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On the precise cusped behaviour of extreme solutions to
Whitham-type equations

Mats Ehrnstrom, Ola I. H. M&hlen, and Kristoffer Varholm

Abstract. We prove exact leading-order asymptotic behaviour at the origin for nontrivial solutions
of two families of nonlocal equations. The equations investigated include those satisfied by the
cusped highest steady waves for both the uni- and bidirectional Whitham equations. The problem
is therefore analogous to that of capturing the 120° interior angle at the crests of classical Stokes’
waves of greatest height. In particular, our results partially settle conjectures for such extreme waves
posed in the series of recent papers by Ehrnstrom, Johnson, and Claassen (2019), Ehrnstrém and
Wahlén (2019), and Truong, Wahlén, and Wheeler (2022). Our methods may be generalised to
solutions of other nonlocal equations, and can moreover be used to determine asymptotic behaviour
of their derivatives to any order.

1. Introduction

The Whitham equation
¢ + dx(Kw * ¢ + ¢%) = 0, (1.1

where ¢ represents the surface profile and

tanh(§)
g

is a fully dispersive variant of the classical Korteweg—de Vries (KdV) equation, originally
proposed in [37]. It features some properties that the KdV equation lacks, such as wave
breaking [24, 34], highest waves [15, 16, 36], and better high-frequency modelling [18].
While Whitham added the dispersion in an ad hoc manner, the model has since been both
justified experimentally and derived from the full water-wave problem in several ways.
See for instance [9,25,28], in addition to the aforementioned [18].

Another water-wave model is similarly obtained by making the Boussinesq system —
of which the KdV equation can be viewed as a unidirectional version — fully dispersive,
80 as to arrive at the Whitham—Boussinesq system

0:¢ + 0x(Kp * v + ¢pv) = 0,
310+ 3x(¢ +v?/2) =0,

Rw(®) = fR K ()e=*E d =

(1.2)

2020 Mathematics Subject Classification. Primary 76B15; Secondary 35530,76B03,35A21.
Keywords. Highest waves, local regularity, Whitham-type equations, nonlocal dispersive equations.


https://creativecommons.org/licenses/by/4.0/

M. Ehrnstrom, O. M&hlen, and K. Varholm 126

also called the bidirectional Whitham equation. Here, ¢ again denotes the surface profile,
v relates to the fluid velocity at the surface, and the convolution kernel Kp is defined by
its symbol

Ry = K2, = tan};@). (1.3)
Strictly speaking, there are several ways to make the Boussinesq system fully dispersive,
but (1.2) represents one of the natural candidates that have been investigated in the liter-
ature; see for instance [1, 17,29, 32]. It is also currently the only of these fully dispersive
systems that is known to admit highest steady waves [14].

Various steady solutions to the Whitham equations, both uni- and bidirectional, have
been found and studied. Of particular interest to us here are the global, locally analytic
curves of periodic steady waves found in [14, 16], bifurcating from the line of trivial
waves and approaching a so-called limiting highest wave. These are waves whose heights
reach the maximal value of ¢/2 for the unidirectional Whitham equation, and ¢2/3 for
the bidirectional Whitham equation, where ¢ denotes the velocity of the wave. In the full
water-wave problem, it is part of the famous Stokes’ conjecture that the analogous highest
Stokes’ waves have angled crests, with interior angles of exactly 120°. That is, a highest
steady wave with a crest at the origin satisfies

1
9(0) = p(x) = (— +o(1)) |
NG
as x — 0. This was ultimately proved in [3,33].
For the Whitham equation (1.1), it was conjectured by Whitham' [38] that the local
behaviour of an analogous highest wave should instead be the cusped variant

S -9 = (\/§+o(1>)|x|”2 (14)

as x — 0. The authors of [13, 16] were able to determine that there indeed was a highest
periodic wave ¢ for the Whitham equation. Furthermore, they showed that any bounded
solution reaching that height must satisfy both

2 — 2 —
0<liminfw and limsupw <

1.
x—0 |x|1/2 X—0 |x|1/2 ’ (1.5)

but did not establish the full limit described in (1.4).

More recently, the existence of full global curves of solitary waves up to a highest
wave has also been proved [15,36]. The same asymptotic estimates (1.5) from [16] apply
equally well for these. Furthermore, there is also an innovative computer-assisted proof
[19], where a highest periodic wave satisfying the limiting behaviour (1.4) is constructed.
A form of local uniqueness and the convexity of this highest wave are also obtained. The

'With a minor error in the exact constant, which was pointed out in [16].
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idea is to build an approximate ansatz for the solution using special functions, sufficiently
good for a fixed-point argument to go through. A very large number of terms is required,
as the map involved is just barely a contraction. Two recent papers in the same direction
for the Burgers—Hilbert and fractional KdV equations are [10, 11].

Concerning the bidirectional Whitham equation (1.2), it was shown in [14] that there
exists a highest periodic wave ¢ with a corresponding v that satisfies

lim sup (1 =1/V3)e —v(x) < 00
x>0 |x[log(1/]x])

The corresponding lower bound is stated, but a flaw in one of the preceding lemmas
hinders a correct estimate. This is due to slightly subtle estimates where logarithmic
factors are easily lost, making the proof more delicate than for the unidirectional Whitham
equation.

The main purpose of this paper is to provide an analytic, and relatively transparent,
argument establishing both the limit (1.4) for the Whitham equation, and the analogous

result
2

1
S —0() = (5 + o) x| log(1/Jx) (1.6)

as x — 0, for the bidirectional Whitham equation. These results will follow from a some-
what more general method for calculating the local behaviour of solutions to two classes
of nonlocal equations on the half-line. As the proofs are quite technical, we first provide
some background, describing how these nonlinear waves are related to the more general
formulation and results found in Sections 3 to 5.

2. Background and overview

The Whitham equation (1.1) is a prototypical example of a more general family of non-
local, nonlinear shallow-water-wave models of the form

0:¢ + 3x(K x ¢ + N(¢)) =0, @.h

where K € L'(R) is an even, positive integral kernel that is convex on R™ := (0, c0).
Generally, this kernel will arise from a Fourier multiplier symbol K (&) of negative order.
We will here consider the orders —1 and —1/2, appearing in the bi- and unidirectional
gravity water-wave problems respectively [26]. The decay and smoothness of the symbol
are realised as a corresponding singularity at the origin of an otherwise smooth kernel K
of exponential decay; see [22,35].

Seeking steady solutions ¢ (¢, x) = ¢(x — ct) to (2.1), one arrives at

Kx*x¢p= f(p)+ A, where f(t):=ct— N(t), (2.2)

for some constant A € R after integration. Under quite general conditions, equations like
(2.1) have only symmetric solitary waves of elevation [5,7]. A similar statement is true
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for steady periodic waves under an additional reflection assumption [8]. This property is
inherited via the maximum principle for the elliptic convolution operator. Naturally, this
leads to the study of a possible maximal height ¢(0) for solutions of (2.2).

Supposing now that f is increasing to the left of a nondegenerate local maximum at
t =y, and is sufficiently smooth, we can write

F0) = F0) = (=500 + 80 =)y = 7%

with g(0) = 0. Thus, if ¢ is a solution to (2.2) that achieves ¢(0) = y from below, then
u = Yy — @ is a nonnegative solution to

K = (K 500 = (=3 £70) + 00 Ju(?,

vanishing at the origin.
Motivated by this computation, we therefore consider the condensed equation

(14 n(u())u(x)? = [R (K(y —x) — K()u(y) dy. 23)

where K again has the properties described after (2.1), and n(0) = 0. We see that any
pointwise solution will necessarily have to satisfy #(0) = 0. Equations similar to (2.3)
also appear in a plethora of other contexts: examples include harmonic, functional, and
stochastic analysis.

Finally, note further that (2.3) is equivalent to the equation

(1 + n(e))u(x)? = /0 2K(y)u(y)dy 2.4)

for even functions, where we have conveniently recognised the second-order central dif-
ference
STK(y) = K(y +x) + K(y — x) = 2K(y) 2.5)

in the integrand. Whereas the first-order difference in (2.3) is very useful when one wants
to establish global estimates for u, (2.4) is able to take direct advantage of the convexity
of K. It is therefore especially well adapted for studying u precisely at x = 0.

We will consider (2.4) under general assumptions, but first formally outline the the-
ory below for kernels capturing the same singular behaviour. The exact assumptions and
rigorous statements follow in Section 3.

