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On the C *-algebra associated with the full adele ring
of a number field

Chris Bruce and Takuya Takeishi

Abstract. The multiplicative group of a number field acts by multiplication on the full adele ring
of the field. Generalising a theorem of Laca and Raeburn, we explicitly describe the primitive ideal
space of the crossed product C *-algebra associated with this action. We then distinguish real, com-
plex, and finite places of the number field using K-theoretic invariants. Combining these results
with a recent rigidity theorem of the authors implies that any *-isomorphism between two such C *-
algebras gives rise to an isomorphism of the underlying number fields that is constructed from the
*-isomorphism.

1. Introduction

Each number field K naturally gives rise to two topological dynamics systems: the multi-
plicative group K* of K acts by multiplication both on the full adele ring Ag of K, and
on the finite adele ring Ag, r of K. Connes defined the adele class space of a number
field K to be the quotient space Ag/K*. This space is used in Connes’ reformulation
of the Riemann hypothesis [4], and has since been studied in, for example, [5—7]. The
space Ag /K™ is quite difficult since, for instance, the action K* ~, Ag is ergodic with
respect to the Haar measure [12], so the philosophy of noncommutative geometry says
that one should consider the crossed product C *-algebra Ag := Co(Ag) x K* attached
to K* , Ag.

This paper is a sequel to [2], where we considered the “finite part” of Ak, namely, the
crossed product C *-algebra g := Co(Ag, r) ¥ K* attached to K* ~, Ag, r. We studied
primitive ideal spaces and subquotients of 2 g and related auxiliary C *-algebras, and we
proved that this class of C*-algebras is rigid in a strong sense, see [2, Theorem 1.1].
Here, we study the primitive ideal space and subquotients of Ag and of the auxiliary
C*-algebra Bg := Co(Ag/uk) x Tk, where g is the group of roots of unity in K and
'k := K*/ k. For context and references on C *-algebras of number-theoretic origin, we
refer the reader to the introduction of [2]. The study of Ak is complicated by the fact that
Ak has alarge connected component, whereas Ak r is totally disconnected. However, the
C *-algebra Ag is one of the most natural C *-algebras associated with a number field. For
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the number field K = Q, Laca and Raeburn computed the primitive ideal space Prim(Ag)
of the C *-algebra Agq [11]. This space has a rich structure involving the idele class group
Cg of Q, the power set of the primes 2% and the compact group @\* . Laca and Raeburn
did not address the natural problem of computing Prim(Ag) for a general number field K,
and our first achievement is to give the computation of Prim(Ag) for any number field K
(Theorem 3.12 and Proposition 3.13). Although the statements from [11] generalise easily,
the proofs become much more technical in several places, essentially due to the fact that
the idele class group of a general number field does not have a canonical decomposition
as a product of a connected group and a totally disconnected group. Our results include an
explicit basis of open sets for the quasi-orbit space over which Prim(Ag) sits, which even
in the rational case offers a mild improvement on [11].

The main achievement of this paper (Theorem 5.4) is a K-theoretic distinction of real,
complex, and finite places of K in terms of boundary maps between K-groups of sub-
quotients of the auxiliary C *-algebra Bg: associated with each place v of K, there is
an extension & of subquotients of Bx. We prove that the boundary map d% of &} is
bijective if and only if v is real, is injective but not surjective if and only if v is complex,
and is not injective if and only if v is finite. The place v also canonically determines a
composition factor A% of Ak, and the aforementioned properties of the boundary maps
0% imply that the type of the place v is determined by K-theoretic invariants. Combin-
ing this with our descrlptlon of Prim(Ag), we deduce the followmg consequence: any

x-isomorphism o: Ag = A; descends to a *- isomorphism a: A g = 9. Therefore, by
[2, Theorem 1.1], we obtain that Ax and Ay, are isomorphic if and only if K and L are
isomorphic (Corollary 5.5). Moreover, the field isomorphism K = L coming from a *-

isomorphism a: Ag 5 Ap is constructed from ¢ as in [2, Theorem 1.1]. It is possible
to distinguish infinite and finite places by looking only at the K-groups of composi-
tion factors themselves (Remark 5.6), and this is sufficient to derive Corollary 5.5. The
point here is that we can detect real and complex places via the boundary maps, which
is interesting in its own right. This is the first (complete) rigidity result in the setting of
C *-algebras of number-theoretic origin where the C *-algebra is built from an action on a
space that is not zero-dimensional.

The paper is organised as follows. Some notation and preliminaries are given in Sec-
tion 2. Section 3 contains our computation of Prim(Ag), and some discussion of exten-
sions and subquotients associated with finite sets of places is given in Section 4. Section 5
contains our main theorem on K-theoretic distinction of places.

