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Bloch-Floquet band gaps for water waves
over a periodic bottom

Christophe Lacave, Matthieu Ménard, and Catherine Sulem

Abstract. A central object in the analysis of the water wave problem is the Dirichlet—-Neumann
operator. This paper is devoted to the study of its spectrum in the context of the water wave system
linearized near equilibrium in a domain with a variable bottom, assumed to be a C2 periodic func-
tion. We use the analyticity of the Dirichlet-Neumann operator with respect to the bottom variation
and combine it with general properties of elliptic systems and spectral theory for self-adjoint oper-
ators to develop a Bloch—Floquet theory and describe the structure of its spectrum. We find that,
under some conditions on the bottom variations, the spectrum is composed of bands separated by
gaps, with explicit formulas for their sizes and locations.

We dedicate this article to the memory of Thomas Kappeler. This work started as
a collaborative project with Thomas, who sadly left us abruptly. We will always be
grateful for his inspiration, generosity, and kindness

1. Introduction

This study concerns the motion of a free surface wave over a variable bottom. There is a
large literature devoted to this subject due to its relevance to oceanography in coastal engi-
neering. Formation of long-shore sandbars along gentle beaches has been observed in open
ocean coasts or bays, and it is important to understand how they affect the propagation of
waves [20]. For mathematical purposes, the variable bottom is often assumed to be peri-
odic or described by a stationary random process. The effect of a fast oscillating bottom
has been studied in many asymptotic regimes [5, 6, 9, 28], where effective equations are
derived using techniques of homogenization and of multiple scales. Here, we restrict our-
selves to the linearized water wave problem near the equilibrium with a periodic bottom. In
this setting, there is a classical phenomenon known as the Bragg resonance reflection phe-
nomenon, in analogy with the Bragg’s law for X-rays in crystallography. In the water wave
setting, it refers to the situation where the bottom has the form y = h(x), where h(x) = h;
(constant) if x < 0 and x = £ and is a periodic function of period d for 0 < x < £. Res-
onance happens when the wavelength A of the incident wave is equal to twice that of the
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bottom variation with higher-order resonances for A = 2d/n,n = 2,3,.... This config-
uration leads to strong reflected waves. This phenomenon was observed experimentally
by Heathershaw [11] and derived formally by Mei [19] and Miles [21]. Based on this
analysis, Mei [19] proposed a theory that strong reflection can be induced by sand bars if
the Bragg resonance conditions are met, thus protecting the beach from the full impact of
the waves. Higher-order Bragg reflections have been observed experimentally and numer-
ically by Guazzelli, Rey, and Belzons [10].

The problem under consideration is wave propagation over a periodic bottom of infi-
nite extension. Porter and Porter [23] draw a comparison between scattering by a finite-
length periodic bottom and infinite-length periodic bottom. The two problems have how-
ever a different character: the finite extension one gives rise to a boundary-value problem
and the phenomenon of Bragg resonances while the infinite extension one takes the form
of an eigenvalue problem. They first observed that the scattering properties for a bottom
with an arbitrary number of periods may be obtained from those for the single period
through a transfer matrix technique. On the other hand, they defined an extended Bloch
problem where they not only look for eigenvalues corresponding to propagating waves
over the infinite periodic bottom but also for eigenvalues corresponding to evanescent
waves, which increase or decrease as they cross a single period. They show that the eigen-
values of the extended transfer matrix used in the scattering case approximate those of the
extended Bloch problem (see also Yu and Howard [31]). Other authors pointed out the
close relation between the problems of wave propagation over a periodic bottom of finite
or infinite extension, respectively. We mention the work of Linton [17], who observed a
band-gap structure in the context of water waves propagating over infinite periodic arrays
of submerged horizontal circular cylinders in deep water. He showed that the approximate
location of the band gaps can be obtained from the phase of the transmission coefficient
for a single cylinder. In a more recent reference, Liu, Liu, and Lin [18] considered shal-
low water waves over infinite arrays of parabolic bars. They explicitly calculated the band
gaps and analyzed the influence of the bar height, width, and spacing on band gaps. They
found that if a band gap exists for the spectral problem with an infinite periodic array, it
gives rise, for the associated problem with a finite periodic extension, to a Bragg reso-
nant reflection occurring at the mid-point of the first band gap, providing a more accurate
prediction than the classical Bragg’s law.

1.1. Setting of the problem

The goal of this paper is a detailed study of the Dirichlet—-Neumann operator and in par-
ticular the description of its spectrum for general periodic topography through an analysis
of associated elliptic systems and Bloch—Floquet theory.

The starting point of our analysis is the water wave problem written in its Hamiltonian
formulation [7,32]. The two-dimensional fluid domain is

Qe(b,n) ={(x,2): x €R, —h +eb(x) <z < n(x,1)},
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where the variable bottom is given by z = —h + ¢b(x), and the free surface elevation by
z = 1n(x,t). The water wave problem in canonical variables (7, ), where £ (x) is the trace
of the velocity potential on the free surface {z = n(x, ¢)}, has the form

d:n— G[n, eb)s =0,
(Gn.eblé 4 0xn- 0:6)? 0 (1.1)
2(1 + [0xn?) -

where g is the acceleration due to gravity. The operator G[n, £b] is the Dirichlet-Neumann
operator, defined by

1
9E+gn+ Elaxél2 -

Gn.eble = V1 + (0,020, ®),_,.

where © is the solution of the elliptic boundary value problem

{a,%cb + 320 =0 inQ(b.n).

q)|z=n = é’ 8nq)|z= = 0’

—h+eb

The system (1.1), linearized about the stationary solution (n(x), £(x)) = (0, 0), is

da;n— GleblE =0,
9:§ +gn =0,

where now, and for the remainder of this article, we denote G [0, eb] by G [¢b]. The surface
elevation 7 satisfies
07+ gGlebln =0

and initial conditions

n(x,0) =no(x), 9:(x,0) =nm(x), xeR.

When we look for solutions of the form n(x, ) = e!“’v(x), we are led to the spectral
problem G[eb]v = Av with A = w?/g. The operator G[eb] is a nonlocal operator depend-
ing on the function b(x), which we assume to be a 27-periodic C? function. In analogy
with second-order differential operator with periodic coefficients, the goal is to develop a
Bloch-Floquet decomposition to describe its spectrum.

We will recall in Section 2.2 the principle of the Bloch-Floquet theory, where one
decomposes a function as an integral of 6-periodic functions; namely, one writes

1/2

f(x) = U f(x.0)do,
2

-1/

where U f is O-periodic

U f(x +2m,0) = 20U f(x, 0),
for the Bloch—Floquet parameter 6 € (—%, %]. The principle of the Bloch-Floquet decom-
position is to describe the spectrum and the generalized eigenfunctions of G[eb] by
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a family, parametrized by 6, of spectral problems for Gg[eb] acting on 27 periodic func-
tions: _

Goleb]g®(x, 0) := e 9% Geb]e'®*p®(x,0) = A2(0)p®(x. 0), (12)
¢ (x +27,0) = ¢*(x.0). '

Equivalently, Gg[eb] is defined in terms of the elliptic system (2.4) by (2.5).

The goal of this paper is to describe rigorously the spectrum of the Dirichlet-Neumann
operator in the form of bands separated by gaps, thus expressing the wave elevation as a
sum of Bloch waves. This decomposition shows that there are band gaps within which
Bloch waves cannot exist. A classical model operator that exhibits this behavior is the Hill
operator H = —Kdz + V(x), where V(x) is a smooth 27 -periodic potential on R. The
associated spectral problem is

dg

2 +V(x)p = Ag,

which has been intensively studied. We refer to the books of Eastham [8], Reed and
Simon [25] and the detailed review of Kuchment [13] and references therein.

When the bottom is flat, b = 0, the eigenvalues «, (8) of G[0] are given explicitly in
terms of the dispersion relation for water waves over a constant depth # = 1 and ¢ = 0:

2
Ky (0) = %w) — (p + 6) tanh(p + 0),

for p € Z, and Bloch-Floquet parameter 6 € (—%, %]. Eigenvalues are simple for —1/2 <
0 <0and 0 < 6 < 1/2.For 6 =0, 1/2, they have multiplicity two. When reordered appro-
priately by their size, the eigenvalues, denoted by )tg (8), are continuous in 6 (see Fig-
ure 1 (a)). The spectrum of the Dirichlet~-Neumann operator G [0] is the half-line [0, +00).
The goal of this work is to understand how the presence of a small periodic bottom modi-
fies the structure of the Dirichlet—-Neumann operator.

1.2. Main results

We will prove that, under certain conditions on the Fourier coefficients of b, the pres-
ence of the bottom generally results in the splitting of double eigenvalues near points of
multiplicity, creating a spectral gap. Yu and Howard [31] computed numerically Bloch
eigenfunctions and eigenvalues of (1.2) for various examples of bottom profiles using a
conformal map that transforms the original fluid domain to a uniform strip, thus identi-
fying the corresponding spectral gaps. Chiado Piat, Nazarov, and Ruotsalainen [3] gave
a necessary and sufficient condition on the Fourier coefficients of the bottom variations
to ensure the opening of a finite number of spectral gaps of @(¢). In [4], a systematic
method, based on the Taylor expansion of the Dirichlet—Neumann operator in powers of
b, was proposed to compute explicitly spectral gaps, allowing spectral gaps of high order.
A simple example of bottom topography was given leading to gaps of order 9 (¢*). In this
paper, we give a full description of the spectrum of G[eb]. We first prove that the lower
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Figure 1. Sketch of the first six eigenvalues in order of magnitude: (a) flat bottom ¢ = 0; (b) in
the presence of a small generic bottom perturbation & > 0. The dashed blue (resp., dot black) curve
represents A5 » (0) (resp., A5 » +1(0)). The spectra of the operators G[eb] are represented by the
solid red intervals.

part of the spectrum is purely absolutely continuous and is composed of union of bands.
We then give necessary and sufficient conditions on the Fourier coefficients of b(x) for
the opening of gaps of order ¢ and &2, based on a rigorous perturbation theory near double
eigenvalues of the unperturbed problem.

The main ingredients of our analysis are elliptic estimates [15], perturbation theory of
self-adjoint operators [16, 25,27], and the notion of quasi-modes which provides, under
some conditions, a method to construct eigenvalues from approximate ones [2, Proposi-
tion 5.1]. It also strongly relies on the analyticity of the Gg[eb] and its resolvent with
respect to € and 6.

Theorem 1.1 (Structure of the spectrum). Let b € C?(T,y). There exists £o(b) > 0 such
that the following holds true for any ¢ € [0, &).

(i)  The spectrum o (G [eb]) is composed of a union of bands. Namely,

o(G[eb]) = IQ)A;((—%, %D

where the {1}, (0)} ;2 are the eigenvalues of Gg|eD], labeled in increasing order,
repeated with their order of multiplicity, and the bands are images of the Lip-
schitz non-negative functions 6 +— A, (60) on the interval (—%, %] Moreover,
Ag(0) = 0.

(ii) Forany p € N, there exist £1(b, p) € (0, g9] and Cy, , such that we have

DD e vero
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(iii) The lower part of the spectrum of G[eb] is purely absolutely continuous'. More
precisely, for any M > 0, there exists €)1 € (0, &o] such that, for any € € [0, epr),
o(G[eb]) N[0, M] = 0u:(G[eb]) N [0, M],
opp(Gleb]) N[0, M] = 04 (G[eb]) N [0, M] = 0.

