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Abstract. We study nodal del Pezzo 3-folds of degree 1 (also known as double Veronese
cones) with 28 singularities, which is the maximal possible number of singularities for such
varieties. We show that they are in one-to-one correspondence with smooth plane quartics and
use this correspondence to study their automorphism groups. As an application, we find all
G-birationally rigid varieties of this kind, and construct an infinite number of non-conjugate
embeddings of the group ©4 into the space Cremona group.
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1. Introduction

After some precise surgeries dictated by the Minimal Model Program, objects in
projective geometry are reduced to simpler shapes forming three main classes: varieties
of general type, Calabi—Yau varieties, Mori fiber spaces. The latter consists of varieties
fibered into Fano varieties. For this reason, Fano varieties inherit the title of being
building blocks of algebraic varieties. They are defined by a positivity condition on
their anticanonical line bundles. The simplest example is the projective space itself.
Although Fano varieties are the closest relatives to projective spaces, they are not
always rational (birational to the projective space). There is a nice interplay between
admitting singularities and becoming rational for such Fano varieties; this is the starting
point of the study in this article.

It is a common experience that varieties with the maximal possible number of
singularities in a given class have fascinating geometric properties. Classical examples
of such varieties include the Burkhardt quartic (see [10, 17]), the Segre cubic, and many
others. The Segre cubic, which is the unique three-dimensional cubic hypersurface
with 10 isolated singular points, can be thought of as a del Pezzo 3-fold. Recall that a
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del Pezzo 3-fold is a Fano 3-fold with at most terminal Gorenstein singularities whose
canonical class is divisible by 2 in the Picard group; in particular, the singularities of
such 3-folds are always isolated. We refer the reader to the book [39] for an excellent
introduction to the general theory of Fano and del Pezzo varieties.

Del Pezzo 3-folds are classified according to their degrees, which are defined as
the cubes of the half-anticanonical classes. Such varieties with a maximal possible
number of singularities were described in [50, Theorem 7.1]. The smaller degrees such
del Pezzo 3-folds have, the more intriguing their geometry is. Del Pezzo 3-folds of
degree 4 can have at most six singularities, and there exists a unique such variety with
exactly six singular points. It has been studied in [2]. There are many works devoted to
the geometry of the Segre cubic (see [3,5,33], [21, §2], [13, §5]). Del Pezzo 3-folds of
degree 2 with 16 singular points, which is the maximal possible number of singularities
in this case, are quartic double solids branched along Kummer quartic surfaces. Thus
their properties are closely related to those of the corresponding abelian surfaces. In
particular, such del Pezzo 3-folds are in one-to-one correspondence with smooth curves
of genus 2 (see for instance [43, Propositions 1.2 (i) and 1.3]).

The current paper studies the geometry of del Pezzo 3-folds of degree 1 with 28
singular points, which is the maximal possible number of singularities for such varieties
(see [50, Theorem 1.7] and [50, Remark 1.8]). Each del Pezzo 3-fold of degree 1 is a
hypersurface of degree six in the weighted projective space P(1, 1, 1, 2, 3) (see [39,
Theorem 3.2.5 (i)]). This implies that it is a double cover of the cone over the Veronese
surface in P°. For this reason, del Pezzo 3-folds of degree 1 are often called double
Veronese cones.

Let V be a double Veronese cone with 28 singular points. Then —Ky ~ 2H,
where H is an ample Cartier divisor on V such that H3 = 1. The existence of the
following diagram was proven in [50]:

pP—" Ly
|
(L.1) nl P
4
P3—-———— + P2

In this diagram, ¢ is a small resolution of all singular points of the 3-fold V, the
morphism 7 is the blow up of IP3 at seven distinct points Py, ..., Py that satisfy certain
explicit generality conditions, the rational map « is given by the linear system |H |,
and the rational map from P3 to P2 is given by the linear system (net) of quadrics
passing through Py, ..., P7. Furthermore, Prokhorov implicitly verified in [50] that
each singular point of V is an isolated ordinary double point (a node).
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Note that V is not Q-factorial since C1(V') = Z8 and Pic(V) = Z. Nevertheless,
the class group CI(V') can be naturally equipped with the intersection form:

(1.2) (D1,D3) =Dy-Dy-H

for any two Weil divisors Dy and D, on the 3-fold V. Furthermore, Prokhorov proved
in [50, Theorem 1.7] (cf. [50, Remark 1.8]) that the orthogonal complement to the
canonical divisor Ky in CI(V) is the lattice E; (cf. [24, p. 107]). The same lattice
appears in the Picard group of the double cover of P2 branched along a smooth plane
quartic curve. This suggests a possible relation between double Veronese cones with
28 nodes and smooth plane quartic curves. As far as we know, such a relation was first
pointed out in [24, §1X.6] (see also [56, §1]). A goal in the present paper is to make
this relation precise and detailed.

The net of quadrics in (1.1) has exactly eight distinct base points, including the
points P, ..., P7; such a collection of eight points is called a regular Cayley octad
(see Definition 3.3 for details). Moreover, the Hessian curve of this net is a smooth
plane quartic curve, which we denote by C. One can show that the isomorphism class
of the curve C is independent of the choice of the commutative diagram (1.1). In
fact, the curve C is projectively dual to the discriminant curve of the rational elliptic
fibration « (see §6 for details).

The first main result of the present paper is as follows.

Theorem 1.3. Assigning the curve C to the 3-fold V gives a one-to-one correspondence
between the isomorphism classes of smooth plane quartic curves and the isomorphism
classes of 28-nodal double Veronese cones.

Two alternative proofs of Theorem 1.3 will be presented in this paper. The first
proof starts with a plane quartic curve C and produces an explicit equation that defines
the corresponding 3-fold V' in the weighted projective space P (1, 1, 1,2, 3) (see equa-
tion (5.10) and §5 for details). Another proof uses machinery from the theory of nets
of quadrics to recover a commutative diagram (1.1) and check that the resulting 3-fold
does not depend on the choices we have to make on the way.

Observe that for a given 28-nodal double Veronese cone the commutative dia-
gram (1.1) is not unique. However, we can refine Theorem 1.3 to characterize all such
diagrams in terms of the corresponding smooth plane quartic curve. Essentially, the
diagram (1.1) depends only on the choice of seven distinct points Py, ..., P7in P3 up
to projective transformations. We will show that there are exactly 288 diagrams (1.1)
up to projective transformations of P2 for a given general 28-nodal double Veronese
cone V, and will also give a way to compute the number of such diagrams for an
arbitrary V (see Corollaries 7.19 and 7.20). Here, the number 288 = 36 - 8 equals the
number of even theta characteristics of C times the number of choices for a point in
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the corresponding regular Cayley octad. In other words, it is the number of Aronhold
systems on C. We refer the reader to §7 for details.

Note that there are other classical constructions that associate certain 3-folds to
smooth plane quartics. We recall some of them in §10. It would be interesting to find
the connections between these varieties and 28-nodal double Veronese cones.

The second result of the present paper is the following.

Theorem 1.4. Let V be a 28-nodal double Veronese cone, and let C be the smooth
plane quartic curve assigned to V as above. Then one has

Aut(V) = p, x Aut(C),

where the generator of the cyclic group j, of order 2 acts on V' by the Galois involution
of the double cover of the Veronese cone.

We point out that Theorem 1.4 can be obtained from [24, §IX.6] and Torelli
theorem (see for instance [59]). However, we provide a more elementary proof. Another
advantage of our proof is its explicit nature, enabling an easier access to details of
the group actions on the 3-folds, which will be useful later on when we study their
birational properties.

Note that the commutative diagram (1.1) is not necessarily Aut(}')-equivariant.
However, the rational map « in (1.1) always is. This gives a natural action of the
group Aut(V) on the plane P2. This action agrees with the direct product structure in
Theorem 1.4 (see the proof of Theorem 1.4 in §6).

The automorphism groups of smooth plane quartic curves are completely classified
(see [37,46], [20, Theorem 6.5.2]). This gives us the full list of the automorphism
groups of 28-nodal double Veronese cones.

Example 1.5. Let C be the plane quartic curve given by
(1.6) xt oyt 2 A2+ X222 xBy?) =0,

where A is a constant different from —2, 2, and —1 (in these three cases, the curves are
singular). The corresponding 28-nodal double Veronese cone V is the hypersurface of
degree 6 in P(1, 1, 1,2, 3) that is given by

w? =3 —ga(s, t,u)v + ge(s,t,u),
where s, t, u, v and w are weighted homogeneous coordinates on P(1,1, 1,2, 3) whose
weights are equal to 1, 1, 1, 2 and 3, respectively. From §5 and Appendix A we obtain

A2+ 12 2(A% + 61
g4(s’l"u) — %(S“ _|_ t4 _|_ u4) + %(Zzuz _|_ S2u2 + S2t2)
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and

2(=A3 + 1222 + 122
( 5 )(t4u2 + 2u® + stu? + s2ut + st 4 57t
2(=A3 + 36 4813 —9A2% + 36
+ —( 77 )(56 + 1% +ub + ( 5 )sztzuz.

g6(s,l,u) =

Let & be the subgroup in Aut(1) that is generated by

[s:t:u:v:wl=[-s:—t:u:v:wl,
[s:t:u:v:w]l>u:s:t:v:wl,
[s:t:u:v:w]l—>[t:s:u:v:—w.

Then & = ©4. Let T € Aut(V) be the Galois involution of the double cover of the
Veronese cone. If A # 0 and A2 + 34 + 18 # 0, then 7 and & generate the group

Aut(V) = ”.2 X 64
(see [37,46], [20, Theorem 6.5.2]). If A = 0, then C is the Fermat quartic, so that
Aut(V) = puy x (3 % ©3),

where p,, denotes the cyclic group of order n. Finally, if A2 + 34 + 18 = 0, then C is
isomorphic to the Klein quartic, so that

Aut(V) =~ Mmo X PSL, (7).

It follows from (1.1) that 28-nodal double Veronese cones are rational. Thus, their
automorphism groups are embedded into the space Cremona group, that is the group
of birational selfmaps of 3.

For a given subgroup G C Aut(V), to study its conjugacy class in the space Cre-
mona group, one should understand G-equivariant birational geometry of the 3-fold V.
From this point of view, the most interesting groups G are such that rk C1(V)¢ = 1,
and V is G-birationally (super-)rigid (see [14, Definition 3.1.1]). In this paper, we
prove the following result.

Theorem 1.7. Let V be a 28-nodal double Veronese cone and G be a subgroup of
Aut(V). Then the following four conditions are equivalent:

(1) tk C1(V)C = 1 and V is G-birationally rigid;

(2) tkCI(V)C = 1and V is G-birationally super-rigid;

(3) 1k CI(V)C = 1 and G does not fix any point in P?;

(4) V is a double Veronese cone from Example 1.5 and G contains the subgroup &.
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It is known that the plane Cremona group, that is the group of birational selfmaps
of P2, contains an infinite number of non-conjugate subgroups isomorphic to the
symmetric group ©4 (see [22, §8], and cf. [16, Theorem 1.5]). Theorem 1.7 implies
the following result.

Corollary 1.8. The space Cremona group contains an infinite number of non-conjugate
subgroups isomorphic to ©,.

It is known from [12] and [1, Theorem 2.2] that the space Cremona group contains
at least four non-conjugate subgroups isomorphic to PSL; (IF7). Applying Theorem 1.7
to the case of the Klein quartic curve, we obtain the following.

Corollary 1.9. The space Cremona group contains at least five non-conjugate sub-
groups isomorphic to PSL, (IF7).

Let V be the 3-fold from Example 1.5. Then Aut(V') contains a subgroup &' = &,
that is not conjugate to the subgroup &. The subgroup &’ is generated by

[s:t:u:v:wl—[-s:—t:u:v:wl,
[s:t:u:v:wl—>u:s:t:v:wl,
[s:t:u:v:wl—>[t:s:u:v:wl.

In §8, we verify that rk C1(V)®" % 1, and then construct a &’-equivariant birational
map of V onto a del Pezzo 3-fold W of degree 2 with 16 singular points such
that rk CI(W)@/ = 1. It would be interesting to determine whether W is &”-birationally
rigid or not (cf. [4]).

We have established a relation between 28-nodal double Veronese cones and smooth
plane quartics. Despite this establishment, the connection between the E~ latices appear-
ing in their class groups and the Picard groups of the double covers of P2 branched
in the corresponding smooth quartic curves does not seem to be straightforward. We
discuss this phenomenon in §10.

The plan of the paper is as follows. In §2 we collect several auxiliary results that
will be used later in our proofs. In §3 we recall some assertions concerning nets of
quadrics in P3. The base points of the nets of quadrics described therein will be
utilized in order to construct 28-nodal double Veronese cones in §4. This construction
is originally due to [50]. In §5 we construct a 28-nodal double Veronese cone starting
from a smooth plane quartic curve. We also provide an explicit equation (5.10) for
such a 3-fold in terms of covariants of the quartic. In §6 we put the previous results
together to establish a one-to-one correspondence between 28-nodal double Veronese
cones and smooth plane quartics, which proves Theorem 1.3. Also, in §6 we study
the automorphism groups of 28-nodal double Veronese cones and prove Theorem 1.4.
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In §7 we give an alternative proof of Theorem 1.3. Also, in §7 we prove Corollary 7.19
which relates commutative diagrams (1.1) with even theta characteristics on the smooth
plane quartic. In §8 we investigate the ©4-equivariant birational geometry of double
Veronese cones introduced in Example 1.5, and, in particular, describe the action of the
group G4 on their Weil divisor class groups. In §9 we study G -birationally rigid nodal
double Veronese cones and prove Theorem 1.7. In §10 we discuss some open questions
concerning 28-nodal double Veronese cones. Finally, in Appendix A we collect some
formulae allowing to construct explicit equations of 28-nodal double Veronese cones
from the equations of plane quartics.

2. Preliminaries

In this section we collect several auxiliary results that will be used later in our
proofs.

The following fact is well known to experts. It was pointed out to us by Alexander
Kuznetsov. This will be utilized in §4.

Lemma 2.1 (cf. [14, Remark 4.2.7]). Let Y be a smooth variety, C be a smooth curve
onY, and P be a pointon C. Let t: Y — Y be the blow up of Y at P, and let C be
the proper transform of C on Y. Then

J\f@/'Y‘ = Nc/y(—P).
Proof. The differential of the morphism 7 provides the morphisms

dJTZTé/?—>7t*TC/Y and dﬂ:eNé‘/?_)n*e/v—C/Y.

They can be included into the following commutative diagram:

0 T@ T@ 7 e N@/f —0
El ldﬂ ldﬂ
0 *Tc n*Tc)y — n*Nejy —— 0.

Let E be the exceptional divisor of 7. Note that the fiber of Nz /9 over the

point P =CNE is identified with the tangent space to E at P. Since the differential d 7
vanishes on the latter space, we conclude that the morphism d 7: Ng e T*Nc)y
factors through the morphism

6: Ng 3 — 7" Neyy (—k P)
for some positive integer k. Comparing the degrees of these vector bundles, we conclude

that k = 1. Now 6 is a morphism of vector bundles of the same rank and degree, and it
is an isomorphism over a general point of C. This implies that 6 is an isomorphism. =
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Corollary 2.2. Let L bealineinP3, and let Py, P; be two points on L. Let r: P3 — P3
be the blow up of P3 at Py and P,, and denote by L the proper transform of L on P3.
Then

‘NZ/]ﬁ3 >~ Opi1(—1) ® Op1(—1).

