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Atiyah sequences of braided Lie algebras and
their splittings

Paolo Aschieri, Giovanni Landi, and Chiara Pagani

Abstract. Given an equivariant noncommutative principal bundle, we construct an Atiyah sequence
of braided derivations whose splittings give connections on the bundle. Vertical braided derivations
act as infinitesimal gauge transformations on connections. In the case of the principal SU(2)-bundle
over the sphere S g an equivariant splitting of the Atiyah sequence recovers the instanton connection.
An infinitesimal action of the braided conformal Lie algebra sog (5, 1) yields a five parameter family
of splittings. On the principal SOg(2n, R)-bundle of orthonormal frames over the sphere S 2n g
splitting of the sequence leads to the Levi-Civita connection for the ‘round’ metric on S 62". The
corresponding Riemannian geometry of S g” is worked out.

1. Introduction

The Atiyah sequence of a principal bundle over a manifold M is an important tool in
the study of the geometry of Yang—Mills theories [7]. It is given as a sequence of vector
bundles over M with Lie algebra structures on the corresponding modules of sections,
resulting in a short exact sequence of (infinite dimensional) Lie algebras,

0—>Tad(P)—> Xg(P)—>X(M)—>0 (1.

with principal G-bundle P — M. Here X(M) are the vector fields over M (the section
of the tangent bundle T M), while X (P) consists of G-invariant vector fields on P (the
G-invariant sections of the tangent bundle 7P along the fibres of P), and I" ad(P) its Lie
subalgebra made of vertical ones (with ad(P) the bundle associated to P via the adjoint
representation of G on its Lie algebra).

A splitting of the sequence corresponds to a G-invariant direct sum decomposition of
the tangent space TP in horizontal and vertical parts, that is, to a connection on P — M.
The space I" ad(P) is the (infinite dimensional) Lie algebra of the gauge group of the
principal bundle P. Its elements are infinitesimal gauge transformations, [7, §3].

Exact sequences of vector bundles (named after Atiyah) and their splittings were intro-
duced in [6] in the complex analytic context, motivated by the study of connections and
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obstructions to their existence. Later versions are in [17,20], with a braided case coming
from a Z,-grading in [14]. The sequence can also be seen as a Lie algebroid [18].

In Section 3 of the present paper, we study a quantum version0) - g — P —- T — 0
of the Lie algebroid (1.1) in the context of braided Lie algebras (of derivations) associated
with a triangular Hopf algebra (K, R).! Each term in the sequence is a braided Lie—
Rinehart pair for a braided commutative algebra B. Given any such an exact sequence,
we define a connection to be a splitting of the underlying short exact sequence of vector
spaces. The splitting does not need to be a braided Lie algebra morphism: the curvature is
defined as the g-valued braided two-form on T that measures the extent to which the con-
nection fails to be such. In Section 3.4, elements of g are explicitly seen as infinitesimal
gauge transformations which act on the set of connections (splittings) of the sequence.
Having a connection, one can define the covariant derivative of g-valued braided forms
on P. The connection and the curvature satisfy a structure equation and a Bianchi identity
(Proposition 3.3). In this braided context, the covariant derivative of the curvature does
not vanish in general (in agreement with the result in [12] and [11]), while it does for a
K-equivariant connection.

In Section 4, we consider K-equivariant noncommutative principal bundles, that is
K -equivariant Hopf-Galois extensions B C A, where (K, R) is a triangular Hopf algebra.
We have then a corresponding sequence of braided Lie algebras of derivations as in (4.2),

0 — auty(4) — Deri{H (4) — Der®(B) — 0

which, when exact, is a noncommutative version of the Atiyah sequence (1.1). The braided
Lie algebra of infinitesimal gauge transformations aut%, (A) of a Hopf-Galois extension
consists of vertical braided derivations of the algebra A; it was introduced and studied
in [4, 5]. The theory is exemplified with the construction in Section 4.1 of the Atiyah
sequence of braided Lie algebras for the instanton bundle on the noncommutative sphere
Sg and a five parameter family of splittings (connections) of it. In a C *-algebra context
an Atiyah sequence for noncommutative principal bundles was given in [19].

The last part of the paper in Section 5 is dedicated to the example of the noncom-
mutative principal SOg (27, R)-bundle SOy(2n + 1,R) — Sg” on the noncommutative
sphere S g” This is the noncommutative orthogonal frame bundle through an identifica-
tion of braided derivations of O (S g") as sections of the bundle associated to the principal
bundle via the fundamental corepresentation of (0 (SOg (21, R)) on the algebra O (Rg”).

The corresponding Atiyah sequence is constructed and an equivariant splitting determ-
ined. This leads to a novel and very direct construction of the Levi-Civita connection
on S g”; the connection is explicitly presented and globally defined using global coordin-
ate functions on S g”. Indeed, the principal equivariant connection induces a covariant

'Indeed, in the present paper, we only consider triangular Hopf algebras (K, R) and the associated
symmetric monoidal category of K-modules. Thus, rather than braided Lie algebras, a more appropriate
term would be (K, R)-symmetric Lie algebras. The latter terminology is the one adopted in [4].
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derivative on the associated tangent bundle which is torsion free and compatible with the
‘round’ metric. We then work out the corresponding Riemannian geometry of S 92". The
latter is an Einstein space (the Ricci tensor being proportional to the metric, see (5.27))
and a space form (the scalar curvature being constant, see (5.28)).

The study of Levi-Civita connections in noncommutative geometry is a very active
field of research. In the braided context, uniqueness and existence of Levi-Civita connec-
tions has been actively pursued, especially via Koszul formulas, see [1] and the different
contributions there referred to. Our new contribution to this subject — in this paper on con-
nections as splitting of Atiyah sequences — is the explicit and globally defined expression
of the Levi-Civita connection on S g” given in (5.23).

2. Algebraic preliminaries

We work in the category of k-modules with k a commutative field. All algebras are unital
and associative and morphisms of algebras preserve the unit. All coalgebras satisfy the cor-
responding dual conditions. We use standard terminologies and notations in Hopf algebra
theory. For H a bialgebra, we call H -equivariant a map of H-modules or H-comodules.

Recall that a bialgebra (or Hopf algebra) K is quasitriangular if there exists an invert-
ible element R € K ® K (the universal R-matrix of K) with respect to which the coproduct
A of K is quasi-cocommutative

AP(k) = RA(K)R Q.1

for each k € K, with AP := 70 A, t the flip map, and R e K ® K the inverse of R,
RR = RR = 1 ® 1. Moreover, R is required to satisfy,

(A ® ld)R = R13R23 and (ld ® A)R = R13R12. (22)

We write R := R* ® R, with an implicit sum. Then Rj; = R* ® Ry ® 1, and similarly
for Ry3 and Ry3. From conditions (2.1) and (2.2) it follows that R satisfies the quantum
Yang-Baxter equation Ri2R;3R23 = R23R;3R;2. The R-matrix of a quasitriangular bi-
algebra (K, R) is unital: (¢ ® id)R = 1 = (id ® ¢)R, with ¢ the counit of K. When K is a
Hopf algebra, the quasitriangularity implies that its antipode S is invertible and satisfies

(S®id)R) =R ([([d®S)(R) =R (S®S)(R) =R

The Hopf algebra K is said to be triangular when R = Ry, with Ry; = 7(R) = Ry ® R%.

2.1. Braided Lie algebras of derivations

For the purpose of the present paper we only need to consider braided Lie algebras asso-
ciated with a triangular Hopf algebra (K, R). A K-braided Lie algebra is a K-module g,
with action >: K ® g — g, which is endowed with a bilinear map (a bracket)

[.]:g®g—>g
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which is equivariant, that is, k > [u, v] = [kq) D> u, k@) > v], for A(k) = k1) ® k(2) the
coproduct of K, and satisfies the conditions

(i) braided antisymmetry: [u, v] = —[Ry > v, R* > u],

(i) braided Jacobi identity: [u, [v, w]] = [[u, v], w] + [Ry > v, [R* > u, w]],
for all u, v, w € g, k € K. A morphism of braided Lie algebras is a morphism of K-

modules that in addition commutes with the brackets.
Any K-module algebra A is a K-braided Lie algebra for the braided commutator

[,]:A®A— A, a®b > [a,b] :=ab— (Ry > b)(R* > a). 2.3)

Also, for A a K-module algebra, the K-module algebra (Hom(A, A), >pom(4,4)) of linear
maps from A to A with action

>Hom(4,4): K ® Hom(A4, A) — Hom(4, A4), (2.4)
k @V =k Duom(a,4) V : a k> (Y (S(k) > a))

is a braided Lie algebra with the braided commutator; here S is the antipode of K. An
important example of a braided Lie algebra associated to a K-module algebra is that of
braided derivations, [4, §5.2]. A braided derivation is any ¥ € Hom(A, A) which satisfies

Y(aa") = Y(a)a' + (Ra > a)(R" B>pom(a,4) ¥)(@) 2.5)

for any a,a’ in A. We denote Der®(A) the lk-module of braided derivations of 4 (to lighten
notation we often drop the label R). It is a K-submodule of Hom(A4, A), with action given
by the restriction of > pom(4,4)

> per(4): K ® Der(4) — Der(4),

2.6
kQY =k Dpeay Y takay > Y(Skp) > a) (26)

and a braided Lie subalgebra of Hom(A4, A) with braided commutator

[, ]:Der(A) ® Der(A) — Der(A),
Y®Y — [Y, Y/] =YoY — (Ry D> Der(4) Y/) o (Ra > Der(4) Y).
2.7

Remark 2.1. When K is not finite dimensional over k the matrix R is in general not
an element of K ® K but rather belongs to a suitable topological completion of the
tensor product algebra. In the examples of the present paper this fact does not consti-
tute a problem since R acts diagonally in the fundamental representation and we consider
representations that are algebraic direct sums of this one. Representation-wise we hence
consider the braided monoidal category of K-modules that are algebraic direct sums of
finite dimensional representations of K-modules.
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2.2. Brackets of Lie algebra valued maps

Let N be a K-module and g a braided Lie algebra. The space of g-valued multilinear maps
n:N ®---® N — g which are braided antisymmetric in their arguments (g-valued forms
on N), can be given the structure of a (super) braided Lie algebra. In the present paper we
just need the bracket between one-forms and between a one-form and a two-form.

Given any two linear maps 1, ¢ : N — g, their bracket is defined by

[n.¢1(Y.Y") := 3(In(Ry > ¥), (R > $)(Y )] = (¥ ®Y' > Ry > Y/ @ R* > 1))
3(1Ry > ). (R > p)(Y)] = [(Ry > Y').R" > ((Y))]) (2.8)

for Y, Y’ € N. The action on maps is the adjoint one in (2.4). By definition, the bracket
is braided antisymmetric in the arguments, [, ¢](Y,Y’) = —[n, #](Ra > Y',R* > ¥),
while a short computation shows that

[n.¢] = [R: > ¢.R" > n].

In particular, when ¢ = 1 the formula (2.8) can be written as

[n.0l(V.Y) = LRy > V) + Ry > (), RY > n)(¥)]. 29
For a one-form 7 and a two-form ® one defines

[n,®)(X.Y.Z) :=[nR, > X),(R" > ®)(Y ® Z)] + b.c.p. (2.10)

and
[©.97](X.Y.Z) = [®P(R, > (X ®Y)), (RY > n)(Z)] + b.c.p. (2.11D)

with b.c.p. standing for braided cyclic permutations of elements (X, Y, Z) in N. The
braided antisymmetry of the two-form ® implies the same property for both expressions
above. A short computation shows that

[n.®] = —[Ry > ®,R* > 1],
From this one also computes that

(In. ®] — [®.1D(X. Y. Z) = [1Ry > X) + Ry > (n(X)). (R > D)(¥Y ® Z)] + bic.p.
(2.12)
for X, Y, Z € N, and in parallel with (2.9).
Finally, the K-equivariance of the bracket [, ] in g leads to the K-equivariance of the
bracket in (2.8),

k> [n,¢] = [kq) > n ke > 9],
and of those in (2.10) and (2.11) with similar expressions.