The next results give conditions on the Fourier coefficients of b, defined as
R 1 2w

b, = 7 ), b(x)e 'P¥ dx,

that ensure the opening of a gap that separates the double eigenvalues A9 »—1(0) = A9 »(0)
or Agp(%) = A3 ,4 (1) corresponding to b = 0. Let us denote

(5)°

= —=1 (1.3)
P cosh? (%)

Theorem 1.2 (Gap opening of order ¢). Let b € C?(T,) and p € N. There exist positive
numbers g2(b, p) and Cp, p, such that the following holds true.

i Ifp>0and 1321, # 0, then, for all ¢ € (0, &3), the spectrum o (G [eb]) has a gap:
0 — . : _.10 +
/\Zp(o) - g2p,g T —%Hiaéxs% Agp—l (0) < —%H<119n<% Agp(g) - A2p(0) + g2p,s
with
|gitp,g - F2p|b2p|<9} < Cb,pgz-

(ii) Ifl;2p+1 % 0, then, for all € € (0, &2), the spectrum o (G [eb]) has a gap:

1
A9 (—)— S = max Af (A) < min A§ 0
2p\ 5 82p+1,e 1<l 2p( ) _12<1 2p+1( )

1
=: Agp(i) + g;rp-i-l,a

with
— F 5 <C 2
82p+1,e 2p+l| 2p+1|5| I Cppt.

If I;Z p = 0 and if another condition on the Fourier coefficients of b is satisfied, then a

gap of size £2 occurs. Let us denote
2 2
p k _Kk(O)Kp(O) A 2
Bpy=—L— 3 TZaBSO ),
cosh(p)? & i (0) — 1 (0)
2 2
14 k* — 1k (0)kp(0) =
Sp(b) = ——— — by ybp_p.
TP D R

k¢{0,p,—p}

!For a precise definition of the absolutely continuous spectrum, we refer to [26, Chapter VIL.2].
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Theorem 1.3 (Gap opening of ¢2). Let b € C?(Ta,) and p € N*. There exist positive
numbers e3(b, p) and Cyp,_p, such that the following holds true. If by, = 0 and S, (b) # 0,
then, for all ¢ € (0, €3), the spectrum o (Geb]) has a gap:

2°V=2

kgp(O) + Jpg2 —8ape = _1nl%x<l AEP_I(Q)

< min A5 ()
—%<9S% 2p

=:29,(0) + Jp&” + g5, ,

with
+ 2 3
|g2p,5— |Sple | < Cppe.

It 132 p+1 = 0, similar conditions on the Fourier coefficients of b lead to the opening
of a gap of order &2 near § = :I:%.

The paper is organized as follows. Section 2 is devoted to the basic properties of
the Dirichlet-Neumann operator. We first introduce the Bloch-Floquet transform which
allows us to represent any L2-function as the integral over (— % % of -periodic functions.
Following [13,25], we express G[eb] as a direct integral decomposition of Gg[eb]. We
then write the variational formulation of the elliptic problem associated to Gg[eb] and to
its resolvent (1 + Gg[eb])™!. Section 3 is devoted to general properties of the spectrum
of G[eb] and Gg[eb]. An important property of the Dirichlet-Neumann operator is that it
is analytic with respect to the bottom [15]. We extend it to the analyticity of its resolvent
with respect to & and 6. This result is central for the description of the spectrum of the
operator Gg[eb]. In Section 3.3, using general properties of perturbation of self-adjoint
operators [16,27], we show that, for 6 not too close to 0, :I:%, the spectrum of Gg[eb]
is composed of simple eigenvalues that are close to those of Gg[0] and give estimates
on their location. It will be useful later to ensure gaps constructed in Section 4 remain
open. We also give a first description of the spectrum of Gg[eb] near double eigenvalue of
Gy[0]. We then prove Theorem 1.1 that describe the spectrum of G [gb] as union of bands.
In Section 4, we show necessary and sufficient conditions for the opening of a gap at
6 = 0,1/2 of order O (e). The matching of the inner and outer asymptotics on an overlap
region leads to the opening of a gap of order ¢ (Theorem 1.2). In particular, assuming that
l;k = 0 for all |k| < N leads to the opening of N gaps. In Section 5, we extend the above
analysis to construct gaps of order 2.

Our method provides necessary and sufficient conditions on the bottom topography
that lead to opening of gaps of order & and £2. We believe that a higher-order calculation
would lead to opening at higher order in ¢. Because the smallness ¢ depends on p, we are
only able to exhibit bottom configurations that lead to the opening of a finite number of
gaps. The opening of an infinite number of gaps is an open problem.

We conclude the introduction with some notations:

Q. ={(x,z2) e RxR; =1 +eb(x) <z <0},
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we 1= {(x,z) € Tor xR; -1+ eb(x) < z < 0},
S =Ty x [-1,0], y =Ty x{0}.

We denote by T, := R/27Z the flat torus of length 27 and f € H*(T,,) means that
f € H_(R) and is 27 -periodic (namely, f(x + 27) = f(x) for a.e. x € R), whereas a
function F belonging in H®(w,) or in H*(S) means that ® is periodic in the horizontal
direction: F(x + 2m,z) = F(x, z).

2. The Bloch-Floquet transform of the Dirichlet-Neumann operator

2.1. Basic properties of the Dirichlet~Neumann operator

The goal is to study the Dirichlet-Neumann operator G[eb] := G|[0, eb] which naturally
appears when solving the linearized water wave equations in the domain 2., where b €
C2(R), bounded, and ¢ satisfies &||h| L~ < 1. Without loss of generality, we assume & = 1
and fozn b(x)dx = 0. Note that this domain is bounded in the vertical direction which
allows to have a Poincaré inequality (see [15, equation (2.8)] or Lemma 2.1) and to solve
the following elliptic problem by the Lax—Milgram theorem.

For any £ € H'(R), let ® be the unique variational solution of

2.1

AP =0 in €2,

cI>|z=0 = 'i:’ anq:)lz:

—1+eb

see [15, Proposition 2.9]. From ®, we define the Dirichlet-Neumann operator G [¢b] as
GleblE = 0,D,_,.

By elliptic regularity, G[eb] is a continuous operator from H'(R) to L2(R). It is
positive semi-definite, symmetric for the L? scalar product (see [15, Proposition 3.9]),
and it is also self-adjoint on L?(R) with domain H ' (R). This property was shown in [29]
for flat bottom using symbolic analysis and in [15, Appendix A.2] for b € H*+1(R) for
to > 1/2. Looking at the details of the proof in [15, Proposition A.14], we notice that the
decay of b at infinity is not used and that the proposition holds true for periodic b smooth
enough, in C 2 for instance.

Another well-known property for the Dirichlet—-Neumann operator on a Riemannian
manifold [30, Section 7.11] and proved in [29, Corollary 3.6] for the fluid domain €2, is
that it is a first-order elliptic operator. This property is not used here but just recalled for
sake of completeness.

We conclude this subsection with the standard Poincaré inequality when the domain
is bounded in one direction. Note that important points in the following inequality are that
the constant Cp does not depend on &, and the coefficient in front of ||0,¢||z2 is strictly
smaller than 1.
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Lemma 2.1. There exist &9, Cp > 0 such that, for any & € [—eg, €o] and all ¢ € H'(wy),
3
11220 < CPIAC-Dl2027) + 7192012200 (2.2)
Proof. For ¢ € €!(w;), we write
0
o(x,z) = ¢(x,0) —/ dz¢(x, w)dw;
z

thus,

0

D=

(. 2)] < [p(x.0)] + |z|%(/

—1+4¢eb(x

) 02¢ (x, w)|? dw) =:¢(x,0)] + A(x, 2),
where |
14120y < 51+ lelB]25)218: 0120,

which would end the proof if ¢ vanishes on the boundary. For all § > 0, there is Cs5 > 0
such that

| (x,2)|* < B (x,0)]> 4+ 2|¢p (x,0)| A(x, 2) + A(x.2)* < Cs|p(x,0)|> + (1 + §) A(x,2)*;

hence,
161220 < VCs(1+ lellDllLoe)1d (- 0 L2(0.27)
+ @(1 + [el1bllLoo) 102 [l L2 e ) -
Choosing &¢ and § small enough leads to (2.2) because 1/+/2 < 3/4. |

2.2. Bloch-Floquet transform

The Bloch—Floquet transform, also referred to as Gelfand transform, is defined on § (R)
as
> .
fx) > Uf(x,0) = Z flx + znn)e—ZmOn.
n=—o0o

It satisfies .
Uf(x +27,0) = 20U f(x, 0)

and is uniquely extendable to a unity operator from L?(R) in L?((—2, %] L?(0,2m)) by
Fubini and Plancherel theorems (see, for instance, [25, p. 290]). For f € S(R),

1/2
fx) = Uf(x,0)dd inR.
2
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Denoting g = U f with f € §(R), there is an explicit formula for U* g only in terms of
the values of g in (—1/2,1/2] x [0, 27]:

/2
(U*g)(x + 27n) = [ 20 g(x,0)d0 forall (x,n) € [0,27) x Z.
~1/2

This definition of the Bloch—-Floquet transform is convenient because it implies that U* g
is an isometry from L2((—%, %] L?(0,27)) in L%(R). The definition of U* for x outside
[0,27) comes from the fact that we do not specify the periodicity condition of g with
respect to x when we only considered g as an element of Lz((—%, %] L%(0,27)). An
important consequence of the isometry property is that we can decompose any f € L2?(R)
as an integral of §-periodic functions (namely, g(x + 27, 0) = ¢***%g(x, #)). For more
details, we refer to [25, Section XIII.16] and [13, Section 4.2]. Another possible choice of
decomposition is based on Fourier transforms as in [1], which is well adapted to d = 2.
With our choice of direct integral decomposition of functional spaces

7]
L*R) = /( L7 do, (2.3)

the goal is to decompose the Dirichlet-Neumann operator G [eb] into operators Gg[eb]
acting, for all 8, on periodic functions.

Let b € C%(T,,), and for any ¢ € H'(T,,), let ® be the unique® variational solution
of

{ (—A —2i00, + 62)® =0 inw,, o4

Oy =¢, (O +ibn)®._ ., =0,

where 1, denotes the horizontal component of the outward normal vector 7.

Theorem 2.2. There is g9 > 0 such that, for all 6 € [—% — &0, % + &o] and € € [—¢y, €0),
the linear operator Ggleb] defined as

Gyleblgp = 0,®@._, € L*(T2r) (2.5)

is well defined on H 1(']I‘z,,), closed, symmetric, positive semi-definite, and bounded uni-
Sformly with respect to 0 € [—% — &9, % + &o] and € € [—&y, o).

Proof. Ttis proved in [4, Proposition 2.2] that Gg[eb] is well defined. We briefly recall the
argument. For ¢ € H'(T,,) given, we lift the boundary condition on z = 0 by’

F(¢) € H¥?(Tyy x (=2,0)),

2The existence and the uniqueness of ® is proved in the proof of Theorem 2.2.
3F is linear and continuous from H'(T,,) to H32(T,, x (=2, 0)) and a possible construction is

F(@)(x,2) =Y sez (Z;l:o 27 W h(zv/1 + k2))et*™ where h € C2([0,1),[0,1]), Ay, ) = Lssee [14,
Theorem 3.1] and [22, Section 2.5].
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where F(¢)|,_, = ¢, F(¢)|,__, = 0 and introduce ® = -+ F(¢), where @ is the unique
solution in Hslurf,o(a)g) of the variational formulation

age(P,0) = —age(F($).¢) Vo € Hhyo(ws),
where
ag.e(V, ) := / [VU VP +i0(Virg — o V) + 6°V7|

We
and HSurf o(@¢) is the set of functions belonging in H !(w,) vanishing at the surface, i.e.,

on {z = 0}. The existence and uniqueness of D is a consequence of the Lax—Milgram
theorem and the Poincaré inequality (Lemma 2.1), since the coercivity property

age (P, ) = | |V¥]> =20 Im(Vd, ) + 62 |9[* = (IV¥] 200, — 1011¥L2(0,)°

W
316)
> (1- ) 199120 = CIVE R, = Cl¥ 1,

holds with C and C independent of 8 € [—% — &9, % + g9 and € € [gg, &¢], where &g is
chosen smaller than 1/2.

As AD € HY/2(T,, x (—1/2,0)), by elliptic regularity, we have ®, ® € H3/2(T,,, x
(=1/4,0)); thus, the normal trace 8, ®,_, belongs to L?(T»,). We then have obtained
that Gg[eb] is a continuous operator from H!(T5,) to L?(T5,) uniformly with respect
tof € [—% — &9, % + go] and ¢ € [gg, &o].

