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On the C �-algebra associated with the full adele ring
of a number field

Chris Bruce and Takuya Takeishi

Abstract. The multiplicative group of a number field acts by multiplication on the full adele ring
of the field. Generalising a theorem of Laca and Raeburn, we explicitly describe the primitive ideal
space of the crossed product C�-algebra associated with this action. We then distinguish real, com-
plex, and finite places of the number field using K-theoretic invariants. Combining these results
with a recent rigidity theorem of the authors implies that any �-isomorphism between two such C�-
algebras gives rise to an isomorphism of the underlying number fields that is constructed from the
�-isomorphism.

1. Introduction

Each number field K naturally gives rise to two topological dynamics systems: the multi-
plicative group K� of K acts by multiplication both on the full adele ring AK of K, and
on the finite adele ring AK;f of K. Connes defined the adele class space of a number
field K to be the quotient space AK=K�. This space is used in Connes’ reformulation
of the Riemann hypothesis [4], and has since been studied in, for example, [5–7]. The
space AK=K� is quite difficult since, for instance, the action K� Õ AK is ergodic with
respect to the Haar measure [12], so the philosophy of noncommutative geometry says
that one should consider the crossed product C �-algebra AK WD C0.AK/ ÌK� attached
to K� Õ AK .

This paper is a sequel to [2], where we considered the “finite part” of AK , namely, the
crossed product C �-algebra AK WD C0.AK;f /ÌK� attached toK� Õ AK;f . We studied
primitive ideal spaces and subquotients of AK and related auxiliary C �-algebras, and we
proved that this class of C �-algebras is rigid in a strong sense, see [2, Theorem 1.1].
Here, we study the primitive ideal space and subquotients of AK and of the auxiliary
C �-algebra BK WD C0.AK=�K/ Ì �K , where �K is the group of roots of unity in K and
�K WDK

�=�K . For context and references onC �-algebras of number-theoretic origin, we
refer the reader to the introduction of [2]. The study of AK is complicated by the fact that
AK has a large connected component, whereas AK;f is totally disconnected. However, the
C �-algebra AK is one of the most natural C �-algebras associated with a number field. For
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the number fieldK DQ, Laca and Raeburn computed the primitive ideal space Prim.AQ/

of the C �-algebra AQ [11]. This space has a rich structure involving the idele class group
CQ of Q, the power set of the primes 2PQ , and the compact group cQ�. Laca and Raeburn
did not address the natural problem of computing Prim.AK/ for a general number fieldK,
and our first achievement is to give the computation of Prim.AK/ for any number field K
(Theorem 3.12 and Proposition 3.13). Although the statements from [11] generalise easily,
the proofs become much more technical in several places, essentially due to the fact that
the idele class group of a general number field does not have a canonical decomposition
as a product of a connected group and a totally disconnected group. Our results include an
explicit basis of open sets for the quasi-orbit space over which Prim.AK/ sits, which even
in the rational case offers a mild improvement on [11].

The main achievement of this paper (Theorem 5.4) is a K-theoretic distinction of real,
complex, and finite places of K in terms of boundary maps between K-groups of sub-
quotients of the auxiliary C �-algebra BK : associated with each place v of K, there is
an extension EvK of subquotients of BK . We prove that the boundary map @vK of EvK is
bijective if and only if v is real, is injective but not surjective if and only if v is complex,
and is not injective if and only if v is finite. The place v also canonically determines a
composition factor AvK of AK , and the aforementioned properties of the boundary maps
@vK imply that the type of the place v is determined by K-theoretic invariants. Combin-
ing this with our description of Prim.AK/, we deduce the following consequence: any

�-isomorphism ˛WAK
Š
�! AL descends to a �-isomorphism ˛WAK

Š
�! AL. Therefore, by

[2, Theorem 1.1], we obtain that AK and AL are isomorphic if and only if K and L are
isomorphic (Corollary 5.5). Moreover, the field isomorphism K Š L coming from a �-

isomorphism ˛WAK
Š
�! AL is constructed from ˛ as in [2, Theorem 1.1]. It is possible

to distinguish infinite and finite places by looking only at the K-groups of composi-
tion factors themselves (Remark 5.6), and this is sufficient to derive Corollary 5.5. The
point here is that we can detect real and complex places via the boundary maps, which
is interesting in its own right. This is the first (complete) rigidity result in the setting of
C �-algebras of number-theoretic origin where the C �-algebra is built from an action on a
space that is not zero-dimensional.

The paper is organised as follows. Some notation and preliminaries are given in Sec-
tion 2. Section 3 contains our computation of Prim.AK/, and some discussion of exten-
sions and subquotients associated with finite sets of places is given in Section 4. Section 5
contains our main theorem on K-theoretic distinction of places.

