians with

�H .ƒ;P / D �A.ƒ;P / D k

for all k � 2 in contact 3-manifolds of the form Rt � † for † a general Riemann
surface.

Here are the details: consider k C 1 � 3 line segments �i in C, with each �i
intersecting �iC1 transversely in a single point. Here, indices are taken modulo k C 1
and the �i form the smooth boundary arcs of a .k C 1/-gon, U . Create a 4.k C 1/-
gon z† � C by taking a neighborhood of the union of the �i with U and straightening
the edges near the boundary points of the �i . Now, make a Riemann surface † with
�.†/D 1� 2.kC 1/ by identifying the pairs of straightened edges of @z† lying at the
endpoints of each �i . Then, the �i form closed curves in†with �i \ �j being a single
point for each pair i ¤ j . Equip † with a Liouville form ˇ and find ƒi � Rt � †

whose projections to † agree with the �i along the boundary of U � † and such that
the crossings of theƒi are alternating along the boundary of U as shown in Figure 11
in the cases k D 2; 3. We partition ƒ so that all of the ƒi are distinct, NP D k C 1.
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ƒ2

ƒ1

�
1;2
1

�
1;1
1

�
1;2
2 �

2;1
1

�
1;1
2 �

1;1
3

�
1;1
4

�
1;1
5

�
2;1
2

�
2;2
1

Figure 12. The Lagrangian projection of ƒ.

For ` � k, F `V D 0 so that F `PDA D F and has only the trivial augmentation
1 7! 1. There is only one holomorphic disk contributing to @ which has kC 1 positive
punctures, no negative punctures and makes the unit in F kC1PDA exact. This disk
projects to the region U in †. It follows that

PDH`.ƒ;P / '

´
F ; ` � k;

0; ` > k:

It would be interesting to have examples of links for which the H-torsion and A-
torsions disagree. It seems that such examples are difficult to produce. In [58], Sivek
describes a Legendrian knot K2 whose CE algebra has no augmentations but has
non-vanishing homology. In the language of this article,

�H .K2/ D1; �A.K2/ D 1:

6.5. A polyfillable link

In previous examples, we only needed to consider the PDA differentials of a single
element of A. We now consider a slightly more complicated example, carrying out a
detailed analysis of PDA invariants of a two-component link ƒ D ƒ1 t ƒ2, where
ƒ1 is tb D 1 trefoil and ƒ2 is a tb D �1 unknot. See Figure 12. We can group the ƒi
in two ways, using either

(1) P1 for which there is a single ƒP

(2) P2 for which ƒP
i D ƒi for i D 1; 2.
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As described in [12], ƒ has topologically distinct Lagrangian fillings. One filling
is an annulus. The other is a disjoint union of a genus one surface bounding with
one boundary component ƒ1 with a disk bounding ƒ2. The connected filling can be
partitioned only according to P1 and the disconnected filling can be partitioned either
by P1 or P2. Since both groupings of ƒ admit Lagrangian fillings, the PDA.ƒ;P /
admit augmentations for either choice of P . So, both of the PDH.ƒ;Pi / are non-zero
and have infinite torsion.

Using P1, the algebra .A; @/ D .F 1A; @/ is the Chekanov–Eliashberg algebra of
ƒ. We now describe the PDA algebra associated to P2. Using P2 and the orientation
of ƒ, PDA is naturally equipped with a Z-valued degree grading (by the fact that
rot.ƒ1/ D rot.ƒ2/ D 0) which we use throughout. For simplicity, we will ignore T
variables.

6.5.1. Generators and relations. Each chord labeled �i;j
k

in Figure 12 will start on
ƒi and end on ƒj . The 10 chords of ƒ determine 14 generators of A for P2. Their
word lengths and Z gradings are as follows.

(1) .�1;11 /; .�
1;1
2 /; .�

1;1
3 / have `.w/ D 1; jw j D 0.

(2) .�1;14 /; .�
1;1
5 /; .�

2;2
1 / have `.w/ D 1; jw j D 1.

(3) .�1;21 �
2;1
1 /; .�

2;1
1 �

1;2
1 / have `.w/ D 2; jw j D 0.

(4) .�1;21 �
2;1
2 /; .�

2;1
2 �

1;2
1 /; .�

1;2
2 �

2;1
1 /; .�

2;1
1 �

1;2
2 / have `.w/ D 2; jw j D 1.

(5) .�1;22 �
2;1
2 /; .�

2;1
2 �

1;2
2 / have `.w/ D 2; jw j D 2.

For the `.w/ D 1 generators, differentials are computed using CE disks, yielding

@.�
1;1
1 / D @.�

1;1
2 / D @.�

1;1
3 / D @.�

2;2
1 / D 0;

@.�
1;1
4 / D 1C .�

1;1
1 /C .�

1;1
3 /C .�

1;1
1 /.�

1;1
2 /.�

1;1
3 /;

@.�
1;1
5 / D 1C .�

1;1
1 /C .�

1;1
3 /C .�

1;1
3 /.�

1;1
2 /.�

1;1
1 /:

For `.w/ D 2 generators, differentials are computed using disks with 1 or 2 posi-
tive punctures:

@.�
1;2
1 �

2;1
1 / D @.�

2;1
1 �

1;2
1 / D 0;

@.�
1;2
1 �

2;1
2 / D 1C .�

1;2
1 �

2;1
1 /.�

1;1
1 /; @.�

2;1
2 �

1;2
1 / D 1C .�

1;1
1 /.�

2;1
1 �

1;2
1 /;

@.�
1;2
2 �

2;1
1 / D 1C .�

1;2
1 �

2;1
1 /.�

1;1
1 /; @.�

2;1
1 �

1;2
2 / D 1C .�

2;1
1 �

1;2
1 /.�

1;1
1 /;

@.�
1;2
2 �

2;1
2 / D .�

1;2
1 �

2;1
2 /.�

1;1
1 /C .�

1;2
2 �

2;1
1 /.�

1;1
1 /;

@.�
2;1
2 �

1;2
2 / D .�

2;1
2 �

1;2
1 /.�

1;1
1 /C .�

1;1
1 /.�

2;1
1 �

1;2
2 /:

The above equation is organized so that cyclic rotations of words appear in the same
row. We see by inspection that @ is not invariant under cyclic rotation.
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.�
1;1
1 / .�

1;1
2 / .�

1;1
3 /

"""11 0 0 1

"""12 0 1 1

"""13 1 0 0

"""14 1 1 0

"""15 1 1 1

Table 1. Values of augmentations evaluated at words of length 1.

.�
1;1
1 / .�

1;1
2 / .�

1;1
3 / .�

1;2
1 �

2;1
1 / .�

2;1
1 �

1;2
1 /

"""23 1 0 0 1 1

"""24 1 1 0 1 1

"""25 1 1 1 1 1

Table 2. Values of augmentations evaluated at words of length 2.

6.5.2. Augmentations. The DGA .F 1A; @/ is generated by the words with `.w/ D
1. This generating set is the union of the LCH generating sets for ƒ1 and ƒ2. All of
the degree 0 generators are pure chords on ƒ1. A standard computation shows that
the Chekanov–Eliashberg algebra for the trefoil ƒ1 has 5 augmentations, which are
known to come from distinct Lagrangian fillings [8, 31]. They are given in Table 1.
These augmentations yield exactly the augmentations for .F 1A; @/ as ƒ2 has no
degree 0 generators. Moreover, since there are no chords of negative degree, all of the
augmentations are homotopy-inequivalent. See Remark 5.17.

From the above computations, we see that only the augmentations of .F 1A; @/

satisfying .�1;11 / 7! 1 can be upgraded to augmentations of .F 2A; @/. These are """13,
"""14, and """15. For each such """1i , there is exactly one corresponding augmentation """2i of
.F 2A; @/ as described in Table 2.

