Ann. Inst. H. Poincaré C © 2024 Association Publications de 1’Institut Henri Poincaré
Anal. Non Linéaire 42 (2025), 209-280 Published by EMS Press
DOI 10.4171/ATHPC/127 This work is licensed under a CC BY 4.0 license

Heteroclinic traveling waves of two-dimensional parabolic
Allen—Cahn systems

Ramon Oliver-Bonafoux

Abstract. In this paper we show the existence of traveling waves w: [0, +-00) x R? — R (k > 2)
for the parabolic Allen—Cahn system d;w — Aw = —V,, V(w) in [0, +00) x R2, satisfying some
heteroclinic conditions at infinity. The potential V' is a nonnegative and smooth multi-well potential,
which means that its null set is finite and contains at least two elements. The traveling wave w
propagates along the horizontal axis according to a speed ¢* > 0 and a profile U. The profile U joins
as x1 — oo (in a suitable sense) two locally minimizing one-dimensional heteroclinics which have
different energies, and the speed ¢* satisfies certain uniqueness properties. The proof is variational
and, in particular, it requires the assumption of an upper bound, depending on V', on the difference
between the energies of the one-dimensional heteroclinics.
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1. Introduction

Consider the parabolic system of equations
dw—Aw = -V, V(w) in [0, +o0) x R2, (1.1)

where V:R¥ — R is a smooth, nonnegative, multi-well potential (see assumptions (H1),
(H2), (H3) later) and w: [0, +00) x R2 — R¥, with k > 2. We seek a traveling wave
solution to (1.1). That is, we impose on w,

Y(t,x1,x2) € [0, 400) x R%,  w(t,x1,x2) = U(x; —c*t, x2),
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where U: R2 — R is the profile of the wave and ¢* > 0 is the speed of propagation of
the wave, which occurs in the x-direction. The profile and the speed are the unknowns of
the problem. Replacing in (1.1), we find that the profile U and ¢* must satisfy the elliptic
system

—*3y, U — AU = -V, V) inR2 (1.2)

The system (1.1) can be seen as a reaction—diffusion system. The early works, motiv-
ated by questions from population dynamics, of Fisher [23] and Kolmogorov, Petrovsky
and Piskunov [28], were devoted to a scalar reaction—diffusion equation in one space
dimension known today as the Fisher—KPP equation. Traveling and stationary waves are
now known to play a major role in the dynamics of reaction—diffusion problems: for
instance, Fife and McLeod [21,22] proved stability results for the equations considered in
[23,28]. Regarding higher-dimensional problems (but always in the scalar case), existence
results for traveling waves were obtained by Aronson and Weinberger [8] for equations
with RY as space domain and by Berestycki, Larrouturou and Lions [9], Berestycki and
Nirenberg [10] for unbounded cylinders of the type R x w, with @ € R¥~! a bounded
domain. We also mention that asymptotic stability results (for a suitable class of perturb-
ations) for traveling waves in the scalar Allen—Cahn equation in R were obtained by
Matano, Nara and Taniguchi [31].

All the papers mentioned above are devoted to scalar equations and they rely on the
application of the maximum principle and its related tools. As is well known, the max-
imum principle does not apply in general to systems of equations, meaning that other
techniques are needed in order to study the existence of traveling waves (and their prop-
erties in case they exist) for systems. Different, more general, approaches had been taken
in order to circumvent the lack of the maximum principle when dealing with parabolic
systems. We refer to the books by Smoller [47] and Volpert, Volpert and Volpert [49].
One of these approaches consists of the use of variational methods. In the context of
reaction—diffusion equations, this approach seems to appear for the first time in Heinze’s
Ph.D. thesis [26] (even though the existence of a variational framework for some classes
of reaction diffusion problems has been known since [21,22]) and subsequently carried
on by Muratov [35], Lucia, Muratov and Novaga [30], Alikakos and Katzourakis [6] (see
also Alikakos, Fusco and Smyrnelis [5]), Risler [42—44] and, more recently, by Chen,
Chien and Huang [20]. In the latter, the authors consider a parabolic Allen—Cahn system
in a two-dimensional strip R x (—/, /) and find traveling waves which join a well and
an approximation of a heteroclinic orbit in (—/, 1), for a class of symmetric triple-well
potentials. In a spirit which is related to this paper, traveling waves which connect lower-
dimensional equilibria have been found (also by variational methods) by Bertsch, Muratov
and Primi [12-14] in the context of the three-dimensional harmonic heat flow on an infin-
ite cylinder, as well as Muratov and Shvartsman [36] in another setting connected with
the modeling of cellular dynamics. Lastly, we mention that variational methods have also
been applied to scalar reaction—diffusion equations; see for instance Bouhours and Nadin
[18] for the case of heterogeneous equations, as well as Lucia, Muratov and Novaga [29],
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Muratov and Shvartsman [36]. These methods have also been applied to the damped wave
equation (a type of hyperbolic equation) by Gallay and Joly [25], Luo [19] and Risler
[45]. In this paper we will also take a variational approach for dealing with the following
question:

Question: Assuming that there exist two heteroclinic orbits, joining two fixed
wells, with different energy (defined in (2.1)) levels, does there exist a solution
(c,U) to (1.2) such that U joins the two heteroclinic orbits at infinity, in the x;-
direction and uniformly in x,?

Heteroclinic orbits are curves g: R — R¥ which solve the equation
¢’ =V,V(g) inR,

and join two different wells of ¥ at +00. Moreover, one asks that the one-dimensional
energy (i.e. the functional associated with the previous equation; see (2.1)) is finite. We
show that, under suitable assumptions, the question we posed has an affirmative answer.
Our motivation comes from two different sides:

(1) Stationary heteroclinic-type solutions of (1.1) have been known to exist in sev-
eral situations for a long time. Indeed, for a class of symmetric potentials, Alama,
Bronsard and Gui [2] showed the existence of a stationary wave (that is, a solution
to (1.2) with ¢ = 0) in the situation such that two heteroclinics with equal energy
levels exist and are global minimizers of the one-dimensional energy. Their ana-
lysis was later extended to potentials without symmetry in several papers, which
in some cases obtained similar results by means of different techniques. See Fusco
[24], Monteil and Santambrogio [34] (an extension of the previous work by the
same authors [33] for the finite-dimensional problem), Schatzman [46], Smyr-
nelis [48]. A key observation is that this problem can be seen as a heteroclinic
orbit problem for a potential (the one-dimensional energy, see (2.1)) defined in
the infinite-dimensional space LZ(R, Rk). Therefore, it is natural to aim at solv-
ing a connecting orbit problem for potentials defined in, say, Hilbert spaces and
then deduce the original problem as a particular case. This is the approach taken
in [34] (in the metric space setting) and in [48] (in the Hilbert space setting).

(2) Alikakos and Katzourakis [6] showed the existence of traveling waves for a class
of one-dimensional parabolic systems of gradient type. Essentially, they assume
that the potential possesses two local minima (one of them global) at different
levels. Hence, their potential is not of multi-well type in general. The profile of
the traveling waves connects the two local minima at infinity and the determination
of the speed becomes part of the problem.

The results of this paper follow by suitably merging the ideas of the previous items. More
precisely, we formulate and provide solutions for a heteroclinic traveling problem as that
in [6] for potentials defined in an abstract Hilbert space. Then, as a particular case, we
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recover the existence of a traveling wave solution for (1.1) with heteroclinic behavior at
infinity.

2. The main results: Statements and discussions

We now state the results of this paper. In Theorem 1, which is the main result, existence
of a traveling wave solution with speed ¢* and profile U is established, as well as the
uniqueness (in some sense) of ¢* and the L? exponential convergence of U at the limits
x1 — =Fo0. To prove such a result, the key assumption is (H6). With the assumptions we
make in Theorem 1 we are not able to prove that the analogous exponential convergence
for U holds as x; — —oo. In Theorem 2, we show that under the previous assumptions
we also have uniform convergence of the solution in the x;- and the x;-directions. In
Theorem 3 we give some properties regarding the speed parameter ¢*. We conclude this
section by describing the outline and main ideas of our proofs (Section 2.6), which are
located in Sections 4 and 5.

2.1. Basic assumptions and definitions

Before stating the results, we recall some standard assumptions, definitions and results and
we introduce some notation. The multi-well potentials V' considered in this paper satisfy
the following:

(H1) Let V € €2_(RF)and V > 0 in R¥. Moreover, V(1) = 0 if and only if u € %, where,

loc
for some [ > 2,

Y ={01,...,07}.

(H2) There exist ag, Ro > 0 such that for all ¥ € R¥ with |u| > Ry it holds that
(VuV(u),u) > aplu|? and, as a consequence, there exists B¢ > 0 such that V(u) > B
for all such u.

(H3) Forall 0 € X, the matrix D2V (o) is positive definite.

One considers the one-dimensional energy functional
1
E(q) = /R e(q)(t) dt = /R 516 OF +Vg@)]dr. g eHL®RY. @1
Given a pair of wells (67, 0") € X2, as done for instance in Rabinowitz [41], we define
X0~ ,0") = {q € HIIOC(R,Rk) : E(g) < +ooand limy 100 ¢(t) = ai},

the set of curves in R¥ connecting 0~ and 6. The space X(o~, o) is a metric space
when it is endowed with the L? and the H! distances. Indeed, by assumption (H3) it
readily follows that if ¢ belongs to X (o, o) then ¢ — o+ belongs to L ([0, +00), R¥)
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and ¢ — o~ belongs to L2((—oc, 0], R¥). As a consequence, ¢ — § € H'(R,R¥) whenever
g and g belong to X(o~,0 ). If q is a critical point of the energy E in X(c~,0 ), we say
that q is a homoclinic orbit when o = ¢’ and that q is a heteroclinic orbit when 6~ # o™
Define as well the corresponding infimum value

Mg+ = inf{E(q) : g € X(o~,0)}.

If 0~ and o are two distinct wells in I, it turns out that m,—,+ is not attained in general.
We need to add the following assumption:

(H4) We have
Vo e 2\ {0 .07}, mMygt < Mg—g + Mgg+.

Notice that one can always find a pair (67,0 7) € X2 such that (H4) holds. Assuming
that (H1), (H2), (H3) and (H4) hold, it is well known that there exists a minimizer of £
in X(o~,0"). Moreover, we have the compactness of minimizing sequences as follows:
for any (¢n)nen in X(6~, o) such that E(g,) — m,—4+, there exists (,)nen in R and
q € X(0~,07) such that E(q) = m,-,+ and, up to subsequences,

lgn (- + ) —allgr ey > 0 asn — 4oo. (2.2)

This result is well known. The earlier references are Bolotin [ 16], Bolotin and Kozlov [17],
Bertotti and Montecchiari [11] and Rabinowitz [39,40], sometimes in a slightly different
setting. Proofs and applications of the compactness property (2.2) are also given in Alama,
Bronsard and Gui [2], Alama et al. [1] and Schatzman [46].

We fix the two wells 0~ and ot for the rest of the paper, as well as m = my-g+.
According to the previous discussion, we have that the set

F={q:q9€ X0 .0")and E(g) = m}, (2.3)

is not empty. We term the elements of ¥ as globally minimizing heteroclinics between
o~ and oF. The term heteroclinics comes from the fact that 0~ and o are different. An
important fact is that, due to the translation invariance of E and X(c~, o 1), we have that
if ¢ € ¥, then for all 7 € R it holds that (- + 7) € F.

2.2. Existence

Assumptions (H1), (H2), (H3) and (H4) stated before are classical. In order to obtain our
results, we will supplement them with the following one, which is more specific to the
setting of this paper:

(HS) Assume that (H1), (H2), (H3) and (H4) hold for the potential V. We keep the previ-
ous notation. We assume the following:

(1) Itholds that ¥ = {q (- + 1) : T € R} for some q~ € X(0~,0™"), where ¥ was
defined in (2.3). We set ¥~ := ¥ and m™ := m.
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(2) There existm™ > m~ andqt € X(6~,0") suchthat E(q") = mT andqt isa
local minimizer of E with respect to the H'-norm. We denote ¥+ := {q T (- + 1) :
T € R}.

(3) We have the spectral nondegeneracy assumption as introduced in [46]: For all
g € X(6~,0™1), let A(g) be the unbounded linear operator in L2(R, R¥) with
domain H2(R,R¥) defined as

A(g):v — —v" 4+ D*V(g)v.

Then it holds that for any g € ¥~ U T we have Ker(A(q)) is generated by q’.
The fact that ¢’ € H2(R, R¥) follows from the identity "’ = D2V (g)q’.

Notice that if we had m™ = m~ we would be in the framework of Alama, Bronsard
and Gui [2], for which the two-dimensional solution connecting ¢~ and q* is station-
ary. Essentially, conditions (1) and (2) in (H5) imply that ¢~ is a globally minimizing
heteroclinic and q " is a locally (but not globally) minimizing heteroclinic.

Regarding assumption (3), notice that if ¢ € X(o~, ™) is a critical point of E, then
we have forall € R and v € H' (R, R¥),

h2
E(q + hv) = E(q) + EDzE(q)(v, V) + 0po(h?),

where
’ 2
D*E@w.) = [ [25 + 02vanwe.ven]ar = [ @)

Hence, A(g) is the self-adjoint operator associated to the second variation of E at g.
Moreover, if g is a local minimizer of E (as ¢~ and q% are), then A(g) is also non-
negative. One readily checks that ¢’ always belongs to Ker(A(g)). This is an intrinsic
degeneracy due to the invariance by translations of the functional E. Assumption (3) is
made so that this is the only source of degeneracy or, in order words, so that ¢~ and g+
are nondegenerate critical points of E up fo translations. In [46, Theorem 4.3] it is shown
that it is a generic assumption in the following sense: given a potential satisfying (H1),
(H2), (H3), (H4) and (1) and (2) in (H5), it is possible to find an arbitrarily small perturb-
ation of it so that (3) also holds, and that without modifying the data ¥, 0™, o™, q~ and
a . Actually, [46, Theorem 4.3] is stated only for global minimizers of the energy, but an
inspection of the proof reveals that only the fact that 4(q¥) is nonnegative is used.

The most important consequence of (HS5), as proven in [46], is the existence of two
constants ,00+ > 0 and p, > 0 such that forallg € L2 (R, R¥),

loc
disty 2 g rr)(q. FE) < pi
= ArF(q) € R:lg — ¢ ¢ + 5@l L2 rE) = dist 2 rey(q. FE),  (2.4)
and for some constant 8% we have, forall ¢ € X(o6—,0™1),

distz 2 g mry (@, FF) < pg = disty g giy(q. F5)* < BH(E(q) — m™). (2.5)
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Figure 1. The situation described by (H5). The curves correspond to the traces of ¢~ and g1 as
indicated. The shadowed regions correspond to the traces of the functions in ¥ P_E and ¥ t, which
are a neighborhood of #~ and ¥ T respectively. Po

Notice that (2.4) and (2.5) state that the energy is quadratic around ¥~ and F T, up to
the degeneracy associated to the invariance by translations. For the global minimizer g,
the identities (2.4) and 2.5 are proven in [46]; more precisely (2.4) is a particular case of
[46, Lemma 2.1] and (2.5) is a consequence of [46, Lemma 4.5] (which uses the spectral
assumption (3) in (H5)), which states that, for all g € X(o~, o),

diStHl(R,Rk)(q, 37_) < /66 = diStHl(R,]Rk)(q, 37—)2 < 5_(E(q) - mi) (26)

for some ,3 ~ > 0and p, > 0. By acontradiction argument, one proves that (2.5) follows by
(2.6), also using compactness of minimizing sequences. Actually, property (2.4), proven
in [46, Lemma 2.1], does not require the curve to be a global minimizer and it works for
any curve ¢o with second derivative in L2(R, R¥), as this allows us to compute the second
variation of

TteR— ”q - qO(' + T)”iZ(R,]Rk) eR.

This shows that one can find p(‘,Ir > 0 so that (2.4) holds for q*. Moreover, one can
obtain an analogous property for the H'(R, R¥), as done in [46, Lemma 2.1], using
that (a)” = D2V(a1)[(at)] € L2(R, R¥), and then deduce suitable upper bounds
in the optimal parameter. Lemma 4.5 in [46] combines the previous fact with the spectral
assumption (H5) (3), and the fact that the curve is a global minimizer is not used. Hence,
up to decreasing the parameter ,o(J{ , one obtains (2.5) for g .

We will define for r > 0 the sets

FE = {q € L (R, R¥) : dist > (g giy(q. FF) <1} (2.7)

Notice that ¥~ and ¥ T are at positive L? distance. Indeed, we have that ||q (- + 7) —
el L2(R,RF) tends to +00 as || — +o0, which by continuity means that the infimum is
attained, which is hence positive as g™ and q~ are different up to translations. Therefore,
up to decreasing p(‘)" and p, we can (and will) assume that

+

F =0.

) ns,

S+
S|
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See Figure 1 for an explanatory drawing of (HS5). Let us now assume that m™ — m™ is
bounded above as follows:

(H6) Assume that (H5) holds and, moreover, for the constants po™ satisfying (2.4) and

(2.5) it holds that

+

O0<m™ —m™ < Eqax,

where E,.x Will be defined later in (2.21). Moreover, assume that

g€ X(0o™.0%):E(g) <m™} C F o /20 (2.8)

with & —

pe/2 8 in (2.7). Furthermore,

mt—m < (n 20) 7

where the constants Do and p~ are defined later in (2.19) and (2.20) respectively.

ﬁp_a /2

q € X0 .oT): E(q) <m™t

Figure 2. Representation of (H6). While the larger shadowed region corresponds to ‘}7;_ /20 the

0
smaller one that is contained inside represents the set {g € X(6~,07) : E(q) < m™}. Moreover,
the value m™ — ™ must be smaller than Epay, defined in (2.21).