Corollary 2.3. Let C be a twisted cubic curve in P3, and let Py, . . ., Pg be six distinct
points on C. Let 1: P3 — P23 be the blow up at the points Py, ..., Pg, and denote
by C the proper transform of C on P3. Then

Né/ﬂs3 ~ Op1(—1) ® Op1(—1).

Proof. Note that
NC/]P’3 = (9[[»1 (5) @ (9]}»1 (5),

(see [32, Proposition 6]). It remains to apply Lemma 2.1. u

In §9 we will need the following auxiliary result that is a special equivariant version
of a result of Kawakita (see [42, Theorem 1.1]).

Lemma 2.4. Let Y be a 3-fold, and let P be its smooth point. Let G be a subgroup
of Aut(Y) that fixes the point P. Let My be a G-invariant mobile linear system on Y .
Suppose that P is a center of non-canonical singularities of the log pair (Y, AMy) for
some rational number A. If the Zariski tangent space Tp,y is an irreducible represen-
tation of the group G, then

2
multp (My) > X

Proof. Suppose that multp (My) < 2/A. Let us show that Tp y is a reducible repre-
sentation of the group G. Let o Y — Y be the blow up at the point P, let E be the
o-exceptional surface, and let My be the proper transform of the linear system My
via 0. Then

Ky + /\M? + ()L multp(My) — 2)E ~@ 0¥ (Ky + AMy),

so that E contains a non-canonical center of the log pair ()A’, AMs). Then E contains
a non-log canonical center of the log pair (Y, E + A:My). It then follows from the
inversion of adjunction (for instance, see [44, Theorem 5.50]) that (E, A My |E) is not
log canonical.

Let i be the positive rational number such that (£, u-My | g) is strictly log canonical.
Then p < A, so that u multp (My) < 2. On the other hand, we have

2.9) /,LM?|E ~q pmultp (My)L,

where L is a line in E =~ P2,
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Let Z be a log canonical center of the pair (E, uMg|g). If Z is a curve, then the
multiplicity of the restriction My | g at this curve is at least 1 by [45, Exercise 6.18],
so that (2.5) implies that Z is a line. The same arguments imply that other curves in E
cannot be log canonical centers of the pair (£, uMy|g) simultaneously with Z in this
case, so that Z is G-invariant. This implies that Tp y is a reducible representation of
the group G.

To complete the proof, we may assume that the locus of log canonical singularities
of the log pair (E, uMg|g) consists of finitely many points. On the other hand, it
follows from (2.5) that the divisor —(Kg + uMy|g) is ample. Thus, using Kollar—
Shokurov connectedness principle (for example, see [44, Corollary 5.49]), we see that
this locus is connected. Then it consists of one point. This again means that 7p y is a
reducible representation of the group G. |

The following two lemmas will also be used in §9.

Lemma 2.6. Let G be a finite group acting on P? without fixed points. If a G-orbit
on P? has at least four points, then it contains four points such that no three of them
are collinear.

Proof. Let ¥ be a G-orbit with at least four points. The G-action has no invariant
line, otherwise it would have a fixed point outside the invariant line. Thus % contains
at least three non-collinear points, say, Py, P, and P3. For eachi = 1, 2, 3 denote
by L; the line determined by the two points { Py, P», P3} \ {P;}. If X contains a point
outside Ly U L, U L3, then we are done. Suppose that this is not a case. Let R; be
a point of ¥ different from P;, P,, and P3. We may assume that R; € L;. Since the
line L is not G-invariant, there is a line L/1 different from L; and containing three
points of X. We are then able to choose four distinct points of X \ (L; N L)) that lie
on Ly or L. Such four points satisfy the desired property. |

Lemma 2.7. Let G be a finite group acting on P? without fixed points. Suppose that
there is a G-invariant smooth quartic curve C in P2. Then

o the curve C is given by equation (1.6);

o the group G contains a subgroup isomorphic to ©g4;

e the projective plane P? can be identified with a projectivization of an irreducible

three-dimensional representation of ©4.

Proof. The list of all groups preserving plane quartics together with the equations of
the corresponding quartics can be found in [20, Theorem 6.5.2], [37], or [46]. Thus, it
remains to check which of them have fixed points on P2. |
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3. From Aronhold heptads to smooth plane quartics

In this section we present some auxiliary assertions concerning nets of quadrics
in P3. The theory of nets of quadrics is a classical subject. We refer the reader to [6,
24-29,53,55,57,58] and [20, §6.3.2], and references therein for many aspects of this
theory.

For seven distinct points Py, ..., P; in P3 denote by £(Py, ..., P7) the linear
system of the quadrics passing through the points P, ..., P7 in P3.

Before we proceed, let us employ a simple assertion that tells us the dimension
Off(Pl, ey P7)

Lemma 3.1. Let Py,..., P, be points in a zero-dimensional complete intersection of
three quadric surfaces in IP3.

o Ifr <7, then the r points Py, ..., P, impose independent conditions on quadric
surfaces.

e [fr =8, then they do not impose independent conditions on quadric surfaces.
Proof. The first assertion immediately follows from [30, Conjecture CB11]. The con-
jecture is partially proven in [30, §2.2], which allows us to apply it to our case. The

second assertion is obvious since the eight points form a complete intersection of three
quadric surfaces. ]

The following assertion is a key observation that connects 28-nodal double Veronese
cones and nets of quadrics in IP3.

Lemma 3.2 (cf. [24, Lemma IX.5]). For seven distinct points Py, ..., P7 in P3, the
two conditions:

(A) every element of £(Py, ..., P7) is irreducible;
(B) the base locus of £(P1, ..., P7) consists of eight distinct points,
are satisfied if and only if the following three conditions hold:

(A) no four points of Py, ..., P; are coplanar (and in particular no three are
collinear);
(B') all points P, ..., Py are not contained in a single twisted cubic;

(C) for each i, the twisted cubic passing through the points of {P1, ..., P;} \ {P;}
and the line passing through the point P; and one point in { P, ..., P7} \ {P;}
meet neither twice nor tangentially.

Proof. First, suppose that conditions (A) and (B) hold.
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If a plane I1; contains four points in { Py, ..., P7}, then we have another plane I1,
that contains the remaining three points. The divisor IT; 4 I1; is a reducible member
in £(Pq, ..., P7), which is a contradiction to condition (A). Therefore, condition (A")
holds.

If the seven points P, ..., P7 are contained in a twisted cubic, then every quadric
surface passing through Pp, ..., P; must contain this twisted cubic. Thus, the base
locus of £( Py, ..., P7) is one-dimensional, which contradicts condition (B). Therefore,
condition (B”) must hold.

Suppose that for some i, j, say i = 1, j = 2, the twisted cubic curve C passing
through the six points P, ..., P7 and the line L passing through P; and P, meet
at P, and at some point P. If they meet tangentially at P,, then we put P = P,. Since
the linear system of quadric surfaces containing C is two-dimensional, there are two
distinct quadric surfaces Q1 and Q, that contain the curve C and the point P;. Note
that O and Q5 belong to the linear system £( P, ..., P7). The intersection of O
and Q5 is a curve of degree 4 that contains the curve C. Since L passes through three
points P;, P,,and P of Q;,i = 1,2, it must be contained in Q;, i = 1, 2. Therefore,
the intersection of Q1 and Q, consists of C and L. This implies that for an element Q
in £(P1, ..., P7), the intersection of the quadrics Q1, Q> and Q either is a curve or
consists of 7 points (i.e., P; + 2P, + P3 + --- 4+ P7), which gives a contradiction to
condition (B). Therefore, condition (C’) holds.

Now assume that conditions (A”), (B”), and (C’) hold.

Suppose that there is a reducible member in £( P, ..., P7). Then it consists of two
planes containing the seven points Pq, ..., P7. Then one of the planes must contain four
of the seven points, which is a contradiction to condition (A’). Therefore, condition (A)
must be satisfied.

Suppose that condition (B) does not hold, i.e., the support of the base locus of
£ (Py, ..., P7) either consists of only seven points or contains a curve. Note that
dim £(Py,..., P7) = 2.

Let C be the twisted cubic curve passing through the six points P5, ..., P;. Then
there are two distinct quadric surfaces Q; and Q5 that contain the curve C and the
point P;. They are elements of £( P, ..., P7). The intersection of Q1 and Q5 consists
of the twisted cubic curve C and a line L. Since C does not contain the point P; by
condition (B), the line L must contain P;. Note that L intersects C twice or tangentially.

If the base locus of £( Py, ..., P7) is zero-dimensional, then we choose an ele-
ment Q3 of £(P1,..., P7) that contains neither C nor L. The intersection of the
quadrics Q1, O, and Q3 then consists of the seven points Py, ..., Py set-theoretically.
Otherwise it would consists of eight points including Py, ..., P7, and every element
in £(P1, ..., P7) would pass through the eight intersection points by Lemma 3.1.
Since the three quadric surfaces meet at eight points counted with multiplicities, the
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line L and C must meet at one of the six points P,, ..., P7; otherwise Q3 would
contain either C or L. This is a contradiction to condition (C’) since L meets C twice
or tangentially.

If the base locus of £( Py, ..., P7) contains a curve, then for an arbitrary member Q
in £(Py, ..., P7) the intersection of the quadrics Q, O, and Q contains either C
or L. Since the dimension of the linear system of quadrics containing both C and P,
is 1, the base locus of £( P4, ..., P7) cannot contain C. Choose two general quadric
surfaces that contain both the point P; and the twisted cubic curve passing through
P1, ..., Ps. They are elements in £ (P4, ..., P7). Therefore, their intersection consists
of the twisted cubic curve passing through the points P, ..., Pg, and the line L.
Therefore, L must meet C at P5. This contradicts condition (C’) since L and C meet
twice or tangentially. Therefore, condition (B) holds. |

Definition 3.3. A set of seven distinct points Py, ..., P; in P3 is called an Aron-
hold heptad if every element of £(P1, ..., P7) is irreducible and the base locus of
£ (Py,..., P7) consists of eight distinct points. The set of such eight distinct points is
called a regular Cayley octad. To be precise, the seven points Py, ..., P7 are called an
Aronhold heptad of the regular Cayley octad.

For an Aronhold heptad P;, ..., P7in P3, Lemma 3.1 immediately implies that
there exists a unique regular Cayley octad that contains Py, ..., Py. It also shows that
the linear system £( Py, ..., P7) is a net. Conversely, seven points of a regular Cayley
octad always form an Aronhold heptad.

Lemma 3.4. Let Py, ..., Pg be a regular Cayley octad in P3. Forall1 <i < j <8,
denote by L;j the line passing through the points P; and Pj, and denote by T;; the
twisted cubic passing through the six points of { P1, ..., Ps} \ {P;, Pj}. Let £;; be the
linear subsystem of £(P1, ..., P7) that consists of the quadrics passing through T;;.
Then £;j is a pencil, and the base locus of £;; is the union T;; U L;;.

Proof. The first assertion follows from Lemma 3.1. To prove the second assertion, note
that the base locus of &£;; is a union of 7;; and some line. On the other hand, the base
locus must contain all the points Pq, ..., Pg. Since the twisted cubic T;; passes neither
through P; nor through P;, the line in the base locus of &£;; must pass through both of
these points, i.e., this line must be L;;. [

Suppose that we are given seven points Py, ..., P7 in P3 such that
diméC(Pl,...,P7) = 2.

Then there are three linearly independent quadric homogeneous polynomials Fo, F1, >
over IP3 that generate the linear system &£ ( Py, ..., P7),i.e.,anelementin £(P1,...,P7)
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is defined by the quadric homogeneous equation
(35) XF() + yFl + ZFZ =0

for some [x : y : z] € P2. We can express (3.5) as a 4 x 4 symmetric matrix

M(Py,...,Pq7)
with entries of linear forms in x, y, z. Then det(M (P4, ..., P7)) = 0 defines a plane
quartic curve H(Py, ..., P7) in P2. This plane quartic curve is called the Hessian

quartic of the net £(P1,..., P7).

Remark 3.6. The hypersurface ® in P(Sym(4, C)) = P° defined by the determinant
polynomial is singular exactly at non-zero 4 x 4 symmetric matrices of coranks at
least 2. The three linearly independent quartic homogeneous polynomials Fy, F;, F»
determine a plane I1(Fy, Fi, F>) in P(Sym(4, C)). Therefore, the plane quartic curve
H(Py,..., P7)issingular if and only if the plane IT(Fy, F;, F») either passes through
a point corresponding to a non-zero 4 x 4 symmetric matrix of corank at least 2, or
tangentially intersects the hypersurface © at a point corresponding to a 4 x 4 symmetric
matrix of corank 1.

Lemma 3.7. Seven distinct points Py, ..., P; in P3 form an Aronhold heptad if
and only if the linear system £(P1, ..., P7) is a net and the plane quartic curve
H(Py,..., Py)issmooth. Moreover, every smooth plane quartic curve can be obtained
in this way.

Proof. Assume that the plane quartic curve H(Py, ..., P7) is singular. Since the
net £(Py, ..., P7) does not contain any reducible member, it follows from Remark 3.6
that the plane I1(Fy, F1, F») tangentially intersects the hypersurface © at a point
corresponding to a 4 x 4 symmetric matrix of corank 1 in P(Sym(4, C)). We may
assume that Fy corresponds to such a 4 x 4 symmetric matrix of corank 1. Denote by
Ao, A1, Az the 4 x 4 symmetric matrices corresponding to Fy, F, F», respectively.
We may also assume that the matrix A is a diagonal matrix with the last diagonal
entry 0. Since the lines xA¢ + yA; and xAg + zA; in P(Sym(4, C)) tangentially
intersect the surface  at Ay, both the entry of A; at the 4th row and the 4th column
and the entry of A, at the 4th row and the 4th column are zero. This means that the point
[0:0:0: 1]is abase point of £(P1, ..., P7). However, Fy is singularat [0:0:0: 1],
and hence the base locus of £( Py, ..., P7) cannot consist of eight distinct points. This
means that the points Py, ..., P7 do not form an Aronhold heptad.

Now assume that the curve H(Pq, ..., Py) is smooth.

Suppose that the net L£( P, ..., P7) contains a reducible member. Then the plane

H(F07F17F2)
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passes through a point corresponding to a non-zero 4 x 4 symmetric matrix of corank

at least 2, and hence H (P4, ..., P7) is singular by Remark 3.6, which gives a contra-
diction.
Suppose that the base locus of £( Py, ..., P7) is not zero-dimensional. It then must

be one-dimensional. Furthermore, each irreducible curve B of the base locus must be
of degree at most 3 since £(Pq,..., Py) is a net.

If B is a line, then there is a point P; outside B. Let I1 be the plane determined
by B and P;. Each quadric from £(Py, ..., P7) cuts out in II the line B and a line
passing though P;. Such lines form at most a pencil. Therefore, there is a member in
£(Py,..., P7) containing IT, which leads to a contradiction.

If B is a conic, two members in £(Py, ..., P7) intersect along B and another
conic B’. Then either B or B’ must contain four points of Py, ..., P;. This again
implies that there is a reducible member in £(P1, ..., P7) and leads to a contradiction.