2.1. Homogeneous singularity (Whitham)

If we replace K in (2.4) with the homogeneous, but merely locally integrable

Hs(x) = |x|s—1
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for s € (0, 1), and let n = 0, we obtain the toy equation

00
uw? = [0 dy,
which in fact has an explicit unbounded solution. It is convenient to introduce
Dy(r) =87 Hs(r) = [t + 1 + o — 17" =2z,
for then the second difference in (2.6) satisfies
83 Hs(vx) = Hy(x) 04 (0).
Lemma 2.1. The toy equation (2.6) has
u(e) = Belxl’, By = 3BG.5)
as a solution for every s € (0, 1), where B denotes the beta function.

Proof. This is an immediate consequence of the identity

Bs =/0 D, (7)1’ dr,

which can most easily be seen for s € (0, 1/2) by splitting the integral according to

00 1 1
/ ®; (7))’ dr = / (1—1)15de —[ 27 de
0 0 0

Bs 1/(29)

o0
+ / (147 =S dr
0

I

o0
+ [ (t = 1) =57 Y¢S de,
1

I

where all but the first term will cancel.
Indeed, observe that

I, = I /oo(rs — T+ D)+ D dr
s 0

129

(2.6)

2.7

(2.8)

through the change of variables  — (7 4 1) and integration by parts. It follows that

1 * 2s5s—1 2s5—1 1
[1—}-]2:;4- ((‘L'+1) — T )dfzg,
0

whence (2.8) holds. Finally, analytic continuation yields (2.8) also for s € [1/2,1).
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In particular, it is reasonable to expect that well-behaved solutions to (2.4) should still

satisfy

M) = 29)
when K behaves like H/, near the origin, which is the case for a scaled version of the
Whitham kernel Ky . Under mild conditions, equations such as (2.3) have the feature
that solutions are smooth away from where they vanish. This comes from a general “off-
diagonal” convolution property for pseudo-differential operators [35], and can be seen as
in [16].

The behaviour of a solution in the vicinity of the origin arises from a balancing act
between the square on the left-hand side, and the asymptotics of the second difference
(2.5) as x — 0. As the square root is not regular, one consequently faces an upper threshold
on the regularity of u. Simplifying to (2.6), an essential part of the argument in [16] relies
on first bootstrapping global C'/2~-regularity, and then noting that

(12) = v [T ot ar

|x| ||

mm
x—0 |x|1/2

< |x|Y27* sup u(ya) / |®(7)|t% dr (2.10)
yeR |y| 0

for all « € (0,1/2) and x # 0, where
1 + 1 2
1+ 7|/2 1—7|V/2  |g|V/2

If we now, for the sake of argument, assume that the supremum of the left-hand side in
(2.10) is always achieved for |x| < 1, then we obtain

u(x)
sup

xERl |a -

D(1) == Py (7)) =

@2.11)

/OOI@D(I)IT"‘ dr, (2.12)
0

whereupon we can let o — 1/2.
A curious thing about this calculation is that if @ had been nonnegative, then (2.12)
would have immediately yielded

u(x) < §|x|‘/2

by (2.8), which would be optimal. Similarly, if one knew that the limit of u(x)/|x|'/?
existed as x — 0, one could have chosen @ = 1/2 in (2.10) and let x — 0 to find (2.9)
by dominated convergence. In reality, however, ® changes from negative to positive at a
point 79 € (0, 1), as seen in Figure 1, and the existence of a limit is exactly what is difficult
to show.

To establish (2.9), we therefore identify in (2.8) the significance of the points 7 €
{70, 1}, and write (2.4) as

(s [ o[+ o
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N T
0/01

for 0 < x < v, or, in essence,

([ [ [ e

under appropriate assumptions. The constant v > 0 is used to single out a small interval
where u has desirable properties, but can otherwise be made arbitrarily small. Its exact
value is therefore not important to the theory. Because v/x — oo as x \( 0, the last
integral will vanish in the limit.

The remaining integrals are less straightforward, and the main obstacle in their treat-
ment is the limited information about monotonicity or the existence of the limit. Our trick
here is to consider sequences realising

u(x)

u(x) o
m —ll)l;n\l(l)lfx/ M = lim \SEP 72"

Figure 1. The graph of .

in a strategic manner. As ® changes sign at 7y, we are thereby able to make the estimates

70 o)
M? < m/ d(r)r'/?dr + M/ ®d(1)r'/2 dr,
- i (2.14)
m? > M/ <I>(t)rl/2 dr + m/ CI>(r)tl/2 dr,
0 T
by taking limits in (2.13).

This system of inequalities will have solutions described by Figure 2. In addition to the
expected solution, which is isolated, there is also a wedge-like set of unwanted solutions
for which M > m. A refinement is made to the second inequality of (2.14) to exclude
this area, yielding the desired conclusion that m = M = /2. The shapes of the curves
in Figure 2 are naturally determined by integrals involving ®;, but there is some leeway.
Therefore, this method works essentially unmodified for a range of homogeneous singu-
larities, not only when s = 1/2. In fact, there is some so & 1/3 such that it works for
s € (so, 1), but fails for s € (0, 59). The reason it breaks down is that the expected solu-
tionm = M = 5 from Lemma 2.1 stops being isolated, even with the refined inequality.
A new idea would therefore be required to proceed past this value. Highest Holder and
Lipschitz waves have been constructed in a number of settings [2,4,6,21,23,27,31], and
we expect a similar approach to go through for many such equations.
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Figure 2. The inequalities in (2.14) are satisfied by the points below the solid curve, and above the
dashed curve, respectively. The refined version of the second inequality corresponds to the dotted
curve.

2.2. Logarithmic singularity (bidirectional Whitham)

For order —1, the singular behaviour of the kernel is instead captured by

L(x) := log(1/]x|).

so that homogeneity is replaced by additivity. One finds that
1
§2L(tx) = —log )1 - —2‘ — A7) 2.15)
T

differs substantially from (2.7), in that it does not depend on x at all. This leads to an
entirely different set of estimates, and, in turn, changes the relative importance of the
integrals appearing in the governing equation.

The qualitative behaviour of A is still the same as ® in Figure 1, but in the logarithmic
case the contribution of the entire interval (0, x) turns out to be negligible in the limit. In
fact, the final estimate hinges only on an integral over (x, v). Explicitly, writing (2.4) as

u(x) 2 _ 1 x v oo
(xlog(l/x)) (1+”(”(x)))—m(/o +/x +/v )5§K(y)u(y)dy,

we see that the analogue of (2.13) becomes

u(x) 2 log(1/(tx)) u(tx)
(xlog(l/x) (/ / / )A( )T log(1/x)? txlog(1/(zx)) dr
for0 < x < v.

The first integral is killed in the limit when u(x)/(x log(1/x)) is bounded, and the
third integral is still negligible as before. The limit “should” therefore be

. u() log(1/(zx)) . _ 1
g = MO e 7 49
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in this case. Contrary to what we saw for a homogeneous singularity, it is possible to
obtain (2.16) directly using the aforementioned approach with sequences. There is no
need to thereafter go through a system of inequalities.

3. Setup

We have seen that, after an appropriate change of variables, the highest waves of both
(1.1) and (1.2) satisfy an equation of the form (2.4). The following assumptions are made
on the objects involved, where ]RE)1r =RT U{0}:

Assumption 1. The nonlinearity n € C! (]R(‘)|r ) satisfies n(0) = 0.

Assumption 2. The kernel K € L! (R) is even, positive, and convex on R*. Moreover, it
admits a decomposition K = S + R, where the singular part S is of the form

L(x) = log(1/|x]) or H(x) = |x[7"/?,

and the regular part R has a weak second derivative R” € L'(R).

Assumption 3. The solutionu € C (]R(J)r ) is bounded, nonnegative, satisfies u(0) = 0, and
is, for sufficiently small x > 0, both continuously differentiable and increasing.

The regularity of n in Assumption 1 is only needed for the limit of the derivative in
our main result, not for the behaviour of u(x) itself. One similarly would need to demand
higher regularity of » in order to prove asymptotics for higher-order derivatives of u. The
assumption of continuous differentiability of u close to the origin in Assumption 3 is in
fact redundant under the other properties; see Section 5. All of the assumptions may be
further weakened, but as added generality would come at the expense of clarity, we will
not push this question further here.

Our main result is the following.

