Ann. Inst. H. Poincaré © 2023 Association Publications de 1’Institut Henri Poincaré
Anal. Non Linéaire 42 (2025), 41-84 Published by EMS Press
DOI 10.4171/ATHPC/98 This work is licensed under a CC BY 4.0 license

Lifting of fractional Sobolev mappings to noncompact
covering spaces

Jean Van Schaftingen

Abstract. Given compact Riemannian manifolds M and N, a Riemannian covering r: NN by a
noncompact covering space N, 1< p <ooand 0 < s < 1, the space of liftings of fractional Sobolev
maps in WS P (M, N) is characterized when sp > 1 and an optimal nonlinear fractional Sobolev
estimate is obtained when moreover sp > dim M. A nonlinear characterization of the sum of spaces
WSP (M, R) + W1SP (M, R) is also provided.

1. Introduction

Given a covering map 7: N — N, that is, a map 7 such that for every y € N there exists
some open set U C N such that y € U and 7~ (U) is a disjoint union of open subsets of
N on which 7 is a homeomorphism, the classical topological lifting theory states that if
M is a simply connected topological manifold and if 7 is surjective, then every mapping
u € C(M,N) can be written as u = 7 o i for some map # € C(M, N) (see for example
[15, Prop. 1.33]). For instance, the universal covering of the circle 7: R — S! defined for
each 7 € R by 7(7) := ¢’¥ € S € R? ~ C allows one to classify the homotopy classes
of maps from the circle S! to itself (see for example [15, Thm. 1.7]).

When the manifolds N and N are both endowed with a Riemannian metric, we say that
7:N — N is a Riemannian covering whenever it is a covering and it is a local isometry,
that is, it preserves the metric tensor. In fact, if N is a Riemannian manifold and 7 is a
topological covering map, there exists a unique Riemannian metric on N such that 7: N —
N is a Riemannian covering (see [16, Prop. 2.31], [13, §2.A.4]).

Given a Riemannian covering 7 N — N, a Riemannian manifold M, s € (0, 1] and p €
[1, 00), the lifting problem in Sobolev spaces amounts to determining whether each map-
ping u € WP (M, N) can be written as u = 7 o % on M, for some map ii € W*? (M, if)
[2,5].

When s = 1, the space W12 (M, N) is the homogeneous first-order Sobolev space
defined — if the Riemannian manifold N is assumed without loss of generality in view of
Nash’s embedding theorem [26] to be isometrically embedded into some Euclidean space
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RY —as
WP (M, N) == {u:M - N } u is weakly differentiable and fM|Du|1’ < oo}.

If the domain manifold M is simply connected, then the first-order Sobolev spaces in
which each map admits a lifting have been characterized for the universal covering of
the circle 7: R — S! by Bourgain, Brezis and Mironescu [5, Thm. 3] and for a general
Riemannian covering map 7: N-—>N by Bethuel and Chiron [2, Thm. 1] (see also [11,
Thm. 1.1]): if the covering 7 is surjective and not injective, every map u € W12 (M, N)
can be written as u = 7 o ii for some mapping i € W12 (M, JA\T) if and only if p >
min{2, dim M}; moreover one has then

fM|Da|P - [M|Du|f’; ()

once the existence of the lifting i is known, the identity (1) follows directly from the chain
rule for the Sobolev functions since the covering map 7 is a local Riemannian isometry
so that | Dit| = |Du| almost everywhere on M.

In the fractional case 0 < s < 1, the corresponding homogeneous fractional Sobolev—
Slobodeckir space W*? (M, N) can be defined through the finiteness of the Gagliardo
fractional energy as

WP VN = {u: M= N | e o0 = Mnpene D22LEDE dy dx < oo,

dy (,x)m+sp

where dy; and dy respectively denote the geodesic distances on the connected Riemann-
ian manifolds M and N and where m := dim M.

When sp < 1, by the works of Bourgain, Brezis and Mironescu for the universal cover-
ing of the circle 7: R — S [5, Thm. 2], [11, Thms. 5.1 & 5.2] and of Bethuel and Chiron
[2, Thm. 3], every map u € WS’P(M, N) can be written as u = 7 ou withu € WS’P(M, JF:I)
and one then has the lifting estimate

/./. AR (@(). i(x))? dydx < C //‘ dn(u(y), u(x))? dy dx. )
MM MxM

dne(y. xS dne(y. Xy

In this régime sp < 1, fractional Sobolev maps are quite rough mappings, and the pos-
sibility of jumps leaves much room for the construction of the lifting, which is quite
challenging because of the hlghly nonunique character of the lifting.

When the covering space N is compact, fractional Sobolev spaces W52 (M, N) for
which any map admits a lifting have been characterized in the works of Bethuel and Chiron
[2, Thm. 3], and of Mironescu and Van Schaftingen [24]: if the covering 7 is surjective
and not 1njectlve every map u € WS2(M,N) can be written as u = 7 o @i for some
e WP (M, N) if and only if sp > min{2, dim M}. Moreover, if sp > 1, estimate )
holds for any u € W2 (M, N) that can be written as u = 7 o if with it € WS2?(M, N),
this crucial estimate is a consequence of a reverse oscillation estimate, combined with the
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observation that the diameter of the covering space N can be bounded by a multiple of
inj(N), the injectivity radius of the manifold N.

When the covering space N is not compact, one encounters an analytical obstruction
for 1 < sp < m: there exist maps in W*2 ()M, N) that are smooth except at a single point
and that cannot be written as ¥ = 7 o u for some map u € Ws:p M, j(f) [5, Thm. 2],
[2, Thm. 3]. This does not end the story, as one can still try to describe the functional
space of liftings.

In the case of the universal covering of the circle 7: R — S1, the liftings have been
characterized in a sequence of works by Bourgain, Brezis, Mironescu and Nguyen [4, 11,
19-22,27]:

Theorem 1.1. Let M be a compact Riemannian manifold, let m := dim M, let s € (0, 1)
and let p € (1,00). If M is simply connected and if sp > 2, then there exists a constant
C € (0, 00) such that every map u € WP (M, S') can be written as u = w o ii on M
with it = © + @, where the functions © € WP (M, R) and © € WP (M, R) satisfy the
estimate

[ B TP gya [ paprzc [ OO0 g
o e (y, X)mEse roext (v, Xy

In other words, Theorem 1.1 states that any map u € W2 (M, S') has a lifting i €
WP (M, R) + W2 (M, R).

Conversely to Theorem 1.1, in view of the fractional Gagliardo—Nirenberg interpola-
tion inequality (see for example [8, Cor. 3.2], [33, Lem. 2.1], [10]), if # = ¥ + @ with
i e WSP(M,R) and @ € W52 (M, R), then u := 7 o i € WP (M, S!), with inequality
(3) reversed. Theorem 1.1 characterizes thus completely the lifting space of WP (M, Sh)
for sp > 2 as the sum of linear spaces W2 (M, R) + W52 (M, R).

The first goal of the present work is to obtain a counterpart of Theorem 1.1 for a gen-
eral covering map 7: N — N when the covermg space N is not compact. This endeavour
is delicate from its very beginning, since W*? (M, N) + Whsp (M, fN) has no straight-
forward definition or generalization when the covering space N is not a linear space. We
characterize the lifting space as follows.

Theorem 1.2. Let M and N be compact Riemannian manifolds, let m == dim M, let
7:N = Nbea surjective Riemannian covering map, let s € (0, 1) and let p € (1, 00).
If M is simply connected and if sp > 2, then there exists a constant C € (0, 00) such
that for every map u € WP (M, N) there exists a measurable map ii: M — N satisfying
7 ou = u almost everywhere on M and

f/ A (@Q). AP AL 4 C[f (). uC” (g 4
MM MxM

do(y, x)"+sp “di(y, Xy

The integrand in the left-hand side of (4) only differs from the classical Gagliardo
energy in the right-hand side by truncating, through the minimum A operation, the value
of the distance at 1; in terms of metric space, this can be interpreted as taking, on the
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covering space N, a bounded distance for which the covering map 7w is an isometry at
small scales.

The characterization of liftings of Theorem 1.2 is sharp, in the sense that if for some
mapping t: M — N the left-hand side of (4) is finite, then by the local isometry property
of liftings one has u = 7 o it € W2 (M, N) together with estimate (4) reversed.

The core of the proof of Theorem 1.2 is the reverse oscillation estimate of Miron-
escu and Van Schaftingen [24, Lem. 3.1] (see Proposition 2.1 below), combined with the
approximation of maps that are smooth outside a finite union of manifolds of dimension
[m — sp — 1] by Brezis and Mironescu [9], a suitable variant of the fractional Rellich
compactness theorem under a boundedness assumption on the left-hand side of (4) (see
Proposition 2.8 below) and, at a more technical level, the equivalent characterization of
the lifting space (see Proposition 1.5 below).

The lifting in the space of functions such that the left-hand side of (4) is finite enjoys
a uniqueness property. In order to state this, we define the space

X (M, N) = {ﬂ: M—>N ‘ u is measurable and

x,yEM

YT dydx < oo}
ax (i (x), u(y))>mJ(N)/2

dx (x y
the latter space contains mappings for which the left-hand side of (4) is finite (see Propos-
ition 2.15 below) and the uniqueness of the lifting then follows from the next proposition.

Proposition 1.3. Let M be a compact Riemannian manifold and let 7 : N — N be a Rie-
mannian covering. If M is connected, if ig, i; € X(M, ﬁf) and if w oig = 7 o Uy almost
everywhere on M, then either iy = 1 almost everywhere on M or iy # i1 almost every-
where on M.

When 1 < sp < 2 or when the manifold M is not simply connected, topological
obstructions can exclude the existence of a lifting; it turns out however that when a lifting
exists in X (M, N), then such a lifting has to satisfy the estimate of Theorem 1.2.

Theorem 1.4. Let M and N be compact Riemannian manifolds, let m = dim M, let
7:N — N be a Riemannian covering map, let s € (0, 1) and let p € (1,00). If sp > 1,
then there exists a constant C € (0, 00) such that if u € X(M, if) and ifu ' =moll €
WP (M, N), then

dx(y), u(x)? Al d p
// Nu(y) u(icn)J)rs dydx < C // Nu(y), rfn(iz) dy dx.
MxM djv[(y,X) P MxM dM(y X) P
The restriction to sp > 1 is essential in Theorem 1.4 in both the compact and noncom-
pact cases: if sp = 1 and if & is surjective and not injective, then there is no estimate on
the lifting [24, Lem. 5.1].

Theorems 1.2 and 1.4 motivate studying the quantity on the left-hand side of (4), which
turns out be equivalent to a wide family of similar quantities.
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Proposition 1.5. Let M be a compact Riemannian manifold with m := dim M, let N be a
Riemannian manifold, let s € (0, 1), let p € (1,00) and let qo,q1 €[0,00). Ifgo Vg1 V1 <
sp, then there exists a constant C € (0, 00) such that every measurable mapping i: M — N
satisfies

/[ dx(u(y), u(x))? A dx(u(y), u(X))"" d
y X
MxM

dove(y, x)"+sp

- dxe((y), u(x))? Adse(u(y), i(x))"
=¢ //ijvt dyi(y, x)m+sp dy dx.