Moreover, for any ¢, ¥ € H'(T,), let ®, ¥ be the solutions associated to (2.4),
respectively. Then,

27 _
(Goleblp. v) = /0 (Goleblo) T
=/ [VO- VU +i6(P0 ¥ — Vo, D) + 6DV

= (¢. Gg[eb]Y),

which implies that Gg[eb] is a positive semi-definite operator, symmetric for the L2-scalar
product. The positivity follows from the coercivity:

(Golebld, ¢) = (IVPL2(0,) — 01PNl L2 ()
Gy is also closed: let (¢, Gg[eb]dn), be a sequence of the graph of Gg[eb] converging in
L?(0,2m) x L?(0,27) to (¢, g); for any test function ¥ € C*(w,), we have, for all n,
(Goleblpn, ¥(-,0)) = / [VCDn VU 4 i0(P,0,¥ — W, D,) + GZCDH\T!].
We
From the Poincaré inequality, we deduce that (®,), is a bounded sequence in H ! (w,):
|Goleblnll 5 I9n 15" = (Galeblgn. ¢n)"> = 1V PallL2(wn) — O11Pall 2w
Z Cil|®Pnlla @ — C2llonllL2(rsn
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with constants C; and C, independent of 6 € [—% — &0, % + go] and ¢ € [—&g, &9, Where
o is chosen smaller than 1/2. Passing to the limit in the previous equality, (®,), tends
in the sense of distributions to ®, solution of (2.4), with ®,_, = ¢ and 8,,CI>‘Z:0 =g.
From 3,®,_, = g € L?, elliptic regularity implies that ® € H 3/2(,), hence that ¢ €
H'(T»,) = D(Gy[eh]), which concludes the closure of Gy[ebh]. |

An important tool for the study of spectral properties is the resolvent operator (1 +
Gyleb])™1. The next proposition relates the resolvent operator to the trace of the unique
solution in H!(w,) of an auxiliary elliptic system. The variational formulation of this
system was introduced in [3, Section 4.a].

Proposition 2.3. Let b € C?(Tay). There is g9 > 0 such that, for all 6 € [—% — &0,
% + 0], € € [—80.80] and £ € L*(Tay), the system

(—A =2i00x +0)® =0 inw,,

(O + DP.y =& (On +i00)P,__,, =0,

(2.6)

has a unique variational solution ® € H'(w,) and
(1+ Ggleb) '€ = @y,

Moreover, (1 + Gg[eb])™! is bounded from L?*(Tay) to H'(Tyy) independently of 6 €

[_% — &o, % + go] and ¢ € [—&y, &¢]-

Proof. The function @ is a variational solution of (2.6) if and only if, for any W € H(w,),
af (@9 =1¥):= [ ETE0)
2m

where

ag (0. W) ;=/ [vq>-v@+i0(cpax@—\iaxcb)+02c1>@]+/qnff. 2.7)
Y

Wg

The operator L is continuous since
ILOD)| < [EllL2mm W2y < CUEN L2 1P 1 (w0)
and a g . is a continuous sesquilinear form. In addition, it is coercive:
ag (2, ®) = (VP L2(0,) — Ol L2wn)* + 191132,
= 8(IVPlL2(0,) — 01PN L2we)” + 191172,

1 2
= 5(\/5|||V®||L2(ws) — 0@l 2wy | + 1 Pll2¢y))
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for all § € (0, 1]; hence, by Poincaré inequality (Lemma 2.1),

1
(@B,(@. 9)'/2 = VEC, | VOl 1200y + (E - Jécz) 190220 = C 1@ 1o

with Cy, C, and C3 independent of 6 € [—% — &o, % + go] and & € [—¢g, &¢], where § is
chosen small enough. By Lax—Milgram theorem, there is a unique solution ® € H!(w,)
of aéfs(cb, -) = L. By elliptic regularity*, ® € H3?(T2; x (—3.,0)) and ¢ := ®|,_, €
H'(T,,). @ is also the unique solution of (2.4), and we have

Goleblp = 0n P, = § — ¢

that is, we have found ¢ € H'(T,,) such that (1 + Gg[eb])¢ = &. We have thus proved
the surjectivity of (1 + Gg[eb]) from H'(T,y) in L?(T,,). The injectivity is obvious:
for ¢ in the kernel of (1 + Gy[eb]), the solution ® to (2.4) is solution of (2.6) with £ = 0;
hence, ® = 0 and ¢ = 0 by uniqueness in (2.6). This ends the proof of the bijectivity of
(1 + Ggleb]) and

(14 Gyleb) ™' = ¢ = D), .

Remark 2.4. In the previous proof, the presence of || ®|[z2,y is important to obtain the
coercivity, but choosing § possibly smaller, we can easily prove that A ¢ o(Gg[eb]) for
any A € ]—00,0), only adding —A in front of [, ®W in the definition of a,.

An important consequence of Proposition 2.3 is the self-adjointness of Gg[eb] and
properties of its spectrum.

Corollary 2.5. Let b € C*(Tay). There is g9 > 0 such that, for all 6 € [—3 — g9, 3 +

o] and & € [—eg, 8¢, the operator Gy|sb] is self-adjoint with domain H'(T»,) and its
spectrum o (Ggleb]) C [0, +ool.

Proof. This result comes directly from the classical theorem for closed symmetric oper-
ators on Hilbert spaces. Indeed, [24, Theorem X.1] states that the spectrum of Gg[eb]
is either the closed upper half-plane, the closed lower half-plane, the entire plane, or a
subset of the real axis. In the proof of Proposition 2.3, we obtained that (1 4+ Gg[eb])~!
is bounded from L2(T,,) to H!(T,;), which implies that —1 ¢ o(Gg[gb]). Thus, the
spectrum of Gg[eb] is a subset of the real axis. The third statement in [24, Theorem X.1]
claims that, in this case, the operator is also self-adjoint. Remark 2.4 implies that

0(Ggleb]) C [0, +oof. u

“When A® = f € L?(T25 x (—3.0)) and 9, ® = g € L?(T2), we have ® € H*2(Tp, x (—1,0)):
to prove this, we lift the boundary condition by ﬁ(g)(x, z2) =Y rez 28kh(zV/1 + k2)e'** 5o that F is
linear and continuous from L2(T2) to H3/?(T2, x (—32.,0)) and conclude that & — F(g) € H/?(T2, x

1
—3.0)).
2
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Remark 2.6. Since its resolvent is compact, the self-adjointness of Gg[eb] implies that
it has a purely discrete spectrum. There exists an orthonormal basis (¥, (0, €, -))n=0 of
L?(T,,) composed of eigenvectors of Ggy[sh], where the eigenvalues (A1, (0, £))n=0 of
Gy leb] are real numbers that we can order such that (4,), is increasing and tends to +o0
as n tends to infinity. Their multiplicity is finite and 0 (Gg[eb]) = {1, (0, ¢),n € N}. Note
that Gg[eb]y, (0, ¢,-) = A, (0, €)Y, (0, ¢, -) implies that ®,,, solution of (2.4) with ¢ = v,
is also solution of (2.6) with & = (1 4+ A,)¥, and that (1 + Gg[eb]) " (1 + Ap) ¥y = ¥,
which means that ¥, is an eigenfunction of the resolvent with eigenvalue

0(0,8) = 1/(1 + An(0, £)).

A second consequence of the self-adjointness is that the definition of Gg[eb] given in
Theorem 2.2 provides the appropriate integral decomposition of G [eb] as expressed in the
next theorem.

Theorem 2.7. Under the decomposition (2.3), we have

52
UG[eb]U* = / . "% Gyleble 9% do. (2.8)
2°2

Proof. We follow the proof of [25, equation (148), p. 289]. Denote by A the operator on
the right-hand side of (2.8). Since Gyg[eb] is self-adjoint for all 6 € (—%, %] it follows
from [25, Theorem XIII.85 (a)] that A is self-adjoint. Since G[eb] is also self-adjoint (see
Section 2.1) and since a symmetric operator can at most have one self-adjoint extension,
it is sufficient to show that if £ € §(R), then UE € D(A) and UG[eb]E = AUE.

For £ € §(R), from the definition of U as a convergent sum, UE € C*°. For every
fixed 6 € (—%, %], we have e_ig(x+2”)‘l,($(x + 2w, 0) = e—iexug(x, 0); hence, x —
e XY E(x, 0) belongs to H'(T,,) = D(Ggleb]), which implies that UE € D(A).

Next, we use the definition of Gg[eb] to consider @y solution of (2.4) for ¢(x) =
e X YE(x, B); then, AUE(H, x) = %9, Dy|,—o(x). On the other hand, let ® be the
solution of (2.1), G[eb]§ = 3,P,_,, and

UG[eblE(x.0) = ) (Geb]E) (x + 2mme 0" = ¢!%%5, B =0 (x),

n=—o00
where
~ . i .
g (x,z) = e710% Z O(x + 2mn, z)e 270,
n=-—00
Noticing that ®y is solution of (2.4) for d(x) = e 19X YE(x, 0) allows to conclude that
®y = Py, which ends the proof. ]

We conclude this section by noticing that the spectrum of Gg[eb] is even with respect
to 0. Indeed, for any ¢ € H'(T,,), taking the conjugate of the elliptic problem (2.4)
associated to Gg[eb]¢, we observe that ® is the solution related to G_g[eb]¢; hence,

G_g[eblp = Goleblp.
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An eigenpair (A, ¢,) of Gg[eb] gives rise to an eigenpair (A,,, ¢,) of G_g[eh], which
implies the evenness of A,. It is thus sufficient to restrict the study of the eigenvalues to
0 €[0,1/2].

3. Analyticity and general properties of the spectrum of G [eb]

3.1. Flat bottom
When the bottom is flat, ¢ = 0, the eigenvalues of Gg[0] are
kp(0) = (p + 0) tanh(p + 0)

for p € 7Z and Bloch parameter 6 € (—%, %] The associated eigenfunctions are e’”*, where
the solution of the elliptic problem (2.4) (for ¢ = 0 and ¢ = €'P*¥) is

ccosh((p + 6)(z + 1))
cosh(p + 0)

®,(0,x,z) = e'? (3.1)
Eigenvalues are simple for —1/2 <6 <0and 0 < 8 < 1/2. For 6 =0, 1/2, the eigenvalues
kp(8) have multiplicity two.

When reordered appropriately by their size, the eigenvalues and eigenfunctions of
Gy[0] are given as follows (see Figure 1 (a)):

1 0 )
For —5 < 0 < 0, )\,217(9) = K,p(Q); wzp(e,x) = Ee lpx’
1 0 1 ipx
for 0<6< > Aap(0) =kp(0):  Y2p(0,x) = me px.
and
for ! <0 <0, A _(0)=k,(0); Ya2p_1(6.x)= ! e'Px
2 S k) 21;7] D 9 pP— ’ m ’
1 0 1 —ipx
for 0<0< E, AZp—l(e) = K_,,(G); wzp_l(e,x) = me px.

