J. Eur. Math. Soc. 27, 543-588 (2025) DOI 10.4171/JEMS/1383

© 2023 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

Sumit Kumar J E M S

Subconvexity bounds for GL(3) x GL(2) L-functions
in GL(2) spectral aspect

Received June 10, 2021; revised April 18, 2023

Abstract. Let w be a Hecke-Maass cusp form for SL(3,7Z) and f be a holomorphic cusp form
for SL(2, Z) of weight k or a Hecke—Maass cusp form corresponding to the Laplacian eigenvalue
1/4 4+ k2, k > 1, for SL(2, Z). In this paper, we prove the following subconvexity bound:

L(l/z,ﬂ x f) Lre k3/2_1/51+8.
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1. Introduction

A degree d automorphic L-function L(s, F') associated to an automorphic form F is
a Dirichlet series with an Euler product of degree d and satisfying some ‘nice’ ana-
lytic properties. In fact, it has a meromorphic continuation to the whole complex
plane C and its completed L-function satisfies a functional equation relating its value
at s to the value of the corresponding dual L-function at 1 — s. One may apply the
Phragmén—Lindelof principle together with the functional equation to get an upper bound
L(1/2+it, F) <4, (C(F, 1))1/4+¢ for any & > 0, on the critical line R(s) = 1/2.
Here C(F,t) is a quantity, called the analytic conductor, which measures the complexity
of the L-function and encapsulates the main parameters (level, spectral parameters, etc.)
attached to the form F. The resulting bound is usually referred to as the convexity bound
(or the trivial bound). The famous generalised Lindelof Hypothesis (GLH) predicts that
the exponent 1/4 should be 0. While the GLH seems very far from reach with the current
methods and technology, breaking the convexity bound, i.e, reducing the exponent 1/4
by any small quantity, known as the subconvexity problem (ScP), is still a challenging
problem. One is often interested in resolving the ScP with respect to a single ‘family’
associated to the form F. For instance, if the GL(1) family | - |'* (or y, a Dirichlet char-
acter) associated to the form F' vary, we call it the ¢ (or twist) aspect ScP, or if spectral
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parameters (or level) of F' vary, we call it the spectral (or level) aspect ScP. We refer to
[24] for a vast introduction to the subconvexity problem.

For degree one L-functions (¢(s) and L(s, y)), such estimates are due to Weyl ([35])
and Hardy-Littlewood in the #-aspect and due to Burgess [4] in the level aspect. For
degree two L-functions, the first subconvexity bound was achieved by Good [10] in the 2-
aspect, by Duke—Friedlander-Iwaniec [6—8] in the level aspect and by Iwaniec [14] in the
spectral aspect. For degree three L-functions attached to self-dual forms, such estimates
were first obtained by Li [21] in the 7-aspect in a groundbreaking work. Li’s work was
generalised to all GL(3) forms by Munshi [27], by introducing a novel delta method which
he also applied in resolving the subconvexity problem for GL(3) L-functions in the twist
aspect [28]. In GL(3) spectral aspect, when spectral parameters of a GL(3) form, 7, say,
are in ‘generic’ position, subconvexity estimates for L(1/2, ) were obtained by Blomer—
Buttcane [2].

For higher degree L-functions, the subconvexity problem becomes more challenging,
and hence it is mostly open except for a few particular cases of Rankin—Selberg convolu-
tion L-functions. For the Rankin—Selberg L-functions on GL(2) x GL(2), subconvexity
bounds are due to Michel-Venkatesh [25] in the ¢-aspect, Sarnak [32], and Lau-Liu-
Ye [19] in the spectral aspect, and Kowalski-Michel-Vanderkam [16], Michel [23] and
Harcos—Michel [11] in the level aspect. Some impressive subconvexity estimates were
obtained by Bernstein—Reznikov [1] and Venkatesh [34] for the Rankin—Selberg triple
L-functions on GL(2). In a recent breakthrough, Nelson [30] resolved the spectral aspect
ScP (away from conductor dropping scenario) for the L-function on U(n + 1) x U(n),
for any n, where U(n) is the unitary group.

We will now discuss a few known results for degree six Rankin—Selberg L-functions
on GL(3) x GL(2). To start with, let 7 be a normalized Hecke—Maass cusp form of type
(v1,vp) for SL(3, Z). Let f be a holomorphic cusp form of weight k or a Hecke-Maass
cusp form corresponding to the Laplace eigenvalue 1/4 + k? for SL(2, Z). The associated
Rankin—-Selberg L-series is given by

Ls,m x f) = ZZA (0, rl;“sf(”), R(s) > 1. (1.1)

n,r>1

In a pioneering work, Li [21] studied the above series and obtained subconvexity for
L(1/2, 7 x f) in the GL(2) spectral aspect as well as subconvexity for L(1/2 + it, )
for a self-dual form 7 in the f-aspect (also mentioned above). Her main theorem was the
following:

Theorem (X. Li). Let 7w be a fixed self-dual Hecke—Maass cusp form for SL(3, Z) and
u;j be an orthonormal basis of even Hecke—Maass cusp form for SL(3, Z) corresponding
to the Laplacian eigenvalue 1/4 + lj2 with t; > 0. Then for e > 0, T large and T3/8+e <
M < TVY2 we have

1;—T)2 0 (1;-T)>2

1 _
Ze e L(1/27r><u])+—[ ¢ MT O |L(1/2—it, 7)) dt Ko TIHM,

—0o0
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where the prime means summing over the orthonormal basis of even Hecke—Maass cusp
forms.

As a corollary, she obtained
L(1/2,7 xuj) Ker (14 [t;)¥271/8 e, (1.2)

She adapted Conrey—Iwaniec’s moment method approach (see [5]) to prove the above
theorem. The fact L(1/2, w x u;) > 0 plays a crucial role in her approach, that is why
she could deal with self-dual forms only. Recently, Munshi [29], using the delta method,
obtained subconvexity for L(s,w X f) in the ¢-aspect proving the following result:

L(1/2+it, 70 X f) Ko g (14 |t])3/271/51Fe,

His method is insensitive to the self-duality of GL(3) forms. Thus he obtained the above
result for any GL(3) form. Using a similar approach, Sharma [33] and the author along
with Mallesham and Singh [17] proved subconvexity in the twist and the GL(3) spectral
aspect (in some non-generic cases) respectively.

In this article, we vary the GL(2) family and establish subconvexity for L(1/2, 7 x f)
in the GL(2) spectral aspect. Our main theorem is the following:

Theorem 1. Let 7w be a fixed Hecke—Maass cusp form for SL(3, Z) and f be a holomor-
phic cusp form of weight k or a Hecke—Maass cusp form corresponding to the Laplacian
eigenvalue 1/4 + k2, k > 1, for SL(2, Z). Then for any & > 0, we have

L(1/2,7 X f) Knp k3/271/51Fe,

Remark 1. We generalise the bound (1.2) of Li [21] to any GL(3) form. Although our
bound is weaker than hers, it yields subconvexity.

The arguments in the proof work for both Maass and holomorphic forms. For the
exposition of the method, we will give details for holomorphic forms only. Our method
also works for any fixed central value 1/2 + it. In this case, the implied constant will
depend polynomially on ¢. For simplicity, we take ¢ = O in the proof. If we take 7 to
be the minimal Eisenstein series with Langlands parameters (o, 2, a3) for SL(3, Z) in
(1.1), we observe that (see [9, p. 314])

3
Lis,m) =[] —p% )" = (s —an)i(s —a2){(s — a3).
p i=1
It is also well-known that

oo A 2
L. ) =32 ST - s
n=1

ns
p j=1

where B,.18p2 =1, Bp,1 + Bp2 = Ar(p), and Ar(n) denote the normalised Fourier
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coefficients of f. Using Rankin-Selberg theory (see [9, p. 379]), we get

3
Ls.mx f) = T[T = Bpap™) 7 A= Bpap™)™

P i=1
=L(s—ay, f)L(s—az, f)L(s — a3, f).

Our method also applies to the above L-function. Hence we also obtain the following
result:

Theorem 2. Let f be a holomorphic cusp form of weight k or a Hecke—Maass cusp form
corresponding to the Laplacian eigenvalue 1/4 + k2, k > 1, for SL(2, Z). Then for & > 0,
we have

L(1/2, f) <, k1/2_1/153+8.

Discussion of the method

We follow Munshi’s delta symbol approach (see [29]) to prove our theorem. So far this
approach has been successful to resolve the subconvexity problems where either a GL(1)
form varies or the higher degree automorphic form admits a varying GL(1) factor (see
[27-29]). In this article we take a step further by implementing the delta method to tackle
subconvexity when the higher degree form (GL(2) form in our case) is allowed to vary.

After an application of the approximate functional equation, our problem boils down
to getting non-trivial cancellations in the smooth sum

> da(n. DAL (),

n~k3

where Ar(n)’s are oscillatory. Munshi’s separation of oscillation method (along with the
‘conductor lowering trick’) works here mainly due to the GL(3) x GL(2) structure. As
such, any GL(1) analytic twist of A¢(n) by n'* with |¢| < k17¢ does not alter the ‘con-
ductor’ of the associated L-function. We benefit from this fact while applying the GL(2)
Voronoi formula. A crucial observation, which was also present in [17,29,33], that the
GL(2) and GL(3) Voronoi formulae together transform the Ramanujan sum

* ( (n—m)a )
2ol )
amodgq q
arising from the DFI delta method, into

* am
Z S(a,n; q)e(—),
amodgq q

which boils down to an additive character ge(mn/q) with respect to n, also plays a vital
role in proving our main theorem.

One of the main hurdles in spectral aspect subconvexity problems (in comparison with
the ¢-aspect) is the analysis of complicated integral transforms involving various Bessel
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functions in the ‘transition’ range. With no surprise, we also encounter such transforms,
which we analyse (see Section 6) by applying stationary phase analysis.

Remark 2 (Notation). Throughout the paper e(x) means e>**. By negligibly small we
mean O(k~4) for any large positive constant A > 0. In particular, we take A = 2020.
The letter ¢ denotes an arbitrarily small constant, not necessarily the same at different
occurrences. The notation @ < A will mean that for any ¢ > 0, there is a constant ¢ such
that |o| < cAk®. We also ignore the dependence of the constant on 7 and &, whenever it
occurs. By @ < A we mean that k™ °A4 < o < k®A;alsoa ~ Ameans A < o < 2A4.

2. Preliminaries

In this section we recall some well-known results which we need in the proof.

2.1. Holomorphic cusp forms on GL(2)

Let f be a holomorphic Hecke eigenform of weight k for the full modular group SL(2, Z).
The Fourier expansion of f at the cusp oo is given by

f@) =Y Apmn* D e(nz), zeH.

n=1

We assume that f is normalised so that A¢(1) = 1. We have the well-known Deligne
bound [Af(n)| < d(n),n > 1, where d(n) is the divisor function. However, in our proof,
we only need the Ramanujan bound on average:

D <o X1 @2.1)

n<X

for any ¢ > 0. We now recall the Voronoi summation formula for the form f, which will
be crucially used in our proof.

