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On the classification of simple amenable C*-algebras with
finite decomposition rank, II

George A. Elliott, Guihua Gong, Huaxin Lin, and Zhuang Niu

Abstract. We prove that every unital simple separable C*-algebra A with finite decomposition rank
which satisfies the UCT has the property that A ® Q has generalized tracial rank at most one, where
Q is the universal UHF-algebra. Consequently, A is classifiable in the sense of Elliott.

1. Introduction

In a recent development in the Elliott program, the program of classification of amenable
C*-algebras, a certain class of finite unital simple separable amenable C*-algebras, de-
noted by Nj, was shown to be classified by the Elliott invariant [15, 16]. One important
feature of this class of C*-algebras is that it exhausts all possible values of the Elliott
invariant for unital simple separable C*-algebras which have finite decomposition rank
(a property introduced in [20]; see Definition 2.10 below).

The purpose of this note is to show that, in fact, every unital simple separable (non-
elementary) C*-algebra which has finite decomposition rank and satisfies the Universal
Coefficient Theorem (UCT) is in the class ;. Since every C*-algebra in N, was shown
in [15, 16] to be isomorphic to the inductive limit of a sequence of subhomogeneous C*-
algebras with no dimension growth, the C*-algebras in N} have finite decomposition rank
(see Remark 4.7 below). In other words, the class N is precisely the class of all unital
simple separable (non-elementary) C*-algebras which have finite decomposition rank and
satisfy the UCT, and hence we obtain a classification for all of these C*-algebras.

Theorem 1.1. Let A be a unital simple separable (non-elementary) C*-algebra with finite
decomposition rank, and assume that A satisfies the UCT. Then, A € Nj. (See Defini-
tion 2.6 below.) Hence (by [16, Theorem 29.8]), if A and B are two (non-elementary)
unital simple separable C*-algebras with finite decomposition rank which satisfy the UCT,
then A = B if and only if

(Ko(A).Ko(A)+.[14]0.K1(A4), T(A). r4) = (Ko(B).Ko(B)+.[1lo.K1(B),T(B).rB).

In fact, we shall obtain (see Theorem 4.4 below) the formally stronger result that every
finite unital simple separable (non-elementary) C*-algebra with finite nuclear dimension,
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which satisfies the UCT, and whose tracial states are all quasidiagonal, is in the class Nj.
This result, combined with the recent result of [36] that the quasidiagonality hypothesis is
redundant, yields that the class N includes all finite unital simple separable C*-algebras
with finite nuclear dimension which satisfy the UCT—see Theorem 4.10 below. (The case
of infinite unital simple separable C*-algebras with finite nuclear dimension was dealt
with over twenty years ago by Kirchberg and Phillips—see Remark 4.11 below.)

In a recent paper [11], two of us (G. A. E. and Z. N.) proved that every unital simple
separable (non-elementary) C*-algebra A with finite decomposition rank, satisfying the
UCT, and such that K¢y(A) has torsion-free rank one, belongs to .N;. The present paper is
a continuation of [11] with, now, a definitive result.

It is perhaps worth mentioning that the mathematical content of this paper (for exam-
ple, Theorem 4.9) is independent of that of [15, 16]. Please also see Remark 4.6.

2. Preliminaries

Definition 2.1. As usual, let Q denote the field of rational numbers. Let us use the notation
Q for the UHF-algebra with Ko(Q) = Q and [1p] = 1.

Definition 2.2 (N. Brown [3]). Let A be a unital C*-algebra. Denote by T(A) the tracial
state space of 4, and denote by Tyq(A) the subset of the quasidiagonal tracial states—those
7 € T(A) with the following property: For any finite subset ¥ and & > 0, there exists a
unital completely positive map ¢ : A — Q such that

|t(@) —tr(p(a))| <&, acF,
||<p(a)(p(b) — @(ab) || <e a,bed,

where tr is the unique tracial state of Q.

Definition 2.3. Let F; and F, be two finite-dimensional C*-algebras and let g, ¥ :
F; — F, be two unital homomorphisms. Consider the corresponding mapping torus,

C = C(Fh F27 1//0» 1/f1)
={(fa) € C([0,1], F2) @ F1 : f(0) = Yo(a) and f(1) = Y1(a)}.

Denote by € the class of unital C*-algebras obtained in this way. C*-algebras in the class
€ are often called Elliott-Thomsen building blocks. They are also called one-dimensional
non-commutative CW complexes.

Denote by €y the subclass of € consisting of those C*-algebras C € € such that
K1 (C) = {0}.

We shall in fact only work with the Q-stabilizations of these algebras, which can be
described just by replacing F; and F, with finite direct sums of copies of Q.

Definition 2.4 ([15, Definition 9.1]). Let A be a (non-elementary) unital simple C*-
algebra. We shall say that A has generalized tracial rank at most one if the following
property holds.
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Lete > 0,leta € A+ \ {0}, and let ¥ C A be a finite subset. There exist a non-zero
projection p € A and a sub-C*-algebra C € € with ¢ = p such that

lxp —px| <&, xe&,
dist(pxp,C) <e, xeF,

1—-p=<a.

The last condition means that there exists a partial isometry v € A such that v*v =1—p
and vv* € aAa. If A has generalized tracial rank at most one, we will write gTR(A) < 1.
It was shown in [15] that if gTR(A) < 1, then A is quasidiagonal and Z-stable if it is also
amenable.

Definition 2.5. Let A and B be unital C*-algebras and let L : A — B be a contractive
completely positive map. Let § be a finite subset of A and § > 0. Recall that L is said to
be §-§-multiplicative if || L(x)L(y) — L(xy)|| < é for all x, y € §. Given a finite subset
P of projections in A, if § is sufficiently large and § is sufficiently small, then there is a
projection g € B such that ||L(p) — ¢q| < 1/4. Moreover, for each projection p € §, if
8 < 1/4, then the projection ¢ can be chosen such that

IL(p) —q| < 25. @2.1)

Note that if ¢’ € B is another projection such that | L(p) — ¢’|| < 1/4, then ¢’ and ¢ are
unitarily equivalent. Recall that [L(p)] often denotes this equivalence class of projections
(see e.g. [21]). As usual, when [L(p)] is written, it is understood that & is sufficiently
large and § is sufficiently small that [L(p)] is well defined.

Definition 2.6 ([15]). Let A be a unital simple separable C*-algebra. Let us say that A
has rational generalized tracial rank at most one if gTR(4A ® Q) < 1.

Let us say that A belongs to the class N if, in addition, it is amenable and satisfies
the UCT [34] and is Jiang—Su stable, i.e., is invariant under tensoring with the Jiang—Su
C*-algebra ([18]; see also [8]). As pointed out above, it follows from [16] (together with
[38]) that, instead of the last property, it is equivalent to assume finite decomposition rank
(or, by [39], even just finite nuclear dimension); see Definition 2.10 below. (By now, we
know (see [4,29,35]) that a unital separable simple nuclear C*-algebra is Jiang—Su stable
if and only if it has finite nuclear dimension—see “Added November 2, 2021” at the end
of this paper.)

The following are the main results of [15, 16].

Theorem 2.7. Let A and B be two unital C*-algebras in Ny. Then, A = B if and only if
Ell(A) =~ Ell(B), i.e., A = B if and only if

(Ko(A),Ko(A)+.[14lo. K1(A), T(A),r4) = (Ko(B),Ko(B)+.[18]o.Ki(B), T(B),rg).

Moreover, any isomorphism between ENl(A) and EINl(B) can be lifted to an isomorphism
between A and B.
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Proof. The first part of the statement follows from [16, Theorem 29.8].

The second part of the statement needs some explanation. Note that A and B satisfy
the assumption of [16, Theorem 29.5], by [15, Corollary 19.3]. Let I' : Ell(A) — ElI(B) be
an isomorphism. Repeat [16, proof of Theorem 29.5] until the second-last sentence of that
proof: namely, “One then obtains a unitary suspended isomorphism which lifts I" along
Zy o (see [40])”. For the present purpose (note that the lifting statement is not explicitly
formulated in [16]), replace the last sentence of that proof by the sentence “It follows from
[40, Theorem 7.1] that A ® Z and B ® Z are isomorphic and the isomorphism lifts I'”. =

Theorem 2.8 ([15, Theorem 13.50]). For any non-zero countable weakly unperforated
simple ordered group Go with order unit u, any countable abelian group Gy, any non-
empty metrizable Choquet simplex T, and any surjective affine map r : T — S,,(Gg)
(Su(Gy) is the state space of Go—always non-empty), there exists a (unique) unital simple
C*-algebra C in Ny, which is the inductive limit of a sequence of subhomogeneous C*-
algebras with two-dimensional spectrum, such that

Ell(C) = (Go. (Go)+.u, G, T.).

Definition 2.9. Let A and B be C*-algebras. Recall ([20]) that a completely positive map
¢ : A — B is said to have order zero if

ab=0 = ¢(a)p(b) =0, a,beA.

Definition 2.10 ([20,42]). A C*-algebra A has nuclear dimension at most 7 if there exists
anet (Fy,¥,,95), A € A, such that the F are finite-dimensional C*-algebras, and such
that 3 : A — F, and ¢, : F), — A are completely positive maps satisfying the following:

(1) @) o Yy — id4 pointwise (in norm),

@) llyall = 1,
(3) foreach A, there is a decomposition F; = F )EO) ®---dF )E") such that each restric-

tion @, | is a contractive order zero map.

FY

Moreover, if the the map @, can be chosen to be contractive itself, then A is said to
have decomposition rank at most 7.

Recall that finite nuclear dimension immediately implies nuclearity, which by [5, 17]
is equivalent to amenability. The nuclear dimension of a certain C*-algebra associated
with a discrete metric space is related to asymptotical dimension of the underlying space,
and the concept of asymptotical dimension has fundamental applications to geometry and
topology (see [43,44]).

The main theorem of this paper is that the class ;] of C*-algebras actually con-
tains (and hence coincides with) the class of all (non-elementary) unital simple separable
C*-algebras with finite decomposition rank which also satisfy the UCT. In particular, it
follows (on using both Theorems 2.7 and 2.8) that every such C*-algebra is the inductive
limit of a sequence of subhomogeneous C*-algebras (with no dimension growth).
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3. Some existence theorems

Denote by K the C*-algebra of all compact operators on /2, an infinite-dimensional sep-
arable Hilbert space. Let {e; j} be the canonical system of matrix units for K. We will
use the fact that X ® K =~ K and assume that such an isomorphism has been fixed. Let
B be a C*-algebra. We may identify B ® K with (B ® K) ® e1,1. Let A be another
C*-algebra and let Y1, ¥5,..., ¥, : A = B ® K be linear maps. For convenience, when
there is no confusion, using the identification above, we shall write

qD:wl@lﬂz@EBlﬁnA%B@K

to denote the orthogonal sum:

®(a) = Z Vi(a) ®@e;; foralla € A. 3.D

i=1

Likewise, for projections py, p2,..., pm € B ® K, we shall write
P=pi®p2® - BpmeBRK

if there is no confusion. Therefore, in the case that ¥, (4) € p; (B ® K)p;i, 1 <i <n, we
may view ® as mapping A to P(B ® K)P.
We will use this convention repeatedly.