The eigenvalues are continuous functions of the Bloch parameter 6 € (—1/2,1/2].
As explained in Remark 2.6, the eigenvalues of the resolvent (1 + G4[0])~! are

w0(0) = (1 + A5(0) "

with the same eigenfunctions. As it will be needed in Sections 4 and 5, we conclude this
section by discussing the application R, ¢ defined on L*(T5,) as

Ry f = ((1+GglO)™" —1)(8)) /.
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For 6 = 0 and any p € N*, ¢J ,(0) is of multiplicity two, with the eigenfunctions
wgp(O,X) = (2n)"Y2eiP*  and wgp—l((),x) = Qn)"V2emipx,

Therefore, for any f € L?(T,), we have

+00
Rapof =Y (1Q(0) — 5, (0)(f: ¥ (0. )y (0, x):

k=0

that is, for g € H'(T,,), the equation

R2p,0f =&

has a solution if and only if
g € Ejy (g = Span(¥3,(0,), 93,10, )" € L*(Tar),

i.e., if and only if

/ g(x)e PXdx = / g(x)e’P* dx = 0. (3.2)
Tax Ton

L

In other words, R ¢ induces an automorphism on £ 30 0)
2p

with an inverse defined by
+2°:° (8. ¥2(0.x))

v2(0,x). (3.3)
k=0k#2p,2p—1 118(0) - ISP(O)

Rz_;,og =

-1 1 1L 1
R, o is then a bounded operator from E 33, 0) to E 33, 0) N H "' (T,;). We note also that

if ® is solution of the Laplace problem associated to Go[0] f (i.e., such that ®|,_, = f),
then

1@l g32csy < CIHS Nm1(T20) < CollgllL2(Ts0)-
Similarly, for p € N, R2p,%f = g has a solution if and only if

/ g(x)e P¥dx = / g(x)e'PT¥ dx =0,
Ton Ton

which allows also us to construct R7! , on E,, (Lo
2p,5 2p\%>

3.2. Analyticity of the resolvent of Gy [eb] in & and 0

It is known that the Dirichlet-Neumann operator b — G[b] is analytic with respect to
the shape of the bottom (see [15, Appendix A]). These results do not directly apply since
we want to keep track of the dependence in the Bloch parameter. The structure of the
forthcoming proof is similar to what is done in [15, Appendix A], but the problem is much
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simpler since we study analyticity with respect to a real parameter ¢ instead of studying
the dependence with respect to the whole bottom function.

The first step to study the behavior of Gg[eb] with respect to ¢ is to straighten the fluid
domain in order to see explicitly the e-dependence. We choose one of the simplest ways
to straighten w, to S = Tp,; % (—1,0):let ¥ : S — w, be the diffeomorphism defined by

3(x,z) = (x,z —ezb(x)).

Proposition 3.1. Let b € C?(Ta,) and s¢ > 0 given in Proposition 2.3. For all § € [—% -
&0, % + &9, & € [—€0. 0], and & € L?(Tay), the function 5()6, 2) =B(S(x,2)) € HY(S)
is a solution of

—b(x)
zb'(x)
(P(Z)VD) - e, —ifeh' (x)® =0 on{z=—1},
(P(Z)VD) e, +P =& onf{z =0}

—mWPQDW@—ZM(Q+£( ))-v5+9%Lqmu»5=o inS,

(34
if and only if ® is a solution of (2.6), where

—b(x) zb'(x)
P(Z) =1L+ Q(%) and @ngwv)ﬁ%%%ﬁ

Moreover, we have
(1+ Gyleb])'6 = |,_,.

The proof is a little long and we leave it to the reader. It consists in replacing o by
®(X) in (3.4) and inserting the expression of DX and P(X). For more details about the
straightening, we refer to [15, Section 2.2.3, p. 46].

Remark 3.2. The unique solution ® of (3.4) is given by

ag (®,0) = L(¥) := /yé\fl(-,O) forall U € H(S),

where ag,’es (P(2),¥ (X)) = ag,g(cb, W), with ag’e defined in the proof of Proposition 2.3.
After the change of variable, we obtain the natural sesquilinear form associated to (3.4):

o T & 3 . —b ~ = =_~
aéf,ES(CD, V) =/; |:P(E)V<D AVAVES 19(e1 +e (zb’g)) (VT — \chD)i|

+/W0—wﬁ$+/$3 (3.5)
S 14

From the proof of Proposition 2.3, we can state the uniform coercivity of a®>5: there exist
go and C such that, for all 6 € [—% — &0, % + &o] and ¢ € [—e&y, &9},

ag>(U.U) = CU |Z -
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The main advantage of (3.4) is to work on a fixed domain § = T,, x (—1,0) and to
identify the influences of 6 and &. For instance, we adapt in the following remark the end
of Remark 2.6 with an elliptic problem satisfied in S.

Remark 3.3. If (1,, ¥,) is an eigenpair of Gg[eb], then (t,, ¥,) is an eigenpair of the
resolvent operator, and the ®,,, solution of (2.4) with ¢ = ,, is the solution of (2.6)
with & = (1 + A,)¥y,. This gives rise to d, = ©,() € H32(S), solution of (3.4) with
£ = (1 4+ An) ¥y and such that ®,|,—o = V¥,,. To summarize, an eigenfunction of Gg[eb]
is the trace on y of a function ® € H>/2(S) satisfying

—b(x)
zb'(x)
(P(Z)VD)-e, —ifeh’'® =0 on{z =—1},
(P(X)VD)-e, = A(0,6)® on{z = 0},

—div(P(Z)VP) — 21'9(81 +e ( )) VO 4 0%(1—eb)® =0 inS,

(3.6)

where A(0, ¢) is its associated eigenvalue. From Remark 3.2, the above system for (P, 1)
is equivalent to

R
aG,e

S@,v)=(1 +/\(9,s))/ dV forall V e H'(S). (3.7
¥

A detailed study of this system will lead in Sections 4 and 5 to the construction of approx-

imate eigenvalues of the resolvent operator for 6 close to 0 and %

The explicit dependence on (6, €) of the resolvent operator also allows us to prove the
analyticity of the resolvent, with respect to &, uniformly in 6 € [—% — &9, % + &o].

Proposition 3.4. There exist Cy,r > 0 depending only on ||b||w1.0 such that
g € (=r,r) = (1+ Ggleb)) ™" € £(L*(T2x); H'(T2r))

is analytic. More precisely, there exist bounded operators Ry (8) € £(L*(Taz); H'(Taz))
such that

I Rk OVl 11 (1) < CollENlL2pny %,

1 1
VE € L*(Tay), 6 € [—5—50,5 —I—eo} andk € N

and
+o0
(1+ Goleb)™ = ) " Re(6).
k=0
where the series converges in £(L*(Taz); H'(Tay)).

Proof. Letus fix £ € L?(T,,) and ® the associated solution of (3.4). We write the expan-
sion of P(X) in terms of &:

+o00
P(E) =L+ ) &0

k=1
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with
—b(x) zb'(x) 0 0
= d = fork = 2.
% (zb’(x) by ) ™ =0 phe) 4+ @)
(3.8)
Including this expression in (3.4), we get that ® solves
— AP —2i00,P + 67D
b(x) +o00
_ . — . _ 2 _ k 1 _ .
€2i0 (Zb,(x)) V® — 6%h(x)P kX_; e div(QrV®) =0 in S,
+o00
0;® —i0b'(x)® + Y (VD) -e; =0 on{z = —1},
k=1
+o00
0D+ D+ Y e (0kVD) e, = on {z = 0}.
k=1
Plugging inside an expansion of
+o00
o= &,
k=0
we identify the terms of order 1 to write
— ADg —2i03, P + 0°Pg =0 in S,
9,P9 =0 on{z = —1},
;P9 + Pp =§ on {z = 0}.
For terms of order ¥ with k = 1, we obtain
— ADp —2i00, Dy + 0°Dy,
b(x) -
ain 2 : . ,
= 2i0 (zb/(x)) VO + 0°b(x)Pp—1 + ;dIV(QJVqu_]) on S,
k
0: P = i0D' (x) k1 — Y _(Q;VPr_;) ez on{z =—1},
j=1
k
0: P + O =— Y (O VD)) -e: on{z = 0}.
j=1
(3.9)

These systems correspond to the elliptic problem associated to (1 4+ Gg[0])™!, and as in
Proposition 2.3, we identify the variational formulation

ago(®, W) = Li(¥),
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where af is defined in (2.7), Lo(¥) = [ §W(-,0), and for k > 1,

Le(¥) = i@/S (Z_bbg;) (Vi ¥ — O, VD)

k
+92[bq>k,1®—2/ Q;iV®;_;-VU.
s is1/s

From Proposition 2.3, these systems have a unique solution in H!(S). By elliptic regular-
ity,

[Poll zr3r2¢sy < C1lléllL2(T20)
and, denoting by Fj, the term on the right-hand side of the first equation of (3.9),

k
1Dl grar2s) < ClFr 1725y < Cr Y 1B1p1.00 1 Pa—j 3725
=1

where C is independent of 6 € [—% — &0, % ~+ &o].
Setting r = min(1/Q2||b||w1.); 1/(2C1||b]|w1.)), one proves by induction that

1Dkl prs/2csy < Cor €l L2ensyy Vi = 0.
Setting Ry (0) : & — D (-, 0) ends the proof. |
Remark 3.5. As expected, we note in the previous proof that Ry = (1 + Gg[0]) L.
Following the strategy of the previous proof and writing
02 = 62 + 200(6 — 6) + (6 — 6o)>,
we may also prove the analyticity with respect to 6 uniformly in &.

Proposition 3.6. There exists Cy, r > 0 depending only on ||b||w1. such that

b e (‘ Sorat ’) = (1 + Goleb) ™" € £(LX(Tar); H' (Tar))

is analytic. More precisely, there exist bounded operators
Ri[fo. €] € £(L*(T2): H' (T2x)
such that
IRk (60, €€ | 11 (Tam) < CollEllL2(ranyr ™ VE € L?(Tan), Vk €N,

for all By € [—% %], & € [—eo, &0], and

+o0 _

(1+ Ggleb)™" = > Rilfo. £1(6 — 60)",

k=0

where the series converges in £(L*(Taz); H'(Taz)).
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3.3. Perturbation theory of self-adjoint operators

The main tool of this section is perturbation theory of the spectrum of self-adjoint opera-
tors. We start with a general result: let A be a self-adjoint operator on its domain D(A4) C
H, where H is a separable Hilbert space, and a;, a, real numbers in the resolvent set
p(A) witha; < as. Let (Bg)se(0,¢,] be a family of symmetric operators on D(A) such that
B¢(A + i)' is bounded uniformly with respect to &. Set

1 1
g4 = Inf ; 1€0 |,
17 se0a0) (2||Bs(A —a) | 20 Be(A—a2) "] °)
which is well defined from the hypotheses above. Indeed, by [16, Corollary 4.6], we have
d(ai,0(4)) = min |s —ai| = [[(4A—a) "7,
s€o(A)

which implies that

_ — A+i
1.4 —an '] < 1B+
—ai
- |ai| +1
< || Bs(4 M1+ ——). 3.10
e+ iy (1 et 310

Theorem 3.7. If ¢ € (—e&g, &9) > Bg is analytic in £(D(A), H) (in the sense of Propo-
sition 3.4), then, for all |e| < g4, the perturbed operator A + eB; has the following
properties.

(a) ay and a, are in the resolvent set of A + B, for all |e| < 4.
(b) Ifo(A)Nla1,az) is aset composed of a finite number of eigenvalues and the sum

of their multiplicity is k, then this is also true for 6 (A + €B;) N [ay, az] for all
le| < eq.

This theorem corresponds to [16, Theorem 5.6] when B, does not depend on ¢. It is
also related to [12, Chapter 7, Theorem 1.8]. Here, we follow the proof of [16, Theo-
rem 5.6] and carefully examine that Theorem 3.7 can be proved in the same way.

(1) The assertion (a) comes from a general theorem which is independent of ¢, namely,
applying [16, Theorem 5.2] because ||eBs(4 —a)7!| < 1.

(2) We consider € aJordan curve in C, surrounding [a;, a»] and crossing the real axis
only in a; and a, (for instance, a rectangle d([a1,az] x [-M, M])), and we prove
the following estimate by using the definition of e4:

az—a1>|8|

leBe(a—27" < (1+ 2= ) vzer.
A

For every |¢| < &4, choosing M large enough allows to write & — (A + e By — z) ™!
as a convergent series with respect to ¢:

(A+eB.—2)" = (A—2)7" Y (=1)""(Bs(A—2)7")"

n=0
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but as & > B, is analytic, we deduce that & > (4 + ¢ B, — z) ™! is analytic, which
is exactly what is needed to finish the proof in Lewin’s lectures notes.

(3) We follow the proof in [16, Theorem 5.6] by establishing the analyticity of the
spectral projector P(e) and by using the fact that the rank of an orthogonal pro-
jector is an entire and continuous function, then remaining constant.

We will apply the above theorem with
A = Gyl[0], eB, = Ggleb] — Gy[0], D(A) = H(T2,), H = L*(Tyy).