The bracket satisfies a braided Jacobi identity. For one-forms this reads as in the fol-
lowing proposition.
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Proposition 2.2. For one-forms w, n, ¢, we have the identity

[, [n.¢]] = [[w.n]. ¢] — [Re &> 1. [R* > . ¢]]. (2.13)
Proof. We first compute separately the three terms in (2.13): from (2.10) and (2.8),
2[w. [1.¢]1(X. Y., Z) = [0(RiRy &> X),[R* > N)(Ra > ¥), R*R” 1> 0)(Z)]]
—[0RaRy > X),[R* > DR > Z),R* > (R > )(Y))]] + bep. (2.14)
and

2HR‘C >, [[Rr > w, (p]]]](X, Y, Z)
= [(Re > D(RARy > X), [R*R® > 0)(Ry > ¥), (R*R” > 9)(2)]]

—[(Re > M(RiRy > X), [(R*'R" > 0)(Ra > Z),R* > ((R” > ¢)(Y))]] + b.c.p..
(2.15)

While, from (2.11),

2[[w.n]. o](X. Y, Z)
= [[o(RiR, > X), R* > DR > V)], R*RY > ¢)(Z)]
—[[©(R3Re > Y),R* > (n(Ry > X)), R*R” > ¢)(Z)] + bcp..  (2.16)

Using the braided cyclic permutation we substitute the second term in (2.15) with the
following one:

[Re > MRiRyRy > V), [(R*RT > 0)(ReR'R > X).R* 1> (R > 9)(R, > 2))]]
which in turn, using (2.2), can be rewritten as
[R: > (R* > n)(R"R,R, > ¥)), [R* > (0(RiR,ReR* 1> X)), (R*R” > 9)(2)]].
Next, using the Yang—Baxter equation on the indices v, y, « this reduces to

[Re & ((R* > 1) (ReR"Ry, B> 1)), [R” B> (@(RaR,RR 1> X)), (R*RY 1> ¢)(Z)]]
= [Re > (R > )Ry > 1)), [R* B> (@(RaR, > X)), (R*R” > 9)(2)]].

Finally, in the expression

(lo, [n. @11 = [, nl. ¢] + [Re &> 1, [R* > 0, ¢]])(X, Y, Z)

one finds that this term and the two positive ones in (2.14) and (2.16) sum up to zero due
to the Jacobi identity for derivations. A similar computation shows that the other three
terms sum up to zero as well, thus establishing (2.13). ]
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2.3. Brackets of Lie algebra valued forms on bimodules

For a subalgebra B C A, the space Hom(A4, A) is aleft B-module via the left multiplication
by elements in B. In general, this is not the case for Der(A4). A sufficient condition for that
is the quasi-centrality of B in A, that is

ba = (Ry > a)(R* > b), (2.17)

forall b € B,a € A. When the K-module algebra B is quasi-central in A, the braided Lie
algebra Der(A) inherits the left B-module structure

(Y )(a) := bY(a), (2.18)
for Y € Der(A), b € B and a € A. Then a right B-module structure is given by
Y-b:=Re>b)(R*>7Y). (2.19)

We write Y - b to distinguish the right B-module structure from the evaluation of a deriv-
ation on an element in B. From the definition of the bimodule structure it follows compat-
ibility with the K-action,

k> (bY -b') = (kqy > b)(kzy > Y) - (k) > b)
forallk € K,b,b’ € B and Y € Der(A). The Lie bracket of Der(A) then satisfies
bY, Y - b1 =b[Y,Y']-b"+ bRy > Y')- (R* > Y) (D))
— ((RaRg B>per(a) Y)RY > b)) (RP >percay ¥) - b/ (2.20)

forall b,b’ € BandY,Y’ € Der(A).
Let N and N’ be K-modules and B-bimodules as above. The space of right B-linear
maps Homp (N, N') is a K-module with action

k >pomv.nny 1Y = kay > (n(S(k)) > Y)) (2.21)

(cf. (2.4)) and a B-bimodule with actions (bn)(Y) =bn(Y)and n-b = (Ry > b)(R* > 1),
forb € B,n € Homg(N,N')andY € N.

With g a braided Lie algebra over K, the definition of the bracket in Section 2.2 can
be repeated for g-valued forms on N, i.e., g-valued right B-linear maps n: N ®p -+ ®p
N — g which are braided antisymmetric in their arguments. As we shall see this results
into a (super) braided Lie—Rinehart algebra.

3. The Atiyah sequence of braided Lie algebras

The classical Atiyah sequence [0, 7] is a sequence of vector bundles over a base space M
with Lie algebra structures on the corresponding modules of sections, this resulting in a
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short exact sequence of (infinite dimensional) Lie algebras. In this paper, we generalise
the construction to a sequence of braided Lie algebras with braiding implemented by the
triangular structure of a symmetry Hopf algebra K. In Section 4, we shall describe the
basic example of this setting, the sequence of braided Lie algebras of a K-equivariant
Hopf-Galois extension B = A C A, with structure Hopf algebra H.

3.1. The Atiyah sequence and the Lie-Rinehart structures

Let (K, R) be a triangular Hopf algebra and consider an exact sequence of K-braided Lie
algebras,

0>g—>P 5T >0 3.1
with 1 and 7 braided Lie algebra morphisms. We identify g with its image 1(g) in P, while
we write 7(Y) = Y” for Y € P, as the image in T via the projection 7. By construction
g is an ideal in P for the braided commutator [Y, V] € g, when Y € P,V € g.

We further take g, P and T to be B-bimodules with structures as in (2.18) and (2.19)
for B a quasi-commutative algebra (that is, (2.17) holds for A = B) and ¢, & to be right
B-module morphisms (and hence left ones).

Finally, we take (B, T') to be a braided Lie-Rinehart pair: the algebra B is a T-module
with elements of 7" acting as braided derivations of B,

X(bb') = X(b)b' + (Ry > b)(R* > X)(b), b,b' € B, X €T,
and there is compatibility with the B-module structure of 7,
[X,bX']=XB)X + Ry > D)[(R* > X),X'], beB, X,X €T, (3.2)

(which also fixes [bX, X' - b'], cf. (2.20)). The pair (B, P) is as well taken to be a braided
Lie—Rinehart pair (and so is (B, g) for the trivial action): elements of P act as braided
derivations of B via the map =, Y(b) = Y™ (b),for Y € P and b € B. The subalgebra g
acts trivially on B: elements of g are ‘vertical’. For simplicity we take T = Der®(B). The
sequence (3.1) is a braided Lie algebroid with anchor .

3.2. Splittings, connections and curvatures

A connection on the sequence (3.1) is a splitting of it, that is a right B-module map which
is a section of 7,
p: T — P, mop=idr. 3.3)

In general, p is not K-equivariant, that is, it does not satisfy k > p = e(k)p fork € K.
Using that p(X)(b) = X(b) when b € B and recalling the adjoint action property
k> (p(X)) = (kq) > p)(kz) > X) for X € T and k € K, one easily shows that

(k > p(X))(b) = (k > X)(D), (3.4)
((k > p)(X))(b) = e(k)X (D). (3.5)
From the B-bimodule structure of T one also has p(bX) = (p(Ry > X)) - (R* > b).
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Remark 3.1. In accordance with the K-adjoint action k &> (p(X)) = (k1) > p) (k2) > X),
the connection p ‘acts from the left’. Therefore it is natural to take it to be right B-linear.
When p is equivariant, right B-linearity also implies left B-linearity, p(bX) = bp(X).

The corresponding vertical projection, the retract of 7, is the right B-module map
w:P—>gqg ow¥)=Y-pkT"), YeP (3.6)
Clearly w(p(X)) = 0, for each X € T. We denote
h:=pomw:P —>P 3.7

the horizontal projection. By definition w + & = id.
In general, p (and so w) is not a braided Lie algebra morphism. The extent to which it
fails to be such is measured by the (basic) curvature

QX, X') := p([X, X']) — [p, p] (X, X)

= p([X. X']) — 2([p(Ra > X), (R* > p)(X")] — [p(Ra > X'),R* 1> (p(X))]),
(3.8)

for X, X’ € T. From the K-equivariance of = and 7 o p = idr it follows that 7 0 Q = 0,
and so €2 is g-valued. Also, from w o p = 0 it follows that

QX, X') = —(w o [p, p)P(X, X').

A braided antisymmetric right B-linear map from 7' ®p T to g is called a g-valued
braided two-form on 7.

Proposition 3.2. The curvature Q2 is a g-valued braided two-form on T

Proof. We first show that 2 is well definedon T ®p T, thatis, Q(X,bX') = Q(X - b, X'),
forb € B and X, X’ € T. Indeed, using (3.2) and (2.19), we compute

[X,bX'] = X(b)X' + (Ry > B)[R* > X, X'
= Ry > X')-R* > (X(b)) + Rg > ([R* > X, X']) - (RgRy > (D))
=Ry > X)-R¥ > (X(b)) + [X,Ry > X'] - (R* > D)

and
[X -0, X]=[X,Re > X]-R* > b) + X - (Re > X")(R* > D).
Then, the right B-linearity of p yields

p([X.bX']) — p([X - b, X']) = p(Ry > X') - R* > (X(b)) — p(X) - (Ry > X")(R* > D).
(3.9)
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Next, using the expression in (2.9) for the bracket,

2[p, pl(X,bX") = [p(Ry B> X) + Ry B> (p(X)), (R* > p)(bX")]
= [p(Ra > X) + Ry B> (p(X)), R > p)(R; > X")] - (R" > b)
+Rs > (R* > p)(R; > X))
“(R7 > (p(Ra > X) + Ry > (p(X)))(R" > b))
= 2[p, p](X,R: X') - (R* > b)
+ 2R > ((R* > p)(Re > X)) - (R7Rg > X)(R* D> b))
=2[p, p](X,R: X") - (R* 1> b) + 2p(R; > X') -R* > (X(b)), (3.10)

using (3.4) in the last but one equality. While, using (k > p)(X - b) = (k > p)(X) - D,

2[p, pl(X - b, X")
= [p(Ra > (X - b)) + Ry > (p(X - b)), (R* > p)(X")]
= [(p(Ra > X) + Ra > (p(X))) - (Rg > b). (RPR* 1> p)(X")]
= [(p(Ra > X) + Ra > (p(X))). Ry &> (RER* > p)(X"))] - (R*Rg 1> b)
+ (p(Re > X) + Ry > (p(X))) - Re > ((RPR* > p)(X"))(R*Rg 1> b)
= [(p(Ra > X) + Ra &> (p(X))), Ry > ((RER* > p)(X"))] - (R*Rg 1> b)
+2p(X) - (R > X')(R® > b), (3.11)

using (3.5), in the last but one equality. Now, a direct computation shows that

[(p(Re > X) + Ry B> (p(X))), Ry &> ((RPR* > p)(X"))] - (R*Rg > b)
= [p(Rg > X) + Ry > (p(X)), R > p)(R; > X')] - (R* > b)
= 2[p, p](X,R: X") - (R* > D).

With this, comparing (3.10) and (3.11), we obtain

[p. pl(X,6X") — [, p](X - b, X")
= p(R; > X') - R* > (X (b)) — p(X) - (R, > X)(R" 1> b)

which, when compared with (3.9), amounts to Q(X,bX’) — Q(X - b, X') = 0.
Next we show that € is right B-linear, that is, Q(X, X' - ) = Q(X, X’) - b. From
[X, X' -b]=[X,X']-b+ (Ry > X') - (Ry &> X)(b), the right B-linearity of p gives

p([X, X"-b]) = p(IX. X)) - b + p(Re > X') - (R* > X)(D). (3.12)
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On the other hand, recalling that the K-action defined in (2.21) closes on right B-linear
maps, (k > p)(X -b) = (k > p)(X) - b and using (3.5), one computes

2[p. pJ(X. X' -b) = [p(Ra > X) + Re &> (p(X)), (R > p)(X' )]
= [p(Rq > X) + Ra B> (p(X)). (R 1> p)(X)] - b
+Re > (R > p)(X')) - (R” B> (p(Ry B> X) + Ra B> (p(X))))(})
= 2[p. p](X. X') - b + 20(R; > X') - (R¥ > X)(b).