See also Figure 2. Essentially, (H6) requires that m~ — m™ is not too large and the

bound is given by a constant E ., that can be computed through the constants produced
in (2.4) and (2.5) as a consequence of (H5). Moreover, it also requires that whenever g €
X(0~,07) is such that E(g) < m™, then ¢ is close to g~ (more precisely, ~ € 37p_,/2).
One should notice that while the constants ,ooi could be taken arbitrarily small in order
to fulfill (2.4) and (2.5), assumption (H6) imposes an upper bound on these values as the
inclusion (2.8) must hold. Therefore, the assumption can be not so obvious to check in
applications, but it is possible to obtain examples by performing suitable perturbations
on multi-well potentials with several globally minimizing heteroclinics; see Section 6 for
more details. If (H6) holds, then we are able to answer the question that we posed at the
beginning of the paper in a positive way. More precisely, recall the equation of the profile,

—c0, U — AU = -V, V(1) inR2, (2.9)
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and consider the conditions at infinity,

3L eR. Vx; < L7, U(xp,) € Fpr s (2.10)
LT eR, Vx; > LT, U(xy,) € ?pt/z. (2.11)
0

Our proof is variational, which implies that the profile U can be characterized as a critical
point of a functional. The variational framework is as follows: assume that (H6) holds and
set

S:={U e H..(R,L2R,R¥)) : 3L > 1,Vx; > L, U(x;,") € }‘pt/z
0

Vx;1 <-—L, U()Cl,-) € ?'p;*/Z}'

For U € S and ¢ > 0 we define the energy

2
EZ,C(U) — A(/}R |ax1U();1,XZ)| dX2 + (E(U(Xl,)) _m-i-))ec)ﬂ dxl'

Formally, critical points of E; . give rise to solutions of (2.9). If U € S, we can define the
translated function UT := U(- + 1, ) for T € R. Then, for all ¢ > 0, we have

Es . (Ur) = e_crEZ,c(U)a

which implies that
Ve >0, inf E; (U) € {—o0,0}.
UeS

‘We have now introduced the notation which allows us to state the main result of this paper:

Theorem 1 (Main theorem). Assume that (H1), (H2), (H3) (H4), (H5) and (H6) hold.
Then we have the following properties:
(1) Existence. There exist c* > 0 and Ul € €2%(R2,R¥) N S, « € (0, 1), which fulfill
(2.9). The profile U satisfies the conditions at infinity (2.10) and (2.11) as well as
the variational characterization

Eye+(0) =0 = inf Ep (V). (2.12)
UeS

(2) Uniqueness of the speed. The speed c* is unique in the following sense: Assume
that ¢* > 0 is such that
inf £, =(U)=0
Ues ¢ )

and that U € S is such that (c*, 1) solves (2.9) and E, = () < 4o00. Then c* =

c*.

(3) Exponential convergence. The convergence of U at +oo is exponential with
respect to the L*-norm. More precisely, there exist M+ > 0 and t+ € R such
that for all x1 € R,

(x1, ) — gt ¢+ )l 2@ pey < MTe™ ™ (2.13)
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Moreover, it holds that ¢c* < (=, ™ to be defined later in (2.20), and there exists
N~ > 0 such that for all x; € R,

U(x1.) = a7 ¢+ )l 2@psy < Ml <D, (2.14)

Remark 2.1. The existence part of Theorem 1 states that there exists a solution (¢*, 1)
such that U is a global minimizer of E.~ in S. We also have that the speed c¢* is unique
for some class of solutions, namely for finite energy solutions and speeds for which the
corresponding energy is bounded below in S. In particular, ¢* is unique among the class of
globally minimizing profiles. In other words, if ¢ > 0 is such that the infimum of E. in S
is attained, then ¢ = ¢*. This is analogous to what was shown in Alikakos and Katzourakis
[6]. As explained in the introduction, the main drawback of our approach is the existence
assumption (H6). In particular, the definition of the upper bound E .,y is technical and it
is possible that in several situations it could be small. Nevertheless, in Section 6 we show
that there exist examples of potentials for which (H6) holds.

2.3. Improving the convergence at infinity

The natural question is whether the convergence properties (2.13) and (2.14) in Theorem
1 can be improved, and in particular, whether the L2-norm can be replaced by the H 1
norm. We believe that the answer to this question is positive, but we do not have a proof of
this fact. However, as one can check in Smyrnelis [48] and Fusco [24], such a fact holds
for the balanced two-dimensional heteroclinic solution. They obtain these properties by
combining standard elliptic estimates with some properties which are intrinsic to minimal
solutions of the elliptic system (1.2) with ¢* = 0. See the results in Alikakos, Fusco and
Smyrnelis [5, Section 4], mainly based on Alikakos and Fusco [4]. The main obstacle is
that even if one was able to extend their analysis to the case ¢* > 0, a crucial hypothesis
of their results is that solutions are minimal with respect to compactly supported perturb-
ations, a property which (at least when one does not limit the size of these perturbations)
does not hold for solutions given by Theorem 1 due to the fact that gt is not a global
minimizer of E. Therefore, we leave this question open. Nevertheless, besides the L2-
convergence rates (2.13) and (2.14), we can prove uniform convergence in both the x-
and the x,-directions:

Theorem 2. Assume that (H1), (H2), (H3) (H4), (H5) and (H6) hold. Let (c*, ) be a
solution given by Theorem 1. Then we have

lim ||u(X1, ) - q-i( + Ti)”Loo(R,Rk) =0 (215)
x1—> %00

and
lim U, x2) — 05| oo rk) = O- (2.16)
Xp—>F00
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2.4. Min-max characterization of the speed

We provide here a min-max characterization of the speed ¢* and other related properties
which are summarized in Theorem 3. The idea of providing a variational characterization
for the speed of traveling waves in reaction—diffusion systems can be traced back to Heinze
[26] and Heinze, Papanicolau and Stevens [27], and it was used later in several other
papers [6,18,29,30,35].

Theorem 3. Assume that (H1), (H2), (H3) (H4), (H5) and (H6) hold. Let (c*, 1) be a
solution given by Theorem 1. Then for any U € S such that

Ey () =0,

we have that (c*, ﬁ) solves (2.9) and

mt —m~

- fR2|3x1ﬁ(x1,xz)|2 dxydxy

*

2.17)

In particular, the quantity f]RZ [0, ﬁ(xl ,X2)|? dx, dx is well defined and constant among
the set of minimizers of E, . in S. Moreover, it holds that

¢* =sup{c > 0 :infyes Ez,c(U) = —oo} = inf{c > 0 : infyeg E2..(U) =0} (2.18)

and we have the bound

* 2(1’H+—Il‘[_) . {VzEmax _}
C < ——/ <mny——, s

- W) 0

where Do, 0~ and Enx will be defined later in (2.19), (2.20) and (2.21) respectively, and
the second inequality follows from the bound on m™* — m™ given by (H6).

Remark 2.2. Notice that the conditions at infinity imply that any U € S is such that

/ |0x, U(x1, x2)
R2

dx, dxq > 0.
) X2 dX1

As can be seen, Theorem 3 shows that the speed ¢* is characterized by the explicit
formula (2.17), which nevertheless requires knowledge about a profile 1. However, one
also has the variational characterization (2.18), which does not involve any information
on the profiles. Indeed, one only needs to be able to compute the infimum of the energies
with ¢ > 0 as a parameter. Moreover, notice that combining (2.18) with the uniqueness
part of Theorem 1, we obtain a stronger assertion: if ¢ > ¢* and (c, 1_1), with U € S, solves
(2.9), then Ez,c-(l_l) = 4-00. Hence, variational solutions can only exist for ¢ < ¢* and
these cannot be global minimizers when ¢ < c*.
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2.5. Definition of the upper bounds

We will now define some important numerical constants which are necessary in order to
formulate assumption (H6). Assume first that (H5) holds. Let p(:,t be as in (2.4) and (2.5).
Recall that we chose pg' and p; such that

o+ T— __

FEnFo =0,

Po
which implies that the quantity
T + ~—

b() = dlStLZ(R’Rk)(fpa,/z, J’pa/z) (219)
is positive. Therefore, as we argued before, one can see that the constant D depends only
on the distance between the two families of minimizing heteroclinics. Next, under (HS),
recall the constants /Si from (2.5). Set

FE = S5 + (B + 1) > 0

and, subsequently,
1

T=—>0, 2.20

Iz 1 B (2.20)
which is the constant appearing in (H6). Of course, the nature of the definition given in
(2.20) obeys technical considerations. But i~ should be thought of as a constant depend-
ing only on the local behavior of the energy around ¥~ and, in particular, independent of

the behavior of the energy near ¥ *. Now, for r € (0, pgc], let
eF ==inf{E(g):q € X(6™,0™), dist; 2 g gy (9, FE) e [r.p¥l}-

Inequality (2.5) implies that e > m®*. Moreover, we also have that for r € (0, ,of)t] there
exists v¥(r) > 0 such that

Vg € J’iji/z, E(q) — mT < vi(r) = disty1 g rK) (4, FEy<r.
0

This leads us to define the constants

= — minl Je-1P0 e o) o
N .—mln{\/e 1 Z(epa/4 m),4 > 0,

—_ _Po
T = B +1 >0
and
1 NG o
Emax = Br2G—+ 1) mm{( Z) N LR (r),v (80)} > 0, 2.21)

which is the constant appearing in (H6). Again, the definition of E, is essentially due
to technical reasons, but it must be thought of as a constant which only depends on local
information around ¥ .
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2.6. Methods and ideas of the proofs

The main result of this paper is Theorem 1, which establishes the existence of a solution
(c*, ), with the profile U satisfying the heteroclinic asymptotic conditions (2.10), (2.11).
We also prove an exponential rate of convergence for the profile at 0o (with respect to
the L2-norm). We finally show that the speed ¢* has some uniqueness properties. Import-
ant properties of the profile and the speed, as well as improvements to the results under
additional assumptions, are also established in Theorems 2 and 3.

The proof of our results follows by bringing together two different lines of research;
see items (1) and (2) in the introduction. More precisely, in the spirit of [34, 46], we
adapt the result of Alikakos and Katzourakis [6] (based on the previous work by Alikakos
and Fusco [3] for the equal-depth case) to potentials defined in an abstract, possibly
infinite-dimensional, Hilbert space and possessing two local minima at different levels.
This abstract setting is established in Section 3 and the main abstract results are Theorems
4,5 and 6. The proofs of these results are found in Section 4. Assumption (H5) guarantees
that our main results (Theorems 1-3) are a particular case of the abstract results. Naturally,
the advantage of proving the results in an abstract framework is that one can apply them
to several problems other than the original one. In our case, the results in this paper apply
to the system

oyw — E)iw = -V, W(w) in[0,400) xR,

where W is a smooth potential bounded below, possessing two local and nondegenerate
minima at different levels. This system, which is one-dimensional in space, is the one con-
sidered in [6], but the results of this paper allow us to somewhat relax the nondegeneracy
assumption used in [6] and treat the case of nonisolated minima.

Generalizing the result from [6] to curves taking values in a more general, possibly
infinite-dimensional, Hilbert space raises several additional difficulties. A detailed outline
of our proof as well as the difficulties is given in Section 4.1. Essentially, the approach
in [6] requires the potential W to be quadratic in W ~!((—o0, a]) for some a > 0. It is
not hard to find potentials defined on R which satisfy such a property. However, in our
setting, the role of the potential is played by the one-dimensional energy E, defined in
the infinite-dimensional space of curves X(c~, 0 ™). Moreover, one can only modify the
energy E by modifying the potential V', which has to be of Allen—Cahn type. Therefore,
it seems that the only natural way of obtaining a functional E satisfying an assumption
analogous to that in [6] is to impose (H6). As a consequence, E has quadratic behavior
in its “negative region” because it is included in a suitable neighborhood of ¢, which is
selected to be nondegenerate up to translations. This enables us to apply the scheme of [6]
in the present setting.

In order to conclude this section, it is worth mentioning that, following our approach,
one should be able to obtain a generalization of the result in [3] to curves taking values in
a Hilbert space. This would yield yet a new proof for the existence result in the stationary
case. Nevertheless, such a result is not a special case of ours, as the fact that the minima
are at different levels (or, equivalently, that the speed parameter is nonzero) is used at
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several points during the proof. Hence, one would need to perform some adjustments in
the proofs, which goes beyond the scope of this paper.

3. The abstract setting

Instead of proving Theorems 1 and 3 directly, we introduce an abstract setting similar to
those considered in [34] and especially [48], which will allow us to deduce the original
ones as particular cases. The proofs of the main abstract results, Theorems 4, 5 and 6
below, are thus the core of the paper. The passage between the abstract and the original
setting is established in Section 5, which in turn proves Theorems 1 and 3.

3.1. Main definitions and notation

Our approach will consist of establishing the existence of a pair (c, U) in (0, +00) x X
(where X is a suitable space of curves; see (3.30) below) which fulfills

U - 8U) =—-U inR, 3.1)

where B is (at the least formally) the gradient of a potential. Moreover, at infinity, U
satisfies the conditions

IT" eR V1 <T", U@) €T, ). (3.2)
ITT eR, Ve =TT, U@ e 3";:/2. (3.3)
0

Notice that this problem can also be thought of as a heteroclinic connection problem on
Hilbert spaces for a second-order potential system with friction term. Such a problem
could have its own interest besides the main application to the existence of traveling waves
that we give here. Of course, analogous considerations can also be applied to the results
in [6], as well as our companion paper [38].

The nature of the objects introduced above will be made precise through this para-
graph. Let £ be a Hilbert space with inner product (-, -} and induced norm |-|| ;. Let
H C £ be a Hilbert space with inner product (-, -)s¢. In the original setting, £ is L2(R, R¥)
and H is H'(R, R¥), both endowed with their natural inner products. We will take
&: L — (—00, +00], a potential bounded below and possessing a local minimum which is
not a global one. In the setting of Theorem 1, & will essentially coincide with E — m™ in
H'(R,R¥) and with +occ elsewhere." Here we just impose a set of abstract assumptions

I'This statement is not exact, as the energy E is not defined in H (R, Rk), but on an affine space based
on H'(R,R¥). However, we can trivially obtain a functional defined on H' (R, R¥) from E. See Section
5.1
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on &. Most of those assumptions follow by combining ideas in [6] with ideas in Schatz-
man [46] and Smyrnelis [48]. We will begin by fixing two sets ¥~ and F* in £. For r > 0,
we define

FE = {v e Linfyeqellv—v|g < r} (34

r

and
"J"i’r = {v € H :infyeq+||v — v < r}, (3.5)

that is, the closed balls in £ and I respectively, with radius r > 0 and center J £, The
main assumption reads as follows:

(H1’) The potential € is weakly lower semicontinuous in £. The sets F~ and F* are
closed in £. There exists a constant a > 0 such that

Yvel, Vv €eJF, EW)=>8&WV )=—a

and each vt € Ft is a local minimizer (see (3.6) below) satisfying & (v*) = 0. Moreover,
there exist two positive constants 7, r(;" such that ”J"j'o— N &"r_+ = 0 (see (3.4)). There also
exist C* > 1 such that 0

Vv e 3":;, (CH)Mdistg (v, F1)2 < E(v),
0

(3.6)
Vv e J, (C)~Uistg (v, T7)2 < &(v) +a.

Moreover, for any v € ?rl;, there exists a unique v*(v) € F* such that
0
+ : +
[v=v=@)llc = inf flv—v"|c.
vieg*

Moreover, the projection maps

PEvedt > viw)edt

To

are C? with respect to the £-norm.

Hypothesis (H1”) defines & as an unbalanced double-well potential with respect to F~
and F* and gives local information on the minimizing sets. Compare with (H5) and the
remarks that follow. In the concrete setting, ¥~ and F+ are essentially the sets ~ and
F 7 respectively, but perturbed so that they are contained in H!(R, R¥). We have the
following immediate consequence, which will be useful in the sequel:

Lemma 3.1. Assume that (H1") holds. For r € (0, rgt] we define

Kk = inf{€(v) : diste (v, F%) € [, 5]} (3.7)
then we have k;t > 0 and k; > —a. Moreover,
+
Yv e ‘rfr;r/z’ &) = 0. (3.8)

Proof. Tt follows directly from (3.6) in (H1"). [ ]
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We now impose the following regarding the relationship between £ and J:

(H2') We have H{ = {v € £ : §(v) < +oo} and || ¢ < |Ills¢c. In particular, F* C I.
Moreover, & is a C! functional on (3, ||-||5¢) with differential D&:v € H — D& (v) € ',
where H' is the dual of H. Furthermore, there exists an even smaller space J{ with an inner
product (-, -) 5 and associated norm ||-|| 7 > [|-[l5¢ such that there exists a bounded linear
operator B in £ with domain H such that

YoeH, Yw e H, B)(w)= DEW)(w). (3.9)

Notice that in the context of Theorem 1, assumption (H2’) is easily verified. The space
H will be chosen as H2(R, R¥), and (3.9) is nothing other that integration by parts. We
now continue by imposing a compactness assumption on F*:

(H3’) We have that 7% C J( and £-bounded subsets of F* are relatively compact with
respect to H{-convergence.’

Assumption (H3’) readily implies the following:

Lemma 3.2. Assume that (H1’) and (H3") hold. Then the sets F=,

roi/z

defined in (3.4) are
closed in LC.

Assumption (H3’) is necessary in order to establish the conditions at infinity. In the
main context, it follows from the straightforward fact that a bounded sequence of trans-
lations (which are real numbers) is relatively compact. Subsequently, we impose the fol-
lowing:

(H4’) Assume that (H1’) holds. For & % one of the two following alternatives holds:

(1) F* is L-bounded.