2. Preliminaries

Let K be a number field with ring of integers Qg . Recall that an additive valuation on K is
amap K — N U {oo} satisfying natural conditions (see [ 18, page 120]). For example, each
nonzero prime ideal p of O gives rise to an additive valuation v,: K — N U {oo} defined
by vp(x) :=sup{n € Z : x € p"}. An absolute value (or multiplicative valuation) on KX is
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amap |- |: K — R satisfying several regularity conditions (see [18, Definition I1.3.1] for
the precise definition), and each additive valuation gives us an absolute value on K. Each
absolute value gives rise to a topology on K (see [18, Chapter III.1]). Let X g be the set of
places of K, i.e., equivalence classes of absolute values on K, where two absolute values
are equivalent if they induce the same topology on K (see [18, Definition III.1.1] for the
precise definition of a place). For v € Xk, we write v | co (resp., v  00) if v is infinite
(resp., finite), and we let Xg s and Xk o denote the sets of finite and infinite places,
respectively, so that ¥ g = Xk, r U X o. This dichotomy of places into finite and infinite
corresponds to whether the place comes from a prime ideal in the ring of integers or a field
embedding of K into C, respectively. We will often treat additive valuations and their
associated absolute values interchangeably. We will use K, to denote the locally compact
completion of K with respectto | - |,, where | - |, is an absolute value representing v; when
v is finite (i.e., is the p-adic valuation corresponding to a prime ideal p of Ok), we let Ok ,,
be the compact ring of integers in K,,, and when v is infinite, we put Ok ,, := K,,. Then, the
full (resp., finite) adele ring of K is the restricted product Ag := ]—[;EE p (Kv,Ok,v) (resp.,
Ag 5= n;ez,{,f (Kv,Ok,p)). Each a € Ak is of the form a = (aeo, ay), where ao, €
Hvexk’w Kyanday € Ag r.Givena = (ay)w € Ag,and v € Xg, welet |aly 1= |ayy.
We let Ay := ]_[;EzK(K:, Ok ) be the idele group of K equipped with the restricted
product topology, and similarly define A} = H;eEK, ; (K3, Ok.,)- Then, K* := K\
{0} embeds diagonally into A%, and the idele class group of K is the quotient Cx :=
A% /K*.Let Pk be the set of nonzero prime ideals of O . The canonical bijection Pg =
Yk, r is denoted by p — | - |p. Explicitly, |x|, := N(x)~v*® for all x # 0. For p € Pk,
we let K, and Ok, be the associated completions of K and O, respectively, with respect
to | [p.

Definition 2.1. Let K be a number field, and let g denote the group of roots of unity in
K.Put Tk := K*/uk. The group K* acts on Ag by multiplication through the diagonal
embedding K* < Ak, and this action descends to an action of I'x on Ag/ug. We let

.AK = Co(AK) el K*

and
Bk := Co(Ak/puk) x 'k

be the associated C *-algebra crossed products.

Note that the group g is finite so that the quotient space A g /uux is locally compact
and Hausdorff.
The groups K* and I'k also act canonically on Ak r and Ak r/pk, respectively. As
in [2], we let Ag := Co(Ag, ) ¥ K* and Bk := Co(Ag,r/uk) x I'k.
The power-cofinite topology on 2ZX is the topology whose basic open sets are of the
form
Up :=2"\F =T CSx:TNF =0}

as F ranges over the finite subsets of X k.



C. Bruce and T. Takeishi 4

Given a C*-algebra A, we let K; (A) denote the K-groups of A4 fori € {0, 1}, and we
put K. (A4) = Ko(A) & K;(A), which we view as a Z/27Z-graded abelian group. For a
short exact sequence of C *-algebras

80— B—>E—>A—0,

we let dg denote the boundary map dg: Ky« (A4) — Ki+1(B), and for a nuclear C *-algebra
D, welet & ® D denote the extension

ERDO0O—->BRXID—-EQD—-ARD —0.

3. The primitive ideal space

In this section, we generalise the main results from [11, Section 3] to arbitrary number
fields. We first describe the quasi-orbit space for the action K* ~, Ag. For background
on quasi-orbit spaces, see [20, Chapter 6] (cf. [2, Section 4.3] for a discussion tailored to
our situation).

Fora = (ay)y € Ak, let

Z(a) :={v € Tk :a, = 0}.

Proposition 3.1 (cf. [11, Lemmas 3.1 and 3.2]). Ifa = (ay)y € Ak, then

K*a:{K*“ ifa € Ay,

(beA:Z@a) CZ(b)) ifachAg\AL.

Proof. If a € A%, then K*a is closed in Ag since K C A is discrete (see [3, page 64])
so that K*a = K*a.If a € Ag \ A% and Z(a) = 9, then K*a is dense in Ag by [12,
Section 5.1] so that the claim holds in this case. Finally, if « € Ag and Z(a) # @, then by
strong approximation, K is dense in [[5(Ky, Ok,y), where S = T \ Z(a) (see [3, page
67]), so a similar argument as in [2, Lemma 4.10] verifies the claim. [

Definition 3.2. Let

Z if Ag \ A%,
E:Ax —» 2% UCk, a+ (@) ifaeAg\
aK* ifaeAy.

By Proposition 3.1, the map E descends to a bijection from @(Ax/K*) onto 2% LI
Ck. We identify @(Ag/K*) with 2%K LI C, and then E is identified with the quasi-orbit
map.