Lemma 1 (see [16, Theorem A.4]). Let Ay (n) be as above and g be a smooth, compactly
supported function on (0,00). Let a, g € Z with (a,q) = 1. Then

> a2 e = 5 a5 ) 1)
n=1 q q n=1 q

2
where ad = 1 mod q and
o
h(y) = Znik[ g(x)Jp—1(4m /xy)dx,
0

where Jy_q is the usual J-Bessel function of order k — 1.
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2.2. Maass cusp forms for GL(2)

Let f be a Hecke-Maass eigenform for SL(2, Z) with Laplace eigenvalue 1/4 + v2,
v > 0. The Fourier series expansion of f at the cusp oo is given by

@) = V¥ Y ArmKivQ2rln|y)e(nx).
n#0

where K;,(y) is the Bessel function of the third kind and f is normalised so that Az (1)
= 1. The Ramanujan—Petersson conjecture, which asserts that |17 (n)| < d(n), has not
been confirmed yet. However, we do not need such an individual bound for our proof.
Rather, the following Ramanujan bound on average (see [14, Lemma 1])

D P e v X, (2.2)

1<n<X

for any ¢ > 0, is sufficient for our purpose. We also have the following Voronoi summation
formula for the Maass cusp forms, which is similar to the case of holomorphic cusp forms.

Lemma 2 (see [16, Theorem A.4]). Let As(n) be as above and g be a smooth, compactly
supported function on (0, 00). Let a, g € Z with (a,q) = 1. Then

Zkf(me( )(n) ZZAf(me( ) (1)

2
+ n=1 4

where ad = 1 mod g and
-7 o
H (y) = —— iv — J2iv (4w /XY)
) sin(m’v)/o g 2iv — J2iv}(4m /xy) dx,

HY(y) = 4gr cosh(mv) /oo g(x)Kaiy (47 /xy) dx.
0

Here gy is the eigenvalue of f under the reflection operator.

2.3. Automorphic forms on GL(3)

This section, except for the notations, is taken from [21]. Let = be a Hecke—Maass cusp
form of type (v1,v2) for SL(3, Z). Let A, (n, r) denote the normalised Fourier coefficients
of . Let

o1 =—v;—2va+1, ar=-vi+vy, and a3z =2v; +vy,—1

be the spectral parameters for 7 (see [9]). Let g be a compactly supported smooth function
on (0, o0) and

§(s) = /0 ()2 dx

be its Mellin transform. For £ = 0, 1, we define

1+s+a, +€)

3
ve(s) = ]_[ = E=E (2.3)
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Set y1(s) = yo(s) F y1(s) and let
1
620 = 5 [y racsas e4)
Tl (o)

where 0 > —1 + max {—N (1), —N(az), —N(x3)}.

Lemma 3 (see [260]). Let g(x) and A, (n,r) be as above. Let a, q € Z withq > 1, (a,q)
=1, and aa = 1 mod q. Then

an(n r)e( )g(n) —qz Z Z An (nl’HZ)S( ra,+ns; qr/nl)Gi(

+ nilgrnz=1

where S(a, b; q) is the Kloosterman sum which is defined as follows:
* bx
S(a,b;q) = Z e(m).
x mod g q

The following lemma extracts the oscillations of G 4.

Lemma 4 (see [20, Lemma 6.1]). Let G+ (x) be as above, and g(x) € CZ°(X,2X). Then
for any fixed integer K > 1 and xX > 1, we have

< +)e(3(xy)'/3) + d; (+ 3 1/3
Gav) = [ g(y)zm BN+ 3,

+ O((xX)TKHIB),
where cj(£) and d; (£) are some absolute constants depending on o;, i = 1,2, 3.

The following lemma is the well-known Ramanujan bound on average.

S (1.2 <z x, 2.5)

n%nzsx

Lemma 5. We have

where the implied constant depends on the form .

Proof. For the proof, we refer to Goldfeld’s book [9]. [

2.4. The delta method
Let§ : Z — {0, 1} be defined by
ifn =0,
5(n) = ifn
0 otherwise.

The above function can be used to separate the oscillations involved in a sum

Y amb(n),

n~X
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say, where {a(n)} and {b(n)} are two sequences of arithmetic interest. Furthermore, we
seek a ‘nice’ Fourier expansion of §(n). We mention here an expansion due to Duke,
Friedlander and Iwaniec (see [15, Chapter 20]). Let L > 1 be a large real number. For
n € [-2L,2L], we have

8(n) = ( ) g(q, x)e( )dx (2.6)
I;Q a%q / q0

where Q = 2L'/2. The  on the sum indicates that the sum over a is restricted by the
condition (a, g) = 1. The function g is the only part in the above formula which is not
explicitly given. Nevertheless, we only need the following properties of g in our analysis.
For any B > 1, we have (see [29, pp. 5-6])

0

a7 1
(2)x1—g(q )C) < IOngln{Q | |} J > 1, 2.7

B
(1) g(g,x) =1+ h(g,x) with h(g,x) = O(%(i + |x|) ),

(3) g(g,x) < |x|75,

@ | (s, + g 0P dx < "
Using the third property we observe that the effective range of the x-integral in (2.6) is
[— 0%, OFf]. We record the above observations in the following lemma.

Lemma 6 (see [15, Chapter 20] and [12, Lemma 15]). Let § be as above. Let L > 1 be a
large parameter. Then, for n € [-2L,2L], we have

=g B =3 e ) [ weareosta x)e( o5 )ax + o),

1<q<Q amodq
where Q = 2L'/2, g is a function satisfying (2.7) and W(x) is a non-negative smooth

bump function supported in [-2,2], with W(x) = 1 for x € [—1, 1] and W) (x) <1
for j = 0.

2.5. Bessel functions

In this subsection, we will recall some well-known expansions of Bessel functions of first
kind. For k > 2 an integer, let J;_1 (x) be the Bessel function of the first kind and of order
k — 1, which is defined as

Jk—l(x)=2L/n e((k—l)t—xsinr)df 2.8)
T J 5 2w

for any x € R. In the analysis of integral transforms, we require a uniform asymptotic
expansion of Jx_1(x) for large values of k and x. The following lemma provides one
such asymptotic expansion.
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Lemma 7. Let x > (k — 1)'7¢/2 be a positive real number. Then, as k — oo, we have

1

= Pily—ore
Ji—1(x) = gk, w) |:cos((k —1)(w —tan" ' w) — %) Z %}
j=0

. U AR S ] b))
+ gk, w) |:s1n((k —1D(w—tan" " w) — Z) j; W]’ (2.9)

b 1/2 %2 1/2
= () =@

and Pj is a polynomial of degree j with coefficients which are bounded functions of k — 1
and log(x/(k — 1)) with Py = 1.

where

Proof. Let x = (k — 1) sec B with 0 < B < /2. Thus, as x > (k — 1)'*¢/2, we have
sec B > (k —1)%/2 and

§:=(k—-D(anp—p) =k -D(/(k-1°—=1-n/2).
Thus, on using formula (63) of [18, p. 58], we get

2 12 Pi(mpp)
Jk—l((k—l)secﬂ)=(m) [Cosfl(ﬁ)z (k —1)J ]

2 1/2 lan,B ﬂ)
+(n(k—1)tanﬁ) [S‘“f‘(ﬂ)z Y ]

where f1(B) = (k — 1)(tan 8 — B) — /4, and P; represents a polynomial of degree j
with coefficients which are bounded functions of k — 1 and log sec 8 with Py = 1. Now
substituting (k — 1) sec 8 = x and tan 8 = w, we get the lemma. L]

The expansion (2.9) can be truncated at any stage to get

Corollary 1. Under the assumptions of Lemma 7, we have

2019 :I:(k 1)(w —tan—! w) P, 1
B =Y Y o) L o )

e ﬂwl/2(k_l)j+l/2 %2020

Proof. The statement follows directly from Lemma 7. ]
For 0 < x < (k — 1)!7%/2_ we have the following lemma.

Lemma 8. Let x = (k — 1)z with0 < z < (k — 1)7/2. Then, as k — oo, we have

Jie—1(x) K exp{—(k —1)/6}.
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Proof. By [31, Lemma 4.2], we have
|1 ((k = 1Dz2)] < Ay(k — D)7V2(1 = 22) V4 exp{—1(k — 1)(1 - 22)3/?}

for 0 < z < /1 —(k —1)"2/3, k > 16 and some absolute constant A;. Note that, by
assumption, z < (k — 1)7¢. Thus, 1 — z2 > 1/22/3 as k — o0, and we get

[Je1((k — D2)| < 412 C exp{—¢ (k — D)}

Hence the lemma follows. [

2.6. Stationary phase analysis

In this subsection we will recall some facts about the exponential integrals of the form

b
I= / g()e(f(x) dx.

where f and g are smooth real valued functions on [a, b].

Lemma 9 (see [27, Section 2.2] and [13, Lemma 5.1.4]). Let I, f and g be as above.
Let V(g) denote the total variation of g(x) on [a, b] plus the maximum modulus of g(x)
on [a, b). Then, if f' is monotone and | f'(x)| > u1 > 0 for x € [a, b], we have I K
V(g)/ju1. Forr > 1, let | f ) (x)| = p, > 0. Then we have I <, V(g)/p,}/r. More-
over, let f'(x) > B and f)(x) < B¢ for j > 2 together with supp(g) C (a, b) and
g9 (x) La,p,j 1. Then

I <apje BT

We apply the above lemma for r = 1 whenever the phase function f does not have

any stationary point. We will also apply it for » = 2, 3. In case there is a unique stationary
point, we use the following stationary phase expansion.

Lemma 10 (see [3, Lemma 8.1]). Let I, f and g be as above. Let 0 < § < 1/10,
X YU, Q0>0,Z:=Q+X+Y +b—a-+1, and assume that

QZS/Z

Y>27Z¥% b—a>U> .
h JY

Further, assume that g satisfies
¢ < X/UT forj=0,1,....

Suppose that there exists a unique xo € [a, b] such that f'(xo) = 0, and the function f
satisfies
Y

f(x) > 07

. Y
() . T
fY(x) K 07 forj=1,2,....
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Then

36714
TGO NN )+ 0427,

] = 270
VS (x0) 1o

_r Y sen
Pn(xo0) = T(m) G (x0),

where A > 0 is arbitrary, and

G(x) = g(Me(F(x)), F(x) = f(x) = f(x0) = 5 /" (x0)(x — x0)*.