Because the disconnected filling L of ƒ induces an augmentation """L, at least one
of the above augmentations must correspond to """L. Since each """2i sends the `.w/ D
2; jw j D 0 generators to 1, """L must include non-zero counts of ind D 0 holomorphic
disks with two positive punctures (also known as bananas).

Because the generators of PDA all have non-negative degree, distinct augmenta-
tions cannot be chain homotopic by Remark 5.17. By comparing the values of the
above augmentations on generators, we can compute the entire augmentation tree
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TTT Aug for .ƒ;P / as follows:

1

"""11 """12 """13 """14 """15

"""23 """24 """25

Because all the """1i are determined by the Lagrangian fillings of [31], the following
is immediate.

Corollary 6.1. At most 3 of the 5 Lagrangian fillings of the trefoil described in [31]
appear as components of disconnected fillings of ƒ.

6.5.3. Bilinearized homologies. We can compute the bilinearized homologies asso-
ciated to the pairs of augmentations """1i , """1j of .F 1A; @/ directly, yielding Poincaré
polynomials P"""1

i
;"""1

j
.t/ for each bilinearization,

P"""1
i
;"""1

j
.t/ D

´
1C t; i ¤ j;

2C 2t; i D j:
(6.1)

These are the sums of the Poincaré polynomials of the bilinearized homologies of the
ƒi with the induced augmentations. This is expected as the bilinearized complex is a
direct sum of the bilinearized complexes of the ƒi .

Now, we work out a full computation of the bilinearized PDH2 spectral sequence
homology groups. For each of the """2i , """2j , we compute our bilinearized differentials as

@
"""2

i
;"""2

j .�
1;1
k
/ D @

"""1
i
;"""1

j .�
1;1
k
/; @

"""2
i
;"""2

j .�
2;2
1 / D @

"""1
i
;"""1

j .�
2;2
1 / D 0

@
"""2

i
;"""2

j .�
1;2
1 �

2;1
1 / D @

"""2
i
;"""2

j .�
2;1
1 �

1;2
1 / D 0;

@
"""2

i
;"""2

j .�
1;2
1 �

2;1
2 / D .�

1;2
1 �

2;1
1 /C .�

1;1
1 /; @

"""2
i
;"""2

j .�
2;1
2 �

1;2
1 / D .�

1;1
1 /C .�

2;1
1 �

1;2
1 /;

@
"""2

i
;"""2

j .�
1;2
2 �

2;1
1 / D .�

1;2
1 �

2;1
1 /C .�

1;1
1 /; @

"""2
i
;"""2

j .�
2;1
1 �

1;2
2 / D .�

2;1
1 �

1;2
1 /C .�

1;1
1 /;

@
"""2

i
;"""2

j .�
1;2
2 �

2;1
2 / D .�

1;2
1 �

2;1
2 /C .�

1;2
2 �

2;1
1 /;

@
"""2

i
;"""2

j .�
2;1
2 �

1;2
2 / D .�

2;1
2 �

1;2
1 /C .�

2;1
1 �

1;2
2 /:

The computation for words of length 2 quickly follows from """2i .�
1;1
1 / D 1 for all i .

According to the convention of equation (5.6), the E0p;deg groups are additively
generated by words of length p having grading deg and the differential on this 0-th
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page preserves the word length filtration. The generators for these tables can be read
off of the table at the start of Section 6.5.1, yielding

E02;0 D F2  E02;1 D F4  E02;2 D F2;

E01;0 D F3  E01;1 D F3:

From the above computation of the @"""
2
i
;"""2

j , we see that the differentials on the 0-th
page are the usual bilinearized differentials along the E01;� row. Along the E02;� row,
we have

@
"""2

i
;"""2

j .�
1;2
1 �

2;1
2 / D .�

1;2
1 �

2;1
1 /; @

"""2
i
;"""2

j .�
2;1
2 �

1;2
1 / D .�

2;1
1 �

1;2
1 /;

@
"""2

i
;"""2

j .�
1;2
2 �

2;1
1 / D .�

1;2
1 �

2;1
1 /; @

"""2
i
;"""2

j .�
2;1
1 �

1;2
2 / D .�

2;1
1 �

1;2
1 /;

@
"""2

i
;"""2

j .�
1;2
2 �

2;1
2 / D .�

1;2
1 �

2;1
2 /C .�

1;2
2 �

2;1
1 /;

@
"""2

i
;"""2

j .�
2;1
2 �

1;2
2 / D .�

2;1
2 �

1;2
1 /C .�

2;1
1 �

1;2
2 /:

By inspection, this row is exact. So, the E1 page of our spectral sequence is

E11;0 D LCH
"""1

i
;"""1

j

0 ; E11;1 D LCH
"""1

i
;"""1

j

1

with vanishing differentials E1p;deg
0
�! E1p�1;deg�1. So, we see that the spectral se-

quence converges at the r D 1 page, yielding

E
r�1
p;deg D

8<:LCH
"""1

i
;"""1

j

0 ; p D 1;

0; p ¤ 1:

Packaging the information as a Poincaré polynomial as defined in equation (5.7), we
get

P
spec
"""2

i
;"""2

j

.t; x; y/ D .1C x/yP"""1
i
;"""1

j
.t/

as determined by the bilinearized Legendrian contact homology polynomials of equa-
tion (6.1).

6.6. PDH of 2-cables

Now, we investigate the PDH of two-component links, using Z=2Z gradings through-
out the remainder of this section.

Let B be a closed, oriented manifold so that T �B is an exact symplectic manifold
when equipped with the canonical 1-form, pdq. Here, and throughout the remain-
der of the subsection, Rt � T

�B is equipped with the canonical contact structure
ker.dt C pdq/.
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Definition 6.2. A Legendrian cabling pattern for B is a Legendrian ƒ � Rt � T
�B

such that the composition of the inclusion with the projection

ƒ! Rt � T
�B ! B

is a covering map. We say that ƒ has d strands, where d is the degree of ƒ! B .

The Legendrian cabling pattern generalizes the construction of Legendrian cables
which are solid torus links as described in [50], frequently studied in the literature.
Given a cabling pattern ƒ for some B and a Legendrian embedding of B into some
.M; �/, we can apply the Weinstein neighborhood theorem to realize ƒ as a Legen-
drian in .M; �/ as well. We then say that ƒ is a d -cable of B .

Lemma 6.3. Suppose that B � .M; �/ is a connected Legendrian in a contactization
.M; �/, and let ƒ � .M; �/ be a cable, contained in a Weinstein neighborhood N D
Œ�"; "�t � D�B of B � .M; �/. If PDH.ƒ � N;P / D 0 for some partition, then
PDH.ƒ �M;P / D 0 as well.

Proof. The size of the neighborhood N can be shrunk by applying the time T � 0

flow of the contact vector field t@t C p@p , where p@p is the Liouville vector field on
T �B . This flow induces a Legendrian isotopy on ƒ � B and so on ƒ � .M; �/.

Say that a word of chords onƒ� .M;�/ is short if all of its chords are completely
contained in N . Shrinking the neighborhood sufficiently, we see that, without loss of
generality, actions of short words can be assumed arbitrarily small. Since the PDA
differential is action decreasing, it must send short words to short words. Since the
short words are exactly the generators of PDA.ƒ � N;P /, we see that the inclusion
N � .M; �/ induces a DGA morphism PDA.ƒ � N;P /! PDA.ƒ � M;P / and
hence a unital algebra morphism PDH.ƒ � N;P /! PDH.ƒ � M;P /. Since the
domain of the latter is zero by assumption, the target must be zero as well and the
lemma is established.