If B is a cubic curve, two members in £(Py, ..., P7) intersect along B and a
line. Since a line cannot contain more than two points of Py, ..., Py, the curve B
must contain at least 5 points of Pq,..., P;. If B is singular, then B is planar, and
hence £( Py, ..., P7) contains a reducible member. Therefore, £( P, ..., P;) must
be the net determined by the twisted cubic B. In such a case, we can directly show that
H(Py,..., Py)issingular.

Consequently, the base locus of £(P1,..., P7) is zero-dimensional. Suppose that
the base locus of £( P, ..., P7) does not consist of eight distinct points. Then there is a
point P;, say P;, with the following property: three general elements in £( Py, ..., P7)
meet at Py so that their local intersection index at P; is at least 2. This implies that
there is an element in £( Py, ..., P;) singular at Py, and hence H(Py, ..., P7) cannot
be smooth. Indeed, we may assume that the singular quadric is defined by a 4 x 4
diagonal matrix Ao with the 4th diagonal entry equal to zero. The singular point P}
is located at [0 : 0 : O : 1]. Then the net £(P1, ..., P7) can be generated by the net
of 4 x 4 symmetric matrices

xAo + yA1 + z Az,

where A; and A, are 4 x 4 symmetric matrices each of which has 0 for the entry at
the 4th row and the 4th column. Then

det(xAp + yA1 +zA2) =0

defines a quartic curve singular at [1 : 0 : 0]. The obtained contradiction shows that the
base locus of £(P1, ..., P7) consists of eight distinct points, so that Py, ..., P; form
an Aronhold heptad.
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A given smooth quartic curve can be defined by the determinant of a 4 x 4 sym-
metric linear matrix. This fact together with the first assertion of the lemma implies
the second assertion. ]

Remark 3.8. The representation of a smooth plane quartic as the determinant of a
symmetric linear matrix that we used in the proof of Lemma 3.7 goes back to 1855
(see [38]) and 1902 (see [18]). For a contemporary proof, see [7, Proposition 4.2].

The following well-known fact concerning intersections of quadrics in P2 will
be necessary for the present paper. It should be remarked here that they have been
extensively researched in [53] and [55] in much wider settings.

Lemma 3.9. Let O and Q5 be two distinct quadrics in P> and E be the intersection
of Q1 and Q». Then the following are equivalent.

e The intersection E is smooth and of codimension 2 in P3.
o The line £ determined by Q1 and Q, in P(Sym(4, C)) == P?° intersects the deter-
minant hypersurface ® (see Remark 3.6) at four distinct points.

o After a suitable linear coordinate change, E can be defined by the equations
X5 4+ X7+ x5+ X7 = Aoxd + A1x? + Aax? + Azx3 =0

in P3, where A;’s are four distinct constants.

If these equivalent conditions hold, then the intersection E is isomorphic to the double
cover of the line £ in P(Sym(4, C)) branched exactly at the four intersection points
£ND.

Proof. The equivalence immediately follows from [53, Proposition 2.1]. As a matter
of fact, the last statement is also instantly implied by the result in [53, Theorem 4.8]
that deals with much more general situation. However, in P3, the conditions for [53,
Theorem 4.8] turn into a tangible state, so that an elementary and short proof could be
presented as follows.

Suppose that E is defined in P3 by the equations

X34+ xT+ x5+ x3 = doxd + Aixf + Ax3 +A3x3 =0

for some four distinct constants Ao, . .., A3. To complete the proof, it is enough to show
that E is isomorphic to a double cover of P! branched at four distinct points whose
cross-ratio is

(A1 = A3)(A2 — Ao)
(A1 = 2A0)(A2 — A3)

(3.10)
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modulo permutation. Note that Lg # A; for 1 <i < 3 because E is smooth. Rewrite
the equations of E as

xg + X7+ x5 4+ x3 = (ho —A)x] 4+ (Lo — A2)x3 + (Ao — A3)x3 = 0.

We first consider the projection of E to the plane IT defined by xo = O centered at the
point [1 : 0 : 0 : 0]. The image is the conic R defined by

(Ao — A1)xT + (Ao — 22)x3 + (Ao — A3)x3 =0

on IT. Furthermore, E is a double cover of R. Let [0 : « : B : y] be a point on this
conic. The equation
W v e+ 2 +y%) =0

in [w : v] € P! determines the points [14 : va : vB : vy] of E over the point [0 : o : B : y].
Therefore, the double cover is branched at [0 : « : § : y] if and only if

@+ B2 +y%=0.
Consequently, the four branch points on R are the intersection points of the conics

2 2 2 _
Xy +x5+x5=0,

lle + /XQX% + A3x§ =0

on I1. These four points are

[OI \/kg,—/XzI:i:\/kl—Ay,::]:\/)Lz—A]].

We now consider the projection of R centered at the point

[01 \/Ao—/\zl\/kl—loio]

to the line L defined by x; = 0 on I1. This projection defines an isomorphism of R
onto L. Therefore, E is the double cover of L branched at the points

[0 :0: \/A:; —12\/11 —/\0 + \/Ao—kz\/kl —/\3 . ﬂ:\/ko —Az\/kz —)&1].
It is easy to check that the cross-ratio of the above four points

/A3 —Aa/A1 — Ao £ VAo — A2VA1 — A3
VAo —AaA — Ay

is equal to the desired number (3.10) modulo permutation. This completes the proof. m
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For an Aronhold heptad Py, ..., Py, the projective plane P2 projectively dual to
the net of quadrics £( Py, ..., P7) = P2 can be identified with the base of the elliptic
fibration x that is obtained from P3 by blowing up the points of the corresponding
regular Cayley octad. It is well known that the projectively dual curve of the Hessian
quartic curve can be interpreted in terms of singular fibers of ». Namely, we have the
following

Lemma 3.11. Let Py, ..., P7 be an Aronhold heptad, and let H C P2 be the curve
parametrizing singular fibers of x. Then H is projectively dual to H( Py, ..., P7).

Proof. Choose a fiber E of the elliptic fibration x. It is the proper transform of an
intersection curve E of two quadrics in £(Pi, ..., P7). Furthermore, the fiber E is
smooth if and only if the intersection curve E is smooth because it cannot be singular
at the points of the regular Cayley octad. On the other hand, Lemma 3.9 implies that
the intersection curve E is smooth if and only if the corresponding pencil of quadrics
contains exactly four singular quadrics. This verifies that the projectively dual curve
of H coincides with the Hessian curve of the net £(Py,..., P7). [ ]

4. From Aronhold heptads to double Veronese cones

In this section we review the birational construction of 28-nodal double Veronese
cones due to [50].

The following result is mainly a part of [50, Theorem 7.1]. We provide its proof
for the reader’s convenience and for clarification.

Proposition 4.1. Let Py, ..., P; be seven points in P? that form an Aronhold heptad.
Let 7: P3 — P3 be the blow up of P3 at the points Py, ..., P7,let V be the closure
of the image of P3 under the rational map given by the linear system | — 2Kp33/, and
let ¢: P3 --> V be the corresponding rational map. Then

e the map ¢ is a birational morphism,;

o the exceptional locus of ¢ is a disjoint union of the proper transforms of the lines
passing through pairs of the points P; and the twisted cubics passing through
six-tuples of the points P;;

e the variety V is a 28-nodal double Veronese cone.
Proof. Note that by Lemma 3.2 there are 21 lines passing through pairs of the points P;,

and 7 twisted cubic curves passing through six-tuples of the points P;. Furthermore,
due to Lemma 3.2 their proper transforms on P* are disjoint. These proper transforms
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intersect the anticanonical class of P3 trivially. Indeed, if C is one of these curves
on P3, then

—Kps-C = (n*(—Kp3) = 2(Fy + -+ + F7)) - €
— 4deg(n(C)) = 2(F1 + -+ F;)-C =0,

where F; is the exceptional surface of & over the point P;.

We claim that any other irreducible curve intersects the anticanonical class neither
trivially nor negatively. To see this, let L be an irreducible curve on P3 whose proper
transform on P3 non-positively intersects the anticanonical class of P3. It means

7
4.2) > multp, L = 2deg(L).
i=1

Choose a point P on L other than the base point of £(P4, ..., P7). Then the quadric
surfaces in £(Py, ..., P7) passing through the extra point P form a pencil. It follows
from (4.2) that every quadric surface in this pencil contains the curve L. If deg L = 4,
then we see from (4.2) that L must be singular at some of the points P;. This means that
the intersection of three quadrics forms £( Py, ..., P7) is not reduced at that point, i.e.,
the base locus of £(P1, ..., P7) consists of less than 8 points, which is a contradiction.
If deg L = 2, then L is a conic, and by (4.2) it contains four of the points P;. This is
impossible by Lemma 3.2. Therefore, one has either deg L =3 ordeg L = 1. If L is
a singular cubic curve, then it is planar. However, (4.2) implies that it contains at least
four of the points P;. This is impossible by Lemma 3.2. Therefore, L is either a twisted
cubic or a line. In both cases we see from (4.2) that L is one of the above 28 curves.

Let ;5 be the morphism defined by the linear system | — nKg3| for large enough n.
Now Corollaries 2.2 and 2.3 imply that ¢ is a flopping contraction, which implies
that ¢ satisfies the properties of the first and the second assertions. They also verify
that the 28 proper transforms are contracted to 28 nodes on V. Since P3 is a smooth
weak Fano 3-fold and 5 contracts all the curves that trivially intersect the anticanonical
class of P3, the 3-fold V is a Fano 3-fold with exactly 28 singular points.

Let Q be a quadric surface passing through the Aronhold heptad, then

—Kps ~2(7"(Q) — (Fi + -+ + Fy)).
This shows that — Ky is divisible by 2. Since
(—Kv)® = (=Kp3)> =8,

the variety V is a del Pezzo 3-fold of degree 1. Now it follows from [39, Theorem 3.2.5]
that V is a hypersurface of degree 6 in the weighted projective space P =P (1,1,1,2,3)
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that does not pass through singular points of IP. Moreover, using the adjunction formula
in P, we see that —Ky = Op(2)|y. So, restricting the linear system |Op (4)| to V', we
conclude that the divisor —2Ky is very ample, which implies that the morphism 5
coincides with the map ¢ defined by the linear system | — 2Kp5|. This completes the
proof. u

The following observation was explained to us by Yuri Prokhorov.

Example 4.3. Let C be a twisted cubic in IP3. Choose six distinct points Py, ..., Ps
on C. Let P be a point on C different from Py, ..., Pg, and let L be the line passing
through Pg and P. Choose a point P; € L \ { P, P}. Then such seven points cannot
be an Aronhold heptad since they violate the conditions in Lemma 3.2. Furthermore, if
we define the 3-folds P3 and V and the map ¢ as in Proposition 4.1, then ¢ contracts
(in particular) the proper transforms of C and L on [P3. These curves are not disjoint,
which implies that the 3-fold V' is not nodal. The same holds if L is chosen to be a
tangent line at the point Pg to C.

The following result is implicitly contained (but not clearly stated) in [50]. It is
implied by the results of [50] together with a simple additional observation.

Theorem 4.4. Let V be a double Veronese cone with 28 singular points. Then V can
be constructed from some Aronhold heptad as in Proposition 4.1.

Proof. 1t first follows from [50, Theorem 1.7] and [50, Remark 1.8] that the rank of the
divisor class group of V' is 8. Then [50, Theorem 7.1 (i)] implies that V' can be obtained
in the same way as in Proposition 4.1 with seven points of P such that no four of
them are coplanar. It remains to verify that the seven points form a Aronhold heptad.
However, [50, Theorem 7.1 (ii)] shows that having 28 singular points is equivalent
to (A”), (B"), and (C’) in Lemma 3.2. Therefore, the seven points in the construction
must form an Aronhold heptad by Lemma 3.2. |

Proposition 4.1 and Theorem 4.4 immediately imply the following.

Corollary 4.5. If a double Veronese cone has 28 singular points, then they are all
nodes.

We conclude this section with another result that is a part of [50, Theorem 7.1]. Its
proof is similar to that of Proposition 4.1.

Proposition 4.6. Let Py, ..., Pg be six points in P3 such that no four of them
are coplanar. Let 7: P3 — P3 be the blow up of P3 at the points Py, ..., Pg, and
let ¢: P3 ——> W be the map given by the linear system | — Kps|. Then

e the map ¢ is a birational morphism;
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e the exceptional locus of ¢ is a disjoint union of the proper transforms of the lines
passing through pairs of the points P; and the twisted cubic passing through all the
points P;;

o the variety W is a 16-nodal double cover of P3 branched over a quartic surface.

5. From smooth plane quartics to double Veronese cones

In this section we construct a 28-nodal double Veronese cone starting from a smooth
plane quartic curve. We also provide an explicit equation (5.10) for such a 3-fold in
terms of covariants of the plane quartic curve.

Let P2 be the dual of the projective plane P2, We use a homogeneous coordinate
system [x : y : z] for P2 and [s : ¢ : u] for P2.

We start with a smooth quartic curve C in the projective plane P2 given by an
equation
5.1 H(x,y,z) = Z aijkxiyjzk = 0.

i+j+k=4

We regard [s : ¢ : u] as a general point in P2, Then the corresponding line on P2 is

a general line L, , given by

sx +ty +uz =0.

The line L, hits the quartic C at four distinct points x1, X2, x3, x4 lying on
Lssu \ {z = 0}. We may regard these four points as points on the affine line, so
that we could define their cross-ratio as follows:

(x1 — x3) (x4 — x2)

(x1 — X2) (x4 — x3)

This has six different values according to the order of the four points. However, the

/\(xlyxz,x3,x4) =

following j-function is invariant with respect to the reordering x1, x2, X3, X4:
(I = A(x1, x2,x3,x4)(1 — l(xl,xz,x3,X4)))3
A(x1, x2, X3, X4)2(1 — A(x1, X2, X3, X4))?
(G x2)% (x4 — x3)% — (X1 — x3) (g — X2) (x4 — X1) (X3 — X2))°
(1 = x2)2(x1 — x3)%(x1 — X4)2(x2 — x3)%(x2 — X4)2(x3 — x4)%
By plugging z = —(sx + ty)/u into (5.1), we obtain
sxX +ty _ o
) = Z a,-jk(—u)4 k(sx + ty)kx’yf
i+j+k=4

4
§ : r.,4—r

= b4—rx y ’
r=0

(52) j(xl,X2,X3,X4) = 256

(5.3) u4H(x, y,—
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where
k . .
k. k+j—r r—j, 4—k
b,_. | E .( 1) a”k(k—i—j—r)s A VR
j=0 l+k=4—]

Then we have the following identities for elementary symmetric functions of xj, x»,

X3, X4.
by
X1+ X2+ X3+ X4 =—7;
bo
2
X1X2 + X1X3 + X1X4 + X2X3 + XoX4 + X3X4 = b—;
0
b3
X2X3X4 + X1X2X4 + X1X2X4 + X1X2X3 = —b—;
0
b
X1X2X3X4 = —.
bo

Since the denominator and the numerator of the j-function in (5.2) are symmetric
polynomials in x1, X, X3, X4, the j-function in (5.2) may be regarded as a rational
function in by, b1, b>, b3, b4. Indeed, one has

4hy(bo. by, by, b3, bs)?

i(bo,b1,br,b3,bs) = 1728 ,
7 (bo: b1, b2, b3, 54) 4hy(bo, by, b2, b3, bs)3 — 27h3(bo, b1, by, b3, bs)?

where
1
ha(bo,by1,ba2, b3, bs) = g(—3b1b3 + 12bobs + b3);
1
3(bo. by, ba. b3, be) = 2= (12bobabs — 27bob% — 27b3bs + Ob1babs — 263)

(see Appendix A for a more detailed computation).
Regarding /5 (bo, b1, b2, b3, bs) and h3(bg, b1, ba, b3, bs) as polynomials in s, ¢, u,
we see from Appendix A that

ha(bo, b1, b2, b3, bs) = u*ga(s,t,u),
h3(bo,by1,ba, b3, bs) = u®ge(s,t,u),

where g4(s,t,u) and ge(s, ¢, u) are homogeneous polynomials of degrees 4 and 6,
respectively, in s, ¢, u. Consequently, the rational function j(bg, b1, b2, b3, b4) may
be regarded as a rational function jc in s, ¢, u, so that it is a rational function on P2,
More precisely, one has

dgy(s,t,u)’

5.4 ic(s,t,u) = 1728 ‘
(5.4) Jc(s.t,u) dga(s,t,u)® —27g6(s,t,u)?
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Remark 5.5. The equation g4(s, f, u) = 0 of degree 4 describes the points of P2
corresponding to lines that intersect C by equianharmonic quadruples of points (see for
instance [20, §2.3.4] for terminology). In other words, these lines with the quadruples
of points define elliptic curves of j-invariant 0. Elliptic curves of j-invariant O are
isomorphic to the Fermat plane cubic curve. Similarly, the equation ge(s,t,u) = 0
of degree 6 describes the points of P2 corresponding to lines that intersect C by
harmonic quadruples of points. In this case, lines with the quadruples of points define
elliptic curves of j-invariant 1728. Note that neither the cross-ratio nor the j-invariant
is defined for the lines corresponding to the 24 intersection points (counted with
multiplicities) of g4(s, ¢, u) = 0 and ge(s,t,u) = 0.