Definition 3.3. The guasi-orbit topology on 2%k 1] Ck is the topology induced by the
map E from Definition 3.2. We let qo denote the quasi-orbit topology on 2% LI Ck, and
we let pc denote the power-cofinite topology on 2%X .
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Since the quasi-orbit map Ax — @(Ag/K™) is open, E is an open map by definition
of the topology on 2% LI Ck. Our aim now is to describe this topology, which will be
the generalisation of [11, Theorem 3.7] to number fields. The subtlety comes down to
the distinction between the adelic and idelic topologies on subsets of A% . The proofs for
general number fields are complicated because one does not have an explicit description
of Ck in general, whereas Co = R} x [[,ep, Zp-

It will be convenient to introduce some terminology for topologies on subsets of A%
and Ck.

Definition 3.4. Let A C A%. The idelic topology (resp., adelic topology) on A is the
subspace topology on A when viewed as a subspace of A% (resp., of Ag). We will also
call the quotient topology on Ck the idelic topology. Let ad and id denote the adelic
topology and idelic topology, respectively.

Note that the idelic topology on a subset 4 € A% is always finer than the adelic
topology. Given a topological space (X, 7) and a subset A C X, we let A" denote the
closure of A in the 7 topology.

Proposition 3.5. For A C 2%K, we have

—pc .~~—PC
Zqo = 4 lfA ; 221(’
2Tk | Cx  ifA” = 2%k,
In particular, the relative topology on 2K as a subspace of 2¥X U Ck is the same as the
power-cofinite topology.

Proof. The proof is essentially the same as the case K = Q from [11, Theorem 3.7]. First,
we show that the inclusion map (2%, pc) — (2% U Cg, qo) is continuous. It suffices to
show that for any basic open set of Ag of the form U = [[5 « Uv, where U, is an open
set of K, and U,, = Ok for all but finitely many v € Xk, the set Z(U) N 2%K is power-
cofinite open. In fact, by choosing appropriate non-invertible adeles from U, we see that
E(U)N2%K = Up, where F = {v € Zk:0 ¢ U,}. Note that this argument also shows
both that @ € E(U) for such U, which implies that {#} is dense in 2Z¥ LI Ck, and that
the identity map (2%%, pc) — (2%, qo) is an open map and hence is a homeomorphism,
which settles the last claim.

Let A C 2%k For a non-empty finite subset F of Xk, the set 2%k \ Uf is closed
in 2%K |1 Ck, since E(U) = Ur U Ck for U = [1r K x [1pc Ok,v- Hence, we have
A* =A% it 4™ # 2%k since A is contained in 2¥X \ Ur for some non-empty finite
F C Xk. In addition, we have AY = 2%k Cg if A = 2%k gince 0 € A C A by

the continuity of (2%¥, pc) — (2¥% U Cg, qo). |
Let || - |: Ak — [0, 00) denote the adelic norm given by |la|| := [],ex, lalv. The
restriction of || - || to A% is the usual idelic norm, which is continuous with respect to the

idelic topology. We also write || - || for the induced norm map Cx — R7.
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Definition 3.6. For each ¢ > 0, let
Ay ={aeAg:a| =¢}.

Remark 3.7. Fora € Ag, we have ||la|| > Oif and only if a € A%, so A% € A% for every
e > 0.

We will need the following modification of a standard number-theoretic fact.

Lemma 3.8 (cf. [3, pages 69, 70]). For each ¢ > 0, the idelic and adelic topologies on
A% coincide.

Proof. Since the idelic topology is finer, we only need to show that given an a € A%
and an open set V' C A% in the idelic topology with a € V/, that there exists an open set
U C Ak in the adelic topology such thata € U and U N A% € V N A%. Fixa € A%,
and let V' € A% be an open set in the idelic topology with a € V. We may assume that V'

is of the form
v=]]B@.s)x [] 05
veF pePK\F

where F' C Xk is a finite subset such that ¥x oo € F, 8, € Roo, and B(ay, §,) =
{x € Ky : |x —ayl|y < &y}. Moreover, we may assume that F is large enough so that
lall < eN(p) for all p € Px \ F. Choose § > 0 such that |a| + § < eN(p) for all
p € Px \ F.Now, choose 8, € R for v € F small enough so that [ [, g (|av|v + 6;) <
(]_[veF |av|v) + 6 =|la|| + 6 and &, < §,. Put

U:=]]B@.8)x [] 0,

veF pePK\F

Then, U is open in the adelic topology anda € U. Leth € U N A%. Then,

o< it < (TT0ao+80)( TT tobo) = dlal+a( TT 1osls).

veF PEPK\F pPeEPK\F

Since |by|p < 1forall p € Pk \ F, it follows that & < (||a|| + 8§)|bp|p forallp € Px \ F.

Now, we have
1

e
—_— < S —
N lall+6
so that |by|p, = 1forall p € Px \ F.Thus, b € V. Thisshowsthat U NAZ CV NA%L. =

<lbplp =1 (pePx\F)

Continuity of the idelic norm map implies that A% is closed in A%. We will need the
following stronger statement, which was proven in [11, Lemma 3.5] for the case K = Q.