In Proposition 1.5, the case go < ¢, is trivial. The estimate of Proposition 1.5 gen-

eralizes similar estimates obtained in the context of estimates of homotopy classes with
sp = dim M [36, §5].

As a consequence of Theorems 1.1, 1.2 and Proposition 1.5, we obtain the following
nonlinear characterization of the linear sum of Sobolev spaces.

Theorem 1.6. Let M be a compact Riemannian manifold, let m := dimM, let s € (0, 1)
andlet p € (1,00). If sp > 1 and if 0 < g < sp, then

[FiM o R | ffy g LOL@IPALOIDI g 4 < o0}

de (y,x)mtsp

= WSP?(M,R) + WP (M, R). (5)
Moreover, the quantities

// SO = f@IPALSD) — flx )I"
MxM

dai(y, x)m+sp

and

P
inf // 1g(y) —g(x)|” dy dx+/ \Dh[?
geEWSP (M, R) Mxm Ay, X)mﬂp M
heW 1P (M, R

f=g+h
are equivalent in the sense that each of them is bounded by a constant multiple of the

other.

Theorem 1.6 complements the characterization of sums of fractional Sobolev spaces
by Rodiac and Van Schaftingen [32], which states that if ¢ > sp,

(/A M—>R } . LS W=F@PASOI=SON gy qx < oo}

doi (y,x)mtsp

= WP (M, R) + W04 (M, R). (6)

We give a proof of Theorem 1.6 relying on the characterization of liftings of mappings
into the circle Theorem 1.1; it would be enlightening to have a direct proof.

Open Problem 1. Give a direct proof of Theorem 1.6.
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In the case g = sp, it turns out that the identifications (5) and (6) fail (see Proposi-
tion 3.2), leading to the following question.

Open Problem 2. Given a compact Riemannian manifold M with m = dimM, p € [1, c0)
and s € (0, 1) such that sp > 1, characterize the set

XS POLR) = 1M > R | [fyrng LOTLELALGITWI? g, 4y < o0

dy (,x)mFsp

We have some information about what the space X7 (M, R) could be: by The-
orem 1.6 and by (6), we have

L (WP R) + W8P (M. R)) € X*P (M. R)
s<6<1

C WHP(M,R) + WHP(MLR),  (7)
whereas by Proposition 3.2 below, we have
WhSP(M,R) € X52 (M, R), ®)

so that the second inclusion in (7) cannot be an equality.

The second goal of the present work is to investigate estimates for the lifting when
sp > m. In this case every map u € W?(M, N) can be written as 7 o i with i €
WP (M, if) [5, Thm. 2], [2, Thm. 3] (see also [11, Thms. 5.1 & 5.2]). Whensp =1 =m
it is known that there is no estimate on the lifting when the covering map r is surjective
and not injective [5, Rem. 3], [24, Lem. 5.1] (see also [11, Prop. 9.2]). If the covering
space N is not compact, then it is also known that there cannot be any estimate of the form
(2) (see [23, Prop. 5.7] for the universal covering of the circle 7: R — S!).

For the universal covering of the circle 7: R — S, Merlet and Mironescu and Molnar
have obtained the following nonlinear estimate [18, Thm. 1.1], [23, Thm. 5.4] (see also
[11, Thm. 9.6]).

Theorem 1.7. Let M be a compact Riemannian manifold, let m := dim M, let s € (0, 1)
and let p € (1,00). If sp > m and sp > 1, then there exists a constant C € (0, 00) such
that if it € WP (M, R) and if u := e'¥, we have

() — ()|
[/Mxm docy oy 4

- ) —u @I, Ju(y) —u )| ;
__(j([ZWKM dey x)m+ﬁp dx-+ (ZZWKM dwdy x)m+1p dydx) ).

We generalize Theorem 1.7 to a general covering 7: N N.

Theorem 1.8. Let M and N be compact Riemannian manifolds, let m = dim M, let
: N — N be a Riemannian covering map, let s € (0,1) and let p € (1,00). If sp > m
and sp > 1, then there exists a constant C € (0, 0o) such that if u € X(M,N) and if
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u:=moii € WHP(M,N), we have it € WP (M, N) and

di (i (y). u(x))” dn(u(y), u(x))?
[ﬂuM dcy, o ¥ dx<‘7([LuM dily, o

dn(u(y), u(x))? H
(//MXM dni(y, x)m+sp d)’dx) ) &)

Theorem 1.7 can be proved by combining estimate (3) on the linear decomposition of
the lifting with a fractional Sobolev embedding [23]; the latter embedding turns out to be
a consequence of Theorem 1.8 (see Remark 4.2 below). Since the decomposition of the
lifting into a sum (3) does not subsist for a general covering space N, we give a direct
proof of Theorem 1.8; the structure of the proof with weak-type estimates on some level
sets of differences is akin to the proof of Marcinkiewicz’s real interpolation theorem and
Sobolev’s embedding theorem by interpolation (see for example [35, Chap. I, Thm. 5]).

As a consequence of Theorem 1.7 and of the classical extension of traces in the frac-
tional space W'~1/2-2 (M, R) into W -2 (M x (0, 1), R), one gets the following extension
estimate: if p > dim M + 1, then there exists a constant C € (0, co) such that every map
u € WI=1/r-P(\, S) is the trace on M x {0} of a mapping U € WHP(M x (0, 1), S')
satisfying the estimate

/ |DU|? < C(// lu(y) —u(x)[” dy dx
Mx(0,1) N MxM dyi(y, x)m+sp

u(y) —u(x)|? =
(L e ae) ) o

For a general target manifold N, it is known that if p > dim M + 1, every map
u € Wi=1/r-P(M,N) is the trace of a mapping U € W12 (M x (0, 1), N) [3, Thm. 1].
When p > dimM + 1, a compactness argument shows that the extension U can be
taken to remain in a bounded set of W1?(M x (0, 1), N) when the trace u remains
bounded in Wlfl/P’P(Jv[, N) (see for example [30, Thm. 4]). When p = dim M + 1
and 7,—1(N) % {0}, such a boundedness cannot hold [29, Prop. 2.8], [25, Thm. 1.10];
one still gets estimates when the mapping u has a small fractional Sobolev energy and
weak-type estimates in general [29,30].

In the particular case where 71(N) =~ -+ =~ 7| ,—1](N) =~ {0}, where |r | € Z denotes
the integer part of » € R, Hardt and Lin [14, Thm. 6.2] have proved that there exists a
constant C € (0, o) such that every map u € W'=1/2:2 (M, N) is the trace of a mapping
U e WH2 (M x (0, 1), N) satisfying the estimate

=

d i p
/ |DU|”§C// Mdydx. (11

Mx(0,1) axae A (y, x)mEsp
The surjectivity of the trace with the linear estimate (11) fails when the homotopy group
7| p—1)(N) is nontrivial or when one of the homotopy groups 71 (N), ..., | p—2 (N) is

infinite [14, §6.3], [3, Thm. 4], [1, Prop. 1.13], [25, Thm. 1.10].
Estimates (10) and (11) naturally raise the following question.
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Open Problem 3. Given compact Riemannian manifolds M and N and p > dimM + 1,
is there a constant C € (0, co) such that every map u € W'~1/7-P(M, N) is the trace on
M x {0} of a mapping U € W12 (M x (0, 1), N) satisfying the estimate

»
Mx(0,1) Mxpe A (p, x)msp

P
d p =
( [ dtwonur,, dx) )?
MM dM(y x)m P
In the case where the fundamental group 71 (N) is infinite and where 7o (N) >~ - ~
7 p—1](N) = {0}, although Theorem 1.8 provides a lifting in W'=1/7-» (M, N), a univer-

sal covering space N fails to be compact, so that Hardt and Lin’s theorem on the extension
of traces [14, Thm. 6.2] is not applicable.

2. Characterizations of the lifting space and related estimates

2.1. A priori estimate for regular liftings

We begin by proving an priori estimate on the lifting that will be the main analytical tool
for the construction and estimate of liftings in Theorems 1.2 and 1.4. Given a convex open
set 2 € R™, we define the space of mappings that are essentially continuous on almost
every segment of 2:

Y(Q,if) = {ﬁ: Q — N | for almost every x,y € €2, there exists ti,,, € C([x, y]. N)
such that iy y(x) = (x), tix,y(¥) = u(y)

and iy , = 1|[x,,] almost everywhere on [x, y]} (12)

for which we prove the following a priori estimate.

Proposition 2.1. Letm € N \ {0}, lets € (0,1) and let p € (1,00). If sp > 1, then there
exists a constant C € (0, 00) such that if 2 € R™ is open and convex, ifu € Y(2,N) and
ifu:=mou e Ws’p(Q,N), then

// dsc(u(y), u(x))? /\1 ydx < C// dn(u(y), u(x))? dy dx. (13)
QxQ §2xg

|y _ x|m+sp |y — x|m+sp

Proposition 2.1 was initially stated and proved in the case where the covering space
N is compact [24], where it was an essential tool in the construction of liftings; the same
argument also yields reverse superposition estimates in fractional Sobolev spaces [37].
We perform here a straightforward adaptation of the proof to the case where the covering
space N is not compact.

As in the proof in the compact case [24], the main analytic ingredient of the proof of
Proposition 2.1 is the following estimate on Gagliardo seminorms on segments.
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Lemma 2.2. Letm € N \ {0}, let s,0 € (0,1) and let p € (1,00). If the set 2 € R™ is
open and convex, if 0 < o < s and if the mapping u: Q — N is measurable, then

u((l —t)x +ty), u((l—r)x+ry)) )
drdt )dyd
//S;xsz(//o 1]><01] |t —r|1tor|y — x|mtsp rdsjdydx

dn(u(y), u(x))?
(2(5 - U)P +1)2-1 //QXQ |x — y|mtsp dy dx. (14)

It will appear in the proof of Lemma 2.2 that the constant in inequality (14) is sharp:
equality holds in (14) if Q2 = R™. The left-hand side of (14) cannot be bounded for o = s.

Proof of Lemma 2.2. We apply the change of variable (z,w) = (1 —¢#)x +ty,(1—r)x +
ry) in the integral on the left-hand side of (14), and we obtain, since z —w = (t —r)(y —
x)anddet(({ZL L)) = —(r —r),

1=rr
1—1t)x +1¢ 1—- +
// (// u(( )x 1+Uy) u(( m:zx ry)) dr dr) dy dx
QxQ \JJ[0,1]x[0,1] |t — r|1+op|y — x|mtsp
d , P
- // // @ uw)” 4y gz g, 15)
axe 4., |t — r|1=(=0)p|z — y|m+sp

where we have defined for each z, w € Q the set
Tow = {(n1)€[0,1] x[0,1] | 22 € Q and (A=nz=(-Dw ¢ o},

We observe that, since s > o, we have by domain-monotonicity of the integral and by
direct computation for each z, w € €,

1 Lot 1
//z e N s A

1 1
= 6o / |1 — 7|62 4 |p|6=9)P g
s—o)p Jo
8

T aGoprE1 1o

and conclusion (14) follows from identity (15) and estimate (16). [

Our second tool is the following elementary geometric result on covering space.
Lemma 2.3. Let 7: N — N be a Riemannian covering map. If the manifold N has a
positive injectivity radius inj(N) > 0, then for every X, y € N such that d% (X, y) < inj(N),
one has dxN(X,y) = dn(n(X), 7(y)).

