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Many partitions of mass assignments

Pavle V. M. Blagojevi¢ and Michael C. Crabb

Abstract. In this paper, extending the recent work of the authors with Calles Loperena and Di-
mitrijevi¢ Blagojevi¢, we give a general and complete treatment of problems of partition of mass
assignments with prescribed arrangements of hyperplanes on Euclidean vector bundles. Using a
new configuration test map scheme, as well as an alternative topological framework, we are able to
reprove known results, extend them to arbitrary bundles as well as to put various types of constraints
on the solutions. Moreover, the developed topological methods allow us to give new proofs and
extend results of Guth and Katz, Schnider, and Soberén and Takahashi. In this way we place all
these results under one “roof”.

Dedicated to the memory of Frederick R. Cohen, an exceptional mathematician
and an amazing human being.

1. Introduction

Problems of the existence of mass partitions by affine hyperplanes in a Euclidean space
have a long and exciting history since the 1930’s ham-sandwich theorem of Hugo Stein-
haus and Karol Borsuk [27, Prob. 123]. The ham-sandwich theorem claims the existence
of a hyperplane which equiparts d given masses in a d -dimensional Euclidean space. For
more details about history on the ham-sandwich theorem and its interconnection with the
non-existence of antipodal maps between spheres consult [4] or [26]. The followup work
by Branko Griinbaum [18], Hugo Hadwiger [21], David Avis [1], and a bit later by Edgar
Ramos [30], demonstrated how an increase in complexity of mass partition questions nat-
urally creates even more complicated problems related to the non-existence of equivariant
maps. Topological challenges of the Griinbaum—Hadwiger—Ramos hyperplane mass par-
tition problems were discussed recently in [8]. For more information about various types
of mass partition problems see the recent survey by Edgardo Rolddn-Pensado and Pablo
Soberén [31].

In order to motivate a study of partitions of mass assignments over Euclidean vector
bundles as a natural extension of classical studies we first briefly recall the original prob-
lem. For the sake of brevity, from now on, we write “GHR” for “Griinbaum-Hadwiger—
Ramos”.
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Figure 1. An illustration of an oriented affine hyperplane, associated half-spaces, arrangement of
two affine hyperplanes, and an orthant @ E% where H = (H(u1,2), H(uz,—1)).

ui,—uz)

1.1. What is the GHR problem for masses?

A mass in a Euclidean space V is assumed to be a finite Borel measure on V which
vanishes on every affine hyperplane.
An oriented affine hyperplane H(u;a) in V is given by
* aunit vector ¥ € V, the unit normal to the associated affine hyperplane H,.,, which
in addition determines the orientation of the hyperplane, and by

» ascalara € R which determines the distance of the associated affine hyperplane H,,.,
from the origin in direction u.

The associated affine hyperplane is defined by H,,., := {x € V: (x,u) = a}. Furthermore,
the oriented affine hyperplane H (u;a) defines two closed half-spaces by
Hy,={xeVi(x,u)—a>0} and H,}:={xeV:(x,—u)+a>0}.

In other words, an oriented affine hyperplane is a triple H(u;a) = (Hy;a, Hy.y, Hyg)-

An arrangement of k (oriented) affine hyperplanes # in V is an ordered collection
H = (H(ui;ar),..., H(ug;ar)) of k oriented affine hyperplanes in V. Such an arrange-
ment J and a collection of unit normal vectors (vy,...,vr) € {uy,—uy} X -+ X {ug, —u}
to the elements of the arrangement J¢ determine an orthant as the intersection of the cor-
responding closed half-spaces:

H e v,
(9(v1,...,vk) T Hil)ll;al n---N H":Qak'

There are 25 = card({u;, —uy} x - -+ x {uy, —uy}) orthants determined by the arrange-
ment J. The orthants are not necessarily distinct or non-empty. The arrangement of
hyperplanes # = (H(u1;ay), ..., H(ug;ag)) is orthogonal if u, 1 ug for every 1 <
r<s<k.

Now, we say that an arrangement # = (H(u1;a1),..., H(ug;ag)) in V equiparts a
collection of masses M in V if and only if for every mass u € M and every (vy,...,Vg) €
{uq, —u1} x -+ x {ug, —uy} we have the equality:

1
/’L((ngl,..‘,vk)) = 2_kM(V)
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Furthermore, a collection of masses M in V can be equiparted by an arrangement of k
affine hyperplanes if there exists an arrangement J of k oriented affine hyperplanes in V
which equiparts M.

The GHR problem for masses asks for the minimal dimension d = A(j, k) of a
Euclidean space V in which every collection M of j masses can be equiparted by an
arrangement of k affine hyperplanes.

The first few values of the function A can be derived from classical results. Indeed,
the ham-sandwich theorem [4] implies that A(d, 1) = d, an argument of Griinbaum [18]
says that A(1,2) = 2, while the seminal work of Hadwiger [21] yields that A(2,2) = 3,
A(1, 3) = 3. Furthermore, Avis and Ramos showed that % Jj < A(J, k), while Peter
Mani-Levitska, Sini$a Vrecica and Rade Zivaljevic’ in [25, Thm. 39] proved that A(j, k) <
j 4+ (k=1 —1)2llez2 7] The list of known values of the function A is given in [7].

In our recent paper with Calles Loperena and Dimitrijevi¢ Blagojevi¢ [6], motivated
by the work of Patrick Schnider [32] and Ilani Axelrod-Freed and Soberén [2], we studied
an extension of the GHR problem for masses to the problem for mass assignments over
Grassmann manifolds.

1.2. What is the GHR problem for mass assignments?

Let M4 (X) be the space of all finite Borel measures on a topological space X equipped
with the weak topology. That is the minimal topology on M, (X) with the property that
for every bounded and upper semi-continuous function f: X — R, the induced function
M (X) — R given by v — [ fdv, is upper semi-continuous. For X = V, a Euclidean
space, the subspace of all masses is denoted by M (V) € M (V).

Let E be a Euclidean vector bundle over a path-connected space B with fibre E}, at
b € B. Consider the associated fibre bundle

M (E):={(b.v)|be B, veM,(Ey)} — B, (b,v)+—>b. (1)

The topology on M/ (E) is defined using the local triviality of E and the topology on
fibres we chose. Any cross-section u: B — M/ (E) of the fibre bundle (1) is called a
mass assignment on the Euclidean vector bundle E. In particular, u(b) is a mass on Ep
for every b € B.

More generally, let us now write M4 (E) — B for the locally trivial bundle with fibre
at b € B the space M1 (E}p) of finite Borel measures on the sphere S(Ej). A continuous
section pu will be called a family of (probability) measures on E if up, € My (Ep) is a
(probability) measure for each b € B. In the following we give an illustrative example of
a family of probability measures on E.

Example 1.1. Let E be a Euclidean vector bundle over a path-connected space B. Sup-
pose that X — B is a finite cover embedded fibrewise in £, and suppose that p : X — [0, 1]
is a continuous function such that, for each b € B, er X, p(x) = 1. For a Borel subset
A C Ep, define up(A) == 3 cun X, p(x). Then p defines a family of probability meas-
ures on S(E).
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The GHR problem for mass assignments on a Euclidean vector bundle E over B asks
Sfor all pairs of positive integers (j, k) with the property that for every collection of j mass
assignments M = (i1, ..., ;) on E there exists a point b € B such that the collection of
J masses M(b) := (n1(d), ..., (b)) on Ep can be equiparted by an arrangement of k
affine hyperplanes in Ej. If we denote by A(E) the set of such pairs (J, k), then the GHR
problem for mass assignments on E is a question of describing the set A(E) C N?2.

Recently, with Calles Loperena and Dimitrijevi¢ Blagojevi¢ [6], we studied the GHR
problem for mass assignment over tautological vector bundles over Grassmann manifolds.
In particular, with appropriate reformulation, the result [6, Thm. 1.5] can be stated as
follows.

Theorem 1.2. Let d > 2 and £ > 1 be integers where 1 < { < d, and let EZ' be the
tautological vector bundle over the Grassmann manifold G;(R?) of all £-dimensional
linear subspaces in R%. Then

(k) eN? 1 <k <¢ 2l 1) 4 j <d} C AGED).

It is important to observe that the result of Theorem 1.2 does not really depend on the
value of the parameter £. In particular, for £ = d it recovers the upper bound of Mani-
Levitska—Vreéica—Zivaljevié [25, Thm. 39] for the function A.

In this paper, following the ideas of Bardny and MatouSek [3] and Crabb [14], we
extend mass assignment partition problems in a Euclidean space by affine hyperplane
arrangements to mass assignment partition problems on the unit Euclidean sphere by
arrangements of equatorial spheres. Additionally, we will restrict, and therefore simplify,
our notions of mass and mass assignment.

1.3. What are the GHR problems on spheres and sphere bundles?

First, we show how the GHR problem for masses in R¢ induces the corresponding mass
partition problem on the unit sphere in R4+,

Let d > 1 be an integer. Embed R¢ into R4*! via the embedding x — (x,—1). In this
way R? coincides with the tangent space to the unit sphere S(R?+1) 2 §¢ at the point
yo :=(0,...,0,—1). Let p:R? — A be the homeomorphism, between R¢ and the open
lower hemisphere A := {y € S(R?*1) : (y, yo) > 0} of the sphere S(R?*+1), given by

— ;(x,—l) for x € RY.

Vixl?+1

Now, every mass i on the Euclidean space R? induces a measure (mass) p' on
S(R4*1Y defined by

1 (A) = p(p~ (AN A)),

where A € S(R4*1) is an element of the Borel o-algebra on S(R4*!). In particular,
measure ¢/ vanishes on each equatorial sphere of S(R?*+!). Here, an equatorial sphere
of S(R4*1) can be always presented as an intersection of S(R4*!) and a unique linear
hyperplane in R4+,
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Figure 2. An illustration of a transition of a mass on R? into a measure on S2.

Furthermore, every affine hyperplane H in R¢ is mapped via p to a part of an equat-
orial sphere of S(R?*+1). More precisely,

p(H):span(H)ﬂA={)t-(x,—1):)ke]R, er}ﬂA,

where span denotes linear span in R4 +1,

Using the transition of masses on R into measures on S¢, and affine hyperplanes in
R4 into equatorial spheres on S¢, we can formulate the GHR problem for masses on a
sphere as follows: determine the minimal dimension d = Ags(J, k) of a unit Euclidean
sphere S¢ in which every collection of j masses can be equiparted by an arrangement of
k equatorial spheres. Here, the notions of masses and equipartition of masses are naturally
extended from the affine to the spherical setup.

Motivated by this spherical extension of the classical problem and with a desire to
simplify the treatment of the mass assignments, we restate the GHR problem for mass
assignments in the following way.

Let E be a Euclidean vector bundle over a path-connected space B, and let S(E)
denote the unit sphere bundle associated to E. Now, we are looking for all pairs of positive
integers (j, k) with the property that for every collection of j continuous real valued func-
tions @1, ...,9;: S(E) — R, there exists a point b € B and there exists an arrangement
Hb = (H?, ..., H,i’) of k linear hyperplanes in the fibre Ep, of E such that for every pair
of connected components (0',0") of the arrangement complement Ep, — (H lb U---UH ,f )
the following statement holds

/ (/)1:/ (/’1,---,/ <Pj=/ @j-
0’'NS(Ep) 0"NS(Ep) 0'NS(Ep) 0"NS(Ep)

Here integration is assumed to be with the respect to the measure on the sphere S(Ep)
induced by the metric. Once again, Ag(E) denotes the set of all such pairs (j, k). Since
Euclidean and spherical partition problems are tightly related, we will not make a partic-
ular distinction between them. From now on instead of a mass assignment we consider a
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Cor.2.3. GHR(E; j,1) *—— Th.2.1. GHR(E; j, k) Cor.2.8. tp(d—1,....d—1) = (B, ..., Ef)

Prop.2.4. 11(E) Th.2.2. GHR(E; E(1) E(k); j, k) Prop.2.7. i (E(1),...,E(k))
P < @~

Cor.2.5. GHR(E{; 4, 1) Cor.2.6. Axelrod-Freed, Soberén Cor.2.9. GHR(EY; j, k) > Cor.2.10.
Th.2.15. OGHR(E; j, k) —® Cor.2.16. OGHR(V;j, k) Cor.2.11. GHR(Flagy,,

Th.2.12. Axelrod-Freed and Soberén
Fairy Bread Sandwich theorem

Figure 3. The main results of the paper and connections between them.

real valued continuous function from the sphere bundle, and instead of an affine hyper-
plane we take a linear hyperplane which induces an equatorial sphere.

2. Statements of the main results

After collecting the first family of results for tautological bundles (Theorem 1.2) it is
natural to ask various followup questions:

*  Why not consider partitions of mass assignments on arbitrary vector bundles instead
of only tautological vector bundles?

* Can we constrain our choice of desired partitions on the given vector bundle by forcing
normals of hyperplanes into chosen fixed vector subbundles of the ambient vector
bundle?

*  What about partitions with pairwise orthogonal hyperplanes, as was considered in the
classical case?

* And finally, how can we fit all these questions into a common framework?

In the following we present multiple answers to the question we just asked. The intercon-
nection between the main results of the paper is given in Figure 3.

We begin the list of our results with the full generalisation of [6, Thm. 1.1]. In other
words, the old result becomes a special case of the next theorem in the case of tautological
vector bundles. For an n-dimensional Euclidean vector bundle E over a compact and
connected ENR' B and an integer k > 1 we denote by

Ri(B) := H*(B:;F2)[x1, ..., xk]

the ring of polynomials in k variables xi, ..., x; of degree 1 with coefficients in the
cohomology ring of the base space H*(B;IF,). Note that by definition an ENR is locally
path-connected and so the assumption of connectedness for an ENR is equivalent with the

!Euclidean Neighbourhood Retract.
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assumption of being path-connected. Classically, we denote by w; (E), i > 0, the Stiefel—
Whitney classes of the vector bundle E. In addition, we consider the ideal

T(E) = (ans(E)Xf d<rs< k) C Ri(B).

5s=0

and the element

ex(B) := [ (eaxi+-+ox) € Re(B).
(@10 )EFE—{0}

Now a generalisation of Theorem 1.2, which is proved in Section 4.1, can be stated as
follows.

Theorem 2.1. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B, and let k > 1 and j > 1 be integers.

If the element ey (B)’ does not belong to the ideal Iy (E), then (j, k) € As(E), orin
other words, for every collection of j continuous real valued functions

@1,...,90;:S(E) > R,

there exists a point b € B and there exists an arrangement #° = (H?, ..., H,i’) of k
linear hyperplanes in the fibre Ey, of E such that for every pair of connected components
(O, 0") of the arrangement complement Ep, — (H lb U---UH ,ﬁ’ ) the following statement

holds
/ <P1=/ <P1’---’/ <Pj=/ 2
O'NS(Ep) 0"NS(Ep) O'NS(Ep) 0"NS(Ep)

The first generalisation of Theorem 2.1 is obtained by a restriction of the family of the
arrangements in which we are looking for our partition. Concretely, we ask for the i-th
hyperplane in the arrangement to have its normal vector in a specific vector subbundle.
For that we modify our setup as follows.

Let k > 1 be an integer, and let E(1), ..., E(k) be Euclidean vector bundles over a
compact and connected ENR B. Denote by n; the dimension of the vector bundle E (i)
for 1 <i < k. We consider the ideal in Ry (B):

Ik(E(l),...,E(k)) = (Xr:wn,_s(E(r))xi l<r< k) C Ry (B),
§s=0

and set

w(E(),....E(k)) :==max {j : ex(B) ¢ I (EQ1),.... E(k))}.
Finally, we say that an arrangement of k linear hyperplanes #? = (H?,..., H ,i’) in the
fibre Ej is determined by the collection of vector subbundles E(1), ..., E(k) if a unit

normal of the linear hyperplane Hl.b belongs to the fibre E (i), forevery 1 <i < k.
Now, the generalisation, proved in Section 4.2, says the following.
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Theorem 2.2. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B, k > 1 and j > 1 integers, and let E(1),. .., E(k) be vector subbundles
of E of dimensions ny, ..., ng, respectively.

If j < (EQ),..., E(k)), then for every collection of j continuous real valued func-
tions @1, ...,¢;: S(E) — R, there exists a point b € B and there exists an arrangement
HP = (H?, ..., H,f) of k linear hyperplanes in the fibre Ep, of E determined by the
collection of vector subbundles E(1), ..., E(k) such that for every pair of connected com-
ponents (O, O") of the arrangement complement Ej — (H{’ U---u H,f) the following
statement holds

[oamfo o] o[
O'NS(Ep) 0"NS(Ep) O'NS(Ep) O0"NS(Ep)

After a generalisation and an extension of [6, Thm. 1.1], it is natural to ask whether the
algebraic criteria from Theorems 2.1 and 2.2 can be substituted by appropriate numerical
criteria. In other words, is there an appropriate generalisation of Theorem 1.2 in the case of
an arbitrary vector bundle. We start our discussion from the case k = 1, the ham-sandwich.

Let E be a Euclidean vector bundle of dimension n over a compact and connected
ENR B and let k = 1. Since the ideal I1(E) = (3 5_o Wn—s(E)x3) and e;(B)"~! =
x"~1 ¢ I,(F) we conclude that

LI(E)=max{j :x{ ¢I1(E)} >n—1.

The equality ¢;(E) = n — 1 is attained in the case when the base space B is a point.
Indeed, when B = pt then the vector bundle E is a trivial, w(E) = 1, and so Iy (E) = (xT)
implying that 11 (E) = max{; : x{ ¢ (x})} =n — 1. We just proved the following ham-
sandwich type result for Euclidean vector bundles.