Main Theorem. Suppose that the above Assumptions 1 to 3 hold. If the singular part of
K takes the logarithmic form L(x) = log(1/|x|), then the solution u admits the limits
u(x) 1 w'(x) 1

Iim ———— = — d i =
¥ 30 X log(1/x) 2 and log(1/x) 2

’

while if it takes the homogeneous form H(x) = |x|~Y/2, then u admits the limits

u(x) w J 1 w'(x) m

ssox2 — 2 M e Ty
This theorem combines Propositions 4.2, 4.4, 5.5, and 5.7, of which the first two are
proved in Section 4 and the latter two in Section 5. These results are in turn employed

in Section 4.2 to both establish the limit (1.6) and global regularity for the bidirectional
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highest waves obtained in [14], and in Section 5.2 to prove the limit (1.4) for the unidirec-
tional highest waves obtained in [ 16,36]. Furthermore, immediately preceding Section 5.2,
we outline how one would determine the asymptotic behaviour of derivatives to any order.

For reference, we include the following corollary, which lists the implied asymptotic
behaviour for the highest waves in the Whitham equations. The precise details are, as
explained above, presented in Sections 4.2 and 5.2.

Corollary 3.1 (Whitham equations, abridged). Let ¢ denote the surface profile of a
highest wave, with a peak at zero, of the Whitham equation. Then

im PO -t _ 7
m ——— = —.
x—0 |x|1/2 8

The corresponding limit for a highest wave in the bidirectional Whitham equation is

p(0) —p(x) 1

+30 [x[log(1/x]) _ 37"
3.1. Preliminaries

We will here list a few useful properties of the kernel K = S + R that follow from
Assumption 2. The first lemma shows that the tail of §2K is both nonnegative and small,
which will later ensure that it may be disregarded when analysing the local behaviour of
u near the origin. Introducing the antiderivative

K (x) = /O K(y)dy G.1)

for the kernel will occasionally be useful.

Lemma 3.2. The second difference 82K is nonnegative on (x, 00) and satisfies
o
0< / 82K(y)dy < —K'(v — )22

v
forany O < x <.
Proof. For 0 < x < y, the convexity of K on R* immediately yields

8 K(y) = K(y +x) + K(y —x) = 2K(y) = 0,
and by virtue of (3.1), we get
(e} X X
[ 2xmay =-sxo = [ [ Ko+n-n
v 0 0
< —K'(v—x)x?

for all 0 < x < v. Here we have used that —K' is nonincreasing on Rt. [
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The following lemma likewise demonstrates that §2 R is small, and so it too will have
a negligible effect on the local behaviour of u.

Lemma 3.3. The second difference §2 R is integrable and satisfies
I83 Rl < X*|IR" |1
for all x € R{. Moreover, R admits the bound | R'||L= < ||R”| 1.

Proof. By Assumption 2, R” is integrable, and so

X X
18RI = | ‘ [ [ R0 -mana|a
RIJO 0
X P
< / / / IR'(y + 11 — 1)) dy dty diz = x| R" s
0 0 R

for all x > 0. For the second part, we note that R = K — § is necessarily even, and so
R’ is odd. Since R’ is also absolutely continuous, we therefore conclude that R'(x) =
fox R”(y)dy, which gives the desired bound. [

4. Logarithmic kernel

In this section, we adopt Assumptions 1 to 3, and specifically assume that the singular part
of the kernel K is of the form S(x) = L(x) = log(1/|x|). Additionally, we restrict x to an
interval (0, v] throughout, for some 0 < v « 1 such that u is continuously differentiable
and increasing on (0, v]. This is possible due to Assumption 3.

Since we will prove the first two limits of our Main Theorem here, we naturally intro-
duce the shorthands

£(x) :== xlog(1/x), 4.1)
and )
u(x

g(x) = TSE (4.2)

which is well defined for all x € (0, v]. We also adopt the function A from (2.15), whose
utility comes from the identity

SJ%K(TX) = S)ZCL(rx) + SJ%R(TX)
= A(1) + 82R(tx), 4.3)
which holds by linearity of §2.

Seeking to determine the limit of g at zero, we begin with a lemma that asymptotically
rephrases (2.4) in terms of g.
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Lemma 4.1. With { and g as in (4.1) and (4.2), respectively, we have the equation

v 52 e
(1+0(1)g(x)* = o(1)g(x) +/ [%
* 8TK(y)
+/v £(x)?

]g(y) dy

u(y)dy “4.4)

as x — 0. Moreover, the square bracket is nonnegative and satisfies

" ST K()L(Y) 1
li Xt dy = -, 4.5
b /x 2 Y72 (45)
while the final term admits the bound
[e'e} SZK()/)
0< > dy <o(l 4.6
_/v 0002 u(y)dy <o(1) (4.6)

asx — 0.

Proof. Dividing each side of (2.4) by £(x)?, we find

[/0" * /xv + / oo]f%zcl’((y)u(y) dy, @47

where, since limy—o 7(#(x)) = 0 by Assumptions 1 and 3, the left-hand side is indeed
like that of (4.4). As for the right-hand side, notice that

(14 D)) = 53

1 x 2 _ p(x)
E(X)Zfo S K(u(y)dy = —log(l/x)g(x)
when p is defined through
0= — [ EKOu0)d
pLx) - xux) Jo O yuly)dy.

We exploit that u is increasing on (0, v] to conclude that p is bounded on this interval.
This is because

1 X 1 "
ol =+ [ KONy = [ IA@Idr+ IR

by (4.3) and Lemma 3.3. In particular, the first term on the right-hand side of (4.7) is
o(1)g(x), and after using u(y) = £(y)g(y) for the second term, we obtain the right-hand
side of (4.4).

Next, the nonnegativity of the expression inside the square bracket in (4.4) is an imme-
diate consequence of the first part of Lemma 3.2. To prove (4.5), we use Lemma 3.3 and
the boundedness of £ on (0, v] to conclude that [, §2R(y)¢(y)dy = O(x?). Thus

/” BKWDED) 4 i /"/"A(r)ﬁ(rx)
x 1

;
= 1(x)? *30 1(x)?

x—>0

xdr
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from (4.3) and the change of variables 7 — tx. By simplifying the integrand, setting
z = v/x, and splitting the integral, this last limit is equal to

[iA@)rdr [{ A(D)(r)dr L log(z) T 1
[ Togc/m T Tog/v)y? ]_ i A(z)zz[l_ 2log(z/v>} =7

The first equality follows from an application of L’Hopital’s rule to each of the two
terms, while the second follows from the observation that A(t) = 1/72 + O(1/73) as
T — o00. The latter can be seen directly from its definition in (2.15). Finally, the bound in
(4.6) follows from Lemma 3.2 and u being nonnegative and bounded. ]

lim
Z—>00

Z—>00

We are ready to prove the first limit of our Main Theorem.
Proposition 4.2. Under Assumptions 1 to 3, the solution enjoys the limit

u(x) 1

== 4.8
+50 xlog(1/x) 2 “8)
when K has a logarithmic singularity.
Proof. With g as in (4.2), our strategy is to prove that
1
limsupg(x) = M < = <m = liminf g(x), 4.9)
x—=0 2 x—0
which clearly implies the desired limit.
We first prove that m > 1/2. The function g defined by
g(x) = min g(y) (4.10)
- yelx,v]
is nondecreasing on (0, v], and we find
1
g(0)? 2 0(g(x) + g(x) (5 + o) (.11

as x — 0 from (4.4). Here we have used both (4.5) and the nonnegativity of the square
bracket and the final term.

Now choose a sequence {xi }ren C (0, v] realising m. Assuming, for the sake of con-
tradiction, that m = 0, we may specifically ensure that g = g along this sequence. This is
possible by positivity and continuity of g on (0, v]. Then (4._1 1) yields

1
g = 5+ o(1)

as k — oo, after division by g(xg). Thus, in fact, m > 0, and we instead arrive at

1
2 .
m- > — inf
> 2ye(osv]g(y)

from (4.11). Taking the limit v — 0, we conclude that m > 1/2.
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For M, we similarly define
g(x) = max g(y),
y€lx,v]
which is nonincreasing on (0, v], and find

£ < 0(g(x) +2(0) (5 + o)) @.12)

from (4.4). The last term can no longer be discarded, but can be combined with the first
term. This is because of (4.6), and the fact that m > 0 entails that 1/g is bounded on (0, v].
Choosing a realising sequence for M in an analogous way, we find M < oo and

1
M? < 3 sup g(y),
y€(0,v]

whence M < 1/2, after taking the limit v — 0. ]

4.1. The limit for the derivative

We move on to proving the second limit of our Main Theorem. Analogously to the function
g in (4.2), we introduce the quotient

RO,
"= T = gy

which is well defined on (0, v], where u’ is also continuous and nonnegative. By
L’Hopital’s rule, a limit of / at zero would immediately imply a limit for g. Perhaps
curiously, we will go the other way, that is, we will prove the limit of & by exploiting the
already established limit for g in Proposition 4.2.