The proof of Lemma 2.3 follows from the definition of injectivity radius inj(N) and
from the lifting of geodesics (see for example [24, Lem. 2.1]).
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Proof of Proposition 2.1. We first assume that the set & C R is open and convex. By the
convexity of Q and by the definition of Y (£2, N) in (12), for almost every x, y € 2, we
have [x, y] C , the restriction i ['[ ) of # to the segment [x, y] satisfies i [ y)=
lix,y almost everywhere on [x, y], tix,,(x) = #(x) and uiy,,(y) = u(y), with iy ), €
C([x,y], 5\]) By the intermediate value theorem, there exists z € [x, y] such that

inj(N) A dxc(i(y), i (x)) = inj(N) A d5(tix,y (). x,y (X)) = dX(lix,y (2), ix,y(¥)):

by Lemma 2.3, we have thus

inj(N) A d5i(u(y). u(x)) = dn(uux,y(2), ux,y (),
with uy , = w o iy, € C([x, y], N). We have thus proved that
inj(N) A dxc(u(y),1i(x)) = sup dn(uux,y(2), tx,y(¥)). (17)
z€[x,y]
Fixing 0 € (0, 1) such that 1/p < o < s, we deduce from the one-dimensional fractional
Morrey—Sobolev embedding (see for example [17, Thm. 2.8]) and from (17) that

inj(N)? A dxc(u(y), i (x))?

565[7 dN@hu(ﬂ——0x+¢yLuLy«l—rhr+ry»pd“h
[0,1]x[0,1]

|t _ r|1+op

dr dr, (18)

c // dN(u((l —t)x +ty),u((l—r)x + ry))p
' [0,1]x[0,1]

|t_r|1+0p

since op > 1 and uy y = u [[x,y] almost everywhere on [x, y]. The conclusion follows
then by integration of (18) thanks to Lemma 2.2. ]

2.2. Variations on the lower exponent

We exhibit a whole family of characterizations of the space appearing in the description of
liftings of Theorem 1.2; our analysis follows and extends the results obtained for m = sp
in the context of homotopy estimates [306, §5]. The results of the present section are valid
under the quite general assumption that the target € is any metric space.

Proposition 2.4 (Exponent improvement). Let M be a Riemannian manifold, let € be a
metric space, let s € (0, 1), let p € (1,00) and let qy,q1 € (0,00). If sp > 1V qo V q1,
then there exists a constant C € (0, 00) such that for every measurable map f:M — &
one has

// de(f(»). FN? A de(f (). SOOI
y ax
MxM

dM(y7 x)m+sp

<C // de(J(»), f(x)P Ade(f(y), f(x)T
B MxM

de[()’» x)m+sp

dy dx, (19)

with m = dim M.

The main tool to prove Proposition 2.4 is the following estimate which was already
known in the special case y = m [36, Prop. 5.5].
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Proposition 2.5. Let qo,q; € [0, +00), let n € (0,1) and let y € (0,00). If 1 < y and
if either qo > 1 or y > 1, then there exists a constant C € (0, 0co) such that for every
m € N\ {0}, for every convex open set Q@ € R™ and for every measurable map f:Q — &,
one has

(de(f ), fx) =2)™

(x,)eQxQ |y — x|mtY
de (f(»), f(x))=A

dy dx

(de (S (), f(x) = nA)™

(x,y)€EQXQ |y —x|m+7
de (f(»),f(x)=nA

In the particular case ¢; < qg, one has the pointwise estimate
(=T =@ =) /(A —mrye=,

and (20) follows immediately by integration.

Proposition 2.5 is reminiscent of an estimate of Nguyen that appears in characteriza-
tions of first-order Sobolev spaces [28, Thm. 1 (a)].

Our first tool to prove Proposition 2.5 in general, is the following scaling inequality
(when y = m see [36, Prop. 5.1]).

< A0 dydx.  (20)

Lemma 2.6. For every m € N \ {0}, for every convex open set Q@ C R™, for every meas-
urable map f:Q — &, for every q € [0,00) and for every y € R, if Lo < A1 one has

(de(f(). f(x)) = A1)*
dy dx
(x,y)€EQXQ |y — x|m+y
de (f(), f(x)=A
< 21— 1)+)+(’\1)(q Dl
Ao
d L f(x) — Ao)?
y (de(f(y), f(x)) — o) dy dx. e
(x,y)eQXQ |y —x|m+)’
de (f(¥),f(x))=Ao

Proof of Lemma 2.6. Since the set €2 is convex, for every x, y € 2, we have % e Q
and thus by the triangle inequality,

de(f(y), f(x) = A1 <de(f(y), fCFE) = B+ de(F(F2), f(x) — &

so that

(de(f (). f(x) =4

(x,7)€QxQ |y — x|ty
de (f(0),f)=A

q
1) dy dx

(@) (de(f(y). FE52) - 4)°
<2 + ( dy dx
X,y)ERXQ |y _ x|m+y
de (fO), R =41
d x+y _ A._l q
+ 26D+ ( U wIPAC ) dydx. (22)

(x,y)eQ2xQ |y _x|m+y
de (FCE2), f ()= 21
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Therefore, by symmetry between both terms in the right-hand side of (22) under exchange
of the variables x and y in the integral, we have

(de(f (), f(x) = M)

(x,y)EQXQ |y — x|m+y dy dx
de (f(),f ()=
de (f(552), f(x) — 4)°
— nl@g—1D++1 ( &
=2 (x.)eRx oy x [y dydr.  (23)

de (F(552), f(x)= 41

By the change of variable y = 2z — x, we have |y — x| = 2|z — x| and thus

(de (f(322), f(x)) — A1) ivd
(x,y)€QxQ R ly — x|m+y ydx
de (FCE), f)=5L

A1\4
_ L (/ (de(f(2). f(x)) — %) dz) dx
o\Js,

oy |z — x|mty
! (de(f (), f(x) —4)*
=< bYa (x,7)€RxQ [y — x [t dy dx, (24)

de (f3),f()=4t

where for every x € 2, the set X is defined as
Yy = {Z € Q | 2z —x € Qandde(f(2), f(x)) > 7‘}
By (23) and (24), we deduce that for every A; > 0,

(de (S (), f(x)) = A1)

dy dx
(x,)€QxQ |y — x|m+y
de (f(3),f(x)=A
de (f(y). f(x)) — 4L
(g—D+—@-1) ( € ’ 2
<2 + (x)e@x o dy dx. (25)

de (fO),fO)=24F

Iterating estimate (25), we deduce that for every nonnegative integer £ € N,

(de(S). ) = M)
ydx
P)EQXQ |y — x|mty
de (f(y) S(x)=A
de(f(y)., f(x)) — 21)°
Llg—1)+—(y—1 (de 2!
< 2Hg=D+=(y=1) (r.)eax T dydx. (26)

de (fO). SN2 2F

If Ao € (0, A7), we let £ € N in (26) be defined by the condition 2~ ¢+ 1| < 1y < 27¢),
and we conclude that (21) holds. [

Our second tool for the proof of Proposition 2.5 is the next elementary integral inequal-
ity [36, Lem. 5.6].
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Lemma 2.7 (Integral estimate of truncated powers). For every qo.,q1 € [0, 00) and every
n € (0, 1), there exists a constant C > 0 such that for every t € [1, 00),

L(t—r)no

— 91 < A
t-D*=c p ritao—a

Proof of Proposition 2.5. Applying Lemma 2.7 with ¢ = d¢(f(y), f(x))/A at each
X,y € 2, integrating the result and interchanging the integrals, we have

(de(f (). f(x) = A

(x,)€EQXQ |y — x|ty
de (f (), f(x)=A

> d , f(x) —r2)?
< ¢ a0 / / (@ /0) SN =r)™ o
n (x,»)€QxQ ritqo—ai|y — x|m+vy
de (f(3),f(x)zra

a
) dy dx

Since the set 2 € R™ is convex, by Lemma 2.6, we have for every r € (1, 00),

(de (S (), f(x) = ra)™

(x,)EQXQ |y — x|m+1’
de (f(3), f(x))=rA

dy dx

1 (de(f(y). f(x)) —nA)*°
=G @y // (1,7)eRxQ Iy — x|+ dydx. (28)
de (F (), fCe)=nA

Combining estimates (27) and (28), we deduce that

(de(f (). f(x) =4

(x,)EQXQ |y — x|m+1’
de (f(y), f(x))=A

o 1
< CS)L‘II_QO /
n

———dr
ry+1-1—q0)+—a1

d L fx) =)
§ (@GO S =)™
(x,)€QxQ |y — x|m+1’
de (f(¥), f(x))=nA

q1
) dy dx

sinceqo— 1 —(qo — 1)+ = —(1 —qo)+.1f g1 <y — (1 —qo)+, then

© 1 dr — 1
. ry+1—(1—qo)+—aq1 "= y—(»0-=qo)s — ql)ny—(l—qo)+—q1 <,

and estimate (20) follows from (29).

If go > 1, then we have proved the estimate for g; < y. Otherwise, go < 1, and we
have proved estimate (20) for ¢; < go + (y — 1). Iterating the estimate finitely many times
we reach the interval ¢; € [0, 1] and conclusion (20) then follows for ¢; < y. [

We are now in a position to prove Proposition 2.4.
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Proof of Proposition 2.4. Since the case g1 < qo follows from the fact that for every ¢ €
(0, 00), we have t? A t9°0 < tP A t71, we consider the case q; > ¢o. Letting 2 C R™ be

a convex open set and the mapping f: Q2 — & be measurable, and defining the set

A={(x.y) e QxQ|de(f(y). f(x)) = 1},
we decompose, since g1 < sp < p, the integral in the left-hand side of (19) as

// de(f ). S(NP A de(f). SCDT
QxQ

[y = xp

:ﬂ~ %UU)ﬂMVdd_ﬁﬁddﬂWJuwﬂwm.
QxQ\4

Iy_x|m+sp |y_x|m+sp

On the one hand, we immediately have

[/ de(f(y), f(x)P dy dx
axa\a |y —x[mtse

- // de(f (). )P A de(f(). ST
a QxQ

[y =] o

On the other hand, by Proposition 2.5, since sp > 1 and ¢; < sp, we have

// de(J ) SOOI 4y

[y =

(de(f(). f(x)) = )"
(x,y)EQXQ x|
de (f(0),f(x))=%
<C (de(f(y), f(x) — %)110

- (x,y)eQ2xQ |y _x|m+sp
de (F(0),f(x)>%

<24 dy dx

dy dx,

and it follows thus from (30), (31) and (32) that

// de(f (). f()P A de(f). FCDT
QxQ

[y = xep

<o [ AUOLIONALGOLIO
QxQ

[y =

(30)

€1y

(32)

(33)

since g9 < p. The announced conclusion (19) then follows from (33) and the covering of

Lemma 2.11.
Thanks to Proposition 2.4, we can now prove Proposition 1.5.