2. Preliminaries

LetK be a number field with ring of integers OK . Recall that an additive valuation onK is
a mapK!N [ ¹1º satisfying natural conditions (see [18, page 120]). For example, each
nonzero prime ideal p of OK gives rise to an additive valuation vpWK!N [ ¹1º defined
by vp.x/ WD sup¹n 2 Z W x 2 pnº. An absolute value (or multiplicative valuation) on K is
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a map j � jWK ! R satisfying several regularity conditions (see [18, Definition II.3.1] for
the precise definition), and each additive valuation gives us an absolute value on K. Each
absolute value gives rise to a topology onK (see [18, Chapter III.1]). Let†K be the set of
places of K, i.e., equivalence classes of absolute values on K, where two absolute values
are equivalent if they induce the same topology on K (see [18, Definition III.1.1] for the
precise definition of a place). For v 2 †K , we write v j 1 (resp., v −1) if v is infinite
(resp., finite), and we let †K;f and †K;1 denote the sets of finite and infinite places,
respectively, so that†K D†K;f t†K;1. This dichotomy of places into finite and infinite
corresponds to whether the place comes from a prime ideal in the ring of integers or a field
embedding of K into C, respectively. We will often treat additive valuations and their
associated absolute values interchangeably. We will use Kv to denote the locally compact
completion ofK with respect to j � jv , where j � jv is an absolute value representing v; when
v is finite (i.e., is the p-adic valuation corresponding to a prime ideal p of OK), we let OK;v
be the compact ring of integers inKv , and when v is infinite, we put OK;v WDKv . Then, the
full (resp., finite) adele ring ofK is the restricted product AK WD

Q0
v2†K

.Kv;OK;v/ (resp.,
AK;f WD

Q0
v2†K;f

.Kv;OK;v/). Each a 2 AK is of the form a D .a1; af /, where a1 2Q
v2†K ;1

Kv and af 2AK;f . Given aD .aw/w 2AK , and v 2†K , we let jajv WD javjv .
We let A�K WD

Q0
v2†K

.K�v ;O
�
K;v/ be the idele group of K equipped with the restricted

product topology, and similarly define A�
K;f
WD

Q0
v2†K;f

.K�v ;O
�
K;v/. Then, K� WD K n

¹0º embeds diagonally into A�K , and the idele class group of K is the quotient CK WD
A�K=K

�. Let PK be the set of nonzero prime ideals of OK . The canonical bijection PK Š

†K;f is denoted by p 7! j � jp. Explicitly, jxjp WD N.x/�vp.x/ for all x ¤ 0. For p 2 PK ,
we letKp and OK;p be the associated completions ofK and OK , respectively, with respect
to j � jp.

Definition 2.1. Let K be a number field, and let �K denote the group of roots of unity in
K. Put �K WD K�=�K . The group K� acts on AK by multiplication through the diagonal
embedding K� ,! AK , and this action descends to an action of �K on AK=�K . We let

AK WD C0.AK/ ÌK�

and
BK WD C0.AK=�K/ Ì �K

be the associated C �-algebra crossed products.

Note that the group �K is finite so that the quotient space AK=�K is locally compact
and Hausdorff.

The groups K� and �K also act canonically on AK;f and AK;f =�K , respectively. As
in [2], we let AK WD C0.AK;f / ÌK� and BK WD C0.AK;f =�K/ Ì �K .

The power-cofinite topology on 2†K is the topology whose basic open sets are of the
form

UF WD 2
†KnF D

®
T � †K W T \ F D ;

¯
as F ranges over the finite subsets of †K .
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Given a C �-algebra A, we let Ki .A/ denote the K-groups of A for i 2 ¹0; 1º, and we
put K�.A/ D K0.A/ ˚ K1.A/, which we view as a Z=2Z-graded abelian group. For a
short exact sequence of C �-algebras

EW 0! B ! E ! A! 0;

we let @E denote the boundary map @E WK�.A/!K�C1.B/, and for a nuclear C �-algebra
D, we let E ˝D denote the extension

E ˝DW 0! B ˝D ! E ˝D ! A˝D ! 0:

3. The primitive ideal space

In this section, we generalise the main results from [11, Section 3] to arbitrary number
fields. We first describe the quasi-orbit space for the action K� Õ AK . For background
on quasi-orbit spaces, see [20, Chapter 6] (cf. [2, Section 4.3] for a discussion tailored to
our situation).

For a D .av/v 2 AK , let

Z.a/ WD
®
v 2 †K W av D 0

¯
:

Proposition 3.1 (cf. [11, Lemmas 3.1 and 3.2]). If a D .av/v 2 AK , then

K�a D

´
K�a if a 2 A�K ;

¹b 2 A W Z.a/ � Z.b/º if a 2 AK nA�K :

Proof. If a 2 A�K , then K�a is closed in AK since K � AK is discrete (see [3, page 64])
so that K�a D K�a. If a 2 AK n A�K and Z.a/ D ;, then K�a is dense in AK by [12,
Section 5.1] so that the claim holds in this case. Finally, if a 2 AK and Z.a/ ¤ ;, then by
strong approximation, K is dense in

Q0
S .Kv;OK;v/, where S D †K nZ.a/ (see [3, page

67]), so a similar argument as in [2, Lemma 4.10] verifies the claim.

Definition 3.2. Let

„WAK ! 2†K t CK ; a 7!

´
Z.a/ if a 2 AK nA�K ;

aK� if a 2 A�K :

By Proposition 3.1, the map „ descends to a bijection from Q.AK=K�/ onto 2†K t
CK . We identify Q.AK=K�/ with 2†K tCK , and then„ is identified with the quasi-orbit
map.