We also introduce — for notational convenience — the function

4.13)

1+
lII(‘[) = log ’m

, (4.14)

which will serve a similar role to that of A from (2.15). It is positive on R™ and appears
in the relation

82x K(tx) = 82x L(tX) + 82x R(tx) = —W(1) + 25 R(X), (4.15)

where 8,5 f = f(- + x) — f(- — x) denotes a first-order central difference.

Lemma 4.3. With h and V as defined in (4.13) and (4.14) respectively, we have the
asymptotic equation

W(t)L(tx)

1 2
(1+0(1)h(x) = §+/0 [~ Lo

]h(tx) dr + o(1) (4.16)
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as x — 0. Moreover, the expression inside the square brackets satisfies

, 2W(r)L(tx)

x—0
and is positive for small x > 0.

Proof. Recalling the antiderivative X from (3.1), the equation takes the form

(1 4+ n@E))u)? = 82K Wu(v) — /0 824 (' (v) dy + f 2K(y)u(y) dy

after integrating by parts on the right-hand side of (2.4). Subsequently differentiating, we
get

2o () (1 + @ (x)) = S KW)u(v)

—/0 SzxK(y)u/(y)der/ S2x K ()u(y)dy (4.18)

for x € (0, v), where n1(¢) = n(t) + %tn’(t). This computation is justifiable because of
Assumptions 1 to 3.
Using the definition of & and L from (4.13), the left-hand side of (4.18) can be written

2u ()’ (x)(1 + i (u(x))) = xL(x)*h(x)(1 + o(1)) (4.19)

as x — 0, where we have applied Proposition 4.2 and the properties of n from Assump-
tion 1. In particular, this motivates dividing (4.18) by xL(x)2. We investigate each term
on the right-hand side separately:

In the first term, we have 6, K(v) < 0 by monotonicity of K on Rt so

Sax K(W)||u]lLee < 82x K(v)u(v) <0

for all x € (0, v). Concerning the tail, we see that convexity of K on R™ implies that
82xK'(y) = 0forall 0 < x < y, and thus

o0 o0
0< / 5 K (0)u(y) dy < [l / 53 K'(y) dy = —[lulloobar K(v)

when x € (0, v). Combined, we therefore have

S2x K(v)u(v) +/ S2x K'(Mu(y)dy| < —[lulleo82x K(v) < =2[Juf|zoox K’ (v — x)
v

on (0, v), where the final inequality again is due to the convexity of K. Consequently,

1

xL(x)? (52xK(V)u(v) + / Sax K'(0)u(y) dy) =o(1) (4.20)

as x — 0.
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Turning to the final, evidently dominant, term on the right-hand side of (4.18), we see
that

v v/x v
—/ S2x K(y)u'(y)dy = X/ W(r)L(zx)h'(zx)dz —f S2x R(y)u'(y) dy
0 0 0

by (4.15) and (4.13). We have also made the change of variables 7 — 7x in the first
integral. Since

< [82x R u(v) < 2x[[R" |1 [Jul| oo

/0 822 RO (v) dy

by Assumption 2, we arrive at

L[ : YW (r) L(rx)
—xL(x)Z/O Sax K(y)u (y)dy=/0 [;T);x]h(rx)dr+o(l) 4.21)

as x — 0.
Thus, dividing (4.18) by xL(x)z, followed by inserting (4.19), (4.20), and (4.21), we

obtain
W(t)L(tx)

L(x)?
as x — 0. The expression inside the square brackets is clearly nonnegative for 0 < x <

v < 1, and the auxiliary limit (4.17) follows directly from integrability of W(z) and
W(t)L(7) on (0, 2). The proof will therefore be complete once the limit

/‘”/x [ W(t)L(tx)
2 L(x)?

(I +o(M)h(x) = /Ov/x[ ]h(tx) dr +o(1)

lim

x—>0

]h(rx) dr = % (4.22)

is established.
To demonstrate this limit, we first argue that, for each fixed § € (0, v), we have

/"/x[\ll(t)L(rx)
§/x

e ]h(tx) dr = o(1) (4.23)

and
8/x @' (t)rL(tx)
/z L(x)?

as x — 0. Indeed, assuming x is small enough for §/x > 2 to hold, we get

dr = —1+0(1) (4.24)

2 1 1 1 1
()L =11—)1(—<2 1-)5—
©L(0) 0g< +‘L’—1 o8 rx)_ T—1 Og<8 b T
for all T > §/x. Using this, and the fact that % is bounded on [§, v] (by continuity), we
obtain (4.23). The second limit, found in (4.24), follows from an argument very similar to
the one we used to prove (4.5).
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Since u(x) = xL(x)g(x) and u’'(x) = L(x)h(x) by definition (see (4.2) and (4.13)),
we may use integration by parts to compute that

/ZM[M]M”) ar= [ TR

L(x)? L(x)?
WS/ x)u(d) — ¥(2u(2x)
N xL(x)?2
8/ W' (t)u(rx) q
_/2 L2
§/x /
- 0(1)—/2 [%]g(m dt (425

as x — 0. On the second line, we deal with the first term by using that W (§/x) = O(x)
and u(2x) = O(xL(x)) as x — 0. This latter identity is a consequence of Proposition 4.2.
Adding (4.23) and (4.25) together, and subtracting 1/2 from each side, we find that

/vax[wz)é)(2rx>]h(fx) a3
—o(l)— /j/x[%](g(m) — %) dr (4.26)

upon using (4.24). Exploiting that the integrand in (4.24) is single signed, we can conclude
from (4.26) that

VX EW(T)L 1 1
lim sup / [L(;x)]h(rx) dt — =| < sup ‘g(y) - =
x—0 [J2 L(x) 2 y€(0,8] 2
for every 0 < § < v. Thus (4.22), and hence (4.16), follows by Proposition 4.2. ]

We may now prove the desired limit for the derivative in our Main Theorem.

Proposition 4.4. Under Assumptions 1 to 3, the derivative of the solution enjoys the limit

w'(x) 1

li =
) log(1/x) 2
when K has a logarithmic singularity.

Proof. With h as in (4.13), the result follows immediately from (4.16) and (4.17), provided
we are able to show that % is bounded near the origin. We know that 4 is nonnegative
on (0, v], so it is sufficient to prove that & is bounded above on this set. For the sake
of contradiction, suppose that this is not the case, which by continuity of / necessitates
blow-up at the origin. As a result, the set

A= {x € (0,v]: h(x) = max,e[x,v] h(z)}
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of points where / is larger than subsequent values must have the origin as an accumulation
point. Furthermore, the limit
lim A(x) = o0 4.27)
x—0
xe€A
must also hold.
Observing that v € A, we see that the intersection [x, v] N A4 is nonempty and closed
for any x € (0, v]. In particular, the point

X = min([x, v] N A)
exists, and enjoys the property

h(x) = m[ax] h(z) (4.28)

for every x € (0, v]. For convenience, we define the accompanying scaling factor
Ty = x/x € (0,1]

for each x € (0, v]. Note also that
x =o0(1) (4.29)

as x — 0, by the aforementioned fact that A admits zero as an accumulation point.
By differentiating, one sees that x > xL(x)? is increasing on (0, e~2), which we may
assume entirely contains (0, v]. From this, we obtain
1 X 1

L2 xL(x)2 ~ L2’

which will be exploited in our next calculation: The change of variables 7 — /1, yields

WD) L(eE) T,
> /0 [T)_C)z]h(tx)dt, (4.30)

where we have also used that W is positive, and increasing on (0, 1). This can be seen
directly from its definition in (4.14).

As we will see, (4.30) actually implies that s (x) is comparable to i (x). Taking the
difference of (4.16) evaluated at x and X, respectively, we get

(I +o(M)h(x) = (1 + o(1)A(x)

B Az[%]h(”) dr = /:[%]h(w—c) dr + o(1)

as x — 0, after using (4.29). On the right-hand side,

Az[wz)TL)(zrx)]h(m) dr > /Orx[%]h(m i@
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by (4.30), and positivity of the integrand. Thus

2 -
(1 + 0o(1)h(x) — (1 + o(1)h(F) > —/ [%]h(n‘c)dr +o(1)
> o(1)h(%) + o(1) 431)

as x — 0, in view of (4.29), (4.28), and (4.17).
As a consequence of (4.31), we conclude that

lim inf )
1
x>0 h(X)

>1

’

which, since limy_,¢ 2(X) = oo by (4.27), implies that
lim h(x) = oo
x—0

holds. This leads to our contradiction: with g as in (4.2), we see through (4.8) and integ-
ration by parts that

L L g 1
;/0 h(y)dy:g(x)—;/o mdyﬁz

as x — 0. For this to be the case, we must necessarily have lim infy_,¢ 2(x) < co, contra-
dicting what we just demonstrated. In conclusion, / is bounded on (0, v], and the proof is
complete. ]

4.2. The bidirectional Whitham equation

By inserting the steady-wave ansatz ¢ (¢, x) = ¢(x — ct) and (¢, x) — v(x — ct) into (1.2)
and integrating, the time-independent Whitham—Boussinesq system

—cgp + Kp xv+¢v =0,

4.32)
—cv+ 9 +02/2=0, (

is obtained. The constants of integration have been set to zero in order to match the setting
of [14]. By subsequently eliminating ¢, we find the steady bidirectional Whitham equation

Kpg xv=v(c—v)(c—v/2) (4.33)

for v. Given a solution to (4.33), the associated ¢ can easily be recovered through the
second equation in (4.32).