Lemma 3.1. Let A be a unital simple separable amenable quasidiagonal C*-algebra
satisfying the UCT. Assume that A =~ A ® Q.

Let a finite subset § of A and €1, &, > 0 be given. Let py, pa, ..., ps € A be projec-
tions such that [1], [p1], [p2], - .., [ps] € Ko(A) are Q-linearly independent. (Recall that
Ko(A) = Ko(A® Q) =Ko(A4) ® Q.) There are a §-&1-multiplicative completely positive
map o : A — Q with o (1), a projection satisfying

tr (o(l)) <&

(where tr denotes the unique tracial state on Q), and § > 0, such that, for any ry,ra,...,rs
€ Q with
|ril <6, i=1,2,...,s,

there is a §-g1-multiplicative completely positive map p : A — Q, with u(1) = o(1),
such that

[o(p,-)] - [p,(p,-)] =r, 1=12,...,s.

Proof. Let us agree that o and w (to be constructed below) are also understood to be
required to be sufficiently multiplicative on pp, pa, ..., px that the classes [o(p;)] and
[(p;i)] make sense (see Definition 2.5 above) (similarly for other completely positive
approximately multiplicative maps, to be introduced below).
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Denote by Gy the subgroup of Ko(A4) generated by {[14]. [p1], ..., [Ps]}- Since [14],

[p1], ..., [ps] are Q-linearly independent, for each i = 1,2, ..., s, there exists a homo-
morphism «; : Kg(4) > Q = Ko(Q) such that
ai([pil) =1, «([la]) =0, and a;([p;]) =0, j #i. (3.2)

We may regard o; as an element of KL(A4, Q) (see [7]). Since A is a unital simple
amenable quasidiagonal C*-algebra, by [1], A is a unital simple strong NF-algebra. It
follows from [1] that A = |J,=; A, where {4,} is an increasing sequence of unital,
amenable, residually finite-dimensional C*-algebras. It follows from [21, Theorem 5.9]
that there are §-g;-multiplicative completely positive maps o;, u; : A - Q ® K such
that 0; (14) and w; (14) are projections, and

[oil]g, — [l g, = @ilee, i =1.2,....5. (3.3)

Since «;([14]) = 0, we have [0;(14)] = [ii(14)]. Therefore, without loss of generality,
we may assume that

O'i(lA):Mi(lA) =P, 1=12,...,s.

Consider the projection
A
P =P o P).
i=1
and the unital §-¢;-multiplicative completely positive map

N

Poi & i) : A— PO @ X)P.

i=1
where 0; @ u; means the map a — o;(a) @ i (a) (see the beginning of this section). Note

that P(Q ® K)P =~ Q. Choose a projection R € Q ® K with 0 < tr(R) < min{l, &5}
and a rescaling homomorphism

S:0K —>0® K, P— R.

Consider the map
N
0:=So<@(0i@m)) A 0Q XK
i=1

and the strictly positive number
5 tr(R)

T r(P)’
(Here, tr denotes the tensor product of the traces on Q and X, normalized to be 1 on
1o ® eq1.) Note that since tr(R) < 1, one has

tr(o(1)) = t(R) < 1,

and so we may regard o as a map from A to Q (rather than Q0 ® X).
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Let us show that o and § satisfy the condition of the lemma.
Letry,ra,...,rs € Q be given with

|ril <68, i=1,2,...,s.

Foreachi = 1,2,...,s, choose a projection R; € Q ® K with tr(R;) = |r;|, and
choose a rescaling homomorphism

Si: 0K —>0®K, 1®er R;,

where e is a minimal non-zero projection of K. Foreachi = 1,2,...,s, consider the pair
of maps
Sioo;,Siou; :A—> 0 K.

Then, foreachi = 1,2,...,s,
[Si 0 0i(pi)] = [Si o pi(pi)] = Iril.
[Si0oi(1)] = [Si o pi(D] =0,
[Sioo—i(pj)]_[sioﬂi(pj)]:09 j:1,2,...,S,j7éi.

Consider the direct sum maps

6::(@&0(&)@(@&0#:‘),

ri>0 ri<0
o= (@Sio,ui)ea(@&-oo,-).
ri>0 ri<0

It follows from (3.2) and (3.3) that

[6(p)] - [A(p)] =1, i=12,....s

Note that
S S
o=So (@(a,- ® m)) =P (Sco) @ (Sowm)). (3:4)
i=1 i=1
Foreachi = 1,2,...,s, since

tr (Si(P)) = w(P) - tr (Si(1 ® e)) = tr(P) - tr(R;)
=tr(P)|ri| < tr(P)s =tr(R) = tr (S(P)),

there is a rescaling homomorphism 7; : Q ® X — Q ® K such that

[S]=1[Si]+[L]=1[Si @ Ti] onKe(Q) = Q.
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Therefore, by (3.4), on Gy,

N

6] => " ([(So0i)] + [(S o u)])

i=1

s

= Y ([Siooil + [T ooil) + Y (1Si o ) + [T © puil)
i=1 i=1

= [(EB((S 00;) ® (T; o 0; )) ( ((Siooy) @ (T; 00:)))

ri>0 Tis <0

& (D (Siom)® Tiom)) @ (D ((Siom) ® (Tow))]

r;i <0 ri>0

“

=[ol® [y,

r=(PToo)e (P (Sioo) e Tiom))

ri>0 ri <0

& (D Tom) e (@ (Siom) e T ou)):

ri<0 r;i>0

where

Consider the direct sum completely positive map

W= dy.
We have
[o(p)] = [w(p)] = [6(p)] = [A(p)] =ri. i=12.....5,
as desired (with u regarded as a map from A to Q, as u(1) = o(1)). ]

Remark 3.2. The assumption that A is amenable in Lemma 3.1 can be removed. In the
proof one can apply [6, Theorem 5.5] in place of [21, Theorem 5.9].

Let/,r = 1,2,...be given. In the rest of the paper, we identify Ko(Q") with Q! (and
Ko(Q") with Q") by identifying [1 /] with (1, 1,...,1) and ([1or] with (1, 1,...,1)),
h \.Hl,_./ ————

where r

Ql:Q@...@Q, Qr:Q@...@Q.
| — | —
i r

Ify : Q! — Q" are unital, then

W)eo(LL.... D=(1.... D
,_/

and therefore

W)sotot, ... )=t 1), 1€Q. (3.5)
’—-d
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Lemma 3.3. Let A be a unital simple separable amenable quasidiagonal C*-algebra
satisfying the UCT. Assume that A = A ® Q.

Let G be a finite subset of A, let 1,&2 > 0, and let py1, pa, ..., ps € A be projections
such that [14],[p1],[p2], - - -, [ps] € Ko(A) are Q-linearly independent. There exists § > 0
satisfying the following condition.

Let Yy, : Ql — Q7, k = 0,1, be unital homomorphisms, where l,r = 1,2, .... Set

D ={reQ: (Yo)w(x) = Y)s()} € Q"
There exists a §-1-multiplicative completely positive map = : A — Q' such that = (1)
is a projection, with the following properties:
1(S(14)) < &2, T eT(Q),
[ZW]. [Z(p))] €D, j=12.....5,

and, for any ry,ra,...,rs € Q" satisfying
|ri,j| <4,

where r; = (ri1,ri2,.... i), I =1,2,...,5, there is a §-&1-multiplicative completely
positive map L : A — Q7, with u(14) a projection, such that

[Voo (0] = [u(p)] = riv i =1.2.....s.

and

[L(14)] = [Vo 0 =(14)].

Proof. Put pg = 14 and P = {[14], [p1].---, [ps]}- Applying Lemma 3.1, we obtain a
§-g1-multiplicative 0 : A — Q and § > 0 satisfying the conclusion of Lemma 3.1 with
respect to 9, €1, €3, and P.
Let us show that § is as desired.
For a given integer / = 1,2, ..., consider the map ¥ : A — Q!, the sum of / copies
of o,
YX=0806---do.

Let us show that ¥ has the required properties. Let r = 1,2, ... and ¥ : Q' — Q7
k = 0,1, be given (as in the statement of the condition on § to be verified). Since 1 and
Y are assumed to be unital, [1p-] = (1, 1,..., 1) € D. It then follows that

[Z(p)] = ([o(pD)].[0(p)].....[0(pi)])
=[o(p)](1.1,....1) eD, i=0,12,....s,

where [0 (p;)] is regarded as a rational number. In other words,

[VooZ(p)] =[v1oZ(p)]. i=0.1.2,....s.
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Since tr([o(14)]) < &2, one has

t([2(10)]) <e2, TeT(Q)).

Letry,rp,...,rs € Q" begivensuchthat |r; ;| <8,/ =1,2,...,randi =1,2,...,s.
Let us show that p exists as required.

Fix j =1,2,...,randlet uj : A — Q (in place of u) denote the §-g;-multiplicative
completely positive map given by Lemma 3.1 for the s-tuple ry,;, 72 ;,..., 75 ;. Thatis,
wj(l4) = o(14), and

[o(p)] = [ ()] = 1i,j €Ko(Q), i =1.2,....5. (3.6)
Define u: A — Q" by

H’(a) = (Ml(a)v /‘LZ(a)’ s ’,U«r(a))’ aeA.

r

Then, foreachi =1,2,...,s,

[Vo o Z(pi)] — [1(p)]
= Wo)so([o(p)].[o(p)].....[0(p)]) = ([11(PD)]. [2(PD)]. - - .. [r (pi)])

I r

= ([o(p)]. [o(p)].---.[0(PD]) = ([11 ()] [2(Pi)]. - - - [1er(P1)])  (by (3.5))

r

= ([o ()] = [1(p])- ([0 ()] = [12(pD])- . ([0(p)] = [ (p)]))
= (rin rig, .- riy) =ri (by (3.6)),

as desired. A similar computation shows that [y o X (14)] = [u(14)]. |

Lemma 3.4. Let A be a unital simple separable amenable quasidiagonal C*-algebra
satisfying the UCT. Assume that A =~ A ® Q.

Let'§ C A be a finite subset, let €1, > 0, and let py, p2, ..., ps € A be projections
such that [14], [p1], [p2]. - - - . [ps] € Ko(A) are Q-linearly independent. Then, there exists
8 > 0 satisfying the following condition.

Let Yy, : Ql — 07, k = 0,1, be unital homomorphisms, where l,r = 1,2, .... Set

D={xe Q' : (Yo)wo(x) = W)xo(x)) € Q.