Lemma 5.6. The j -function jc (s,t,u) is not constant. In particular, g4(s,t,u) cannot
be a zero polynomial.

Proof. Among the lines on P2, there are both tangent lines to C and non-tangent lines
to C. This implies that the j-function, which is defined by the cross-ratios of the
intersection points, is not constant. [ ]

We can use the polynomials g4(s, ¢, u) and g¢(s, ¢, ) to write down the equation
of the projectively dual curve of the plane quartic C.

Proposition 5.7. The equation
(5.8) 4ga(s. t.u)* = 27ge(s. t.u)* = 0
of degree 12 defines the projectively dual curve C of the quartic curve C in P2,

Proof. The curve C has degree 12. By construction the rational function jc (s, ¢, u)
is well defined at least outside the projectively dual curve C. On the other hand,
we know from Lemma 5.6 that g4(s, ¢, u) is not a zero polynomial. Thus it follows
from (5.4) that jc (s, ¢, u) has poles along the curves defined by some of the factors
of 4g4(s,t,u)> —27gs(s,t,u)?. These poles must be contained in the projectively
dual curve C. Since C is an irreducible curve of degree 12, it must be defined by the
homogeneous equation (5.8) of degree 12. |

Recall that a bitangent line to the quartic curve C, which is not a tangent line
at a hyper-inflection point of C, yields an ordinary double point on the projectively
dual curve C. Meanwhile, the tangent line to C at an ordinary inflection point of C
produces an ordinary cusp in C, and the tangent line to C at a hyper-inflection point
of C generates a triple point of C thatis analytically isomorphic to a singularity defined
by equation s3 = ¢*. These are all the possible types of singularities of C.

Let C4 be the quartic curve defined by g4(s, ¢, u) = 0, and let Cg be the sextic
curve defined by g¢(s. , u) = 0 in P2.
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Lemma 5.9. Let P be an intersection point of the curves C4 and C¢. Then one of the
following possibilities occur.

o The curves C4 and Cg are smooth at P, and meet transversally at P; in this case,
P is an ordinary cusp of the curve C.

o The curve Cy4 is smooth at P, the curve Cg has a double point at P, and the local
intersection index of C4 and Cg at P equals 2; in this case, P is a triple point of C
analytically isomorphic to s3 = t*.

Proof. The point P is a singular point of C.If Cy is singular at P, then the defining
equation (5.8) of C shows that C has a singularity of a type different from the three
types described right after the proof of Proposition 5.7. Therefore, C4 is smooth at P.
Furthermore, (5.8) implies that P cannot be an ordinary double point of C.Thus C
has either an ordinary cusp or a triple point analytically isomorphic to s3> = ¢t* at P.
Note that P is a triple point of C ifand only if Cg is singular at P. Furthermore, in
such a case, P must be a double point of C.

The defining equation (5.8) tells that P is an ordinary cusp of C if C4 and Cg are
transversal at P. On the other hand, if Cg is smooth and tangent to C4 at P, then C
has a double point worse than a simple cusp at P, in the sense that its log canonical
threshold is smaller than 5/6.

We now suppose that P is a double point of Cg. Then, (5.8) shows that C has
a triple point at P. Therefore, to complete the proof, it is enough to show that the
singularity of C at P cannot be a triple point analytically isomorphic to s3 = ¢4 if the
tangent line to C4 at P is one of the Zariski tangent lines of Cg at P. This can be easily
checked by blowing up. Indeed, if the tangent line to C4 at P is one of the Zariski
tangent lines of C¢ at P, then the proper transform of C via the blow up of P2at Pis
still singular at some point over P, which is not the case for the singularity s> = t*. =

We now consider the hypersurface V' of degree 6 in P(1, 1, 1, 2, 3) given by an
equation

(5.10) —w? 4+ 03 — ga(s, t,u)v + ge(s,t,u) =0,

where wt(w) = 3, wt(v) = 2. We denote by F (s, ¢, u, v, w) the left hand side of (5.10),
and set
G(s,t,u) = 4ga(s, t,u)® — 27g6(s, t,u)>.

Then G (s, ¢, u) = 0 defines the projectively dual curve C of the smooth quartic curve C
in P2 by Proposition 5.7.

Denote by V, "2 the set of singular points of V' in the section by v = 0 and by V,, g
the set of singular points of V' outside the section by v = 0. On the other hand, denote
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sing

by C " the set of singular pomts of C at which Cg is singular, and denote by C
the set of singular points of C outside Ce.
Lemma 5.11. Define the maps as follows:

é;ing N Vosing’

[ao:a1:a2]|—>[a0:a1:a2. :
2g4(ag,ay,az)

~sing sing
C," — V78,
l[ag :ay :az] —[ag:ay :az:0:0].
Then both are one-to-one correspondences.

Proof. Let [ag : a : a»] be a point in the set Cy"%. Observe that ge(ao. a1, a») # 0,
and hence g4(ag, a1, az) # 0. Since [ag : ay : az] € é,fmg, we have

3F( 3g6(ao,ai,az) ) 27g6(ao. ay, az)* — 4g4(ag. ay, az)?
do,ay1,42, —— = =0

En) 2g4(ag,ay,az)’ 4g4(ap,ay,az)?

Also, since

0g4 g6
12g4(a0,611,612)2¥(ao,611,a2) — 54g6(ao, al,az)g(ao, ai,az) =0,

we have

oF (a ai.a 3gs(ap.ai,az) O)
- O’ 17 29—?
ds 2g4(ap,ai,az)

— 3g6(00,a1,a2)8g4 g6
= 2g4(6’0’a1’a2) 9s (ao,a1,az) + 35 (ao,al,az)

27g6(a0, alaaz) 8g6 8
N ’ ’ a9 ’ ) = 0
dgy(ag,ay,az)’® 0s ——(ap,a1,az) + 3s (ao ai,ar) =

dBF

Similarly, we see that aa vanish at the point

3ge6(ao,ar,az) _0]

agp:dap:daz: :
|:0 bt 2g4(ap.ay, az)

so that this point belongs to V™.

Conversely, suppose that [ag : a1 : a2 : v : wo] belongs to V™. Then wo = 0
and vy # 0. Furthermore, taking the partial derivative of (5.10) with respect to v, we
obtain

ga(ao, ai,az) = 3vj.
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Using (5.10) again, we get
ge(ag.ar.az) = —vg + vogalao. ar.az) = 2v;.

Then

G d
£ (a0, a1.az) = 12g4(a0. a1, a2)* 22 (ag. a1, az)
os os

g6
- 54g6(610,a1,az)g(00,al,az)

0 0
= 10803%(610,01,612) - 108v3%(a0, ai,ay)
s s

= —108v3¥(a0,a1,02,vo, wo) = 0.

Similarly, we obtain

G G
W(ao,al,az) = E(aOvahCIZ) = 0.

sing

This implies that [ao : a1 : a] belongs to core.
Suppose that [ag : a; : as]isin C, ©. Then

g g g
2% (ag, a1,a2) = =2(ag, a1, az) = —6(ao,al,a2) =0.
as ot ou
Moreover, we have ge¢(ag, a1, az) = 0, and thus also g4(ag, a1, az) = 0. These imply

oF oF
—(ap.a1,a2,0,0) = —(ap,ai,a»,0,0) =0,
ow ov

oF oF oF
—(ao,al,az,0,0) = —(ag,al,az,O, 0) = —(ao,al,az,0,0) =0.
as ot ou

Therefore, [ag : a1 : a : 0 : 0] lies in V™. |
Conversely, suppose that [ao : @1 : a3 : 0 : 0] belongs to V,," . Then

oF

0= %(00,01,02,0, 0) = —galao, a1, az).

In particular, this gives g¢(aop, a1,a2) = 0. We have

F 0

0= ——(ag,a1,a,0,0) = ﬁ(ao,al,az),
ds as
oF g6

0 - 3 5 70’0 = —— ) ) )
5 (aop,ai,a»,0,0) 5 (aop,ar,az)
oF 0

0= ——(ap.ai1,a2,0,0) = ﬁ(ao,al,az).
ou ou

Therefore, we conclude that the point [ag : a1 : a»] belongs to Cy"™. n
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Theorem 5.12. The del Pezzo 3-fold V has exactly 28 singular points.

Proof. Let §, be the number of the ordinary bitangent lines, i.e., lines tangent to C
at two distinct points, of the smooth quartic curve C, and let §; be the number of
the hyper-inflection points of the smooth quartic curve C. The tangent line to C at a
hyper-inflection point is a bitangent line to C that is tangent to C at a single point with
multiplicity 4. Let ¢ be the number of ordinary inflection points of C. Then we can
derive

8o +6s =28, 1+ 25, =24

from the classical Pliicker formulae (for instance, see [34, §2.4]). In particular, the
projectively dual curve C has exactly

8o +68s +1=52—26

singular points.

The ordinary bitangent lines define §, ordinary double points on C. Such singular
points cannot lie on Cg. If so, then they would also lie on C4 by Proposition 5.7, and
would not be ordinary double points of C by Lemma 5.9.

Meanwhile, by Lemma 5.9 the curves C4 and Cg meet

e cither transversally,

e orin such a way that Cg has a double point at P, and the local intersection index
of C4 and Cg at P is 2.

Furthermore, intersection points of the former type yield ordinary cusps, and ones of
the latter type produce triple points analytically isomorphic to s = ¢4. The number of
intersection points of the former type is ¢ and the number of intersection points of the
latter type is 6s. We may then conclude that

#CE| = 8,,  #|CymE| = 6.
Since §, + s = 28, Lemma 5.11 immediately implies the statement. n

The following assertion can be deduced from Theorem 5.12 and Corollary 4.5.
However, we present a computational proof here to show how the singularities of C
and the singularities of V interact with each other.

Proposition 5.13. The singular points of the del Pezzo 3-fold V' are all ordinary double
points.

Proof. Let P be a point in V™. After a suitable coordinate changes, we may assume
that
P=[0:0:1:0:0].
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By Lemmas 5.9 and 5.11, the curve Cy4 is smooth at [0 : O : 1], the curve Cg has a
double point at [0 : 0 : 1], and the local intersection index of C4 and Cg at [0 : 0 : 1]
is equal to 2. We may also assume that the tangent line to C4 at [0 : 0 : 1] is defined
by s = 0 and the Zariski tangent cone of C¢ at [0 : 0 : 1] is defined by ¢(t 4+ as) = 0,
where « is a (possibly zero) constant. Put

f(s,t,v,w) = F(s,t,1,v,w), g(s,t) = G(s,1,1),
gals,t,v,w) = gals, 1, 1), ge(s,t,v,w) = ge(s, 1, 1).

We regard s, t, v, w as local coordinates around the point P that corresponds to the
origin in C*#, which we denote by p. We then consider the Hessian of f at the point p:

20°%6
0r2

.
Hess(f)(p) = 2(5(p)) S5(p) # 0.

This implies that the point P is an ordinary double point of V.
We now consider a point R in V,, g By appropriate coordinate changes, we may
assume that
R=[0:0:1:v9:0],

where v is a non-zero constant. In the affine chart defined by u # 0in P(1,1, 1,2, 3),
the point R corresponds to ¢ = (0,0, vg, 0). In the affine chart defined by u # 0 in ]\P/ﬂ,
we denote by o the origin. Since ¢ is a singular point of the hypersurface defined
by f = 0, we conclude that o is a singular point of the curve defined by g = 0 by
Lemma 5.11. Furthermore, since ¢ is from V,, "2 the origin o is an ordinary double
point of g = 0. From this one can obtain the following relations:

o — 3g6(q)
° 284(q)

0g. 0g, 0g 0g
3a(@) 5 (@) = 2852 @) 3Fe(@) @) = 28(@) 5 @),

27(86(9))* = 4(F4(@))°,

0g, 0g. 0g 0g
9a(e) 5 (@) = 284@) @), 9Fe(@) (@) = 2805 (@),

Using them, we are able to derive

48(24(9))* Hess(f)(q) = —Zs(q) Hess(g)(0).

(Since the computation for this is messy and tedious, it is omitted.) The point [0 : 0 : 1]
is an ordinary double point of C, so that Hess(g)(0) # 0. This completes the proof. m
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Below, we list several particular examples of 28-nodal double Veronese cones
constructed from smooth plane quartics with interesting automorphism groups (cf. [22,
Table 6]). In each case the 3-fold is given by equation (5.10).

Example 5.14. We consider the Klein quartic for C. It is given by the equation
x3y + y3z +z23x=0.
Its automorphism group is isomorphic to PSL; (IF7). We have
ga(s.t,u) = 3t + Pu +us

and {
ge(s,t,u) = §(3s5u — 1552t2u® 4 3st° 4 3tu®).

Example 5.15. Let C be the Fermat plane quartic curve defined by
xt4yt4zt =0
Its automorphism group is isomorphic to ;Li x ©3. We have

ga(s,t,u) = 4(s* + t* + u?),
ge(s.t,u) = 16s2t%u>.

For explicit equations of smooth plane quartics with an action of the symmetric
group &4 and the corresponding 28-nodal double Veronese cones we refer the reader
to Example 1.5.

Example 5.16. Suppose that the smooth quartic curve C is given by
x4—|—y4+z4—|—x3y+2x3z =0.
Then C has no non-trivial automorphisms. We have

ga(s,t,u) = 4(s* — 513 — 25u> + t* + u),
ge(s.t,u) = —165t%u — 8s3tu? + 165%t%u> — 41
+41%u — t*u? — 41%u* + 4ru® — ub.