Furthermore, each p, is a rational function in ', f”, ..., satisfying
d’ 1 1 U?y\™ u
- . [ T -n/3
dxé'pn(XO) Ljn X(U] + Qj)(( Q2 ) +Y )

3. The set-up and outline of proof

Let 7 and f be defined as in Theorem 1. Let A (2, ) denote the normalised Fourier coef-
ficients of the form 7 (see [9, Chapter 6]) and let A (n) denote the normalised Fourier
coefficients of the form f (see [15, Chapter 14]). We are interested in analysing the
Rankin-Selberg L-series L (s, X f) (defined in (1.1)) attached to 7 and f at the central
point 1/2. To study L(1/2, 7 x f), we first express it as a weighted Dirichlet series.

Lemma 11. Let 0 < 6 < 3/2. Then, as k — oo,

Sy (N
L(1/2, 7 x f) < k® sup sup | r(1/2)| + kG=0/2+e 3.1
r<k® k3—0/r2<N<k3te/r2 N
where
> n
S.(N) := Zkﬂ(n,r)lf(n)V(N) (3.2)

n=1

for some smooth function V supported in [1,2), satisfying V) (x) & 1 for j > 0and
normalised so that [ V(y)dy = 1.

Proof. Use the template of [15, Theorem 5.3]; see also [29, pp. 1546-1547]. ]

Remark 3. Upon estimating S, (N) using Cauchy’s inequality and the Ramanujan bound
on average (see (2.1), (2.2), (2.5)), we see that L(1/2, 7 x f) <. k3?7, Hence,
to establish subconvexity, we need to get some cancellations in the sum S, (N) for N,
roughly, of size k3. To this end we will analyse S, (N) in the rest of the paper.
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3.1. An application of the delta method

As a first step, following Munshi [29], we separate the oscillatory terms A (n, r) and
Af(n) involved in the sum S,(N). We use the delta method of Duke, Friedlander and
Iwaniec as a device to separate these terms. We also apply the conductor lowering trick
introduced by Munshi [27]. For this purpose we introduce an extra ¢-integral. In fact, we
express Sy (N) as

) S ()0

nm 1
=_/ ( )ZZS(n—m))& o, r)xf(m)( )l V(%)U(%)dt, (3.3)
n,m=1

where k¢ < T <kl ™¢isa parameter of the form k177 for n > 0, which will be chosen
later optimally, and U is a smooth function supported in [1/2,5/2] with U(x) = 1 for
x €[1,2],and UY)(x) «; 1 for any integer j > 0. Consider the ¢-integral

L))

On applying integration by parts repeatedly, we observe that the above integral is negligi-
bly small unless |[n — m| < k® N/ T. Thus the ¢-integral reduces the size of the equation
n = m. Thus, on applying Lemma 6 to (3.3) with L = k®*N/T, and Q = k®\/N/T, we
see that S, (N) is transformed into

5,00 = 57 [ w09 | V(i)

< ZEZ e ) ) ()

1<q<Q amodg n=1

x 32 (m)m_”e(_am) ( mx)U( )dzdx+0(k—2°2°) (3.4)
"; ! q qQ

3.2. Sketch of proof

In this subsection, we will discuss rough ideas to get non-trivial cancellations in S, (N)
given in (3.4). For simplicity, we consider the generic case, i.e., N = k3, r =1 and
g~ Q = +/N/T =k32/T"2 Thus S,(N) is roughly given by

7L () 5 2

q~Q0 amodq n~N

Note that we have ignored the x-integral, as it does not contribute in the generic case,
and we have also suppressed all the weight functions. On estimating the above sum using
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Cauchy’s inequality and the Rankin-Selberg bound, we get S,(N) < N2 ¢, Our goal
is to save N plus a little more, say, k%. In other words, we need to show S,(N) <
N2/(Nk®) for some § > 0.

In the next step we dualize the sum over n and m (see Section 4 for full details).

Consider the sum over n
S3 = Z Axz(n, 1)ni’e(ﬂ).
q

n~N

On applying the GL(3) Voronoi summation formula to the above sum we arrive at (see
Lemma 12)

N2/3 Ax(l,n2) o _
S; A > ”TS(a, +n2:9) 3(...),
n~03T3/N 2
where I3(...) is an integral transform in which we need to get square root cancellations,
i.e., we need to show I3(...) < 1/+/T. Next we apply the GL(2) Voronoi formula to the

sum over m and we get (see Lemma 13 for details)

Z Ar(mym™ it ( )%% Z )Lf(m)e(_q )12( .),

m~N m~Q2k2/N

where I,(...) is an integral transform in which we need to get full cancellations, i.e., we
need to show I,(...) <« 1/k. Next we analyse the sum over a which is given by

mn
€= Z S(a, nz,q)e( ) ~ qe(——z).
amodg
We observe that the above sum becomes an additive character with respect to n, (which

saves us extra ¢ when we apply the Poisson summation formula after Cauchy’s inequal-
ity). Thus we arrive at the following expression:

Tl X e X asme(-"2)3.

q~Q npy~T3/2N1/2 m~k2|T

where (§ is an integral transform involving the ¢-integral, I,(...) and I3(...). We analyse
it in Section 6. We observe that

1 1 1
I<KLKT—= — —
NS
Note that a saving of /T comes from the z-integral, another saving of /7 comes from the
GL(3)-integral and the saving of k comes from the GL(2)-integral. The factor T reflects
the length of the ¢-integral. On plugging it in place of § we see that

SN <Y Y Pl Y Af(m)e(—”%)s

q~Q ny~T3/2N1/2 m~k2T

k21
< QT3/2N1/2? 7 < Nk.
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Thus we now need to save k' 3. We apply Cauchy’s inequality to the sum over 75 to get
rid of the GL(3) coefficients. Thus we arrive at (see Section 5.1)
) 1/2

(T3/2N1/2)1/2( Z Z Z )Lf(m)e(——)
2~T3/2N1/2'g~Q m~k2/T
The end game strategy is to apply the Poisson formula to the sum over n, (see Section
5.2). Opening the absolute value square followed by the Poisson formula, we observe that
we save the whole length, i.e., k2 Q/ T in the zero frequency (1, = 0 case) which suffices
if k2Q/ T > k? which implies that T < k. On the other hand, in the non-zero frequencies
(np # 0), we save

T3 /2 N1 /2
(@27
Here the factor Q2T in the denominator reflects the size of the conductor, which is given
by
arithmetic conductor x analytic conductor.

Note that the arithmetic conductor is of size Q2 and the analytic conductor is of size T
(because ¢ oscillates like néT with respect to n,). We also save Q due to the presence of
the additive character e(—mn /q). Thus the total saving in the non-zero frequencies turns

out to be
T3/2N1/2

(QZT)I /2
which suffices if TN '/2 > k2 which boils down to T > k'/2. Hence we get the restriction

kY2 < T < k. In fact, the optimal choice for T turns out to be k*1/51 and Theorem 1
follows.

x Q =TNY?,

4. Applications of Voronoi formulae

In this section we will analyse the sum over » and m in (3.4) using Voronoi summation
formulae.

4.1. GL(3) Voronoi

Let us consider the sum over n

S3 —Z)L,,(n r)e( ) (Zg) ”V(N) @.1)

Recall that N = 2%, « € [—1,00) N Z, is such that N < k31¢/r2. We analyse S3 using
the GL(3) Voronoi summation formula (see Lemma 3). In the present set-up, we have
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g(n) = e(nx/(qQ))n"*V(n/N) and X = N. Thus, on applying Lemma 3 to the above
sum, we get

S3 = qz Z Z %S(m +ny;qr/n1)G(n}), 4.2)

+ nylgrn2=1

where n5 := n2n,/(¢>r) and G (n}) is the integral transform defined in (2.4). Next we
extract the oscillations of the integral transform G+ (n3) using Lemma 4, which gives us
the following expression for G+ (n3) in the range n; N > k*®:

00 Ko . * / X _ * /
Gatnp)=ns [ gy SECODITL AT o,y g4-20)

(n’z*z)j/3
where Ko = [6060 + 5] + 1 with [] denoting the greatest integer function. From now on,
we will continue our analysis with the terms corresponding to j = 1, as the other terms
can be treated in a similar way and in fact, give us better estimates. Thus, on plugging the
contribution corresponding to j = 1 into (4.2), we arrive at

N2/3+it Ar(n1,02) B
r2/3 Z Z 1/3 Z 11/3 2 S(ra,:tnz;qr/nl)h(n%nz, q, x),

+ nylgr ny=1

where

N 3(N 2 1/3
Xz 3(Nmina2) )d 4.3)

q0 qri/3

On applying the change of variable z > z3 followed by integration by parts (differentiat-
ing 322V (z3)z13e(Nxz3/(qQ)) and integrating e(£3(Nn?n)"/3z/(qr'/?))) j-times
to the above integral, we observe that

N|x| J qu/S J
[I3(n%n2,q,x)| <, (1 + T+ ) (
' ’ 90 ) \(Nn3np)\/3

for any integer j > 0, and it is negligibly small if

o0
13(71%7[2, q, x) := [ V(Z)Z”e(
0

n2ny > k® max {q>T3r/N,T*2NV?r} =: Nj. (4.4)

Now it remains to analyse G+ (n3) for nJ N < k?, which is given as

Gatny) = - / (13)™ 74 (9)3(—s) ds

2ri

— / (n3) " yi(o +it)g(—0 —ir)dr. 4.5)
21 J oo

We will analyse this case in Section 8.3. We conclude this subsection by summarising the
above discussion in the following lemma.
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Lemma 12. Let S3 be as in (4.1). Then, for n5N = n3nyN/(qr) > k&, we have

N2/3+it 1/3 Ag(ni,n2) ., _ 2
Sy = T Z Z n, Z TS(ra, tny;qr/n1) Is(nins, g, x)
+ nilgr ny<No/n? 2
+ other lower order terms + O (k~2929), (4.6)

where I3 (n%nz, q,x) is the integral transform defined in (4.3) and Ny is as defined in (4.4).
For the non-generic case n; N < k¢, we have

2 Ar(ny, _ *
$1240 2 3 TS (a tigr/n)Gatnd) @)

+ nylgrn2=1
where G4 (n}) is as defined in (4.5).

From now on we will proceed with the main term of (4.6).

