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Abstract. A well-known question in planar first-passage percolation concerns the convergence of
the empirical distribution of weights as seen along geodesics. We demonstrate this convergence
for an explicit model, directed last-passage percolation on Z? with i.i.d. exponential weights, and
provide explicit formulae for the limiting distributions, which depend on the asymptotic direction.
For example, for geodesics in the direction of the diagonal, the limiting weight distribution has dens-
ity (1/4 4+ x/2 + x2/8)e™*, and so is a mixture of Gamma(1, 1), Gamma(2, 1), and Gamma(3, 1)
distributions with weights 1/4, 1/2, and 1/4 respectively. More generally, we study the local envir-
onment as seen from vertices along geodesics (including information about the shape of the path
and about the weights on and off the path in a local neighborhood). We consider finite geodesics
from (0, 0) to np for some vector p in the first quadrant, in the limit as n — oo, as well as semi-
infinite geodesics in direction p. We show almost sure convergence of the empirical distributions of
the environments along these geodesics, as well as convergence of the distributions of the environ-
ment around a typical point in these geodesics, to the same limiting distribution, for which we give
an explicit description.

‘We make extensive use of a correspondence with TASEP as seen from an isolated second-class
particle for which we prove new results concerning ergodicity and convergence to equilibrium. Our
analysis relies on geometric arguments involving estimates for last-passage times, available from
the integrable probability literature.

Keywords: last passage percolation, KPZ universality class, exclusion process, empirical measure,
competition interface, geodesic.

Contents
Lo Introduction . .. .. it e e e 2
1.1. Model definition and mainresults . . .. ........ ... ... ... .. ..., 4

James B. Martin: Department of Statistics, University of Oxford, Oxford OX1 3LB, UK;
martin @stats.ox.ac.uk

Allan Sly: Department of Mathematics, Princeton University, Princeton, NJ 08540, USA;
asly @princeton.edu

Lingfu Zhang (corresponding author): The Division of Physics, Mathematics and Astronomy,
California Institute of Technology, Pasadena, CA 91125, USA; lingfuz@caltech.edu

Mathematics Subject Classification 2020: 60K35 (primary); 82B23, 60K37, 82C22 (secondary).


mailto:martin@stats.ox.ac.uk
mailto:asly@princeton.edu
mailto:lingfuz@caltech.edu

J. B. Martin, A. Sly, L. Zhang 2

1.2. Aroadmap of our arguments . ... .. ... ... ...t 7
1.3. Further applications and questions . ... ... ... ...ttt e, 8
2. Stationary distribution of TASEP with a second-class particle . .. ................ 10
2.1 BrgodiCity . . .o vt e e e 13
2.2. Convergence in the averaged sense ... ............. ... 20
3. Coupling between TASEPand LPP. . . ... ... .. ... . .. i 25
3.1. Semi-infinite geodesics and the Busemann function . . .. .................. 25
3.2, GIrowWth PrOCESS .« v v v vt e e e e e e e e e e e e e 26
3.3. The coupling and the competition interface . .......... ... ... ..... ... 28
4. The LPP limiting environment . . . . ... ... .. ... ...ttt 31
5. Geometric estimates for LPP . . ... ... L 36
6. Convergence of TASEP as seen from an isolated second-class particle . ............ 42
6.1. Theinitial step coupling . .. ..... ... 51
7. Convergence in probability of empirical environments . . . . .................... 64
7.1, Semi-infinite GEOdESICS . . . . o v v e 64
7.2. From semi-infinite geodesics to point-to-point geodesics .. ................ 65
8. Parallelogram uniform covering . .. ........ .. ... L i 69
8.1. Continuity of passage times and multiple peaks. . .. ..................... 79
8.2. Disjointpaths . ... ... .. 82
9. Convergence of one point distribution . ... ....... ... ... . . .. L i 84
10. Exponential concentration via counting argument . . . ... ... .........oeenn..n.. 87
References . . . ... ... 92

1. Introduction

In this article we study exactly solvable models of planar directed last-passage percol-
ation (LPP), an instance of the more general Kardar—Parisi—-Zhang (KPZ) universality
class, which dates back to the seminal work of [42]. The KPZ universality class has been
a major topic of interest both in statistical physics and in probability theory in recent
decades. In [42], the authors predicted universal scaling behavior for a large number of

Fig. 1. An illustration of local environments along a finite geodesic.
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planar random growth processes, including first-passage percolation (FPP) and corner
growth processes; in particular, it is predicted that these models have length fluctuation
exponent 1/3 and transversal fluctuation exponent 2 /3. Since then, rigorous progress has
been made only in a handful of cases. The first breakthrough was made by Baik, Deift and
Johansson [4] who established 1!/ fluctuations of the length of the longest up-right path
from (0, 0) to (n,n) in a homogeneous Poissonian field on R?, and also established the
GUE Tracy—Widom scaling limit. Then Johansson proved a transversal fluctuation expo-
nent of 2/3 for that model, and also 7'/ fluctuations and a Tracy—Widom scaling limit
for LPP on Z? with i.i.d. geometric or exponential weights [40,41]. For these models such
results could be obtained due to their exact solvability, using exact distributional formulae
from algebraic combinatorics, random matrix theory, or queueing theory in some cases.
Since then there have been tremendous developments in achieving a detailed understand-
ing of these exactly solvable models, with notable progress concerning scaling limits (see
e.g. the recent works of [24,45]). For surveys in this direction, see e.g. [21,48,56].

In another related direction, there has been great interest in studying FPP with general
weights. In the 2D setting, such models are also conjectured to be in the KPZ universality
class, but much less is known due to the lack of exact formulae. The geometry of the set of
geodesics has been an important tool in the study of these models; see e.g. [3,46]. When
trying to understand the behavior of large finite or infinite geodesics, a well-known open
question is whether the empirical distributions of weights as seen along geodesics con-
verge; see e.g. [39] where it was proposed by Hoffman during a 2015 American Institute
of Mathematics workshop. Recently, Bates gave an affirmative answer to this question for
various abstract dense families of weight distributions [15]. The proof uses a variational
formula, and does not rely on any exactly solvable structure.

In this paper we study the limiting local behavior for LPP in the exactly solvable
case. We focus on LPP on Z? with i.i.d. exponential weights. Rather than the weights
along geodesics, we consider the more general ‘empirical environments’ around vertices,
along finite or semi-infinite geodesics, and we show that they converge to a deterministic
measure. By the environment around a vertex, we mean the weights of nearby vertices,
and the path of the geodesic through them. In particular, this positively answers the ques-
tion of Hoffman for a first explicit model. Our approach is different from [15] and relies
on information provided by the exactly solvable structure. In addition to proving con-
vergence results, we also give an explicit description of the limiting distribution, which
depends on the direction of the geodesics considered. Using this description one can com-
pute any limiting local statistics along the geodesics, and we give some first examples in
this paper.

A particular exactly solvable input that we use is the connection between LPP and
the totally asymmetric exclusion process (TASEP), dating back to [49]. We use the cor-
respondence between LPP semi-infinite geodesics and the trajectory of a second-class
particle in TASEP, as developed in a series of works [35, 36, 47]. Then in order to
understand local environments along LPP geodesics, we study stationary distributions
of TASEP as seen from an isolated second-class particle. Models involving second-
class particles have been proved powerful in understanding the evolution of TASEP
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[7,8,27,30,33,50,51], and stationary distributions for multi-type systems have been
widely studied [1,2,27,29,32,34,54]. See also [31] for a recent survey of related ideas.

Before formally stating our results, we remark that (besides this paper and [15]) there
are several other recent works on environments along geodesics in random planar geo-
metry. In [25], the authors study geodesics in the directed landscape, the joint scaling
limit of exponential LPP (see [24, 26]). They proved that when zooming in around a
point in the geodesic, the local environment converges to an object termed ‘the direc-
ted landscape with Brownian—Bessel boundary conditions’ [25, Theorem 1.1]. Back to
the non-exactly-solvable model of general weights FPP, tail estimates for the averaged
empirical distribution of weights along geodesics have been obtained in [23]. In [9], con-
vergence of the empirical distribution of environments along geodesics has been obtained
in the Liouville Quantum Gravity setting.

1.1. Model definition and main results

We study the exponential weight planar directed last-passage percolation (LPP) model,
which is defined as follows. To each vertex v € Z? we associate an independent weight
£(v) with Exp(1) distribution. For two vertices u, v € Z2, we say u < v if u is coordinate-
wise less than or equal to v. For such u, v and any up-right path y from u to v, we define
the passage time of the path to be

T(y):=Y_ &w).

wey

Then almost surely there is a unique up-right path from u to v that has the largest passage
time. We call this path the geodesic Ty ,, and call Ty, 5, := T (I'y ) the (last-)passage time
Jfrom u to v. In this paper we always work under the event that there is a unique geodesic
between any u < v.

For any fixed p € (0, 1), it is known that almost surely the following statements hold
(see [22,36]). For each u € Z? there is a unique infinite up-right path from u (called the
semi-infinite geodesic and denoted by I'}}) asymptotically going to the p := ((1 — p)2, p?)
direction, such that for any v < w contained in T’ the part of I' £ between v and w is the
geodesic I'y ,,. For any u, v € 72, the semi-infinite geodesics I'Y and TY coalesce, i.e.
both T \ 'Y and I') \ T'Y are finite. Below and whenever we consider a specific p, we
always work under the almost sure event where these statements hold.

Our main results concern the local behavior around vertices along geodesics. For each
v € Z2, we denote £{v} := {£(v + u)},cz2. For any (finite or semi-infinite) up-right
path y we let y[i] be the i-th vertex in y.

For any u < v in Z?, and each w € T, ,, we regard (§{w}, [',., — w) as a point in
RZ® x {0, 1}Z2 (equipped with the product topology and the cylinder o-algebra), and we
define the empirical environment along T, , as

1
M =T Y 8w w):
T,

wely .y
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where 8(g{w},r, ,—w) is the Dirac measure concentrated on (§{w}, I'y , — w). Similarly,
we define the empirical environment along the semi-infinite geodesic T'{ as
2r+1
o .
Wow = 5= 2 Sereunre-rem

i=1

forany v € Z2, p € (0, 1), and r € Zx¢. We will show that these empirical environments
converge. For each p, there is a limiting measure v on RZ* x {0, I}ZZ, which is explicit
and will be defined in Section 4.

For any n € Z we denote

. 2(1 —p)?n 20%n
n= sz +(1 —p)ZJ’ [pz +(1 —p)zD'

We also denote 0 := (0, 0). For the following results we fix any p € (0, 1).

Theorem 1.1. Almost surely the measures [Lono converge to v° weakly as n — oo.

Theorem 1.2. Almost surely the measures ,uop. , converge to vP weakly as r — oo.

In other words, for any bounded continuous function f : RZ? x {0, 1}Zz — R we have
Hone (f) = vP(f) as n — oo almost surely, and p,g;r(f) — vP(f) as r — oo almost
surely.

We also have convergence of distributions.

Theorem 1.3. The laws of (§{Ty[i]}, Ty — Ty [i]) converge to vP weakly as i — oc.

Theorem 1.4. For each 0 < a < 2, the laws of (§{Tone[lan]]}, Tome — Done[lan]])
converge to vP weakly as n — oc.

These results in particular imply that the marginal distribution of v® on RZ? is sin-
gular to the i.i.d. Exp(1) distribution. Specifically, these convergence results imply that
for (&, y) ~ vP, the path y is a bigeodesic for &, i.e. y is a bi-infinite up-right path such
that for any ¥ < v contained in y, the part of y between u and v is the geodesic from u
to v, under the weights £. However, for £ being i.i.d. Exp(1), almost surely there is no
bigeodesic, as proved in [5, 12].

For the limiting measure v? to be defined in Section 4, its construction is explicit,
and from it one can compute any finite-dimensional distributions of v, thus any limiting
local statistics along exponential LPP geodesics. Here we give a first example, which is
the distribution function of £(0) under v*.

Proposition 1.5. For (¢, y) ~ vP, we have

p(1 —p)h
(1= p)? +p?
The distribution of £(0) given in Proposition 1.5 is a mixture of Gamma(l, 1),
Gamma(2, 1), and Gamma(3, 1) distributions. In the case p = 1/2, for example, the

P[£(0) > h] = (1 + )(1 + p(1 = p)h)e ™.
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weights of this mixture are 1/4, 1/2, and 1/4 respectively, and the distribution of £(0)
can be interpreted as that of 2min(E, + E;, E3 + BE4) with B ~ Bernoulli(1/2) and
(Ei)1<1<4 1i.d. ~ Exp(1) independently of B. Related but slightly less simple represent-
ations can be given for general p. See the discussion after the proof of Proposition 1.6 in
Section 4.

One interesting question in exponential LPP is to derive descriptions for geodesics.
They are known to be different from simple random walks, as their scaling limits are
known be Holder-2 /37 regular [24,25], and for 'y ye its transversal fluctuation is on the
order of n2/3 [7]. Exact formulae for the geodesic one-point distribution have also been
obtained recently [44]. Our next result implies that I'g yo is not like a simple random walk
even at a small scale, by showing that one step is more likely to follow the same direction
as the previous step than to make a ‘turning’. This follows from the convergence results,
and our explicit construction of the limiting measure v°.

Proposition 1.6. Denote by N, , the number of ‘corners’ along I'o neo, that is, the number
of v € Z2 such that {v — (1,0),v,v + (0,1)} C Ty .pe 0or {v — (0,1),v,v + (1,0)} C Tope.
Then almost surely we have

Nop _ 20(1 = p)*(1 +2p—2p%)
2n (1—p)% +p?

asn — Q.

For example, for p = 1/2, the proportion of steps which are ‘corners’ converges
to 3/8. For (£, y) ~ vP, the limiting path y can also be described as the ‘competition
interface’ in a growth process with some explicit random initial configurations. See the
discussion at the end of Section 4.

In our proofs of the above results we will use the connection between LPP and the
totally asymmetric exclusion process (TASEP), which can be described as a Markov
process (7;)ser on the space {0, 1}% (also equipped with the product topology and the
cylinder o-algebra), where 7;(x) = 1 means that there is a particle at site x at time ¢,
whereas 7;(x) = 0 means that there is a hole at site x at time ¢. If there is a particle at
site x and a hole at site x + 1, they switch at rate 1, independently for all such x. We
shall consider TASEP with a single ‘second-class particle’, which is denoted by * and
can switch with a hole to the right of it, or with a (normal) particle to the left of it. We
prove a corresponding result for TASEP with a single second-class particle as well, which
may be of independent interest.

Theorem 1.7. lim; o, ®F = WP weakly.

Here ®% and W* are measures on {0, 1, *}Z (with the product topology) to be defined
in Section 2, and we describe them here. Consider TASEP with a single second-class
particle, where initially the second-class particle is at the origin, and any other site has
a (normal) particle with probability p independently. Then ®¥ is the law of such TASEP
at time ¢, as seen from the only second-class particle. The measure W” is the station-
ary distribution of TASEP as seen from an isolated second-class particle, with particle
density p. In proving this theorem, we will also show that the corresponding stationary
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process (of TASEP as seen from an isolated second-class particle) is ergodic in time (Pro-
position 2.2).

1.2. A roadmap of our arguments

There are two main ingredients in our proofs of the above results: geometry of geodesics
in exponential LPP, and TASEP as seen from an isolated second-class particle.

For each p € (0, 1) there is a (density p) stationary distribution for TASEP, where for
each site there is a particle with probability p and a hole with probability 1 — p inde-
pendently (i.e. i.i.d. Bernoulli(p)). Such i.i.d. Bernoulli TASEP corresponds to a growth
process in Z2, which (when rotated by 7/4) is a random walk at any time. Dividing the
interface into two competing clusters, this gives a competition interface which corres-
ponds to a semi-infinite geodesic in LPP; see e.g. [35,47]. On the other hand, such a
competition interface corresponds to a second-class particle in TASEP. Thus, the environ-
ment seen from a semi-infinite geodesic corresponds to TASEP as seen from an isolated
second-class particle. Connections between TASEP and LPP will be discussed in detail in
Section 3.

We will construct the limiting measure v* in Section 4, using the density p stationary
measure of TASEP as seen from an isolated second-class particle, as described in [32] and
to be studied in Section 2; we then prove Propositions 1.5 and 1.6 in Section 4 assuming
the convergence results.

For the convergence results we take the following approach. For Theorem 1.7, in
Section 2.2 we first prove a weak version of convergence in the averaged sense (Pro-
position 2.7), using a coupling argument of interacting particle systems. In Section 6 we
upgrade Proposition 2.7 to Theorem 1.7 using LPP and geometric arguments. In Section 7
we prove weak versions of Theorems 1.1 and 1.2, involving convergence in probability.
Convergence in probability along semi-infinite geodesics (Theorem 7.1) is deduced from
the TASEP convergence result of Theorem 1.7 (or the averaged version, Proposition 2.7)
and ergodicity of the TASEP stationary process, which we have proved as Proposition
2.2 in Section 2.1. From then on we work completely in the LPP setting. In Section 7.2
we prove the convergence in probability version of Theorem 1.1 (Theorem 7.3), by using
Theorem 7.1 and covering a finite geodesic with an infinite one.

The next several sections rely on a generalization of Theorem 7.3, which is Pro-
position 8.1, the main result of Theorem 8. It says that for geodesics whose endpoints
vary along two anti-diagonal segments, their empirical environments converge jointly
(in probability). The proof is via taking a finite (i.e. size not growing) dense family of
geodesics, and showing that each geodesic connecting the two anti-diagonal segments
can be mostly covered by one geodesic in the family. Using this result, in Section 9 we
prove Theorems 1.3 and 1.4, by showing that environments of nearby vertices (along
geodesics) are close to each other in distribution. In Section 10, by covering a long or
semi-infinite geodesic by short ones, we prove that its empirical environment concen-
trates exponentially fast, and thus upgrade Theorem 7.1 to Theorem 1.2 and Theorem 7.3
to Theorem 1.1.
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At the end of this roadmap, we comment on how much our arguments rely on exact
solvability. As mentioned above, while we do not work directly on formulae, we rely on
the structure of the exponential LPP model considered. The construction of v” in Section 4
uses the exact equivalence between exponential LPP and TASEP (as stated in Section 3);
and Section 2 contains purely interacting particle system arguments. Most other proofs in
this paper are via LPP geometric arguments, using basic estimates on passage times and
geometric properties that have appeared in the literature (and are stated in Section 5). For
Section 6, while we prove Theorem 1.7 which is about TASEP, the arguments are mainly
via the connection with LPP and its geometry. Starting from Section 7 all the proofs use
only geometric arguments, except for the short Section 7.1 (where the convergence in
probability of empirical environments along semi-infinite geodesics is quickly deduced
using TASEP results). We point out that the LPP geometric arguments throughout this
paper are robust, with the only inputs from exact solvability being the passage time distri-
bution tail estimates (Theorem 5.2 below), and that the so-called Busemann function (to
be defined in Section 3.1) in an anti-diagonal is a random walk.

1.3. Further applications and questions

With the limiting measure v? one can get any local information along geodesics in LPP.
Before closing the introduction we discuss some questions, which can potentially be
answered using our explicit description of v, either as direct applications or requiring
some further analysis.

The first question has been communicated to us by Alan Hammond. Given that a ver-
tex on a geodesic has a large weight, how would the local environment behave? For a
vertex with a large weight, it would force the geodesic to go through it. Thus we expect
that conditioned on this, weights of nearby vertices are distributed like i.i.d. Exp(1) ran-
dom variables. From the TASEP aspect, a large weight corresponds to a long waiting
time between two jumps of the second-class particle, and this is mostly due to a ‘jam’ in
TASEP, i.e. a consecutive sequence of particles to the right of the second-class particle,
and a sequence of holes to the left. This resembles a ‘reversed’ step initial condition.

A related question is about vertices near but off a geodesic. For such vertices we have
the following result.

Lemma 1.8. For (§,y) ~ v, and any vertex v # 0, the random variable & (v) conditioned
on v € y is stochastically dominated by Exp(1).

Proof. For any vertices u < v, any up-right path I from u to v, any vertex w ¢ I" with
u <w < v, and any x > 0, the events I';, , = I" and £(w) > x are negatively correlated,
by the FKG inequality. Thus the law of &£(w) is stochastically dominated by Exp(1),
conditioned on I'y , = I'. This implies that for any vertex v # 0, n € N, the random
variable & (I'y no [12] + v) conditioned on v & I’y ne — Lo ne[n] is stochastically dominated
by Exp(1). By Theorem 1.4 and sending n — oo we get the conclusion. ]
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It is then interesting to see if the distribution converges to Exp(1) as the distance of v
to the geodesic increases to infinity.

The next question is about a slightly different setting, that of LPP with i.i.d. geomet-
ric weights. The main difference is that since the weights are discrete, geodesics are not
necessarily unique in this case. However, one could still consider ‘rightmost’ geodesics.
Geometric LPP corresponds to discrete-time TASEP, and one can similarly construct sta-
tionary measures for such TASEP as seen from an isolated second-class particle. For a
correspondence with rightmost geodesics, in discrete-time TASEP one takes a second-
class particle which is prioritized to jump to the right rather than to the left. One can
similarly construct limiting measures, and thus get local information about the environ-
ment along rightmost geodesics. One question that would be interesting to study is the
proportion of ‘unique geodesic vertices’. For fixed endpoints (or for one fixed endpoint
and a fixed direction), take the intersection of all the geodesics, and call those vertices in
that intersection ‘unique geodesic vertices’. Do these unique geodesic vertices asymptot-
ically make up a positive proportion of the geodesics? Furthermore, does the proportion
converge in probability, and can we compute the limit explicitly? We think such ques-
tions are related to the constructed limiting measures of the environment along rightmost
geodesics, because we expect that a vertex in the geodesics is unlikely to be ‘locally
unique’ without being a unique geodesic vertex in the sense mentioned above. Anomal-
ous ‘locally but not globally unique’ vertices should make up a vanishing proportion of
the geodesics in the limit.

Another direction concerns the scaling limit of the measure v°”. As mentioned above,
in [25] the authors constructed the small scaling limit of the local environment around
a vertex in the geodesic, in the directed landscape setting. It is reasonable to expect that
when zooming out, the measure v” would converge to the local environment constructed
there. Also, once this is established, we would like to see if our explicit description of v?
could be used to get some explicit information about the local environment and geodesics
in the directed landscape (see e.g. [25, Problem 4]). In fact, for the geodesic under v*, one
can possibly obtain various information on its large scale behavior using the description
as a competition interface (see the end of Section 4).

We expect that the LPP geometric arguments in this paper can be extended to get
more information on environments along geodesics. For example, it can be shown that,
forany 0 < o < B < 2, the two environments (§{I'g no[lan]]}, Tone — Done[laen]]) and
(E{Tone[LB1]1}, Tone — Lone [ Bn]]) are asymptotically independent as n — oco. A pos-
sible route to prove this statement is as follows. Consider the point-to-line profiles from 0
to{(a,b):a+b=|(x—e¢)n]}andfrom{(a,b):a +b = |(x+ ¢&)n|}ton®,i.e.consider
the passage times Ty, and Ty ne, for u, v varying in these two lines respectively. Here
& > 0 is a small number. These two point-to-line profiles are independent, each converges
(after rescaling) to the so-called Airy, process [17, 18], which is locally like a Brownian
motion. Then it can be shown that in small neighborhoods of the intersections of the
geodesic 'y no with these two lines, the point-to-line profiles (after rescaling) are similar
to two independent Brownian motions around the maximum of their sum, or equivalently
R — B, R + B, where R is a Bessels process and B is a Brownian motion. (In [25],
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such behavior is observed for geodesics in the directed landscape.) Using coalescence of
geodesics, such picture can be established even conditioned on the environment around
Cone[[Bn]]. One can also show that the part of the geodesic Iy o between these lines is
stable with respect to small perturbations of the point-to-line profiles. This implies that, no
matter how the environment around I'g 4[| B7]] behaves, conditioned on it the distribu-
tion of the environment around Iy yo[| 72 |] remains roughly the same as n — oo. In fact,
such asymptotic independence can be used to give an alternative proof of the convergence
of fto e, without using any TASEP arguments or identifying the limit as v*. Indeed, it
implies that for any bounded continuous f the variance of [ a0 (f) decays to zero. To
upgrade such decay of variance to convergence, one needs to cover long geodesics with
short ones, using arguments similar to those in Sections 7-10.

Notations. Throughout the rest of this paper the following notations will be used. For
any x,y € R U {—o0, oo} we denote x vV y = max(x, y), and x A y = min(x, y), and
[x, y] is the set [x, y] N Z. For each u = (a, b) € Z?, we denote d(u) = a + b and
ad(u) =a —b.Forn € Z we denote L,, = {u € Z? : d(u) = 2n}. Unless otherwise stated
(mainly in Section 5), for the rest of this paper we always fix p € (0, 1), and the choice
of all other parameters and constants can depend on p. We denote p = ((1 — p)?, p?). We
also drop p from some notations. Specifically, we write ', for T, jty;, for uf.,, n for n®,
and v, ®;, ¥ for v°, ®F, WP,

2. Stationary distribution of TASEP with a second-class particle

We start with the totally asymmetric simple exclusion process (TASEP), which is a clas-
sical interacting particle system. For TASEP with second-class particles, we represent it as
a Markov process on {1, x,0}%, where the symbols 1, *, and 0 represent particles, second-
class particles, and holes respectively. As in ordinary TASEP, any (normal) particle can
switch with a hole to its right. In addition, any second-class particle can switch with a hole
to its right, and can switch with a (normal) particle to its left. We consider TASEP as seen
from an isolated second-class particle, which is related to LPP semi-infinite geodesics,
as will be explained later in Section 3.3. Namely, suppose that (1;):cs for some interval
I C R is TASEP containing a single second-class particle, then the process (9} (/; + -))rer
is the corresponding TASEP as seen from an isolated second-class particle, where /; is
the location of the second-class particle at time ¢. There is a family of stationary distribu-
tions of TASEP as seen from an isolated second-class particle, constructed in [32]. In this
section we study a particular one ¥ = W*, under which the configuration has the same
asymptotic density p of particles in both directions.

We first construct W following [32]. We start by constructing a stationary distribution
for TASEP with infinitely many second-class particles.

Let Y1(x),x > 1, and Y>(x), x > 1, be independent collections of i.i.d. Bernoulli(p)
random variables. Let Ry (x) = Y J_; Y1(y) and Ra(x) = Y _;_; Ya(y). Then we can
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define a symmetric random walk W by

W(x) = Ra(x) — Ry(x) 2.1
for x > 0. We also define
M(x) = sup W(y), (2.2)
0<y=x

and & ={x >1: M(x) > M(x — 1)}. Then M(x) = | N [L, x]]|.

Then we can see M(x) — W(x) as a symmetric random walk with steps in {—1,0, 1}
and forced to stay non-negative: if at one step this walk ‘tries’ to go from 0 to —1, it will
be altered and stay at 0. The points of &, i.e. the points of increase of M, are those steps
where such alternation occurs. More precisely, x € & ifand only if M(x — 1) = W(x — 1)
and Y2 (x) =1, Y1 (x) = 0. By well-known properties of symmetric random walks, we can
show that as x — oo, P[x € &] decays like x~'/2, while M(x)/x/? = |& N [1,x]|/x/?
converges in distribution to a random variable supported on (0, o).

Now we define a configuration o on Zs¢, by copying Y; except at points of &. We set
0(0) = * and, for x > 1,

1 ifYi(x) =1,
o(x) =40 ifYi(x)=0andx ¢ &, (2.3)
* ifYi(x) =0andx € &.

(There is a natural interpretation involving the departure process of a discrete-time
M/M/1 queue — see [34].) We wish to extend this to give a configuration o (x) on the
whole line Z. We can do it in two equivalent ways:

(1) Note that o'(x), x > 0, is a renewal process with renewals at points x where o (x) = *,
i.e. where x € &. Between successive renewal points, we see an i.i.d. sequence of finite
strings in | J,,- {0, 1}"* (but the length of each string has an infinite expectation). We
can extend o to a renewal process on the whole line by extending this sequence of
i.i.d. strings, separated by stars, leftward from the origin also.

(2) Alternatively, we can exploit the symmetry of TASEP under exchanging
holes/particles and left/right. Write 7, for the distribution defined above on o(x),

x > 0. Now generate another configuration 6(x), x > 0, from m;_,, independently
of o, and for x > 1 set

1 ifé(x) =0,
o(=x) =30 ifé(x)=1,

x if o(x) = *.

The equivalence of these two definitions follows from the random walk construction
above. If we look at the configuration between 0 and the first * to the right of 0, we obtain
a finite string of holes and particles whose distribution is invariant under exchanging both
left/right and hole/particle; this invariance comes from the invariance under reflection of



J. B. Martin, A. Sly, L. Zhang 12

the random walk path beginning and ending at level O which is used to construct the
configuration.

We also extend the definition of & to the whole line, by saying x € & whenever
o(x) = *.

Now we have defined the distribution of {0 (x)}xez. From the construction we note
immediately that {o(x)}xez, is independent of {0(x)}xez_. Also if we consider the
interval [—x, x], as x — oo the density of * in this interval converges to O (since
P[x € §] = 0 as x — o0), and the densities of 1 and 0 converge to p and 1 — p respect-
ively.

This distribution is stationary for TASEP with second-class particles, as seen from one
of the second-class particles.

Proposition 2.1 ([32, Theorem 1]). Let (0;):>0 be TASEP with second-class particles,
started from oy = 0. Suppose that at time t > 0, the second-class particle starting from
the origin is at site l;. Then o;(l; + -) has the same distribution as o.

Given o, there are two related projections of it which involve setting all the * symbols
except for the one at the origin to be either 1s or Os.

