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Mixed £ -adic complexes for schemes over number fields
Sophie Morel

Abstract. If X is a variety over a number field, Annette Huber has defined a category of “horizon-
tal” (or “almost everywhere unramified”) £-adic complexes and £-adic perverse sheaves on X . For
such objects, the notion of weights makes sense (in the sense of Deligne), just as in the case of vari-
eties over finite fields. However, contrary to what happens in that last case, mixed perverse sheaves
(or mixed locally constant sheaves) on X do not have a weight filtration in general, even when X
is a point. The goal of this paper is to show how to avoid this problem by working directly in the
derived category of the abelian category of perverse sheaves that do admit a weight filtration. As
an application, the method of the author to calculate the intermediate extension of a pure perverse
sheaf using weight truncations apply over any finitely generated field, and not just over a finite field.
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1. Introduction

Let k be a field of finite type over its prime subfield, let X be a separated scheme of finite
type over k, and let £ be a prime number invertible in k. In her article [14] Annette Huber
introduced a category D% (X)=D? (X, E) of mixed horizontal {-adic sheaves on X,
where E is an algebraic extension of Q. The idea of [14] is to consider the category
of £-adic complexes on X that extend to a constructible £-adic complex on a model X of
X over a normal scheme U of finite type over Z and with field of fractions k; we also
want the morphisms between complexes to extend to X . There is a natural definition of
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weights (in the sense of Deligne’s [9]) on such complexes, by considering their restriction
to the fibers of X over closed points of U. So we have a notion of pure sheaves, and mixed
complexes are defined (as in [9]) as those complexes whose cohomology sheaves have a
filtration with pure quotients.

By [14, Sections 2 and 3], the 6 operations (usual and exceptional direct and inverse
images, tensor products and internal Homs) exist on these categories of complexes. More-
over, it is shown in [14, Theorem 2.5 and Proposition 3.2] that the category Dﬁ’n (X) has a
(self-dual) perverse t-structure, whose heart Perv,, (X) is called the category of horizontal
mixed perverse sheaves on X.

Also, the results of Chapters 4 and 5 of Beilinson—Bernstein—Deligne’s book [6] about
the t-exactness (or perverse cohomological amplitude) of the 6 functors, and the way these
6 functors affect weights, can be extended to our situation thanks to Deligne’s generic base
change theorem (SGA 4 1/2 [Th. finitude] Section 2), see for example [14, Proposition 3.4
and Corollary 3.5].

Finally, there is a notion of weight filtration on an object of Perv,,(X) (see [14, Def-
inition 3.7]); it is an increasing filtration whose quotients are pure perverse sheaves of
increasing weights. This filtration is unique if it exists [14, Lemma 3.8], but unfortu-
nately it does not always exist, unless k is a finite field. As noted in the remark below
[14, Lemma 3.8], the category of horizontal mixed perverse sheaves on X admitting a
weight filtration is a full abelian subcategory Perv,, r(X) of Perv,, (X) which is stable by
subquotients, but it is not stable by extensions.

As a consequence, if we start from a horizontal mixed perverse sheaf that does have a
weight filtration and apply some sheaf operations, then it is not clear that the perverse
cohomology sheaves of the resulting mixed complex will still have weight filtrations.
(Although we would certainly expect that to be the case.) For example, this is a problem
if we want to generalize the arguments of [20], that gives among other things a formula
for the intersection complex of X .

The goal of this paper is to give a solution to this problem, inspired by Beilinson’s
theorem that, if k is a finite field, then the derived category of Perv,, (X) is canonically
equivalent to Df’n (X) (see [3,4]; note that Beilinson’s result is more general). Beilinson
also gives a way to reconstruct the derived direct image functors from their perverse ver-
sions, and formulas adapted to perverse sheaves for the unipotent nearby and vanishing
cycles functors. Building on this, Morihiko Saito has shown in [22,23] how to recover the
other operations (inverse images, tensor products and internal Homs) using only perverse
sheaves.

In this paper, we will follow the ideas of Beilinson and M. Saito to construct all the
sheaf operations on the bounded derived categories of the categories Perv,,s(X). The
main point, which is taken as an axiom in [23], is the fact that these categories are sta-
ble by perverse direct images; in Section 6.3, we show how to deduce it from Deligne’s
weight-monodromy theorem. Another difficulty is to state all the compatibilities that the
sheaf operations should satisfy. We have chosen to use the formalism of crossed func-
tors (“foncteurs croisés”), originally due to Deligne and developed by Voevodsky and
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Ayoub. In order to check that the constructions of Beilinson and M. Saito do fit into this
formalism, we have had to rewrite some of them. (Another reason is that the categories
Perv,, s (X) satisfy assumptions that are slightly different from the axioms of [23], and so
certain proofs become simpler, and at least one proof has to be totally changed. However,
most of the constructions are very similar to the ones in [23].)

Here is a quick description of the different parts of the paper. Section 1 is the intro-
duction, and Section 2 contains reminders about £-adic perverse sheaves, the realization
functor and a quick summary of the beginning of Huber’s article [14], in particular the
definition of the main object of study Perv,, s (X). In Section 3, we state the main results
of the paper, first informally and then using the language of crossed functors. Section 4
gives a list of functors that obviously preserve the categories Perv,, s (X). Section 5 con-
tains reminders about Beilinson’s construction of unipotent nearby and vanishing cycles.
In Section 6, we state the form of Deligne’s weight-monodromy theorem that we will
use, and deduce the crucial fact that perverse direct images also preserve the categories
Perv,, s (X); we also give an application to complexes with support in a closed subscheme,
that was already noted in [4, Section 2.2.1] and [23, Theorem 5.6]. Section 7 gives the
proof of the first main theorem (Theorem 3.2.4, concerning the existence of the four
operations f*, fx, fi, f1), and Section 8 gives the proof of the second main theorem (The-
orem 3.2.12, about the existence of tensor products and internal Homs). Section 9 shows
how the results of this article imply that we can extend the formalism of weight truncation
functors defined in [20]. Finally, the appendix gives a review of filtered derived categories
and f-categories (i.e., filtered triangulated categories), with a focus on the compatibility
between the realization functor and derived functors.

Here are some conventions that will be used throughout the paper:

* Aswe are considering sheaves for the étale topology or proétale topology, we only care
about schemes up to universal homeomorphism. So we will allow ourselves to specify
a closed subscheme of a scheme X by giving only the underlying closed subset.

*  We are mostly interested in the triangulated versions of the sheaf operations, so we will
denote them without the usual “R”’s or “L”’s. For example, the derived direct image
functors will simply be denoted by fi, and we will similarly write f*, f, and f' for
the other direct and image inverse functors, seen as functors between the triangulated
categories of complexes of sheaves. The only exception we will make is for the functor
R Hom (in an abelian category), in order to distinguish it from Hom.

e All the schemes will be assumed to be excellent and separated, and all the morphisms
will be assumed to be of finite type. (We are only interested in schemes that are of
finite type over Z or over a field, and these schemes are automatically excellent.) If
we write “scheme over k”, where k is a field, we will mean “separated field of finite
type over k”. Also, the letter £ always stands for a prime number invertible over all the
schemes considered.

« If € is an additive category, we will denote by C(€) (resp. CT(€), C~(€), CP(€))
the additive category of (cohomological) complexes of objects of € (resp. of bounded
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below complexes, bounded above complexes, bounded complexes); we also denote
by K(€) (resp. K*(€), K~ (€), K?(€)) the corresponding triangulated categories of
complexes modulo homotopy.

» If A is a quasi-abelian category (for example of abelian category), we denote by D(A)
(resp. DT (A), D™ (), D?(4)) the derived category (resp. bounded below derived
category, bounded above derived category, bounded derived) of «4, defined as the quo-
tient of K(s4) (resp. Kt (A), K™ (A), K?(4)) by the triangulated subcategory of exact
complexes.

2. Horizontal perverse sheaves

In this section, we recall the definition of f-adic constructible complexes and £-adic
perverse sheaves, the construction of the realization functor from the bounded derived
category of perverse sheaves to the category of constructible complexes, and finally the
definition by A. Huber of horizontal £-adic complexes and horizontal perverse sheaves, as
well as the mixed versions.

2.1. {-adic complexes

Let X be a scheme and E be an algebraic extension of Q. If we want to stay in the
familiar framework of triangulated categories (and avoid oco-categories), there are two
approaches to the category of bounded constructible étale E-complexes on X that work at
the level of generality that we need: Ekedahl’s approach in [10] (see also Fargues’s paper
[11] for some complements) and the Bhatt—Scholze definition via the proétale site in [7].
The second works in a more general setting, and it is known to be equivalent to the first
when they both apply. While we could make the constructions that we need work with
both approaches, we will mostly stick to the Bhatt—Scholze approach, because it makes
the homological algebra simpler.

Remark 2.1.1. In his article [10], Ekedahl makes the assumption that the scheme X is
of finite type over a regular scheme of dimension < 1. The reason for this is that the
necessary theorems for torsion étale sheaves were only available in this setting at the
time. Since then, Gabber has proved the finiteness theorem (see [17, Exposé XIII]), the
absolute purity theorem (see [12] or [17, Theorem XVI.3.1.1]) and the existence of a
dualizing complex (see [17, Exposé XVII]) in the more general setting considered here,
so the results of [10] extend to this setting.

Let us review quickly the construction of Bhatt and Scholze via the proétale site Xpro¢
of X (see [7]): The category D’CJ (X, E) is defined as a the full subcategory of the category
D(Xprost, E) of sheaves of E-modules on X0 [7, Definition 4.1.1] whose objects are
bounded complexes with constructible cohomology sheaves, where a proétale sheaf # of
E-vector spaces is called constructible if X has a finite stratification (Z;);e; by locally
closed subschemes such that each ¥z, is lisse, i.e., locally (in the proétale topology) free
of finite rank; see [7, Definitions 6.8.6 and 6.8.8]. By [7, Propositions 5.5.4, 6.6.11, 6.8.11
and 6.8.14], this category is canonically equivalent to the one defined by Ekedahl if X
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satisfies condition (A) or (B) of [7, Definition 5.5.1]." This point of view is conceptually
simpler and has the advantage that direct images, tensor products and internal Homs are
the restriction of actual derived functors on the categories D(Xprost, £).

The six operations on the categories DZC7 (X, E) (direct and inverses images, direct im-
ages with proper support, exceptional inverse images, derived tensor products and derived
internal Homs) are constructed in [7, Sections 6.7 and 6.8]. Suppose that we are given
a dimension function § on X (see [17, Définition XVII.2.1.1]), and let Kx be the cor-
responding dualizing complex on X. By this, we mean a potential dualizing complex
on X for the dimension function § (see [17, Définition XVII.2.1.2]); this is known to
be unique up to unique isomorphism [17, Théoreme XVIL.5.1.1] and to be a dualizing
complex [17, Théoréme XVIL.6.1.1]. We then denote by Dy = Homy (., Kx) the duality
functor defined by Ky ; it satisfies all the usual properties, see [7, Lemma 6.7.20].

The category D’C’ (X, E) has a canonical t-structure, whose heart is the category of
constructible sheaves Sh.(X, E) (this is automatic if we use [7, Definition 6.8.8] for
ch’ (X, E)). This category has a full abelian subcategory stable by extensions Lo ¢(X, E),
the category of lisse sheaves (or locally constant sheaves, or local systems), see [7, Defi-
nition 6.8.3]. We will only use the category Lo ¢(X, E) if X is connected regular; in that
case (and more generally if X is geometrically unibranch), this category is equivalent to
the category of continuous representations of the étale fundamental group 7¢(X) of X on
finite-dimensional E-vector spaces (see [7, Lemmas 7.4.7 and 7.4.10 and Remark 7.4.8];
the equivalence is given by taking stalks at a geometric point of X). In particular, if X is
smooth of relative dimension d over a field k£ and if we use the dimension function §: x
dim({x}) (see the beginning of Section 2.2), then for every £ € Ob(Lo ¢(X, E)) corre-
sponding to a representation of 7¢(X), if we denote by £V the lisse sheaf correspond-
ing to the dual representation, then Dy (&£) ~ £V (—d)[—2d]. Indeed, we have Ky =
Ex(—d)[—2d], hence H* Homy (£, Kx) = £¥(—d)[—2d], and all the H' Homy (£, Kx)
for i > 1 vanish by [19, Exercise II1.1.31] (and [7, Lemma 6.7.13]).

2.2. Perverse sheaves

In this section, we assume that X satisfies the conditions of [17, Corollaire XIV.2.4.4] (for
example, X is of finite type over Z or over a field) and we fix the dimension function § on
X defined by §(x) = dim({x}). As explained in 2.1, it determines a dualizing complex Ky
and a duality functor Dy . We define two full subcategories ? D=? and # D=° of ch’ (X,E)
by the following formulas:

PD=0 = [K € ObD4(X,E) | Vx € X, ¥i > —§(x), H'(i}K) = 0},
PP=0 = (K € ObDA(X, E) | Vx € X, Vi < —8(x),H' (i1K) = 0},

ITechnically, Ekedahl only defines the category ch’ (X, Of) for a finite extension E of Qy, so to
be precise, we should say that the category D? (X, E) of Bhatt-Scholze is canonically equivalent to the
inverse 2-limit over all finite subextensions of E of the tensor product over O of E and of the category
of constructible @ g-complexes defined by Ekedahl.
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where, for every point x of X (not necessarily closed), we denote the inclusion x — X
by ix. This is a t-structure on Dé’ (X, E) for the same reasons as in [6, Sections 2.2.9—
2.2.19]. We consider couples (S, £), where where § is a finite stratification of X by locally
closed connected regular subschemes, and &£ is the data, for each stratum Z of §, of a finite
set £(Z) of lisse sheaves on Z, such that condition (c) of [6, Section 2.2.9] is satisfied. We
denote by D(s #)(X, E) the full subcategory of D2(X, E) whose objects are the complexes
K such that, for each stratum Z of § and eachi € Z, H' K |z is isomorphic to an element
of £(Z). The categories (P D=°, 7D=?) induces a t-structure on Ds,¢)(X, E) by gluing,
as in [6, Section 1.4]. Then we note that the category DIC’ (X, E) is the filtered inductive
limit of its subcategories D(s ) (X, E), and that the t-structures are compatible thanks to
the purity theorem ([12] or [17, Theorem XVI.3.1.1]).

We will call the t-structure (? D=, ? D=°) the perverse t-structure on D (X, E), and
denote its heart by Perv(X, E). This is the category of perverse sheaves on X (with coef-
ficients in E). We denote the associated cohomology functor by

PH!:D2(X, E) — Perv(X, E).

Let us list the exactness properties of the (derived) sheaf operations for this t-structure.
Suppose that we have a flat morphism of finite type X — §. The following proposition
is an immediate consequence of the definitions.

Proposition 2.2.1. Letu: T — S be an étale map (resp. the inclusion of the generic point
of S ), and consider the functor u*: DICJ (X,E)— Df (X xs T, E).
Then u* (resp. u*[—dim S]) is t-exact.
Then we recall the properties proved in [6, Sections 4.1 and 4.2].
Proposition 2.2.2. Let f: X — Y be a finite type morphism. Then:
(i)  The functors Dy and Dy are t-exact.
(i) If f is affine, then fy is right t-exact and f) is left t-exact.
(iii) Ifthe dimension of the fibers of f is < d, then fy (resp. fi, resp. f*, resp. f')is
of perverse cohomological amplitude > —d (resp. < d, resp. < d, resp. > —d ).
@iv) If f is quasi-finite and affine, then fy and f are t-exact.
(v) If f is smooth of relative dimension d, then f' ~ f*[2d](d), and f*|d] and
f'[=d] are t-exact. In particular, if f is étale, then f* = f'is t-exact.
(vi) The external tensor product X: Df (X, E) XDZC’(Y, E) —>D£7 (X xY, E) is t-exact.
(vii) The Tate twist functor K — K(1) is t-exact.

Remember that the external tensor product of K € Ob D? (X,E)and L € Dé’ (Y,E)is
the object K ® L of D2(X x Y, E) defined by

KX L = (pryK) ® (pry L).

where pry: X XY — X and pry: X x Y — Y are the two projections (see SGA 5 III 1.5,
where K X L is denoted K ®speck L).
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Proof. For (i), note that, by [10, Theorem 6.3 (iii)], for all K, L € Ob D? (X, E) and every
x € X, we have a canonical isomorphism

i! Homy (K, L) ~ Hom (i*K,ilL).

Applying this to L = Ky and using the isomorphisms i}c Kx >~ E(8(x))[28(x)] that are
part of the definition of a potential dualizing complex (see [17, Définition XVIIL.2.1.2]),
we see that K € Ob(Dp=?) if and only if Dy (K) € Ob(?D=°). As D} ~ idp x f)» this
also implies that K € Ob(?D=%) if and only if Dy (K) € Ob(? D=?), and we are done.
Point (ii) is proved exactly as [6, Théoreme 4.1.1], as soon as we have the analogue
of Artin’s vanishing theorem, which is proved in [17, Exposé XV]. Point (iii) is proved
exactly as [6, Section 4.2.4], and (iv) follows from (ii) and (iii). To prove point (v), it
suffices to prove the isomorphism f' ~ f*[2d](d); but this is SGA 4 XVIII 3.2.5. Point
(vi) is proved as in [6, Proposition 4.2.8]. Finally, point(vii) follows from (vi), because
K(1) is the exterior tensor product of the complex K on X and of the perverse sheaf
Q¢(1) on Speck. L]

We define the intermediate extension functor as in [6]: if j: U — X is alocally closed
immersion and K is an object of Perv(U, E), then

jiuK = S(PHYjiK — PH®j,K).
The methods of [6, Section 4.3] adapt immediately to our case and give the following

result.

Theorem 2.2.3. The category Perv(X, E) is Artinian and Noetherian, that is, all its
objects have finite length. Moreover, the simple objects are of the form jiL[d], where
j:Z — X is alocally closed immersion, the subscheme Z is connected regular of dimen-
sion d, and L is a lisse sheaf on Z corresponding to an irreducible representation of
Jrft(Z) (we call such a L a simple lisse sheaf).

2.3. Perverse t-structures and the realization functor

Fix schemes X, Y as in Section 2.2. By Theorem A.2.3 and Section A.4, we have a tri-
angulated realization functor real: D? Perv(X, E) — DIC’ (X, E) extending the inclusion
Perv(X, E) C D8(X, E), and similarly for D2(Y, E).

The proof of the following proposition is explained in Section A.4.
Proposition 2.3.1. Let f: X — Y be a finite type morphism.

(1)  If f is quasi-finite and affine, then we have commutative diagrams (up to natural
isomorphism)

D?(Perv(X, E)) ELY D?(Perv(Y, E))  DP(Perv(X, E)) LN Db (Perv(Y, E))

realJ{ lreal reall J{real

DA(X, E) — DA(Y, E), D(X,E) — DA(Y, E).
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(ii)  If f is smooth and of relative dimension d, then we have a commutative diagram
(up to natural isomorphism)

D?(Perv(Y, E)) AN D?(Perv(X, E))

reall lreal

DA(Y, E) —a DA(X, E).

(iii) We have a commutative diagram (up to natural isomorphism)

D? (Perv(X. E))™ —2X D?(Perv(X. E))

reall lreal

DY(X. E)® ———— D2(X. E).
X

We need one last compatibility. Suppose that we have a flat morphism of finite type
X — S.If T — S is étale (resp. the inclusion of the generic point of ), u: X7 — X is
its base change to X and u*: Df (X,E) —> Df (X7, E) is the restriction functor, then u*
(resp. u*[—dim S]) is t-exact by Proposition 2.2.1. The following result is proved exactly
as Proposition 2.3.1 (see Section A.4).

Proposition 2.3.2. In the situation above, we have a commutative diagram (up to natural

isomorphism)
D?(Perv(X, E)) LGN D?(Perv(Xr. E))
D(X,E) —a D (X1, E),
wherea = 0is T — S is étale anda = —dim S if T — S is the inclusion of the generic
point of S.

2.4. Horizontal constructible complexes

From now on, we fix a field k of finite type over its prime field (in other words, k is the
field of fractions of an integral scheme of finite type over Z) and an algebraic extension
E of Q. We will consider separated schemes of finite type over k and denote by them by
capital Roman letters such as X, Y, U etc.

We will recall some constructions and results of [14, Sections 1-3]. In this article,
Huber assumes that k is a number field, but, as she notes herself in the remark after propo-
sition 2.3, this is not really necessary and all her constructions extend to the more general
situation considered here, either by Deligne’s generic constructibility theorem (SGA 4 1/2
[Th. finitude]) or by Gabber’s finiteness results [17].
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Let U be the set (ordered by inclusion) of Z-subalgebras A C k that are regular and
of finite type over Z and such that & is the field of fractions of A. By a theorem of Nagata
(see EGA IV 6.12.6), if B is an integral scheme of finite type over Z, then the regular
locus of B is open in B. Hence k = h—H>IAeu A. So we are in the situation of EGA IV 8
and can use the results of this reference.

If A € U, we say that a scheme over Spec A is horizontal if it is flat and of finite
type over A. Let X be a scheme over k. We denote by UX the category of triples
(A, X, u), where A € U, X is a horizontal scheme over A and u is an isomorphism of k-
schemes X — X ®4 k; we will often omit u from the notation. A morphism (4, X, u) —
(47, X’,u’) is an inclusion A C A’ and an open embedding f: X' — X ®4 A’ such that
u’ = u o f. Then we have a canonical isomorphism (given by the entry u of the triples)

x5 lim X ®qk.
—
(A,X)eObUX

If f:(A4,X) — (A’, X') is a morphism in U X, then it induces an exact functor

f*
Db(X,E) - D2(X ®4 A", E) = Db(X'. E),
where the first functor is the restriction functor along the open embedding X ®4 A" — X.

Definition 2.4.1. (See [14, Definition 1.2]). Let X be a scheme over k. We define the
category DZ (X, E) by

DY(X,E)=2— lim D5(X, E).
(A,X)e0b UX

We call this category the category of bounded constructible horizontal E-complexes
of sheaves on X .

Note that we could also define versions of these categories with coefficients in O (if
E is a finite extension of Qy), as Huber does. But we will only be interested in this article
in the category Dz (X, E).

As in the remark following [14, Definition 1.2], we see that these categories are tri-
angulated and have a tautological t-structure (induced by the tautological t-structure on
the categories Df (X, E)), and that all the properties of [10, Theorem 6.3] carry over. The
heart of the canonical t-structure will be denoted by Shy (X, E), and we will call its objects
horizontal constructible sheaves on X .

We denote by n*: D}bl (X,E) —> ch’ (X, E) the exact functor induced by the restriction
functors

DP(X, E) — DY(X ®4 k. E) *> DE(X. E), for (A, X.,u) € Ob UX.

Proposition 2.4.2. The following hold:
(1)  The functor n* is fully faithful on the heart of the tautological t-structure.
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(i) If¥.8 € Ob(Shy(X, E)), then

*, 1 frod 1 *x g %
n 'EXtDZ(X,E)(f’g) _)EXtch’(X,E)(n F,n*8)

is injective.