Definition 3.3. The quasi-orbit topology on 2†K t CK is the topology induced by the
map „ from Definition 3.2. We let qo denote the quasi-orbit topology on 2†K t CK , and
we let pc denote the power-cofinite topology on 2†K .
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Since the quasi-orbit map AK ! Q.AK=K�/ is open,„ is an open map by definition
of the topology on 2†K t CK . Our aim now is to describe this topology, which will be
the generalisation of [11, Theorem 3.7] to number fields. The subtlety comes down to
the distinction between the adelic and idelic topologies on subsets of A�K . The proofs for
general number fields are complicated because one does not have an explicit description
of CK in general, whereas CQ Š R�C �

Q
p2PQ

Z�p .
It will be convenient to introduce some terminology for topologies on subsets of A�K

and CK .

Definition 3.4. Let A � A�K . The idelic topology (resp., adelic topology) on A is the
subspace topology on A when viewed as a subspace of A�K (resp., of AK). We will also
call the quotient topology on CK the idelic topology. Let ad and id denote the adelic
topology and idelic topology, respectively.

Note that the idelic topology on a subset A � A�K is always finer than the adelic
topology. Given a topological space .X; �/ and a subset A � X , we let A

�
denote the

closure of A in the � topology.

Proposition 3.5. For A � 2†K , we have

A
qo
D

´
A

pc
if A

pc ¤ 2†K ;

2†K t CK if A
pc
D 2†K :

In particular, the relative topology on 2†K as a subspace of 2†K t CK is the same as the
power-cofinite topology.

Proof. The proof is essentially the same as the caseK DQ from [11, Theorem 3.7]. First,
we show that the inclusion map .2†K ; pc/! .2†K t CK ; qo/ is continuous. It suffices to
show that for any basic open set of AK of the form U D

Q
†K
Uv , where Uv is an open

set ofKv and Uv D OK;v for all but finitely many v 2 †K , the set„.U /\ 2†K is power-
cofinite open. In fact, by choosing appropriate non-invertible adeles from U , we see that
„.U / \ 2†K D UF , where F D ¹v 2 †K W 0 62 Uvº. Note that this argument also shows
both that ; 2 „.U / for such U , which implies that ¹;º is dense in 2†K t CK , and that
the identity map .2†K ; pc/! .2†K ; qo/ is an open map and hence is a homeomorphism,
which settles the last claim.

Let A � 2†K . For a non-empty finite subset F of †K , the set 2†K n UF is closed
in 2†K t CK , since „.U / D UF t CK for U D

Q
F K

�
v �

Q
F c OK;v . Hence, we have

A
qo
D A

pc
if A

pc
¤ 2†K , since A is contained in 2†K n UF for some non-empty finite

F � †K . In addition, we have A
qo
D 2†K t CK if A

pc
D 2†K , since ; 2 A

pc
� A

qo
by

the continuity of .2†K ; pc/! .2†K t CK ; qo/.

Let k � kWAK ! Œ0;1/ denote the adelic norm given by kak WD
Q
v2†K

jajv . The
restriction of k � k to A�K is the usual idelic norm, which is continuous with respect to the
idelic topology. We also write k � k for the induced norm map CK ! R�C.
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Definition 3.6. For each " > 0, let

A"K WD
®
a 2 AK W kak � "

¯
:

Remark 3.7. For a 2AK , we have kak> 0 if and only if a 2A�K , so A"K �A�K for every
" > 0.

We will need the following modification of a standard number-theoretic fact.

Lemma 3.8 (cf. [3, pages 69, 70]). For each " > 0, the idelic and adelic topologies on
A"K coincide.

Proof. Since the idelic topology is finer, we only need to show that given an a 2 A"K
and an open set V � A�K in the idelic topology with a 2 V , that there exists an open set
U � AK in the adelic topology such that a 2 U and U \ A"K � V \ A"K . Fix a 2 A"K ,
and let V � A�K be an open set in the idelic topology with a 2 V . We may assume that V
is of the form

V D
Y
v2F

B.av; ıv/ �
Y

p2PKnF

O�p ;

where F � †K is a finite subset such that †K;1 � F , ıv 2 R>0, and B.av; ıv/ WD
¹x 2 Kv W jx � avjv < ıvº. Moreover, we may assume that F is large enough so that
kak < "N.p/ for all p 2 PK n F . Choose ı > 0 such that kak C ı < "N.p/ for all
p 2 PK n F . Now, choose ı0v 2 R>0 for v 2 F small enough so that

Q
v2F .javjv C ı

0
v/ <�Q

v2F javjv
�
C ı D kak C ı and ı0v < ıv . Put

U WD
Y
v2F

B.av; ı
0
v/ �

Y
p2PKnF

Op:

Then, U is open in the adelic topology and a 2 U . Let b 2 U \A"K . Then,

" � kbk <

� Y
v2F

.javjv C ı
0
v/

�� Y
p2PKnF

jbpjp

�
� .kak C ı/

� Y
p2PKnF

jbpjp

�
:

Since jbpjp � 1 for all p 2 PK n F , it follows that " < .kakC ı/jbpjp for all p 2 PK n F .
Now, we have

1

N.p/
<

"

kak C ı
< jbpjp � 1 .p 2 PK n F /

so that jbpjpD 1 for all p 2PK nF . Thus, b 2 V . This shows thatU \A"K � V \A"K .

Continuity of the idelic norm map implies that A"K is closed in A�K . We will need the
following stronger statement, which was proven in [11, Lemma 3.5] for the case K D Q.