(1) The simpler one consists of setting all % symbols on positive sites (i.e. Z4) to be 0,
and all * symbols on negative sites (i.e. Z_) to be 1. This gives a configuration where
the non-zero sites are i.i.d. Bernoulli(p).

(2) Alternatively, we can follow the opposite rule of setting all * symbols on positive sites
to be 1 and all * symbols on negative sites to be 0. Specifically, define a configuration
£* by ¢*(0) = * and for x # 0,

0 ifo(x) =0, orifo(x) =*and x <0,

1 ifo(x)=1, orifo(x) = *and x > 0.

E*(X)={

This gives a configuration which, compared to the product measure of Bernoulli(p),
has a bias towards particles on positive sites and towards holes on negative sites. This
bias decays as one gets further away from the origin.

We define W to be the distribution of this {*. Theorem 2 of [32] says that it is stationary
for TASEP as seen from an isolated second-class particle. The bias above reflects the
tendency created by the dynamics of the process for the second-class particle to get stuck
behind particles and to get stuck in front of holes.

The combination of the two projections above gives a coupling between the configur-
ation ¢* and the i.i.d. Bernoulli(p) configuration in which the discrepancies are precisely
the non-zero members of &. The fact that |§ N [1, x]| grows on the order of /x implies
that the product measure of Bernoulli(p) and the stationary distribution of TASEP as seen
from an isolated second-class particle are mutually singular.

For later calculation, it will be useful to look at the position of the first hole to the
right of the origin in {* ~ W (and similarly the first particle to the left).
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Let X4 = min{x > 1:{*(x) = 0}, which is also min {x > 1 : 0(x) = 0}. From the
random walk construction of o(x), x > 0, one gets

X4+ =min{x > 1:Y1(x) =0, and for some y € [1,x], Y2(y) = 0}.

That is, to find X4 we look for the first O in the process Y», and then we look for the
first O in the process Y; from then on. Since all the variables Y7 (x) and Y, (x) are i.i.d.
Bernoulli(p), this implies that X+ + 1 is the sum of two Geometric(1 — p) random vari-
ables, and so

P[X; = k] =k(1—p)*p*" (2.4)
for k > 1. Similarly if X_ is the location of the first particle to the left of the origin, then
P[X_ = —k] = kp?(1 — p)k~ 1. (2.5)

In the next two subsections, we prove two properties of W, respectively: (1) the cor-
responding stationary process of TASEP as seen from an isolated second-class particle is
ergodic in time, and (2) convergence to W starting from the i.i.d. Bernoulli(p) configura-
tion, in the averaged sense (in other words, a weak version of Theorem 1.7). These two
properties will be key inputs to the rest of this paper.

2.1. Ergodicity

This subsection is devoted to proving the following ergodicity statement. We let ({});er
denote the process of TASEP as seen from an isolated second-class particle, such that
¢ ~ W for each ¢.

Proposition 2.2. The process ({})er is ergodic in time.
The key step is the following coupling between W and itself.

Lemma 2.3. For any L € N and € > 0, there exist an integer M > L, and a coupling
between W and itself such that the following is true. Let V) and {® be sampled from this
coupling. Then

(1) restricted to [—L, L], é’(l) and ;(2) are independent,

(2) with probability > 1 —¢, E(l) and E(Z) have the same number of particles in [—M, —1]
and in [1, M], and {D and t® are identical on 7.\ [-M, M].

To construct this coupling, we revisit the construction of W. For {* ~ W, recall that we
defined it on Z 4 using two independent collections of i.i.d. Bernoulli(p) random variables
Y1(x),x > 1,and Y2(x),x > 1;and Ry (x) = Y_7_; Y1(), Ra(x) = >_J_; Y2(y). For
x >1,let
I, Yi(x)=1lorx€ég,

Yi(x) =¢ (x)={0’ Yi(x) =0and x ¢ &,
0, Y(x)=0orxe§,

Yax) = {1, Ya(x) = land x ¢ €.
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Namely, Y, is just {* on Z 4, and Y is ‘paired with’ Yy suchthat Y, + ¥, = Y1 + ¥5. To
see why we define 172, consider

Ri(x) = ) Vi(x) = Ri(x) + M(x),
y=1

Ry(x) = )" Va(x) = Ra(x) — M(x).
y=1

We have R;(x) — Ra(x) = 2M(x) — W(x), where W and M are defined in (2.1)
and (2.2). In particular, R,(x) > R,(x) for all x. Note that R;(x) is the number of
particles of ¢* in [1, x]. The process R, is certainly not Markovian; however, the pro-
cess (Ry(x), Ra(x)), x > 0, is a Markov chain, and we will exploit this fact.

Consider the transition function T : Z2, x Z2, — [0, 1] defined by

T((a,b), (@ + 1,b + 1)) = p?,

—bh42

T((a.b),(a +1,b)) = p(1 — P)%’
—b

T(@.b). @b+ 1) = pll = p) .

T((a,b), (a,b)) = (1 - p)*.

Lemma 2.4. The process (El, Ez) is a Markov chain in Zzzo with transition probabil-
ity T.

Proof. For any x > 0, we show that

PER1(3)}5=0 = {r1()}=o- {R20) )20 = {r2(0) )= M(x) = ]
— prl(x)-i-rz(X)(l _ p)2x—r1(x)—r2(x) (2.6)

for any integers {r1(y)};—o, {r2(y)};=o and & such that

(1) r1(0) =r2(0) =0,

2) () =r(y—1D.r2(y) —r2(y = 1) € {0, 1}, and r1(y) = r2(y) forany 1 <y < x,
(3) 0=h =ri(x) —rax).

We prove this by induction on x. The base case (of x = 0) is trivial, and now we assume
that it is true for x, and consider x + 1.

Note that x + 1 € & if the following three conditions all hold: (i) M(x) = W(x)
(i.e. Ri(x) — Ry(x) = M(x)); (ii) Yi(x + 1) = 0; (iii) Yo(x + 1) = 1. In that case,
Ri(x +1) = Ry(x) + 1, Ry(x + 1) = Ra(x), and M(x + 1) = M(x) + 1. In any other
case, Ri(x + 1) = Ry(x) + Y1(x + 1), Ra(x + 1) = Ra(x) + Ya(x + 1),and M(x + 1)
= M(x).
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Denote y1(x + 1) = ri(x + 1) —ri(x) and y,(x + 1) = ra(x + 1) — ra(x). From
the above transition we deduce that when & < ry(x) — r(x),

PHRi(Ee = (n)yZe. (R Eg = {in(iyZe, Mx + 1) =]
= PHRi()}Yy=o = (0} =os {R2()}5—p = {r2(0)}5—, M(x) = 1]
xP[Yi(x +1) = y1(x + 1), Ya(x + 1) = y2(x + 1)],
where the second probability on the right-hand side equals

Pt GADFYEHD (] )23 Gk D=ya D),

When i > ri(x) — ra(x), we must have 7 = ri(x) —r(x) + 1 and y;(x + 1) = 1,
Y2(x +1) =0, and

PHRi(MZe = (n(m)Ze, (R} 20 = ()L, Mx + 1) = 4]
= PHRI(D)y—0 = 1 (M)}y—0: {R2(}5—p = {r2(M}5—ps M(x) = h — 1]
xPYi(x +1) =0, Ya(x + 1) = 1],
where the second probability on the right-hand side equals p(1 — p), which also equals
Y1 GNP D (1 — p)2- 1+ D=2+ D Thyg by the induction hypothesis ((2.6)

for x), we get (2.6) for x + 1.
Finally, by summing over all , we conclude that

PURI (") =o = {n(1)} =0 IR0 = {21} o]
= (r(x) = ra(x) + 1)1 OF(A = )27,

Using this we conclude that

PRi(x+ 1) =ri(x+1), Ra(x + 1) =ra(x + 1) |

{Ri()}y=0 = ()} =o- {R2(M)}320 = {r2(1)}5 =)
_rnx+ D) —rx+1)+1
ri(x) —ra(x) +1

which implies the conclusion. ]

Y120 (] _ )2=31 ) =r2(x)

We have the following mixing property of this Markov chain.
Lemma 2.5. Forany u,v € Zzzo, we have lim, o || T (u,-) — T"(v,)|l1 = 0.

Proof. Our strategy is to construct a coupling between two Markov chains, each with
transition probability T, starting from u and v respectively.
To construct the coupling, we recursively define a random process

(AW, 4@ BW B@): 7.0 — 2> x Z2,.
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For x € Zso, given AV (y), BW(y), AP (y), B (y) for each y € [0, x], we define

ADx + 1), BO(x + 1), AD(x + 1), B®(x + 1) as follows. First, we let Uy be a

Bernoulli(2p(1 — p)) random variable.

(1) If Uy = 0 we do the following. Let B (x + 1) = BW(x) and B@P(x + 1) =
B®@(x). 1f AV (x) = A@ (x), we let

AV 4+ 1) = AP + 1) = AD(x) + 20, -1 = AP (x) + 20, — 1;
otherwise we let
AV 4+ 1) = ADx) 420, -1 and AP (x +1) = AP (x) + 20, — 1.

Here U; and U, are independent Bernoulli(ﬁ) random variables, and are
independent of Uj.
(2) If Uy = 1 we do the following. Let AD (x + 1) = AD (x) and AP (x + 1) = AP (x).
o If BW(x) = B@(x), welet BO(x +1)=B@P(x +1) = BD(x) +2Us -1 =
B@(x) +2U; — 1.
o If BW(x) # B@(x) and maxp<y<x BW(y) > N,welet BO(x + 1) = BD(x)
+2U3 —1land B®(x + 1) = B@(x) +2U, — 1.
o If BW(x) < B@(x) and maxo<y<x BV (y) < N,welet BO(x +1) = BD(x) +
2U3; —land B®(x + 1) = B@(x) + 2U3Us — 1.
e If BW(x)> B@(x)and maxo<y<x BW(y)<N,welet BV (x +1)=BWD(x) +
2U4Us — 1 and B@ (x 4+ 1) = B@(x) +2U; — 1.
Here N > 0 is a number to be determined; and Us, Uy, Us, Ug are independent with
distribution being
BW 2
Bernoulli & ,
2BM(x) +2
B®(x)+2
2B@(x)+2)°
B®@(x)+2 2BW(x) 42
2B@(x)+2 BMx)+2 )’
2B@(x)+2 BW(x)+2
B@D(x)+2 2BW(x)+2)°

Bernoulli (

Bernoulli (

Bernoulli (

respectively; and they are independent of Uy, Uy, U,.

The reason behind the construction of (A(l), A(z), B(l), B (2)) is that, if we set the initial

condition to be AN (0) = d(u), BM(0) = ad(u), and A®(0) = d(v), B?(0) = ad(v),

for u, v € Z2,,, then the processes x — (AL@+BV@+x AV @BV @)+
) >0° 2 9 2

( A® (x)+B(2)_(x)+x A (x)-B@ (x)+x
2 ’ 2

) and x —

) are Markov chains with the same transition prob-
ability T, starting from u and v respectively. Indeed, from this construction, it is easy to
check that for each i =1, 2, (A(i), B(i)) is a Markov chain, with transition probability
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given by

PIAD(x +1) = APx) + 1, BOx + 1) = BO(x) | AP (x), BO (x)] = p?,
PlAD(x +1) = AD(x) -1, BO(x + 1) = BO(x) | AD(x), BD(x)] = (1 — p)?,
PIAD(x +1) = AD(x), BOx + 1) = BO(x) + 1] 4D (x), BO(x)]

BD(x) 42
=P =P o T 1
PlAD(x + 1) = AD(x), BO(x + 1) = BO(x) — 1] AD(x), BD (x)]
B®(x)
G
2.7)

From the construction above there are several other key properties to note:
(1) If BO(x) # B@(x) and maxg<y<x BV (y) < N, then always

1BO(x 4+ 1) = B@(x + 1) < [BV(x) - BD(x)|.

) If AD(x) = AP (x) (resp. BV (x) = B@(x)), then for any y > x we must have
AW (y) = AP (y) (resp. BV (y) = B (y)).

(3) The processes A and A® are independent random walks until they are equal;
starting from the first time when B reaches N, the processes B(!) and B® are
independent until they are equal.

To show that lim,—, oo | T" (&, -) — T"(v,-)||1 = 0, it now suffices to show that

liminf P[AD (x) = A®@ (x), BO(x) = B@(x)] > 1 —¢ (2.8)
X—>00

for any € > 0 and some choice of N. First, we have A0 (x) = A@ (x) for all large
enough x, by the third property above.

We next show that when N is large enough depending on u, v, €, with probability at
least 1 — € we have B (x) = B®(x) for some large enough x (thus for all large x,
by (2) above). Let xo = min{x € Zs¢ : BV (x) = N}. We have x¢ < oo almost surely,
since B() dominates a simple random walk.

As stated in (3), given BM(xq) and B@(xy), the processes BM (xo + x) and
B®(x¢ + x) for x > 0 are independent (until they are equal); and we further note
that when N is taken large they should be very close to two independent random
walks. To make this more precise, we define proxies of B® and B@ . Fori = 1,2,
let V® : Z.¢ — Z be a random walk satisfying V@ (0) = B®(x,), and

PO+ 1) = V@) VO] = o+ (1-p)?
PVOx+1)=VOx)+ 1| VD) = p(l —p), (2.9)
PVOx+1) = VOx) — 1| VO )] = p(1 — p).
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Also we let V) and V® be independent, until VIV (x;) = V@ (x;) for some x; > 0,
andlet VI (x) = V@ (x) forall x > x;. For some N, large enough (depending on u, v, €)
we have P[x; < N1] > 1 —€/2, thus

P[V(l)(Nl) — V(z)(Nl)] >1—¢/2. (2.10)

By comparing the transition probabilities (2.7) and (2.9), we can couple B, B® with
VW, V@ in such a way that for any x > 0, given that BM® (xg + x) = V(x) and
B®(xg+x)=V®(x),wehave BO(xg +x + 1) =V (x 4+ 1) and B@ (xg +x + 1)
= V@ (x + 1) with probability at least

1—p(l—p)( ! )>1—N 2p(1 = p)

+ .
BM(xg+x)+1 B®D(xg+x)+1 —x—Jlu—vl

Here the inequality is due to that BM(xg + x) > BM(xg) —x = N — x, and
B®@(xg +x) = BW(xg + x) — |BW©0) — BDPO)| > N —x — ||u — v||;, using (1)
above. Under this coupling, by taking a union bound over x we find that V1 (x) =
BW(xg + x) and V@ (x) = B@(xo + x) for any 0 < x < N; with probability at
least 1 — %. By taking N large enough (depending on Ny, €, u, v) we can
make this probability > 1 — ¢/2. From this and (2.10), we have P[BM"(xo + N;) =
B®(xo + Np)] > 1 —e. This implies (2.8), and the conclusion follows. |

We let 8§ denote the law of a Markov chain starting from (0, 0) with transition prob-
ability T, i.e. the law of (R}, R»). From the above lemma we can construct a coupling
between S and itself, as follows.

Lemma 2.6. For any L € N and € > 0, there exist an integer M > L and a coupling
between S and itself such that the following is true. Let (Rgl), R;l)) and (Rgz), R;Z)) be
sampled from this coupling. Then

(1) restricted to [0, L], (Egl), Egl)) and (Egz), E;Z)) are independent,
@ PR (M) = RP (M), RSP (M) = R (M)] > 1 €.

Proof. We construct the coupling by first allowing (R (1), Egl)) and (R 52), Egz)) to evolve
independently for the first L steps. Then conditioned on (R 51) (L), Egl) (L)) and on
(RP (L), R (L)), we couple (R (M), R\ (M) and (RP (M), RP (M) to maxim-
ize the probability that they coincide. The conclusion follows from Lemma 2.5 by taking
M large enough, since there are only finitely many possible values of (ﬁgl)(L), ﬁgl)(L))
and (R (L), R?(L)). n

Proof of Lemma 2.3. From the coupling of two copies of R given by Lemma 2.6, we get
a coupling between two copies of Y7, thus two copies of {* ~ W on Z . We can similarly
couple two copies of {* ~ Won Z_. As ¥ on Z 4 and W on Z_ are independent, we get
the desired coupling satisfying the statement of this lemma. ]

We can now prove ergodicity of the stationary process of TASEP as seen from an
isolated second-class particle, using the coupling given by Lemma 2.3.
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Proof of Proposition 2.2. We assume the contrary. Then there is a measurable set B C
{0, 1, }% invariant under the Markov process (of TASEP as seen from an isolated second-
class particle) with 0 < W(B) < 1. Let ¢* ~ W. For any L € N we consider the random
variable xr (§*) = P[¢* € B | {{*(x)}xe[-L,L]]- Note that this is a martingale in L, and
almost surely converges to 1[¢* € B]. Thus for any € > 0, we can take L large enough
such that P[|y(¢*) — 1[¢* € B]| > €] < e.

For the above L and €, by Lemma 2.3 we can find M > L and a coupling between
W and itself. Suppose that (D, @ are sampled from this coupling. By the first property
of the coupling, and since yz, only depends on the configuration in [—L, L], we see that
¥ (&MY and yz (¢@) are independent. Thus

Pe®) > 1—e y1(6?) <l =Plre¢™) > 1 - P ¢?) <.
Note ¢ € B and |y (¢M) —1[¢M € B]| < € imply that 7 ((V) > 1 — ¢, so

Plxr@®) >1—¢€ = PE® e Bl - P[[x.¢P) -1tV € B]| > €]
> W(B) —e,

and similarly

PlxL(¢?) <€l = PE® ¢ Bl - P[[x(¢?) —1[t@ € B]| > €]
>1—W(B)—e.

Combining the above three inequalities, we have
Ple®) > 1—e 12(E?) <€l > W(B)(1—¥(B)) —e.

Using P[|x2(¢W) = 1[¢M € B]| > €] < e and P[| . ((®) —1[¢? € B]| > €] < € again,
we have
Pt e B, ¢® ¢ B] > W(B)(1 — ¥(B)) — 3e.

Using the second property of the coupling (from Lemma 2.3), and by taking € small
enough, we conclude that with probability > W(B)(1 — ¥(B)) — 4¢ > 0, all of the fol-
lowing conditions are satisfied: £ € B and ¢@® ¢ B, and ¢ and ¢® are identical on
Z \ [—M, M], and they have the same number of particles in [—M, —1] and in [1, M].
Assuming that {0 and ¢® satisfy the above conditions, we next couple two
TASEPs starting from ¢ and ¢® at time 0, such that switches happen between
neighboring sites with the same Poisson clocks. With positive probability the follow-
ing happens: from time 0 to time 1, no switch happens between sites x and x + 1, for
x € {—M —1,—1,0, M }; and switches happen between sites x and x + 1, sequentially
forx =—M,...,—2and for x = 1,..., M — 1, and repeat this for M times. Then at
time 1 the two processes starting from ¢*) and ¢® would be identical. However, as B
and {0, 1, x}Z \ B are assumed to be invariant under the evolution of TASEP as seen from
an isolated second-class particle, we get a subset of {0, 1, *}Z with positive W measure,
and contained (up to a zero measure set) in both B and {0, 1, x}% \ B. This is a contra-
diction. |
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2.2. Convergence in the averaged sense

As indicated in the introduction, we consider the process (1} ):>0, which is TASEP with
a single second-class particle such that 7 (x) are i.i.d Bernoulli(p) for x € Z \ {0} and
14 (0) = *. We define ®; to be the law of ny (I; + -), where I is the location of the second-
class particle at time ¢. In this subsection we prove a weak version of Theorem 1.7, i.e.
the convergence of @, to W in the averaged sense.

Proposition 2.7. We have T ™1 fOT ®, dt —> ¥V weakly as T — oc.

Our strategy to prove this is to construct a coupling between ®; and ¥ using o, the
stationary configuration of TASEP with infinitely many second-class particles constructed
in (2.3).

Recall that we have the following two projections of o' first, if we set all % symbols on
positive sites to be 0, and all % symbols on negative sites to be 1, we get i.i.d. Bernoulli(p)
on all non-zero sites; second, if we set all % symbols on positive sites to be 1, and all *
symbols on negative sites to be 0, we get a distribution which is stationary for TASEP as
seen from an isolated second-class particle (see the discussion after Proposition 2.1).

Now let (0;);>0 be TASEP with (infinitely many) second-class particles, and starting
from 09 = o. At time 0, we label all the second-class particles with Z from right to left,
so that the one at the origin is labeled 0. We consider two ways in which the labels evolve:

e Rule (a): for all second-class particles, the labels never change.

e Rule (b): for two second-class particles labeled i > j, if they are at sites x and x + 1,
then with rate 1 they exchange their labels.

We note that when forgetting the labels, the dynamic is unchanged. For each i € Z and
t > 0, we denote by / f * the location of the second-class particle labeled by i at time ¢,
under Rule (a). Then for each i € Z we have lf’i > If “*1 "and there is no other second-
class particle between sites la’i and /; @i+l We also denote by lb’i the location of the
second-class partlcle labeled by i at tlme t, under Rule (b) Define o', 7>
(0.1, %} as 0% (x) = oy (x + I%") and 67 (x) = 0, (x + 1>, which is o, as seen from
the second-class particle labeled by i, under each rule.

Our strategy to construct the coupling between W and ®; is to project o,b % in two
different ways, to get these two measures respectively (see Figure 2). For the first way,
we just look at the law of a,b 0 without considering the labels. As o is a renewal process,
and o is stationary (Proposition 2.1), we know that o * has the same distribution as o
We next show that the same is true for o,b !

Lemma 2.8. Foreachi € Z andt > 0, a, " has the same distribution as o.

Proof. Take any measurable set B C {0, 1, *}%; it suffices to show that ]P’[ob’ € B] =
Plo € B].

We fix ¢ > 0. As each second-class particle jumps with rate at most 1, for any € > 0
we can find M > 0 such thatIP[|lf’i — ltb’i| > M| < eforanyi € Z. Take alarge N € N.
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Fig. 2. A coupling between ¥ and &, via th % The red numbers are labels of second-class particles.

Here ¢* and patb’o are the same on [—9, 9].

For each i with |i| < N — M, if 15— 1% < M,wemusthavelf”i e i—M <
Jj<i+Myc{l}/ =N <j < N},sincetheset {/;”/ :i —M < j <i+ M} contains
all locations of second-class particles in [I;”" — M, I + M]. We then have

E[[{I?": =N <i < N}\{# . =N <i < N}|]
Y PURT ¢S =N < j < N

lil<N
<2M+ Y PP UM N <j < NY
li|l<N-M
<M+ > PP -1 > M]
lil<sN-M
<2M + 2Ne. (2.11)

Since both |{ltb’i :—N <i < N}|and |{lf’i :—N <i < N}|equal 2N + 1, we have
{IP" =N <i < N}\{" =N <i < N}
= [{I#"' 1 =N <i < NJ\{I] : =N <i < N},

SO
E[[{{* : =N <i < N}\{I> : =N <i < N}|] <2M + 2Ne.

Thus since € is arbitrarily taken, we have

. i : Y
thoo2N+l(E[|{_N <i<N:o/" €B})|]-E[{-N <i <N :0;" € B}]]) =

Since foreachi € Z, Ut“ "' has the same distribution as ¢, we have

N
al
v Eli-N =i <N:of e Bl = I 2N+IZ

1
002N +1
= Plo € B].
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By combining the above two equalities, we have

E[{-N <i <N : 0> € B}|] = P[o € B].

lim
N—oo 2N + 1

Now that o is a renewal process, 03 , and thus a, , has the same distribution for all i.
Thus the left-hand side in the previous equation equals ]P’[ob’ € B] foreachi € Z, and
the conclusion follows. [

Now since crtb % has the same distribution as o, we can just identify all * with 1 in Z 4,
and identify all % with 0 in Z_, and get &* ~ \IJ (by Lemma 2.8). For the other projection
we need to look at the labels. We define pa, : Z — {0, 1, x} from Ut by identifying
all second-class particles whose labels are < 0 with holes and all second- class particles
whose labels are > 0 with partlcles Formally, we let pal (0) = %, and pat (x) =1 for
any x such that o;(x + /, 0) =lorx = lb’ —lbo for some i > 0; andpo (x) =0
for any x such that o, (x + l, O =0orx = lf’
an illustration of potb 0

ltb 0 for some i < 0. See Figure 2 for

Lemma 2.9. Foreacht > 0, we have pa,b’o ~ ®;.

Proof. We just need to check that (po,b ’0) ¢+>0 18 TASEP as seen from an isolated second-
class particle, and pcré7 Oisiid Bernoulli(p) on all non-zero sites.

We first consider the initial configuration pO'(l; % It is obtained from o = o by setting
all * symbols in Z 4 to be 0 and all * symbols in Z_ to be 1. This is because at # = 0, the
second-class particles in Z 4 have negative labels, and the second-class particles in Z_
have positive labels. Recall (from the discussion after Proposition 2.1) that this implies
that pag’o is i.i.d. Bernoulli(p) on all non-zero sites.

We next consider the evolution of (potb ’0) t>0. We now define (po;);>o from oy, by
identifying all second-class particles whose labels are < 0 with holes and all second-class
particles whose labels are > 0 with particles. Then po; (l;j ’O) = *, and po,(x) = 1 for
any x such that o4(x) = 1 or x = ltb’i for some i > 0; and po;(x) = O for any x such
that o, (x) =0 or x = l,b’i for some i < 0. Then po; is precisely potb’o shifted by ltb’i,
and it suffices to check that the evolution of (po;);>0 is given by TASEP with a single
second-class particle. For (0;);>0 and the labels evolving under Rule (b), recall that it is
driven by the following generators, independently for all x € Z:

(1) Ifo4(x) = 1 and 04 (x + 1) = 0, with rate 1 we switch o;(x) and o,(x + 1).

2) If o;(x) =1 and oy (x + 1) = * With]?’i = x + 1 for some i € Z, with rate 1 we
switch o;(x) and o;(x + 1) and set ltb” = X.

(3) If o4(x) = * with ltb’i = x + 1 for some i € Z, and 0 (x + 1) = 0, with rate 1 we
switch o (x) and o7 (x + 1) and set > = x + 1.

4) Ifo,(x) = 04 (x + 1) = * with [; bi — x and lbj = x + 1 for some i > j, with rate

b,i b,j

lwesetl;,” =x+landl;” = x.

From the definition of (po;):>0, these generators degenerate in the sense that for each
x € Z we switch po;(x) and po;(x + 1) with rate 1, if one of the following happens:
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(@) pos(x) = 1and pos(x +1) =0.
(b) po(x) = 1and pos(x + 1) = *.
(¢) pos(x) = *and pos(x + 1) = 0.
More precisely: (1) degenerates into (a); (2) degenerates into no change or (b) or (a),
depending on whether i > 0,7 = 0, ori < 0; (3) degenerates into (a) or (c) or no change,
depending on whetheri > 0,7 = 0, or i < 0; (4) degenerates into (c) or (b) or (a) or no
change, depending on whetheri =0, j = 0,ij <0, orij > 0. These verify that (po;)>o
has the same generators as TASEP with a single second-class particle, so the conclusion
follows. ]

Now we finish the proof of Proposition 2.7, by using the two projections of otb 0,

Proof of Proposition 2.7. Tt suffices to take any cylinder set B = B’ x {0, 1}2\[-L.L]
{0, 11 for some L € N and B’ C {0, 1}[=E-L] and show that T~! [ ®,(B)dt — W(B).

By Lemma 2.8, from otb’o, by identifying all * with 1 in Z 4 and all * with O in Z_,
we get {* ~ W; and by Lemma 2.9, from a,b’o we get potb’o ~ @;, by identifying all
negatively labeled x with 0, and identifying all positively labeled x with 1 (see Figure 2).

Then we have
|®/(B) — W(B)| < P[¢* € B, po;* ¢ B+ P[¢* & B, po; € B]
b,
< P[¢*|[-L,L] # PO, 0|[[—L,L]]]-

The event on the right-hand side is equivalent to the event that, in 0?0 each * in [1, L] has
a positive label and each * in [—L, —1] has a negative label. In other words, forany i € Z
with l,b’i —1%% ¢ [-L,0], we must have i <0; and forany i € Z with /> — ltb’0 e[o, L],
we must have i > 0. So we have

|®/(B) — V(B)|
<1—P[IP" —1°:i >0 n[-L,0] = (12" =120 :i <oy n o, L] = 9]
<E[2" =120 i > 0yn [L,0]|] + E[{12" =120 :i <oy n o, L]]].

By integrating over ¢t we have
T
| 10 - wipyiar
0

T . T .
< Z/O P2 — 120 e[-L,0]] dr + Zfo P12 17 eo, L]]dr.  (2.12)

i€Zy i€Z—

We first bound the first term on the right-hand side. For each i € Z we recursively define
a sequence of stopping times: let 7;; = inf{t > 0: lf’i - lf”o € [-L,0]} U {oc0}; and
givenT; , < oo, letT; 4y =inf{t > T;, +1: l,b’i - lf’o € [-L,0]} U {co}.

It is not difficult to see that there exists § > 0, depending only on L, such that for any

t>0andn € N we haveIP’[l,bj’L"1 > l,bfl | T;,» =] > §. Note that since i > 0, ifl,bo’i > l,bo’O
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b,i
T p+1

b,0

> ZT,-,,1+1

for some t¢ > 0, we must have l,b’i > ltb’0 for any ¢ > t¢. Thus the event /
implies that 7; 41 = 0o. So forany t > 0 and n € N, we have

P[Tip41 <00 | Tin=1t] <1-38.
Then
P(Tin <T1=P[Ti1 <Tin<T]<P[Tiy <T and T; , <oo] < (1 —8)"'P[T;, < T].