From the analyticity of the resolvent (see Proposition 3.4), we write
-1 -1
L+ Goleb] = (Ro(1+ 3 Rg'Re)) = (14D c“Ry"Re) Ry,
k=1 k=1

where we notice that Ry' Ry is a bounded operator from L?(T»z) to L*(T2z), with a
norm less than Cor —%. Recalling that

Ry =1+ Gyl0],

this allows us to identify B, as an analytic function in &£ (H '(T2z); L?(T2,)) and state
that the boundedness in £(L?(T;)) of Ry'(4 +i)~" gives that B.(A + i)~" is uni-
formly bounded.

The first proposition shows that, for 6 not too close to 0 or 1 p € N and ¢ sufficiently
small (depending on b and p), Gg[eb] has a simple eigenvalue A7, (6) in an interval outside
the gap we will construct. Recall that F}, is defined in (1.3).

Proposition 3.8 (Perturbation of a simple eigenvalue). Fix p € N. There exist ep,1 > 0,
dp1 >0, and dpr = Fap|bap| + Fapt1lbap+i| + Fapt2lbapr2| depending on p and b
such that, for all € € [0,&p.1), and dp 16 < 0 < % —dp 18, we have

0(Goleb]) N [23,(0). A2, 42(0)] = {A3,(0). 43,11 (0)}, (3.11)

where )Lip (0) and A§p+l (0) are simple. Moreover,

1
0<25,(0) < Agp(z) —dpae ifp=0,

1
Agp(o) + dp,28 < A;p(e) < Agp (5) — dp’zé‘ lfp > 0,
1
Agp (E) + dpoe < A§p+1(9) < lg,,H(O) —dp e,

and

max max AE(0) = A2(0)| < dp e.
k=217,217+1dp,lsSé’Slfa’p,u;i k k | sr
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The condition d, » = F>)p |52p| + Fopt |132p+1 |+ Fapi2 |l;2p+2| does not appear nat-
urally in the proof, but it will be necessary for the opening of the gap proved in Section 4.

Proof. Fix p € N. As it was noted before Proposition 3.8 that B;(A + i)™! is uniformly
bounded, we have also that |[eB;(4 + 1)7!|| < 1 forall & € [0, go(h)). We set

Ry :=23,120) + 1, 7s:=1—[eBs(A+ D)7 (3.12)

which verifies 1 < R, < n./|leBe(A + 1) 1| for & small enough (dependmg only on b

and p). We choose d, » larger than szlbzpl + F2p+1|b2p+1| + F2p+2|b2p+2| such that
R|leBe(A+ D7

Ne — RplleBe(A + )71

1
Sdpre Veel0,e,,], 0 € [0, 5},

where €,; > 0 is chosen small enough, depending only on b and p. As & (O) # 0 if
k > 0 and d)k"( ) # 0if k = 0, we can fix dp; > 0 such that’

1 1
A0(0) < A9 (5) —2dppe forf e |:0, 3~ dp,1£:|,

1

)tgk(O) +2dy 08 < A9 2 (0) < A5 ( ) —2dppe forO<k <p
1
and 0 € [dp,le, 3 dp,18:|,
1
Agk (5) + 2dppe < A2k+1(9) < )sz+2(0) —2dpne forO0<k<p

1
and 0 € |: P18 dp,le},

(3.13)
We assume now that p > 0, and we will comment later on the case p = 0.
Leta; = A9 »(0)andar = A9 o %) which clearly belong to the resolvent set of A when
8 € (0,1/2). For 0 € [dp,¢, % — dp,1€], the previous inequalities imply that

d(al s U(Ge [0])) = 2dP,287 d(az» U(G@ [O])) = 2d1’,28;
hence, by (3.10),

Chp
de,zé‘.

_ Cp _
1 Be(Gol0] —ar) ™" < 2d ’;» 1 Be(Ggl0] — a2) ™"l <
.

SFor instance, for k > 0, %
0) forall 6 € [0,1/2].

9% (0) + ek < A3, (6) <23 (3) —ex (3
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As for Theorem 3.7, we set

‘nf( ! ! ) > m'n(dp’28 )
4 =1 ; , € Zmm| ——:;&o |.
2[Be(A —ay)~1| 2 Be(A —az)~1|"° Cop °

Without any loss of generality, we can assume that dj, » was chosen large enough such

that dp » = Cyp . Therefore, for any ¢ € [0,¢p,1) and dp,16 < 0 < % —dp, 1€, we have

0<e<ey,

so Theorem 3.7 implies that there exists a unique eigenvalue inside [A9 »(0), A9 p(%)].
Moreover, it is simple and strictly included in this interval. Applying the same argu-
ment with a; = A9 p(%) and a, = A9 »+2(0), there exists a unique eigenvalue inside
A9 »0), A9 » (%)] Moreover, it is simple and strictly included in this interval.

For p = 0, we simply consider a; = —1 and a; = )Lgp(%), which means that, for
0 €0, % — dp 1], there is a unique eigenvalue inside [—1, kg(%)]. Moreover, it is simple,
strictly included in this interval, and non-negative by the positivity of Gg[eb]. Therefore,
choosing p +— ¢,1 decreasing, we can count the eigenvalues and conclude the proof of
(3.11).

Next, we apply [16, Theorem 5.2] with a = —1, R, and 7, defined in (3.12), to state
that

RylleBe(A+ D)7

sup inf |A%(9) — A%(8)| < < g,
e O = RO < R e+ 1) < %
R2||eBo(A + 1)
sup inf [A5(0) — AQ(0)| < plleBel ) !l < dpe.
j<2p+2keN Ne — RplleBe(A + 1)~

Using (3.13), we conclude that the infimum is reached for j = k, which ends the proof of
the proposition. ]

Remark 3.9. If p = 0, we note in the previous proof that we have the information for
Ag(0) up to 6 = 0; namely, for all ¢ € [0, &p,1) and 6 € [0, % —dp,1€], one has

o (Ggleb]) N [o, Ag(%)} = {Ao(0)},

where A{(0) is simple, belongs to [0, )Lg(%) — dp»¢], and is such that

max  |A5(0) — A3(0)] < dpoe.

0S9$l—dp,1£

The next proposition provides a first description of the spectrum of Gg[eb] for & small,
and 6 close to 0 or %, where Gg[0] has an eigenvalue of multiplicity two. The next section
will give conditions on the bottom b that lead to the separation of the double eigenvalue
into two simple eigenvalues, creating a gap.
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Proposition 3.10 (Perturbation of a double eigenvalue). Fix p € N*. There exist ey €
(0, &p,1] and dp 3 > O depending on p and b such that, for all € € [0, &p 5], and 0 < 6§ <

dp.1€, we have that
1 1
o (Goleb]) N [Agp_l (5),121,(5)}

contains exactly two eigenvalues counted with multiplicity A5 ,_,(0) < A5 ,(6). Moreover,

max max |[A2(0) —A2(0)| < dyze.
k=21’—1,2p0s6sdp,18| K(©) k( )| D3

Proof. The proof follows the strategy of the proof of Proposition 3.8 but is much simpler
as )Lgp(e) is far from )L(z)p(%) for 8 € [0, dp,1€]. Fix p € N*; then,

1 1 1 1
1 (3) + 5 <M ® <8,0 <2, (5) - g oro€.dd

for all ¢ small enough, depending on p and dj ;.
Leta; = A3, (1) and ap = 19 p(%) which clearly belong to the resolvent set of A
when 0 € [0,d,1€]. As d(a1.0(Gg[0])).d(az, 0 (Gy[0])) = 1/4, (3.10) gives

1B:(Gol0] —a) ™' < Cpp.  1Be(Gol0] —a2) ™'l < Cp,p-

As for Theorem 3.7, we set

1 1 1
g4 = inf ; 160 | = min| —— ;&9 ).
(ZIIBs(A —a)7 2[Be(A —ax)7 | 0) (2Cb,p 0)

Therefore, for any € € [0, ¢,2), where €, » is small enough, and 0 < 6 < dp,1¢, we have 0 <

& < &4, so Theorem 3.7 implies that there exist two eigenvalues counted with multiplicity
inside [A9 P (%), A9 » (%)] Moreover, they are strictly included in this interval.

Choosing p +— ¢, decreasing, we can count the eigenvalues and conclude that they
correspond to A5 ,_;(6) and A5 ,(6).

We next use again that, for ¢ € [0, &,,1], we have ||eBs(4 + 1)7!| < 1 and

I<R, < Ne/lleBe(A + 1)_1”’

where
Ry =23,,0)+ 1, ne:=1=eBs(A+1)7".
So, [16, Theorem 5.2] with a = —1 gives that

R2||eB.(A + 1)1
sup inf |A5(0) — AR (0)] < plleBe( ) L < dp e,
k<2p+2J€N Ne — RplleBe(A + D71

R2|eB(A + 17!
sup inf |A2(6) — A2(6)| < pleBe(d + 1) ”1 < dpe.
j<2p+2keN Ne — Rplle Be(A + 1)1

The first inequalities established in this proof end the proof of the proposition because
|Agp(0) — Agp_1(9)| < Cpdp1etforall § € [0,dp,1€]. |
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The previous proof can be directly adapted in the neighborhood of 1/2.

Proposition 3.11 (Perturbation of a double eigenvalue). Fix p € N. There exist €53 €
(0,&p,1] and dp 4 > 0 depending on p and b such that, for all € € [0, &, 3], and % —dp1e<

0 < =, we have that

1
5,
a(Ggleb]) N [A3,(0),A3,1,(0)]

contains exactly two eigenvalues counted with multiplicity A5 ,(0) < A5, | (0). Moreover,

max max |)&i(9) — 12(9)‘ < dpae.

k=2p.2p+11-d, e<f<l

3.4. Proof of Theorem 1.1

To see more clearly the role of parameters € and e, we use in this section the notation
Ap (0, €) for A7,(0), and 7, (0, €) for 7,(0).

Theorem 1.1 will follow from general perturbation theory for analytic operators. We
recall that the compactness and self-adjointness of the resolvent (1 + Gg[eb])~! provide
eigenvalues (4,(0, €)), for Gy[eb] (see Remark 2.6) and the associated eigenfunctions
(¥ (6, €)), form a complete orthonormal basis of L2(Tay).

For any fixed ¢, the analyticity of the resolvent with respect to 6 (Proposition 3.6)
allows us to apply in [27, Chapter II, Theorem 1] or [12, Chapter VII, Theorem 3.9] to
state that there is a reordering (X,,, Vn) of (An, ¥») such that the functions 6 > An 0,¢)
and 6 — V¥, (6, &) are analytic in a neighborhood of [—% %] (a necessary reordering near
crossing eigenvalues, see Figure 1).

As illustrated in Figure 1, having analytic eigenvalues with respect to 6 in the neigh-
borhood of a crossing point means that (In) n 18 not necessarily an increasing sequence for
all 6. Alternatively, we can redefine the functions 6 — (4,, ¥,)(6, €) so that the eigen-
values are in increasing order, but, in this case, we can only say that the eigenvalues are
Lipschitz with respect to 8 € (—%, %] This is the choice made in [16, Theorem 7.3].

We now prove the relation given in Theorem 1.1 between the spectrum of G[eb] and
An, using general argument of the Bloch—Floquet theory. A way to verify this statement
is to extend the proof of such an equality for the Schrodinger operator [16, Theorem 7.3].
We start with the inclusion from right to left. Define fy := ¥, (0, ) € H'(T5,) the eigen-
function associated to the eigenvalue A, (0, €) of Gg[eb] and set

gn(x) := 02 fy(x) x(nx) € H'(R),

where y € C®(R,R4) and [ x* = 1. It is proved therein that || g,||z> — (2m)~12 as
n — 0. The only point to adapt is the fact that (G[eb] — A,)gy tends to zero in the limit
n — 0. For this, let us consider W, (x, z) = n'/2e19% dg(x, 2) y(nx), where @y is the
solution of the elliptic problem (2.4) associated to Gg[eb]y,, and verify that it satisfies in
the sense of distributions

—AV, = —n*/2e!0%Dg 1" (nx) — 20>/ 2107 ((0Dg + 35 Dg) 1/ (nx) in Qe
Wplz=0 = gn,  OnWplz=—1+4eb = 773/2”xei9xq>9)(/(7)x)» 0 Wplz=0 = Angy,
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whereas the solution ® of the elliptic problem (2.4) associated to G [¢b]g;, satisfies

“A® =0 inQ,,
D, =gy 0P, _ = 0.