(2) For all (v, v*t) € 3":} x F* there exists an associated map ﬁ(f,vi): L — L such

that
Pi(P(tvi)(v)) =v* (3.10)

and
distL(P(f vy (V), FE) = distg (v, F5). (3.11)

Moreover, ﬁ(f . L — [ is differentiable and

V(wi, wp) € L2, [|D(PF o) (wi, w2l e = [walle (3.12)
and
E(Pgy v+ (V) = E(D) (3.13)
forall v € L.

2Hence, they are in particular relatively compact with respect to £-convergence.



Heteroclinic traveling waves of two-dimensional parabolic Allen—Cahn systems 225

Essentially, in (2) we impose that the projections P* from (H1’) can be transported
in a direction parallel to the sets F*. Again, this is straightforward in the concrete setting,
as the projections P ¥ consist of performing a translation. We now impose an assumption
for the sets 3";’,0:

(H5’) Forany v € ?ﬂi{ a0 S defined in (3.5), there exists a unique v;}tc(v) € F* such that
7o
+ . +
[v—=v3@lle = inf [[v—v7|s.
vieg+
Moreover, the projection maps
Piive 3":( x> vi(v) € IF
B

are C! with respect to the H{-norm. Moreover, if C * > 1 is the constant from (H1"), we
have
Yo e Ty .. IPE) = Pit)llac < C¥llv = P ()5 (3.14)

Furthermore, for each r* € (0, roi] there exist constants 8% (r*) > 0 such that in the case
that v € fr";ti satisfies
0
€(v) < min{£a, 0} + fF(r™), (3.15)

thenv € S’i’r. Finally, we have

Vv € :f;;’roi, (CH 2o — PEW)|% < €(v) — min{=£a, 0}
< (C*)?|lv = Pic ()3 (3.16)

Assumption (H5’) is made in order to ensure suitable local properties around F* in
H. In the main setting, those are known results which follow essentially from the spectral
assumption by Schatzman [46]. Before introducing the last assumptions, we need some
additional notation. For U € H;! (R, L) and ¢ > 0, we (formally) define

loc

E.(U) :=/ReC(U)(t)dt :=[R[

More generally, for I C R a nonempty interval and U € H,! (1, L), put

loc

’ 2
% + g(U(z))]e” dt. (3.17)

E.(U:I) = /Iec(U)(l)dt. (3.18)

Notice that the integrals defined in (3.17) and (3.18) might not even make sense in general
due to the fact that & has a sign. Nevertheless, we can define the notion of a local minimizer
of E.(; I) as follows:
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Definition 3.1. Assume that (H1”) and (H2’) hold. Let I C R be a bounded, nonempty
interval. Assume that U € H! (I, L) is such that E.(U; I) is well defined and finite.

loc

Assume also that there exists C > 0 such that for any ¢ € €} (int(1), (3(, ||-||5¢)) such that

max|[¢(1)]lac < C,
tel
the quantity E.(U + ¢; ) is well defined and larger than E.(U; I'). Then we say that U
is a local minimizer of E.(+; I).
We assume the following property for local minimizers:

(H6’) Assume that (H1”) and (H2’) hold. There exists a map P3: L — £ such that

Yov € L, E(PBW)) < &) and E(B()) = E(v) & P(v) = v, (3.19)
V(v1.v2) € L2, |Bw1) —B@2)lc < [lvr — 2|z, (3.20)

and
Blye = 1d|g+. (3.21)

In the main setting, B is the projection on a fixed ball of R¥, which, when applied
to curves, can be shown to reduce their energy while keeping a uniform bound in the
L°°-norm. We also assume the following:

(H7') Let I C R, possibly unbounded and nonempty. Let ¢ > 0. If W € H! (1,£) is a
local minimizer of E.(-; ') in the sense of Definition 3.1, which, additionally, is such that
forallt € I, W(t) = B(W(z)), then W € A(I) where for any open set O C R, A(O) is
defined as

A0) = C2(0, £) N € (O, (I, |l30) N €0, (FC. ||l 5) (3.22)

and W solves
—BW)=—-cW inl,

where B was introduced in (H2').

In the context of Theorem 1, (H7’) is a consequence of classical elliptic regularity
results as well as properties of the energy functional. Before stating the abstract result, we
introduce the following constants (assuming that all the previous assumptions hold) which
are obviously analogous to those introduced in Section 2.5:

Ny = mm{\/e 1fo 2(/<r L), r4_} >0, (3.23)
= = +1 >0, (3.24)

- 1 . (no)z - — AN p—y—
& = €211 mm{ YRR +a,B7(F7), B (no)} > 0, (3.25)
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1
¢ = S(CHCH +(CF+ 1)) >0, (3.26)
1
T=— >0 3.27
e (3-27)
and
do = dist, (ffj0+ T /2) >0, (3.28)

where the constants C~, B~(77), B~ (n,) are those from (H5") and K,i for r > 0 are
defined in (3.7). The fact that d¢ > 0 follows from Lemma 3.2 and (H1’). We can finally
state the following assumption:

(H8’) Assume that (H1”) and (H2") hold. Moreover, assume that
a < 81’;}1}(

and
{v eH:86@W) < 0} C ?;0_/2. (3.29)

Assumption (H8”) is essentially the abstract version of (H6).

3.2. Statement of the abstract results

Let us define the space

N
. T
T, distg(U(1), ") < %,

~T, diste(U(r),97) < 2. (3.30)

X:={UeH! (R, L):3T > 1, Vt
\Z

v

A

The statement of the main abstract result is as follows:

Theorem 4 (Main abstract result). Assume that (H1"), (H2"), (H3"), (H4"), (HY"), (H6"),
(H7") and (H8') hold. Then the following holds:

(1) Existence. There exist ¢* > 0 and U € A(R) N X, A(R) as in (3.22) and X as
in (3.30), such that (c*,U) solves (3.1) with conditions at infinity (3.2), (3.3) and
U is a global minimizer of E. in X, that is, E.(U) = 0. Moreover, for all t € R,
U(t) = B(U(2)), where B is as in (HO).

(2) Uniqueness of the speed. The speed c* is unique in the following sense: if c* > 0

is such that
inf E(U)=0
vex © ©

and there exists U € A(R) N X such that (¢*,U) solves (3.1) and E= (U) < 400,
then c* = c*.
(3) Exponential convergence. There exists a constant M > 0 such that for all t € R
we have
U@ = v U)|lc < MTe™, (3.31)

for some v (U) € T+,
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Remark 3.1. Given the definition of X in (3.30), we have that forany U € X and t € R
it holds that U(- + ) € X and for any ¢ > 0 it holds that E.(U(- 4+ 1)) = ¢ “"E.(U).
Such statements imply

v inf E — .
c >0, U12X c(U) € {—o0,0}

Moreover, we see that in the case that ¢ > 0 is such that infyex E.(U) = 0, one can find
plenty of examples of minimizing sequences in X which cannot ever reasonably produce
a global minimizer. Indeed, consider any function U € X such that E.(U) > 0 and then
take the minimizing sequence (U (- + 1))nen.

Remark 3.2. A more general statement can be given about the uniqueness of the speed,
which in particular works for eventual nonminimizing solutions. See Proposition 4.3.

Theorem 4 will be shown to contain Theorem 1 in Section 5. Notice that, as before,
the conditions at infinity (3.2) are rather weak (and not really of heteroclinic type), since
we do not have convergence to an element of I~ as t — —oo. It is however clear that the
conditions at infinity (3.2), (3.3) are enough to ensure that the solution given by Theorem
4 is not constant. In any case, we can impose an additional assumption in order to obtain
stronger conditions at —oo on the solution:

(HY’) Hypothesis (H8") is fulfilled and, additionally,

dov™ 2
PN ’
2
where dy and y~ were defined in (3.28) and (3.27) respectively.

(3.32)

Then we can show the following exponential convergence result:

Theorem 5. Assume that (H1"), (H2'), (H3'), (H4"), (H5"), (H6"), (H7'), (H8") and (HY)
hold. Then, if (c*,U) is the solution given by Theorem 4, it holds that y~ > ¢* (Y~ as in
(3.27)) and there exists IR~ > 0 such that for all t € R,

U@ = v (U))|c < M~ =) (3.33)
for some v—(U) € F~.

Theorem 5 corresponds to the second part of Theorem 1. Finally, we will prove the
following result:

Theorem 6. Assume that (H1”), (H2"), (H3), (H4’), (H5"), (H6"), (H7"), (H8") and (HY')
hold. Let (¢*,U) be the solution given by Theorem 4. Then, if U € A(R) N X is such that

E.+(U) =0,

we have that (c*, I~J) solves (3.1) and

a
C RIT@)2 e

*

(3.34)
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In particular, the quantity [ ||I~J’(t)||% dt is finite. Moreover, we have
¢* =sup{c > 0 :infyex Ec(U) = —oo} = inf{c > 0 : infyex E.(U) =0}, (3.35)

as well as the bound

V2 J26-
et < d—a < min{ﬂ y—}, (3.36)
0

with & as in (3.25), dy as in (3.28) and y~ as in (3.27). The second inequality follows

max

from the bounds on a given by (H8") and (HY).

Theorem 6 corresponds to Theorem 3.

4. Proofs of the abstract results

4.1. Scheme of the proofs

As pointed out several times, the structure of the proofs of our abstract results, Theorems
4, 5 and 6, is analogous to that in Alikakos and Katzourakis [6], which has its roots in
Alikakos and Fusco [3]. In fact, most of their results also carry into the abstract setting
with the suitable modifications. In fact, the structure of our proofs should rather be com-
pared with Alikakos, Fusco and Smyrnelis [5, Section 2.6], which slightly modifies and
simplifies the argument in [6]. We will also rely on some arguments provided in Smyrnelis
[48], when an analogous abstract approach is taken for the stationary problem. As usual,
most of the intermediate results we prove hold under smaller subsets of assumptions (with
respect to the set of all assumptions that we dropped in the previous section). Therefore,
for the sake of clarity and generality, the necessary assumptions (and only these) that we
use to prove a result are specified in its statement.

Despite the previous facts, and as pointed before, several important difficulties not
present in [6] arise when one tries to tackle the same problem in the abstract setting we
introduced in the previous section. One of those extra difficulties is due to the fact that,
in our setting, we need deal with two different norms in the configuration space of the
curves, £ and 7 (to be thought of as L? and H! respectively, for simplification) and that
the potential & is only lower semicontinuous with respect to £-convergence. An addi-
tional difficulty comes from the fact that, due to the requirements of our original problem,
we are not looking at curves that join two isolated minimum points, but rather two isol-
ated minimum sets. This turns out to be an obstacle when one tries to adapt arguments
in [6], even if one were to restrict to finite-dimensional configuration spaces. However,
this difficulty is successfully dealt with using the precise knowledge about the projection
mappings (namely assumptions (H1”), (H4’) and (H5")) that is available. That is, one uses
that, for a suitable neighborhood of the minimum sets, the projection onto the sets (with
both the £- and J{-norms) is well defined and enjoys some type of continuity and differ-
entiability properties. This idea, in the Allen—Cahn systems setting, has to be traced back
to Schatzman [46].
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UelXr

Figure 3. One-dimensional representation of X7. The blue line represents a function U belonging
to X7. The red lines contain the points which are at £-distance smaller than rg / 2 from F+.

We will now briefly sketch the scheme of the proof of Theorem 4. Recall that, accord-
ing to Remark 3.1, direct minimization of E, in X cannot yield solutions to the problem,
the reason being the action of the group of translations. The spaces X7, which were intro-
duced in [6] (also in [3] for the equal-depth case) and will be precisely presented in (4.1),
are defined in order to overcome this source of degeneracy, as they are no longer invariant
by the action of the group of translations. See the design in Figure 3. As a consequence,
compactness is restored and the corresponding minimization problem has a solution for
allc >0and T > 1. See Lemma 4.7 later on. In general, minimizers in X7 solve the pro-
file equation on a (possibly proper) subset of R (see Lemma 4.8), meaning that they are
in general not solutions of (3.1). However, such constrained minimizers are in fact solu-
tions of (3.1) in the case they do not saturate the constraints. Therefore, the goal will be to
show the existence of the speed ¢* such that, for some 7' > 1, there exists a constrained
minimizer in X7 which does not saturate the constraints. For that purpose, a careful ana-
lysis of the behavior of the constrained minimizers is needed. Indeed, one needs a uniform
bound (independent of 7' and continuous on c¢) on the distance between the entry times,
i.e. the times in which the constrained minimizers enter 5" + . In the balanced case this
follows from the fact that the energy density is bounded below by a positive constant out-
side I~ =2 U 3” (see for instance Smyrnelis [48]). However, this is no longer true for
our unbalanced problem which makes it more involved: if one does not have the pos-
itivity of the energy density, the constrained solutions can oscillate between the regions
Ft /2 (producing energy compensations) in larger and larger intervals as T — 00, so that
no T- independent bound can be found. This is the main new difficulty with respect to
the balanced setting, as one needs new ideas in order to obtain a uniform bound on the
distance between the entry times. Our assumption (H8") provides this control because the
energy density of the constrained minimizers is bounded below by a positive constant in
the interval given by the two entry times mentioned before, meaning that we can argue as
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in the balanced case. The precise result is Corollary 4.1. This is the main step in which
our proof differs with that in [6].

The natural question is what happens if we remove (H8’). A natural approach is to
replace (H8") by an assumption more closely related to the one used in [6] and [5]. This
would lead us to introduce a convexity assumption on the level sets of &, as well as some
sort of strict monotonicity on well-chosen segments. While this assumption can be worked
out in the abstract setting and is applicable for the finite-dimensional situation considered
in [6] (as we show in the companion paper [38]), we believe it to be too restrictive to be
applied to our original problem.

In any case, after the uniform bound on the entry times of constrained minimizers is
obtained, one needs to find the speed ¢* as, until this point, the speed ¢ > 0 has only been
considered as a parameter of the problem without any special role. Our argument adapts
without major difficulty from [5] and it goes as follows: One introduces a set which clas-
sifies the speeds according to the value of the infimum of the corresponding energy on X
(which, due to the weight and the invariance by translations, is either —oo or 0). Such a set
is €, defined in (4.87). Subsequently, one shows (Lemma 4.11) that € is open, bounded,
nonempty and that its positive limit points give rise to entire minimizing solutions of
the equations (since for those points one can find corresponding constrained minimizers
which do not saturate the constraints). The speed ¢* is then defined as the supremum of
€, which is in fact the unique positive limit point of the set, as shown in Corollary 4.3.
At this point, the process of the proof of Theorem 4 is completed. Later on, we show that
the asymptotic behavior of the constrained solutions can be improved under an additional
assumption, namely an upper bound on the speed. This is Proposition 4.4. Theorems 5
and 6 can then be proven.

4.2. Preliminaries

Let ry” and r0 be the constants introduced in Section 3 and &" + /2 be the corresponding
closed balls as in (3.4). Assume that (H1’) holds. For T > 1, we deﬁne the sets

X7 ={U € Ho(R. L) : V1 = =T, U(t) € T, ), }.
Xt ={UeH (RL):Vt>T, Ut)eTF +/2}
Subsequently, we set
Xr = X7 NX{. 4.1

Recall the space X introduced in (3.30). Notice that

X:UXT.

T>1

We have the following preliminary properties on the spaces X7:
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Lemma 4.1. Assume that (H1") holds. Let ¢ > 0 and T > 1. For any U € X, we have
Vi >T, &U()) >0. 4.2)
Moreover, the quantity E.(U) as introduced in (3.17) belongs to (—oo, +00).

Proof. LetU € Xt. Notice that fort > T, we have U(¢) € &”:; /2 Therefore, (4.2) follows
directly from (3.8) in Lemma 3.1.

Now let ET(U) > 0 and & (U) > 0 be, respectively, the nonnegative and the non-
positive parts of &(U), so that §(U) = §T(U) — & (U). We have that £ (U) is null on
[T, +00), that is,

+o0 T a
/ E-(U@t))e" dt = / ET(U®@))e  dt < =eT < 400,
—00 —00 C

where « is the minimum value from (H1"). Therefore, the negative part of the energy
density e.(U) (see (3.17)) belongs to L' (R), which establishes the result. |

Lemma 4.1 shows that for any 7 > 1 and ¢ > 0, E is well defined as an extended func-
tional on X7, at least if sufficient hypotheses are made. Moreover, it gives the following
useful inequalities:

Lemma 4.2. Assume that (H1") holds. Let ¢ > 0 and T > 1. For any U € X7, we have
U'(t))*
/ WOz ger 4y < g, ) + Lot 43)
R 2 c

and
f 1EU@))|e" dt <E.(U) + %eCT. (4.4)
R

Finally, we have that for all t € R,

—ct

D=

+o00 a e
[ 1 eds = (B + LeT) <) @5)
t C
Proof. Using (4.2) in Lemma 4.1, we get
U'(t 2 T
[ e ar < vy - [ ewane,
R 2 —00

which, by (H1”), implies that (4.3) holds. Inequality (4.4) is obtained in the same fashion.
Finally, we have that (4.5) follows by combining (4.3) with the Cauchy—Schwarz inequal-
ity. ]

The previous results allow us to prove the following convergence properties at +o0o
for finite energy functions in Xr:
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Lemma 4.3. Assume that (H1") and (H5') hold. Let ¢ > 0 and T > 1. Take U € Xt such
that E.(U) < 4o00. Then we have that there exists a subsequence (ty)neN in R such that
ty — +ooasn — oo and

lim &(U(t,))e™ = 0. (4.6)
n—>o0
Moreover, there exists vV (U) € I such that for all t € R it holds that

(EC(U) + %eCT)e_ct

1U@) —vEO)|% < 4.7

That is, U tends to v (U) at +00 with an exponential rate of convergence and with
respect to the L-norm.