Lemma 3.9. For each & > 0, A% is closed in Ak (that is, the map || - ||: Ak — [0, 00) is
upper semi-continuous).
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Proof. The proof is essentially the same as [11, Lemma 3.5], so we give only a brief
sketch: on each basic open set, we see that the adele norm is the infimum of continuous
functions || - || F: Ax — [0, 00) defined by |la||F := [[,cF la|v for a € Ag and large finite
subsets F' C XYg. n

The next lemma is the key technical observation in this section; it is a generalisation
of an argument in the proof of [11, Theorem 3.7].

Lemma 3.10. Let p be a rational prime. Suppose that we have a sequence of ideles
ax € Ay and a strictly increasing sequence of positive integers ny such that ||a|| 1/d ¢
(p~ "tV p=n] for all k € Z~g, where d := [K : Q). Then, there exists a sequence of
Xx € K* such that the sequence by := p™Vlxiay has a convergent subsequence (in the
topology of Ak ) with limit b € Ak satisfying Z(b) = {p € Px : p € p}.

Proof. First, we need a general observation, which is inspired by the proofs on Lang
[13, page 143]. By [3, page 66], there exists a constant ¢ > 1, depending only on K, such
that for every a € Ay with |la|| > c, there exists x € K* with 1 < |xal, forall v € Xg;
this implies that we also have

l[xall
|xaly = =—————— = lxall = la|l (v e Xk).
Hw;év |xa|w
For each k € Z, define tx € A% by (tk)oo := (ar[|V/%. ..., llax]|V/?9) € [Toese. Ko
and (tp)r :=(1,1,1,..) € A;},f. Then, ||z || = [lag ||. Putaj, :=t; 'ay so thatag = traj,
and [|a/, | = 1. Choose r > ¢ and defineu € A% by uee := (r'/?,... . r1/d) e [Tese. Ko
anduy :=(1,1,1,...) € Ay P Then, for every k € Z~¢, we have that ua;c € A satisfies
luay || = |lu]l = r > c so that there exists x; € K* with 1 < |xgua; |, <rforallv € Tg.

For p € Pk, |xxuay|p is of the form N(p)! for [ € Zy, so for all p with N(p) > r, we
must have [xzua; |, = 1. Hence, there exists a finite set S € X with Xg o € S such
that
Xguay € H{x eKy:1<|x|y <r}x l_[ Oy 3.1
vesS PeES
for all k. Since (1x p™ ™)oo € (1, p]¥¥ and p™*! € O for all primes p with p ¢ p,
we see that txx; p"* T 1a) = xi p"tlay lies in the set

u_l( 1_[ {xeKU:1§|x|U§p2r}xH(Dpx 1_[ (9;)

veS\S, PES, pESUS,

for all k such that maxyes, |p™t1, < 1/r, where S, := {p € Pk : p € p}. Since this set
"k+1g, has a convergent subsequence in the topology of A g, con-
verging to some b € Ag. Moreover, we have Z(b) = S, because r=214 < |xp p™tlag],
forall v & S, and |xz p™* Flag|p < |xXpax|pN(p) =TV < N(p)~%+Dy forall p € S,,.
Here, we used that |xzuay |, < r forevery v € Xg by (3.1) and |xguaj |, = |xgagl, for
all p € Pk since uaj, and ax have the same finite part: (uay)r = (ax)y. [

is compact in Ag, xi p
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The following proposition completes our description of the topology on 2*X LI Cg.
Proposition 3.11. For B C Ck, we have
—id . T RTINS A
B if 0 ¢ {l|b]l - b € B,
2%k ) Cx  if0 e {|b] :b € B}.

qu

Note that Proposition 3.11 implies that the relative topology of Cg with respect to the
topology of 2ZK LI Ck is different from the idelic topology.

Proof. Lete > 0, let g: Ay — Ck be the quotient map, and put Cg = g(A%). Then, the
quasi-orbit map E: (Ag,ad) — (2¥k U Ck, qo) restricts to a surjective map &: (A%, ad) —
(Cg.qo). By Lemma 3.8, £ is continuous with respect to the idelic topology for A%. In
addition, since A% is a closed K*-invariant subset of Ag by Lemma 3.9, £ is an open map.
Hence, £ induces an open continuous map &: (C%,id) — (C & »9q0) such that the following
diagram commutes:

K ——— Ck

Clj/

Since ¢ coincides with the restriction of g by definition, § is the identity map. Hence, the
quasi-orbit topology and the idelic topology for C coincide. In particular, for B € Cg

with O ¢ {[|b]| : b € B}, there exists ¢ > 0 with B C Cg¢ so that we have B = B®.