There exists a §-&1-multiplicative completely positive map % : A — Q' such that £ (14)
is a projection, with the following properties:

1(2(1y) <&, TE T(Q").
[S0].[S(p)] €D, i=12....s.
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and, for any ri,r,, . ...rs € Q! satisfying
|r,-,j| < 8,

where ri = (ri1,ri2,....ri1), i =1,2,...,s, there is a §-&1-multiplicative completely
positive map i : A — Q' with u(14) = =(14), such that

()] - [np)] =1, i=12,....s.

Proof. This is similar to the proof of Lemma 3.3. Put [ po] =[14], # ={[po]. [P1].. . .. [Ps]}-
Applying Lemma 3.1, we obtain a §-¢;-multiplicative ¢ : A — Q and § > 0 satisfying
the conclusion of Lemma 3.1 with respect to (9, &1, &2).

Let us show that § is as desired.

Consider the map = : A — Q! the sum of / copies of o,

E:O‘@o‘@...@g,
foragiven/ = 1,2, .... Then, the same argument as that of Lemma 3.3 shows that
[Z(p)] eD. i=0.1.2.....s.

It is also clear that
1(B(1a)) < &2, T ET(QH.

Letry,ra,...,75 € Ql be given such that |r; ;| <48, j =1,2,...,/andi =1,2,...,s.
Let us show that p exists as required.
Fix j =1,2,...,/ andlet u; : A — Q (in place of ) denote the §-¢;-multiplicative

completely positive map given by Lemma 3.1 for the s-tuple ry,;,72,;,...,7s ;. Thatis,
wj(l4) = o(14), and
[o(pi)] = [1j(pi)] =rij €Ko(Q), i=1.2,....5. (3.7

Define i : A — Q' by

H(a) = (/’Ll(a)s MZ(a)v o 7/"'1(“))7 a € A.

Then, foreachi =1,2,...,s,

[Z(pi)] — [1(pi)]
= ([o(pd)].[0(pD)].....[0(p)]) — ([t (p)]- [2(PD)]. - - [ (pi)])

1

= (([o(p)] = [11(PD]). ([0 (p)] = [12(pD)]). - - - ([0 (Pi)] = [ (Pi)]))
= (ri,1,7i2,....1i)) =1 (by (3.7)),

as desired. Moreover, since t;(14) = 0(14), we have X (14) = p(14). |
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4. The main result

Let us begin by recalling the (stable) uniqueness result used in [11].

Lemma 4.1 ([11, Corollary 2.6]; see also [15, Lemma 4.14] and [22, Definition 5.6 and
Theorem 5.9]). Let A be a unital simple separable amenable C*-algebra which satisfies
the UCT. Assume that A 2 A ® Q.

For any &€ > 0, any finite subset ¥ of A, there exist § > 0, a finite subset § of A, a
finite subset J of projections in A, and an integer n € N with the following property.

For any three completely positive contractions ¢, V¥, € : A — Q which are §-§-multi-
plicative, with ¢(1) = ¥ (1) = 1o — £(1) a projection, [p(p)lo = [¥(p)]o in Ko(Q) for
all p € P, and tr(p(1)) = tr(Y (1)) < 1/n, where tr is the unique tracial state of Q, there
exists a unitary u € Q such that

|u*(p(@) ® E@)u—Y(@) ®E@)] <e. aef.

The following two existence results are related to [15, Lemma 16.9] (and its proof).
We will use the following known facts: O ® Q = @, and any unital endomorphism
¢ : QO — Q is approximately unitarily equivalent to the identity map.

Lemma 4.2. Let A be a unital simple separable amenable C*-algebra which satisfies the
UCT. Assume that A ® Q = A.

For any € > 0 and any finite subset ¥ of A, there exist § > 0, a finite subset § of A,
and a finite subset P of projections in A with the following property.

Let r, ¢ : A — Q be two unital §-8-multiplicative completely positive maps such that

Then, there are a unitary u € Q and a unital ¥ -e-multiplicative completely positive map
L : A — C(]0, 1], Q) such that

mpoL =% and molL =Aduog. “.1)

Moreover, if
|troy (h) —trop(h)| <€, he X, 4.2)

for a finite set ¥ C A and &' > 0, then L may be chosen such that
|trozt, o L(h) —tromgo L(h)| <é, hed, telo1l]. 4.3)
Here, 7ty : C(]0, 1], Q) — Q is the point evaluation at t € [0, 1].

Proof. This is a direct application of the stable uniqueness theorem [11, Corollary 2.6],
restated as Lemma 4.1 above. Let ¥ C A be a finite subset and let ¢ > 0 be given. We
may assume that 14 € ¥ and every element of ¥ has norm at most one. Write ¥ = {ab :
a,b € F}. Note that ¥ C F7.
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Let§, G, P, and n be as assured by Lemma 4.1 for #7 and /4. We may also assume
that ¥ C § and § < ¢/4.

Letg', v’ : A - Q ® Q be defined by ¢'(a) = ¢(a) ® 1 and ¥'(a) = ¥ (a) ® 1 for
all a € A. Pick mutually equivalent projections eg, e, €2, ..., e, € Q satisfying

n
Zei = lg.
i=0
Then, consider the maps ¢;, ¥ : A > Q ® ¢; Qe;,i =0, 1,...,n, which are defined by
pi(a) =) ®e; and Yi(a) =Y(a) Ve, acA,
and consider the finite sequence of maps from A to Q ® QO

Cpi1 =0 =0 ®P1® - Byp, Po:=Y =YDY1 DD Yy,

and
D=0 BB 1BV B DBY,, i=12,...,n

Since e; is unitarily equivalent to eq for all i, one has
leillp =Willp. 0<i.j<n,

and in particular,
willp = Wil . i =0.1,....n. (4.4)
Note that, foreachi =0,1,...,n,

i ~Yi @ (0o D1 D D Yi—1 Vi1 DVit2 D - D V),
D1~ P @YD DY 1 PYit1 PVit2 D DY),

where ~ denotes the relation of unitary equivalence. In view of this and (4.4) (identifying
0 ® O with Q), applying Lemma 4.1 to ¢ := ¢;, ¥ := v; and

E =1 BB 1BVir1 BVit2® - B Yn),

we obtain unitariesu; € 0 ® Q,7 =0,1,...,n (withug = lggg and &)0 = Q¢ = y),
such that
|®i(a) — Aduj 10 @iyi(a)| <e/4. ae 7.

where ®; := Adu; o ®;,i = 1,2,....n.
Consequently,

|®i+1(a) — ®i(@)| <e/4. aeF, i=0.1,....,n. (4.5)
Putt; =i/(n+1),i =0,1,...,n+ 1,and define L' : A — C([0, 1], 0 ® Q) by

ol =+ D(tig1 — )P + (n + 1) —t:)Pip1, 1 € [tistig1], i =0,1,...,n.
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By construction,
mool =®yg=1vy' and miolL = Dppq = Adupqyoy’. (4.6)

Since ®;,i = 0,1,...,n, are g-6-multiplicative (in particular ¥ -¢/4-multiplicative), it
follows from (4.5) that L’ is % -e-multiplicative. Let u’ = uy41. Then, g o L’ = ¢ and
ol =Adu oy,

Choose an isomorphism s : Q ® Q — Q. Note that tr(s(a)) =tr(a) foralla e Q ® Q.
Recall that the endomorphism s o j : Q — O is approximately unitary equivalent to idg :
Q0 — Q,where j : Q - Q ® Q isdefined by j(x) = x ® 1. Thus, there are two unitaries
wo, w1 € Q such that

” Adwgoso j(W(Cl)) - w(a)H <e/4,
| Adwios o j(p@) — @] <e/4,

for all a € #7. Note that j oy = ¢’ and j o ¢ = ¢’. Now define L : A — C([0, 1], Q)
by

4.7

(1=30)y + 3t Adwg os oy, t €[0,1/3],

Adwg o Ad (su')) os 0 L'(3( — 1/3)), tell/3,2/3],

3(t —2/3) Adwg o Ad (s(u')) o Adw} o ¢
+(3—3t)AdwooAd(s(u’))ogo’, tel2/3,1].

L@t) =

Finally let u = wo(s(u))w]; we have mo o L = ¢ and 771 o L = Adu o ¢. It follows
from (4.7) and the choice of #; that L is & -e-multiplicative (L’ is already ¥ -¢ multi-
plicative). Note that tr(®g(a)) = tr(¥'(a)) = tr(¥(a)) for all @ € A. Suppose that (4.2)
holds for some finite subset J# and given &’. From the definition of ®;, we know

| tr (®i(h)) — tr (Do(h))| = #H tr(p(h)) —tr (Y (h))| <& forallhe J. (4.8)

It is then straightforward to verify that L also satisfies (4.3). In fact, if &9, &1,6: 4 — Q
(= O ® Q) are three linear maps satisfying || tr(§; (h)) — te(§(h))|| < & (i = 0, 1) for all
h € J, then any convex combination &’ :=t&y + (1 —¢)&; (where 0 <t < 1) also satisfies

| tr (§'(h)) —tr (§(h))| <& forh e X.

Note that up to unitary equivalence, L(¢) (fort € [1/3,2/3]) is a convex combination of
s o ®; and s o ®; 4 (for suitable i ). Hence, for ¢ € [1/3,2/3],

|| tr (L(1)(h)) — tr (L(0)(h)) ” = || tr (L(2)(h)) — tr (¥ (h)) H
= | & (L@)(h)) —tr (Po(h))] <&
for h € #. The inequality also holds for ¢ € [0, 1/3] (since tr(y(a)) = tr(y'(a)) for all

a € A) and for ¢ € [2/3, 1] (since tr(p(a)) = tr(¢’(a)) for all a € A). We obtain (4.3), as
desired. ]
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Lemma 4.3. Let A be a unital simple separable amenable C*-algebra with T(A) =
Tqa(A) which satisfies the UCT. Assume that A ® Q = A.

Forany o > 0, e > 0, and any finite subset ¥ of A, there exist a finite set of projections
P in A and § > 0 with the following property.

Denote by G C Ko(A) the subgroup generated by P U {14}. Letk : G — Ko(C) be a
positive homomorphism with k ([14]) = [1¢], where C = C([0,1], Q), and let A : T(C) —
T(A) be a continuous affine map such that

|t(k([p])) —A()(p)| < 8. pe P, teT(). (4.9)

(In particular, this entails that T(A) # @.) Then, there is a unital ¥ -e-multiplicative com-
pletely positive map L : A — C such that

|‘L’ o L(a) —)L(t)(a)| <o, aef,teT(C). (4.10)

Proof. Let ¢, 0, and ¥ be given. We may assume that every element of ¥ has norm at
most one.

Let §; (in place of 8), &, and & be as assured by Lemma 4.2 for ¥ and . We may
assume that F U P C G.