Also note that fOT WP =12 e [-L,0])dt < 2%, 1[T;,, < T]. So we have

T . 00 00
/ P17 1% e [-L.0]]dt <Y P[Tin <T1 <Y (1-8)"'P[Tiy < T]
0 n=1

n=1
=8""P[T;, < T (2.13)
Next we bound ZieZ+ P[T;,1 < T]. Take any € > 0. From the renewal construction of o,

we know that lg 0 _ lé7 * is the sum of i i.i.d. positive random variables, each with infinite
expectation. Thus we have

lim P[50 — 1517 <311 =0. (2.14)
T—o0

Given {I0};cz satistying 12 — lg’reﬂ

> 3T, for each j € Zzo, P[Tter14j1 < T |
{lg ’i},-eZ] is bounded by the probability of the following event: there are two particles
starting from 0 and —[37"] — j respectively, jumping left and right respectively with rate 1
independently, and the first time when they are within distance L of each other is < 7.
This is just the probability that the sum of [37'] 4+ j — L independent Exp(2) random
variables is less than T (since for the distance to decrease by 1, the waiting time is the
minimum of two independent Exp(1) random variables). Summing such probabilities for

all j and using (2.14), we get
li ; =0.
Jim 3 P[T, <T]=0
i>eT
Plugging this into (2.13) and summing over i € Z there, we get
T .
limsup f P[12F — 120 € [-L,0]]dt — 67T <.
T —o0 i€l 0

Similarly,

T .
limsup » / P12 —12° € [0, L]]dt — 87T <.

T—o0 jez_
Adding them up and using (2.12), we get
T
limsup 7! / |®;(B) — W(B)|dt <26 Le.
T —>o00 0

Since € > 0 is arbitrary, the conclusion follows. [
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3. Coupling between TASEP and LPP

In this section we connect TASEP and LPP, and other objects such as an up-right growth
process to be defined shortly. These results are mostly from the literature, and will motiv-
ate the construction of the LPP limiting environment in Section 4.

3.1. Semi-infinite geodesics and the Busemann function

We start by introducing a useful tool in studying LPP, namely, the Busemann function,
and its beautiful duality property.

For any u, v € Z2, we denote B(u, v) := Ty — Ty.c, Where ¢ € Z? is the coalescing
point of ', and Ty, i.e. ¢ is the vertex in [, N [, with the smallest d(c). Such B is called
the Busemann function (in direction p). We also write G(u) := B(0, u). The Busemann
function satisfies the following properties:

(1) Forany u,v, w € Z?, we have B(u,v) + B(v, w) = B(u, w). In particular, B(u, v) =
G(v) — G(u).

(2) Foreachu € Z%, G(u) = G(u + (1,0)) AG(u + (0,1)) — £(u).

(3) For each u € Z?, define the dual weight

£V (u) := G(u) — G(u — (1,0)) v G(u — (0, 1)).

Then its distribution is Exp(1).

(4) For each u € Z2, the distribution of B(u,u + (0, 1)) is Exp(p), and the distribution
of B(u,u + (1,0)) is Exp(1 — p).

(5) For any down-right path U = {ug}rez, let U_ = {ux — (a,a) : k € Z, a € N}
and Uy = {ug + (a,a) : k € Z, a € N}. Then the following random variables are
independent: B(uy, ug_;) foreach k € Z, & (u) for eachu € U—_, and £ (u) for each
uc U+.

The first two properties are by definition. The third property comes from [35, Lemma 4.2]
(see also [7]). For the last two properties, a proof can be found in [52].

All the semi-infinite geodesics (in direction p) can be characterized by the Busemann
function G and passage times.

Lemma 3.1. For any u <v we have B(u,v) = —G(u) + G(v) > Ty, — £(v), and equal-
ity holds if and only if v € T',.

Proof. Let ¢ be the coalescing point of I',, and I'y. Then B(u, v) = —G(u) 4+ G(v) =
Tu.c — Ty . From the definition of passage times, we know that 7y, ¢ > T,y + Ty, —§(V),
and equality holds if and only if v € ' . ]

In particular, by taking v = u + (0, 1) and v = u + (1, 0) in Lemma 3.1, we must
have G(u + (1,0)) # G(u + (0, 1)) for any u € Z?2. This is true as we have assumed the
existence and uniqueness of all the finite geodesics, and the existence, uniqueness, and
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coalescence of all the semi-infinite geodesics in direction p. These properties are used in
defining the Busemann function and in the proof of Lemma 3.1.

The Busemann function G actually contains all the information to reconstruct all the
semi-infinite geodesics in direction p.

Lemma 3.2. The semi-infinite geodesic Ty, for any u € Z? can be reconstructed recurs-
ively using G as follows: first let T'y[1] = u, and then let

Tyli + 1] = argmin, e, (i1+(1,0), M i1+ 0,1y G(V)  for each i € N.

This is proved by repeatedly using Lemma 3.1, and we omit the details.

Using the dual weights &Y, which are also i.i.d. Exp(l) (by the third and last
properties of the Busemann function), we define ‘downward semi-infinite geodesics’.
For any u € Z?, we let T,/ be the semi-infinite geodesic from u in direction —p =
(—(1 = p)2, —p?), under the weights £V. Below we work under the almost sure event
that such I}’ exists and is unique, and T, and ') coalesce for any u, v € Z?. Such down-
ward semi-infinite geodesics can also be constructed recursively using G. More precisely,
we let T')/[1] = u, and for each i € N we let

L[ + 1] = argmax,eqry i1—(1,0).03 [i1— 0.1} G(V)- 3.1

By the definition of £¥ and using induction, it is straightforward to check that each finite
segment of the path I'; constructed from (3.1) is a geodesic under £¥. Also the path T}/
constructed from (3.1) has the same law as —I'_,, (since G and v — —G(—v) have the
same law), so it has the desired asymptotic direction.

A quick observation is the following ‘non-crossing’ property between semi-infinite
geodesics and downward semi-infinite geodesics.

Lemma 3.3. For any Ty, and T we cannot find w € Z* with w,w — (1,0) € Ty and
w, w + (0,1) € Ty simultaneously, or w, w — (0,1) € Ty, and w, w + (1,0) € Ty sim-
ultaneously. This implies that the path Ty, + (1/2,1/2) divides u + (Z* \ Z2,) into two
parts, which are \ ), er,, (W + Z 1 X Z <o) and \ Jyer, (W + Z<o X Z+), s0 that Iy can-
not intersect both. Equivalently, the path Ty — (1/2,1/2) divides v + (Z* \ ZZ2,) into

two parts, which are | J,ery (W + Z— X Z>9) and | Jyery (W + Z>o % Z-), so that I,
cannot intersect both.

Proof. From the recursive constructions of I';, and F;’ , the event w, w — (1,0) € T},
implies G(w) < G(w + (-1, 1)), while w, w + (0,1) € Ty implies G(w) > G(w +
(=1, 1)). Thus the first statement holds. The second statement follows similarly. |

3.2. Growth process

The function G can also be used to describe an up-right growth process. For each t € R,
welet I, := {u € Z? : G(u) <t} be the set of vertices occupied by time ¢. Then for any
u € Z2, the waiting time for it to be occupied (since the first time when both u — (1, 0)
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and u — (0, 1) are occupied) is £¥ (u), which is i.i.d. Exp(1) for all u. Thus (I;);cr is a
Markov process such that given [I,, each vertex u & I, with u — (0,1),u — (1,0) € [,
becomes occupied with rate 1 independently.

We next define several objects that will be useful in proofs in later sections. For any
t € Rand u € Z2, we denote

EVI(u) := Gu) VI — G — (1,0) v G(u — (0, 1)) v 1.

This can be understood as the waiting time for u to be occupied, starting from /;. Note
that for any u such that {u — (1,0),u — (0, 1)} ¢ I,, we have £V (u) = £¥°'(u). A key
property for £Y°! is that it is still i.i.d. Exp(1) outside /.

Lemma 3.4. For any t > 0, conditioned on I; and {G(u)}yer,, the random variables
&Vl (u) arei.i.d. Exp(l) forallu & I;.

Proof. Take any down-right path U = {uy }xecz, and denote U_ = {ux — (a,a) : k € Z,
a e N}, Uy ={ur + (a,a) : k € Z,a € N}. Let U, contain all u € U4 such that
{u—(1,0),u —(0,1)} ¢ U+. Assume that 0 € U U U_.

We now consider the event /; = U U U_. It is equivalent to G(ug) < t for each
k € Z,and G(u) > t (or equivalently £V (u) >t — G(u — (1,0)) v G(u — (0, 1))) for any
u € Uc. We next study the distribution of {£" (1) },eu_., conditioned on this event.

By (1)—(2) in Section 3.1, we know that {G(u) },eyuvu_ determines {B(uz,ur—1)}rez
and {£(u)}yeu_. We will next show that {G(u)},eyuu_ is also determined by
{B(ug, ur—1)}kez and {&€(u)}ycu_. Indeed, by (1), for any k € Z the value G(uy) —
G(ug) = B(uo, uy) is determined by {B(ug, ug—1)}xez. Then using (2), and the fact
that 0 € U U U_, we find that for any v € U U U_, G(u) — G(up) is determined by
{B(ug, ux—1)}kez and {E(u)}yecu_, in particular for u = 0. Since G(0) = 0, we con-
clude that G(uyg), thus G(u) for any u € U U U_, is determined by {B(ug, ur—1)}rez
and {§ (u) ueu_-

By (3)~(5) in Section 3.1, {B(uk, ug—1)}kez, {§(W)}ueu_. and {§¥ (u)}uecu, are
independent exponential random variables. Thus conditioned on {G(u)},eyuyu_ and the
event I, = U U U_, we deduce that

o {£V(u)}yeu, areindependent random variables,

e &V(u) ~ Exp(1) foreachu € U4+ \ Ue,

e for each u € U, £V (u) has the distribution of Exp(l) conditioned on > t —
Gu —(1,0)) v G(u — (0, 1)).

Since an Exp(1) random variable conditioned on > x for any x > 0 is just x 4+ Exp(1),
we have

EY(u) — (t = G(u = (1,0)) vV G(u — (0, 1))) ~ Exp(1)
for each u € U,. We note that (still conditioned on {G(u)},eyuu_ and the event
I; = U U U-) we have £¥°" (1) = £V (u) forany u € U4 \ U and Y (u) = £V (u) —
(t = G(u—(1,0)) vV G(u — (0,1))), so {£""" (u) }yeu, arei.i.d. Exp(l) random variables.
Thus the conclusion follows. u
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To

Pt

Fig. 3. An illustration of the growth process from LPP: the blue and green areas are the two clusters
C1 N I; and C N I respectively, and the red curve is the semi-infinite geodesic I'y.

Forany t € R and u ¢ I, the path ')/ \ ; can be constructed as the geodesic with
boundary I, under the weights £V, For any u < v, u,v & I, let Tu\f ;,t and Fuv, 5 denote
the passage time and geodesic from u to v under the weights £V,

Lemma 3.5. Forany v & I, we have

Gw)—r= max T,/ and T)\I1; =T;" foru.,=argmax, ., ,q1, T3
u<v,uél; *s =v, t s
The proof of this lemma is by straightforward induction on u in the up-right direction;
we omit the details.

3.3. The coupling and the competition interface

We now describe the coupling between LPP and TASEP (denoted as a Markov process
on {0, 1}%). In this subsection we let (1;);>0 denote TASEP with the following initial
condition: 19(0) = 0 and no(1) = 1, and let no(x) be i.i.d. Bernoulli(p) for all other x.
We label the holes by Z from left to right, with the one at site 0 labeled 0; and label the
particles by Z from right to left, with the one at site 1 labeled 0. For any (a, b) € Z?2, if at
time O the particle labeled b is to the right of the hole labeled a, we set L(a, b) = 0; other-
wise, we define L(a, b) > 0 to be the time when the particle switches with the hole. Then
{L(a,b)} 4 pyez> has the same distribution as {G(a, b) V 0}, p)ez2- Indeed, using (5) in
Section 3.1, we can deduce that /¢ and {(a, b) : L(a,b) = 0} have the same distribution;
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Fig. 4. An illustration of the correspondence between TASEP and the growth process.

and given 79, the random variables
L(a,b)—L(a—1,b)Vv L(a,b—1)

for all (a, b) with L(a, b) > 0 are i.i.d. Exp(1), because this is the waiting time for the
particle labeled b and the hole labeled a to switch since the time they are next to each
other. Thus they have the same distribution as {£¥:°(u)}, ¢z, conditioned on Iy, according
to Lemma 3.4. See e.g. [35, Section 4.2] for more details on the equality in distribution
between L and G Vv 0. We couple (7;);>0 with LPP so that L = G Vv 0 almost surely,
and in the rest of this section we work under the event that this equality holds. Then the
TASEP configuration 7; can be directly read off from I, (see Figure 4).

Lemma 3.6. Foranyt > 0and x € Z, n;(x) = 0 if and only if there is some y € Z such
that (x + y,y) € I, and (x + y,y + 1) & I;, and the hole at site x has label x + y;
and ny(x) = 1 if and only if there is some y € Z such that (x + y — 1,y) € I, and
(x + y,y) & I, and the particle at site x has label y. Equivalently, if we let f; : 7 — Z
be the function such that f;(x) is the largest integer with (f;(x) + x, fi(x)) € I;, then

Sr(x = 1) = fr(x) = ns(x).

Proof. For simplicity of notation we denote by &; the event where there is y € Z such
that (x + y,y) € Iy and (x + y,y + 1) & I;, and by &, the event where there is y € Z
such that (x + y —1,y) € I; and (x + y,y) & I;. Note that exactly one of &; and &,
happens, so it suffices to show that &; implies 7,(x) = 0, since by symmetry we would
know that &, implies 7;(x) = 1, and then the conclusion follows.
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If(x+y,y)el;and(x+y,y+ 1), thenL(x +y,y)<tand L(x + y,y + 1)
> t under the coupling. This means that at time ¢, the hole labeled x + y is to the left of
the particle labeled y, but to the right of the particle labeled y + 1. Suppose that at time 0,
the hole labeled x + y is at site z. Since the hole at site 0 is labeled O, if x + y > 0
we must have z > 1, and there are z — (x + y) particles between sites 0 and z; and if
X 4+ y <0 we must have z < 0, and there are (x + y) — z particles between sites z and 0.
In either case, the nearest particle to the left of the hole labeled x + y (at time 0) must be
labeled x + y — z + 1 (since the particle at site 1 is labeled 0). This means that at time ¢,
the hole labeled x + y has already swapped with (y + 1) —(x +y—z+1) =z —x
particles. So at time ¢ it is at site x, and 1;(x) = 0. |

We next consider the semi-infinite geodesic I'g under this coupling. It actually cor-
responds to the competition interface starting from 0, which we describe now (see e.g.
[35,36]). We define two clusters C; and C, for the growth process (/;);>0. Let Z x {0}
C Cy and {0} x Z4 C C,. For any (a,b) € Zﬁ_ let its ‘parent’ be either (a — 1, b) or
(a, b — 1), whichever is occupied later; then (a, b) is in the same cluster as its parent.
Starting from any u and by taking parent repeatedly, we can actually get I')/ \ o, by (3.1);
thus we can equivalently define C; and C, such that for any u € Z2, u # 0, we have
u € Cy if I intersects Z 4 x {0}, and u € C if ')/ intersects {0} x Z . By Lemma 3.5,
such clusters are determined by Io and {§"*°(u)},¢1,, which are i.i.d. Exp(1) conditioned
on [op. The competition interface Z is defined to be the boundary of these clusters C;
and C,. Namely, we let Z C (1/2,1/2) + Z2>0 be such that for any v € Z, every vertex
in Z2, to the upper-left of v is in C,, and e:/ery vertex in Z2 to the lower-right of v
is in C;. By Lemma 3.3, Z = I'y + (1/2,1/2). In words, the competition interface Z
defined from /o and {£"-°(u)}, ¢, is equivalent to the semi-infinite geodesic I'y defined
from {&(u)},ez2. We also define the process (p;)s>o such that p, is the last vertex in
'y N I; (see Figure 3).

In the TASEP side, in (1;);>0 we keep track of a ‘hole-particle pair’, which is a hole
with a particle next to the right. At # = 0 it is the hole at site 0 and particle at site 1.
Whenever the particle is switched with a hole to the right, we move this pair to the right;
and whenever the hole is switched with a particle to the left, we move this pair to the left
(see Figure 5 for an illustration). We have the following lemma from [36], which says that
the trajectory of this ‘hole-particle pair’ can be mapped to the competition interface.

Lemma 3.7. Under the above coupling between LPP and TASEP, for the hole-particle
pair at time t, let by be the label of the particle and a; be the label of the hole. Then

pr = (az, by).

We note that this hole-particle pair can also be replaced by a second-class particle. For
this, note that a, is also the number of times the pair moved to the right up to time ¢, and
b; is the number of times the pair moved to the left up to time 7. Thus at time ¢ the hole-
particle pair is at sites a; — by and a; — b, + 1. If we take ny (x) = n,(x) forx < a; — by,
ny(x) = n:(x + 1) for x > a; — by, and 0} (a; — b;) = *, then (})s>0 is TASEP with
a second-class particle, starting from i.i.d. Bernoulli(p) on Z \ {0}. So far we have seen
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Fig. 5. An illustration of the evolution of a hole-particle pair in (1;)>¢: the numbers above the
particles/holes are the labels, which increase from left to right for holes, and decrease from left to
right for particles. The yellow boxes indicate the tracked hole-particle pairs.

that the process (1} );>o contains the same information as G Vv 0 (by Lemma 3.6), thus the
same information as /o and {&"-%(u)}, ¢y, and the trajectory of the second-class particle
gives the semi-infinite geodesic Iy (Lemma 3.7). Recall from Section 2 that ®, is the
law of n}(a; — by + -), and W is the stationary distribution of TASEP as seen from an
isolated second-class particle. In light of the convergence of ®; to ¥ as t — oo, stated
in Theorem 1.7 or Proposition 2.7, the LPP limiting environment measure v should be
constructed from W. We give such construction in the next section.

4. The LPP limiting environment

We are now ready to define v. As before, we use ({;);er to denote the process of TASEP
as seen from an isolated second-class particle, such that {; ~ W for each ¢, where W is
the stationary distribution defined in Section 2. The idea is to construct a growth process
from (¢;):er, then take the environment around the origin. This would give the limiting
environment along the geodesic Iy, as seen at a uniform time, i.e. the environment as seen
from p; for a uniform 7, where p; is the last vertex in I'g N I;. To get the environment v,
which is as seen from a uniformly chosen vertex, we would do an extra reweighting.

We first replace the second-class particle in ({});cr by a hole-particle pair. Namely,
we let ({;)¢eRr be the process such that {;(x) = ¢/ (x) for x <0, ¢ (x) = ¢ (x — 1) for
x > 1, and {(0) = 0, {;(1) = 1. The process ({;);er is then the stationary process of
TASEP as seen from a hole-particle pair. We use ¥ to denote the law of this process.

We next describe the procedure of obtaining the environment from (¢;);er. We give
the growth process in terms of the occupation time function, which we also denote by L
as a slight abuse of notation. Similar to the i.i.d. Bernoulli initial setting in Section 3.3,
we label the particles from right to left, and the holes from left to right, so that at time 0
the particle at site 1 and the hole at site O are both labeled 0. Let L(a, b) be the time
when the particle labeled b is switched with the hole labeled a. Unlike the i.i.d. Bernoulli
initial setting, here ({;);eRr is a stationary process and evolves from time —oo to 0o, so
L(a,b) may be negative and is well-defined for all (a, b) € Z?2. We then use L to define the
limiting weights and path, which we denote by £ and y by slightly abusing these notations
within this section. We define ¢ via £(a,b) = L(a + 1,b) A L(a,b + 1) — L(a, b), and
define y C Z? as the collection of all (a, ) such that there is a time ¢ when the particle
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labeled b is at site 1 and the hole labeled a is at site 0 in 7,. We let U be the measure given
by the law of such (€, y) constructed from ({;)ser ~ V.
We next do the reweighting. We let ¥ be the measure W conditioned on L(0) = 0, i.e.
we let B
1[L(0) > —€]d ¥
dv — lim ULO) > —€ld¥
€e—>04 P\il [L(O) > —6]
As (¢1)rer under W is a Markov process, the limit could be computed as ¥ conditioned
on there being a jump of the hole-particle pair at time 0; i.e. we first reweight ¥ by

1[¢o_(2) = 0] 4+ 1[¢o_(—1) = 1], the events where a jump is allowed, then let the jump
happen at time 0. More precisely, we can describe ¥ as follows. We have

_ Pgloo-2 = 0¥ + Pyt (=) = J¥P (1 p2w® 4 p29@
Pl =01+ Pgleo_ (D=1 (1-p2+p>

where ¥ (resp. W @) is ¥ conditioned on a jump of the hole-particle pair to the right
(resp. to the left) happening at time 0. More precisely, we define these measures as fol-
lows. Let ({)ser ~ WD Then the negative time part ({;);<o has distribution given by

1[¢o_(2) = 0]d ¥ _
Pglto_(2) =0] ’

and given {o_ we let &y be such that {o(—1) = {e(0) = 0, {o(1) = 1, and {o(x) =
Co_(x + 1) for any x ¢ {—1,0, 1}; and let ({;);>0 be the Markov process of TASEP as
seen from a hole-particle pair starting from ¢o. Similarly, for ({;);er ~ U@ the negative
part (¢;);<o has distribution given by

1[go_(=1) = 1]d¥
Pgleo () =1]"

and given &o_, we have {o(0) = 0, {o(1) = ¢o(2) = 1, and {o(x) = {o_(x — 1) for any
x €{0,1,2}; and (¢;)s>0 is the Markov process of TASEP as seen from a hole-particle
pair starting from (p.

From this construction, the laws of {y under WD and W@ can also be described
as follows. Let W be the law of {*(x)}xen and W_ be the law of {{*(—x)}xen, for
¢* ~W. Under WV, we have £o(—1) = £o(0) =0, &o(1) = 1, and {&o(x + 1)}xen ~ Wy
and {Co(—x — 1)}xen ~ ¥_, and they are independent. Under ¥ @ we have £o(0) =0,
So(1) = Lo(2) = 1, and {{o(x + 2)}xen ~ Wt {{o(—x)bxen ~ W_, and they are inde-
pendent.

We define v as the measure given by the law of (£, y), obtained using the procedure
above from ({;);er ~ V. By Lemma 4.2 below we can see that £(0) has exponential tail
under v, so E, [£(0)] < co. We then show that ¥ is v reweighted by £(0).

Lemma 4.1. We have

£(0)dv

dv = =—~ ——.

E,[£(0)]
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Let us explain why such a relation is expected. Consider the sequence {L (1) }yey of
times when the hole-particle pair jumps. Under ¥ this is a stationary point process in R.
Then v corresponds to the environment as seen from the hole-particle at a typical jump
time. On the other hand, ¥ corresponds to the environment as seen from the hole-particle
at time 0. Because of the ‘inspection effect’, this is biased by the length of the interval in
the point process containing time 0, which is £(0).

Proof of Lemma 4.1. For each s > 0, we let W_; be the measure of ¥ conditioned on
L(0) = —s, ie.
I[—s —e < L(0) < —s]d ¥
dv_, = lim s =€ <LO <-—sjd¥
>0 Pg[—s—e < L(0) < —s]

Note that under ¥, almost surely L(0, 1), L(1,0) > 0 and L(0) < 0, since at time O the
following objects are ordered from left to right: the particle labeled 1, the hole labeled 0,
the particle labeled 0, and the hole labeled 1. So 1[—s — € < L(0) < —s] = 1[-s —€ <
L(0) < —s]1[£(0) > s]. Then since W is stationary, we have

1[—s —e < L(0) < —s]d ¥ = (L[L(0) > —€]L[E(0) > s]d W) o T_,

where T_; is the time translation operator: for any process P = (Py)weR, We denote by
T_s P the process (P—_s+w)wer. By multiplying by ¢! and sending € — 0., we have

Pg[L(0) = —s]d ¥ _; = Pg[L(0) = 0](L[£(0) > s]d¥) o T_g, (4.1)
where
Pg[L(0) = —s] = lim € 'Pgl—s —e < L(0) < —s].
€e—>04

Pg[L(0) = 0] = El_i)r(1)1+ € 'PgIL(0) > —€]

are the probability densities. By integrating the left-hand side of (4.1) over s > 0 we
get d W, under which the law of (£, y) is 7. For the right-hand side of (4.1), we note that
the laws of (&, y) are the same under (1[£(0) > s]d W) o T_; or 1[£(0) > s]dW¥. So by
integrating over s > 0 and taking the law of (&, y), we get Pg[L(0) = 0]§(0)dv. Thus
we conclude that v = Pg[L(0) = 0]&(0)dv. Since v and v are probability measures, by
integrating both sides we get

Pg[L(0) = O]E,[§(0)] = 1,
so the conclusion follows. [

The above construction allows us to explicitly compute finite-dimensional distribu-
tions of v and thus local geodesic statistics (assuming the main results of this paper).
For this rest of this section we illustrate such computations, and prove Propositions 1.5
and 1.6.

We start with the following computations on the next jump times.
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Lemma 4.2. For any h > 0 we have

Py [L(1,0) > h] = (1 + p(1 — p)h)e” 17",
Py [L(0,1) > h] = (1 + ph)e ",

Py [L(1,0) > h] = (1 + (1 — p)h)e =P,
Py [L(0,1) > h] = (1 + p(1 — p)h)e "

Proof. Let D4y =min{x > 1:{o(x 4+ 1) = 0}, the number of particles between the origin
and the leftmost hole at a positive site. Similarly, let D_ = min{x > 1: {o(—x) = 1}, the
number of holes to the right of the rightmost particle at a negative site, up to and including
the origin.

The distribution of D under ¥ is that of X given by (2.4), while the distribu-
tion of D under W® is that of X4 + 1 (which is the distribution of the sum of two
independent Geometric(1 — p) random variables).

Similarly the distribution of D_ under ¥‘® is that of X_ at (2.5), while the distribu-
tion of D_ under W) is that of X_ + 1.

In order for the particle which is at site 1 at time O to jump, the hole starting at site
D4 + 1 must switch with each of the D particles starting in [1, D4]. So given D, the
distribution of L(1, 0) is the sum of D independent Exp(1) random variables, that is,
a Gamma(D 4, 1) distribution. A random variable V' with Gamma(k, 1) distribution has
Ele™*Y] = (1 + s)7*, and from this we obtain, for any s > —1 + p,

(1+5)(1-p)?

o
E —s(L(1,0)] — k(1 — o) 2ok 1(1 -k _
wle =) k(1—pp" 11 +5) 05 =07

k=1

which can be shown to match the expression for Py, [L(1,0) > /] given in the statement.
Similarly, in order for the hole which is at site O at time O to jump, the particle starting

at site —D_ must switch with each of the D_ holes starting in [-D_ + 1,0]. One obtains

o0 2
- - - P
Egm e S(L(O,l))] — kp2(1 —p)k U1 +5) k+1) _ ’
Y ,; (p+5)?
which matches the desired expression for Py,a)[L(0, 1) > A].
Analogous calculations give the probabilities under v, ]

Now we compute the law of the weights on geodesics.

Proof of Proposition 1.5. Tt suffices to compute the law of L(1,0) A L(0, 1), under the

294 294 @
measure W = (1;))1\11—24:)2\1: Note that under either ¥V or W® the random vari-

ables L(1,0) and L(O pl) are independent. Thus by Lemma 4.2 we get
Py [L(1,0) A L(0,1) > h] = (1 + ph)(1 + p(1 — p)h)e ™,
Py [L(1,0) A L(0,1) > h] = (1 + (1 = p)h)(1 + p(1 — p)h)e ™",

and the conclusion follows. [
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Assuming Theorem 1.1, we can also compute the proportion of ‘corners’ in geodesics.

Proof of Proposition 1.6. Assuming Theorem 1.1, we have

Ny p
2n

— P,[{(0,0), (0. 1). (=1.0)} C y] + P,[{(0,0). (0. —1). (1,0)} C ¥]

almost surely as n — oo. From the construction of v, this equals

(1- p)ZPW(l)[L(l,O) > L(0,1)] + pZP\I,(z) [L(1,0) < L(0,1)]
(1=p?+p? '

Since L(1,0) — L(0,0) and L(0, 1) — L(0, 0) are independent under either D or @,
by Lemma 4.2 we have

Py [L(1,0) > L(0, 1)] = p*(1 4+ 2p —2p°),
Py [L(1,0) < L(0, )] = (1 — p)*(1 + 2p — 2p),

and the conclusion follows. [

An alternative representation of the weights on geodesics. We also give an outline of
alternative derivation of the formulae in Propositions 1.5 and 1.6, which also leads to
representations of the type mentioned after the statement of Proposition 1.5.

Note that under \II(Z), D takes values in {2, 3, ...} and has the distribution of the
sum of two independent geometric random variables with parameter 1 — p. Given D, the
random variable L(1,0) is the sum of D, independent Exp(1) random variables. From
this, L (1, 0) has the same distribution as the sum of two Exp(1 — p) random variables, or
equivalently of lTlp(El + E5) for Ey, E5 ii.d. ~ Exp(1).

Meanwhile under \II(Z), D_ takes values in {1, 2, ...} and has the distribution of
the sum of two independent Geometric(p) random variables minus 1. Note that if X ~

Geometric(p), then X — 1 < BX where B ~ Bernoulli(p) independently of X . We infer
that L (0, 1) has the distribution of %(E3 + BE,4), for B ~ Bernoulli(p) and E3, E4 i.i.d.
~ Exp(1) independently of B.