Proof. The first point is [ 14, Proposition 1.3]. We prove the second point. Let (4, X', u) €
Ob(UX) such that ¥ and & come from objects K and L of D?(X, E). We use u to
identify X and X ®4 k. The constructible sheaves @, .o H' K and @, .o H' L on X are
supported on a closed subset disjoint from X, so, after shrinking X/, we may assume that
K and L are constructible sheaves on X. By definition of DZ (X, E), we have

1 frog _ . 1
EXtDZ(X,E)(f’g) = 1111)1 EXtDIZ(X®AA’,E)(K|x®AA/’LlX@AA/)'
ACA’eU

Let A" D A be an element of U. The category ch’ (X ®4 A’, E) is a full subcategory of
D((X ®4 A )prost» E), the derived category of the category of £-modules on the proétale
site of X ®4 A’, so the groups Extllj,c, (X®uA'.E) parametrize extensions in this category of
E-modules (see Section 3.2 of Chapter ITI of Verdier’s book [30]). But She (X ®4 A', E)
is a Serre subcategory of the category of all sheaves of E-modules (see [7, Proposi-
tion 6.8.11]), so Extll)g(x@A,’E)(K\x@AA/, Lxg,44) is the group of equivalence classes
of extensions of K|xg, 4’ by Lixg4 in She(X ®4 A, E). We have a similar statement
for Ext];,g(X’E)(n*?, n*g).

Now let ¢ € EXtIIJZ(X,E)(?’ §), and suppose that its image in Extll)g(X’E)(n*}" n*g)

is 0. There exists an element A’ D A of U and an extension
0—) L|X®AA/ - M — K|X®AA’ —> 0

in Sh. (X ®4 A’, E) whose class is ¢. The hypothesis on ¢ says that the restriction of this
extension to X is split. But, by point (i), this implies that there exists an element A” > A’
of U such that the restriction of the extension to X ®4 A" already splits, which means
that c = 0. ]

2.5. Horizontal perverse sheaves

In this section, we define the perverse t-structure on Dz (X, E). Note that, by Proposi-
tion 1.4 of Giral’s article [13], all the rings A in U have the same Krull dimension c,
which is the transcendence degree of k over its prime field if k is of positive characteris-
tic, and 1 plus this transcendence degree if k is of characteristic 0.

If (A, X,u) € Ob U X, then we consider the perverse t-structure on D[c’ (X, E) defined
in Section 2.2. Then the functor u*[—c]: DIC’ (X, E) —> DIC’ (X, E) is t-exact by Proposi-
tion 2.2.1. Also, for every morphism f: (4, X,u) — (A, X’,u’) in UX, the restriction
functor f*: DIC’ (X', E)— D’cJ (X, E) is t-exact by the same proposition. By taking the limit
of the shift by ¢ of the t-structures on the DIC’(X , E), we get a t-structure on DZ (X, E)
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such that n*: Dz (X, E) — ch’ (X, E) is t-exact. We denote the heart of this t-structure
by Pervy, (X, E) and call it the category of horizontal perverse sheaves on X. We still
denote the perverse cohomology functors by PH': DZ (X, E) — Pervy(X, E). We also
have a realization functor real: D® Perv;, (X, E) — Dz (X, E) extending the inclusion
Pervy (X, E) C Dz (X, E), by Theorem A.2.3 and Section A.4.

Remark 2.5.1. This is not Huber’s construction. Let us recall her construction and com-
pare it with ours. Let A € U and let X be a horizontal scheme over A. As in [14,
Lemma 2.1], we say that a stratification of X is horizontal if all its strata are smooth
over A. Suppose that E/Qy is finite. If S is a horizontal stratification of X and L is
the data of a set of irreducible lisse (g -sheaves on every stratum of S satisfying condi-
tion (c) of [14, Definition 2.2], we get as in [14, Definition 2.2 and Lemma 2.4] a full
subcategory D?S,L)(X, Of) of (S, L)-constructible objects in D’g (X,0F), and it has a
self-dual perverse t-structure, whose heart we will denote by Perv(s 1)(X, Og). Because
the strata S are smooth over Spec A4, lisse sheaves on them are perverse for our t-structure
on ch’ (X, Og) when placed in degree — dim(A) = —c, so Huber’s t-structure is the shift
by c of the one induced by our perverse t-structure on D}c’ (X,0E).

By [14, Proposition 2.3], the category Dz (X, OF) is the 2-colimit of the categories
D?S,L)(X, OFf)overall (4, X) € Ob UX and couples (S, L) as before, and by [14, Theo-
rem 2.5], the perverse t-structure goes to the limit and induces a t-structure on DZ (X,0F).
This is the t-structure that is used in [14], and, by the observation of the previous para-
graph, it coincides with the one that we defined at the beginning of this section.

Huber’s definition has the advantage that we can apply Deligne’s generic base change
theorem (from SGA 4 1/2 [Th. finitude]) to deduce statements for horizontal perverse
sheaves from statements for perverse sheaves on schemes over finite fields proved in [6,
Sections 4 and 5].

For example, we see as in [14, Theorem 2.7] that the six operations have the usual
exactness properties with respect to the perverse t-structure (which means the properties
of [6, Sections 4.1 and 4.2]), that the category Pervy (X, E) is Artinian and Noetherian,
and that we have the same description of its simple objects as in [6, Theorem 4.3.1].

The following result is a slight generalization of the first part of [14, Lemma 2.12].

Proposition 2.5.2. The following hold:

(1)  The functor n*:Pervy(X, E) — Perv(X, E) is fully faithful, and its essential
image is the full category of perverse sheaves on X that extend to a constructible
complex on some X, for (A, X) € Ob UX.

(ii) Forevery K, L € ObPerv(X, E), the morphism

Ethljﬁ’,(X,E)(K’ L) — Extlljé,(X’E)(n*K, n*L)

induced by 1 is injective.

2But we could also have proved all these statements from our definition.
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Proof. If the category where we take the Ext’ is clear from context, we omit it in this
proof. Also, we omit the coefficients E in the notation.

We prove both points by Noetherian induction on X . If dim X = 0, then the perverse -
structure on Dﬁ,’ (X, E) is the usual t-structure, so both points follow from Proposition 2.4.2
(which is an easy consequence of [14, Proposition 1.3]).

Suppose that dim X > 0, and let K, L € Ob Pervy,(X). [14, Lemma 2.12] says that
the map Hom(K, L) — Hom(n* K, n* L) is injective, and we want to show that it is also
surjective. We show this by induction on the sum of the lengths of K and L.

Suppose first that K and L are both simple. Then we have smooth connected locally
closed subschemes kq: Y7 — X and k»: Y, — X and horizontal locally constant sheaves
&£, on Yy and £, on Y, such that K = ky1.&£1[dim Y;] and L = kp1.£2[dim Y5]. We
have Hom(K, L) = 0if K 3 L, and Hom(K, K) = HomDZ(X)(QEl, é{l). In particular, by
[14, Proposition 1.3], n* K and n* L are also simple, and Hom(K, L) — Hom(n* K, n*L),
proving the first point.

We prove the second point. Let Z =Y, NY,, and denote by i: Z—X and j: X —Z - X
the inclusions. We have an exact triangle

RHom(i*K,i'L) — RHom(K, L) — RHom(j*K, j*L) =5 .

As j*K and j*L are perverse with disjoint supports on X — Z, RHom(j*K, j*L) =0,
so we get isomorphisms Ext! (i*K,i'L) = Ext! (K, L) for every i € Z. We have a similar
result for n* K and n* L.

If Y; is not contained is Y>, then Z is a proper closed subset of Y7, so i*K and i *n* K
are concentrated in perverse degree < —1. As i'L and i'n* L are concentrated in perverse
degree > 0, we get

Ext!(K, L) = Hom(PH™'i*K, PH%'L),
Ext!(n*K,n*L) = Hom(PH™'i*p* K, PH% 'ny* L),
so the second point follows from the induction hypothesis applied to Z.
If Y5 is not contained is Y7, then Z is a proper closed subset of Y, so i'L and i’r)*L

are concentrated in perverse degree > 1. As i * K and i *5* K are concentrated in perverse
degree < 0, we get

Ext!(K, L) = Hom(?H% *K,PH'i'L),
Ext!(n*K,n*L) = Hom(?H% *n*K,PH'i'n* L),
so the second point again follows from the induction hypothesis applied to Z.
Finally, suppose that ¥; = Y,. Then i*K and i'L are perverse and simple, and we

may assume that Y; = Y,. Let b be the inclusion of the open subscheme Y7 of Z, and a
be the inclusion of its complement. As before, we have an exact triangle

RHom(a*i*K,a'i'L) — RHom(i*K,i'L) — RHom(b*i*K,b*i'L) 2> .
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Asi*K andi'L are simple of support Z, we know that a*i * K is concentrated in perverse
degree < —1 and that a'i' L is concentrated in perverse degree > 1, so we get an injective
map
Ext!(i*K,i'L) — Ext'(b*i*K,b*i'L) = Extll)Z(X)(éﬁl,:ﬁz).

We have a similar calculation for i *n* K and i'n* L, and so the second point follows from
Proposition 2.4.2. This finishes the proof in the case where K and L are both simple.

Now suppose that we have an exact sequence 0 - K; — K — K, — 0, and that we
know the result for the pairs (K1, L) and (K3, L). We show it for (K, L). Write K’ = n*K,
L’ = n*L etc. We have commutative diagrams with exact rows

0 — Hom(K>, L) — Hom(K, L) — Hom(K, L) — Ext!(K,, L)

[ .

0 - Hom(K}, L") - Hom(K’, L') - Hom(K', L") — Ext' (K}, L"),

Hom(K,, L) — Ext! (K3, L) — Ext! (K, L) — Ext' (K, L)

ool

Hom(K!, L") — Ext! (K}, L") — Ext!(K’, L") - Ext'(K/, L")

so both points follow from the five lemma.
The case where we have an exact sequence 0 — Ly — L — L, — 0 such that the
result is known for (K, L1) and (K, L,) is treated in the same way. |

2.6. Mixed perverse sheaves

The key observation in order to define weights in our setting, if A € U, then, as 4 is a
Z-algebra of finite type, the residue fields of closed points of Spec A are finite, so we
can use the theory of [6, Chapter 5] as in [14, Section 3] to define categories Dfn (X, E)
of mixed horizontal complexes. Once we have defined what it means for a horizontal
constructible sheaf to be punctually pure of a certain weight, the definition proceeds as in
[6, Section 5.1.5]. If ¥ € Ob Shy (X, E) and w € Z, we say that ¥ is punctually pure of
weight w if there exists (4, X) € Ob UX and ¥’ € Ob Sh.(X, E) a constructible sheaf
extending F such that, for every closed point x of Spec A, 37|’xx is punctually pure of
weight w in the sense of [6, Section 5.1.5] (that is, of Deligne’s [9]). We say that ¥ is
mixed if it has a filtration whose graded pieces are punctually pure of some weight.

We denote by Di’n (X, E) the full subcategory of mixed complexes in DZ (X, E); the
objects of Di’n (X, E) are complexes K such that all the (usual) cohomology sheaves of K
are mixed.

By[14, Proposition 3.2], these subcategories are stable by the 6 operations and inherit a
perverse t-structure from DZ (X, E). We denote the heart of this t-structure by Perv,,(X, E);
it is a full subcategory of Pervy, (X, E), stable by subquotients and extensions. All the
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compatibilities between the six operations (and the intermediate extension functor) and
weights that are proved in [6, Chapter 5] and [9] remain true, see [14, Definition 3.3 to
Corollary 3.6]. Also, the realization functor real: Db Pervy, (X, E) — Dz (X, E) restricts
to a functor

real: D? Perv,,(X,E) — Dz(X, E),

whose essential image is contained in Dﬁ’n (X, E) by definition of Di’n (X,E).
Let us introduce weight filtrations, following [14, Definition 3.7].

Definition 2.6.1. Let K € ObPerv,, (X, E). A weight filtration on K is a separated exhaus-
tive ascending filtration W on K (in the abelian category Perv,, (X, E)) such that GrZV K
is pure of weight k for every k € Z.

As the abelian category Perv,, (X, E) is Artinian and Noetherian, such a filtration is
automatically finite. Note also that morphisms in Perv,, (X, E) are strictly compatible with
weight filtrations [ 14, Lemma 3.8], so in particular a weight filtration is unique if it exists.

Definition 2.6.2. Let Perv,, s (X, E) be the full subcategory of Perv,, (X, E) whose objects
are mixed horizontal perverse sheaves admitting a weight filtration.

This subcategory is clearly stable by subquotients in Perv,, (X, E), but it is not stable
by extensions (even if X = Spec k), see the warning before [14, Proposition 3.4].

Finally, the following conservativity result will be very useful.

Proposition 2.6.3. The following hold:

(1)  The functor n*: DZ (X,E)— DIC’ (X, E) is conservative.

(ii)  The realization functor DP Pervy (X, E) — Dz (X, E) is conservative.

(iii) The obvious functor D? Perv,, (X, E) — D? Pervy, (X, E) is conservative.
Proof. In all three cases, we have t-structures on the source and target for which the func-
tors are t-exact and such that the family of cohomology functors for the t-structure is
conservative (the perverse t-structure on DZ (X, E) and DIC’ (X, E), and the canonical t-
structure on the derived categories). So it suffices to check that the functors on the hearts

are conservative. But these functors are all faithful and exact (in fact, they are all fully
faithful), so they are conservative. [

3. Main theorems

From now on, we will fix the algebraic extension E of @, and omit it in the notation.

3.1. Informal statement

Informally, the main theorems say that the sheaves operations ( fx, f*, fi and f', Hom,
®, Poincaré—Verdier duality, unipotent nearby and vanishing cycles) lift to the categories
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D? Perv,, #(X) in a way that is compatible with the realization functors D? Perv,, F(X) —
Dfn (X), and that all the relations between these functors that are true in the categories
Dfn (X) are still true in the categories D? Perv,y, 7(X).

A convenient way to say this is to use the formalism introduced in Ayoub’s thesis [1]
(and in his article [2]). Then Theorem 3.2.4 says that the four operations fx, f*, fi and
£ exist and satisfy all the expected adjunctions and compatibilities, and Theorem 3.2.12
asserts the existence and properties of the derived internal Homs and derived tensor prod-
ucts. The stability of the categories Perv,, s under the perverse direct image functors is
proved in Section 6.3, and the unipotent vanishing cycles are constructed in Section 5.2
(see Corollary 6.3.3).

3.2. Formal statement

We denote by Sch/ k the category of schemes over k (always assumed to be separated of
finite type, as before) and by TR the 2-category of triangulated categories.

The notion of a formalism of the four operations ( f*, fx, fi, f') has been axiomatized
by Deligne, Voevodsky and Ayoub, under the name of “foncteur croisé”.® We will follow
Ayoub’s presentation.

Definition 3.2.1. (See [1, Definition 1.2.12].)* A crossed functor (“foncteur croisé”) on
Sch/k with values in T3 (relatively to the class of cartesian squares) is a quadruple of
2-functors H = (H*, Hy, Hy, H'):Sch/k — TR, such that:

(0) for every X € Ob(Sch/ k), we have Hy(X) = H\(X) = H*(X) = H'(X) (we
denote this triangulated category by H(X));

(1) the functors Hy, H, are covariant, and the functors H*, H are contravariant;

(2) the functor H* is a global left adjoint of Hy;

(3) the functor H' is a global right adjoint of H;

together with the data of exchange structures of type , on the couples (Hx, H)) and
(H*, H!) (see [1, Definition 1.2.1]), i.e., for every cartesian square

X £, x

fl lf

in Sch/ k, we have morphisms of functors

Hi(f)o Hi(g)) — Hi(g) o Hi(f') and H*(g)o H'(f) — H'(f') o H*(g)

compatible with horizontal and vertical composition of squares.

3There are other approaches, but this particular one seems better suited to our situation. For example,
using derivators is complicated by the fact that it is difficult to make sense of the notion of “perverse sheaf
over a diagram of schemes”, because inverse image functors typically do not preserve perverse sheaves.
“Note that we take the two categories €; and €, of this reference to be equal to Sch/ k.
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This data is moreover required to satisfy the following condition: For every cartesian
square

X £, x
f[ lf
X ——Y

in Sch/ k, the morphisms H*(g) o Hi(f) — H\(f') o H*(g') and H,(f') o H*(g') —
H*(g) o H(f) formally constructed using the exchange structures and adjunctions (see
the beginning of [1, Section 1.2.4]) are isomorphisms and inverses of each other; equiv-
alently, we could required that the morphisms H'(f) o Hx(g') — Hx(g) o H'(f') and
H.(g)o H'(f') = H'(f) o H«(g’) are isomorphisms and inverses of each other.

Definition 3.2.2. (See [2, Definition 3.1 and Theorem 3.4].) Suppose that we have two
crossed functors Hy, Hy:Sch/k — TR. A morphism of crossed functors R: Hy — H,
is the following data:

(1) Forevery X € Ob(Sch/k), a triangulated functor Ry: H(X) — H,(X).
(2) Forevery f: X — Y in Sch/k, invertible natural transformations
O H3(f)o Ry = Rx o HY (f),
yr: Ry o Hi(f) = Hax(f) o Rx,
priHay(f) o Rx = Ry o Hay(f).
&1 Ry o Hy(f) — H3(f) o Ry.

We require these transformations to satisfy the compatibility conditions spelled out in
Section 3 of Ayoub’s paper [2].

Example 3.2.3. Fora € {c, h,m}, we have a crossed functor
H, = (H}, Hyx, Hay, H)):Sch/k — TH
defined in the following way:
» Forevery X € Ob(Sch/k),
Hy(X) = Has(X) = Hay = (X) = Hy(X) = Dj(X).

* Forevery f: X — Y inSch/k, wehave H}(f) = f*, Hyx(f) = fo, Hap(f) = fi
and Hy(f) = f.

Moreover, we have morphisms of crossed functors H,, — Hp — H,.
Then our first main result is the following theorem.

Theorem 3.2.4. There exists a crossed functor

Hyy = (Hp o Hygon Hupyo Hy 0):Sch/k — TH
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and a morphism of crossed functors R: Hy,,y — Hy, such that, for every X € Ob(Sch/ k),
Hpy(X) = DP Pervy, s (X) and Rx: Hyyp(X) = D Pervy, s (X) — Hpu(X) = D2 (X) is
the composition of the obvious functor D? Perv,, 7 (X) — D? Perv,,(X) and of the real-
ization functor of Section 2.5.

Moreover, the functor Ry is conservative for every k-scheme X, and we have for
every morphism f in Sch/k a natural transformation Hp, 1 (f) = Hpys(f), which is
an isomorphism if f is proper.

To prove this, we will follow the same strategy as in [1, Chapter 1] and [2, Section 3],
and deduce the existence of the crossed functor and of the natural transformation f; — f
from that of a stable homotopic 2-functor (see Definition 3.2.5).

‘We note that the conservativity of Ry follows immediately from Proposition 2.6.3, and
then the fact that fj — f is an isomorphism for f proper follows from the conservativity
of the functors Ry.

Definition 3.2.5. (See [1, Definition 1.4.1].) Let H*:Sch/k — TR be a contravariant 2-
functor. For X € Ob(Sch/ k), we write H*(X) = H(X), and for f a morphism of Sch/ k,
we also denote the 1-functor H*(f) by f*. We assume that H * is strictly unital, i.e., for
every morphism f: X — Y in Sch/k, the connection isomorphisms (f oidyx)* >~ f*
and (idy o f)* ~ f* are the identity.

We say that H * is a stable homotopic 2-functor if it satisfies the following conditions:

(1) H(@) =0.

(2) For every f: X — Y in Sch/k, the functor f*: H(Y) — H(X) admits a right
adjoint f. Moreover, if f is a locally closed immersion, then the counit f™* f, —
idg(x) is an isomorphism.

(3) If f: X — Y is a smooth morphism in Sch/ k, then the functor f* admits a left
adjoint fy. Moreover, if we have a cartesian square:

X
s
Y

with f smooth, then the exchange morphism fﬁ/ g™ — g* fy (defined formally
using the adjunctions, see [1, Section 1.4.5]) is an isomorphism.

;&
—

e

1
D ——

—_
g

4 If j:U — X and i: Z — X are complementary open and closed immersions in
Sch/ k, then the pair (j*,i*) is conservative.

(5) If X € Ob(Sch/R) and p: A}( — X is the canonical projection, then the unit
idy — p«p™ is an isomorphism.

(6) With the notation of (5), if s: X — A)l( is the zero section, then pys«: H(X) —
H(X) is an equivalence of categories.
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Definition 3.2.6. (See [2, Definition 3.1].) Let H}', Hy:Sch/k — T3 be two stable
homotopic 2-functors. A morphism of stable homotopic 2-functors R: H — HJ is the
data of:

(1) Forevery X € Ob(Sch/k), a triangulated functor Rx: H{(X) — H>(X).

(2) Forevery f: X — Y in Sch/k, an invertible natural transformation
07 f*oRy = Ry o f*.

We require that this data satisfy the following compatibility conditions:

(A) The natural transformations are compatible with the composition of morphisms
in Sch/ k.

(B) If f is smooth, then the natural transformation fjy o Ry — Ry o fy (obtained
using the adjunction and Gf_ 1) is invertible.

Example 3.2.7. The crossed functors of Example 3.2.3 define (by forgetting part of the
data) three stable homotopic 2-functors H,,, H;"and H, and morphisms H,,— H;— H.

Theorem 3.2.4 now follows immediately from the following two results (the first one
is a consequence of several theorems of Ayoub and is also used to construct the four
operations on the triangulated categories of Voevodsky motives, and the second one is the
main technical result of this paper).

Theorem 3.2.8. The following hold:

(1)  (See[l, Scholie 1.4.2].) Let H*:Sch/k — TR be a stable homotopic 2-functor.
Then H* extends to a crossed functor Sch/k — TR.

(ii) (See [2, Theorems 3.4 and 3.71.) Let H{, Hy:Sch/k — TN be two stable
homotopic 2-functors and R: H — H be a morphism. Let Hy, H>:Sch/k —
TR be crossed functors extending H;', HY as in (i). Then R extends to a mor-
phism of crossed functors from Hy to H;.

Theorem 3.2.9. There exists a stable homotopic 2-functor H i’ Sch/k — TR and
a morphism of stable homotopic 2-functors R: H,, r H} such that, for every X €
Ob(Sch/k), Hyr(X) = D? Perv,,r(X) and Rx: Hy, r (X) — Hy,(X) is the same functor
as in Theorem 3.2.4.

Proof. The construction of the 2-functor H» ’ is given in Corollary 7.2.4. Let us check
that it is a stable homotopic 2-functor. Property (1) is obvious. The fact that H f f)
admits a right adjoint for every f follows from the definition of H > rasa global left ad-
joint, and the last part of property (2) follows from Corollary 6.4.2 and Proposition 7.1.7.
The fact that f* admits a left adjoint for f smooth is proved in Proposition 7.3.2 (iv), and
the last part of property (3) as well as properties (4) and (5) follow from the conservativity
of the realization functor. Finally, let Y be a k-scheme, let p: A%, — Y be the canonical
projectionand s: Y — A;, be the zero section. By Proposition 7.3.2 (v), we have a natural
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isomorphism §; — 5. So we get a natural isomorphism

pess = p2I(Dsx = psi2](1) = (psnl2](1) = id[2](D),
which shows that pys.: D?Perv,, 7(Y) —DbPerv,, #(Y') is an equivalence of categories. m

Finally, we show the existence of tensor products and internal Homs on the categories
D? Perv,, s (X).

Definition 3.2.10. We make the following definitions:

(i)  (See [1, Definition 2.3.1].) A unitary symmetric monoidal stable homotopic 2-
functor is a stable homotopic 2-functor H* that takes its values in the 2-category
of symmetric monoidal unitary triangulated categories, that is, that associates to
every X € ObSch/k a unitary symmetric monoidal category (H(X), ®x, 1x)
and such that:

(a) For every morphism f: X — Y in Sch/ k, the functor f* is unitary monoi-
dal.