6. One-to-one correspondence

In the present section we put the previous results together to establish a one-to-one
correspondence between 28-nodal double Veronese cones and smooth plane quartics,
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which is asserted in Theorem 1.3. We also study automorphism groups of 28-nodal
double Veronese cones and prove Theorem 1.4.

In this section, for the projective plane we keep the same two notations as in §5,
i.e., P2 with a homogeneous coordinate system [x : y : z] and its projectively dual
plane P2 with [s:¢:ul.

Remark 6.1. For an arbitrary del Pezzo 3-fold of degree 1, let «: V' --»> P2 be the
rational map given by the half-anticanonical linear system on V. The half-anticanonical
linear system has a unique base point. The 3-fold V' is smooth at the base point, so that
a general fiber of « is an elliptic curve by Bertini theorem and adjunction formula.

In the remaining part of this section, we use « to denote the rational half-anticanon-
ical elliptic fibration on a double Veronese cone V.
Now we construct a smooth plane quartic from a 28-nodal double Veronese cone.

Lemma 6.2. Let V be a 28-nodal double Veronese cone. Denote by C the discriminant
curve of the rational elliptic fibration «, and let C be the projectively dual curve of C.
Then C is a smooth plane quartic. Furthermore, for any construction of V from an
Aronhold heptad as in Proposition 4.1, the curve C is isomorphic to the Hessian curve
of the corresponding net of quadrics.

Proof. Tt follows from Theorem 4.4 that V' can be constructed out of some Aronhold
heptad in P3 as in Proposition 4.1. Choose one construction like this, and let £ be
the net of quadrics defined by the Aronhold heptad. The rational elliptic fibration « is
given by the proper transforms of the members of the net &£. Using Lemma 3.11, we
see that the projectively dual curve of C is the Hessian curve of the net £, which is a
smooth quartic curve by Lemma 3.7. ]

Recall that to any (rational) fibration whose general fiber is an elliptic curve we
can associate the j-function of its fibers, which is a rational function on the base of
the fibration.

Remark 6.3. Let V' be a del Pezzo 3-fold of degree 1. The 3-fold V' can be defined in
the weighted projective space P(1, 1, 1, 2, 3) with weighted homogeneous coordinates
s, t,u, v, and w by an equation of the form

w? =3 — ha(s,t,u)v + he(s,t,u),

where h4 and hg are homogeneous polynomials of degrees 4 and 6, respectively. Since
the singularities of V' are isolated, the polynomial 4/4(s, t,u)3 — 27he(s, t,u)? is not
a zero polynomial. The rational elliptic fibration « is given by the projection to the



H. ABBAN, I. CHELTSOV, J. PARK and C. SHRAMOV 30

coordinates s, , and u. The corresponding j-function can be written as

dhy(s,t,u)3

v (5.1, u) = 1728
Jv (s 1) 4ha(s, 1,u)* = 27h(s, 1, u)?

(see for instance [20, §3.1.1]). In particular, the discriminant curve of « is given in P2
by the equation
4hy(s, t,u)3 —27he(s, t, u)2 =0.

Recall from §5 that any (smooth) quartic curve C in the projective plane P2 defines
a j-function jc on the dual projective plane P2 that computes the j-invariant of the
quartuple of intersection points of C with the corresponding line. It is given by the
formula (5.4).

Lemma 6.4. Let V be a 28-nodal double Veronese cone, and let C be the smooth
plane quartic curve corresponding to V via Lemma 6.2. Then jy (s,t,u) = jc(s,t,u)
forall s, t,u.

Proof. By Theorem 4.4, the 3-fold V is constructed out of some net &£ of quadrics in P3
as in Proposition 4.1. Let P be a general point of P2, The point P determines a one-
dimensional linear subsystem &£ p of the net &£. The fiber Ep of the half-anticanonical
elliptic fibration k over P is the proper transform of the base locus of the pencil &£ p. The
base locus is given by the intersection of two general quadrics Q1 and Q5 in £p. The
pencil £p corresponds to the line L in P? dual to the point P. The singular quadrics
in £ p correspond to the four intersection points of the line L and the Hessian curve C
of the net £. Lemma 3.9 implies that the curve Ep is an elliptic curve isomorphic to
the double cover of L branched at the four intersection points of L and C. This means
that jy (P) = jc(P). L

We will need the following assertion on 28-nodal double Veronese cones and their
half-anticanonical elliptic fibrations.

Lemma 6.5. Let V be a 28-nodal double Veronese cone. Then V' is uniquely defined
by the j-function jy of the fibers of the rational elliptic fibration k.

Proof. Suppose that there exists another 28-nodal double Veronese cone V' such
that jiy = jy+. The 3-folds V and V' can be defined in the weighted projective space
P(1,1,1,2,3) with weighted homogeneous coordinates s, ¢, u, v, and w by equations

(6.6) w? =3 — ha(s,t,u)v + he(s,t,u)
and

6.7) w? =3 - ka(s,t,u)v + ke(s, t,u),
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respectively, where h; and k; are homogeneous polynomials of degree d. By Rem-
ark 6.3, the j-functions can be written as

Ahy(s, t,u)?

Aha(s, t,u)3 —27he(s, t,u)?’
dky(s, t,u)?

Aky(s, t,u)3 —27ke(s, t,u)?’

Jv(s,t,u) = 1728

Jyr(s,t,u) = 1728

Recall that neither /4 nor k4 is a zero polynomial by Lemmas 6.4 and 5.6. Lemma 6.2
implies that both 443 — 27h% and 4k — 27k2 are irreducible, and hence /4 and /g
(respectively, k4 and kg) have no common factor. Since

Jv(s,t,u) = jy(s,t,u)
for all s, ¢, u, we obtain

ha(s,t,u) (4ka(s. 1, u) — 27ke(s. 1, u)?)
= ka(s,t,u)’ (4ha(s,t,u)> — 27he(s. 1, u)?).

From this, we can easily conclude that
ka(s,t,u) = ahq(s,t,u), ke(s,t,u) = bhe(s,t,u),
for some non-zero constants a and b with a®> = b2. Thus equation (6.7) takes the form
w? =03 — aha(s,t,u)v + bhe(s,t,u).

Putc = g Then ¢ = a and ¢3 = b. The automorphism of P(1, 1, 1,2, 3) defined by

[s:t ] [ t ad ]
sitruiviwle |sitiu—
¢ cfc
brings it to the form (6.6), which means that V' and V"’ are isomorphic. |

Now we are able to prove Theorem 1.3.

First proof of Theorem 1.3. By Lemma 6.2, a 28-nodal double Veronese cone uniquely
determines a smooth plane quartic curve that is the projectively dual curve of the
discriminant curve C of the half-anticanonical rational elliptic fibration k.

Now let C be a smooth plane quartic curve. We then construct a 28-nodal dou-
ble Veronese cone V from C as in §5 (see equation (5.10)). Using Remark 6.3 and
Proposition 5.7, we see that the projectively dual curve of the discriminant curve of
the rational elliptic fibration « is isomorphic to C.
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It remains to show that if V'’ is a 28-nodal double Veronese cone such that the
projectively dual curve of the discriminant curve of its half-anticanonical rational
elliptic fibration is isomorphic to C, then V' is isomorphic to V. By Lemma 6.4 the
j-functions of ¥ and V' depend only on C, so that

Jv(s,t,u) = je(s,t,u) = jyr(s.t,u)
for all 5, 7, u. According to Lemma 6.5 this means that V” is isomorphic to V. |

We now move our attention to automorphism groups of 28-nodal double Veronese
cones. Recall that if V' is such a 3-fold, we denote by t the Galois involution of
the double cover V' — P(1, 1, 1, 2) given by the linear system |2H | = | — Ky/|. The
automorphism t is contained in the center of the group Aut(V). It is easy to see that it
preserves the fibers of the rational elliptic fibration «.

Proof of Theorem 1.4. Since the map k: V --> P2 is Aut(V)-equivariant, we have a
group homomorphism
E: Aut(V) — Aut(P?).

Its kernel K C Aut(V') acts on every fiber of k preserving the unique base point O
of |H|. Let E be a general fiber of «. Then E is a general elliptic curve by Lemma 5.6,
so that the stabilizer of the point O in Aut(E) is isomorphic to u,. Therefore, X is
a subgroup of w,. On the other hand, KX obviously contains the Galois involution t
of the double cover given by the anticanonical linear system of /. Thus we conclude
that K =~ u,.

Consider the action of the group e (Aut(V)) on the projective plane P2 which
is the target of the map «. By construction the action of e (Aut(V)) preserves the
discriminant curve C of the rational elliptic fibration «, and hence its action on the
projectively dual plane of the projective plane P2, which is P2, preserves the curve C
projectively dual to C . Therefore, we obtain a group homomorphism

E:Aut(V) — Aut(C)

whose kernel X is isomorphic to w,. Note that at this moment we claim neither that &
is surjective nor that J splits as a direct factor in Aut(V'). However, we know that K
is contained in the center of the group Aut(V).

Now let G be the automorphism group of the smooth plane quartic C. Then G is a
finite group, and there is a natural action of G on the plane P2 which is projectively
dual to the plane P? where the curve C sits. By Remark 5.5 the latter action preserves
the curves given by equations g4(s,?,u) = 0 and g¢(s, f,u) = 0. This means that
there exist group characters y4, y6: G — C* such that for any y € G, one has

ga(y(s.1.u)) = xa(y) - gals.t,u),  ge(y(s.t.u)) = x6(¥) - go(s.1,u).
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On the other hand, the elements of G preserve the equivalence class of the cross-ratio
of a quadruple of intersection points of a line in P? and the curve C; in other words, it
preserves the j-function jc (s, ¢, u). By (5.4) this gives

x4()? = x6(y)?

for every y € G. Set
_ xs()

xa(y)’

Then y, is a character of G such that y»(y)? = y4(y) and y2(y)> = xe(y). Since the
image y2(G) C C* is a cyclic group, there is a well-defined character

12(¥) €G.

.G —C*
such that y(y)? = x2(y) for all y € G. We have

X =xa). x° = xs(y)-
Given an element y € G, we write
y(s:tzul)=1[s" 1" ]
and define an automorphism of P (1,1, 1, 2, 3) by

(6.8) [s:truzviwle[s s x()?v: x(y)wl.

Since the 3-fold V is given by (5.10) in P(1, 1, 1, 2, 3), the group G preserves the
hypersurface V. This provides a group homomorphism

E’: Aut(C) — Aut(V).
We see from (6.8) that E o E’ = iday(c). This implies that
Aut(V) = K x Aut(C).

Since K = u, is contained in the center of Aut(V'), we conclude that Aut(}') =
K x Aut(C). ]

Corollary 6.9. Let V be a 28-nodal double Veronese cone, let C be the smooth plane
quartic curve corresponding to V by Theorem 1.3, and let S be the del Pezzo surface
of degree 2 constructed as the double cover of P? branched along C. Then

Aut(V) = u, x Aut(C) = Aut(S).
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7. Theta characteristics

As we have seen in §4, Aronhold heptads, which are parts of regular Cayley octads,
play a role in constructing 28-nodal double Veronese cones. On the other hand, neither
an Aronhold heptad nor a regular Cayley octad is uniquely associated to a 28-nodal
double Veronese cone. In what follows, correspondences between regular Cayley
octads, smooth plane quartic curves, and 28-nodal double Veronese cones will be
investigated in more detail, and the necessary additional data that is required to have
natural one-to-one correspondences will be clarified.

So far we used Proposition 4.1 to construct 28-nodal double Veronese cones starting
from Aronhold heptads. However, it turns out that the construction essentially depends
only on the choice of the regular Cayley octad. This can be easily understood through
Geiser-type involutions.

Lemma 7.1. Let Py, ..., Pg be a regular Cayley octad in P3. Foralli =1, ...,8, the
28-nodal double Veronese cones defined by the Aronhold heptads { Py, . .., Pg} \ {P;}
are isomorphic to each other.

Proof. Foreachi =1,...,8, let I/st be the blow up of P3 at the points Pq,..., Pg
except the point P;. Let I’P\’S be the weak Fano 3-fold obtained by blowing up P3 at the
six points of { Py, ..., Pg} \ {P;, P;} and let W}; be its anticanonical model.

For 1 <k # 1 < 8, denote by L, the line passing through the points P and P;,
and denote by Ty, the twisted cubic passing through the six points of { P, ..., Pg} \
{Py, P;}. Let L %1 and fkl be the proper transforms of these curves on @3

Proposition 4.6 implies that W;; is the double cover of P? branched over a quartic
surface and that the map ¢;;: @3 — W;; given by the anticanonical linear system
is a birational morphism that contracts exactly the 15 curves Ekl for k < [ with
{k,1}N{i, j} = &, and the curve T,, Denote by Ly; and T, the images on W;; of
the curves Zkl and TA“kl not contracted by ¢;;, respectively.

Note that the points P; and F_’] on W;; corresponding to P; and P; are conjugate
to each other with respect to the Galois involution ¢ of the double cover.

The double cover ¢: W;; — IP3 is given by the half-anticanonical linear system, so
that the pull-backs of planes under ¢ should be the proper transforms of the quadrics in
the original P® passing through the six points of { Py, ..., Ps} \ {Pi, P;}. The images
of the curves ¢ (Ty;) and E(Tkj), where k ¢ {i, j}, are lines in P3 (note however that
the images ¢ (Ty;) for {k,I} N {i, j} = & are conics). Therefore, by Lemma 3.4 for
k € {i, j}, one has

e(Tki) = Lri,  e(Lgi) = Thi,
e(Txj) = Ly, e(Lij) = Tg;j.
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The involution e: W;; — W;; gives rise to a birational map

~

A B3 53
eP’ -— ]P’j .

Since e(P;) = P], we conclude that € is actually an 1somorph1sm
Denote by L ¢ and T,é ; (respectively, L/ i and Tk ;) the proper transforms of the
curves Lg; and Ty; on IF’3 (respectively, IP’3) Then for k & {i, j}, one has

8T = Ly, 8Ly = Ty,

BT =Ly, &L=
Also, we observe that for {k, [} N{i,j} = @

8Ly =Lj, T =T

Therefore, the pluri-anticanonical maps ¢; and ¢; of HA”f and ]IA”f both factor
through W;;, and the pluri-anticanonical models of ]?”f and I/Esf, that are obtained
by the construction described in Proposition 4.1, are both isomorphic to one and the
same double Veronese cone V':

P3

4

This completes the proof of the statement. |

Remark 7.2. A two-dimensional analog of Lemma 7.1 is the following simple obser-
vation. Let R, ..., R be points in P2 such that they are the intersection of two general
cubic curves. Then the del Pezzo surfaces of degree 1 obtained by blowing up the
eight points of {R;, ..., Ro} \ {R;} are isomorphic to each other forall 1 <i < 9. For
instance, to construct an isomorphism between the blow ups of {Ry,..., Ro} \ {R1}
and {Ry,..., Ro} \ {R>}, one can blow up P? along the seven points Rs, ..., Ro,
obtain a del Pezzo surface of degree 2, and apply the Galois involution of the morphism
defined by its anticanonical linear system (which is a double cover over P2), similarly
to the proof of Lemma 7.1.
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Let N be the set that consists of isomorphism classes of regular Cayley octads
modulo projective transformations. Let 7 be the set that consists of the pairs (C, 6),
where C is a smooth plane quartic considered up to isomorphism, and € is an even theta
characteristic on C. A given regular Cayley octad defines a net £ of quadrics in P3.
The net £ yields its Hessian quartic curve H(&£) in P2, which is smooth by Lemma 3.7.
Meanwhile, the singular points of quadrics in the net £ sweep out a smooth curve of
degree 6 in P3 (see [6, Lemme 6.8] and [6, Proposition 6.10]), which is called the
Steinerian curve of the net and is denoted by S(£). There is an even theta characteristic
0(£) such that the linear system |Kg(g) + 0(£)| defines an isomorphism of H (&)
with S(£) (see [6, Proposition 6.10] and [6, Lemme 6.12]). With such Hessian quartic
curves and their even theta characteristics, we define the map

O:N —>T
by assigning O@(£) = (H(L), 0(£)).
Theorem 7.3. The map © is bijective.
Proof. See [6, Proposition 6.23]. [

Suppose that the points Py, ..., P; form an Aronhold heptad, and denote by Pg
the eighth base point of the net of quadrics £ defined by the Aronhold heptad. Choose
a pair of points P;, P; in the regular Cayley octad Py, ..., Pg. This pair yields a pencil
in the net &£ that consists of the quadrics containing the line passing through P; and P;.
The pencil contains exactly one or two singular quadrics (see [6, Lemme 6.6 (i)]).
Furthermore, the pencil defines a line in the projective plane where the Hessian quartic
curve H (&) sits, and this line is bitangent to the Hessian quartic curve (see [20, Theo-
rem 6.3.5]). Such a bitangent line defines an odd theta characteristic of H(£). It will
be denoted by 6;; (&£). It is obvious that 0;; (£) = 6k;(£) if and only if {7, j} = {k,[}.
In particular, every odd theta characteristic on H(&£) can be represented by 6;; (£) for
some i and j.