Adjoining 14 to P, write

P ={14,p1.P2.-..., Ps}

Deleting one or more of py, pa, ..., ps (but not 14), we may assume that the set

{[1al.[p1). - - [ps])

is Q-linearly independent. (Since A =~ A ® O, we have K¢(4) = Ko(4) @ Q.)
Let §; > 0 (in place of §) be as assured by Lemma 3.1 for &y = 81, &, = 0/4, &, and

{plvay"'va}‘
Put § = min{§y, §,/8, 1/4}, and let us show that 2 and § are as desired.

Let «k and A be given satisfying (4.9).

Let A4 : Aff(T(A4)) — Aff(T(C)) be defined by A«(f)(r) = f(A(r)) for all f €
Aff(T(A)) and t € T(C). Identify d.(T(C)) with [0, 1] (that is, identify tr o, with ¢,
where 7, : C = C([0, 1], Q) — Q is the point evaluation at ¢ € [0, 1]), and put n =
min{§, 6/12}. Choose a partition

O=th<hi<hh<-<th1 <ty =1
of the interval [0, 1] such that
A(@)(1) =A@ tj—1)| <n. g€, j=12,....n. 4.11)

(Here, recall that ¢ € Aff(T(A)) is given by g(7) = t(g) for any t € T(A4).)
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Since T(A) = Tqa(A), there are unital §-§-multiplicative completely positive maps
¥V, :A4—0,j=0,1,2,...,n,such that

|tro\IJj (g) — A*(g)(z,-)| <n ge€89. (4.12)
It then follows from (2.1), (4.12), and (4.9) that, for eachi = 1,2,...,s and each j =
1,2,...,n,

e ([ (pi)]) — tr ([Wo(pi)])|
<48 421+ 1A (Pi)(t;) — A (D) (10)|
<48+ 29+ 28 + | tromy, (k([pi])) — tromo (k ([p:]))|
=2n+ 68 <85 < 8.

(4.13)

(Here, as before, 7; is the point evaluation at ¢ € [0, 1].) We also have, by (4.11) and (4.12),
that

[tr (¥ () —tr (¥j11(9)| <3n. g€¥, j=12,....n. (4.14)
Consider the differences
rij =t ([Yi(p)]) —tw([Wolpi)])., i=12.....5, j=12,....n.  (415)

By (4.13), ri,j < 8>. Applying Lemma 3.1, we obtain a projection e € Q with tr(e) <
0/4 and §-§;-multiplicative unital completely positive maps o, ¥ : A — eQe, j =
1,2, ..., n, such that

[Vo(p)] = [V (pi)] =riy, i=1.2.....5, j=12,...,n. (4.16)
Consider the direct sum maps
Q=Y @V A—> (e®DM(Q)ed 1), j=0,1,2,....n.
Since § < 81, these are §-§;-multiplicative. By (4.15) and (4.16),
[@(p)] = [Po(p)]. i=1.2.....s.j=12.....n. (4.17)
Define s : Q — Q by s(x) = x/(1 + tr(e)), x € Q. Choose a (unital) isomorphism
S:i(e® DMa(Q)ed 1) > Q

such that S, = s.
Consider the composed maps, still §-6;-multiplicative, and now unital,

@ :=So0®:A—> Q. j=012.....n

By (4.17),
[CDj”g: = [¢j—1]|€r/‘)7 j=12,...,n,
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and by (4.14) and the fact that tr(e) < /4,
|tro<I>j(a) —trodDj_l(a)| <3n+o0/4<0/2, ac¥,j=12,....n. (4.18)

It follows by Lemma 4.2, applied successively for j =1,2,...,n (to the pairs (Py, P1),
(Adujo®y,Adu;od,),...,(Aduy_10---0cAdu;o0d,_1,Aduy_10---oAdu;o0dy,)),
that there are, for each j, a unitary u; € Q and a unital ¥ -e-multiplicative completely
positive map L; : A — C([tj—1,t;], Q) such that

mpo Ly = ®g, my oLy =Adu;o @y, (4.19)
and
Ty oLy =my oL,
wy;0oL; =Adujo---oAduyo®y, (4.20)
j=2,3....n.

Furthermore, applying the “moreover” part of Lemma 4.2, in view of (4.18), we may
choose the maps L; such that

trom; o Lj(a) —)L(U'OJT[)(CI)| <o, teltitl,ae¥, j=12,...,n. (421)
Define L : A — C([0, 1], Q) by
mroL =msoLlj, teltio,t], j=12,...,n.

Since L;, j =1,2,...,n, are ¥ -e-multiplicative (use (4.19) and (4.20)), we have that L
is a unital ¥ -e-multiplicative completely positive map A — C([0, 1], @). (Note that the
construction of the map L is different from—is based on—the construction of the map L
in the proof of Lemma 4.2.) It follows from (4.21) that L satisfies (4.10), as desired. =

Theorem 4.4. Let A be a unital simple separable C*-algebra with finite nuclear dimen-
sion. Assume that T(A) =Tqqa(A) # D and that A satisfies the UCT. Then, gTR(A® Q) <1,
and so (if A is not elementary), A € Ny.

Proof. Since A is simple, the assumption T(A4) = Tq4(A4) # @ immediately implies that A
is both stably finite and quasidiagonal. Since A is unital, simple, separable, and with finite
nuclear dimension, by [39], it is Z-stable. By the definition of N}, it remains to show that
¢TR(A ® Q) < 1. To prove that gTR(A ® Q) < 1, we may assume that A @ Q = A.
With this assumption, by [33], A has stable rank one.

By [8] (see also [15, Corollary 13.51]), together with the assumption A ~ 4 ® Q,
there is a unital simple C*-algebra C = limy,—co(Cy, 1), Where each C,, is the tensor
product of a C*-algebra in €y with Q and 1, is injective, such that

(Ko(A), Ko(A)+, [14o, T(A), 74) = (Ko(C),Ko(C)+, [Ic]o, T(C), rc).

Choose an isomorphism I' as above, and write T'ag for the corresponding map from
Aff(T(A)) to Aff(T(C)).
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Let a finite subset ¥ of A and ¢ > 0 be given.

Let the finite set & of projections in A, the finite subset & of A, and 6 > 0 be as assured
by Lemma 4.2 for ¥ and ¢. We may assume that 14 € . Write = {14, p1, p2,.-., Ps}-
Deleting some elements (but not 14), we may assume that the set

{[IA]v [pl]v [pZ]v R [Ps]} c KO(A)

is Q-linearly independent. (Recall K¢(A) = Ko(A)  Qas A= A® Q.)

We may also assume, without loss of generality, that ¥ U » C §, § < ¢, and every
element of § has norm at most one.

Leto > 0. Let §; > 0 (in place of §) be as assured by Lemma 3.3 for §, § (in place of
£1), and 0 /64 (in place of £;). We may assume that §; < 84.

Let §53 > 0 (in place of §) be as assured by Lemma 3.4 for &, §; /8 (in place of €1), and
min{8; /32, 0/256} (in place of &,).

Let &; (in place of &) and 6, > 0 (in place of §) be as assured by Lemma 4.3 for 6, /8
(in place of ¢€), min{é; /32, 0/256} (in place of ¢), and ¢ (in place of F). Replacing &
and #; by their union, we may assume that = 5.

By [11, Lemma 2.9], there is a unital positive linear map

y 1 Aff (T(A)) — Aff(T(Cy,))
for some n; > 1 such that

|Gy o0)arr © ¥(f) = Tan(F) | < min{770/128,65,85/2), feFUPL. (422

We may assume, without loss of generality, that there are projections pi, p5...., p; €
Cp, such that I'([p;]) = 1n,,00([p/]), i = 1,2,...,s. To simplify notation, assume that
ny = 1. Let Gy denote the subgroup of Ky(A) generated by &. Since Gy is generated
freely by [14], pi,i = 1,2,...,s, we can define I : Gy — Ko(C7) by

'([l4]) = [lc,). T([pi)) =[P, i=12,....s (4.23)
Hence,
(ll,oo)*o ol = 1—1|Go-

Since the pair (Iagr, I'|k,(4)) is compatible, as a consequence of (4.22) and (4.23), we
have R
I} —v(P)|,, <min{s2.83/2}, i=1.2,....s. (4.24)

Write

Cl = (Wo, 1/f1» Qrv Ql)
={(f.a) €C([0.11.0") ® Q" : £(0) = Yo(a) and f(1) = Y1 (a)}.

where o, ¥ : Q! — Q" are unital homomorphisms.
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Denote by
me:Cy— 0, (fia)+a

the canonical quotient map and by j : C; — C([0, 1], Q") the canonical map

i((fa)=f
Denote by
y*T(C)) — T(A)
the continuous affine map dual to y. Denote by 61, 65, ..., 0; the extreme tracial states of

C factoring through 7. : C; — Q.
By the assumption T(4) =Tyq(A4), there exists a unital -min{5;/8,63/8}-multiplicative
completely positive map ® : A — Q' such that

|trj o®(a) — y*(6)(a)| < min{138,/32,83/4,0/32}, ac¥, j=12,...1 (425

where tr; is the tracial state supported on the j th direct summand of Q'. Moreover, since
P C g, asin (2.1), we also have that

|y ([®(p0)]) —trj (B(pi))| < 83/4, i=1.2,....s, j=12,....0. (426)

Set
D := () x0(Ko(C1)) = ker (¥o0)x0 — (¥1)x0) € Q.

It follows from (4.25) that
|1(®(a)) — (me)arr(y(@)) (v)| < min{1381/32,83/4,0/32}, ae§,teT(Q"), 4.27)

where
(7re)atr : Aff (T(C1)) — Aff(T(Q"))

is the map induced by .. By (4.27) fora €  C §, together with (4.26) and (4.24),
[t([®(pi)]) — 7o (oo T'([p])]| < 83, TeT(Q)),i=12,....s.