(b) (Projection formula.) If f: X — Y is smooth, K € Ob H(Y) and L €
Ob H (X), then the functorial map

P fi(f*(K)®y L) > K ®x fy(L)
constructed in [ 1, Proposition 2.1.97] is an isomorphism.

(i) (See [2, Definition 3.2].) Let H;" and H; be two symmetric monoidal unitary
stable homotopic 2-functors. Then a morphism of symmetric monoidal unitary
stable homotopic 2-functors from H| to H} is a morphism of stable homotopic
2-functors R: H" — H such that:

(a) Forevery X € Ob(Sch/ k), the functor Ry is monoidal unitary.

(b) For every morphism of k-schemes f, the natural transformation 6y is a
morphism of monoidal unitary functors.
(iii) (See [1, Definition 2.3.50]). If H* is as in (i), we say that H™* is closed if, for
every X € ObSch/k, the symmetric monoidal category (H(X), ®x) is closed;
this means that, for every object K of H(X), the endofunctor K ®x - of H(X)
admits a right adjoint, that will be denoted by Homy (K, -).

Example 3.2.11. The stable homotopic 2-functors H,y,, H, and H; are all closed sym-
metric monoidal unitary (for the derived tensor product), and the morphisms H,, —
H; — H are morphisms of symmetric monoidal unitary stable homotopic 2-functors.

Our last result is the following.

Theorem 3.2.12. There exists a structure of closed symmetric monoidal unitary stable
homotopic 2-functor on H ’ suchthat R: H . ind H,; is a morphism of symmetric monoi-
dal unitary stable homotopic 2-functors.
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Moreover, for every k-scheme X, the functorial map

Rx Hompy ey, . (x) (-.-) » Homp (Rx ("), Rx ("))
of [2, (3.1)] is an isomorphism.

Proof. This theorem is proved in Section 8. More precisely, the bifunctors ® y and Hom
are constructed in Section 8, and all their properties are proved there except for condition
(1)(b) of Definition 3.2.10. But this last condition follows from the fact that the functor Ry
is conservative (and that the analogous result is true in Dﬁ’n (X)). ]

4. Easy stabilities

The proof of Theorem 3.2.9 will require us to show that the full subcategories Perv, s (X)
C Perv,, (X) are preserved by a certain number of sheaf operations. Here we list the easier
such results.

Proposition 4.1. Let f: X — Y be a morphism of k-schemes.
(1) If f is smooth of relative dimension d, then the exact functor f*[d]:Perv,, (Y ) —
Perv,,, (X) sends Pervy, s (Y') to Perv,, r (X).
(i) If f is proper; then, for every k € Z, the functor PH¥ f,:Perv,, (X ) — Perv,,(Y)
sends Perv,, r(X) to Perv,, s (Y).

Proof. Point (i) follows from the fact that the functor f *[d] is exact (see Proposition 2.2.2)
and sends pure perverse sheaves to pure perverse sheaves (by [0, Stabilités 5.1.14]). Point
(ii) is Proposition 3.9 of Huber’s paper [14]. (This proposition is stated for f smooth, but
its proof doesn’t use the smoothness of f.) |

Proposition 4.2. Let X,Y € Ob(Sch/k).
(i)  The Poincaré-Verdier duality functor Dy :Perv,,(X)°? — Perv,,(X) sends the
full subcatgeory Perv,, r (X) to Perv,, s (X).
(i1)  The external tensor product functor X: Perv,, (X ) xPerv,, (Y)— Perv,, (X xY)
sends Perv,, s (X) x Pervpy, s (Y) to Perv,, s (X x Y).
(iii) The Tate twist functor (1):Perv,, (X)) —Perv,, (X), K+ K(1) sends Perv,, s (X)
to Pervy, r (X).

Proof. This follows from the fact all these functors are exact (see Proposition 2.2.2) and
send pure perverse sheaves to pure perverse sheaves (see [6, Stabilités 5.1.14]). ]

In particular, by deriving trivially the functors above, we get:

(i)  Forevery X€Ob(Sch/ k), an exact functor Dy :D? Perv;’q‘} (X)—D’Perv,, 7 (X)
and an isomorphism D2 ~ id, and also an exact functor from D? Perv,, 7(X)to
itself sending K to K(1).



Mixed £-adic complexes for schemes over number fields 125

(ii) For every X,Y € Ob(Sch/k), an exact functor X from D? Perv,, F(X) x
D? Perv,, F(Y) to D? Perv,y, (X x Y), satisfying the same properties of com-
mutativity and associativity as the external tensor product on the categories Dﬁ,’.

Moreover, these functors correspond to the usual ones on Df’n (X) by the realization
functor (by Proposition 2.3.1).

Note that, by [6, Proposition 3.2.2 and Theorem 3.2.4], the 2-functor X +— Perv(X) is
a stack for the étale topology on X. We have the following easy result.

Proposition 4.3. The categories Perv,(U) (resp. Pervy, (U), resp. Perv,, s (U)) define a
substack of X + Perv(X).

Proof. As Pervy,(U) (resp. Pervy, (U), resp. Perv,, r (U)) is a full subcategory of Perv(U)
for every U, we only need to show the following fact: If K is an object of Perv(X) and
if there exists an étale cover (u;: U; — X);es of X such that u} K is in Pervy (U;) (resp.
Perv,, (U;), resp. Perv,, ¢ (U;)) for every i € I, then K is in Perv, (X) (resp. Perv, (X),
resp. Perv,, s (X)).

We first treat the case of Perv, and Perv,,. We may assume that / is finite and
that the U; are affine. For all i, j € I, we denote the fiber product of u; and u; by
uij:U; xx U;j — X. Then, as Perv is a stack, we have an exact sequence in Perv(X):

0—> K — @ui*u;‘K — @ uijsu; K.
iel i,jel

As the last two terms are in Pervy (X)) (resp. Perv,, (X)) by assumption, and as Pervy, (X)
(resp. Perv,, (X)) is a full abelian subcategory of Perv(X) by Proposition 2.5.2, the per-
verse sheaf K is also an object of Pervy, (X) (resp. Perv,, (X)).

We now treat the case of Perv,, s (X). Let a € Z. We need to construct a subobject L
of K such that L is of weight < a and K/L is of weight > a. For every i € I, we set
L; = Wy(u} K), where W is the weight filtration on K;. By the uniqueness of the weight
filtration, the L; glue to a subobject L of K. As we can test weights on an étale cover
of X (for example by [6, Theorem 5.2.1 and 5.1.14 (iii)]), this L satisfies the required
conditions. ]

Lemmad4.4. Leti:Y — X be a closed immersion, and let K € ObPerv,,(Y). Then K is
inPervy, s (Y) if and only if i+ K is in Perv,, s (X).

Proof. If K is in Perv,, s (Y), then i, K is in Perv,, s (X) by Proposition 4.1 (ii).
Conversely, assume that ix K is in Perv,, s (X). Let a € Z. We want to show that there
exists a subobject K’ of K (in Perv,,(Y)) such that K’ is of weight < a and K/K' is
of weight > a + 1. By the assumption, there exists a subobject L’ C i« K (in Perv,, (X))
such that L’ is of weight < a and L” := (i.K)/L’ is of weight > a + 1. Let j be the
inclusion of the complement of Y in X. Then the functor j* is t-exact, so, applying
J* to the exact sequence 0 — L' — i, K — L” — 0, we get an exact sequence 0 —
J*L'— 0— j*L” — 0 of mixed perverse sheaves on X — Y. This implies that j*L’ =
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j*L" =0, so the adjunction morphisms i,i'L’ — L’ — i,i*L’ and iwi'll" — L' —
ixi*L" are isomorphisms. In particular, the mixed complexes i*L’ = i'L’ and i*L" =
i'L" are perverse. Let K’ = i* L’. We have just seen that K’ is perverse, and the weights
of K" are < a (see the remark after [14, Definition 3.3]). Also, we have an exact triangle

. . N +1
K =i"L' > K—i*L'=i L' —,

which is actually an exact sequence in Perv,, (Y), so the canonical map K’ — K is injec-
tive, and K/K’ ~ i'L”, which is of weight > a + 1 (by the same remark in [14]). m

5. Beilinson’s construction of unipotent nearby cycles

In this section, we review Beilinson’s construction of the unipotent nearby and vanishing
cycles functors from [3]. There are two reasons to do this:

(1) We will want to define nearby cycles for horizontal perverse sheaves, and to apply
known theorems (about weights for example). The easiest way to do this is to use
Deligne’s generic base change theorem, but this might cause technical problems if
we use the original construction of nearby cycles (from SGA 7 I and XIII), which
involves direct images by morphisms that are not of finite type.

(2) We will need some of Beilinson’s auxiliary functors anyway to construct a left
adjoint of i, for i a closed immersion.

All the proofs of the results in this section can be found in [3] (see also [21]).

5.1. Unipotent nearby cycles

Fix a base field k, let X be a k-scheme, and let f: X — A}c be a morphism. We write
Gm =A'—{0},U = X x41 G 2> X and ¥ = X x41 {0} - X.
We have an exact sequence

1 = 73" (G, 1) = 11(Gpp, 1) — Gal(k/k) — 1,

which is split by the morphism coming from the unit section of G,. If k is of characteris-
tic 0, then 7" (G, 1) = Z(1); if k is of characteristic p > 0, then ngeom’(p) (G, 1) ~
Z?)( 1). In both cases, we get a projection #;: 7" (G, 1) = Z¢(1). We also denote by
y:Gal(k/ k) — Z ¢ the £-adic cyclotomic character.

Let Wy: D’c’ U) —» Dlg(Yk) and ®;: D’C’ (X) —> ch’ (Y%) be the nearby and vanishing
cycles functors defined in SGA 7 Exposé XVIII, shifted by —1 so that they will be t-exact
for the perverse t-structure. (See Corollary 4.5 of Illusie’s [ 16], and note that the dimension
function we use on U is shifted by +1 when compared with Illusie’s dimension function.)
We denote by T a topological generator of 7™ (G, 1) or 75°™)(G,,) (depending on

-1
the characteristic of k). We have a functorial exact triangle ¥y —— Wy — i* j, —
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Proposition 5.1.1. There exists a functorial T-equivariant direct sum decomposition
Yy = \117 @ \117” such that, for every K € DE(U), T — 1 acts nilpotently on \IJ? (K)
and invertibly on \Ifj"p” (K).

. . . T-1 k. 1.
In particular, the functorial exact triangle Wy —— Wy — i* j, —> induces a functo-
. . T—1 w11
rial exact triangle \IJ; — \IJ? —> ¥ je —.

The functor \IJ} is called the unipotent nearby cycles functor.

Proof. 1t suffices to prove that, for every K € ch’ (U), there exists a nonzero polynomial
P (with coefficients in the coefficient field E that we are using for the categories D?) such
that P(T) acts by 0 on W¢(K). (The rest is standard linear algebra.) As we know that Wy
sends Dé’ (X) to D'C’ (Yz) (i.e., preserves constructibility), this follows from the fact that,
for every L € Df(Y,;), the ring of endomorphisms of L is finite-dimensional (over the
same coefficient field E). To prove this fact, we use induction on the dimension of X to
reduce to the case where the cohomology sheaves of L are local systems, and then it is
trivial. ]

LetK € Df (U).Then T: \I’]'ﬁ K — \IJ; K is unipotent, so there exists a unique nilpotent
N: \IJ}K — \I’} K(—1) such that T = exp(¢,(T)N) on lIJ;K. The operator N is usually

called the “logarithm of the unipotent part of the monodromy”. We get a functorial exact

N
triangle lIJ} — \P}(—l) — 0 js LY

5.2. Beilinson’s construction
Now we introduce the unipotent local systems that are used in Beilinson’s construction of
vy

Definition 5.2.1. For every i > 0, we define a E-local system &£; on G, in the following
way: the stalk £;1 of £; at 1 € G, (k) is the E-vector space E i+1 on which an element
uxo of m1(Gy,, 1) ~ Z(1) x Gal(k / k) acts by exp(tg (u) N ) diag(1, x(0)7 1, ..., x(o)7),

where diag(xo, ..., x;) is the diagonal matrix with diagonal entries xg, ..., x; and N is
the Jordan block
0 1 0
1
0 0

If i < j, we have an obvious injection o; ;: £; — £; and an obvious surjection
,Bj’ilofj — f,(l —j)
Note that £ >~ £; (i), so (by the calculation at the end of Section 2.1) we have
Dy (&) ~ £:(i — D[-2).

and Dy («;, ;) corresponds by this isomorphism to 8;; (j — 1)[-2].
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Notation 5.2.2. If £ is a lisse sheaf on G, and K is a perverse sheaf on U, then the
complex K ® f*&£ is also perverse. We denote it by K ® £.

We start with the construction of \IJ}

Proposition 5.2.3. Let K € ObPerv(U).
(i) For every a € N, we have a canonical isomorphism

i Ker(N“H WYK) = Ker (ji(K ® £4) = ju(K ® £4))
=i, PH L i* jo (K ® £4).

In particular, if a is big enough, we get an isomorphism
LEK S i PH (K ® La).

(i) For every a € N such that N®**1 = 0 on \I’} K, the following diagram is commu-
tative:

0 —— VK ———— (K ® [*Eq) —— (K ® f*La)

S
H J]aa,aﬂrl j{‘xa,aJrl

0 —— ix VUK ——— (K ® f*Lar1) — ju(K ® f*Lat1)

lN lﬂa,a-i-l J{ﬂa,a+1

0 ——= L VEK(=1) —— ji(K ® [ L) (1) — jx(K ® [*£La)(=1)

(iii) Let a, b € N be such that N1 = N+ = 0 on \I—‘; K. Then there is a canonical
isomorphism

Ker (jI(K ® f*&Lp) = ju(K ® f*Lp))(—a —1)
— Coker (ju(K ® f*£a) = ju(K ® [*Za))
induced by the connecting map coming from the commutative diagram with exact rows

Qg.a+b+1 ﬁb,a+b+1 .

00— ji(K® f*Ls) — jUK® f*Latpt1) — (K® f*Lp)(—a—1) — 0

| | |

Qa.a+b+1, a,a+b+1,

00— jx(K® f*La) — jx(KQ f*Latpt1) — jx(K® f*Lp)(—a — 1) — 0
Moreover, the morphism
PHY" ju(K ® La) — PHYi" ju(K ® Latp+1)

induced by 04 44 b+1 IS zero.
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Note in particular that we can use this construction to see \Il/'ﬁ as a functor from
Perv(U) to Perv(Y) (and not just to the category of Gal(k/k)-equivariant objects in
Perv(Y)).

Corollary 5.2.4. For every K € Perv(U), we have a canonical isomorphism D(\IJ} K) ~
lllj'ﬁ (DK)(—1).

Corollary 5.2.5. For every a € N, we define a functor
Cg:Perv(U) — C1%(Perv(X))

(where the second category is the category of complexes concentrated in degrees 0 and 1)
by
Co(K) = (ji(K ® £a) = jx(K ® £4)).

With the transition morphisms given by the o p, the family (Cg)a>0 becomes an inductive
system of functors.
Then we have canonical isomorphisms

i, Wy = lim HY(C?), 0= lim H'(C?).
aeN aeN
Remark 5.2.6. If we use the Ind-category Ind(Perv(X)) of Perv(X) (see for example
Chapter 6 of Kashiwara and Schapira’s book [18], and Theorem 8.6.5 of the same book

for the fact that this category is abelian), then we can reformulate this corollary in the
following way: We have a canonical isomorphism

iU} — lim C;
aeN
of functors Perv(X) — D? Ind(Perv(X)). Note that, by [18, Theorem 15.3.1], the obvious

functor D? Perv(X ) — D? Ind(Perv(X)) is fully faithful (and its essential image is the full

subcategory of complexes with all their cohomology objects in Perv(X)). So h_r)n N (0h
a

factors through the category D? Perv(X).

We now give the definition of the maximal extension functor.
Let K € ObPerv(U). For each a > 1, we have a commutative diagram:

j!(K ® f*xa) —>J*(K ® f*ia)
ﬂa,aﬁ-ll Jﬂa,a+1
JK® f*Ea-1)(=1) — jx(K ® [*La-1)(-1)

We write
)/a,a—l:j!(K ® f*:ﬁa) g ]*(K by f*ia—l)(_l)

for the diagonal map in this diagram.
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Proposition 5.2.7. We use the notation of the previous paragraph.

®

(i)

For a € N big enough, the (injective) map from Ker(ya,a—1) to Ker(Ya+1,4)
induced by agqa+1: (K ® f*Ls) »> (K Q f*Lay1) is an isomorphism.
We write B¢ K for the direct limit of the Ker(ya,qo—1). This defines a left exact
Sfunctor from Perv(U) to Perv(X), called the maximal extension functor.
Moreover, if a and b are big enough, then the map

Coker(yq,a—1) = Coker(Va+b,a+b-1)
induced by oq_1 q4+p—1(—1) is zero. In particular, we have

%}nCoker(ya_l,a) =0,

and so Ey is exact.
We have a functorial isomorphism Dy o Ey >~ Er o Dy and two functorial
exact sequences
0= j1 = Bf = ixPh(=1) >0
and
O—>i*\I’}—> Efij*—>0,

dual of each other, in which the maps are the obvious ones. For example, in the
first sequence, the map j\K — B¢ K is induced by the injection

Qo 1K = jil(K ® f*Lo) = (K ® f*La),
and the map & — ix \IJ; (=1) is induced by the commutative square

Ya,a—1

NC® fra) —— ju(- @ [T La1)(-1)

ﬂa,all lid

JE® [ La—1) (1) — ju(- ® f*La—1)(-1)

Remark 5.2.8. As in Remark 5.2.6, we can deduce from (i) of the proposition a natural

isomorphism

~ * Yaa-1 |
E7K = lim (i(K ® [*La) == ju(K ® La1)(=1)
aeN

in D? Ind(Perv(X)).

The next functor that we construct is the unipotent vanishing cycles functor CD}‘». Itis
not very hard to show that this functor is isomorphic to the direct summand of the usual
vanishing cycles functor on which the monodromy acts unipotently, but we will not need
this, so we will just use the following proposition as the definition of <I>}£.
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Proposition 5.2.9. The following hold:
(i)  The complex of exact endofunctors of Perv(X) defined by

+ p—
it et @id 25 G

indegrees —1, 0 and 1, where n: jy j* — id is the counit of the adjunction (jy, j *)
and &:1d — j.j* is the unit of the adjunction (j*, j«), has its cohomology
concentrated in degree 0 and with support in Y. We define an exact functor
@;‘ﬁ: Perv(X) — Perv(Y) by setting i CIDJ’ﬁ to be the H® of this complex.

(ii)  We denote by can: \I'} J*K — @;K the functorial map defined by
i*\IJJ'}j*K — 27j"K.

and by var: CDJ'?K — \I/?] * K(—1) the functorial map defined by

Erj*K — WEK(-1).

Then var o can = N and can(—1) ovar = N.

(iii) We have a functorial isomorphism D o CI>}‘r i~ @j‘, o D, and the duality exchanges
can and var.

(iv) There are canonical isomorphisms Ker(can) = PH™1i*K and Coker(can) =
PHOi*K. Dually, we have canonical isomorphisms Ker(var) = PH%'K and
Coker(var) = PH!'K.

Finally, we will need the functor that M. Saito calls .
Proposition 5.2.10. The functor B 4 &: B¢ j* @ id — jij* is surjective. Its kernel Q
is an exact endofunctor of Perv(X), and we have functorial exact sequences
O%j!j*ﬂ)Qf—H'*éj’ﬁeo
and
0—>i*\11}j*—>§2f —id = 0,

in which the unmarked maps are the obvious ones.

6. Nearby cycles and mixed perverse sheaves

The goal of this section is to show that the functor of unipotent nearby cycles preserves
the categories Perv,,r(X) and to deduce that these categories are also preserved by the
functors PH f,, for every morphism f of Sch/k. The main tool is Deligne’s weight-
monodromy theorem from [9].

We also give an application to the direct image functor by a closed immersion i, which
then allows us to construct the functor i * on the categories D? Perv,, s.
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6.1. Nearby cycles on horizontal perverse sheaves

We assume again that k is a field that is finitely generated over its prime field. Let X be a k-
scheme and f: X — A! be a morphism. We write G, = A! — {0}, U = X x41 Gy, Lx
and Y = X x41 {0} > X.

In Section 5, we have constructed exact functors:

(1) \IJ?: Perv(U) — Perv(Y) (see Proposition 5.1.1);
2) CIDJ'}: Perv(X) — Perv(Y) (see Proposition 5.2.9 (i));
(3) Ef:Perv(U) — Perv(X) (see Proposition 5.2.3 (i)) and

(4) Qf:Perv(X) — Perv(X) (see Proposition 5.2.10).

The next proposition says that all these functors respect the full subcategories of horizontal
perverse sheaves (resp. mixed perverse sheaves).

Proposition 6.1.1. For ?€{h, m}, the functor \IJ; (resp. <I>}i, Er, Qy) sends the full sub-
category Perve(U) (resp. Pervo(X), Perve(U), Perve(X)) of Perv(U) (resp. Perv(X),
Perv(U), Perv(X)) to the full subcategory Perve(Y') (resp. Pervq(Y), Perve(X), Perve(X))
of Perv(Y') (resp. Perv(Y'), Perv(X), Perv(X)).

Proof. Let K € Pervy,(U) (resp. Perv,,(U)). As the lisse sheaves £, on G, of Defini-
tion 5.2.1 are horizontal and mixed, the perverse sheaves K ® f*&£, are horizontal (resp.
mixed), so the perverse sheaves PH™!i* j,(K ® £,) are all horizontal (resp. mixed).
As \IJ} (K) 5 PH=1j*j, (K ® £4) for a big enough (Proposition 5.2.3 (i), we deduce
that \Il} (K) is in Perv,(Y) (resp. Perv,, (Y)). The statement for E ¢, CD} and Q2 follows
immediately from their definition, once we know that the £, are horizontal and mixed. m

As only finite type schemes and constructible complexes are involved in the defini-
tion of \IJ} if we use the alternative definition given by Proposition 5.2.3 (i), we can use
Deligne’s generic base change to compare our situation with the situation over closed
points of some ring A € U. We will see an example of this in the next section.

6.2. The relative monodromy filtration

We recall the definition of the relative monodromy filtration, due to Deligne.

Proposition 6.2.1. (See [9, Propositions 1.6.1 and 1.6.13].) Let K be an object in some
abelian category, and suppose that we have a finite increasing filtration W on K and a
nilpotent endomorphism N of K. Then there exists at most one finite increasing filtration
M on K such that N(M;) C M;_, for every i € Z and that, for every k € N and every
i € Z, the morphism N* induces isomorphisms

G, Gif kK 5 G, Gl K.

Moreover, if W is trivial (that is, if there exists i € Z such that Ger K = K), then the
filtration M always exists.
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The filtration M is called the monodromy filtration on K relative to the filtration W .
If W is trivial, it is simply called the monodromy filtration on K.

We will use the following theorem, which is a close relative of Theorem 1.8.4 of
Deligne’s Weil II paper [9].

Theorem 6.2.2. Let K € ObPerv,, s (U), and let W be the weight filtration on K. Then
the monodromy filtration M on ‘-IJ? K relative to the filtration \IJ} W exists, and GrlM \I/} K
is pure of weight i — 1 for every i € Z. In particular, \IJ?K is an object of Pervp, r (Y).

Before giving the proof of the theorem, we state and prove a lemma.

Lemma 6.2.3. In the situation of the theorem, suppose that K is pure. Then the mon-
odromy filtration M on ‘lJJLﬁK (which always exists) is such that GrtM \IJ?K is pure of
weight i — 1 for everyi € 7.