Lemma 3.9. For each " > 0, A"K is closed in AK (that is, the map k � kWAK ! Œ0;1/ is
upper semi-continuous).
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Proof. The proof is essentially the same as [11, Lemma 3.5], so we give only a brief
sketch: on each basic open set, we see that the adele norm is the infimum of continuous
functions k � kF WAK ! Œ0;1/ defined by kakF WD

Q
v2F jajv for a 2AK and large finite

subsets F � †K .

The next lemma is the key technical observation in this section; it is a generalisation
of an argument in the proof of [11, Theorem 3.7].

Lemma 3.10. Let p be a rational prime. Suppose that we have a sequence of ideles
ak 2 A�K and a strictly increasing sequence of positive integers nk such that kakk1=d 2
.p�.nkC1/; p�nk � for all k 2 Z>0, where d WD ŒK W Q�. Then, there exists a sequence of
xk 2 K

� such that the sequence bk WD pnkC1xkak has a convergent subsequence (in the
topology of AK) with limit b 2 AK satisfying Z.b/ D ¹p 2 PK W p 2 pº.

Proof. First, we need a general observation, which is inspired by the proofs on Lang
[13, page 143]. By [3, page 66], there exists a constant c � 1, depending only on K, such
that for every a 2 A�K with kak > c, there exists x 2 K� with 1 � jxajv for all v 2 †K ;
this implies that we also have

jxajv D
kxakQ

w¤v jxajw
� kxak D kak .v 2 †K/:

For each k 2 Z>0, define tk 2 A�K by .tk/1 WD .kakk1=d ; : : : ; kakk1=d / 2
Q
v2†K;1

K�v

and .tk/f WD .1; 1; 1; : : :/ 2A�
K;f

. Then, ktkk D kakk. Put a0
k
WD t�1

k
ak so that ak D tka0k

and ka0
k
kD 1. Choose r > c and define u2A�K by u1 WD .r1=d ; : : : ; r1=d /2

Q
v2†K;1

K�v
and uf WD .1; 1; 1; : : :/ 2A�

K;f
. Then, for every k 2 Z>0, we have that ua0

k
2A�K satisfies

kua0
k
k D kuk D r > c so that there exists xk 2K� with 1� jxkua0kjv � r for all v 2†K .

For p 2 PK , jxkua0kjp is of the form N.p/l for l 2 Z�0, so for all p with N.p/ > r , we
must have jxkua0kjp D 1. Hence, there exists a finite set S � †K with †K;1 � S such
that

xkua
0
k 2

Y
v2S

¹x 2 K�v W 1 � jxjv � rº �
Y
p…S

O�p (3.1)

for all k. Since .tkpnkC1/1 2 .1; p�†K;1 and pnkC1 2 O�p for all primes p with p … p,
we see that tkxkpnkC1a0k D xkp

nkC1ak lies in the set

u�1
� Y
v2SnSp

¹x 2 Kv W 1 � jxjv � p
2rº �

Y
p2Sp

Op �

Y
p…S[Sp

O�p

�
for all k such that maxp2Sp jp

nkC1jp < 1=r , where Sp WD ¹p 2 PK W p 2 pº. Since this set
is compact in AK , xkpnkC1ak has a convergent subsequence in the topology of AK , con-
verging to some b 2 AK . Moreover, we have Z.b/ D Sp because r�2=d � jxkpnkC1akjv
for all v 62 Sp and jxkpnkC1akjp � jxkakjpN.p/�.nkC1/ � N.p/�.nkC1/r for all p 2 Sp .
Here, we used that jxkua0kjv � r for every v 2 †K by (3.1) and jxkua0kjp D jxkakjp for
all p 2 PK since ua0

k
and ak have the same finite part: .ua0

k
/f D .ak/f .
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The following proposition completes our description of the topology on 2†K t CK .

Proposition 3.11. For B � CK , we have

B
qo
D

8<:B
id

if 0 … ¹kbk W b 2 Bº;

2†K t CK if 0 2 ¹kbk W b 2 Bº:

Note that Proposition 3.11 implies that the relative topology of CK with respect to the
topology of 2†K t CK is different from the idelic topology.

Proof. Let " > 0, let qWA�K ! CK be the quotient map, and put C "K D q.A
"
K/. Then, the

quasi-orbit map„W .AK ;ad/! .2†K tCK ;qo/ restricts to a surjective map �W .A"K ;ad/!
.C "K ; qo/. By Lemma 3.8, � is continuous with respect to the idelic topology for A"K . In
addition, since A"K is a closedK�-invariant subset of AK by Lemma 3.9, � is an open map.
Hence, � induces an open continuous map �W .C "K ; id/! .C "K ; qo/ such that the following
diagram commutes:

A"K C "K

C "K

q

�

�

Since � coincides with the restriction of q by definition, � is the identity map. Hence, the
quasi-orbit topology and the idelic topology for C "K coincide. In particular, for B � CK
with 0 … ¹kbk W b 2 Bº, there exists " > 0 with B � C "K so that we have B

id
D B

qo
.