A comparison with (3.12) yields Q(X, X' -b) — Q(X, X')-b = 0.
Finally, both terms in (3.8) are braided antisymmetric and hence so is the curvature:
QX,X') = —Q(Ry > X',R* > X). [ ]

The curvature can be given as g-valued braided two-form on P (the spatial curvature),
Qu(Y,Y):=QX™,Y'™), Y, Y eP. (3.13)

This turns out to be basic, that is, Q4 (Y, Y’) = 0 whenever Y or Y’ is vertical (an element
of g). Using (3.6) one also computes

QYY) =), Y]+ R > Y,R* > 0)(Y)] — (Y, Y']) — [0, 0] (Y,Y").
This expression can be read as a structure equation,
do = Q4 + o, 0]. (3.14)

Here the g-valued two-form Jw, w] on P is defined as in (2.8). Also, given a g-valued
one-form 7 on P, its exterior derivative dn is the g-valued two-form on P defined by

dn(Y,Y') ;= [Re > Y. (R* > (Y] = [Re &> Y. R* > (n(Y))] — n([Y. Y'])
= 2[id, ] (Y. Y") = n([Y.Y"]) (3.15)

for Y,Y' € P. The above is well defined since g, as mentioned, is an ideal in P for the
braided commutator and braided antisymmetric by construction.

One could construct an exterior algebra of g-valued forms on P by extending the
definition of the exterior derivative d to a form of any degree. For the sake of the present
paper we just need it on one- and two-forms. For ® a g-valued two-form on P, its exterior
derivative is given as

dO(X.Y,Z) = [R; > X.(R* > ®)(Y, Z)] + ®(X.[Y. Z]) + b.c.p. (3.16)

for X,Y,Z € P, and b.c.p. standing for braided cyclic permutations of (X, Y, Z). The res-
ult is a g-valued three-form on P. Using this definition and (3.15), a lengthy and intricate
computation that uses the Jacobi identity and the Yang—Baxter equation shows d2 = 0.
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3.3. The covariant derivative

Having a connection, one can define the covariant derivative of (in particular) g-valued
braided forms on P. This uses the horizontal projection /4 in (3.7). For a one-form n we
define

Dp(X,Y) := (hRe > X), R > DY) = (X ®Y — Ry > ¥ @ R* > X))

=2[h. n}(X.Y) = n([X.Y]), (3.17)

while for a two-form @ its covariant derivative is defined as
DO(X,Y.Z) 1= L[hR; > X) + R, > (h(X)), (R* > ®)(Y, Z)] + O(X. [Y. Z])

+ b.c.p..
= 2([h. ®] — [®. h])(X. Y. Z) + (®(X.[Y. Z]) + bc.p.) (3.18)

using (2.12) for the second equality. These definitions can be generalised to forms of any
degree, obtaining braided versions of the classical formulas [8, eq. (I.1)], [13, eq. (19)].
From (3.13) and (3.8) the curvature is written in terms of the horizontal projection as

Qu(Y,Y") = h(Y,Y']) — [h, K](Y,Y'). (3.19)
Then one shows the following proposition.
Proposition 3.3. For the connection and the curvature there is a structure equation
Qp=Do + [w,d]

and a Bianchi identity
DQy = 3[Ra > h,[R* > . h]]. (3.20)

The covariant derivative D2, vanishes for an equivariant connection.

Proof. From the structure equation (3.14) and (3.15), and from the definition (3.17) of the
covariant derivative we have

Q, =2[ido]—wol[,]-[o o] =2[ho]—wol, |+ v, o] = Do + [o,w].
Then, for X, Y, Z € P, from definitions (3.18) and (3.19) one computes

DQy(X,Y,Z) = LR, > X) + R, > (h(X)), (R” > h)([Y, Z])]
— 3[hRy > X) + Ry > (A(X)), R > [h,A)(Y ® Z)]
+ h([X.[Y. Z]]) — [h. h](X ®[Y. Z]) + b.c.p..

The term h([X, [Y, Z]]) + b.c.p. vanishes by the Jacobi identity while the first and fourth
terms cancel each other. The remaining one, the second term, then gives

DQy = —3([h. [h.h]] — [[h.h].h]) = L[Ra > h.[R* > h.A]].
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The second equality follows from the Jacobi identity (2.13). When the connection is
equivariant, k > h = e(k)h and the right-hand side of (3.20) vanishes by the Jacobi iden-
tity,

([, [h, R]D(X, Y, Z) = [W(X),[h(Y),h(Z)]] + b.c.p. = 0.

Then the relation in (3.20) is the usual Bianchi identity. ]

An easy computation also gives that the covariant derivative of the curvature as in
(3.18) can be written as

DQy = dQ0 — 3([0, Q0] — [Q0. ®]).
Remark 3.4. Our result in (3.20) compares with a similar one in [11, §5.4]. In the (dual)
notation of [12] it says that our connection is regular but not necessarily multiplicative.
3.4. The space of connections and the gauge transformations

The space C(T, g) of connections on the sequence (3.1) is an affine space modelled on the
linear space of right B-module maps n : T — g (the g-valued one-forms on B). Indeed,
given a connection p : T — P and suchamap n: T — g, one has

mo(p+n) =mop=idr

and thus p’ = p + 7 is a connection as well, with wy = w, — 1 o 7. In the examples of
the present paper we shall use this decomposition with p a K-equivariant connection.

The space of connections C(7, g) is a subset of the K-module Homp (7, P). The latter
carries an action of the braided Lie algebra P (cf. [4, §5.3]).

Proposition 3.5. The map § : P ® Homg (T, P) — Homp (T, P) given by
@y p)(X) == [Y, p(X)] = (Ra > p)([R* > Y™, X]) (3.21)
is an action of the K-braided Lie algebra P, that is,

k > (8y p) = kv (k2) > p) (3.22)
andforY,Y' € P,
Sy,y1 = Oy 08y’ — Sry>y’ © Spepsy (3.23)
Proof. Formula (3.22) follows from the quasi-cocommutativity (2.1) and the explicit ex-
pression (2.21) for the K-action on morphisms. Then, using formula (3.22), we compute
@y @Gy p)(X) = [Y. 8y p(X)] — (Ry > Sy p)(R* > Y7, X])
=[V. Y p(X)]] = [Y. Ry > p)(R" > Y, X])]
—[Re > Y, (Rg > p)([RPRY > Y7, X])]
+ (RyRg > p)([R"Ry > Y™ [RPRY > Y™, X])).
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This also yields

(Ory>y7 (Sre=y p))(X)
=Ry > Y [R*> Y, p(X)]] = [Re > Y'. (Ry > p)([R"R* > Y7, X])]
— ¥, (Rg > p)(RP > Y™, X])] + RyRg > p)([R” > Y™, [RF > Y™ X]]).

These two expressions have two terms in common so their difference is given by

8y By p)(X) — Sr,>¥7 (Srer>¥ ) (X)
= [V, [Y, p(X)]] = [Ra > Y/, [R* > ¥, p(X)]]
+ (RyRg > p)([R"Re > Y™, [RPR* > Y™, X]] - [R > Y™, [R? > Y™, X]])
= [V, [Y, p(X)]] = [Re > Y', [R* > ¥, p(X)]]
+ (RyRg > p)([RaR? > Y™ [R%RY > Y7, X]] - [R” > Y™, [RP > ¥'™, X]])

using the Yang—Baxter equation for the second summand. Finally, the Jacobi identity gives

8y By p)(X) — Sryi> v’ (Bre> v p) (X))
=[[Y.Y']. p(X)] — (Rg > p)([RP > [Y™, Y], X])

which is just (§;y,y10)(X) and coincides with the right-hand side of (3.23). [
The braided Lie algebra action of P on Homp (7, P) gives rise to a map
P x C(T,g) - C(T.g), (Y,p)p =p+dyp.

Indeed, from 7 o p = idr, it follows that 7 o (§y p) = 0 andso§yp: T — g.
Proposition 3.5 can be generalised. Let M be a right B-module with a compatible
P-action > p. Then there is a P-action § : P ® Homp(M, P) — Homg (M, P),

By ®)(m) :=[Y, P(m)] — (Ry > ®)((R* > Y™) >p m). (3.24)

Since the P-action on T ® T is by braided derivations, when @ is a P-valued two-form
on 7', the above becomes

Gy ®)(X, X') =[Y, (X, X)] — Re > ®)(R* > Y7, X], X)
— (Rg > ®)([Ry > X, [R*RY > Y™, X']). (3.25)

Proposition 3.6. The variation 8y Q of the curvature of the connection p for the action of
an element Y € P, as defined in (3.25), explicitly reads

SYQ = ((SY,O) o [ ) ]_ [[Svapﬂ - IIR(X > /O»SR“DY:O]]'

Proof. This follows from linearity of the action §y and from its braided derivation rule. m
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In analogy with the classical case, an element V' € g acts on a connection and on the
corresponding curvature as an infinitesimal gauge transformation.

Corollary 3.7. The variation (3.21) of a connection p for the action of a vertical element
V € g is given by
Gy p)(X) = [V. p(X)].

while the variation (3.25) of the curvature is
By )X, X)) =[V,Q(X, X")].

Then in view of (3.23), g is the braided Lie algebra of infinitesimal gauge trans-
formations. The universal enveloping algebra U(g) is the braided Hopf algebra of such
transformations [4, §5.3].

Remark 3.8. Let Q' be the curvature of the transformed connection p’ = p + 8y p, for
Y € P. Since the action 8y is a braided derivation, the variation dy 2 differs from the first
order term in the difference Q' — € (which by construction is a derivation),

Q' —Q =38yQ+ [Rg > p.Spsypl — [p. 8y p] + [8vp. 8y p]. (3.26)

When the splitting p is K-equivariant, k > p = ¢(k)p, the variations of the connection
and of the curvature reduce to

By p)(X) = [Y, p(X)] = p([Y ", X]),
SyQX,. X)) =Y, QX, X)] - QY™ X].X) — QRe > X,[R* > Y™, X']). 3.27)

Moreover, the extra term in the right-hand side of (3.26) vanishes.

4. Atiyah sequences for Hopf-Galois extensions

Recall that an algebra A is a right H-comodule algebra for a Hopf algebra H if it carries
a right coaction § : A — A ® H which is a morphism of algebras. We write §(a) =
a(o) ® a(y in Sweedler notation with an implicit sum. The subspace of coinvariants B :=
A®H = (b e A|8(b) = b ® 1y} is a subalgebra of A. There is a canonical map

x:=m®id)o(id®pd): A®s A—> AQH, a ®par> dap ®aq.

The algebra extension B C A is called an H -Galois extension if this map is bijective.

In the present paper, we deal with H -Galois extensions which are K-equivariant. That
is, A also carries a left K-action >: K ® A — A, for K a Hopf algebra, that commutes
with the right H-coaction, § o > = (> ® id) o (id ® §) (the coaction § is a K-module
map where H has trivial K-action). On elements k € K, a € A,

(k > (l)(()) ® (k > Cl)(l) = (k > (l(())) &® agqa)-
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Given a K-equivariant Hopf-Galois extension B = A°H C A, with triangular Hopf
algebra (K, R), the Lie algebra Der(A4) of K-braided derivations of A has two distin-
guished Lie subalgebras. Firstly, the Lie subalgebra of braided derivations that are H -
equivariant (that is, H-comodule maps),

Ders“H (A) ={X € Der(A4) | §(X(a)) = X(aq)) ®au), a € A} 4.1
and then its Lie subalgebra of vertical derivations
auth(4) := {X € Der’ ,; (4) | X(b) = 0. b € B}.

The linear spaces Derfw u (A) and autf; (4) are K-braided Lie subalgebras of Der(A), [4,
Prop. 7.2]. Elements of aut (4) are regarded as infinitesimal gauge transformations of the
K-equivariant Hopf—Galois extension B = AH C 4 [4, Def. 7.1].

Each derivation in Derffu u (A), being H -equivariant, restricts to a derivation on the
subalgebra of coinvariant elements B = AH Thus, associated to B = A<°H C A, there
is the sequence of braided Lie algebras aut; (4) — Der’ ; (4) — Der®(B). When exact,

0 — auty(4) — Der’, ; (4) — Der®(B) — 0 4.2)

is a version of the Atiyah sequence of a (commutative) principal fibre bundle.

When the K-module algebra B is quasi-central in A, see (2.17), the braided Lie alge-
bras in the sequence are also B-bimodules with module structures as in (2.18) and (2.19).
The above is then a sequence of braided Lie—Rinehart pairs as in Section 3.1.