For each choice of four distinct indices i, j, k, [ in {1, ..., 8}, set

(7.4) ikt = 0ij (L) + Oix (L) + 0;1(£) — Ku(g).
Before we proceed, notice that
(7.5) 0ij (L) + Oix (L) + 01 (£) = Kug) + 0(£)

for each choice of three distinct indices i, j, k in {1, ..., 8} since the left hand side
is the section of the Steinerian curve S(&£) by the plane containing the points P;, P;,
and Py in P3.
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Lemma 7.6. Let r be a fixed index in {1, ...,8}.

e The theta characteristic given by 0, ;x is even for three distinct indices i, j, k in
{L,....8}\{r}.

e Every even theta characteristic on H(L) except 0(£) can be represented as 0, ;i

Jor some choice of three distinct indices i, j, k in {1,...,8}\ {r}.
e One has
(7.7) (L) = —3Kp) + »_ 0ri ().
i#r

Proof. For the first statement, see [20, Theorem 6.3.6] or [24, Proposition IX.4].

Since there are exactly 35 even theta characteristics excluding 6(£), in order
to prove the second statement, it is enough to verify that 0,;, j x, # Oriyjsk, if
{i1, j1.k1} # {i2, j2.k2}. Suppose that 0, ;, j,x, = 0y.i, j»k,- For convenience, assume
that r = 8. Then

Osi) (L) + 0Osj, (L) + Ok, (£) + si, (L) + O3, (£) + sk, (£) — 3K (%)
= Oriyjiki + Orizjok, — Kr(z) = 0.
If {i1, j1,k1} N{iz, j2,k2} = @, then the above equality and (7.5) imply
0i1in (L) + 6, jo (L) + O 1, (£) = 30(L) = Kp(g) + 0(L).

This means that the six points P;,, P;,, Pj,, Pj,, P,, Pk, lie on a single plane, which
is impossible by Lemma 3.2. If {i1, j1,k1} N {i2, j2, k2} # &, then we may assume
that iy = i». Then

0,1 (£) + Ok, (£) = O3, (L) + Osi, (L).

This together with (7.5) implies

ejlkl (13) = Ujrko (i)v

and hence {il, jl, kl} = {iz, j2, kz}

Now let us prove the third statement. Suppose that the right hand side of (7.7) is
an odd theta characteristic 6,,,(£). Then m,n # r; otherwise, 0, ;;x would yield the
same even theta characteristic for two different choices of three distinct indices i, j, k,
which is not the case by the second statement. For convenience, we may assume that
r =8, m = 2,and n = 1. Then our assumption reads

7
021(2) = —3Knz) + ) _ Osi ().

i=1



H. ABBAN, I. CHELTSOV, J. PARK and C. SHRAMOV 38

By (7.5) this yields

7
(7.8) —Kpug) + Z Ogi (L) = 021(L) + O31(L) + Og2(L) = Ky g) + 0(L).
i=3
Note that
Krg) + 0(L) = 043(L) + Og3(L) + Os4(L)

by (7.5). Using this, we deduce from (7.8) that

.
—Kh(z) + ) 08i (£) = Oa3(%).

i=5

This contradicts the first statement. Therefore, the right hand side of (7.7) is an even
theta characteristic.

We now suppose that the right hand side of (7.7) is not 8(£). Then, due to the
second statement, we may assume that r = 8 and

7
—3Ku) + Z Ogi (L) = Og1(L) + Og2(L) + Og3(L) — K ().

i=1

However, this implies an absurd identity 0s 456 = 0g7(£). Consequently, the right
hand side of (7.7) must be 6(X£). [

Let £, ,,, be the net of quadrics corresponding to the plane quartic H(£) and
the even theta characteristic 6; ;x; via the bijection from Theorem 7.3, and let S6; ik
be its Steinerian curve. It turns out that these curves (and also regular Cayley octads
and nets of quadrics) are related by standard Cremona transformations of IP3.

Proposition 7.9. Up to projective transformation, the curve Sg; ,, is obtained from
S(&£) by the standard Cremona transformation centered at the points P;, P;, Pk, Py,
and also by the standard Cremona transformation centered at the complementary set of
points Py, P,, Ps, P;.

Proof. See [24, Proposition IX.4]. ]

Remark 7.10. By Lemma 7.6, the 35 even theta characteristics on H(£) other than
0(&£) are all of the form (7.4) for a fixed index i (one can take for instance i = 8).
This means that the even theta characteristics obtained as in Proposition 7.9 by the 35
Cremona transformations associated to choices of four points out of the seven points
Py, ..., P; (alternatively, by the 35 Cremona transformations associated to the point Pg
and choices of three points out of Py, ..., P;) are pairwise different.
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Using Proposition 7.9, we deduce the following.

Corollary 7.11. Up to projective transformation, the net of quadrics Lg; ,, consists
of the proper transforms of the quadrics from the net £ with respect to the standard
Cremona transformation ¢ centered at the points P;, P;, Py, Py (or with respect to
the standard Cremona transformation centered at the complementary set of points P,
Py, Py, P;). Furthermore, the corresponding regular Cayley octad Py, ..., Pg can
be constructed as follows: the points P/, P, P;, P| are the images of the divisors

contracted by ¢, and P] = ¢(P;) forr = m,n,s,t.
Proof. After a suitable projective transformation, we may assume that
P;=[1:0:0:0], P;j=[0:1:0:0], Pr=[0:0:1:0], P =[0:0:0:1].
Then the standard Cremona transformation ¢ is the selfmap of P3 defined by

¢ ([xo :x1 1 x2 1 x3]) = [xl_o%x_lzx%]

Every quadric surface in £ is defined by a quadric homogeneous polynomial of the
form

Z AgpXaXxg =0,
aFp

where aqg = agq. Its proper transform by ¢ is defined by the quadric homogeneous

Z aggXyxs = 0.

{a.B,7,6}={0,1,2,3}

The four coordinate points and the four points ¢(Py,), c(Pr), c(Ps), c(Py) are the eight

polynomial

intersection points of three quadrics. Lemma 3.1 then implies that the net &£’ of quadric
surfaces passing though these eight points is exactly the net of the proper transforms
of the quadric surfaces in &£. Observe that the symmetric matrix corresponding to
the former quadric surface and the one corresponding to the latter have the same
determinant. It then follows from Lemma 3.7 that the four coordinate points and the four
points ¢(Pp,), c(Py), c(Ps), c(Py) form a regular Cayley octad. It also immediately
follows from our observation that the Steinerian curve S(£’) is the proper transform
of the Steinerian curve S(&£) with respect to ¢. Hence by Proposition 7.9, we have
S = S6; ik
up to projective transformation. By Theorem 7.3 this implies that
£ = L6; w1

and the assertion follows. [
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For a given smooth plane quartic curve C equipped with an even theta characteris-
tic 0, its associated net £ of quadrics determines a regular Cayley octad Py, ..., Ps
in P2, which in turn allows us to construct a unique 28-nodal double Veronese cone Vc.o
(see Lemma 7.1). Let 6’ be another even theta characteristic on C, and let V¢ ¢/ be the
corresponding 28-nodal double Veronese cone.

Lemma 7.12. The 3-folds V¢ g and V¢ ¢ are isomorphic.

Proof. By Remark 7.10, there are indices 1 <i < j < k < 7 such that
0" = 05 (L) + 05, (L) + Ogic (L) —

For convenience, letus say i = 5, j = 6,k = 7. Corollary 7.11 tells us that the net
of quadrics £’ associated to (C, 6") via Theorem 7.3 can be obtained by applying
the standard Cremona transformation ¢ centered at the points Py, P,, P3, P4 to the
original net £, up to projective equivalence. Furthermore, the net £’ is defined by

the regular Cayley octad Py, ..., P§, where Py, ..., P, are the images of the divisors
contracted by ¢, and set P/ = ¢(P;) fori =5,...,8. The 3-folds V¢ g and V¢ ¢ are
constructed from the Aronhold heptads P, ..., P; and Py, ..., P;, respectively.

Let P2 be the blow up of P3 at Py, ..., P;. Denote by F; the exceptional divisor
on P? over the point P;. Let L;; be the lme in IP? passing through the points P; and P;
with i < j, and let Li ; be its proper transform on P3. Flopping the six curves Li ]
with 1 <i < j <4, we obtain a birational map & from P3 to another weak Fano
3-fold P3+. Thus, we obtain the following diagram:

P —f_ P
\ 7
v

Here v and v are contractions of the flopping curves of £ and £71, respectively.

Keeping in mind the decomposition of the standard Cremona transformation
into blow ups and blow downs, we see that P3+ can be represented as the blow
up 7t P3+ — P3 at the points Pj, ..., P;. More precisely, let IT;, 1 <i < 4, be
the plane passing through the three points among Py, ..., P4 except P;. The proper
transforms of the four planes I1; in P3+ are four disjoint surfaces Hl.+ isomorphic
to P2. Let Fl.+, 5 <i <7, be the proper transforms in P3+ of the surfaces F;. Then
the surfaces T}, T1}, T15, T, F.t, Fg", and F, are contracted to the seven points
P{,..., Py on P3, respectively.

By Proposition 4.1, the 3-folds Vc g and V¢ ¢/ are the images of the pluri-anti-
canonical morphisms ¢ and ¢ of P3 and P3+, respectively. Since £ is a flop, both ¢
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and ¢ factor through V, so that both V.6 and V¢ g/ are obtained by contracting one
and the same curves on V. Thus, Vc g and V¢ ¢/ are isomorphic to one and the same
double Veronese cone V':

P3—- - - _2_____ 5 P3t
\ /
V
L4 ¢ l ¢+ +
L
|4
P3 - - -2 _____ +P3
This completes the proof of the lemma. |

Lemmas 7.1 and 7.12 give the following result.

Corollary 7.13. Let C be a smooth plane quartic curve. Then for any choice of an even
theta characteristic 6 on C, and for any choice of an Aronhold heptad in the regular
Cayley octad corresponding to 0, the 28-nodal double Veronese cones constructed
from these Aronhold heptads as in Proposition 4.1 are isomorphic to each other.

Corollary 7.13 allows us to put together the following proof.

Second proof of Theorem 1.3. Given a 28-nodal double Veronese cone, we associate
to it a smooth plane quartic curve as in Lemma 6.2.

Let C be a smooth plane quartic curve. Choose an even theta characteristic on C.
By Theorem 7.3, this provides us a regular Cayley octad. Choose an Aronhold heptad
from this regular Cayley octad, and construct a 28-nodal double Veronese cone as in
Proposition 4.1. By Corollary 7.13 the result does not depend on the choice of the
even theta characteristic and the Aronhold heptad, and by Theorem 4.4 every 28-nodal
double Veronese cone can be obtained in this way. Using Lemma 6.2 once again, we
see that the above two constructions are mutually inverse. |

Recall from [24, §1X.2] that a (unordered) set of seven distinct odd theta charac-
teristics 601, ..., 87 on a smooth plane quartic curve C is called an Aronhold system if
they satisfy the condition that §; + 6; 4+ 6 — K¢ is an even theta characteristic for
each choice of three distinct indices i, j, k. This is equivalent to the requirement that
the six points of any three of 1, ..., 67 are not contained in a conic because

2Kc — 6; —Qj—9k| =|6; +9j + 60 — Kc|.

A given smooth quartic has exactly 288 Aronhold systems (see [24, Proposition IX.3]).
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It follows from Lemma 7.6 that if Py, ..., Pg is a regular Cayley octad, and &£ is
the corresponding net of quadrics in P2, then for every fixed index r € {1,..., 8} the
seven odd theta characteristics 8,; (£), i # r, form an Aronhold system. It turns out
that all Aronhold systems arise in this way.

Lemma 7.14 (cf. [20, Proposition 6.3.11]). Let C be a smooth plane quartic, and
let B be an Aronhold system on C. Then there exist a unique even theta characteristic 0

on C and a unique point Pg in the regular Cayley octad Py, ..., Pg corresponding to
(C, 0) via Theorem 7.3, such that

(7.15) B={0(L)|1<i<T}
where £ is the net of quadrics defined by the regular Cayley octad Py, ..., Pg.

Proof. For a given even theta characteristic & on C, we obtain a regular Cayley

octad Pyp,..., Pg in P3 from Theorem 7.3. This gives us eight distinct Aronhold
systems Ej,..., g on C asin (7.15). By Lemma 7.6, one has
0=-3Kc+ ) ®
DEE,
for every r € {1,...,8}. Hence none of the Aronhold systems Z, can coincide with

an Aronhold system constructed in the same way starting from any other even theta
characteristic 8" £ 6 on C. Since there are exactly 288 Aronhold systems and exactly
36 even theta characteristics on C, the above construction exhausts all the Aronhold
systems on C, and the assertion follows. ]

Lemmas 7.6 and 7.14 imply the following.

Corollary 7.16. Let C be a smooth plane quartic, and let 2 be an Aronhold system
on C. Then

(7.17) 0 =—3Kc+ ) v

DASIO
is an even theta characteristic on C. Moreover, for every even theta characteristic 0
on C there exist exactly eight Aronhold systems such that 0 is obtained from them as

in (7.17), and each of these eight Aronhold systems is in turn obtained from 0 as in
Lemma 7.14.

To proceed we need to define a certain equivalence relation on the set of Aronhold
systems. Let 7 be the set that consists of the pairs (C, E), where C is a smooth quartic
curve considered up to isomorphism, and & is an Aronhold system on C. Two members
(C1, E1) and (C3, E,) in T, are considered to be equivalent if

o (1 =0Cy
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e one has

Yo=Y

ﬂEEl ﬁGEz
e there is an automorphism o: C; — C, such that 6*(E,) = E;.