Note L (0, 1) and L(1,0) are independent under W@ So we can combine the previous
two paragraphs to deduce that the distribution of £(0) = L(0, 1) A L(1,0) under v @ s
that of

1 1
—(E1 + E2) A —(E53 + BEY)
l—p P

for B ~ Bernoulli(p) and (E;)1<;<4 i.i.d. ~ Exp(1) independently of B.

We continue in the particular case p = 1/2. Then the distribution of £(0) is the
same under ¥ as under \11(2), and so its distribution under ¥ is again the same, that
of 2((E1 + E2) A (E3 + BEy)) for B ~ Bernoulli(1/2) and (E;)1<i<4 i.i.d. ~ Exp(1)
independently of B.

By elementary arguments involving the memoryless property of exponentials, this
distribution can be seen to be a (1/4,1/2, 1/4) mixture of Gamma(l, 1), Gamma(2, 1),
and Gamma(3, 1) distributions.
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A similar but slightly more involved argument can be made for the case of general p,
to give that the distribution of £(0) is again a mixture of Gamma(l, 1), Gamma(2, 1), and
Gamma(3, 1) distributions, now with weights

(/)4+(1—p)4 20(1— p) 2p2(1—p)2)
P a—pr T =2 )

As a function of p € (0, 1), this distribution is stochastically increasing on (0, 1/2], and
symmetric around 1/2.

The path as a competition interface. As T'y in the i.i.d. Exp(1) random field, the path y
under v can also be described as a competition interface. For L under ¥, by slightly
abusing the notations we let Iy := {u € Z2 : L(u) < 0} and

EVO®u) i= L(u) v 0— Lu—(1,0) v L —(0,1)) v O

for each u € Z2. Then like Lemma 3.6, we can show that I, contains the same information
as {o (whose law under ¥ is explicitly described using W and W_ above). Namely, we
have (0,0) € Iy and (0, 1), (1,0) & Iy; and for any x € Z, {o(x) = 0 if and only if there
is some y € Z such that (x + y,y) € Ipand (x + y,y + 1) € Iy, and {o(x) = 1 if and
only if there is some y € Z suchthat (x + y —1,y) € Ipand (x + y,y) & Ip.

Under ¥ and conditioned on /o, the weights {§"-%(u)},¢y, are i.i.d. Exp(1). This is
because, for any (a, b) € 72, £ V:0(a, b) is the waiting time for the particle labeled b and
the hole labeled a to switch, since they are next to each other; and that is i.i.d. Exp(1) for
all (a, b) ¢ Iy, given (p.

From Iy and & V-0 yunder W, we define a competition interface, similar to how the com-
petition interface is defined in Section 3.3. Specifically, for any u < v, u,v & Iy, let Tu\f ,’JO
and F,)/, 2 be the passage time and geodesic from u to v under the weights &Y. For any
vE Zio \ {0}, we consider the vertex u, ¢ Iy with the maximum Tu\f;?v. If Fuv ;?U intersects
Z 4+ x {0} we let v € Cy; otherwise I‘,Y;?U intersects {0} x Z and we let v € C,. Then
(y NZ2%,) + (1/2,1/2) is the boundary between C; and C», by analogues of Lemmas
3.3 and 3.5.

Using this formulation of y and the explicit description of ¢y under ¥, and passage
time estimates (e.g. Theorem 5.2 below) or the convergence of the passage time point-to-
line profile to the so-called Airy, process (see Theorem 8.7 below), one can possibly show
that y[i] has transversal fluctuation on the order of i2/3 for large i (here y[i] denotes the
i-th vertex in y N Z2 ), and even obtain exact formulae for the distribution of its scaling
limit. We leave these for future explorations.

5. Geometric estimates for LPP

While so far most arguments are on TASEP and use interacting particle system techniques,
for the rest of this paper we will mainly use various LPP geometric arguments. In this
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section we make some preparations, by providing some useful tools. Most results in this
section have appeared in the literature.

In this section, we do not fix p € (0, 1), and all constants are assumed not to depend
on p, unless otherwise stated. For a, b € Z and p € (0, 1), we denote

_ 2(1 = p)%a 2p%a _
won= (| 502 o e | )

Then recall that n” = (n,0), for any n € Z. We also write (0,b) := (b, —b) forany b € Z.

We start with a basic geometric property called ordering of geodesics. Note that for
any 72 vertices u < v, ifu’ < v’ and u’,v" € T, then T/, is the part of [, between
u’ and v’ (including u’, v”). This immediately leads to the following result.

Lemma 5.1. For any (a1, b1) and (a3, by), write (ay, by) <X (az, by) if a1 < ap and
b1 > by. For any uy, uy and vy, vy such that uy < vy, up < vy and u; < Uy, v; < vy,
and any wy € 'y, ,, w2 € I'y, v,, Wwe cannot have wy < wy unless w; = wo.

We next give estimates on passage times. We know that Ty () has the same law as
the largest eigenvalue of X*X where X is an (m + 1) x (n + 1) matrix of i.i.d. standard
complex Gaussian entries (see [40, Proposition 1.4]). Hence we get the following one-
point estimates from [43, Theorem 2].

Theorem 5.2. There exist constants ¢, C > 0 such that for anym > n > 1 and x > 0,

P[To.mmy — (Vm + /n)? > xm'/?n=1/6] < Ce™¢*, (5.1)

In addition, for each yr > 1, there exist C', ¢’ > 0 depending on y such that if m/n <y,
then o
P[Toimmy — (V7 + /0)? = xn'3] < ¢/ O 2rxnl)

/53

P[To,0nn) — (VM + /m)? < —xn'/3] < C'e™*",

and as a consequence

(5.2)

IE[To (m.m)] — (Vm + /n)?| < C'n'/3. (5.3)

Below we will frequently use parallelograms in R2. For simplicity of notation, in the
rest of this section, for any vertices u < v and x > 0, we let U,f’ » denote the parallelogram
in which one pair of opposite sides have length 2x, parallel to the anti-diagonal, and have
midpoints ¥ and v respectively. Formally, we let

= {u +a(v _u) + (ys_y) ¢ AS [Os 1]9 y € [_x’-x]}'
We next state the following parallelogram estimate.

Proposition 5.3 ([11, Theorem 4.2]). Let Uy, U be the part of ur

(=m m) (n,n)
Ln/3) and above LL[,,/31 respectively. For each ¥ < 1, there exist constants ¢, C > 0,

depending only on Vr, such that when |m| < ¥n,

below

P[ Sup |Tu>" - E[TM,UH > XI’[I/S] < Ce_c(x‘g/z/\xnlﬁ)'

ueU;,vel,
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Such a result was first proved as [14, Propositions 10.1, 10.5], in the setting of Pois-
sonian LPP. In the setting of exponential LPP a proof was given in [11, Appendix C],
following the ideas in [14].

We will also need the following estimate on the coalescing probability of two
geodesics, for finite and semi-infinite geodesics respectively.

Proposition 5.4 ([55]). For each ¥ € (0, 1), there exists C > 0 such that
]P[FO,(n,bl)l/z m ]Ln—m = FO,(n,bz)l/z m ]Ln—m] > 1 - Cm_2/3|bl - b2|
foranyn,m € N and by, by € 7 such thatm < n/3 and |b1|, |b2| < ¥n.

Proposition 5.5 ([13, Theorem 2]). For any p € (0, 1), there is a constant C > 0 such

that for any r € N and k > 1, we have P[T'y N L\,372) # I‘(po ry NLr32gg] < Ck2/3,

Similar coalescence estimates have also been obtained in various other papers, such
as [6,53].

We next give some estimates on transversal fluctuations of geodesics (see Figure 6).
Such geodesic fluctuation estimates have been proved using various methods in the literat-
ure [10,11,13,14,16,19,28,38,55]. We start with an estimate for semi-infinite geodesics,
which is illustrated by Figure 6 (a).

I"é ("ab>1/2

FOMW

{rs 0>p

0 D
(a) For the semi-infinite geodesic I 5 : LSemma 5.6 (b) For the infinite geodesic Ty (5 p), s
states that with probability > 1 — Ce™“*" | its inter- Corollary 5.9 states that with probability
section with IL, is within distance x72/3 of (r, 0) ,; > 1 —Ce*" below L, it is contained
Corollary 5.8 states that with probability > 1 — in yxr?’3

—ex3 . o oxr2/3 0,(r,b')1/2°

Ce , below L, it is contained in U0 (0),"

Fig. 6. Illustrations of the transversal fluctuation estimates.

Lemma 5.6. For any { € (0, 1), there exist ¢, C > 0 such that the following is true. Let
p € (W, 1 —)andr,by € Z be such that T§[2r + 1] = (r, b;),. Then P[|b,| > xr?/3]
< Cee¥’ forany x > 0.

This bound can be quickly deduced from [28, Theorem 3.1] or [16, Theorem 2.4].
Here we give a proof using the above passage time estimates, and properties of the Buse-
mann function.
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Proof of Lemma 5.6. In this proof we let ¢, C > 0 denote small and large constants that
depend on ¥, and whose values can change from line to line. We assume that r and x are
large enough (depending on /), since otherwise the conclusion is obvious.

For simplicity of notation we denote 7,7, = T,y — §(v) for any vertices u < v. Let
B be the Busemann function in direction p, as defined in Section 3.1. By Lemma 3.1, the
event |b,| > xr2/3 implies that there exists b € Z such that |b| > xr2/3, and To.,(r,b)p +
B((r,b),.1r°) > Tofrp. To bound this event, we denote

Lj:={{r.b),: |b—2j[r2/3j| < r2/3} for j € Z.

For each j such that L; intersects Z>0, we have

]P’[ max _ (Ty, + B(u,r?)) > To'rp]
u€L;j ﬂZzzO ’ ’

<P[ max (T3, —EITD) > co2r'? | + P[Tgn — ElTgp] < —cojr'/?]
MELjﬁZZZO ’ 4

+1P>[ max_ (B(u,r?) + E[Tq,]) — E[Tg o] > —2¢0r 1/3] (5.4)
ueLjnZé) ’

where ¢y > 0 is a small constant depending only on ¥, and satisfies several conditions to
be specified below. We next show that each term on the right-hand side of (5.4) is bounded
by Ce=l7P; then by summing over j € Z such that2|j| 4+ 1 > x and L; intersects Z2,
(note that the latter implies that | j| < 2r(2[r2/3])~! < 2r'/3) we get the conclusion. -

e For the first term, we let ¥’ > 0 be a small number (depending on ¢o and ¥ and to be
determined). When Lj is contained in {(r, b)1/2 : |b| < (1 —y')r}, we consider the paral-
lelogram Uor( r2i P23 ),
bound. When L is not contained in {(r,b); 2 : |b| < (1 —¥)r} we cannot directly apply
Proposition 5.3, since the above parallelogram may not satisfy the slope condition there.
Instead, we take some small a > 0 (depending on ¢y and ¥ and to be determined), and

consider the parallelogram U . Using Proposition 5.3 with this par-

. Using Proposition 5.3 with this parallelogram we get the desired

LarJ 0)1/2,(r,271r2/3]),"
allelogram we get

. e :2.1/3 —cljl?
P[uez??\);zzzo(T_(LarJ’o)l/z’u E[TZ 0.0 )1/, W) > 27 Yeoj?r ] <Ce . (55

Foranyu € L; N Z;O we have T, < T(.—I_och,O)l/z,u’ and

E[To] > EIT (gr)0), 0] = 2007 co¥?r > BT g, 0), 0] =27 c0ir' 3,

where the two inequalities are due to the following reasons. The first inequality is by

E[Tg,] = 2r and E[T” .| 02, W] < 2r + 2007 oy ?r, which is due to (5.3) and the
fact that L; is not contained in {(r, b)1/> : |b| < (1 —¥/)r}, and taking ¥ and o small
enough (depending on v and cg). The second inequality follows from |j| > 0.1yr'/3,
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which is implied by the fact that L; is not contained in {(r,5)1,> : |b| < (1 — ¥')r}. Thus
we have

o Ln,%zz O(T—<LarJ,0)1 o~ BT ar) 00, )

> max_(Tg, —E[Ty, ) —2" le ]2r1/3
uel;NZ?2 ’ ’

>0
so the first term on the right-hand side of (5.4) is bounded as desired by (5.5).
e For the second term we apply Theorem 5.2.

e For the last term, by (5.1) and (5.3) from Theorem 5.2, we have E[T" 0.05), 1-E[Tg0] <
Cr'3—b(p~'—=(1—=p)~Y)—ch?r~! forany (r,b), € Z>0, where ¢ > OIS determined
by . By taking ¢o < ¢1, and assuming that both r and |j| are large enough, we have
c1b?r=t — Crl/3 —2¢j2r'3 > ¢ j2r'/3 when |b — 2 [r2/3|| < r?/3. Then the last
term on the right-hand side of (5.4) is bounded by
—1 -1 :2.1/3
P o 85 s (B 1one) =7 = 1= 70) > 0],

Note that b +— B((r, b),, ") — b(p~' — (1 — p)~!) is a (two-sided) centered random
walk, where each step has exponential tail determined by p (see Section 3.1). We can
apply concentration inequalities to get the desired bound.

(For example, we can do a Chernoff type estimate as follows. Take any ¢, > 0, small
enough depending on . Without loss of generality we assume j > 0. Write the random
walk as b — Z?:l X; for b > 0, where each X; has exponential tail determined by p.
Consider e¢2/7~"/? £ Xi , which is a supermartingale in b. Let t be the first time after
(2j — 1)[r?/3] when this supermartingale is at least e?7 or Q2 + D[r23] +1,
whichever is smaller. Then we have

b
IP’[ max X: > cl/? '2r1/3]
\b*Zer2/3J|5r2/3Z ! 2 J

—1/3y°T . 3/2 -3
<P|:ZX >C1/2 i2 1/3] [ec2]r Zl:le >ec2 J ]

_c3/2 —1/3 37 .
<e ¢ J ]E[ec2]r lele]

3/2 .3 —1/3 Zf—z_"1+”“2/3”' Xi]

3/2 .3 i-—1/3 : 2
Se—c2 j ]E[eczjr — e i E[eczjr /Xl](2]+l)|_r /3J+1,

.. —c2/?j3)2 . . cajr1/3x
and this is bounded by e™“2 when ¢, is small enough, since E[e€2 1] <
Cc2j2,—2/3
e~ ‘2. )
From these bounds the conclusion follows. ]

In addition to the above one-point bound, we also quote the following uniform bound
on transversal fluctuations of geodesics.
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Lemma 5.7 ([11, Proposition C.9]). For each ¥ € (0, 1) there exist constants ¢c,C > 0
such that the following is true. For x > 0, n € N, and |b| < {n, the probability that the

; : xn?/3 ; —cx”
geodesic FO,(n,b)l/z exits UO,(n,bh/z is at most Ce .

The following result for semi-infinite geodesics follows immediately by combining
Lemmas 5.6 and 5.7. See also Figure 6 (a).

Corollary 5.8. For each i € (0, 1), there exist constants ¢, C > 0 such that the follow-
ing is true. Take any r € N large enough, any x > 0, and any p € (Y, 1 — ). Then

with probability at least 1 — C e_cxs, the part of the geodesic T’ {)’ below 1L, is contained

2/3
in Ug{r.0),-

We also have such a near-end transversal fluctuation estimate for finite geodesics (see
Figure 6 (b)).

Corollary 5.9. Foreach ¢ € (0, 1), there exist constants ¢, C > 0 such that the following
is true. Take any integers 0 < r < n that are large enough, any x > 0, and any integer b
with |b| < ¥n. Let (r,b') 5 be the vertex in 1L, that is closest to the straight line connect-
ing 0 and (n, b)y/>. Then with probability at least 1 — Ce_CXB, the geodesic Ty (n by, ,,

2/3
below L, is contained in er ,
(rb")1/2°

Proof. Let ¢, C > 0 denote small and large constants depending only on v, and whose
values can change from line to line. When x > 2r!/3 the conclusion follows obvi-
ously, so we can assume that x < 2r'/3. We now take p_, p4 € (0, 1) such that
0~ = (n,b— lcxn'/3]);/5 and 0+ = (n,b + [cxn'/3]), /5. Take b_, by € Z such
that (n,b_)1/2 € Ty~ and (n,b4)1/2 € 1"6”’. By Lemma 5.6, with probability at least
1 —Ce=*" wehave b_ < b < b, thus Lo, (n,), > is sandwiched between I'y~ and Tyt
below L, by ordering of geodesics (Lemma 5.1). By Corollary 5.8, with probability at
least 1 — C e“’x Fp ~ and Fp * below LL, are both contained in U, x’r b?) , so the con-
clusion follows. ]

Finally, we have the following estimate on the passage time along a semi-infinite
geodesic. For simplicity of notation, below we denote (recall that p = ((1 — p)2, p?))

={xp+y((1—p).—p):y €R}
for any p € (0,1) and x € R. Note that H intersects the axes at (0, xp) and (x (1 — p),0).

Lemma 5.10. For each y € (0, 1), there exist constants ¢, C > 0 such that the following
is true. Take any p € (Y, 1 — ) and | > 0. Let uy be the first vertex in F(f above the
line Hf. Then P[|To, — 1| > x1'/3] < Ce™* forany 0 < x < cl?/3,

Proof. Let ¢, C > 0 denote small and large constants depending only on i, and whose
values can change from line to line. Let U = U (0 cllj/z()l)Z/ZLC 11,0),° Let V' be the set of all
v € U that are within distance 1 of the line ]HI'O By Corollary 5.8, with probability at

least 1 — Ce™*""?, the geodesic T between L) and Ly is contained in U, thus
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Fig. 7. An illustration of Lemma 5.10 and its proof: the yellow region is the parallelogram U =
ex1/272/3 . . S .
U(LclJ,O)p,(LClJ,O)p’ and V is the set of vertices within distance 1 of the green segment. When c is

small and C is large (depending on p), if F";) between LL| ;| and L ¢y is contained in U, it must
intersect the line H;’ inside U.

uy € U and uy € V, since (when c is small and C is large) L|¢;) N ZZZO is below Hf and
Licipn Z;O is above Hf (see Figure 7).

By (5.3) in Theorem 5.2, we have |E[Tp ] — ] < exI'/3 for any v € V. It remains to
show that

]P’[ma&c |To,0 — E[To,]| > cxll/3] < Ce %, (5.6)
ve
For this, we split V' into [x!/2] sets Vi, ..., Viy1/27, each with diameter < cl?/3. Since

cx1/212/3 < ¢], the slope of any line passing through 0 and intersecting V is bounded
away from 0 and co. So we can apply Proposition 5.3 to each V; to conclude that

P[magi |To.n — E[To ]| > cxll/3] < Cem ¢ 2nxl?)
vev;

By a union bound over i we get (5.6), and the conclusion follows. ]
Combining Corollary 5.8 and Lemma 5.10 we get the following (see Figure 8).

Corollary 5.11. Foreach € (0, 1), there exist constants ¢, C > 0 such that the following
is true. Take any p € (Y, 1 — ) and | > 0, and let u, be the last vertex in 1"6) with
Tou, <. Then forany 0 < x < cl12/°, with probability > 1 — Ce=*" the vertex uy is

; o p x12/3
between the lines H__ 5,5 and Hl+x311/3’ and Ty y, C Uo,(l,o)p'

6. Convergence of TASEP as seen from an isolated second-class particle

Starting from this section, we again always fix p € (0, 1), and the choice of all other
parameters and constants can depend on p unless otherwise stated.
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P
Hl+m3ll/3

HP

1—a311/3

Fig. 8. An illustration of Corollary 5.11: the yellow region is the parallelogram Ué‘élz:f)ﬂ. When
2/9 ; : x12/3 . P o :

x < cl#/7, the intersections between Uo, (1,0, and the lines H 1—x3]1/3 and Hl x3y1/3 A€ strictly

below L;. Thus if I‘(')O below LL; is contained in U‘félzﬁ)p, the part of 1"6) between H77x3 1173 and

H

H

x12/3
Vo.(1.0),

. x12/3
we must have Iy, C UO,(Z,O)p'

5 must also be contained in ; and if in addition ux is between ]HI'IO 37173 and

0
I+x311/

]
I4+x311/3°

Using geometric arguments and estimates from Section 5, in this section we upgrade
Proposition 2.7 to Theorem 1.7. The general idea is to show that &, and ®;, are close
when s is much smaller than 7.

Proposition 6.1. Forany N € N, there is a constant C > 0 such that the following is true.
Forany s,t > C witht < s'°', and any continuous function f : {0, 1, x}[=%N1 10, 1],
regarded as a function on {0, 1, ¥}Z, we have |®,(f) — ®,15(f)| < C(s/1)"/3°.

Using this we can deduce Theorem 1.7.

Proof of Theorem 1.7. Take any N € N and f : {0, 1, %}[=N-N1 _ [0, 1], regarded as a
function on {0, 1, x}Z; it suffices to show that

Jim @,(f) =W(f). (6.1)

Take any § > 0. By Proposition 2.7, (§¢)! (ft D,y (f)ds — VU(f) as t —> oco. By
Proposition 6.1, for any ¢ > C,

St
.(f) — (1) /0 By 4s(f) ds

8t
<607 [ 10— Bra(Hlds + 6070 < €810 4 0,
.

where C is a constant depending on N. Thus limsup,_, . |P;(f) — ¥(f)| < 81730,
and by sending § — 0 we get (6.1). ]



J. B. Martin, A. Sly, L. Zhang 44

To prove Proposition 6.1, we construct a coupling between ®; and &, ;. For this we
recall the setup of TASEP as seen from a hole-particle pair (or equivalently a second-class
particle).

Let (7 )s>0 and (1) s=0 be two copies of TASEP with o (0) = n(‘)"(O) =0 and
no (1) = n(‘)"(l) = 1; and all 5y (x), na'(x) for x € Z \ {0, 1} are i.i.d. Bernoulli(p). In
both copies, we label the holes by Z from left to right, with the hole at site O at time 0
labeled 0; and label the particles by Z from right to left, with the particle at site 1 at time 0
labeled 0. Keeping track of the hole-particle pair starting from sites 0 and 1, as described
in Section 3.3, we let p;” = (a; ,b; ) and pi = (a].b]") be the labels of the tracked hole
and particle at time ¢ (in (17; );>0 and (1) ¢>0 respectively).

For notational convenience, we also denote

W =0 (x+a; —=b; +9), A =nf(x+af-bF+)

for any ¢ > 0. Then (#; );>0 and (7 )¢=0 are TASEPs as seen from a hole-particle pair,
and by replacing the hole-particle pair in #j; or A1 by a second-class particle we get the
distribution ®, (defined in Section 2.2).

Below we fix s > 0. Our general strategy is to couple the processes (77 );>0 and
(ﬁ:ﬁr ¢)e=0 so that they evolve with the same set of waiting times (to be explained shortly).
We implement this via coupling TASEP and LPP as described at the beginning of Sec-
tion 3.3, and coupling the corresponding LPP models. For this, let us set up some useful
notations.

e Foranya,b € Z, if in n; (resp. 173r ) the particle with label b is to the left of the hole
with label a, we let L™ (a, b) (resp. L™ (a, b)) be the time when they switch; otherwise
we set L™ (a,b) = 0 (resp. L*(a,b) = 0). Let {€ (1) },.cz2 (resp. {ET (u)},cz2) beiid.
Exp(1) weights; below we work under the almost sure event that there is a unique geodesic
between any Z? vertices u < v under these weights, and from any u € Z? there is a
unique semi-infinite geodesic in direction p under these random weights, and all these
semi-infinite geodesics coalesce. We let G~ (resp. GT) be the LPP Busemann function
in direction p under these random weights (defined like G in Section 3.1). We couple
() e=0 (esp. (77)r0) With {E7 (1)} yez2 (resp. {7 ()}, ez2) s0 that G~ v 0 = L~
(resp. GT v 0 = L) almost surely, and below we work under the event that this equality
holds.

e Weuse I, §7V, 7V, T, | I B LY (resp. I, 1V, g1V, Tu_t—v’ F;:v’ rr,
F,f V) to denote the objects I; (growth process), £V (dual weights), £¥* (dual weights
from I;), Ty, (passage time), I, , (finite geodesic), 'y (semi-infinite geodesic), I';/
(downward semi-infinite geodesic) defined in the introduction, and Sections 3.1 and 3.2,
under the weights £~ (resp. £ 7). We shall also work under the almost sure event that these
downward semi-infinite geodesics (under these weights) exist and enjoy uniqueness and

coalescence. In addition, for any 7 € R we let

A ={uelt G+ (1,0)vGTu+ (1)1}
A ={uecl :G (u+(1.0)VvG (u+(01)>1}



Convergence of environment seen from geodesics in last-passage percolation 45

e Fort >0, p; = (a;,b;) (resp. p; = (a;f,b;")) is the last vertex in Ly NI; (resp.
I,F N 1;h), by Lemma 3.7.

We first describe the coupling between 7, and 7. Take r € N. For any coupling
between 7, and 7}, we denote by 4 the event where

r r
o (¥) = AF (). Vx € Z.|x| >r: > Ay = > iF ().
x=-r xX=-r
By Lemma 3.6, under 4 we can find a (unique) p* € Z? such that I; N {u € Z? :
lad(u)| > r} = (1,5 — p*) N {u € Z? : |ad(u)| > r}, and ad(p*) = ad(p]). In particular,
this implies that

Ig\{u e Z?: |adw)|, |dw)| <r} = (I;F —p*)\{u € Z* : |ad(u)|,|[d ()| < r}.  (6.2)

Lemma 6.2. There is a coupling of 7y and i} such that P[A] > 1 — C(rs™2/3)=1/10

when Cs2/3 < r < §2/310-01 gui s > C, where C > 0 is a constant.

We leave the construction of this coupling to the next subsection, and proceed to
couple (77 )¢>0 and (ﬁ;q_,) +>0. The idea is actually straightforward: we just couple the
exponential waiting times. Namely, we note that for any (a,b) & I, £ V"%(a, b) is pre-
cisely the waiting time for the hole labeled a to switch with the particle labeled b since
they are next to each other; and conditioned on /;, {Sf’v’o(u)}uezz\lo— are i.i.d. Exp(1)
(see also Lemma 3.4). The same is true for {£1°V>5 (“)}ueﬁ\lir conditioned on /;". So
we just couple these two sets of waiting times (as much as possible), up to a translation
by p*.

We note that, for (7;);>0 and (f];q_,) >0, we need to couple them conditioned on
Ay and 7. We next show that, under +4, 7, and 7} and p* contain precisely the same
information as I and /;". (Then conditioned on 7, and 7" and p*, the waiting times
{E_’V’O(u)}uezz\la and {§+’V’S(u)}uezz\ls+ are ii.d. Exp(1).) Indeed, 7, is just 1y,
which determines /; according to Lemma 3.6. Using Lemma 3.6 we also see that 7j;
determines /.t up to a translation of Z?; and the translation can be uniquely determined
using p* and the fact that /; and I;” — p* are the same outside a compact set. In the
other direction, given /,;F and /; we can uniquely find p*, and (by Lemma 3.6) 5 = iy
is determined by /", and 7 is determined by /;". To get ;" we just shift ni by ad(p*).

We now couple (77 );>0 and (ﬁ;']rt),zo. We let 7, and A} be coupled using the
coupling from Lemma 6.2. If 4 does not hold, we just couple (7;);>0 and (ﬁ;rt)tzo
(conditioned on 7 and 77) arbitrarily. If # holds, we couple (7; )0 and (ﬁ;rt)tzo
(conditioned on 7, and 77 and p*) so that the event

E7V0w) = T+ p). Yu e Z2\ (g UUS - p"). ©.3)

holds with probability 1. Below we work under this event whenever +4 holds.

We bound the total variation distance between the {0, 1, *}[[_N N1 marginals of ®;
and @, (and thus prove Proposition 6.1) by bounding the probability that 7, and ﬁ?}r s
are different in [N, N + 1] under this coupling.
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In the LPP setting, this is to show that with high probability, for any u around p,;” we
have L™ (u) = LT (u + p*) — 5. By Lemma 3.5, this is implied by the fact that for such
u the paths I'y;”" \ Iy and F; +¥,* \ I; — p* are the same path, contained in the area
Z>\ (Iy U (I;7 — p*)) where the weights are coupled. Using the non-crossing property
(Lemma 3.3), this is ensured by coalescence of (upward) semi-finite geodesics. More
precisely, we consider the following events (which are also illustrated in Figure 9).

Take m,r € N withr < m.

e Let B_ be the event where

Ju_,u_p€dly 1 adu—;) <—r,adu—_pz) >r, du—,),du-z) <2m,
L, MLy =T, ,NLn.

u

e Let B, be the event where 4 happens (with the same r), and in addition

Qg utpp €0 aduyy — p*) < —r, ad(us — p*) >r,
dWs,1 — p*),dUy — px) < 2m,
Ty, =P Nl =@, , =) NLn.

Ut Ut 2

e Forany ¢ > 0 we let F; be the event where d(p; ) > 2m + 2N + 2.

Lemma 6.3. For any t > 0, under B_ N By N F; the process 7, equals ﬁ;"ﬂ in
[-N,N +1].

To prove this, we mainly need to establish the following result.

Lemma 6.4. Under 8_ N B4, we have
(1) L=(u) = LT (u + p*) — s foranyu € Z> withd(u) > 2m,u € Iy, u + p* & I},
2) p; = pt++s — p* forany t > 0 with d(p;) > 2m.

Proof. Since r <m, under A we have {u € Z?:d(u) >2m} N Iy ={u € Z*:d(u) >2m}
N (155 — p*) by (6.2). Denote U = Z2 \ (I U (I;7 — p*)).