Therefore, applying Lemma 3.4, with r; = [®(p;)] — (7w)«0 © I/ ([pi]), we obtain §-
§1/8-multiplicative completely positive maps Sy, i1 : A — QF, with ;(14) = p1(14)
a projection, such that

7(Z1(14)) < min{81/32,0/256}, v e T(Q"), (4.28)
[Z1(P)] €D, (4.29)
[Z1(p)] = [ (p)] = [@(p))] = ()wo o T'([pi]), i =12, (4.30)

Consider the (unital) direct sum map

P =@ A— (18 Z(1))MA0N)(1 @ 4 (1)). (4.31)
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Note that &', like u; and @, is §-8; /8-multiplicative. It follows from (4.30) that for each
i=1,2,...,s,

W)« ([ (p)]) = Wo)so([11(p)] + [®(pi)])
= (o)« ([Z1(pi)] + ()0 © T'([pi])) (4.32)

WD ([ (p)]) = WDxo([11(p)] + [P(pi)])
= (VDo ([Z1(pi)] + ()0 o T'([pi])). (4.33)

It follows from (4.32) and (4.33), in view of (4.29) and the fact (use (4.23)) that (77¢)«o ©
I'"([pi]) € (me)x0(Ko(C1)) = D, that [®'(p;)] € D,i = 1,2,...,s,ie.,

W0)xo([®'(p)]) = WD ([®'(p)]), i=12,....5. (4.34)

Set B = C([0, 1], Q"), and (as before) write 7; : B — Q7 for the point evaluation
att € [0, 1]. Since 14 € £, by (4.29), [£1(14)] € D, and so there is a projection ey € B
such that 7g(eg) = Yo(X1(14)) and m1(eg) = ¥1(X1(14)). It then follows from (4.28)
(applied just for t factoring through y—alternatively, for  factoring through v ;) that

t(eo) < min{81/32,0/256}, 1€ T(B). (4.35)

Let j* : T(B) — T(C) denote the continuous affine map dual to the canonical unital
map j : C; — B.Lety; : T(B) — T(A) be defined by y; := y* o j*, and letk : Gy —
Ko(B) be defined by k := j« o I'. Then, by (4.23) and (4.24),

[t(k([pi])) — 1@ ()| = [t (o (T ([]))) = (" 0 j*) (@) (p1)|
=@ (lp]]) —vP)(* ()| < 82 (4.36)

forallt € T(B),i =1,2,...,s

The estimate (4.36) ensures that we can apply Lemma 4.3 with « and y; (note that
I"([14]) = [1¢,] and hence «([14]) = [1]) to obtain a unital €-§; /8-multiplicative com-
pletely positive map ¥’ : A — B such that

|t o W'(a) — y1(v)(a)| < min{8;/32,0/256}, a€¥, teT(B). (4.37)
Amplifying W’ slightly (by first identifying Q" with Q" ® Q and then considering
Ho(f)(t) = (1) ® (1 + eo(t))

for ¢ € [0, 1]), we obtain a unital §-§; /8-multiplicative completely positive map ¥ : A —
(1 & eg)M2(B)(1 & eg) such that (by (4.37) and (4.35))

|t 0 W(a) — y1(v)(a)| < 2min{8;/32,0/256} = min{8;/16,5/128}, (4.38)
forall @ € § and v € T(B). Note that for any element a € Cj,

t(Yo(me(@))) = 1(n0(j(@)). t(¥1(7e(@)) = 1(m1(j(@))). TeT(Q). (4.39)
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(Recall that j : C; — B is the canonical map.) Therefore (by (4.39)), for any a € § and
T € T(Q"),
|7 (¥o(®(@))) = y(@)(zx 0 70 0 j)| = [t (Yo (P(@))) — ¥(@)(z o Yo © )|
= |t o Yo (P(a)) — ()t (r(@)) (z © Yo)|
< min{138,/32,0/32} (by (4.27)). (4.40)
The same argument shows that
|t(v1(®(a))) — y(@)(r oy 0 j)| <min{1381/32,0/32}, ac¥g, teT(Q"). (441)
Then, for any t € T(Q") and any a € §, we have
|z 0900 ®'(a) — 701 0 W(a)|
= |7 o Yo (P(a) ® p1(a)) — 7 0 o 0 W(a)|
< |t o yo(®(@) @ 1t1(a)) — y1(x © 7o) (a)| + min{81/16,0/128}  (by (4.38))
< |r o WO(CIJ(a)) —yi(ro no)(a)| + min{368,/32,30/256} (by (4.28))
= |7 0 Yo (P(a)) — ¥(a)(r o mg © j)| + min{38,/32, 30/256}
< min{138;/32,0/32} + min{38; /32, 30/256}
< 1361/32 +361/32 =61/2 (by (4.40)). (4.42)

The same argument, using (4.41) instead of (4.40), shows that

|‘L’ oypo®(a)—tomo \I/(a)| < min{1368,/32,0/32} + min{368,/32,30/256}
<61/2, Te€T(Q"), ach. (4.43)
((4.42) and (4.43)—the o estimates—will be used later to verify (4.51) and (4.52).)

Noting that W and &’ are §; /8-multiplicative on {14, p1, p2,..., ps}, by our conven-
tion (see (2.1)), we have, for all T € T(Q"),

|r([nt o \I!(p,-)]) - t(nt o \IJ(pi))| < 61/4,
[e([Yj 0 @' (p)]) — T (¥j 0 @' (p))| < 8:1/4,
i=1,2,...,s,wheret € [0,1]and j =0, 1.
Combining these inequalities with (4.42) and (4.43), we have
[t([mo o W(p)]) —t([Yoo @ (p)])| <81, i=12,....5, T€T(Q). (444)

Therefore (in view of (4.44)), applying Lemma 3.3 with r; = [ o W(p;)] — [Wo o @' (pi)],

we obtain §-8-multiplicative completely positive maps £ : 4 — Q' and o : A — Q7
taking 14 into projections, such that

[Vie 0 Z2(1a)] = [n2(10)]. Kk =0.1. (4.45)

[Z2(P)] € (me)x0(Ko(C1) =D, (4.46)

t(22(14)) < 0/64, ©eT(Q)), (4.47)
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and, taking into account (4.46),

[Vo o Sa(pi)] — [m2(pi)] = [¥1 © Z2(pi)] — [m2(pi) ]
= [0 0 W(pi)] = [Yo 0 '(p1)]. (4.48)
wherei = 1,2,...,5. By (4.45), there are unitaries wx € Q”, k = 0, 1 such that
Vi 0 X2(l4) = Adwg o pua(la), k=0,1.
Let {w(¢)}o<s<1 be a continuous path of unitaries in Q” such that
w(0) =we and w(l) = w;.

Consider the four §-§-multiplicative direct sum maps (note that &’ and ¥ are §-6; /8-
multiplicative, and §; < 86), from A4 to M3(Q7),

Do 1= (Yoo @) ® (Yoo Xz), Py:=(Y10d)® (Y10Xs), (4.49)
Wy = (mg o W) ® Adwg o pa, Wp := (11 0 W) ® Adw; o . '

‘We then have that foreachi =1,2,...,s,

[Wo(pi)] — [®o(pi)]
= ([0 o W) (pi)] + [12(pi)]) — ([(Wo 0 @) (pi)] + [(Wo 0 Z2)(pi)])
= ([(ro o W)(pi)] — [(Wo © @) (pi)]) — ([(Wo © Z2)(pi)] — [12(pi)])
=0 (by(4.48)),

and

[Wi(pi)] — [®1(pi)]
= ([Gm o W) (pi)] + [12(p)]) — ([(¥1 0 @) (p)] + [(¥1 0 Z2)(pi)])
= ([(r1 0o W) (pi)] = [(¥1 0 @) (pi)]) — ([(¥1 © Z2)(pi)] — [12(pi)])
= ([0 0 W)(pi)] = [(¥1 0 @) (pi)]) — ([(¥1 © B2)(pi)] = [12(p)])
(7o and mr; are homotopic)
= ([(ro 0o W) (pi)]=[(Wo 0 @) (p)]) — ([(¥1 © Z2)(pi) |~ [12(pi)]) =0 (by (4.34)
=0 (by (4.43)).
Summarizing the calculations in the preceding paragraph, we have
[®i]|p = [Wil|,. @ =0.1. (4.50)
On the other hand, for any a € ¥ € § and any t € T(Q"), we have
|T(®o(a)) — T(Vo(a))|
= [t((Y0 0 ®)(a) ® (Y0 © 2)(a@)) — (w0 © W)(a) & 2())|
< |t((Yo 0 ®)(a)) — 7((mm0 0 W)(a))| + 6/32 (by (4.47))
< min{138,/16,0/32} + min{38,/16,30/256} + 0/32 (by (4.42))
< 50/64. (4.51)
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The same argument, using (4.43) instead of (4.42), also shows that
|t(®1(a)) — t(¥1(a))| < 50/64, ac¥F, teT(Q). (4.52)

Since 14 € &, by (4.46), [22(14)] € D, and so there is a projection ¢; € B such that
mo(e1) = ¥o(XZ2(14)) and 71 (e1) = ¥1(X2(14)). From the construction,

Vi(lg) = @i(lg) = 1 @ 7i(eo) @ miler), i =0.1.

It then follows from (4.47) (applied just for 7 factoring through yro—alternatively, for ¢
factoring through 1) that

t(e1) < 0/64, T eT(B). (4.53)

Set Ej = 1 @ mo(eo) @ moler), E} = 1@ mi(eo) ® mi(er), and Do = EgM3(Q")Ej,
Dy = E\M3(Q")E].
Pick a sufficiently small ' € (0, 1/4) such that

r’ 147

”lIJ(a)((l + 2}’/)t — r/) — \I—’(a)(l)” < 0'/64, a e g, t e [m, m

}. (4.54)

It follows from Lemma 4.2 (in view of (4.50), (4.51), and (4.52)) that there exist
unitaries ug € Do and u; € D and unital ¥ -e-multiplicative completely positive maps
Lo:A— C([-r',0],Dg)and Ly : A — C([1,1 + r’], Dy), such that

7poLe=®. 100Lo=Adugo V. (4.55)
Tisr oLy =@, 1oLy =Adu; oW, (4.56)
|tom 0 Lo(a) —TomgoLo(a)| <50/32, te[-r.0] (4.57)
|trom oLi(a)—tomoLi(a)| <50/32, te[l,1+7r], (4.58)

where a € ¥, t € T(Q"), and (as before) 7, is the point evaluation at ¢ € [—r’, 1 + r’].