Corollary 2.3. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B.

If j = n — 1 then for every collection ¢y, ...,9;: S(E) = R of j continuous real
valued functions, there exists a point b € B and there exists a hyperplane H® in E}, such
that for the connected components O' and O" of the complement Ej, — H® the following
statement holds

/ <P1=/ <P1’---’/ <Pj=/ 2]
O'NS(Ep) 0"NS(Ep) O'NS(Ep) 0"NS(Ep)

The previous result is general and holds for all vector bundles and therefore rather
crude because it must contain the classical ham-sandwich theorem. It is natural to ask how
the topology of the vector bundle E affects the upper bound for the number of functions
we can equipart in a fibre. In other words can we say more about the number ¢1 (E).

Indeed, the following proposition, proved in Section 5.1, explains a connection between
the topology of E and the number ¢ (E).
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Proposition 2.4. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B. Then

1(E) =max {j : 0 # wj_pt1(—E) € H 7"T1(B;F,)}.

Here, —E denotes an inverse vector bundle of E. This is a vector bundle E’, over
the base space of E, having the property that the Whitney sum E @ E’ is a trivial vector
bundle over B. In particular, the inverse vector bundle is not uniquely defined. On the
other hand the Stiefel-Whitney classes of all inverse vector bundles, of a given vector
bundle, do coincide. Finally, for example, the compactness of the base space guarantees
the existence of an inverse bundle of a given vector bundle. (Alternatively, we can take
—FE to be a virtual bundle representing the negative of the class of E in the Grothendieck
K-group KO°(B). Precisely, a virtual bundle is a pair (Eg, E1) of vector bundles over
B, in an appropriate category, and —E is the pair (0, £). The set of isomorphism classes
of virtual bundles is precisely the Grothendieck group KO°(B). Hence, the dimension
dim(—FE) = —dim E, and in the K-group [-E] = —[E] = [E'] — dim(E & E’).)

As a special case of the previous result we recover the ham-sandwich result for the
tautological vector bundle [6, Cor. 1.2].

Corollary 2.5. Let d > 2 and £ > 1 be integers where 1 < { < d, and let Eéj be the
tautological vector bundle over the Grassmann manifold G¢(R?) of all {-dimensional
linear subspaces in R%. Then

u(Ef)=d —1.

Proof. For the proof we use the fact that the inverse bundle —Ef can be realised as the
orthogonal complement vector bundle (£ lfl )*. In particular, we have that

w=Ef) =1+ wi(EHY) + -+ wae (EDH?).
where the orthogonal complement is considered inside the trivial vector bundle G¢(R?) x

R4 Since wd_g(—Eg) = wd_g((Eg)J-) # 0 and w; (—Eed) = wi((Eg)l) =0 fori >
d — £ + 1, consult for example [23, p. 523], we have from Proposition 2.4 that

tl(Ef) =max {j : 0 # wj_“l(—Ef)} =d—1. (]

The following spherical version of the result of Axelrod-Freed—Soberén [2, Thm. 1.3],
which was previously conjectured by Schnider [33, Conj. 2.4], is a direct consequence of
our Theorem 2.2 and Corollary 2.5.

Corollary 2.6. Let d > 2 and £ > 1 be integers where 1 < { < d, and let W be an
arbitrary (£ — 1)-dimensional vector subspace of R

If j = d — 1 then for any collection of continuous functions @1, . .., @;: S(Eld) — R,
there exist:
oV e G¢(R?) which contains W, and

e U e Gy_1(R?), which is contained in V
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such that for the connected components Q" and Q" of the complement V. — U the following
statement holds

[T T S
o'nsy) 0'nS(V) o'nsS(V) 0'nsSV)

Proof. Consider the vector bundle E = E(1) = H(W=) @& W over P(W~) where W =
P(W=L) x W is the trivial vector bundle over P(W ). Recall that here H(W ™) is the
canonical Hopf line bundle over the projective space P(W ). According to Theorem 2.2
in the case k = 1 we have: if j < (;(FE), then for any j continuous functions

@1, 9;:S(E) > R

there exists a line L € P(W =) and there exists a linear hyperplane U in V := L @ W such
that for the connected components 9’ and 9" of the complement V' — U the following
equalities hold:

[ asf ] w=[
o'nsSyv) o'nSyV) o'nsSyv) o’'nS(V)

Since w(E)=w(HWL)®W)=w(HW™L)) and HWL) = E¢=*+! Corollary 2.5
implies that (1 (E) = Ll(Ef_“l) = d — 1. With the assumption j =d — 1 < (1(E) we
conclude the proof of the corollary. ]

Further, if £ (1) is an n1-dimensional vector subbundle of the vector bundle E then
1 (EQ1)) < u(E).
Indeed, if E (1)1 is the orthogonal complement vector bundle of E(1) in E then
X A wi(E)XT 4 4 wa(E)
= (x{' + wi(ED)xT + o+ wa, (E(D))
(T w (EMD) T b wpma, (E(DY)).

Consequently, x{ ¢ I1(E(1)) implies x{ ¢ I1(E).
Recall, that

ex (pt) = [T  (axi+- 4 awxe) € Re(pt) = Faxy..... xi].
(@1,....ax)€FE—{0}
Now, for positive integers my, ..., my we define
(my, ... mg) :=max {j : ex(pt)) ¢ (x]"".... . x)}.

For example, if £ = R” is a trivial n dimensional real vector bundle over B = pt, then

@™, R = g (ny, ..., 0k).
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Notice that the equality holds for all integers n >max{ny,...,nt}. Indeed, since w(R"!) =
-« = w(R") = 1, it follows that

(L xpk) = TR, L R™).

In general, the following inequality always holds

(... ng) < w(EQ),..., E(k)).

In fact, the condition ey (pt)j ¢ (x;“ e, xZ"), for some integer j, implies the existence
of a monomial x7"' ---x,’(nk, in the additive presentation of ey (pt)/ with respect to the
monomial base of F[xy, ..., x|, with the property that m; <n; —1,...,mg <ng — 1.
Since the ideal It (E(1), ..., E(k)) is generated by polynomials x* + wy (E(i))x7 " +
<+ wy, (E(i)), 1 <i <k, the existence of the monomial x;’“ . -x,’f" in the presentation
of ex (pt)’ implies that ex (B)! ¢ Ix(E(1),..., E(k)).

Actually, we can say more, as the following proposition illustrates. For the proof see
Section 5.2.

Proposition 2.7. Let k > 1 be an integer, and let E(1), ..., E(k) be Euclidean vector

bundles over a compact and connected ENR B. Denote by n; the dimension of the vector
bundle E(i) for 1 <i <k.If

0 # Wi (E@)—-ni+1(— EQ)) -+ Wy (B —ne+1( — E(k)) € H*(B:F>),

then
w((ED) +1,....0(Ek) + 1) = w(EQ), ..., E(k)).

A direct consequence of the previous proposition, in the case when E is a tautological
vector bundle, is the following corollary [6, Lem. 4.1]. For a proof see Section 5.3.

Corollary 2.8. Letd >2,k > 1, and £ > 1 be integers where | <k <{ <d, and let Eg be
the tautological vector bundle over the Grassmann manifold G¢(R?) of all £-dimensional
linear subspaces in R¢. Then

w(d,....d)=u(EZ,....E}).

The next corollary is a spherical version of [6, Thm. 1.4].

Corollary 2.9. Letd > 2, k > 1, and £ > 1 be integers where 1 <k <{ < d, and let
E = El?' be the tautological vector bundle over the Grassmann manifold G¢(R?) of all
{-dimensional linear subspaces in R?.

Ifj =2 +rwhere0<r <2 —landd > 2'tk=1 4 1 then (j k) € As(Eg).

In other words, if j =2 +r where 0 <r <2' —landd > 2'T%=1 1, then for every
collection of j continuous real valued functions ¢, . ..,¢;:S(E) — R, there exists a point
b € B and there exists an arrangement #° = (H?, ..., H]f) of k linear hyperplanes
in the fibre Ey, of E such that for every pair of connected components (O’, Q") of the
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arrangement complement Ep, — (Hf7 U---u H]f) the following statement holds

/ (P1=/ (Pl,---,/ <Pj=/ @j-
0’'NS(Ep) 0"NS(Ep) 0'NS(Ep) 0"NS(Ep)

Proof. From Theorem 2.1 we have that (j, k) € AS(EgI) if
ex(B) ¢ In(EY) = In(EJ, ... ED).
Stated differently (j, k) € Ag(Ef) if

j< Lk(Eed,...,Eg) =ud,....,d) = max{j’ : ek(pt)j/ ¢ (xf,...,x,f)}.

Here the first equality comes from Corollary 2.8 while the second one is just the definition
of ix(d,...,d).

Since j = 2' +r where 0 <r <2’ —1 and d > 2'7*~1 4 r, then according to
[6, Lem. 4.2] we have that e (pt)/ ¢ (xld, . ,x,f). Thus, indeed j < i (EZ, ..., Ef) and
the proof of the corollary is complete. ]

We proceed with the next consequence of Proposition 2.7. In this case the base space
of the vector bundle will be the real flag manifold, and so the following statement is
an extension of Corollary 2.8. For the relevant background on the real flag manifold,
associated canonical vector bundles, and a proof of the corollary see Section 6.1.

Corollary 2.10. Let k > 1 and d > 2 be integers, and let 0 = ng <ny < -+ < ngp_1 <
ng < ng41 = d be a strictly increasing sequence of integers. For a real d-dimensional
vector space V = R4 Jet Ey, ..., Exy1 denote the canonical vector bundles over the
flag manifold Flag, ., (V) withdim(E;) =n; —nj—y for1 <i <k + 1. Set E(i) :=
@15r§i E, forall1l <i < k. Then

w(d,....d) = u(EQ),..., E(k)).

The previous corollary, in the language of GHR problem for mass assignments, with
the help of Theorem 2.2 and the proof of Corollary 2.9, gives the following consequence.
For a proof see Section 6.2.

Corollary 2.11. Letk > 1 and d > 2 be integers, let 0 = ng <ny <-++ <np_1 < g <
ng+1 = d be a strictly increasing sequence of integers, and let V = R4 be a real d-
dimensional vector space. Let E1, ..., Ex1 be the canonical vector bundles over the flag
manifold Flag,, ., (V) let E(i) := @, <, Erforall1 <i <k, andlet E := E(k).

Assume that j = 2' + r is an integer withO < r <2' —land d > 2'Yk=1 4 r_Then
for every collection of j continuous real valued functions @i, ..., ¢;: S(E) — R, there
exists a point b := (W, ..., Wxy1) € Flag, ., (V) and there exists an arrangement
HP = (HP, ..., H,ﬁ’) of k linear hyperplanes in

B = @ W=,

1<r=<k
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such that for every pair of connected components (9', 0") of the arrangement complement
Ey — (Hlb U---u H,ﬁ’) the following statements hold

/ <.01=/ <.01,---,/ <,0j=/ ©j,
O'NS(Ep) O"NS(Ep) O'NS(Ep) O"NS(Ep)

and in addition

b b b
H'2 @ W H2 D W, L2 D Winr
2<r<k+1 3<r<k+1 k+1<r<k+1

Here (W1,..., Wk+1)€FIagnl’m,nk(V) means thatdim W; =n; —n; _; for 1 <i <k+1,
and Wiy L W;n forall 1 <i’ <i” <k + 1. For more details on flag manifolds see Section 6.

It should be noticed that once again the numerical assumptions on the parameters
(d, j, k) in Corollary 2.11 coincide with the upper bound of Mani-Levitska—Vredica—
Zivaljevié [25, Thm. 39] for the function A, which can be phrased as the inequality

A(2t+r)§2t+k_1+r, forj=2t+rand05r§2t—l.

We conclude our collection of results related to flags inside a real vector space with
the spherical version of a result by Axelrod-Freed and Sober6n [2, Thm. 1.2]. For the so
called Fairy Bread Sandwich theorem we give a new proof in Section 6.3 based on the
CS/TM scheme presented in Section 3.5.

Theorem 2.12. Letd > 1 and k > 1 be integers withd >k, and let V = R4+ pe a real
vector space. Fix a permutation (ji, ..., jg) of the set {k, ..., d}, and take an arbitrary

collections of functions Qg p: S(Etﬁ'll) — R, k<a<d, 1 <b<j, from the sphere

bundle of the tautological vector bundle Ej:ll over the Grassmann manifold G441(V) to
the real numbers.
There exists a flag (Vk, ..., Vq) € Flagy _,(V') such that for every k < a < d and

every 1 < b < j, the following statement holds

Pa,b-

/ Pa,b /
{veVat1:(v,uq)=03NS (Vat1) {veVat1:{v,uq)<03NS (Vat1)

Here the unit vectors uy, . ..,ug are determined, up to a sign, by the equality V, = {v €
Vit :{v,uy) =0}, k <r <d, and with Vg1 =V, this means that u, is a unit normal
vector to V., considered as a hyperplane inside V4 1.

Returning back to Proposition 2.7 we observe that the numbers (g (my, ..., mg), in
many cases, imply the existence of equipartitions of mass assignments. Hence, we collect
several properties of these numbers with proofs given in Section 7.1.

Proposition 2.13. Let k > 1 be an integer and let my, . .., my be a sequence of positive
integers.
(D) Ifte—y(m,....mg—y) = mand my > 2K=Ym + 1, then i (m1, ..., my) > m.
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Q) Ifm; > 27" "m+ 1 forall 1 <i <k, then iy (my, ..., mg) > m.
3) Ifm > 1, then y(m +1,2m + 1,22m +1...,2"'m 4+ 1) = m.
4) Letm > land 1 <r <k — 1 be integers. If

te—p(my,...ompg—p) >m and t(Mg—py1,...,Mg) > 2k,
then i (my,...,mg) > m.
5) Iftg—1(mq,...,mp—_1) = 2mand myp > m + 1, then 1y (my, ..., myg) > m.

(6) Let k = 2. The m < 1,(my1, my) if and only if there is an integer i such that
0<i<m, ('?):1m0d2,and2m—m2+1§i <m;—m—1.

7 If1<r <2 theni,(2" +2r, 2"t 4 r) > 20 4+ — 1.

Using the fact that ey (pt) is the top Dickson polynomial in variables xi, ..., xx we
can prove even more. For a proof of the proposition which follows see Section 7.2.

Proposition 2.14. Let k > 1 be an integer and let my, . .., my be positive integers.

() IfFO<r <2t —1,4_1(mq,...,mr_1) > 2" +2r and my > 20tk=1 4 1, then
e(my,...,mg) >2" +r.

Q) IfO<r <2 —1, y_1(my,....me—1) =2+ rand my = 201 4 r 41,
then . (myq,...,mg) >2" +r.

B) IFO<r <2 —1,m =2 k=1 4 r 4 L forall1 <i <k, then e (my,...,mg) >
2L 7.

@ Ifye(my,...,mg) > m, then 1z 2my,...,2my) > 2m.

The statement (3) in the previous proposition is equivalent to [6, Lem. 4.2].

We continue with results on partitions by orthogonal arrangements—the orthogonal
GHR problem for mass assignments.

First, let us recall the best known results on the orthogonal GHR problem for masses,
or more precisely its generalisation, the so called generalised Makeev problem. The ques-
tion was formulated by Blagojevi¢ and Roman Karasev in [9, Sec. 1.2]. For integer para-
meters j > 1 and 1 <{ <k, the minimal dimension d :=A(j, £ : k),ord+:=AL(j. £ : k),
of a Euclidean space V such that for every collection M of j masses in V there exists an
arrangement of k affine hyperplanes, or pairwise orthogonal k affine hyperplanes in V,
with the property that every subarrangement of £ hyperplanes equiparts M. In particu-
lar, A(j,k) = A(j, k : k). Blagojevi¢ and Karasev gave an algebraic constraint on the
parameters j, £, k and the dimensions A(j, £ : k) and AL(j, ¢ : k), see [9, Thm. 2.1].
The state of the art results on the generalised Makeev problem are due to Steven Simon
[35, Thm. 1.1] and Andres Mejlia, Simon and Jialin Zhang [28, Thm. 1.3 and Thm. 1.5].
For example, Simon in [35, Thm. 1.1] showed that

AL@QIT2:2) =329 41, AtQIT'-1,2:2)=3.29-1,
ALt@QIt2 2. 2:2)=3.20F1 3, At(1,3:3) =4,
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Coming back to the mass assignments, let £ be a Euclidean vector bundle of dimen-
sion n over a compact and connected ENR B, and let k > 1 be an integer. Recall that
we denoted by Ri(B) the cohomology ring H*(B; F2)[x1, ..., Xk], and by ex(B) the

.....

ideals in Ry (B)

Ji(E) == (fi..... fi) and FL(E):= (fi..... fo),

where

C— r1 i
ﬁ = § wn—i+1—(r1+~~~+r,-)(E)x1 "'xil»
0<ri+-+ri<n—i+1

and
f_i = Z Wy—i41—(ry+-tre) (E) x{' "'X,zk,
0<ri+-+rg<n—i+1
forl <i <k.
The first result on orthogonal partitions is an analogue of Theorems 2.1 and 2.2. For
the proof see Section 8.

Theorem 2.15. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B, and letk > 1 and j > 1 be integers. Then the following statements are
true:

(1) Jk(E) = ;. (E).