Proof. Let w be the weight of K. Let (A, X, u) be an object of UX such that K comes by
restriction from a shifted perverse sheaf K[—d] on X, where d = dim Spec A. Fixa € N
such that N4T1 =0 on \IJ} K. After shrinking Spec A and X if necessary, we may assume
that:

*  The morphism f: X — A extends to a morphism F: X — A}. We write
‘L(:XXAAGA,,,,LX and y:xxAi{O}Lx.

» The lisse sheaves &£y, ..., L4+1 all extend to G, 4. (In fact we can get all the £; as
soon as we have £1, because they are the symmetric powers of £1.)

» For every closed point x of Spec A, the restriction of K to X is still perverse, and it
is pure of weight w + d.

» The formation of the complexes Ji(K ® £p) and J«(K ® Lp), for b € {a,a + 1},
is compatible with every base change x — Spec A, where x is a closed point of
Spec A. Moreover, if £ is any subquotient of PH™!I*J,(K ® &£,) (in the category
Perv(X, E)), then its restrictions to the fibers of X above all the closed points of
Spec A are still perverse.

Indeed, the first two points are standard, and the last two follow from Deligne’s generic
base change theorem (see SGA 4 1/2, [Th. finitude], Théoréme 1.9) and from the purity
theorem.

Let X' = PH ' 1*J.(K ® £,), and let M the monodromy filtration on K’ induced
by N. By the conditions above (and (i) of Proposition 5.2.3), for every closed point x
of Spec A, the restriction of K’ to Xy is a subobject of \IJ} Ky, and the restriction of
M is the monodromy filtration. The result about the weights of the graded pieces of the
monodromy filtration over the spectrum of a finite field (such as x) is known by Theo-
rem 5.1.2 of Beilinson and Bernstein’s paper [5] (where it is attributed to Gabber). So we
get the conclusion by definition of the weights on horizontal sheaves. ]

Proof of Theorem 6.2.2. We reason by induction on the length of the filtration W. If K is
pure (i.e., if W is trivial), then the conclusion of the theorem is proved in Lemma 6.2.3.
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Now assume that W is of length > 2, and that we know the result for every object
of Perv,,r(U) with a shorter weight filtration. Let a € Z be such that W, K = K and
GrZV K # 0. By the induction hypothesis, we know the theorem for W,_; K and GrZV K.
Write L = \IJ}K , and let F be the filtration \Ilj'ﬁ W on L. By Theorem 2.20 of Steenbrink
and Zucker’s paper [28], the filtration M exists if and only if, for every i > 1, we have:

N*(L) N Fauy L(—i) C N'(Fa1L) + Ma—i—y Famy L(—i).
This is equivalent to saying that (N* (L) N F,_1L(—i))/N*(F,_L) is included in
[Ma—i—l Fa—lL/(Ma—i—l Farr LN Ni(Fa—l L))](_i)'

As the filtration M on F,_1 L is the weight filtration up to a shift, the inclusion above is
also equivalent to the fact that (N (L) N F,_;L(—i))/N*(F,_1L) is of weight < a +
i — 2. Observe that the perverse sheaf (N*(L) N F,_1L(—i))/N*(F,_{L) is the kernel
of the map

Faey L(=i)/N'(Faz1L) — L(—i)/N*(L),

so applying the snake lemma to the commutative diagram with exact rows:

0— F, 1L L Gl ——o
lN" lN" lNi
0 —— F,_1L(—i) L(—i) Gl L(—i) ——0

gives a surjection
Ker (N':Grl L — Gt} L(=i)) = (N*(L) N Faey L(—i))/N*(Fau1 L).

Butas Gr} L =W Gry K, we know by [9, Section 1.6.4] that Ker(N': Gt} L — Gry L(—i))
is of weight < a + i — 2 (or more correctly, we can deduce this from the result we cited
and Deligne’s generic base change theorem, as in the proof of Lemma 6.2.1), and hence
all its quotients are. This proves the existence of the filtration M on L.

Finally, we prove that GrlM L is pure of weight i — 1 for every i € Z. The two prop-
erties defining M in Proposition 6.2.1 stay true if we intersect M with F,_; L or take the
quotient filtration in Gr(f L, so this gives the relative monodromy filtration on F,_; L and
Gr‘f L (by the uniqueness statement). Hence we get exact sequences

0>GMF, L >GML—-GMGE L —o,
and so the fact that GrtM L is pure of weight i —1 follows from the induction hypothesis. m

6.3. Cohomological direct image functors and weights

Corollary 6.3.1. Let f: X — Y be a morphism of k-schemes. Then the functors PH' f
and PH' f from Perv,,(X) to Perv,,(Y) send Perv,, 7 (X) to Pervy, s (Y).
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Proof. As Poincaré—Verdier duality exchanges PH’ f, and PH™" f; and preserves the cat-
egories Perv,, s, it suffices to treat the case of 7 H f,.

By Nagata’s compactification theorem (see for example Conrad’s paper [8]), we can
write f = gj, with j: X — X’ an open embedding and g: X’ — Y proper. After replac-
ing X’ by the blowup of X’ — X in X', we may assume that the ideal of X’ — j(X) is
invertible. Then j is affine, so j, is t-exact, so we have ? H! fe=(® H: gx) o jx for every
i € Z. By Proposition 4.1 (ii), it suffices to prove the corollary for j. By Proposition 4.3,
we may assume that X’ is affine, and hence that there exists 2 € O (X’) generating the
ideal of X' — j(X).

So we see that it is enough to prove the corollary in the following situation: there exists
h:Y — A suchthat f = j is the inclusion of X := 2~ '(Gp)in Y. Leti:Y — X — X
be the inclusion of the complement. Let K be an object of Perv,, s (X), and denote by W
its weight filtration. Let a € Z. We want to find a subobject L of j. K such that L is of
weight < a and j«K/L is of weight > a. (This clearly implies that j, K has a weight
filtration.)

If W, K = 0, then K is of weight > a, so j« K is of weight > a, and we take L = 0.

If W,K = K, then K is of weight < a, so jixK is of weight < a by [6, Corol-
lary 5.4.3]. So it is enough to find a subobject L’ of weight < a of j.K/ji. K such that
(j«K/jixK)/L' is of weight > a. But we know that j,K/ji«K = i.?H%* j. K (by [6,
equation (4.1.11.1)]), which is a quotient of i*ll’} K(-1). As \I’}K has a weight filtration
by Theorem 6.2.2, so does j« K /i1« K, and we can find a L’ with the desired properties.

Suppose that 0 # W, K # K,andlet K’ = W, K and K" = K/ W, K. By the previous
paragraph, there exists a subobject L" of weight < a of j.K’ such that j,K'/L’ is of
weight > a. As K" is of weight > a, so is j« K”. Using the exact sequence

0— j«K' = j«K = j.K" =0,
we see that j, K /L’ is also of weight > a, so we can take L = L’. [
Corollary 6.3.2. Let j: U — X be an affine open embedding. Denote by
jr D? Pervy, s (X) — D Pervy,r(U) and ja: D? Perv,, s (U) — D Pervy, s (X)
the derived functors of the exact functors
J ¥ Pervy, s (X) — Pervy, s (U) and  jy:Pervy, s (U) — Pervy, s (X).
Then these derived functors (j*, j«) form a pair of adjoint functors.

Proof. By [27, Corollary 8.12], it suffices to prove that the underived functors form a pair
of adjoint functors. But, once we know that both functors preserve the full subcategories
Perv,, s C Perv,,, this follows from the adjunction for the categories Pervy,. ]

Corollary 6.3.3. The exact functors VY%, CIJ}‘f, Er and Qy of Section 5.2 preserve the full
subcategories of mixed perverse sheaves with weight filtrations.
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Proof. We already know the result for \IJ?, by Theorem 6.2.2.

Suppose that K € Perv,, s (U). Then K ® f*&; is in Perv,,¢(U) for every i > 0.
Indeed, if we denote by W the weight filtration on K, then we get a weight filtration on
K ® f*&; by setting

WaK® f*2i) = )" (WamajK) ® ;.

0<j<i

By Corollary 6.3.1, we see that j)(K ® f*&£;) and j.(K ® f*&£;) are in Perv,, s (X) for
every i > 0. By definition of Z ¢, this implies that E ¢ K € Perv,, s (X). The conclusion for
Qy then follows from its construction in Proposition 5.2.10. Finally, by the construction
in Propositions 5.2.7, the functor i, ®s is a subquotient of Efj* @ id. As Perv,,r(X)
is stable by subquotients in Perv,, (X), the functor i ®s sends Perv,,r(X) to itself. By
Lemma 4.4, this implies that &5 sends Perv,, s (X) to Perv,, s (Y). [

6.4. Direct and inverse image by a closed immersion

Let X be a k-scheme and ¥ — X be a closed subscheme of X. We denote by DgPervm 7(X)
the full subcategory of D® Perv,, #(X) whose objects are the complexes K such that
the support of H' K € Perv,, #(X) is contained in Y for every i € Z. The exact functor
ix: Perv,,s(Y) — Perv,,r(X) induces a functor i,: D? Perv, s (Y) — Db Pervy, s (X),
whose image is obviously in contained in Dl; Perv,, s (X).

Corollary 6.4.1. With notation as above, the functor ix: D? Perv,y, r(Y)— Dll} Perv,, s (X)
is an equivalence of categories.
We have a similar equivalence Dfn Y) 5 Df’n,Y(X), where Dfn,Y(X) is the full sub-
category of objects K ofon (X) such that PH K is in iy Perv,,(Y) for every i € Z.
Moreover;, we can choose inverses (ix) "' of these equivalences such that the following
diagram commutes:

A o
D? Perv,, s (Y) LA D?, Perv,, s (X) &) D? Perv,,r(Y)

Dy, (Y) ———— D}, y (X) ————Dp,(¥)

()71
where the functors Rx and Ry are defined in Theorem 3.2.4.

Proof. We prove the first statement. It suffices to prove that, for all K, L € ObPerv,,s(Y)
and every n € Z, the functor i, induces an isomorphism

Hompp pery,, - () (K> Ln]) = Homps pery, - (x) (1K, ixL[n]).

Note that both of these Hom groups are 0 for n < 0, so we only need to consider the case
n=0.Fix K €ObPervy, s (Y). The families of functors (L —Hompy peyy,, . vy (K, Ln])n>o0
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and (L — Hompp pry,, . (x) (5K, ix L[1]))n=0 are 8-functors from Perv,, s (Y') to the cat-
egory of abelian groups (in the sense of Definition [29, Tag 010Q]), and i, induces a
morphism between these §-functors (see Definition [29, Tag 010R]). We want to show
that this morphism is an isomorphism. We know that

i Hompery,, - (v) (K, L) = Hompery,, . (x)(ix K. ix L)

is an isomorphism for every L € Ob Perv,,s(Y) (because this is true in the categories
Perv,,). Moreover, it follows easily from the Yoneda description of the extension groups
in the derived category (see Section 3.2 of Chapter III of Verdier’s book [30] or Lemma
[29, Tag 06XU]) that the first of the two §-functors introduced above is effacable, i.e.,
satisfies the hypothesis of Lemma [29, Tag 010T], and hence is a universal §-functor
(see Definition [29, Tag 010S]). By Lemma [29, Tag 010U] (and Lemma [29, Tag 010T]
again), it suffices to prove that the second §-functor is also effacable. So we want to prove
that, for all K, L € ObPerv,, s (Y), every n > 1 and every u € Hompy pyyy, . (v) (K, Lin)),
there exists an injective morphism L — L’ in Perv,,s(Y’) such that the image of u in
Homyys pervmf(x)(i* K, i, L'[n])is 0.

Let (U,)qe4 be afinite affine cover of X . For every a € A, we have a cartesian diagram

of immersions
Y X
Ja T Tja

Ynu,—1U,

ia

i

R

As j, and j, are affine, the functors j}, and ju« are t-exact. Let L € ObPervy,,s(Y).
By Corollary 6.3.1, the isomorphisms i, j., ji* L ~ jaujXisL and jFrixL =~ igsj,* L in
Perv,,(X) and Perv,, (Uy) are isomorphisms of objects of Perv,, r(X) and Perv,, s (Uy).
Using this and Corollary 6.3.2 we get for K, L € ObPerv,,s(Y) and n € Z a canonical
isomorphism

Home Pervmf(X) (l* K? l*‘][;*j(;*L[l’l]) = Home Pervmf(Ua) (ill*j(;*K7 lll*]a/*L[n])

As we have an injective morphism L — @, 4 jaxj; L in Pervy, s (Y) (by Corollary 6.3.1
again), this reduces the corollary to the case where X is affine.

Now suppose that X is affine. By an easy induction on the number of generators of
the ideal of Y, we may assume that this ideal only has one generator, i.e., that there exists
a function f: X — A! suchthat Y = X x 41 {0}. The exact functor @}ﬁ: Pervy, s (X) —
Perv,, s (Y') induces a functor

@%: DY Pervyy (X) — DP Pervy s (Y),

and we have ®% oix ~idpb pery,, (v)- Letus show that i, o ®% ~id DY Pervs (X)? which will
finish the proof. By Proposition 5.2.10 and Corollary 6.3.3 we have two exact sequences
of exact endofunctors of Perv,, s (X):

0—>j;j*—>£2f—>i*cl>}‘»—>0, 0—>i*‘11?j*—>52f—>id—>0,


https://stacks.math.columbia.edu/tag/010Q
https://stacks.math.columbia.edu/tag/010R
https://stacks.math.columbia.edu/tag/06XU
https://stacks.math.columbia.edu/tag/010T
https://stacks.math.columbia.edu/tag/010S
https://stacks.math.columbia.edu/tag/010U
https://stacks.math.columbia.edu/tag/010T
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where j: X —Y — X is the inclusion. Note that the restriction of the functor j* from
D’ Perv,, 7 (X) to D? Perv,, #(U) to the full subcategory D%’, Perv,, s (X) is zero. Hence
the exact sequences above induces isomorphisms of endofunctors of D})’, Perv,, s (X):

Y < Q = id.
The proof of the second equivalence of categories is similar, except that we don’t need

to use the Yoneda description to show that the Ext groups in Dfn (Y) define a §-functor.
The last statement of the Corollary follows from the fact that we have isomorphisms

RyoCD}f:dJJ'foRX, Ry o Qf >~ Qf o Ry. [ ]

Corollary 6.4.2. Leti: X — Y be a closed immersion. Denote by iy: D? Perv,, 7(X) —
Db Perv,, 7 (Y) the derived functor of the exact functor ix:Pervy s (X) — Pervy, s (Y).
Then this functor iy admits a left adjoint i*: D® Pervy,r(Y) — Db Perv,, s (X), and
the counit i *i, — id of this adjunction is an isomorphism. Moreover, we have an invertible
natural transformation 6;:i* o Ry = Ryoi*.
Finally, if i’": Y — Z is another closed immersion, then the following diagram is com-
mutative:

s 6 . T
Ryoi*i"* — 5 i*oRyoi' ——i*i"" o Ry

I |

Ry o (i'i)* - (i'i)* o Rz

where the vertical maps come from the composition isomorphisms iix >~ (i'i)« and the
uniqueness of the adjoint.

Proof. By Corollary 6.4.1, we have an equivalence of categories ix: D? Perv,, 7(X) 5
D?( Perv,, s (Y'), where D)b( Perv,, s (Y) is the full subcategory of D? Perv,, #(Y) whose
objects are complexes K such that the support of H' K € Perv,, s (Y') is contained in X for
every i € Z. So, to show that i,: D? Perv,,r(X) — Db Perv,, s (¥') admits a left adjoint,
it suffices to show that the inclusion «: D)’} Perv,,s (Y) — D’ Perv,, #(Y') admits a left
adjoint. Let j: Y — X — Y be the inclusion. Then we have an exact triangle

.. . ..k Tl
J1ji* = id = iyi* —

of endofunctors of Dﬁ’n (Y), and we can make sense of the first two terms in D?Perv,, (),
so we will try to construct the left adjoint of « as their cone.

More precisely, let (U;);e; be a finite open affine cover of U := Y — X. For every
J C I, we denote by jj:();e; Ui = X the inclusion. As X is separated, all the finite
intersections of U;’s are affine, so the morphism j; is affine for every J C I.If K €
Ob Perv,, s (X), we denote by D*(K) the complex of Perv,, s (X) defined by D™"(K) =
@\J|=r ngj}kK ifr >1, D% K) = K and D"(K) = 0if r > 1, where the maps

D YK)—> DT(K), r=>0,
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are alternating sums of adjunction morphisms. Note that we have a morphism of com-
plexes K — D*®(K), where K is in degree 0. Also, there is a canonical morphism D ~!(K)
— j1j*K, which induces an isomorphism D="!(K) = jij*K[1]in D? Perv,, s (Y), so
we get a quasi-isomorphism Ry (D°*(K)) 5 iyi*K in Dfn(Y). In particular, D*(K) is
in Df( Perv,,r(Y'). Note that the construction of D*(K) is functorial in K, so we can
define a functor B: D Perv,, (X)) — Dg’( Perv,, s (Y') by sending a complex K to the total
complex of the double complex D*(K).

Let us show that § is left adjoint to o. For every complex K of objects of Perv,, s (Y),
the morphism of double complexes K — D*®(K) induces a morphism ¢x: K — af(K)
in D? Perv,, s (Y). If moreover K is in D)’Z, Perv,, s (X), then K — D*(K) is a quasi-
isomorphism, so we get an isomorphism 7g: S (K) = K. Moreover, the morphism

a(K) 25 apa(k) 25 a(K)

is clearly the identity of «(K). So we have constructed the unit and counit of the adjunc-
tion, and shown that the counit is an isomorphism.

To construct the isomorphism 6;, we use the isomorphism Ry o V = ixi* o Ry con-
structed above and the last statement of Corollary 6.4.1. The last statement is also easy to
check. ]

7. Construction of the stable homotopic 2-functor H,, s

7.1. Direct images

If f: X — Y is a morphism of k-schemes, we write ° f; for PH® f,. Remember that if f
is affine, then f is right t-exact for the perverse t-structure by [6, Theorem 4.1.1].
In this section, we want to prove the following result.

Proposition 7.1.1. There exists a 2-functor Hp,55:Sch/k — TR such that Hy, 5+(X) =
Db Pervy, s (X) for every X € Ob(Sch/ k) and a natural transformation R: Hp, 5« — Hpm «
(with the notation of Example 3.2.3) such that:
(a) forevery X € Ob(Sch/k), the functor Ry :DP Pervy,r(X) — Df’n (X) is the com-
position of the obvious functor D? Perv,y, 7(X) — D? Perv,, (X) and of the real-
ization functor D? Perv,, (X) — Dfn (X) (see Section 2.6);

(b) forevery morphism f:X — Y, the natural transformation ys: Ry o Hy 7+ (f) —
Hp «(f) o Rx is an isomorphism.

The proof of the proposition will occupy most of this section. The main ingredients are:

* Beilinson’s version of the “basic lemma” that provides fy-acyclic perverse sheaves
for f: X — Y an affine morphism. (See Theorem 7.1.2.)

*  The fact that the functors PH¥ f,, (and in particular © f,) preserve the categories Perv,, 7
(See Corollary 6.3.1.)

«  Cech resolutions for finite open affine coverings.
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We first review Beilinson’s basic lemma.

Theorem 7.1.2. Let f: X — Y be a morphism of k-schemes, let (a;:U; — X)jeq be a
finite family of open affine subschemes of X and let K € ObPerv(X). Then there exists a
Sfinite family (b;: V; — X);ej of open affine subschemes of X such that:

(i)  The canonical morphism @jeJ bjgb;K — K is surjective.

(i) Foreveryi € I, the object @ ;c; a;bjib} K is (f o a;)«-acyclic.

The theorem follows from the proof of [4, Lemma 3.3].

Note also that, as the categories Pervy, Perv,, and Perv,,s are stable by the functors
J* and ji for j an open affine embedding (by Corollary 6.3.1 for Perv,, ), if K is in one
of these categories, s0 is ;¢ bj1b7 K.

We now turn to the proof of Proposition 7.1.1.

Following [4, Section 3.4], we explain how to reconstruct the functor f, from © f.
More precisely, we want to apply Proposition A.3.2 to D = Dfn (X)and D' = Dfn (Y') with
the perverse t-structures, DF = Dan (X, E) and DF = DFf’n (Y, E) (see Section 2.6) with
the unique t-structures compatible with the perverse t-structures (see Proposition A.2.2),
and T = fs.

To check condition (a) of that proposition, remember that DFf’n (X, E) is by definition a
full subcategory of the triangulated category DFg (X, E) constructed in Section 2.4; we have

DF)(X,E) =2 — lim DF2(X, E),
(A,X)e0bUX

and each DFé7 (X, E) is a full subcategory of DF? (Xprogt» E). Of course, we have similar
statements for Dan (Y, E). If we choose (4, X) € Ob UX and (A4,Y) € Ob UY such that
f extends to an A-morphism f: X — ¥, then Proposition A.1.11 and Section A.4 give
an f-lifting f7,«: DF? (Xproets E) — DF? (Yproer, E) of fi: D (Xproets E) = DP (Yot E).
Taking the limit of these f-liftings, we get an f-lifting DF? (X, E) — DF2(Y, E) of

f:DY(X, E) — Db(Y, E),

and it is easy to check that it sends Dan (X,E)to Dan(Y, E).

We check condition (b). Let I,,(f) be the full subcategory of fi-acyclic objects in
Perv,, (X).Let U = (a;: U; — X);e be a finite covering of X by open affine subschemes.
We denote by I,,(f, U) the full subcategory of Perv,,(X) whose objects are mixed
perverse sheaves that are (f o a;)«a;-acyclic for every i € I; equivalently, I,,(f, U)
is the full subcategory of @;.;(f o ai)«a]-acyclic objects. As all the functors a;«a;
are t-exact, we have I,,(f) C In(f. U). By Remark A.3.4 (applied to the triangulated
categories K?(Perv,, (X)) D K2 (I,,(f. U)) D KP(I,(f))), to check condition (b) of
Proposition A.3.2, it suffices to prove the following two statements:

(1) For every A* € Ob CP(Perv,,(X)), there exists a quasi-isomorphism B® — A4°

with B* in C2(L,n (£, W)).
(2) For every B® € ObC?(I,,(f. U)), there exists a quasi-isomorphism B®* — C*
with C* in CP (I, (f)).
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We prove (1). Let A* € Ob C?(Perv,,(X)), and let N € N such that A" = 0 for r ¢
[N, N]. We choose a finite family (b;: V; — X);es of open affine subschemes of X as
in Theorem 7.1.2, for the fixed f, the family (U;, N--- N U,-p)peN,,-O,m,,-peI of open affine
subschemes of X and the perverse sheaf K = @ _y ., .y A”. Let A5 € Ob Ch (Perv,, (X))
be the complex obtained by applying the exact functor Djes b jgbj’.‘ to A®. Then Ay is a
complex of objects of .I,,(f, U) such that Aj = 0 for r & [-N, N], and we have a mor-
phism of complexes A5 — A°* that is surjective in each degree. By iterating this procedure,
we get an exact sequence - -+ — A5 — A} — Aj — A®* — 0in CP (Perv,, (X)) such that
each A7 is a complex of objects of I,,( f, U) concentrated in degrees [N, N]. Moreover,
by Lemma A.3.1 (v) (whose hypothesis is satisfied thanks to [6, Sections 4.2.3 and 4.2.4]),
we may without losing these properties assume that A7 = 0 for i big enough. We can take
for B*® the total complex of the double complex Aj.