=—1+¢b

This implies that

[(Geb] — An)gnllL>w)
= 10n® = 0, ¥p)lz=0llL2®) < ClIP — Ypllg32(q,)
S Cl = ne! % g x" (nx) = 202! (1004 + 0x Do) ' (1) 1112,
+ Clln*?nxe® g x' 12)ll1200.)-

The right-hand side term tends to zero as in [ 16, Theorem 7.3], which implies, from Weyl’s
criterion (see [26, Theorem VIIL.12]), that A, € o (G[eb]).
For the converse, we notice that Theorem 2.7 together with the isometry of U gives

1 2 5
IGleb]f 22z = [0 /0 |Goleb]U £, 0)| (x) dx a6,

so the rest of the proof of [16, Theorem 7.3] can be readily applied.

Notice that Go[eb]1 = 050 A§(0) = 0.

Part (ii) of Theorem 1.1 is a direct consequence of Proposition 3.8, Remark 3.9, and
Propositions 3.10 and 3.11 by setting &1 (b, p) = min(e1,p, €2,p, €3 p)

We now prove (iii). We first fix Ny such that, for all 8 [—%, %] N1 =M +2.
By Part (ii) of the theorem, there exists (b, N) such that, for all ¢ < &;(b, N1) and for
allf € [— 2, ] AN +1(0) = M + 1. Therefore, foralln = Ny + 1,

AS(0) = M + 1.

Furthermore, there also exists N such that, foralln > N + 1,

~ 1
GOESUESS (3.14)

We need the above estimate on Ift () in order to reproduce the proof of [25, Theorem
XII1.86] and obtain the purely absolutely continuous character of the lower part of the
spectrum of o (G [eb]). To prove (3.14), we proceed by contradiction. Assume that, for all
N, there existn = N + 1 and 6, € [— 2, ] suchthatke(Q )< M + 55 1.e., there is an
infinite number of )tfl passing from )Lf, (0) =A%(0) > M + 1, to values less than M + 5.
There is no subsequence such that (6,) is constant (say equal to 6p) because this would
imply that there is an infinite number of eigenvalues at 6y less than M + 1. Therefore, we
can extract a subsequence (6,) which is increasing or decreasing, say increasing, where
In(Qn) <M + % Denote by 0 € [— 2, 2] the limit of (6,). Since there is only a finite
number of eigenvalues (If, (00)) less than M + 1, an infinite number of )&fl have to exit
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[0,M + %]; i.e., there are ¢, € [0, 00) suchthat M + 1 > If,(cn) =M + %. As Xfl can be
defined only from N; 4 1 functions A}, there is an index ¢(n) € [0, N;] and some values
dn, by of the parameter 6 such that 6, < a, < b, < ¢, and |A2(n)(bn) — A;(n)(an)l >
m. As ¢(n) € [0, N1], we can extract a sequence such that ¢(n) is constant (say Nyo),
which is impossible because A}?Voo is Lipschitz. Therefore, (3.14) holds.

We define

11 ~e 11
e per(3 o (1))

and G, : H, — H, as the multiplication by the function X,, (-, e).

We use Propositions 3.8, 3.10, and 3.11 to state that there exists &,(N, b) such that
foralln < N and for all ¢ < &5(N,b) and 0 € [—%, %], |If,(9) — 12(9)| < Cype. Since
Ig (8) = (r + 0) tanh(r + 6) for some r € N, we get that, for ¢ small enough and for all
n<N, Xfl (+) is not constant. The proof of [25, Theorem XIII.86] then ensures that G, has
only absolutely continuous spectrum. Note also that 0 (G,) = Xft ([—%, %]), so by Part (i)
of the theorem and (3.14), we have

N
o(Gleb) N[0.M] = | ] o(Gn) N [0. M]

n=0

and therefore (iii).

4. Gap opening of order &

Theorem 1.1 shows that the spectrum of G[eb] is composed of union of bands that may or
may not overlap. In this section, we show that, for a given p, if by, # 0, a gap of size ¢

occurs between A5 ,_; and A3

2p> namely,

max A5, ()= max A, () < min A5 (6) = min A5, (0),
—1<6<} P 0<f<i P —1<p<] ? o<o<t F

) SUs3
where we have used the evenness of the spectrum.

In the case of one-dimensional Schrodinger operators with periodic potentials, bands
cannot overlap due to the key property that the eigenvalues, labeled in increasing order,
are strictly monotone functions of 6, and studying the opening of a gap then reduces to
studying the splitting of the eigenvalues at 8 = 0, 1/2. However, for Gg[eb], the mono-
tonicity of the A, (6, €) with respect of 6 is unknown. The opening of gaps happens in the
neighborhood of & = 0, 1/2, and a detailed matching of the inner and outer regions must
be done to ensure that the gap indeed exists.

The main idea of this section and Section 5 is the construction of approximated eigen-
values, and we will use the approximation lemma below which is an extension of a result
of Bambusi, Kappeler, and Paul, [2, Proposition 5.1] for operators on finite-dimensional
spaces to compact operators on Hilbert spaces.
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Lemma 4.1. Let K be a compact positive semi-definite self-adjoint operator on a sepa-
rable Hilbert space H.

If (A*PP u®PP) € Ry x H satisfies ||u®P| = 1 and | Ku®P — A*PPy?PP|| < &, then there
exists an eigenvalue A of K such that |A — A*P| < &.

Proof. Let{A,}neN be the set of eigenvalues of K (counted with multiplicity), associated
to an orthonormal basis of unitary eigenvectors {1, }neN:

Kuy®P — { %Py PP — E An Py ) upy — E AP (PP g Yu,.
n n

Therefore,

| Ku™ — AP0 = 37 (A — AP 0,2 2 inf [ — 202,
ne
n

Thus, inf,en [An — A®P| < &. Let (A,,) C R4 be a subsequence such that

[An, — APP| ——— 1nf [An — AMPP|,
k—+o00 ne

Since there is no accumulation of eigenvalues outside zero and as AP 4+ & > 0, there

exists k such that A,,, € [A"? — & A%P 4+ &]. L]

4.1. Perturbation of double eigenvalues

Fix p € N*. We will prove that, under the assumptions of Theorem 1.2 part (i) and for 8
small enough, the spectrum of Gg[eb] near 19 »(0) is composed of two eigenvalues A+
separated by a gap of size e. We will use asymptotic expansions to create two approximate
eigenvalues A %7 separated by a gap of size ¢ and show that A, (resp., A,—) is in an &2
neighborhood of A% (resp., A,”). This argument relies on Lemma 4.1.

To construct an approximate solution of System (3.6) for ¢ small and 6 € [0, d;,p¢],
we use an idea of Chiado Piat et al. [3, Section 3] and consider simultaneously the two
small parameters ¢ and 6.

Fix 8 = ée with § € [0,d p] (d1,, > 0 is given in Proposition 3.8 and may be large),
and write the following Ansatz for the approximate eigenpair (A pp b U, **) in the neigh-
borhood of 6 = 0:

{ Apa (0 = 8g,6) ~ Agp(O) + A4 (8) = app(8 g),

. @.1)
DO =8e,6,x,2) ~ pi(x,z) +eUy (8. x,2) = Upﬂf(&e,x,z).

Note however that, in contrast with the analysis of [3], our parameter § does not depend
on ¢. Like many constants involved, it depends on p, the label of the double eigenvalue
under consideration, which has been fixed. This expansion will be rigorously justified in
Proposition 4.4. Inserting (4.1) into (3.6), and formally identifying terms of order 1 = &%,
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we find that Upo . solves the spectral problem for flat bottom with periodic boundary con-
ditions:

—AU), =0 inS,
0 0 0 0 4.2)
0:Upy =0 on{z=-1}, 0.U,L =21,,(00U,y on{z =0}
From Section 3.1, U;i =a$CI>p + afd)_p, with af,af eR,and @, (x,z) := ®,(0,x,2)
given in (3.1) with 6 = 0.
Identifying the terms of order &, we request that U1; 4+(8,x,z) solves
— AU, (8) = div(Q1VU,,) + 2i80, Uy in$,
0:U,, (8) = —(Q1VU1?i) e on{z = -1}, 4.3)
30:U; 4 (8) = 23,(0U, (8) = (Q1VUyy) - ez + A, (HU,  on{z =0},
where Q1 is given in (3.8). Before proving the validity of the approximation, we identify
the values of /\;i(S) for which (4.3) has a solution.

Proposition 4.2. The system (4.3) has a variational solution if and only if

ot , @i
M, at) = Aps(8) ot 4.4
with
Mo Kps  baphap _( ) )2 K P (1+sinh(2p))
Py ks )7 \eosh(p)) T cosh(p)? )
In this case, we have )
Ay (8) = £(Kp8% + F3,lbapl?) . (4.5)

Proof. A solution Up’i(S) of (4.3) satisfies, forall V € H(S),

/SVUI;i(S).vV—Agp(O)/yUlgi((S)V
= _/S QIVUI?i-VV+2i8/S8xUI§)iI7+A;,i(8)/;UI?iV = L(V). (4.6)
By Riesz representation theorem, there exists a unique function W € H!(S) such that
LV)=W.V)gis) = /S VW - VV + / wv.
y

Therefore,

/ 1/ / 7o 1 / 1/
/SV(UPi(S) —W)-VV + /V(Upi(S) — W)V = To /y UL (8)V
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with 7 »(0) = (1+ A9 » (0))71, or equivalently,
1 —
oS G- W) = o [ Uo7,
TZp (O) Y

where a(lf, bS is the Hermitian form defined by (3.5). By Remark 3.2 and Proposition 3.1, the
previous inequality implies that UI; 4 (8) — W is the solution of the elliptic problem (3.4)
(when § = ¢ = 0) for§ = %El’)i@) = %U;i((g)hﬂ; hence,

1 —1gr ’
%(1 + Gol0) ', () = (U L(8) — W),

and
((1+ GolO) ™" = 13,(0))§,4.(8) = —73, ()W, _,. 4.7
From (3.2), equation (4.7) has a solution if and only if

W(x,0)eTP* dx = 0.
Tox

Using that ®4 , satisfies (4.2), we get that
L(®y,) = / VW .-Voi, + / Woi, = (1+13,(0)) / WL,
S y 14
and therefore, (4.7) has a solution if and only if L(®4,) = 0; that is,

A;,i((S)fU;’icIsz/SQIVU;’i-vqu+2i5/SUI9iaxcbp,
v (4.8)

A;,i(S)/ Upp®, =/SQ1VUI?i-VCD_,,—i—ZiS/SUI?iE)xd)_p.
v

We have
/ Uy, @, = /(afcbp +aEd_,), = 2na7, / U@, =2ma®.  (4.9)
Y 14 v

To compute the first term on the right-hand sides of (4.8), we use the following lemma
whose proof is given in Appendix A.

Lemma 4.3. The following equalities are satisfied:

/ QN<I>,,-V<)T,,=/ 01Vo_,-Vo_, =0, (4.10)
S S
. p 2%
Vo, - Vo_, =2n(——) by,, 4.11
/.;'Ql 'p p n<COSh(p)> 2p ( )
Vo, v, = 22(—L )b 4.12
LQI -p° p = ﬂ(COSh(p)) 2p- (4.12)
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We are left to compute
21'5/S Uppd @, = 2i(—ip)8/;(af®p +atd )0,

O cosh(p(z + 1))2
— drpdaT cosmipz + 1))
pod f  cosh(p)?