Proof. We have by (4.4) in Lemma 4.2 that t € R — &(U(t))e“’ € R belongs to L' (R)
because E.(U) < +o0. Therefore, combining with (4.2) in Lemma 3.1, we obtain (4.6).

Subsequently, notice that (4.5) in Lemma 4.2 and the fact that E.(U) < 400 give the
existence of v (U) € F+ such that lim;_, 4 o0 |U(t) — vT (U)|| ¢ = 0. Therefore, fix t € R
and notice that for any 7 > ¢ we have

~ T +00
UG - U@ < / WU/ ()] ds < / U6l
t t
which by (4.5) in Lemma 4.2 means that

- E.(U)+ 2T\ _,
|U@) - U3 < (S ).

Therefore, passing to the limit f — 400 we obtain (4.7), also due to the fact that U is

continuous with respect to the £-norm. ]

Remark 4.1. Notice that (4.7) in Lemma 4.3 does not imply convergence of &(U)
towards 0 at +o00, due to the fact that & is not continuous with respect to the £-norm.

Remark 4.2. Regarding the behavior at —oo, notice that we can only say that if U € Xr
is such that E.(U) < +o0, then &(U) does not go to +oo faster than e’ at the limit
t — —oo. That is, almost nothing can be said for generic finite energy solutions regarding
their behavior at —oo.

4.3. The infima of E. in X7 are well defined

Once we have defined the spaces X7, we show that the corresponding infimum of E. is
well defined as a real number for all ¢ > 0. Set

m. 7 = inf E;(U) € [—00, +0o0]. 4.8)
UeXr

We have the following:
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Lemma 4.4. Assume that (H1’) and (H2) hold. Fix ¥ € F*. Let¢ > 0 and T > 1. For
all T > 1, the function

\a ift <—1,
V() = %@‘ﬁﬂﬁ f-1<t=1, “4.9)
v ift =1,
belongs to Xt. Moreover, for all ¢ > 0,
E.(¥) < +o0. (4.10)
Furthermore, we have
—00 <M, < +00. 4.11)

Proof. Ttis clear that ¥ € X7. We now show that (4.10) holds. Notice first that

1 1 4
/ e. (V) = / —ae" dt = —=¢°,
oo oo c

where —a is the minimum value from (H1’). Subsequently, we have

/;+oo e.(V)=0

and
1 Levt =372 1—¢ t+1
e (V) = / [—L + 8(—@_ + ——3" ]e” dt
/_1 ¢ . 8 2 2 )
C

vE -7 1—1 r+1 €—e”
5[—” 12 42 max 8( 4 L e+)]e °
4 te[—1,1] 2 2 c

and we have

max &
te[—1,1]

1=t t+1,,
( TV ¥ )<+oo,

by (H2’). Therefore, we have obtained E. (V) < +o00, which readily implies that m,; 7 <
+00. In order to establish (4.11), we still need to show that m. 7 > —ooc. For that purpose,
let U € X7.By (4.2) in Lemma 4.1, we have

[ )= o0.

T T a
/ e.(U) > / —aedt = ——e°T.
— _ C

o0 o0

We also have

That is,
a
YU € X7, E.(U)>——eT > —c0,
C

which means that m, 7 > —oo. [
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The next goal will be to show that, under the proper assumptions, we have that for any
¢ >0and T > 1, the infimum values defined in (4.8) are attained. Such a fact is not hard
to prove since the constraints that define the spaces X7 allow us to restore compactness.
It relies on some properties that will be proven in the next section.

4.4. General continuity and semicontinuity results

We now provide some results which address continuity and semicontinuity properties of
the energies E. in the spaces X7. Such properties will allow us to show that the infimum
values defined in (4.8) are attained under the proper assumptions. They will also be useful
in a more advanced stage of the proof, when the constraints will be removed. For now, we
essentially adapt some results from [6] to our setting.

Our first result resembles [6, Lemma 26]:

Lemma 4.5. Assume that (H1") holds. Fix T > 1 and U € Xr. Consider the set
Aty = {C >0:E.(U) < +OO}.
Then the correspondence
ceAry > E.(U)eR

is continuous.
Proof. Consider a sequence (¢ )neN in A1,y such that ¢, — coo € Ar,y. One checks that
foralln € N,

lec, (U = lec,,, (U()|  in [0, +00) (4.12)
and

lec, (UC)I = lec,,, (U())|  in (—00,0], (4.13)
where cnax = SUp,en Cn € AT,u and ¢y := infren ¢ € A7,y. By Lemma 4.2, the right-

hand side in both (4.12) and (4.13) is integrable, which allows us to conclude by the
dominated convergence theorem. ]

We now show a lower semicontinuity result, which in particular will imply the exist-
ence of the constrained solutions:

Lemma 4.6. Assume that (H1"), (H3") and (H4") hold. Let T > 1 be fixed. Let (U,’;)neN
be a sequence in Xt and (cp)neN a convergent sequence of positive real numbers such
that

sup E, (U}) < +o0. (4.14)
neN

Then there exist a sequence (Uy)nen in X1 and Uy € X7 such that up to extracting a
subsequence in (Uy, cp)neN it holds that
vneN, E. (U, =E, (U}, (4.15)
Vit eR, U,(t) = Ux(t) weaklyin L (4.16)
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and

Ulhe, — Ul he,, weakly in L*(R, L), 4.17)

where, fork € R, hi:t € R — ek1/2 € R and coo = im0 Cn. Moreover,

E.. (Uso) < liminfE,, (U,). (4.18)
n—>oo

Proof. Denote M := sup, ey Ec, (U}}), which is finite by (4.14). We will now use (H4").
We assume that (2) holds, the argument when (1) holds being similar and easier. Fix any
vt e F*and foralln € N, set v, := U} (T) € FT. Define

Uyt eR — ﬁ(vn,er)(U;i(t))’

where 13V+ is the differentiable operator introduced in (H4”). We apply the properties sum-
marized in (2) of (H4"). Notice that for all n € N we have U, € X7 due to (3.11). The
energy equality (4.15) follows from (3.12) and (3.13). Moreover, (3.10) implies that for
alln e N,

PH(Un(T)) = PF (P, pty(UNT))) = PT(Pp, y+y(vn)) = VT,

which in particular means
+

To
—_. 4.19
2 4.19)

Notice now that & (U(:)) is nonnegative in [T, +00) as U € X7 by (4.2) in Lemma 4.1;
therefore

1Un(T) = v¥le

IA

1
Vn e N, -/ U (0|2 e dt < M—/ E(Un (1)) " dt
2 Jr R

T
<M —/ E(Un(t))e ! dt

< sup{M + iec"T} < 4o00. (4.20)
neN Cn

That is, we have that (U, A, )neN is uniformly bounded in L?(R, £). Therefore, there
exists U € L%(R, £) such that

U'he, — U weakly in L2(R, £) (4.21)

up to subsequences. Such a condition implies
L1801 dr < timine [ 00y ec a. (422)

Now, notice that by (4.19) we have that (U, (T')),en is bounded in £. Therefore, up to an
extraction there exists vy, € £ such that

Un(T) = voo in L. (4.23)
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As in [48], we point out that

t
VieR, VneN, U,(t)=U,(T) —i—/ U, (s)ds.
T
Now, notice that for all # € R we have 19 s)/i—¢, = L(0,r)1—co, in L*°(R), where 1 stands
for the indicator function of a set. Therefore, we obtain by (4.21) and (4.23),

¢
VieR, U,(t) = Ux(t) = Voo _|_/ U(s)e—coos/z ds.
T

which gives (4.16). Moreover, we have Uy, € Hléc (R,L) and U, = U h_c.,, meaning by
(4.21) that (4.17) also holds.
Recall now that & is lower semicontinuous on £ by (H1”), so that (4.16) gives

Vi €R, E(Uwl() < liminf €U (). (4.24)

We need to show that Uy, € X7 and to establish the inequality (4.18).

*  We begin by showing that Uy, € X7. We need to show that for all # € [T, +00), it holds
that U (f) € ff"rt/z and similarly for (—oo, —T]. Fix t € [T, +00). We have U, (¢)
3";} ,» SO we can define the sequence (v (1))nen in F+ as v (1) := P (U,(1)). We
show that such a sequence is bounded. Indeed, we have

+
-
vneN, |vy (@)l =< % + U@l

and (Uy(t)) ;. converges weakly in £, so in particular it is bounded. Therefore, up to an
extraction we can assume that v, (1) — v (¢) € £ and by (H3’) we have v (t) € T+,
Now using the convergence properties we get the inequality

+
.. r
[Uoo (1) = V& (1)l 2 < liminf||U, (1) — v;f (1)]]c < -2
n—o0o 2
so that Uy,(t) € Sf:l . An identical argument shows that for all ¢ € (—oo, —T] we
have Uy (t) € 5":0_/;). Therefore, we have shown that Uy, € X7.
* Next we prove (4.18). We have

ent U2 OIZ e
sup [ EWU,(t))e " dt <M —sup | ———=e“"dt < +o0,
neN JR neN JR 2

by (4.20). Hence, we can apply Fatou’s lemma to ( € R — & (U, (t))e" ) en (a
sequence of functions uniformly bounded below by —a) to show

/ liminf € (Up (1))e*"" dt < lim inf / E(Un(1)e ™ dt.
R n—>+00 n—->oo Jp
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which, combined with (4.24) implies

/ E(Uso(t))e dt < lim inf/ E(U,(t))e dt. (4.25)
R n—oo R
Combining (4.22) and (4.25) we get
- U OIZ e L ent
E.(Ux) < liminf | ———=¢“"" dt + liminf | &(U,(¢))e" dt,
n—oo Jp 2 n—>oo Jp
which, by superadditivity of the limit inferior gives (4.18). |

4.5. Existence of an infimum for E, in X7

The goal now is to show that, for 7 > 1 and ¢ > 0 fixed, the infimum m. 7 as defined in
(4.8) is attained by a function in X7. This will actually follow easily from Lemma 4.6.

Lemma 4.7. Assume that (H1"), (H2'), (H3") and (H4’) hold. Let ¢ > 0, T > 1 and m.,r
be as in (4.8). Then m. r is attained for some U.. 7 € X7.

Proof. By (4.11) in Lemma 4.4, we have that there exists a minimizing sequence (Uy )neN
for E; in X7. We apply Lemma 4.6 to (Uy,)nen and the sequence of speeds constantly
equal to c¢. We obtain a function U, 7 € X7 such that

Ec(Uc,T) <liminfE.(U,) = mer,
n—oo
due to (4.18). Therefore, m. 7 is attained by U, 7 in X7. [

Subsequently, we show that assumption (H7’) implies that the constrained minimizers
are solutions of the equation in a certain set containing (—7, T'), with the proper regularity.

Lemma 4.8. Assume that (H6') and (H7') hold. Let ¢ > 0, T > 1 and m.,T be as in (4.8).
Let U, 7 € X1 be such that E.(U., 1) =m¢,r. Then U.. 7 € A(—T,T)), A(—=T,T)) as
in (3.22) and
er —BU.r)=—cU,r in(=T.T). (4.26)
Moreover, ift > T is such that
+

diste (Ug (1), F) < % 4.27)
then there exists T (t) > 0 such that U, € A((t — 8T (1), + 81 (t))) and
vp—BUer)=—cU,p in(t—38%().t +8%(1)). (4.28)
Similarly, ift < —T is such that
diste (U (1), F7) < % (4.29)

then there exists 8~ (t) > 0 such that U, 7 € A((t —87(t),t + 87 (¢))) and
/c/,T —BU.r) = —cU/C’T in(t—356(t),t + 6 (2)).
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Proof. We first show that
Vi eR, BUer() = U r), (4.30)
where 8 is the map from (H6”). We claim that the function
Pt e R - P(Ur (1))
belongs to X7. Indeed, this follows from (3.20) and (3.21). Property (3.19) implies that
VieR, EUN,(1) < EUer(1)). 4.31)

Now take t € R and s € R \ {z}. Property (3.20) implies that

B B
UC,T(I) - Uc,T(S) < Uc,T(t) - Uc,T(S)
r—s o r—s I
which implies that
forae.r € R, [[(UX)(0)llc < U, 7(0)lle. (4.32)

as the metric derivative coincides with the distributional derivative. By contradiction,
assume now that there exists ¢ € R such that U, r(t) # BU.,r(1)) = U?’T(t). Prop-
erty (3.20) implies that 8 is continuous into £. Therefore, since U, 7 is continuous into
L, we must have that for some nonempty interval I; > ¢, it holds that

Vs el Upr(s) # BUer(s)) = ULp(s),
so that, using (3.19) we get
Vs el E(UYL(s) < EWUcr(s)),
so that, combining with (4.31) and (4.32) we obtain

EC(U?T) < EC(UC,T) =M.,

which contradicts the definition of m. 7 (4.8) since U;’BT € Xr. Therefore, we have shown
that (4.30) holds. Next, notice that

EC(UC,T; [_T, T]) <m.r + EE_CT < 400,
c
and for any ¢ € €L (=T, T), (3, ||-|l3c)) we have Us r + ¢ € X7, so that

EC(UC,T) < EC(UC‘,T + ¢)

Therefore, the restriction of U, 7 in (—7, T) is a local minimizer of E.(-, [T, T]) in
the sense of Definition 3.1. Since U, r also verifies (4.30), we can apply the regularity
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assumption (H7"). Therefore, U, 7 € A((—T, T)) and (4.26) holds. Assume now that there
exists t > T such that (4.27) holds. Then there exists v*(¢) € F* such that

o+
[Ue,r () —vF@)s < %
which, since U, 7 is continuous into £, implies that there exists §*(z) > 0 such that
r+
Vs e (t =870t +870), Uer() =v lle < - —d™ @),

where .
1/r
+ — (0 _ _yt .
(1) = 5 (% = e () =vF (0)]1c) > 0.

Therefore, if ¢ € €L ((r — 81 (1), 1 + 8T (1)), (K, ||-||3¢)) is such that

d+(l)
t < ,
B IO
we have
+ + i rg“ d+(t)
Vs €t =870 +87). [Uer(s) +¢() =V (Ole < 5 = ——,

so that U, 7 + ¢ € X7. Therefore,
Ec7(Ue,r) <Ec,r(Uer + ¢).
Since ¢ is supported on [t — 8T (¢), 1 + §1(¢)], the previous argument implies that
Ecr(Uer;[t =87 (1), t +87(0)) <Eer(Uer + ¢:[t =87 (1)1 + 87 (0)),

so that U, r is a local minimizer of E. (+; [t — 87 (¢), ¢ + 87 (¢)]) in the sense of Definition
3.1. Since (4.30) also holds, we can apply (H7’) and obtain that U, 7 € A((r — 81 (1),
t + 87 (¢))) and equation (4.28) holds. If t < —T is such that (4.29) holds, the same
reasoning shows that for some §7(¢) > 0, Uc, 7 € A((t — 6 (¢),t + 67 (¢))) and (4.27)
holds, which concludes the proof of the result. ]

4.6. The comparison result

The goal of this section is to obtain relevant information on the behavior of the con-
strained minimizers. Such information is contained in Corollary 4.1 and it will allow us
to remove the constraints later on. In order to carry on these arguments, assumption (H8")
will become necessary since it will show that our problem can be somehow dealt with
as in the balanced one, which will allow us to argue in a fashion similar to Smyrnelis
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[48]. We begin by introducing some constants. For 0 < r < rgt, recall the definition of K,i

introduced in (3.7), Lemma 3.1. We define

.= min —1£ 2%t ﬂ >0 (4.33)

Ny = e 4 Kr0+/4, 4 R .