Proof of Proposition 1.5. This follows from Proposition 2.4, with € = N
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2.3. Compactness in the space of liftings

Given the estimate on the lifting of Proposition 2.1 on a set which is dense in the fractional
Sobolev space W2 (M, N) [9], a classical approach to prove the existence of a lifting
would be to consider the limit of the liftings of an approximating sequence. In order to
perform this, we need a compactness result on sets for which the left-hand side of (13) is
uniformly bounded.

Proposition 2.8. Let M be a Riemannian manifold with finite volume, let € be a metric
space, let 0 < g < p and let 0 < s < 1. Assume that every bounded subset of € is totally
bounded. If S is a set of measurable functions from M to € such that

/[ de(f (1), f(X)P A de(f (), f(x)?
MM

dove(y, x)m+sp

sup
fes

dy dx < oo, (34)

with m .= dim M, and such that

1
inf — >0, 35
f,gES/MI'FdE(gvf) )
then the set S is totally bounded for the distance
de(f.8)
dufe) = [ T8 (36)
g m 1+de(f.g)

Although the case p = g = 0 is covered in Proposition 2.8, it is not particulary inter-
esting since in view of Lemma 2.14, the mapping f should be constant on every connected
component of M.

If the metric space € is complete, the assumption that any of its subsets is totally
bounded is equivalent to € having the Bolzano—Weierstral property or to € being a proper
space.

Convergence with respect to the distance d,, defined in (36) is convergence in measure.
We first remark that this distance can be controlled on finite-measure sets by a quantity
reminiscent of the integrand in (34).

Lemma 2.9. Let (1 be a measure on Q2 and let € be a metric space. If 0 < g < p and if
the mappings f, g: 2 — & are measurable, then

dg(f;g) (1-1/ )+( )11’/\1
/M T de(f) dp < p()V 7 /st(f,g)”Ade(ﬁg)qdu . (3N

Proof. When 0 < p <1, (37) follows from the fact that for every ¢ € [0, co) one has
t/(I+1) <t Al <tP A,

whereas when p > 1, (37) follows from the fact that
/A4t <t Al <tAtd?

and Holder’s inequality. ]
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The proof of Proposition 2.8 will rely on the following inequality.
Lemma 2.10. If p, g € [0, 00), then for every £ € N and ay, . ..,a, € [0, 00), we have

4 )4

P q
(Zai) A (Zai) <, max (Eap)? A (Lar)?.
i=1 i=1
Proof. Without loss of generality, we can assume that for each i € {1,..., £} one has

a; < ay, so that Zle a; < {a; and

14 L

(Zai)p A (Zai)q < (a)? A (la))? = Enaxz}(ﬁai)” A (La;)?. n

£ £ ie{l,...
i=1 i=1 e

Proof of Proposition 2.8. By the finiteness of the volume and a local charts argument, we
assume that Q = Q™ = [0, 1]™. For every k € N \ {0}, we subdivide the cube Q™ in a
set QX of k™ cubes of edge length 1/k. Given f € §, we define the map fz: Q™ — & in
such a way that fy is constant on each cube Q € QF and for every x € O € Q,

/Qde (f (), fe()? Ade(f(x). fie(x))? dx

<o [ deror s@) ndeFO) S ayax. G8)
oxQ
It follows immediately from (38) that

[@m de (f(x). fie(x)? Ade(f(x), fie(x))? dx

de(f (), F? A de(f ). F)"
e e T
and thus by Lemma 2.9 that
[ de(f (), fil)
on T+ de(/0). o)
(= de (f(5). SO A de(f (), fGNT N
—( k7 f/@@ [y — xr < d") - 40

Assumption (34) and estimate (40) imply that for k € N \ {0} large enough, the set §

is contained in an arbitrarily small neighbourhood of the set of mappings fj. Since for

every k € N, the set of mappings taking constant value on each O € Q is bi-Lipschitz

equivalent to the manifold 8km, and since bounded subsets of € are totally bounded, it

remains to prove that for any k € N, the mappings fj are contained in a bounded set.
For every A € (0,00) and f, g: M — &, we have

/@ ! dr < [{x € Q" | de(g(x). f(x) <A} + ——

1+ de(g(x). f(x) I+2°
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and therefore by our assumption (35), there exist A € (0, o) and n € (0, 0o) such that for
every f,g €8,
[{x € Q" | de(g(x). f(x) = A}| = 1. (41)

For every x, y € Q™, we have by the triangle inequality,

de(8r(x). fi(x)) = de(gi(x), g(x)) + de(g(x), g(»))
+de(g(y). f(¥) +de(f(¥). f(x)) + de (f(x). fi(x)),

and thus by Lemma 2.10,
L, (a0 el A e, fel)) d
< / (5de (g1 (), g()” A (5de (g (x). ()" dx
/ £ (502200, £60)” A (5 (510 £0) dy v
+ ]{1(5(13 (). FON)” A (5de(g(y). f(y))? dy
+ [ £ 6000 160 A (e (0. 100) dy

+ f@ (Sde(fe@). f()” A (Sde (fi(). £ () dx. 42)
with
A= {x € Q" | de(g(x), f(x)) < A}. 43)
Inserting (34), (39) and (41) in (42) combined with (43) and with Lemma 2.9, we get
de(gr(x), fx(x)) 1 1A
dx < C + -+ AP AN ,
[@m LF de(gr). fi) l(kSP Aat)?
and the announced boundedness follows. -

2.4. Existence of a lifting

The last tool we will use to prove Theorem 1.2 is the existence of local charts that cover
the product.

Lemma 2.11. If M is a connected compact manifold with m := dim M, then there exist
open sets V1, ..., Vo C M such that for eachi € {1, ..., 1L}, the set V; is diffeomorphic to
the closed ball By C R™ and such that

l
MngUVixVi.

i=1
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Proof. Since the manifold M is connected, every doubleton {x, y} C M is contained in an
open set V' C M such that V is diffeomorphic to the closed ball B; C R™. In particular,
(x,y) € V x V. We conclude by compactness of M x M. L]

The proof of Theorem 1.2 will rely on the notion of normal covering. A covering map
: N — N is normal (or regular) whenever, for every y € N, we have

7 ({x(M) = {r() | T € Aut(m)}, (44)

where the group of deck transformations (or group of covering transformations or Galois
group) of the covering 7 is the group

Aut(r) = {t:N - N | 7 is a homeomorphism and 77 o 7 = 7}

endowed with the composition operation [15, §1.3], [34, Chap. 2, §6]. When 7 is a Rie-
mannian covering, 7 is a local isometry and any t € Aut(r) is a global isometry of N.

If 7:N — N is a universal covering, that is when 7 is surjective and N is simply
connected, then 7 is normal.

We proceed to the proof of existence of a lifting.

Proof of Theorem 1.2. We first assume that 7: N — N is a normal covering of N.

Given a map u € W*?(M,N), by Brezis and Mironescu’s approximation result for
fractional Sobolev mappings [9], there exists a sequence of mappings (u;);en in the set
RO (M, N) N WP (M, N) that converges strongly to the mapping u in W52 (M, N),
where Rg (M, N) denotes for k € {0,...,m — 1} the set of maps from a manifold M to a
manifold N that are continuous outside a finite union of k-dimensional submanifolds with
boundary of M.

For every j € N, the mapping u; is continuous outside an (m — 2)-dimensional subset
X ; C M. Since the manifold M is simply connected, the set M \ ¥; is also simply connec-
ted and there exists 1; € C(M \ X;, N) such that 7 o uj =uj fa\x;, where u; g, is
the restriction of u; to the set M \ X;. In particular, we have i € ﬂ??,lﬂ M, ﬁ) Since for
every convex open set 2 C R we have 3272(9 , ﬂ) cY(Q, ﬁ) and since sp > 1, by the
a priori estimate on the lifting (Proposition 2.1), by the diagonal covering (Lemma 2.11)
and by Proposition 2.4, we have

// dxi(u;(x), u; ()P A dx(u(x), u;(y))
MxM

dpi(y, x)mFep

sup
jeN

dy dx < oo. (45)

By (45), there exists thus A € (0, co) such that for every j € N, there exists x; € M for
which if we set
Aj = {x € M| d5i(@;(x), 1 (x;)) < A} (46)

we have then
|47 = Z|M]. (47)



Lifting of fractional Sobolev mappings to noncompact covering spaces 59

Since the manifold N is compact and since the covering 7 is normal, there exists an
open bounded set W < N such that 7(W) = N and

N= |J 'om. (48)

Te€Aut(m)

in view of (44). By (48), for every j € N, there exists thus r; € Aut(sr) such that
7 (U (xj)) € W . Without loss of generality we assume that for each j € N we have
7 = id5, so that i, (x;) € W.

We deduce from (46) that forevery i, j € Nand x € 4; ; := A; N A4;,

de(uj(x), ui(x)) < dse(j(x), u;(x;)) + dse (@ (x;), i (x;)) + dx @i (x;), ui (x))
<2 + diam(W); (49)
by (47), we have
|Aij| = |Ai NAj| = |Ai| + |4j] = |4; U Aj| = 2IM| 4+ 3IM| — M| = M. (50)

Therefore, we have by (49) and (50),

// L Al v
aoxve | AN (i, 1) T 14 24 4+ diam(W) — 3(1 + 24 + diam(W))’

and it follows from Propositions 2.1 and 2.8 and from the completeness of the manifold
N that, up to a subsequence, the sequence (iij);eN converges almost everywhere on M to
some mapping ii: M — N; we also have 7 0 i = limj_, oo 0 %i; = lim; oo u; = u almost
everywhere; by Fatou’s lemma, by the a priori estimate on the lifting (Proposition 2.1) and
by the diagonal covering (Lemma 2.11) we have

// Az (@(y), ii(x)? Al dy dx < hmmf// dxi(uj(y),u;(x)? Al dy dx
MxM MxM

dM(y’x)m+sp T jooo dM(y,x)m+sp
d X . p
< C; liminf // N (y), uj (%)) dy dx
MxM

J=00 dai(y, x)mHsp
dn(u u(x))?
_aff  bwur,
MxM de[ (y x) L
which proves the statement and estimate (4) when 7: N — N is a normal covering.

If 77: N — N is not a normal covering, we choose 77x: N, — N to be a universal cover-
ing of N, so that in particular 7 o 5y: N, — N is a universal covering of N and thus also a
normal covering. Applying the first part of the proof, we get a mapping it € W52 (M, N*)

such that 7 o 7w, o i, = u on M setting i := 7, o Ui, we reach the conclusion in the gen-
eral case. [

As a by-product of the proof of Theorem 1.2, we get under the weaker condition
sp > 1 the existence of a lifting with an estimate for maps that are continuous outside a
submanifold of codimension 2.
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Theorem 2.12. Let M and N be compact Riemannian manifolds, let m = dim M, let
N> Nbea surjective Riemannian covering map, let s € (0, 1) and let p € (1, 00). If
M is simply connected and if sp > 1, then there exists a constant C € (0, 00) such that for
every map u € ﬁm LM, N) N WSP(M, N) there exists a measurable map ti: M — N
such that w o i = u almost everywhere on M and (4) holds.