Write E3 = 1 ® eg & e; € M3(C([0, 1], Q7)) and By = E3(M3(C([0, 1], Q7)) Es3.
There exists a unitary u € By such that #(0) = u( and u(1) = u;. Consider the projection
E4 € M3(C([=r',1+71'], Q")) defined by E4l[—r.0) = Eg, Ealjo,1] = E3, and E4l[1,145]
= E]. Set

Bz = E4(M3(C([—r’, 1 + V/], Qr)))E4

Define a unital ¥ -g-multiplicative (note that ¥ C § and § < &) completely positive map
L' A— By by

Lo(a)(?), t €[-r',0),
L'@)(t) = { Adu(t) o (1, 0 ¥ ® Adw() o p2)(a), 1 € [0, 1], (4.59)
Li(a)(?) te(l, 1471
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Note that for any a € §, and any t € T(Q"), by (4.59), if t € [0, 1], then

|t (¢ (L' (@) = y1 (] (1)) (@)]
= [t(Ad u(t) o (m,0W & Adw(r) o p2)(a)) — y1 () (1)) (a)|
= [t (m: (¥ (@)) + 7(r2(@) = 1 (77 () (@)]
< (7} () (¥(@)) — y1 (7} (r))(a)| + /64 (by (4.45) and (4.47))
< min{8,/16,0/128} + 0/64 < 30/128 (by (4.38)), (4.60)
where ) : T(Q") — T(B) is the dual of 7; : B — Q. Furthermore, if t € [—r’, 0], then
foranya € ¥,and any T € T(Q"),
|7(m:(L'(@)) = y1 (75 (D) (@)
(Lo(@)(®)) = y1 (75 (D) (@)
< |t(Lo(@)(0)) — y1 (7§ () (@)| + 56/32  (by (4.57))

=t

= |t(Yo(@)) — y1 (75 () @) + 56/32  (by (4.55))
= |7((70 0 W)(a) ® Ad wg o uz(a)) — y1 (75 (1)) (a)| + 50/32
| ((ro 0 W)(a) — 1 (”0 (v) (a)‘ +0/64+50/32 (by (4.45) and (4.47))
< min{d;/16,0/128} + 0/64 + 50/32 < 235/128 (by (4.38)). (4.61)
Again, if ¢ € [1, 1 + '], then the same argument shows that for any a € ¥, and any
T € T(Q"),
|t(m¢ (L' (@) = y1 (71 (1)) (a)| < 230/128. (4.62)

Let us modify L’ to a unital map from A to B. First, let us renormalize L’. Consider
the isomorphism 7 : Q" — Q7 defined by

1 1 1
n(xl,xZ,..-,X)=( X1, X2y iy =X )
! tri(E3)  tra(E3) trr(E3) "
for all (x1,x2,...,x,) € Q", where (as before) try is the tracial state supported on the kth

direct summand of Q" (recall that E5 has constant rank on [0, 1]). Then, there is a (unital)
isomorphism ¢ : B, — C([—r’, 1 + r’], Q") such that .o = 7. Let us replace the map L’
by the map ¢ o L', and still denote it by L’. Note that it follows from (4.60), (4.35), and
(4.53) that for any ¢ € [0, 1], any a € ¥, and any 7 € T(Q"),

|7(m: (L' @) = 71 (7} (D) (@)
< 30/128 + sup {t(eg) : T € T(Q")} + sup {r(e1) : T € T(Q")}
< 30/128 + min{8,/16,0/64) + 0/64 < 75/128. (4.63)

The same argument, using (4.61) and (4.62) instead of (4.60), shows that for any a € ¥
andt € T(Q"),

|t (¢ (L (@))) = y1 (g (7)) (@)| < 270/128, ¢ € [—r',0], (4.64)
|t(m: (L' (@))) = y1 (7] (1)) (@) <270/128, te[l,1+7r]. (4.65)

))
))
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Now, put, fora € A,
L"(a)@) = L’(a)((l +2r)t — r’), t €10,1]. (4.66)

This perturbation will not change the trace very much, as for any ¢ € ¥ and any 7 €
T(Q"),ift € [0,7"/(1 + 2r")], then
|t(L"(@)(0) — (L' (@) (®))]
= |t(L'(@)((1 4+ 2r")t —r")) =t (L'(a)(1))| (by (4.66))
= [t(Lo(@)((1 4+ 2r")t = 1)) — T((W(a) (1)) + Ad w(?) © j12())]
t(Lo(a)((1 +2r")t — 1)) — t(¥(a)(1))| + /64 (by (4.45) and (4.47))

t(Lo(a)(0)) — (¥ (a)(1))| 4+ 50/32 + 0/64 (by (4.57))
= |t(Wo(a))) — T (¥(a)(1))| + 116/64 (by (4.55))
<0/64+ 116/64 = 30/16 (by (4.45) and (4.47)).

<
<

Furthermore, the same argument, now using (4.58) and (4.56), shows that for any a € ¥,
1€ T(Q"),andt € [(1 4+ r)/(1 +2r"), 1],

|T(L (a)((1 +2r")t — 7)) — T(¥(a) (1) + Adw; o pa(a))| < 30/16,
andif ¢t € [r'/(1 +2r"), (1 + r)/(1 + 2r")], then

|t(L/(a)((l +2r') —r')) - r(L/(a)(t))| = |r(\11(a)((1 +2r') —r') — \IJ(a)(t))|
< 0/64 (by (4.54)).

Thus,
|T(L"(@)(®)) — t(L'(a)®))| <30/16, aeF, teT(Q"). te€l01]. (4.67)
Hence,

|7 (m: (L" (@) = y1 (7} (D)) (@)
< |e(L"(@)@®) = 1 (L'@®)| + [t (L' @) = y1 (7] (D)) (@)
< 30/16 +275/128 = 516/128 (by (4.67), (4.63), (4.64), and (4.65)).  (4.68)

Note that L” is a unital map from A to B. It is also # -e-multiplicative since L’ is.
Consider the order isomorphism 7’ : Q! — Q defined by

n'(yi.y2. ..., y1) = (a1y1,a2y2, ..., aryr),  (1.y2...-, y1) € Ql,

where
1

YT (1@ 1(la) @ Do)

i=12,...1 (4.69)
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and (as before) tr; is the tracial state supported on the jth direct summand of 0'. There
exists a unital homomorphism

g (1@ Z1(14) ® Z2(10))M3 (0N (1@ T1(14) & Ta(la)) > Q'
such that
Px0 = ’7/-
Therefore, by the constructions of L”, L', Lg, and L1 ((4.66), (4.59), (4.55), and (4.56)),
we may assume that

Yoo@o(® @) =mpol” and Y10@o(d G Zy)=mol”, (4.70)

replacing L” by Ad v o L” for a suitable unitary v if necessary.

Define L : A — C; by L(a) = (L"(a), $(®'(a) & X1(a))), an element of C; by
(4.70). Since L” and @ o (¥’ @ ) are unital and F -e-multiplicative (since @’ and X,
are §-§-multiplicative, ¥ C ¢, and § < ¢), so also is L.

Moreover, for any a € ¥, any 7 € T(Q"), and any ¢ € (0, 1), it follows from (4.68)
that

|t (¢ (j (L(@)))) = y1 (7] (1)) (@)| < 510/128. 4.71)
If r € T(Q'), then, forany a € 7,

|2(me(L@)) = v* (7 () (@)]
= [7(¢(®' (@) & Z2(a))) — y* (2 (1)) (@)]
<|t(®'(a) ® E2(a)) — y* (7S (r))(@)| + 0/32  (by (4.69), (4.35), and (4.47))
< |t(¥ (@) = y* (7 (1)) (@)| 4+ 30/64 (by (4.47))
< [t (®@) — y* (72 (D)) (a)| + 0/8 (by (4.28))
<0/32+0/8 <510/128 (by (4.27)).

Since each extreme trace of C; factors through either the evaluation map 7, or the canon-
ical quotient map 7, by (4.71),

|t(L(a)) = y*()(a)| < 510/128, T €T(Cy),ac¥. 4.72)
Therefore, for any @ € ¥ and t € T(C), we have
|7(11,00(L(@))) — Tan(@)(7)|
< |t (11,00 (L(@))) = " ((1,00)1(0)) @)| + |¥*((t1,00)1(T)) (@) — Tae(@) (1)

= |7 (1.00(L(@))) = ¥ ((t1.00)1(D))(@)] + |(11,00)as:(@) (1) — Tass(@)(7)|
<510/128 + 770/128 = & (by (4.72) and (4.22)),

where (11,00)1 : T(A) — T(C)) is the affine map induced by 11,0c.
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Since ¥, €, and o are arbitrary, in this way we obtain a sequence of unital completely
positive maps H, : A — C such that

lim | Hn(ab) — Hy(a)Hn(b)|| =0, a.b € A,

and
lim sup {|t o Hy(a) — Tag(@)(r)| : T € T(C)} =0, a € A.
n—00

On using again that the given C*-algebra A has finite nuclear dimension, so that also
A ® Q does, it follows by [25, Lemma 3.4]—which uses results obtained in [32,41]—
that gTR(A ® Q) < 1. This together with Z-stability of A (which we established at the
very beginning of this proof) says that the given algebra A belongs to the class N;. ]

Theorem 1.1 follows from the following corollary.

Corollary 4.5. Let A be a unital simple separable C*-algebra with finite decomposition
rank, satisfying the UCT. Then, gTR(A ® Q) < 1. In particular, A is classifiable.

Proof. Since A has finite decomposition rank, A is nuclear (see Definition 2.10 above)
and quasidiagonal [20, Theorem 5.3]. It follows from [37, Theorem 2.4] that T(A4) # @.
By [2, Proposition 8.5], T(4) = Tqqa(A). Now, the corollary follows from Theorem 4.4
together with Theorem 2.7. ]

Remark 4.6. We would like to state the following special case of Corollary 4.5. Let A be
as in 4.5. Suppose that

(Ko(A® Q), Ko(A® Q). [lagolo. T(A ® Q). 7400)
=~ (Ko(C), Ko(C)+.[1clo. T(C), r¢) 4.73)

for some unital simple AT -algebra C. Then, TR(A ® Q) < 1. If this holds for some unital
AF-algebra C, then TR(4 ® Q) = 0.

To see this we note that, in the beginning of the proof of Theorem 4.4, we assume that
A=A® Q.If C in (4.73) can be chosen to be a unital simple AT -algebra, then the end
of the proof shows that A ® Q has tracial rank at most one. In the same way one sees that
if C in (4.73) can be chosen to be a unital simple AF-algebra, then 4 ® Q has tracial rank
ZEero.

The preceding (abstract) classification result (Corollary 4.5) depends on (by reduc-
ing to) the recent (semi-abstract) classification result of [15, 16]. In fact, there is a more
restricted, but still very interesting, setting in which a correspondingly restricted abstract
result can be established by reducing to a much earlier result.

Let A be a unital simple separable C*-algebra, satisfying the hypotheses of the pre-
ceding corollary (or theorem). Suppose in addition that Sp; ,1(Ko(A)), the state space of
Ko(A), is a Choquet simplex, and that the map r4 : T(4) — Sp;,1(Ko(A)) takes extreme
points to extreme points. Without using [15] or [16], the proof of the present Theorem 4.4,
above, shows that A is classifiable.
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Indeed, by [27], there is a unital simple separable C*-algebra, B, satisfying the UCT,
such that B ® Q has tracial rank at most one (in the sense of [23]) and such that Ell(4) =
Ell(B). Since K; (B ® Q) is torsion-free, by the classification of C*-algebras of tracial
rank at most one (see [9,23]), C = B ® Q is an inductive limit of circle algebras (i.e.,
is AT). By the first paragraph of this remark, A ® Q has tracial rank at most one. Hence,
by [24, Corollary 11.9] (see also [28]), A4 is classifiable.

In particular, the Jiang—Su algebra Z is the only unital separable simple amenable C*-
algebra in the UCT class that has the same Elliott invariant as that of C. The proof just
given of this statement does not rely on [15] or [16].

Remark 4.7. It was shown in [13] that any unital simple separable Jiang—Su stable ap-
proximately subhomogeneous C*-algebra has decomposition rank at most two. Therefore,
it follows from Corollary 4.5 that such a C*-algebra is classifiable. This in particular
recovers the classification theorem of [10]. Moreover, by [16] together with the result in
[13] mentioned above, every unital simple C*-algebra belonging to the class V7 has finite
decomposition rank.