+
pri= 10 o, (4.34)
Ct+1
1 . ((n)? R
+ 0 + gty gt

gmax T (C+)2(C+ + 1) mln{ 4 ’Kn(;r’ﬁ (r )’ﬂ (7]0 )} > 05 (435)

where the constants C*, B£(7%), B(nF) were introduced in (H5’). Recall that in (3.23),
(3.24), (3.25) we introduced the analogous constants

Mo = min{\/e—l% 2(/(%/4 +a), %} > 0, (4.36)
= i > 0 4.37)
and
- 1 _((g)? NN
S = E ) mm{ by . BTG). B (no)} 0. (438)

For any U € Xr, define

17(U, &) == sup{t € R : E(U(1)) < —a + &y and dist (U(r), ) < 2} (4.39)
and
.
tt(U. &) =inf{t e R: EWU()) < &, and distc (U(r), FH) < L} (4.40)

We have the following technical property:
Lemma 4.9. Assume that (H1") and (H5') hold. Let #* > 0 be as in (4.34), (4.37) and
SIfax be as in (4.35), (4.38). Then, ifv € ?rioi is such that
€(v) < min{=+a, 0} + BE(FY), (4.41)
then
Viel0,1], &Av+ (1—2A)PE(v)) <min{£a,0} + CE(E(v) — min{+a,0}). (4.42)

In particular, if

€(v) < min{+a,0} + (4.43)

max’

then
Vie[0.1, &Av+ (1—A)PE()) < min{za,0} +cFEE (4.44)

The constants 8, C* were defined in (4.38), (4.35) and (3.26) respectively, and P* (u)

max’
is the projection introduced in (H1").
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Proof. Assume that (4.41) holds for v € 3" *+ . Then, invoking (H5"), we have v € Foc i,

so in particular the projection Pi(u) is Well defined. Fix A € [0, 1]. Since v € F= o the
projection P*(v) is well defined by (H1’). Using (3.14) we obtain

[Av + (1 =) PE@) = PE@)|lac = AMlv — PE@) 3¢
< (CE+D|v—PEQ)|ac < (CE+ 1)F* (4.45)

sothat \v + (1 —A)P*(v) € S"i . by the definition of ¥ in (4.34), (4.37). Now using
(3.14) again, along with the estlmate (3.16) in (HY'), we get

IPE@) — PEW)[2 < (C)?(&(v) — min{+a, 0})

which, plugging into (4.45), gives
1
1A + (1= PE@) = P = 5((CF)? +(C* + DH)(E(v) — min{+a, 0),

that, using (3.16) again, implies exactly (4.42). Assuming now that (4.43) holds, we have
by (4.38), (4.35) that in particular (4.41) holds. Therefore, (4.44) follows from (4.42). m

Next we have the following property:

Lemma 4.10. Assume that (H5") and (H8') hold. Let ¢ > 0 and T > 1. Assume that
U € Xt is such that Ec(U) < 0. Then the quantitiest—(U, €,,,.) and t T (U, &%) defined
in (4.39) and (4.40), respectively, are well defined as real numbers. Moreover, it holds that

E(UG(U.60)) < —a + Ems disto (UG (U, € )). T7) < % (4.46)

and

+
U, &) < &F,. diste (Ut (U, &5)).FF) < —. (4.47)

Proof. Using that E.(U) < 0 and the fact that {t € R : §(U(¢)) > 0} is nonempty since
U € X7, we must have

{t e R:&U@)) <0} # 0,
and if v € £ is such that &(v) < 0, then we have dist; (v,F7) < ry /2 by (3. 29) in (H8")

and € (v) < —a + &, since we assume —a + &, > 0. Therefore, t (U, &) is well
defined, as we have shown that

max > ¥max

{teR:EWUW)) <—a+ &,

max

and dist; (U(¢),F7) < s } #0

and such a set is bounded above by T', because F /2 N ift = = (. Using Lemma 4.3,
we have that (U, &) is well defined. Finally, 1nequa11tles (4.46) and (4.47) follow
because € R — &(U(¢)) € R is lower semicontinuous by (H1”) and ¢ — distz (U(z), FF)
is continuous whenever U(f) € % s by (H1”) (recall thatt € R — U(t) € £ is continuous
because U € H,! (R, L)). n

loc
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The main work is done by the following result:

Proposition 4.1. Assume that (H5") and (H8') hold. Let ¢ > 0 and T > 1. Consider U €
X1 withEc(U) < 0. Let t* := t£(U, 8%, nF) be as in (4.39) and (4.40). Then t* are
well defined by Lemma 4.10. Moreover, if there exists t~ <t~ such that

rg > diste (UG).T7) > % (4.48)
then we can find U~ € Xy such that
Vi<, diste(T(),F) < % (4.49)
and
E.(U") <E.(U). (4.50)
Analogously, if there exists T > tT such that
- rod
ro” > distg (U(ET), FH) > % 4.51)
then we can find UteXx T such that
~ r+
Vi >t distg(UT (), F) < % (4.52)
and
E.(U") <E.(U). (4.53)
Furthermore, we have
0<tt—17 <T.(0), (4.54)
where |
T.(c) = - 1n(i n 1), (4.55)
¢ \o

with o, > 0 a constant which is independent from ¢, T and U.

The idea of the proof of Proposition 4.1 is pictured in Figure 4.

Proof of Proposition 4.1. We begin by proving the first part of the result for F~. Recall
that Lemma 4.10 gives
EWUET)) < —a+ €&, (4.56)

max’

and U(t7) € 3":0_/2. Since & < (ng)? by the definition of &_ , (4.38), we have by

max — 4(C—)2 max’

(3.6) in (H1") and (H8’) that

diste (U(t™), F7) < ng. (4.57)
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~

\a U- rtg—1 i t;
U
- \/_\_/_\/\
= = b Uitg) © _ -
v I 41 T g -1 o

Figure 4. As has been shown, the proof of Proposition 4.1 consists of showing that if the function
U gets too far from F + after getting too close, then we can find a suitable competitor with strictly
less energy. In the figure, we see a design for the positive case (the competitor Utis represented in
blue). The second and third pictures correspond to the two possible scenarios for the negative case
(the competitor U~ is represented in blue).

Assume that there exists f~ < ¢~ such that (4.48) is satisfied. Moreover, we assume,
as we can, that ~
i~ =max{r <t~ :distg(U@).F7) = 2} (4.58)

(the sup can be replaced by a max by continuity). Define

ty =inf{t € [i~,t7]: 8U)) <—a+ &,

max

and dist; (U(t)) < 14 }- (4.59)

Letv™ := P~ (U(ty)) € 3=, with P~ asin (HI"). Notice that due to (4.58), we have
Vi el 7] distU(t). 5) < % (4.60)

The proof now bifurcates according to two possible cases:

Case 1:ty <1~ + 1. In this case, set

v ift <ty —1,
U (t)y=1(tg —)v +(—1; + DUGQy) ifty —1<t<15,
U(r) if > 15,
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which belongs to X7. Due to the definition of U~ and (4.60), we have that U~ satisfies
(4.49). It remains to check (4.50). We have

/to_ ec(ﬁ_(t))dtffto_ [M+8(ﬁ—(z))]ecf dt. (4.61)

t5—1 2

;-1

Fixt € [ty — 1,15]. Choosing A =t — 15 + 1 € [0, 1] and applying (4.44) in Lemma 4.9
and (4.56), we have
EWU™ (1) = —a+C&,.

The previous fact combined with (4.57), (4.56) and (4.61) gives

ty - —\2 B _ cty _ ,c(tg—1)
/ e (T (1)) dt < (m +C‘8;ax)ecto L e — T ue
t5—1 2 c

The continuity of U and (4.48) implies that there exists 7, € (7, #,) such that

dist(U(55), F) = % and Vr € [, iy], diste (U(r), F7) = % (4.63)
Using (4.63), we get
&y et
[ 1@ lcerar =" (4.64)
-
and (4.63) also implies
Vil i) EUWM) = K, (4.65)

Inequalities (4.64) and (4.65) along with the definition of 7y in (4.36) and Young’s
inequality give

[ ) el _ et
0 —
f; e dr = 25 Pl o) —at
- cty _ et~
= e(r’o_)2eCZ —_ a%’

which, also using that 7~ > 75" — 1, gets to

i

/ " e (U(t)) dt = /(_ U dr /t * e (U()) dt

—00
—\2 cf~ o —\2 cty e’
>e(ny)’e’ —a > (ng)°ee —a : (4.66)
Now using (4.62) we get
ty ~ th—1 ~ ty ~
/ e.(U™ (1) dt =/ ec(U_(t))dt+/ e (U™ (1)) dt
—0o0 —00 ty—1
(19)? | o \ e ae
= (B 4 e ) - (4.67)
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Therefore, subtracting (4.67) from (4.66), we get

(770 )2

/_t()_ ec(U(Z))dt_/_to_ ec(T~ (1) dt 2( +oes ) ety

which is positive because (4.38) implies

—\2
ce- (770) .

max — 4

Since U/~ and U coincide in [ty , +00), the proof of the first case is concluded.

Case 2: ty > 1 + 1. Insuch a case, set

\a ift <t—,
- (t—1)U@y)+ (@ +1—0)v- ifi- <t <i +1,
U™() = _ e _
U(ty) ifr-+1=<t=<1y,
U(t) ifty <t

which clearly belongs to X7 and forall t <¢~, U(¢) € ?’_6/2 by (4.60). We have that U-
is constant in [~ + 1,7;7], and therefore

eCto — pct +1

_
[0 ec(T- (1)) dt < (—a + €,
t—+1

and, due to the definitions of &, in (4.38) and ¢4 in (4.59),

ty ecto — € +1 ty —
/ ec(U(1))dt > min{—a + &5, ks }———— > / e. (T~ (1)) dt,
41 ¢ 1

because &+ a > 0by (H8') and #p > 7~ + 1 by assumption. Hence

max

“+o00 _ [es)
[ ec(T (1) di < f ec(U()) dt.

—+1 —+1

Arguing as in the first case scenario, we can prove that

41 m+1
[ e@ondr< [ ewma,
—00 —00
which concludes the proof of the second case.

To sum up, we have shown that if (4.48) is satisfied, then there exists U~ such that
(4.49) and (4.50) hold, as we wanted.

Assume now that there exists /T > ¢+ such that (4.51) holds. As before, Lemma 4.10
and the definition of &1, (4.35), imply that t+ := ¢t +(U, &) is such that

max’ max

dist; (Utt),71) < nf (4.68)
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and
EUE™)) <&, (4.69)

We claim that we can assume without loss of generality that
Vi ett, +00), &U()) > 0. (4.70)

Indeed, if we can find 7y € (17, +00) such that &(U(¢)) < 0, then by (H8’) we have
E(U(ty)) < —a + &, and by (3.29) in (H8') we also have dist (U(tp),T™) < ry /2.
Therefore, we have by the definitions (4.39) and (4.40) that t~ > #g and ™ > ¢~, a con-
tradiction since we assume #o > ¢ 1.

For the positive case, the proof is simpler as it suffices to define v := P+ (U(tT))

and

vt ift >t +1,
UY@) = (=t + T +1-0)UCY) iftT+1>1>1+,
U(t) i+ > 1,

which is such that U € X7. Moreover, it holds that for all r > ¢, we have U t)eT™ 2

Therefore, the requirements (4.52) and (4.53) hold for U™. It remains to check that
(4.53) is also fulfilled. We have

tt+1 tt+1 +y _ v 2 ~
/ e (Ut () dt = / [w + 8(U+(t))]e“ dt. 4.71)
tt tt

Using (4.44) in Lemma 4.9 and (4.69), we get

41
/ 0+ (1))e dr < ctet cCTHD, (4.72)
tt
Now using (4.68), we get
tT+1 U@iT) — vT|2 +12
/ UET)—v ”Lect dt < (7’0) €c(t++1). (4.73)
tt+ 2 2

Plugging (4.72) and (4.73) into (4.71), we get

max

tt+1 _ +32
/ e (UT () dt < ((’70—) ctet ) ert 41, (4.74)
t+ 2
Since forall # > t™ + 1 we have U ™ (t) = v, we obtain from (4.74),

/+°° ec(TF (1)) di < ((”0 ¥ et

max

) ettt (4.75)

Next, notice that by continuity we can find 7,” € (#+,7T) such that

+ +
distUGEF), ) = 20 and Vi e [iT, ° > diste (U(t), F7) > 0 (4.76)
2 4 4
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Therefore, using (4.51) and (4.76), we obtain

i* r+o
L 10" Ol ze di = e Tle™! (4.77)
5

and (4.76), (3.6) in (H1”) imply
Vee it 5], &) =«t, . (4.78)
rg /4

Inequalities (4.77), (4.78) yield, by Young’s inequality,

i+ +
o ctt+1 -1 + o2ttt
/Z; e.(U(r))dt = Te“ e ,/2Kro+/4 = (ng)%e" ™,

where the last equality is due to the definition of ’73_ in (4.33). Combining with (4.70), we
get

f+oo ec(U(1)dt > (ng)%e" 1.

The definition of &7, in (4.35) together with (4.75) implies then that

max

+o0 +o0 -
[ ewoydr> [ e@ @yar
tt tt

which establishes (4.53).

We now show the last part of the proof: we show that (4.54) holds with the constant
T, (c) defined in (4.55). The argument is the same as in [5, Lemma 2.10]. Assume by
contradiction that there exists ¢ € (t~, +00) such that &(U(¢)) < 0. Then, arguing as
above, we must have ¢t < ¢~ by the definition of ™ in (4.39), a contradiction. Therefore,
we can write

1 r
E.(U) = -/ |U'(t)||% e dz—/ E(U(1))e" a’t—l—/ ET(U®))e dt, (4.79)
2 Jr —00 R
where €~ and €T stand for the positive and the negative parts of &, respectively. We have
-
- ct a ct-
/ ET(U))e" dt < —e' . (4.80)
—o0 ¢

Set o, := min{&} , & —a} > 0, which is independent of U, ¢ and T'. Notice that for

allz € (t7,t%) we have &(U(t)) > a,. Indeed, if &(U(t)) < ax, then by the definition of
t~and ¢ in (4.39) and (4.40) we get

e
diste (U(), %) = -,
which implies that

EW®) = minlic’, iy —a) = .
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by (4.38) and (4.35), a contradiction. Therefore,

tt+

/ T (U(t))e" dt > / T (U(t))e" dt > 02—*((3”* — ). (4.81)
R

-

Plugging (4.80) and (4.81) into (4.79) and using that E.(U) < 0, we obtain
0 > _Eect_ + Ot_*(ect"' _ect_) > (_f + a_*(ec(t+—t_) _ 1)>€Ct_,
c c c c

that is,

0% (&4 1) 4 et
- (& ,

which implies

1
0<tt—1 < —ln(i + 1) = T.(c),
C (07

which is exactly (4.54) according to the definition (4.55). [ ]

The importance of Proposition 4.1 is summarized by the following result, which gives
important information on the behavior of the constrained minimizers:

Corollary 4.1. Assume that (H3"), (H4"), (H5") and (H8') hold. Let ¢ > 0 and T > 1.
Let U, T be an associated minimizer of E; in Xt given by Lemma 4.7. Then, if t+ =
t¥(U,.r,8%) are as in (4.39), (4.40), it holds that

max

Vi <17, diste(Uer(1), ) < % (4.82)
and
r+
Ve >t distg (Uer (1), F1) < % (4.83)
Moreover, we have
Ve>t", &WU.r(t))>0. (4.84)

Finally, we have that if Ec(U.,r) < 0, then

0<tt —t7 <T.(0), (4.85)
where T (c) is as in (4.55). In particular, the function

¢ € (0,+00) — Tu(c)
is continuous.

Proof. If we assume by contradiction that (4.83) does not hold, then we necessarily have
that there exists 7~ < ¢~ such that (4.48) holds. Proposition 4.1 implies then the existence
of UeX T such that E, ((7 ) <E.:(U;,r) =m.,r, acontradiction. Therefore, (4.83) holds.
Similarly, we can show that (4.82) also holds. Finally, in order to establish (4.84), we argue
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as in the proof Proposition 4.1. Indeed, due to the definition of 1 ~, we have that fort > ¢~
it holds that either
8(UC,T(Z‘)) > —a+ 81;1)( >0
(which is (H8")) or B
;
distg (Ue,r(1),57) > %

which by (3.29) in (H8') implies that & (U, r(¢)) > 0. Therefore, (4.84) holds and the
proof is concluded. ]

Moreover, Lemma 4.8 applies to V. 7 as follows:

Corollary 4.2. Assume that (H3"), (H4"), (H5") and (H8") hold. Let ¢ > 0 and T > 1.
Let U. 1 be an associated minimizer of E. in Xt given by Lemma 4.7. Then, iftt =
ti(UC,T, &x )are as in (4.39), (4.40), it holds that there exists 8¢, 7 > 0 such that the set

max
SC>T = (_Oo?t7 + SC,T) U (_Ta T) U (tJr - SC,Ta +OO)
is such that U, T € A(S¢,T) (see (3.22)) and
L —8BUer)=—cU, inSer. (4.86)

The proof of 4.2 is obtained in a straightforward manner by combining Lemma 4.8
with the information given by Corollary 4.1. Notice that Corollary 4.2 implies that con-
strained solutions are piecewise solutions and, in particular, they solve the equation for
times with large absolute value.

4.7. Existence of the unconstrained solutions

We now establish the existence of the unconstrained solutions making use of the previous
comparison results. As in [5, 6], we define the set

€:={c>0:3T > land U € X7 such that E.(U) < 0}. (4.87)

We first prove some important properties for € which are the same as [5, Lemma 2.12]
and [6, Lemma 27]:

Lemma 4.11. Assume that (H3'), (H4") and (H5') hold. Let € be the set defined in (4.87).
Then € is open and nonempty. Moreover, if we assume that (H8") holds, then € is also
bounded with

V2a

sup€ < & (4.88)

where do was defined in (3.28).

Proof. First, we show that € # . For that purpose, consider the function W introduced
in (4.9). Consider the function

! (II‘P’(I)II%
2

1

fic € (0,400) > e~ ¢ (—% + eZC/ + 8(‘11(1))) dt) € R,
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which is well defined by Lemma 4.4. We have that for all ¢ > 0,

1 \IJ/ t 2
E. (V) = dee +/ (% + 8(\11(1)))6” dr < f(c) (4.89)
¢ -1
and f is a continuous function such that lim.—,.¢ f(c) = —oo because a < 0. Moreover,

we have that for all ¢ > 0,

f(c) = e Ca+ ce* [1 (||II/’(21)||2£
—1

+ 8(\11(:))) dt >0
and lim,_, 4 o, f(c) = 400. Therefore, there exists a unique ¢y > 0 such that f(cy) =0
and for all ¢ < cy we have E.(¥) < 0 by (4.89). Therefore, (0, cy) C €, meaning that
€ # () as we wanted to show.

We next prove that € is open. Let ¢ € €; we have E.(U.,r) < 0, where U, 7 is
a minimizer of E, in X7 given by Lemma 4.7. By (4.6) in Lemma 4.3, there exists a
sequence (t,)neN in [T, +00) such that t, — +o00 and

lim &(Ue. 7 (tp))e™ = 0. (4.90)
n—00

Up to subsequences, we have that foralln € N, U r(¢,) € 3";'1. Hence, we can define
0

Ue,7(s) ifs <t,
UL 7(s) =4 A+t —$)Ue,7(ta) + (s —tn) PY(Ue 1 (tn)) ifty <5 <ty + 1,
P+(UC,T(tn)) ift, +1<s.