As a consequence of Theorem 2.12 and Proposition 2.8, any map which is the almost
everywhere limit of a sequence of maps (u;); eN in R _,(M,N) N WP (M, N) that is
bounded in W*2 (M, N) has a lifting i: M — N satisfying

// CIDIIE)) LS e // x4 0) U5 ()
MXM MxM

dyi(y, x)ymtsp T jooo dyi(y, x)m+sp

When 1 < sp < 2, the assumption that the domain M is simply connected in Theor-
ems 1.2 and 2.12 can be replaced by a smallness assumption on the map to be lifted.

Theorem 2.13. Let M and N be compact Riemannian manifolds, let m = dim M, let
7: N — N be a surjective Riemannian covering map, let s € (0, 1) and let p € (1, 00).
If sp > 1, then there exist constants ¢, C € (0, 00) such for every map u € WP (M, N)

satisfying
// AN N e (51)
MxM

Cdyi(y.x)mEs
and also satisfying u € RO_,(M,N) when 1 < sp < 2, there exists a measurable map

i: M — N such that 7 o ii = u almost everywhere on M and (4) holds.

When 77: R — S! is the universal covering of the circle, Theorem 2.13 is a reformu-
lation of a result of Brezis and Mironescu [11, Thm. 14.5 & §14.6.2].

Proof of Theorem 2.13. We follow the proof of Theorem 1.2, noting that 71 (M) has
finitely many generators, so that if ¢ € (0, oo) is taken small enough, the smallness assump-
tion (51) implies that u; has a lifting on a finite set of loops generating 71 (N) and not
intersecting the singular set of u, and hence u; has a lifting outside its singular set. =

2.5. Uniqueness of the lifting

The lifting given by Theorem 1.2 turns out to be essentially unique, as it is well established
for the lifting in fractional Sobolev spaces [5, App. B], [2, Lem. A.4].

The main analytical tool is the following result of Bourgain, Brezis and Mironescu
[7, App. B, [6, Cor. 6.4] (see also [11,12,31]).

Lemma 2.14. Let M be a connected Riemannian manifold with m := dim M. If the set
A € M is measurable and if

1
————dydx < o0,
/AfM\A distyc (v, x)™m+1 yer =0

then either |A| = 0 or M\ A| = 0.
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Proof of Proposition 1.3. We define the set
A= {x e M | ity (x) =iio(x)}. (52)
We observe thatif x € A and y € M\ A4, then by Lemma 2.3 and by the triangle inequality,

inj(N) < dx(u1(y). o(y))
= dx (i (), ur(x)) + dx @1 (x), o (x)) + dx (o (x), uo(y))
= dx (i1 (y), 11 (x)) + d5 (o (x), o (),

and thus either d5:(tig(x), o (¥)) > inj(N)/2 or dx (i1 (x), %1 (y)) > inj(N)/2, and thus

1
—  _dydx
/A/M\A do (x, y)ym+1

1
55 B
- X, yEM d , m+1
jeomy Y asi iy onzmosa 1Y)

dy dx < oo.

It follows then from Lemma 2.14 that either |A| = 0 or [M \ A| = 0 and the conclusion
follows from the definition of A in (52). ]

The space X(M, 5<f) contains all functions such that the left-hand side of (4) in The-
orem 1.2 is finite.

Proposition 2.15. Let M be a compact Riemannian manifold, let m: N — N be a Rie-
mannian covering, let s € (0, 1), let p € (1,00) and let g € [0, ). If sp > 1 and if the
mapping u: M — N is measurable and satisfies

// dx(U(x), u(y)? A dxi(i(x). u(y))?
MxM

dM(y7 x)m+sp

dy dx < oo,

with m := dim M, then ii € X(M, N).
Proof. We have

(injN)/2)” A (inj(N)/2)7

X, yeM dyi(x, y)ym+1
A% @(x), (7)) Zinf(N) /2 (X, y)

, sp— A (i (x), u(y)? A dx(u(x), u(y))?
= dlam(M) Pl //MXM dM(y,x)m+sp

dy dx

dydx <oco. =m

Classical fractional uniqueness results for ug, u; € WP (™, 5\]) with0 < s < 1[2,6]
can be recovered from Propositions 1.3 and 2.15.

The uniqueness property of the lifting also allows one to write any lifting in terms of
a fixed lifting over a normal covering.
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Proposition 2.16. Let M be a Riemannian mamfold let my: Nﬂ — Nb and Ty: Nb — N be
Riemannian coverings and let iy € X (M, Nﬁ) and 1y € X(M, Nb) If M is connected, if
the covering my is surjective, if the covering m, o wy is normal and if m, o Uy = 7, 0 7Ty O Uy
almost everywhere on M, then there exists T € Aut(m, o my) such that i, = my o T o iy
almost everywhere on M.

Proof. Since the covering my is surjective, for every x € M, there exists yy € ﬂ# such that
g (Py) = tip(x). For almost every x € M, since 7, (7r3(F)) = 7 (1, (x)) = 7, (7w (1 (x)))
and since the covering 7, o 7y is normal, there exists T € Aut(m, o 7y) such that yy =
7(iy(x)) and thus i, (x) = my(r(1y(x))). Hence we have

M= |J {xeM]|iyx) =my(r(y(x)} UE

T€Aut(m,omy)

where E C M satisfies |E| = 0. Since the set Aut(m, o ) is countable, there exists
T € Aut(my, o my) such that i, = 7y o T o 1iy on a set of positive measure of M and the
identity then holds outside a null set by the uniqueness of lifting (Proposition 1.3) since
M is connected. |

As a consequence of Proposition 2.16, we get that a lifting in X (MM, N) of a continuous
map is necessarily essentially continuous.

Proposition 2.17. Let M be a Riemannian manifold and let 7: N — N be a Riemannian
covering. If u € X(M,N) and if u = 7 o U is continuous, then there exists v € C(M,N)
such that v = u almost everywhere on M.

Proof. We first assume that the manifold M is simply connected. We then apply Prop031—
tion2.16 with 1, = 1: N — N, my: N — N a universal covering and v € C (M, N*) such
that 7 o ¥ = 7 o . The conclusion then follows from Proposition 2.16.

In the general case, we cover the manifold M by simply connected open sets U; €
M, with j € J. By the first part of the proof, for every j € J, there exists a mapping
vjeC (Uj,iD such that 7 = 9, almost everywhere in U;. For every j,{ € J, it follows
in view of the continuity of the mappings ¥; and v, that ¥; = U everywhere in U; N Uy.
Therefore the map ¥ can be defined in such a way that for every j € J its restriction ¥ 'y,
to the set U; satisfies ¥ [y, = v; and that ¥ is continuous on M. m

2.6. A priori estimate on the lifting

Theorem 1.4 will be proved as a consequence of Proposition 2.18, once one notices that
liftings in X (2, N) of maps in WP (2, N) with sp > 1 turn out to be in Y (2, N).

Proposition 2.18. Let m € N \ {0}, let 2 € R™ be open and convex, let N be a compact
Riemannian manifold, let w: N — N be a Riemannian covering map, let s € (0, 1) and let

pe(l,00). Ifsp>1,ifu eX(Q,if) and ifu == 7 oti € WSP(Q,N), then ii € Y(Q,ﬂ).
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In order to prove Proposition 2.18, we will use the following consequence of Fubini’s
theorem, which implements the rotation method on the space X (€2, N).

Lemma 2.19. For every m € N \ {0}, there exists a constant C € (0, 00) such that for
every convex open set 2 C R™, every metric space &, every § € (0, 00) and every meas-
urable function f:Q — &, we have

royeQ —|y—x|m+1 dy dx
de (f(¥),f(x))=8

1
ZC/ / [/ ——— dydxdz dw.
sm-1 Jyp L x,y€QN(z+Rw) |y — x|2

de (f(3),/(x))=8

Proof of Proposition 2.18. Since sp > 1, by Fubini’s theorem and the fractional Morrey—
Sobolev embedding, for every straight line L C R™, there exists a mapping uy €
cnlL, if) such that u }qonr= uy = 7 ol Ponr almost everywhere in Q N L. Simil-
arly, by Lemma 2.19, we have @ [ qnz€ X (2 N L, N). By Proposition 2.17, there exists
a mapping iy, € C(Q2 N L, iD such that # gnyz = ti; almost everywhere on Q N L. It
follows thus by definition (12) that i € Y (€2, N) |

Proof of Theorem 1.4. By Proposition 2.18, the a priori estimate Proposition 2.1 holds on
any local chart. We reach the conclusion by the covering of Lemma 2.11. ]

3. Relationship to linear Sobolev spaces

3.1. Characterization as a sum of Sobolev spaces

Our proof of Theorem 1.6 that characterizes the space of liftings appearing in Theorem 1.2
and Proposition 1.5 will use the following density result.

Proposition 3.1. Let m € N \ {0}, let s € (0,1) and let p € [1,00). IfU C R™ is open
and if f:U — R is a measurable function satisfying

/f |LfO) = SOIP ALf() = f)
UxU

ly — x|m+sp

dy dx < oo, (53)

then for every set Q@ C U such that dist(2,R™ \ U) > 0, there exists a sequence (fj)jen
in C®(Q,R) such that f; — f almost everywhere in Q as j — oo and

// 1fi () = [iNP AL () — fi ()
QxQ

[y =

sup dy dx < oo. (54)

jeN
Proof. We define the function ®: R — R for each # € R by

|2]? if |t] < 1,
O(t) = ] (55)
1+ p(Jt|—1) if|¢| > 1.
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We observe that the function @ is convex and that it satisfies for every ¢ € R,
117 Afe| < (1) < [2]” A (ple) < p(It7 Al]). (56)

We fix a function n € C2°(R™, R) such that » > 0 and [, 7 = 1. Since condition (53)
implies the local integrability of the function f, there exists a sequence (§;);en in (0, 00)
such that the function f;: Q — R defined for each x € Q by

fi(x) = /ﬂ;m n(z)f(x—48;z)dz

is well defined and f; — f almost everywhere in Q as j — oo. Moreover, since the
function @ is convex, we have for every j € N,

) = £ () /() — f)
Joo i ves [[ S v @)

and (54) follows from (56) and (57). ]

We now prove the characterization of the sum W*2 (M, R) + W52 (M, R).