Now, assume 0 € {||b] : b € B}. Let F C X be any finite subset. Choose a rational
prime p such that F N {p € Px : p € p} = @. Then, there exists a strictly increasing
sequence of natural numbers n; < n, < --- and a sequence of ideles a; with g(ax) € B
such that [|ag |1/ € (p~+D p=7k] forall k € Z~¢. By Lemma 3.10, there exists x; €
K* such that by := p™T1x;a; has a convergent subsequence in the adelic topology with
limit b € Ak satisfying Z(b) = {p € Pk : p € p}. Since E is continuous, E(b) = Z(b)
lies in B™. Since Z(b)yN F =0, Z(b) € Ur. Hence, B n Ur # 0 for every finite
subset F C X k. By Proposition 3.5, 2%k N B is closed in the power-cofinite topology
of 22K since 2%k N BY intersects every basic open set of 2ZX non-trivially, we have
2%k = 2%k 0 B Hence, B* = 2%k U Cg by Proposition 3.5. ]

The topology of 2%K L Ck is completely determined by Proposition 3.5 and Pro-
position 3.11. However, it will be convenient to have an explicit basis of open sets for
2Zk 1y C K.

Theorem 3.12. Let F be a finite subset of Xk, let ¢ > 0, and let V C Cg be an open
set (with respect to the usual idelic topology of Ck) such that |a| > € for everya € V.
Then, the set U(F,e, V) := Ur U B, UV is an open set in 2%K || Ck, where B, = {a €
Ck:llall < &}. Moreover, {U(F,e,V): F,e,V} is a basis of open subsets for the quasi-orbit
topology of 2% L Ck.
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Proof. The set U(F, ¢, V) is open, we have
(Ur UB,LV) = (2% \ Up) U (Ck \ (B: UV)),

the set 2%k \ Uf is closed by Proposition 3.5, and the set Cx \ (B, U V) is closed by
Proposition 3.11.
Let x € 2K | Cg,andlet A C 2%K | Ck be a closed set that does not contain x. Let

A = AN2ZK" and A, = ANC™.

Then, we have A = Ay U A,. Since A # 2ZK || Ckg, A, is closed in 2ZK with respect to
the power-cofinite topology by Proposition 3.5, and A, is closed in Cg with respect to the
idelic topology by Proposition 3.1 1. By Proposition 3.11, we can choose ¢ > 0 sufficiently
small so that B, N A, = @. Suppose x € 2ZK  Then, there exists a finite set F € g such
that x e Ur and Ur N A1 = @. Then, we have x € U(F,¢,0) and U(F,e,8) N A= @. Now,
suppose x € Cg. We may assume that ¢ < ||x||. Then, there exists an open set V C Cg
with respect to the idelic topology of Ck such that x € V' and V N (B, U A;) = @. Take
F C Yk with Ur N Ay = 0, so that we have x € U(F, &, V) and U(F,e, V)N A = 0.
Therefore, {U(F,¢,V): F, e, V} is a basis. |

We now turn to the primitive ideal space. Recall that for a topological space X and
x,y € X, the point y is said to be a generalisation of x if x belongs to the closure of
{»} (see [8, page 93]). Williams’s theorem [20, Theorem 8.39] provides a canonical con-
tinuous, open, surjective map ¢: Prim(Ax) — 2%K U Ck (cf. [2, Lemma 4.6]). Using this
and our description of the quasi-orbit space 2¥X LI Cg, we obtain the following explicit
description of Prim(Ag).

Proposition 3.13. We have a set-theoretic decomposition
Prim(Ax) = K* U %K \ {Zg)) U Ck.

The set of closed points of Prim(Ag) is equal to K* U Ck. For a closed point P of
Prim(Ag), P € Ck if and only if no point in Prim(Ag) other than P and @ € 27K is a
generalisation of P.

Note that @ € 2K is characterised as the unique dense point in 2¥X L Cg. The topo-
logy of Prim(Ag) is completely characterized by Theorem 3.12, Proposition 3.13, and the
fact that the canonical map ¢: Prim(Ag) — 2%X LI C is open and continuous.

Proof. By Propositions 3.5 and 3.11, the set of closed points of 2*X LI Cx is equal to
{Zk} U Ck. Hence, the same argument as the proof of [2, Proposition 4.13] based on
[20, Theorem 8.39] yields the decomposition Prim(Ag) = K*u (2F% \ {Zk}) U Ck and
the claim that the set of closed points is exactly equal to K*Uu Ck.

Let P € K* C Prim(Ag). Then, for any open neighbourhood U C Prim(Ag) of P,
we have 2¥X C ¢(U) by Theorem 3.12, since the basic open set B(F, ¢, V') from The-
orem 3.12 contains X if and only if F = @. Hence, all points in 2¥X \ {Zg} € Prim(Ax)



C. Bruce and T. Takeishi 10

are generalisations of P. Conversely, let P € Cx € Prim(Ag) and let x = ¢(P) € Ck. If
Q € Prim(Ag) is a generalisation of P and y = ¢(Q), then x € {y} by continuity of ¢,
which implies that y = x € Ck or y = @ € 2¥K by Proposition 3.5 and Proposition 3.11.