This lemma provides a means of producing .ƒ;P / for which LCH.ƒ/ ¤ 0 and
PDH.ƒ;P / D 0.

Consider the case in which there are dD2 strands,ƒ is disconnected, andNPD2.
We will see that Floer’s identification of holomorphic strips with Morse flow lines [36]
is sufficient to compute @. The generalized techniques of [37] can be applied to
computations with more strands and [25] can be applied to compute @ for general
Legendrians in Rt � T

�B or to cables of Legendrians B inside of 1-jet spaces .M; �/.
In this setup, we can describe ƒ as consisting of the 0-section ƒ1 D B and the 1-jet
of a smooth function f W B ! R having 0 as a regular value,

ƒ2 D ¹.f .q/;�df .q// W q 2 Bº � Rt � T
�B:
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q�

qC

Figure 13. Morse functions on spheres and tori with circles indicating the f �1.0/. The regions
above the circles are the BC and the regions below are the B�. The rf flow line indicated
determines a holomorphic disk u contributing to @.�qC�q�/ D 1.

The function f splits B into two pieces,

B D B� [ BC; B� D f �1..�1; 0�/; BC D f �1.Œ0;1//

whose intersection is f �1.0/. Since Œƒ1� D ˙Œƒ2� ¤ 0 2 Hn�1.N /, where N is our
Weinstein neighborhood of B ,ƒ� N cannot have a disconnected Lagrangian filling.
We can ask when ƒ cabled about a B � .M; �/ has a disconnected filling for more
general .M; �/. The following result provides a local obstruction using PDH.

Proposition 6.4. For a 2-cable ƒ � N D Rt � T
�B equipped with the NP D 2

partition, PDH.ƒ;P / D 0 if and only if the Bockstein morphism ı is non-zero,

ı W H�.B;B
�/! H��1.B

�/:

If ı D 0, then PDH ' T .H/ is a tensor algebra, where H is as in equation (6.2)
below. Therefore, if ı ¤ 0, then ƒ � .M; �/ has no disconnected filling.

Consequently, only the “N”-shaped sphere in Figure 13 corresponds to aƒ having
vanishing PDH.

Proof. The chords are in one-to-one correspondence with critical points q 2 Crit.f /
of f , and we will write the corresponding chord as �q . Looking at the relative values
of f , we see that

�q 2

´
K1;2; f .q/ > 0;

K2;1; f .q/ < 0:

There are no pure chords and every generator w 2 V of A has word length 2, being
of the form .�q��qC/ or .�qC�q�/ for critical points q˙ 2 B˙. Therefore, we can
identify the vector space of words as

V D
�
CMo
� .f jB�/˝ C

�
Mo.f jBC/

�
˚
�
C �Mo.f jBC/˝ C

Mo
� .f jB�/

�
:

Note that we are viewing the critical points of B� as homological generators and the
critical points of BC as cohomological generators.
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The PDA differential of such a word has two possible contributions. There could
be

(1) strips positively asymptotic to one of the �q˙ and having one negative asymp-
totic and

(2) strips with two positive punctures, asymptotic to both of the �q˙ and with no
negative punctures.

Let us call these @1 and @2 contributions so that @ D @1 C @2 with the subscript indi-
cating the numbers of positive punctures involved in curve counts. Writing F˝ for the
ascending tensor length filtration on A D T .V /, defined as

F k
˝A D

M
k0�k

V ˝k
0

;

we observe that
@1F

k
˝A � F k

˝A; @2F
k
˝A � F k�2

˝ A:

Therefore, treating A as a F vector space so that .A; @/ is an additive chain complex,
we can compute PDH D H.A; @/ with a spectral sequence associated to the filtered
complex F˝. Writing Dr for the differential on the Er page, it is clear that

D0 D @1; D1 D 0; D2 D @2; Dk>2 D 0

so that PDH is a direct sum of subgroups of E3.
According to [36], the @1 contributions are counted as �rf flow lines between

critical points in B� which start at some q� and rf flow lines between critical points
in BC which start at some qC. Indeed, such flow lines correspond to holomorphic
strips in the Lagrangian projection which lift to strips in the symplectization of the
1-jet space of B . The strips will have one positive and one negative end iff both of
the chords correspond to critical points in the same B˙. As we are working over
a field, F , the Künneth formula gives us isomorphisms between tensor products of
homologies and homologies of tensor products so that

E1 D ker @1= im @1 D T .H/;

H D
�
HMo
� .B�/˝H�Mo.B

C/
�
˚
�
H�Mo.B

C/˝HMo
� .B�/

�
:

Using the facts that HMo
� .B�/ computes homology and H�Mo.B

C/ computes coho-
mology [56, Chapter 4], applying Poincaré duality, and changing notation for indices,
we can rewrite

H�Mo.B
C/ D H�Cn�1.B;B

�/

H D
�
H�.B

�/˝H�.B;B
�/
�
˚
�
H�.B;B

�/˝H�.B
�/
�
:

(6.2)
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Again by [36], the @2 contributions are counted as rf flow lines which begin at
a q� 2 B� and end at some qC 2 BC. On each summand of H , this is exactly the
Bockstein homomorphism ı. If ı vanishes, then D2 D @2 vanishes and PDA ' E1.
Otherwise, we can take an element of the form x ˝ ı.x/ or ı.x/ ˝ x 2 E2 with
x ¤ 0 2 H�.B�/ and see that @2 w D 1, meaning that PDH vanishes. A specific
example of a non-zero ı count is indicated in the right-most subfigure of Figure 13.
The last statement of the proposition regarding filling obstructions then follows from
Lemma 6.3 and functoriality of PDH.

6.7. Links in .R2n�1; �std/ with vanishing PDH

We continue to use the data of f , B to determine a 2-cable inside of Rt � T
�B with

f determining B˙ � B . Let B � .R2n�1; �std/ be a Legendrian so that we view the
cable ƒ D ƒ1 t ƒ2 as being contained in .R2n�1; �std/ as well. Suppose that the
orientations of ƒ1 and ƒ2 differ by a sign � .

The linking number lk.ƒ2;ƒ1/ can be computed as the signed count of chords in
K2;1. Each pure chord in K1;1 determines one chord in K2;1 having sign given by �
times the sign of the corresponding element of K1;1. See the two-copy construction
of [30]. All other chords in K1;2 correspond to critical points of B� and their signed
count is computed as �.�1/indMo . Therefore,

lk.ƒ2; ƒ1/ D �.tb.B/C �.B�//: (6.3)

It is not difficult to produce examples of 2-cables in .R2n�1; �std/ which have

LCH.ƒ/ ¤ 0; PDA.ƒ;P / D 0

with the NP D 2 partition, and arbitrary linking number: by Lemma 5.20, if CE.B/
admits an augmentation, then so does CE.ƒ/, implying LCH.ƒ/ ¤ 0. Meanwhile,
Proposition 6.4 and equation (6.3) can be applied to ensure that PDH.ƒ;P /D 0while
controlling the linking number.

For some specific examples, take B � .R2n�1; �std/ to be the standard Legen-
drian unknot. Choose f so that B� consists of a disk together with some copies of
S1 � Dn�2 implying that the Bockstein ı of Proposition 6.4 is non-zero. By choos-
ing orientations appropriately (� D .�1/n�1 in the above notation), we can guarantee
that the linking number vanishes. For n D 3 with a single S1 � D1, this corresponds
exactly to the “N”-shaped sphere of Figure 13 which we draw as a spinning [27] in
Figure 14.