We have that for alln € N,

tn l tn _ P+ U tn 2
€c (UC,T(S)) ds + ” C’T( ) 5 ( CsT( ))”5 oCln
o0

E (U1 (5)) = /

ta+1
+ / €(Ug r(s))e ds
ta

Ue.r(ty) — PT(Ue 1 (tn))]3
SEc(Uc,T)+ || c,T(n) 2( c,T(n))”Leczn

th+1
4 / E((1+ 1 — )Ue 1 () + (s — 1) P (Uo7 (1n)))e ™ ds. (4.91)
In

where we have used that 7, > T in order to obtain the inequality. Let ¥ (#7) be as in
Lemma 4.9. Up to a subsequence, we have that for all n € N it holds that & (U.,r(¢,)) <
BT (#71). Therefore, by Lemma 4.9 we have that for all A € [0, 1] and n € N it holds that

E(AUe,r(tn) + (1 =) P (Ue,r(ta))) < CTEWe,1 (1)),
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where C* > 0 is independent of n (see (3.26)). Plugging into (4.91), we obtain that for all
n € N it holds that

EC(UZ,T(S)) <E.(Uer) + |Ue,7(tn) — P2+ (U, T(["))”L ot

+ CTEUe 7 (tn))e ™. (4.92)

Notice also that (4.90) implies in particular that
lim [[Ue,r(ta) = PT (Ue,r (tn)) | 2" = 0,
n—-+4o00
which, in combination with inequalities (4.90) and (4.92), together with the fact that
Ec (UC,T) < 07

gives that there exists N € N such that E. (UéV 7) < 0. Since U?{ o is constant in [ty + 1,
+00), we have that for all ¢ > 0, Eg(Ui\j r) < +o0o. Therefore, by Lemma 4.5 we have
that

¢ €(0,+00) > Ez(UY,) e R

is well defined and continuous. Therefore, we can find some § > 0 such that for all ¢ €
(c—=6,c+9), Eg(U(]XT) < 0. As a consequence, we have (¢ — §,¢ + §) C €, which shows
that € is open.

We now assume that (H8") holds and we use it to establish the bound (4.88). In par-
ticular, we can apply Proposition 4.1. Let ¢ > 0 and T > 1 be such that E. (U, r) <0
with Ue 7 € X7 a minimizing solution given by Lemma 4.7. Let t* := t*(U. 7, <) be
as in (4.39), (4.40). Inequality (4.85) in Proposition 4.1 implies that ¢t~ < ¢T. Recall the
definition of dj in (3.28) and the fact that U, r(t%) e 7% s These facts imply

< Ue,r (™) =Uer(t7)lls- (4.93)
Since (H8) holds, we can use (4.84) in Corollary 4.1 to obtain
v, T( OF e — et
a(———)
c
ct™ ctt

it s e

Now using that E;(U.,7) < 0, the fact that 1~ < tT and (4.93), the inequality above
becomes

+y
[Uer(t™) —Uer(t7))% 52/R

df <2a————— <
6'2

so that (4.88) follows. ]

1 —ect™=1D) 24
2

We now have all the ingredients for establishing the existence of the unconstrained
solutions:
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Proposition 4.2. Assume that (H3"), (H4"), (HS), (H6"), (H7") and (H8) hold. Let ¢ €
a(€) N (0, +00), where d(€) stands for the boundary of the set € defined in (4.87).
Then there exist T > 1 such that m; 5 = 0 (méjw as in (4.8)) and Ue X7 an associated
minimizer of Eg in X7 which does not saturate the constraints, i.e.

+
Vi>T, diste(0@0),F) < % (4.94)

and -
Vi < =T, distg(U(t),F7) < % (4.95)

Moreover, U € A(R) and the pair (¢, U) solves (3.1).

Remark 4.3. Notice that Lemma 4.11 implies that (under the necessary assumptions) the
set € is bounded, meaning that d(€) N (0, +00) # @. Such a fact, in combination with
Proposition 4.2, shows the existence of the unconstrained solutions.

Proof of Proposition 4.2. By Lemma 4.11, we have that € # @ is open, which implies
that d(€) C R \ €. Therefore, we have ¢ ¢ €. Recall that due to the definition of € in
(4.87), we have

YT >1, mgr >0. (4.96)

The definition of the boundary allows us to consider a sequence (¢, )nenN contained in €
such that ¢, — c. Then, for each n € N, there exists 7, > 1 such that E., (U.,,7,) <O,
where, for each n € N, U, 7, is a minimizer of E., in X7,. For each n € N, set 1 :=
tT(Ue,.1,. 6L, as in (4.39), (4.40). Using (4.85) in Corollary 4.1 we have

VneN, 0<th—t <T.(cn),
and the function
¢ € (0, +00) — T,(c) € (0, +00)

is continuous. Since the sequence (c¢y),eN is bounded, we have
Ty = max{l, SUP,eN T*(Cn)} < 400

and
VneN, 0<tf—t <T., 4.97)

n
so that we have a bound on (t,f — 1, JneN. Moreover, (4.82) and (4.83) in Corollary 4.1
imply

J’_
VneN, Ve >¢F, diste (Ue, 1, (0). F) < % (4.98)

and B
VneN, Ve <t7, distg(Ue, 1, (6).F7) < 2. (4.99)

2
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For each n € N, define the function Ug 1, = Ue,,1, (- + t5). Then (4.97) implies that
(4.98) and (4.99) can be written as

YneN, Vi =0,  diste(Ur ;. (1),97) <
and

. - Ty
VneN, Vt < —T,, distg(U, ,(t),T7) < %
+
so that for all » € N we have UZ’; 1, € Xr1.. Moreover, a computation shows

ty —catt
VneN, E,(U" ) =e " E, (U,1,) < 0.
Therefore, if we apply Lemma 4.6 with sequence of speeds (c¢,),en and the sequence
n _
(U 7 )nen in Xr, ., we obtain U € X7, such that

E:(U) < liminfEq, (U7 ) <0,
n—00 n>tn

which in combination with (4.96) implies that m;z r, = 0. Therefore, we have E; (I_J) =0,
so that U is a minimizer of Ez in X7,. Set tF := t*(U, %) as in (4.39), (4.40). Invoking

max

(4.96) and Corollary 4.2, we obtain that for all 7 > 1 such that mz 7 = 0 and U € X,
we have U € A(Sg,7) with

Se.r = (—00,t, +8(T)) U (=T, T) U (t] — 8.(T), +00) (4.100)
for some 8,(7') > 0 and
U’ — 8(U) = —¢U  in Sz 7.

Moreover, using (4.82) and (4.83) in Corollary 4.1, we obtain as before that

+
Vi > 1f, distL(U(t),?+)<% (4.101)
and
Vi <17, distL(I_J(t),.’f_)<%. (4.102)

Therefore, if we set 7 = max{1, ¢}, —;}, then (4.101) and (4.102) imply that U € X7
and that (4.94), (4.95) hold. Moreover, we have Ez(U) = 0, so that U is a minimizer of
Ez in X7 by (4.96). Therefore, we obtain that U € 'A‘(SE,T) and

U - 8U) =—-cU inS; 7.
with S; 7 as in (4.100). The choice of T implies that S =7 = R. Therefore, Ue A(R) and
(¢,U) solves (3.1), which finishes the proof. |

Notice that our Proposition 4.2 follows very similar lines to the analogous results in
[5,6].
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4.8. Uniqueness of the speed
The precise statement of the uniqueness result is as follows:

Proposition 4.3. Assume that (H6') and (H7") hold. Let X be the set defined in (3.30). Let
(c1.c2) € (0, +00)? be such that there exist Uy and U, in X N A(R) such that (c1,Uy)
and (cz,Uy) solve (3.1) and for each i € {1,2}, E.;(U;) < 4o00. Assume moreover that

Then we have c; = c».

Proof. We prove the result by contradiction. Hence, we can assume without loss of gen-
erality that ¢; < ¢,. A direct computation shows that for every (c, U) € (0, +00) x (X N
A(R)) a solution to (3.1), we have

IU' 1%

ct U/ 2 ’
VieR —o=E 4 EW) = e‘”(%(&(U(r)) - %)) . (4.104)

cit

Replacing (c2, U,) in (4.104) and multiplying for each t € R by e
that

, computations show

%)
Viy <tz, c1E¢,(Uz;(t1,12)) = (c1 — Cz)/ ||U,2(f)||ieclt di
31

||U'2(r)||%)]:.

+ [ (8200 - =25

(4.105)

Notice now that the definition of X in (3.30) implies that

X:UXT,

T>1

which means that there exists 7 > 1 such that U, € X7. Then, combining Lemma 4.1 and
the fact that E., (U,) < 400, we get that e., (U, (-)) € L!(R). Therefore, we can find two
sequences (1,7),en and (¢, Jnen such that tni — 00 and

lim e, (U (tF)) = 0. (4.106)
n—o0o

Since we have ¢; < ¢», it holds that

Vi eR, e

(s - O

| = lee, (U201,
which in combination with (4.106) implies

U1 _

lim €14 (S(Uz(tf)) —

n—-oo

(4.107)
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Therefore, if we take #{ = ¢, and £, = tn+ in (4.105) and then pass to the limit n — oo,
then by (4.107) it follows that

¢1Ee, (Ua) = (€1 — ) /R UL (1) et di <0,

because we assume ¢; < ¢z. However, by (4.103) we have E;, (Uy) > 0, which is a con-
tradiction. u

Remark 4.4. Again, the proof of Proposition 4.3 is essentially a direct adaptation of that
given in [5,6]. Our hypotheses are slightly weaker, since we only assume that the solutions
have finite energies and (4.103), while in [5, 6] it is assumed that the solutions are global
minimizers of the corresponding energy functionals. Notice also that (H8") is not needed
for proving Proposition 4.3, which holds in a more general setting.

Proposition 4.3 along with Proposition 4.2 allows us to show that the set € defined in
(4.87) is in fact an open interval:

Corollary 4.3. Assume that (H3"), (H4"), (H5"), (H6), (H7") and (H8') hold. Let
c(€):=supt€.
Then we have € = (0, c(€)).

Proof. The statement of the result is equivalent to showing that
a(€) N (0, +00) = {c(€)}.

The quantity ¢(€) belongs to (0, +00) because € is nonempty and bounded by Lemma
4.11. Therefore, we have ¢(€) € d(€) N (0, +00) because € is open, so it does not con-
tain its limit points. By Proposition 4.2, we find U® € X such that (c(€), U®) solves
(3.1). Now let ¢ € 9(€) N (0, +00). If we show that ¢ = ¢(€), the proof will be finished.
Applying Proposition 4.2 with ¢, we find U € X such that (¢, U) solves (3.1). Proposition
4.2, along with the fact that ¢ and ¢ (€) do not belong to €, also implies that

. = € .
Jof Ee(U) = Ee(U) =0 =Ece)(U") = inf Ecey (V).

so that B

Ece) () =0 and Ex(U°) >0,
meaning that we can apply Proposition 4.3 to (c(€), UY), (¢, U). As a consequence, we
have ¢ = ¢(€), which concludes the proof. ]

4.9. Proof of Theorem 4 completed

All the elements of the proof of Theorem 4 are already present in the previous res-
ult. Indeed, Proposition 4.2 along with Corollary 4.3 implies the existence of (¢*,U) €
(0, +00) X X7~, a solution to (3.1) with ¢* = ¢(€). Conditions (3.2) and (3.3) are satis-
fied due to the fact that U € X7~. The statement regarding the uniqueness of the speed ¢*
follows from Proposition 4.3. Finally, we have that (4.7) is exactly the exponential rate of
convergence (3.31), which completes the proof. ]
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4.10. Asymptotic behavior of the constrained solutions at —oco

As has been pointed out before, almost nothing can be said about the behavior of an arbit-
rary function in X7 at —oo. However, it turns out that constrained minimizers converge
exponentially at —oo with respect to the £-norm, provided that the speed fulfills an expli-
cit upper bound; see Proposition 4.4. Such an upper bound also allows us to establish some
other properties. Once Proposition 4.4 has been established, we will be able to complete
the proofs of Theorems 5 and 6. The results of this section are obtained by combining
ideas from Smyrnelis [48], Alikakos and Katzourakis [6] and Alikakos, Fusco and Smyr-
nelis [5]. It is worth pointing out that the arguments we present here strongly rely on the
fact that the solutions considered are minimizers and that we do not expect them to hold
for more general critical points.
We begin by showing a preliminary result, which follows by a direct computation:

Lemma 4.12. Assume that (H6') and (H7') hold. Let ¢ > 0, t1 < t, and U € A((t1,12))
be such that
U”— BU) = —cU’ in (t1,12).

Then we have the formula

IU"®1%

> ) = c|U')]3. (4.108)

Vt € (1, 1), %(S(U(l))—

Lemma 4.12 gives the following pointwise bounds for constrained solutions:

Lemma 4.13. Assume that (H3'), (H4'), (H5"), (H6'), (H7") and (H8') hold. Let U, T be a
constrained solution given by Lemma 4.7 and t~ .=t~ (U.,T, &,,,) be as in (4.39). Then
forallt <t~ we have the inequality

U/ 2
” C’Tz(l)“L S g(UC’T(t)) +a. (4109)

Similarly, it holds that for all t > t ™,

U, .(0)|>
I C’Tz()”L, @.110)

E(Ue,r (1) <
where t™ == 1T (U, 1, &1 ) is as in (4.40).
Proof. Notice that (4.86) in Corollary 4.2 implies that U, 7 solves
er —BU.r) =—cU,p in(-00,17).
Therefore, the function

||U;,T<r)||i>

fer:it € (—00,t7] — e (8(UC,T(Z)) +a— 3
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is C! and we clearly have f, 7 € L'((—00,77]). By (4.108) in Lemma 4.12, we have
Vi€ (—00,17),  flr()=cfer()+ce U+ (1)]% =0, (4.111)

and we also have fc”T € L'((—o0,17)). Therefore, it holds that

z—liIPoo fer(@) =0. (4.112)
Fix t; < tp <t~. Integrating (4.111) in [t1, t;] we get

fer(t2) = fer(th),
which in combination with (4.112) gives

YVt <t™, fer(@)=0,

which is (4.109). Inequality (4.110) is obtained in an identical fashion. [

We conclude this section by proving the exponential convergence result, which is
inspired by the ideas in Smyrnelis [48, Proof of (28)].

Proposition 4.4. Assume that (H3'), (H4"), (H5"), (H6"), (H7") and (H8") hold. Let ¢ > 0
and T > 1. Assume moreover that ¢ < y~, where y~ is defined in (3.27). Let U, T be
a constrained solution given by Lemma 4.7. Then there exists M~ > 0 such that for all
g€ (0,y” —c)andt € R it holds that

t
[ (E(Ue,r(5)) +a)e ™ ds < M~ 7)1, (4.113)

—00

Furthermore, there exist M~ > 0 and v, € = such that for all t € R,
[Uer () = vz < M~e¥ ~", (4.114)

) be as in (4.39). By applying (4.82) in Corollary 4.1, we
Forallt <t7, define v (¢) := P~ (U.,r(1)).

Proof. Lett™ ==t (Ue T, &«
obtain that forallt <¢~, U, r(?) € S’r_o_/z.
Consider the function

v (1) ifs <t—1,
U7 ()= =)WV () +(s—t+D)Uer@t) ift—1<s<t,
Uc,r(s) ift <s,
which belongs to X7. Therefore,

Ec (Uc,T) =< Ec (ijz_)
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and, equivalently,

/ " e (Uer(s) ds

—00

L Uer () = v (O -
S_%e”—i_/t_l(” ,T([)z v (t)”L +(8(Ul (s))—i—a))ecsds. (4.115)

Using Lemma 4.9 and (3.6) in (H1”), (4.115) becomes

t
/ c(Uer(5)) ds = —2¢ + (C™ + C)(EUer (1)) +a)e,

which gives

/t (E(Ue,r(s)) —a)e® ds < yi_(g (Ue,r (1)) + a)e, (4.116)

—00

where Y~ was defined in (3.27). Define the function
t
Oopit € (=00, t7] — / (E(Ue,7(s5)) +a)e ds € R. 4.117)
—00

By (H7), the function G(ZT defined in (4.117) verifies that for all t € (—o0,17),

6-7) (1) = (E(Ue,r (1) + a)e’

which, by (4.116), implies

Vi<t y 0.7t < (6.7) ).

Now fix # € (—00,77) and assume that 6 . (¢) > 0. The previous inequality is equivalent
to

y~ < (In(0. (1)) .

which, by integrating in [z, 7], becomes

y (" =) =In(0, r(17)) = In(6; 7(1)).

hence
eV T < 96_,T(l_)
B ON
that is,
Ocr()e” T < (7),

which clearly also holds if we drop the assumption 8 .(¢) > 0, as 6 . is a nonnegative
function. Thus, we have shown that

Vi<tT, O, p(t) <O 01 )e 0 (4.118)
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Now we have that using (4.118) we get for any fixedt <t~ —1,e > 0andi € N,
t—i
/ (E(Ue,r(s) +a)e* ds
t—i—1
, t—i
< g~ (cte)t—i—1) / (E(Ue,7(s5)) +a)e ds
t—i—1
< e—(c+a)(t—i—l)90—’T(z—)e—y_(t_—t+i)

= plete)1—7) 90_,T (t—)e(y‘—c—s)(t—t_)e(c-‘re—y_)i ) (4.119)

Since we assume that ¢ < y~, by choosing any & € (0, y~ — ¢) it holds that
Ze(c-i-s—y’)i — 1
_ (cte—y)’
ieN I —eferey

which, in combination with (4.119), gives (4.113) (notice that the case t > ¢t~ — 1 presents
no problem, as e(V" "7 is then large). Therefore, by (4.109) in Lemma 4.13 we have
that foralle € (0,y~ —c)andt € R,

I WOIONE - gy < fg=otr—-on
w2 = ’

which, by the Cauchy—Schwarz inequality, means that

t &t t % 2M— B
/ ||U;T(s>||ﬁdss(e— [ ||U;T<s>||ie—”ds) < 2MT oo (4120
00 ’ € 00 ’ €

where we have used that limg_,_, €% = 0, because ¢ > 0. Since ¢ < y~, in particular,
inequality (4.120) implies the existence of some v~ € £ such that

lim |Uer(t) =3 |z =0. (4.121)
t—>—00

Inequality (4.120) also implies that for all 7 < ¢ € R we have

~ 2M -
IUe,r (1) = Uer ()]l <= ———e¥ 9,
which by taking the limit 7 — —oo and using (4.121) gives (4.114), by choosing for
instance e = (y~ —¢)/2€ (0, y" —c)and M~ = ZM% > 0. |

Remark 4.5. Notice that combining (4.113) in Proposition 4.4 with (4.109) in Lemma
4.13, we obtain in particular that U/, ;. € L?(R, £) provided that ¢ <y~ (see the statements
of the results for the notation).
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4.11. Proof of Theorem 5 completed

Assume first that (H8") holds. Let (¢*, U) be the solution to (3.1) with conditions at infinity
(3.2) and (3.31) given by Proposition 4.2 and Lemma 4.3. Since we took ¢* = sup € with
€ as in (4.87), inequality (4.88) in Lemma 4.11 implies that

. N2a

c E b
do

which by (3.32) in (H9”) implies that
¢t <y,

so that we can apply (4.114) in Proposition 4.4 to U, as it is a minimizer of E.» in X7+
for some T* > 1. Therefore, (3.33) holds for U, which completes the proof. [

4.12. Proof of Theorem 6 completed

Since we assume that (H9’) holds and UissuchthatUe X T forsome T > 1 and E.« (ﬁ) =
0, then by Proposition 4.2, we can apply Proposition 4.4 to U. We recall that by Remark 4.5
we have U’ € L2(R, £) and by (4.113) in Proposition 4.4 we have & o U € L!((—o0,t])
for all # € R. Therefore, we can find a sequence (#,, )sen in R such that

lim 7, = —o0 (4.122)

n—>oo

and

nlinéo@(U(t"_)) —a-— W) — 0.