(2) If the element ex(B)’ does not belong to the ideal J(E) = I (E), then for
every collection of j continuous real valued functions ¢y, ..., ¢;: S(E) - R,
there exists a point b € B and there exists an orthogonal arrangement J° =
(H?, ..., H]f) of k linear hyperplanes in the fibre Ey of E such that for every
pair of connected components (O, Q") of the arrangement complement Ep —
(Hlb U---u H,ﬁ’) the following equalities hold

Lol oofo
O'NS(Ep) O"NS(Ep) O'NS(Ep) 0"NS(Ep)

The implication [35, Thm. 5.2] of Simon, which says that
A, )<d = Atd—-1;j)<d—1,

has an analogue in the mass assignment world.

Proposition 2.16. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B, and let k > 1 and j > 1 be integers. Then, if the element ey, (B)j +1
does not belong to the ideal Iy (E @ R), the element ex(B)’ does not belong to the ideal

Fi (E).

In the previous proposition R denotes the trivial line bundle B x R. The proof of the
statement is postponed to Section 8.
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In the case when B = pt the previous theorem implies directly the result of Blagojevi¢
and Karasev [9, Thm. 2.1 and Prop. 3.4] with a better description of the set of generators
of the relevant ideal.

Corollary 2.17. Let V be a Euclidean vector space of dimension n, and let k > 1 and
Jj = 1 be integers. If

ex(pt) = [ (a1x1 + -+ + agxg)
(@1,--..a)EFF—{0}

gz/( Z x{‘---x{ﬂlfz’gk)

ritetri=n—i+1

=< Z x{‘---x;":lfifk),

ri+etrg=n—i+1

then for every collection of j continuous functions ¢, ...,¢;: S(V) — R, there exists an
orthogonal arrangement # = (Hy, ..., Hy) of k linear hyperplanes in V such that for
every pair of connected components (O', ©") of the arrangement complement V — (Hy U
.-+ U Hy) the following statement holds

[ IO S
o'nsSy) 0'nS(V) o'nsSy) 0'nSV)

In the case of a vector space we collect some numerical results. For that we denote by
wi(n) ::max{j:ek(pt)j¢< Z x?n-x,:"lefifk)}.
rit+etrr=n—i+1

Using a computer algebra system, like Wolfram Mathematica, we collect some concrete
values of wy (n):

wk(n)\n345678910

k

2 01 2 2 3 4 4 5
3 o 0o 01 1 2 2 3
4 0 0 0 0 0 1 1

Using the result of Simon [35, Thm. 5.2] or alternatively our extension, Proposi-
tion 2.16, we get the following corollary.

Corollary 2.18. For all integers k > 1 and n > 1 we have
wr(n) =y m+1,...,n+1)—1.

For example, if 0 < r <2/ —1,n4+1>2""*"1 4 p 1 1 thenwr(n) > 2! +r — 1.
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3. From a partition problem to a topological question: The CS/TM
schemes

In this section, based on the work of Crabb [14], we develop an alternative configuration
test map scheme (CS/TM) to the one presented in [6, Sec. 2]. This will be done in two
steps, first for the classical GHR mass partition problem, and then for the mass assignment
partition problem. The new approach allows us a systematic study of mass assignment
partition questions even with addition of constraints.

3.1. The GHR problem for masses

In this part, we reformulate the typical product CS/TM scheme for the classical GHR
problem. The reformulation of the scheme naturally gives rise to a convenient CS/TM
scheme for the GHR problem for mass assignments.

Let V be a Euclidean vector space of dimension d > 1. The unit sphere of the vector
space V will be denoted by S(V) := {v € V : ||v|| = 1} and the corresponding real pro-
jective space by P (V). The associated Hopf line bundle is H(V) := {(L,v) e P(V) x V :
v € L}. In particular, S(V) = S?~! is the space of all oriented 1-dimensional vector
subspaces of V and P(V) = RP?~! is the space of all 1-dimensional vector subspaces
of V. The canonical homeomorphism P(V) = G (V) = G4_1(V), L — L1, identifies
the projective space P (V) with the space of all linear hyperplanes in V, the Grassmann
manifold G4_1 (V).

The space of all arrangements of k linear hyperplanes in V can be identified with
the product space P(V)*¥ = P(V) x --- x P(V). On the other hand, the space of all
arrangements of k oriented linear hyperplanes in V is the 2¥-fold covering S(H (V))** =
S(H(V)) x ---x S(H(V)) of P(V)*¥, whose total space, in particular, is just the product
of spheres S(V)*¥ = S(V) x --- x §(V). In other words, we have a fibre bundle

S(HWV))* > Pv)*
with a discrete fibre

(S(H(V))Xk)(Ll,m,Lk) = S(L1)x - x S(Ly)

at (Ly,...,Lg) € P(V)**. Here, S(H(V)) denotes the sphere bundle of the Hopf line
bundle H (V) with fibres homeomorphic to a zero dimensional sphere.

We denote by Ay (V) the 2%-dimensional real vector bundle over P (V)*¥ with fibre at
(L1,...,Lg) € P(V)*¥ defined to be the vector space Map(]_[f:1 S(L;),R) of all maps
1—[5;21 S(L;) — R. Each vector space Map(]_[f:1 S(L;),R) is equipped with the natural
(Z/2)k-action given by the antipodal actions on the 0-dimensional spheres S(L1), ...,
S(L). The vector bundle Ay (V) is isomorphic to the vector bundle

f(HV)8R)® - ®q; (H(V) ® R),

where ¢;: P(V)*¥ — P(V) is the projection on the i-th factor, R denotes the trivial line
bundle, in this case, over P(V), and ¢ (H(V) @ R) is the pullback vector bundle. In
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particular, the vector bundle
A(V) = gi(HV)®R) ®---® g5 (H(V) & R)

has a trivial line subbundle given by all constant maps ]_[f;l S(L;) — R, which we also
denote by R.

Next, let us consider a continuous function ¢: S(V) — R on the sphere S(V). It
induces a section s,,: P(V)*k — Ay (V) of the vector bundle Az (V) which is given by

k
(Li,....Lg) (s(p(Ll,...,Lk): [[s@)— R)

i=1

for (Ly,...,Lg) € P(V), where

Oup ey NS(V)
for (vy,...,vg) € ]_[f;l S(L;). Here, Oy, ...y, denotes the following intersection of open
half-spaces in V:
Ovipy = {ueVi{uv)>0tN--N{ueV:(uv) >0}

Here the integration is with the respect to the measure on the sphere S(V) induced by the
metric. Observe that each subset Oy, ... 5, is actually a (path) connected component of the
arrangement complement V — (Lf- U---u L,Jc-).

We have introduced all necessary notions to state and prove the CS/TM scheme the-
orem for the spherical version of the classical GHR problem. This theorem relates to the
similar results in [25, Prop. 6], [10, Prop. 2.2], [8, Prop. 2.1].

Theorem 3.1. Let V be a Euclidean vector space, and let k > 1 and j > 1 be integers.
If the Euler class of the vector bundle (Ax(V)/R)®/ does not vanish, then for every
collection of j continuous functions ¢y, . ..,¢;:S(V) — R there exists an arrangement of
k linear hyperplanes Hy, ..., Hy in V with the property that for every pair of connected
components (0', 0") of the arrangement complement V. — (Hy U --- U Hy) the following
statement holds

[ R S
o'nsv) 0"'NS(V) o'nsv) 0’'NS (V)

In other words,
e ((4c(V)/R)®) # 0 = Ag(j.k) < dim(V).

Proof. Let us assume that the Euler class the vector bundle (4 (V)/R)®/ does not vanish.
Then, in particular, every section of the vector bundle (A (V)/R)®/ has a zero.
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Let ¢1,...,¢;:S(V) — R be an arbitrary collection of j continuous functions on the

sphere S(V). Such a collection induces a section s: P(V)*¥ — Ax(V)®/ of the vector
bundle Ay (V)®/ defined by

k
(Lv,...,Lg) — (swr(Ll,...,Lk):HS(L,-) - R)

i=1 1<r<j
Recall that we have already defined functions sy,, for 1 < r < j, by
sw(Lh...,Lk)(vl,...,vk)=/ o
Ovl ,,,,, van(V)

for (vy,...,vg) € ]_[5;1 S(L;).

Let IT: Az (V)®/ — (4% (V)/R)®/ denote the map of vector bundles induced by the
canonical projection(s). Then the section IT o s of the vector bundle (A% (V)/R)®/ has a
zero. Hence, there is a point (L1, ..., L) € P(V)*¥ in the base space with the property
that s(Lq, ..., Lg) belongs to the trivial subbundle Keaj of the bundle A (V)®/. In other

words
Lor oo fooi= o
O’'NS(V) O"NS (V) O'NS V) O"'NS (V)

for all pairs of the connected components (@', ©"”) of the arrangement complement V —
(Lf- U---u L]Jc-). This completes the proof of the theorem. |

The non-vanishing of the Euler class (4 (V)/R)®/ mod 2 was studied over the years
by many authors. For example, Mani-Levitska, Vreéica and Zivaljevié [25, Thm. 39] gave
a sufficient condition for the non-vanishing of the mod 2 Euler class of (A (V)/R)®/,
with a complete proof of this result given only now in [0, Lem. 4.3]. It says that: If
dim(V) < j + (21 — 1)2t°22 71 then the top Stiefel-Whimey class of the vector bundle
(Ax(V)/R)®/ does not vanish.

Now we focus our attention to the partition problems for mass assignments and the
corresponding solution schemes.

3.2. The GHR problem for mass assignments

The scheme we give in this section is derived from the scheme for the spherical version of
the classical problem presented in Section 3.1. Due to a transition from a Euclidean space
to a sphere, the new scheme differs from the one used in [6, Sec. 2].

Let E be a Euclidean vector bundle over a compact and connected ENR base space B.
The associated unit sphere bundle of E is

S(E) ={(b,v):b € B, veS(Ep)}.
Next, let P(E) denote the projective bundle of E, that is

P(E)={(b,L):b € B, L € P(Ep)).
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In particular, S(E)/(Z/2) = P(E). Here the fibrewise antipodal action of the sphere
bundle is assumed. Further, let H(E) be the Hopf bundle associated to the vector bundle
E. That is the line bundle

H(E):={(b.L.v):be B, LcP(E). velL}

over the projective bundle P (E).
The space of all arrangements of k linear hyperplanes which belong to one fibre of E
is the total space of the pullback

P(E) xp -+ xg P(E) := d*(P(E) x --- x P(E)) = d*(P(E)*¥)

of the product vector bundle P(E)** via the diagonal embedding d: B — B*¥, x >
(x,...,x). In other words, there is a pullback diagram

d*(P(Ey*) 2o P(E)*

| J

B—2 |, pxk,

Let us denote by IT;: P(E)** — P(E), (b, (L1, ..., L)) — (b, L;), the projection
on the i-th factor, and by ®; the composition IT; o D: d*(P(E)*¥) — P(E), where 1 <
i <k.

Now, the space of all arrangements of k oriented linear hyperplanes which belong to
one fibre of E is the total space of the pullback

S(E) xp - xp S(E) := d*(S(E) x --- x S(E)) = d*(S(E)¥).

The quotient map d*(S(E)*¥) — d*(P(E)*¥), induced by taking orbits of the natural
fibrewise free action of (Z/2)k on d*(S(E)*¥), is a 2%-fold cover map with the fibre
S(Li)x---xS(Lg)at(Ly,...,Lg) € P(Ep)** for some b € B. Recall that each sphere
S(Ly),...,S(Lg) is just a 0-dimensional sphere.

Like in the classical case, the covering d*(S(E)*¥) — d*(P(E)*¥) induces a 2¥-
dimensional real vector bundle Ax(E) over d*(P(E)**) with fibre at (L1, ..., Lg) €
P (Ep)¥, for some b € B, defined to be the vector space Map(l—[f=1 S(L;),R) of all real
valued functions on ]_[f:l S(L;). Each fibre is equipped with the natural (Z/2)*-action
given by antipodal actions on the 0-dimensional spheres. There is an isomorphism of
vector bundles

A(E) = O} (H(E)®R) ®---® O (H(E) ® R),

where R denotes the trivial line bundle over IP(E), and ®] (H(E) @ R) is the pullback
vector bundle. In particular, the vector bundle Ax (E) has a trivial line bundle determined
by all constant maps l—[f-c=l S(L;) - R.
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Let us now consider a continuous function ¢: S(E) — R. Such a map induces a section
Spid* (P (E)**) — Ay (E) of the vector bundle Ay (E) by

k
(b.(Ly.....Lp) (s¢(b, (Li.....L): ] SLi) — R)

i=1

forbe Band (Ly,...,Lx) € P(Ep)**, where

.....

.....

Once again, the integration is assumed to be with respect to the measure of the sphere
S(Ep) induced by the metric on Ejp.

Now we can state the CS/TM scheme theorem for the GHR problem for mass assign-
ments, which is analogous to Theorem 3.1.

Theorem 3.2. Let E be a Euclidean vector bundle over a compact and connected ENR
base space B, and letk > 1 and j > 1 be integers.

If the Euler class of the vector bundle (A (E)/R)®/ does not vanish, then for every
collection of j continuous functions @1, ..., ¢;: S(E) — R there exists a point b € B
and there exists an arrangement of k linear hyperplanes Hy, ..., Hy in the fibre Ep with
the property that for every pair of connected components (O’, Q") of the arrangement
complement Ep, — (Hy U --- U Hy) the following statement holds

/ 901=/ 901,--~,/ </>j=/ @j-
0’'NS(Ep) 0"NS(Ep) 0'NS(Ep) 0"NS(Ep)

In other words, _
e ((A(E)/R)) #0 = (j.k) € As(E).

Proof. Our follows in the footsteps of the proof of Theorem 3.1. Assume that the Euler
class of the vector bundle (A (E)/R)®/ does not vanish. Consequently, every section of
(A (E)/R)®/ has a zero.
Take a collection
01,...,9;:S(E) - R

of continuous functions on the sphere bundle S(E) and consider the associated section
5 = (Sg; - - - » Sg;) of the vector bundle (Ax (E)/R)®/.

Denote by IT: Az (E)®/ — (Ax(E)/R)®/ the canonical projection. Then, from the
assumption on the Euler class, the section IT o s of the vectors bundle (A (E)/R)®/ has
a zero. In other words, there exists a point (b, (L1, ..., L)) € d*(P(E)*¥) with the
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property that s(b, (L1, ..., L)) is contained in the trivial vector subbundle R®/ of the
vector bundle A (E)®/. This means that for every pair of connected components (9’, ©")
of the arrangement complement Ej — (Lf- u.--u Lé‘) the following equalities hold

/ <P1=/ <P1’---’/ ‘PJZ/ i
O'NS(Ep) 0"NS(Ep) O'NS(Ep) 0"NS(Ep)

Hence, we have proved the theorem. n

3.3. The GHR problem for mass assignments plus constraints

In this section, we extend the CS/TM schemes presented in Section 3.2 to incorporate an
additional constraint. More precisely, we require the normals of the hyperplanes to belong
to specific, not necessarily equal, vector subbundles.

Fix an integer k > 1. Let E be an n-dimensional Euclidean vector bundle over a com-
pact and connected ENR B, and let E(i) be a vector subbundle of E, for 1 <i < k.
Following the notation from Section 3.2 we denote by P(E(i)) the projective bundle of
E(i), that is

IP’(E(i)) = {(b;L) :heB, Le IP’(E(i)b)}.
In particular, S(E(i))/(Z/2) =~ P(E(i)). Furthermore, let H(E(i)) be the Hopf bundle
associated to the vector bundle E (i), or in other words

H(E()) :={(b,L,v):b e B, L eP(E(i)), velL).

The space of all arrangements of k linear hyperplanes which belong to one fibre of E
and are determined by the collection of vector subbundles E(1), ..., E(k) can be seen as
the total space of the pullback vector bundle

P(E(1)) x5 - x5 P(E(K)) := d*(P(E(1)) x --- x P(E(K)))
via the diagonal embedding d: B — B¥. We denote by
D:d*(P(E(1)) x --- x P(E(k)) = P(E(1)) x --- x P(E(k)))
the pullback map between the bundles. Furthermore, let
M;:P(E(1)) x -+ x P(E(k)) — P(E@))

be the projection on the i-th factor (b, (L1,...,Lg)) — (b, L;),and let ®; := I1; o D.

The space of all arrangements of k oriented linear hyperplanes which belong to one
fibre of E and are given by the collection of vector subbundles E(1),..., E(k) is the total
space of the pullback

S(E(1)) xp -+ xpg S(E(k)) :=d*(S(E(1)) x --- x S(E(k))).
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The quotient map
d*(S(E(1)) x -+ x S(E(k))) = d*(P(E(1)) x -+ x P(E(k))),

induced by taking orbits of the natural fibrewise free action of the group (Z/2)F, is
a 2k-fold cover map with a typical fibre S(L;) x --- x S(Lg) where (Ly,...,Ly) €
P(E(1)p) x --- x P(E(k)p) for some b € B.

This covering induces a 2X-dimensional real vector bundle A (E(1), ..., E(k)) over
d*(P(E(1)) x---xP(E(k))) with fibre at (L1,...,Lg) € P(E(1)p) X --- x P(E(k)p),
for some b € B, defined to be the vector space Map(]_[f;l S(L;), R) of all real valued
functions on ]_[f:1 S(L;). There is an isomorphism of vector bundles

Ac(E(D)..... E(k)) = O] (H(E() @ R() ® --- ® Of (H (E(k)) & R(k)).

where R (i) denotes the trivial line bundle over P(E(i)), and @7 (H(E(i)) @ R(i)) is the
pullba(mector bundle. In particular, the vector bundle Ax(E(1), ..., E(k)) has a trivial
line bundle determined by all constant maps ]_[f-czl S(L;) — R, or in other words the
vector subbundle R(1) ® --- ® R(k). Clearly, A (E) = Ax(E,..., E).