4.2. GL(2) Voronoi

We now consider the sum over m in (3.4), which is given as

(e9)
i ((—am —mx m
S, = A (m)m_”e( )e( )U(—). (4.8)
mzzl ! q qQ N
On applying the GL(2) Voronoi summation formula (see Lemma 1) to the above sum with
g(m) =m™"e(~=mx/(qQ))U(m/N), we get

ik N1-iE 2 am
SZ — T Z A«f(m)e(T) 12(m7 va)»

m=1

where

—Nxy )Jk_1 (4”— V;"Ny) dy. (4.9)

q0

We now analyse the above integral to determine the range of m. We claim that I, (m, g, x)
is negligibly small unless

umqwr=A U@w*%(

gk —1)%k*
o N

(k —1)*¢*
N

M : fmfkemax{ ,T} =: M. (4.10)

In fact, in the range m < M, we have

dr/mNy/q < 4m+/5/2(k — 1)1—6/2 < (k- 1)1—3/2'

Thus, by Lemma 8, I,(m, ¢, x) is negligibly small.
Next we consider the range m > M, and we claim that I,(m, g, x) is also negligibly
small. We note that 47 /mNy/q > (k — 1)'7¢/2_ Thus we apply Langer’s expansion
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(see Lemma 7) for Jx_;. On applying Corollary 1 with x = 47 /mNy/q, we see that
I,(m, g, x), up to a negligible error term, is given by

2019

1 *° _it (—Nxy (k — 1)(w — tan~! w)
> gy J, von™e( 5" )e(x iz Jar

j=0

where U; (y) = U(y) P; (w — tan™" w)~")w~1/2 with

x2 1/2 16712mNy 1/2
w=|—=-1 =——5-1 ,
(k—1)2 q*(k — 1)
and P; is a polynomial of degree j with coefficients which are bounded functions of k.
Note that w > ((k — 1) — 1)'/2. Thus

T 4 1
w=w-——-+tan  — X w,
2 w

w — tan!

and U j(i)(y) & k®! for any integer i > 0. Next we apply integration by parts i-times to
the y-integral and we get

: N|x|)l‘( ! )i
.4, i (K +T N
[I(m,q,x)| < ( O+ q0 (k —1)~/mN /(q(k — 1))

<<( T + N )l<<(k8T+ l)l
VMoN — QVMoN k ke
1
< T
Upon taking i sufficiently large, we get the claim. We end this subsection by summarizing
the above arguments in the following lemma.

Lemma 13. Let S, be the sum over m as given in (4.8). Then

2 'kNl—it P
s, =20y xf(m)e(%) L(m.q.x) + 0(™2°%),  (4.11)

q Msmeo
where o
_i. (—Nx 4w /mNy
Iz(m,q,x)=/ U(y)y lte(wy)fk—l(T)
0

and M and My are the ranges of m defined in (4.10).

dy,

5. Cauchy and Poisson

After the applications of the Voronoi formulae and applying Lemmas 12 and 13 to (3.4),
we find that the expression in (3.4), up to an error term to be treated in Section 8.3, has
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been essentially reduced to

5/3 Ay, )
Q];]~r2/3 Z Z ZZ 1/3 Z %S(m,ﬂ:nz;qﬂnl)

1<q<Qq amodq =+ nq|gr n2<<N()/n% n,
am
x Y Af(m)e(—) Jx(m.n3na.q),  (5.1)
M<Lm< My q

where

ssonntnag)= [ [ We/0e@.0bm.g 00z, x)V( )dzdx 52)

In this section we will analyse (5.1) using Cauchy’s inequality and the Poisson summation
formula.

5.1. Cauchy’s inequality

Splitting the sum over ¢ into dyadic blocks g ~ C,i.e.,C <gq <2C,C < Q and writing
q = q192 with gy | (n17)®°, (n1r,¢q2) = 1, we see that the expression in (5.1) is dominated
by

N*31og O |Az(n1,n2)|
sup QTr2/3C3Z Z 1/3 Z Z #

ckQo ] n
<C (,gﬁlm [(n1r)2° ny < No/n? 2

(nl r)

Yo Y Ar(m)Cslg,na,m)Ix(m,nins,

go~C /g1 M<Km<K My

(5.3)

where the character sum €4 (g, n2,m) = €4(...) is defined as

* _ am * an
(...):= Z S(ra,:i:nz;qr/nl)e(—) = Zdu(%) Z e(:l: r/2 )
amodgq q dlg amodgr/n qr/m
nie=—mmodd

Next we analyse the expression inside | |. We first split the sum over m into dyadic blocks
m~ M;, M < M; < My and then apply Cauchy’s inequality to the sum over 7, in (5.3)
to arrive at

5/3 &
Sr(N) K sup MZ Z ni/3®1/2 Z \/Q_i,

MM <M, QTr?3C3 T 1

C<0 i <C wrmlal @i
5.4)
where
|)in(”1,'lz)|2
o= 3 Belppl 9
n2<<N0/n% 2

= Y | Y Y hmesnmiming. 66

ny<No/n? 42~C/q1 m~M,
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with

(k — 1)2C?

k—1)2C?
N k=M <«LM < My = ksmaX{L,T},

N

CT)3
Ab==k6nmx{£—ﬁl1,T”2N1”r}. (5.7)

5.2. Poisson summation

Next we apply the Poisson summation formula to the sum over n, with the modulus
q = qlqzqzr / ny in (5.6). To this end we first split the sum over 7, into dyadic blocks
ny~ N/ ni, N < Ny. Then opening the absolute value square in (5.6), we arrive at

YD DD ApmyAs(m) A,

q2,q5~C/q1 m,m’'~M

where

n?n - -
Ai = Z Z ¢( }Vz)t’i(q,nz,m)‘€i(q’,n2,m’)Ji(m,n%nz,q)Ji(m’,n%nz,q’),

ﬁ no€Z

q" = q1q5 and ¢(w) is a non-negative smooth function supported on [2/3, 3] with
$(w) = 1 for w € [1,2] and ¢ (w) <« 1. Now applying the change of variable

ny —>nmq+p, 0=<p<aq,
we get the following expression for A :

Ay = Z Z f:l:(q’ﬂ’m)ﬁﬂ:(q/»ﬁ’m/)

N Bmodq

x 2. ¢>(n2q ; ﬁ) Ji(m,n3(n2g + B), )+ (m',n3 (n2g + B).q).

ny€Z

On applying the Poisson summation formula to the sum over 7,, we see that

Qi = Z DD 2D Arm)As(m) Y G, (5.8)

qz,q2~C/q1 m,m’~M no€Z

where

@i zé Z Ei(qvﬁ’m)‘ei(q/?ﬁﬂn/)e(%)

B mod g

_ ’ * *

Sy an($)(f) X X 1 69
dlq amodgr/ng o’ modq’r/ny
d’|q’ nje=—mmodd nia’=—m’modd’

+aq)Fa'go=—nrmodg
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and

N §
g+ =/¢>(w) Ji(m, Nw.q) Ji(m',Nw,qf)e(—M) dw. (5.0
R 41929711

On estimating the sum over N, we get

Qe <k sup o N ST Pl a0 Y (64 Il (5.11)

n
N<LNp 1 q2,q’2~C/ql m,m’~M ny€Z

6. Estimates for the integral transform

In this section we will analyse the integral transform

~ - -~ N
I =f o(w) Ji(m,Nw,q)Ji(m/,Nw,q’)e(—%) dw, 6.1)
R q1929,rny

where (see (5.2))

Ji(m,Nw.q) = fR/RW(x/Q@)g(q,x)Iz(m,q,x)Ia(Nw,q,x)V(%)dzdx

= [ wesonsan [ v(5) [T von [T veer

e Nx(z—y) n 3(NNwz)/3 7 47 /mNy
qQ qr'/3 ! q

dzdydrdx.
(6.2)

and J+(m', Nw, ¢’) is similarly defined. We first analyse J« (m, Nw, ¢).
Lemma 14. Let I+ (m, Nw, q) be as above. Then

T kEC

&
oT

_ t -
Je(m,Nw,q) = / V(—) / L Ii(m, Nw,q)dudt + O(k™2°2%), (6.3)
R uk
where 1, and 1+ (m, Nw, q) are the integrals defined in (6.6) and (6.7) respectively, with
the weight function U, ; satisfying Ulf,],) (y) < k¥ for j > 0.
Proof. We consider two cases.

Case 1: ¢ ~ C < Q7. Consider the integral over x in (6.2) which is given by

— : Nx(z—y)
Loy i= [ Wx/o )g(q,x)e( = )dx
= 0° [ Wwax00e( LE=D Y ax
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We split the above integral as follows:

Q—2£
/...dx:/ ...dx+/...dx,
R —Q—2¢ D

where D = [-2,2] \ [0 2%, 0?¢]. Note that, for x € [-Q~2¢, 0?¢], we have

B
g(q.xQ%) =1+ h(g.xQ%) =1+ 0(%(% + |x|Q£) ) =1+ 0(Q~2°%).

Thus, in this range, we can replace g(g, x Q°) by 1 at the cost of a negligible error term.
Then by repeated integration by parts we see that the integral is negligibly small unless

|z —y| K kK5C/(OT). (6.4)

Now we consider the complementary range, i.e., x € D. Note that, using the second prop-
erty (see (2.7)) of g(g, x), we have

Y (0 1 5
x) —g(g,x) <€ longln{—,—} L Q-
ax’ q |x|

Thus, on using integration by parts repeatedly, we see that the integral is negligibly small
unless (6.4) holds true.

Case 2: ¢ ~ C > Q'7%. In this case we consider the ¢-integral in (6.2), which is given

’ ()Y

On applying the change of variable ¢ — tT followed by integration by parts repeatedly,
we conclude that the #-integral is negligibly small unless

|z —y| <k*/T < k*°C/(QT).

Next writing z — y = u withu < kC/(QT) in (6.2), we see that

~ t ~
Ji(m,Nw,q):/ V(7)f . Lli(m, Nw,q)dudt + Ok, (6.5)
R u 5L

where

R Nxu
L, = /R W(x/Q )g(q,X)e( 40 )dx, (6.6)

and

3(NNw(y +u))'/3 47 JmNy
Jie (7)o

oo
I:l:(m’vaq) Z/ Uu,t(y)e(:l: 1/3
0 qr

6.7)
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with Uy (y) = U(y)V(y + u)(1 + u/y)". Note that

o/ | u it a7 i1 1 u <« k& >0
— + — = ——explitlo + — i ) = U

Thus Uu(,jt) (y) < k& for j > 0. Hence the lemma follows. n

The analysis for J4 (m’, Nuw,q')is exactly the same. Thus on plugging the expression
of I+ (m, Nw,q) from (6.3) and a corresponding expression of J. (m’, Nw, ¢’) into (6.1),
we see that

t t ~
ﬁt:/ /V(_)V(_)/ / L, Ly 3+ du’ dudt’ dr + O(k=2020),
R JR T T) Jucize Jucrsc u ly

oT

(6.8)
where
%= [ p)1eon Fu ) o Fughe( - 200 Yav, 69)
R 9429391711
which we will analyse now. We have the following proposition.
Proposition 1. Let S+ be as above. Then S+ is negligibly small unless
ny K kg% =: N, (6.10)
in which case rec?
g K VN (6.11)
Furthermore, if ¢ ~ C > k'€ and ny # 0, then
Crl/3j2/3
I+ K W (6.12)

Before proving the proposition, we will analyse It (m, Nw, ¢) and I(m’, Nw, ¢’).
We have the following lemma.