Now, we compute the PDH of a Hopf link ƒ with n arbitrarily, generalizing the
n D 2 case of Section 6.2. We define ƒ � .R2n�1; �std/; n > 2, as the union of an
unknot ƒ1 with a push-off ƒ2 D .�1/n�1 Flow"@t

ƒ1. Here, the sign indicates ori-
entation and " > 0 small. We can view ƒ as a 2-cable of ƒ1 with associated Morse
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Figure 14. Front spinnings [27] of Legendrian arcs about the t -axis determining Legendrian
spheres in .R5; �std/. On the left, the spinning produces the “flying saucer” picture of the unknot.
The Hopf link given by the 2-cable corresponding to a constant function is center-left. Spinning
the center-right figure and then breaking the S1 symmetry will give a two-component link with
zero linking number corresponding to the “N” shaped sphere of Figure 13. On the right, the
center-right subfigure is simplified by a Reidemeister move.

function f a constant. Therefore, one of the B˙ is empty and Proposition 6.4 cannot
be used to infer the vanishing of PDH.

Proposition 6.5. The Hopf link

ƒ � .R2n�1; �std/

has a filling by an oriented Lagrangian Œ�1; 1� � Sn�1 and satisfies PDH.ƒ;P / D 0
when using the NP D 2 partition.

Sketch of the proof. We will only sketch the proof, heavily relying on standard refer-
ences.

For the existence of the Lagrangian filling, which is well known, it is a standard
fact that each ƒi bounds a Lagrangian disk and up to ambient Hamiltonian isotopy
we can view these disks as Rn; JRn \ D2n, where D2n � Cn is equipped with the
standard symplectic structure and we view .R2n�1; �std/ as the complement of a point
in S2n�1 D @D2n. The choice of orientation tells us that the sign of the intersection is
positive so that we can perform a Lagrange–Polterovich surgery [54] at the intersec-
tion point to obtain an oriented Lagrangian filling L which is smoothly

Dn#Dn
' Œ�1; 1� � Sn�1:

Exactness of the filling is given to us for free as n > 2 so H1.L/ D 0.
To establish PDA D 0, we return to working within .R2n�1; �std/ and apply the

displacement technique of [30] or invariance of LCH under double-point moves as
in [27]. Alternatively, we can look at Figure 9 as the computation will be essentially
the same.
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There are exactly two mixed chords �1 2 K1;2, �2 2 K2;1. Apply a generic
Legendrian isotopy which keeps ƒ1 fixed and unlinks the pair with ƒ2 following
some family ƒ2.T /, T 2 Œ0; 1 C "� for which ƒ2 D ƒ2.0/ with the pair unlinked
for T > 1. For T < 1, the mixed chords vary smoothly and converge to a quadratic
double point at T D 1. In the Lagrangian projection, this appears as the application
of a double-point move as described in Section A.3.3. For T D 1 � " with " small,
there will be exactly one holomorphic strip in the Lagrangian projection which is
asymptotic to the double points determined by the chords. This contributes a holo-
morphic disk to @.�1�2/ with two positive punctures and no negative punctures. By
energy considerations, there can be no other disks. Therefore, @.�1�2/ D 1, and so,
PDH D 0.

A. Proofs of invariance

Here, we establish filtered stable tame isomorphism invariance of PDA as defined in
Definition 5.13, proving Theorem 1.1. We break up the invariance proof into three
steps.

(1) Triple-point moves for ƒ in 3-manifolds are addressed in Appendix A.1.

(2) Double-point moves for ƒ in 3-manifolds are addressed in Appendix A.2.

(3) Invariance forƒ in high-dimensional manifolds is addressed in Appendix A.3.

The invariance proofs are modeled on those appearing in [18,26,27,29,31,35,46],
and we will rely on references to speed up the exposition whenever possible. The main
technical difficulty we will encounter is the management of multiple simultaneous
stabilizations occurring during application of double-point moves, which are handled
algebraically.

Homotopy invariance of cobordism maps under deformation of partitioned
Lagrangian cobordisms .L;P / follows from [26] and will not be addressed. Likewise
with R D F ŒH1.ƒ/� coefficients, changes in capping path and basepoints determine
automorphisms of PDA induced by automorphisms of R following standard argu-
ments appearing in the references.

WhenH 1.W/¤ 0, PDA will in general depend on the homotopy class of the triv-
ialization of the determinant line bundle detW used to define gradings in Section 2.4.
Indeed, the homotopy classes of such trivializations are an affine space modeled on

H 1.W/ ' Œ.W; pt/; .S1; pt/�

(that is, homotopy classes of pointed maps) and homotopically non-trivial modifica-
tion of a trivialization will result in a grading shift on generators.
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ƒi1

ƒi2

ƒi3

-Iq1

q2q3

q4

q5 q6

a

b c

a

c b

ƒi1

ƒi2

ƒi3

-II
a

b c

a

c b

Figure 15. Triple-point Reidemeister moves of types I and II.

A.1. Triple-point moves

Here, we show that modifications of a dimƒ D 1 Legendrian by a triple-point move
induce a stable-tame isomorphism of planar diagram algebras. There are two types of
moves to consider, both shown in Figure 15. The modification of ƒ takes place in a
Rt �D for a disk D �W , where the ambient contact manifold is Rt �W . Our proof
is independent of the partition P .

Each type of move may be undone by rotating a portion of the diagram by an
angle of � and then reapplying a move of the same type. Hence, it suffices to consider
each move in a single direction (! in the figure). The labels qk will help us track
holomorphic disks and can be ignored for now.

In each row of Figure 15, we have indicated a one-to-one correspondence between
the chords before and after the move is applied. The correspondence preserves the
assignments of starting and ending points of chords to connected components of ƒ.
Therefore, a triple point move induces a one-to-one correspondence between gener-
ators of A before and after the move is applied. We write �i for the chords of the
ƒ located outside of the local picture with chords a, b, and c lying within the local
picture. Denote by @� the differential of A before a triple-point move is applied and
@C for the differential after the move is applied.

Proposition A.1. Consider disks uI and uII with boundary words

w@.uI / D cCb�a�; w@.uII / D aCcCb�
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a�

b�

cC

P D.uI /

aC

b�

cC

P D.uII /

Figure 16. Planar diagrams for the triangles uI and uII .

as shown in Figure 16. Then, the maps

ˆI D IdC�uI
W A! A; ˆII D IdC�uII

W A! A

induce stable tame isomorphisms .A; @�;F /! .A; @C;F / between the PDA alge-
bras before and after application of the triple-point moves of types I and II, respec-
tively.

Note thatuI gives exactly the cobordism map on LCH associated to the Lagrangian
cobordism determined by the trace of the Legendrian isotopy as described in [31].
We conjecture that uII is likewise a cobordism map. Our proof strategy mimics that
of [46].

Proof. In each subfigure of Figure 15, there is a ind D 1 holomorphic triangle u4
which is entirely contained in the diagram. The computation of ind.u4/ D 1 follows
from the fact that the Lagrangian projection is an embedding having only convex
corners, cf. [3]. The boundary words of these triangles are

w.u4/ D

´
aCbCc�; type I;

bCc�a�; type II:

We will call these holomorphic triangles tiny triangles throughout the proof. Observe
that the tiny triangle for a type I move has two positive punctures, and so, cannot
contribute to the differential for the Chekanov–Eliashberg algebra.