Since ¢ 1 (¢(Q)) = {Q}, wehave Q = P or Q = 0. |

Remark 3.14. Similarly to [11, Remark 3.9], we also have the following characterisation
of primitive ideals. If  is an irreducible representation of Ag, then

(i)  kerm comes from a point in K* if and only if 7 is one-dimensional;

(i) kers comes from a point in Ck if and only if 7 is CCR, that is, im 7w = K (H).

We briefly summarise the necessary facts on the primitive ideal space of the C*-
algebra Bg from Definition 2.1. Since the quasi-orbit space of 'y ~, Ax/uk is also
identified with 2% 1 Cg, the C *-algebra By is also a C *-algebra over 2%X L Ck.

Definition 3.15 (cf. [2, Definition 4.16]). Let px: Bxg — Ag be the x-homomorphism
obtained by applying [2, Proposition 3.1]to G = K*, u = ug, X = Ak, and y = 1 (the
trivial character).

Remark 3.16. The statements in Proposition 3.13 also hold for Bg with K* replaced by
'k using exactly the same arguments. Additionally, the same argument as the proof of
[2, Proposition 4.17] implies that ¢k is Q¥ ucC 'k )-equivariant.

4. Subquotients from places

In this section, we make several preparations on subquotients of Ag. Define

Y(T)=T forT 2%k,

Y:2%K | Cx — 27K,
Y(@)=0 fora e Ck.

Lemma 4.1. The map Y is (qo, pc)-continuous and open.

Proof. For each finite subset F € X, Y~ (Ur) = Ur U Ck is open in 2% 11 Cg by
Theorem 3.12. Thus, Y is continuous. In addition, for a basic open set U(F, ¢, V) C
2%K || Ck from Theorem 3.12, we have Y(U(F, &, V)) = U, which implies that Y is
open. L]

Let ¥k and nk be the compositions of Y with the canonical surjections Prim(Ag) —
2%K || Cg and Prim(Bg) — 2% U Cg, respectively. Then, ¥ and nx are continuous,
open surjections by Lemma 4.1 and [2, Lemma 4.6], so that (Ag, ¥x) and (Bg, nk) are
C *-algebras over 27K . Note that the map ¢x: Bx — Ag from Definition 3.15 is 2%k -
equivariant.
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Lemma 4.2 (cf. [2, Lemma 4.15] and [10, Lemma 2.10]). Let K and L be number fields,
and suppose a: Ag — Ay is a x-isomorphism. Then, there exists a bijection 0: X g — X,
such that the following diagram commutes:

Prim(Ag) L“(P)) Prim(Ap)

[+ v

where 6 denotes the homeomorphism 2¥K ~ 2%L induced by 6. Furthermore, the same
statement holds for Ak and Ay, replaced by Bx and By, respectively.

Proof. By Proposition 3.13, the topological space 2K is obtained by identifying all
closed points x € Prim(Ag) which admit a generalisation other than x and the unique
dense point @, and identifying @ and all closed points x € Prim(Ag) which do not admit
a generalisation other than x and @. The rest of the proof is the same as that of [2,
Lemma 4.15], and the proof for Bg and By, is exactly the same (see Remark 3.16). [

Remark 4.3. Let us explain the explicit relationship between Ag and Bg and the C*-
algebras associated with the finite adele ring from [2]. Let Pk ~ denote the primitive ideal
of A identified with Xk o, € 2¥K C Prim(Ag). Explicitly, Pg oo = Co(Ag \Ag, r) %
K* by [2, Proposition 4.7], so that Ax / Pk oo = Co(Ak,r) X K* = Ug. Similarly, if we
let Qo0 be the primitive ideal of By identified with Xx o € 2%k C Prim(Bg), then
Bk /Ok,co = Co(Ak, s/ k) ¥ T'x = Bk.

We will need several notions on C *-algebras over topological spaces. We refer the
reader to [9, 17] for the general theory and to [2, Sections 4.1, 4.2] for a discussion and
results tailored to our situation.

As explained in a more general setting in [2, Section 4.2], every finite subset F' C X g
gives rise to a subquotient Ag ({F¢}), and for every v € F¢, there is an extension SJIZ;
(see [2, Definition 4.1]).

Definition 4.4. We let A2 := Ax({Zk}) and BY := Bg({Sk}). Given v € Tk, put
AY = Ag({{v}}) and BY := Bg ({{v}}). We also let F2 := € and £ := €3 be
the extensions associated with § and v € X . Denote by 0% the boundary map associated
with the six-term exact sequence arising from &..

We let Az and B¢ denote the middle terms of the extensions F¢, and €}, respect-
ively. That is, ¢, and & are given by

FR0— Ay — AR — A% -0

and
€2:0 — By — B¢ — BY — 0.

The general results from [2, Section 4] give the following.
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Proposition 4.5. We have a canonical isomorphisms
Al =C*(K*), BY =C*(Tk), Ay =Co(K;)xK*, By =Co(K;/ug) Tk,
where v € Y.