Now, assume 0 2 ¹kbk W b 2 Bº. Let F � †K be any finite subset. Choose a rational
prime p such that F \ ¹p 2 PK W p 2 pº D ;. Then, there exists a strictly increasing
sequence of natural numbers n1 < n2 < � � � and a sequence of ideles ak with q.ak/ 2 B
such that kakk1=d 2 .p�.nkC1/; p�nk � for all k 2 Z>0. By Lemma 3.10, there exists xk 2
K� such that bk WD pnkC1xkak has a convergent subsequence in the adelic topology with
limit b 2 AK satisfying Z.b/ D ¹p 2 PK W p 2 pº. Since „ is continuous, „.b/ D Z.b/

lies in B
qo

. Since Z.b/ \ F D ;, Z.b/ 2 UF . Hence, B
qo
\ UF ¤ ; for every finite

subset F � †K . By Proposition 3.5, 2†K \ B
qo

is closed in the power-cofinite topology
of 2†K ; since 2†K \ B

qo
intersects every basic open set of 2†K non-trivially, we have

2†K D 2†K \ B
qo

. Hence, B
qo
D 2†K t CK by Proposition 3.5.

The topology of 2†K t CK is completely determined by Proposition 3.5 and Pro-
position 3.11. However, it will be convenient to have an explicit basis of open sets for
2†K t CK .

Theorem 3.12. Let F be a finite subset of †K , let " > 0, and let V � CK be an open
set (with respect to the usual idelic topology of CK) such that kak > " for every a 2 V .
Then, the set U.F; "; V / WD UF t B" t V is an open set in 2†K t CK , where B" D ¹a 2
CK W kak< "º. Moreover, ¹U.F;";V /WF;";V º is a basis of open subsets for the quasi-orbit
topology of 2†K t CK .
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Proof. The set U.F; "; V / is open, we have

.UF t B" t V /
c
D .2†K n UF / t .CK n .B" t V //;

the set 2†K n UF is closed by Proposition 3.5, and the set CK n .B" t V / is closed by
Proposition 3.11.

Let x 2 2†K t CK , and let A � 2†K t CK be a closed set that does not contain x. Let

A1 D A \ 2†K
qo

and A2 D A \ CK
qo
:

Then, we have A D A1 [ A2. Since A ¤ 2†K t CK , A1 is closed in 2†K with respect to
the power-cofinite topology by Proposition 3.5, and A2 is closed in CK with respect to the
idelic topology by Proposition 3.11. By Proposition 3.11, we can choose " > 0 sufficiently
small so that B" \A2 D ;. Suppose x 2 2†K . Then, there exists a finite set F � †K such
that x 2UF andUF \A1D;. Then, we have x 2U.F;";;/ andU.F;";;/\AD;. Now,
suppose x 2 CK . We may assume that " < kxk. Then, there exists an open set V � CK
with respect to the idelic topology of CK such that x 2 V and V \ .B" [ A2/ D ;. Take
F � †K with UF \ A1 D ;, so that we have x 2 U.F; "; V / and U.F; "; V / \ A D ;.
Therefore, ¹U.F; "; V /WF; "; V º is a basis.

We now turn to the primitive ideal space. Recall that for a topological space X and
x; y 2 X , the point y is said to be a generalisation of x if x belongs to the closure of
¹yº (see [8, page 93]). Williams’s theorem [20, Theorem 8.39] provides a canonical con-
tinuous, open, surjective map 'WPrim.AK/! 2†K t CK (cf. [2, Lemma 4.6]). Using this
and our description of the quasi-orbit space 2†K t CK , we obtain the following explicit
description of Prim.AK/.

Proposition 3.13. We have a set-theoretic decomposition

Prim.AK/ D cK� t .2†K n ¹†Kº/ t CK :
The set of closed points of Prim.AK/ is equal to cK� t CK . For a closed point P of
Prim.AK/, P 2 CK if and only if no point in Prim.AK/ other than P and ; 2 2†K is a
generalisation of P .

Note that ; 2 2†K is characterised as the unique dense point in 2†K t CK . The topo-
logy of Prim.AK/ is completely characterized by Theorem 3.12, Proposition 3.13, and the
fact that the canonical map 'WPrim.AK/! 2†K t CK is open and continuous.

Proof. By Propositions 3.5 and 3.11, the set of closed points of 2†K t CK is equal to
¹†Kº t CK . Hence, the same argument as the proof of [2, Proposition 4.13] based on
[20, Theorem 8.39] yields the decomposition Prim.AK/D cK� t .2†K n ¹†Kº/tCK and
the claim that the set of closed points is exactly equal to cK� t CK .

Let P 2 cK� � Prim.AK/. Then, for any open neighbourhood U � Prim.AK/ of P ,
we have 2†K � '.U / by Theorem 3.12, since the basic open set B.F; "; V / from The-
orem 3.12 contains†K if and only if F D;. Hence, all points in 2†K n ¹†Kº � Prim.AK/
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are generalisations of P . Conversely, let P 2 CK � Prim.AK/ and let x D '.P / 2 CK . If
Q 2 Prim.AK/ is a generalisation of P and y D '.Q/, then x 2 ¹yº by continuity of ',
which implies that y D x 2 CK or y D ; 2 2†K by Proposition 3.5 and Proposition 3.11.
Since '�1.'.Q// D ¹Qº, we have Q D P or Q D ;.

Remark 3.14. Similarly to [11, Remark 3.9], we also have the following characterisation
of primitive ideals. If � is an irreducible representation of AK , then

(i) ker� comes from a point in cK� if and only if � is one-dimensional;

(ii) ker� comes from a point in CK if and only if � is CCR, that is, im� DK.H�/.