We prove (2). For every I’ C I, we denote by ay/: Uy :=();cp» Ui — X the inclusion;
if I’ = {io,...,ir}, we also write Up = Uj,,.. ;. and ap = a;,,.. ;.. As X is separated,
all the finite intersections of U;’s are affine. We first define the functor é?u: Perv,,(X) —
Cb (Perv,, (X)) sending a mixed perverse sheaf to its Cech resolution. If K € ObPerv,, (X),
we set

.....

{u(K): @ Qjy,..., i,*a;; ,,,,, i,K'

The differential d”: éfu (F)— éfuﬂ (F) is an alternating sum of adjunction morphisms.
More precisely, for ig, . .., i, € I, the restriction to a;,,., ir*a;;,..‘,ir K of d” is the sum over
i €land0<s <r+1of (—1) times the adjunction morphism a;,,...;,«a; ;K —
;, K coming from the inclusion of U, ..., i into Uj,

K 105evesls—15Eslsseness
This defines an exact functor

C3: Pervy (X) — CF(Perviu(X)).

Aig,..osis—1,00s,enirx @Gy oo 48 cOmIng irom the mclusion of Ujy i, i 100 Ujg ip-

We also have a natural morphism K — éh (K), for every K € Ob Perv,,(K), given by
the sum of the adjunction morphisms.

We need a variant that takes its values in the category of bounded complexes, called
the alternating Cech complex (see [29, Section 01FG]). Let K € Ob Perv,,(X). For every
r € N, we have an action of the symmetric group &, 1, seen as the group of permutations
of {0, 1,...,r}, on the perverse sheaf éfu(K): if o € G,41 and iy, ...,ir € I, then this
action sends the component a;,

,,,,,,,,,,

*

aia—l(o) ..... ig_l(r)*aia_l(o) ..... ia_l(r)K = aiO

.....

and it acts by (—1)?id. We denote by é; u(K) C Cvfgl (K) the invariants of this action.
This defines a subcomplex é;n,‘u(K) of é'(K). Also, as a perverse sheaf on X, é:n,‘u(K)
is isomorphic to @<y |1/j=,+1 ar=a},K; in particular, we have é;h,‘u(K) = C},(K),
so the morphism K — CVI?U(K) factors through a morphism K — é;n,u(K ). Another
consequence of this observation is that the subfunctor é;n,‘u of é%i is still exact, and that
it takes its values in the full subcategory C?(Perv,, (X)) of CT (Perv,,(X)).


https://stacks.math.columbia.edu/tag/01FG
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Lemma 7.1.3. Let K € ObPerv,,(X).
(i)  The morphism of complexes K — é;l (K) is a quasi-isomorphism.
(i)  The inclusion éa.lt,‘u(K ) —> (VI;l(K ) is a homotopy equivalence.
(iii) The morphism of complexes K — (VJ;h,‘u (K) is a quasi-isomorphism.

Proof. Point (iii) follows from (i) and (ii), and (ii) is proved as [29, Lemma 01FM]. To
prove (i), we can restrict the complexes to every open subset of an open covering of X,
for example the covering U. So we may assume that X is equal to one of the U;. In that
case the complex K — (VI;l (K) (with K in degree —1) is homotopy equivalent to 0, see
for example the proof of [29, Lemma 0G6S]. ]

Now let B® € Ob C?(I,,(f. U)). The double complex é;n,‘u(B.) is bounded, and
we denote its total complex by C*®. By the definition of I,,(f, U), this is a complex
of f«-acyclic objects, and by Lemma 7.1.3 (iii), the canonical morphism B®* — C*® is a
quasi-isomorphism. This gives the conclusion of (2).

Proposition A.3.2 now says that, if 7: D? Perv,,(X) — D? Perv,,(Y) is the compo-
sition of a quasi-inverse of the equivalence K?(I,,(f))/N?(I,.(f)) (where, for every
additive subcategory € of Perv(X), we denote by N?(€) the full category of exact com-
plexes in K?(€)) and of the functor

K2 (2 () /N (T (1)) S22 D Perv(y),
then T is well-defined and we have real oT >~ f o real.

Note also that the proofs of statements (1) and (2), and the construction and prop-
erties of the Cech complex and alternating Cech complex, would work just as well for
the categories Perv,, s, because we know that, for g a morphism of k-schemes, the func-
tors PHF g, preserve the subcategories Perv,, 7 (Corollary 6.3.1). Denote by I,,r(f) the
full subcategory of fi-acyclic objects in Perv,, s (X). We get in particular that the obvi-
ous functor K? (Ims (f))/N? Imp () — D? Perv,, s (X) is an equivalence of categories
and that K?(° f,) sends objects of N?(I,, (X)) to exact complexes, so we can make the
following definition.

Definition 7.1.4. Let f: X — Y. We define the functor
Hypfs(f): D Pervy, p (X) — DY . Perv(Y)
to be the composition

) Kb(of*)

D? Pervy s (X) — K2 (Lpnp () /N (Zmp () D? Perv,, s (Y),

where the first functor is right adjoint to the obvious functor K?(I,, (f)/ Nb(1,, F(f)—
D? Pervy, s (X).”

STf a functor F is an equivalence of categories, then it admits a right adjoint, and any right adjoint is a
quasi-inverse. We use a right adjoint instead of an arbitrary quasi-inverse, because a right adjoint is unique
up to unique isomorphism.
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It remains to show that Definition 7.1.4 does give a 2-functor from Sch/k to TR,
that is, to construct connection morphisms. So suppose that we have two morphisms of
k-schemes f: X — Y and g: Y — Z. We want to lift the connection isomorphism

gx0 fu = (go f)x:D5(X) = D5(2)

to a natural isomorphism H,y,y+«(g) © Hyrs(f) 5 Hyr+(g o f). Let us write 11 =

Imf(f)s T2 =TImp(go ). Is=T1NI2=Tns(f x(go f))and § = Ly (g). We
consider the following diagram:

K?(I,)/NP(1)

D3

b b KP(O(gof)s)
K%(I3)/N%(13)
khegy
(2] @3
K?(I1)/Nb(Iy) K®(4)/NP ()
Kb(og*)

21 K”(Of*) ¢

D? Perv,, s (X) D? Perv,, s (Y) D? Perv,, s (Z)

All the vertical maps in it are equivalences, and the diagram commutes, except for tri-
angle () that only commutes up to a natural isomorphism coming from the connection

isomorphism (g o f)x >~ g« © fx.
We also set @3 = P o P31 = O, o P3,. For every arrow P9, we denote by W9 a right
adjoint of ®9. Then we have natural transformations

Hppa(g0 f) =KP(*(g0 f)x) 0 W2 <« KP(*(g 0 f)x) 0 D3z 0 W3y 0 Wy
~K’(°(g 0 f)«) 0 P32 0 W3
K (g,) o KE(C £.) 0 Ws
— Kb(og*) oWodo Kb(of*) o W3
= Hufn(2) o K?(° f2) 0 31 0 U3
~ Hyppi(g) o KP(C f2) 0 @31 0 W31 0 Wy
— Hpupa(g) oK fi) 0 W,
= Hyf4(8) © Hppu ().
Moreover, all these natural transformations are isomorphisms: the ones marked <— and —
are units or counits of adjunctions between equivalences of categories, isomorphism (¥)

comes from the connection isomorphism (g o f)« >~ g« © fx, and the two remaining iso-
morphisms come from the uniqueness of right adjoints. This gives the desired connection
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isomorphism, and we check the cocycle condition in a similar way. This finishes the proof
of Proposition 7.1.1.

Remark 7.1.5. Suppose that f: X — Y is an affine morphism of k-schemes. By Theo-
rem 7.1.2 (and Corollary 6.3.1), the category I, r(f«) of fi-acyclic objects in Pervy, r(X)
is cogenerating. So, by Remark A.3.3, the functor ? fy: Perv,, s (X) — Perv,,s(Y) has a
left derived functor, and the functor Hy, s« (f) is the restriction of this derived functor to
D? Perv,, #(X). In particular, if f is quasi-finite and affine, then

SxiPervy, £ (X) — Perv,, s (Y)

is exact, and H,, 7« (f) is its obvious extension to the bounded derived categories.

From now on, for f: X — Y a morphism of k-schemes, we will also denote the functor
Hy 5.5 (f) by fi if there is no risk of confusion.

Proposition 7.1.6. The functor X from Proposition 4.2 induces a natural isomorphism
between the 2-functors

Hmf,* X Hmﬁ*:Schk X Schk — TR

and

mf,*

H,
Schy x Schy, et Schy —— TR

(where the first arrow sends (X,Y) to X xY).
In other words, if f1: X1 — Y1 and f>: Xo — Y, are morphisms in Sch/ k and K, €
Db Perv, r(X1), K> € Db Perv,, s (X2), then we have an isomorphism

(fi X f2)«(K1 B K2) = (f1xK1) B (f2:K2)
Sfunctorial in K1 and K, and compatible with the composition of arrows in Sch/ k.

Proof. On the categories DIC’ , we have canonical isomorphisms (see SGA 5 III 1.6). These
induce similar isomorphisms in the categories DZ and Dfn.

By the construction of fy (see Definition 7.1.4), we only need to show the statement
of the proposition for the functors ° f between the categories Perv,, s (X). But then it is
an immediate consequence of the similar result for the categories Perv(X), which follows
from the result recalled at the beginning of the proof and from the t-exactness of the
external tensor product (see Proposition 2.2.2). ]

Proposition 7.1.7. Let j: U — X be an open embedding. Denote by
j*: Db Pervy, s (X) — D’ Perv,, s (U)

the derived functor of the exact functor j*:Perv,,s (X) — Perv,, s (U).
Then this functor j* is left adjoint to the functor j: D® Pervy, s (U)— Db Pervy, s (X),
and the counit map j* j« — id is an isomorphism.
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Proof. Let U = (Uj);ey be afinite open affine cover of U. For every J C I, we denote by
ajy:(\jey Ui = U the inclusion. As U is separated, all the finite intersections of U;’s are
affine, so the morphisms ay and j oay are affine forevery J C I.If K € ObPerv,,r(U),
we denote by Calt . (K) the alternating Cech complex of K associated to the covering
(U;)ier (defined after Lemma 7.1.3), so that

égn,‘u(K): GB ajxayK

|J|=r+1

The canonical morphism K — Can .(K) is a quasi-isomorphism (Lemma 7.1.3 (iii)), and
all the Cr1 . (K) are jy-acyclic (1ndeed as j oay is affine for every J C I, the complex
Jx (aJ*aJK) is perverse, and so j.C dh o (K) is perverse).

As the alternating Cech complex is a functor Perv,, r(U) — Ch (Perv,y, #(U)), we have
by Definition 7.1.4 an isomorphism of functors between j, and the functor sending K to
the the total complex of the double complex j*é;n,‘u(K ). So j* jx is isomorphic to the

functor sending K to the total complex of é'h u(K ). Let a:id — j* j« the map corre-

sponding to the natural transformation K — Tot C* o (K). This is an isomorphism of

alt,
endofunctors of D? Perv,, #(U) by Lemma 7.1.3 (iii), and we set & = a~1; this is the
counit of the adjunction.

Now we construct the unit 7:id — j.j*. As j* is exact, the functor j*j, is iso-
morphic to the functor sending L € Ob D Perv,, #(X) to the total complex of the double

complex j.C u( Jj*L).If L is a finite complex of objects of Perv,, s (X), then

JChuUL) = P 0ai)+(j oai)*L
iel
taking the sum of the unit morphisms of the adjunctions ((j oa;)*, (j oa;)«), we get a mor-
phism L — j,C alt y(j*L)in Cb(Perv,, (X)), hence in its full subcategory C?(Perv,y, 7(X)).
Also, it is easy to see that the composition

L— j*ég1t,u(j*L) - j*é;h,u(j*L)

is 0 in C? (Perv,y, #(X)). So we get a morphism from L to the total complex of the double
complex j*é;h’u(j*L), which induces n:id — j.j*.

To finish the proof, it suffices to show that, for every K in D? Perv,y, #(U) and every
L in D? Perv,, #(X), the composition

jeK =5 ju*juK 2 oK
is the identity of j. K and the composition
JTL I gL L

is the identity of j*L.
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Let K € Cb(Perv,, #(U)). We denote by s the canonical morphism from K to the total
complex of C} q,(K). Using the canonical isomorphism between j* Tot j.C3, ,(K) and
TotC*

oy (K), we get a commutative diagram

nJx

JxK Jxj*JxK

| | |

v

Tot jx C2), 9y (K) ———— Tot jxC2 o, (Tot €2, 4, (K)) ———— Tot j5C3), o, (K)
’ Tot j«C3y 9, () ’ ’ Tot j«Cly 9, () ’

This gives the first statement.

Let LeCP (Perv,, s (X)). We denote by s the canonical morphism j *L — (Vlzh,u (j*L),
and by s’ the morphism from L to Tot j. é:m,‘u( j *L) from the construction of 7. We have
a canonical isomorphism j * Tot j. é;n,‘u(j *L) = Tot é;n,‘u (j*L), and this identifies j *s’
and s. So we get a commutative diagram

JL L gL —— L

N

Tot Ca.lt,‘u(j *L)
This gives the second statement. ]

7.2. Inverse images

In this section, we construct the inverse images functors as the left adjoints of the direct
image functors of Proposition 7.1.1.

First we treat a particular case. For every smooth equidimensional k-scheme X, we
denote by 1y the constant sheaf on X, seen as an object of Perv,, s (X)[—dim X].

Proposition 7.2.1. Let X,Y € Ob(Sch/k), and suppose that X is smooth equidimen-
sional. Let p: X xY — Y be the second projection.

Then the functor py: D? Perv,,s (X xY) — Db Perv,, s (Y') admits a left adjoint p*,
which is given by K — 1y X K.

In particular, we get a natural isomorphism 6,: p* o Ry 5 Ryxy o p*.

Proof. Let p* be as in the statement. It suffices to construct natural morphisms 7: id —
pxp* and €: p* p, — id whose images by R are the unit and counit of the adjunction in
the categories Db Perv,,, and such that

NP+ * P«
P+ — PxD Dx — Px
. . . . . . . ep*
is the identity. (As Rxxy is conservative, we will automatically get the fact that p* —>
p*n . . .
p¥p«p* —> p* is an isomorphism.)
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Let
ax:X — Speck

be the structural map. Note that, as ax«1x is an object of D=° Perv,, s (Spec k), we have

Hompy, Perv,, s (Spec k) (ISpec kraxsly) = HomPervmf (Speck) (ISpeC ks HOaX «1x)
= HomPerv(Spec k) (E» HOQX*EX)
So the canonical morphism E — Hay.Ey (coming from the unit of the adjunction

(ay,axx) gives a morphism ux: Ispeck — ax«1lx in Db Perv,, r (Speck)).
If K € Ob(D? Perv,, #(Y)), then we have a morphism

Xid
K = Ispeck B K ——5 (ax«lx) B K ~ p.(Ix R K) = p.p*K,

where the third arrow is the isomorphism of Proposition 7.1.6. This morphism is an iso-
morphism because its image by Ry is an isomorphism, and we denote it by 7.
Now we want to construct €. Consider the commutative diagram

XxY<q—2XxXxY<;XxY

1

Y(TXXY

where g1 = idy X p, g» = ax X idyxy and i is the product of the diagonal embedding of
X and of idy . Note that g1/ = g»i = p. Using Proposition 7.1.6, we get an isomorphism

P p«K = 1x B (p«K) = g1+ (Ix K K) = q14q5 K.
As i is a closed immersion, we know (by Corollary 6.4.2) that the functor i, has a left
adjoint i *. This and the functoriality of Hp, s gives a morphism
q1xq> K = quxixi*q5 K = qoxini™q; K.
Note also that using the unit of (i*, i) and the analogue of the natural transformation 7
for ¢, instead of p, we get a morphism

K= G244 K = qoxixi®q5 K,

which is an isomorphism because its image by Ry xy is an isomorphism. Putting all these
together gives
e:p*pxK — q1xq5 K — qoxisi*q5 K ~ K.
It is clear from the construction that the images of 1 and ¢ by R are the unit and the
counit of the adjunction (p*, p«) in Dfn. So we just need to show that

NP« * D€
Px — DPxP DPx — Dx
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is the identity. This follows from the fact that we get this composition by following the out-
side of the commutative diagram below in the clockwise direction (where the two arrows
marked “adj” come from the unit of the adjunction (i *, i.)):

Px(IxR(psK)) == pup*p« K

¢

Tspeck R (pu K) 5 (axalx) R (paK) = paqra(lx BK) == peqreqiK

7 | ;

p*KTp*(lspeck&K) P*Ch*i*i*q;K
Mxl ?l
Px((axs L) BK) = pagos(Ix BK) == peqaeqs K — peqouixi*g; K m

Having at our disposal the constant sheaf on X was very important when constructing
the inverse image of the second projection X x ¥ — Y. Now, in order to generalize this
construction to the case when X is not necessarily smooth, we want to construct (and
characterize) the analogue in D? Perv,y, #(X) of the constant sheaf Ey. Note that this is
not totally obvious in this context because, if X is not smooth, then the constant sheaf is
not perverse (or shifted perverse) in general.

For every k-scheme X, we denote by ay: X — Spec k the structural morphism. We
also denote by lgpecx the constant sheaf with value E on Spec k, seen as an object of
Perv,, s (Speck).

Corollary 7.2.2. For every k-scheme X, the functor D? Perv,, 7(X) — Sets (where Sets
is the category of sets), K — Hompp p,, 7 (Speck) (Lspeck» ax« K), is representable.

Moreover, if (1x,ux: 1speck —> ax«lx) represents this functor, then there is an iso-
morphism Ry (1x) ~ Ey that makes the following diagram commute:

adj
RSpec k (ISpec k) ESpec k —ax *EX

RSpcck(uX)l JZ

RSpeck (ax«1x) ax«Rx (1x)

Vay

where the arrow marked “adj” is the unit of the adjunction (a , ax ).
Note that the couple (1x, uy) is unique up to unique isomorphism if it exists.

Proof. First note that, thanks to Corollary 6.4.2 and Proposition 7.1.7, if h: Z — X is an
open embedding or a closed embedding and the result is true for X, then it is also true
for Z, and moreover we have a canonical isomorphism 1z ~ A*1x. Moreover, if X is
smooth, then the result follows immediately from Proposition 7.2.1. In particular, we get
the result for X affine, because in that case X is a closed subscheme of some A”.
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For a general k-scheme X, we chose a finite open cover X = | Ji_, U; such that
the result is known for every U;. (For example, we can take a finite affine open cover.)
We want to show that this implies the result for X. We reduce to the case n = 2 by
an easy induction on n. Let j;: Uy — X, j2: Uy — X and jio: Uy NU; — X be the
inclusions. By the uniqueness statement of the corollary, we have canonical isomorphisms
1y, v, nv, = 1u,nu, fori = 1,2 that identify uy, and uy, ny,, 0, using Proposition 7.1.7,
we get morphisms v;: jix1ly, = ji2,«1u,nv,. | = 1,2. Complete v := v; @ (—v;) into
an exact triangle

. . v, +1
(*) K — .]1*1U1 ® ]2*1U2 - ,]lZ*lUlﬂUz —

Applying ay«, we get a triangle

ax v +1
(**) CZX*K — aU],*lU] 52 aUz,*le — aUlﬁUz,*lUlﬂUz —
Consider the morphism uy, @ uy,: Ispeck — avy,xlu; @ auv,,«1y,. Composing it by
ax«v gives 0, by definition of v, so it comes from a map ux: lgpeck — ax« K. Also,
as ay,nu,,«1u,nu, 1s concentrated in degree > 0, we have

Home Perv,, s (Spec k) (lspeCk’ aUlﬂUz,*lUlﬁUz [_1]) =0,

and so the map uy is uniquely determined.
Now we show that (K, uy) represents the functor of the statement. For every L €
Ob(D? Perv,, 7 (X)), the map uy: Ispeck — ax« K induces a morphism

Hompp pery,,, - (x) (Ko L) = HOMpp pery,, - (spec k) (@x+ K, ax L)
- Home Pervy, s (Spec k) (ISpeck > AX * L)v

and we must show that this is an isomorphism. Suppose that we can prove this if one of the
adjunction maps L — ji1«j; L, L — jaxjy L or L — ji24j5L is an isomorphism, then
we are done. Indeed, for a general L, we have an exact triangle L — j14 /L ® ja«j, L —
Jizxjis L +—> and we use the five lemma.

Suppose that the adjunction map L — ji4j; L is an isomorphism. Applying j* to
the triangle (%) and noting that j* j>«1y, — j|* ji2+«1v,nv, is an isomorphism, we get an
isomorphism j;*K = 1y,. We denote by ¢ the base change morphism ax« — ay,«Jj; -
Applying c to the entries of the triangle (x*), we get a commutative diagram

. Cx - Cx Lk +1
aUl*,]l*K ? aU],*]{k]l*lUl @ aU1,*,]1*]2*1U2 ? aUl*]l*JIZ*lUlﬂUz )

T T L

ax«K ———— ay, «1u, ® av, «lv, —— av,nv,.+lvinu, —

The morphism ay, « j{ j2«1u, = auv,x j; j12+1v,nv, in the first row of this diagram is an
isomorphism, so we get an isomorphism ay, « j;' K — auy, +j{ jix1v, ~ ay,«1y, (which
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is just the image by ay, « of the isomorphism j;" K = 1y, of the beginning of this para-
graph). By this isomorphism, the map cx o ux: Ispeck — ay,«j; K corresponds to the
composition of

(le*lUl 57 ch*luz) o (uU1 57 2'{U2)~ ISpeck — ay;,xJq1 ]1*1U1 ® ay, xJ; ]2*1U2

and of the first projection. In other words, we get a commutative diagram:

uy
1Spec k——ax«K

uull lek

ay 1y, <—= _aUl*jl*K

Consider the following diagram (where all the Hom groups are taken in the appropriate
D? Perv,, # category):

. . * . . (_)0 .
Hom(K, jiajf L) —s Hom(ax« K., axj1«j; L) —— Hom(Lspeck» avy»j L)

2 lj h T(—)OCK

ay,
Hom(j*, j¥* L) — Hom(ay, «j; K. ay,«j; L)

i i

Hom(1y,, j*L) Tl*> Hom(ay, «1v,, av,+j;'L) HTU> Hom(1gpec k- av,« j1 L)
1

We have just seen that the right rectangle of this diagram is commutative. It is also easy to
see that the two squares on the left are commutative, so the whole diagram commutes. As
the composition of the two bottom horizontal arrows is an isomorphism by assumption,
the composition of the two top horizontal arrows is also an isomorphism, which is what
we wanted to prove.

The case where L — jouj; L (resp. L — ji2+j5L) is an isomorphism is similar.
This finishes the proof of the first statement of the corollary. The second statement of the
corollary follows easily from the explicit definition of uy. ]

Now that we have the object 1y, the proof of the following corollary is exactly the
same as the proof of Proposition 7.2.1.

Corollary 7.2.3. Let X,Y € Ob(Sch/ k), andlet p: X XY — Y be the second projection.
Then the functor py:DP Pervy,s(X xY) — D? Perv,, s (Y) admits a left adjoint p*,
which is given by K — 1y K K.

Corollary 7.2.4. The 2-functor H,,1,:Sch/k —T R of Proposition 7.1.1 admits a global
left adjoint in the sense of [1, Definition 1.1.18].

In particular, we get a uniquely determined 2-functor H i’ Sch/k — TR such,
for every morphism f: X — Y in Sch/k, the functor H;:zf (f) from D? Perv,, s (Y) to
D? Perv,, s (X) is a left adjoint of Hy, 1+ (f): D? Pervy, s (X) — D? Pervy, s (Y).
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Moreover, for every morphism of k-schemes f: X — Y, we have an invertible natu-
ral transformation Or: Hy (f) o Ry — Ry o H;:;f (f), and this is compatible with the
composition of morphisms in Sch/ k.