Proof. Each isomorphism is obtained from [2, Proposition 4.8]. For the first, take, in the
notation from [2, Proposition 4.8], X = Agx, G = K*, and Z = {Xk}. The other three
are obtained similarly. ]

Remark 4.6. For v € Xk o, the extension &g can be described explicitly as follows:

ev. 0—> Co(R*/ug) xTg = Co(R/pug) xT'x — C*(T'g) — 0 if v real,
K 0—> Co(C*/ug) xTg — Co(C/ug) xT'g - C*(Tg) — 0 if v complex,

where all maps are the canonical ones. The extension ¥ can be described similarly. When
v is finite, the projection maps Ag — Ak and Bx — B restrict to identifications of F¢
and &% with the extensions from [2, Definition 4.22]. In particular, an explicit description
of the extensions #¢ and &% follows from [2, Section 4.5].

5. K-theoretic distinction of real, complex, and finite places

We now establish several general results on K-theory and boundary maps for certain
actions of infinitely generated free abelian groups as preparation for the proof of our main
theorem (Theorem 5.4). We first observe a consequence of the Baum—Connes conjecture.

Proposition 5.1. Let A be a separable C*-algebra, and let T be a free abelian group. Let
y°. y1: T ~ A be two actions. Suppose that y° and y' are homotopic in the sense that
there exists an action y: T ~, C([0, 1], A) such that (y, f)(t) = y:(f(?)) fort € {0, 1}
and s € I'. Fort € {0, 1}, let ev;: C([0, 1], A) X3 I' — A %, I' be the map induced by
evaluation at t. Then, evy and evy induce KK-equivalences.

Proof. For a x-homomorphism « between C *-algebras, we let [a]xk denote the associ-
ated element in KK-theory. We have the short exact sequence

0 — Co([0.1), 4) x5 T — C([0.1], A) x5 T —> A %, T — 0.

Since Co((0, 1], A) x3 I' is KK-equivalent to 0 by [16, Theorem 9.3], then the maps
(—®4levi]kk): KK(D, A) — KK(D, B) and ([evi]kx®p—): KK(B, D) — KK(A4, D)
are isomorphisms for any separable C *-algebra D by the six-term exact sequence in KK-
theory [1, Theorem 19.5.7]. Hence, [evi]kk is a KK-equivalence, and we can see that
[evo]kk is also a KK-equivalence in the same way. |
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Let © € T be a finite subgroup. Define extensions R, R, and €, by

R: 00— Cy(0,00) = Cy[0,00) > C — 0,
Ri: 00— Co(R*/{£1}) - Co(R/{£1}) - C — 0,
€. 0 Co(C*/p) — Co(C/p) — C — 0,

where all of the rightmost *-homomorphisms are evaluations at 0. The boundary map of
R is the Bott map, which is an isomorphism (of degree 1). Let § € K;(Cy(0, 00)) denote
the generator satisfying dg ([1c]o) = B.

Throughout this section, X denotes R or €, for some u € T.If X = R, then we
put X := R/{%£1} and X* := R*/{£1}. Similarly, if X = €,,, then we let X := C/pn
and X* := C*/u. Then, the extension X is described as

X:0— Co(X*) = Cy(X) > C — 0.

Let T" be a free abelian subgroup of the multiplicative group X *. Let y be the action
of T on X by multiplication. We also denote by y the restriction of y to X*. Let X x,, I"
denote the extension

X %, T:0 = Co(X*) %, ' > Co(X) %, [ - C*(T') — 0.

Let Abs: X — [0, oo) be the continuous and proper map z — |z|. Then, the restriction of
Abs to X* has a splitting (note that if X’ = R, then Abs is a homeomorphism), so that
(0, 00) is a direct product factor of X*. Welet A := C if X = Ry and 4 := C(T /) if
X = €,, and we make the identification Co(X™*) = Cy(0, 00) ® A by way of Abs.

Lemma 5.2. Let 1: C — A be the inclusion map. Then, the following diagram commutes:

Ki(C) ———=— Ki(A)
0% lajem
Kyt 1(Co(X™))

Proof. We have the following commutative diagram with exact rows:

R: 0 —— Co(0,00) —— Cp[0,00) —— C —— 0

lAbs* lAbs* lid

X: 0 —— Co(X*) —— Co(X) —— C —— 0

Hence, 0 = (Abs*), o d% by naturality of the boundary map. Since dgg4 = dg ® id
is invertible, the following calculation completes the proof:
(e © 0x)([1clo) = (Izg4 © (Abs)x 0 dz)([1clo)
= dzg4(B ® [14lo) = 35 (B) ® [1alo = [Lalo- "
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The following result is the key observation on boundary maps.

Proposition 5.3. The boundary map Ky (C*(I')) = K41 (Co(R*/{£1}) x4, T') of R1 %y,
T is bijective. In addition, for any finite subgroup i C'T, the boundary map K. (C*(I")) —
Kit1(Co(C*/ 1) xy, T) of €, 1y, T is injective but not surjective.