= A4 N ,

k times
Now we consider a continuous function ¢: S(E) — R. It induces a section

sp:d*(P(E(1)) x -+- x P(E(k))) — Ak(EQ), ..., E(k))

of the vector bundle Ay (E(1),..., E(k)) by

k
(b, (Ly,....Lg)) (sw(b, (Li.....Lp): [ [ S@) — R)
i=1
forb € Band (Ly,...,L;) € P(E(1)p) x--- x P(E(k)p), where

Sp(b, (L1, ..., L)) (v1, ... vg) := /0

by ety NS (Ep)

.....

.....

The CS/TM scheme theorem for the GHR problem for mass assignments with con-
straints is as follows.

Theorem 3.3. Let E be a Euclidean vector bundle over a compact and connected ENR
base space B, k > 1 and j > 1 integers, and let E(1), ..., E(k) be vector subbundles
of E.

If the Euler class of the vector bundle (Ax(E(1), ..., E(k))/R)®/ does not vanish,
then for every collection of j continuous functions @1, ..., ¢;: S(E) — R there exists a
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point b € B and there exists an arrangement of k linear hyperplanes H, ..., Hy in the
fibre Ep, determined by the collection of vector subbundles E(1), ..., E(k) with the prop-
erty that for every pair of connected components (O',9") of the arrangement complement
Ep — (Hy U---U Hy) the following statement holds

/ 901=/ 901,--~,/ <Pj=/ @j-
0’'NS(Ep) 0"NS(Ep) 0'NS(Ep) O0"NS(Ep)

Proof. A proof is a slight modification of the proof of Theorem 3.2, so we do not repeat
it. ]

3.4. The orthogonal GHR problem for mass assignments

The scheme for the partitions with orthogonal arrangements is just a “restriction” of the
scheme presented in Section 3.2.

For a Euclidean vector bundle over a compact and connected ENR base space B, and
integers k > 1 and j > 1, we proved the following:

If the Euler class of the vector bundle (Ax (E)/R)®7 over d* (P (E)*¥) does not van-
ish, then for every collection of j continuous functions ¢y, ..., ¢;: S(E) — R there exists
a point b € B and there exists an arrangement of k linear hyperplanes Hy, ..., Hy in the
fibre Ej with the property that for every pair of connected components (O’, ©”) of the
arrangement complement Ep — (Hy U --- U Hy) holds

/ (P1=f (Pl,---,/ <Pj=/ @j-
0’'NS(Ep) 0"NS(Ep) 0'NS(Ep) 0"NS(Ep)

Since we are interested in partitions by specifically orthogonal arrangements the space
of all possible solutions becomes the following subspace of Xi (E) := d*(P(E)*¥):

Yir(E) := {(b, (Ll,...,Lk)) €eXk(E): Ly L Lgforalll <r <s < k}.

In addition, let us denote by g the inclusion Yy (E) < Xy (E). Thus, the vector bundle
we are interested in is the restriction bundle By (E) := Ax(E)l|y, (g)- In particular, there
is an isomorphism of vector bundles

By(E) = Vi (H(E)®R)® - ® V}(H(E) ® R),

where ¥; = ©; o gy for 1 <i < k.Recall H(E) and R are here the Hopf line and trivial
line bundle over P (E), respectively.

Now, we get the CS/TM scheme theorem for the GHR problem for mass assignments
by orthogonal arrangements directly from the proof of Theorem 3.2.

Theorem 3.4. Let E be a Euclidean vector bundle over a compact and connected ENR
base space B, and letk > 1 and j > 1 be integers.

If the Euler class of the vector bundle (Bx(E)/R)®/ does not vanish, then for every
collection of j continuous functions ¢, ..., ¢;: S(E) — R there exists a point b € B
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and there exists an orthogonal arrangement of k linear hyperplanes Hy, ..., Hy in the
fibre Ey, with the property that for every pair of connected components (9, O") of the
arrangement complement Ep — (Hy U --- U Hy) the following statement holds

/ §01=/ 901,---,/ <Pj=/ @j
O'NS(Ep) 0"NS(Ep) O'NS(Ep) 0"NS(Ep)

The proof of this result is a copy of the proof of Theorem 3.2 with Y (E) in place of
X (E) and the vector bundle By (E) in place of the vector bundle Ay (E).

3.5. The Fairy Bread Sandwich theorem

Fix integers d > 1 and k > 1 with d > k, and let V = R?*!. Let (ji,...,jg) be a
permutation of the set {k,...,d}, and let @, : S(Ec‘fj:ll) —-R,k<a<d,1<b<j,be
a collection of functions from the sphere bundle of the tautological vector bundle E;ljr'll
over the Grassmann manifold G441 (V) to the real numbers.

The space of all potential solutions of the partition problem considered in Theorem 2.12

is the following flag manifold

,,,,,

d
Z{(Vkv---de)EHGi(V)50§ VkE---EVdEV}
i=k
= (Wiy ... Wai1) €Gr (V)X G (V)T - Wy L Wi forall k <i’ <i” <d +1}.

We used the homeomorphism between these two presentations
Wi Wag) > Wae, Wi @ Weq1) .. (W @ Wit ®--- @ Wa—y)) ()

to identify the corresponding elements. More detail on flag manifolds can be found in
Section 6.

For every k + 1 <i < d + 1 we define a 2-dimensional real vector bundle K; over
4 (V) whose fiber over the point

.....

.....

is the real vector space Map(S(W;), R). The vector bundle K; decomposes into the direct
sum
Ki ~ E; ® R,

where E;, as in Section 6, denotes the canonical line bundle associated to the flag manifold
Flag, ;(V) and R is the trivial line bundle which corresponds to constant functions.

Take an integer k + 1 <i < d + 1, and let ¢: S(EidH) — R be a continuous real
valued function. It induces a section s; , of K; defined by

Wer - W) 2 Vi, Viey 1, Va) — (5o (Wi, ... Wq): S(W;) — R),
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where

SioWk,....Wa)(u) = /

{veVi{v,u)=0}NS(V;)
The section s; , induces additionally a section slf, 0 of the vector bundle E; by
2)
Wiy oo o s Wa) = Vi, Vet -2 5 V) > (Sz{,(o(Wk’ LWy S(W) — R),
where
S;’W(Wk, ey Wd)(u) = Si’(p(Wk, ey Wd)(u) — Si’(p(Wk, ey Wd)(—u).

Now, the CS/TM scheme theorem for the Fairy Bread Sandwich theorem can be stated
as follows.

Theorem 3.5. Letd > 1 and k > 1 be integers withd > k, and let V = R4+ e q real

vector space. Fix a permutation (ji, ..., jg) of the set {k, ..., d}, and take an arbitrary
collections of functions Qg p: S(Etﬁ'll) —- R, k<a<d, 1 <b<j, from the sphere

bundle of the tautological vector bundle Ej:ll over the Grassmann manifold G441(V) to

the real numbers. ' _ .
If the Euler class of the vector bundle E := E,?_ﬁ @ E,EB_‘{’;“ B D E?ﬁ does not
vanish, then there exists a flag (W, ..., Wq) = (Vk,...,Va) € Flagy (V) such that

foreveryk <a <d and every 1 < b < j, the following equality holds

/ Pa,b / Pa,b
{veVat1:(v,ua)=03NS (V1) {veVat1:{v,ua)<03NS (Vat1)

Here the unit vectors Uy, . .., Uq are determined, up to a sign, by the equality V, = {v €
Vig1 (v uy) =0}, k <r <d, and with Vg1 = V. This means that u, is a unit normal
vector to Vy, considered as a hyperplane inside Vy41. In other words, u, € S(Wy41) for
allk <r <d.

Proof. Assume that the Euler class of the vector bundle £ = E Sk g ... E®/ does

k+1 d+1
not vanish. Hence, every section of E has a zero.

The collections of functions ¢, p: S (E(‘fjll) —->R,k<a<d,1<b < j,induces a

section of the vector bundle E in the following way

Wi W) > D Sisrg, Wao oo W) @@ D si1 40, Wies - Wa).
1<b<j 1<b<jq

Thus, there exists a flag (Wg, ..., Wy) = (Vi,...,Vq) € Flag;

k <a <d andevery 1 <b < j, the following statement holds

s;+1,%’b Wis ..., W) (u)

4 (V) such that for every

/ Pa,b _/ DPab = 0,
{veVat1:{v,u)>03NS(Vat1) {veVat1:{v,u)<0}INS(Vat1)

for u € S(W,41). This concludes the proof. |
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4. Proofs of Theorems 2.1 and 2.2

For the proofs of the theorems we recall and show the following classical fact, see for
example [13, Satz und Def. VI1.6.4], [24, Thm. 17.2.5 and Def. 17.2.6] and [17, (1.13)].

Lemma 4.1. Let E be a Euclidean vector bundle of dimension n over a compact and
connected ENR B, and let P (E) denote the associated projective bundle of E. Then there
is an isomorphism of H*(B;F,)-algebras

H*(B;Fz)[x]/(zwn—s(E) xs) - H*(P(E)§F2)
s=0

which maps x to the mod 2 Euler class of the Hopf line bundle H(E).

For the proof first recall that for m > 2
H*(P(R™);F,) = H*(RP" ', Fp) = F>[x]/(x™),

where x = e(H (R™)) is the mod 2 Euler class of the Hopf line bundle H(R™). In the case
when m = oo we have

H*(P(R®):F2) = H*(RP®:F,) = Fy[x],

where x = e(H) is the mod 2 Euler class of the Hopf line bundle H := H(R*®).

Second, we point out that for an n-dimensional vector bundle £ over a compact and
connected ENR B we can define its Stiefel-Whitney classes in the following way. Con-
sider, the projections

p1:BxP(R*®) - B and p;:B xP(R*®) - P(R*),
and the mod 2 Euler class of the vector bundle p} E ® p5 H which lives in the cohomology
H*(B X IP’(IR"O);IFZ) ~ H*(B;F,) ® H*(IP’(]R{"O);IFz) ~ H*(B;F,) ® Fy[x].

Hence, there exist classes w; € H'(B;F,),0 < i < n, such that
n .
e(pr@p%‘H):Zw,-xx"_’. 3)
i=0

Here “x” denotes the cohomology cross product; see for example [12, Thm. VI.3.2].

Then we define the i-th Stiefel-Whitney class of E to be w; for 0 <i <n and 0
otherwise, that is w; (E) = w; for 0 <i <n and w; (E) = 0 fori > n + 1; consult for
example [24, Thm. 17.2.5 and Def. 17.2.6]. Thus, the relation (3) becomes

n
e(piE® pyH) =Y wi(E)xx" . @
i=0
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Let us now consider a real line bundle L over a compact ENR B’, and let p|: B x B’ —
B and p5: B x B’ — B’ be the projections. The line bundle L is isomorphic to a pull-back
bundle f*H of the Hopf line bundle H for some continuous map f: B’ — P(R*). In
particular, the mod 2 Euler class of L is e(L) = f™*(¢). Consequently, first

PYE® py'L = (idxf)"(pTE ® p; H). ®)
Second, the naturality of the Euler class and the description of the map id x f on the level
of cohomology imply that

e(Py E ® piL) 2 (idx f)*(e(ptE ® piH))

@ (idxf)*(Zw,-(E) xx"_i)
i=0

n
=Y wi(E) xe(L)"™". (6)
i=0
Now, if B’ = B, and d: B — B X B denotes the diagonal embedding, we have that
E® L =d*(p|'E ® p5 L). Consequently, from (6) and the definition of the cup product
[12, Def. VI1.4.1], we get

e(E®L)=e(d*(p}'E ® p5L))

d* ( > wi(E) x e(L)"—i)
i=0

n

wi(E)e(L)"™. (7
i=0

Proof of Lemma 4.1. The powers of the mod 2 Euler class of the Hopf line bundle
e (H(E)) € H (P(E);F,)

for 0 <i < n — 1 when restricted to each fibre P(Ep), b € B, of the bundle P(E)

form a basis of H*(P(Ep); F,). By the Leray—Hirsch theorem H*(P(E);F,) is a free

H*(B;TF,)-module with a basis 1,e(H(E)),...,e(H(E))"!; see [24, Thm. 17.1.1].
We recall that the Hopf line bundle H(E) is defined as

H(E) ={(b.L.v):be B, L €P(Ep), veL}
In particular, it is a subbundle of the pull-back of E along the projection map
g:P(E)={(.L):be B, LcP(E;)} > B, (b.L)b.

Now, note that the line bundle H(E) can be identified with its dual line bundle H(E)* by
the inner product. So

¢*E® H(E) = ¢*E ® H(E)* = Hom (H(E), g*E)
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is the vector bundle whose sections are linear maps H(E) — g* E. The inclusion of H(E)
into g*E gives a nowhere-zero cross-section of the vector bundle g*E ® H(E). Con-
sequently, we have that

0=c(g"E® H(E) 2 Y wi(g"E)e (H(E))"
i=0

=Y g (wi(E) e (HE)" ™ =Y wi(E)-e (H(E)" ™.
i=0 i=0

9

Here “-” refers to the H*(B;F,)-module structure. Therefore,

e(H(E)" =Y wi(E)-e(H(E)"™,

i=1

which completely determines the structure of H*(P(E);[F,) as an H*(B;F,)-algebra. m
Now we proceed with the proofs of Theorems 2.1 and 2.2.

4.1. Proof of Theorem 2.1

Let E be a Euclidean vector bundle of dimension n over a compact and connected ENR B,
and let the integers k > 1 and j > 1 be fixed. Assume that ex (B)’ does not belong to the
ideal I¢(E).
The proof of the theorem relies on the criterion from Theorem 3.2, that is:
®Jj .
e ((Ak(E)/R)™) # 0= (j.k) € As(E).

Observe that the mod 2 Euler class of the vector bundle (A (E)/R)®/, or in other words
the top Stiefel-Whitney class, lives in the cohomology of the pullback bundle, that is
H*(d*(P(E)**);F,). We will prove that

« H*(d*(P(E)*):F2) = Re(B)/Ix(E), and

© Wek_py; (A (E)/R)®T) = ex(B) + I (E) € Ri(B)/Ix(E).

Assuming these two claims to be true, the criterion from Theorem 3.2 yields:
e,’; + Ik (E) # Ik (E) in Rp(B)/ Ik (E) = (j, k) € As(E).

Thus, the proof of Theorem 2.1 is finished, up to a proof of the two facts we listed.
First, we compute the cohomology of the pullback bundle d* (P (E)*¥) because the
Stiefel-Whitney class w((Ax (E)/R)®7) belongs to H*(d*(P(E)**);TF»).

Claim 4.2. There is an isomorphism of H*(B;F,)-algebras

n
Ri(B)/Ix(E) = H*(B:Fy)[x1. ... ,xkl/(z Waes (E) X311 <7 < k)
5s=0
— H*(d*(P(E)*);F2)
mapping x, to the mod 2 Euler class of the pullback vector bundle ®}(H(E)) for all
1<r<k.
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Proof. The proof proceeds by induction on j where 1 < j <k.If j = 1, then the statement
reduces to Lemma 4.1. Let j > 2, and assume that there is an isomorphism

H*(B;Fy)lxy, ... ,xj_l]/(an_s(E) xiil<r<j- 1)

s=0
— H*(d*(P(E)*V™V):F,)  (8)

which maps each class x, to the mod 2 Euler class of the pullback vector bundle ®}(H(E)),
where 1 <r <j—1.

The pullback bundle d*(P(E)*“~V) is a bundle over B with the corresponding pro-
jection map p:d*(P(E)*Y~V) — B. Then d*(P(E)*/) is isomorphic to the pullback
bundle p*(P(E)) = P(p*(E)) over d*(P(E)*U~1). Recall that P (E) is the projective
bundle associated to E, and therefore a bundle over B. Hence, there is a pullback diagram

d*(]P’(E)Xj) ~ p*(IP’(E)) ~ IP(p*(E)) — P(F)

| |

d*(P(E)*U~D) B.

Consequently, by Lemma 4.1, we get an isomorphism of H*(d*(P(E)*U~1);F,)-algeb-
ras

H*(d*(P(E)*U~Y); Fz)[x.;]/(z Wn—s(E) x_f')

s=0
— H*(P(p*(E));F2) = H*(d*(P(E)/);F2) (9)

which maps x; to the mod 2 Euler class of the Hopf line bundle H(p*(E)).
Now, the induction hypothesis (8) in combination with the isomorphism (9) completes
the proof of the claim. ]

Finally, we evaluate the Stiefel-Whitney class w_); ((Ax (E) J/R)®/).
Claim 4.3. The mod 2 Euler class of the vector bundle (A (E)/R)®/ is equal to:

Wk (A (E)/R)®)

=eaB) +I(E)y= []  (xi+-+axn) +I(E) € Re(B)/ Ik (E).
(@150 )EFE—{0}

Proof. Recall the isomorphism of vector bundles
A(E) = O (H(E)®R) ® - ® Of (H(E) ® R),

where R is the trivial line bundle over P(E), and ®7(H(E) @ R) is a pullback vector
bundle. Now the claim follows from the distributivity of the tensor product over the direct
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sum, the fact that the pullback of a trivial bundle is again a trivial bundle, and the equality
w(a ® B) =1+ (w1(x) + wi(B)) which holds (only) for line bundles & and § (see
[29, Prob. 7 (A)]). Note that & ® S is also a line bundle. [

With the claims verified, the proof of Theorem 2.1 is now complete.