In other words, the equivalence comes from the action of stabilizers of the even theta
characteristic attached to (C, E) by (7.17) in the automorphism group of C. Let T4
be the set of the equivalence classes of members in 7. Let 4 be the set of Aronhold
heptads in P2 up to projective transformations. Define a map

A:A — Ty

by assigning to a given Aronhold heptad the Hessian curve of the corresponding net of
quadrics together with the Aronhold system constructed as in (7.15).

Theorem 7.18. The map A is bijective.

Proof. 1t is enough to show that for a given smooth plane quartic curve C the map A
induces one-to-one correspondence between members of 4 with the Hessian curve C
and members of T4 with the first component C.

It immediately follows from Lemma 7.14 that the map A is surjective.

Suppose that A (X) = A(Y) for Aronhold heptads X and Y. First of all, the Hessian
curves of the nets of quadrics determined by X and Y, respectively, are one and the
same smooth quartic curve C. Let Ex and Ey be the Aronhold systems determined
by X and Y, respectively. Then

—3Kc + Z ¥ =-3Kc + Z 04

ﬂEEX ﬂEEY

is one and the same even theta characteristic 8 on C . Furthermore, since A(X) = A(Y),
there is an automorphism o of C such that Ex = o*(Ey). Then the automorphism o
preserves the linear system | K¢ + 6] that is the linear system of hyperplane sections
of the Steinerian curve of the net of quadrics &£ in P3 corresponding to (C, 0) via
Theorem 7.3. This means that the automorphism o considered as an automorphism of
the Steinerian curve is induced from a projective transformation of IP3 preserving the
regular Cayley octad defined by £. Thus, we conclude that X = Y in #. |

Corollary 7.19. Let V be a 28-nodal double Veronese cone, and let C be the smooth
plane quartic curve corresponding to V via Theorem 1.3. Then there exists a natural
one-to-one correspondence between the set of the diagrams (1.1) considered up to
projective transformations of P3 and the set of members in Ty with the first component
in the pair isomorphic to C.
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Proof. This immediately follows from Theorem 7.18, because by Corollary 7.13 there is
an obvious one-to-one correspondence between the set of the diagrams (1.1) considered
up to projective transformations of P3 and the set of members in 4 with the Hessian
curve C. ]

Corollary 7.20. For a general smooth plane quartic curve C, there are exactly 288
diagrams (1.1) associated to C, up to projective transformations of P3.

If the smooth plane quartic curve C is not general, the number of diagrams (1.1)
associated to C up to projective transformations of P3 may be smaller than 288. Note
however that this number is always at least 36.

Example 7.21. Let C be the Klein quartic curve given in P? by the equation
Xy +y3z4+z23x=0.

Then Aut(C) = PSL,(IF7). There exists a unique Aut(C )-invariant even theta charac-
teristic 8y on C (see [9, Example 2] or [19, Example 2.8]). The remaining 35 even
theta characteristics split into three Aut(C )-orbits of lengths 7, 7, and 21, respectively
(see [23, (8.3)]). Furthermore, according to [41, Theorem 10.1] the set of 288 Aronhold
systems on C splits into four Aut(C)-orbits of lengths 8, 56, 56, and 168, respectively.
This means that the stabilizer of every even theta characteristic 8 in Aut(C) acts
transitively on the set of eight Aronhold systems corresponding to 6 via (7.17).

Now let V' be the 28-nodal double Veronese cone corresponding to C via Theo-
rem 1.3. Corollary 7.19 tells us that V' admits exactly 36 diagrams (1.1) up to projective
transformations of P3. One of them corresponds to the Aut(C )-invariant theta charac-
teristic 6. The group Aut(C) acts on the corresponding three-dimensional projective
space preserving the regular Cayley octad. Note however that since the regular Cayley
octad in P3 is a single Aut(C )-orbit (see for instance [12, Lemma 3.2]), this diagram is
not equivariant with respect to the whole group Aut(C). It is equivariant with respect
to the subgroup g, x p3 C Aut(C).

There is another natural way to recover the smooth plane quartic C corresponding
to the 28-nodal double Veronese cone V.

Let Py, ..., P; be seven points in P3 that form an Aronhold heptad. Let Pg be the
eighth base point of the net £(Py, ..., P7). Let p: P3 ——> P2 be the linear projection
centered at Pg.

Lemma 7.22. No three of the seven points p(P1), ..., p(P7) are collinear (so that in
particular no two of them coincide), and no six points among them are contained in a
conic.
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Proof. If three points, say p(P1), p(P2), and p(P3), lie on a line, then the four points
P1, P,, P3,and Pg lie on a plane. This implies that there is an elementin £( Py, . .., P7)
that contains the plane. Otherwise the restriction of the net £( Py, ..., P7) to the plane
would define a net of conics passing through the four points Py, P,, P3, and Pg.

We now suppose that six points, say p(P1), ..., p(Ps), lie on a conic. Then there
is a quadric surface in P3 passing through the six points Pi, ..., Pg together with Psg.
It follows from Lemma 3.1 that the quadric surface should pass through the point P;.
If the base point Pg of the net £( P, ..., P;) is a singular point of a member of the
net, then the base locus of the net £( Py, ..., P7) could not consists of eight distinct
points. ]

Remark 7.23. The heptad consisting of p(P1), ..., p(P7) is the Gale transform of
the heptad Py, ..., P7 (see [31], and in particular the examples following [31, Corol-
lary 3.2]). Thus, the points p(P1), ..., p(P7) uniquely define the Aronhold heptad
Py, ..., Py and the regular Cayley octad Pj, ..., Pg up to projective transformations
of P3.

Now let a: S — P2 be the blow up of P2 at the seven points p(Py), ..., p(P7). By
Lemma 7.22 the surface S is a smooth del Pezzo surface of degree 2, so that its anti-
canonical linear system yields the double cover ¢: S — P2 branched along some smooth
plane quartic curve C. The quartic curve C coincides with the Hessian curve of the
net of quadrics £( Py, ..., P7) (see [20, Proposition 6.3.11] or [24, Proposition 1X.2]).
The above maps are diagrammed as follows:

Vel B3 N
|

(7.24) ¢l Jn /Jw
3

P2 P3 - - 5 P2 P2

Here ¢ is a small resolution of all singular points of the 3-fold V', the morphism 7 is
the blow up of P3 at the seven distinct points Py, ..., P7, and the rational map « is
given by the half-anticanonical linear system of V.

Remark 7.25. The image of the exceptional curve of o over the point p(P;) by the
double cover morphism ¢ is the bitangent line of C corresponding to the odd theta
characteristic 8g; (£) (see [24, Proposition IX.2]). These seven odd theta characteristics
form an Aronhold system. Moreover, this Aronhold system is the same as the one given
by (7.15).

Remark 7.26. Following the diagram (7.24), one may easily figure out the last state-
ment in Lemma 3.9. Indeed, a fiber of the rational map « is given by the base locus
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of a pencil contained in the net £( Py, ..., P7). In case of a smooth fiber, the fiber
is the proper transform of a smooth intersection £ of two quadrics in the net. The
intersection E is a curve of degree 4 passing through eight points P, ..., Pg which
are the base points of the net. Thus the projection p sends E to a cubic curve passing
through the seven points p(Py), ..., p(P7). The proper transform of this cubic curve
on the del Pezzo surface S is a smooth member of the anticanonical linear system
of S. Since the double cover ¢ is given by | — K5/, the latter proper transform is the
pull-back of a line on P2 by ¢. It is the double cover of the line branched at the distinct
four points at which the line and the quartic curve C intersect. The point of the dual
projective plane corresponding to this line is exactly the point over which the original
fiber lies.

8. ©4-symmetric 28-nodal double Veronese cones

In this section we study the ©4-equivariant birational geometry of double Veronese
cones introduced in Example 1.5.

Let C and V be the plane quartic curve and the corresponding 28-nodal double
Veronese cone in Example 1.5. We consider the automorphisms of P(1, 1,1, 2, 3):

Tisitiuiviwle[sitiuiv —wl,
opls:tiuiviwl>[-s:—t:u:v:w],
oy:[s:tiuiviwl—lus:itv:wl,

o:fs:tiuviw]—>Jt:s:uv:—w

Since they keep V invariant, they may be regarded as automorphisms of V. Then
the involution 7 is the Galois involution of the double cover of the Veronese cone.
Moreover, by Theorem 1.4, we have

Aut(V) = u, x Aut(C),

where the subgroup p, is generated by t.

Let & be the subgroup in Aut(V) that is generated by o1, 02, and 03, and let &' be
the subgroup in Aut(V') generated by 01, 02, and t 0 03. Then & =~ &’ = G, and both
of them are projected isomorphically to the same subgroup in Aut(C). Meanwhile, the
subgroups & and & are not conjugate in Aut(V).

To facilitate the computations, introduce an auxiliary variable

(8.1) v=v—u(s®+ 1% +u?),
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where p = 21 /3. The defining equation of the 3-fold V' may then be rewritten as
(82) w? =10(0% +3uv(s* + 1> + u?) + 3u> (s> + 1> + u®)* — ga(s.t.u))
+ %+ 12+ u)? — (s F 12+ u)gals.tou) + ge(s,t,u).
One has
w(s? 12 +u?)? — u(s? + 12+ u?)gals, t,u) + ge(s.t,u)
= 4(A —2)2(A + 1)s%t%u>.
Sety =2(A —2)v/A + 1. We see from (8.2) that the 3-fold V contains the surfaces IT

given by equations
v=w F ystu =0,

that is, by equations

— 2 2 2
83) {v—u(s + 1% +u?),

w = Eystu.

Note also that both IT and I1_ are &’-invariant, and both of them are not Q-Cartier
divisors. In particular, we see that rk C1(V)®" # 1.

Let us introduce a new coordinate
w — ystu

r =
v

On the 3-fold V, one has
02 4 3ub(s? + 12 4+ u?) + 3u(s% + 12 + u?)? — gu(s. 1, u)
w + ystu ’

This gives us a birational map of V' to the complete intersection in P(1,1,1, 1,2, 3)
given by
rv =w — ystu,
(8.4) r(w + ystu) = 02 + 3uv(s® + 12 + u?)
+3u%(s% + 12 + u?)? — ga(s. t,u).
Now excluding the variable w using the first equation in (8.4) and expressing v in

terms of s, ¢, u, and v by (8.1), we obtain a quartic hypersurface in P(1, 1, 1, 1, 2) with
homogeneous coordinates s, t, u, r, and v that is given by

r(rv 4 2ystu) = v> + 3uv(s? + 1% + u?) + 3p3 (% + 12 + u?)? — ga(s. 1, u),
or equivalently by
(8.5) v+ o(p(s® + 12 +u?) —r?) + pP (% + 12 +u?)?
—ga(s,t,u) + ur?(s® + 12 + u?) — 2yrstu = 0.
We denote this 3-fold by W.
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We have constructed a birational map V --» W that fits into the following &”-
equivariant diagram

(8.6) l ///

Here the horizontal arrow is the blow up of the surface 1., and the vertical arrow is
the blow down of the proper transform of the surface I1_ to the point

[s:t:u:r:v]=[0:0:0:1:0],

which is a smooth point of the 3-fold W.
The 3-fold W is the double cover of P3 branched over a quartic surface

(n(s® + 1> +u®) — r2)2
—4(WP(s* + 12+ uP)? — ga(s. tu) + p(s® + 1> + u?)r? — 2yrstu) = 0,

where we consider s, ¢, u and r as homogeneous coordinates on IP3. This quartic
surface has exactly 16 nodes, which means that it is a Kummer surface, so that W
would also have exactly 16 nodes.

Let S be the surface in W that is cut out by » = 0. Then S is &’-invariant. It is the
double cover of P? branched over the quartic curve

dga(s,tu) —3u*(s*> + 12 +u?)? =0,

where we consider s, ¢ and u as homogeneous coordinates on P2. Keeping in mind
that u = 21 /3, we see that this curve is given by

(8.7 sttt Hut + AU+ s2u? +5%0%) = 0.

Therefore, it is isomorphic to our original curve C. In particular, the surface S is a
smooth del Pezzo surface.

Lemma 8.8. Let U = Pic(S) ® C. One has an isomorphism of &' -representations
8.9) UxIapl @ W; ® W;,

where 1 is the trivial representation, 1’ is the sign representation, and W3 and W; are
non-isomorphic irreducible three-dimensional representations.
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Proof. Recall from (8.5) that the surface S is given in P(1, 1, 1, 2) with weighted
homogeneous coordinates s, ¢, u, and v by equation

21 472
v? + ?v(s2 + 2 +u) + T(s2 + 12+ u?)? — ga(s.t,u) =0,

where

A2 412 2(A% + 61)

3 (t%u® + s2u? + 1%5%).

(s* 4+t +uh) +

g4(s,t,u) =

As before, the parameter A varies in C \ {£2,—1}.
Let v be a new variable defined as

A
V=%+g(s2+t2+u2).

One can verify that, after this change of coordinates, S is given by the following equation
in P(1,1, 1, 2) with weighted homogeneous coordinates s, ¢, u, and v, cf. (8.7):

V2= st 1t ut AP+ P 41582,
Note that &’ is the subgroup in Aut(S) generated by the transformations

[s:t:u:v]>[—s:—t:u:v],
[s:t:u:vl>u:s:t:v],

[s:t:u:vl>[t:s:u:v].
Let & be the subgroup in Aut(S) generated by the transformations

[s:t:u:vl>[-s:—t:u:v],
[s:t:u:vl>[u:s:t:v],

[s:t:u:v]l>[t:s:u:—v].

Then &’ = &', but these subgroups are not conjugate in Aut(S). They intersect
by the even elements, and every odd element of &’ differs from the corresponding
element of &” by the Galois involution of the anticanonical double cover S — P?2.
This involution acts as a multiplication by —1 on the orthogonal complement to Kg
with respect to the intersection form in Pic(S) ® C. Thus, to prove (8.9), it is enough
to show that

UxI® oW, oW,

as a representation of the group &”.
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For ease of notation, take o, 8 € C so that
2 —A+2V-A—1
N A+2

Consider the following twelve (—1)-curves on the surface S

a and B = %(1 + a?).

L1:s+at:V—ﬁt2—u2:O; L2:s—at:v—ﬂ12—u2:0;
Li:t+as=v+Bs>+u’>=0;, Ly:t—as=v+ps>+u?>=0;
Ls:t+au=v—pu’>—s>=0; Le¢:t—au=v—pPu’>—s*=0;
Ly:s+au=v+pu’>+t>=0; Lg:s—ou=v+pu>+1t>=0.
Lo:u+at=v+pt24+s>=0; Lyp:u—at=v+pt>+s*=0;

L1 :u+as:v—,3s2—12:O; le:u—oes:v—,Bsz—tz:O.

They form a single &”-orbit. Moreover, these 12 curves split into a disjoint union of
the following pairs of intersecting lines:

LiULy, LzULs, LsULs, L7ULg, LoULjyy, Li1ULjs.

Hence, there exists a &”’-equivariant conic bundle ¢: S — P! such that these pairs are
exactly its singular fibers. This implies that Pic(S )(S'N is generated by Kg and a fiber of
this conic bundle. In particular, the surface S is not &”-minimal. With [22, Table 7], we
conclude that & is the odd lift of @4 to Aut(S) (see [22, §6.6] for the terminology).

Therefore, the subgroup &” is the even lift of G4 to Aut(S). Hence, by [22, Table 7],
the surface S is &’-minimal, so that U contains a unique trivial &”-representation
(generated by Kg). This in turn implies that U does not contain summands isomorphic
to the sign representation of the group G”.