We briefly summarise the necessary facts on the primitive ideal space of the C �-
algebra BK from Definition 2.1. Since the quasi-orbit space of �K Õ AK=�K is also
identified with 2†K t CK , the C �-algebra BK is also a C �-algebra over 2†K t CK .

Definition 3.15 (cf. [2, Definition 4.16]). Let 'K WBK ! AK be the �-homomorphism
obtained by applying [2, Proposition 3.1] to G D K�, � D �K , X D AK , and � D 1 (the
trivial character).

Remark 3.16. The statements in Proposition 3.13 also hold for BK with K� replaced by
�K using exactly the same arguments. Additionally, the same argument as the proof of
[2, Proposition 4.17] implies that 'K is .2†K t CK/-equivariant.

4. Subquotients from places

In this section, we make several preparations on subquotients of AK . Define

‡ W 2†K t CK ! 2†K ;

´
‡.T / D T for T 2 2†K ;

‡.a/ D ; for a 2 CK :

Lemma 4.1. The map ‡ is .qo; pc/-continuous and open.

Proof. For each finite subset F � †K , ‡�1.UF / D UF t CK is open in 2†K t CK by
Theorem 3.12. Thus, ‡ is continuous. In addition, for a basic open set U.F; "; V / �
2†K t CK from Theorem 3.12, we have ‡.U.F; "; V // D UF , which implies that ‡ is
open.

Let  K and �K be the compositions of ‡ with the canonical surjections Prim.AK/!
2†K t CK and Prim.BK/! 2†K t CK , respectively. Then,  K and �K are continuous,
open surjections by Lemma 4.1 and [2, Lemma 4.6], so that .AK ;  K/ and .BK ; �K/ are
C �-algebras over 2†K . Note that the map 'K WBK ! AK from Definition 3.15 is 2†K -
equivariant.
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Lemma 4.2 (cf. [2, Lemma 4.15] and [10, Lemma 2.10]). Let K and L be number fields,
and suppose ˛WAK !AL is a �-isomorphism. Then, there exists a bijection � W†K !†L
such that the following diagram commutes:

Prim.AK/ Prim.AL/

2†K 2†L

 K

P 7!˛.P /

 L

Q�

where Q� denotes the homeomorphism 2†K ' 2†L induced by � . Furthermore, the same
statement holds for AK and AL replaced by BK and BL, respectively.

Proof. By Proposition 3.13, the topological space 2†K is obtained by identifying all
closed points x 2 Prim.AK/ which admit a generalisation other than x and the unique
dense point ;, and identifying ; and all closed points x 2 Prim.AK/ which do not admit
a generalisation other than x and ;. The rest of the proof is the same as that of [2,
Lemma 4.15], and the proof for BK and BL is exactly the same (see Remark 3.16).

Remark 4.3. Let us explain the explicit relationship between AK and BK and the C �-
algebras associated with the finite adele ring from [2]. Let PK;1 denote the primitive ideal
of AK identified with †K;1 2 2†K � Prim.AK/. Explicitly, PK;1 D C0.AK nAK;f / Ì
K� by [2, Proposition 4.7], so that AK=PK;1 D C0.AK;f / ÌK� D AK . Similarly, if we
let QK;1 be the primitive ideal of BK identified with †K;1 2 2†K � Prim.BK/, then
BK=QK;1 D C0.AK;f =�K/ Ì �K D BK .

We will need several notions on C �-algebras over topological spaces. We refer the
reader to [9, 17] for the general theory and to [2, Sections 4.1, 4.2] for a discussion and
results tailored to our situation.

As explained in a more general setting in [2, Section 4.2], every finite subset F � †K
gives rise to a subquotient AK.¹F cº/, and for every v 2 F c , there is an extension E

F;v
AK

(see [2, Definition 4.1]).

Definition 4.4. We let A;K WD AK.¹†Kº/ and B;K WD BK.¹†Kº/. Given v 2 †K , put
AvK WD AK.¹¹vº

cº/ and BvK WD BK.¹¹vº
cº/. We also let F v

K WD E
;;v
AK

and EvK WD E
;;v
BK

be
the extensions associated with ; and v 2 †K . Denote by @vK the boundary map associated
with the six-term exact sequence arising from EvK .

We let Av;cK and B
v;c
K denote the middle terms of the extensions F v

K , and EvK , respect-
ively. That is, F v

K , and EvK are given by

F v
K W 0! AvK ! A

v;c
K ! A;K ! 0

and
EvK W 0! BvK ! B

v;c
K ! B;K ! 0:

The general results from [2, Section 4] give the following.



C. Bruce and T. Takeishi 12

Proposition 4.5. We have a canonical isomorphisms

A;K D C
�.K�/; B;K D C

�.�K/; AvK D C0.K
�
v / ÌK�; BvK D C0.K

�
v =�K/ Ì �K ;

where v 2 †K .

Proof. Each isomorphism is obtained from [2, Proposition 4.8]. For the first, take, in the
notation from [2, Proposition 4.8], X D AK , G D K�, and Z D ¹†Kº. The other three
are obtained similarly.