We see that even if (4.33) arose from a system, it is of the exact same type as (2.2).
Repeating the procedure in Section 2, we first discern that the right-hand side of (4.33)
increases to the left of a local maximum at v = (1 — 1/ V3)c. If v is even, and assumes
this value at the origin, then

«/_HC‘
2 (0

u =

%)c _ v) (4.34)
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satisfies the equation

(1+

which is precisely of the form (2.4). Moreover, Assumption | holds trivially, and the

formula
Kp(x) = —log<coth(nl1 |))

from (1.3) and [30, 1.7.37] shows that Assumption 2 is satisfied with S = L.

In [14, Theorem 5.9], the existence of a limiting 27 -periodic solution (v, ¢) of (4.33)
is established. This solution is even, assumes v(0) = (1 — 1/+/3)c at the crest, decreases
on the half-period [0, ], and is smooth on (0, 27). In particular, Assumption 3 holds
both for this solution, and for similar solutions with a different period. The hypotheses of
Propositions 4.2 and 4.4 are therefore satisfied for the rescaled variable in (4.34). From
this, we may deduce the asymptotic behaviour of v, and in turn that of ¢.

S u(x)? = / 82(rKp)(y)u(y) dy.

Corollary 4.5 (Asymptotic behaviour of highest waves). Let v be a solution of the steady
bidirectional Whitham equation (4.33) that is even, assumes v(0) = (1 — 1/~/3)c, and is
smooth and decreasing on a nonempty interval (0, v). Then

1 1
v(x) = (i — 731)6 — (m + 0(1))x10g(1/x), )
ox) = —— (3— + 0(1))x10g(1/x)

as x \{ 0, with ¢ as described after (4.33). Moreover, one also has

1
v(x) = —(m + 0(1)) log(1/x), w36

¢'(0) = (5 +o(1)) log(1/x)

as x 0.

The authors of [14] also pose a natural question about the global regularity of these
waves: What is a reasonable function space that can capture the kind of asymptotic beha-
viour in (4.35) in an optimal way? A sensible candidate is the space of log-Lipschitz
functions [12]. This space appears, for instance, in critical Sobolev embeddings, and as a
simple example of a class of non-Lipschitz right-hand sides for which the Osgood criterion
[20] for the Picard-Lindelof theorem holds.

This global regularity is not a direct consequence of the local behaviour in (4.35).
Oscillations may, even under additional assumptions of monotonicity and smoothness,
cause the estimates to blow up in the limit. We will show that the highest waves indeed are
log-Lipschitz by combining (4.36) with fairly straightforward bounds. To get the result, it
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is advantageous to introduce the concept of a modulus of continuity, commonly used in
approximation theory.

We will say that : ]RE," — Rg‘ is a modulus of continuity if it is increasing, concave,
continuous, and vanishes at the origin. Any function f:/ — R is then said to admit w as
a modulus of continuity if

|f(x) = fFODI = o(lx =y

for all x, y € I. The following simple lemma is ours, but is very likely known in some
form in the literature. It can be viewed as a kind of L’Hopital rule for moduli of continuity.

Lemma 4.6. Suppose that f is absolutely continuous on an open interval I > 0, and that

ess lim sup lf//(t)|
t—0 o'(|t])

< 00 (4.37)

for a modulus of continuity w. Then there are M,§ > 0 such that f admits Mw as a
modulus of continuity on (—8, §8).

Proof. Note that w is necessarily locally absolutely continuous. Due to (4.37), we are able
to find M, § > 0 such that

M
Lf' ()] < To’(ltl)

for a.e. t € (-4, §). It follows that

y
/ f(r) dr
forall x <y € (-6, 9).

Since w is concave on RE,F , and w(0) > 0, it is also subadditive. Thus

y
F0) = )] = =5 [ ot = ol sent:

[o(lt]) sgn(1)]; = w(y) —o(x) < o(y —x) = o(ly —x])

when 0 < x < y, and a similar line of reasoning works for the case x < y < 0. Finally, if
x <0 <y,then

[w(7]) sgn()]y = 0(y) + ©(—=x) = w(y —x) + w(y —x) = 20(|y —x])
by monotonicity of w. This concludes the proof. ]

It is furthermore straightforward to show that if f admits M;w as a modulus of con-
tinuity on an interval [; fori = 1,2, and I1 N I; # @, then f admits (M, + M>)w as a
modulus of continuity on /1 U I». This follows since, for any x € I; and y € I, there is
some z € 11 N I, between x and y, whence

If) = f()] = Mao(ly —z|) + Mio(|z — x|) = (M1 + Ma)o(ly —x[).  (4.38)

by monotonicity of w. We use this to get the following result.
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Theorem 4.7 (Global regularity of highest waves). Any periodic solution to (4.33) satis-
fying the hypothesis of Corollary 4.5 around its crests, belongs to the class of log-Lipschitz
functions. That is, there is a constant M > 0 such that

[v(x) = ()] = Mlx = yllog(1 + ——) (4.39)

lx —yl
forallx,y € R.

Proof. Because of (4.36), we can apply Lemma 4.6 with w(t) := ¢ log(1 4+ 1/1) to get
(4.39) in a neighbourhood of each crest. Meanwhile, away from crests, the same conclu-
sion holds by the smoothness furnished by [14, Lemma 4.1]. Since we have a compact
domain from periodicity, the stitching argument in (4.38) enables us to infer that there is
a uniform constant M > 0 for which (4.39) holds globally. ]

Remark 4.8. For a highest solitary solution, the same conclusion can be reached by
combining compactness with a priori decay properties; see for instance [5]. Small solitary-
wave solutions to the Whitham—Boussinesq system (1.2) were constructed in [29], but at
present there is no existence result for extreme solutions in the solitary case.

5. Homogeneous kernel

Like in the previous section, we will adopt Assumptions 1 to 3, but now take the singular
part of the kernel K to be S(x) = H(x) = |x|~'/2. The same restriction of x to (0, v] for
some 0 < v < 1 will also be made. We will here prove the final two limits of our Main
Theorem, and so analogously to (4.2) define

() = —73 5.1)

for x > 0 in this section. We further remind the reader of ® from (2.11), which appears in
the identity

82K (tx) = 82H(rx) + 82R(tx) = xV20(7) + 82R(tx) (5.2)

due to (2.7).

Understanding the properties of ® will clearly be paramount for the calculations in
this section, and we therefore start with a lemma listing a few of them. The bounds are
certainly not optimal, but sufficient for our purposes. See also Figure 1.

Lemma 5.1. The function ® is increasing on the interval (0, 1), where it has a unique
root Ty € (%, %) In addition, ® is positive on (1, 00),

/ ®(z)dr = 0, / o(r)r/2dr = I, (5.3)
0 0 2
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and

1 o 3

- < —/ d(r)r"/?dr < =. (5.4)
2 0 5

Proof. The first integral in (5.3) is a trivial computation, while the second explicit integral
is simply a special case of (2.8). That ® is increasing on (0, 1) follows directly from
differentiating (2.11), and, by explicit evaluation, one further sees that <I>(%) <0< <I>(§).
Hence there is a unique root tp on the interval, which necessarily lies in (% %). The
positivity on (1, 00) follows by the same computation as for §2 K in Lemma 3.2, using the
strict convexity of H on R*.