Lemma 15. Let 1 (m, Nw, q) be as in (6.7). Let b = 4nx~/mN /q and a = a(q,r) =
3(NN)Y3/(qr'/3) > ké. Then 1i(m, Nw, q) is negligibly small unless a < k®6 . In the
case when a < k—¢b, we have

I+ (m, ]\7w,q) < k*/b.
Furthermore, if g ~ C > k¢, then b < k and

vV /" (7o) bsfgm ! 3btg

+ lower order terms + O (k~2920), (6.13)

Ii(m,Nw,q) =
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where 1 is the stationary point of the phase function

k—1sintt  lén2aw

_(
S = o 276272

which is given by (6.24) and c3 = c2e(1/8) = 3+/2 (47/3)%e(1/4). In the remaining case,
i.e, k7¢b < a < k®b, IL(m, Nuw, q) essentially looks like

9/2.,.3/2 pl 1/3 6
cra’’“w 1 dmaw

U _ dr,
b3 L,/z 941 — 12 ut(( 3bt ) )e(f(r)) ‘

where by 1= 47(2/3)3a/(3(2.5)'/%b).

Proof. Recall from (6.7) that
_ 5/2

Le(m, Nw, q) = / T L VU STCNE G
1/2

Consider the term e(+aw'/3(y + u)'/3). It can be written as
e(xaw'?(y +u)'?) = e(faw' By PYe(Law! Py 3 (1 +u/y)? - 1).

Note that )
0/ .
We(:l:awlﬂyl“((l +u/WP-1) «; k¥, j>o0.
This is obvious for j = 0. We will verify it for j = 1 (for other j, a similar calculation
will follow). Let A(y, w) := £aw'/3y/3((1 + u/y)'/> — 1). Thus for j = 1 we have

(L+u/y'P-1 u )
3y2/3 3331 +u/y)?3 )

d
(b, w) = e(hiy w))(ia)w“(

Thus, using y, w =< 1 and (1 +u/y)"/3 —1 < |ul, we see that

(NN)Y3 Cke (NNo)Y/? Qk®

ke,
crin or € ors or €

ad
—e(h(y,w)) K alu| K€
dy

where we have used (5.7) to estimate Ny. Hence we can insert e(h(y, w)) into the weight
function Uy ;(y). Thus we arrive at the following expression:

B 5/2
I i=Li(m Nw.q) = / Ui (0) e(Faw' Py Py Je_i (b /) dy.  (6.15)
1/2

Notice the slight abuse of notation: the weight function U, , in the above expression is
different from the one in (6.14). To analyse (6.15) further, we use an integral representa-
tion of the Bessel function J;_;. On applying (2.8) to the Bessel function Jx_; we see
that

1 T 5/2
Iy = %/ e k=D // Uu,,(y)e(:i:awlﬂyl/3 —b/y(sint)/(27)) dy dr.
-7 1/2
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We now split the t-integral as follows:

F 4 /2 11 0 —m/2
/ ...dr=/ ...dt-l—/ ...dr-l—[ ...dr-l—/ ...dt.
- 0 /2 —/2 -7

Let Ii) denote the i -th integral on the right hand side of the above expression fori =1,2,3
and 4. Let us first consider Ig) which is defined as follows:

| 2 5/2
1 = —/0 e!k=Dr /1/2 U (p)e(£aw'2y'/3 —p /y(sint)/(27)) dy d.

2
(6.16)

Next we apply stationary phase analysis to the y-integral. By the change of variable
y — y3, we arrive at the following expression of the y-integral:
/572
/ 3y2Up (y3)e(£aw'3y — by3/?(sint)/(27)) dy.
3172

Note that if we have a with the minus sign, then the above integral is negligibly small by
Lemma 9. Thus we proceed with the y-integral of IS:), which is given by

3572
[, ey by 2(sin ) /@) d.

Y12

Here the phase function is given by f1(y) = aw!/3y — by3/2(sin 7) /(27). On computing
the first order derivative, we see that the stationary point occurs at yy = (M)z. Note

3bsint
that
31/2< <35/2 . dr  aqwl/? - <471 awl/3
v , le, ———— <sint < — ———.
=Jo= 3 b(2.5)1/6 3 5(0.5)1/6
Let by := 47”‘;((22/ :))11//: and by := %’%. We consider three cases.

Case 1: a > k®b. In this case by > 2. Thus there is no stationary point in the range
[(1/2)1/3,(5/2)!/3]. Moreover,

1) = aw'’® =36 /y(sint)/(4n) > b, () «b, j>2.

Hence, by Lemma 9, the integral is negligibly small. This proves the first part of the
lemma.

Case 2: a < k~%b. Inthiscase 0 < b1 /2 < 2by K k™% < 1. We now split the t-integral
in (6.16) as follows:

/2 sin=1(b1/2) sin~ 1 (2b5) /2
/ ...dr:/ ...dr—!—/ ...dl’—|—[ ... dr.
0 0 sin~1(b1/2) sin~1(2b5)
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Note that the first and the third integrals of the right side of the above expression are
negligibly small due to absence of the stationary point. Hence it boils down to analyse the
second integral which is given by

3

sinT!2by /572
/ e’(k_l)’/ 32Uy (y¥)e(aw'?y — by3/?(sint)/(27)) dy dz. (6.17)
sin~1(b1/2) Y172

On applying the stationary phase analysis (see Lemma 10) to the y-integral, we see that

it is given by

2U 3
€139 Uui (35)e(f1(30)) + lower order terms + O (k ~2920),

77Gol
where ¢1 = 3¢(1/8), yo = (Z282)2 and f1(y) = aw'/3y — by*/2(sin7)/(2m). We

will proceed with the main term, as the other terms can be analysed similarly, and in
fact give better bounds. Hence, on plugging in the values of yo, f1(»o) and f{"(yo), we
essentially get the following expression for the y-integral:

cza9/2w3/2U ((4naw1/3)6) ( 167%a3w ) 6.18)
- - el —— ). .
bSsin®t '\ \ 3bsint 2762 sin? T

where ¢, = ¢1+/2 (47/3)°. On plugging the above expression in place of the y-integral
into (6.17), we arrive at

cpa®/2p3/2 psinTt2br 4rawl/3\°® (k—-Dr 1672a3w
5 TUu,t oy e =+ — dr
b sin~1(by/2) SIN° T 3bsint 27 2762 sin2 1

On applying the change of variable sin 7 — 7, we arrive at

cr0%2p3/2 [2b2 1 4raw!2\®\ ((k—1)sin't  16x2aw
Uyt e + dr
b3 bi/2 T5V1—=12 3bt 2 276272

(6.19)

Next we apply the second derivative bound to the above integral. Here the phase function
is given by
(k=1 sinTl'z l6n2adw

JO =" 276272
Computing the first and the second order derivatives, we see that
Fir) = k-1 32n2a3w’
2r/1—72 276273
k-1t 3272a3w a3 b2
"(r) = —. 6.20
/7 27 (1 —12)3/2 9p274 > b274 > a (6.20)

Thus on applying Lemma 9 to (6.19), we see that it is bounded above by

Var g + max |g| kea®/? k¢

min V770 B3(a/byJoa | B
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where Var g denotes the total variation of the weight function
) cza9/2w3/2Uu,t ((4naw1/3/(3br))6)
g(t) = .
b5t34/1 — 12

Hence, Ig) < k®/b. Analysing other Ii)’s in a similar fashion, we get

Lt =1+(m, Now, q) < k°/b.

Now we proceed to prove (6.13). We will give the details for Ig) only, as the analysis
for other Ii) is similar. Let g ~ C > k1%, Note that this condition ensures that b =< k,
because, by (5.7), we have

k~¢(k — 1)2C?*/N <« M; < k¥ max{(k — 1)>C?/N,T} < k(k —1)>C?/N, (6.21)
and hence

. 3(NN)Y3 (NNy)'/3

1/2 _ . 1-n/2 -
gri/3 PRTER (kT)'* =k <k =b, (6.22)

since T = k!~7 < k. We now apply the stationary phase analysis to (6.19). The stationary
point of the phase function f(t) occurs at Ty where 7y satisfies

k—1 3272w . rg 4r\3 Q3w
= , e, —m—=—] ———.
275213 22 3 b2(k — 1)

2m4/1 — rg 1 -1
Simplifying it further, we see that 7y satisfies
°—c21 -1 =0,
(1310
b2 (k—1)"

the cubic polynomial equation 113 —¢2(1 — 11) = 0, which can be solved using Cardano’s

Upon letting 72 = 14, the above equation reduces to

where ¢ = c(w) := (*F)?

method. In fact, as the discriminant of the cubic is negative, it has only one real root which
can be found as follows: Let 61 + 6, be the real root. Upon substituting it into the cubic,
we get

02 + 05 + (360162 4+ ¢)(0; + 62) — 2 =0,

which leads to the following system of equations:
3010, +c2 =0, 62 4+63—-c2=0.
Now using the formula
(07 = 65)% = (67 + 65) — 46763,

we see that the real root 8; + 6, is given by

i/cz_'_ /c4+c6+§/c2 c4+c6
2 4 27 2 4 27°
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Hence we get

7o = To(w)

i/Cz c4 6 i/cz o4 6 1/2

( 2VE T E‘VZJFﬁ)
6/ c2 ¢4 6 3 ch 6 (2\\1/2

S TN Il S (Y . (623
2T 4+27( c2( Y 2)) (6-23)

Now expanding the above expression using the binomial theorem, we see that

70 = To(w) = c1h(w) + c3(H(w))? + c3(h(w))® + -+ + con_1 (H(w)) > ' + -+,
(6.24)
where ¢;’s,i = 1,3,5,..., are some non-zero explicit absolute constants and

aw!/3
hw) = PR

Note that the series in (6.24) is convergent and each binomial expansion in (6.23) is jus-
tified as ¢ <« a3/(b2(k — 1)) <« k—37/2. Next we analyse the higher order derivatives of
the phase function f(t). Using (6.20) and computing other higher order derivatives of

f(r), we get
(@) = b /a=a(@/b)?, f'(r) < a(a/b)7,
f(j)(r) _ k—1 dj._2 T 32n2adw dj_z(r_4)
2 dr/72 (1 —12)3/2 9p2 de/—2
<aa/b)™, j=34,...,

where we have used the fact that a < b < k and
472
dt/=2 (1 —12)3/2

< L

On computing derivatives of the weight function

@ c20°/2w32U,, , ((4waw!/?/(3b7))°)
T) = N
& 63154/ 1 — 12

since T < a/b, we see that

gD < a2 @/b)F, i=01,2,....

Thus, on applying Lemma 10 with X = a2, Q0 =U =a/band Y = a to the r-integral
in (6.19), we get (6.13).