Proof. By [1, Proposition 1.1.17], to show the first statement, it suffices to show that,
for every f: X — Y in Sch/k, the functor Hy,z«(f): D? Pervy, s (X) — D? Perv,, s (Y)
admits a left adjoint. We factor f as X Lxxy 2 Y, where i = idy x f and p is
the second projection. The first map is a closed embedding, so it admits a left adjoint by
Corollary 6.4.2, and the second map admits a left adjoint by Corollary 7.2.3. The natural
transformation ¢; and 6, are also constructed in these corollaries, and we take 6y equal
to:

. 0 . O .
RXOf*=RXOl*p*—l>l*ORXXYOp*—p>l*p*ORYZf*ORy.

By a slight abuse of notation, we will write that 6y = 6, o 0;.
Suppose that we are given a second morphism g: Y — Z, and that we are trying to
prove the compatibility between 6r, 8, and 0, r. Consider the commutative diagram:

X xZ

X=—XxY ——XxYXxZ
1

p”l pm

i
Z

where i’ = idy x g,i"(x,y) = (x,y,8(»)),i"” =idy x (gf) and p’, p”, p"’, q are the
obvious projections. Then 8, = 6,y 0 §; and Oy = 8, 0 G;». So it suffices to prove that:

(@) 0400 = Opm;

(b) Oiri = 0in6;;

(c) Oproby =06p 00y
(d) 6pr06ir = 6 00,

Point (b) follows from Corollary 6.4.2 and point (c) from the explicit formula for the
inverse image of a projection in Corollary 7.2.3. The other two compatibilities can easily
be proved directly. ]

Finally, we have the following.

Proposition 7.2.5. The functor B of Proposition 4.2 induces a natural isomorphism from
the 2-functor
H*f X H,flf:Schk xSchy - TR

m
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to the 2-functor
X Hr:f
Sch; x Schy — Schy, —— TR,

where the first arrow sends (X,Y)to X x Y.
In other words, if f1: X1 — Y1 and f5: X5 — Y, are morphisms in Sch/k and L, €
D? Perv,, (Y1), Ly € D? Perv,, 7 (Y2), then we have an isomorphism

(fi X f2)* (L1 ® La) = (fi*L1) B (f5'L2)
functorial in Ly and L, and compatible with the composition of arrows in Sch/ k.

Proof. By the construction of the functors f* above, we only need to show the statement
when fj and f, are both closed immersions, or when they are both projections. If f; and f>
are both projections, the result is obvious. If they are both closed immersions, the result fol-
lows from the construction in the proof of Corollary 6.4.2 and from Proposition 7.1.6. m

7.3. Poincaré-Verdier duality
Just as in Sections 7.1 and 7.2, we can prove the following result.

Proposition 7.3.1. There exists a 2-functor Hy,r1:Sch/k — TR satisfying Hy, r1(X) =
D? Perv,, s (X) for every X € Ob(Sch/ k) and a natural transformation R: Hy, 5y — Hyp )
(with the notation of Example 3.2.3) such that:
(a) forevery X € Ob(Sch/k), the functor Ry:D? Pervy, s (X) — Dﬁ’n (X) is the func-
tor of Theorem 3.2.4;
(b) forevery morphism f:X — Y, the natural transformation pg: Ry o Hy, 11 (f) —
Hyu 1 (f) o Ry is an isomorphism.
This functor satisfies the same compatibility with X as in Proposition 7.1.6, and it
admits a global right adjoint H r'n ’

Moreover, by Proposition 4.2, we have an exact contravariant endofunctor Dy of the
category D? Perv,, (X)) together with an isomorphism

Dy ~id, forevery X € Ob(Sch/k).

Proposition 7.3.2. Ler f: X — Y be a morphism of k-schemes.

(i)  We have a natural isomorphism or: f = Dy o fy o Dx such that, if g: Y —
Z is another morphism of k-schemes, then the isomorphism agr: (gf)s =
Dz (gf )1 Dx is equal to the isomorphism

o (Xf
(8f)x =~ g fx —> Dz& Dy Dy fiDx ~ Dzg fiDx ~ Dz(gf )\ Dx

where the first and fourth arrows are given by the composition isomorphisms of
the 2-functors Hy, .« and Hy,,z1, and the third arrow is given by the isomorphism
D2 ~id.

Y
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(ii)  We have a natural isomorphism By: f* S Dyo f'o Dy, where f'= Hr!nf f),
such that, if g: Y — Z is another morphism of k-schemes, then the isomorphism
Ber(gf)* =~ Dx (gf)' Dz is equal to the isomorphism

. BrB
(gf)* ~ f*¢* —> Dx f'DyDyg'Dz ~ Dx f'¢'Dz ~ Dx(gf)' Dz

where the first and fourth arrows are given by the composition isomorphisms of
the 2-functors H, y and Hr!n - and the third arrow is given by the isomorphism
D} ~id.
(iii) If f is smooth and purely of relative dimension d, then we have an natural
isomorphism f'[—d]~ f*[d](d) of functors D? Pervy, s (Y) — Db Pervy, s (X).
(iv) If f is smooth and purely of relative dimension d, then the functor f* from the
category D? Perv,, s (Y) to D? Perv,, s (X) admits a left adjoint fy.

) Ifi: X =Y isaclosed immersion, then we have a natural isomorphism iy — i.

Proof. Point (iii) follows from the fact that both functors are t-exact and that such an iso-
morphism exists in the category of functors Perv,, ¢ (Y') — Perv,, s (X) (because it does for
mixed perverse sheaves and the categories Perv,, s are full subcategories of the categories
of mixed perverse sheaves).

Point (iv) follows from point (iii): take fy = f1[2d](d).

Point (v) is proved like point (iii): both functors are 7-exact, and the natural isomor-
phism exists when we see iy and i, as functors from Perv,, (X) to Perv,,(Y).

Let us prove (i). By the construction of fi in Section 7.1 (and point (iii) applied to
inverse images by open immersions) it suffices to prove the analogous result for the func-
tors PH® £, and PHC £ if f is affine. But then this follows from the case of the categories
D5 (X).

Point (ii) now follows from (i) and from the uniqueness of adjoint functors. [

8. Tensor products and internal Homs

Definition 8.1. Let X be a k-scheme. We denote by Ax: X — X x X the diagonal
embedding. We define a functor ®y: (D? Perv,, £(X))?* - D? Perv,, F(X)by K ®x L =
AY(KXRL).

Note that it follows from Proposition 7.2.5 that, for every morphism of k-schemes
f:X — Y andall K, L € ObD? Perv,, #(Y'), we have a canonical isomorphism

SHK®y L)~ (f*K)®x (f7L).

Proposition 8.2. The operation ®x defined above makes DP Perv,, 7 (X) into a symmet-
ric monoidal triangulated category. Also, the object 1x constructed in Corollary 7.2.2
is a unit for ®x, and the functor Rx:D? Pervy,r(X) — Dfn (X) is symmetric monoidal
unitary.
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Proof. The first statement follows easily from the commutativity and associativity of X
(which in turn follows from the similar statement in Dfn (X), as X is exact). Moreover, for
every K € ObD? Perv,), £(X),if p: X x X — X is the second projection, then:

K®x 1y = AL(KR1yx) = Abp*K ~ (pAx)*K ~ K

because pAy = idy. This proves the second statement. Finally, the fact that Ry is monoi-
dal follows from the fact that it preserves X, and the last statement of Corollary 7.2.2 (i.e.,
the isomorphism Ry (1x) ~ Ey) implies that Ry is unitary. ]

The main result of this section is the following.

Proposition 8.3. For every k-scheme X and every K€ObD? Perv,y, (X)), the endofunctor
K®x - of Db Perv,, s (X) has a right adjoint Hom(K,-), given by L+~ Dx(K®x Dx (L)).
Moreover, for all K, L, M € ObD? Perv,, s (X), ifwe set K = Rx(K), L' = Rx (L) and
M’ = Rx (M), then we have a commutative diagram

RHOompb peyy,, , (x) (K ®x L, M) = RHompp peyy, - (x) (L Dx (K ®x Dx M)

Rxl lRX

RHomDﬁ’n(X)(K/ ®x L',M') —— RHomDﬁ’,,(X) (L/, Dx (K’ ®x DxM/))

where the horizontal arrows are the adjunction isomorphisms (see Lemma 8.4 for the
natural isomorphism Dx (K' ®x Dx M’) ~ Homy (K’, M')).

In the lemmas that follow, we will denote the structural morphism X — Spec k by a.
Remember that we write Ky = a'E. speck for the dualizing complex in Dz (X). This is an
object of D% (X) (because Eg,. . clearly is a mixed complex, and a' preserves mixed
complexes).

pec

Lemma 8.4. In the category DZ (X), we have a canonical isomorphism, functorial in K
and L:
Homy (K ®x L, Kx) ~ Homy (K, DX(L)).

Moreover, these complexes are concentrated in perverse degree > 0 if K and L are per-
verse.

In particular, if we replace L by Dy (L), we get a natural isomorphism
Homy (K, L) >~ Dy (K ®x Dx (L)),
which explains the definition of the internal Hom given in Proposition 8.3.

Proof. By [10, Theorem 6.3 (i1)] (see also the remark following [14, Definition 1.2] for
the extension of this to the category DZ (X)), we have a natural isomorphism

Homy (K ®x L, M) = Homy (K, HomX(L,M))

forall K, L,M € Ob D’;l (X). Applying this to M = Ky gives the desired isomorphism.
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If K and L are perverse, then the complex K ®yx L is concentrated in perverse degree
< 0 (because it is equal by definition to A% (K X L), where Ay: X — X x X is the diag-
onal morphism, and A% is right t-exact), so its dual Homy (K ®x L, Kx) is concentrated
in perverse degree > 0. ]

Lemma 8.5. If K, L € Ob Perv,(X), then the complex a\(K Q®x L) € DZ (Spec k) is
concentrated in degree < 0, and so the adjunction (ay,a’) gives a canonical isomorphism
HOIIIDZ(X) (K ®x L, KX) = HomPervh(Speck) (HO (a!(K ®x L))’ESpeck)

and equalities
i —
EXth’(X)(K ®x L,Kx) =0
foreveryi < 0.

We could also have deduced the vanishing of Extf) b X)(K ®x L, Kx) fori < 0 from
the adjunction isomorphism "

Extf)b

h(X)(K ®x L,Kx) = Ext' (K, Dx(L)).

(But we will not be able to do this in the next lemma, which is the analogous statement in
D? Perv,, 7 (X).)
Proof. We have
a1(K ®x L) =~ Dgpeci(axDx (K ®x L)) >~ Dspeck (ax Homy (K, Dx(L))).
where the second isomorphism comes from Lemma 8.4. So it suffices to show that
ax Homy (K, Dx(L)) =R HomDZ(X) (K, DX(L))

is concentrated in degree > 0. As K and Dy (L) are perverse, this just follows from the
definition of a t-structure.

Now, using the adjunction (a;,a') and the fact that Ky = a'E. Speck» We get a canonical
isomorphism

Hosz(X)(K ®x L,Kx) = HomDZ(Speck) (ag(K Rx L),Especk).

The second statement follows from this and from the fact that a(K ®x L) is concentrated
in degree < 0. [

Lemma 8.6. If K, L €ObPerv,,r(X), then the complex a\(K ®x L)€ D? Perv,, s (Speck)
is concentrated in degree < 0, and so the adjunction (ay,a’) gives a canonical isomor-
phism

Home Perv,, s (X) (K 126 L s a!ISpeC k) x~ HomPervm/- (Speck) (HO (al (K ®x L)), ISpeck)

and equalities
i ! _
EXtDbPervmf(X)(K ®x L,a’ly) =0

foreveryi < 0.
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Proof. We have
Rx (a1(K ®x L)) ~ a\(Rx (K) ®x Rx(L)).

s0 Ry (a1(K®x L)) is concentrated in degree <0 by Lemma 8.5. The first statement fol-
lows from the conservativity of Rx. The second statement is proved exactly as the second
statement of Lemma 8.5, using the adjunction (a1, a') in the categories D? Perv,y, ' ]

Lemma 8.7. Let K, L € ObPerv,,r(X), write K' = Rx(K), L' = Rx(L). Then the
morphism

Rx: Homyp,, Perv,, 7 (X) (K ®x L, Dx(lx)) — HomDZ(X)(K/ Qx L/’ Kx)
is an isomorphism. In particular, there exists a unique isomorphism
ok, Homps pery, (x) (K ®x L. Dx (1x)) = Homper,,, (x) (K, Dx (L))

making the following diagram commute

QKL
Homps pery,,, - (x) (K ®x L, Dx(1x)) —— Hompery,, . (x) (K, Dx (L))

Rxl lRX

Hompy ) (K" ®x L', Kx) ———=—— Hompery, x) (K, Dx (L")

where the bottom isomorphism comes from applying the functor H*(X, .) to the isomor-
phism of Lemma 8.4.

Proof. As Pervy, r(X) is a full subcategory of Pervy (X), the morphism
Ry: HomPervmf (X) (K, Dx (L)) - HomPervh(X) (Kla Dx (L/))
is an isomorphism. So we just need to show that
Ry :Hompp pe, () (K ®x L. Dx(1x)) — HomDZ(X)(K/ ®x L', Kx)

is an isomorphism. By Lemmas 8.5 and 8.6, we have a commutative diagram

Home Pervy, 7 (X) (K ®x L,a : 1Spec k) — HomPervmf (Speck) (HO (a! (K x L)) s 1Spf:(: k)

Rxl lRSpeck

HOHIDZ(X) (K/ ®x L', KX) — = HomPervh(Spec k) (HO (a! (K/ Sx L,))» ESpec k)
The right vertical map in this diagram is an isomorphism because Perv,, r (Spec k) is a full
subcategory of Pervy, (Spec k), so the left vertical map is also an isomorphism. |

We use the formalism of filtered derived categories, which is recalled at the beginning
of Section A.l. Let #4 be an abelian category, and let DF? () be its bounded filtered



Mixed {-adic complexes for schemes over number fields 157

derived category. Let us recall the spectral sequence of [6, equation (3.1.3.4)]: If K and L
are two objects of DF? (A), then we have a spectral sequence

EP = @ Ext}i{(Gry K.Gr} L) = Ext5 " ((K). o(L)).

j—i=p
Remember that w: DF? (4) — D? () is the functor that forgets the filtration.

Lemma 8.8. Let K7, K5 be bounded complexes of objects of Pervy(X), and let Ky, K>
be their images by real: D? Pervy (X) — Dz (X). Then, for every object L ofDZ (X), we
have a spectral sequence
EP? = @ ExtDb(X) (K¢ ®x Dx(K2),L) = Extg,,*&) (K1 ®x Dx(K2),L).
a—b=—p

Proof. By definition of the category Dz (X), it suffices to prove the statement in D’cJ (),
where (A, X, u) is an object of UX such that all the K} (resp. L) extend to shifts of
objects of Perv(X) (resp. D’cJ (X)), that we will denote by the same letters.

Remember the construction of the realization functor D? Perv(X) — ch’ (X) in Sec-
tion A.2. We consider the full subcategory DFyee(X) of objects A of DF? (Xprogt) such
that GriF Ali] is in Perv(X) for every i € Z and O for |i| big enough. We have an equiva-
lence G: DFpge (X) — Cb(Perv(X)) (see [6, Section 3.1.7] or Theorem A.2.3), and real
is induced by w o G~1: C? (Perv(X)) — D2(X).

Let A: X — X x X be the diagonal morphism. As K; ®xy Dx(K3) is equal to
A*(K; X Dx(K3)), we have a canonical isomorphism

RHong(x) (Kl Rx Dx(K>), L) = RHomDé’(XXX) (K1 X Dy (K>), A*L).

Let M = G™'(K} ® Dx(K3)) € Ob DFpge(X x X). We can also see A,L as an
object of DF((X x X)prost) (because, for any abelian category », the category D?(4) is
canonically equivalent to the full subcategory of A € Ob DF? () such that Gr’; A = 0 for
i # 0). Using the spectral sequence recalled before the statement of the lemma (and (iii)
of Proposition 2.3.1), we get a spectral sequence

+ j +
EM = @ Ext) % o) (Gre (M), ALL) = ExtV (K1 ®x Dx(Ka). L).
el

For every i € Z, we have

Gy M = @ K{[-a]® Dx(K;")[-b] = @ (K* B Dx(K®))[-i].

a+b=i a—b=i
So
+ b
B @ B, (K18 Dx(KD. 0.
a—b=—p
— a b
= @ Ex,,, (K“®x Dx(K").L).
a—b=—p

The statement of the lemma now follows by taking the limit over A/, withA C A’ € U. =
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Lemma 8.9. Let K7, K3 be bounded complexes of objects of Pervy, s (X), and let Ky, K,
be their images by the canonical functor CP Perv,y, 7 (X)— D’ Perv,, 7 (X). Then, for every
object L of D? Perv,, #(X), we have a spectral sequence

b
EM= P Ext]q)memf(X) (K{ ®x Dx(K3),L)

a—b=—p

p+q
= EXtDb Pervpn (X) (K1 Rx Dx(Kz), L).

Moreover, the functor Ry induces a morphism of spectral sequences from this spectral
sequence to the one of Lemma 8.8.

Proof. The proof is exactly the same as for Lemma 8.8, except that we work in the filtered
derived category DF? (Perv,y, (X x X)). The last statement is obvious. ]

Notation 8.10. Let K € Ob DZ (X). We denote by g the evaluation morphism
K ®x Dx(K) = K ®x HomX(K, Kx) - Kx.

This morphism satisfies the following naturality property: If u: K — L is a morphism
in DZ (X), then we get a commutative square

id®x D.
K ®x Dy (L) 22X g o Dy (K)

u®idl lLK

L ®x Dx(L) —_— Kx

Lemma 8.11. Let K7, K3 be bounded complexes of objects of Pervy(X), and let K1, K>
be their images by the functor real: D® Perv, (X) — Dz (X). Let
+
E? = Bxtp, &) (K1 ®x Dx(K2). Kx)

be the spectral sequence of Lemma 8.8 for L = K.

Then E?? = 0 if ¢ < 0. Moreover, if K} = K3 = K*® and we write K = K, then
the element Y o7 txa of EY° is in Ker(E? — E1%) = E, and the element 1x of
HomDZ(X)(K ®x Dx(K),Kx) D EY is the image of Y,z Lka by the map Ego — E.

Proof. We have

b
EM= P Exty , (Ki ®x Dx(K3). Kx).

a—b=—p

As all the K¢ and Dy (Ké’ ) are perverse, this is 0 for ¢ < 0 by Lemma 8.5. This implies
that E9° = Ker(EY® — E[°) and that E/? = 0 forany r > 1 and any g < 0, s0 E& =0
for ¢ < 0. In particular, we get that E is a quotient of EJ° and that EJ injects in
Hosz (X)(K 1 ®x Dx (K1), Kx). The last statement now follows from the construction
of the spectral sequence (and (iii) of Proposition 2.3.1). ]
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Lemma 8.12. Let K* be a bounded complex of objects of Perv,, ¢ (X), and let K be its
image by the obvious functor C® Perv,,r(X) — D? Perv,, 7 (X). Then there exists a unique
morphism ig+: K ®x Dx(K) — a!ISpeCk satisfying the following conditions:

(a) The image of txs by Ry is the morphism tg, (k) of 8.10.

(b) The analogue of Lemma 8.11 holds if we use the spectral sequence of Lemma 8.9.

Moreover, if u®: K® — L* is a morphism in C? Pervy, s (X) and if u: K — L is its
image in D? Perv,, 7(X), then the following square commutes:

i D
K ®x Dy (L) &2, 1 o Dx(K)

u®idl ltx- *)

L ®x Dx(L) —p Kx

Proof. Let K'* = Rx(K*®) and K’ = Ry (K). If K* is concentrated in degree 0, then, by
Lemma 8.7, the morphism

. / ’
- D
Rx:Homyp Perv, s (X) (K ®x Dx(K), Dx(lX)) — Hom P(X) (K ®x Dx(K"), Kx)

is an isomorphism. So condition (a) forces us to take tx = R;l (tx’), and condition (b) is
trivial in this case.

We now construct (g« in the general case. The spectral sequence of Lemma 8.9 for
L =a'ly is

N
EP = Extqu Pervy (X) (K* ®x Dx(K”),a'1x)

+ !
= Extp ) (K ®x Dx(K).d'lx).

We have E¥? = 0 for ¢ < 0 by Lemma 8.6. As in the proof of Lemma 8.11, this implies
that
EY® = Ker(EY° — E[?)

surjects to EQJ and that £5 injects in Hompp pery, - (x) (K ®x Dx (K), a‘ly). By condi-

tion (b), the element tx € Hompp peyy, £(X) (K ®x Dx(K),a'ly) that we want to construct
must be the image of )", tke € EY°. As tga exists and is uniquely determined by the
first case, it suffices to show that ), tka € Ker(E?® — E19). Indeed, condition (a) will
then follow from the fact that Ry induces a morphism between the spectral sequences
of Lemmas 8.8 and 8.9 (and from Lemma 8.11). We denote by EP?(K’) the spectral
sequence of Lemma 8.8 for K’*. Then we have a commutative diagram

E® — IO

| |

EY(K') — EI°(K")
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By Lemma 8.7, the vertical maps in this diagram are isomorphisms. By Lemma 8.11, the
image by Ry of Y,y ke € E?O, which is ),z tgsa by construction of the (g, is in
Ker(EY*(K') — EI%(K")). S0 Y,z tka is in Ker(EY® — E19), and we are done.

We prove the last statement. If K® and L® are both concentrated in degree 0, then K
and L are perverse, so the commutativity of (*) follows from the commutativity of the
square we get applying Ry and from Lemma 8.7. We treat the general case. For K7, K3 €
Ob C? Perv,, 7 (X), we denote by g» g3 EJ° the spectral sequence of Lemma 8.9 for K?,
K35 and Kx. The morphisms u*® and Dy (1*) induce morphisms of spectral sequences

Lo Lo ES® = ko 1o EQ® < ke g EJ®
that are compatible with the morphisms

EXt3) pep, (x) (L L) N pervy () (K- L) <Exee, pervy () (K- K-
So we get the commutative diagram (**), where H(-) means Hompy pyy,,, - (x) (- Kx). We
have (g € H(K ®x Dx(K)), and its image in H(K ®x Dx (L)) by the arrow in the last
row of (**) is tge o (id ®x Dx (u)). Similarly, we have (z» € H(L ®x Dx (L)), and its
image in H(K ®x Dx (L)) by the arrow in the last row of (¥*) is ¢z o (4 ®y id). On
the other hand, during the construction of tg+, we proved that the element Zan tga of
K+ k*EY? comes from a (unique) element e+ of g+ g+ ES°, and that (g« is the image
of exs in H(K ®x Dx(K)); we have a similar statement for ¢y . By the commutativity
of (**), it suffices to prove that the images of Y,z tke € ko k*EV® and )",z 1 €
ro,1oEY in ge 1+« EY° by the maps of the second row of (**) are equal. But the image of
the first element is ),y tk« o (id ®x Dy (u“)), and the image of the second element is
> ez tLa o (u® ®x id). So the equality of these images follows from the case where K*®
and L*® are concentrated in degree 0, which we already treated.