For (5.4), it is easily verified that

213/2
A+0)V2+ (1 —1)l/2

for all t € (0, 1). Due to the sign change of ® at T = 79, this integral is maximised there,
and lower bounds can be found by evaluation at any other point. In particular, we find

T0 2/3 1
—/ o(r)r'/?dr > —/ o(1)r'/?dr > =
0 0 2

by evaluating (5.5) at 2/3.
To establish the upper bound, we observe through (5.5) and straightforward algebra
that

+ arsinh(tl/z) — arcsin(tl/z) 5.5

t
—/ <I>(r)rl/2 dr =2t —
0

t
—/ o(1)r'/2dr + 132 0(1)
0

_ 1 1 i i
= EETE — Te=TE + arsinh(z*/“) — arcsin(¢ /<),

and that this expression is increasing on (0, 1). Exploiting this, we get

70 70 3
—/ <I>(t)rl/2 dr = —/ CIJ(r)tl/2 dr + ‘Cg/zq)(t()) < 3
0 0
after using the fact that 7o is a root of ®, and evaluating at 2/3 > tp. ]
We next provide an asymptotic rephrasing of (2.4) for g, analogous to the one provided
by Lemma 4.1. A fundamental difference from the logarithmic case is that the contribution
from the integral f(f 82K(y)u(y) dy can no longer be disregarded when passing to the
limit. This is unlike (4.4), and makes the subsequent arguments more involved.

Lemma 5.2. With g defined as in (5.1), there is a function A: (0, 1) — (0, 1) such that
1
1+ oee? = ([ amar+om e
A(x)

VeS2K 1/2 o 52 K
+/ [%]g(y)dwr/ XT(y)u(y)dy (5.6)

v
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as x — 0. Moreover; the square bracket is positive and satisfies

V2K 1/2 oo
lim/ LKLYy, =/ ®(v)c"/2 dr, 5.7)
X 1

x—=>0 J,

while the final term admits the bound

o0 2
0 5/ 5K vy dy < (1) (5.8)
v X

asx — 0

Proof. Dividing each side of (2.4) by x, we find

(1 + () g(x) = [[ / []82K<y)u(y)dy,

where we observe that the left-hand side is of the same form as in (5.6). On the right-hand
side, the third integrals are identical, while in the second we have simply used the defini-
tion of g in (5.1) to write u(y) = y'/2g(y). The first integral requires more elaboration.

Recall from Lemma 5.1 that the singular part of §2K(y) changes sign at tox. As u
is increasing and nonnegative on [0, v], we may still make use of the second mean value
theorem for integrals on the first integral. Explicitly, we are able to conclude that, for every
x € (0, v], we have

[ 2K (yu(y) dy = u(x) f 52K (y) dy
0 A(x)x

for some A(x) € (0, 1). Here, combining identity (5.2) with Lemma 3.3, we further have

X 1
/ §2K(y)dy = x1/2/ ®(t)dr + O(x?)
A(x)x A(x)

as x — 0. Consequently, we find the first term in (5.6).

The positivity of the expression inside the square brackets in (5.6) for y € (x, v] is an
immediate corollary of Lemma 3.2, while the limit (5.7) follows directly from (5.2) and
Lemma 3.3. Finally, by an argument identical to the one used to prove (4.6), we obtain
(5.8). |

As we have alluded to, applying the arguments in the proof of Proposition 4.2 to (5.6)
will not directly lead us to the desired limit for g. Instead, we will derive a system of two
inequalities for the limits inferior and superior of g at zero. As will be demonstrated in
Proposition 5.5, these inequalities are in fact sharp enough to ensure the limit for g.

Lemma 5.3. With g asin (5.1), we have

m = hmlnfg(x) >0 and M :=limsupg(x) < oo,

x—>0
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for which the inequalities
T0 00
M? < m/ o(r)r'/2dr + M/ ()7 dr, (5.9)
0 70

70 00
m? > / ®(7) min(m, Mrl/z) dr + m/ d>(r)t1/2 dr, (5.10)
0 T

0

hold. Here, ® is as defined in (2.11).

Remark 5.4. Compare (5.9) and (5.10) with the more symmetric (2.14) that was covered
in Section 2. Without the refinement of (5.10) over the second inequality in (2.14), the
system would be too weak to reach the conclusion of Proposition 5.5.

Proof of Lemma 5.3. We first prove that m > 0. Proceeding as in Proposition 4.2, we
deduce from (5.6) that

2K 1/2
%]dy (5.11)

1 v
(1+o(1))g(x)22( /O <I>(f)df+0(1))g(X)+g(X) Al

as x — 0. Here, g is again defined according to (4.10). To bound the integral below,
we have used the_rnonotonicity of ® on (0, 1), along with fol ®(7)dr < 0, both from
Lemma 5.1.
Assuming that m = 0, we may pick a realising sequence {x¢ }reny C (0, v] for m, in
such a way that g = g along the sequence. Then (5.11) reduces to
1 ) 1/2
(1 +o(1))g(xz) z/ O (r) dr +[ [%]dy +o(1)
0

Xk

as k — oo, after having divided by g(xx). Going to the limit, we obtain

1 0o 0o
m > /(; d(r)dr +/; CD(‘L’)‘L'I/Z dr = /1 <I>(1:)(7:1/2 —1)>0,

where the equality comes from the first integral in (5.3). Meanwhile, the final inequality
stems from positivity of the integrand on (1, co), which is part of Lemma 5.1. Regardless,
this is a contradiction, so m > 0.

Similarly, arguing like for (4.12), one has

1 v 82 1/2
1 +ost? = ([ o@ar+om)ew + g [ R,

0

as x — 0. Assuming that M = co, we are again able to choose a realising sequence along
which g = g. This results in the contradiction

1 0o
M < / d(r)dr —i—/ CI)(I)II/2 dr < o0,
T 1

0

and so we do in fact have M < oo.
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Armed with the knowledge that 0 < m < M < oo, we may now derive the sharper
inequalities (5.9) and (5.10): knowing that g is bounded, (5.6) can be replaced with the
simpler

v/x
g(x)? = /0 ®(1)r"/?g(rx)dt + 0o(1) (5.12)

as x — 0, by employing Lemmas 3.2 and 3.3. Since we recall from Lemma 5.1 that ® is
negative on (0, 7p), and positive on (g, 00), we therefore see that

70 o)
M? 5( inf g(y))/ <I>(r)r1/2dr+( sup g(y))f @(r)rl/zdr,
ye(0,v] 0 y€(0,v] 70

which yields (5.9) in the limit v — 0.

In order to establish (5.10), we note that, since u is increasing on (0, v], we have

u(tx) - u(x)

1/2 _
T g(’L'X) - x‘/2 — X1/2 _g(x)

for every t € (0, 1) and x € (0, v]. Thus
t'2g(rx) < min(g(X), f”z( sup g(y)))
y€(0,v]
for all such x, 7, and the lower bound

e = [ o@min(gen. e 2( swp g0))) o

y€(0,v]
o0
+ ( inf g(y))/ ®(1)cV/2 dr + o(1)
ye(O,v] 70
as x — 0, is therefore obtained from (5.12). Finally, we are left with (5.10) after first
taking the limit along a sequence realising m, and subsequently letting v — O. ]

While the inequalities (5.9) and (5.10) are more involved than the corresponding
inequalities found in the logarithmic case (4.9), it just so happens that the only point
(m, M) € Rt x RY that satisfies both (5.9), (5.10), and m < M is the one given by
m = M = 7 /2. We now prove this, resulting in the third limit of our Main Theorem.

Proposition 5.5. Under Assumptions 1 to 3, the solution enjoys the limit
ulx) =
x50 12~ 2
when K has a homogeneous singularity.

Proof. With M and m as in Lemma 5.3, we first introduce o := M/m > 1, and rewrite
(5.9) and (5.10) purely in terms of o and m:

70 o0
m < 0—2/ o(1)r'/?dr + 07! / (1)t dr, (5.13)
0 T

0

T0 o
m z[ ®(7) min(1,07"/?)dr +/ d(1)r'/? dr. (5.14)
0 T

0
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When o = 1, both right-hand sides read fooo ®(y)y'/?dy = n/2 by Lemma 5.1, and
so /2 =m = M/oc = M. We will therefore be done once we are able to show that
no m > 0 simultaneously satisfies both (5.13) and (5.14) when o > 1. To that end, we
introduce

f(o) = /Om ®(t) min(1,0t"/?)dr + 072b + (% + b)(l —o (5.15)

for o > 1, where

70
b= —/ Cb(r)rl/zdr
0

is a positive constant. As ftzo ®(t)r/2dr = /2 + b, it is not difficult to see that f(o) is
precisely the right-hand side of (5.14) minus that of (5.13). Hence, if we can demonstrate
that f is positive on (1, 00), then there is no simultaneous solution to (5.13) and (5.14),
thereby completing the proof.