As studied in the previous section, a connection on the bundle can be given as an H -
equivariant splitting of the sequence, associating to a derivation X in Der®(B) a unique
horizontal derivation in Dertfw u (A) projecting onto X. The curvature of the connection
measures the extend to which this map fails to be a braided Lie algebra morphism.

An example of this construction with the study of moduli spaces of connections is
given in the next two subsections. In Section 5 we present a sequence for the orthogonal
frame bundle over the sphere S 92” with a splitting which leads to the Levi-Civita connec-
tion.

4.1. The sequence for the SU(2)-bundle over the sphere .$ ;

This section is devoted to the Atiyah sequence of braided Lie algebras associated with
the O(SU(2)) Hopf-Galois extension O(Sg) C O(S,) constructed in [15] and related
connections.

Let 6 € R. The *-algebra O(Sg ) has generators z,,z, r = 1,2,3,4 with commutation
relations determined by the action of a 2-torus. For K the Hopf algebra generated by two
commuting elements H;, H;, the generators z, are eigenfunctions for the action of Hj,
H; of eigenvalues " = (uf, ) = 1(1,-1), 3(=1, 1), (=1, -1), 3(1. 1), for r =
1,2,3,4, and so are their *-conjugated z;* with eigenvalues —u”. Then, the commutation
relations among the z, read

— AZr/\S

Zr &9 Zs Zoepzr, A=e "0 pas = phpd — uhul, 4.3)
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for r,s = 1, £2, £3, +4 and z_, := z;. In addition, the generators satisfy a sphere
relation zy g z{ + 22 89 25 + 2309 25 + Za e z; = L.

The algebra @ (S g ) is a right @ (SU(2))-comodule algebra with right coaction which
is defined on the algebra generators as

§:0(S)) — 0(S])) ® O(SU(Q2)),

t
U U B W, u::(zl Zy I3 24)’ w::(wl —w;‘). (4.4)

* * * k *
—z3 Z7 —Zy Z3 wy Wi

Here ® denotes the composition of the tensor product ® with matrix multiplication. As
usual, the coaction is extended to the whole O (S 97 ) as a x-algebra morphism.

The subalgebra B = O(S;)°°CU@) of coinvariant elements for the coaction § is
generated by the entries of the matrix p := ue,u’ and is identified with the algebra
oS g ) of coordinate functions on the 4-sphere S g in [10]. The K-action on (9(597 ) com-
mutes with the @ (SU(2))-coaction (4.4) and the sphere O (S g ) carries the induced action
of K. We denote the generators of (D(Sg) by b,, with eigenvalues u = (i1, t2) =
(0,0), (£1,0), (0, £1) of the action of Hy, H,. Explicitly,

bio = V2(z1 05 25 + 23 09 2a),  bo1 i= V2(22 0 25 — 2} ey 24),
boo :=7z1e02] + 220925 — 230523 —Z4 2}
and b_,, = bj,. They have commutation relations

by e by = AZHAVD e by, A= e WAV = pyva — povy 4.5)

and satisfy the sphere relation ) wbieo by =1
From the above, one works out [5, eq. (4.27)] the following mixed relations:

(1= bog) o 21 = V2(b10 * 23 — 24 % bo—1).
(1= boo) o 22 = V/2(z4 o5 b_10 + bo1 5 23).
(14 boo) o5 23 = V2(b_10 * 21 + bo—1  22).
(14 boo) * 24 = v/2(22 % b1o — 21 % bor).

(4.6)

4.1.1. The braided Lie algebra Der® (O (S (;')). The commutation relations (4.5) among
the generators b, of O (S g ) can be written as

b;,L b, = (Rot > bv) ®9 (Ra > b,u)a
with braiding implemented by the triangular structure of K,

R = e—2m’9(H1 ®H2—H2®H1).

which, as in Remark 2.1, belongs to a topological completion of K ® K. Similarly for the
commutation relations (4.3) of the generators z, of O (S g ). In particular, both of the alge-
bras 9 (S,) and O (Sy) are quasi-commutative. Then the braided Lie algebra Der®(9(S;))
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of braided derivations is a O (S g )-bimodule. As a left O(S g )-module, it is generated by
operators T}, defined on the algebra generators as

Tyu(by) :=68uvx — by e by, ©=1(0,0),(%£1,0), (0, £1). 4.7
These are extended to the whole algebra @ (S g ) as braided derivations
T1u(by o9 be) = Ty (by) e be + APV D, o Ty (by).

It is easy to verify that
Ty (Z b¥ o bv) =0,
%

showing that the T),’s are well defined as derivations of O (S g ). Moreover, using the sphere
relation, one also sees that they are not independent but rather satisfy the relation

> bET, =0 4.8)
W

for the left module structure as in (2.18). The action of H;, H,, the generators of K, on
the generators b, lifts to the adjoint action (2.6) on the derivations T},

Hy > T = [Hy. Tl = w7, 49)

being [H;. Tu)(by) = H; B (Tu(by) — Tu(H; 1> by).

The derivations T), are the simplest combinations of the five basis derivations of
O(Rg) that preserve the sphere. In the classical limit § = 0, the derivations 7, reduce
to Ty = dyx — by D, for D =3 b,0d, the Liouville vector field. The five weights u
are those of the five-dimensional representation [5] of so(5). Indeed, the vector fields H,
carry such a representation. The bracket in Der(O (S g)) is the braided commutator in (2.3).
Using (2.20), it is determined by its computation on the generators.

Proposition 4.1. The braided Lie algebra structure of DerR(O(Sg )) is given by
[Ty, To] = by Ty — A"V b, T),. (4.10)
Proof. We compute the braided commutator of two generators 7),, T), of Der®(O(S g ),

[Ty. Tol(be) = (Ty o Ty — AM"VT, 0 Ty,) (be)
= —Tyu(by o br) + XM T, (by, o br)
= —(Tyu(by) o b + 22Dy, o Ty (b2))
+ AZNY (T, (by) o9 be + A2 by o Ty(bs))
= _Tu(bv) o by — /\zlwvbv * T,u(br)
+ A2EAVT (b)) w9 by + by g Ty (by)
= —A"Dy, eg Ty(be) + by e Ty (Do),

for w, v, T = (0,0), (£1,0), (0, £1). For the last equality we have used that v* A v =0
implies T, (by) = A?*"VT,(b,) for each p, v. Then, identity (4.10) is verified. |
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We conclude this subsection with two lemmas that we use later on. We first observe
that formula (4.10) allows us to write the derivations 7, in terms of their commutators.

Lemma 4.2. The generators Ty, can be expressed in terms of their commutators as
*
T, = b%[Tu.T)).
"w

Proof. From expression (4.10) of the commutators, we compute
D bATL T =) bl egbuTy— Y A*""b* o b, T,
Iz Iz I

=T,—by Y biT, =T,
w
where we used the sphere relation for the second equality and (4.8) for the last one. ]

For the braided antisymmetric commutators we introduce the notation
Ly, =T, T, = —AzMA”L"iu. 4.11)
The action (4.9) of H; and H> on the derivations T}, implies
H; > L7, = (uj +vj)Ly .
From (4.10), on the generators of O (S g ) these derivations are given by
L}, ,(bs) = byburo — APENVDLS (4.12)

Proposition 4.3. The derivations Lj, , give a faithful representation of the braided Lie
algebra sog(5), that is,

(LT, LT = 8ywcL o = APV L] o — AP (Syro L, — AN 8,n6 LT ).

Proof. From (4.12) a direct computation yields

Ly, o L7, (by) = (bubure — AN DS e )Sara — A2 (bpSurg — AP by8 e )8 rra
(4.13)

and the one with indices exchanged

LT, 0L}, (by) = (bedorp — AZN b Son 1 )urg — AP (be8gey — AZ b8 ey)8 ra-
(4.14)

The braided commutator is just given by the terms in (4.13) minus the terms in (4.14) with
an extra factor coming from the braiding, that is, A2¢TVAT+0) The result is obtained by
pairing the terms with the same &’s. For instance, the one coming from §,+; = ¢+, is

busa*a - /\2(M+V)A(r+a)+2("“+ma)bgSM*a — bu(go*a N XZ(MAO)ba(SM*a — L,Z (ba)
0 ’
using that T = —v to simplify the exponent of A. The other terms behave similarly. ]

In the classical limit, the derivations L7, ,, give the representation [10] of so(5), thus
the name sog (5) for the braided Lie algebra generated by the deformed generators L7, ,,.
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4.1.2. The sequence and the connection. For the SU(2) bundle on the sphere Sg we
have the short sequence of braided Lie algebras

0 — aut?) (Sg)(a(sg)) 5 Der¥, 1 (0(S])) = Der®(O(S4)) — 0. (4.15)

The algebra DerR(O(Sg)) was given in Section 4.1.1. The braided Lie algebra
Deril a0 (Sg )) of derivations of (9(597 ) which are equivariant in the sense of (4.1) is
also given as an O(S g)—module generated by a set of elements. We use ‘partial derivat-
ives’ 0y, 0y = 0—, defined by 9,(zs) = &5, for r, s = £1, £2, £3, =4, on the algebra
generators and extended as braided derivations. There are two commuting elements (the
Cartan subalgebra)

Li=Lig-10:= %(2181 — zfa’f — 2505 + 2;8;‘ —z303 + 23‘8;‘ 4 2404 — zf{aj),
L, = L01’0_1 = %(—2181 + Zik(‘rf + 2505 — z§8§ — 2303 + 2;83‘ + 2404 — ZI(()Z)
(4.16)
The remaining generators can be given, for u, v = (0, 0), (£1,0), (0, £1), as
Lytv =Ly, mFEVE <,

with the lexicographic order (—1,0) < (0,—1) < (0,0) < (0, 1) < (1,0). Then, the vectors
r=(u+v)e{(£1,0),(0,£1),(£1,£1)} are the ‘root vectors’ of the braided Lie algebra
s0g(5). Explicitly,
Lio = Loo,10 := %(2133 — Az307 — Az402 + 25 0),
L_10 = L_10,00 := %(2331 — A2} — AT 2004 + 25 03),
Lo1 = Loo,01 := %(2233 —A712305 4+ A7 z40, — 270%),
Lo-1 = LO—I,OO = %(2332 - 12;8; + Az104 — 22‘8’1‘), (4.17)
Li1 = Lo1,10 := —A"'z405 + A7 2505,
L_i_1 = L_10,0-1 = Azj03 — Az304,
Loy = Lo-1,10 := —A*z10 + A*23 07,
Loyy = Loyo01 := —A 722201 + A722]05.
For u > v weset Ly, = =AM VL, .

These derivations give a faithful representation of the braided Lie algebra sog(5),

[Lu,v, Lr,a] = SV*‘rLM,O’ - /\zul\vgu*er,a - A21:/\0(Sv"‘cer,,'z: - AZMAUSM*aLv,r)'
(4.18)
In particular, with the Cartan generators (4.16), one finds that

[Lj, Ly+v] = [Lj, Ly+v] = (w+v);Lyty, j =12

In the classical limit 8 = 0, the derivations L, , or L, 4, are a representation of the Lie
algebra so(5) as vector fields on the sphere S”.
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The braided Lie subalgebra aut® o(sH (O(S 7)) C Der® e (0(Sg 7)) consists of vertical
derivations. It turns out it is generated, as an O (S 4)—module by the ten derivations

Yiw = Zb; 0 (by Ly = A7 by Ly +A72N0F0p, Ly, )
¥

=Ly — Y (bu o b}8yr — A" by o bX8,c) Ly o (4.19)

V,T

for w, v and sums on y, t in {(0, 0), (£1, 0), (0, £1)}. It is direct to see that these deri-
vations are vertical, that is Y., (b) = 0, for b € O(S 4) The proof that they generate
aut?9 ( S4)((9(S 7)) follows the corresponding classical results in [5, Prop. 4.1].