We first show that, under 4 N B_, we must have ', Y \Iy CcUforanyu eU
with d(u) > 2m. Indeed, by the non-crossing property (Lemma 3.3), the path T,” | +
(1/2,1/2) divides u—_; + (Z* \ Z2%,) into two parts Py ; (the lower-right part) and P; 4
(the upper-left part) such that T',*" intersects at most one of them, and the path I, +
(1/2,1/2) divides u—» + (Z* \ Z%,) into two parts P, ; (the lower-right part) and P, 4
(the upper-left part) such that T;,*" intersects at most one of them. Since T’ w_y MLm=
I’u__’2 N 1L,,, we must have

{fu:dw)>2myN Py ={u:dwu)>2myN P,
{u:dw)>2m}N Py ={u:du)>2myN P4,

For any u € U with d(u) > 2m, depending on whether u € Py 4+, P, 4 oru € Py |, P, ,
we must have I';>" \ Iy C Py or oY\ Iy C P,. Denote the lower endpoint
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(<=}

[en)

Fig. 9. An illustration of the events B_ and B, translated and superposed together. The red objects
are for B, and are constructed from (1, )s>0; and the blue objects are for B4 and are constructed
from (nf)tzo. The difference between the red 0 and blue 0 is p™*.

of I,V \ Iy by vo. By Lemma 3.5, we have vo — (0, 1), vo — (1,0) € I, s0 vg €
U—1 + Zso X Z+ (lf Vo € P1’¢) or vg € U—o + Z+ X ZSO (lf Vg € P2,¢). Thus vy Q/
I;5 — p*, by (6.2) and the fact that ad(u—_1) < —r, ad(u_5) > r. So vo € U, which
implies that T,,"" \ I C U.
Similarly, under 84+ we have I‘L’_\;* \ I;- — p* C U forany u € U with d(u) > 2m.
According to (6.3) we have £V:%(u) = £V-S(u + p*) for any u € U. Then by
Lemma 3.5, for any u € U with d(u) > 2m, since we have shown that I';>" \ Iy cU

and F:i;* \ I, — p* C U, we must have

OV \1Iy = r;;’;* \ It — p*, (6.4)

and L™ (u) = L*(u + p*) — 5. Thus statement (1) holds.

We next prove (2). Below we always assume B8_ N B. Using the fact that p; is the
last vertex in Il;” N I, and p,':_s is the last vertex in I (;" api t"_’H, and statement (1), it
suffices to show that

Ty N{u€Z*:du) >2m}+ p* =Ty N{ueZ?:du)>2m+d(p*)}. (6.5)

By the non-crossing property (Lemma 3.3), [y N {u € Z? : d(u) > 2m} is determined
by I'y,*Y for all u € U with d(u) > 2m. More precisely, we divide the set of u € U with
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d(u) > 2m into two parts, depending on whether the lower endpoint of T',*" \ I is in
Z<oXZyorZy x L<g,and Ty N{u € Z? : d(u) > 2m} + (1/2,1/2) is the boundary
of these two parts. Similarly, we can also divide the set of u € U with d(u) > 2m into two
parts, depending on whether the lower endpoint of F: _;;* \ I;Fisin p} + Z<o x Z4 or
P+ Z4 x Z<g,and (T — p*) N{u € Z2 : d(u) > 2m} + (1/2,1/2) is the boundary
of these two parts.

To prove (6.5), it then remains to show that, for any u € U with d(u) > 2m,

the lower endpoint of T';,>Y \ Iy isin Z<g X Z 4

<> the lower endpoint of FL’_\;* \ ISJr is in ps+ +Z<oxZy. (6.6)

For this, we denote the lower endpoint of T, """ \ Iy as vg. By (6.4), vo + p* is the lower
endpoint of FL’_;* \ I;7. Recall that ad(p — p*) = 0, so0 vy is either in both Z <o X Z 4
and pf — p* 4+ Z<o X Z 4, orinboth Z4 x Z<g and pJ — p* + Z4 x Z<o. Thus we
get (6.6), which implies (6.5), and the conclusion follows. ]

Proof of Lemma 6.3. The event that 7);” equals ﬁj}rs in [N, N + 1] can be written as
(17 (x 4+ ad(py ) xe[-N.N+1] = {1716 + ad(pf L)) xe-NN+1]-
By Lemma 3.6, this is implied by
U7 =p)HN[-N—-LN+1P =1 —ph)n[-N-1LN+1]% (6.7

Below we assume B_ N B4 N F;. Foranyu € [-N — 1, N + 1]*> + p;, we have d(u) >
2m by ¥;. Since under + the sets I, and I;F — p* are the same outside {u € Z? :
lad(u)|. |d(u)| < r} (as stated by (6.2)), and m > r, we have either u € I, N (I}t — p*)
oru & I; U (1,5 — p*). In the latter case we have L™ (u) = Lt (u + p*) — s, by Lemma
6.4(1). Thus we always have either v € I, N (I;:_S —p¥),orudgl U (It':_s - pY).
Consequently,

([N = LN+ 11>+ p) N1 = (N = LN + 1P+ p7) N (L5, = p").

By Lemma 6.4 (2) we have p; = Pz++s — p*, so we get (6.7), and the conclusion follows.
|

To prove Proposition 6.1, it remains to lower bound P[B_], P[84], and P[¥;]. For
this we set up some additional notations. Recall that p = ((1 — p)2, p?). As in Section 5
(but omitting p from the notation), we set

Hy :={xp+y((1—p),—p):y €R}
for any x € R. We also denote
Vi i={(x,—x) + yp:y € R},

and for any set A C R we define V4 1= J,c4 Vx and Hy 1= (J, 4 Hx.
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va Iy

(a) Estimating the probability of 8_: by Corollary 5.8,
with probability > 1 — Ce™", the geodesics I';;, and I';}
are disjoint from the sets {u € Z2 : |d(u)|, |ad(u)| < r}
and Z <o x [2r(1 — p)~™4, o] and [2rp~%, o] x Z <p.

v2 It

(b) Estimating the probability of #4 \ B4: by Corollaries 5.8 and
5.11, with probability > 1 — Ce=¢"*5"> we have py~ € A, and the
geodesics Flfl and F{)S are disjoint from the sets A" and A + Z <o x
[2r(1 — p)=*, o] and A + [2rp™4, 00] x Z <.

Fig. 10. Ilustrations of the proof of Proposition 6.1. The probabilities of the coalescence events are
estimated using Proposition 5.5.
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Proof of Proposition 6.1. In this proof we let ¢, C > 0 be small and large constants which
depend on N, and their values can change from line to line.

We will show that 7; equals ﬁfﬂ in [-N, N + 1] with probability > 1 — C(s/1)'/3°,
assuming that ¢, s are large enough depending on N. We could also assume that ¢ /s is
large enough depending on N, since otherwise we would have 1 — C(s/1)'/3° < 0. For
the parameters in the definition of the events A, B_, B4, and F;, we take m = |1 /10| and
r = [s'/3t3]. Denote v; = (—[rp~2(1 — p)~2],0) and v, = (0, —[rp 2(1 — p)~2]).

We first lower bound P[B_]. We take u—; to be the last vertex in I';, N [y, and u—_»
to be the last vertex in I') N Iy Then u— 1 € Z<o X Zx>o and u— € Z»o X Z<o. By
Corollary 5.8, we have

Plad(u—1) < —r],Plad(u—_) > r] > 1—Ce ",
and
Plu_; € Z<o x [0,2r(1 — p)_4]]],]P’[u_,2 € [0,2rp™%] x Z<o]>1—Ce™ .

See Figure 10 (a) for an illustration. Since 2r(1 — p)™*,2rp™* < 2m (as t, s, t/s are
large enough), we have P[d(u—_ 1), d(u—-2) < 2m] > 1 — Ce™“". By Proposition 5.5 we
have P[I'; N Ly =T, NLy]>1- Crm~2/3. Thus we conclude that P[B_] > 1 —
Crm™23 —Ce™".

We next bound P[4 \ B ] (see Figure 10 (b) for several sets in Z? to be defined). We
take 14,1 to be the last vertex in It N 15", and uy > to be the last vertex in Tt N I
Then by ordering of geodesics (Lemma 5.1), and since p;”, U4,1,and uq 5 are all in 313+,
we must have ut 1 € pf + Z<o X Zso andu4 5 € pf + Zo X Z<o.

Let A = V(_pp) N H(_(;35-2)51/3 54 (-35—2)51/3)- Note that pf is the last vertex in
{u e T} : GT(u) < s}, s0by Lemma 3.1, p — (1,0) or p;t — (0, 1) is the last vertex in
{ueT,: To—,Fu < s}. Then by Corollary 5.11 we have P[p;" € A] > 1 — Ce™¢75 ",

e When p;" € A, we must have ad(uy 1) < ad(p}) — r and ad(uy ) > ad(p}) +r,
unless uy 1 € A oruy, € A’, where

A=A+ {ueR*: |dw)|, ladm)| <} C Viarar) N H—crsicr)-

By Corollary 5.8, we have Pluy ; € A'], Pluy, € 4] < Cecr™s™2, Recalling that
under A we have ad(p;) = ad(p*), we now conclude that

2

Pl{ad(uy,1) > ad(p*) —r} N Al Pl{ad(us ) < ad(p*) +r}N A] < Ce=er’s ™2,

e When p} € A, we must also have d(u4,1) < d(p;) +2r(1 — p)~* unless u4; €
A+ Zi<o x [2r(1 — p)~*, 00]. By Corollary 5.8 the latter happens with probability
< Ce*7? 50 we have

Pld(ug, — pi) = 2r(1 = p) ™ < Ce™".
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When 4 holds, we can find some wy, wy € Z? with |ad(wy)|, |ad(w,)| < r + 1 such
that wy € (Z— x Z4) N (pF — p* + Z_ xZ4),and wy € (Z4 x Z_) N (p} — p* +
Z4 x Z._). This implies that |[d(p}* — p*)| < 2r. Thus we conclude that

]P’[{d(ll+,1 — p*) > Zm} n A] < P[d(u+,1 _ p;i-) > 2r(1 _ p)—4] < Ce_chS_z,

Here the first inequality is by 2m — 2r > 2r(1 — p)~* (due to taking s, ¢, /s large).
3,2

Similarly, P[{d(u+> — p*) = 2m} N A] < Ce "5 ~.

e We have shown that » implies |d(p;f — p*)| <2r.Ifin addition p;” € A, we must have
d(p*) = d(p}) —2r > 0 (since s, 1,1 /s are taken to be large). So using Proposition 5.5
we have

PI{(T,: — p*) N Ly # (T} — p*) N Ly} N A]
< PITY 0Ly # T 0Ll + Plpf ¢ A] < Crm™/3 4 Cemer™™

Thus we conclude that P[4 \ B4] < Crm~2/3 + Ce=crs72,

Finally, we consider P[¥;]. Since p; is the last vertex in {u € Iy : G™(u) < 1},
Lemma 3.1 implies that p;” — (1,0) or p;” — (0, 1) is the last vertex in {u € Ty : Ty, <1}.
Then by Corollary 5.11, with probability > 1 — Ce=*"* we have pr € Hjaon N
V(_s8/9 18/9), thus d(p;) > (1 — 0)? + p?)t/2 — 189 > t/4— 18/9 Note that since m =
|#/10] and ¢ is taken large enough depending on N, we have 1 /4 — t8/° > 2m + 2N + 2.
So P[F] > 1 — Ce—ct??,

By Lemma 6.3, 7j; equals ﬁ;"ﬂ in [-N, N + 1] with probability at least

P[B_] + P[A] — P[4 \ 84] + P[F/] -2

> 1= (Crm™/2 4 Ce™) = C(rs™3) V10— (Crm ™% 4 Ce™77) — Ce
>1-C(s/0)'",

—ct2/3

where the first inequality uses the estimates of P[8B_] and P[4 \ B4] above, and the
estimates on P[+A] from Lemma 6.2. Thus the conclusion follows. |

6.1. The initial step coupling

This subsection is devoted to proving Lemma 6.2.

We define (t;)ser as the process of stationary TASEP with density p, i.e. for any
t € R, 74(x) is Bernoulli(p) for each x € Z independently. Our strategy is to construct a
coupling between the processes (77 );>0 and (t;);>0, where (with high probability) 7}
and t; are identical outside [—r, r], and have the same number of particles in [—r, r]. It
would be straightforward to couple 7, and 7, since both are Bernoulli(p) on Z \ {0, 1}.

We denote o = (rs~2/3)1/5 and r; = 's?/3 fori = 1,2, 3, 4. Below we assume that
o and s are large enough, and also o < r%0!. Recall the notations L=, G~, I;7, I,
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TV TV T Ty T Ty, py (resp. LT, G, I o1 g+ eVt Tk ToF
T, T, pi) for LPP with weights £~ (resp. ). Also recall the notations V,, H and
V4, Hy for x €e Rand A C R.

We now explain the coupling between (n;);>0 and (t;);s0. One straightforward way
is to couple 77(')" and 7o so that they are the same outside a compact interval, and let them
evolve using the same exponential waiting times (just like (; );>o and (r];,),zo are
coupled). One can show that under this coupling, with high probability ni and 7, are the
same, as in the proof of Proposition 6.1 assuming Lemma 6.2. However, we need to com-
pare 7} and 7, instead. For this, we first shift U(J)r by ad(p;), and then couple it with 7o,
so that they are the same outside a compact interval, and then let them evolve using the
same exponential waiting times. One problem is that the number ad(p;") depends on the
evolution of (7;);>0. To solve this, we exploit the fact that ad( p) mostly depends on
the evolution around the hole-particle pair. Specifically, we take the following approach:
we first sample the evolution of (nf),zo around the pair (which corresponds to sampling
the waiting times §-¥:0 in a tube V(_,, ,)) to get a proxy of pJ which equals p with
high probability. Using that, we could shift 79 and couple the rest of the waiting times
g1:V:0 with the waiting times of (;)¢>0-

We start by defining the proxy of pi. Denote P = V(_,, ;) N 7. First we define
L? by letting L¥ (u) =0 foru 10+ U (Z?\ P), and setting LY (u) = L¥ (u — (1,0)) v
LP(u —(0,1)) + £HV-%(u) recursively for each u € P\ I(;". As in Lemma 3.5, L? (u)
can also be defined as the maximum passage time in Z2 \ I(;" to u under the weights
{(EPVO)v e P]}veZZ\I(jr' Then with probability 1, L (1) foru € P\ I(;" are mutu-
ally different, and below we work under this event. Analogously to the inductive construc-
tion of F(;r (see Lemma 3.2), we define I‘(f) by letting F({’ [1] = 0 and

Py : P
Lo [ + 1] = argmin, ¢rf 514+ (1,0, 0 i1+ 0,302 L7 (V) (6.8)

foreach i € N. Recall that p;F is the last vertex in I';” N 7,;7. We let p% be the last vertex
in{u € F(f’ : LP(u) < s}. Denote M = ad(p®). Then M is determined by IO+ N P and
{§+’V’O(u)}uep\]g‘ .

We next show that this proxy pf equals ps with high probability.

Lemma 6.5. P[pf = pf]>1- Ce—co’ for some constants c,C > 0.

Proof. According to Lemma 3.5 and as stated above, L% (1) and Lf (1) are the max-
imum passage times from a vertex in Z2 \ I, 0+ to u, under the weights {£+-V-0(v)}

and {£§TV-0(v)1[v € P]}veZ2\

the maximum passage time to u under the weights {£TV:0(v)}

veZ2\I1
;+ respectively. Also Lemma 3.5 states that the path with
0
veZ I is precisely
T,V \ 1. Then L™ (u) = L¥ (u) for any u with I,/ \ I, € P.

We take

y _( (A -p* + ) 0) ) _(0 3 =P+ )
o 4p? A 4(1—p)? '
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We let D, be the event where
I NHoo29) C Viery,=ri/2s Tify N Hi—oo25) € Vi j2,m1)-

Assuming that D; holds, we denote

S=(U 0+2:sxZ20)) 0 (| 0 +Z20%Z1)) N (Hioo20) \ Ig).

vel",j_1 vel",j_2

In other words, S is the set consisting of the vertices in H(_co25) \ I,  between
1";1 and I‘jz. Take any u € S. By the non-crossing property (Lemma 3.3), v
is disjoint from \J, .+ (v + Z<o X Zy). As uy + 225, U, cp+ 0 + Z<o X Z1),
uy - uj
U,er+ (v + Zy X Z<o) is a disjoint partition of Z2, and uy + ZZ, C Iy, we
ujq - =
must have T, \ I(;" - Uvel"Jr (v + Zy x Z<p). Since u € H oo 25), We fur-
ug
+Vo\ g+ o +V g+
ther have I',"" \ I C Uver‘,jrl (oo 259 (v + Z4 X Z<p). Similarly ;77 \ I C

Uvel,;.an(_sz) (v + Z<o x Z4). Then by D; we must have T;)"Y \ I c P, so

Lt(u) = L (u).

Let D, be the event where Iy N I;F C Vs, /3,73 N H(oo3s/2)- Under Dy we
have V_y, /3=1,r,/3+1) N H(—oo,25) \ IO+ C S, sounder D; N D, we have (1"(;L nit)+
{(1,0), (0, 1)} C S. Then by the inductive constructions of FJF and F{ (Lemma 3.2
and (6.8)), one can inductively show that F‘;L [i[] = F‘f) [i] and LJr(l"‘;L [[1+ (1,0) =
LP(TEL] + (1,0)), LT(TF[i] + (0, 1)) = LE(TE[i] + (0,1)) forall i € N such that
LJF(I‘Jr [i]) < s. By considering the largest such i we conclude that p¥ = i

Now P[p? = p}] > P[D; N D,], and it remains to lower bound P[D;] and P[D,].
By Corollary 5.8 we have P[Dq] > 1 — Ce=ci5™% . For D,, as p{ is the last vertex in
{u e Ty : G*(u) < s}, by Lemma 3.1 we know that pj — (1,0) or p;~ — (0, 1) is the last
vertex in {u € FJ’ : T0,+u < s}. Then Corollary 5.11 implies that P[D,] > 1 — Ce=cris™?
(noting that 3s/2 > s + C(r} 572)s'/3 by our choice of the parameters). Thus the conclu-
sion follows. ]

We next couple tp and (nf),zo. We state the coupling by constructing tp conditioned
on (n;")¢>0, using the following steps.

(1) Let to(x — M) be i.i.d. Bernoulli(p) for each x € [—ra, r3].

(2) For each x = |—r2], |—r2] — 1,..., we take to(x — M) to be i.i.d. Bernoulli(p),
until the first x. € Z with Zg=x* n(J{ (x) — to(x — M) = 0. Then for each x < x4
we take 7o(x — M) = ng (x).

(3) For each x = [ry], [r2] + 1,..., we take 79(x — M) to be i.i.d. Bernoulli(p), until
the first x* € Z with > %_, nd (x) — 7o(x — M) = 0. Then for each x > x* we take
To(x — M) = 13 (x).

As o = ry/ry is large enough, the set P N (Zso X Z<o U Z<p X Zsg) is contained

in {u € Z? : |ad(u)| < r2}. Also note that I(;" N P is determined by 16" nP°PN
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(Zso X Zico U Z<o X Z>0), as P NZ2 C IJ' and P N Z2+ is disjoint from I(;". Then
I(;" N P is determined by I(;" N{u € Z? : |ad(u)| < rp}, which (by Lemma 3.6) is determ-
ined by {r]E)" (x)}x|<r, thus is independent of {776F (X)}x|>r,- Since M is determined by
16" N P and {E+’V’°(u)}uep\15r, we see that M is also independent of {na'(x)}‘,dz,z.

Then from the construction of 7y, and since {17(',|r (X)}x|>r, are ii.d. Bernoulli(p), it fol-
lows that {to(x — M)}xez are i.i.d. Bernoulli(p) conditioned on M. Thus {79(x)}xez
are i.i.d. Bernoulli(p) and independent of M. Conditioned on I, both 7o and M are
independent of {£T>V>0 (”)}uez2\(Pulgr)'

We wish to let (7;);>0 evolve using the waiting times {§+’v’0(”)}ueZZ\(Pu1(j)' For
this, in 7o we label the holes by Z from left to right, and the particles by Z from right
to left, in such a way that for any x € Z \ [x«, x*], the particle (or hole) at site x — M
has the same label as the particle (or hole) at site x in ng. This can be achieved since
7o and 773 are the same outside [x«, x*], and they have the same number of particles in
[x«,0] and [1, x*], respectively.

Let L*(a, b) be the time when the particle labeled b switches with the hole labeled a
if in 7 this particle is to the left of this hole, and let L"(a, b) = 0 otherwise. Note that
unlike LT, this function L7 does not have the same distribution as the Busemann function
in LPP. However, we can still define a growth process from it. For each ¢ > 0 denote
IF:={ueZ?:L%u) <t}and dI} :={u eI} : L (u + (1,0)) v L¥(u + (0,1)) > 1}.
Then I is the same as I(;" outside a compact set.

Lemma 6.6. Foranyu € (I§ \ IO+) U (I(;" \ 1§) we have ad(u) € [x4, x*]

Proof. Write u = (a,b). If u & I, there is some x < 0 such that (@ — x,b —x) & I},
(a—x—1,b—x)elf,or(a—x—1,b—x) §2’10+,(a—x—1,b—x—1) EIJ‘.Then
by Lemma 3.6, either r)bIr (a — b) = 1 and the particle at site a — b (in 773') has label b — x,
or nb"(a—b) = 0 and the hole at site @ — b (in r](‘)")has labela —x — 1. Ifu € I}, we
can similarly deduce that there is some y > O such that (¢ +y + 1,b+y + 1) € I},
(@+y.b+y+lelf,or(a+y,b+y+1)¢If,(a+y,b+y)el]. Thenby (an
analogue of) Lemma 3.6, either 7o(a — b — M) = 1 and the particle at site a —b — M
(in 7p) has label b 4+ y + 1, or 79(@ —b — M) = 0 and the hole at site a — b — M (in tp)
has label a + y.

Thusifu € I§ \ 1", we must have VIE)F (a —b) # 19(a — b — M) or the particles/holes
do not have the same label. So from the coupling between naL and 7y we infer thata — b €
[x«, x*], and the conclusion follows. The case where u € 10+ \ 1§ follows from similar
arguments. [

We can also define the waiting times by letting
§7Y(u) = L"(u) — L™(u — (1,0)) v L*(u — (0. 1))

forany u € Z* \ I{. Given I{ (equivalently, 7o and the labels), we find that {§ ”V(u)}uﬂg
are i.i.d. Exp(1), since they are precisely the waiting times for certain particles and holes
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to switch. Then almost surely L7 () are mutually different for all u € Z? \ 17, and below
we assume this event.

We now couple {& ”V(u)}ugqg with (7])>¢ in such a way that conditioned on 7o and
()0, we have €%V (u) = £HV-0(u) for any u € 72\ (I;7 U I§ U P), and £%V (u)
foru e (P U IO+) \ 1§ are i.i.d. Exp(1). Under this coupling, we denote by & the event
where for any x < —r, 75(x) = 7§ (x) = nf (x + ad(p])), and the particle or hole at site
x has the same label for 75 and 7)7; denote by &, the event where the same is true for any
X >r.

Lemma 6.7. We have P[€1], P[E>] > 1 — Ca™/2 when Cs?/3 < r < s2/310-01 44
s > C, where C > 0 is a constant.

We can now prove Lemma 6.2 assuming Lemma 6.7.

Proof of Lemma 6.2. Under &, N &,, we have 75(x) = fi} (x) for any x € Z with |x| > r.
Also,note 1 + Y " __ A (x)and 1 + Y\ __ 75(x) are precisely the differences between
the label of the first particle to the left of —r and the label of the first particle to the right
of r in i} and 7, respectively, so Y \__, i (x) = Y5 __, 75(x) under &; N &,.

We can couple 7j; with 7, as follows. Conditioned on 7}, we let 74(x) forx =1,2,. ..
be i.i.d. Bernoulli(p) until some y* € Z such that 2{;1 75(x) — g (x) = 0, and for any
x > y* we let 75(x) = 7 (x); we also let 74(x) for x = 0,—1,... be i.i.d. Bernoulli(p)
until some y, € Z such that Zg:y* 75(x) — g (x) =0, and for any x < y, welet 74(x) =
fig (). Let &4 be the event |y« |, |y*| < r. Then P[€4] > 1 — Cr~"/2 for some constant
C > 0, since 7, is Bernoulli(p) on Z \ {0, 1}. On the other hand, under &4 we have
Mg (x) = t5(x) forany x € Z with [x| > rand >\ __, iy (x) = Y% __, 7s(x). Thus &, N

&1 N &, implies 4, and P[A] > P[61] + P[] + P[E4] — 2. Using P[&4] > 1 — Cr~1/2
and Lemma 6.7, the conclusion follows. [

In the rest of this section we prove Lemma 6.7.

For any u € (Z* \ I{) U 81§, we also define the ‘semi-infinite geodesic’ I'Z recurs-
ively, by letting I';[1] = u, and I';[i + 1] = argmin, ez (i14-1,0),1% [i]+(0,1); L (v) for
each i € N. Note that since L* is not coupled with the LPP Busemann function, these I';;
are not actual geodesics.

We consider the following events (see Figure 11 for an illustration of the geometric
objects).

&3: there exists a vertex U4 € 816" such that ad(u4) < x4« and I‘,;: NI C Viers—r)s
and a/, > (1 — p)%s —ryq foru’, = (a’,,b,) being the last vertex in FutL ni;t.

€3: there exists a vertex u, € 9/ such that ad(u;) < xx and I'j N I{ C V(_gr3,—1))s
and a, > (1 — p)>s — ry for u, = (a}., b}) being the last vertex in I, N 1.

&4: foreach u = (a,b) € 1" with ad(u) < M —r, we have a < (1 — p)%s —rq — 1,
andu + (1,0) € Vi_oo —6r3)-

The purpose of these events is as follows. &3 and & ensure that for u in a certain
region (around {u € Z? : ad(u) < M —r} N d1;"), the downward geodesics 7Y and
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Iy

Fig. 11. The events &3, 5, &4, assuming pP = pj . The shaded region is Q in the proof of
Lemma 6.8.

Iy are disjoint from P. Thus using Lemma 6.6 and the coupling between £%¥ and
£1V:0 we have L™ (1) = L (u) for these u. Then we can deduce that {u € Z? : ad(u) <
M —r}y NI is the same as {u € Z2 : ad(u) < M —r} N 3IT. Then using p? = pf
and Lemma 3.6, we find that &; holds. The event &4 is to define this ‘certain region’. In
summary, we have the following statement.

Lemma 6.8. {p? = pFiné&;NEINEs CE;.

Proof. Below we assume that €3 N &} N &4 holds and pf = ps . Denote
Q = {(arb) € Zz a< (1 - p)2S - r47 (arb) € V(—OO,—6I‘3)}'

See Figure 11. Then Q \ IOJr = Q\ I. Indeed, otherwise we can find some u € Q with
uedlf andu ¢ I, oru € 91, and u ¢ I{. In the first case, u € u; + Z<o X Z4
since u € Voo, —6r3)» Uz € Y(—6r3,—r;)» and both u, u, € 31. So we must have ad(u) <
ad(ur) < x«. But ad(u) € [x«, x*] by Lemma 6.6, so we get a contradiction. A similar
contradiction can be obtained in the second case.

Now we take any u € Q \ 10+ = Q \ I}, and we show that L™ (u) < L%(u). By
Lemma 3.5 we know that L*(u) = Zve[‘j‘v\lgr £TV-9(v), and this is the maximum

passage time to u from a vertex in Z2 \ I, under the weights £ V-0, Analogously, L* ()
equals the maximum passage time to u from a vertex in Z2 \ I ¢ under the weights £%V.
It then suffices to show that T/ "Y' \ IOJr is disjoint from P and I7, since then ;" \ 16"
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is an up-right path from a vertex in Z?2 \ 1§ to u, and for any v € v \ IO+ we have
£V (v) = £7V:0(v), thus

Ltawy= > P = Y V) < LTw).

vely VAL velyTY\IS

We show that (I} \ I(;") N (P U I}) = 0, using the following steps.

Step 1: By Lemma 3.3, the path 1",;: + (1/2,1/2) divides u4 + (Z*> \ Z%,) into two
parts such that F,f 'Y intersects at most one of them. By &;andu € 0\ IO+ , we know
that ¥ must be in the upper-left part, so ;7Y cannot intersect the lower-right part.
In particular, Ty is disjoint from w4 + Z4 x Z<o. Also uy + Z2, C I3 since
Uy € I‘F,sol",j"v\l(;F Cuy +Z x7Zy.

Step 2: If T,5Y \ Io+ is not disjoint from /§, take any v € (RN IO+) N I§. Then
v € Ut + Z x Z4 according to the previous step. By Lemma 6.6 we have ad(v) > x.,
and &3 states that ad(u4) < x«. So ad(v) > ad(uy), and thus v — uy € Zi.
But this implies that uy + (1,1) € I§ \ I, which contradicts Lemma 6.6 since
adlus + (1,1)) = ad(uy) < xx.

Step 3: Since uy C V(_gr;,—r,) (by 3), wehave P N (uy + Z<g X Zxo) = 0. We also
have u4 + Zio - 16" since U4 € I(;". Thus P \ I(;" Cuy + Z4 x Z. Take any
(a,b) € P\ I . 1t a > (1 — p)®s — r4, we cannot have (a,b) € T,/ since u € Q.
Ifa < (1 — p)%s — ry, by &3 the point (a, b) is in the lower-right part from Step 1, so
still (a,b) & T*Y. Hence P \ I, is disjoint from T} *", and equivalently Ty " \ 7,
is disjoint from P.