4.2. Proof of Theorem 2.2

The proof we present is an extension of the proof of Theorem 2.1, and therefore it is
just outlined. Let £k > 1 and j > 1 be fixed integers. We consider a Euclidean vector
bundle E of dimension n over a compact and connected ENR B, and, in addition, k vector
subbundles E(1), ..., E(k) of n of dimensions ny, ..., ng, respectively. Assume that
J = w(EQ), ..., E(k)) = max{j : ex(B)) ¢ Ix(E(D)...., E(k))}

The proof of the theorem uses the criterion from Theorem 3.3. That is, if the Euler
class e((Ax (E(1),..., E(k))/R)®/) # 0 does not vanish, then for every collection of j
continuous functions ¢y, ..., ¢;: S(E) — R there exists a point b € B and there exists
an arrangement of k linear hyperplanes Hy, ..., Hy in the fibre Ej; determined by the
collection of vector subbundles E(1), ..., E(k) with the property that for every pair of
connected components (Q’, ©”) of the arrangement complement Ej, — (Hy U --- U Hy)
the following equalities hold

[T S S
O'NS(Ep) O"NS(Ep) O'NS(Ep) O"NS(Ep)

The mod 2 Euler class of (Ax(E(1), ..., E(k))/R)®/, or in other words the top
Stiefel-Whitney class, lives in H*(d*(P(E(1)) x --- x P(E(k))); F2). Therefore, we
prove that

o H*(d*(P(E(1)) x---xP(E(k)));F2) = R (B)/Ix(E(1),..., E(k)), and that

© Wek_py; (A (E(D), ..., E(k)/R)®) = e (B) + Ii(E(D). ..., E(k)).

If these two statements are assumed to be true, then the criterion from Theorem 3.3, in
combination with the theorem assumption j < (x(E; E(1),..., E(k)), implies that

wek—n; (AR (EQ), ..., E(R)/R)®) = e] + T (EQ1), ..., E(k))
# L (EQ)..... E(k)).

Hence, e((Ax(E(1), ..., E(k))/R)®/) # 0, and the proof of Theorem 2.1 is complete.
Indeed, the remaining claims are verified in the same way as in the proofs of Claims 4.2
and 4.3.

5. Proofs of Propositions 2.4 and 2.7

We prove the main facts about the integers ¢;(E) and tx (E(1), ..., E(k)) stated in Pro-
positions 2.4 and 2.7, as well as two related consequences, Corollaries 2.8 and 2.9.
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5.1. Proof of Proposition 2.4

Let E be a Euclidean vector bundle of dimension  over a compact and connected ENR B.
Since k = 1 we simplify notation by taking x = x;. Hence, e;(B) = x and I;(F) =
(x" + wi(E)x" 1 + - + w,(E)). Set

a:=u(E) =max{j:x/ ¢ I,(E)}

and
b:=max {j :0# wj_nt1(—E) € H 7" (B;F,)}.

In particular, we have that wp_,+1(—F) # 0 and that w,(—E) = Oforallr > b —n + 2.
Now, we prove thata = b.

Using the Euclidean algorithm in the polynomial ring R;(B) = H*(B;F,)[x] we
have that

xb = (x" +w (E)x" 14+ 4 wn(E))q +dy x4+ dyx + dy,
where g € R1(B), and for 0 <i < n — 1 the coefficients are given by
di = wp—i(—E) + w1 (E)Wp—i—1(=E) + -+ + Wy—i—1(E)wp—p+1(~E) € H*(B;T2),

as demonstrated by Crabb and Jan Jaworowski [ 16, Proof of Prop. 4.1]. Since w,(—E) # 0
forr > b —n + 2 it follows that

di = wp—i—1(E)Wp—_py1(—E) for0<i <n-—1,
and so

xb = (x" + wi(E)X" '+ + wu(E))g
+ Wp—pt1 (—E) (X" + wi(E)X" 72 + -+ 4wy (E)).

Consequently, from wp_, 11 (—E) # 0 it follows that x? ¢ I (E) and accordingly b < a.
Let us now assume that b < a, or in other words b —n + 2 < a — n + 1. Recall that
wr(—E) # 0forr > b —n + 2, and in particular for » > a — n + 1. Once again we have

x = (x" + wi(E)X" o+ wa(E))g +dy_ x4 dix + d,
where
d} = wa—i(—E) + w1 (E)Wg—i—1(=E) + -+ + Wp—i—1 (E)Wag—p+1(—E) = 0,

forall 0 <i <n — 1. Hence, x* € I,(FE), which contradicts the definition of the integer a.
Therefore, b > a.
We have proved that a = b, or in other words that

1 (E) =max {j : 0 # wj_n1(—E) € H 7"TY(B;F,)},

as claimed. [
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5.2. Proof of Proposition 2.7

Let k > 1 be an integer, and let E(1),..., E(k) be Euclidean vector bundles over a com-
pact and connected ENR B. Set n; to be the dimension of the vector bundle E(i) for
1 <i < k. Let us denote by

ai =1 (E@)) = max {j : 0 # wj_n,+1(— E@i)) € H/ 7T (B;F,)},
a:=uylar+1,....ar +1) =max {j : ex(pt)’ ¢ (xa‘+1, ) ..,xZ"H)},

b= Lk(E(l),...,E(k)) =max {j : ex(B) ¢ It (EQ1),..., E(k))},

where 1 <i <k, and
I (EQ), ..., E(k)) = (an,_s E(r)xf:1<r< k) C R (B).

In the definition of a; we used the characterisation from Proposition 2.4. In particular, we
have that w,(—E(i)) = Oforall r > a; —n; + 2.
With the notation we just introduced the assumption of the proposition reads

wal—n1+1(_ E(l)) e wak—nk+1(_ E(k)) # O’

while the claim of the proposition becomes @ = b.
The main ingredients of our proof of Proposition 2.7 are contained in the next two
claims, where the first claim is used for the proof of the second.

Claim 5.1. x{'---x* ¢ I (EQ1), ..., E(k)).

Proof. For simplicity set I := I;(E(1),..., E(k)). Once again we use [16, Proof of
Prop. 4.1] and get that forall 1 <i < k:

x{t = (x" + wi (E@))x] nel b w,, (E(D)))-qi + g1 i X1 o doy,
where for0 <s <n; — 1:
dsi = Wa;—s(— E@)) + wi(E(@)) way—s—1(— E(0))
+ 4 Way—s—1 (E () Wag—n;+1(— E0)).
More precisely, since w,(—E(i)) = 0 for all r > a; — n; + 2, we have that
dsi = Wp;—s—1(E () Wa;—n;+1(— E(0)).
Consequently,
XU+ T =wamm+1(— E@) (x4 4 wpm1 (EG))) + T

and so
k

xill “_ka + I — l—[ wa,-—n,--i—l E(l) l_[ n;—l -+ wni_l(E(i))) + I

i=1 i=1

kel
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From the assumption of the proposition we have that ]_[f-c=l W, —n;+1(—E(i)) # 0, and so

x{t e x{F + I # I as claimed. "
Claim 5.2.
1
(i

= ker (Fa[x1,...,x¢] > H*(B:F2)[x1,....xk)/ Ik (E(D), ..., E(K))).
Proof. The ring homomorphism we consider
h:Falxy,....xk] > H*(B;F2)[x1. ..., xk]/Te(EQD). ..., E(k))

is induced by the coefficient inclusion F, < H%(B;F,) — H*(B;TF,). Furthermore,
denote by ¢ := ker(h).

As in the proof of the previous claim we use [16, Proof of Prop. 4.1] and for every
1 <i < k get that

X;li+1 — (x;’i + U)1(E(i)))€;li_l + o+ Wy; (E(l))) - qi
) X e dy € HY(BiFa)[xy, ... xi].
Here for0 <s <n; — 1:
ds/,i = wai-i-l—s( - E(l)) + wl(E(i)) wa,-—s( - E(l))
+ e+ wn,-—s—l(E(i)) wa,-—n,-+2( - E(l))

In this case the fact that w,(—E(i)) = O for all r > a; — n; + 2 implies that ds”i = 0 for
all 0 <s <n—Tlandall 1 <i < k. Consequently, x/'*' € I;(E(1),..., E(k)), or in

» . 1
other words, xf’“ € ¢,forall 1 <i < k. Hence, (x‘1“+1,...,x,‘zk+ )< 4.
Assume that
— c1 Ck a;+1 ap+1
0#p= Z Oeyne Xy X €F — (x0T,
(c15..5ck)EC

.....

are the coefficients. After a possible modification of p, by taking away monomials which

already belong to the ideal (xf‘ H, . ,xZ"H), we can assume that the set of exponents
satisfies

B#C C[0,a1]x---%x[0,ar].
That is, no monomial in the representation of p belongs to (x‘f‘“, ey xZ" H).

Let sg :=min{s € Zx¢ : &c,,....c;,_,,s 7 0}. Then
ag—s, +1 ap+1
T ped - kT

with all monomials having degree of xj at least ag . Taking away all monomials in x,‘:k Sk p

which already belong to (xi”“, cee, xi"“) we get a polynomial which still belongs to
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I — (x‘ll1+1 e ,xak+l). Now, repeat the procedure iteratively with variables xx_1,...x1,
respectively. At the end we get that
xftextbe g — (it ,xzk—H).

We have reached a contradiction with Claim 5.1. In particular, this says, that
h(x{" -+ x%) # 0,
or equivalently x{" --- x* ¢ ker(h) = . .

Finally, we complete the proof of Proposition 2.7 as follows. According to the defini-
tion of a we have that

ex(pH)? & (xO L ,xZ"—H) = ker(h),
ex ()Tl e (L ,xZ"—H) = ker(h).
Consequently,
ex(B)* + Ix(EQ). ..., E(k)) = h(ex(pt)?) # 0,
e (Bt + Ik (EQ1), ..., E(k)) = h(ex(p**') = 0.
From the definition of b we conclude that @ = b, as claimed. This argument completes the

proof of Proposition 2.7. |

5.3. Proof of Corollary 2.8

In order to prove the statement, according to Proposition 2.7, it is enough to check whether
(wd_g(—Eg))k # 0, because Ll(Eg) = d — 1, as demonstrated in Corollary 2.5. Since
k < £ it suffices to prove that (wg—g¢ (—Eg))Z # 0. Indeed, the Gambelli’s formula ([23,
p- 523], [22, Prop. 9.5.37]) implies the equality

¢
(wa—e(—E{))" = det (Wa—t4i—j (~E{)) oy jp = 1d —L.d —€,....d =] #0.
Here [d —€,d — £, ...,d — {] denotes a Schubert class. Note that w,(—E;) = 0 for all

r > d — £, and that we assume w,(—Ey) = 0 forr < 0. |

5.4. Proof of Corollary 2.9

From Theorem 2.1, we have that (, k)eAs(Eg) ifex(B)/ ¢ Ik(Egl) =TI (E9,.. ., Elfl),
or in other words if

JSw(EE . ED =ud,....d)=max{j ex(p)) ¢ (x{,... . xD))}.

Here the first equality comes from Corollary 2.8 while the second one is just the definition
of g (d,...,d).

Since j = 2! + r where 0 < r <2/ — 1 and d > 2'7*~1 4 1, then according to [6,
Lem. 4.2] we have that ey (pt)/ ¢ (xld, .. ,x,f). Thus, indeed j < (EZ, ..., Eg) and
the proof of the corollary is complete. ]
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6. Proofs of Corollaries 2.10, 2.11 and Theorem 2.12

Before going into the proofs we recall the notion of a real flag manifold by introducing it
in two equivalent ways. Furthermore we give a description of the cohomology ring with
coefficients in [F5.

Letk > 1 and d > 2 be integers. Consider a strictly increasing sequence of positive
integers (71, ..., nx) bounded by d, meaning 1 <n; <--- <ngp_; <ng <d —1.Setin
additionng = 0and ng4q =d.

Let VV be a Euclidean vector space of dimension d. The real flag manifold, of type
(n1,...,ng), in V is the space Flagnl,wnk(V) ofallflags0C Vi C---CVp CVinV
with the property that dim(V;) = n; for every 1 <i < k. Alternatively, we can say that
Flag, . (V)isacollection of all (k + 1)-tuples of vector spaces (Wi, ..., Wi41) with
the property that

o dim(W;) =n; —n;_yforalll <i <k +1,and
o Wiy L Wuforalll <i’ <i” <k +1.

In other words

..... }’Lk(V)
k
={n.... Vo e[[GnV):0cVic-C WSV}
i=1
k+1
~ {(Wl,...,Wk+1) € [ Gunis (V) : Wir L Wi forall 1 <i’ <i” <k + 1}
i=1
N 0O(d)
T O(ny —ng) xO(ny —ny) x -+ x O(ngyr —ng)

The homeomorphism between these two presentations is given by
(Wl, e, Wk—H) —> (Wl, (W1 (<3} Wz), e, (W1 W, d---P Wk—l))~

The flag manifold Flag, . (V) isindeed a compact §-dimensional manifold where § :=
Y i<ir<ir<kg1(ir —ny—1)(ni» —nin_y). In the case when k = d — 1, and consequently
n;=iforalll <i <k =d — 1, the flag manifold Flag, , _,_;(V) is called the complete
flag manifold. Furthermore, the flag manifold Flag, (V') coincides with the Grassmann
manifold G, (V) = G, (R?).

Over the flag manifold Flag,,
given by

nk(V) there are k + 1 vector bundles E, ..., Ex4q

.....

.....

where 1 <i <k + 1. In particular, E; & --- @ E4; is isomorphic to the trivial vector
bundle Flagn1 nk(V) x V. Now, the classical result of Armand Borel [11, Thm. 11.1]

.....
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says that
H*(Flag,, _,, (V):F2)
= Fafwi () wnyog (B 01 Bt Wy (i) oo
where the ideal 1, ..., is generated by the identity
(1 4+ wi(Er) + 4 Waymng(E1)) -+ (1 + w1 (Ex1) + - + Wy =y (Ek11)) = 1.

In particular, in the case of the complete flag manifold, equivalently when k = d — 1, we
have that

H*(Flag, 4 (V):F2) = Fa[wi(E1), wi(E2), ..., wi(Eq)]/I1,..a-1- (10)
In this case E1, ..., E4 are all line bundles. Here, the ideal I z—; is generated by the
identity

d
1_[ (I+wi(E)) =1,
i=1

which implies that a generating set for /; _ ;_; is the set of all elementary symmetric

.....

polynomials in wi(E7), wi(E3), ..., w;(E,) as variables. Thus,
Ii,..a—1 = (or(wi(E1), wi(E2),...,wi(Eg)) : 1 <r <d), (11)
where 071, ..., 04 denote elementary symmetric polynomials.
Flag manifolds of different types allow continuous maps between each other induced
by a choice of a subflag. In particular, for any type (71, ..., nx) there is a continuous map
®ny,..., "k:Flagl,...,dfl(V) - Flagnl ..... nk(V)»

given by the selection of a subflag
0CNChnc - CVi 1 CVE0CV, SVy S-SV SV

An important feature of this map is that the induced map in cohomology

is injective; consult for example [23, pp. 523-524].

6.1. Proof of Corollary 2.10

We apply Proposition 2.7. Thus, we need to compute first ¢ (E(i)) forall 1 <i < k. From
Proposition 2.4 we have that

t(E@)) =max {j : 0 # wj—ameG)+1(— E(0)) € H*(B:F2)},

where in our situation B := Flag, ., (V).
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Let 1 <i < k. Consider the following commutative diagram of flag manifolds where
all the maps are induced by a selection of the corresponding subflags:

Bi

Flag, . ., (V) Flag, (V) = Gy, (V)

Ony,..ng On;

a—1(V).

Since the induced maps in cohomology o, , and , are injective, it follows that the

,,,,,

induced map B is also injective. Now, from the injectivity of 87 and the fact E(i) =
BIE ,‘fi , in combination with Corollary 2.5 we have that

.....

w(E@) =u(EL) =d —1.

Here, as before, E ,fi denotes the tautological bundle over the Grassmann manifold G, (V).
To conclude the proof of the corollary we verify the criterion from Proposition 2.7,
that is, we prove that the following product does not vanish

x~

= [[waEay-n+1(- E®) = de —n;(— E(i)) € H*(B; ).

i=1 i=1

From the fact that E(i) ® Ej+1 @ --- ® Ex4+1 = B x V is a trivial vector bundle we
get the following equality of total Stiefel-Whitney classes:

w(—E@)) = w(Eis1 & ® Eg+1) = w(Ei+1) - w(Eg41)-
Therefore,
wd—ni(_ E(l)) = wd—ni(Ei+1 STRRRN Ek-‘rl) = Wn;41—n; (Ei+1) "'wnk+1—nk(Ek+1)v

because dim(E;j+1 @ -+ P Ex11) =d —n; anddim(E,) =n, —n,_q forevery 1 <r <
k + 1. In particular, each Stiefel-Whitney class wy,—n,_, (E;) is the mod 2 Euler class
e(E) of the vector bundle E,. We calculate as follows:

k
ZH Wy — n, E(l))

k  k+1

1_[ l_[ Wn;yy—n; (Eig1)--- w"k+1—"k(Ek+1)

i=1r=i+1

= Wny—n, (E2)- wng—nz(E3)2 cr Why o —ny (Ek-‘rl)k-

Thus, it remains to show that the class
E E 2 E
w,,z_,,l( 2) . wn3_n2( 3) s Wy l_nk( k+1)

does not vanish in H*(B;F,).
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For that we apply the homomorphism e, , to the class u and land in the cohomo-
logy of the complete flag manifold H*(Flag, ;_;(V);F,), thatis

.....