The proof will follow easily from the introduction of some new language. Recall
that D � W is the region in which the triple-point move has been applied. Let u˙ be
an ind D 1 holomorphic disk. Unless u˙ is a tiny triangle, a connected component of
.�xyu

˙/�1.D/ must intercept some point qk1
2 ƒ as u˙ enters D � W (following

the boundary) and then some other qk2
2 ƒ as it exits D � W , where the qk are as

shown in Figure 15.
If such a connected component does not have a puncture at one of a˙, b˙, c˙,

then k2 D k1 C 3, where the subscripts are modulo 6. Such a connected component
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v� at I v� at II

.q1q6/c
� .q1q6/c

�

.q1q5/b
� .q1q5/b

�

.q2q1/b
C C .q2q1/a

�cC .q2q1/b
C C .q2q1/a

CcC

.q2q6/a
� .q2q6/a

C

.q3q1/c
C .q3q1/c

C

.q3q2/a
C .q3q2/a

�

.q4q2/b
� .q4q2/b

�

.q4q3/c
� C .q4q3/b

�a� .q4q3/c
� C .q4q3/b

�aC

.q5q3/a
� .q5q3/a

C

.q5q4/b
C .q5q4/b

C

.q6; q5/a
C C .q6; q5/c

Cb� .q6; q5/a
� C .q6; q5/c

Cb�

.q6q4/c
C .q6q4/c

C

Table 3. Segments of ind D 1 disks incident to chords in a triple-point move, part 1.

will not be modified by the triple point move. Otherwise, we will have k2 D k1 � 1
or k2 D k1 � 2 in which we say that .�xyu˙/�1.D � W / is a disk segment and we
write Lu˙ for u˙ with its disk segments removed.

Each disk segment v˙ has a boundary word w@.v˙/ as shown in Tables 3 and 4
containing some elements of the .qk; qk�1/ or .qk; qk�2/. There is exactly one v˙

k;k�1

and exactly one v˙
k;k�2

for each˙ and each k D 1; : : : ; 6.
Each Lu˙ likewise has a boundary word w@. Lu˙/. We can then express w@.u˙/ as

a composition of boundary words w@. Lu˙/ and the w@.v˙/ by gluing at the .qk; qk�1/
or .qk; qk�2/.

Therefore, we can write �u˙ as a composition of operators �
Lu˙ and �˙v asso-

ciated to w@. Lu˙/ and w@.v˙/. Writing V for the vector space of words and Q for
the vector space generated by the .qk; qk�1/ and .qk; qk�2/, the �

Lu˙ and �v˙ act on
T .V ˚Q/. Define

�˙ W T .V ˚Q/! T .V /

to be the algebra homomorphism determined by �jV D IdV and �jQ D �v˙
k;k�1

C

�
v˙

k;k�2

. Then,

@˙ D �˙ ı
�
�4 C

X
�
Lu˙

�
: (A.1)
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vC at I vC at II

.q1q6/c
� C .q1q6/b

�a� .q1q6/c
� C .q1q6/b

�aC

.q1q5/b
� .q1q5/b

�

.q2q1/b
C .q2q1/b

C

.q2q6/a
� .q2q6/a

C

.q3q1/c
C .q3q1/c

C

.q3q2/a
C C .q3q2/c

Cb� a� C .q3q2/c
Cb�

.q4q2/b
� .q4q2/b

�

.q4q3/c
� .q4q3/c

�

.q5q3/a
� .q5q3/a

C

.q5q4/b
C C .q5q4/a

�cC .q5q4/b
C C .q5q4/a

CcC

.q6; q5/a
C .q6; q5/a

�

.q6q4/c
C .q6q4/c

C

Table 4. Segments of ind D 1 disks incident to chords in a triple-point move, part 2.

Let ˆ� be one of either ˆI or ˆII , and let �� be the associated operator �uI
or

�uII
so that ˆ� D IdC��. We seek to show that

@C D ˆ�@
�ˆ�:

In light of equation (A.1), this can be verified by applying the operator �� before and
after each of the terms in the v� columns of Tables 3 and 4 and seeing that we obtain
the associated vC.

For example, at the third row of the table in the type I columns, we have

v�2;1 D .q2q1/b
C
C .q2q1/a

�cC; vC2;1 D .q2q1/b
C:

Applying �� on the right of v�2;1, we get .q2q1/bC C 2.q2q1/a�cC D .q2q1/b
C.

Then, �� on the left has no effect, so we get .q2q1/bC D vC2;1 again. Analogous
computations can be applied to each v� and vC pair in Tables 3 and 4, yielding @C D
ˆ�@

�ˆ�, as desired.

A.2. Double-point moves in Rt �W

Now, we address double-point Reidemeister moves for dimƒD 1. As in the previous
subsection, we locally modify ƒ within a Rt �D � Rt �W for some disk D in W .
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a b -

C �uab

ƒi2

ƒi1




Figure 17. A double-point Reidemeister move (top row) along with disk segments appearing in
the proof Lemma A.4 (bottom row).

Proposition A.2. The filtered stable tame isomorphism class of PDA is invariant
under double-point Reidemeister moves as shown in Figure 17.

There are two cases to consider: ifƒi1 andƒi2 belong to the sameƒP
j , the chords

a and b are P pure and we can prove Proposition A.2 by following the existing proofs
of invariance [18,35] almost word for word. We will assume that ƒi1 and ƒi2 belong
to different pieces of ƒ, writing

ƒi1 � ƒ
P
1 ; ƒi2 � ƒ

P
2 :

We will detail a proof of Proposition A.2 in this case, again by modifying the strategy
of [18, 35]. The proof here will be more difficult, as in our context a double-point
move can simultaneously introduce many stabilization of our algebra.

There are two chords, a and b, eliminated by the double-point move which satisfy

E.a/ D E.b/C "

with " > 0 given by the area of the disk uab shown in Figure 17 for which

w@.uab/ D aCb�:

We can assume that " is arbitrarily small.
Because both a; b 2KP

1;2, they cannot appear simultaneously in any w and neither
can appear in a w of length 1. We have one-to-one correspondences between words of
the form

.wl awr/; .wl bwr/;
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where the wl and wr are sequences of chords for which the .wl awr/ are admissible
P cyclic words of chords. For such pairs of words, we have

E.wl awr/ D E.wl bwr/C ":

The disk uab has ind D 1 and can have its planar diagram inscribed in the planar
diagram of any .wl awr/. Therefore,

j.wl awr/j D j.wl bwr/j C 1:

Because E.w/ depends only on the unordered collection of chords in a given w, the
actions of many of these words will agree. We can write these words as�

wil;j awir;j
�
;

�
wil;j bwir;j

�
with the superscripts ordered so that

i < i 0) E
�
wil;j awir;j

�
� E

�
wi
0

l;j 0 awi
0

r;j 0

�
; E

�
wil;j bwir;j

�
� E

�
wi
0

l;j 0 bwi
0

r;j 0

�
with i D 1; : : : ; N and j D 1; : : : ; Ni for some N and Ni . Using " arbitrarily small,
in particular smaller that the action of any single chord, we label all words wi not
containing a or b with indices wi so that

E.w�n0
/ � � � � � E.w0/

< E
�
w1l;1 bw1r;1

�
D � � � D E

�
w1l;N1;j

bw1r;N1;j

�
< E

�
w1l;1 aw1r;1

�
D � � � D E

�
w1l;N1;j

aw1r;N1;j

�
< E.w1/ � � � � � E.wn1

/

� � �

< E
�
wnNi�2C1

�
� � � � � E

�
wnNi�1

�
< E

�
wNi

l;1
bwNi

r;1

�
D � � � D E

�
wNi

l;Ni;j
bwNi

r;Ni;j

�
< E

�
wNi

l;1
awNi

r;1

�
D � � � D E

�
wNi

l;Ni;j
awNi

r;Ni;j

�
< E

�
wnNi�1C1

�
� � � � � E

�
wnNi

�
:

(A.2)

Let .A�; @�;F / be the max-filtered DGA before the application of the double-
point move and .AC; @C; F C/ for the corresponding mfDGA after the move has
been applied. Then, AC is a filtered, graded subalgebra of A�, although the inclusion
AC ! A� is not necessarily a chain map.