Similarly, since E.(U) = 0 < +o00, we have & o U € L!([t, +00)) for all ¢ € R, which
means that we can find (7,7 ),en, a sequence of real numbers such that

(4.123)

lim ¢ = +o00 (4.124)
n—>00
and 2
uU'(¢
im (M - 8(U(zj))) —0. (4.125)
n—oo 2

Taking the scalar product in £ between equation (3.1) and U’, we obtain
VieR, (U'(),U))s—(BUM),U@0) =—|UO|7

so that

VieR, (U'(0).UM)e— (EUM) =~ U]
Fix n € N. Integrating the equality above in [, 7] (which is nonempty up to an extrac-
tion) we obtain

o +

n tn
/ (U'(1).U'(1))c dt — E(U)) + EUEL,)) = —* /_ IU'(@)|1% dr. (4.126)

n t'l
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Integrating by parts we obtain

ty

/t T UV ) di = [UEDIE - V6N - / (UO.U'0)e dr,
which means

l,fr 1
/t U@ U@)edt = SV EDHIZ = U E)IL)-

n

Plugging into (4.126) we obtain

_ IIU’(tn_)IIi) n (IIU’(IJ)II%

—a+<8(U(tn_))+a : :

)

tn*
——c [Tl .

In

Using (4.122), (4.123), (4.124) and (4.125), along with the fact that U’ € L2(R, £), we
can pass to the limit » — oo and we get that

Ca=—c* / 0O dr.
R

which shows (3.34). We now show that (3.35) holds. Inspecting the proof of Theorem 4
again, we have that ¢* is equal to ¢(€) as in Corollary 4.3. Take ¢ < c¢*; then by Corollary
4.3 we have ¢ € €. The definition of € in (4.87) implies then that

37 > 1, inf Eo(U) <0
UeXr

which, by considering U € X7 such that E, ((7) < 0 and then the sequence ((7(- 4+ 1))neN
which is contained in X, implies that infyeyx E.(U) = —oo. If we now take ¢ > c*, we
have again by Corollary 4.3 that

VT >1, inf Eo(U)>0
UeXr

which means
inf E.(U) =0.
UeX

Therefore, (3.35) follows. Finally, we have that (3.36) is exactly (4.88) in Lemma4.11. =

5. Proofs of the main results completed

Once we have proven the abstract results, we are ready to prove the main ones. In order
to do this, we need to show that the main problem can be put into the abstract framework.
This is shown in Lemma 5.1 which is in Section 5.1. The next sections are then devoted
to the conclusion of the proofs of the main results, which are Theorems | and 3. However,
as pointed out before, we do not have a counterpart of Theorem 2 in the abstract setting,
which means that we prove it using arguments relative to the main setting.
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5.1. Proving the link between the main setting and the abstract setting

The following result establishes the link between the main assumptions and the abstract
ones. As a consequence, the main results can be deduced from the abstract framework,
which we have already established.

Lemma 5.1. Assume that (HS) holds. Set

L= L*R,R¥), 3 := H'(R,R¥), F := H*[R,RY), (5.1)
rf = pi (5.2)
and
E —mt ifveX,
Yvel, &)= V +v) —m™ifv
otherwise,
where mt was introduced in (H5). The constants pa—L are those from (2.4) and the func-

tion  is any smooth function in X(6~, o) converging to o* at +00 at an exponential
rate and such that ' € H*(R,R¥). Finally, we set F* = F* — . Under this choice,
assumptions (H1"), (H2"), (H3'), (H4"), (H5"), (H6") and (H7") hold. Moreover, we have
that

* if (H6) holds, then (H8") and (HY") hold.
Proof. The fact that the functional
veH —> EW +v)

is well defined and, moreover, is a C! functional on (3(, ||-||s¢) is proven by classical
arguments. See, for instance, Bisgard [15], Montecchiari and Rabinowitz [32]. See also
[37] for the precise statement in this setting. We now pass to proving that the assumptions
are satisfied.

Assumption (H1") is satisfied: The fact that & is weakly lower semicontinuous in £ is
standard; see [48, Lemma 3.1]. We have already invoked Schatzman [46, Lemma 2.1], so
that (2.4) and (2.5) hold. That is, due to (5.2) we have that if

inf v+ v —a=(+0)llc <, (5.3)
TeR

there is a unique 7(v) € R which attains the infimum in (5.3). Moreover, the correspond-
ence v — t(v) defined on the subset of £ composed of functions that verify (5.3) is of
class C2. Therefore, the applications

PEive e = aTC+ 1) -y e F* (5.4)

satisfy the properties required. Finally, we have that estimate (3.6) follows by [34, Lemma
3.2], up to modifying the choice of the constants p(ﬂf, ,BSE.
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Assumption (H2') is satisfied: By (5.1), we have H C H C £ and the associated norms
verify

Il < I-lae < N-llg-
As we pointed out before, & restricted to (3, ||-]¢) is a C! functional. Moreover, as
shown in [15,32], we have that the differential is given by

YveH, DEW):weH— / (' + v, W) +(VV( +v),w) eR. (5.5
R

Now let v € H; since V¥ is smooth with good behavior at infinity we can integrate by parts
to get

Ywe T, DEW)(w)= [ (=" + ")+ VV (@ + v), w)
R
= (B(v), w)e, (5.6)
where we have set
Brve (G Il7) = —@" +v") + YV +v) € (L. []le).

which, by standard arguments, can be shown to be continuous. Notice that (3.9) in (H2')
is exactly (5.6) above, which concludes this part of the proof.

Assumption (H3') is satisfied: Let (v, )nen be an L-bounded sequence in F~. We want
to show the existence of a subsequence of (v, ),eN strongly convergent in J{. Since

ff‘z?_—l,/f={q_(-+t)—1/f:teR},
we have (v, )neN = (¢ (- + ) — ¥)nen With (7,),en a bounded sequence of real num-
bers. Since such a sequence is bounded in £, we know that, up to an extraction, there exists
v € L suchthat g~ (- 4+ t,) — ¥ — ¥ weakly in £. Due to the weak lower semicontinuity
of &, we have
EW) <liminf&(q (+ 1) —V¥) =a,
n—+o0o

which, by minimality, implies that &(v) = 0, that is, v € F~. We can then write ¥ =
qa (- + ) — ¥ for some 7 € R. Now, notice that, by the compactness of minimizing
sequences (2.2), there exists a sequence (7}, ),eN of real numbers such that, up to an extrac-
tion,

¢ (+wm+71,)—qg — 0strongly in K 5.7
which necessarily implies that

mw+7t,—>0

and, since (7,)neN is bounded, we have that (z,),en is a bounded sequence as well.
Therefore, we can assume, up to an extraction, that r,’l — 7. Combining this information
with (5.7), we obtain

a -+ 1) —q (-—17) > 0strongly in H,

which establishes the claim.
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We need to show the same for I . The argument is identical to the one above, except
for the fact that the compactness of minimizing sequences is replaced by (3) in assumption
(H5), which is in fact stronger, and we use that the elements in It are local minimizers
(instead of global ones), which does not require any modification of the reasoning.

Assumption (H4") is satisfied: More precisely, we show that (2) in (H4") holds. Notice that
since the results are local in nature and (H1”) implies that locally the situation does not
change between F~ and F, we can treat both cases together. Let (v vt) e S"i x FE,

Let 7(v) be given by the projection map defined in (5.4). We have v* = g*(- + )=y
for some v € R. Define

PE oy € £ > w— () +7) = ¥ + Y (-~ 7(0) + 1) € £,
Clearly, using the definition of the projection in (5.4) and 7 (v),
125wy @) =VElLe = [0 —t@) + 1) = (0¥ ¢ + 1) =¥ (= () + )|,
= [v—(@*C+ oD =y)|, = infllv—@*C+ D =¥)le,
meaning that
Pﬂ:(P(:,l):,v:t)(U)) =v*

and
distc (P(f vy (V), FE) = distg (v, F5),

which are (3.10) and (3.11) respectively. Next, notice that for (w;,w,) € £2 and & € R
we have

(v vi)(wl +hw2) (v Vi)(wl) +hw2( _T(U) +T)

so that ﬁ(f ) is differentiable and

V(wi,wy) € L2, D(PE 1)) (wi,wa) = wa(- — 7(v) + 1),

so that
V(wi,wa) € L2, | D(PG o)) (Wi, wa)lle = llwa e,

which is (3.12). Finally, notice that v € H if and only if ﬁ(ﬂv: vi)(f)) € H. Assuming that
v € J we have

g(ﬁ(:;vi)(ﬁ)) = 8(5( —t)+ 1) =Y +Y(—1@) + .L.))
=E@W(—t)+0)+y(—t(v)+1) = EWY + 1) = &)

and if v € £\ 3, we have 8(P i)(v)) = 400 = &(0). Therefore, (3.13) holds. We
have then showed that (H4") holds
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Assumption (H5) is satisfied: Schatzman [46, Lemma 2.1] states that for v € ?ﬂi{ o the
problem ne

inf v+ ¥ — g (- + )15
teR
has a unique solution 75¢(v) € R and the projection map
Piive E;;ﬁ — a4 9c(v) € FF

is C'! with respect to the H{-norm. Next we have that (3.14) is [46, Corollary 2.3]. Finally,
the fact that (3.15) implies (3.16) for the constants C* (up to possibly increasing) is
a consequence of the compactness of the minimizing sequences. See, for example, [46,
Corollary 3.2].

Assumption (H6') is satisfied: We show the existence of the map 3. We follow [46,
Lemma 3.3]. Let Ry > 0 be the constant from (H2). For R > Ry, define in R,
u if [u|] < R,
Sr(u) =

u
R— otherwise,
|ul

where Ry is the constant from (H2). For u € R¥ such that |u| < R, we have fz(u) = u.
Assume that v € R¥ is such that [u| > R. In that case, there exists & € (|TR\’ 1) such that

V) = V(frw) + (Vi V(Eu), u — fr())

= VU0 + 7 (1= 2 )V . )

which, by (H2), implies

VR > Ry, Yu e R¥ : [u| > R, V() > V(frW)) + l(1 - 5)v0|gu|2
3 |ul

> V(fr(w)). (5.8)
In particular, we have shown
VR > Ry, Yu e R, V(u) > V(frw)). (5.9)

Next, let / C R be a compact interval and v € H 1(J , Rk). For R > Ry, consider the
function vg := fg o v. Since we clearly have that for all u € R¥, | fr(u)| < |ul, it holds
that vg € L2(J,RF). Next we have that f% is the projection onto the closed ball of center 0
and radius R, so that it is nonexpansive. As a consequence, we have

VR > Ro, Yu e R*, |Dfr(u)| < 1. (5.10)
Therefore, applying the chain rule we obtain

forae.r € J, |vg(®)| <),
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which means that vg € H!(J, Rk) and, combining with (5.9), we obtain
E(vg:J) < E(v; J), (5.11)
and, by (5.8), the equality above holds if and only if vg = v. Now let

Rinax = 2max{Ro. la” | oo gty 10" | Lo rF) }-

Now consider the application

PBivel - fr,.o+y¥)—y el (5.12)

which is well defined due to the previous considerations. Moreover, the choice of Ryax
implies that 8 equals the identityon {q (- +7) — ¥ :t €R}and {q (- + 1) — ¥ : T € R},
which is exactly (3.21). Inequality (5.11) gives (3.19). Finally, using (5.10) we have

V(vi,v2) € L2, [[B1) — B2z = /lekmax O (U1 + V) = fRuwe © (02 + )2

< / up | Do, (1) 201 — 032
R

ucRk
< / vy = v2]? = [lvr — v2 %
R
which is (3.20). Therefore, our map 3 satisfies the required properties.

Assumption (H7') is satisfied: Let W be a local minimizer of E.. We show that W satisfies
the desired regularity properties, that is, W € () with 4(I) as in (3.22). Write W :=
W + . We assume that for all 1 € I, W(z) = T(W). The definition of P in (5.12) implies
that
V(x1,x3) € I xR, W(xl,xz) = meax(W(xl,xz))
so that
”V_V”LOO(IX]R,]Rk) < Ruax-

Therefore, by classical elliptic regularity arguments, we have that, with the obvious iden-
tifications, W solves

—cdy,W—AW = -V, V(W) inl xR,

and for all o € (0, 1) we have W € €3%(I¢ x R, R¥) for any compact I¢ C I. It s then
clear that

W e €2(Ic, L*R,RF) nel(lc, H' (R, R¥) N €(Ic, H*(R,R¥))
for any /¢ C I compact, which means that W € A([).
Assumption (H6) implies (H8") and (H9"): Immediate. [ ]

Once Lemma 5.1 has been established, the main results are easily obtained by reph-
rasing the abstract ones.
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5.2. Proof of Theorem 1 completed

Assume that (H6) holds. Notice that (H6) implies that (H1), (H2), (H3), (H4) and (HS)
hold. Therefore, applying Lemma 5.1 we have that, choosing the objects as in its state-
ment, we get that (H3"), (H4"), (H5), (H6'), (H7”) and (H&’) hold. Those are exactly the
assumptions which are needed for Theorem 4 to hold, meaning that we obtain (¢*,U) with
¢*>0and U € A(R) N X, with A(R) as in (3.22) and X as in (3.30), which solves

U'—8@U) =—-cU iR (5.13)
and satisfies the conditions at infinity

AT~ <0:Ve <T™, U@r) € 3’,‘0_/2 and
IvH(U) e T . 1113 |U@) — v (U)||5c = 0. (5.14)
—>+00

We now pass to proving each of the three statements of Theorem 1 separately:

(1) Existence. Recall that for all 1 € R we have U(r) € £ = L2(R, R¥). Let us then
define
U: (x1, x2) € R2 = U(x1)(x2) € RF. (5.15)

It is clear then that since U € A(R) we have U € €2 (R, R¥) and, moreover, for

loc

all (x1,x) and any pair of indexes (i, j) € {0,1,2}? such thati + j < 2, we have

O 2 U(xy, x2) = (UD (1) (x2), (5.16)

X1 X2

where for a curve f taking values in a Hilbert space we denote by @ its ith
derivative, i € N. As a consequence of (5.13), (5.16) and the formula for D&,
when we make & = E — m™ (see (5.5)) we obtain that

—c0, U — AU = -V, V() inR?,

and by (5.14) we obtain that for some L € R we have for some x; < L that

U(xy,:) € F _,,, since we choose rgt = p*, sothat F£ = F% . The vari-

/2 pE/2 re2
ational characterization (2.12) follows directly from Theorem 1, using the fact that
we have X = S and E; = E; . for all ¢ > 0 (again we implicitly identify U with
U via (5.15)). Finally, we have that for all € R, U(¢) = L(U(¢)). According to
the choice of 8 made in Lemma 5.1, this implies that || 1| e (g gty < +00, which
by classical Schauder theory and the smoothness properties of V', implies that for
alla € (0,1), U € €2%(R2, R¥). The proof of the existence part of Theorem 1 is

hence completed.

(2) Uniqueness of the speed. Again, we have X = § and E. = E5 . for all ¢ > 0,
meaning that the proof of this statement follows from the analogous one in The-
orem 4.
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(3) Exponential convergence. Using the exponential rate of convergence of U given
by Theorem 4, which is (3.31), we obtain that for some b > ¢*/2 it holds that

lim UGx.) — 6 ¢+ )l g e e?™ =0
X1—>+00 >

for some T € R. Applying Theorem 5, we obtain the exponential convergence at
—o0. This concludes the proof of the statement.