Remark 4.8. The special case of Corollary 4.5 for C*-algebras for which Ky separates
traces, e.g. the case of unique trace, is known. (See [38, Corollary 5.2] and [26, Theo-
rem 5.4].)

Theorem 4.4 and Corollary 4.5 can also be combined and stated as follows.

Theorem 4.9. Let A be a unital simple separable amenable (non-zero) C*-algebra which
satisfies the UCT. Then, the following properties are equivalent:

(1) gTRA® Q) = I;
(2) A ® Q has finite nuclear dimension and T(A ® Q) = Tq(4A ® Q) # O;
(3) the decomposition rank of A ® Q is finite.

Given the fact that every tracial state of a unital simple separable C*-algebra with finite
decomposition rank is quasidiagonal [2, Proposition 8.5], it is reasonable to expect that
every tracial state of a finite unital simple separable C*-algebra with finite nuclear dimen-
sion is also quasidiagonal. Indeed, shortly after the present paper was first announced (and
posted on arXiv), Tikuisis, White, and Winter proved that, in fact, every tracial state on
a unital simple separable amenable C*-algebra which satisfies the UCT is quasidiagonal
[36, Theorem A]. Therefore, we have the following statement.

Theorem 4.10. Let A be a finite unital simple separable C*-algebra with finite nuclear
dimension which satisfies the UCT. Then, gTR(A ® Q) < 1. In particular, A is classifiable
(and is approximately subhomogeneous (ASH)—see Theorems 2.7 and 2.8).

Remark 4.11. It was established by Kirchberg and Phillips [19, 31] that purely infinite
unital simple separable amenable C*-algebras which satisfy the UCT are classifiable.
It has been shown that these C*-algebras have finite nuclear dimension (see [30]). It is
also known that every unital simple separable C*-algebra with finite nuclear dimension is
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either finite or purely infinite (see [14, 39]). Therefore, Theorem 4.10 can now be com-
bined with [19,31] to obtain the following overall statement.

Corollary 4.12. The class of all unital simple separable (non-elementary) C*-algebras
with finite nuclear dimension which satisfy the UCT is classifiable by the Elliott invariant.

Added November 2, 2021. This paper was originally posted on arXiv in late 2015. Since
then, there have been some new developments. Notably, in [4] (also [29, 35]), it was
shown that every Jiang—Su stable (Z-stable) unital simple separable amenable C*-algebra
has finite nuclear dimension. This yields many examples which come under the aegis of
Corollary 4.12. For instance, since by [18], the Jiang—Su algebra, Z, is itself Z-stable,
the tensor product of any C*-algebra A with Z is Z-stable, and so by [4], if A is a uni-
tal simple separable amenable C*-algebra and satisfies the UCT, then 4 ® Z is covered
by (4.12). Sometimes, it can be established without tensoring by Z that a C*-algebra is
Jiang-Su stable. For example, this was achieved in [12] for a simple C*-algebra arising
from a minimal homeomorphism of an infinite compact metrizable space of mean dimen-
sion zero (which includes the cases that the space is finite-dimensional or has a unique
invariant measure).

Acknowledgments. G. A. E. is grateful to the Fields Institute for Research in Mathe-
matical Sciences for its hospitality. H. L. is grateful to the Research Center for Operator
Algebras in ECNU for its hospitality.

Funding. During this research, G. A. E. received support from the Natural Sciences and
Engineering Research Council of Canada (NSERC), and G. G. and H. L. received support
from the National Science Foundation (including grant no. DMS-1954600). Z. N. received
support from the Simons Foundation (grant no. 317222) and the NSF (grant no. DMS-
1800882). G. G., H. L., and Z. N. also received support from The Research Center for
Operator Algebras at East China Normal University which is funded by Shanghai Key
Laboratory of PMMP, the National Natural Science Foundation of China (NNSF) (grant
no. 11531003), and the Science and Technology Commission of Shanghai Municipality
(grant no. 22DZ72229014). G. G. is also supported by NNSF (grant no. 11771117).

References

[1] B.Blackadar and E. Kirchberg, Inner quasidiagonality and strong NF algebras. Pacific J. Math.
198 (2001), no. 2, 307-329 Zbl 1058.46040 MR 1835511

[2] J. Bosa, N. P. Brown, Y. Sato, A. Tikuisis, S. White, and W. Winter, Covering dimension
of C*-algebras and 2-coloured classification. Mem. Amer. Math. Soc. 257 (2019), no. 1233,
vii+97 Zbl 1448.46005 MR 3908669

[3] N. P. Brown, Invariant means and finite representation theory of C *-algebras. Mem. Amer.
Math. Soc. 184 (2006), no. 865, viii+105 Zbl 1111.46030 MR 2263412

[4] J. Castillejos, S. Evington, A. Tikuisis, S. White, and W. Winter, Nuclear dimension of simple
C*-algebras. Invent. Math. 224 (2021), no. 1, 245-290 Zbl 1467.46055 MR 4228503


https://doi.org/10.2140/pjm.2001.198.307
https://zbmath.org/?q=an:1058.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=1835511
https://doi.org/10.1090/memo/1233
https://doi.org/10.1090/memo/1233
https://zbmath.org/?q=an:1448.46005
https://mathscinet.ams.org/mathscinet-getitem?mr=3908669
https://doi.org/10.1090/memo/0865
https://zbmath.org/?q=an:1111.46030
https://mathscinet.ams.org/mathscinet-getitem?mr=2263412
https://doi.org/10.1007/s00222-020-01013-1
https://doi.org/10.1007/s00222-020-01013-1
https://zbmath.org/?q=an:1467.46055
https://mathscinet.ams.org/mathscinet-getitem?mr=4228503

(5]
(6]
(71

(8]

(9]

(10]

(11]

(12]

[13]

(14]

[15]

[16]

(17]
(18]
[19]
(20]
(21]
(22]
(23]

(24]

G. A. Elliott, G. Gong, H. Lin, and Z. Niu 102

A. Connes, On the cohomology of operator algebras. J. Functional Analysis 28 (1978), no. 2,
248-253 Zbl 0408.46042 MR 0493383

M. Dadarlat and S. Eilers, On the classification of nuclear C *-algebras. Proc. London Math.
Soc. (3) 85 (2002), no. 1, 168-210 Zbl 1031.46070 MR 1901373

M. Dadarlat and T. A. Loring, A universal multicoefficient theorem for the Kasparov groups.
Duke Math. J. 84 (1996), no. 2, 355-377 Zbl 0881.46048 MR 1404333

G. A. Elliott, An invariant for simple C *-algebras. In Canadian Mathematical Society. 1945—
1995, Vol. 3, pp. 61-90, Canadian Mathematical Society, Ottawa, ON, 1996 Zbl 1206.46046
MR 1661611

G. A. Elliott, G. Gong, and L. Li, On the classification of simple inductive limit C *-algebras.
[1. The isomorphism theorem. Invent. Math. 168 (2007), no. 2, 249-320 Zbl 1129.46051

MR 2289866

G. A. Elliott, G. Gong, H. Lin, and Z. Niu, The classification of simple separable unital Z-
stable locally ASH algebras. J. Funct. Anal. 272 (2017), no. 12, 5307-5359 Zbl 1380.46046

MR 3639530

G. A. Elliott and Z. Niu, On the classification of simple amenable C *-algebras with finite
decomposition rank. In Operator algebras and their applications, pp. 117-125, Contemp.
Math. 671, American Mathematical Society, Providence, RI, 2016 MR 3546681

G. A. Elliott and Z. Niu, The C*-algebra of a minimal homeomorphism of zero mean dimen-
sion. Duke Math. J. 166 (2017), no. 18, 3569-3594 Zbl 1410.46046 MR 3732883

G. A. Elliott, Z. Niu, L. Santiago, and A. Tikuisis, Decomposition rank of approximately
subhomogeneous C*-algebras. Forum Math. 32 (2020), no. 4, 827-889 Zbl 1455.46064

MR 4116643

G. Gong, X. Jiang, and H. Su, Obstructions to Z-stability for unital simple C*-algebras.
Canad. Math. Bull. 43 (2000), no. 4, 418-426 Zbl 0978.46037 MR 1793944

G. Gong, H. Lin, and Z. Niu, A classification of finite simple amenable Z-stable C*-algebras,
I: C*-algebras with generalized tracial rank one. C. R. Math. Acad. Sci. Soc. R. Can. 42 (2020),
no. 3, 63-450 MR 4215379

G. Gong, H. Lin, and Z. Niu, A classification of finite simple amenable Z-stable C*-algebras,
II: C*-algebras with rational generalized tracial rank one. C. R. Math. Acad. Sci. Soc. R. Can.
42 (2020), no. 4, 451-539 MR 4215380

U. Haagerup, All nuclear C *-algebras are amenable. Invent. Math. 74 (1983), no. 2, 305-319
Zbl 0529.46041 MR 0723220

X. Jiang and H. Su, On a simple unital projectionless C *-algebra. Amer. J. Math. 121 (1999),
no. 2, 359-413 Zbl 0923.46069 MR 1680321

E. Kirchberg and N. C. Phillips, Embedding of exact C*-algebras in the Cuntz algebra 5.
J. Reine Angew. Math. 525 (2000), 17-53 Zbl 0973.46048 MR 1780426

E. Kirchberg and W. Winter, Covering dimension and quasidiagonality. Internat. J. Math. 15
(2004), no. 1, 63-85 Zbl 1065.46053 MR 2039212

H. Lin, Classification of simple tracially AF C *-algebras. Canad. J. Math. 53 (2001), no. 1,
161-194 Zbl 0968.46043 MR 1814969

H. Lin, An approximate universal coefficient theorem. Trans. Amer. Math. Soc. 357 (2005),
no. 8, 3375-3405 Zbl 1068.46039 MR 2135753

H. Lin, Simple nuclear C *-algebras of tracial topological rank one. J. Funct. Anal. 251 (2007),
no. 2, 601-679 Zbl 1206.46052 MR 2356425