For each pair .wi
l;j
awir;j /; .w

i
l;j
bwir;j /, we define abstract variables eij;1 and eij;2

with filtration levels given by the word lengths of the .wi
l;j
awir;j / and gradings

jeij;1j D
ˇ̌�

wil;j awir;j
�ˇ̌
; jeij;2j D je

i
j;1j � 1 D

ˇ̌�
wil;j bwir;j

�ˇ̌
:



R. Avdek 70

Define �AC to be the extension of AC obtained by adjoining all of the variables eij;1,
eij;2 with differential

@jAC D @
C; @eij;1 D e

i
j;2; @eij;2 D 0:

There is a projection map

� W �AC ! AC

defined by setting eij;1, eij;2 D 0. Clearly, .�AC; @C;F / is obtained from .A; @C;F /

by a sequence of .f; deg/-stabilizations with

f D `
�
wil;j awir;j

�
; deg D

ˇ̌�
wil;j awir;j

�ˇ̌
:

For const2R, define A�<const (A��const) to be the subalgebra of A� generated by words
w of with E.w/ < const (respectively, E.w/ � const).

The strategy for the remainder of the proof is to inductively build a sequence
of algebra isomorphisms ˆk W A� ! �AC which are chain maps when restricted
to successively larger subalgebras A�

�E�const
with const increasing. When we reach

const D E.wnNi
/, the proof will be complete. The following notation and lemmas

will start the induction.
The disk uab satisfies �uab

.wi
l;j
awir;j /D .w

i
l;j
bwir;j / and clearly contributes to

@�.wi
l;j
awir;j /. Due to our action estimates, there are no other terms in @�.wi

l;j
awir;j /

which are multiples of .wi
l;j
bwir;j /. We conclude that there are elements

xij ; y
i
j 2 A�

<E.wi
l;j
bwi

r;j
/
; @�

�
wil;j awir;j

�
D
�
wil;j bwir;j

�
C xij C y

i
j : (A.3)

Here, the xij and yij are such that

(1) the xij count contributions of disks which do not have a as a positive puncture
and

(2) the yij contain neither an a nor a b.

Consequently, each summand of xij will have exactly one word which contains an a.
Since @2 D 0, we know @�.xij C y

i
j / D @

�.wi
l;j
bwir;j /. Using the xij ; y

i
j , define

ˆ0 W A
�
! �AC; ˆ0 w D

8̂̂<̂
:̂

w; a; b … w;

eij;1; w D
�
wi
l;j
awir;j

�
;

eij;2 C Lx
i
j C y

i
j ; w D

�
wi
l;j
bwir;j

�
;

(A.4)

where Lxij is obtained be replacing each .wi
l;j
awir;j / factor with a eij;1. In other words,

Lxij D ˆ0x
i
j .

The following two lemmas are modifications of [35, Lemmas 6.3 and 6.4].
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Lemma A.3. Every w satisfying at least one of the following conditions satisfies
@Cˆ0 w D ˆ0@�w:

(1) w does not contain a or b and does not have an a or b in @�w.

(2) w is a generator of A�
<E.w1

l;1
bw1

r;1
/
.

(3) w does not contain chords which end on both ƒP
1 and ƒP

2 .

(4) w contains a or b.

Proof. For the first item above, @Cw D @�w, and so, @Cˆ0 w D ˆ0@�w.
In the second case, w cannot contain an a or a b by equation (A.2). Moreover, @�w

cannot have any terms containing an a or a b by action considerations. Therefore, we
have reduced to the first case which has already been established.

In the third case, the negative asymptotics of disks contributing to @�w have end-
points on the ƒP

k
which are touched by the endpoints of the chords of w. Hence, w

fits the hypothesis of the first item.
Now, we consider the fourth case with w containing an a. So, suppose that w D

.wi
l;j
awir;j /. Then, @Cˆ0 w D @Ceij;1 D e

i
j;2 and

ˆ0@
�w D ˆ0

��
wil;j bwir;j

�
C xij C y

i
j

�
D eij;2 C 2

�
Lxij C y

i
j

�
D eij;2 (A.5)

as desired.
Finally, we consider the fourth case with w containing an b, so wD .wi

l;j
bwir;j /.

Then,

@Cˆ0 w D @C
�
eij;2 C Lx

i
j C y

i
j

�
D @C

�
Lxij C y

i
j

�
D @Cˆ0x

i
j C @

Cyij ;

ˆ0@
�w D ˆ0@�

�
xij C y

i
j / D ˆ

0@�xij C @
Cyij :

We need to show that @Cˆ0xij D ˆ0@
�xij .

Each summand of xij contains exactly one factor wa containing an a. Say the
remaining factors are zk which cannot have an a, so our summand is wa

Q
zk . Then,

b … zk by the definition of the xij and yij . It is clear from drawing planar diagrams that
a; b … @�zk as can be seen from Figure 18.

In summary, a;b … zk and a;b…@�zk . We have already established that @Cˆ0zkD
ˆ0@

�zk by the first item in the statement of the lemma. We have also established
@Cˆ0 wa D ˆ0@�wa in equation (A.5) above. Therefore,

@Cˆ0

�
wa
Y

zk

�
D ˆ0@

�
�

wa
Y

zk

�
by the Leibniz rules for @˙. Summing over the terms in xij , we have @Cˆ0xij D
ˆ0@

�xij as desired, completing the proof.

Lemma A.4. �@Cˆ0 D �ˆ0@�.
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P D.wa/ P D.u/ P D.zk/

Figure 18. A disk contributing to @�zk cannot have a or b as a negative puncture.

Proof. Using the previous lemma and the fact that � is an algebra morphism, we
assume that w contains no a or b but has chords ending on both ƒP

1 and ƒP
2 . Write

@�w D wACwaCwb; @Cw D wACw{;

where wA are the terms which contain no a or b, wa is the sum of all terms containing
a in one of its factors, and wb is the sum of all terms containing b in one of its factors.
So, w{ is determined by wA and @Cw. Then,

�@Cˆ0 w��ˆ0@�w D w{��ˆ0 wb :

The disks contributing to w{ are as shown on the right-hand side of the bottom
row of Figure 17. The endpoints of the arc 
 in the figure determines a unique (up to
boundary-relative isotopy) embedding of an arc in P D.w/ which we will also call 
 .
Cutting P D.w/ along 
 � P D.w/ yields a word .wi

l;j
awir;j / for some i , j . Every

disk u{ contributing to w{ can also be cut along 
 to obtain a disk ul (where l stands
for “left”) contributing to @�.wi

l;j
awir;j /.

These ul have a as a positive puncture and cannot have b as a negative puncture.
In other words, the ul count exactly the contributions to the yij part of @�.wi

l;j
awir;j /.

After cutting u{ along 
 , we also have a ur which contributes to @�w and have b as a
negative puncture. These disks are responsible for the wb part of @�w. See Figure 19.

According to equation (A.4), the last term �ˆ0 wb is obtained by replacing every
.wi
l;j
b wir;j / in wb with its associated yij and we must show that this term agrees

with w{.10 By the above cutting and pasting argument, this is exactly the count of
contributions to w{. The ul and ur can both be patched together to get a disk con-
tributing to w{ if and only if all disks involved are admissible. Thus, w{ is exactly
�ˆ0 wb as desired.

10The corresponding xi
j

terms from equation (A.4) are annihilated by � as each summand
of ˆ0x

i
j

will have ei
j;1

as a factor.
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P D.w{/


P D.ul/ a
C P D.ur/b�

P D.w/�

?

Figure 19. Inscriptions P D.w{/;P D.ur / � P D.w/, and P D.ul / � P D..wi
l;j
awi

r;j
//.