The sequence (4.15) is exact. Any derivation X € Der® hen (O(S 7)) being H -equi-
variant, restricts to a derivation X7 of the subalgebra O (S 4) This determines the map
7 Der¥ ; (O(S4)) — Der®(0(Sy)). By construction, ker 7 = l(ath(S4)((9(Sg))). By
a direct computation, one verifies that the restrictions 7 (L,v) = L7, , of the derivations
Ly, in (4.16) and (4.17) to (9(53) coincide with the derivations L}, ,, = [T}, T))] defined
in (4.11) (thus the use of the same symbol). Moreover, from Lemma 4.2, the derivations

T, canbe writtenas T, = Y, b " L7, - also giving that

T,=n (Z b;LW). (4.20)
w

This shows the surjectivity of 7 : Dersu a(O(S 7)) — DerR((9(S g )), and thus the exact-
ness of the sequence in (4.15) (since the elements of aut® (O(S 7)) are vertical). We

O(Sy))

oS
know from the general theory in Section 3.4 that the bralded( Ll)e algebra aut?
is that of infinitesimal gauge transformations.

In the limit & = 0, the sequence of Lie algebras in (4.15) is the Atiyah sequence of the
SU(2)-principal Hopf bundle S7 — S*, with autRO ( S4)((9 (S7)) the (infinite dimensional
classical) Lie algebra of infinitesimal gauge transformations.

oSy

Remark 4.4. The braided Lie algebras in the sequence (4.15) were obtained in [5] from
a twist deformation quantization of the corresponding Lie algebras of the SU(2)-classical
fibration S7 — S*. The braided Lie algebra Der® er (O (S )) was generated by derivations
H; i, J =1,2, and E, for r the roots of the Lie algebra so(5). These are related to the
generators L, by

Lj :H~'» .] = 1’27 Lu,,v ZAMAVE/L‘F\M M?év*vl“l/<va
with the previous lexicographic order on the u’s. Moreover,
L*=Hr, j=12, LT, =M Ef . p#v* p<v,

for their restrictions, where @go := 1, @110 := ﬁ%, Qo+l 1= AED (see [5, Rem. 4.7]).
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Moreover, each of the non vanishing terms in parentheses in (4.19) is just one of the
derivations K’s and W’s in [5, Prop. 4.14]. Then, the ten vertical derivations Y, , are
those associated to the quantization Y1) & Lo,1)+(1,0) of the operator Y71, the highest
weight vector of the representation [10].

A connection on the SU(2) Hopf—Galois extension O (S, g ) C O(S g ) is a splitting of
its Atiyah sequence (4.15). This results into an equivariant direct sum decomposition of
DereRM 4 (O(S g )) in horizontal and vertical components.

Proposition 4.5. The right O(Sg)-module map p : Der®(O(Sg)) — Der’y, ; (O(S))), de-
fined on the generators T, of Der?(© (Sg)) as

p(Ty) == biLyuy 4.21)
"

is a right splitting of the sequence (4.15).
Proof. From (4.20), it is immediate to see that 7w o p = id. [ ]
From Remark 3.1, this connection is left O (S g )-linear as well since it is equivariant.

Proposition 4.6. The connection p is invariant under the action (by braided commutators)
of the braided Lie algebra sog(5) of O(SOg¢(4))-equivariant derivations on O (SOg(5)):
for every L., € Der®(O(S])) we have (8,,,p)(X) = 0, for X € Der®(O(Sy)), that is,

(L. p(X)] = p([L . X]) = 0.
Proof. From right O(S g )-linearity it is enough to show that
[Lws P(T6)] = p([L7, . Ts]) =0,

for all generators T, of Der®(O(S g ).
From (2.20) a simple computation gives [b, Ty, To] = by, o5 byTs — A2V 852, T,
Thus, using L7, |, = [Ty, Tv] = b Ty — A**""b, T, from (4.10), we have

(LT . Tol = [buTy. Tol — A2 [by Ty, T
= by og by Ty — AP"98g Ty — X2V b, o by, Ty + AAOFS T,

= 85y Ty — A2 85x, T,y

Then
P(LE . Tol) = Y bF(Sowy Ly — A2 8gu L y).
T

On the other hand, using (4.12) and the braided commutator in (4.18), we compute

Lyt 0T = D [y b¥ L]

= (Lpuw B} Lo + AW, | Leg))
T
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= Z(bu,gvr - AzMAvbv(gut)Lr,a
T
+ Y BFA TN S e Ly g — A2EFONGE Ly o
T
. A—2u/\r8v*0LM’r + A2(M+I)Av80*uLv,r)

=byLyg—A*"by Lo + A**"by Ly —buLy o
+ Z b: (_A_ZMAr(Sv*oLu,r + Az(ﬂ—i_r)/\vfgo*ulfv,r)
T
— Z b: (_A'_ZMAT(gv*OLIL,‘C + Az(u+r)/\v50ml‘v,r).
T
This expression coincides with ,o([LZ,v, Ts]) due to the braided antisymmetry property
Lyy =AML, . L]
As mentioned, the splitting gives an equivariant direct sum decomposition of
Der?, ;1 (O(S])) = p(Der*(O(S3))) ® z(autg(sg)w(sg)))

~ Der*(O(Sy)) ® autg(sg)(w(sg)) (4.22)

in horizontal and vertical parts. For the corresponding vertical projection, we have the

following.

Corollary 4.7. The O(Sg)-module map o : Derf, ; (0(S])) — autz(sg)(G(Sg)),
(L) = Lyy— /O(LZ,V) = Lyv— bup(Ty) — AzMAvbvp(Tu))

is a left splitting of the sequence (4.15); w is the vertical projection.

The decomposition (4.22) is then given, equivalently, by the idempotent (1 o w)? =
1 o . By construction, the horizontal derivations are the kernel of the vertical projection .
A direct check uses the sphere relation and (4.8),

wop(T)) = Zb;w(Lu,v)
"
= brLuy— Y bi e bup(Ty) + Y A% e byp(T),)
u W W
= p(Ty) — p(Ty) + bup(d_b%T,) = 0.
“w

The derivations w(L ) generate the module aut?9 ( S4)((9 (S 97 )). More explicitly,
0
o(Lyy) = Luy—bup(Ty) + Azul\vbvp(Tu«)
=D bfeobelyy —bu ) biLey+2""by Y biLey
T T T

=Y bF(beLyy — AN by Ley + AN L),
T
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The last sum is actually limited to T # u, v since for these two choices for the index 7 the
term in parentheses vanishes. Then, the ten vertical derivations (L) coincide with the

generators Y, , in (4.19) of the braided Lie algebra autz ( Sg)((9 (Sg ).

The connection p assigns to every derivation X on O(Sg) a unique horizontal deriv-
ation on (9(S97 ) that projects on X via . As mentioned, this needs not be a braided Lie
algebra morphism in general: the commutators of horizontal vector fields need not be
horizontal. A measure of this failure is the curvature (3.8).

Proposition 4.8. On the generators T, of the braided Lie algebra Der®(© (Sg)) the
curvature of the connection in (4.21) is given explicitly by

—Q(Tyu, Ty) = o(Lyy) = Ly — (bup(Ty) — Az'um}va(TM)) =Yy, (4.23)
where the Y, , are the derivations defined in (4.19).

Proof. We show that
[P(TM)’ p(Ty)] = Ly (4.24)

Using the module structure, we compute

0T o) = | 65 Lo b1 Lo |

= (bE o6 Loy} Lo — AP b% oy Loy (bE) Loy

o,T

+ A_zu'/\rb: * b: [La,u,, Lt,v]).

Now, Ly,v(bg) = L7, ,,(bs) on the generators of O(S, g ), and thus from (4.12) the first two
terms in the above expression are equal to

D (b 0 Bueho — 8eo A7 M by) Ley — APH""bF o (Sugbe — 8:6A>""by) Lo )

o,T

= Lyuy— » _bFeg A2y Loy — ALy 4+ Y APAVDE 0 A2 Nby Loy,
T T

=2Luy —bues Y biLey + A% by ey > biLey.
T T

As for the third term, using the braided commutator in (4.18), one gets
/\_ZMArb: ®9 b;[Lo,p,v Lr,v]
= A2NbY ey byLoy — Ly = 8ury Y A2 bY oy b¥ Lo
o

0,7

+ Y ATHEATEAD o DLy,
T

Putting the three terms together, one then arrives at

[p(Tu)» p(Ty)] = Lyy— Su*v Z b: * b;Lo,r-

a,T
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For the last term, the O (S g )-linearity of the horizontal lift and the identity (4.8) give

S0 w0 b3 Lax = L bio(T) = o 03T = .
0,7 T T

Thus, [p(T},). p(Ty)] = L,v as claimed. ]

4.1.3. The connection one-form. The connection on the SU(2)-bundle O (S g ) CO(S 97 )
given by splitting the sequence (4.15) corresponds to a Lie algebra valued one-form on
the bundle. Indeed, the partial isometry u in (4.4) gives a projection p = u ey u* and a
canonical covariant derivative V = p o d on the module of sections I' = p(O (S g )#) of the
vector bundle associated to the fundamental representation of SU(2) [15]. When translated
to the principal bundle this corresponds to an su(2)-valued one-form w : Der®(@ (Se7 ) —>
su(2). Explicitly,

1 0 0 0 0 1
w = —du* o U= Wy (0 _1) —+ wy1 (1 0) — a);l (O O) (425)

with one-forms

Wy =dzyegz] +dzyegzy +dzzeg 23 + dzy ez},

wr1 = —dz1 e 22+ dzr eg 21 —dzz eg 24 + dz4 e 23.
The elements dz,,dz),a =1,...,4, are the degree 1 generators of the graded differential
algebra Q2(S) of the canonical differential calculus ($2(Sy), d) on the algebra O (S}) [9].

The commutation relations of the dz’s with the z’s are the same as those of the z’s. The
pairing between derivations and one-forms is defined by

(,):Der(O(S]) ® Q'(S]) = O(S]), (X.da e a') := X(a) s d.
By construction w transforms under the adjoint coaction of O (SU(2)),

Swjk =Y s ® WiWrk,

5.t

for w = (wjx) as in (4.4), with wjz € @(SU(2)). The form w is the identity on the funda-
mental derivations of O (S, g ) defined by the O (SU(2))-coaction and is vertical, that is, it
vanishes on any horizontal derivation in (4.21),

(p(Ty), @) = —(p(T,)(U™)) o u = 0.

This can also be seen by a direct computation using the expressions for the horizontal
derivations in Table 1 below (with slightly different notation: o = V2b10, B = V2bo1
and their conjugated) and using relations (4.6).



Then, for instance,

2(p(To0), w22) = (1 —x) og (z1 09 2] + 2205 23) — (1 + Xx) o5 (23 05 25 + Z4 0 Z})

=X —Xe E ZQOGZ:ZO,
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2(p(T00),a)21) = (1 —_ X) LY (_Zl °g Zo + Zp eg Z]) — (1 + X) LY (—23 ®g Z4 + Z4 o9 Z3)

=0.

Z1

zZ2

2p(Too) oo z3—z4 0 f* Beozz+z4ega’
=(1—x)ez1 =(1—x)e22
2+/2p(To1) A lzieg B+2xegz4—222050) | —Pegz2
=AM (1 =x)epz4 + 2205 )
2/20(To-1) || —B* & 21 B* 020 —2x o9 z3 + 2™ oy 23
=(1—x)egz3 +0a" ez
2V2p(T10) || —cr e 21 Azz eg 0 —2x 0 24 — 221 &g B)
=M1 —x)egz4—2z1f)
22p(T-10) || a* egz1 —2x o523 +2B* o 25 —0* oy 23
=(1—x)egz3z+ B o522
= -
2p(Too) —B* g z2 —a* eg 23 Z1gf—2ea
=—(1+x)ez3 =—(1+x)egz4
24/2p(To1) Begzz+2xeyzy +2z4 050" —Begzy
=(1+x)egz2+z4090"
22p(To-1) || —B* %6 23 AMzg o9 B* —2x 09 21 — 20 g 23)
=—A((1+x)egz1 +xeyz3)
24/20(T10) (e z3 +2x 05 21 — 224 o5 B*) — 8y Z4
= ((1+x) o521 —z40 B")
2\/§P(T—10) —a* e 23 A_I(Z4 oo™ +2x e 3 + 2B o5 23)

= A7 (1 +x) 09 22 + B oy 23)

Table 1. Horizontal vector fields on (9(507 )
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Likewise, using also the commutation relations between the z,’s and the b,,’s, we compute

2v/2(p(T10), w22)
=—egziepz] + A1 —X)egzs0925 —AZ1 09 B ey 2z
+(I+X)egz1 0923 —Zaeg 023 —AZgyegtegzy
= —[aegzyegzy — (1 —X) 0525 024 + 21 95 (25 5 B)
— (1 +x) o521 0925 + (2409 B*) 09 23 + 05 24 o9 23]
= —Jaegziegzy — (1 —X)egz5 0524+ 2105 ((x + 1) 0523 —z] o)
— (L4 x) o921 0523 + (—(1 —x) 021 + ey 23) 09 23 + A g 24 o 2] ]
=—[(x—1) e (Zik %9 Z4 + Z1 o 23’.‘)—}—01-9 (23 » Z; + Z4 0 ZI)]
=—3lx—Depatae(l-—x)]=0

and

2v2(0(T10), w21) = ct og 21 w5 22 + A(1 — X) 0 24 09 21 — AZy o9 B op 21
— (14 x)egz1 0924+ 2405 B¥ 0924 —Azg eyt e 23
=wegZ1egZs+ (1 —X)egz1e924— 2109210 P
—(1+x)egz1 0524+ (2409 B*) 06 24 — 0 05 24 0 Z3
=egZiegZy —2X egZ] egZ4—Z1 2] '9,3
+(cegz3— (1 —X)egz1) w924 —oyzyegz3
=zieg[zaeg 0 —2x 05z — 2109 B — (1 — x) g 24]

=Zreg [(x + 1) egz4 —2x 0524 — (1 — X) o5 24] = 0.