Since @ is negative on (0, 7o) by Lemma 5.1, we may use the trivial inequality

min(l,otl/z) < orl/?
to see that
f(0) = —ob+02b + (% +5)(1—07")
(T -1
—(l-0 )(2 b(o+o ))

for all o > 1. Note that the first of the two factors is positive for all o > 1, while the second
factor is a decreasing function of 0. As b < 3/5 by (5.4), we further have

-3

f2) = >0,

and thus conclude that f(¢) > 0 on (1, 2].
Suppose finally that ¢ > 2/2. Then 02 < 1/2 < 19, by Lemma 5.1, so that

o 70

®(7)dr,
2

2
d)(r)rl/z dr + /

g

To
/ ®(t) min(1,0t"/?)dr = 0/
0 0

which we in turn can use in (5.15) to compute that

0—72
f(o) = / ®(1)r"/?dr —2073b + (% + b)o_z,
0
forall 0 > 21/2, Here,

1 1
(1+ ‘1:)1/2 + (1- ‘1:)1/2

@(r)rl/zz ( )11/2—22211/2—2
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by (2.11) and the convexity of H(t) = |t|71/2 on R*. Therefore, we infer that

-2

g 7
f'(o) > 2/ ("2 - 1)dr —207%b + (— + b)cr_2
0 2

o
2 15

for all 0 > 2!/2, by using the bounds on b provided by (5.4). In conclusion, f is increasing
on (272, 00), and therefore positive on (1, o0), seeing as it is positive on (1, 2]. |

5.1. The limit for the derivative

We will now prove the final limit of our Main Theorem. Whereas in Section 4.1 we first
proved the limit, and then obtained uniform regularity via Lemma 4.6, we will here prove
a sharper form of Holder regularity first. This regularity is then used to establish the limit.
These two approaches are complementary. The counterpart to (4.15) in this case is still
useful, and becomes

S2x K(tx) = dox H(tx) + d2x R(tx) = —=I'(7) + S2x R(7),
where

1 1

r = -
® = T Tty

(5.16)

is also positive on R™T.
To illustrate the idea, if one formally differentiates the toy equation in (2.6), then

2(%) 20/ (x) = pV/ Sox H' (y)u(y)dy

:p.v./o F/(T)Tm(%) dr

for all x > 0. In principle, it should therefore be the case that
oo
11m x2u' (x) = —p V. / I'(t)r'/?de (5.17)
0

because of Proposition 5.5. This principal value integral can be shown to, in fact, equal
/2, so we find the “correct” limit. Of course, to rigorously justify this computation,
especially for the full equation, we need to work harder.

Lemma 5.6. There is some v > 0 so that

x2u(x +h) —u(x —h)) S h (5.18)
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forall 0 < h < x < v. As a consequence, u is C'/?-Hélder continuous on [0, v], and
u/(x) S x—l/Z
for x € (0, v].

Proof. This proof is a variant of the proof of global regularity given for the Whitham
equation in [16], but adapted to obtain more information than just Holder continuity. The
aim is to build up regularity by applying a bootstrap argument to (2.4). We begin by noting
that, if we introduce the notation N () := (1 + n(t))t? for the nonlinearity on the left-hand
side of (2.4), and for simplicity extend u to an even function on R, then

N(u(x +h)) = N(u(x —h)) = /0 (8341 K() = 82, K(»)u(y)dy

__ /0 81 K ()82t (y) dy (5.19)

for all x, h € R. This equation was referred to as a double symmetrisation formula in [16].
On the left-hand side,

u(x+h)

N(u(x + h)) = N(u(x —h)) = /( Y N'(1) = (1 +o(1) (u(x + h)* — u(x —h)?)

for 0 < i < x as x — 0. This is because N'(¢) = (2 + o(1))t ast — 0 by Assumption 1,
and because u(0) = 0. Moreover, we further have

u(x +m)? —ulx —h)* = @x + h) + ulx = h)dapu(x) = x*8u(x)

by Proposition 5.5.
We next turn to the right-hand side of (5.19), which we split as

- / sth(y)suu(y)dF—(/ + / )52hH<y>52xu(y)dy
0 0 X
- /0 821 RO Saxu(y) dy

- / 831 K(7)S2u(y) dy (5.20)

for0 < h < x < v, with H and R as in Assumption 2. Here, the final terms satisfy

< 2hK(v —h)|lullLe < A,

/ 81 K(¥)S2xu(y) dy

v
‘ [ 520 R(")S2x10(y) dy| < 208 R |11 Jull o < .
0
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where the first inequality follows by a similar argument to that for Lemma 3.2, while the
second follows from the bound on R’ from Lemma 3.3. Furthermore, the first term on the
right-hand side of (5.20) satisfies

x h x/h
‘ / szhH(ymxu(y)dy' =7 / T(0)Sa.u(ch) dr
0 0

o0
Sh/ 't)dt £h
0

from Proposition 5.5, since I' from (5.16) is integrable.
In summary, we have demonstrated that

v/h
x2|8u(x)| < h1/2/ L(t)8pxu(rh)dr + h (5.21)

x/h

for 0 < h < x < v, after possibly shrinking v. Now define the possibly infinite quantity

8
Cla):= sup x* w
O0<h<x<v h2

(5.22)

for each « € [0, 1/2]. As a function taking extended real values, C is nondecreasing and
left-continuous in o, and is at least finite at « = 0. We emphasise that the supremum is
not taken over v.

Let o be such that C(«) is finite. Then

|82 (ch)| < min(C(a)x* (th)™, (th)'/?) < C(a)'/2x%(zh)"/?>7e/*

in the integrand in (5.21), by Proposition 5.5 and the definition of C(«) in (5.22). We have
also used that min(a, b) < +/ab for all a, b > 0. Inserting this into (5.21), we find

o0
X21825u(x)| < Cla)!/2h3/42/2xe / N T(0)e /42 dr + b
X
< Ca)2hx/2714% 4y (5.23)

for all 0 < & < x < v. The second inequality comes from the fact that

o0
/ (r)r/4 247 <

. Z1/4+a/2

uniformly in z > 1 and «. If we now divide (5.23) by hl/2Hax1/4—a/2 e arrive at

l/4+0t/2|52hu(x)| - 1/z(ﬁ 1/2—a 1/4_0(/2(&)1/4—0:/2
x e SC@'(2) 7+ -

for 0 < h < x < v. In particular, we thus have
C(1/4+a/2) SC@)"? +1 (5.24)

according to the definition in (5.23). Crucially, the implicit constant does not depend on «.
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From (5.24), we immediately conclude by induction that since C(0) is finite, we have

1 1
for all k > 1. Thus, since C is nondecreasing, it is in fact finite for all & € [0, 1/2).

Moreover,
Cl@) <C(1/4+a/2) SCl@)?+1

implies a uniform bound on C(«) for all & € [0, 1/2). Continuity from the left ensures
that C(1/2) is finite as well, concluding the proof. L]

Using the regularity furnished by (5.18) in Lemma 5.6, we are now able to fully justify
a version of the calculation in (5.17). We purposely avoid having to deal with principal
value integrals.

Proposition 5.7. Under Assumptions 1 to 3, the derivative of the solution enjoys the limit

y u'(x) m
xlil}) x_1/2 o 4

when K has a homogeneous singularity.

Proof. We return to (5.19), make the same splitting of the right-hand side as in (5.20), and
divide by 2/, so as to get

N h) = N(u(x —h L
(u(x + h)) — N(u(x — h)) :_%(/0 +/x )azhH(y)(Squ(y)dy

2h

1 v
—— | SnR(y)dax d
i [ B RO ay

1 o0
-5 / 81 K(¥)S2xu(y) dy (5.25)

forall 0 < x < v and 0 < & < x/2. The intention is to obtain the desired limit from this
equation, by first letting 7 — 0, and subsequently x — 0: after doing so to the left-hand
side of (5.25), it reads

. N+ h)—Nu(x—nh)
m

. T ’ ’

f, 5 =l N )0
— 2 tim ) 5.26
_nxl—l}})x—l/f (5.26)

where the final equality follows from N'(u(x)) = (2 + o(1))u(x) and Proposition 5.5. Of
course, we do not yet know that this limit actually exists.