= 2n8a+mf (1 + cosh(2p(z + 1)))dz
h(2
=omsat—L (14 sinh(2p) (4.13)
cosh(p)? 2p
and
. —_ sinh(2 p)
2i8 [ U0 5,0, = —2nsat—L (14 202 4.14
l L p:l': X V4 TToo COSh(p)2 + 2p ( )
Using (4.9), (4.11), (4.13), and (4.14), we can rewrite (4.8) as (4.4). We find the value of
)k; 1 (8) given by Proposition 4.2 by computing the eigenvalues of M. |

Denote §% := U, "P|,=0, 7,7 := (1 + A,70)~". The next result shows that (%, &%
are approx1mate eigenpairs of the resolvent operator.

Proposition 4.4. Under the assumptions of Proposition 4.2, and assuming that ¢ is small
enough (depending only on b and p), we have for all § € [0, d,, 1]

11+ Gae[eb) T 6 — €L N L2(T0n) < Coope 62 IL2(Ta0)-

Proof. Inserting U, = Up, +eU, , in (3.5), we find that, for V€ H'(S),
asgs(U‘*Pp V) :/SP(E)VU;_EEP.VV—FS%Z/S(I —eb(x)U, TV
app —b (X) app\7 i/ 1V app
+ U PV +ide g e;+¢ b (x) (U, L VV =VVU
aPP 1)/ dppV—I—L(V)
where
L) = _821;,(5)/ Uy B)V + & / QVU“'”p VV+82[S 01U, (§)VV
Y
+ 8262 | (1 —eb(x))UTPV + i8e? —b(x) (UPPVV — VU™
& S eb(x))U, 4 1og o) fii pt
+ iSZS/S(UI;i(S)axV — V3,U; 4 (8))
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and ezé = P(X) — I, — ¢Q;. By Lax-Milgram, there exists W such that afg’f(ﬁ/, )=
L(-). Using that T = (1+A0)7", we get

~ 1 —
S —W.v) = Ta—gi,/):U;IfV. (4.15)
)4

858

From Remark 3.2 and Proposition 3.1, the previous inequality implies that U app —Wis
the solution of the elliptic problem (3.4) (when 6 = §¢) for £ = dpp ;‘I }pp U =0;

hence,
;55(1 + Gseleb) T'ET = (U — W)|z=0;
thus,
I(1 + Gse[eb) T & — R EL N2 < ColW llm1(s) < Cpll Lllarisy- (4.16)
with
1Ll sy < Coe®(1Upslmcs) + 1Up= O llarcs))- (4.17)

Using (4.7), we may choose U, . (8)|,_, = §,.(6) = rzp (O)Rzp o(W,_,), where Rz_;,o
is the operator defined in (3.3). Therefore,

U, @) lmrcs) < CollWllaicsy < CopllLllaicsy < CoplUpsllms).

where L is defined in (4.6), and it follows that

Lz sy < CopelUS 11 s)

and if € is small enough (depending on p and b),
1
1U N e1(s)y = 1Upsllziesy(I = Cope) = UL ms)- (4.18)
» 2

From (4.15) and the coercivity of ae 1ndependently of 0 and ¢, we get that if ¢ is small
enough,

1 N L20rs) = o p(IUE1(s) = W lE1s)) = copIUSs m1(s)-

Estimate of Proposition 4.4 results from combining the above equation with (4.17) and
(4.16). n

Proof of Theorem 1.2. Let § € [0,d1,p], 6 =8¢ € [0,d1 pe], and uy} =& /€% || L2(T,,)-
We now apply Lemma 4.1 for operator Kq(¢)=(1+Gg[eb])~! w1th pairs (2,77 (8,€),u,'})
and (1, (8, &), up?).

If ¢ < g, (for some &, depending only on b and p), there exist two eigenvalues ‘L’; 4 (0)
of (1 4 Gg[eb])™" such that [¢5 () — 7, (0e~", &)| < Cpe®. Consequently, there exist



C. Lacave, M. Ménard, and C. Sulem 34

two eigenvalues )L;i(e) of Ggleb] such that |/\;i(9) - )L;II(GSA, g)| < Cpe?. Using
expression (4.5) for )L;i (8), we get

1
A5+ () — Agp(0)| < Cpe® + Cpe < 2Cpe < 3

for ¢ < g,. By Proposition 3.10, the spectrum of Gg[eb] has exactly two eigenvalues in a
neighborhood of )Lgp (0); therefore, )Lip_l (6) =A,_(6) and )Lgp (6) = A5, (0). Note that

A5,(0) = AP (8.) — A5, (0) — AP (B! o)
> 13,(0) + e}, (8) = Cpe® = 13, (0) + Faplbzple — Cpe?,
and similarly,
A5p-1(0) < 23,(0) — Faplbaple + Cpe?.

Thus, for 0 < 6 < d,1¢, we have obtained a lower bound for the separation between the
two eigenvalues of o (Gg[eb]) in the vicinity of 6 = 0, if by, # 0:

A5,(0) = A5,_1(0) = 2F3p|baple — Cpe?.

Let us note that it is the first time in this section that we need l;z p 7 0.

A last step is needed to show that the gap remains open for 6 far from 0. For this,
we return to estimates for the perturbation of simple eigenvalues. In Proposition 3.8, we
proved that, for sufficiently small ¢, and dp 16 < 0 < % —dp,18, A5 » (0) is larger than
19,(0) + Faplbaple and A5, (6) is smaller than A3, (0) — Fa|baple.

Finally, to find the precise size of the gap, we take 6 and § very small, say § < &, hence
0 = 8¢ < &2. From (4.5),

X (8) = £Faplbap| + Oe),  AFD = 13,(0) £ eFsplbap| + O(e?)
and
A2L(6) — (A3,(0) £ Faplbaple)| < Cpe?.

This gives the precise size of the gap opening, centered at 9 »(0) of length 2¢ F, p|l;2 ol
plus small corrections.

For the proof of Theorem 1.2 (ii), setting ®y := ¢'?*®, we observe that the spectral
problem (3.6) can be written as

f P(D)Vdy-VV = A(@,a)/ DV forall V e HJ(S),
S 14

where &y € Hg1 (S), the space of H! (R) functions that are 6-periodic in x (that is,
Dg|x=2r = 321n0q)9|x=0)'
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Set g = % — 0 and 5139 = ¢P* Py then, &)9 e HI(S) (e, 3139 antiperiodic). As we
2
did in Proposition 3.1 and Remark 3.2, we can show that the spectral problem above is
equivalent to

/S [P(E)Vcie YV —iB (el te (Z_bbg) ) BV — Vvég)}
+/S,82(1 —eb)gV = A(% —ﬁ,a) [y PgV forall V e H%l(S).
Then, as for the periodic case, we use the Ansatz 8 = §¢ and
Apr(B =8e,6) ~ )Lgp (%) + ed,4(8) =: )L;pi(&g),
Dp(B = Se,6,x,2) ~ ﬁl?i(x,z) + sﬁlﬁi(&x,z) =: ﬁ;rf(&s,x,z),
where ﬁ;?i = ozjf v, + aflll_p, with af,af € R and

cosh (2 +1)E+1) (p41)s

U, (x,z) =
p(x.2) cosh (p + %)

and its conjugate are the eigenvectors associated to A9 p(%) =29 1 (%). The rest of the
proof proceeds as in the periodic case with very similar computations. ]

5. Gap opening of order &>

When l;z p = 0, a higher-order asymptotic expansion for the study of eigenvalues close to
6 = 0 is required to open a gap. We will construct an expansion valid for § € [0, M &2] for
any M > 0. In order to show that the gap does not close for 6 € [M?,d, 1¢], (a region
not covered in Proposition 3.8), we use the end of Section 4 in the special case 132 »p=0
which will be sufficient to control the separation of eigenvalues in this region. As it was
made in Proposition 3.8 with the condition on d,, >, we will need at the end of this section
that the eigenvalues are enough separated. For this purpose, we set

Mp =1+ [Jp(D)| + |Sp(D)].
where J,,(b) and S, () are defined in Theorem 1.3.

Proposition 5.1 (Perturbation of a simple eigenvalue). Fix p € N* and assume by p=0.
There exist €55 > 0 and dp 5 > 0 depending on p and b such that, for all € € (0, & 5),
and dp’ssz < 0 < dp,18 we have

1 1
a(Ggleb]) N [121,_1(5),121,(5)] = {25,-1(0). 25, ()},

where Agp_l(e) and )LEP(Q) are simple. Moreover,

A5,-1(0) < 29,00 — Mpe?,  15,(0) = 13,(0) + Mye”.
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Proof. As noted at the end of Section 4, we can use the analysis developed therein to state
A5,(0) = k;pi(e,s) —|A54(0) — A;p£(98_1,6)|
= 19,(0) 4 ey (8) — Cpe® = A3,(0) 4+ Kp0 — Cpe®
for 6 € [0, dj,1€], where we have now used lgzp = 0 in expression (4.5) of )L;,i (8), and

similarly,
A5, 1(0) < 23,(0) — Kp0 + Cpe’.

For 6 = d), 5%, we conclude the proof of this proposition by choosing
dps =My, + Cp)/Kp. (]

Thanks to the previous proposition, we only need to construct approximate solutions
of (3.7) for 6 € [0, dp 5¢%] (instead of [0, d 1] as in Section 4) and we therefore write the
following Ansatz:

Ap+(0 = §e%, ) ~ Agp(O) + ezkgi((?) =: /\;pi(&e),

OO =682, 6,x,2) ~ Ul?i(x,z) + SUI;i(x,Z) + SZUI/,/i(S,x,z) =: U;‘f(&s,x,z).
As in Section 4, if we insert this Ansatz in (3.6) and formally identify the terms of order 1,
we find that Uz? . solves the spectral problem for flat bottom with periodic boundary con-
ditions (4.2) and therefore, U;?i = af ®, + af d_,, with af, ot € R and Dp(x,2) =
®,(0,x,z) givenin (3.1) with 6 = 0.

Identifying the terms of order ¢, we request that UI; 4 solves
— AUy, = div(Q1VU),) in$,
8ZUI;i = —Q1VUI?jE -e, on{z = —1}, (5.1
0:Upy = A3, (OU) L — Q1VUpy -e; on{z =0}

Using (3.2) as we did to obtain (4.8), we get that this system has a solution if and only if
0= / 01Uy, -V, = / 01Uy, -VO_,.
s s

Since l;z p = 0, Lemma 4.3 implies that the above condition is always satisfied. The next
lemma provides an explicit formula for the solution Up’ - The details of the computations
are given in Appendix B.

Lemma 5.2. A particular solution of (5.1) is given by
Upp(x.2) = Ex(x.2)+ Y (Brcosh(k(z + 1)) + yj sinh(k(z + 1)))e’**,
k¢{0,p,—p}
where
k? =k (0)icp (0)
K(ep (0) =i 0)

p
cosh(p)

Yk = (_O{-:ték—p + af5k+p), Br =
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and Ex = aT E, + aXE_p, with
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Espi= ——L zsinh(p(z + 1)b(x)eP*. (5.2)
cosh(p)
Now, we identify the terms of order &2 and request that U”’ ot solves
— AU, =div(01VU, ) + div(Q2VU,,) 4 2i80, Uy inS,
0, p:l: = (Q1VUlgi)-ez—(Q2VU L) -ez on{z=-1},
0:Uy =23, (00U —(Q1VU) ) -e: —(Q2VUSL)-e: + A7 L (8)USy  on{z=0}.

The orthogonality conditions to solve this system are similar to (4.8) and take the form

gi(S)/yU;)iqufsQ1VU1;i-V¢T,+/SQ2VUp°i-V¢TP

+2i8f Upy0: Dy,

)‘”i(é))/ Ups®—p —/ 01VUpy - VO, +/ 02VU,, - VO_,
s

+ ZiS/S ULLdx®_,p.

We now compute the values of AZ 1 (8) for which these conditions are satisfied.

Proposition 5.3. The orthogonality conditions (5.3) are satisfied if and only if

Oli Oti
N + =\ $ + ,
P <Ol:_|:) p:l:( ) ((X:_t)

where
v ((Kp5+1p<b)> ~5,(b) )
’ —S,(B0) (Kb + Jp(b))
7 k* — 1k (0)kp(0) ~ 5
PO 7 & e k@)
__r k> — ik (0)iep (0) 7
PO = HR L e )

In this case, we have

AL (8) = Jp(b) £ /K282 +[S,(b) 2.