Case 3: k7¢b < a < k®b. In this case we can assume that b; /2 < 1, otherwise, we get
back to the starting point of the discussion in Case 1. Consider

1 /2 5/2
Ig) = E/o e k=D /1/2 Ui (y)e(£aw'Py!/3 — b /y(sint)/(27)) dy dr.
(6.25)
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We split the t-integral as follows:

/2 sin~1(b1/2) /2
/ ...dr:/ ...dt—i—/ ...drt.
0 0 sin~! (b1 /2)

The first integral on the right side is negligibly small due to absence of the stationary
point. Consider the second integral, which is given by

/2 ) 3572
/ e’(k_l)f/ 3y2Uy (y*)e(aw'/Py—by3/2(sint)/(27))dydr.  (6.26)
sin~1(b1/2) 3172

On analysing the y-integral as in Case 2, we get the lemma. |

Proof of Proposition 1. Recall from (6.15) that

3 5/2
I+(m,Nw,q) = / Uus(») e(:l:awl/3yl/3)Jk_1(B@ dy.
1/2

Note that )

9/ . )
—Is(m,Nw,q) € a’/, j=>0.
Jw/

Similarly it follows that
J

8‘ - .
+—le(m',Nw,q') < a”, j=0.
ow/’

Hence, on applying integration by parts j-times to the w-integral in (6.9), we see that

42959171y )]
nﬂ\?

(NN)1/3 J Czrnl j_ N1/3Cr2/3n1 J
“Uenn v) =g )
qinz qin2

Thus J+ is negligibly small if

5 < <k8+a+a’>f(

N1/3Cr2/3n1 < 1 . S keCN1/3r2/3n1
—_—_— —, e, n _—
qinaN2/3 ke ’ q1N2/3

Next we prove
S+ K k°C?/(MN).

Case l: a % b,ie.,a xa Kk ™8b =< k™®b' ora’ < a> kb < k°b’. When a > k®b,
on applying Lemma 15 to I (m, Nw, q), we see that 1 is negligibly small. In the other
case, i.e., @’ x a K< k7¢b =< k~¢b’, on applying Lemma 15 to (6.9), we get

& g2

~ -~ k
59 I ,Nw, I ""Nw,q')|d — . 6.27
3 < [ $@lsln Vol el Nl dv < o < e 627
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Case 2: a < b,ie,k™®b < a < k®b. On applying the last part of Lemma 15 to (6.9), we
see that

(aa’)g/2 1
3+ K AT / /
(bb')> Jpy 2 ey /2 th/l—r2 541 — 12
3
x/ g3(r,r’,w)e(w]%(r,r’))dw‘drdr’,
2/3
where
167203  1672%a” nyN

4 _— —_— JR—
flwT) = 276212 270212 gaghqirny’

/ 3 draw!/3\\ - dra’w!/3\®
g3(-’:, T, w) = ¢(w)u) Uu,t T Uu/’t/ —35/‘[/ .

On applying the change of variable T — 1/4/7, 7" — 1/+/7’, we arrive at

N (aa’)9/2 f4/bz/4/b’2 73/2 7/3/2

5 € oy R W s W= |

[ e3(1/J7,1/V7, w)e(l6nawf4(r,t’))dw‘drdr’, (6.28)
2/3

* 2762
where - -
a?b 27n,Nb
,7)=1— T — .
Ja(z.T) a3b? 1672g295q1rnia3
Now using the change of variable
a®p? | 27n, N b2

T+
a3b? 1672¢295q1rn a3

we arrive at the w-integral

3 16m2a3
j;/s g3(. .., w)e(wW(r — ‘L’/)) dw

where g3(...,w) is given by

4 6.3,,2\ _ 4z a’)ow? 35/2 27 NB/Z 3
¢(w)w3Uu,z(—( ra) L )UW(( o)W (“,3 L ,3) )
(3b) (3p) a’3b 1672g2q591rna
Note that
ote tha 81 |

asa =< band

a?b? 27n, N b2 <kt (a + a')b?

T — < k*,
a’3b2 1672g2q5q1rn a’3 a’3
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ny N
q2q5q1rny
integration by parts to the w-integral in (6.9). On applying integration by parts repeatedly,

we see that the above integral is negligibly small unless

where, in the first inequality, we have used < a+ o', which follows by applying

|t — /| < k¥b%/a’.

Now writing 7 — 7/ = 1, with 7 < k®b?/a3, and estimating all the integrals in (6.28)
trivially, we get

(aa’)/2 kb2 «_ L K keC?
(bb)5 a3 T (bB)V2 b T MN’

o

g+ K

where we have used the fact a’ < a < b < b’. Hence we get (6.11).

Now we proceed to prove the last part. Let ¢ ~ C > k'*¢. We also have ¢’ ~
C > k'T¢. Note that in this situation we have a < k7¢b, o’ € kéb’ and b < b’ < k
(see (6.21) and (6.22)). On substituting the main term of 14 (m, 1\7w, q) from (6.13) and a
similar expression for L (m’, Nw, ¢’) into (6.9), we arrive at the following expression:

(aa’)g/2
T bb)5 / é1(w)e( fs(w)) dw, (6.30)
where
1 1 1 1
$1(w) =
VI (%) 75 \/1 - 1'0 VI () 7 \/1
U [ (722 dnl w1/3 (6.31)
“ 3bto ! 3b'7)) ‘
and
(k=) (sin"lrg—sin~l¢))  16x% [ @Pw  aPw Nnow
fs(w) = . =+ 2.2 w22 ) /2 >
27 27 b N b 5 q295q1rny

to which we apply the third derivative bound. Recall from (6.24) that

70 = To(w) = c1h(w) + c3(H(w))? + c3(h(w))® + -+ + con_1 (H(w))** ' + -+,
(6.32)
with .
aw!/3 4 /mN _3(NN)V3

bW = Grg s YTy T T

and 7/, is similarly defined. On applying the change of variable w — w? in (6.30), we see
that the phase function is given by

(k—1)(sin"! 7o (w3)—sin~! ¢f(w3)) 1672 (13’w3 aBw3 Nnow3
27 27 2w3) b2t2w?) ) @dhqirn
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On applying the Taylor series expansion of sin~! 7o (w?), we see that

sin™! 7o(w?) = 1o (w?) + (o (w?))3/6 + -+
= dih(w?) + ds(H(w?))> + -

aw adw?

= d152/3(k SEITE + d352(k 7 4o,
where d1, ds, . .. are some absolute constants. Thus
3 3
P sin”! ro(w?) « m
Similarly , A
88? sin™! ¢ (w?) < ﬁ.

Next we consider a®>w?/(b%72(w?)). On applying the Taylor series expansion, we get

w k=@ _ (k- l)b(w3)(1 § 2O, ---)_2

b2t (w3) 2 (w?) c? c1h(w?)
_ (k—Dhw?) (1 _ 2¢3(h(w?))? _)
N c? c1h(w3)
=1 (b(w3) _ 20 )
(1 €1
Thus
?  adwl a3
0 P2(w?) b2

A similar analysis also gives us

93 a3w3 o3
Jw3 B/ZI/Z(wS) < ﬁ (6.33)
0
Hence, upon combining the above estimates, we conclude that
33 fs(w?) _o a>  a? 6Nn,
w3 b2 = b2 g295q1rn1’

Since n, # 0, we note that
a® a? NN (k3/r2)N N N k6N |n5|

— + =<K < < .
b2 b2 T C3rk? T C?rk3te U keC2%r(ni,r)  k®(C2%/qi)rni T qagqhqirng
In the first inequality, we have used the fact that a < a/, b < b’ < k. For the second
inequality, we have used Nr? < k3%¢ and C > k' T¢, while for the second last inequality,
(n1,7) > n1/q; has been used. Hence we see that

83 3 3 /3 6N
L;U)Z'O(a_z_}_a_z)_l—nz >
ow b b’ q29,491rn1

a’  a? _ NN
[ERNT ey
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On computing the variation of ¢ (w) (see (6.31)), we note that

1 1 1 1 < 1 1
Vb2/a (a/k)® J62]a’ (a'/k)® ~ b*/a (a/k)'0’
where we have used f”(t9) = b2/a, f)' () =< b’?/a’, 79 < a/(b*3(k — 1)V/3) < a/k

and r(’, = a’/k. Hence, on applying the third derivative bound (see Lemma 9) to (6.30),
we see that (6.30) is bounded by

Var ¢1 <

(6.34)

c2(aa’)®/? Varg; + max|¢;| _ a® 1 1 (C3rk»)V3  Cr'3k23
(b6))5  min|fs(w3)[1/3 T b10 b2/a (a/k)1O (NN)/3 T kZ(NN)V3F
Hence we get Proposition 1. ]

We conclude this section by giving the final estimation of the main integral ¢4 defined
in (6.1) in the following corollary:

Corollary 2. Let §+ be the integral transform as defined in (6.1). Then

keC*
—_— 6.35
¥z < OZM,N (6.35)
Furthermore, if C > k11 and n, #0,
kEC? Cr1/3k2/3
¥+ < (6.36)

Q2 kZ(NN)1/3’
Proof. Recall from (6.8) that
t t ~
I :/ / V(_)V(_)f / L, Ty $+ du’ dudt’ dr + O(k=2020),
R JR T T u<<kQ87$ u/<<k€77C_ u lu

o

R Nxu
L —/RW(X/Q )g(q,x)e( - )dx,

and I,/ is similarly defined. On applying the bound §+ < k*C?2/(MN) from Proposi-
tion 1, we see that

keC? t ¢ - , ,
9] < v(Z)v(L Tl [T | o’ dudi’de. (6.37)
MiN JrJr \T T) Juct56 Jw< &€

o

where

Note that

/;<<

where we have used the property (2.7)(4) of g(q, x). The same bound holds for the u’-
integral as well. Thus, on plugging these bounds into (6.37) and estimating the #- and
t'-integral trivially, we get (6.35). On analysing the u-, u’-, ¢- and t’-integrals as above and
applying the bound (6.12) from Proposition 1, we get the second part of the corollary. =

&

keC
Cacs [ [ we/0dle vl aran <
o u S8 JR oT

k
oT

0°.
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7. Analysis of the zero frequency: n, = 0

With all ingredients in hand we now give final estimates for S, (N), given in (5.4), in the
present and coming sections. The zero frequency case, i.e., np = 0, has to be analysed
differently. Let le denote the contribution of the zero frequency to 4, given in (5.8),
and let S°(N) denote the contribution of Q‘i to S (N). We have the following lemma:

Lemma 16. Let Qg: and S°(N) be defined as above. Then

SON) < kerl/2N1V2p3/2-n/2,
Recall that T = k177,

Proof. Recall from (5.11) that

2 <k swp XY S el o 6algal. D)

N<No "1 g5.q5~Clqy mm'~M;
Consider the congruence condition
+aq, F &'qr = ny mod q192q57/n1

appearing in the expression (5.9) of €. For n, = 0, it follows that ¢, = ¢} and o = o’.
Hence

ozl X
d,d’|q amodgr/ny

nja=—mmodd
nia=—m’'modd’

qr
< X d nl[d/(nl,d),d’/(nl,d’)]

d.d'lq
, d/)l(m m’)