Proof of Theorem 1.6. In order to prove the inclusion C in (5), we first assume that the
set 2 € R™ is bounded and open with a smooth boundary d€2, that Q C U, with dist(€2,
R™\ U) > 0 for some open set U 2 €2, and that, in view of Proposition 1.5,

// 1SG) = FDIP AFC) = FOL
UxU

[y =

S // [f(x) = FOIP ALf(x) = f(x)]2 dy dx < oo, (58)
UxU

[y = e

By Proposition 3.1 and by (58), there exists a sequence (fj)jen in C* (2, R) such that
f; — f almost everywhere in € and

Lfi(y) = fi()P Al
]GN //;zxg |y — x|m+sp dy dx

- lLfO) = SOIP ALf() = f)
B Cl //;/XU

[y =

dy dx < oo. 59)

For every j € N, setting u; := ¢i, we have

[ Mg o [ UWBOPAL, o o
QxQ Q2xQ

|y _ x|m+sp |y — x|m+sp

Since sp > 1, by the lifting in the sum of Sobolev spaces [11, Thm. 8.8], [22, Thm. 2] (see
also [6,19,20,27]), we can write f; = g; + h; with the functions g; € WP (2,R) and
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hj € W1sP(Q, R) satisfying the estimates
p p
// |g] (y) g]fx)l d d < C3 // |u] (x) u]fy)l dy dx, (6])
axe |y —x|"FeP axe |y —xmer

p
/|Dh |SP < C // |M1()C) M]_Ey)l dy dx (62)
axq |y — X"

1
Q Q Q

Up to a subsequence, we can assume that g; — g and i; — h almost everywhere in €2 as
j — oo, with the functions g € W*?(2,R) and h € WP (Q,R) satisfying in view of
(59), (60), (61) and (62),

[[ D=l oy [ UD=SON AID =IO g o
Q UxU

<© |y x|m+sp |y x|m+sp

[0 < [ HOZLON A0S0y,
UxU

y x|m+sp

/Qg=/gh=%fﬂf- (66)

In the general case we follow Rodiac and Van Schaftingen [32, proof of Prop. 4.1].
Since M is a compact manifold with boundary, there exist N € N and, fork € {1,...,N},a
diffeomorphism v : Ur — R™ such that either ¥ (Ug) = B C R™ or ¢ (Ug) = B N
R™=1 x [0, 0o) and such that M = U,lcvzl Uy. We take a partition of unity (¢x)1<k<n
associated to the sets Uy, that is, for every k € {1,..., N}, ¢x € C'(M,R) and ¢} =
0 in M \ Ug, and ZZN=1 ¢r = 1 on M. Given a measurable function f: M — R, for
each k € {I,..., N}, we define the function fi := f o v, ': ¥ (Ux) — R to which
we apply the first part of the proof which yields functions gz € W52 (Y (Ug), R) and
hie € WP (Y (Uy), R) satisfying (64), (65) and (66) with € = ¥ (Ux). Defining the
functions

and the conditions

and in view of (63),

N
Z‘Pk(gkol/fk—f gkOl/fk)

k=

N
Z@k(hkolﬁk—f;]khkol/fk),

—

=
—_

and the low-frequency component

N
Jo=) o4
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we have f = fo + g« + hx on M. Moreover, since

wefolfr-40) fo

where the last term is constant, we have

IDfollson < Cr //M 10) = f@layax
and

(| Dfo lLoor) < Cs // &(|f () — £(x)) dy dx.

MxM
with the convex function ® defined as in (55). Since 1 < sp < p, by (56), we have
1D/ 2w iny A 1201 iry < 12f0 20y A 1 Do o0
<C// LfO) = fOIPALf(y) — flx )I
= (o
MxM

doe(y, x)m+sp

o)~ fo)1? "
W a2 [ os

<G ff  UO=SOW A0S0,
MxM

de[(y, x)m+sp

By either taking g := g, and i := h. + fo or g := g« + fo and h := h., we finally get,
in view of Proposition 1.5,

// |g()’)—g(x)|pd dx—i—/ |Dh|S17
wxae Ay, x)mep
< // /) = fOP Af) = f)|?
MxM de(y, x)mtsp
which gives the first estimate and inclusion.

We now prove the reverse inclusion D in (5). If f = g + h with g € W2 (M, R)
and h € WP (M, R), there exist sequences of smooth maps (gj)jen and (h))jen in
C*°(M,R), such that, as j — o0, g; — g in W2 (M, R) and hj — hin WP (M, R).
For every j € N, defining f; = g; + h; and u; = /i, we have by the fractional
Gagliardo—Nirenberg interpolation inequality (see for example [8, Cor. 3.2], [33, Lem.
2.1], [10]), since sp > 1 and |e!?| <1,

—_ P
// |u; (y) ”J(j_f)| dy dx
axae dae(y, x)mtsp
|etg, o) _ etgj(x)|p // |eihj(y) _ eih;(x)|p
< dydx + dy dx
//MxM N e oot dQomse

lgi (v) —g; ()| / s )
C dyd Dh;|5? ). 67
= ‘2(//MxM iy eyt YA [ IDA] (67)

so that

dy dx,
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By Theorem 1.4, we have for every j € N,

15iO) = fi@IP AL |u1(J’) uj(x)|?
dy dx dydr. (68
/[MXM dyi(y, x)m*P = //MXM dyi(y, x)ym+sp yer (68)

Letting j — oo in (67) and (68) and applying Proposition 1.5, we get
// IS O) = SOOI A F) = fFOIT
MxM

dove(y, x)m+sp

lg(y) —g(x0)|? sp)
< (//MXM T dy dx —i—/MthI ,

which proves the announced reverse inclusion and estimate. ]

3.2. About the critical lower exponent

If the function f:B™ — R is measurable and if ¢ € [1, 00), then it is known that

1) = fl
I e =

unless the function f is constant [7, Prop. 2]. Although the integral restricted to a region

of large oscillation
— q
[l O = FOI o )
x,y)eB"xB™ |y — x|"t4

[f)—f(x)|=1
might be finite for a function of small oscillation, there are still Sobolev functions for
which the large oscillation part of the integral (69) blows up.

Proposition 3.2. Letm € N\ {0, 1}. If 1 < g < m, then there is a function f € W(l)’q B™,

R) such that
| fO) — fx)) _
——————dy dx = oc.
(x,y)eB"xB™ |y — x|m+td

[fO)—F(x)I=1
As a consequence of Proposition 3.2, if 1 < sp < m, there exists some function f €
W(l)’slJ (BT, R) such that

|f) = FOIP ALf() — f(X)I”’

(x,y)EMXM d x)m+sp
fO)—F()I=1 (. x)

and thus the noninclusion (8) holds.

X = O

Proof of Proposition 3.2. We choose a function ¥ € C2°(R™, R) such that ¥ (x) = x;
when x € By, and supp s C By. For every A € (2, 00), we have

Ay (y) — Ay ()|

1
dydx > A? ———dydx
(x,y)EB™xB™ |y — x|m+ta yox= /:AX Y)EB1/2xB12 |y — x|™ Y
Ay () —Ay (x)[>1 Alyi—xi1=1

> CiA (4 - 1), (70)
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for some constant C; € (0, c0). We now define for each j € N the numbers
A= 202" and gy = (A4 In(% — 1)7V 00, (71)

with Ag € (2, 0o) large enough so that there exists a sequence of points (a; );en for which
the closed balls Epj (aj) are pairwise disjoint and all contained in B"™ (this is possible
since ¢ < m). We define the function f:B™ — R for every x € B by

X —aj .
Xﬂp( > J) if x € By, (aj),
J

0 otherwise.

flx) =

By the disjointness of the balls, by scaling and by (71), we have

/ IDf | = Z/ D= 3 g /Bmww

jeN jeN

Z1n(A 212 i 1)/ DY[? < oo,

so that f € Wol"‘7 (B™,R). On the other hand, by the disjointness of the balls, by scaling,
by (70) and by (71), we have

I f0) = I

——r - dydx
(x,y)eB™xB™ |y — x|mt4q
[fO)=f(x)=1

- A = A ¥ ()1

= Z Fi (x.y)€B"xB" |y — x|m+a ddx
jeN A ()= ¥ () =1

> Z C1 = Q. "
jeN

4. Estimate of the lifting in subcritical dimension

This section is devoted to the proof of Theorem 1.8. We first observe that by Theorem 1.4,
for every § € (0, 0o0), the map u: M — N immediately satisfies the small-scale estimate

P b4

I A @) AN Il dn ) )
NN dp(y, x)m P roxae Ay, Xy

dx (U(y),u(x))<8

so that it will be sufficient to estimate the large-scale integral

dx(u(y), u(x))”

(x,y)EMXM d JX m+sp
GO aoys Gy, %)

dy dx.
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We will prove the following counterpart of Proposition 2.1 for large-scale oscillations.

Proposition 4.1. Letm € N \ {0}, let 5,5+ € (0,1) and let p, px € [1,00). If sp > 1, then
there exists a constant C € (0, 00) such that if w: N — N is a Riemannian covering, if

Q C R™ is open and convex, if u € Y(Q,if), ifu:=mou, ifd <inj(N) and if
1 — s 1 1

==, (72)
m Sp DPx
then
a5 (@), 7))
ydx
(x,)EQXQ ly — x|m+s*p*
dx (U(y),u(x)) =8
Dx
1 d , p 53
e ). @) N o)
577 ouq Iy =i

We recall that the space Y (€2, ﬂ) was defined in (12) as the set of maps whose restric-
tion on almost every segment coincides almost everywhere with a continuous function
taking the same value at the extremities.

Remark 4.2. Proposition 4.1 implies a fractional Sobolev embedding: for s, € (0, 1) and
p. P« € (1,00) such that 1/px = 1/p — (1 — s4)/m, letting 7: R — S! be the universal
covering of the circle and choosing # := ¢ f for ¢t > 0 in (73) with § = 1, one gets by the
fractional Gagliardo—Nirenberg interpolation inequality, since |¢’*/| < 1 in Q,

lLf () = fo)|P-

(x,)EQXQ |y — x|mFS«Px
[ fO)—f ()=t

|eitf ) _ it/ (x)| P/ s p«/p
= (/[ —rs dy dx)
10 QxQ |y _x| p

pe/p p«/p
S(Liperne) ™ =l fiorr) 4

letting t — 0 1in (74), one gets the fractional Sobolev embedding

| f(y) — f(x)|P p+/P
I i aae=es( forr)

4.1. One-dimensional estimates

dy dx

IA

Our first tool towards the proof of Proposition 4.1 is the following truncated fractional
Morrey—Sobolev inequality.

Lemma 4.3. Let s € (0,1) and let p € [1,00). If sp > 1, then there exists a constant
C €(0,00) such that if I C R is an interval, if N is a Riemannian manifold, if the mapping
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u: I — N is measurable and if ju € [0, 00), then for almost every x,y € I, we have

- dN(u(w),u(v))_ p dwdv \? _ =3
ey =c((ff (B ) ) by -

~|—u|y—x|s). (75)

When p = 0, estimate (75) reduces to the fractional Morrey—Sobolev inequality; when
> 0, (75) shows that when small values of the difference quotient are removed, one still
gets some truncated uniform bound.

The proof will use the following Minkowski inequality for mean oscillations.

Lemma 4.4. Let m € N \ {0}, let p € [1, +00), let 2 C R™ be measurable and let the
mapping u: 2 — N be measurable. For every k € N and measurable sets Ay, ..., A CQ
such that for every j € {0, ...k}, cft‘id(Aj) > 0, one has

(f dN(u(y),u(x))dedx)p
Ao JAg
k—1 N
= d , P ”.
_;(i ]{1 N (u(y). u(x)) dydx) o

Proof. We have by the triangle inequality and by Minkowski’s inequality,

(f f dN(u(y),u(x))pdydx)p
40 JA,
= (][ f dN(u(xk),M(xo))dek'“dxo)p
A Ay

k—1 %
= ;(ﬁo .]ik dn@(Xj41), u(x;))? dxg - - dxo)

k-1
- d » ’
jgo(fAj ]{1;41 n(u(y), u(x))? dy dx) 7

which proves (76). [
We now prove the truncated fractional Morrey—Sobolev embedding.