Proof. The first term on the right-hand side of (5.3) takes the form

/SQ1VUI;i-VCI>Igp =/BS Ulgi(le%p)-ﬁ—/S L div(Q1V®_g,)

(5.3)

54)
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for B € {+,—}. Using div(QV®_g,) = —AE_g, (see (B.1)), we write
[ Upidlv(Q1Vd> Bp) = /S piAE Bp
= /S AU;iE—ﬂp + AS(U;ianE—ﬂp - E—ﬂpanU;i)

=/AEiE_ﬂp+/ Uy sdnE—pp
S as

since Eg, = 0 on dS. A calculation (see proof in Appendix C) shows that

/SAEiEﬂp = —/S 0,VUy, - V) (5.5)

thus,
/QIVUI;i-v%p:fa Ulgi(QIVcbﬁp).ﬁ—[ 0,VUY, - Vg,
S S S

N
We now return to orthogonality condition (5.3) which becomes
)L”i(S)/ piq),gp = /S Ulgi(QIVCDﬂp)-ﬁ + /aS U;iBnE_,gp +2i5/S ngax%p
:—/{ N Up’i((leqD,gp)-e2+8zE_ﬁp)+2i8/SUipadeﬁp,
7=
where we have used —(Q1V®g,) -e; = —Kp(O)b(x)ef"ﬂpx = d;E_gp, on {z = 0}; see

(B.2)—(B.3). With (B.2)—(B.3), we compute the boundary term for § = + and § = —
respectively,

_/ UI;:I:(QIVq)—p ez +0;E_p)
{z=-1}

- ¥ af ( D)+

(x)) ik=p)x qx

k(6.5 1} cosh(p) cosh(p)
=27 Z ﬂk b
ké(6.m cosh(p)

—kk(kp(0)  p +7 P 7
=2 Z (o J,_bk -p —bk-i—p) bk—P
k£ mp} k(/cp(O) — k% (0)) cosh(p) cosh(p)

L 2np® — Kk (0)kcp (0)

. OO 2
cosh(p)? 2 KP(O) < (0)
27 p? k? — ki (0)k,(0) » =
+ TP . TrRANTTPNYT
SR 2 o) —rg(0) Pk

k¢#{0,p,—p}
=21, (b)at — 278, (b)a*
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and

—/ Ul;i(QIVCDP-eZ—i—aZEP)
{z=-1}

_ N i(k+p)x
= 2 ’3"/ (cosh(p) ) cosh(p)b (X)) T

k¢{0,p,—p}

=2m § B Ak+p
h
ktop—py OO0 (p )

k? — kg (0)k,(0)  p kp =
=2 Y. (—atbi_p + aFbpy p)——bi1p
k407 —p) k(kp(0) — Kk (0)) cosh(p) cosh(p)

+ 2mp? k> — kg (O)Kp(o)}; 5
=-0y——0 bk pbitp
cosh(p) K10 7—p) Kp(O) kk (0)
27 p? k7 (0)ic, (0) A
aZ coshfp)2 Z K (O)k—/c I(JO) b _k+1’|2
k¢0.p.-p) k

= -21Sy(b)at + 21y (b)aZ,

where we set k = —k in the last sum. Using (4.9), (4.13), and (4.14) (with the definition
of K, given in Proposition 4.2), we get that (5.3) can be written as (5.4). ]

Let Eapp Uapp|z_0, = (1+ )Lapp) 1 where U;pip, AP are defined just before
(5.1). The next result shows that (rapp alDp) are approximate eigenpairs of the resolvent
operator.

Proposition 5.4. Under the assumptions of Theorem 1.3 and assuming that € is small
enough, we have for all § € [0, dp 5]

11+ Gsealeb) T 6% — 1 6yt L2 (Tan) < Co,p€ gt llL2(Ts0)-
Proof. Inserting
UL =U) +eUy, + &
in (3.5), we find that, for V € H!(S),

agir (UL V) =/SP(E)VU;,‘Q’-VV+5284/S(1—gb(x))u;‘3517

aj _b aj 7 7 a
+/UPPV+158 [(el +s(zb,§§;))-(UprV—VVUpf
Y

(/\app + 1)/ appV + L(V),
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where (83Q =P(Z)—1,—eQ—£20>7)
L(V) = —s3kgi(8)f(U;i +eU) )V + 83/ QVUY-VV
14 S

+e3/sQZV(UI;i+8U1;;E)-V17+e3fSQIVUI;/i-VI7

app 17 . —b(x) a — — a
2. 4 pp 3 U PPVV VVvVU pp
o /s(l eb)Ups V + ide /s(zb’(x))'( pa VV = VVUps

+i8e3 /S(UlﬁjE + 8Ulﬁ’i)8xl7 — Vax(U;i + sUI;’i).
Proceeding as we did to prove (4.16), we get
11+ Gealeb) ' EE — T e | L2(r,,) < CIL a1 sy
< Cope (1Ups sy + 1Upsllmesy + 1U) 28l mrsy)-
Using the operator R3 1},0 (defined by (3.3)), we can show that
10U, 1la1(s) < Cb,p ||U,?i||H1(S),
1ULllz1sy < CopllUpslmis)-
and therefore,
I(1+ Gea[eb) T €T — PE Lo,y < Cope | Uk N1 cs)-

Similar to (4.18), if & is small enough, [|U,E|| = %HUI?jE ||, and

||§;I$||L2(T2,,) > cb,p||U1?i||H1(S).
Proposition 5.4 follows. .

We are now ready to establish the existence of a gap as we did at the end of Section 4.
For § € [0, d, 5], hence 0 € [0, dp 5¢%], Lemma 4.1 gives that

A5p(0) = 23,(0) + €2 J,(b) + |Sp(b)[e? — Cpe?,
Aop-1(0) < 23,(0) + &2 Jp(b) = [Sp(b)|e* + Cpe?.

This gap remains open for 6 € [dj 5¢%, dp,16] by Proposition 5.1 and for

1
0 e |:dp,18, 5 — dp,18i|

by Proposition 3.8. The precise size of the gap is derived by considering small § and 6,
say @ = 8&% < &3, which concludes the proof of Theorem 1.3. Note that the center of the
gap is displaced from the unperturbed value 19 »(0).
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A. Proof of Lemma 4.3

Write ®,(x,z) = p,(2)e'P* with py(z) = W. We have

_ (ippp(z)e'P*

From Q; given in (3.8), we have

—ippp(2)b(x) + zp) (Z)b/(X)) e'P* (A.1)

o= ( 20y () (X) + £ ()b ()
01V, - V®, = b(x)(p,(2)* — p*pp(2)?).
Since fozn b(x)dx = 0, we have [ Q;V®, - V®, = 0. Now, let us compute
01V®, -Vo_, =0V, -V,
= b(x)(pp(2)* + p?pp(2)*)e*P* + 2i pzpy(2) ), ()b (x)e?'P¥,

and notice that 2i pl;’ —2p = 4p2b_, p» and that

/0 zpl (2)pp(2)dz = l[z 2(z)]0 —1/0 2(z)dz
. pp 'OP 2 Iop -1 2 1pp .

Therefore,
___ 0 2
= _ 7 I N2 2 2 p 7
[ 01Ve, -Vo_, = 211])21,/ Pp(2)° — p~pp(z)"dz + 2———27b,).
s -1 cosh”(p)
Finally,
2 2 2 2 2 P’
' (2)* — z)* = ————(sinh z 4+ 1)) — cosh z4+1)=——->-—.
Pp(2)” — p~pp(2) p—— (p)( (p( ) (p( ) cos?(p)

We have thus obtained (4.11) and its conjugate (4.12).

B. Proof of Lemma 5.2

From (A.1) and its complex conjugate, we have
0\VUY, = a0, VO, + a0, Ve_,
ot (—jm(z)b(x) + Zp;,<z>b’(x)) Jip
ipzpp(2)b'(x) + p,(2)b(x)
o ( ipPp(2)b(x) + 2p, ()b’ (x) ) i
- \=ipzpp(2)b'(x) + p,(2)b(x)
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hence,
div(QIVUI?i) =af (2p%pp(2)b(x) + 2ipzp, (2)b' (x) + Zp;,(z)b”(x))eipx
+ o (2p%pp(2)b(x) — 2i pzp), ()b (x) + 2p), (2)b" (x))e~'P¥.
A direct calculation on E4, = —Zp;, (2)b(x)e*P* shows that
—AEp(x,z) =div(Q1VD,), —AE_,(x,z) =div(QVP_p); (B.1)

hence, —AE4 = div(Q1VUI? '), with E+ defined in (5.2). It is thus natural to introduce
the function V' = UI; 4 — E+. Wefind —AV = 0. In order to rewrite (5.1) as a system for
V', we compute the boundary conditions. On the one hand,

0: Ex = —(py(2) + ph(Nb(x) @Ee?™ + aFeT7)

implies

»?
3, Es(x,—1) = b(x)(afe'P* + afe™'PY),
h( ) (B.2)
0;E+(x,0) = —Kp(O)b(x)(oefeipx + aFeiPY),
On the other hand,
—01VUY, -e; = — i (ipzpp(2)b'(x) + p(2)b(x))e'P*
— aF(=ipzpy ()b (x) + p),(2)b(x))e P~
gives
—Q1VU1?i ces(x,—1) = ozi Lp b/(x)eipx —ai ( Ye —lpx

* cosh(p) cosh(p) (B.3)
_Q1VUI?i cez(x,0) = —Kp(())b(x)(ai:eipx i a_e_’px)_

We finally find that V satisfies the system

—AV =0 in S,
. 2
8ZV:O‘(oh(p)()_cosh(p)())
+ 2 px _
+ Ot_( cosh(p) b'(x) = co sh( ) (x)) on iz =—1},
.V =k,(0)V on {z = 0}.

Denoting Vi (z) = V(k, z), the Fourier coefficients of V' in the x-variable, we have
Vi(2) = Bi cosh(k(z + 1)) + yx sinh(k(z + 1),

k
%@=@@W@,%PD=wﬁm

(—aEhi—p + aFbry p).
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Fork # 0, +p,

p
cosh(p)

k? — ki (0)xp (0)

o oo Vke

k(1 (0) — 1 (0))

When k = +p, ys p = 0, but there is no condition on B+ p- It means that the function
(x,z) = cosh(£ p(z + 1))e®P* belongs to the kernel of the system, and one solution is
given by choosing 8, = f_, = 0. Finally, when k = 0, V(—1) = k,(0)Vp gives Bo = 0.

Yk = (—abr_p + aEbry,), Br =

C. Proof of (5.5)

For B € {+, —}, we have by (B.1)

/ AE+Eg,
S

= —/Sdiv(Q1VU1?i)Eﬂp
=a$/;(2p2pp(z)b(x)~|—2ipzp;(z)b’(x)~|—Zp;(z)b”(x))zp;,(Z)b(x)ei(l’+’3p)x dxdz

+at / (2P pp(2)b(x) —2ipzp, (2)b(x)+z2p,(2)b" (x))zp), (2)b(x)e!BP=P* qx 4z
s
= ocjfl‘i Ny L

Now, we compute Q,VU ; ., where

(0 0
Q> = (o b(x)? + (zb’(x))z) :
We find

/ 0>VUY, -V, = aF / 0 (2)2 (B2 (x) + (20 (x))?)e! PTAP* dx dz
S S
+at / 0 (2)2 (b2 (x) + (zb'(x))?)e! PP=P* dx dz
S
= ofllf + oF 1l

Using [7 b(x)b'(x)dx = 0, [77 b(x)b"(x) dx = — [;7(b(x))? dx and that

2m 2m

2ip b(x)bl(x)eZipx dx = — (b(x)b”(x) + (b/(x))z)ezipx dx.
0

0
0
| 2z = [

0 0
220 @ep )z = = [ (e,
1 -1

we show that I + 11 = 18 + 118 = 0, implying (5.5).
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