Remark 4.6. For v 2 †K;1, the extension EvK can be described explicitly as follows:

EvK W

´
0! C0.R�=�K/ Ì �K ! C0.R=�K/ Ì �K ! C �.�K/! 0 if v real;

0! C0.C�=�K/ Ì �K ! C0.C=�K/ Ì �K ! C �.�K/! 0 if v complex;

where all maps are the canonical ones. The extension F v
K can be described similarly. When

v is finite, the projection maps AK ! AK and BK !BK restrict to identifications of F v
K

and EvK with the extensions from [2, Definition 4.22]. In particular, an explicit description
of the extensions F v

K and EvK follows from [2, Section 4.5].

5. K-theoretic distinction of real, complex, and finite places

We now establish several general results on K-theory and boundary maps for certain
actions of infinitely generated free abelian groups as preparation for the proof of our main
theorem (Theorem 5.4). We first observe a consequence of the Baum–Connes conjecture.

Proposition 5.1. Let A be a separable C �-algebra, and let � be a free abelian group. Let

0; 
1W � Õ A be two actions. Suppose that 
0 and 
1 are homotopic in the sense that
there exists an action 
 W� Õ C.Œ0; 1�; A/ such that .
 sf /.t/ D 


t
s .f .t// for t 2 ¹0; 1º

and s 2 � . For t 2 ¹0; 1º, let evt WC.Œ0; 1�; A/ Ì
 � ! A Ì
 t � be the map induced by
evaluation at t . Then, ev0 and ev1 induce KK-equivalences.

Proof. For a �-homomorphism ˛ between C �-algebras, we let Œ˛�KK denote the associ-
ated element in KK-theory. We have the short exact sequence

0! C0.Œ0; 1/; A/ Ì
 � ! C.Œ0; 1�; A/ Ì
 �
ev1
��! A Ì
 � ! 0:

Since C0..0; 1�; A/ Ì
 � is KK-equivalent to 0 by [16, Theorem 9.3], then the maps
.� Ő AŒev1�KK/W KK.D; A/ ! KK.D; B/ and .Œev1�KK Ő B�/W KK.B; D/ ! KK.A; D/
are isomorphisms for any separable C �-algebra D by the six-term exact sequence in KK-
theory [1, Theorem 19.5.7]. Hence, Œev1�KK is a KK-equivalence, and we can see that
Œev0�KK is also a KK-equivalence in the same way.
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Let � � T be a finite subgroup. Define extensions R, R1, and C� by

RW 0! C0.0;1/! C0Œ0;1/! C ! 0;

R1W 0! C0.R
�=¹˙1º/! C0.R=¹˙1º/! C ! 0;

C�W 0! C0.C
�=�/! C0.C=�/! C ! 0;

where all of the rightmost �-homomorphisms are evaluations at 0. The boundary map of
R is the Bott map, which is an isomorphism (of degree 1). Let ˇ 2 K1.C0.0;1// denote
the generator satisfying @R.Œ1C�0/ D ˇ.

Throughout this section, X denotes R1 or C� for some � � T . If X D R1, then we
put X WD R=¹˙1º and X� WD R�=¹˙1º. Similarly, if X D C�, then we let X WD C=�
and X� WD C�=�. Then, the extension X is described as

XW 0! C0.X
�/! C0.X/! C ! 0:

Let � be a free abelian subgroup of the multiplicative group X�. Let 
 be the action
of � on X by multiplication. We also denote by 
 the restriction of 
 to X�. Let X Ì
 �
denote the extension

X Ì
 �W 0! C0.X
�/ Ì
 � ! C0.X/ Ì
 � ! C �.�/! 0:

Let AbsWX ! Œ0;1/ be the continuous and proper map z ! jzj. Then, the restriction of
Abs to X� has a splitting (note that if X D R1, then Abs is a homeomorphism), so that
.0;1/ is a direct product factor of X�. We let A WD C if X D R1 and A WD C.T=�/ if
X D C�, and we make the identification C0.X�/ D C0.0;1/˝ A by way of Abs.

Lemma 5.2. Let �WC! A be the inclusion map. Then, the following diagram commutes:

K�.C/ K�.A/

K�C1.C0.X�//

��

@X
@R˝A

Proof. We have the following commutative diagram with exact rows:

RW 0 C0.0;1/ C0Œ0;1/ C 0

XW 0 C0.X
�/ C0.X/ C 0

Abs� Abs� id

Hence, @X D .Abs�/� ı @R by naturality of the boundary map. Since @R˝A D @R ˝ id
is invertible, the following calculation completes the proof:

.@�1R˝A ı @X/.Œ1C�0/ D .@
�1
R˝A ı .Abs�/� ı @R/.Œ1C�0/

D @�1R˝A.ˇ ˝ Œ1A�0/ D @
�1
R .ˇ/˝ Œ1A�0 D Œ1A�0:
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The following result is the key observation on boundary maps.

Proposition 5.3. The boundary map K�.C �.�//!K�C1.C0.R�=¹˙1º/Ì
�/ of R1 Ì

� is bijective. In addition, for any finite subgroup��T , the boundary map K�.C �.�//!
K�C1.C0.C�=�/ Ì
 �/ of C� Ì
 � is injective but not surjective.