So far we have shown L (1) < L% (u). We can also show L™ (1) < L% (u) with essentially

verbatim arguments, using &7 instead of &3. We then conclude that L™ (u) = L7 (u) for

anyu e Q\ I = o\Ij§.
We then show that &; holds, using Lemma 3.6. Specifically, take any x € Z with

x < —r. We next show that 7 (x) = 7(x), and the particles (or holes) have the same

labels.

We first assume that A (x) = 1. Then ) (x + ad(p;")) = 1. By p¥ = p} we have

M = ad(p}),sont(x + M) = 1. By Lemma 3.6, there is some y € Z such that (M +

x+y—1,y) el and (M + x + y,y) & 1., and the particle at x in 7] has label y.

Sincead(M + x+y—1,y) =M +x—1<M —rand (M +x+y—1,y) €I,

by &s wehave M + x +y < (1 —p)?s —rgand (M + x + y,y) € V(_oo—6ry). Thus

M+x+y,y),(M+x+y—1,y)€ Q,and

LY (M +x+y.y)=LT(M +x+y.y)
>s>LTM+x+y—1,y)=L"(M+x+y—1,).

This implies that (M +x +y —1,y) € I and (M + x + y,y) € I]. Then by (an
analogue of) Lemma 3.6 we have t5(x) = 1, and the particle at x in 7, has label y.
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Similarly, if we assume that 7 (x) = 0, we can deduce that 74(x) = 0, and the holes
have the same label. By taking x over all integers < —r, we conclude that &; holds
assuming p¥ = pf and &3 N &, N EX. m

It now suffices to lower bound the probabilities of the events &3, &3, &4.
Lemma 6.9. P[&;3], P[E]] > 1 — Ca~'2 for constants ¢, C > 0.
Lemma 6.10. P[&4] > 1 — Ce™““ for constants ¢, C > 0.

Using Lemmas 6.8-6.10, we get a lower bound for P[&;]. We can lower bound P [&;]
similarly. Thus Lemma 6.7 follows.
To prove these estimates we introduce some other setups. For the convenience of nota-

tion, we extend £7+V>0 from Z?2 \ I to Z?2, so that conditioned on I, {ETVO0)), o+
0

are i.i.d. Exp(1) and are independent of everything else. For any u < v, we let T,j;;v’o
and F,I ;)V’O be the passage time and geodesic from u to v under the weights £7V-0,
For any v & IJ we denote I';:;}V’O = F,Z’,\f}’o and TITU’V’O = Tut’,\,f’o, where u, =
+,Vv,0 +,v,0 +,v,0 . .
argmax + Ty . Inwords, I'; 77" and T, are the geodesic and passage time
0 ; ;

+,v,0 _
I -

u<v,uél
from boundary /," to v, under the weights £7V-%. By Lemma 3.5 we have I'
LY\ I and 7,70 = L+ (v).

Proof of Lemma 6.9. We shall write out the proof for IP[&3] only, as the approach we take
applies to P[&]] essentially verbatim. We will use ¢, C > 0 to denote small and large
enough constants whose values can change from line to line.

We consider the following events (see Figure 12):

Es: xe > —r3.

. +
86. V(—jr4,jr4) N aIO c H(—j(xri/zaﬂx

&7: V(_6,-3,_,-3) N 8]s+ CH

172, for each j € N.
r,' %)

(s—2ari/2,s+2ari/2) .

€g: Let u; be the intersection of Hys with V_s,, and u, be the intersection of Hyg

with V_5,. (rounded to the nearest lattice vertex). Then F;rl;\l/’o C V(_6r3,—4r3) and
+,v,0
I‘I,uz - V(—3r3,—r3)'

The events &¢ and &7 just say that 9/ 6" and 91, behave ‘typically’ in certain regions. The
event &g is to bound the transversal fluctuation of F; N (for some u 4 € 8IO+ ), using the
non-crossing property of downward and upward semi-infinite geodesics (Lemma 3.3).

We next show that &5 N & N &7 N &g C &3. For this, we take any uy € 810+ n
V(—4r3,—3r3), and let u’, = (a/_, b/}) be the last vertex in F;Jr N I;t. Then we need to
show that ad(u+) < x«, If, N[ C Vigry,—ry), and ay > (1 — p)*s — ra, assuming
&5 N &N &7 N Es.

e By &g, and since r3 > Cocrj/2 by our choice of the parameters, we have ad(u ) < —r3.
So under &5 N &¢ we have ad(U4) < X«.
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V(*/GJ‘&:"R) ﬂH(s—zarj/z.HzMi/z)

Fig. 12. The events to lower bound P [&3].

o Under &g, the path 1";;’4\1/’0 —(1/2,1/2) divides (u + (Z*\ Z2,)) \ 1,' into two parts:

(UUEFRVI'O v+ Z_xZso)\ I} and (Uvermvl,o U+ Zso x Z_)\ I;F. Then uy must

be in the second part, so by Lemma 3.3, T, . Must be disjoint from the first part, thus
Dof N Vicoo,—6r3) Cut + 220 T, N Vioo,—6r3) N It is not empty, we must have
uy € 15, which contradicts &7. So under &7 N &g, FL N I;" is disjoint from V(_eo —6r5],

and similarly also from V[_, o). This means that I';" NI T C Vi6rs—ra)-

o {5, NI;" CVi6rs—ry)} N &7 implies thatu’, € H

+ (s—2ar)/? s+2ar}/?) N V6rs,—r3)-

Thus we geta’, > (1 — 0)2s —r4 since r4 > Crs, Cozri/2 by our choice of the parameters.
It remains to estimate the probabilities of these events and take a union bound.

Bounding P[Es]. By the coupling between o and (n;7);>0 (stated after the proof of
Lemma 6.5), the number —x, is just the time of a symmetric random walk hitting O
after rp. Thus P[E5] > 1 — Cr21/2r3_1/2 =1-Ca /2

Bounding P[E¢]. The event &g is again on the hitting probability of a random walk.
Indeed, by Lemma 3.6, if we let f(x) be the largest integer with ( f(x) + x, f(x)) € I,
we must have f(0)=0, f(x) =Z;=1 —ng (x) forany x > 1,and f(x) = quﬂ e (x)
for any x < —1; and {ﬂg(x)}er\{o,l} are i.i.d. Bernoulli(p). Thus for each j € N we
have P[V(_jr, jry N 01,7 C H

P[6¢] > 1 — Ce—c®,

i
(—jarl/2 jarl/z)] >1—Ce % sowhen o > C we have
4 JOTy

For P[&7] and P[&5], we reduce to estimates on last-passage times and geodesic trans-
versal fluctuations under the weights £V, and use results from Section 5.
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Bounding P[&7]. We note that &7 is implied by the following two events:

o TIJ,FU’V’O = LT (v) > s whenever v € V(_g, _5) N H > NZ2

[s+2ari/ ,00)

° TIJFU’V’0 = LT (v) < s whenever v — (1,1) € Vi_gpy,—ry) N H 1/2) N Z2.

(—oo,s—2ar,
These two events imply that V(_g, _r,) N H

a1, so &7 holds.
To estimate the probabilities of these events, we need to bound the passage times

(—o0,s—20r}/21U[s+2ar 12 00) 18 disjoint from

under £7V-0_ For this, we set up the following notations. For each j € N we let

Sj = Vi jra—G=-1rdulG-Dra.jra) VH ;172

. k)
jar,

,00)

§7 = Vi jra=G=0rauiG-nrare) N Hyjg 12 o)

Let S« = Ujen Sj and §* = U;en S/. Then the event &g precisely says that 91,7 C
S« \ S* (see Figure 12), and implies that S* C Z2\ 1" C Ss.
We consider the following events:

s Ty3¥"° < s forany vertices u € Sy and v € V(_g,,—r5) NH 1/2) Withu < v.
4

(—o0,s—2ar

&Y. For any v € V(_gpy,—ry) N H N Z2, there exists u € Vi<6rs,—r3) N

[s+2ari/2,oo)

2 +,Vv.,0
H((xri/z,oo) N Z* such that Tu,v > .

Then under & N &% N &, the two events above hold, and thus &7 holds.

We next lower bound the probabilities P[&/] and P[&]]. These bounds are deduced
from the estimates of Theorem 5.2 and Proposition 5.3.

We first consider P[€7]. For each j € N, we let P; be the collection of all vertices
in Z? that are within distance 1 of V(_j, —(j—1)r,JUlG=1)r4.jr4) N H—jarj/z’ and let Py be

the collection of all vertices in Z?2 that are within distance 1 of Vic6rs,—ry) NH 1/2.

s—2ar,
To lower bound P[€/], we just need to consider T,:f{,v’o forallu € | J;en Py and v € Py
(see Figure 13 (a)). We note that for any j € N and any u € P; and v € Py withu < v,
if we write (a,b) = v — u we have

(Va + \/5)2 <s§-— cozri/2 —c(j —D*ris™ (6.9)

For j > csr;' + 1, we apply (5.1) in Theorem 5.2 to each u € Pj and v € Py and take
a union bound to conclude that

P[Tufl;v’o <s,YVuePj,ve Po,uzv, j> csr4_1 +1] > 1—Csr3e_c*/3.

For any j < csry ! + 1, the slope of v — u for any u € P; and v € Py is bounded away
from 0 and oco. Thus we can split P; and Py into Cres2/3 and Cris~2/3 segments
of length < Cs2/3, and apply Proposition 5.3. Note that using (5.3) from Theorem 5.2
and (6.9), we find that E[T;/;"°] < s — ¢j2a?s'/? for any u € P; and v € P,. We then
conclude that

P[T,5HY <s,Vue Pj,ve P>1- C(r3s_2/3)(r4s_2/3)e_6j2°‘3.
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S*

RN

L\ S*

B \
Py

N

Py °0

N
AN

(a) P(&7): assuming &g, the event &7 is implied by 8; n
&Y, about passage times under the weights £§*-¥-%. For
P(&1), we need to upper bound the passage times from
UjeN P; to Py; for P(E)), we need to lower bound the

passage times from around V(_g,, _;.) N H3‘”i/2/2 to

Vi<6rs,—ry) N ]HIS +2ar)/? (the blue segments).

Vg5 43r,

(b) P(€g): under & N &g, u3 (the lower endpoint of F;’,’l\f’o

. +,v,0 +,V,0
V(=5r3—ry,—5r34r,)- Then if Iy, 5 and [0 5, below szri/z

) is in

are contained in V5., 37, 573 p,) a0d V(5,040 5721305
respectively, T‘E’X’O is sandwiched between them, and the trans-

. +,v,0 . +,v,0 +,V,0
versal fluctuation of T’ Ty 18 controlled by I';, Jan and [}, Sy -

Fig. 13. Tllustrations of bounding P[&7] and P[&g] in the proof of Lemma 6.9.
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Thus

Pl&s] > 1~ Csrze™Vs — Cryrys™*/3 Z e—cie?
JjEN
=1—Cs33a3evV5 —Cca’ Z i’
JjEN

For P[€Z], we need to consider 7;;3"° for all v € Z2 N V(_g,5 —r5) within dis-
tance 1 of HHZWJ/Q, and u € Vi_gp3, 45 N H(arj/z,oo) N Z? within distance 1 of v —

(s + oeri/z/Z)p (see Figure 13 (a)). For such u and v, the slope of v — u is bounded
away from 0 and co. By (5.3) we have ]E[T,j:,;v’o] > 5 + ca®s'/3. We then apply Proposi-
tion 5.3 by covering all such u, v with Cr3s~2/3 parallelograms of size Cs x Cs?/3,
we conclude that P[&7] > 1 — Cras2/3ec®* = 1 — CaBe—c’,

In summary and using the fact that Cs2/3 < r < s2/3+001 from 2the statement of

Lemma 6.2 (thus « > C and o < 5%°02), we have P[4 \ 7] < Ce %"

and

Bounding P[Eg]. Let us denote the lower endpoint of I' ;FI’X’O. Consider the event &g
where

o forany u € (S« \ V(Cs5r3—ry,—5r3+ry)) N Z?, we have Tu'f,;\l/’o <2s— 4oeri/2,
o THVO 5 05— 4ari/2, where 1/ is the intersection of H_ 1,2 with V_s,, (rounded
upug 2ary

to the nearest lattice vertex). Note that uy, € S* N Vs, _57347,)-
Under &g N & we must have u3 € V(_s;5_r, —5r34r,), SiNCE T,j;’,\,;’lo is the maximum
passage time from I(;" to u; (see Figure 13 (b)). We can deduce that P[&g] > 1 — Ce—co’
similar to how P[&]] and P[€]] are bounded above using Theorem 5.2 and Proposi-
tion 5.3; we omit the details.
Now let u4, us be the intersection points of H_ar 1/2 with V_5,,_5,, and V_s,512;,,

respectively (rounded to the nearest lattice vertex, see Figure 13 (b)). Consider I' ;[4\{“0 and
F;S\,:lo . By Corollary 5.9 we have
32,1
P[FL’,\;’P n H(—ari/z,Zari/z) C Viesr3=3rs,—5r3-r)] > 1 —Ce 2% T (6.10)

P[I=V0NH
(—a

—er3g—2,—1
172) C V(osr3tra,=srat3rp] > 1= Ce™2% 74, (6.11)

ri/2,2ar

and by Lemma 5.7 we have

32
P[F+’v’0 C V(—6r3,—4r3)], P[F+’v’0 C V(—6r3,—4r3)] >1-Ce '3 . (6.12)

Uq,U Uus,ui

When & N & happens, we have Uz € V(_sp,—ry —5r44ry) N H(—ari/z 2ar)/?): If the

events on the left-hand side of (6.10) and (6.11) also happen, then I‘I+;X’0 = F;g\,/,lo is
between FL’,\;’]O and F,fs’,\,/,’lo, by ordering of geodesics (Lemma 5.1). If in addition the

event on the left-hand side of (6.12) happens, we have 1"14";4\1/’0 = F,j;\{,lo C ViC6r3,—4r3)-
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We can use similar arguments to study the event F1+1’4\2/’0 C V(Z3r3,~r4)- Then from P [&5] >

1-C 676“3 we conclude that

2 4/

P[&s \ E5] < Ce™® 4+ Ce=¢m227rs! 4 Ce™er3s™? = Coc®® 4 Ce™** 1 Ceme’,

2/3

Since Cs2/3 < r < §2/310-01 (from the statement of Lemma 6.2), this is bounded by

Ce—ca3

Putting together the bounds for P[E5], P[E¢], P[E6 \ 7], P[E6 \ Es] we conclude that
P[&3] > 1 — Ca™V/2, n

Proof of Lemma 6.10. We again use ¢, C > 0 to denote small and large enough constants,
whose values can change from line to line. We consider three events.

Eg: M —(1-2p)s| <ry.

€10: forany u = (a,b) withad(u) =a —b < (1 —2p)s +r, —randa > (1 — p)%s —
rg—1,wehaveu ¢ I;".

&11: for any u = (a,b) witha < (1 — p)2s —rg and u — (0, 1) € VI=6r3,00), We have
uelft.

Note that &9 N E19 N E11 C 4. Indeed, E¢ N &1 implies that /" is disjoint from
{(@ab)yeZ?:a—b<M-—r,a>1—-p)>s—rs—1}
and &1 implies that 97" is disjoint from
{(a,b) € Z*: (a+ 1,b) € V|_gr3.00), @ < (1 — p)*s —rq — 1},

since this set shifted by (1, 1) is contained in /;" by €. See Figure 11 for an illustration
of these regions. Thus under € N &19 N &1, for any u = (a, b) € 1" with ad(u) <
M —r wemusthavea < (1 —p)?s —rqs — L and u + (1,0) € V(_oo —6r4). S0 we conclude
that & N 19 N &11 C &4, and it remains to lower bound P[&y], P[E1¢], and P[&11].

Bounding P[&y]. By Lemma 3.1, p — (1,0) or pJ — (0, 1) is the last vertex in {u € Tyl :
T0’+u < s} since pJ is the last vertex in {u € Ty : GT(u) < s}. So by Corollary 5.11
we have Pllad(p) — (1 —2p)s| < r2] > 1— Ce="35"% Then Lemma 6.5 implies that

P[&] > 1 — Ce™¢™35 > — Ce¢@ = | — Ce®° — Ce—c,

To bound P[&;¢] and P[&;1], we just need to bound the function L™ at certain ver-
tices. For this, we recall the event E¢ and the sets Sy, S* from the proof of Lemma 6.9.
Bounding P[819]. We take u* = (a*, b*) where a* = [(1 — p)®s —r4 — 1] and b* =
a* — [(1 —2p)s + r, — r]. Then &9 is equivalent to LT (u*) = TI;’X’O > 5. Denote
u* = (|ra), [ra)). Asu* € S*, under & we have u* ¢ I;". Thus under 8¢ \ €19 we have
Tufi\;f <s.Then P[&¢ \ &1¢] < IP’[T;,;’:;’,? < 5] < Ce=¢"*/$ where the last inequality is

by the fact that (y/ax — [ra] + v/bs — |r4])* > s + cr and (5.2) in Theorem 5.2.
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Bounding P[€11]. Let ux = (ax, bx) where ax = [(1 — p)?s —rq — 1], and by is the
largest integer such that ux — (0,1) € V|_g,; o). Then &;; is equivalent to LT(u) =
Tlfu’:’o < s.Under &g \ &1 there is some u € S, with u < u, such that T,:f,;’i’o > 5. Note
that for any u € Sy with u < u,, if we let (@, b) = u4 — u, then (\/a + «/5)2 < 8§ —cCrs.
Then by (5.1) in Theorem 5.2 and a union bound (over all ¥ € S such that u € u, + Z2<0
andu — (1, 1) & Sy), we have P[E¢ \ &11] < Cse—c74s™ "2,

Putting together the bounds for P[&], P[E¢ \ €1¢], P[E6 \ &11] and the bound for
P[E¢] in the proof of Lemma 6.9, and using the fact that Cs%/3 < r < §2/3+001 from
the statement of Lemma 6.2 (thus @ > C and Cef”*}/s, Cse—cras™'? < Ce™%), we
conclude that P[64] > 1 — Ce™¢%. |

7. Convergence in probability of empirical environments

In this section we prove convergence in probability versions of the main results, Theor-
ems 1.1 and 1.2. The semi-infinite geodesic case (Theorem 7.1 below) follows quickly
from the convergence of TASEP as seen from an isolated second-class particle (Proposi-
tion 2.7 or Theorem 1.7), and ergodicity of the stationary process (Proposition 2.2). The
finite geodesic one (Theorem 7.3) is via geometric arguments, specifically, covering finite
geodesics by semi-infinite geodesics.

7.1. Semi-infinite geodesics

We start with convergence along semi-infinite geodesics and giving a weak version of
Theorem 1.2.

Theorem 7.1. For any bounded continuous function f : RZ? x {0, 1}Zz — R, we have
wo:r (f) = v(f) in probability as r — oo.

We let (177):>0 be the process of TASEP starting from i.i.d. Bernoulli(p) on Z \ {0},
and 13(0) = *. Then recall (from Section 2.2) that ny (/; + -) ~ ®;, with [; being the
location of the second-class particle at time 7. We also let §* = ({/)ser be the stationary
process of TASEP as seen from an isolated second-class, i.e. for each ¢ we have {; ~ W
(defined in Section 2).

For any process P = (Py)yer and t € R, we let T; P denote the process (Ps4y)weR-
By Lemmas 3.7 and 4.1, we can deduce Theorem 7.1 from the following result. To make
things well-defined, we let n* = (77 (I; + -))ser With n} = n§ and /; = 0 for each t < 0.
Let {0, 1, *}2*R be equipped with the product topology.

}ZXR

Proposition 7.2. For any bounded continuous function f : {0, 1, % — R, we have

T
7! / F(Tp*)dt — E[f(&")] inprobability as T — oc.
0
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By Birkhoff’s Ergodic Theorem, this proposition follows from Proposition 2.7 or The-
orem 1.7, and Proposition 2.2.

Proof of Proposition 7.2. Without loss of generality we assume that 0 < f < 1, and for
some s > 0 the function is measurable with respect to the o-algebra generated by A x
{0, 1}2x(=00,=5)U(5:29) for all measurable A C {0, 1}2X[=5] Take any § > 0. Then by
Birkhoff’s Ergodic Theorem and Proposition 2.2, we can find r large enough such that

il

> 81| < 6.
For each t > 0, denote

xt=ll[ za].

Let F : n+— E[y; | nf = n]. Then F is the same for all # > 0, and is an upper semi-
continuous function on {1 : 7(0) = *, n(x) € {0, 1}, Vx # 0} C {0, 1, *}Z since f is
continuous. Then by Theorem 1.7 we have

1 /0 FT6%) di —E[F(&")]

t+s+r
1 [ F(Ton™) dw —E[fE")]

t+s

N-1 N-1
limsup N1 Z Elyxir] = hmsupN ! Z E[F(n},)]
N—o0 i=0 i=0

E[F ()] = P[

1 /0 FTE%) di —E[£(E")]

> 8} < 6.
This implies that for any N large enough, we have ]P’[Z,N:_ol xir > V8N] < /8, thus

Nr+s
}PH(Nr)_I / F@T*)di —EL/&Y)]

>\/§+5]<«/§,

which implies our conclusion since § > 0 is arbitrary. ]

7.2. From semi-infinite geodesics to point-to-point geodesics

From convergence in probability along semi-infinite geodesics (Theorem 7.1), we now
deduce convergence in probability along finite geodesics. It can be viewed as a weak
version of Theorem 1.1.
i — 2(1-p)3a 2p0%a

. Recz}ll (from Section 5) that.we let (a, b), (Lp2+(1 p)2J + b, |'p2+(1 p)2'| b).
Since p is fixed, for the rest of this paper we also write (@, b) = (a, b),.
Theorem 7.3. Let {b, }nen be a sequence of integers with limsup,,_, ., n~2/3|b,| < oc.
Then for any bounded continuous function f : RZ* x {0, 1}Zz — R, we have

Ho,(n,p,) () = v(f) inprobability as n — oo.

We explain the strategy of proving this theorem. The general idea is to cover the finite
geodesic Iy (, p,) With a semi-infinite geodesic. More precisely, for any € > 0, we con-
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struct an event that depends only on the i.i.d. random weights £ or on the above L,,
such that (1) this event happens with positive probability (lower bounded uniformly in n)
and (2) assuming this event, with high probability a 1 — € portion of I'y (, p,,) is contained
in I'g. Then by Theorem 7.1, conditioned on this event the empirical environment (g, (5,5,
would be ‘e-close’ to v with high probability for n large enough. On the other hand, since
Ho,(n,b,) depends mainly on the random i.i.d. weights & below L,, it is roughly ‘inde-
pendent’ of the event constructed, so it would always be close to v with high probability
for n large enough.

We start by describing the event. Recall B (and also G), the Busemann function in
direction p. The event basically says that the Busemann function B({(n, b, + b), (n, b,))
decays fast when b is slightly away from 0. By Lemma 3.1 this can force Ty to intersect
L, near (n, b, + b}, and that Iy (, p,,) overlaps with Iy can be deduced using coalescence
and ordering of geodesics (Proposition 5.4 and Lemma 5.1).

We now formally define this event and study its probability. For simplicity of nota-
tion, we shift this event by —(n, b,) and look at the Busemann function on L. Let
&p.n denote the following event: for any b € Z with h=1n?/3 < |b| < hn*/3, we have
G(0,b)) + b(p~' — (1 —p)~Y) > hn'/3; and for b € Z with |b| > hn?/3, we have
G((0,b)) + b(p™' — (1 — p)~Y) > —|b|n~"/3. We show that its probability is lower
bounded uniformly in 7.

Lemma 7.4. For any h > 1, there is § > 0 such that P[&}, ,,] > & for all n large enough.

Proof. Denote F(b) = —G({0,b)) —b(p~! — (1 — p)~1). Then F is a (two-sided) ran-
dom walk, where each step is centered with exponential tail. By independence of all the
steps, we have

7 1/3

P[Sh,n] = IED|:h—1rzz/'J’Hi2|1ljg|<hn2/3 F(b) < —hn ]
- 2/3 1y _ pp—1/3 1/3
X P[bznzg)zﬁﬁ(F(b) F(Lhn?*7?]) =bn™'3) < hn ]

x IP’[ max (F(b) — F(—|hn?/?]) + bn™1/3) < hn1/3].
b<—hn2/3

As the process F converges to a (two-sided) Brownian motion (weakly in the uniform

topology) on compact sets, the first factor on the right-hand side is lower bounded by a

positive constant. We next lower bound the factor in the second line, and the third line

could be lower bounded in a similar way. The second line is at least

. —1/3 1/3 o —1/3 1/3
P[rbneag]((F(b) b3 < hn ]zp[beﬂg}?’%ﬂw(b) b3 < hn ]

o0
— P max szi+hnl/3,
lz; I:be[[in2/3,(i+1)n2/3]] ( ) ( ) ]

where [ is a large integer. As n — o0, the first term on the right-hand side converges to
the probability that a Brownian motion is bounded below a (sloped) line in [0, /], and that
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probability is lower bounded uniformly in /. For the sum in the second line, the i-th term
is upper bounded by

P[F([in*?]) = (i + h)n'/? /2] + P[b may | Fb) = (i + h)n1/3/2]

< P[F([in®?]) = (i + h)n'/?/2) + 2P[F([n?>]) = (i + h)n'/3/2),

where the inequality is by the reflection principle. By a Bernstein type estimate for the sum
of independent random variables with exponential tails, this can be bounded by Ce~¢!
for some ¢, C > 0, independent of n. Thus by taking I large enough the conclusion
follows. ]

Proof of Theorem 7.3. 1t suffices to show that, for any s € N and any continuous f :
RI=:51% % {0, 1}[=551> — [0, 1], regarded as a function on RZ* x {0, 1}Z*, we have
Ho,(n,b,) () — v(f) in probability.

Fig. 14. An illustration of the proof of Theorem 7.3. The event & ]/“l is on the spiky behavior of
the Busemann function, the event #y, 5, is on passage times from 0 to L, and the event By, ,, is
on coalescence of geodesics. Under their intersection, most of I, 5,y is also in I'y. The events
Ap n and By, , happen with high probability, and & ;ln happens with positive probability lower
bounded uniformly in n. The event & }’ln depends only on £ in the yellow region, while 4y , and
Bj, , depend only on £ in the remaining region (and roughly so does wg, (5 ,5,,))-
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In this proof we use ¢, C > 0 to denote small and large enough constants, whose
values may change from line to line. Then |b,| < Cn?/3 for any n € N. For simplicity of
notation we denote 7,7, = Ty, — &(v) for any vertices u < v.

Welet €, be €,y translated by (n, by), i.e. &) is the event where

(b —=ba)(p~" = (1 =p)") —hn'/?

for any h™1n2/3 < |b — b,| < hn?/3,
(b —=ba)(p™" = (1= p)") + [b = by|n~'/3

for any |b — b, | > hn?/3.

B((n,b), (n,bn)) <

Denote by (n, b)) the intersection of Iy with L,,. Take any ¢ > 0. By Theorem 7.1, for
any n large enough (depending on €, f'), we have

Plltto,n,p5) (f) = ()] <€l > 1 —e.

By Lemma 7.4, when € is taken small enough depending on £, we have

P[Ii0,inbpy () = v <€ | &, ,] > 1~ e (7.1)

for any n large enough (depending on £, €, f).
We next study the overlap between I'g and Iy, (,,5,) under the event &, . We denote
by Ay, the following event: for any b € Z, we have

TO.,(n,b) + b(P_l —(1- P)_l)
> E[To,(n,0)] — hn'/3/2 if |b — by < h™'n?/3,
< E[To.(n.0)] + hn'/3/2 if =023 < |b —by,| < hn?/3,
> E[To.(n.0)] —hn'/?)2 —|b —bu|n=3 if |b — by| > hn?/3.

We have P[A, ,] > 1 — e~" for n and h large enough. This can be deduced by applying
(5.1) in Theorem 5.2 to Ty (s p) for each b € [—n,n] with |b| > (0* A (1 — p)*)n, and
splitting {(n,b) : b € [—(p*> A (1 — p)*)n, (0> A (1 — p)?)n]} into segments of length
n2/3 and using Proposition 5.3 for each of them.

We also denote by By, , the following event:

Lo, n, 16, —n=1n2/3)) VL 1—h=1yn) = Lo (.16, +1=122/37) N L ja=—p=1)n-

By Proposition 5.4, we have P[B), ,] > 1 — Ch=/3 for h < cn?/? and for h large enough.

Note that 4y , and B, only depend on the i.i.d. random weights & below LL,,, and
& }'l , only depends on & on or above L, so the events Ay, ,, B, are independent of & ;l n
(see Figure 14). Using P[Ay ,] > 1 — e~ch, P[By.]>1- Ch™1/3 and (7.1), forn large
enough (depending on &, €, f) we have

P[Ann. Bhn. [ tho o pp) () = V() <€ |&),]>1—e—e " —Ch™'/3.
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Under A, N €, ,, we have

T npy + B b). (. b)) < Tg 0,
for any b € Z with |b — b,| > h~'n?/3. Thus |b, — b,| < h™'n?/3 by Lemma 3.1.
Then under A, N By, N &y, we must have To np,) N Liq_p—1yn) = Do () N
L\ (1——1)n by ordering of geodesics (Lemma 5.1), and | i, 4 57,y (/) — v(f)| < € implies

that
10, (1,50 (f) = V() <€+ R

So we have
P{lio,inby (/) =D <e+h7" | & ,]>1—e— e~ —cpm13,

Note that g (4,5, is determined by the weights & below IL,, so it is independent of &} .
For each v € Iy (4,5,) With d(v) < 2n —2s, f(v) is determined by the weights & in
v+ [-s, s]]z, so it is also independent of & ]/1 n Thus we conclude that

Pllio,impmy(f) = V(O <€+ h™' +5/n] > 1 — Je—e ™" —Ch™'/3

for any n large enough (depending on %, €, /). Since & can be taken arbitrarily large and
€ is any number small enough depending on /, we conclude that (g (5 5,)(f) — v(f) in
probability. ]

8. Parallelogram uniform covering
The goal of this section is to prove the following upgraded version of Theorem 7.3. It will
be the key input for the next two sections.