Turning our attention to the right-hand side of (5.25), we next establish the limit of
each integral separately. To accomplish this, we will prove that the integrands are domin-
ated by integrable functions, independently of x and /. Consequently, limits and integrals
may be interchanged, by using the dominated convergence theorem.
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For the first integral, we use the symmetry d>,u(y) = 82, u(x) to write

1 X 1 2h X
_L [ o H(y)Saxu () dy = — / + / a1 H(y)S2yu(x) dy
2h Jo 2h \ Jo 2h

1 2
= zhl/z/(; I'(t)8z.pu(x)dr

/1 8o H(tx)
2n/x  2h

for all 0 < 2k < x < v. In the first term on the right-hand side,

h 1/2 1/28 .
hll/ZF(T)SZrhu(x) ! (;) F(f)r(xi—hhu(x))’

Sarxu(x)x dr (5.27)

(5.28)

and therefore
<I'()t

1
‘ S5 T (Ob2chu(x)

by Lemma 5.6. Because 7 — I'(t)t is integrable on [0, 2], it follows from (5.28) and
dominated convergence that the first integral on the right hand-side of (5.27) vanishes as
h — 0,foreach0 < x <.

As for the second term on the right-hand side of (5.27), its integrand may be expressed

as
SonH(tx
- Mz—}f)SZIxu(x)x

B . (£t

(22 = (h)x))V2((x + h/x)V2 4 (x — h/x)1/2) TX ’
and is thus dominated by

Son H(tx) 1
‘_—2}1 82txu(x)x‘ 5 m (529)
forall 0 < 2h < x <vand2h/x <t < 1. Moreover, we have the limit
. Son H(tx) 1 Sarxu(x)
l}ﬂ) (_ 2h 82rxu(x)x) T 232 412

for each fixed x € (0,v] and t € (0, 1], where in turn

lim
x—0

1 8orx
(2r3/2 : 1L/l§X)) i 3/2((1+r)1/2 (1-1)'?)

for each t € (0, 1] by Proposition 5.5. Since the upper bound (5.29) is integrable on [0, 1],
we may therefore conclude that

1 X
lim lim (_ﬂ / 52hH(y)82xu(Y)dy)

x—>0h—0

1
=/0 (4D =10 (5.30)

from (5.27) and the pointwise limits.



On the behaviour of extreme solutions 157

We move on to the second integral on the right-hand side of (5.25). It can be written

as

v/x H
M(?gxu(tx)x dr,

1 Y
— / S H(3)82xu(y) dy = — /1

2h
where Lemma 5.6 implies that the integrand
SonH
_ Mz—il(fﬂgz)cu(rx)x
_ 12 ((rx)1/282xu(rx)>
T (@2 = ([ ))V2((x + h/0)V2 + (= h/x)1/?) x
is bounded by
SopH(tx 1
‘—22—}1()82xu(rx)x‘ S5 (5.31)
forall 0 < 2h < x <vand 2h/x <t < v/x. Furthermore, it admits the limit
. San H () 1 Syeu(rx)
pm (- on o (ex)x) = 2032 172

for each fixed x € (0,v] and 7 € (0, v/x], and we further have

lim

x—0

1+ = (x-1'?

1 Soxu(Tx)
(213/2 x1/2 ) 43/2

for every 7 > 0 by Proposition 5.5. The upper bound in (5.31) is integrable on [1, co), and
we therefore have

1 v
lim lim (—— / SzhH(y)Szxu(y)dy)
p

x—>0h—0 2h

2/1004 7 (1+ D2 = (=D dr (5.32)

For the third integral on the right-hand side of (5.25), we use the bound on R’ from
Lemma 3.3 to find that the integrand is dominated by

‘32h ()

()| S 1

forall0 < 2h < x <vand0 < y < v. We note also the two limits

tim (2205, 000)) = R 0820u(0)

h—0

forevery 0 < x,y < v, and

lim (R'(y)82xu(y)) = 0
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forall 0 < y < v. As before, we conclude that
1 v
lim lim ——[ 8onR(y)baxu(y)dy ) =0 (5.33)
x—>0h—0 2h Jo

by using dominated convergence.
Finally, for the fourth integral on the right-hand side of (5.25) we exploit the convexity
of K to see that the integrand is dominated by

8n K
2205, )| 5 K = /2)

forall0 < x <v,0 <h < x/2,and y > v. We observe also that

. (S K(y)
;}f})( T

forevery 0 < x < v < y, and that

lim (K'(y)82xu(y)) = 0

2u(»)) = K'(0)82xu()

for all y > v, so this integral also vanishes in the limit:

oo

|
lim lim 3 Son K(y)82xu(y)dy = 0. (5.34)

x—>0h—0 v

In summary, the four limits (5.30), (5.32), (5.33), and (5.34) show that we can conclude
from equation (5.25) that (5.26) exists, and therefore that

Cow(x) 1 A+ -2 T
lim = dr = —
x—0 X_1/2 4 0

3/2 4’

after dividing by m. The last equality holds by an argument similar to the one utilised in
the proof of Lemma 2.1. |

We remark that the method of proof in Lemma 5.6 and Proposition 5.7 may be repeated
inductively: It can be seen from the proof of Proposition 5.7 that u’ satisfies

Ul Sheu(x) 1 §yeu(rx)
’ ’ _ rx ) EXTA T
N (u(x))u (.X) - /0 273/2 x1/2 dr +/1 2¢3/2 x1/2

- /0 R'(")8axu(y) dy — / K'(9)Saxu(y) dy

dr

for all 0 < x < v on which similar analysis can be applied to study u”. More generally,
given a nonlinearity 7 that is C" and vanishing up to order N — 1 at the origin, a more
regular R, a solution u that is CV (0, v], with estimates u® (x) = (/2 + o(1))D¥x'/2
and higher-order analogues of Lemma 5.6 for k = 0,1,2,...,N — 1, one may prove that
uN (x) = (/2 + o(1))DN x'/2. This is done by taking another difference in the equation
satisfied by u¥ =1 establishing its analogue of Lemma 5.6, and then progressing in a
similar manner to the proof of Proposition 5.7. We refrain from pursuing this, and will be
content with asymptotics for the first derivative.
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5.2. The Whitham equation

Proceeding as for its bidirectional counterpart in Section 4.2, we insert the steady-wave
ansatz ¢(x,t) = ¢(x — ct) into (1.1) to arrive at the steady Whitham equation

Kw * ¢ = ¢(c —¢) (5.35)

after integration. The integration constant is chosen to be zero, which can be done by
Galilean transformation, like in [16]. Again, one observes that the right-hand side of (5.35)
is increasing to the left of its maximum at ¢ = ¢/2. This is the height of a highest wave
for this equation. If ¢ assumes this height at the origin, and is even, then

u =2 (% - (p)
satisfies the equation

u(x)? = /O 82(v/27 Kw) (n)u(y) dy.

which is of the desired form (2.4). It is immediate that Assumption 1 holds, and it is well
known [16] that Assumption 2 is satisfied. See also the comment on the precise behaviour
of Kw in Remark 5.9 below.

The existence of a limiting 27 -periodic solution (¢, ¢) of (5.35) was proved in [16].
This solution is even, assumes ¢(0) = ¢/2, decreases on (0, ), and is smooth on (0, 27).
In particular, Assumption 3 holds. All assumptions required for Propositions 5.5 and 5.7
are therefore satisfied, and we may settle a conjecture posed in the aforementioned paper.
Our result also applies equally well to the highest solitary waves recently found in [36]
and [15]. As shown in [7, 8], such solitary waves are necessarily even, and smooth and
decreasing on R,

Corollary 5.8. Let ¢ be a solution of the steady Whitham equation (5.35) that is even,
achieves ¢(0) = ¢ /2, and is smooth and decreasing on a nonempty interval (0, v). Then

o) = & - (\/§+ o(l))xl/z,
¢'(x) = —%(\/g + 0(1)))6_1/2

Remark 5.9. It is possible to give the series expansion

L& (2l =12 (20 + VAT T2\
Kw(x) = E’;(—l) ( 1n/2] )(W)

for the Whitham kernel. To the best of our knowledge, this expansion of the kernel for
standard linear gravity wave dispersion is new. We note, in particular, that the first term

as x 0.
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is precisely the singular part of the kernel. As written, the series is only conditionally

convergent, but this can be remedied by merging the terms corresponding to n = 2k — 1

and n = 2k for k > 1. These all become smooth, even, negative, and increasing on RT.
To prove the series expansion, the key observation is that

tanh(§)\1/2 (/2] —1/2Y, e 2
(%) _Z( 1n/2] )( Ve

for £ # 0, which can be seen by writing the numerator in terms of a binomial series. Here

1 —2[éln 1 0o ,—(2n—ix)& 1
—/ ¢ eibrge = —Re/ ¢ 4t =——Re@n—ix)"V?
0

27 Jr |E[/? T g1/2 N3
1 (2n+v4n2+x2)1/2
N 4n2 + x2

for all n > 1, and in the sense of distributions when n = 0.
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