2 k
a:;l,,,‘,nk (M) = aﬂl,---,’lk (wnz—}ﬂ (EZ) ° wn3—n2 (E3) e wnkﬂ—nk (Ek+1) )

= wl(En1+1) T wl(Enz)

w1 (Eny41)? - w1 (Epy)?

w1 (Epg+1)" "'wl(Enk+1)k-

The vector bundles on the farthest right-hand side of the last equality are canonical line
bundles over the complete flag manifold. Here we used the isomorphisms

* ~ * ~
U B2 ZEn1 @@ En, ...,y Bkt = Eppp1 @@ Epy .

.....

Now, we observe that the monomial in the cohomology of the complete flag manifold
W1 (Eny 1)+ W1 (Eny) Wi (Eny 1) - w1 (Eng) - w1 (B ) -+ w1 (Eng )
divides the monomial
wi(E)) w1 (E2)' wi(E3)* - wi(Eg)? .

Thus, in order to prove that o, .
to show that

n, () 7# 0 and consequently conclude u # 0 it suffices

.....

0 # wi(E) w1 (E2)'wi(E3)? - wi(Eq)* ™ € H*(Flag, 4 ,(V):F2)
= Fa[wi(E1), wi(Ea), ..., wi(Eg)]/ 11,1

Recall that the ideal /3, 4—1 = (o, (W1 (E1), ..., w1(Eg)) : 1 <r < d) is generated by
elementary symmetric polynomials. Hence

wi(EN°wi(E2)' - wi(E) ™ #0 &= wi(Ex) wi(Ex@)' -+ wi(Ex@)? ' #0
for every permutation 7 € &,. For the sake of brevity we prove that
wi(Ea)’wi(Eq—)' - wi(ED?™" #0 (12)

in H*(Flagl,...,d—l (V); F2).
The proof of (12) proceeds by induction as follows. First, obviously wy (E;)¢~" # 0
in
H*(Flag,(V); ) = H*(P(V); F2) = F>[x]/(x?),

where x corresponds to wy (E1)? 1. Next, let 1 < k < d — 2 and let

w1 (E) ™ wy (Exg—)?* 1w (BT £ 0 (13)
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in H*(Flag, «(V); F2). Finally, the map

..........

Flag, x4+1(V) — Flag; . (V),

,,,,,

given by
0CNc - CVrCVigi>0C1 C---C Vg,

is the projective bundle of the vector bundle (E; @ --- @ Ex)* over the flag manifold
Flag, (V),thatisP((E1&---® E)1). From Lemma 4.1 we have that

ka1 (Vi) = H*(P((Ey @ - @ Ex)t); o)

d—k
~ H*(Flag, k<V>;1F2)[x1/( S wa ks xS),
s=0

where wWy_x—s = Wyg—k—s(—(E1 @ -+ ® Ex)) and x = w1 (Ek+1). Thus, from assump-
tion (13), that is w(Eg)°wi(Eg—_1)"---wi1(E1)?~' # 0 in H*(Flag, ;(V):F,) we
obtain

.....

W1 (Ex 1) wi (B wi (Eg—)? 1 cw (BN # 0

in H*(Flag, _ x41(V);F2). Consequently (12) holds. This concludes the argument and
completes the proof of the corollary. ]

Let us also point out that the non-vanishing of the class u can also be deduced using
[15, Rem. 2.8].

6.2. Proof of Corollary 2.11

As in the previous section we assume that k > 1 and d > 2 are integers, and that 0 =
ng <np <---<ng <ngy; =d is a strictly increasing sequence of integers. We take
V = R4 and denote by E1,..., Ex+1 the canonical vector bundles over the flag manifold
Flag, ., (V).Furthermore, E(i) := P, ,; Er forall1 <i <k,and E := E(k). In
addition, we assume that j = 2! + r is an integer, with 0 < r <2/ —1,and d = dim(V) >
2t+k—1 +r 4.

In order to prove the existence of the desired partition we use Theorem 2.2. More
precisely, if j < (x(E(1), ..., E(k)), then the theorem guarantees the existence of a
point b := (Wi, ..., Wk41) in the base space Flag, ., (V) of the vector bundle E
and an arrangement #® = (H?,... . H ,f ) of k linear hyperplanes in the fiber Ej such
that for every pair of connected components (', ©”) of the arrangement complement
Ep— (HP U---U H}) holds

[ o] o e[ w
O'NS(Ep) O"NS(Ep) O'NS(Ep) O"NS(Ep)

and in addition

(H))Y: € E()p, (HY)X C EQ)p ... (H)™ S Ek)p.
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Since E(i)p = ®15r5i (Ep)p = ®15r5i W, for every 1 <i <k, we have that
. AL L
(HIY-C E@y = HP2(EQW) = (P W) = @ W
l<r<i i+1<r<k+1
Hence, for the proof of Corollary 2.11 it suffices to verify that
i=2"+r <u(EQ),....E(k))

when d = dim(V) > 2t+tk—1 4 p,
We have from Corollary 2.10 that (. (E(1),..., E(k)) = (d,...,d), so we need to
show that

J=24r <ud,....d)=max{j e ()’ ¢ (x,... . xD)}.

Since d > 2!+tk=1 4 r using [6, Lem. 4.2], we get that ex (pt)’ ¢ (xfl, . ,x,‘f), and
consequently j < (x(d,...,d). This completes the proof of the corollary. |

6.3. Proof of Theorem 2.12

Fix integers d > 1 and k > 1 withd > k,and let V = R¢*! Let (ji,..., jq) be a permuta-

tion of the set {k,. .., d}, and take an arbitrary collections of functions ¢, : S (Egjll) —
R,k <a <d,1<b < j,, from the sphere bundle of the tautological vector bundle E;ljr'll

over the Grassmann manifold G441 (V) to the real numbers.
According to Theorem 3.5, for the existence of the desired partition it suffices to prove
the non-vanishing of the Euler class of the vector bundle

Y/ B jk ®j
E = Ek+]i ® Ek+2Jrl ©-- D Ed+ﬂi'

For this we show that the related mod 2 Euler class which lives in the cohomology ring
H*(Flag . 4(V);F2) is not zero. As already discussed at the beginning of Section 6 we
have that ) ‘

w(E) = (1+ wi(Exs1)™ - (1 + wi(Eg11)”

implying that the mod 2 Euler class of E is e(E) = wy(Ex41)’* --- w1 (Egz41)’@. Apply-
ing the map o ,, with the usual abuse of notation we have that

o a(e(E)) = W1 (Ex41)* - wy(Egy1)’ # 0

in H*(Flag; _;(V);F2), according to (12). Consequently, e(E) # 0 and the proof of the
theorem is complete.

7. Proofs of Propositions 2.13 and 2.14

In this section, we verify the properties of integers (g (my, ..., my) stated in Proposi-
tions 2.13 and 2.14.
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7.1. Proof of Proposition 2.13

Let k > 1 be an integer and let m1, . .., my be positive integers. Recall that
w(my,....mg) =max{j:ex(pt) ¢ (x]".....x7"%)},
where
e (pt) = I1 (a1 x1 4 -+ + ogxg) € Re(pt) = Falxy, ..., xz).

(or1,....05 ) €F5 —{0}

We prove the claims in the order they are listed.

(1) Assume that my > 2K~1m + 1 and in addition that tx_; (m, .. .,Mg—_1) > m. Then
ex(p)™ ¢ (x7'1, ... ,x,':'ffl). We transform as follows
e (p)™ = ex—1(p)” [T (xi+ + i +x0)™
(@101 )EFE!
_ m  2k1lm 2k=1;1
= ef—1(pt)" - xi + Dokt X + -+ p1- Xk + po,
where pyk—1,,_15--., P1, Po € Fa[x1, ..., xg—1]. Consequently,
k-1
ex(p)™ ¢ (x7"', .. .,x,’("_kI‘,xi m+ly
Since, my > 2¥~1m + 1 we have that
k—
(x;"‘,...,x;nk) - (x;'”,...,xi 1”H'l)
and thus
eeY™ & (3" ).
Therefore, 1y (m1,...,mg) > m, as claimed.

(2) We prove the claim by induction on k. For k = 1 we assume that m; > m + 1.
Then

t1(my) = max {j : e (pt)’ = x{ ¢ (")} =m—1=m.

Now, assume that the claim holds for k — 1 > 1, and assume in addition that
my>2"tm 41 foralll <i <k.

Then from the assumption tx—1 (mq, ..., mg_1) > m, and consequently by part (1) of this
claim it follows that ¢z (m1, ..., myg) > m.

(3) Inthis case we have thatm; =m + 1,my =2m +1,...,m; = 2k=1 4 1. Accord-
ing to the part (2) of this claim, it follows that

um+1.2m+1,22m+1....2"m+1) > m.
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Now, assume that tx(my,...,mg) > r > 1 for some sequence of positive integers
my, ..., mg. Hence, er(pt)” ¢ (xi"l, o ,x;"k). We expand the transformation from the
proof of part (1) of this claim as follows:

ex(p)” = ex—1(pt)” I (e1x1 + o+ -1 Xp—1 + xk)
(@101 )EFS!
= ex—a(pt)”
l_[ (@1x1 + -+ xg—1)" 1_[ (@1x1 + -+ + x)"
(@15ees0tp—p)EFE2 (@101 )EFS!
2k=1p k=2, 2r .r
= X k-1 2 X1 +4¢
Here g is a polynomial whose additive representation in the monomial basis does not con-
. . k=1, k- .
tain the monomial x7 lrx]%ilzr .-+ x3"x7. Since, ex (pt)” ¢ (x7"', ..., x;*) we conclude
that
k-1 k—2
mp>2"r4+1mp_1=>2"“r+1,....m >r+1,
implying that

M + My + -+ my+my = QN 42242 4 Dy k.
In particular,
Mg +Mg_1 + -+ +my+mq > (2k— Dig(my,...,mg) + k.
Thus, in the case whenm; =m + 1,my =2m +1,...,.my = k=1 4 1, we have that
Ck—Dm+k>0C"—Dum+1,2m+1,22m+1,....25 " m+ 1) +k,

or in other words m > x(m + 1,2m + 1,22m+1,... ,Zk_lm + 1).
Hence, we showed that ¢z (m + 1,2m + 1L,22m+1,....25tm+ 1) = m, as claimed.
(4) We start with the following transformation

ex (pt)™ = ex—r (pt)" l_[ l_[ (o1 X1 + -+ + o x)™
(ak—r+1 ----- ak)e]Fzr_{o} (@1 5eny Olk,r)E]Fé(_r
= ex—r(pt)" 1_[ l_[ ((oclxl + ot O X—r)

(@k—r 41502 ) EF; {0} (a1 ,...,000_, ) EF ST
m
+ (M —r 1 Xk—r 41 + -+ A XE))
Hence,

k—r
ex(pY)™ = ex—r (pY™ [1 (@k—rt1Xk—r 41 + -+ apxp)® " +g,
(0—r 4150k )EF; —{0}




P. V. M. Blagojevi¢ and M. C. Crabb 84

where the sets of (non-zero) monomials in the additive presentations of the polynomials
p and g are disjoint.

The assumptions ty_, (my, ..., mg—,) > mand t,(Mg_py1,...,Mg) > 2k="m imply
that
ek—r (PO ¢ (x7". ... x5
and
ok—r my_
l_[ (U—r 1 Xk—r 1+ Fogxp)™ ™ ¢ (xkfr_fll, e »x;cnk)-

(Ok—r 4150k )EF; —{0}

Therefore, the polynomial p is the witness that

ex(pt)” ¢ (x{'”,...,x,r("_";’,x,'c"_k;j:l‘, xR,
and consequently g (my, ..., my) > m, as claimed

(5) The polynomial eg (pt)™ can be presented as follows:

e (p)” = ex—1(p) " xy’ I1 (@rxy + -+ o1 X1 + x)".
(A1 5enes ak,l)E]Fzr*{O}

Hence the lowest power of xi in ex (pt)™ is x;" with coefficient e (pt)?™.

The assumption (g1 (m1, ..., Mg—1) > 2m implies that
2 My
er—1(pY)*" & (x{". . x5,
and since my > m + 1 it follows that ex (pt)” ¢ (x7"', ..., x]r:_";‘ , x,rcnk).

(6) In the case when k = 2 we have that

m
m . .
ex(pt)” = (xlxz(xl + xz))m = Z( } )xi""”x%m_‘. (14)
izt

If m < t(my,my) then e>(pt)™ ¢ (x7"', x5?). Hence, there exists a non-zero monomial
(';’)x;”+’x%m_i in the presentation (14) of e, (pt)™ which does not belong to the ideal
(x7", x3'?). This means, (') = 1 mod 2, m +i <mj — 1 and 2m —i < m, — 1 for some
integer 0 <i < m.

Assume the opposite, that there is an integer 0 < i < m such that ('l") = 1mod 2
and 2m —my + 1 <i < m; —m — 1. Then the polynomial e;(pt)”* when expressed in
the monomial basis has non-zero monomial ("7')x}"*'x2™~ which does not belong to the
ideal (x]"!, x3'?). Consequently,

e2(p)” ¢ (x7"', x52).
(7) This is a direct consequence of the previous claim with m = 2" +r — 1, m; =
t
2L 42, my =21 4+ randi = r — 1 because (2 :'_rl_l) = 1 mod 2, and

2m—my+l=r—1<i=r—1<my —m-1=r.

We have completed the proof of the proposition. ]
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7.2. Proof of Proposition 2.14

As before, k > 1 is an integer and m, ..., my are positive integers. In the proof we use
the fact that the polynomial ey (pt) is the top Dickson polynomial in variables xy, ..., xk.
For more details on Dickson polynomials see for example [38].

(1) Let Dx—1, Dx—3, ..., D; be the Dickson polynomials in variables x, ..., xg—q of
degree k=1 _ 1 ok=1_o = ok-1_ k-2 respectively. In particular, Dy _1 = ex_1(pt).
From [38, Prop. 1.1] we have that

D(xp) := I1 (a1x1 + -+ + ag—1Xk—1 + Xk)
(01,01 ) EFS~1—{0}

k—1_ —2_ k i
=x2 Ty D T e D 2T T T 4 D xi + Dy

Here D(xy) is considered as a polynomial in the polynomial ring Fa[xq, ..., Xg—1][x«],
and so e (pt) = ex—1 (pt)x D (xk ).
Let 0 < r <2' — 1. We compute in Fa[x1, ..., x;_1][xx] as follows:

D(xp)* ™+ = (x4 +Dﬂ““*+~+mﬂm+0bﬁ”’

t(nk—1_ t(pk—1—i_
2(2(2 1)+"'+D-2t2(2 D +Dk 2xk+D )
k k—1—i
(¢‘1+ + DixpTh 4 Deoxe + Dey) . (19)
k—
Then, the coefﬁ01ent of x2 7D D(xp)¥*" is Dy_, = ex—1(pt)", obtained as the

product of x2 @11 from the first factor with Dy _, from the second factor in (15).
Indeed, the only other candidate which might addltlonally contribute to the coefficient of

t(ok—1_71y) .
x,f @ D is the product
szx2’(2k_2—l) r(2kl 1) th 2’(2" 2-1)+r@k1-1)
1 7k
when

2R ) =2 F 2 )+ R 1) = 22 = 2R 2,

. . k—1+4¢ .
This cannot be, because 0 < r < 2! — 1. Consequently, the coefficient of xi 7 in

ek (pt)2t+r = er_1 (pt)2t+rx]3t+r D(xk)2t+r

is equal to egx_q (pt)2* 2",

From the assumption tx_1(my, ..., mg_1) > 2' + 2r we have that

ek_l(pt)2t+2r ¢ (xl xl’cnkll)7

and since my > 2:1K=1 4 r 4+ 1 we conclude that
2t m
e (PO 7 ¢ (X", X X)),

Thus, 1y (my, ..., mg) > 2" + r as claimed.
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(2) The claim follows from the previous instance of the proposition because
X =2 r 42> 2 =2 +2r

(3) The proof is by induction on k for every pair of integers (2, r) with I <r <2' —1.
In the case k = 1, the assumption m; > 2' + r + 1 implies that

um)=m —1>2"+r+1-1=2"+r.
Let us assume that the claim holds for k — 1 > 1 and every pair of integers (27, r) with
1 <r <2 — 1 (the induction hypothesis). Take m; > 2/ %=1 4 p 4 1 = 2@+ D+E-D—1 4

r 4+ 1forall 1 <i < k. Applying the induction hypothesis to the first k — 1 inequalities
and the pair (271, r) we get that

te—r(my, ... ,mg) =20 4r,

Now, the inequalities tx_1 (m1, ..., mg) > 271 4 r 4+ 1 and my > 2t+tk=1 4 p 4+ 1, and
the previous claim of this proposition imply that tx (m1, . ..,mg) > 2" + r. This completes
the proof.

.....

ence holds

ex (Y™ € (ML) = e ()™ e (ML X)),
This equivalence implies the claim. |

8. Proof of Theorem 2.15

Let E be a Euclidean vector bundle of dimension n over a compact and connected ENR B,
and let the integers 1 < k <n and j > 1 be fixed. We first prove the equality of the ideals
and then a criterion for the existence of orthogonal partitions.