Proposition 8.1. For any h > 0, s € N, and any bounded continuous function f :
RI=s:s1% {0, 1}[[_”]]2 — R, regarded as a function on RZ? x {0, I}Zz, we have

max , min — v
wpez, X Hi0.a).(n.b) (f) wpez, n 2 Hi0.a).(n.b) (f) (f)
in probability.

For simplicity of notation, below we write out the proof for p = 1/2, while the general
p case follows essentially verbatim.

We now explain our strategy. We will take two families of vertices, T8; and P3,,
around the segment connecting (0, —hn?/3) and (0, hn?/3) and the segment connecting
(n,—hn?/3) and (n, hn?/3), respectively. Both B; and B, are finite, in the sense that their
sizes do not increase as n — co. Then by Theorem 7.3, when r is large enough, with high
probability, for any u € Ty and v € P, y,» (f) is close to v( ). We will show that with
high probability, for any |a|, |b| < hn?/3, the geodesic T'(g 4),(n.5) is mostly covered by
some I'y , withu € Py and v € Py, thus ((g,4),(n.6)(f) is also close to v(f).



J. B. Martin, A. Sly, L. Zhang 70

The main task is to establish the covering statement. To motivate our arguments, we
start with the following attempt. Fora™ < a™ and b~ < b™, if the geodesics Ti0,a-),(n,b-)
and I'g 4+),(n p+) coalesce near both ends, then they must mostly stay together; and by
ordering of geodesics (Lemma 5.1), forany a~ <a <a™ and b~ < b < b™, the geodesic
I'(0,q),(n,b) Must be covered by I'(g 4—), (n,p—), €xcept for a small portion. By estimates
on coalescence of geodesics (e.g. Proposition 5.4), if we let b* — b~ = a™ —a™ be
on the order of §on?/3 (for some small §o > 0), the probability for I'g 4—),(n,5—) and
L0,a+),(n,p+) to stay disjoint within order n distance of their endpoints is on the order
of 8y. Now we take 31 and P, to be contained in the segment connecting (0, —hn?/3)
and (0, hn?/3) and the segment connecting (n, —hn?/3) and (n, hn?/3), respectively. Let
these vertices split these two segments into 48, ! small segments, each of length Son~2/3.
By taking a union bound over all pairs of such small segments, we conclude that the
probability of there existing some I'(g 4),(x,5) NOt being mostly covered (by one geodesic
with two endpoints in 8; and ) is upper bounded by (§;')?8o, which is too large.

To resolve this issue, we need to get a better bound on the probability of the following
event: there exista™ <a <a™ and b~ < b < b such that the geodesic (g 4),(x,5) is nOt
mostly covered by any geodesic with endpoints in 3; and 5. If this probability could
be upper bounded by 83“ for some € > 0 (rather than §p), then by a union bound and
sending §o — 0, the conclusion follows. Towards this, we need to take 3, and 3, larger
(but still finite). Instead of having them contained in Ly and L,,, we let 87 and L, have
h8y ! x 85! vertices in the rectangles {u : 0 < d(u) < 2n/3, —2hn?/3 < ad(u) < 2hn?/3}
and {u : 4n/3 < d(u) < 2n, —2hn?/? < ad(u) < 2hn?/3}, respectively. Fix some small
k > 0. Using ordering of geodesics (Lemma 5.1) and a union bound, the above task can
roughly be reduced to proving the following statement. For given a~,a™ and b, b, that
are contained in [—hn?/3, hn?/3] with b* — b~ = a® — a~ on the order of §yn?/3, the
following event happens with probability on the order of at most 53“ for some € > 0:
there exista™ < a < a™’ and b~ < b < b™ such that for any u € B and v € L, in the
same side of I'(g 4),(n,b)> 1'(0,a),(n,b) N T'u,» contains no vertex below Loy,.

Now let us consider the scenario where the above event happens. Take any v € 3,
that is within distance 80112/3 of I'(0,q),(n,b)- We find vertices uy, ua, u3, us, us in P
such that (1) they are between L, and Ly,,; (2) these vertices are on the same side of
I'(0,4),(n,b) as v; (3) each is within distance Son?/3 of I'(0,4),(n,b)- Consider the geodesics
from each of these vertices to v; these geodesics are disjoint from I'(g 4),(n,5) below Loy,
by the above event. We can show that (with high probability), any two geodesics cannot
stay close to each other while being disjoint for a long distance. By choosing the vertices
Us,Uq, U3, Uy, U] sequentially and in a multi-scale way (see Figure 17 below for an illus-
tration), we can actually find ag with k¥ < ag € 2« such that for I';; , withi =1,2,3,4,5
and I'(g 4),(n,5), their intersections with Ly, are far from each other (with distances on
the order of at least §3/'°%n2/3),

However, using I'(g,q),(n,») and each I';;; ,, (with high probability) one can construct a
path from (0,a™) to (n,b™), and the difference between its passage time and Tg 4~ (n,5—)

is at most on the order of 83/ 21/3 Indeed, one can just mainly use the path of I'; ,, and
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switch to T'(g q),(x,5) Only near u; and v, and switch to (0,a™) and (n, b™) near the ends.
One can also just mainly use the path I'( 4), (n,5) and switch to (0,a™) and (n, b™) near
the ends. This way we get in total six paths from (0,a~) to (n, b~), each with total

2V 3. and they intersect Ly, at vertices far

passage time at least T(o g—),(n,p—) — 83/
away from each other. Now consider the optimal passage time from (0,a~) to (n,b™)
passing through {(agn, b’) as a function of 5’. This is roughly the sum of two independent
point-to-line last-passage profiles (see Section 8.1 below). Its scaling limit is known to
behave like a Brownian motion, and the event that there are six paths with near optimal
passage times is reduced to that, for a Brownian motion in a compact interval one can find
six points such that their distances are at least on the order of 83/ 150, and the Brownian
motion values at these points are at least the maximum (of the Brownian motion) minus
83/ 2. This event has probability on the order of at most (8(1)/ 271/300)s5 83/ 271/60 \yhich
is smaller than 8§+€ as needed (and this is also why we need to find five alternative paths).

We now explain the organization of the rest of this section. We will first list some
useful ingredients that will be useful in carrying out the above plan; the proofs of some
of these ingredients are delayed to Sections 8.1 and 8.2. Then we will define several
events, each with a small probability. The main arguments are contained in the proof of
Lemma 8.6 below, where we show that under the intersection of the complements of these
events, every I'(g 4),(n,p) 18 mostly covered by one geodesic in a finite family. Finally, we

deduce Proposition 8.1 using Lemma 8.6.
Ingredients: The first one concerns continuity of the function (a, b) = T(0.a),(n,b)-

Lemma 8.2. There exist constants ¢, C > 0 such that the following is true. For h > 0,
0<6<1,andt > 1, we have

Pl max ITio.a) 00 = Tty | > 1027000012 4 Chon' 2| < Che ™
lalla’|[b]b/| <hn?/
la—a’|,|b—b|<0n>/3

when n is large enough (depending on h, 6, t).

The proof of this lemma will be given in Section 8.1.

We next state a bound on transversal fluctuations of geodesics. It actually immediately
follows from the results in Section 5, and we state it here mainly for the convenience of the
proof of Proposition 8.1. For vertices u < v,and 0 <[ <d(v) —d(u),t > 1, let ']}”tv be
the event where T, , below u + IL; is not contained in a rectangle of width 2¢/%/3, or T, ,
above v — IL; is not contained in a rectangle of width 2¢/2/3 (see Figure 15). Formally,
we let I',, be the event where there exists w € I',, with d(u) < d(w) < d(u) + 2/
and |ad(w) — ad(u)| > 2t1%/3, or with d(v) — 2 < d(w) < d(v) and |ad(w) — ad(v)|
> 2t1%/3,

Lemma 8.3. For h > 0, there exist constants ¢, C > 0 such that the following is true. For
any 0 <1 < n large enough, and |b| < hn?/3, t > 1, we have IP’[‘Tlot’(n’b)] < Ce—ct>.

This lemma can be obtained by applying Corollary 5.9 twice, and we omit its proof.
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L
0,(n,b) .

Fig. 15. The complement of the event 7, 1.t : the geodesic Ty (,,,p) is restricted within the green

boxes with width 1/2/3, below LL; or above IL,,_;.

Our next lemma establishes that, for a geodesic and a path with a ‘near-optimal’ pas-
sage time, it is unlikely for them to stay together for a while but remain disjoint.

For any vertices u < v,and M,l € N,m € Z withd(u) <2m <2m +2M[ < d(v),
and a small enough parameter ¢y > 0, we let i)m,m be the following event (see Fig-
ure 16): there exists an up-right path y from L,, to LL,,, 4 as; such that

e y is disjoint from I, ,,
e the passage time of y (i.e. T(y))is at least 4M [ — coM /3,
e foreachi =0,1,..., M, |ad(Tyy N Lyyir) —ad(y N Lyii)| < 2c0l?/3.

Lemma 8.4. There exist universal constants c, C > 0 such that the following is true. For
any M, 1, neNandm beZwithl >C,co<c, |b|<n,and0 <m<m+ MI <n,

we have ]P’[JDMlm ] < Ce™M,

The last ingredient we need is to bound the probability of multiple peaks in the sum
of two independent point-to-line profiles.

As in previous sections, we denote 7,7, = Ty, — &(v) for any vertices u < v (i.e.
remove the weight of the last vertex). For any vertices ¥ < v, and m € Z with d(u) <
2m < d(v), and A,t > 0, we denote by MK ;}m < the following event: there exist —g <
b1 < by < b3 <by <bs <bg < gWithbz—bl by — by, by — b3, bs — by, bg — bs > A
such that Ty, = 77, .y + Tim,by),0 and

T iy + Timbiyw > Tuw — A2, Vi €{2,3,4,5,6}.
Lemma 8.5. For h > 0 and 0 < k < 1/2, there exists a constant C > 0 such that the

following is true. Forany 0 > 0,0 <t < 1,k <a <1 —«, |B| < h, we have

P[MO LBn2/3)) ] < c15001

n2/3 t,lan],hn2/3

for n large enough depending on h, 0,t,a, .
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L7r1,+lﬂ 1

Fig. 16. The event i)]l(lvl ' €ach green segment has length < col?/3, and T(y)=4MI —coMI 1/3,

Lemma 8.4 will be proved in Section 8.2, and Lemma 8.5 will be proved in Sec-
tion 8.1.

Assuming all the lemmas above, we now prove Proposition 8.1. We set up the events
to be used in the proof of Proposition 8.1, for which we first define the parameters.

Parameters: From now on we fix A in the statement of Proposition 8.1. As indicated
above, we will choose vertices uy, us, u3, g, us in Py in a multi-scale way. Thus we
define the scales as follows. We take a small number § > 0, and let §; = § 1007 fop
i=0,1,2,3,4,5. Sowehave0<80 < 81 < 8y < 83 < 84 < 85 < 5. We also take small
k > 0 and large h, and we can assume that § is small enough depending on x and h,
and / is large enough depending on h. The values of the parameters 8, k, i are to be
determined, but we always ensure that §~ L1, h are integers. Then there exists some
integer N such that if we denote N = {Nk> : k € N}, then for any n € N the numbers
Son, 8on?/3, ﬁn2/3, kn, 8”1, and all 81._18,-“ fori € {0, 1,2, 3, 4} are integers. From now
on we assume that n € N is large enough depending on all these parameters. Only inside
the proof of Proposition 8.1 will we treat general large n.

Below we use ¢, C > 0 to denote small and large enough constants, which can only
depend on h and k, and whose values may change from line to line.

Events: We take the two families of vertices as 31 = {(i§on, j80n2/3) 1i,j €Z,0<
i <851/3,1j1 < 4héy'} and B = n — Py. Note that here we take P and L5 to be in

rectangles with width on the order of hin?/3 rather than hn2/3, because the geodesics (that
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we will study) can potentially have large transversal fluctuations. Consider the following
events:

u,v

e Let T be the union of T, for all u € Py, v € Py, and [ € §onZ with 0 <[ <

1,61
-3
d(v) — d(u). By Lemma 8.3 we have P[T] < C855e_08 .
o Let
7 — qA0An23) (nhn?/3) | 0 (0.~hn?/3) (n.~hn?/3)
* n,h n,h

U 7 $0:3an2/3),(n.3hn>/3) | | G (0,~3hn?/3).(n,~3hn>/3)
n,h n, )

In other words, T.¢ is just the event where for each j € {—3, —1, 1, 3} the geodesic
F(Ao’jhAnZ/S)’(n’jhAnz/3) is contained in {u € Z?:0 < d(u) <2n, ladu) —2jhn?3| <
2hn?/3}. By Lemma 8.3, P[T:] — 0 as i — oo, uniformly in .

e Let ¥ be the event where

° ° 1/2—0.02_1/3
TG simay(isunty = Tasimanyisinon| > 8670 n
for some integers 0 <7 < j < 8", and |al.|a’]. |b]. | < 4hn®/® with|a —a'|. b~/
< 8on?/3. By applying Lemma 8.2 to this event with each fixed 7, j and taking a union
bound, we have P[F] < C8;272/3e—650_0'°' )

e Let D be the union of @;‘f;lm forallu e B, v e Py, l € {8in:i =1,2,3,4,5),
m € 8onZ such that d(u) < 2m < 2m + 28771 < d(v). Here we take c¢ to be small

enough as required by Lemma 8.4. Then by applying Lemma 8.4 to each i)gf;’ | and

taking a union bound, we have P[D] < C§;° e~

e Let J denote the event where there exist some m € §onZ,0 <m <n,and! € {§;n :
i =1,2,3,4,5) |a|,|b| < 4hn?/3, |a — b| < §7°1%/3, such that

Tomay im+s-71p) < 48771 — co8 76113,

where c is as in the event D. By applying Proposition 5.3 via splitting the lines L,,
and L, s—7; into segments of length §on2/3, we have P[H#] < C863e_”87“/2.

e Let M be the union of M** . forallu e By N Loy, v €
co(81m)2/3 81/27003571/3 4 4jin2/3 By 0

PBoNL,,and @ € §17Z with k <@ < 1 —k, and ¢ be as in the event D. By Lemma 8.5,
we have P[M] < C852871(8y/27 00287 1/%)5-0.01 < 5036783,
Wedenote § = T NTENFCNDN H N ME. These events are designed so that &
happens with high probability, and under & we have covering of geodesics.

Lemma 8.6. Under &, for any |a|, |b| < hn?/3, there exist u € By and v € By with
d(u) < 4«n and d(v) > (1 — 4K)n such that I (o gy, (n,p) is the same as 'y, between
Lown and ]L(I—ZK')H'

Proof. Assume & holds, and fix a, b such that |a|, |b| < hn?/3. By ordering of geodesics
(Lemma 5.1), I'(9,4),(n,p) 1S between r(o,—ﬁn2/3),(n,—ﬁn2/3) and F(o,ﬁn2/3),(n,ﬁn2/3)' Then
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by 7.5, we have
T(0.a).(n.p) C {1 € Z2: 0 < d(u) < 2n, |ad(u)| < 4hn?/3}. (8.1)

Let b be the smallest number with b € §on2/3Z and bt > b. As indicated above, we
now show that we can find u™ € 8, with d(u™*) < 4xn such that there exists u € I'g 4),(,b)
with d(u) = d(u*) and ad(u) < ad(u*) < ad(u) + 28on?/3, and Tx 1, +) intersects
I(0,a),(n,b) before Logy.

Indeed, assume that no such u™* exists. We will sequentially find the vertices us, u4, u3,
Uy, uq (asillustrated in Figure 17) and then use them to find some multiple peaks, and thus
get a contradiction with M¢. The idea is to take each u; as the vertex in BBy N Ly, , that is
to the right of and closest to I'(g 4),n,5). Here ; are numbers to be chosen sequentially:
given u; 41, we find o; such that the intersections of L, with I'to 4),n,p) and Ty, | 5+)
are ¢o(8;+17)%/> apart, using D°. Finally, we consider the intersections of each Ly, nbt)
with [Lgyn; we can ensure that they are still 60(8111)2/ 3 apart, using transversal fluctu-
ation bounds (from the event 7 ¢) and the fact that oy — «; is chosen to be on the order
of 8,’ .

Sequential construction. Let us start by choosing u5. We take a5 as the smallest number
such that a5 € §5Z and a5 > k, and take us € By N Ly, being the first one on or to
the right of I'(g,4),(x,5). In other words, we have 0 < ad(us) — ad(T'( q4),(n,5) N Lasn) <
28on2/3. Then by (8.1), we have |ad(us)| < 4hn?/3. Consider the path Cys n.p+)- Again
by 7.¢ and ordering of geodesics (Lemma 5.1), it is between 1"(0’_3;m2/3),(n,_3ﬁn2/3) and
L (0,30n2/3),(n,3hm2/3) 80d

Ly inpty Clu € Z%:0 < d(u) < 2n, |ad(u)| < 8hn?/3}. (8.2)

us,(

For each j € [0,577], we have

ad(Las+j8syn N Tus (n.p+)) — @d(Lias+jss)n N T0.a).in.6)) = 0,

by ordering of geodesics (Lemma 5.1). We claim that there must exist js € [0,577] such

that the left-hand side above for j = js is at least 2¢o(8sn)3/3. Indeed, otherwise we

can show that the event i)ﬁ;l)ss(’:l?sn holds with the path being T s, Where ws =

Lus tnp+) N Lgs4+5-755)n (see Figure 17). For this we just verify several things:

e By the assumption above (that no such u* exists), Fus,(n,b+) is disjoint from I'(g 4), (n.5)
before Logp, thus [y 4 is disjoint from I'g 4 (n,5) since by taking § small enough
depending on k we have a5 + 87785 < 2«.

e We have |ad(ws)| < 84n2/3 by (8.2). By T¢ we have
lad(us) — ad(ws)| < 26187 "8s5n)?/3 = 26717/3(85n)?/3.

Then Tyyq 15 > 487 78sn — o8~ %(8sn)1/3 by H€.
@(O,a),(n,b)

Thus the event 5—7 Semaisn

holds, contradicting D¢. So such js must exist.
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We next let oy = o5 + 585, and take u4 € By N Ly, , being the first one on or to the

right of I'(9 4),(n,5)- Using the same arguments we find 0 < j4 < 87 such that
|ad(L (e, + jasyn N Tio,.ay,in8)) — 9Lyt jasin N Doy npy)| = 2¢0(8an)?/3.

Then we let a3 = g + j484. Similarly we find j3, ja, j1 € [0,677] and @z = a3 + /363,
a1 = op + j28s, ag = a1 + j161, and vertices uz € By N Losn, Uz € Bi N Lgyn,
Uy € By N Ly, », such that for each i = 1,2, 3 we have

0 < ad(u;) — ad(La;n N Ti0.a).(n.p)) < 280n%/3 (8.3)

and
ad(La;_n N Ty, (np+)) — @d(La;_in 0 Di.a),inp) = 2¢0(8in)*3. (8.4

Note that L(g; 4 j;8;)n = La;_,n foreachi =1,2,3,4,5, and (8.3) and (8.4) also hold for
i = 4,5 as stated above. See Figure 17 for (some of) these constructed objects.

T(0,a),(n b

|
ug,(n,bt)

.aa Ca, (n,bt)

us,(n,bt)

]L(ag, 3= 785)n

Lag

Liag+j505)n =kaun
Lo Lgn

Fig. 17. An illustration of the geodesics Fui’(n, b+) for i = 5,4, 3. Their intersections with L n
are separated by cg (81n)2/3.
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Multiple peaks event. We denote the intersections of Ly, with I'g 4, (n,5) and I';,, bt
by (aon, bg) and {(aon, b;), for i = 1,2,3,4,5. We next lower bound the dlfferences
between these b; .

From (8.4) we have by — bg > 00(81n)2/3 We next show that b; — b; _; > 60(8111)2/3
foreachi = 2,3,4,5. By 7¢ and considering I'(o,4),(x,5) above Lg;, and Ly, np+)> and
using (8.3), we have

bi —bo < Son?/? 4+ 28 (g — 0;)?/3n?/3 < §on?/3 + 2871 (2877 8;n)?/3

foreachi = 1,2, 3, 4,5, where the last inequality is by o9 —ot; <877 Z§/=1 8y <28776;.
Similarly, by 7 and considering I'(0,q),(n,5) and I, (, 5+) above Lg; 5, and using (8.4),
we have

bi —bo > co(8in)*'? — 28on%/3 — 26 (oo — ai—1)?/*n?/?
> co(8in)?/® — 28002/ — 2871 (287 78;_1n)?*/?

foreachi = 2,3,4,5. Thus we get
bi —bi_1 > co(8in)?/? = 38on>> — 48712877 8;_1n)*'? > co(81n)?/?

foreachi = 2,3,4,5.
Moreover, since |bg| < 2hn?/3 (by (8.1)), we have —2hn?/3 <bg<bs< (ZE + 1)n2/3.
To obtain the multiple peaks event at these b;, the remaining task is to bound the
passage times through each (aon, b;), from (0,a~) to (n,b~), where a—, b~ are the largest
numbers satisfyinga™, b~ € 80n2/3Z anda~ < a,b” < b. Recall that we denote Tu"v =
Tuv — &(v) for any vertices u < v. Foreachi = 1,2, 3,4, 5, denote u; = o), (n,p) N
Le;n; we have |ad(u;)|, |ad(u})| < 4hn?/3 by (8.1) and (8.3). We then have

T30.a-) (@on.b;) T Tlwon.bi).(n,b-)

1/2— 002 1/3
z T(Oa) (won.bi) T Tiaon byi),(n, b+) — 28¢ /

> Tg

ot 253/2—0.02}11/3

T3 taon by T Tleon bi).inot) —

° 1/2—0.02_1/3
= T(O,a), i r T+ T i{eon,b;) + T(aon bi),(n,bt) — 330 n /

e 1/2—-0.02_1/3

= T(O,a),u;- + Tu,-,(n,b"") - 380 n /
. 1/2—0.02_1/3

> T apur + Tugutn) = 480 nt/

= Tlo.a).n5) — 81/2 0.02,1/3

>T(0a )b )—551/2 0.02 1/3

where the second inequality is by T(:),a)’ (on.bi) = T(0 a)ud] + Tu' {aom.bi) which follows
from the definition of passage times, and all the other 1nequalltles are due to F¢. Note
that if (aon, by ) is the intersection of T'g 4=y, (n.5—) With Lggn, then —2an?/3 < by < by
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I . . ,a~),{n,b™)
by 7€ and ordering of geodesics (Lemma 5.1). Thus (¢ 1 .
Y Jx gorg ( ) co(b‘ln)2/3,85/2_0'0381_1/3,a0n,4hn2/3

holds with by < by < by < b3 < by < bs. Also note that og > a5 > k, and

5
ap Sas+ Y 5778 <as+28778s <k +85+28 785 < 1—«.

i=1

Thus we get a contradiction with M¢. Now we conclude that there exists u* € 31 with
d(u*) < 4kn such that there is u € I'(g 4),(n,5) With d(u) = d(u*) and ad(u) < ad(u*) <
ad(u) + 28on/3, and Tx (, p+) intersects T(g a),(n,5) before Lacn.

Final steps. Using the same arguments, we can find v* € L, with d(v*) > (2 — 4x)n
such that there is v € I'(g 4),(n,p) With d(v) = d(v*) and ad(v) < ad(v*) < ad(v) +
28on2/3, and Iy» v+ intersects (g 4, (n.b) after Lj—2¢),. We now consider the geodesics
Ti0,4),(n.b) Fu*,(n,b"")’ and I'y= ,+ between Lo, and IL (1), . By ordering of geodesics
(Lemma 5.1), either Fu*,(n,b"") is sandwiched between I'(g gy, (n,p) and Dy yx, o1 Iyx =
is sandwiched between (9 4),(n,5) and 'y« (, p+). In the former case I« (, 5+) inter-
sects I'(0,a),(n,p) before Loy, and after L1—2kyn, 80 I'(0,a),(n.b) 18 the same as Ty« (, 5+)
between Loy, and L(j—2¢),; in the latter case 'y« y+ intersects I'(g 4),(n,b) before Loyy
and after IL (1 _2x)n, 80 ['(0,4),(n,b) s the same as Iy« ,+ between Loy, and IL (1 _z),. Thus
the conclusion follows. ]

We can now finish the proof of Proposition 8.1 using Lemma 8.6.

Proof of Proposition 8.1. As stated above, we write the proof for p = 1/2 for simplicity
of notation.

We now consider general 7, i.e. not necessarily in N. We let n’ be the largest number
such thatn’ <nandn’ € N. Thenn’ — coand n’/n — 1 as n — oo. We define € as &
for n' instead of n, and B, P, as Py, P> for n’ instead of n.

By Theorem 7.3, as n — oo we have

max [tuw(f) —v(f)] — 0 in probability.

ueP|,veP,

Thus by Lemma 8.6, and since f is bounded on RI=s:sT? x {0, 1}[[_”]]2, we have

Ple’,  max  fuoams () = ()] > 10€] /o] 0.
a,beZ,al,|b|<hn’?/3

Denote

T = T(O,fhn2/31),(n,fhn2/31) U (0,—[hn2/31),(n,~[hn?/37)

- n—n’,ﬁn’2/3(n—n/)—2/3/2 n—n’,ﬁn/2/3(n—n’)—2/3/2 ’
By ordering of geodesics (Lemma 5.1), I 4),(n,5) for |al, |b] < hn?/3 is sandwiched
between g _1442/31),(n,~[hn2/37) @A Lo 1442/37),(n,[hn2/37)> SO assuming the comple-
ment of T, every T'(oq).(n,5) With |al, |b| < hn?/3 intersects L, at some vertex (n’, ')
with
6| < Thn®?1 + hn"*" 12 < ",
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where the second inequality is by taking h much larger than /. Thus

ple'nT, (01,0 (/) = V()] > 10k +201 =) /m)[ /1o

max
a,beZ,lal,|b|<hn2/3/2

tends to 0. Then since (n —n’)/n — 0 as n — oo, we have

limsup P [

max
n—o00 a,beZ,\al,|b|<hn2/3/2

10015 () = (N > 11Kl f 1o |

<limsupP[T'] + P[&°]. (8.5)

n—>0oo
By Lemma 8.3, limsup,,_, ., P[T’] = 0. Also, by the discussion of the events T, T,
F, D, #H, M before Lemma 8.6, lim};_)oo lim supg_, lim sup,,_, o, P[&’¢] = 0. Thus the
left-hand side of (8.5) equals 0. Since k can be arbitrary, the conclusion follows. [

In the next two subsections we prove Lemmas 8.2, 8.4, and 8.5.

8.1. Continuity of passage times and multiple peaks

In this subsection we prove Lemmas 8.2 and 8.5. For both we use the convergence of the
point-to-line profile to the Airy, process, which is a stationary ergodic process minus
a parabola. Such convergence in the sense of finite-dimensional distributions is from
[17,18]. Using the so-called slow decorrelation phenomenon, and proving equicontinuity
of the point-to-line profile, it also follows that weak convergence holds in the topology of
uniform convergence on compact sets [11,37]. More precisely, let 4, denote the station-
ary Airy, process on R, and let us define the stochastic process £ : R — R by

L(x) = Az (x) — x%
We quote the following result.
Theorem 8.7 ([11, Theorem 3.8]). Consider the function
£y:ix > 2_4/3n_1/3(TO,(n,x(Zn)2/3) —4n),

where we linearly interpolate between points in (2n)~2/37Z. As n — 0o, we have £, — £
weakly in the topology of uniform convergence on compact sets.

We shall also use the following (quantitative) comparison between the Airy, process
and a Brownian motion.

For K e R,d > 0, let BIK-K+d] denote the law of a Brownian motion with diffusiv-
ity 2 on [K, K + d], taking value 0 at K. Let £[K-K+4] denote the random function on
[K, K + d] defined by

KK+ () .= #(x) — £(K), Vxe[K, K+d].

Let C«([K, K + d],R) denote the space of all real-valued continuous functions defined on
[K, K + d] which vanish at K, with the topology of uniform convergence. The following
result can be obtained from [20].
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Theorem 8.8 ([20, Theorem 1.1]). There exists a universal constant G > 0 such that
the following holds. For any fixed M > 0, there exists a9 = aog(M) such that for all
intervals [K, K + d] C [-M, M] and for all measurable A C C«([K, K + d], R) with
0 < BIKKH(4) = q < q,,

P[elKK+] ¢ 4] < geGMUoga™)™*,

Now we prove Lemma 8.2. We start with the following estimate on deviations when
moving one endpoint.

Lemma 8.9. There are constants ¢, C > 0 such that foranyh e R,0< 6 < 1, and t > 1,
we have

max | To,(n,6) — To,(n.b1)|
|:hn2/3<b,b’<(h+1)n2/3,\b—b’|<9n2/3 {n.0) {n.07)

> 19127001, 1/3 | o(p| + 1)0n1/3] <Ce™  (86)
for n large enough (depending on h, 0,1t).

Proof. For any continuous function f : R — R, we let

o— /
M(f) = Y PN | f(x) = f(xDI.

It is straightforward to check that M is a continuous functional on the space of all con-
tinuous real-valued functions on R, with the topology of uniform convergence on compact
sets.