Proof of Lemma 4.3. Since the mapping v is measurable, we can assume without loss of
generality that x and y are Lebesgue points of u and that / = (x, y). We define for each
j € N the set Ijx = x +27/(I —x) C I.Since x is a Lebesgue point of u, we have

lim ][ dn(u(x),u(z))?dz =0, a7
o0 JI;
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and then by (77), by Lemma 4.4 and by Minkowski’s inequality,

(]{ dn(u(x),u(z))? dz) ’ < ;)(flf fl}ﬁrl dx(u(w), u(v))? dw dv) ’

S d , _ NS Pd )P
SZ(;(]{,-‘ ]{;‘H( N (), u(©)) = prlw — vF) dwdv

+Z(][ f P|w—v|SPdwdv)p. (78)
j=0 I

Jj+1

For the first term in the right-hand side of (78), we have for every j € N, since sp > 1,

][?“ flx (dn(u(w). u(v)) — plw —v[*)% dwdv

_ 2diar}n(1)”’_1 // dn(u(w), u(v)) B )17 dw dv ’ (79)
2iGsp=1) Ix] |lw —vl$ +|w — ]
while for the second term in the right-hand side of (78), we have for every j € N,
Cd 1)%P
f f w — v]? dw dy < Sr4EAROT (80)
x Jrx 2Jsp
Jj+1
Inserting (79) and (80) into (78), we get, since sp > 1,
P
(][ dn(u(x),u(z))? dz) (81)
I
d r dwd »
< Cy (d1am(1)3p ! // (W), u(v)) ;L) 0 + u? diam(I)”’) p,
o w—vls +]w — v
and conclusion (75) follows from (81) and the triangle inequality. [ ]

Next we use Lemma 4.3 to estimate the large-scale oscillations of a lifting by a trun-
cated fractional Sobolev seminorm.

Lemma 4.5. Let s € (0, 1) and let p € [1,00). If sp > 1, then there exists a constant
C € (0, 00) such that if I € R is an interval, if w: N — N is a Riemannian covering, if
ue C(I,j:D and if u := 7 o U, then for almost every x,y € I, every i € [0, 00) and every
8 € [0,1inj(N)), one has

(dﬂ(ﬁ(y) i(x)) - 8)2, (82)

dN(u(w) u(v)) ? dwdv -1
= =) Ty = x P+ pPly —x7 ).
81’(1 —s) (//xyx[xy] |w—v|5 )+|w—v|
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Lemma 4.5 gives a growth estimate corresponding to what the Morrey—Sobolev
embedding would give if one had it € W17 (I, if).

When p = 0, Lemma 4.5 shows that on large scales the lifting 7 behaves like a Holder-
continuous mapping of exponent 1 — 1/sp, which is not as good as the exponent s —
1/ p that the fractional Morrey—Sobolev embedding gives on the original function u; this
generalizes the results obtained for the universal covering of the circle by Merlet [18,
Lem. 8.25] and Mironescu and Molnar [23].

Proof of Lemma 4.5. Let £ := |dx(ti(x),1(y))/8], so that

(dx((y). u(x)) —8), < L6 (83)
Since the mapping u is continuous, by the intermediate value theorem, there exist points
zog=x <z; <z <---<zy; < ysuchthat foreveryi € {1,..., £}, one has d5 (1 (z;),
U(zi—1)) = 6. Since § < inj(N), by Lemma 2.3, we also have dn(u(z;), u(zi—1)) = 6.
Therefore, since sp > 1, it follows from Lemma 4.3 that for each i € {1,...,{},
1
dnu(z), u(w)) p dzdw »
(] (e w
[zi-1,2i]? |z — wl +]z —w
+Mm_aﬁw) (84)
Summing (84) we have
1
d u(z), u(w p dzdw \s» _1
KE ((f/ e f g “) —) |2 = ziza|' T
2112]2 |z —w] +|z —w|
1
+ |z _Zi1|)~ (85)

Applying the discrete Holder inequality to the right-hand side of (85), we get

Civ((s dn(u(z), u(w)) p dzdw \# (& -5
= (?> ((z=zl /[Zil7zi]2( |z —w|* - M)+ |z — w|) (;|Zi _Zil|)
¢
e Yl —Zi—1|)- (86)
i=1

Since x <zg <z; <--- <zy <y, thesets (Z,-_l,z,-)2 are disjoint subsets of [x, y]2 and
we deduce from (86) that

dN(u(z) uw))  \» dzdw \¥ -
((// . u) —) ly — x|
L.y ]2 |Z—w| + |z —w|

+uwy—x0. (87)

Recalling (83), conclusion (82) follows from (87). ]
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4.2. Mean integral oscillation estimates

Integrating the estimate of Lemma 4.5, we will obtain the following estimate on truncated
mean oscillation by a truncated fractional Sobolev norm.

Lemma 4.6. Letm € N \ {0}, let s € (0,1) and let p € (1,00). If sp > 1, then there exists
a constant C € (0, 00) such that if the set @ C R™ is bounded and convex, if i: N->N
is a Riemannian covering map, if u € Y(Q,if), ifu:=modu,if § € (0,inj(N)] and if
W € [0, 00), then

| (@sto.ien-5)7 ave

QxQ

C, (diam(Q)m+sP dN(M(y),u(x))_ » dydx
//;ZXQ )

<
T 80=IP m+sp ly — x[$ +y — x|

+ u? diam(Q)zm“”). (88)

Lemma 4.6 will be deduced from Lemma 4.5 and the next integral estimate.

Lemma 4.7. Let m € N \ {0}. If the set @ C R™ is open and convex, if the function
F:Q x Q — [0, 00) is measurable and if y > —m, then

dyd
// (// F(w, v)dwdv) Y )f
QxQ [x,y1x[x,»] |y X| v

- 2d1am(§2)’"+1’ /‘/‘ F(x,y)
Q

mty o =t )

Proof. We have by definition of an integral on a segment,

// (// F(w,v)dwdv)|y—x|y_ldydx
QxQ [x,y1x[x,y]

B // // F((1=0)x + 1ty (1=r)x +ry)ly —x[" 1 drdrdydx. (90)
QxQ J7[0,1]x[0,1

By the change of variables v = (1 —r)x 4+ ry, w = (1 —¢)x + ¢ty in the right-hand side
of (90), we obtain, since |[v — w| = |t —r||y — x|,

dyd
// (// F(w, v)dwdv) Y )lc
Qx9 \[x,y]x[x,] ly — x|

F(w,v)|w—v]’*!
Y drdrdwdv, 1)
QxQ W t_r| 4

where we have defined for every v, w € Q the set

Sow = {(t,7) €0,1] x [0,1] | 2= € @ and L=02=U=00 ¢ oI,
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Since
Suw (1) €10, 1] [0,1] | | — r| = le=ddy,
we have
d 2di Q)ymty
/ / dr dr < / Y iam($2) .92
|t — rl’””+1 sz lo=vl [s[HYEL (4 y)|w — |ty
and we deduce from (91) and (92) that (89) holds. [

We proceed now to the proof of Lemma 4.6.

Proof of Lemma 4.6. We have by Lemma 4.5, since sp > 1,

// (dxi(@(y). 1i(x)) = 8)y dy dx
QxQ

dN(u(w),u(v)) r dwdv 1
s ([ ] PRSI
QxQ [x,y1x[x y

—i—u"// |y—x|”’dydx). (93)
QxQ

For the first term in the right-hand side of (93), we proceed by Lemma 4.7 to infer from
(93), since sp > —m, that

dN(u(w) u(v)) r dwdv _
// // . M) ——— |y —x[*"""dy dx
QxQ xy]x[xy] Cw—v +|w —v|

2d1am(§2)m+sl’ dN(u(y) u(x))  \7 dydx
< : ) (94)
m +sp ng oyl +]y — x|
whereas for the second term in the right-hand side of (93) we have
/f ly — x[*? dy dx < C, diam(Q)>"+57, 95)
QxQ
Estimate (88) then follows from inequalities (93), (94) and (95). ]

4.3. Integral truncated mean oscillation estimate

We now obtain an interpolation estimate similar to Proposition 4.1 on an integral of trun-
cated mean oscillations.

Proposition 4.8. Let M be a compact Riemannian manifold, let s, s+ € (0, 1), let p, p« €

[1, oo) and let m == dimM. If sp > 1, then there exists a constant C € (0, 00) such that if

7:N — N is a Riemannian covering, if u € Y(M, N) ifu:=mou, ifd <inj(N) and if
1 — sy 1 1

=———, (96)
m Sp - Dx
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f /diamQ 1 // J ( ) ( )) p Dx dr
—_ N (y),u(z)) — d dz) —dx
o Jo (r2m+s* @B, (x))z( N uly )4 dy ;

dx(u(y). u(2))? %
< (5w [ B o)

The proof of Lemma 4.8 is reminiscent of the proof of the Marcinkiewicz real inter-
polation theorem, although the framework here is much more nonlinear.

then

Proof of Lemma 4.8. We have, by the layer-cake representation of integrals (Cavalieri’s

principle),
1 ~ » Px
/(z—m // (dﬂ(u(y),u(z))—8)+dydz) dx
Q\r (QN B, (x))2

o0
= (px — 1)/ EM(EDAP A, (97)
0
where for each A € (0, 00) and r € (0, co) we have defined the set
E} = {x € Q| [fians, ()2 (@x@(»),i(2)) = §) , dy dz = Ar>"}.

On the one hand, fixing ¢ € (% p) — which is possible since sp > 1 - for each x € EJ
and p € [0, 00), we have by Jensen’s inequality and by Lemma 4.6, since sq > 1,

sq
5q
i <( //mg,(x))z (dx(@(), @) - ), dydw)

<Ciog // (dx (), @(2)) — 6)°7 dy dz
(2NB;(x))?

psa—m dN(u(y) u(z) \¢ dydz uarse
<o | DD )t D e i o
smB,(x))2 |y z| +1y —z|

If we take now u to be given by

ASSI_S
wy = Cy pranl
with CfC3 = %, for each x € E/’l we have by (98),
psa—m d u u(z g dydz
preci SEOLUE) oy B
5 4 gmB,(x))z ly —z +]y —z|

Hence, we have by (99),
L™(E})

Csroa (BODHE) v bk
= Jagi—oa T h—zf “*) y—zm
sanr(x))2 y—z tly—-z
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- Lot // dN(”(y) u(z)) Mi) £™(Q N B:(y) N B, (Z))ﬂ
QxQ

Asa§(1—9)q Coly—z)f ly —z|™
Cers? // dN(u(y) u(z)) r>q dydz (100)
= Asa(-94 QxQ |y_Z|S Maly —z|m

On the other hand, since sp > 1, if x € E}, we have by Jensen’s inequality and by
Lemma 4.6 with u = 0,

sp
sp —
AP < ( //QnB o dN(u(y) u(z)) 8) dy dz)

< —_ sp
Crsy //mrm)z d5(@(y), () — 8)7 dy dz

psp—m d P
ey ML on
84792 J@np a2 |y —zImTP

it follows then from (101) that
{(r. ) € (0,00)% | E} # 0}

sp
C H = {(n2) € (0,002 | APrm=P < cCo ([ o DWDRUEDT 4y 471 (102)

Iy_Z|m+sP

By (97), (100) and (102), we have

diam 1 8 Dx dr
— dx(u ,u(z)) — dydz —— dx
/Q / (,2,,, //m,<x))z( S, 7(2)) — 8),, dy ) -
// // (BO)E) e oy
< w axal D—zF ey

sqkp*

Applying the change of variable

)LSSI_S
rs

and ¢ = ASPpmSP

n==Cq

in (103), we infer from (96) that

diam(2) 1 [/‘ d 8 D« dr
— S@@(y),ii(z)) — ) d dz) T ax
/sz/ ( 2m sszr(x))Z( X, 1) )+ Y pitseps

ClO /f / / dN(M(y) u(z)) q pP—q— 1 -2
du dt
80-97 J)g.q RN O g
dydz

X—
ly —z|m’

(104)
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dN(M(Y),u(Z))pd dz
5(1_S)p axq |y —zmtep yes

The conclusion follows by the integration in u and ¢ of the right-hand side of inequality
(104), since ¢ < p and p* > sp. |

with

4.4. Proof of the large-scale estimate

We now use Lemma 4.8 to prove Proposition 4.1. The main idea consists in applying
Lemma 4.8 with the triangle inequality; because of the truncation in the left-hand side we
need to rely on Lemma 4.8 with values of § arbitrarily close to 0.