P H(L*®x Dx (L)) — @ H(K*®x Dx (L)) + P H(K*®x Dx (K*))

acZ ac’Z ac’Z

00 00 00
LBy ———————— ke By ke kB

% 00 ~ 00 ~ 00 *k
P70 1 LN DU———— (*%)

H(L Rx Dx(L)) H(K Rx Dx(L)) — H(K Rx Dx(K)) u
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The last statement of Lemma 8.12 implies in particular that, for K € ObD? Perv,y, 7 (X),
the morphism tg+: K @y Dy (K) — Kx does not depend on the lift K*® of K to an object
of C? Perv,, #(X). We denote this morphism by (.

Lemma 8.13. For K, L € ObD? Perv,, s (X), we define a morphism
ug,1: RHOMpp pery, - (xy (L Dx (K)) — RHOmpp pery, (x) (K ®x L, a'speck)
as the composition of
K ®x (.): RHompp pery, - (x) (L, Dx (K)) — RHOMpp pery, - (x) (K ®x L, K ®x Dx (K))
and of
tkx: RHompp p, - (x) (K ®x L, K ®x Dx(K))
— RHompp pry,  (x) (K ®x L.a'Tspecr).-
Then this morphism is natural in K and L, its image by Ry is the adjunction morphism
R HomDZ(X) (RX (L), Dx (RX(K))) =R Hosz(X) (RX(K) ®x Rx (L), KX),
and it is an isomorphism.

Proof. The naturality in L is obvious and the second statement follows from property (a)
of Lemma 8.12.

We prove the naturality in K. Let u: K — K’ be a morphism in D? Perv,, 7(X). We
consider the diagram, where we write H for R Hompp pery,, - perv(x)

K® ( *
H(L, Dx (K)) KexO), H(K ®x L, K ®x Dx(K)) ——— H(K ®x L, Kx)

1 (id®x Dx (1))« (3)

H(K ®x L.K ®x Dx(K"))

LK/ %
Dx (1)« (u®yxid)« (u®xid)*
K®x()

H(K ®x L.K' ®x Dx(K"))

@ (u®xid)* )

/ / / / /
H(L, Dx (K") - H(K' ®x L, K' ®x Dx(K")) —-— H(K’ ®x L. Kx)

Squares (1), (2) and (4) in this diagram clearly commute, and square (3) commutes by
the last statement of Lemma 8.12. So the exterior rectangle commutes, which is what we
needed to prove.

We turn to the proof of the third statement, i.e., that ug 7 is an isomorphism. We first
prove it in the case where X is smooth and connected and K = £, L = M are lisse sheaves
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on X.Letd = dim(X). Then we have a!lspeck = 1x[2d](d) (by Proposition 2.4.2 (i)) and
Dx(£) = £*[2d](d), where £* = Hom(£, Ey) is the dual locally constant sheaf (by
the calculation at the end of Section 2.1 and Proposition 2.5.2). So u g, is a morphism

R Hompp pery,,, - (x) (M, £*) — RHomp Pervyy (X) (£ ®x M, 1x).

and the morphism t¢: £ ® Dy (£) — a!lspeck of Lemma 8.12 is just the the canonical
morphism £ ®x L£* — 1y, shifted by 2d and twisted by d (we see this easily from
conditions (a) and (b) of Lemma 8.12, as £ is perverse up to a shift). We will use the
Yoneda description of the Ext® groups, as in Section 3.2 of Chapter III of Verdier’s book
[30]. The definition of ug 4 gives the following formula for the image of a class ¢ in

i
EXtDb Perv,, r (X)

(M. £*) = Ext, berumy (X) (M[d]. £*[d])
Choose an exact sequence in Perv,,  (X) representing c, say:
0— £*[d] > Ki—1 — --- — Ko = M[d] — 0.
Tensoring this sequence by &£, we still get an exact sequence in Perv,, s (X):
0> L@y £*[d] > £ ®x Ki-1 > -+ > £ ®x Ko > £ ®x M[d] — 0.
Then u g (c) is represented by the exact sequence
0—1x[d] > K|, > £®x Ki —> -+ > £ ®x Ko > £ ®x M[d] = 0,

where K{_l is the amalgamated sum

Ix[d] ®reyera] (£ ®x Ki-1)

with the morphism £ ®x £*[d] — 1x[d] being the shift of the obvious one. We want
to show that ug_u is bijective, so it suffices to construct its inverse. Suppose that ¢’ is an
element of

EXGy pery 00y (£ @ ML) = Bxtyp ) (£ @x M) Lx[d)).
and choose an exact sequence in Perv,, s (X) representing ¢, say:
0—>1x[d] > Li—y > -+ — Lo > £ ®x M[d] — 0.
Tensoring this sequence by &£*, we still get an exact sequence in Perv,, r (X):
0> £d] > L *®@x Li-1 > = £*Qx Ly > £* Qx £ ®x M[d] — 0.
We send ¢’ to the element of Ext{,ervmf x) (M[d], £*[d]) represented by the exact sequence

0> L£*[d] > L£*®x Li-y > -+ —> £*Qx L1 —> Ly —> M[d] — 0,
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where Ly, is the fiber product
(£* ®x Lo) xppa) (£* ®x £ ®x M[d])

with the morphism £* ®x £ ®x M[d] — M[d] coming from £* ®x £ — 1x by ten-
soring by M[d]. This is clearly the inverse of ug .

Now we show that the morphism u g ;, is an isomorphism for all objects K and L of
D? Perv,, (X). Note the following two reductions: First, using the fact that all the functors
are triangulated and the five lemma, we see that if we have an exact triangle

K — K — K" %

such that the result is true for (K’, L) and (K", L), then the result if true for (K, L).
There is a similar statement for the second variable L. So it suffices to prove the result
for K and L concentrated in perverse degree 0, and we may also assume that K and L
are simple perverse sheaves. Second, suppose that we have a closed immersioni: Y — X,
and let j: U := X — Y — X be the complementary open immersion. Then we have a
commutative diagram whose columns are distinguished triangles (all the R Homs are taken
in the appropriate category D? Perv,, 7(Z),with Z e {X,U,Y}):

RHom(i*L,i' Dx K) ——~%5 RHom (i*(K ®x L).i'a 1speck)

RHom(L, Dx K) — =X, RHom(K ®yx L.a'lspeck)

RHom(j*L, j*Dx K) % R Hom (j*(K ®x L), j*a'lspeck)

+1 +1

Moreover, using the compatibility of ®y with inverse images and point (ii) of Proposi-
tion 7.3.2, we get isomorphisms:

RHom (i*(K ®x L),i'a'1speck) =~ RHom ((i*K) ®y (i*L),a} Ispeck)
and
R Hom (]*(K Sx L)vj*a!ISpeck) ~ RHom ((J*K) QU (J*L), a!UISpeck)y

where ay = aoi and ay = a o j. It is easy to see that these isomorphisms identify
i*ug,r (resp. j*ug,p) with u;+g ;=1 (resp. u;j+k, j+=1). So the result for X follows from
the result for ¥ and U'.

Using the two reductions above and Noetherian induction on X, we can reduce to the
case where X is smooth and K and L are both shifts of locally constant sheaves on X.
But this case has already been treated in the first part of the proof. ]
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Proof of Proposition 8.3. We have to construct an isomorphism
RHomypy per, () (K ®x L, M) = RHompys pe, (x) (L, Dx (K ®x DxM))

functorial in K, L, M € ObD? Perv,, #(X) and compatible (via Ry ) with the adjunction
morphism in Dz (X). But such an isomorphism is given by

-1
UL,K®xDxM CUK@yL.DxM>

where u__ is constructed in Lemma 8.13. [

9. Weight filtration on complexes

The goal of this section is to generalize the results of [20, Section 3], and in particu-
lar the formula for the intermediate extension of a pure perverse sheaf, to the categories
Perv,, r(X) and their derived categories. This was the original motivation for considering
the categories D? Perv,y, 7(X).

Definition 9.1. Let X be a k-scheme. For every a € Z U {+00}, we denote by Y D=?(X)
(resp. ¥ DZ4(X)) the full subcategory of D? Perv,, #(X) whose objects are the complexes
K such that, foreveryi € Z, H'K € Perv,, s (X) is of weight < a (resp. > a).

Note that ¥ D=¢(X) and ¥ D=4 (X) are triangulated subcategories of D? Perv,y, 7(X).

Proposition 9.2. Let K, L € ObPerv,, s (X). Suppose that there exists a € Z such that K
is of weight < a and L is of weight > a + 1. Then we have, for every i € Z,

Ext{,ervmf(X)(K, L)=0.

For categories like that of mixed Hodge modules, this result follows from [23,

Lemma 6.9], but M. Saito assumes (and uses) the fact that pure objects are semisimple,
which is false in our case.
Proof. We obviously have Ext;;e%f (K. L) = 0if i <0, and Homper,, . x)(K, L) =0
because the weights of K and L are disjoint. We denote by W the weight filtration on
objects of Perv,, s (X). For every b € Z, we get an endofunctor W, of Perv,, s (X), which
is exact because weight filtrations are strictly compatible with morphisms in Perv, s (X)
(by [14, Lemma 3.8]).

As in the proof of Proposition 8.3, we will use the Yoneda description of the Ext¥
groups (see Section 3.2 of Chapter III of Verdier’s book [30]). Let i > I and let @ be a
class in Extf,ewmf( X)(K , L). Choose an exact sequence

Uuj Uj—1 Ui uop
O—->L—->M_1—-+—My— K—>0

in Perv,, s (X) that represents . Applying W, to this exact sequence and using the fact
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that W, K = K and W, L = 0, we get a morphism of exact sequences

Ui Ui—1 Ui

0 L

u-+can

Mi— Mo —= IH< 0
u

Can]\ CanT
idz, +0 0+u;—1 Ul

0— LS LeWM_g —= oo 2 WMy —— K ——0

where can: W, — id is the canonical inclusion. So the class « is also represented by the
second row of this diagram, hence it is trivial. [

Corollary 9.3. For every a € Z U {£00}, the pair (* D=%, ¥ D=1 is a t-structure on
D? Perv,, s (X).

We denote by w<, and ws4 41 the truncation functors for this t-structure. They extend
the exact functors K — W, K and K — K/W,K on Perv,,r(X).

Proof. Once we have the vanishing result of Proposition 9.2, the proofs of [20, Lem-
mas 3.2.1 and 3.2.2] apply without modification. ]

Corollary 9.4. The results of [20, Sections 3 and 5.1] are still true in our situation. In
particular, if j:U — X is an open immersion of k-schemes and K € ObPerv,,r(U) is
pure of weight a, then the canonical morphisms

Wsg 1K = 1+ K = W<qjx K
are isomorphisms.

Proof. The proofs of [20] apply without modification. ]

A. Filtered derived categories and f-categories

Let D be a triangulated category and let (D=°, D=%) be a t-structure on O with heart
€ = D=° N D= Under appropriate hypotheses, the inclusion € — D extends to a
triangulated functor real: D? (€) — D called the realization functor; the first goal of this
appendix is to explain how to construct this extension (see Theorem A.2.3).

Now suppose that 9 is another triangulated category, that (D’ =0 o’ 20) is a t-structure
with heart €’ and that 7: & — D’ is a triangulated functor. Under appropriate hypothe-
ses (see Theorem A.2.3), we will have realization functors real: D?(€) — D and real:
D?(€’) — D’. The second goal of this appendix is, supposing that there are “enough”
T-acyclic objects in €, to extend HOT: € — €’ to a triangulated functor DT: D?(€) —
D?(€’) such that real oD T ~ T o real; the functor DT should be the restriction to D? (€)
of the derived functor of H°T if T is left or right t-exact. For precise statements, see
Proposition A.3.2 and Remarks A.3.3 and A.3.4.

The technical tool that we need for the two goals above is the formalism of f-categories
over triangulated categories (introduced by Beilinson [4, Appendix A]), which is inspired
by the properties of filtered derived categories. So we start with a review of this formalism.
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A.1. Review of f-categories and f-functors

Filtered derived categories. We recall the definition of filtered derived categories, as
they are the motivation for the definition of f-categories, and also the main example of this
formalism.

Let 4 be an abelian category. We denote by Fil(+A) category of filtered objects of 4,
where filtrations are assumed to be decreasing; it has a full subcategory Fil/ (+4), whose
objects are filtered objects of 4 whose filtration is finite, which means in particular that
it is separated and exhaustive. Both Fil(+4) and Fil/ (+) are quasi-abelian categories. We
denote by D(Fil” (4)) (resp. Dt (Fil/ (4)), D™ (Fil/ (4)), D?(Fil” (4))) the unbounded
(resp. bounded above, bounded below, bounded) derived category of Fil/ (A) (see for
example Definition 2.3 of Schapira and Schneiders’s [24], or [29, Definition 05S2] and
[29, Definition 05S4]; note that the definitions of the variously bounded derived cate-
gories in [24] and in the Stacks Project are a priori different, but they define the same
subcategories by [29, Lemma 05S5]). Following the convention of [6, Section 3.1] and
Chapter V of Illusie’s [15], we define the the filtered derived category DF(+A) (resp. the
bounded above filtered derived category DFT (), etc) of # to be the full subcategory of
D(Filf (A)) (resp. DT (Fil/ (+)) etc) of complexes whose filtration is finite, and not just
finite in each degree.

As the filtration on a finite complex of objects of Fil/ () is always finite, we have
DF? (A) = D?(Fil” (+4)), so the definitions of [29, Section 05RX], [6, 15] coincide for the
bounded filtered derived category.

We denote objects of Fil/ (#4) and D(Fil” (+4)) by (K, F*), or often just K.

We have additive functors:

«  s:Fil/ (A) — Fil/ (), (K, F*) — (K, F*1);
« Fil":Fil/ (4) — Fil/ (A) sending (K, F*) to F” with the filtration induced by F*;
« ()/Fil":Fil’ (A) — Fil/ () sending (K, F*) to K/F" K with the filtration induced
by F*;
« Gr':Fil/ (A) — A, (K,Fil*) — Fil" K/Fil'"' K;
© Gr=@,c; G Fil/ (A) — A;
* w:Fil(A) > A, (K, F*) — K;
o i:A — Fil/ (A) sending K € Ob(sA) to K with the trivial filtration F* (F" = K for
r<0and F" =0forr > 1).
These induce functors on the categories of complexes, and, as in [29, Lemma 05S3],
we get triangulated functors
$,0<r, 0sr+1:D (Fil/ (4)) — D (Fil/ (4)),
Gr",Gr: D (Fil/ (4)) — D(+A),
@:D (Fil’ (A)) — D(A)
and
i D(4) — D (Fil’ (4)).


https://stacks.math.columbia.edu/tag/05S2
https://stacks.math.columbia.edu/tag/05S4
https://stacks.math.columbia.edu/tag/05S5
https://stacks.math.columbia.edu/tag/05RX
https://stacks.math.columbia.edu/tag/05S3
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For ? € {+, —, b}, these functors send to D?(Filf (+4)) (resp. D’ (4)) to D’ (Filf(,f\))) (resp.
D’(A)), and they also respect the various filtered derived categories (when it makes sense,
for example s sends DF’ () to DF?(+4), and i sends D’ () to DF’(4)). For every r € Z,
we have a natural transformation Gr” — Gr” T![1] (coming from the triangle G’ t! K —
F'K/F™2K — Gr’" K, if (K, F*) is an object of D(Fil” (:4))). We also have a natural
transformation o: idpg(4) — s coming from the inclusions F” K C F" 'K, for (K, F*) €
ObFil” (A).
For every n € Z, let

DF(< n) = {K € ObDF(4) | Vr > n + 1,Gr" K =0}
and
DF(> n) = {K € ObDF(4) | Vr <n—1,Gr" K = 0};

these are full subtriangulated categories of DF(.4), stable by isomorphisms. Thanks to our
convention on filtered derived categories, we have

DF(4) = | J DF(< n) = | ] DF(= n).

nez nez

Similarly, if 7€ {4+, —, b} and n € Z, we set DF’ (< n) =DF(< 1) N DF’(A) and DF’ (> n)
= DF(> n) N DF’(A). For ? € {@, +, —, b}, the functor i induces an equivalence of
categories D’(A) — DF’(< 0) N DF’(> 0).

f-categories. In [4, Appendix A], Beilinson introduced f-categories over triangulated cat-
egories, that have all the abstract properties of filtered derived categories, and generalized
the properties of filtered derived categories to this more general setting. We review his
definition and results. Note that Section 6 of Schniirer’s paper [26] gives more detailed
proofs of many of the results of [4, Appendix A].

The following is [4, Definition A.1].
Definition A.1.1. We introduce the following objects:

(1) A filtered triangulated category, or for short a f-category, is the data of:

e atriangulated category DF;

¢ two full triangulated subcategories DF(< 0), DF(> 0) of DF that are stable by
isomorphisms;

» atriangulated self-equivalence s: DF — DF (called shift of filtration);
e a morphism of functors «: idpr — 5;

satisfying the following conditions, where, for every n € Z, we set
DF(< n) = s" DF(< 0) and DF(> n) = s" DF(> 0) :
(i)  We have DF(> 1) C DF(> 0), DF(< 1) D DF(< 0) and
DF = | | DF(< n) = || DF(= n).

nez nez
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(ii) Forany X € ObDF, we have ax = s(as-1(x))-

(iii) Forany X € ObDF(> 1) and Y € ObDF(< 0), we have Hom(X,Y) = 0,
and the maps

Hom(s(Y), X) — Hom(Y, X) — Hom (¥, s~ ' (X))
induced by ay and a,-1(x) are bijective.

(iv) Forevery X € ObDF, there exists a distinguished triangle A - X — B i
with A in DF(> 1) and B in DF(< 0).

If DF and DF’ are f-categories, an f-functor from DF to DF' is the data of a trian-

gulated functor 7: DF — DF’ and a natural isomorphism s’ o T 5 T o s such that

T (DF(< 0)) C DF'(<0), T(DF(> 0)) C DF(> 0) and that, for every X € ObDF,

the following triangle commutes:

T(X) S, ' (T(X))

T(a(x le

T(S(X))

Let O be a triangulated category. An f-category over D is an f-category DF
together with an equivalence i: & — DF(< 0) N DF(> 0). If D’ is another trian-
gulated category, DF' is an f-category over D’ and T: D — D’ is a triangulated
functor, an f-lifting of T is an f-functor F T': DF — DF’ and a natural isomorphism
i"oT ~TFoi.

Example A.1.2. Let 4 be an abelian category. For ? € {&, 4+, —, b}, the category DF’ (A)
with the subcategories DF’ (< 0) and DF’ (> 0), the functors s and i and the natural trans-
formation «, is an f-category over the triangulated category D’ (). Note that this is not
be true for D’ (Filf (+4)) instead of DF’ () (except of course if ? = b), because the third
statement of condition (i) of Definition A.1.1 does not hold.

Proposition A.1.3 (Proposition A.3 of [4]). Let DF be an f-category.

@

(ii)

For every n € Z, the inclusion DF(< n) C DF admits a left adjoint 6<,, and
the inclusion DF(> n) C DF admits a right adjoint 0>,. The functors o<y, O>p
are triangulated and preserve the subcategories DF(< m), DF(> m) for every
meZ.

Fora,b € Z, there exists a unique isomorphism of functors 0<q0>p =~ 0>p0<q
that makes the following diagram commute:

O>p idpg O<aq

N, /

O<qO0>p — = 0>p0<q
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(iii) Let X € ObDF. Then there exists a unique morphism §:06<o X — 0>1[1] making
the triangle 6<1 X — X — 0<0X — 0>1X[1] distinguished. Any distinguished
triangle A — X — B 2 with A € ObDF(> 1) and B € ObDF(< 0) admits
a unique isomorphism to the triangle of the previous sentence.

(iv)  We have canonical isomorphisms 0<, 0§ =S5 00<p—1 And 0>, 05 = § 0 O>p_1.
Point (iv) is not stated in [4, Proposition A.3] but follows immediately from the fact

that s(DF(< n — 1)) = DF(< n) (resp. s(D(> n — 1)) = D(> n)) and the uniqueness of
adjoints.

Definition A.1.4. Let D be a triangulated category and DF be an f-category over 9. For
every n € Z, we define a functor Gr’": DF — D by Gr”" = i1 057" 0 0<,05p.
Proposition A.1.5. Let D be a triangulated category and DF be an f-category over D.

(i)  Foreveryr € Z, we have a natural isomorphism Gr™ os = Gr" 1.

(ii)) Letr € Z.Then Gr" oi = 0ifr # 0and Gr" oi ~idg ifr = 0.

(iii) Letr,n € Z. We have

Gr" ifr <n

0 otherwise

Gr" ifr>n

Gr" oo<, = .
0 otherwise.

and Gr" oos, = {

Proof. Point (i) follows from Proposition A.1.3(iv), point (ii) from the fact that the image
of i is contained in DF(< 0) N DF(> 0), and point (iii) from the definition of Gr”. ]

Proposition A.1.6 (Proposition A.3 of [4]). Let D be a triangulated category and DF be
an f-category over D. Then there exists a triangulated functor w: DF — D such that:°

(@) @ppr(<o): DF(< 0) — D is left adjoint to D > DF(< 0) N DF(> 0) € DF(< 0);
(b) @prz0): DF(=0) — D is right adjoint to D LN DF(< 0) NDF(> 0) C DF(> 0);
(¢c) forany X € ObDF, the map w(oy): w(X) — w(s(X)) is an isomorphism;
(d) if A € ObDF(<0) and B € DF(> 0), then w:Hom(A, B) — Hom(w(A), w(B))
is bijective.
Moreover, w is determined up to unique isomorphism by properties (a) and (c) (resp. (b)

and (c)).

Remark A.1.7. If A is an abelian category, ? € {@, 4+, —, n}, DF = DF’(#) and D =
D?(A), then the functors 0<y, 0>,, Gr" and w are isomorphic to the ones defined in the
first part of this section.

The following proposition follows easily from the definitions.

®Note that there is a typo in [4, Proposition A.3]: the left and right adjoints are switched; see the
correction in [26, Proposition 6.6].
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Proposition A.1.8. Let D, D’ be triangulated categories, and let DF (resp. DF') be an f-
category over D (resp. D’). Let T: D — D' be a triangulated functor, and let F T :DF —
DF' be an f-lifting of T. Then the following squares commute up to natural isomorphism.:

pF £, pp pFE LT, pp pF £, pp
N R PR S
D— D D— D DF — DF'
T T FT

Construction of f-categories and f-liftings.

Proposition A.1.9. Let D be a triangulated category, DF be an f-category over D, and
D’ be a full triangulated subcategory of D that is stable by isomorphisms. We define a
full subcategory DF of DF by

ObDF = {K eObD |VreZ,Gr K € Obi)’}.
Then DF is a triangulated subcategory of DF, it is stable by isomorphisms, we have
s(DF) C DF'  and i(D') C DF.

The data of DF', DF' N DF(< 0), DF' NDF(> 0), s;p: DF' — DF', a and i o/: D' — DF'
defines an f-category over D’.

Proof. As the functors Gr” are triangulated, DF’ is a triangulated subcategory of DF; it is
clearly stable by isomorphisms, and it stable by s thanks to the isomorphisms Gr” os =
Gr"~! (Proposition A.1.5 (i)). If X € Ob®’, then Gr’ (i (X)) = 0if r # 0and Gr°(i (X)) ~
X (Proposition A.1.5 (ii)), so i (X) € ObDF'. To prove the last assertion, we check the
conditions of Definition A.1.1. Conditions (i)—(iii) are clear. To check condition (iv), it
suffices by Proposition A.1.3 (iii) to prove that the functors o<y, 0>, preserve DF’; but
this follows immediately from Proposition A.1.5 (iii). ]

The next proposition, which follows easily from the definitions, is used to construct
an f-category over the triangulated category of horizontal constructible complexes in Sec-
tion 2.4.