Lemma A.3 shows that ˆ0 is a chain map when restricted to A�
�E.w1

l;N1
aw1

r;N1
/
.

We will now define maps ˆk for k > 0 which will be chain maps when restricted to
successively larger subalgebras of A� using the action orderings of words appearing
in equation (A.2).

A degree 1 endomorphism Oh of the vector space underlying �AC is determined
by the following formula for generators:

Oh.w/ D

´
eij;1; w D eij;2;

0 otherwise:

Then, Oh determines a degree 1 map h W �AC ! �AC by linear extension of the
formulas

h.1/ D 0; h.wwww/ D Oh.w/wwwC w h.www/

for generators w and monomials www. Then,

Id�AC �� D @
ChC h@C: (A.6)

Looking back at equation (A.2), AC � A� is generated by the words wk not
containing an a or a b, and are indexed such that E.wi /�E.wiC1/. Starting withˆ0
as in equation (A.4) above, inductively define unital algebra morphisms

 k W �AC ! �AC; ˆk D  kˆk�1 W A
�
! �AC

with  k defined on generators of �AC by

 k w D

´
w; w ¤ wk;

wkCh.@Cwk �ˆi�1@�wk/; w D wk :
(A.7)
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Then, we have the identities

�h D 0; �ˆk D �ˆk�1 D � � � D �ˆ0; @�wk 2 A�<E.wk/
:

Now, assume that @Cˆk�1Dˆk�1@� when restricted to A�
<E.wk/

. Then, if w satisfies
@�w 2 A�

<E.wk/
, then

ˆk@
�w D ˆk�1@�w

D .@ChC h@C C �/ˆk�1@
�w

D @Chˆk�1@
�wCh@C@Cˆk�1 wC�ˆ0@�w

D @Chˆk�1@
�wC�ˆ0@�w

D @Chˆk�1@
�wC�@Cˆ0 w

D @Chˆk�1@
�wC

�
Id�AC C@

ChC h@C
�
@Cw

D @C
�
Id�AC Chˆk�1@

�
C h@C

�
w

D @Cˆk w :

Here, the first line uses the fact that ˆk D ˆk�1 on A�
<E.wk�1/

. The second uses
equation (A.6). The third line uses �ˆk�1 D �ˆ0, the fourth uses @C@C D 0, and
the fifth uses Lemma A.4. In the sixth line, we again apply equation (A.6) together
with ˆ0 wk D wk . Finally, we rearrange some terms and apply the definition of ˆk .

The above computation applies to w D wk or .wij b wij / for which .wij b wij /,
.wij b wij / < E.wkC1/. To complete the inductive step in our proof, we must ensure
that ˆk is still a chain map on the words .wij awij / containing an a. We compute

ˆk@
�
�
wil;j awir;j

�
D ˆk

��
wil;j bwir;j

�
C Lxij C y

i
j

�
D ˆk

�
wil;j bwir;j

�
Cˆk�1

�
Lxij C y

i
j

�
D eij;2 D @

Ceij;1 D @
Cˆk

�
wil;j awir;j

�
:

Here, the second line uses the fact that E. Lxij /;E.y
i
j / � E.wk�1/.

This completes the induction step in our argument. Again, looking back at the
indices of equation (A.2), for k D nNi

, we will have that ˆk is a stable tame isomor-
phism A� ! �AC. The proof of Proposition A.2 is then complete.

A.3. Invariance in high dimensions

Now, we address stable table isomorphism invariance of PDA in contact manifolds
of the form Rt �W with dim W > 2. Let ƒ.0/ and ƒ.1/ be a pair of chord generic
Legendrians which are Legendrian isotopic. Also, let JW.0/;JW.1/ be a pair of almost
complex structures for which eachƒ.0/ andƒ.1/ are both admissible with respect to
their corresponding JW.T /.
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Proposition A.5. The mfDGAs PDA.ƒ.0/; J.0// and PDA.ƒ.1/; J.1// are filtered
stable tame isomorphic.

We will follow the strategies of [27, 31]. By the fact that PDA moduli spaces can
be identified with CE moduli spaces using Lemma 3.19, we need no new analytical
tools and can rely on those of [27].

Remark A.6. Invariance proofs in [28, 29] modify the general strategy of [27] and
appear more specifically adapted to counting CE curves with a single positive punc-
ture.

By consideration of generic 1-parameter families .ƒ.T /; JW.T //; T 2 Œ0; 1�, we
can prove Proposition A.5 by establishing invariance under three types of modifica-
tion.

(I0) The chords for each ƒ.T / are the same for each T and for each w@ the T -
parameterized moduli spaces M.w@; JW.T // have only disks u with

ind.u/ � 1:

(I1) With one of ƒ.T / D ƒ.0/ or JW.T / fixed and the other varying, there may
appear handle slide disks (i.e., ind.u/D 0 disks) in the T -parameterized mod-
uli spaces.

(I2) The ƒ.T / can undergo a double-point move.11

The italicized terminology will be described below. By [29, Lemma 2.8], these
cases can be treated separately and further broken down into the following:

(1) JW.T / is varying and ƒ is constant or

(2) JW is constant and ƒ.T / is varying.

A.3.1. Varying complex structure. We first consider time-varying JW.T / with ƒ
fixed. Choose a R family yJW.s/ of compatible almost complex structures which are
constant in s outside of some Œ� const; const� which interpolates between JW.0/ and
JW.1/. Define a cobordism mapˆ W .A; @�/! .A; @C/ by counting indD 0 holomor-
phic curves with boundary on trivial cylinder Lƒ D Rs � ƒ and complex structure
J.s/@s D @t and J.s/jT W D {JW.s/. To achieve genericity, we may apply an arbitrar-
ily small, compactly supported Hamiltonian perturbation to Lƒ. Here, @� is the PDA
differential associated to JW.0/ and @C is the PDA differential associated to JW.1/.

The morphismˆ is a tame isomorphism if and only ifCwDhˆw;wi¤ 0 for every
generator w 2 A. The coefficients Cw count unions of holomorphic strips u which

11These are called self-tangencies or birth-death moments in [27–29].
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have the same positive and negative asymptotics. In other words, w@.u/ D �C�� for
some �. This means E.u/ D 0 so that the �Wu must be constant and each u must be
the trivial strip. So, Cw D 1 completing the proof.

Moving forward, assume that JW is constant in T .

A.3.2. Invariance in the presence of handle slide disks. Consider whenƒ.T / is an
isotopy through admissible Legendrians for which the chords vary continuously with
T . For a boundary word w@, we write MT

W.w
@/ for the Mƒ moduli space of holo-

morphic disks with asymptotics determined by w@ and boundary intervals mapped to
�Wƒ.T /. Likewise,

M
Œ0;1�
W

�
w@
�
D
®
.T; u/ W T 2 Œ0; 1�; u 2MT

W

�
w@
�¯
:

Using Lemma 3.19, the following lemma is a restatement of [27, Proposition 2.9].

Proposition A.7. For a generic admissible isotopy ƒ.T / as above, the following
hold.

(1) If ind.w@/ D d � 1, then M
Œ0;1�
W .w@/ is a transversely cut-out d -manifold.

(2) When d D 0, M
Œ0;1�
W .w@/ consists of a finite set ¹.Tj ; uj /º with the Tj all

distinct.

In a generic admissible isotopy as above, we say that a .T; u/ with ind.u/D 0 is a
handle slide disk. Note that Lemma 3.9 implies that if u 2MLƒ.T /

.w@/ has ind.u/D
d , then MT

W.w
@/ has expected dimension d � 1 and M

Œ0;1�
W .w@/ has expected dimen-

sion d .
Invariance under (I0) modification of ƒ follows from a standard moduli space

cobordism argument, cf. [27, Lemma 2.8]. We continue with the (I1) case, supposing
that there is a single handle slide disk appearing at time T D 0 for an isotopy ƒ.T /
with T 2 Œ�1; 1�.