Proof. First, we show that y is homotopic to the trivial action. Fix a basis B of I'. For each
b € B,let xp:[0,1] = X * be a path in X * satisfying x;(0) = 1 and x; (1) = b. Such a path
exists because X * is path-connected. For each ¢ € [0, 1], let y;: Z ~, Co(X) be the action
given by multiplication with x(¢). Since {y;:b € B.t € [0, 1]} is a commuting family
of x-automorphisms, we can define an action y: I' ~ C([0, 1], Co(X)) by (¥, (f))(t) =
vy (f(t)) forb € B, f € C([0,1],Co(X)), and ¢ € [0, 1]. Then, ¥ is a homotopy between
y and the trivial action.
We have the following commutative diagram with exact rows:

X®C*T): 0 —> Co(X*)®C*(T) — Co(X)®C*(T) c*(I) 0

CV()T eVoT evoT

0+ C([0,1],Co(X™)) x5 I' » C([0,1], Co(X)) x5 T » C[0,1]® C*(T') + 0

J/ev 1 lev 1 J/BV 1

XxyT: 0 —— Co(X*)xy I ——— Co(X)x, T c*(I) 0

By Proposition 5.1, all vertical maps in the first two columns induce KK-equivalences.
For the right column, ev,: C[0, 1] ® C*(I") — C*(I") induces the same map in K-theory
fort € {0, 1}, since evq and ev, are homotopic. Hence, it suffices to show that d X®C*(T)
has the desired property. Under the identification Ko(C) ® K« (C*(I")) = Ku(C*(I)),
we have dxgc+r) = 0x ® idk,(c*)) (see [2, Section 2.2]). Hence, by Lemma 5.2,
0x@c+) has the desired property if and only if t4: K« (C) — Ky (A4) does. If X = Ry,
then ¢y is the identity map (note that A = C in this case), which is clearly bijective.
Suppose X = €. Then, since T /u is homeomorphic to T, we have K« (4) = Z[1]o &
Za, where a € K{(C(T/p)) is a generator (note that A = C(T /) in this case). Hence,
L« 18 injective but not surjective. ]

We are now ready for our main result on distinguishing places.

Theorem 5.4. The boundary map 0% : K ('B%) — Ky (BY) is bijective if and only if v is
real, is injective but not surjective if and only if v is complex, and is not injective if and
only if v is finite.

Proof. The case that v is finite follows from [2, Lemma 5.10], and the case that v is infinite
follows from Remark 4.6 combined with Proposition 5.3. ]

The boundary maps d% in Theorem 5.4 are invariants of Bx as a C*-algebra over the
power set of a countable infinite set, see [2, Section 4.2]. For number fields K and L, any
x-isomorphism between By and By is automatically 2% -equivariant, after identifying
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Yk and X7 by Lemma 4.2, so real, complex, and finite places are distinguishable from
Bg. For Ak, we have the following consequence.

Corollary 5.5. Let a: Ax — Ay be a x-isomorphism, and let 0: X g — X, be the bijec-
tion induced by a from Lemma 4.2. Then, v is real if and only if 0(v) is real, v is complex
if and only if 8(v) is complex, and v is finite if and only if 0(v) is finite. As a consequence,
Ak is x-isomorphic to Ay, if and only if K is isomorphic to L.

Proof. The *-isomorphism o induces an isomorphism of extensions ¥ — 375 @ , that is,

a triplet of x-isomorphisms which makes the following diagram commute:

FL:0 y AY y ARS » AL > 0

| | |

LY — L R A N |

Note that A@ = C*(Ig)®Hk, Slmllarly to [2, Proposition 5.4], by composing o with
7, for some y € L* where 7: L* ~ AL is the dual action, we obtain an isomorphism
ay:Kie(By) — Ku (B, (v)) for each v € X g and a *-isomorphism &?: C*(I'x) — C*(I')
such that the following diagram commutes:

K«(C*(Tx)) —X K. (Bk)

la? l‘x H

6(v)
Ki(C*(T)) —— Ku(BIW)

Note that the bijection ¥; — X, induced by 7, is the identity map. Hence, the first claim
holds by Theorem 5.4. It follows that &(Pk,0c0) = PL,00, SO the second claim holds by
[2, Theorem 1.1]. [

Remark 5.6. The full strength of Theorem 5.4 is not needed to derive the second claim
in Corollary 5.5. Indeed, we can determine whether or not v is a finite place from the
properties of Ko(B%) as follows. Suppose v is a finite place corresponding to a prime p,
and let p be the rational prime lying under p. Then, By =~ K ® By, where By is the
“unital part” of B (see [2, Definition 2.8]). The C *—algebra By falls into the general
setting of [19, Section 3.3]. C*-algebras from [19, Section 3.3] all have a unique trace,
and the image of K¢ under this trace is a direct summand in their Ko-group (cf. the proof
of [19, Proposition 3.12]). Hence, Ko(Bg) contains Z[1/p] as a direct summand (see
[2, Section 9.1]). On the other hand, if v is infinite, then by the proof of Proposition 5.3,
Ko(By) = K (C*(I'k)) is free abelian.

Remark 5.7. The K-theory of Ax has been studied in [14, 15], see, in particular, [15,
Section 5] where spectral sequences are used to obtain some information about K« (Ag).
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Our results are disjoint from these works since we only consider K-theoretic invariants for
subquotients coming from places.
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