The computations for the other horizontal derivations are similar.

4.2. The conformal algebra and its action on connections

The ‘basic’ connection p we have described in the previous sections is an instanton in the
sense that the curvature of the connection one-form in (4.25) is anti-selfdual [9, 10]. An
infinitesimal action of twisted conformal transformations yields a five parameter family of
instantons [16]. We obtain here a five parameter family of splittings of the Atiyah sequence
(4.15) associated with the braided conformal Lie algebra sog (5, 1).

The braided Lie algebra sog(5, 1) as a linear space is spanned by generators 7, and
Lpp = —ANVE, L for w,v = (0,0), (£1,0), (0, £1). Itis a K-module with action

H;>T,=pujTy, Hi>Luy=W +v)Lyy (4.26)
and has braided brackets

[Tuv% =Ly,
[iu,v, f’:r] = 8U*I)T/L - AZH«/\V&T*M%’

[:Eu,w Ir,a] = (Sv*riu,a - AZMAU(SM*r:ﬁv,o - /\zr/\a((gv*oiu,r - Azu/\vgu*ocfv,t)-
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A representation as braided derivations on @ (S g ) is given by the operators L} , and T,
in (4.12) and (4.7) respectively. On the other hand, a representation as braided derivations
on (9(Sg ) is given by the operators L, , in (4.16) and (4.17) together with the following
additional generators

To0 1= —%b()()A + %(2181 + 2505 + ZikaT + 25‘8; — 2303 — 2404 — 2;8’3‘ — ZIBZ),
Tio := —1bioA + Y2 (Az4dp + 2105 + Az30T + 2205),
To1 := —3bo1 A + @(—1‘12481 + 2903 + A7 2505 — z70)),

T_10:= —3b_10A + ‘/75(2331 + A7 2004 + 2505 + A712T0Y),
Jo—1 := —%bo_lA + %5(2382 —Az104 — ZIaT + 123‘8;),

with A = Y~ (2,0, + z}9}) the Liouville derivation on 9(S}).
A direct computation shows that they project to the derivations 7}, on Sg 2T =Ty
Moreover, using the mixed relations (4.6), one also computes that ZT b7 =0.
We know from Proposition 4.6 that the basic connection in (4.21) is invariant under
the action of the braided Lie algebra generated by the elements &£, ,. The remaining five

generators 7, will give new, not gauge equivalent connections p,, = p + 8,0, with
(8.0)(X) := (87,0 (X) = [T p(X)] — p([T,7. X]). X € Der"(O(S3)).
While the connection p is K-equivariant the connections p,, are not: due to (4.26) one
finds H; > p, = p;8,p. On the generators T, one computes, using (4.21) and (4.24),
(5M,O)(T,,) = _P([Tuv T,]) + [Tu’ p(T))]
= —p([Tu. To) + Y Tu(b) Loy + Y AT2HATbX(T,, Loy
T T

—p([TM, Tv]) + LM,V - b,“O(T,,) - Zkzu/\vb:(‘gu*vﬂ - Azrm)gu*r%)

T

—p([Tys o) + [p(Ty), p(To)] = bup(To) + by = Suv ) b7 T

= —Q(T.. T,) + bu (T, — p(Ty))
= —Q(Ty, Ty) + buo(T).

The last equality follows from w(7,) = T, — p(7,7) = T, — p(Ty) and ) b7 77 = 0.
Lemma 4.9. On generators of Der®(O (Sg)) the variation of the curvature is given by

(B )(Ty, T)) = —2bsQ2(Tyy, Ty) — To (b ) (Ty) + AZMAUTU(bv)w(TM)
= —2b, QT Ty) — & (To (b)) Ty — A2 Ty (by) T).
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Proof. From the general theory, see (3.27), the variation of the curvature is
B (T, Ty) = [T5, 2Ty, Tv)] — Q([T5, T,]. T) + AZ“A"Q([TU, 7], Ty).
For the last two summands, using formula (4.10) for the commutator of the 7},, one gets

—Q(T5, Tul, T) = =Q(bo Ty — A* b, Ty, To)
—bo ATy, Ty) + A2 Mb, Q(Ty, Ty)

and similarly
AZMAVQ([TJ, Tv], T,U«) — )LZW“’on(Tv, TM) _ 12(M+U)/\vva(TU, T,U«)'

For the first summand, from (7}, T,) = —w(L,v) = —Y,,,» and their explicit expression
in (4.19), we compute

(7o, S2(Ty. Tv)]

= _[7;7’ Yu,,v]
= —[%, LM,V] + Z %(bﬂ LY b;svi — AZMAvbv . b;(SMz)Ly’r
V,T
+ Z(K%A(M_wbu o b;gw —p2on= 2y b;‘SW)[Tg, Ly ]
VT

= _SU*M(];) + AZ(I/\'lLS(T”‘\Jrj'lL

+ Z((&T*M - ba 9 bp,) 9 b; + /XZUAMbM *9 (801/ - bo 9 b;))sery,r
VT

- AZMAV Z(((ga*v —bg e bv) ®6 b; + AZGAvbv ®0 (Say —bg e b;))gurLy,r

v, T
+ ) QTN by 0 by = AN b 0y b )Sony T
VT
_ Z(AZU/\(;,L—]/)bM . b;;(gvt _ AZO’/\(U—V)-{-Z;I,/\Ubv o b;gut)AZO'/\y(Sa*rrj}
VT

= _Sa*u% + AZOA/LSU*V‘TM
+ (80*;1, - bo ®9 bu)p(Tv) + A2UAMbuLo,v - Aza/\ubu ®9 bUP(Tu)
— WY (g — by o9 by)p(Ty) — AT Loy
+ AZ(IH_G)Avbv o boP(T/L) + AZO’/\/LbM o by Ty — AZOAV—H“Avbv o baTM

o (AZUAMSUG*bM _ A20Av+2u/\v8y,o’*bv) Z b;;rf;,
14

where we used formulas [75, L;,v] = §o+u T — )LZ‘MMSU*,,TM for the braided commutat-
ors and Ty (by, o by) = (85+10 — bo o5 by) e by + A2ONED 0y (85y — bo e b}) for the
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third equality, and (4.21) for the fourth equality. Finally, recalling that Zy b;fi;, =0, we
have

[To QT T)]
= 81 (Ty — p(Ty)) + A27 MG (T — p(Ty))
— bg 0 bup(Ty) + bo o by (T, — p(Ty))
+ A2 b e byp(Ty) — A2V by eg by (T — p(T)))
+ Azo/\ub/LLO’,v _ Az(u+o)/\vb]}LU’M
= (bg * by — 8o+ )(T,) — A" (bg o9 by — 85+)0(T,)
+ A2Mpy 0 Loy — bop(Ty)) — A2HFDMhy o (Lo — bop(Ty))
= —T, (b)) (Ty) + AN Ty (by)(T;,)
+ A2 e (Lo — bop(Ty)) — A2UFDN D o5 (Lo — bop(Ty)).

Finally, using (4.23), we obtain

G (T Ty) = —2be Ty, Ty) — To (b)o(Ty) + A2 Ty (by)o(Ty)
+ A27M Dy, o (T, Ty) + Loy — bop(T)))
— W2WFDNh 0 Ty Ty) + Loy — bop(Ty))
= —2boQ(Tyu. Ty) — To (b)ox(Ty) + A2 Ty (by)eo(T,)
+ A2 Dy e (=A% by p(Ty))
— AZ(M-HT)Avbv * (—AzaAﬂb/LP(To))
= —2bo Q(Tyu. Ty) — To (b)(Ty) + A2 Ty (by)eo(T,0)

hence concluding the proof. ]

5. The Riemannian geometry of the noncommutative sphere $ 02"

We consider the O (SOg (21, R))-Hopf—Galois extension O (S 92") C O(SOg(2n + 1,R))
on the noncommutative 6-spheres S g". In analogy with the classical case this is thought of
as the bundle of orthonormal frames on S 92” via the identification of derivations
DerR(O(S (3”)) with sections of the associated bundle for the fundamental corepresent-
ation of the Hopf algebra O (SOg(2n,R)) on the algebra (D(Rg"). An equivariant splitting
of the Atiyah sequence of the frame bundle then leads to an explicit and globally defined
expression for the Levi-Civita connection of the ‘round’ metric on O (S 92”). The corres-
ponding curvature and Ricci tensors and the scalar curvature are then computed.

The Hopf algebra O (SOg (21 + 1,R)) is the noncommutative algebra generated by the
entries of amatrix N = (nyy), I,J = 1,...2n + 1, modulo the orthogonality conditions

NiewQeyN=0, Neo Qe N =0 (5.1
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and det(N) = 1 for the quantum determinant. There the matrix Q is given as

0 1, 0
o:=|1, o of. (5.2)
0 0 1

In slight more generality, we may assume the matrix Q to be symmetric and have a single
entry equal to 1 in each row. For fixed index J, we set J' to be the unique index such that
Qy = 1.Clearly (J') = J. We denote by 0 the unique index J € {1,...,2n + 1} such
that Q y7 = 1 and by I the subset consisting of the n indices J such that J < J'. For the
choice of Q in (5.2)onehas J'=n+ J forJ <n,0=2n+land I ={1,...,n}. In
components, the orthogonality conditions give

> ngiresngs =817, Y nikesnyk =51 (5.3)
K K

The commutation relations among the generators ny; are given by
niy eg NKL = AKALINKL s9 N1y, Arg = exp(=2imbry) (5.4
and depend on an antisymmetric matrix of real deformation parameters
Oy =—057 =615, I,J=1,....2n+1. (5.5

Thus A;; = 1if I or J is equal to 0.

The algebra O(SOy(2n + 1,R)) becomes a Hopf algebra with (in matrix notation) co-
product and counit A(N) =N ® N, &(N) = 15,41, and antipode S(N) = Q oy N' o5 O,
S(njx) = ngry . Itis a x-Hopf algebra with *-structure *(N) = QNQ or

(njx)* = Sky) =nyx.

This corresponds to Euclidean signature 2n + 1 (see [2, §4.1.1] for details).
Consider the n functionals ¢; : O(SOg(2n + 1,R)) — C, j € I, defined by

tj(nkr) = 8jx8jr — 8jx:8jrr and tj(aa’) = tj(a)e(a’) + e(a)t;(a’),

forany a,a’ € O(SOg(2n + 1,R)). They commute under the convolution product and give
the cotriangular structure of @(SOg(2n + 1,R)) as R = 2710kt ®% (sum over j, k € T
is understood). They generate the Hopf algebra U(t"), the universal enveloping algebra of
the Lie algebra t” of the (commutative) n-torus. This Hopf algebra has triangular structure
R = e2710icti®% and therefore the Hopf algebra K = U(t")°® ® U(t") has triangular
structure
R = (id ® flip®id)(R™' ® R).