H. Lin, Asymptotic unitary equivalence and classification of simple amenable C *-algebras.
Invent. Math. 183 (2011), no. 2, 385-450 Zbl 1255.46031 MR 2772085


https://doi.org/10.1016/0022-1236(78)90088-5
https://zbmath.org/?q=an:0408.46042
https://mathscinet.ams.org/mathscinet-getitem?mr=0493383
https://doi.org/10.1112/S0024611502013679
https://zbmath.org/?q=an:1031.46070
https://mathscinet.ams.org/mathscinet-getitem?mr=1901373
https://doi.org/10.1215/S0012-7094-96-08412-4
https://zbmath.org/?q=an:0881.46048
https://mathscinet.ams.org/mathscinet-getitem?mr=1404333
https://zbmath.org/?q=an:1206.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=1661611
https://doi.org/10.1007/s00222-006-0033-y
https://doi.org/10.1007/s00222-006-0033-y
https://zbmath.org/?q=an:1129.46051
https://mathscinet.ams.org/mathscinet-getitem?mr=2289866
https://doi.org/10.1016/j.jfa.2017.03.001
https://doi.org/10.1016/j.jfa.2017.03.001
https://zbmath.org/?q=an:1380.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=3639530
https://doi.org/10.1090/conm/671/13506
https://doi.org/10.1090/conm/671/13506
https://mathscinet.ams.org/mathscinet-getitem?mr=3546681
https://doi.org/10.1215/00127094-2017-0033
https://doi.org/10.1215/00127094-2017-0033
https://zbmath.org/?q=an:1410.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=3732883
https://doi.org/10.1515/forum-2020-0018
https://doi.org/10.1515/forum-2020-0018
https://zbmath.org/?q=an:1455.46064
https://mathscinet.ams.org/mathscinet-getitem?mr=4116643
https://doi.org/10.4153/CMB-2000-050-1
https://zbmath.org/?q=an:0978.46037
https://mathscinet.ams.org/mathscinet-getitem?mr=1793944
https://mathscinet.ams.org/mathscinet-getitem?mr=4215379
https://mathscinet.ams.org/mathscinet-getitem?mr=4215380
https://doi.org/10.1007/BF01394319
https://zbmath.org/?q=an:0529.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=0723220
https://doi.org/10.1353/ajm.1999.0012
https://zbmath.org/?q=an:0923.46069
https://mathscinet.ams.org/mathscinet-getitem?mr=1680321
https://doi.org/10.1515/crll.2000.065
https://zbmath.org/?q=an:0973.46048
https://mathscinet.ams.org/mathscinet-getitem?mr=1780426
https://doi.org/10.1142/S0129167X04002119
https://zbmath.org/?q=an:1065.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=2039212
https://doi.org/10.4153/CJM-2001-007-8
https://zbmath.org/?q=an:0968.46043
https://mathscinet.ams.org/mathscinet-getitem?mr=1814969
https://doi.org/10.1090/S0002-9947-05-03696-2
https://zbmath.org/?q=an:1068.46039
https://mathscinet.ams.org/mathscinet-getitem?mr=2135753
https://doi.org/10.1016/j.jfa.2007.06.016
https://zbmath.org/?q=an:1206.46052
https://mathscinet.ams.org/mathscinet-getitem?mr=2356425
https://doi.org/10.1007/s00222-010-0280-9
https://zbmath.org/?q=an:1255.46031
https://mathscinet.ams.org/mathscinet-getitem?mr=2772085

[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]

(34]

(35]
(36]
(37]
(38]
(39]
[40]
(41]
[42]
[43]

[44]

Classification of C*-algebras, 11 103

H. Lin, Crossed products and minimal dynamical systems. J. Topol. Anal. 10 (2018), no. 2,
447-469 Zbl 1394.37011 MR 3809595

H. Lin and Z. Niu, Lifting K K-elements, asymptotic unitary equivalence and classification of
simple C*-algebras. Adv. Math. 219 (2008), 1729-1769 Zbl 1162.46033 MR 2458153

H. Lin and Z. Niu, The range of a class of classifiable separable simple amenable C *-algebras.
J. Funct. Anal. 260 (2011), no. 1, 1-29 Zbl 1213.46057 MR 2733569

H. Lin and W. Sun, Tensor products of classifiable C *-algebras. J. Topol. Anal. 9 (2017), no. 3,
485-504 Zbl 1380.46047 MR 3661652

H. Matui and Y. Sato, Strict comparison and Z-absorption of nuclear C *-algebras. Acta Math.
209 (2012), no. 1, 179-196 Zbl 1277.46028 MR 2979512

H. Matui and Y. Sato, Decomposition rank of UHF-absorbing C*-algebras. Duke Math. J. 163
(2014), no. 14, 2687-2708 Zbl 1317.46041 MR 3273581

N. C. Phillips, A classification theorem for nuclear purely infinite simple C *-algebras. Doc.
Math. 5 (2000), 49-114 Zbl 0943.46037 MR 1745197

L. Robert, Classification of inductive limits of 1-dimensional NCCW complexes. Adv. Math.
231 (2012), no. 5, 2802-2836 Zbl 1268.46041 MR 2970466

M. Rgrdam, On the structure of simple C *-algebras tensored with a UHF-algebra. I1. J. Funct.
Anal. 107 (1992), no. 2, 255-269 MR 1172023

J. Rosenberg and C. Schochet, The Kiinneth theorem and the universal coefficient theorem for
Kasparov’s generalized K-functor. Duke Math. J. 55 (1987), no. 2, 431-474 Zbl 0644.46051
MR 0894590

Y. Sato, S. White, and W. Winter, Nuclear dimension and Z-stability. Invent. Math. 202 (2015),
no. 2, 893-921 Zbl 1350.46040 MR 3418247

A. Tikuisis, S. White, and W. Winter, Quasidiagonality of nuclear C *-algebras. Ann. of Math.
(2) 185 (2017), no. 1, 229-284 Zbl 1367.46044 MR 3583354

D. Voiculescu, Around quasidiagonal operators. Integral Equations Operator Theory 17
(1993), no. 1, 137-149 Zbl 1048.47501 MR 1220578

W. Winter, Decomposition rank and Z-stability. Invent. Math. 179 (2010), no. 2, 229-301
7Zbl 1194.46104 MR 2570118

W. Winter, Nuclear dimension and Z-stability of pure C*-algebras. Invent. Math. 187 (2012),
no. 2, 259-342 7bl 1280.46041 MR 2885621

W. Winter, Localizing the Elliott conjecture at strongly self-absorbing C*-algebras. J. Reine
Angew. Math. 692 (2014), 193-231 Zbl 1327.46058 MR 3274552

W. Winter, Classifying crossed product C*-algebras. Amer. J. Math. 138 (2016), no. 3, 793—
820 Zbl 1382.46053 MR 3506386

W. Winter and J. Zacharias, The nuclear dimension of C *-algebras. Adv. Math. 224 (2010),
no. 2, 461-498 Zbl 1201.46056 MR 2609012

G. Yu, The Novikov conjecture for groups with finite asymptotic dimension. Ann. of Math. (2)
147 (1998), no. 2, 325-355 Zbl 0911.19001 MR 1626745

G. Yu, The coarse Baum-Connes conjecture for spaces which admit a uniform embedding into
Hilbert space. Invent. Math. 139 (2000), no. 1, 201-240 Zbl 0956.19004 MR 1728880

Received 27 January 2023; revised 31 May 2023.

George A. Elliott
Department of Mathematics, University of Toronto, Toronto, ON M5S 2E4, Canada;
elliott@math.toronto.edu


https://doi.org/10.1142/S1793525318500140
https://zbmath.org/?q=an:1394.37011
https://mathscinet.ams.org/mathscinet-getitem?mr=3809595
https://doi.org/10.1016/j.aim.2008.07.011
https://doi.org/10.1016/j.aim.2008.07.011
https://zbmath.org/?q=an:1162.46033
https://mathscinet.ams.org/mathscinet-getitem?mr=2458153
https://doi.org/10.1016/j.jfa.2010.08.019
https://zbmath.org/?q=an:1213.46057
https://mathscinet.ams.org/mathscinet-getitem?mr=2733569
https://doi.org/10.1142/S1793525317500194
https://zbmath.org/?q=an:1380.46047
https://mathscinet.ams.org/mathscinet-getitem?mr=3661652
https://doi.org/10.1007/s11511-012-0084-4
https://zbmath.org/?q=an:1277.46028
https://mathscinet.ams.org/mathscinet-getitem?mr=2979512
https://doi.org/10.1215/00127094-2826908
https://zbmath.org/?q=an:1317.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=3273581
https://doi.org/10.4171/DM/75
https://zbmath.org/?q=an:0943.46037
https://mathscinet.ams.org/mathscinet-getitem?mr=1745197
https://doi.org/10.1016/j.aim.2012.07.010
https://zbmath.org/?q=an:1268.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=2970466
https://doi.org/10.1016/0022-1236(92)90106-S
https://mathscinet.ams.org/mathscinet-getitem?mr=1172023
https://doi.org/10.1215/S0012-7094-87-05524-4
https://doi.org/10.1215/S0012-7094-87-05524-4
https://zbmath.org/?q=an:0644.46051
https://mathscinet.ams.org/mathscinet-getitem?mr=0894590
https://doi.org/10.1007/s00222-015-0580-1
https://zbmath.org/?q=an:1350.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=3418247
https://doi.org/10.4007/annals.2017.185.1.4
https://zbmath.org/?q=an:1367.46044
https://mathscinet.ams.org/mathscinet-getitem?mr=3583354
https://doi.org/10.1007/BF01322551
https://zbmath.org/?q=an:1048.47501
https://mathscinet.ams.org/mathscinet-getitem?mr=1220578
https://doi.org/10.1007/s00222-009-0216-4
https://zbmath.org/?q=an:1194.46104
https://mathscinet.ams.org/mathscinet-getitem?mr=2570118
https://doi.org/10.1007/s00222-011-0334-7
https://zbmath.org/?q=an:1280.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=2885621
https://doi.org/10.1515/crelle-2012-0082
https://zbmath.org/?q=an:1327.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=3274552
https://doi.org/10.1353/ajm.2016.0029
https://zbmath.org/?q=an:1382.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=3506386
https://doi.org/10.1016/j.aim.2009.12.005
https://zbmath.org/?q=an:1201.46056
https://mathscinet.ams.org/mathscinet-getitem?mr=2609012
https://doi.org/10.2307/121011
https://zbmath.org/?q=an:0911.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=1626745
https://doi.org/10.1007/s002229900032
https://doi.org/10.1007/s002229900032
https://zbmath.org/?q=an:0956.19004
https://mathscinet.ams.org/mathscinet-getitem?mr=1728880
mailto:elliott@math.toronto.edu

G. A. Elliott, G. Gong, H. Lin, and Z. Niu 104

Guihua Gong
Department of Mathematics, University of Puerto Rico, San Juan, PR 00936, USA;
ghgong @gmail.com

Huaxin Lin

School of Mathematics, East China Normal University, Shanghai, China; current addresses:
Department of Mathematics, University of Oregon, Eugene, OR 97402, USA; Shanghai Institute
of Mathematics and Interdisciplinary Sciences, 657 Songhu Road, 20433, Shanghai, China;
hlin@uoregon.edu

Zhuang Niu
Department of Mathematics, University of Wyoming, 1000 E. University Ave., Laramie,
WY 82071, USA; zniu@uwyo.edu


mailto:ghgong@gmail.com
mailto:hlin@uoregon.edu
mailto:zniu@uwyo.edu

	1. Introduction
	2. Preliminaries
	3. Some existence theorems
	4. The main result
	References