8.1. Proof of Part (1)

We prove the equality of the ideals

Fi(E) := (f1,., fi) = (fio- o fo) =2 Fr(E), (16)
where
ﬁ = Z wn_,-+1_(r1+...+ri)(E) X;l ---xl.ri,
0<ri+-+ri<n—i+1
f_i = Z wn—i+1—(r1+---+rk)(E) Xfl "'X,:k,

0<ri+-+rpr<n—i+1

forl <i <k.
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To prove the equality of the ideal we first consider the polynomials

X,[b] := > Xt

rit+-+rp=n—a+1

forl <a <n+1land1 <b <k.Itis straightforward to see that the following equality
holds

Xalb + 1] = Xa[b] + xp+1 - Xat1[b + 1]. a7
Indeed, we have that
Xu[b 4+ 1] := > Xt xph
rit+e+rp+rpp=n—a+1
= Z xil..-xszl?_’_l-’—)(:b_{_l Z x;l..-lei:ll

ri+-+rp+0=n—a+1 rite+rpp1=n—a

= Xa[b + 1] = Xa[b] + Xp+1 - Xa+l[b + l]

Next, using induction on £ > 0, we prove the following identity:

Xewle+@= 3 (X xpexlfi)Xenlbl  a8)

c<b<cH+l syt tSsep=b—c

In case when £ = 0 the equality (18) becomes the identity X.4s[c] = Xc4s[c], and so
the induction basis is verified. Now, we assume that the equality (18) holds for the given
fixed integer £ > 1. For the induction step we compute and use the induction hypothesis
as follows:

17
Xewsle + 4+ 112 Xepsle + € + Xerrpr - Xesirle + €+ 1]

(18) s 5
2 (X e Kbl
c<b<cH+l spt++scg=b—c
+ Xeqt1 - Xets+1le + €+ 1]
K Se
= Z ( Z xbb... c.:—;)Xb+s[b]
c<b<cH+l spt+-+scg=b—c

S1 Sct+l+1
+XC+(+1 : Z X1 "'xc+e+1-
S1tetSe g1 =n—C—S

Gathering two terms on the right-hand side of the previous equality under one sum we get
that

Xewlet = 30 (3wl Xowslbl
c<b<cH+l+1 sp+-+sc4o=b—c

This completes the induction and the proof of the relation (18).
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We proceed with a proof of the equality (16). Observe that for 1 <i < k:
fi = Z ws(E) Xs+i[i] and f_l = Z ws (E) X4 [k],

0<s<n—i+1 0<s<n—i+1

and in particular that f = fx.
Now, using the relation (18) we have that

fi= ) wi(E)Xsylk]

0<s<n—i+1

Loy wm( (Y ) Xenb)

0<s<n—i+1 i<b<k sp+-+sp=b—i
=Y (T wed)( X w@Xab)
i<b<k sp+-tsp=b—i 0<s<n—i+1

zz( 3 x;b...x;k)f,,.

i<b<k sp+-+sp=b—i

=3 ( 3 xzb...xzk)fb_ (19)

i<b<k sp+-+sp=b—i

In summary,

Hence, (fi..... fi) S (fi.-... fi)- ) )

On the other hand, since f; = fi we have that f; € ¢, (E) = (f1..... fx). Now, for
1 <r <k—1assumethat f,y1,..., fx € 3’,’{(E). Then from the equality (19) it follows
that

=X (X e

r<b<k sp+--+sp=b—r

e X (% e h

r+1<b<k spt+-+sg=b—r

and consequently, by assumption, we have

fr=fv 2 (X wex)he g

r+1<b<k sp+-+sp=b—r

Thus, (fi..-.. fi) 2 (fie---. fo)-
We have completed the proof of the equality (16).

8.2. Proof of Part (2)

For the second part of the theorem assume that the class ex (B)’ does not belong to the
ideal g (E). The proof relies on the criterion from Theorem 3.4. In other words, it suffices
to prove that

e ((Bk(E)/R)®) #0.
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The mod 2 Euler class of the vector bundle (Bk (E) /K)eaj, or in other words the top
Stiefel-Whitney class, lives in the cohomology of H*(Yy (E);F,). We show that

© H*(Yi(E):F2) = Ri(B)/Jx(E), and that

© Wek_py; (BL(E)/R)®7) = ex(B) + di(E) € Re(B)/ i (E).
The second claim follows from the first claim, the fact that By (E) is the restriction of
Ak (E), and the related computation of wk_yy; ((Ax(E) /R)®/) in the proof of The-
orem 3.2. Thus we need to prove only the first statement, that is to compute the cohomo-
logy ring H*(Yx (E); F2).

First, we give a description of the space Y (E) as a projective bundle at the end of the
tower of projective bundles

Yi(E) = P(Eg) 25 P(Eg_1) == - 25 P(Ey) 2> B, (20)
where E; := E and p; is the projection. The vector bundles E», ..., Ex and the maps

D2, - .., Pk are defined iteratively as follows.

Let H(E) be the Hopf line bundle over P(E1), and recall that p;: P(E;) — B is the
projection map. Then H(E) is a vector subbundle of the pull-back vector bundle p} E1,
and we set

E,:= H(E))*

to be the orthogonal complement of H(E) inside p{ E;. In particular, E; is a (n — 1)-
dimensional vector bundle over P (E;). Set p2: P(E;) — P(E1) to be the projection map.

Next, H(E,) @ py H(E;) is a vector subbundle of the pull-back vector bundle (p; o
p1)* E1, and so we define

Es = (H(Ex) ® p{H(E) .

and p3 to be the projection map P(E3) — P(E»).

We continue in the same way. Assume that for 1 <i < k — 1, all the vector bundles
E,q, ..., E;, ofdimensions n,n — 1,...,n —i + 1, respectively, and the projection maps
P1, ..., pi are defined. Notice that

H(E;))® pfH(Ei—1) ® (pi o pi—1)"H(Ei—1) ®---® (pi o---0 p1)*H(E})

is a vector subbundle of (p; o --- o p;)*E;. We define the vector bundle E; i as the
orthogonal complement

Eiy1:=(H(E))® p/H(Ei-1)) - & (pio---0 pl)*H(El))J_- (21

The map p;1 is defined to be the standard projection P(E; 1) — P(E;). It is clear that
Yi(E) = P(Eg).

Now, we use the tower of projective bundles (20), Lemma 4.1, as well as the proof of
Claim 4.2, to describe the cohomology ring H* (Y, (E);Fp) = H*(P(Ey); F»).
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Since H* (Y, (E);F,) = H*(P(Ey); F2) where P(Ey) is the projective bundle of the
(n — k + 1)-dimensional vector bundle Ej over P(E_;) from Lemma 4.1 we have that

n—k+1
H*(Yi(E):F2) = H*(P(Ex—1):F2 [xk]/( Z Wp—k+1 s(Ek)Xk)

5s=0

where xj corresponds to mod 2 Euler class of the Hopf line bundle H(E}). Continuing
to apply Lemma 4.1 for the projective bundles P(Ex_1), ..., P(E1) we get the following
conclusion

H* (Y (E); F2)

n n—k+1 (22)
= H*(B;Fo)xr, .o xkl/| D was(ED) X D wageyrs(Ex) i |-

s=0 5s=0

Here x;, for all 1 <i < k, with a bit of abuse of notation, corresponds to the mod 2 Euler
class of the Hopf line bundle H(E;), or more precisely to the mod 2 Euler class of the
pull-back line bundle (pg o -+~ 0 p;+1)*H(E;). Set f; := Y rb" wy—jy1-s(Ei) x§ for
1 <i <k.Then

H*(Yk(E):Fa2) = H*(B:F)[x1. ... xel/(fi. .- fi)-

Now we identify the Stiefel-Whitney classes of the vector bundles Eq, ..., Er in
terms of the Stiefel-Whitney classes E. Note that £; = E by definition, and so w(E;) =
w(E). Next, from the definition (21) of the vector bundles E; for 2 <i <k, as orthogonal
complements, we get that

w(E;) = w(— (H(Ei—1) ® p} {H(Ei-2) ® - ® (pi—1 0-+-0 p1)*H(E})))
= w(—H(Ei-1)) - w(~=piyH(Ei-2)) - w(— (pi—1 0+~ 0 p1)"H(E1)).

From Lemma 4.1 we also know that

w(H(Ei—1)) =14 xi—1,....,w((pic1 00 p1)*H(E})) = 1 + x1.

Here we assume the expected identifications of the classes x1,. . ., x;_; along the sequence
of isomorphisms given in Lemma 4.1. Combining these last two observations we have that
1 1 .
w(El): . . Z xr‘ 1. Z x{l_z;...Zx;l

P+ xio T+ xi—z 1 T ri-120 ri2=0 r1=0
for 2 <i < k. Consequently, we have that
n—i+1
fi = Z wn—i+1—s(Ei)xis
s=0
— r ri
= Z wn_i+1_(,l+...+rl.)(E) Xy oo X

0<ri+-+ri<n—i+1

forevery 1 <i <k.
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This finishes the proof of the second claim, and so the proof of Theorem 3.4 is com-
plete.

8.3. Proof of Proposition 2.16

Let E be a Euclidean vector bundle of dimension n over a compact and connected ENR B,
and let k > 1 and j > 1 be integers.
Consider the composition inclusion

Yi(E) — Xy (E) — X (E O R).

The image, Yx(E), can be seen as the zero-set of the section s of the vector bundle
Ar (E & R)/R which is defined as follows.

The fibre of A (E & R)/R over the point (b, (L1,..., Lg)) € Xi(E ® R) decom-
poses into the direct sum

(@ L,-)@( s Li®Lj>®---.

1<i<k 1<i<j<k

For every 1 <i < k denote by a; the dual of the (linear) projection map given by the
composition
L — Ep, R — R.

Similarly, for I <i < j <k we seta; ; to be the dual of the (linear) map induced by the
inner product
Li®L, — (EpdR)® (Ep ®R) — R.

Now, define s by (b, (L1, ..., Lg)) = ((@i)1<i<k» (a;,j)lﬁkjsk, 0,...,0). Hence, the
zero-set of the section s is indeed Y (E). Additionally, the vector bundle Ax(E & R)/R
over Xy (E @ R) restricts to the vector bundle By (E)/R over Yy (E).

Consequently, if the Euler class of (4x(E @ R)/R)’/*! is non-zero, then the Euler
class of (Bx(E)/R)/ is non-zero. Indeed, see for example [16, Prop. 2.7], which says that
if x is any class in the cohomology of X (E @ R) that restricts to zero in the cohomo-
logy of the zero-set, in this case Yi(E), then the product of x with the Euler class of

Ar(E ® R)/R is zero. This concludes the proof of the proposition.

9. Even more main results

In this section, we use methods developed in previous sections to give new proofs and to
generalise results of Larry Guth and Nets Hawk Katz [20], Blagojevi¢, Dimitrijevi¢ Blago-
jevi¢ and Giinter M. Ziegler [5], Schnider [34], and Sober6n and Yuki Takahashi [36].
Throughout this section B will be a compact, connected ENR, and E will be a Euc-
lidean real vector bundle of dimension n over B. For an integer k > 1, E(1),..., E(k) will
be finite-dimensional non-zero real vector bundles over B with dim E (i) = n;. As before,
we write S(E(i)) for the sphere bundle of E (i) with fibre at b € B the space of oriented
1-dimensional subspaces of E(i)p. Equivalently, S(E(i)) is the unit sphere bundle for a
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chosen Euclidean structure. Also, we shall use V' for a Euclidean vector space V', and
sometimes see it as a vector bundle over a point.

Recall that Ag (E(1),.. ., E(k)) is the 2X-dimensional real vector bundle over P (E(1))
xp - xp P(E(k)) with fibre at (L1, ..., Lg), where L; € P(E(i)p), b € B, the real vec-
tor space of all functions S(L1) x --- x S(Lg) — R. As a space of real-valued functions,
each fibre of Ax(E(1),..., E(k)) can be equipped with a partial order by setting

fisfo &= (Vx eS(Ly) x--xS(Ly)) fi(x) < fa(x)

for f1, f € Ax(E(1),..., E(k)). Hence, every finite non-empty subset of functions S
has a least upper bound, which we shall denote by max(.S).

9.1. Partitioning by polynomials

Now we give an extension of the results [20, Thm. 4.1], [19, Thm. 0.3] and [5, Thm. 1.3]
to the setting of mass assignments over an arbitrary Euclidean vector bundle E. In the
case of a vector bundle over a point we recover the original results.

For an integer d > 0, let % (E) denote the real vector bundle of dimension ("+g_l)
over B with fibre at b € B the vector space of homogeneous polynomial functions v: Ep —
R of degree d. It is the dual (S¢ E)* of the vector bundle obtained from the d-th symmet-
ric power of E. If d = 1, we can identify 1 (E) = E* with E using the inner product.

In the following, the crucial property of polynomial functions that we shall need is that
for a non-zero homogeneous polynomial function v € £¢(V), the zero-set

Z(w) ={x e SV)|v(x) =0}

is null with respect to the Lebesgue measure on the Riemannian manifold S(V). It follows
that, for any ¢ > 0, there is an open neighbourhood of Z(v) in the sphere S(V) with
volume less than &, consult [37].

Now we extend our discussion from Section 3.3. Assume that E(i) € P4O(E) is a
vector subbundle of the vector bundle of homogeneous polynomial functions of degree
d(i)>1.Forb € B, (Ly,...,Lx) € P(E(1)p) x--- x P(E(k)p), and (vy,..., ;) €
S(L1) x -+ x S(Lg), let us define an analogue of an orthant by

w = {u € S(Ep) | vi(u) >0, ..., vgp(u) > 0}.

.....

We note that any real continuous function on the sphere bundle ¢: S(E) — R restricts to
a function @p: S(Ep) — R which can be integrated over the set Ap.y; ... v, -

The first generalisation of [20, Thm. 4.1], and also at the same time extension of our
Theorem 2.2, can be stated as follows.

Theorem 9.1. Under the hypotheses in the text, for an integer j > 1, given continuous
Sfunctions @1, ..., ¢@;: S(E) — R assume that the F>-cohomology Euler class

e(Ar(EQ). ..., E(k))/R) € HZ DI (P(E(1)) xp --- xp P(E(K)): F2)

of the vector bundle R? @ (Ax (E(1),..., E(k))/R) = (A (E(1).. .., E(k))/R)®/ is non-
zero.
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Then there exists a point b € B and lines L; € P(E(i)p), 1 <i <k, such that, for
each 1 <t < j, the function

S(Ly) x---x S(Lg) > R, (vl,...,vk)H[A (00)p

is constant.

Proof. As in the Section 3.3, we define for any continuous function ¢: S(E) — R a sec-
tion s, of the vector bundle Ax(E(1),..., Ex) by

Continuity of s, follows from the fact that zero sets of polynomial functions are sets of
Lebesgue measure zero on the sphere S(V'). The proof then follows the pattern of the
arguments in the proof of Theorem 3.3. ]

The result remains true if the functions ¢, are only assumed to be integrable in an
appropriate sense. Form the locally trivial bundle L}; (S(E);R)— B with fibre at b € B the
Banach space L!(S(Ep); R) of all absolutely Lebesgue integrable functions S(E) — R.
If ¢ is a section of this Banach bundle, then we can integrate ¢;, € L'(S(Ep); R) and the
associated section s, is continuous. Next, we extend our results to probability measures.
Let us write M (S(E)) — B for the locally trivial bundle with fibre at b € B the space
M (S(Ep)) of all finite Borel measures on the sphere S(E3), see Section 1.2. A continu-
ous section u of M1 (S(E)) will be called a family of probability measures on S(E) if
Wy € M+ (S(Ep)) is a probability measure for each b € B. In this more general context
the zero set of a polynomial function can have positive measure.

Now, foreach b € B and every (L1,...,Lg) € P(E(1)p) x--- x P(E(k)p), we have
2% non-negative real numbers b (Apsuy,.n) ER, (V1,...,08) € S(Ly) x -+ x S(Lg),
(the measures of generalised orthants) with sum less than or equal to 1 (the measure of a
zero set can be positive).

The following proposition allows us to transfer our more general setup in the previ-
ously developed topological framework.

Proposition 9.2. Assume that for an integer j > 1 there exist families of probability meas-
ures |1, ..., w; on S(E) with the property that, for each b € B and every (L1,...,Lg) €
P(E(1)p) x---xP(E(k)p), thereis (vy,...,vx) € S(Ly) X -+-x S(Lg) and some € such
that (1) (A, ... > 1/2F.

Then the vector bundle R’ ® (Ax (E(1),..., E(k))/R) = (Ax(E(1),...,E(k))/R)®/
has a nowhere zero section.

Proof. For a fixed integer 1 < £ < j, consider the set of points

Ug:={x=(b;Ly,....Lg) € P(E(1)) xp --- xg P(E(k)) :
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which is an open subspace of the base space X := P(E(1)) xp --- xp P(E(k)). From
the assumption it follows that Uy, ..., U; forms an open cover of the base space X .

Using the local triviality of the vector bundles, for every point x € X we can manu-
facture a (continuous) section s of Ag(E(1),..., E(k)) and an open neighbourhood U
of x such that for each x" = (b"; L], ..., L;c) € X the following holds

D sf(x)(y.....vp) €0, 1], forall (v, ...,v.) € S(LY) x--- x S(Ly);

(iii) if x" € U}, then there is some (v}, ..., v;) such that s} (x")(v],...,v;) = L.
Since X is compact, and Uy, ..., U; forms an open cover of X it can be refined to a
compact cover Ky, ..., K; of X with the property that K, C Uy for1 < £ < j.

Now, for each £, we can choose a finite subset Sy € Uy such that Ky C Uxe S, U[x .
This allows as to define a continuous section s; of Ax(E(1),..., E(k)) as s¢ := max{s; :
x € S¢}. Here the maximum is taken with respect to the partial order on the space of real
valued functions which was introduced at the beginning of this section. The properties
(1), (ii) and (iii) ensure that at each point x € K, at least one of the 2k components of
s¢(x) is equal to 1, but that not all are equal to 1. Thus, the associated section §; of
Ax(E(1),..., E(k))/R has no zeros in Ky. The sum (51, ..., 5;) is a nowhere zero section
of R/ @ (Ax(E(1),..., E(k))/R). .