The proof of Theorem 1 is concluded. ]

5.3. Proof of Theorem 2

We now provide the proof of Theorem 2, which is a consequence of the following results,
which are more general than required by Theorem 2 and might be of independent interest:

Lemma 5.2. Assume that (H1), (H2) and (H3) hold. Let (6_,64) € X2 (possibly equal)

and q € X(6_,64). Assume moreover that there exist LY € Rand U € H! (LT, +00) x
R, R¥) uniformly continuous and such that
400
[ 1Ewe ) - E@ldx <+, 6.17)
L
lim ||U(X1,') —q||L2(R,Rk) =0. (518)
xX1—>+00
Then it holds that
lim [U(x1,") — gl poor,rE) =0 (5.19)
X1—>+00
and
ngrgoo” U(, Xz) - 6':|: ||L°°([L+,+c>o),]Rk) =0. (520)

Similarly, we have the following:

Lemma 5.3. Assume that (H1), (H2) and (H3) hold. Let (6_,64) € X2 (possibly equal)
and q € X(6—,64). Assume moreover that there exist L~ € Rand U € H,} ((—oo0, L™] x
R, R¥) uniformly continuous and such that

o
‘[|EWWMD—HWMM<+M,

—0o0

o im UG ) = gl @ rey = 0- (5.21)
Then it holds that

o im UG ) = gl o rey = 0 (5.22)
and

nglioo||U(" x2) = 64 || oo ((—00,1-1,RK) = O- (5.23)
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In the proofs of Lemmas 5.2 and 5.3, we will need to use the following fact:

Lemma 5.4. Assume that (H1), (H2) and (H3) hold. Let (6_,64) € X2 (possibly equal)
and q € X(6—,64). Assume that (qn)neN is a sequence in X(6—,64.) such that

Jim [lgn — gll 2@ riy = O (5.24)
and
lim E(gn) = E(q). (5.25)
n—>o0
Then it holds that
Jim [lgn — qll g @ rey = 0- (5.26)
Proof. First, notice that
sup [|gn || oo g RE) < 00 (5.27)
neN

Indeed, (5.25) implies that (q},)nen is bounded in L*(R, R¥) which, in combination with
(5.24) means that (¢, )nen is bounded in H'(R, R¥), hence in L (R, R¥). We also have

VV(g) € L*(R,R¥), (5.28)

which follows easily from the fact that V' is smooth and quadratic near the wells. For all
n € N, we write the expansion

1
Vign) = V(q) +(VV(q).qn —q) + /0 D?*V(q + Agn — 9))(gn — q)(gn —q) dA,

which holds pointwise in R. Therefore, the Cauchy—Schwarz inequality implies

2
(fvan-val) =([mv@r+  sw 107V000)lan = 0o,
R R ucRk
[ul<llgn—qll oo

hence, by (5.27) and (5.28) we find a constant C > 0 such that for alln € N,
L1V = V@l = Cllaw=alzmor

which by (5.24) means that V(g,) — V(¢) — 0 in L' (R, R¥). As a consequence, (5.25)
implies that

nlig}o”q;z”LZ(R,Rk) = ”q/”LZ(]R,]Rk)' (5.29)
Now suppose, by contradiction, that (5.26) does not hold. Then we can find a subsequence
(qn,,)men and § > O such that for all m € N,

lgnm — 4l 1 r Ky = 8- (5.30)
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Since (g, Jmen is bounded in L2(R,R¥), it converges weakly in L2 up to an extraction,
and the limit is ¢’ by uniqueness of the limit in the sense of distributions. By (5.29), we
have that such a subsequence also converges strongly in L2(R, R¥), which combining
with (5.24) contradicts (5.30). [

We now prove Lemma 5.2. The proof of Lemma 5.3 being analogous, we skip it.

Proof of Lemma 5.2. Assume by contradiction that (5.19) does not hold. Then we can find
a sequence (X1 ,)nen in [LT, +00) x R such that x; , — +00 asn — oo as well as § > 0
such that foralln € N,

[U(x1,n,°) — q”LC’O(R,Rk) > 4.

By uniform continuity, there exists v > 0 such that for all n € N we have

. (5.31)

N | S

max 1U(x1,°) = qll Loor RE) =
xX1€[x1,n—V,X1,n+V]

Let A .= U, en[X1,n — v, X1,5 + v]. By (5.17) we have

/A (EUG1.) — E(@)) dx1 < +oo,

and since A has positive measure and it is unbounded above, we find a sequence (y1,,)neN
in A such that y; , — 400 asn — oo and lim, s E(U(y1,n,)) = E(q). Combining this
fact with (5.18), we have that assumptions (5.24) and (5.25) in Lemma 5.4 hold, which
means that

Jim [[U(yin ) = 4l @ gy = 0,

which contradicts (5.31). Therefore, we have shown that (5.19) holds. In order to prove
(5.20), we first show that there exists L’L < L% such that

Jm UG, x2) = Ol Lo (Lt 100y K = 0 (5.32)
We prove (5.32) by contradiction. The other case being handled in an analogous fashion,

assume that there exists a sequence (X3 ,)neN in R such that x5 , — +ooasn — 00, a
sequence (X1,,)neN in [LT, +00) tending to +o00 and § > 0 such that foralln € N,

U1, X2,0) — 64| = 6. (5.33)

Since we have already proven that (5.19) holds, there exists Ny € N such that for alln > N
we have

~

IU1n) = dllLomre = (5.34)
and, since ¢ € X(6—, 64 ), there exists ¢ € R such that for all t > 7 we have
. §
lg(t) —64] < —. (5.35)

4
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Let N € N be such that foralln € N, x5 , > 7. Taking any n > max{Np, N}, we obtain
by (5.34) and (5.35) that

|U(xl,n, x2,n) - &+| =< E,
which contradicts (5.33) and establishes (5.32). In order to establish (5.20), we handle the
limit x, — 400, as the other one is treated identically. Let pj:' =dist(cT, 2\ {oT}) > 0.
We claim that for every L > .1 we have that if

leilljlﬂﬂ”U(, X2) - 5':|: ||L°°([f,,+oo),Rk) = 0, (536)
then
ngrzrlloo”U(.’ X2) — O+ “Loo([ifng&oo)’Rk) =0, (5.37)
where o
+ . o + z
Nt = mm{L L+, —} (5.38)
x 4| DUY| 00 (r2,RK)

Such a claim allows us to easily complete the proof of (5.20) by a finite induction process,
due to the fact that (5.32) holds. ]

It remains to establish one claim in the proof of Lemma 5.2.

Proof that (5.36) implies (5.37). Assume that (5.36) holds. We show that for every ¢ €
(0, 77;) we have

le_l)fioo”U(, XZ) — 0+ ||L°°([l~,—7};+s,+oo),Rk) =0, (5.39)

which clearly implies (5.37) by uniform continuity. Then fix ¢ € (0, r;;:r). By assumption,
there exists ;€ R such that for all x, > %, we have

~ p+
|U(L,x2) —0™| < TE,
which, by (5.38), implies that for all (xy, x2) € [L — n3; + &, L] x [¥2, +00), it holds that

+
|U(x1,x2) —0 | < %E (5.40)

and the definition of pg gives, in turn, that for all such (x1, x,) and o0 € X \ {0} we have

+
U(x1.x2) — 0| = 22 (541)

Assume now that (5.39) does not hold. Then inequalities (5.40) and (5.41) imply that we
can find a sequence (X1, X2,n)neN contained in [L — 17;:' + &, L] X [X2, +00), such that
Xan — +00asn — oo and § > O such that foralln €e Nand o € %,

|U(X1,n, X2,n) —0| = 6.
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By uniform continuity, we can find v € (0, €) such that for all # € N and

(x1.%2) € B((X1,0,X2,0).v) C [L — 1%, L] x [X2, +00),

we have for all o € X,

8
|U(x1,x2) —0| > 5
or, equivalently,
V(U(x1.x2)) 2 Vg ), = min{V(u) : u € R, dist(u, £) > gi}, (5.42)

which is positive by (H1) and (H3). Up to an extraction and since x , — +00 as n — oo,
we can assume that whenever n # m we have

B((xl,n,xz,n)v 1)) N B(('xl,m’-x2,m)v 1)) = 0’

which, due to the definition of r)g in (5.38) and (5.42), implies that

400 L
[ 1Ewen - E@lan = [ Ew@)dn - iiE@

L—ng,

=>(/ VU, ) ddxa ) ~ 1 E@)
B((-xl,naXZ,n)yV)

neN
> Z(nvzl/g/z) — 15 E(q) = +oo,
neN
which is in contradiction with (5.17). Therefore, the claim has been proven. [

We now have all the necessary ingredients for completing the proof of Theorem 2:

Proof of Theorem 2 completed. Let (c*, W) be the solution given by Theorem 1, inter-
preted via the choices made in Lemma 5.1. We will invoke Lemma 5.2. The L? exponen-
tial convergence (2.13) given by Theorem 1 implies in particular that assumption (5.18) in
Lemma 5.2 holds with U = U, ¢ = ¢ (- + ™). Moreover, since E; ¢+(U) = 0 < +00,
assumption (5.17) in Lemma 5.2 holds for all L € R in view of the definition of E; .+
(recall that ¢* > 0). Finally, we have by Theorem 1 that U € €2%(R2, R¥), o € (0, 1), so
that U is uniformly continuous. As a consequence, Lemma 5.2 applies and we have (5.19)
and (5.20) for all L € R, and this is exactly

lim [ U(x1.) — gt ¢+ 1) Lo rE) (5.43)
X1—>+00
and
lim U, x2) — 0T |10 (5.44)
Xp—>+00

for all L € R. We now show that we can invoke Lemma 5.3. We have that (2.14) in
Theorem 1 implies that (5.21) in Lemma 5.3 holds with U = U and ¢ = ¢~ (- + 7).
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Moreover, the abstract result Proposition 4.4 in combination with Lemma 5.1 implies in
particular that for all L € R, (5.21) in Lemma 5.3 holds. Since U is uniformly continuous,
Lemma 5.3 applies, which means that (5.22) holds, so that we have proven
i J—at( - =
xll_l)ﬂ_looﬂu(xl, ) =" (+ 1)l pow,rr) =0,
which in combination with (5.43) gives (2.15). Moreover, for all L € R we have that
(5.23) holds, which combined with (5.44) (which also holds for all L € R) gives (2.16)
and completes the proof. ]

5.4. Proof of Theorem 3 completed

Assume that (H6) holds. Arguing as in the proof of Theorem 1, we have that the assump-
tions of Theorem 6 are fulfilled if we choose as in Lemma 5.1. Notice that Theorem 3 is
exactly Theorem 6 if we choose the abstract objects as in Lemma 5. 1. Therefore, Theorem
3 is established. ]

6. Examples of potentials verifying the assumptions

The purpose of this section is to exhibit a rather general and elementary method in order to
produce examples of potentials for which the assumptions we make in this paper are satis-
fied. The idea is to modify a given multi-well potential Vy: R¥ — R satisfying (H1), (H2),
(H3) and (H4) such that the associated energy possesses two minimizing heteroclinics (up
to translations) in X(o~, o 7). Recall that ¢~ and o are two wells of Vy such that the
strict triangle inequality for the infimums holds. Furthermore, we assume that the generic
Schatzman spectral assumption [46] is satisfied for these heteroclinics, meaning that the
constants defined in Section 2.5 (with the obvious modifications) also make sense here.
That is, one can think of any potential Vj satisfying the assumptions (H1), (H2), (H3) and
(H4), as well as a modification of (H5) in which m* = m™. For the reader’s convenience,
we will recall here some explicit examples of such potentials which are available in the
existing literature.

The first of the examples is due to Antonopoulos and Smyrnelis; see [7, Remark 3.6].
Their idea is to find a symmetric potential and exploit such symmetries in order to obtain
multiplicity of globally minimizing heteroclinics. Let us sketch some details. First con-
sider Vg, which is the Ginzburg—Landau potential

22
(-b?

VGLIM=(M1,L£2)€R2—) R.

The idea is to perturb Vg in order to obtain a double-well potential with zero set

{(_1’ 0)’ (170)}

and symmetric with respect to the axis {u, = 0}. The perturbed potential has a globally
minimizing heteroclinic @ = (g1, g2) between (—1,0) and (1, 0). By symmetry, the curve
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d = (g1, —a2) is also a globally minimizing heteroclinic, which is not a translate of q if
and only if g, does not vanish identically on R. In order to ensure this, one shows that
the Lagrangian functional with Ginzburg—Landau potential V1 has curves connecting
(—1,0) and (1, 0) with arbitrarily small energy. These curves are then used in order to
define the perturbed potential, Vo and they have smaller Lagrangian energy (with respect
to V) than the infimum of the energy among curves of the type (¢1,0). We refer to [7] for
more details. In a subsequent step, one performs an arbitrarily small perturbation on Vo so
that q; and g, are nondegenerate, which is possible due to the fact that nondegeneracy is
generic; see, for example, Schatzman [46].

Another example, this time in dimension k = 3, is provided by Zuiiiga and Sternberg
[50]. They consider the potential

~ 1 2 1 2
Vozu:(ul,uz,u3)—>u%(l—u%)2+<u§—§(l—u%)2) —i—(u%—z(l—u%)z) e R,
which vanishes exactly at the points

(-1,0,0), (1,0,0),

1 1 1 1 1 1 1 1
075 055 055 055

By explicit computations, they show that the potential Vo satisfies (H1), (H2), (H3) and
(H4) with ot = (£1,0,0) and, moreover, that the infimum of the corresponding energy
Eoin X(o~,07) is not attained by a curve with trace contained in {u, = u3 = 0}. Using
the reflections (0, 15, 0) — (0, —u>,0) and (0,0, u3) — (0,0, —u3), one deduces the mul-
tiplicity up to translations of the globally minimizing heteroclinics for Eoin X (0=, 0™).
As above, one can obtain Vj arbitrarily close to Vo such that the globally minimizing
heteroclinics satisfy the spectral assumption.
The core of this section is the following result:

Proposition 6.1. Let Vy be a multi-well potential as above. For each ¢ > 0, there exists
Ve which satisfies the assumptions (H1), (H2), (H3), (H4), (H5) and (H6) and such that
Ve = Vollezrry =< &

In order to obtain Proposition 6.1, one performs an arbitrarily small smooth perturba-
tion of Vj around the trace of one of the heteroclinics (see Figure 5), in such a way that its
energy increases but a locally minimizing heteroclinic still exists (at least for small per-
turbations), which must necessarily have larger energy. One then chooses a perturbation
which is not too large so that the upper bound on the difference of the energies is met.

Proof of Proposition 6.1. Let g~ and g7 in X(0~, 0 ™) be different up to translations and
such that

Eo(@7) = Eo(@") =mo:= _inf  Eo(q).
qeX(o—,0t)
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Figure 5. Representation of the cutoff function y used in order to produce the family of perturbed
functionals Vg. We also draw the corresponding local minimizer q;' (discontinuous curve).

where, for ¢ € H! (R, R¥),

B = [ [L95 4 votgon]ar.

Recall that there exist ,oat such that
v _ + . + +
q € X(o,07), distgigrriy(q,FT) < pg
= diStHl(R,]Rk)(q, ?i)Z = ,Bi(EO(q) - m()),

where
FE={g5(+1): TR}

Let ty € R be such that dist(q ¥ (fg), ) = max,eR dist(q ™ (¢), ) for some q* € F 7, and
set ug := q 1 (fo). Let

ri= min{p0+/2,dist(q+(l0), E)/Z} > 0.

Define y € €2°(R¥) as such that 0 < y < 1, y = 1 on B(uo, ) and supp(y) C B(uo,2r).
For each § > 0, consider the potential Vs := Vy + §y > 0. Define

B@ = [[95 + vitqun]a.

Notice that, by the choice of y, Vs vanishes exactly in V;!({0}). Now let ¢ €
X(0~,07™) be such that disty1 (g rk) (G Fhy < p(‘)"/Z. We have

1
o + Sdistn e e @, 7 = Folg) < Eolg) +3 /R 2@ = Es@.  (6.1)

and notice that for g € ¥ we have Es(q) = mg + 84} with

A; = /R)((q+(t)) dt > 0.
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A contradiction argument shows that
wyf = inf{Es(q) 1 q € X(0~.0"). disty @ re)(q. F ) < pi /2} > mo,

and we have m; < Es(qt) = mo + SA;. Since the cutoff function is supported away

from X, we can show by the usual concentration-compactness arguments that there exists

q; € X(o~,0 1) such that diStHl(R’Rk)(qg_, F+)y<pl/2and Es (q;') = m;. If we show

that disty 1 (g r) (q;, F+) < pg /2. then the constraints of the minimization problem are

not saturated and q;' is an actual critical point. Notice that if ¢ € X(o~, o) is such that

distg1 g giy(q. F 1) = g /2, then by (6.1) we obtain Eo(q) > mo + (og )2/ (4T) > my.
Then, if we take § < §; with

_ (g)?

5= 4B+ AT

X

> 0,

it holds that Es(q) > Eo(g) > mo + SA; > m;, so that ¢ cannot be a minimum. There-
fore, for such a §, items (1) and (2) in (HS5) are satisfied for Eg with minimizing hetero-
clinics ¢~ and q;, with the obvious modifications to the notation. Regarding item (3),
which is the spectral assumption of Schatzman [46], it is a generic assumption, meaning
that, arguing as in [46, Theorem 4.3], we find that Vs can be modified with an arbitrarily
small perturbation away from the traces of q; and g~ so that (3) holds. As a consequence,
we can assume that (H5) holds for all § € (0, §;). Regarding (H6), compute the constant
Eax as in (2.21), which by the choice of r and y does not depend on §, and set

Emax

8y = A} > 0,

so that for all § € (0, 8,) we have m;' — Mg < Enax. Now define 37p%/2,5 asin (2.7) for the
potential Vs for § > 0. The choice of r and y implies that % p} /2.8 does not depend on 4,
so that we rename it 37/,6 /2. As a consequence, we can find 63 such that for all § € (0, 63)
it holds that

{q e X(o~,0"): Es(q) < m;'} C 37,;;*/2’

meaning that (H6) holds for Es provided that § € (0, §iax) With
Smax = min{81, 52,83, 54} >0

and 84 such that m;’ —mg < (L~ Dg)/2, which completes the proof. |
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