Proof of Proposition 4.1. By a comparison argument, we have

d5i(u(y), u(x))P

(x,y)eQ2xQ |y — x|m+s*p* dy dX
a5 (i (y),i(x))=8
dN u u(x))—35
< 2P+ /f @), (+ )+ dy dx. (105)
QxQ |y — x|mtspx

By the triangle inequality and by symmetry, we then have

// (dx(i(y).ii(x)) — 5)% dy dx
QxQ

|y _ x|m+S*P*

Px
px—1 . ~ s
=2 //;zxsz (][SZHBU_WZ(X;V)(dN(u(y)’ u(z)) 4)+ dZ)

P dy dx
+(f dx (i (2). () — dz) _drdx
( QﬂB|y_x|/2(¥)( 4)+ |y _x|m+s*p*

Dx
— p* = ~ - . é
=2 /ZZXQ (f;ZOB|yx/z("ery)(dN(u(Z)’u(x)) 4)+ dZ)

dy dx
|y _ x|m+s*p* ’

(106)

By (105) and (106) we have by integration in spherical coordinates,

dse(u(y), u(x))?~
(x,)€QXQ |y —x|m+S*P*
d5 (U(y),i(x))=8

Px dy dx
=af (][ d(ii(z). (x)) ~ & dz) _dydx
1 X QﬁB|y_x|(X)( N 4)+ |y _ x|m+s*p*

-c diam(£2) (d~(~ _ 8) d D« dr q
B Z/Q/o mer(x) e ue) = 5) 42 ) 4

dy dx
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By the triangle inequality, similarly to the proof of Lemma 4.4, we have for almost every
x € Q and every r € (0, diam(2)),

~(ii Y _3s
]{mB,(x) (dN(u(z), u(x)) 4)+ dz

SZf

jen JQNB,;, (%) fsmszl,(x)

r2m / /
. A0 () —87). dydz.  (107)
22 J%\:I QNB,—j, (x) QmBz_jr(x( Y 1)+ y

(dxc(ii(y). ii(z)) — 8;) , dy dz

<G

where we have set for each j € N,

Sk’
8]' K

T 41—« (108)

with a constant « € (0, 1) to be determined later, since Y ;&5 = %. We have then by
(107) and by Minkowski’s inequality,

diam y ) P d p%
(/Q/O (fsmr(x)(dﬂ(u(y),u(x)) -9, dy) rH—Sr*p*dx)
diam 22mj P
c d5(@(y), ii(z)) = §;), dyd
- 31;:1(/9/0 (rz’" //(SZOBz/r(x))Z( KD HED =), & Z)

dr P
dx | . (109)

X —
r1+S*P*

For every j € N, we have by a change of variable in the outer integral,

/diamQ 22mj //- ) D= dr
A0 =), ar )
0 (rzm (QﬂBz—jr(x))z( T+ rlts«px

1 27/ diam Q 1 Ds
= Ssape] oy dx((y), u —§;), dyd
2 /0 (rzm //(QﬂBr(x))z( MO HCD) =), & Z)

dr
X [
r1+S*P* ’

(110)

whereas by Lemma 4.8,

/diamﬂ( 1 //- ( ) Dx dr
L a5 (i(y). () — 5, dydz) o
0 }"2 (QNB, (x))? J )+ r1+ * Dx

! dn(u(y).u(2))?
5C“(5}1‘”ﬂf/m a9 ) i
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Combining (109), (110) and (111), we obtain in view of (108),

diam Q 5 3 Dx ar p%
(/sz/o (fs;ﬂB,(x) (dxGi(y). ii(x)) — ), dy) . dx)

1
) uE) |\
=6 3 ey (o [, S o)

eN

and the conclusion follows provided « € (0, 1) is chosen in such a way that k¥ > 2715, m

4.5. Conclusion and further estimate
We now deduce Theorem 1.8 from Proposition 4.1.

Proof of Theorem 1.8. We first assume that M = Q, where the set 2 C R™ is open,
bounded and convex. By Proposition 2.18, we have u € Y (€2, N). Letting p. := p, we
have s, =5 + (1 —s)(1 — %) > 5. We get, since Q2 is bounded and s, px > sp,

dx(u(y), u(x))?
(x,y)EQXQ |y —x|m+SP

A (7). (x)) Zinj(N)
dii(u(y), u(x))P

dy dx

< C (r.)€QxQ [y — x|mtseps dy dx
A5 (U (y),u(x))=inj N
1
d b2 i
QxQ |y—x|m P

by Proposition 4.1 with § = inj(N). Combining estimate (112) with Proposition 2.1, we

A5y, () A (7). u(x))”
[ 5 o =al [ S e

d (u(y), u(x))? :
P ) )

We reach conclusion (9) on a general compact manifold M thanks to estimate (113) and
the covering of Lemma 2.11. |

“

Remark 4.9. The exponent % in (9) is optimal. Indeed, assuming that

lilvirsr < Crlllullvirse + lullfsr)

holds and taking 7: R — S! to be the universal covering of the unit circle and 7 = ¢,
for some ¢ € C*®(M, R) and every ¢ € R, one gets from (9) that |¢| < Co(|t]® + |£]7%),

which can only hold if y > 1.

Proposition 4.1 can also be applied to obtain a result in which the nonlinear part in the
estimate contains a critical fractional Sobolev energy.
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Theorem 4.10. Let M and N be compact Riemannian manifolds, let m = dim M, let
7:N — N be a Riemannian covering map, let s € (0,1) and let p € (1,00). If sp > 1,
then there exists a constant C € (0, 00) such that for every i € X(M, 5(1), we have U €
WP (M, N) and

[ seoaor,
N M dM(y x)m+sp

(). w0 (). 1(x))?
< C3(1 + //MXM dM(y X)Zm ) //MXM djv[(y x)m+Sp dy dx.

Although no restriction is put on the exponent, in practice the first integral in the right-
hand side will be finite for some nonconstant function u if and only if p > m.

Proof of Theorem 4.10. We proceed as in the proof of Theorem 1.8, now applying Pro-
position 4.1 with s being given by so = m, P = p and so that s, is then given
by s in (72). Since sp > 1, we have sop = TTaespm > 1, and thus by Proposition 4.1,

dx(u(y), u(x))”
(x,)eQ2xQ |y — xlm'H'P
dx (@(y),1(x))=inj(N)
m+(—s)p

el (/f dx(u(y). u(xZ)P dydx) " (114)
QxQ |y —X| m+(1 s)p

Ifsp >m,wehavem <

dy dx

—m+(1p 5p =P whereas if sp < m we have sp <
and thus by Hoélder’s inequality and (114) we get

dx(u(y), u(x))?
(x,)EQXQ |y —x|m+517
d5 (@(y),#(x)) =inj(N)
a-s)p

_ (). u(x))” -
(s flL o)

//‘ dn(u(y), u(x))? dy dx. (115)
QxQ

Ty

___mp
m+(1—-s)p — m,

dy dx

Hence, combining (115) with Proposition 2.1, we get

[ i,
ydx
axe Y —x|m+s”
a-=s)p

dn(u(y), u(x))? "
<C3(1+//ng2 = x2m dydx)

// dn(u(y), u(x))? dy dx. (116)
QxQ

IR

Combining (116) with the covering of Lemma 2.11, we conclude. ]
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Remark 4.11. Again, the exponent % in (9) is optimal. Indeed, assuming that we have

i virsr < Cr(L =+ 1wl ) e lhirs. (117)

and taking 7: R — S! to be the universal covering of the unit circle and & = ¢¢, for some
@ € C®(M,R) and every t € R, one gets from (117) that |¢| < Co(1 + |¢[Y™/P)|t|*, which
can only hold if y > %.

Finally, the same methods can be used to get an estimate on a lower-order fractional
Sobolev energy when the dimension is supercritical.

Theorem 4.12. Let M and N be compact Riemannian manifolds, let m = dim M, let
: N — N be a Riemannian covering map, let s € (0,1) and let p € (1, 00). If

1—s <2 4 (118)
m

and if ii € X(M,N), then it € W*?(M,N) and
dx(u(y), u(X))” dn(u(y), u(x))?
//MxM dye(y, oy =G (//MxM dnc(y, xymor

([ drr,,,))
NSNS |

Sh :=s—(1—s)(%—l). (119)

Proof. We follow the structure of the proof of Theorem 1.8. Considering & € Y(£2, ﬁf),
we apply Proposition 4.1 with p, = p so that s, = s}, in view of (119) since by (118),

@ =

with

1
pr=p+m(——l)>1
S

and we get

A5 (). i(x))? dydx < €y (// dn(u(y), u(x))? & dx);.
QxQ

(x,y)eQxQ |y — x|m+SbP |y _ xlm-l—sp
A5 (#(y),u(x))=inj(N)

On the other hand, by Proposition 2.1, since s, < s and since the set €2 is bounded, we get

AN, 4 (x)7 d (u(y). u(x))?
[ o sa( [ S oo

dn(u(y), u(x))? )i)
(//QXQ = e~ ydx) ). (120)

The conclusion follows from (120) and Lemma 2.11. ]
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Remark 4.13. The value s}, in the statement of Theorem 4.12 is optimal: taking 7: R —
S! to be the universal covering of the unit circle and defining i (x) := |x|™%, then u €
W1sP(B™ R) if and only if (& + 1)sp < m. By the fractional Gagliardo—Nirenberg inter-
polation inequality, one then has 7 o i € W52 (B",S"). We also have u € W7 (B",R)
if and only if (a 4 sx)p < m. This implies that we can have # ¢ W*?(B", R) and
u e Ws’P(IB%m, S'), when % —5x < % — 1, or equivalently s, > sp.
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