The functionals ¢; are lifted to the derivations H; = (t; ® id) o A and H~ i =({d®t)oA
of O(SOy(2n + 1, R)), which are right and left @(SOg(2n + 1, R))-invariant, respect-
ively. They define an action of the Hopf algebra K = U(t")°? @ U(t") on O(SOy(2n +
1, R)) given explicitly by

H; > ngr = (g — 8y x)nkr. H;>ngr = 60 —8y)nkr. (5.6)
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It is not difficult to see that cotriangularity of @(SOg(2n + 1,R)) is then equivalent
to quasi-commutativity of the (K, R)-module algebra O (SOg(2n + 1, R)) (cf. also [4,
Ex. 5.10]). Explicitly,

a e a/ — me(eZJ'ri@jk(H,'®Hk—Hj®Hk)(a/ ® Cl)),

fora,a’ € O(SOy(2n + 1,R)) and my the algebra multiplication in @ (SOg(2n + 1, R)).
Similarly one defines O (SOg(2n, R)). This Hopf *-algebra is a quantum subgroup

of O(SOy(2n + 1, R)), with Hopf x-algebra surjection 1 : @(SOg(2n + 1, R)) —

O(SOg(2n,R)). It is the quotient of @ (SOg(2n + 1, R)) by the Hopf ideal

(noo — l,nyo,nos,J =1,....2n+1,J #0).
Hence there is a natural right coaction of O (SOg(21,R)) on O(SOg(2n + 1,R)),

§:=(d®@nNA., N—>N@nWN). 8n) =y nuw@mk.
L

having denoted n(N) = M = (mys). The corresponding subalgebra of coinvariants is
the quantum homogeneous space O(Sg”). It is generated by elements u; 1= njyo, I =
1,...,2n + 1, with induced *-structure u; = u and commutation relations

Ureg Uy = AjUj o U].

The orthogonality relations (5.3) imply the sphere relation Y, uy spur =y ; u}‘ wur=1.
The algebra inclusion (9(85”) C O(SOy(2n + 1,R)) is a K-equivariant Hopf-Galois
extension, with (9(S92”) quasi-central in O (SOg(2n + 1, R)). We study the corresponding
braided Lie algebra of derivations.
The braided Lie algebra Derﬁt 1 (SOg(2n + 1,R)) of O(SOg(2n))-equivariant deriv-
ations on O(SOg(2n + 1)) is generated, as an (9(S§”)—module, by elements L;; which
are defined on the algebra generators as

Lij(nst):=08ssnit —Arjépsnyr (5.7

and are extended to the whole algebra as braided derivations. They are braided anti-
symmetric, Lyy = —A;y Lz, and in particular L;;» = H;. The K-action on the deriv-
ations Ly is the lift of the action on @(SOg(2n + 1, R)) given in (5.6). Since these
derivations are right @(SOg(2n + 1, R))-invariant they commute with the left invariant
ones H; and the action of the latter is trivial. As for the action of H; one finds

H; > Lst = (§js + ;7 —6y»s —8;;7)LsT.
It follows that for these generators the braided commutator in (2.7) explicitly reads

[Lij,Lst) = LijLst —ArsArrAgsAyrLstLyy.
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Proposition 5.1. The derivations L close the braided Lie algebra sog(2n + 1):
[Lis,Lstl =08psLit —ArsdpsLyr —Ast@yrLlis — A1s8rTLys). (5.8)
Proof. From (5.7) one computes
LyjLst(nkr) = (nyrésrg —Argngrds)drg —Ast(niLdrrg — Argngrdri)dsk
and similarly
LstLij(ngr) = (nspdpr — Astnrréps)dy g —Arg(nspdyr —Astnrrdys)drk.
Then, using (5.5) to simplify products of A’s, one gets
[Lrs.Lst](nkL)
=085y (mrLérk —Arrnridprk) —8s(ApynyLérx —AysAyrnTréyk)
— 07 y(AsTnirds'k —ArsAysnsLork)
+ 81 (AsTArgngLdsixk —ArsAysAyrnsidyk)

=08siyLir(nkr) —8siiArsLyr(ngr) — 877 gAstLis(nkr)
+ 8 rAstArsLys(nkr)

and equation (5.8) is verified. [

It is clear that any derivation in (5.7) restricts to a derivation of the subalgebra of
O(SOg(2n + 1)) generated by the entries of any column of N, thus in particular to a
derivation of O (S3"). We denote 7 : Der® ,; (O(SOg(2n + 1,R))) — Der®(O(S7")) the
map which associates to X € Derit u(SOg(2n 4+ 1, R)) its restriction X” to (9(56.2"),
w(X) := X”. For the L;y in (5.7), one easily computes

L7;(ug) =urdyg — Arjusdrk. (5.9)
The restrictions L7 close the braided Lie algebra sog(2n + 1), as in (5.8), too.

Lemma 5.2. The elements

Ty:=» uplj, (5.10)
1

generate the O (Sg”)-module Der? (O (Sg”)) of derivations 0f(9(S92”).
Proof. We establish the lemma by showing that
L’ITJ =urTy —ArguyTy.

Since both sides are braided derivations it is enough to show the equality on the generators
of (9(502"). From (5.9), and using the relation ) ; u eg uy = 1, one computes

Ty(ug) = 8jk — Ak'JuK es Uj = SjK' — U] o UK. (5.11)
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Then,
(urTy — ArgusTr)(uk)
= (urdyx —ureguyegug) —Arg(UsSpkx — Uy o UL o UK)
=usdyx —Argujdrk.
A comparison with (5.9) shows that this coincides with the evaluation L7, (uk). |

Notice that the sphere relation implies the generators are constrained as ) ; u ;T =0.
Proposition 5.3. The braided Lie algebra structure of Der? (O (S 6.2")) is given by
(71, Tsl =urTy — ArjuyTy.
Proof. From (5.11) we compute
TiTy(uk) = —Tr(uy o ug)
==y —ureguy)egug —Arjuy g (y/kx — Uy o UK).
Then,
(Tr, Ty (uk) = (Tr Ty — A1y Ty Tr)(uk)
= —8pgug +2uy sguy egug —Arydpguy +Argdyrug
—2Arjuy egus og Uk + Sy kus

= —Arsépguy + 8y xur
= urTy = ArguyTr)(ug). "
In the limit 67; = 0, the derivations L7, give a representation of the Lie algebra
so(2n + 1) as vector fields on the sphere S2".
5.1. The sequence and the equivariant connection
From the definition of the generators 7y = Y ; uy/ LT, of Der?(© (Sg")) in (5.10), the
right O (S g")-module morphism
p : Der*(O(S3")) — Der*(O(SOp(2n + 1)). Ty > p(Ty) =Y upLyy (5.12)
I

is a section of the projection , thatis, m o p = id@(Sgn). Explicitly,

p(Tr)(nsT) =Y ukr o (nk785s — Aksnyrdrs) = Sor8ssr — Asiyus o nyr
K

= 8or8ysr —nJyT %9 US, (5.13)

where we used (5.7) and the orthogonality condition (5.3) for the third equality.
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Proposition 5.4. The connection p is invariant under the action of the braided Lie algebra
s0g(2n + 1): for every L1; € Der®(O(SOg(2n + 1))) we have (8, p)(X) = 0, that is,

[L1s.p(X)] = p([LT;. X]) =0

forall X € Der®(O(S;™)).

The proof is analogous to that of Proposition 4.6 and we omit it. Due to this pro-
position the connection p is left G(Sg”)-linear as well. Using (5.7), the map p satisfies
p>_yupTy) = ZI,J uy egupLyy = 0asitshouldbedueto ) ;uy Ty =0.

The kernel of the projection 7 is generated, as an O (S g”)-module, by the derivations

Y7 = Lis —p(LT;). (5.14)
where

p(L7y) = urp(Ty) — Aryugp(Tr) = Zul eoug' Lxy —Arjuy oo ugLgy.
K

We set
autg 4 (O(S0p (21 + 1. R))) = ker .

the braided Lie subalgebra of vertical derivations. From Section 3.4 this is the braided Lie
algebra of infinitesimal gauge transformations of the @ (SOg(2n, R)) Hopf-Galois ex-
tension 9(S3") C O(SOg(2n + 1,R)) of the noncommutative -spheres S3”. Forn = 2,

the braided Lie algebra aut'é) ( S4)((9 (SO¢(5,R))) was studied in [5] in the context of twist
deformation quantization. ’

The braided Lie algebras above give rise to a short exact sequence,
0 — auty gau (O(SOp (21 + 1. R))) = Derly s (O(S0 (21 + 1.R)))
0
% Derf(0(82")) — 0. (5.15)

The sequence is split by the map p in (5.12), the horizontal lift. The corresponding vertical
projection is then (5.14),

(O DerRMH (O(SOy(2n + 1,R))) — autz(szn)((D(SOg(Zn + 1,R))),
[4
Liy—w(Lyy):=Lig—p(LT;) =Y1;.
As for the curvature one has the following.

Proposition 5.5. On the generators T, € Der®(O (SQZ”)), the curvature is given by

Q(T7,Ty) = —w(Liy) = =Y,
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Proof. We need to show that [p(77), p(Ty)] = Lj;. For this we use the expression for
p(TJ)(nST) in (5.13) and that p(Ty)(us) = Ty (us) =08ys —uyegus. Then

o(Tp)(p(Ty)(nsT)) = —p(T1)(nyT) %0 Us — Argn gt oo p(T7)(us)
= —(8orérry —niT e uy)sous —Aygngr o (8ps —uy og uUs).
Next for the braided commutator,
(o(T7)p(Ty) = Argp(Ty)p(T7))(nsT)
= —SorSprgus +nyr Uy egus —ArjOpsngr + ApgngT e Uy e Us
+ 8078 1A rgus — ApgngT eg Uy egUs + 8y/SNIT —NIT % UJ 9 US

= —Arsépsngr +8yrshir = Lij(nst)

where the last equality follows from (5.7). ]

The sog (2n)-valued connection 1-form on the bundle O (S (3”) C O(SOg(2n + 1,R)),
corresponding to the splitting of the Atiyah sequence (5.15), is the projection D2y 1O
s0g (2n) of the Maurer—Cartan form

w=—dNTe, N

on O(SOy(2n + 1,R)). Here (NT)jx = nky-.

The differential calculus on the algebras O (SOg(2n + 1, R)) was constructed in [3,9].
The commutation relations among degree-zero and degree-one generators of the differen-
tial algebra Q2(SOg(2n + 1, R)) are given by

nryeedngr = ArkArgdngp senyy, dnryesdngr = —ArxApgdnkgp eodngy.
Moreover, from NN = 1,4 one has Sldnpg egnry +Aggrdnpy egnpgr) = 0.

Then,

WKy = — Z dnpgegnpy = Ay ZdnLJ’ NIk = —AKJOJK.
I I3

With E jx the elementary matrices (with component 1 in position JK and zero otherwise)
one computes

1 1
o= wEj =3 omnEp—rsEry) =3 oK
J,L J,L J.L

where in the last equality we have defined the d(d — 1)/2 matrices Ky, withd =2n + 1.
More in general, for any even or odd d we have the following.

Lemma 5.6. The matrices Ky, = Ejpr — Ay Epy, for J,L = 1,...,d, satisfy the
equality Kj;, = —Ajp Kpj. The entries of each matrix Ky, satisfy (KjL)' Q)ap =
—AaB(QKj1)aB. The matrices Ky, close the braided Lie algebra sog(d),

K1y, Kst] =855 KiT —A1y815 Ky — Ast(Bsr Kis — Arsdrr Kys).  (5.16)
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Proof. The first equality is clear, the second follows from a direct computation. For the
last statement we compute

KigKst =8psErr —8prAstErs —8psArgEyr +0prAstArs Egs
and renaming the indices,
KstKry =0r1Esy — 8t jAisEsy —8siiAsTETyr + 8sigArsAsTt ETr .