Proof. First, we show that 
 is homotopic to the trivial action. Fix a basisB of � . For each
b 2B , let xb W Œ0;1�!X� be a path inX� satisfying xb.0/D 1 and xb.1/D b. Such a path
exists because X� is path-connected. For each t 2 Œ0; 1�, let 
 t

b
WZ Õ C0.X/ be the action

given by multiplication with xb.t/. Since ¹
 t
b
W b 2 B; t 2 Œ0; 1�º is a commuting family

of �-automorphisms, we can define an action 
 W� Õ C.Œ0; 1�; C0.X// by .
b.f //.t/ D

 t
b
.f .t// for b 2 B , f 2 C.Œ0; 1�; C0.X//, and t 2 Œ0; 1�. Then, 
 is a homotopy between


 and the trivial action.
We have the following commutative diagram with exact rows:

X˝C�.�/W 0 C0.X
�/˝C�.�/ C0.X/˝C

�.�/ C�.�/ 0

0 C.Œ0; 1�; C0.X
�// Ì
 � C.Œ0; 1�; C0.X// Ì
 � C Œ0; 1�˝ C�.�/ 0

XÌ
 �W 0 C0.X
�/Ì
 � C0.X/Ì
 � C�.�/ 0

ev0

ev1

ev0

ev1

ev0

ev1

By Proposition 5.1, all vertical maps in the first two columns induce KK-equivalences.
For the right column, evt WC Œ0; 1�˝ C �.�/! C �.�/ induces the same map in K-theory
for t 2 ¹0; 1º, since ev0 and ev1 are homotopic. Hence, it suffices to show that @X˝C�.�/

has the desired property. Under the identification K0.C/ ˝ K�.C �.�// D K�.C �.�//,
we have @X˝C�.�/ D @X ˝ idK�.C�.�// (see [2, Section 2.2]). Hence, by Lemma 5.2,
@X˝C�.�/ has the desired property if and only if ��WK�.C/! K�.A/ does. If X D R1,
then �� is the identity map (note that A D C in this case), which is clearly bijective.
Suppose X D C�. Then, since T=� is homeomorphic to T , we have K�.A/ D ZŒ1�0 ˚
Za, where a 2 K1.C.T=�// is a generator (note that A D C.T=�/ in this case). Hence,
�� is injective but not surjective.

We are now ready for our main result on distinguishing places.

Theorem 5.4. The boundary map @vK WK�.B
;
K/! K�.BvK/ is bijective if and only if v is

real, is injective but not surjective if and only if v is complex, and is not injective if and
only if v is finite.

Proof. The case that v is finite follows from [2, Lemma 5.10], and the case that v is infinite
follows from Remark 4.6 combined with Proposition 5.3.

The boundary maps @vK in Theorem 5.4 are invariants of BK as a C �-algebra over the
power set of a countable infinite set, see [2, Section 4.2]. For number fields K and L, any
�-isomorphism between BK and BL is automatically 2†K -equivariant, after identifying
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†K and †L by Lemma 4.2, so real, complex, and finite places are distinguishable from
BK . For AK , we have the following consequence.

Corollary 5.5. Let ˛WAK ! AL be a �-isomorphism, and let � W†K ! †L be the bijec-
tion induced by ˛ from Lemma 4.2. Then, v is real if and only if �.v/ is real, v is complex
if and only if �.v/ is complex, and v is finite if and only if �.v/ is finite. As a consequence,
AK is �-isomorphic to AL if and only if K is isomorphic to L.

Proof. The �-isomorphism ˛ induces an isomorphism of extensions F v
K ! F

�.v/
L , that is,

a triplet of �-isomorphisms which makes the following diagram commute:

F v
K W 0 AvK A

v;c
K A;K 0

F
�.v/
L W 0 A

�.v/
L A

�.v/;c
L A;L 0

Note that A;K D C �.�K/
˚�K . Similarly to [2, Proposition 5.4], by composing ˛ with

�� for some � 2 cL�, where � WcL� Õ AL is the dual action, we obtain an isomorphism
˛v�WK�.B

v
K/!K�.B

�.v/
L / for each v 2†K and a �-isomorphism ˛;WC �.�K/!C �.�L/

such that the following diagram commutes:

K�.C �.�K// K�.BvK/

K�.C �.�L// K�.B
�.v/
L /

@vK

˛;�
˛v�

@
�.v/
L

Note that the bijection†L! †L induced by �� is the identity map. Hence, the first claim
holds by Theorem 5.4. It follows that ˛.PK;1/ D PL;1, so the second claim holds by
[2, Theorem 1.1].

Remark 5.6. The full strength of Theorem 5.4 is not needed to derive the second claim
in Corollary 5.5. Indeed, we can determine whether or not v is a finite place from the
properties of K0.BvK/ as follows. Suppose v is a finite place corresponding to a prime p,
and let p be the rational prime lying under p. Then, BvK Š K ˝ BvK , where BvK is the
“unital part” of BvK (see [2, Definition 2.8]). The C �-algebra BvK falls into the general
setting of [19, Section 3.3]. C �-algebras from [19, Section 3.3] all have a unique trace,
and the image of K0 under this trace is a direct summand in their K0-group (cf. the proof
of [19, Proposition 3.12]). Hence, K0.BvK/ contains ZŒ1=p� as a direct summand (see
[2, Section 9.1]). On the other hand, if v is infinite, then by the proof of Proposition 5.3,
K0.BvK/ Š K1.C �.�K// is free abelian.

Remark 5.7. The K-theory of AK has been studied in [14, 15], see, in particular, [15,
Section 5] where spectral sequences are used to obtain some information about K�.AK/.
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Our results are disjoint from these works since we only consider K-theoretic invariants for
subquotients coming from places.
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