Proposition A.1.10. Let U be a small category, let (DFy)xcopu be an inductive system
of f-categories where all transition functors are f-functors, let (Dx)xecopu be an inductive
system of triangulated categories where all transition functors are triangulated functors.
Suppose that, for every x € Ob U, we have a functor iy: Dy — DF, making DF, an
Sf-lifting of Dy and that, for every morphism x — y of U, the diagram

DF, —— DF,

D, —— D,
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commutes up to isomorphism; we also suppose that these isomorphisms are compatible
with the composition of morphisms of U.

Then DF := 2 — h—r>nerb‘u DF, is an f-category. over !D :.= 2— h—n>1xeu Zl?x and, for
every x € Ob U, the canonical functor DF,, — DF is an f-lifting of the canonical functor
Dy — D.

Our main source of f-liftings will be filtered derived functors, so we recall how they
are constructed. Let +, A’ be abelian categories, and let T: A — A’ be a left exact
functor. If (A, F*®) is an object of Fil/ (#4), we define a filtration F* on T'(A4) by set-
ting F1(T(A)) = J(T(F'A) — T(A)) for every i € Z; in particular, we have canonical
morphisms T(F!A) — F!(T(A)), hence also T(Gr'(A)) — Gr'(T(A)) (as T is left
exact, we have T'(Gr' (4)) >~ T(F'(A))/T(F'*'(A))). This defines an additive functor
Fil/ (A) —> Fil/ (") (the action on morphisms is the restriction of that of T'), that we
denote by Fil/ (T).

If Fil/ (T') admits a right derived functor RFil/ (T) in the sense of Definition 1.3.1 of
Schneiders’s book [25], we see that RFil/ (T) is the filtered right derived functor of F.”

Proposition A.1.11. Let T: A — A’ be a left exact functor between abelian categories.
If A has a T -injective subcategory in the sense of [18, Definition 13.3.4], then

Fil/ (T): Fil/ (A) — Fil/ (A))
has a right derived functor, and the squares

RFil/ (T) RFil/ (T)
_ e

D* (Fil/ (4)) D*(Fil/ (A"))  D*(Fil/ (4)) D* (Fil/ (A'))

| b -

D*(A) ——————— D¥ (A D*(A) ——————— DF ()

i/
D* (FilY (4)) L, D+ (Fil/ (A)))

GSiJ/ J/gsi

+ + (A
_—>
DF*(A) — DF*(A)
commute up to natural isomorphism.

In particular, if RT sends D?() to D?(A), then RFil’ (T') sends DF?(s4) to DF?(A),
because DF? (4') is the full subcategory of Dt (Filf (")) whose objects are the K such
that Gr(K) is in D?(A'). In that case, RFilf(T) will be an f-lifting of RT.

Before we prove the proposition, we introduce some definitions. We assume that +#4
has a T -injective subcategory I. By [18, Proposition 13.3.5], this implies that 7" has a

"The definition of a right derived functor in this setting is analogous to the usual one: a right derived
Kt (Fil/ (T
functor of Fil/ (T) is a left Kan extension of KT (Fil/ (#)) & Kt (Fil/ (4)) — D (Fil/ (4A))
along the canonical functor K (Fil/ (4)) — D (Fil(4)).
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right derived functor RT:D* (A) — DT (A'); we say that an object A of # is T -acyclic if
R"T(A) = 0forevery r > 1. Then every object of I is T-acyclic [18, Remark 13.3.6 (ii)],
so we may assume that I is the full subcategory of T-acyclic objects. The hypothesis on
A implies in particular that every object of # injects into a 7 -acyclic object.

We say that an object X of Fil/ () is filtered T-acyclic if Gr' (X) is T -acyclic for
every i € Z; we denote the full subcategory of filtered T -acyclic objects by Fil/ (I).
Let X € Fil/ (4) be filtered T-acyclic; as T'-acyclic objects are stable by extensions and
by taking cokernels of monomorphisms, and as the filtration on X is finite, the object
Fil' (X)/ Fil’ (X) is T-acyclic for all i < j in Z, and in particular all Fil (X) and X itself
are T -acyclic.

Lemma A.1.12. The following hold:

(i) For every X € Ob Fil/ (), there exists a strict monomorphism from X to a
filtered T -acyclic object.

(i) LetO0— X — Y — Z — 0 be a strictly exact sequence in Fil/ (A). If X and
Y are filtered T -acyclic, then so is Z.

(iii) Let X € Ob(Filf (A)) be filtered T -acyclic. Then, for every i € Z, the canon-
ical morphisms T (Fil' (X)) — Fil' (T (X)) and T(Gr* (X)) — Gr' (T(X)) are
isomorphisms.

(iv) Let0— X — Y — Z — 0 be a strictly exact sequence in Fil/ (A). If X, Y and
Z are filtered T -acyclic, then the sequence 0 — Fil/ (T)(X) — Fil/ (T)(Y)—
Fil/ (T)(Z) — 0 is strictly exact.

Proof. Point (i) is proved exactly like [29, Lemma 05TS].

Let0 - X — Y — Z — 0 be an exact sequence in Fil/ (). Then it is strictly exact if
and only if the sequence 0 — Gr' (X) — Gr' (Y) — Gr' (Z) — 0 is exact for every i € Z;
as T-acyclic objects are stable by taking cokernels of monomorphisms, this gives (ii).
Point (iv) also follows from this observation and from point (iii), as 7' sends short exact
sequences of T'-acyclic objects to short exact sequences.

It remains to prove (iii). So suppose that X € Ob(Filf (#)) is filtered T-acyclic. By the
paragraph before the statement of the lemmas, this implies that all the Fil’ (X), X/ Fil' (X)
and Gr’ (X) (and in particular X itself) are T-acyclic. In particular, if we apply T to the
short exact sequence of T -acyclic objects

0 — Fil'(X) > X — X/Fil'(X) — 0,

we get a short exact sequence; this implies that T(F*(X)) — T(X) is injective, whence
the first assertion of (iii). Now we apply T to the short exact sequence of T'-acyclic objects

0 — Fil' 1 (X) — Fil'(X) — Gr' (X) — 0;
this gives again a short exact sequence, so we get that
T(Gr' (X)) = Coker (T (Fil't' (X)) — T(Fil' (X))).

This, together with the first assertion of (iii), gives the second assertion of (iii). ]


https://stacks.math.columbia.edu/tag/05TS
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Proof of Proposition A.1.11. In order to prove that Fil/ (T') has a right derived functor, it
suffices by [25, Proposition 1.3.4] to show that Fil/ (I) is a Fil/ (T')-injective subcategory
of Fil/ (+4) in the sense of [25, Definition 1.3.2]; but this is exactly points (i), (ii) of (iv) of
Lemma A.1.12. This also gives a way to compute the right derived functor: for every K €
D (Fil/ (A)), there exists be a filtered quasi-isomorphism (i.e., a morphism & of com-
plexes of Fil/ (+4) such that Gr(«) is a quasi-isomorphism) «: K — I with / a complex
of filtered T-acyclic objects, and we have RFil/ (T)(K) = Fil/ (T)(I). As the complexes
w(l), Gr() and 0<; (1) = Fil’ (I) are bounded below complexes of T-acyclic objects
of A, and as w(«), Gr(x) and o<; () are quasi-isomorphisms by [29, Lemma 05S3], we
also have RF (w(1)) = F(o(1)) = o(F(I)), RF(Gr(I)) = F(Gr(I)) ~ Gr(F(I)) and
RF(0<i(I)) = F(0<i(I)) >~ 0<; (F(I)) (the last isomorphisms are given by point (iii)
of Lemma A.1.12). This gives the commutativity of the three squares. ]

A.2. t-structures and the realization functor

We review the construction of the realization functor from [6, Section 3.1] and [4, Appen-
dix Al.

Definition A.2.1. Let D be a triangulated category and DF be an f-category over . Sup-
pose that we are given a t-structure (D=°, D=°) on D and a t-structure (DF=?, DF=%)
on DF. We say that these t-structures are compatible if i: Y — DF is t-exact and if
s(DF=%) = DF="1

Proposition A.2.2 (Proposition A.5 of [4]). Let D be a triangulated category and DF be
an f-category over D. Suppose that we are given a t-structure (D=°, D=°) on D. Then
there exists a unique t-structure on DF compatible with (D=°, D=°), and it is given by

ObDF=° = {X € ObDF | Vi € Z,Gr’ X[i] € ObD="},
ObDF=° = {X € ObDF | Vi € Z,Gr’ X[i] € ObD>"}.

Theorem A.2.3 (Proposition A.5 and A.6 of [4]). Let D be a triangulated category
and DF be an f-category over D. Suppose that we are given compatible t-structures
(D=0, D=%) on D and (DF=?, DF=%) on DF. Denote by H: D — € := DN D=0 the
cohomology functor. We define a functor Hg: DF — CP(€) in the following way: if X €
ObDF, we set Hr (X)! = H! Gr' (X)), and we take as differential Hr (X)? — Hp (X)!+!
the map induced from the connection morphism in the distinguished triangle

0(0<i110i+1(X)) = 0(0<i+105i (X)) > 0(0<i05i (X)) RANY

(i)  The functor HF is well-defined, its restriction to the heart €g of (DF=?, DF=%)
is an equivalence of categories G: €p — Cb(€), and G=' o Hp:DF — € is
the cohomology functor of the t-structure (DF=°, DF=?).

(i)  The functor w o G~':Cb(€) — D factors through D (€).


https://stacks.math.columbia.edu/tag/05S3

S. Morel 174

Definition A.2.4. In the situation of Theorem A.2.3, we call the functor D?(€) — D
induced by w o G~! the realization functor and denote it by real.

Example A.2.5. Let 4 be an abelian category, let O be a full triangulated subcategory
of DP(A), let (D=0, DZ°) be a t-structure on D, and denote its heart by €. Let DF be
the full subcategory of K in DF? () such that Gr' K € Ob D for every i € Z. This is an
f-category over £ by Proposition A.1.9. By Proposition A.2.2, the t-structure of £ also
lifts to a compatible t-structure (DF=?, DF=?) on DF. The heart of this t-structure is the
abelian category with objects

{K € ObDF’() | Vi € Z,Gr’ K[i] € Ob€}.

It is the category called “D Fyg” in [6, Section 3.1.7]. If (K, F*®) is an object of this
category, then the sequence

o> G K[i] > G K[i + 1] - G T2 K[i +2] — ---

is a bounded complex of objects of €, which is the image of (K, F'*) by the functor G of
Theorem A.2.3.

A.3. The realization functor and f-liftings

Now we come to the second goal of this subsection. We start with some preliminaries.
Let D, D’ be triangulated categories and 7: D — D’ be a triangulated functor. Suppose
that we are given a t-structure (D=°, D=2) (resp. D=°, 9'%%) on D (resp. D'), and
denote the cohomology functors of this t-structure by H’ and its heart by € (resp. €’).
We say that an object X of € is T-acyclic if T(X) € Ob¥€’. If X is T-acyclic, then we
have H*T'(X) = 0 for every n € Z \ {0}; the converse if true if the t-structure on D’ is
nondegenerate.

Lemma A.3.1. The following hold:

(1) The full subcategory of T -acyclic objects of € is stable by extensions.

(i) Let0—> X —Y — Z — 0be an exact sequence in €. If X, Y, Z are T -acyclic,
then0 — T(X) - T(Y) — T(Z) — 0 is an exact sequence in €'

(iii) Let (X*,d®) be a complex of objects of € and let k € Z. If X* is T -acyclic and
HfH1 (X, d®) = 0, then we have H' T (Ker d*¥+1) ~ H Y1 T (Ker d¥) for every
reZ\{-1,0}

(iv)  Suppose that the t-structure on D’ is non-degenerate. Let (X*, d*®) be an exact
complex of T -acyclic objects. Suppose that at least one of the following condi-
tions hold:

(@) The complex (X°®,d®) is bounded.
(b) There exists N € N such that T(X) € DN forevery X € Ob €.
Then the complex T (X*) of objects of €' is exact.
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(V) Suppose that the t-structure on D' is non-degenerate and that there exists N € N
such that T(X) € o'V forevery X € Ob €. Let (X*®,d*®) be a complex of
T-acyclic objects of €. If X*® is quasi-isomorphic to a bounded complex, then,
for n € N big enough, the complexes 1<y X°, 1>_n X*® and t<,t>—, X* are
complexes of T -acyclic objects, and all the maps in the square

TﬁnX. S TSnTZ_nX.

L

X —— ., X°

are quasi-isomorphisms. In particular, X*® is quasi-isomorphic to a bounded
complex of T-acyclic objects.

Proof. We repeatedly use the fact that a complex X — Y — Z in € is a short exact
sequence if and only if can completed to a distinguished triangle of D (see [6, Theo-
rem 1.3.6]).

Let0 - X — Y — Z — 0 be an exact sequence in €. If X, Z are T-acyclic, then
we have an exact triangle T(X) — T(Y) —» T(Z) i with T(X),T(Z)in € ,s0 T(Y)
is in €’ and the sequence 0 — T(X) — T(Y) — T(Z) — 0 is exact in €’. This proves
(1) and (ii).

In the situation of (iii), we have an exact sequence

k
0 — Kerd® — x* X5 3(d%) = Ker(d*+1) — 0,

hence a distinguished triangle 7' (Kerd¥) — T(X*) — T(Kerd**+1) 25 AsH T (X*) =
0 for r 5 0, the conclusion of (iii) follows from the long exact cohomology sequence of
this triangle.

Suppose that we are in the situation of (iv). Let k € Z, and let r be a positive integer.
By (iii), we have isomorphisms H” T'(Ker d¥) ~ H" ! T'(Ker d*~!) and H™" T'(Ker d¥) ~
H "' T(Kerd**!) for every | € N. Also, for / big enough, we have H' ! T'(Ker d*~!) =
0 and H" ! T (Ker d¥*!) = 0; indeed, if (a) holds, this is true because X**/ = 0 and
X*%=1' = 0 for [ big enough, and if (b) holds, this is true as soon as / > N. We deduce
that H" T'(Ker d%) = 0 and H™" (Ker d¥) = 0 for every k € Z and every positive integer r,
hence that all Ker d¥ are T-acyclic. The conclusion of (iv) then follows by applying (ii)
to the short exact sequences 0 — Kerd* — X*¥ — Kerd**+1 — 0.

Finally, suppose that we are in the situation of (v). As X*® is quasi-isomorphic to a
bounded complex, there exists M € N such that H" (X*) =0 forr & [—M, M]. Letk € N.
If k > M and r is a positive integer, then we have by (iii):

H " T(Kerd*) ~ H" NT(Kerd**V) = 0

and
H'T(Kerd %) ~ "N Ker(d ¥ V) = 0.
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Similarly, if k > N + M and r is a positive integer, then we have by (iii):
H' T(Kerd®) ~ HtNT(Kerd* V) =0

and
H"T(Kerd*) ~ H 7N Ker(d V) = 0.

We conclude that Ker(dk) is T-acyclic fork > N + M ork < —N — M. Also, if n <
—N —2,then H*(X*®) = 0 and H**!(X*®) = 0, hence Coker(d"!) ~ Ker(d"*1). So the
two statements of (v) hold forn > N + M + 2. ]

The following proposition is essentially proved in [4, Section A.7].

Proposition A.3.2. Let D, D’ be triangulated categories, and let DF (resp. DF') be an f-
category over D (resp. D'). Suppose that we are given compatible t-structures (D=°, D=?)
and (DF=®, DFZ%) (resp. (D'=°, D'=°) and (DF'=°, DF'=°)) on D and DF (resp. D' and
DF'), and denote the hearts of this t-structures by € and € (resp. €' and €} ). Suppose
also that the t-structure on D' is non-degenerate.

Let T: D — D' be a triangulated functor. Suppose that the following conditions are

satisfied:

(a) The functor T admits an f-lifting F T:DF — DF'.

(b) Let I:={X €€ |T(X) e €'} be the full subcategory of T-acyclic objects of €.
Then the functor K2(I)/N2(I) — D (€) is an equivalence, where Kb (1) is the
category of bounded complexes of objects of I up to homotopy and NP (I) is its
full subcategory of exact complexes.

b ) b ! b (! b ;
Then the functor K?(I) —— K°(€’) — D" (€’) sends N°(I) to 0, hence induces
a functor DT:DP(€) — DP(€’), and the following diagram commutes up to natural
isomorphism:

D (e) 2L, pb(er)

realJ lreal

@#@/

Proof. The first statement follows from point (iv) of Lemma A.3.1.
We prove the second statement. In Theorem A.2.3, we defined equivalences G: € —
C®(€) and G’: €}, — Cb(€’). By point (ii) of the same theorem, the functor

woG :Ct(€) > D (resp.wo ¢ .cto) — D)

sends exact complexes to 0, hence induces a functor D?(€) — D (resp. D?(€) — D),
which is the realization functor real. Now let I g be the full subcategory of € whose
objects are the X such that Gr' X[i] € Ob I for every i € Z, i.e., such that G(X) is in
Cb(I). Proposition A.1.8 implies that F T sends Ir to €%, and that the restrictions of
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G’ o FT and C®(T) o G to Ir are isomorphic. So we get an isomorphism of functors on
Chb(I):
TowoG '~woFToG '~woG ' oC/(T).

This gives the isomorphism T o real >~ realoDT. |

Remark A.3.3. Suppose that we are in the situation of Proposition A.3.2. If moreover
T:D — D' is left t-exact and if I is cogenerating in € (i.e., every object of € has
a monomorphism into an object of I), then the functor H*(T): € — €’ admits a right
derived functor RT: D™ (€) — DT (€’) by [18, Proposition 13.3.5], and the construction
of RT in that proposition shows that RT sends that D?(€) to D?(€’) and that DT is
the restriction of RT to D?(€). We have a similar statement if T is right t-exact and I is
generating in €.

Remark A.3.4. By [18, Proposition 10.2.7], to check assumption (b) in the statement
of Proposition A.3.2, it suffices to find triangulated subcategories Dy = K?(€) D D; D

- D D, = KP(I) of KP(€) such that, forevery i € {1,...,r — 1}, one of the following
conditions holds:

* Forevery X € Ob D;, there exists a quasi-isomorphism X — Y with Y € ObD; 1.
* Forevery X € ObD;, there exists a quasi-isomorphism ¥ — X with Y € Ob D; 1.

A.4. Application to horizontal perverse sheaves

In this section, we explain how to construct the f-categories underlying the triangulated
categories of the main text, as well as f-liftings of the triangulated functors between these
categories.

£-adic complexes. Let X be a scheme and E be an algebraic extension of Q. We use
the notation of Section 2.1.

By Example A.1.2 applied to A = Sh(Xpro¢, £) and Proposition A.1.9 applied to the
bounded filtered category of «+ and the full subcategory Df (X, E) of DT (A), we get an
f-category DFﬁ,’ (X, E) over the triangulated category Dé’ (X, E).

Let f: X — Y be a morphism of finite type. We have triangulated functors fi, ® and
Homy on D* (Xproét, E), D™ (Xproéta E) x D(Xproét, E)and D(Xproéh E)° x D+ (Xproét’ E),
and they are all derived functors, so, using Proposition A.1.11, we can extend them to
triangulated functors on the filtered derived categories DFt (Xproet» £ ), DF (X, proéts E ) X
DF(Xprost, £) and DF(Xprog, E)° % DFt (Xprost, £ ).8 Next, if X has a dimension function,
using the fact that D (Xproet» E ) is equivalent to the full subcategory of DF™ (Xpmet, E)
with objects the K such that Gr' K =0 fori # 0, we can see the dualizing complex K X
as an object of DF ' (Xproct» E), and so we can define Dy on DF(Xproe, £) by Dx (K) =
Homy (K, Kx).

8For Homy and ®, we could also use V.2 of [15].
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Finally, we extend the inverse image functor. The functor f from DT (Xproct» £) to
D¥ (Yproat, E) has a left adjoint f*, given by f*K = f5 K ®s» g, Ey, where f%

is the regular pullback functor (see [7, Remark 6.8.15]). The functor f* _ is exact and

naive

so extends to DFT (Yprost» E) by Proposition A.1.11, and we can see f* .Ey and Ey
as objects of DF* (Xproet, E), so f* also extends. Restricting all these functors to the
subcategories DFIC7 , we get f-liftings of the functors fi, f*, ®, Homy and Dy (when X

has a dimension function for the last one) on the categories D2.

Perverse t-structure. Fix a scheme X as in Section 2.2. Applying Proposition A.2.2
to the f-lifting DF. (X, E) of the triangulated category D2(X, E) and to the perverse
t-structure on Dé’ (X, E), we get a compatible t-structure on DFf (X, E). Then Theo-
rem A.2.3 gives a triangulated realization functor real: D? Perv(X, E) — D’g (X, E) extend-
ing the inclusion Perv(X, E) C DIC’(X, E).

We can apply Proposition A.3.2 and Remarks A.3.3, A.3.4 to any functor between
categories DIC’ (X, E) that is t-exact for the perverse t-structures and constructed from the
6 operations f, f*, fi, f', ®, Homy.

For example, if Y is a scheme satisfying the same conditions as X, and if T = fi
or T = fy for f: X — Y quasi-finite affine (resp. T = f*[d] for f:Y — X smooth
of relative dimension d), then we get the commutative diagrams of point (i) (resp. (ii))
of Proposition 2.3.1. Similarly, taking for T = Dx:D2(X, E)® — D.(X, E) the duality
functor, we get point (iii) of the same Proposition, and taking T to be an appropriate shift
of the restriction to the generic fiber functor, we get Proposition 2.3.2.

Horizontal constructible complexes. We use the notation of Section 2.4. In particular,
k is a field of finite type over its prime field, X is a separated finite type k-scheme and E
is an algebraic extension of Q.

We define an f-category DFZ (X, E) over Dz (X, E) using Proposition A.1.10. First,
for every (A4, X)) € Ob UX, we get an f-category DF?(X, E) over Df(X, E) by applying
Proposition A.1.9 to the triangulated subcategory D? (X, E) of the bounded derived cate-
gory of proétale sheaves of E-modules on X. Next, if (4, X) — (A’, X') is a morphism
in UX, then the functor ch’ (X, E) —> Dé’ (X', E) is the restriction of the trivial derived
functor of a functor

Sh(xproéh E) g Sh(Xproéta E)’

50, by Proposition A.3.2, it admits an f-lifting DF2 (X, E) — DF2(X’, E). We set

DFJ(X,E) =2 — lim DF2(X, E);
(4,X)e0b UX

this is an f-category over DZ (X, E).
Moreover, if n*: DZ (X,E)—> D’CJ (X, E) is the exact functor induced by the restriction
functors

D2(X.E) — D2(X ®4 k. E) > Db(X. E),
for (A, X,u) € Ob UX, then n* admits an f-lifting, by Proposition A.3.2.
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By Proposition A.2.2, the perverse t-structure on Dz (X, E) of Section 2.5 lifts to a
compatible t-structure on DFfl (X, E), so by Theorem A.2.3, we get a realization functor

real: D? Pervy, (X, E) — DY (X, E).

Mixed perverse sheaves. We use the notation of Section 2.6, so X and E are as before.

Applying Proposition A.1.9 to the f-category DF}bl (X, E) lifting Dz (X, E), we get an
f-category DFf’n (X, E) lifting Dfn (X, E). The realization functor real: D? Perv, (X, E) —
DZ (X, E) restricts to a functor

real: D? Perv,, (X, E) — Dz(X, E),

whose essential image is contained in Dﬁ’n (X, E) by definition of Dfn (X, E); this is also the
realization functor that we would get by applying Proposition A.2.2 and Theorem A.2.3
to the f-category DFf’n (X, E).
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