Following [31, Section 6], construct exact Lagrangian cobordisms L" W ƒ.�"/!
ƒ."/ and inverse cobordisms

L�" W ƒ."/! ƒ.�"/:

We assume genericity so that the L˙" induces cobordism maps

PDA.ƒ.�"//
ˆ"
��! PDA."/

ˆ�"
���! PDA.�"/

by counting ind D 0 holomorphic disks. Define

Cw;˙" D hˆ˙" w;wi

to be the “diagonal coefficients” of the cobordism maps. If there is some " for which
each Cw;" is non-zero, then ˆ" is a tame isomorphism.
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So, suppose that there is some w for whichCw;"D 0 for all ". The concatenation of
cylindrical cobordisms L�"#L" is isotopic to the trivial cylinder Lƒ.�"/. An isotopy
between these cobordisms will induce chain homotopy maps

IdA�ˆ�"ˆ" D h"@� C @�h";

where each h" WA!A has degree 1 and counts perturbed holomorphic disks. See [31,
Lemma 3.13] (which closely matches the language of this article) or the original con-
struction in [26, Appendix B].

If Cw;" D 0 for all ", then the preceding equation tells us

h.h"@�" C @�"h"/w;wi D hIdA�"
w;wi D 1

for all ", where @�" is the differential forƒ.�"/. Let us say that the perturbations used
to count curves for the h" maps tend to 0 with " so that their contributions converge to
unperturbed curves as "! 0. Assume that there is a sequence "N converging to zero
for which the h.h"N

@�"N
C @�"N

h"N
/w;wi D 1. Passing to a subsequence of "N ,

we can assume exactly one of

h@�"N
h"N

w;wi D 1; hh"N
@�"N

w;wi D 1

holds. We will assume that the latter equation is satisfied: the argument in the former
case is essentially the same. The quantity hh"N

@�"N
w;wi counts multi-vertex bubble

trees with disks contributing to @�"w on top so that the bubble tree glues to a strip with
exactly one incoming and exactly one outgoing puncture. Each of h"n

and @�"n
must

be non-zero. The bubble trees will converge to a bubble tree of disks with boundary
on ƒ.0/ in a Gromov limit, and hence, they will have energy tending to 0 as n!1.
Since the energies of disks contributing to @�" are bounded below by the minimal
action difference between chords, this is impossible. So, we conclude that Cw;" D 1

for " sufficiently small.
By contradiction, we have shown that Cw;" ¤ 0 so thatˆ" is a tame isomorphism.

This establishes stable tame isomorphism invariance of PDA in the presence of handle
slide disks.

A.3.3. High-dimensional double-point moves. In [27], analytical arguments re-
garding compactness and gluing of holomorphic disks during a double-point isotopy
facilitate the use of Chekanov’s original algebraic arguments [18, 35] in the high-
dimensional setting. We have already adapted these arguments from the CE context
to be of use to PDA in Appendix A.2. Here, we set up the double-point move and
sketch what modifications are required to establish invariance in the high dimensions.

Double-point moves can be described by the following local model. Let

�1.q; T /; �2.q; T / W Œ�1; 1�! D
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be a T 2 Œ�1; 1� family of paths parameterizing the lower and upper strands of the
Legendrians in the top row of Figure 17. Say that at T D�1we have the left subfigure
with chords a, b, at T D 0 we have a quadratic tangency, and at T D 1 we have
the right subfigure.12 We assume that for T ¤ 0 the chords a; b are non-degenerate,
converging to a degenerate chord c at T D 0. Say that within the diagram ˇD 2�

1.D/

is such that our contact form is dt C ˇD so that (possibly after a t translation) there
are some functions

f1; f2 W Œ�1; 1�q � Œ0; 1�T ! R

for which the Legendrian strands of ƒ.T / are parameterized by

q 7! .f1.q; T /; �1.q; T // and q 7! .f2.q; T /; �2.q; T //

in Rt �D with supf1 < inff2.
We upgrade this picture to higher dimensions by considering parameterized, 1-

parameter families of Legendrians

ƒ1.T /;ƒ2.T / W Œ�1; 1�q �Dn�2
Eq
! Rt �D �D2n�2;

ƒ1.T /.q; Eq/D.f1.q; T /; �1.q; T /; Eq/; ƒ2.T /.q; Eq/D.f2.q; T /; �2.q; T /; J0Eq/:

Here, we are viewing D2n�2 as the unit disk in C2n�2 with the standard almost com-
plex structure J0. Using coordinates xi ; yi on D2n�2, the contact form

dt C ˇD C
1

2

X
.xidyi � yidxi /

on Rt � D � D2n�2 is such that the ƒj .T / are all Legendrian for j D 0; 1 and T 2
Œ0; 1�. As in the low-dimensional case, ƒ.�1/ has two more chords than ƒ.1/ which
we still call a; b, and there is a degenerate chord c for ƒ.0/.

Consider use of the local model to make a compact modification of some ƒ �
Rt �W via an inclusion .D � D2n�2; ˇ/ � .W; ˇ/. We equip D � D2n�2 with the
standard complex structure which we will also call J0 and assume that JW is an
adapted almost complex structure on W which extends J0 to all of W.

We write .A�; @�/ for the algebra associated to some ƒ.T /; T 2 Œ�1; 0/—these
are all the same by (I0) invariance and our assumption that there are no handle slide
disks. Likewise, write .AC; @C/ for the algebra associated to someƒ.T /;T 2 .0;1�.13

As in Appendix A.2, we say that ƒk.T / belongs to some component ƒik for
k D 1; 2 and we can consider the cases in which these belong to the same or separate

12Any of the aforementioned references provide an explicit model for the �j .q; T /, but it
will help us to have the picture in mind.

13Note that [27] exchanges .A˙; @˙/ for .A�; @�/.
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pieces ƒP
j of ƒ. We again assume the second case, ƒik � ƒ

P
k
; k D 1; 2, as the first

is essentially identical to that of [18, 27]. In this case, the chords a; b add many gen-
erators to our algebra (in contrast to the citations) and for T close to 0, the generators
of A� may be ordered as in equation (A.2).

For T < 0, the holomorphic disk uab W R � Œ0; ��! Rs � Rt � D of Figure 17
determines a holomorphic disk Uab D .uab; 0/ in Rt �D �D2n�2 with boundary on
ƒ.T / having energy

E.Uab/ D E.a/ �E.b/

converging to 0 as T ! 0. Consequently, for T 2 Œ�"; "� and " sufficiently small, Uab
will be the only holomorphic disk in Rt �W with boundary word aCb�. Thus, we
obtain equation (A.3) in parallel with [27, Lemma 2.16] and define ˆ0 as in equa-
tion (A.4). Then, Lemma A.3 follows from purely algebraic considerations.

Next, we must prove Lemma A.4. Here, we see the combinatorial splitting of holo-
morphic disks u{ 7!.ul ;ur/ analytically. The details are provided by the compactness-
gluing results of [27, Proposition 2.18]. In the T ! 0 limit, curves u{ degenerate into
nodal disks pinched along the arc 
 � P D.u{/. The combinatorics of planar dia-
grams used to show that ul contributes to the yij part of @�.wi

l;j
awir;j / and that ur

contributes to @˙w are unchanged.
With Lemmas A.3 and A.4 established, we inductively define mapsˆk as in equa-

tion (A.7). The remainder of the proof follows from algebraic manipulation and does
not require modification. Thus, we have established the stable tame isomorphism
invariance of PDA under (I2) modification. This completes the proof of Proposi-
tion A.5.
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