< Yy dd’[d ik

d.d'\q
, d/)l(m m’)

On plugging the above expression and the bound g+ < kC*/(Q?M,N) from Corol-
lary 2 into (7.1), we get

ktC*
QY « —5—— sup —2 DT oqrd Y (ddy Y > )l |As(m)].
Q MlN <N I’ll
92~C/qy d,d’'|q m,m’~Mi
(d,d’)l(m—m/)

We use the inequality

[Ar m)|1Ag (m")] < 3 (1Ar (m)* + |Ar (m")[?) (7.2)
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to count the number of m and m’ as follows:

D3 IArm)As(m)]

m,m’'~M
(d,d")|(m—m')

< Y mP+ YD (A mP + A m)P)
m~M m,m’'~M
d,d")|(m—m'),m#m’

KKEMi+ Y ym)P > 1
m~M; m'~M,
(d,d")|(m—m"),m’'#m

L kEMi(1+ My/(d,d")),

where we have used the Ramanujan bound on average (see (2.1) and (2.2)). Thus

4
Q) « M S S (M) + M)

202
me*MN @~Clqr  dd'lq
ksN0C4 2 ksN()CGr
L ST~ qr(Mig + M7) € —5——(C + My).
niQ>MIN q2~ZC/q1 1 qni Q>N

Hence we have the first part of the lemma. On substituting the above bound in place of €2
in (5.4), we get

. NS5/3+e g
SY(N) < su _— E ®
r() M1<<€l/! QTr?/3C3 "
cCLQ (”] r) <C

C3(Nor)'/?
M; + V).
* Z 141;/2Q\/_(\/_1 )

n
ler)klﬂ(nl")m

Estimating the g;-sum trivially and replacing the range for n; by the longer range
n; K Cr, we get

N2/3 N, 1/2
SY(N) < k® sup N7 (Nor) ™ Z (n17/6 ®1/2(\/ +«/—)

M <My r2/3 VN n<LCr
CcCK0

Next we evaluate the n1-sum, using Cauchy’s inequality and the Ramanujan bound on
average (see Lemma 5), as follows:

(1,12 1o .17 Ax(n1,m2) 27"
y el [y ]y et
n<Cr ™ n1<LCr n n2<N

Ko NJIEFE. (7.3)
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Thus we arrive at
2 / 2 /3

N
0 e
S%N) < k 1/6f

—e = (VMo +/0). (74
Note that
0 = k*NJT < K32+ |JT < k**/T <« k2+¢Q2%/N.
We also have My = k® max {(k — 1)2C?/N, T} < k?T¢Q?/N and
No = k® max {(CT)*r/N.T3>N'?ry < k*(QT)*r/N < k°T*2J/N r.
Finally, upon using the above bounds in (7.4), we get

ker?3TN kQ
/6N JN

Hence the lemma follows. [ ]

SrO(N) < < kér 1/2N1/2k3/2 17/2

8. Analysis of the non-zero frequencies: ny # 0

It now remains to estimate S, (V) corresponding to the non-zero frequencies, i.e., 1, # 0.
We will consider two cases, small ¢ and large ¢. To begin, we analyse the character sum
€4 given in (5.9). We have the following lemma which is taken from [29].

Lemma 17. Let €4 be as in (5.9). Then, for n, # 0, we have

2
ql r(m’nl) /
(O _ E E d>d,,.
=+ < n 20y
d>|(q2,n195Fmn2)

d5|(gh.n1q2£m’ns)

Proof. Recall from (5.9) that

o=y an($)u(f) ¥ X

dlq amodgr/ny o’ mod q'r/ny
d'\q’ nije=—mmodd nia’=—m’'modd’

tag)Fa'qa=—nymodq142q5r/n1

Using the Chinese remainder theorem, we observe that € 1 can be dominated by a product
of two sums, €4+ < (Sgtl)(iiz), where

6 =YY dd 3T >

di.d}lq Bmodgr/n; B’ modqr/ng
nif=-mmoddy nip’ E—m’modd{

+Bq,FB'q2+nr = 0mod q17/n
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and
(2) . ’ * *
€L =22 ddy ) > L
da|q> B modg> B’ mod g5
djlq; nyB=—mmodd; n1B’=—m’modd)
+Bq5FB'q2+n> = 0 modqaq)
Analysing the second sum c?, we get B = —mn; mod d» and B’ = —m’in; mod d}, as

(n1,q295) = 1. Then using the congruence modulo ¢,¢5, we conclude that

< XY

d>|(q2,n195Fmn2)
d;1(g5n192Em’n3)

In the first sum GE_LU, the congruence condition determines 8 uniquely in terms of ', and

hence )
* rqi (m,ny)
eV « did| | g T
Py Yad Y et
dy,dilq Bmodgyr/ny
n1B = —mmodd;
Hence we have the lemma. [

8.1. S;(N) for small g

In this subsection we will estimate S, (N ) for small values of ¢. Let Qio denote the part
of Q4 (defined in (5.8)) which is complementary to Qg[ (contribution of n, # 0) and let

S ,# 0(N ) denote the part of S, (N) corresponding to Qio. We have the following lemma.

Lemma 18. Let QIO and Sféo(N) be as above. Then, for C <K k!¢, we have

ker2CT(TN)V2 (CM
Qio < r ( ) ( 111

+ MZ). (8.1)
niq1Q*M{N q1 !

Furthermore, let Szés?nan(N) denote the contribution of C < k'€ to Sr?éo(N). Then

§70

r,small

(N) < r'/2g3n/2, (8.2)
Recall that T = k'77.

Proof. On applying (7.2) to (5.11), we see that Qio is dominated by

K sup D3T3 mP + 1A ) DD €] ],

- n
N<KNo 71 gy g ~C gy mm’~M) na€Z—{0}

We analyse the expression corresponding to |A s (m’ )|? only, since the calculation for the
other expression is very much similar. Thus, on applying Lemma 17 and Corollary 2, we
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arrive at
kéqirC* . , .
BOIMIN b NI DD dedy DY D PP mim).
1 1V N <Ny 12y~ E dalas oMy nseZ—{0}
" dilay n1q,Fmny=0mod d>

ni1gatm’ny=0modd)
Writing ¢»>d» and g5 d), in place of g and g5 respectively, we arrive at

k‘?qfrC4

N7 2
oy SN DD ey YN N Y )P emmy).
POMN p N dyd, [Ag (m)|*(m,n1)

N<No  g,,d5<C/q q,rdzciq1 mm'~My 1<|na|<Na
/__C_ nighd,Fmny=0modds
4q, 2

b1 n1qadatm’ny=0modd)
(8.3)
Fixing the parameters (12, g2, q5. d», d}, m’), we count the number of m’s as follows:

> (m.ny) =Y ¢ > 1

m~M, £lny m~M /L
n1q5d;Fmny=0modd> nlq’zdéziFmrQEOmoddz
M,
= ‘3((dz,q’d’,nz)+ )
ZXn; > td>/(d>, d3q5.n2)
M
< (d2, déq; ,nz) (n1 =+ d_l)’ (84)
2

where £ is the inverse of £ modulo d,, which follows from the fact (dy,n1) = 1. On
applying (8.4) with the bound (d>, n2)(n1 + M1/d>) and then executing the sum over ¢
in (8.3), we arrive at
kéq3rC* ~ Cd,
————— sup N —
niil Q2 Ml N p ZZ q1 Z

N<KNo  g,,ds<C/q B~ 7o

M,
DYDY |Af(m’)|2(d2,n2)(n1+d—). ®.5)
1<|n2| <Ny m/~M, 2
niga2datm’ny;=0mod d}

We now count the number of (d>, dé, m’) following the arguments in [22, Section 6.1].

Case 1: niqad> £ m'ny = 0 mod dj but nigd> £ m'ny # 0. On switching the
order of summations over d; and m’, we see that the d;-sum is bounded above by
d(|n1q2ds = m'ny|) < k&, with d(n) being the divisor function. Thus (8.5) is bounded
above by

kéq3rC* - Cd,
02N b N 2 2

1
NLNo  d,<C/q, 4 qz~d2cql

x> ) P(da.n2)(ny + My /dy).

1<|nz| KNy m'~M
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On applying the Ramanujan bound on average to the m’-sum (see (2.1), (2.2)) and exe-
cuting the n,-sum, we arrive at

keq?rC* _ cd M
KoairCt o i, Y SRy (n1+_1).
niQ2MiN 5y 91 da

0 d><C/qy q2~dzc—ql

Now executing the remaining sums, we get the expression

kerCo _(CmM
—— sup NNZ(L—%MIZ). (8.6)
niQ*MiN g, N

On applying the bounds N, = k*CNY3r23n, /(g1 N?/3) (see (6.10)) and Ny <
keT3/2/N r (see (5.7)), we note that

- Cr2/3 - Cr2/3 ke
sup NN, < ks%(NN)m <« k“’%(NNo)m < %(TN)I/ZC.
1

N<<N0 1 1
8.7
Thus, in Case 1, we get the following bound for QIO:
ker2CT(TN)YY2 (CnyM
. (2 ) ( ke —|—M12). (8.8)
niq1 Q*M1N q1

Case 2: n1qad, +=m’ny = 0. On applying (8.4) and switching some summations in (8.3),
we arrive at

kéqg?rc# -
oy SN DD dadi D50 ) P
1 LY N« Ny d>,dj<C/q1 q/ZNd,qu m~M;

2

M
x ) (déqé,nz)(nwrd—;). (8.9)

1<|n2| <N2 q2~d2C‘71

niqadrtm’n,=0

Fixing the tuple (m’, n», d3), the number of ¢,’s turns out to be O(k?) (as g2 | m’ny). Thus
we arrive at

M sup N E d, E 2: A ()2
I Q2MN i W
1 N<No  dy<«Clar gy~ m'~M

2491

X Z (dyq5,12) Z (n1d> + My).
1<|na| < N> d>»<C/q1
dr|m’'n>

Now executing the sum over d5, followed by the sum over 5, m’, qé and dé, we see that
the above expression is bounded above by
kérC®

—————— sup NNZ(
”?QZMIN N<Ng

Cl’llM]

+M12).