By Theorem 8.8, M(£) has continuous distribution since this is the case when £ is
replaced by a Brownian motion. Thus by Theorem 8.7, as n — co we have P[M(£,) > x]
— P[M(£L) > x] for any x > 0. We note that the left-hand side of (8.6) is bounded by

PM(E,) > 274/3191/27001 L 2=4/3C(|h| + 1)6].
Thus as n — oo, the lim sup of the left-hand side of (8.6) is bounded by
P[M(L) > 274/3191/27001 L 2=43C(|h| + 1)6)].

We next show that this is bounded by Ce™¢*. When C > 2 it follows that |x? — x"?| <
2743C(|h] + 1)0 forall x, x’ with272/3h < x,x’ <272/3(h + 1) and |x — x| <272/36.
Then by stationarity of «#,, we can bound this probability by
IP’[ max 1£(x) — LX) > 2—4/3z91/2—°-°1],
0<x,x'<272/3, |x—x'|<2—2/39

. —2/3
where the event only relies on £[0:27>/]

motions and Theorem 8.8, we can bound this by Ce

. Using modulus of continuity for Brownian
~¢ as desired. ]

We can now prove Lemma 8.2 by using Lemma 8.9 repeatedly.
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Proof of Lemma 8.2. First, note that we have the following inequality for passage times:

T10,0),in,6) — T(0,a),in,6") = T(0,a"),(n.b) — T(0,a’),(n,p)

forany a <a’,b <b'.Indeed, the geodesics I'(o,q),(n,5/) and I ), (n,5) Must intersect. By
switching the paths after their first intersection, we get two up-right paths, from (0, a) to
(n,b) and from (0, a’) to (n, b’), and the sum of their passage times equals To 4/}, (n,b) +
T(0,a),(n,p")- Thus we get the above inequality from the definition of last-passage times.

Using this inequality, for any |a/, |a’|, |b|, |b’| < hn?/® we have

1T00.a).(n.6) — T(0.a). (.| = 1T(0,~[hn2/37),tn,6) — Ti0,~[hn2/37),(n.b7)
VAT 0, thn2/31),(n,6) — T(0,[n2/37),(n.6) ]

and

1T10.0).(n.67) = Tt0.a).4n.01 | = 1T0,a),(n,~1an2/37) = Th0,07),(n,~[hn2/37)]
VT 0,0y, (n,11n2/31) — T(0.a%). 40, [hn2/37) |-

By adding up these two inequalities and using the triangle inequality, we have

1 T%0.a).(n.6) = T0.a),n.61) | = 1T(0,~1hn2/31) (n.6) — Th0.~[hn2/37) (n.07)]
VAT (0,11n2/31),tn.6) = Ti0,1hn2/37) im0 |
+1T0,a),(n.~11n2/31) — T10.a')(n,~Thn2/37)
VAT 0,0y, (n.1hn2/37) — T(0.a7) (. [hn2/37) |-
By symmetry, it now suffices to bound the probability of

1
max Tio _thn2/3 —Ti0 _rpn2/3 ol > = (91/27001,1/3 4 Chonl/3).
\bl,lb’|<hn2/3| (0.~ 1hn2/31)4n,0) = Tt0,~1hn2/31)0n.01) | > 5 )

|b—b’|<6n2/3
For this we split {(0,b) : |b| < hn*/3} into overlapping segments of length n2/3, and apply
Lemma 8.9 to each of them to get the desired bound. ]

We next prove Lemma 8.5. Again, using Theorem 8.7 we reduce the point-to-line
profiles to Airy, processes, and then by applying Theorem 8.8 we can just prove the
result for Brownian motions.

Proof of Lemma 8.5. Denote by &£, g : R — R the process given by
Lapx) :=a'PL@?Px) + (1-)' P2 (1 —a)?P(x —2722p)).
where £’ is an independent copy of £. Denote
Lnap(x) = 2_4/3n_1/3(TO.,(I_anJ,x(Zn)Z/3) F Tilan)x@n2/3),(n,1pn2/3)) = 41);

where we linearly interpolate between points in (2n)~2/37Z. Using Theorem 8.7, we can
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deduce that £, 4 g — L4, as n — oo, weakly in the topology of uniform convergence
on compact sets.

We let Q2 be the set of all continuous functions f : R — R such that there exist
2U3h < x1 < x2 < X3 < x4 <x5<x6<2Y3h with xp — X1, X3 — X2, X4 — X3, X5 —
X4, X6 — x5 > 272/39 and x; = argmax|_,4/3p 4/3p] f and

F(x1) < f(xi)+27430Y2, vi=2,3,4,56.

It is straightforward to check that €2 is a closed set in the space of all continuous functions
with the topology of uniform convergence on compact sets. It is also straightforward to

0.(n,|Bn2/3]) . .
check that M, 573 L) 2hn2/3 implies &£, o g € 2. So by Theorem 8.7 we have

Tim sup P[00 < limsup P[£ Q] < P[£yp € Q
imsup P[ 6n2/3,t,LanJ,2hn2/3] <limsupP[L, o p € 2] < P[Lyp € Q.

n—oo n—oo
We just need to bound the right-hand side. By Theorem 8.8, we can consider the prob-
ability of a (two-sided) Brownian motion (with diffusivity 4) belonging to 2. By Lemma
8.10 below this probability is bounded by Ct> for C > 0 being a universal constant, so
the conclusion follows. u

We finally bound the event on Brownian motions.

Lemma 8.10. There exists a universal constant C > 0 such that for any t, 0 > 0, the
following event holds with probability at most Ct>. For W : [-2,2] — R being a two-
sided Brownian motion, there are —1 < x1 < X3 < X3 < X4 < X5 < X¢ < 1 with xo — x1,
X3 — Xo, X4 — X3,X5 — X4, X6 — X5 > 0 such that x1 = argmax_, W and

W(x1) < W(x;) +16Y%, Vi =2,3,4,56.

Proof. Fix T € [—1,1], and let & be the event where W(T1) = max[_, 5 W. Fori =
2,3,4,5,6,let T; = min{x > Tj_; + 6 : W(x) = W(x;) —t6'/2}. It suffices to show
that P[Ts < 1| €] < Ct for some universal constant C > 0. Fori = 2,3, 4,5, 6, condi-
tioned on & and the event T;_; < 1, and given the values of T;_; and W(T;—,) — W(Ty),
the process x —> W(T;—1 + x) — W(Ty) on [0,2 — T;_1] has the same law as W', which
is a Brownian motion on [0,2 — T;_1] starting from W'(0) = W(T;—;) — W(T;) and con-
ditioned to stay below zero (for i = 2 this degenerates to a Brownian meander). Using the
reflection principle we find that P[maxjg,—7,_,j W' > —10'/2] < C’t for some universal
constant C' > 0,s0 P[T; <1|&,T;_; <1] < C’t. Thus P[Ts < 1| &] < (C't)?, which
implies the conclusion. u

8.2. Disjoint paths

In this subsection we prove Lemma 8.4. The idea is to show that for a path restricted to be
close to another (deterministic) path for a while, its passage time is unlikely to be small
(compared to that of a geodesic with the same endpoints). We then use the FKG inequality
to move from a deterministic path to a geodesic.
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Lemma 8.11. For sufficiently small co > 0, there is ¢c1 > 0 such that for | € N large
enough (depending on co) and any r € 7, we have

]E[ max T(O,a),(l,r+b)] < 4l —cqI'3.

a,bef0,col2/3]

Proof. Take u = (— ch/zlJ,O) and v = (/ + ch/zlj, r'), where r’ is the number in
lcol?/3)Z with r < r' < r + |col?/?]. Note that

E[ max T ]
a,be [[056012/3]] {0,a),{l,r+b)

<E[T, —IE[ in T, ]—IE[ in T ]
= [u,v] min u,(—1,a) be[[OI,lz:)Illzﬁﬂ (I4+1,r+b),v

a€f0,col?/3]

By Proposition 5.3, we have

IE[ min_ T ]IE[ min T, ]34(:3/21_&;1/211/3,
a€f0,col2/3] u,(—1,a) be[o.col2/3] (I4+1,r+b),v 0 o

where C > 0 is a universal constant. We also claim that for / sufficiently large,
E(Ty0] < 4(1 + 2¢3%1) — ¢yl '3 (8.7)

for some small universal constant ¢, > 0. Let C’ > 0 be a large enough universal constant.
When [72/3|r| > C’, (8.7) follows from (5.3). When [~2/3|r| < C’, for each [ there
are at most 3C’/cq possible values r’ can take. For each of them, by Theorem 8.7 the
corresponding Ty, , after rescaling converges (as / — 0o) to one point of the Airy, process,
whose law is given by the GUE Tracy—Widom distribution. Thus (8.7) (for / large enough)
follows since the GUE Tracy—Widom distribution has negative expectation. By choosing
co such that ZCcé/2 < ¢3/2 and letting ¢; = ¢3/2, we complete the proof. ]

For the next lemma, as before we denote 77, = Ty,,» — &(v) for any vertices u < v.

Lemma 8.12. Forl,M € N andanyry,...,ry € Z, we have
M-1
p[ T? . > 4M1— M1 < Ce™eM
s X 1203) D Thtran Dl +agg ) =AM =M1 | < Ce

i=0
for some universal constants ¢, C > 0 when [ is large enough.

Proof. In this proof we let ¢, C > 0 denote small and large enough universal constants,
whose values can change from line to line.
Take cg, ¢c; > 0 such that Lemma 8.11 holds. For each 0 <i < M — 1 we denote
;= T° . .
Sz ai,ai+1r2[ﬁ))f(,‘012/3ﬂ (il,r; +aj),((l+1)l,rl‘+1 +a,‘+1)

Then (by Lemma 8.11) we have E[S;] < 4/ — ¢11'/3 for each i when [ is large enough.
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Next we apply Proposition 5.3. When |r; — r;4+1| < 0.9] we can apply it directly; and
when |r; — r;+1] > 0.9/, the slope condition may not be satisfied, so we use the fact that

T(;l,ri+ai),((i+1)l,ri+1+ai+1) < T(;l,ri+ai),((i+l)l+LO,llJ,r,ur]+ai+1)’ and upper bound the

latter using Proposition 5.3. In either case we conclude that P[S; > 41 + xI'/3] < Ce™*
for any x > 0.

Note that S; for each i are independent. Thus by a Bernstein type bound on the sum
of independent random variables with exponential tails, we have

M—1
. €1 1/3 —cM
P max T . >4M] — —MI < Ce ,
|:a0 ..... ans €[0,c012/3] ; (il,ri+a;) (G+Dlriy1+aj+1) = 2 i|
and the conclusion follows. [

Proof of Lemma 8.4. Take any up-right path I" from 0 to (n, b). Denote by Dr the fol-
lowing event: there exists an up-right path y from IL,, to IL,,4 3s; such that

e y is disjoint from T,
e the passage time of y (i.e. T'(y)) is at least 4M [ — coM /3,

e foreachi =0,1,..., M, |ad(T NL,,4;;) —ad(y NLy4i1)| < 2¢0l2/3.

Here ¢y > 0 is as in the definition of i)x,;(;l ’r[:;)

Under this event, 501?,}(7 ’,l:l) = Dr. Also, I';, =T is a negative event of the field on 72 \T,

while Or is determined by the field on Z2 \ T, and is a positive event of the field on
72\ T. By the FKG inequality we have

. Now we consider the event Iy ¢, py = T'.

P[Dy ") | Ty = I = P[Dr | Ty = Il < P[Dr].

By Lemma 8.12, P[Dr] < Ce™M when ¢y < c and [ > C, for ¢, C > 0 being universal
constants. By averaging over all I' we get the conclusion. ]

9. Convergence of one point distribution

In this section we prove Theorems 1.3 and 1.4. The general idea is to show that the law
of the environment around a specific vertex in the geodesic is close to that of nearby
vertices along the geodesic; and this is achieved by a coalescing argument. Then we use
Proposition 8.1 to argue that a certain time average (of environments along the geodesic)
is close to the stationary measure v.

To prove Theorem 1.3, a key step would be to bound the total variation distance
between (§{Tg[i]}, [o — o[i]) and (§{Ty[i —r]}, o — Ly[i — r]) in a finite box, for any i
large and r much smaller than i. For this, we use translation invariance, and consider the
environment around I'y,)[i — r] instead of I'y[i — r], where

[ ] _ (LV/ZJ,O), ris even,
I (/20,00 + (1L0), s odd,



Convergence of environment seen from geodesics in last-passage percolation 85

We define v[r] this way so that always d(v[r]) = r. We show that with high probability
Lyl = r] = Doli], and in a finite box around this vertex the paths I',[,} and I’y are the
same. Towards this we need the following estimate on coalescence of geodesics, which
directly follows from Proposition 5.5 and Lemma 5.6.

Lemma 9.1. There is a constant C > 0 such that for any r € N and k > 2, we have
PLo MLk # Doy DLkl < C lOg(k)k_z/B.

Proof. Denote the intersections of I'g and T, with IL- as (r, b,) and (r, b;.), respectively.
By Lemma 5.6 and Proposition 5.5, there is a constant Cy > 0 such that

P[|b,|. |b.] < Colog(k)r?/®] > 1 — Cok ™!

and
PT .~ Cotogterr2/3)-1) N Lkl 7 TirLco ogkyr2/2 1) N Lirkg] < Cg log (k) (k — 1) /3.
Thus the conclusion follows by ordering of geodesics (Lemma 5.1). ]

Proof of Theorem 1.3. Take any s € N and any continuous f : RI=s:s1% {0, 1}[[_”]]2 —
[0, 1], regarded as a function on RZ” x {0, 1}2*. We need to show that

Jim E[ £E(Tolil To = ToliD] = v(/f).

Fori,r € N and k > 2 with i — 2s > 2rk, by Lemma 9.1, with probability at least
1 — C log(k)k=2/3 we have Ty[j] = Typy[j — r] for any j > i — 2s; thus the pairs
(E{To[i1}. To — To[i]) and ({Tyr1[i — r1}. Typpr) — Tuprli — r]) are the same in [—s, s]2.
Since (§{Ty[r1[i =1}, Tyr) — Tu[r[i —r]) have the same joint distribution as (§{T'g[i —r]},
Ty — Ty[i — r]), we must have

[E[f(€{To[i]}, To — ToliD] — E[ f(E{Toli — r], To — Toli —rI)]| < C log(k)k>/>.

By averaging over r € [[0,i/4k], we have (when i > 4s)

|E[ £ (€{To[i1}. To — ToliD)] — Elpryi-i/ak n.rom (]| < C log(k)k=2/3.

By Lemma 5.6 and Proposition 8.1, for any fixed k > 0, ury[i—[i/4k 1,1 (f) = v(f) in
probability as i — oo. Thus

tim sup|E[ £ (£{Toli]}. To — Toli))] — v(f)] < C log(k)k ™,
1—>00
Since k can be arbitrarily large, the conclusion follows. ]

The proof of Theorem 1.4 is similar. Again we need the following estimate on coales-
cence of geodesics, which follows from Corollary 5.9 and Proposition 5.4. Recall that we

o2 5
denoten = n” = (n,0) = (Lpzzgl_(l’)_)p;'ﬂ, [pz_ﬁf]fp)ﬂ) forany n € Z.
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(n — 7, —|Colog(k)r2/3| — 1)

(n—r, |Colog(k)r2/3] +1)

(r,~|Colog(k)r/*| — 1)

7, | Co log(k)r2/3 | P

ol

Fig. 18. An illustration of the proof of Lemma 9.2. The geodesics I'g, and
Fv[r]’n_’_v[r] are sandwiched between F(r’_LCO log(k)r2/3j—1),(n—r,—|_C0 log(k)r2/3j—1) and
Lt 1Co tog)r2/3 )4 1), (n—r, | Co log(k)r2/3 |+ 1)

Lemma 9.2. There is a constant C > 0 such that for any r,n € N and k > 2 withn > 2rk,

we have )
P[Con N Lirk) # Coplntorr N Lkl < C log(k)k™2/3,

IPJ[Fo,n N ]Ln—l_rkj 7 l—‘v[r],n-‘rv[r] n ]Ln—l_rkj] <C 10g(k)k_2/3-
Proof. Since n > 2rk, we just show the first inequality; the other follows by symmetry.
Denote the intersections of Iy, and I'ypyntv[] With L, as (r,b_) and (r, o),

respectively; and the intersections of I'yy and I'y[r)n4v[] With L,—, as (n —r, by ) and
(n —r,b',), respectively. There is a constant Cop > 0 such that

P[b_|.[b]| < Colog(k)r*/*], P[|b4]. by | < Colog(k)r?/?] > 1 — Cok™"
by Corollary 5.9; and
PIT ¢ —1Cotogkyr/3 1=1).(n—r.~Cotogirr2/3)-1) N Liirk
# T 1Colog)r2/3 )4 1), (n—r,1 Co logk)r2/3 )+ 1) N Liir ]
< P[T (.~ Cotog)r2/3 -1}, (n—ro—Co logtkyr2/3)—1) N Lirk]
7# T 1Colog(k)r2/3 =1, (n—r. | Cologkyr2/3)+1) N Lkl ]
+ P[4y o ogkyr/3)- 1), in—r, Co tosyr2/2 | +1) N ek

o r‘(r,LCo log(k)r2/3|+1),{n—r,|Co log(k)r2/3 |+1) N ILerJ]
< C2log(k)(k — 1)72/3,
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where the last inequality is by Proposition 5.4. Then the conclusion follows by ordering
of geodesics (Lemma 5.1). See Figure 18 for an illustration. ]

Proof of Theorem 1.4. Take any s € N and any continuous f : RI=ss1? {0, 1}[[_”]]2
— [0, 1], regarded as a function on RZ? x {0, 1}Z2. We need to show that

Tlim B[ £(¢(Toallen]]}, Ton — Tonllon D] = v(/).

Without loss of generality we assume that @ < 1. Forn,r € N and k > 2 withan — 25 >
2rk and an + 2s < 2n — 2rk, by Lemma 9.2 we have

P[Tonllon] + j1=Toppntoinllan] —r + i1}, ¥j € [<25,25]] = 1 = Clog(k)k /3.

By translation invariance, (§{I'y ] n+v[r1[Lo¢7] =71}, Toprln+oir] — Dofrl o [Len] —1])
have the same joint distribution as (§{Ton[lan] — 7]}, Ton — Ton[len] — 1)), s0O

[E[f(¢{Tonllen]]}, Ton — Tonllan]]]
—E[f(E{Tomllan] = r]}. Ton — Loallan] —rD]| < Clog(k)k /3.
By averaging over r € [0, an/(4k)], we have (when an > 4s)
|E[ f(€{Tonllan]]}. Ton — Conllan]D)] — E[iry . (lan)—lan/ @)1, Tonllan] ()]
< Clog(k)k=2/3.
By Corollary 5.9 and Proposition 8.1, for fixed k we have
/’Lro,n[|_Oan—|_Oln/(4k)J],r0,n[LanJ](f) — V(f) in probability asn — oo.

Thus

limsup |E[ f(§{Tonll@n ]}, Ton — Tonllan])] = v(f)] < C logl)k /3.

1—>00

Then the conclusion follows since k can be arbitrarily large. ]

10. Exponential concentration via counting argument
Using a covering argument, we can prove the following exponential concentration of the
empirical environment, for both finite and semi-infinite geodesics.

Proposition 10.1. For any s € N, any bounded continuous f : RI-s12 x {0, 1}“‘“112
— R, regarded as a function on RZ? x {0, 1}22, and any € > 0, we have

Plluor (f) = v(f)I > €] < Ce™"

for r large enough, and c, C > 0 depending on s, f, €.
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Proposition 10.2. Let {b,},eN be a sequence of integers with lim,_, o n=2/3|b,| < oc.
Then for any s € N, any bounded continuous f : RI=s:s1% x {0, I}H_”]]2 — R, regarded
as a function on RZ? x {0, l}ZZ, and any € > 0, we have

P[le0,(n,5,) (f) = V()] > €] < Ce™"

for n large enough, and ¢, C > 0 depending on s, f, €.

From Proposition 10.1 we can deduce Theorem 1.2.

Proof of Theorem 1.2. By Proposition 10.1, for any bounded continuous f : RI=s:sT%
{0, 1}[[_”]]2 — R (regarded as a function on RZ? x {0, I}Zz) and € > 0, we have

> Pllior(f) = v(f)] > €] < oo

reN

So almost surely, there exists some (random) rg such that |u,-(f) — v(f)| < € for any
r > ro. Thus po,(f) — v(f) almost surely. The conclusion follows by taking all s € N,
and f over a countable dense subset of the space of continuous and compactly supported
functions on RI=s+1% x {0, 1}[=s>s I? with the uniform convergence topology. |

Using the same arguments we can deduce Theorem 1.1 from Proposition 10.2. We
omit the details.

To prove the exponential concentration bounds (Propositions 10.1 and 10.2), we cover
the geodesics with short finite ones, and use Proposition 8.1.

We take m € N such that m?/3 € Z. For each i, j € Z we denote by L; ; the seg-
ment joining (im, (2j — 1)m?/3) and (im, (2j + 1)m?/3). For each integer sequence
JosJj1, ..., i, welet Pjy . be the collection of paths from Lg_j, to Ly, ;, , intersecting
each L; j;, 0 <i < k. Forany k € N and D > 0, we define Py p to be the union of
all Pjy. j,.....j, such that jo = 0 and Zle(ji — ji—1)* > Dk. In words, Py p contains
all paths from L, to Ly, with ‘quadratic variation’ > Dk. We next upper bound the
passage times of these paths.

Lemma 10.3. There exists co > 0 such that when m, k, D are large enough,
2km
(1=p)*+p?

where b_, by € 7 are such that (0,b_), (km, by) are the intersections of y with
Lo, Lgm, respectively.

P[ﬂy € Pep.T(y)> —(b+—b—)(,0_1—(1—P)_1)—00ka1/3] <e ok,

Proof. First, there exist ¢, C; > 0 such that for m large enough and any j € Z, x > 0,

IE[ T, N+ B —b)(p~ = (1 — *1]
(0,?)122&0( (0,6),(m,b) + ( )(p (1-p)™h)
(m,b/)eLl'j
2m

< m +(C1— Cljz)m1/3
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and

P T, N+ B =b)p ' =(1—=p)!
[ (0’1171)125200 (T(0,6),(m.p7y + ( )(p (1-p)™h)
(m,b’)eLlJ
2m

<Gt mam] <

When | j| < (p* A (1 — p)?)m'/? these inequalities follow from Proposition 5.3 and (5.3),
and fundamental computations. When |j| > (p? A (1 — p)2)m!/? the inequalities can be
obtained by applying (5.1) in Theorem 5.2 to each T}, ,, withu € Lo and v € Ly ; and
taking a union bound.

Note that
k—1
max T(y) < E max T, + max  Ty,.
VEPj().jl ..... Jk iz MELi_l~-/i—1 ’ uELk—l.jk71
= UELi.ji vELk,jk

Here T}, = Ty — &(v) for any u < v € Z?. Then by a Bernstein type estimate for
independent random variables with exponential tails, we have

— _ 2km C1
P|  max T +0s—b)p ' =(1-p7")> —__kal/s}
|:1/er0,;1 ..... Jk * 1—p)2+p> 2

k ..
< Cre™@2 Yic1Gi—ji—1)?

for any D large (depending on c1, C1) and any integer sequence jy, . .., jx With jo = 0,
Zle(j,- — j,-_l)2 > Dk. Here ¢z, C; > 0 are constants, and (0, b_), (km, b) are the
intersections of y with Lg, Lg,,. Summing over all such sequences jy, ji,..., jk, the

right-hand side is bounded by
Cpe—c2Dk/2 (Z e—c2j2/2>k_
JEZ
By taking D so large that e©20/4 > Zjez e_62j2/2, we get the conclusion. ]

We next prove Proposition 10.1. The general idea is to upper bound the ‘quadratic
variation’ of the first r steps of I'g, and use Proposition 8.1 to show that the empirical
environment between each LL;;, and L 4.1y, is close to v, and use independence to deduce
exponential concentration.

Proof of Proposition 10.1. For any vertices u < v, denote
L] . 1
Py = T D> SEwhlue-w)
u,v wely v, w#v

i.e. it is the empirical environment along I’ ,, excluding the last vertex v. Without loss
of generality we assume that 0 < f < 1, and € is small enough (depending on s and f').
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We first consider paths with small ‘quadratic variation’. Take D > 0 and m € N such
that m2/3 € Z, and let them be large enough as required by Lemma 10.3. We also choose
m large enough such that

IEJ)[Ia|,|b|r<r{;a—xzmz/3 [150.),6m.) () = V()] > 62] =& (10.1y
by Proposition 8.1. Here ¢ is a small number depending on D, € and to be determined.
Take any k € N (also large enough as required by Lemma 10.3), and a sequence jo,. . ., jk
such that jo = 0 and Zle(ji —ji—1)> < Dk.WeletI' C {1,...,k)} be the collection of
indices such that | j; — ji—1| < € 2/2—1foreachi € I’. Then |I’| > (1 — €/2)k when
¢ is small enough (depending on D). Next we let I C I’ be such that foreachi € I,
max g0 () = ()] < €.
ueLi,]!j[_l s veL,"ji

By (10.1) we have P[i € I] > 1 — e foreachi € I'. Also note that iy € I and i € I are
independent for any i1, iy € I’ with i; — i, > 2. Then by a Chernoff bound and taking ¢
small enough (depending on D, €), we can make P[|I'| — || > €2k] < (D + 1)72k.

Let y be the path consisting of the first 2km + 1 vertices of [y, i.e. y is the part
of I'p on and between L and Ly,. Given thaty € Pj, . j, and |I’| —|I| < €k, for any
r € [2km,2(k + 1)m] we must have |uo(f) — v(f)| < €/2 + 2€* + 1/(k + 1). So
when k > €72 and € is large enough, we have

Thus by summing over all sequences jy, ..., jr with jo =0, Zle(j,- — ji—1)? < Dk,
we have
|Dk| +k—1

Ply ¢ P lnas () = v(Hl > < (1]

)(D + 1)—2k <e—ck

for some ¢ > 0 depending on D.
Now it remains to bound P[y € Py p]. By Lemma 10.3, we have

Ply € P,p]
2km
<e ¢k 4 p [T <—
=T+
where (km, by) is the intersection of 'y with LLg,,, and recall that ¢y > 0 is a constant

independent of m, k, D. When the event on the right-hand side of (10.2) happens, (at
least) one of the following must happen:

o |by|>km?/3,
o max | <m2/3(B((km, b), (km,0)) —b(p~" — (1 — p)~1)) = coDkm'/3/3,

. 2%k s
* T3 tmoy < Tz — CoDkm /3)2,

(o — (1)) —coka‘/3], (102)



Convergence of environment seen from geodesics in last-passage percolation 91

where 7,7, = Tyu,» — §(v) for any vertices u < v as before, and recall that B is the
Busemann function (defined in Section 3.1). To see this, we assume the contrary, i.e.
none of the above three events happen (while the event on the right-hand side of (10.2)

happens). Then we must have T, ~Ty y > B((km, by ), (km,0)), which con-

0,(km,0) (km,0

tradicts Lemma 3.1.

We claim that we can bound the probability of each of the three events by C’ e~<'¥ for
some ¢’, C’ > 0 depending on m, D. For the first event the bound is by Lemma 5.6. For the
second event, note that b > B({(km, b), (km,0)) —b(p~! — (1 — p)~1) is a (two-sided)
centered random walk; for the third event, use Theorem 5.2.

Finally, by sequentially choosing D, €, &, m, and considering all large enough k and
each r € [2km,2(k + 1)m], the conclusion follows. n

We prove Proposition 10.2 using a similar strategy.

Proof of Proposition 10.2. The first half of this proof goes the same way as the proof of
Proposition 10.1. We omit the details, and conclude that the following is true for any
D >0,e >0, m e N with m2/3 ¢ Z, and k € N, such that D, m are large enough as
required by Lemma 10.3, € is small enough depending on D, and m is large enough
depending on D, €. Take any k € N which is > €¢~2 and large enough as required by
Lemma 10.3, and take any n € [km, (k + 1)m]. Let y be the path from Lg to Ly,
consisting of the first 2km + 1 vertices of I'y (, 5,). Then

|Dk| +k—1

Ply ¢ P linmon ()=o)l = 0 < (P57

)(D + 1)K <ok
for some ¢ > 0 depending on D. It remains to bound P[y € Pg p]. By Lemma 10.3,

2k
Plye Pepl<e O +P [T(y) S r

W—bm—l—(l—p)—l)—cokal“}

(10.3)

where (km, by ) is the intersection of I'¢ (, ,) With LLg,,. When the event on the right-
hand side of (10.3) happens, (at least) one of the following must happen:

o maxpez (Tiem.b),(n,bs) — (b = ba) (p~" = (1 = p)™1) = coDkm'/3/3,

o Toemba) < Goagis —ba(p™' = (1= p)™1) — coDkm"/?/2.

To see this, assume that none of the above events happen. Then

T(y) > Ton.bn) = Ttkmby)inbn) = To,(kmby) = Ttkm.b ). in.bn)
- 2km
(1=p) + p?
which contradicts the event on the right-hand side of (10.3).
We claim that we can bound the probability of each of the two events by C’e

for some ¢’, C’ > 0 depending on m, D. For the first event, note that n — km < m; then
the bound can be obtained by taking a union bound over all up-right paths from Lg,, to

—bi(p = (1—p)™") = 5coDkm' 3 /6,

—c'k
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(n, by) (there are at most 22" such paths, and the passage time of each is the sum of at
most 2m + 1 i.i.d. Exp(1) random variables). For the second event, apply Theorem 5.2.
Thus the conclusion follows. |
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