Now a generalisation of Theorem 9.1 can be stated as follows.

Theorem 9.3. Under the hypotheses in the text, suppose that for an integer j > 1, t1,...,
W are families of probability measures on the sphere bundle S(E). If the F,-cohomology
Euler class

e(Ar(EQ), ..., Ek))/R) € HZ DI (P(E(1)) xp - x5 P(E(k); F2))
of the vector bundle R’ ® (Ax(E(1), ..., E(k))/R) is non-zero, then there exists a point

b € B and lines L; € P(E(i)p), 1 <i <k, such that, for each 1 < { < j and every
(vi,...,vk) € S(L1) X -+ x S(Lg),

Proof. Since the Euler class is non-zero, every section of the vector bundle has a zero. So
the assertion follows from Proposition 9.2. ]

As an application we give a spherical version of a generalisation in [5, Thm. 1.3]
of [20, Thm. 4.1].

Corollary 9.4. Let V be a real vector space of dimension n. There is a constant C,, with
the property that for integers d > 1 and j > 1, and probability measures |11, . .., [Lj on
the sphere S(V), there exists a non-zero homogeneous polynomial function v of degree d
on S(V) such that for each component O of the complement in S(V') of the zero set of v

u1(0) < Cy -

/'Lj((g) <Cp-

J J
qn—1""" dn—1°
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Proof. Consider probability measures (1, . .., i; and fix an integer k£ > 1. We shall apply

Theorem 9.3 with B = pta point, V =R” and E(i) = V(i) € 2@ (V) a vector subspace

of dimension n; < (n+:11((ii))_l)'

Let 7(i) > 1 be the least positive integer such that 7(i)"~! > 2/~1; and set
d(i)=m—Dr@) and n; =r@)" L

Take V(i) to be the n; = r(i)"~!-dimensional space of polynomials with basis, in terms
of the standard coordinate functions &;, the monomials

E@'50TNE ST GO,

where 0 < s1,...,8,—1 <7r(i).
It follows from Proposition 2.13 that ¢z (111, ..., ng) > j. By Theorem 9.3, there exist
homogeneous polynomials vy, ..., vg of degree d(1), ..., d(k), respectively, such that

e (Apsvy,.v) < 1/2k forall 1 < < j. The product v --- vg has degree dy = d(1) +
-+ 4 d(k) and each component of the complement of its zero-set is contained in some
APt;vl

,,,,,
1

20t L T < p(i) < 22071 - AT,

it follows that
dir=d(1)+--+dk) < (mn—1(r(1) +---+r(k))

ko 2 — 1

<2(n—1).j. 2 :22211 =2n—1)-jwT .
: 2t — 1
i=1

Sodp~! < C,2% j, where C;, = (%)n—l_
Now (dy) is a strictly increasing sequence. If k is chosen so that dy < d < di 41, then

1/2k+1 < C,j/dr; 1, and so

where C,, = 2C,. We can multiply v; - -- vg by any non-zero polynomial of degree d —
dy - - - dy to produce the required polynomial of degree d. L]

9.2. Partitioning by affine functions

In this section we give an extension of our results on the spherical GHR problem for
the mass assignments to the broader class of partitions by caps which are not necessarily
hemispheres.

Let V be an n-dimensional real vector space with n > 2. Using the inner product we
can identify the vector space R @ V with the (n + 1)-dimensional vector space of affine
functions IV — R where the pair (t, w) € R @ V determines the function u + ¢ + (u, w).
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Figure 4. The halfspaces defining the caps.

A unit vector v = (¢, w) € S(R & V') decomposes the sphere S(V') as the union S(V) =
C(v) U C(—v) of two caps:

Cw)y={ueSWV): (uw)=—-t} and C(-v)={uecSV): (u,w)<-t}

with intersection {u € S(V) : (u, w) = —t}. For an illustration see Figure 4. If t = 0,
the caps are hemispheres. If ¢ > ||w]|, then C(—v) = @; if 1 < —||w|, then C(v) = @. If
t = ||lw], then C(—v) is the single point —w/||w]|, and, if 1 = —||w], C(v) = {w/||w]}.

The intersection C(v) N C(—v), if |¢| < ||w|| is a sphere of dimension n — 2 (if n > 1,
which we now assume).

Now suppose that each vector bundle E (i) is a subbundle of R @ E, regarding a vector
veE(@l), SR Epinthe fibre at b € B as an affine linear function £, — R. For a point
b € B, acollection of lines (L1,...,Lg) € P(E(1)p) x--- x P(E(k)p), and a collection
of vectors (vy,...,v;) € S(L1) X --- x S(Lg), we define another analogue of an orthant
by

Chovtyovy = {u € S(Ep) :vi(u) >0,..., vp(u) > 0}.
The corresponding equipartition theorem is proved in the usual way by constructing a
section of the vector bundle R/ ® (Ax(E(1),..., E(k))/R).

Theorem 9.5. Under the hypotheses in the text, suppose that for an integer j > 1 the
Sfunction @1, ..., @;: S(E) — R are continuous. If the F»-cohomology Euler class

e(Ar(EQ). ..., E(k))/R) € HZ DI (P(E(1)) xp --- xp P(E(K): F2))

of the vector bundle R? @ (Ax(E(1), ..., E(k))/R) is non-zero, then there exists a point
b € B and there exist lines L; € P(E(i)p), 1 <i <k, such that, foreach 1 < { < j, the
function
S(Ll)x---xS(Lk)—>]R, (vl,...,vk)|—>/ (¢Z)b
Chivy ey
is constant.
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9.3. Partitioning by spherical wedge

Next we describe an extension of the results of Schnider [34] and Soberén and Takahashi
[36].

Let V' be a vector space of dimension n > 3, and let U € V be a vector subspace of
dimension m > 2. Then V = U @ U~ is the direct sum of U and its orthogonal com-
plement U~ and the unit sphere S(V) = S(U & U*) is the join S(U) * S(UL). To be
precise, we also think of the join as the space

S(V) = {cos(0)x +sin(@)y | x € S(U), y € SUL), 0 <6 < x/2}.

Just as in the previous section, given v = (¢, w) € S(R & U), we have the decomposition
of the sphere S(U) as C(v) U C(—v), where

Cw)y={ueSWU):(u,w)y>=—t} and C(v)={ueSU): (uw)=>—r}.
This leads to a decomposition of the bigger sphere S(V) as the union W(v,U)U W(—v,U)
of two wedges
W, U) = C(v) = S(U™)

= {cos(@)u +sin(@)y :u e SU), ye SUY), (uw)>—1,0<6 < n/2}

and

W(—v,U) = C(—v) * S(UY)
= {cos(O)u +sin(0)y : ue SU), y € S(UL), (u,w) <—t, 0<60 <x/2}.

The intersection W(v, U) N W(—v,U) is S(U~L) if |t| > |lw]|, a disc of dimension n — m
if |t| = ||w||, and a sphere of dimension n — 2 if |¢| < ||w]||. (The subspace {rx :r >0, x €
W(v,U)} of V is an m-cone in the sense of [34].)

For example, take U = R%2, UL =R,V =R2 @ R, so that m = 2, n = 3. The wedges
W(v,U), where v = (t, w) € S(R? @ R) with |¢| < |w]|, are the subsets

{(cos(8) cos(¢), cos(F) sin(¢).sin(d)) € SR*BR) :a < < B, —1/2 < 0 < 7/2},

where 0 <o < f8 < 2.

Now suppose that F'(i) C E is a vector subbundle of dimension m; > 2, for every
1 <i <k, and that E(i) is a subbundle of R & F (i) of dimension n; < m; + 1. For a
pointbh € B,lines (Ly,...,Lg) € P(E(1)p) x--- x P(E(k)p), and vectors (vy,...,V) €
S(Ly) x---x S(Lg), we write

k
Whionooop =) (S(Ep) = W (—vi, F(i)p))

as the intersection of the open subsets S(Ep) — W(—v;, F(i)p) S W(v;, E(i)p).
As in all the previous partition problems for mass assignments we derive the following
result in almost identical manner.
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Theorem 9.6. Under the hypotheses in the text, suppose that j > 1 is an integer, the
functions @1, ..., ¢;: S(E) — R are continuous, and j < ((E(1),..., E(k)).

Then there exists a point b € B and there exist lines L; € P(E(i)p), | <i <k, such
that, for each 1 < £ < j, the function

S(L1) x - x S(Ly) — R. (vl,...,vkwfw (605
b

is constant.

In the special case of a vector bundle over a point we get the following corollary.

Corollary 9.7. Suppose that j > 1 is an integer, ¢1,...,¢; : S(V) — R are continuous
Sfunctions and that j < (n+1,...,n 4+ 1). Let my, ..., my be integers in the range
2<m; <n.

Then there exist vector subspaces Uy, ..., Uy € V with dim(U;) = m; and lines L; €

PR & U;), 1 <i <k, suchthat for each 1 < { < j, the function

S(Lp) x - xS(Lg) > R, (v1,...,v%) = o
W(v1,Up)NNW(vg,Ug)

is constant.

Proof. Take B to be the product Gy, (V) X -++ X Gy, (V') of Grassmann manifolds and
F (i) to be the canonical m;-dimensional bundle over the i-th factor. Apply Theorem 9.6
withn; =m; + 1and E(i) = R & F(i). Indeed, since ¢; (R & F(i)) = n, we have that

w(EQD),....,Ek) =um+1,....n+1)
by Proposition 2.7. ]

Remark 9.8. The previous Corollary 9.7 can be sharpened by restricting the base space
in the following way. Replace the Grassmann manifolds G,,,; (V'), where V = R", by the
its subspace P (R” " +1) embedded by taking the direct sum of a line in R”~ *1 with
R™i~1 to get a subspace of R” = R"*~™i+1 @ R™~! of dimension m;. Then the vector
bundle E(i) restricts to R™ @ H; where H; is the Hopf line bundle H(R"~™*1), So
11 (R™ @ Hj) = n, because Wy—m, (—H;) # 0.

To illustrate the conditions in Corollary 9.7 we spell out the special case n = 3, j = 3,
k =1, m; = 2, for which ¢; (3 + 1) = 3. Suppose that @1, ¢, 93: S2 = S(R?) — R are
continuous functions. Then there is a wedge W C R3, specified by a plane U through the
origin in R and (¢, w) € S(R & U), such that

/W¢1 =%/;2¢1, /W¢2=%/SZ¢2, /W¢3=%/S2¢>3-

Furthermore, the kK = 1 case of Corollary 9.7 gives [34, Thm. 8], and also the spherical
version of [36, Thm. 1.2 and Thm. 3.2].
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Corollary 9.9. Suppose that ¢y, ..., ¢n: S(R™") — R are continuous functions and m is
an integer, 2 <m <n. Write V. =R" and V' = Rl Cc Rl g R =V,

Then there exists a vector subspace U C V of dimension m containing the subspace V'
and a vector v € S(R @ U) such that

1
/ Yg = 5/ o) :/ ;
W(,U) SV) W(—v,U)

Proof. We just need to recall that ¢; (n + 1) = n. The sharpening, to give the restriction
that U should contain V’, is given by Remark 9.8. |

fort=1,...,n.

The connection between the affine and spherical cases was discussed in Section 1.3.
We explain how [36, Thm. 1.2] can be deduced from the case m = 2 of our Corollary 9.9.

Corollary 9.10. For an integer n > 2, suppose that yry,. . ., ¥n: R"1 — R are continuous
functions with compact support with the n integrals fR,,_1 Ve, 1 < £ < n, not all equal to
zero.

Then there exist two distinct parallel hyperplanes in R"~! such that the closed region S
sandwiched between them satisfies

1
/;I//l - E Rn-1 WIZ,

forall1 <{ <n.

(Note that if all the integrals fR"*I ¢ are zero, then there is a trivial statement for any
two coinciding hyperplanes.)

Proof. Consider the diffeomorphism
A ={(x.y) e SR BR):y >0} >R (x.)) > =,
y

which maps intersections of linear subspaces of R”~! @ R with A to affine subspaces of
R”~1. Each density v, lifts to a density ¢; on S(R"~! @ R) with support in the open
upper hemisphere A. (To be precise, ¢(x, y) = y*¥(x/y).)

Let U C R* ! @ R = V be a 2-dimensional vector subspace and v € S(R @ U)
a vector as provided by Corollary 9.9 when m = 2. Since some fRn—l Yy is non-zero,
both S(V) — W(—v,U) and S(V) — W(v, U) have to be non-empty. The intersection
W(v,U) N W(—v, U) is, therefore, the union of two discs

{aY«* SUH) CSR-adUL) and {(h}*SU)CSR-bapU?L)

meeting in S(U~). Here a,b € S(U).

The image of the intersection 7 (W (v, U) N W(—v,U) N A) is the union of two affine
hyperplanes meeting in 7(S(UL) N A).

We can prescribe the subspace V' in Corollary 9.9 to be the line 0 @ R € R"~! @ R.
In that case, S(U+) N A is empty, and the two hyperplanes are parallel. ]
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10. Concluding remarks: real flag manifolds

In the final section we make some further remarks on particular arguments used in the
proofs of our results.

For a Euclidean vector space V' of dimension n and integers 0 =ng <nj <--- <nyp <
n,let B :=Flag, ., (V) be the manifold of flags (Vi) :0=Vo S V1 S---CVp SV
with dim V; = n;. The canonical bundles of dimension n; over B are denoted by E (i), as
in the statement of Corollary 2.10. Write E for the trivial bundle over B with fibre V.

Proposition 10.1. The F,-Euler classes satisfy

k

[Te(E/EG) ™" #0e HI(B: Fa) = Fa.
i=1

where ng = 0 and the dimension d is equal to Zle (n—n;)(n; —n;—1).

Proof. Let (Uy) : 0 =Uy C Uy C--- C Uy, be a fixed flag in V. The general linear group
G = GL(V) acts transitively on B. If H < G denotes the stabiliser of (Ux), we have a
map 7: G — B defined by 7(g) = (gU,) which describes B as the homogeneous space
G/H.

The derivative of 77 at 1 € G is a map from the Lie algebra g = End(V) onto the tangent
space of B at (Uy) with kernel the Lie algebra §j of H, that is, the space of endomorphisms
a of V such that a(U;) C U; for all i. The tangent bundle of B is the quotient of the trivial
Lie algebra bundle B x GL(V) = GL(F) by the subbundle with fibre at (Vi) € B the
quotient of End(V') by the Lie subalgebra, §(Vi) of endomorphisms that preserve the
flag. Using the inner product, we can express h(Vy) as @f-;l Hom(ViJ-, Vin (VIJ_- )s
which has dimension Zle (n—n;)(n; —ni—1).

Now consider the vector bundle E’, defined as a quotient of B x End(V), with the
fibre at (Vx) € B the quotient of g = End(}') by the vector subspace §(Vx, Uyx) of maps
a:V — V suchthata(V;) C U; fori = 1,..., k. In metric terms,

k
E' = @ Hom (F()*.U; N (UH)).

i=1

and its Euler class e(E’) is equal to ]_[f:l e(E@)L)ynmi-1 € HY(B; TF,).

The vector bundle E’ over the closed connected d-dimensional manifold B has the
same dimension d. We shall prove that e(E’) is non-zero by writing down a smooth sec-
tion s of E’ with exactly one zero and checking that the (mod 2) degree of that zero is
equal to 1.

The section s is defined to have the value at (Vi) given, modulo §(Vi, Uy), by the
identity endomorphism 1 € End(V). At a zero of s, V; C U; forall i, that is, Vi = U,. At
this zero, the tangent space of B coincides with the fibre of E’, and we shall show that the
derivative of s is the identity endomorphism of g/}.
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To do this, we lift from B = G/H to G by the projection . The pullback 7*E’ is
trivialised by the isomorphism
G x (g/h) > E'

taking (g.a + b), where g € GL(V), a € End(V), to ((gUx),ag™" + h(gUx)). And the
section s lifts to the map
G—g/b:g—g+h.

for which the derivative at 1 is, transparently, the projection g — g/§. This completes the
proof. ]

Writing the quotient E/E(i) = E(i)* as the direct sum @;;i(E(j + 1)/E())),
where E(k + 1) = E, we can reformulate Proposition 10.1 as follows.

Corollary 10.2. The product of Euler classes

e(E( + 1)/E@))" € HY(B; Fy)

k
=1

14

is non-zero.

This Corollary 10.2 connects with previously given arguments in the following way:

+ The case k = 1, shows that e(E(1)1)"™"1 # 0, and in particular e(E(1)*) # 0, as
used in the proof of Corollary 2.5.

*  The statement e(E(1)~)" "1 # 0 is the result needed in Section 5.3 for the proof of
Corollary 2.8.

» For general k, we have in particular that ]_[f:1 e(E(i)*) # 0. This is what is required

in Section 6.1 to prove Corollary 2.10.

e Ifn=n—k+i—1(thatis,ny =n—k,ny=n—k—+1,...,n, =n—1), then
k k—
e(EMY) e (E@Y) e (E)Y) #0.

This is what is needed in Section 6.3 to prove Theorem 2.12. It shows directly that
e(Exs1)*---e(Eg41)? # 0. The permutation symmetry of the cohomology then gives

e(Ex41)’% ---e(Eq11)’ # 0.

Thus, the different arguments we offered in the proofs can be seen as direct con-
sequences of Corollary 10.2. To the best of our knowledge these implications were not
known until now, and we believe it was worth explaining these connections.
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