Now estimating N N, as in Case 1, we get the first part of the lemma.
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We will now prove (8.2). Consider the second term of the right hand side in (8.1). On
substituting it in place of Q24 in S, (N) in (5.4), we arrive at

wp N5/3+e Z Z 1/3®1/2 Z r2C7(TN)1/2M1 1/2
M, <mo QTr?PC3 " U n{q1 02N
C«klte ("1 ,)<<C Wk]”(”l’)
1/2
< sup N5/3+e r(TN)1/4c7/2M1/ Z 2312 Z 1
MM <M, QTr?/3C3 VN 1 ) 172
é<<<kll<ie 0 Q Q m<LCr (nlil!r)\q”(nlr)‘x’ g
< wp N5/3+e r(TN)1/4C1/2M11/2 Z \/(”1—’@1/2
2/3 SN 7/6
M ofr OVN m<cr M

<« k8r1/2k3_"/2,

where in the second last inequality we have used

n k)
Z \/(7}6 @1/2 <<n€ 1/6+a
n<LCr ny

from (7.3), C < k'*¢, No < k®r+/N T3/? and My < k*+¢/N as C < k'*.
Now consider the first term on the right hand side of (8.1). We see that its contribution
to S (N) in (5.4) is given by

1/2
wp N5/3+e Z Z 1/3 o1/ Z 7‘2C7(TN)1/2C /
QTr2/3C3 nig?Q:N

MLM| <M
Cgklte (”l r)<<c ("1 r)l‘]l|(nlr)°o

N5/3+8 TN 1/4c7/2cl/2 B
r(TN) Z n-16@1/2 Z

< sup 1

M<KM| <My QTr2/3C3 OVN n<LCr
Cxklte

< “ N5/3+¢ r(TN)1/4C Z (n1, r)®1/2

ﬁk]ﬂ("lr)"o

p
M <My <M QTr?/3 wer M
C<kklte
L k32,

In the second last inequality, we have used the bound

(n1,7) (n1,r)2 72 |An (1, n2)[?
S P R Py e

n
n<LCr ny n1<LCr 1 n%nsz

L r1/2N01/6+s'

Thus we have the lemma. [ ]
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8.2. Estimates for generic q

Now we tackle the case when C > k!*¢ and n, # 0. Let S 70 (N) denote the part of

r,generic
S7°(N) which is complementary to Sfi?na“(N) (i.e., the contribution of C > k') and
ny # 0to S, (N). We have the following lemma.

Lemma 19. Ler S 70

r,generic

(N) be as above. Then

§70

r,generic

(N) « N1/2k3/2_1/6+3"/4. (810)

Proof. Recall from the analysis of Qio in the proof of Lemma 18 (see (8.6)) that

kerCs . (CmM
QP « T ap NN, m2). (8.11)
+ 302M;N !
nyQ*MiN g, q1

To get this, we have used the bound g+ < k°C*/(Q?>MN). For C > k'*% we have a

better bound for 1 (see Corollary 2). In fact,

kEC?2 Cr1/3k2/3 ksc4 CV1/3k2/3
Q% k2(NN)V3 ~ Q>MN (NN)'/3

I+ < , (8.12)

where we have used /M| N/C < k for C > k'*¢. Thus, on applying the above bound,
we see that

#0
Q1 <

kérC® < O3 o sup NNZ (Cn1M1

—_— = +M2). (8.13)
n;Q2MN Nang NN ai 1

Recall from (8.7) that B
NN2 ks Cr2/3n1

Sup ——=—— < , (8.14)
N<Ny (NN)/3 q1
and .
sup NN,  NoN:
Feng NN~ (NN
Thus we see that
kérC® NoN CmiM
Qio L 55 ; x Cri3K2/3 x 0 21 3( e -I-Mlz) (8.15)
nyQ*MN (N No)V/ q1
Comparing it with (8.8), we observe that we have an extra factor
Crl/3j2/3 < 0k2/3 _ et/
r1/3(NT)1/2 (NT)1/2
in this case. Hence, taking it into account, we get
ker2C7(TN)'/? CmM
Q70 KT CIN) T k’7—1/3(L + Mf). (8.16)
niq1 Q*M N a1
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Note that
Cl’l] in nlks N Q2k2+8 N k2+5
—+ M L + My K — + <L (n1, Nk = +
0 g g VT N A
k2+s
< T

where we have used My < Q2k**¢/N, Nr? < k3¢, Q = k*\/N/T, T < k and

ny/q1 < (n1,r). Thus, on plugging the above bound into (8.16), we get

ker2C7(TN)!/?
n2q1 02N

k2+e

Q7% « x k1713 x

On substituting the above bound in place of Q24 in (5.4), we see that Sf g(;neriC(N ) is
dominated by

N5/3+e 207(TN)/2 1/2 k5/6+n/2
SUp ————~+—= Z n}/3®1/2 Z r > ( ) X
c<o QTr2/3C3 n " niq1 Q*N VT
+ (nll.r)<<c (nll.r)lqll(”lr)oo

N5/3+e  (TNYV/4CT7/2 3 1 [ 5/6+n/2

S o OTrRCE ( Q)ﬁ > om et Y PR
<@ n1<LCr %\QIKHI”C’O q:

N5/3+e (TNV/4C1/2 nir k5/6+n/2

« sup 2O @) V00 g K0T
c<o OTr OVN ni<cr M vT

<« NV2g3/2-1/6+3n/4
Hence the lemma follows. [ ]

8.3. Estimates for the error term

In this subsection we give estimates for S,(/N) corresponding to the non-generic case
nsN < k® (see Lemma 12). Recall from (4.7) that if n} N = n3naN/(¢>r) < k®, then
we have

o0
Z Z Z Ag(ni,na) . _ N
S3 =q ”nlnz—S(}’a,:tnz;qr/l’ll)Gi(nz), (817)
+ nilgrn2=1

where G+ (n3) is as defined in (4.5). On plugging (8.17) and (4.11) in place of S3 and S,
respectively into (3.4) we arrive at

SUBRES S D D SR il
QT q niny
1<¢g<0 + n1|qrn2<<q32rk8

nyN

x Y Ap(m)Cs(...)La(g.m.niny) + O(k™2°%%),  (8.18)
M<m<Mj
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where
Ci(. Z S(ra, :I:nz,qr/nl)e( )
amodg
q * ony
)z
dlq d amodqr/ny qr/nl
njae=—mmodd
< (ny,m, q)(q+ )<<\/(n1, )V (n1,q (61+ ) (8.19)
and

Ly(q.m.niny) —/ W(x/Q* )/ ( )g(q x)La(m, q, x)Gx(n3) dt dx,

Iz(m,q,X)=/0 U(y)y‘”e(%)h—l(w) dy,

with

and
x 1 o -
Gam3) = 5 [ v ds
Nit /°° yi(o +it) [ (z1Nx
= — _— e
27 Joo (n3N)7HT q0

where 0 > —1 + max {—N(a1), —N(a2), —NR(@3)}. On analysing the x-integral and the
t-integral following Lemma 14, we get the restriction

|z1 — y| < k°q/(QT).

Thus, on replacing z; by y + u with u < k®q/(QT), we essentially arrive at

1 [® ys(o+iT) t ,
Ly(q, m,niny) = — —.V—N”/ L, Is(m,q,u,7) dudt dz,
a(g,m,ninz) 7 /_oo mne Jo VAT vk uls(m,q,u,7)dudt de

d
) V(zy)zpoiTHt Zi]‘ dr.  (8.20)

where

Ly :/RW(X/QE)g(‘I»x)e(]ZZM)dx,
o0 . 4 — N
Is(m,q,u,7) = /O Uru ()Y " Jr1 (—T[ ;’l y) dy,

with Uy () =U(y)y ™" (1+u/y)~° ¥+t Analysing Is(m, q,u, 7) like I (m, Nw,q)
(see Lemma 15), we get
ksql/z
(mN)1/4 :
We now move the contour ¢ in (8.20) to the left to 0 = —5/2 passing through the poles

I(m,q,u,7) K

given by
l+o+NR)+4
2 - 9

ie, o0=—-1—N()—"1.
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Thus, on treating the u- and 7-integral trivially, we get
k& 3/2

Q(mN)1/4
ks 3/2

Q(mN)l/4 + Z Z(n N)l+[+§ﬁ(ot,

{=0,1i=1

o0
Li(q.m.nny) < (n3N)>/? / ly+(=5/2+it)|dt

Now using the Stirling bound
y(=5/2+i0)| < (1+[e)* T2 = (1 4 27,
we arrive at
Lo 2 k8q3/2 * AT\5/2 2 * Ay 1+HE+%(a;)
alg,m,niny) K —Q(mN)1/4 ((nzN) + Z Z(nzN) )
(=0,1i=1
Note that (nEN)S/2 (11"N)1/4+9/4 < k*g(n"N)l/4 and

3 3
Z(n;N)1+Z+§R(ai) — Z(n;N)l/Z-i-ﬂi < ka(ngN)l/Z &« kS(n;N)1/4
i=1 i=1

as 1+ £+ N(a;) = 1/2 + B; for some B; > 0. Thus we get

ksq3/2 . keq3/4(n2n2)1/4
Ny = ST
Q(mN)1/4 Qm1/4r1/4

Thus, on plugging the above bound and the bound (8.19) for €4 (...) into (8.18) and then
estimating the sum over m using the Ramanujan bound on average, we see that (8.18) is
dominated by

My LT P ’
Z Q2Tr1/4z Z —( nz) \/(nl,q)(l‘i‘a). (8.22)

ning
1<g<Q nilgr , y & q3rk5 !
1N

Li(q, m,ninz) < (8.21)

We estimate the sum over 71 and 7, as follows:

Ag(ny,n r

NS DL S N ] (R

n1|qrn q3rké 172 1
2<<7n%N

<> ¥ Mn(nl,nz)w%_z

3,kE
n1|qrn2<<q 2rk
nlN

/2
3/2,3/2

<( Xy |A,,(n1,n2)|2) (ZZ ) <<qT'

nny<keq3r/N nylgrn2=1
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Hence the contribution of the terms n2n,N/(¢°r) < k® to S;(N) is dominated by

e NM()3/4 q3/2r3/2
Z Q2Tr1/4 W

1=¢=<Q

& AN k' H2nt3n/ste (8.23)

where we have used My < k?%¢/T and Nr? < k3¢,

9. Conclusion: Proof of Theorem 1

We now put together the bounds from Lemmas 16, 18, 19 and (8.23) to get

3/2—n/2
Sr(N) & e~ 1/2+2n+3n/8 + F1/2p—n/2 + rl/zk "

—1/6+3n/4
N1/2[3/2+e —N1/2 +k .

Using k379 « Nr? <« K3+ and r < k?, we further get

Sr(N)

iz K k—V/2+2n+3n/8 | 6/2-n/2 4 ;26-n/2 | [ —1/6+3n/4
Nl 2k3 2+4¢ .

Hence to get subconvexity, we need all of the above exponents to be negative. So the first
and the third term give 4/19 > 1 > 460, and consequently the third and the fourth terms
dominate the rest. Thus the above bound reduces to

Sr(N)

o Pory) 20—n/2 —1/6+3n/4
N1/2j3/2+¢ <k +k :

The optimal choice for  is n = 86/5 + 2/15. On plugging this in Lemma 11, we get
L(1/2, 7 x f) < k3/2+69/5-1/15+e | 13/2-6/2+e

and with the optimal choice 8 = 2/51, we obtain the bound given in Theorem 1.
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