Then

(K17, Kst] = K17 Kst — ArsAitAssAsr Kst Kig
=8ys(Err —ArsArrAysryrArsAst ETrr)
—8ps(ArsEyr — ArsArrAssAyrAsT ETyr)
—8yr(AsTErs: —ArsArrAssAirArrEsr)
+0rr(AstArsEgs — ArsAirAssAsrEsy)
=8ys(Err — AT Err) —8psAry(Eyr — Ayr ETyr)
—8yrAsT(Ers: — A1sEsp) +8prAstArs(Egsr —AysEsy),

proving (5.16). ]

The projection Ol 2m) of w to the braided Lie subalgebra sog(2n) of sog(2n + 1) is
just
wlso(Zn) = Z wJKKJK" (5]7)
J,K#0

As a consistency check we show that Ol 2n) is zero on horizontal fields:

(P(T1). 0], ,,y) = —(P(TD)(NT)) 0 N, =0

for each horizontal field p(77) in (5.12). Firstly, we compute

(p(Tr), w5k} = =Y p(Tr)(npry) s ik = — ) (807811 —n1yr eg urr) o Lk
L L

= —Sosnik + Sokniy

where we used the expression for p(77)(nst) computed in (5.13) and the orthogonal-
ity condition (5.3). This then gives (p(77), @), ) = 0 when considering the projection
Ol o) of w to sog(2n) in (5.17).

5.2. The derivations as sections of an associated bundle

Given the @ (SOg (21, R))-Hopf-Galois extension O (S, g”) CO(SOy(2n+1,R)) of ortho-
normal frames on S g”, we identify the derivations DerR((9(S92”)) as the sections of the as-
sociated bundle for the fundamental corepresentation of the Hopf algebra O (SOg (21, R))
on the algebra O (RZ").
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Given aright H -comodule algebra A with coactiond: 4 - A® H,8(a) =a) ® aq)
and a left H-comodule V' with coactiony : V — H ® V, y(v) = v(—1) ® v(g), sections
of the vector bundle associated with the corepresentation y can be identified with linear
maps ¢ : V — A which are H -equivariant

#(V)(g) ® (V) (1) = (v(0)) ® S(v(=1))- (5.18)

The collection & of such maps is a left B-module for B C A the subalgebra of coinvariants
for the H -coaction.
For H = O(SOg(2n,R)) consider the fundamental corepresentation

y 1 R?" — 9(S0g(2n,.R)) @ R?", ¢4 > Zm“ﬂ ®ep
B

on the vector space R?" with the 2n basis elements ey, @ # o’. We denote by &7 the
o(S g”)-module of equivariant maps, defined as in (5.18), associated via this corepresent-
ation to the O (SOg(2n, R))-Hopf—Galois extension (9(53”) C O(SOg(2n + 1,R)).

Proposition 5.7. The O(S g”)-module &1 of equivariant maps is generated by the 2n + 1

linear maps
¢y 1 R*" = O(S04(2n + 1,R)),

du(ea) = (NQ)joa =njo, J=1,....2n+1.

Proof. With the coactions §(nyjgx) = > ; njr ® mpk and y(eq) = Zﬂ mep ® eg, the
condition in (5.18) implies that an equivariant map is linear in the generators ng; ,

plea) = Y b5 egnyk, bJK € O(SF™.
J,K

(5.19)

Then (5.18) yields
Z bIK eynj @ mpg = Z béK o NjK @ Mprgr.
J.K,L B.J.K

Thus /K = 0 when K # o’ and ¢(eq) reduces to ¢ (eq) = Y ; b e 1 jor. The equivari-
ance implies bO{ = bé , for all B, that is, the coefficients do not depend on the basis
element e,. The general equivariant map is thus written as ¢ (eq) = ) _; B’ ey 1y with
B’ €O(S 92"). This concludes the proof. |

The module generators above are not independent,
Z u J’¢( J) = 0
J

for uy = nyo the generators of the sphere (9(592”) and module structure written as
(b)) (ea) = b oy (s (ea)), for b € O(SF"). Indeed, from (5.3),

ZMJ’ o Py (ea) = ZMJ’ %o Nja = ano o Njg = 8o = 0.
J J

J
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The O(S, g")-module of equivariant maps &7 can be realised as the image of the free
module via a suitable projection with entries in @ (S 92"). Define 2n vectors |@q ), ¢ # o,
with components

o)y i=nge, J =1,...,2n+ 1.

From the orthogonality condition of the matrix N in (5.3), these are orthonormal,
(Pa.@p) =y nyahjp = 84p, and we get a matrix projection

Pi=Y_ |9u)(tal-
aFal

The entries of p are in (9(55"): using again the orthogonality condition one computes

PIJ =Y Nl e Nya =817 —npoegnyo =817 —useguy. (5.20)

o
This projector has rank 2n, its trace is

2n+1

tr(p) = Z (8g7 —uyoguy)=2n-1,
J=1

with 1 the constant function. We can then identify &7 = (O (S 92”)2"'“) p- In this way, the
rows of p are a set of generators for the module &7.

The module &7 gives the ‘tangent module’, that is, the derivations Der®(O (S, 6%”)).
This can be seen in two different ways. On the one hand, from expression (5.20), the rows
of p, that is, the generators of &7, are the components of the generators 7y in (5.11).

On the other hand, let |A) be the unit vector with components (uy,J =1,...,2n + 1),
and let py = |A)(A| be the ‘normal’ projection with corresponding ‘normal’ bundle & .
From p @ py = id we read the direct sum decomposition @(S3")***! = €7 & Ex. We
have as a consequence a module isomorphism between the O (S g")—module Der?(O(S 92"))
of derivations of @(S3") and the 9 (S;")-module E7.

We then identify the generators Ty of Der®(O (S 92”)) in (5.10) with the generators ¢ )
of the module &7 in (5.19) via the module map

[:Der"(O(S3™") — 67, Tr—>¢uy, J=1,....2n+1.
The matrix Q defining the orthogonality condition (5.1) is used for a metric on &,
g : Der®(O(S3")) x Der®(O(S5™)) — O(S").

This is the restriction of the standard metric on the free module @ (S7")*"*! to the module
&r = (O(S3")*" 1) p >~ Der®(9(S;")). Thinking of the generators T as the rows of the
projection (5.20), on these the metric is defined by

g(T;. Tk) ==Y (Tr)L o Orr s (TK)r
L,1
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and computed to be

g(T7,Tk) =Y 8r1(Tr)L o (Tk)1 = Y (Tr)r « (Tk)wr
L1 L

= Z PJL % DKL = Z PJL * PLK' = PJK’
L L

=0sx —ujyegug = Ty(ug). (5.21)

Here we used the properties p* = p and p? = p read as px/pr = prx and > PKL %
pLJ = pkJ- Expression (5.21) is extended by @ (S 5”)-bilinearity. Clearly the metric g is
braided-symmetric: g(Tx,Ty) = Axsg(Ty, Tk).

5.3. The Levi-Civita connection

With the identification above, the connection (the splitting) p of the Atiyah sequence in
(5.12) induces an affine connection on Der®(O (S 62")).

Definition 5.8. For X,Y € Der®(O(S g”)), the covariant derivative of Y along X is defined
to be
VxY =T (p(X)(I(Y))) (5.22)

for p the splitting and the derivation p(X) acting on the function I"(Y').

Using that p is equivariant and thus right and left O (S g")—linear, one proves the fol-
lowing covariant derivative properties.

Proposition 5.9. The covariant derivative has the properties:
(1) VpxY =bVxY;
(i) Vx(bY) = X(b)Y + (Ry > b)) Ve xY
for X,Y € DerR((9(S€2”)) and b € (9(S92”).
The Riemannian curvature of the covariant derivative is naturally defined as

R(X,Y)Z :=VxVyZ — Ve oy Vrepx Z — Vix,r1Z.

for X, Y, Z € Der?(O(S, g")). The properties in Proposition 5.9 imply that the curvature is
left O(S g”)-linear while the equivariance of p implies that it is also right O (S g”)-linear.

Proposition 5.10. Ler Q(X,Y) = p([X,Y]) — [p(X), p(Y)] be the curvature of the equi-
variant splitting (the connection) p. Then

RIX,Y)Z = -T Y QX Y)T(2))).
Proof. From I'(Vy Z) = p(Y)(I'(Z)) one gets I'(Vx Vy Z) = p(X)p(Y)(T'(Z)). Thus,
TRX,Y)Z) = (p(X)p(Y) = p(Ra > ¥)p(R* > X) — p([X, Y]))(T'(2))

from which the stated equality follows. ]
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Furthermore, the torsion tensor of the covariant derivative is defined as
T(X9 Y) = VXY - VR(IDY(RQ > X) - [Xs Y]»

for X, Y € Der®(O(S3")). Again, itis O(S3")-bilinear.
As we see below, the covariant derivative in (5.22) is the Levi-Civita one. On the
generators T of the module Der®(© (Sg”)), formula (5.22) gives

VTJ TK = —TJ *UK. (523)

(As before we write X - b to distinguish the right O (S g")-module structure from the eval-
uation of a derivation on an element in O (S g").) Indeed, using (5.13), one computes

L(Vr, Tx)(ea) = p(Ts)(nka) = —njo oo ux = —(I'(Ty)(e€a)) o Uk
Proposition 5.11. The covariant derivative in (5.22) is torsion free.
Proof. Using (5.23), we compute
Vr, Ty = ANy, Ty = =Tr -ug + Ay Ty -up = —Apgug Ty +ur Ty = [T1, Ty

where we used the module structure (2.19) for the second equality and Proposition 5.3 for
the last one. Then T(77, Ty) = 0 as claimed. ]

Proposition 5.12. The covariant derivative is compatible with the metric (5.21),
g(VxY.Z) 4+ gRy > Y, Ve x Z) = X(g(Y, Z)),
for X, Y, Z € Der®(O(S§")).
Proof. On generators the above becomes
gV, Ty, Tk) + Ay g(Ty, V1, Tx) = TL(g(Ts, Tk))- (5.24)
Then, from the explicit expression (5.23) and (5.21) one computes,

gV, Ty, Tx) + Agg(Ty. V1, Tx) = —g(TL -uy, Tx) — Aypg(Ts, TL - ug)
= —Ajruy oo 8Ty, Tx) —g(TL, Ty) e ux

=—Ajruy e Tp(ug) — Tp(uy) eg ug

which coincides with the right-hand side of (5.24) by the last line in (5.21). [ ]
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5.4. The Riemannian geometry

For the covariant derivative V in (5.22), the Riemannian curvature on the generators 7y €
Der®(O(S3™)) is given by

R(Ty. Ty)Tk = T1 - Ty (ug) — Arg Ty - Tr(ug)
=T;-g(Ty, Tx) —AryTy - g(T7, Tk). (5.25)
First, using Proposition 5.9, we have
V1, V1, Tk = V1, (=Ty -ug) = Ak Vr, (ugTy)
= ATy -Ti(ug) + Ty -uy egug

from (5.23), and

Vit tnTk = Vo uyTi+umy Tk = —ur Ty -ug + ApgugTr - ug.
Then,
R(T;, T)) Tk =V, V1, Tk = Ay V1, V1, Tk — Vir, 11Tk
= ATy -Tr(ug) +Tr-uyegux + T1 - Ty (uk)

— ATy -upequg +urTy -ux —ArpgugTy -uk
=—ApyTy-Tr(ug) + Ty - Ty (uk).

The second equality in (5.25) follows from the last line in definition (5.21).
We next consider the dual (Der?(O (S 3”)))’ of Derf(O (S 3”)) with respect to the met-
ric g in (5.21). That is, we have a map still denoted g and defined on generators by

0y = g(Ty) : Der(O(S5")) = O(S™). Tk v 0;(Tx) = g(Ts. Tx) = Ty (ug).

(5.26)
Proposition 5.13. The Ricci tensor, defined by
R(Ty, Tx) := Y 0p(R(T1, T1)Tk)
I
is computed to be
R(Ty, Tx) = 2n — DTj(ug) = 2n — 1)g(Ty. Tk). (5.27)

The scalar curvature defined by

r= R '(65).Ts)
J

is computed to be
r=2n(2n—1). (5.28)
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Proof. For the Ricci tensor, from (5.25) and (5.26),

R(Ty. Tk) := Y _(6r/(T1) Ty (ug) — Ars 01 (T1) Ty (u)).
1

The first term is given by Y ; (817 —up oo ur)Ty(ug) = 2nTy(ug) while the second
one is

= A1s@ry —up squ)Tr(ug) = =Ty (ug) +uy o y_ur(Tr(ug)) = =Ty (uk),
Ji Ji

being Y ; up Ty = 0. When added they give (5.27) using that Ty (ug) = g(Ty, Tk).
For the scalar curvature one has then

r=Q@n=1) Ty =@n—=1) (7 —uyeus)=@n—12n
J J
as stated. ]
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