As & -representation, U splits as

(8.10) UxI®gU,

where U is some six-dimensional representation of &” that does not contain one-
dimensional subrepresentations. We conclude that U splits into a sum of two- and three-
dimensional irreducible &” -representations. If there is a two-dimensional summand
in U, then it must be a sum of three two-dimensional summands. In this case the
action of &” on Pic(S) would be not faithful, which contradicts [20, Corollary 8.2.40].
Therefore, we see that U is a sum of two three-dimensional irreducible representations
of &”. Note that in the splitting (8.10) the summand 1®? is generated by K and a
fiber of the conic bundle ¢, while L1, L3, Ls, L7, Lg, and L1, form a basis in U.
Let o be the element of the group & that acts by

[s:t:u:vl>[t:s:u:—v].
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Then

O(Ll) = L3, O’(L3) = L], O’(Ls) = L7,
o(L7) =Ls, o(Lo) =Ly, o(Ly1) = Lo.

Thus, the trace of o in U equals 0. The element o corresponds to a transposition
in &” = &4. This means that U = W3 @ W as & -representation. Therefore, the
isomorphism (8.9) of &'-representations holds. |

The commutative diagram (8.6) gives a surjective &’-module homomorphism of
CI(V) onto CI(W) with one-dimensional kernel generated by the surface I1_. On the
other hand, restricting divisors in CI(W) to S, we obtain a &’-module homomorphism

CI(W) — Pic(S),

which is injective (cf. [50, Corollary 3.9.3]). Note that C1(W) is of rank 7, while Pic(S)
is of rank 8.
As &’-representations, we have

ClV)®C =1%2 gV,

where T is a trivial &’ -representation, and V is some six-dimensional &'-representation.
Note that the summand 1%? is generated by Ky and IT1_. We see that V is a subrep-
resentation of Pic(S) ® C, so that V is a sum of two irreducible three-dimensional
&’ -representations W3 and Wj by Lemma 8.8. As a by-product, we obtain

Corollary 8.11. There is an isomorphism of &' -representations
ClV)®C =192 W; @ W;.

In particular, tk CL(V)®" = 2 and tk CL(W)®" = 1.

Recall that the subgroups & and &’ are both isomorphic to ©4. They intersect
by the even elements, and every odd element of & differs from the corresponding
element of &’ by the Galois involution . This involution acts as a multiplication by —1
on the orthogonal complement, with respect to the intersection form (1.2), to Ky
in C1(V') ® C. Thus, Corollary 8.11 implies that C1(V) ® C contains a unique trivial
subrepresentation of the group &.

Corollary 8.12. One has tk CI(V)® = 1.
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9. Birational rigidity

In this section we study G-birationally rigidity of nodal double Veronese cones.

Let V be a nodal del Pezzo 3-fold of degree 1 (not necessarily with 28 nodes).
Then V can be given in P(1, 1, 1, 2, 3) with weighted homogeneous coordinates s, #,
u, v, and w (of weights 1, 1, 1, 2, and 3, respectively) by equation

w? = v 4+ vha(s, t,u) + he(s, t,u)

for some homogeneous polynomials /4(s, t, u) and hg(s, ¢, u) of degree 4 and 6,
respectively. Then
—Ky ~2H,

where H is an ample Cartier divisor on V such that H3 = 1. The linear system | H |
has one base point, which we denote by O. Recall that the 3-fold V' is smooth at the
point O.

The linear system |2 H | is free from base points and gives a double cover

vV —P(1,1,1,2).

As before, denote by t the Galois involution of this double cover.
Let k: V --> P2 be the projection given by

[s:t:u:v:w][s:f:ul.

Then « is a rational map given by the linear system | H |. In particular, « is Aut(V')-
equivariant. Furthermore, there exists an Aut(}')-equivariant commutative diagram

where ¥ is the blow up at the point O, and k is a morphism whose general fiber is an
elliptic curve. Note that every fiber of the morphism ¥ is irreducible. Moreover, we
have an exact sequence of groups

l —— T —— Aut(V) —— Aut(P?),

where I is a finite subgroup in Aut(V') that contains . If /i4(x, y, z) is not a zero
polynomial, then I' is generated by t. If h4(x, y, z) is a zero polynomial, then I is a
cyclic group of order 6 that is generated by 7 and a map given by

[s:t:u:v:wl>[s:1:u:ev:wl,

where €3 is a primitive cube root of unity (cf. [22, §6.7]).
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Let G be a finite subgroup of Aut(V). Denote its image in Aut(P2) by G. Suppose
that
tk CL(V)¢ =1,

so that V' is a G-Mori fiber space (see [14, Definition 1.1.5]). If P2 contains a G -fixed
point, then there exists a G-equivariant commutative diagram as follows:

Here P2 —-> P! is the projection from the G-fixed point, « is the maximal extraction
whose center is the fiber of k over the G -fixed point, and v is a fibration into del Pezzo
surfaces of degree 1. Thus, in this case, the 3-fold V' cannot be G-birationally rigid.
If V is smooth and P2 contains no G-fixed points, then V is G-birationally super-
rigid. This follows from [35] and [36] (cf. [11, Remark 1.19]). We conjecture that
the following two conditions are equivalent for a nodal double Veronese cone V' with
an arbitrary number of singular points, admitting an action of a finite group G such
that tk C1 (V) = 1:
e P2 does not contain G-fixed points,
e the 3-fold V is G-birationally rigid.
At present, the proof of this conjecture is out of reach; the reason for this is that we cannot
effectively control linear systems with non-canonical singularities at the curves passing
through singular points unless certain restrictions on such curves can be obtained from
the action of a group. Instead, we give a very simple proof of a weaker result, which
implies Theorem 1.7. To state the result, note that a surface I in the 3-fold V is said
to be a plane if T1 = P2 and H? - T1 = 1. For instance, by [50, Theorem 7.2] every
28-nodal double Veronese cone contains exactly 126 planes.

Theorem 9.1. Let V be a nodal double Veronese cone with an action of a finite group G
such that 1k CI(V)G = 1. Suppose that the following three conditions are satisfied:
(1) P2 does not contain G—ﬁxed points;

(2) the singular locus Sing(V') does not contain G-orbits of length 3;

(3) for every G-irreducible curve D in V such that H - D is either 2 or 3, and k(D)
is a curve in P? of degree H - D, there is a plane in V that contains D.

Then V is G-birationally super-rigid.
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Corollary 9.2. Let V and G be as in Theorem 9.1. Suppose that P? does not contain
G -fixed points. If P? does not contain G-invariant curves of degree 2 or 3, then V is
G -birationally super-rigid.

Remark 9.3. We cannot drop condition (2) in Theorem 9.1. Suppose that P2 does
not contain G-fixed points, but Sing(V') contains a G-orbit of length 3. Let f8: VoV
be the blow up at this G-orbit. Then it follows from [40] and [51, Theorem 1.5] that
there exists a crepant G-birational morphism v: V — X such that X is a double cover
of P3 branched in an irreducible sextic surface. Let ¢ be the involution in Aut(X) of
this double cover, and put

p=pBovoiovopl.
Then p € BirG(V). Moreover, if v is small, then p is not biregular.
Before proving Theorem 9.1, let us use it to prove Theorem 1.7.

Proof of Theorem 1.7. Suppose that the 28-nodal double Veronese cone V' is G-bira-
tionally rigid. Then the group G does not have fixed points on P2, and thus also
has no fixed points on its projectively dual plane. Let C be the smooth plane quartic
curve that is constructed as the projectively dual curve of the discriminant curve C
of the half-anticanonical rational elliptic fibration k: V --> P2 (see Theorem 1.3 or
Lemma 6.2). Then the group G acts faithfully on C. We see from Lemma 2.7 that C
can be given by equation (1.6), the group G must contain a subgroup isomorphic to Gy,
and P2 (as well as its projective dual) can be identified with a projectivization of an
irreducible three-dimensional representation of ©4. Using once again Theorem 1.3
and formula (5.10), we conclude that V' is a double Veronese cone from Example 1.5.
Furthermore, by Theorem 1.4 the group G contains a subgroup isomorphic to ©4.
Now it follows from Corollary 8.11 that G contains a subgroup conjugate to &.

Now we suppose that V' is a double Veronese cone from Example 1.5,and G = &.
Then P2 does not contain G-fixed points, and rk C1(V)¢ = 1 by Corollary 8.12. To
complete the proof, we have to show that V' is G-birationally super-rigid. Suppose that
this is not a case. Let us seek for a contradiction.

Note that G =~ &, and P2 contains a unique G-orbit of length 3. This orbit consists
of the points [0 : 0 : 1], [0 : 1: 0] and [1 : O : 0]. Taking partial derivatives of (5.10)
and using the expressions for g4 and g¢ provided in Example 1.5, we see that Sing(V)
does not contain points that are mapped by « to [0:0: 1],[0:1:0],or[1:0:0].In
particular, we see that the singular locus Sing(1) does not contain G-orbits of length 3.

Using Theorem 9.1, we conclude that V' contains a G-irreducible curve D on V
such that H - D is either 2 or 3, the curve D is not contained in any plane in V,
and k(D) is a curve in P2 of degree H - D.
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Observe that there exist a unique G-invariant conic and a unique G-invariant cubic
curve in IP2. The former curve is given by s2 + t? + u? = 0, and the latter curve is
given by stu = 0.

Suppose that H - D = 3. Then «(D) is given by stu = 0, so that D consists of
three irreducible components that are mapped isomorphically by « to the lines s = 0,
t =0and u = 0 in P2

Let Dg be the irreducible component of the curve D that is mapped by « to the
line s = 0. Then the stabilizer G5 of Dg in G = &, is isomorphic to the dihedral
group of order 8. However, its action on Dy is not faithful, but the action of its quotient
isomorphic to g, X p, is faithful. Therefore, a general G-orbit in Dy has length 4.
Consider the pencil R of G-invariant surfaces in V' generated by the surfaces v = 0
and s? 4 t? + u? = 0. Since a surface from R has intersection number 2 with Dy, we
conclude that there is a surface R in R that contains Dj. Since R is G-invariant, it
contains the whole curve D.

The surface R is given by equation

v =+ 12 +u?)
for some u € C. Thus, the curve D is contained in the subset in V' that is cut out by

v = pu(s? + 12 +u?),
stu = 0.

If ;1 = 2A/3, then the equation v = u(s? + t? + u?) cuts out two planes in V,
which are given by

v = p(s? + 1% +u?),
w = ystu,

where y = £2(A — Z)Jm (see (8.3)). Thus, in this case, the curve D is contained
in a plane, which is impossible by assumption. Hence, we conclude that u # 21 /3.

We see that the irreducible component Dy is contained in the subset in V' that is
cut out by

v = u(t? +u?),
s =0.

If this subset were irreducible and reduced, then it would coincide with D, which would
contradict H - Dy = 1. Hence, the above subset is either reducible or non-reduced.
Algebraically, this simply means that the polynomial

P(t’ M) = /’L3(t2 + u2)3 - ,LLg4(0,t, u)(tz + u2) + g6(0v t?”)
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must be a complete square (this includes the possibility for the above polynomial to be
zero, which corresponds to the non-reduced case). The polynomial P (¢, u) simplifies
as

( 3 APH12 22(A-6)(A +6)

— IZ 2,\3
S > )( +u”)

— 4% — 2)(M - %A)(zz + u?)t?u>.

This shows that the polynomial P (¢, u) cannot be a zero polynomial because A # 2
and p # 2A /3. Suppose that P (¢, 1) is a complete square. Then it must be of the form

P(t,u) = (ast® + axt®u + atu® + aou®)?,

where a;’s are constants depending on A and p. We can see directly from the simpli-
fied P(¢,u) above that P(t, u) is invariant under switching variables ¢ and u and that
it contains ¢ and u with only even exponents. We therefore obtain

2 2 2 2
a, = dasz, aj + 261002 = da, + 2(,11613, aopd1 = dpdsz = O, apas + ara; = 0.

However, these yield a9 = a; = a, = a3 = 0, which is impossible. Consequently,
one has H - D # 3.

We see that H - D = 2. Then k(D) is given by equation s + t2> 4+ u? = 0 in P2.
In particular, one has D = P!. The action of G =~ G4 on D is faithful, so that any
G-orbit in D has length at least 6. Consider the pencil R as above. Since a surface
from R has intersection number 4 with D;, we conclude that every surface in R
contains D. In particular, D is contained in a surface given by equation

21
v = ?(s2 + 1% +u?).

As above, we conclude that D is contained in a plane, which gives a contradiction.
This completes the proof of Theorem 1.7. |

Now we are equipped to prove Theorem 9.1. Recall that V is a nodal double
Veronese cone with an action of a finite group G such that rk Cl (V)G =1, and
assumptions (1)—(3) of Theorem 9.1 hold. Namely, we suppose that P2 does not
contain G-fixed points; that the singular locus Sing(¥) does not contain G-orbits of
length 3; that for any G-irreducible curve D in V' such that H - D is either 2 or 3,
and k(D) is a curve in P? of degree H - D, there is a plane in V containing the
curve D.
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Remark 9.4. Since there are no G-fixed points on P2, there are also no G-invariant
lines. This implies that there are no G-orbits contained in a line. In other words, every
G-orbit contains three non-collinear points, and in particular no G-orbits of length 2.
Furthermore, by Lemma 2.6 every G -orbit contains four points such that no three of
them are collinear.

To prove Theorem 9.1, we have to show that the 3-fold V' is G-birationally super-
rigid. Suppose that it is not. Then there exists a G-invariant mobile linear system M
on the 3-fold V' such that

M~ nH,

and the log pair (V, %M) is not canonical (see for instance [14, Theorem 3.3.1]).

Let Z be a G-center of non-canonical singularities of the log pair (V, %M) Recall
that O denotes the (unique) base point of the linear system |H| on V, and O is a
smooth point of V.

Lemma 9.5. The G-center Z cannot be the point O.

Proof. Let M be a general surface in M, and let E be a general fiber of the map «.
Then E ¢ M, so that

n=M-E =multg(E) -multop(M) = multo(M).

On the other hand, the Zariski tangent space T,y is an irreducible representation of
the group G, because P2 does not contain G-fixed points. Thus, using Lemma 2.4, we
conclude that O is not a center of non-canonical singularities of the log pair (V, %M).

]

Lemma 9.6. If Z is zero-dimensional, then Z C Sing(V).

Proof. Suppose that the G-orbit Z consists of smooth points of the 3-fold V. Let M;
and M, be general surfaces in the linear system M. Then

9.7) multp (M; - M>) > n?

for every P € Z by [15, Corollary 3.4]. Let us show that this leads to a contradiction.
By Lemma 9.5, we have Z # O, so that k (Z) is a well-defined G-orbit. Moreover,
k(Z) consists of at least 3 points, and contains three non-collinear points by Remark 9.4.
Denote them by P;, P, and P3.
Let E1, E, and E5 be fibers of the map k over the points Py, P, and P3, respectively.
Then
My -M; =m(E; + E> + E3) + A,



H. ABBAN, I. CHELTSOV, J. PARK and C. SHRAMOV 58

where m is a non-negative integer, and A is an effective one-cycle whose support does
not contain the curves Eq, E, and E3. Then m < n? /3, since

n>=H-M;-My=H-(m(Ei + E>+ E3) + A)=3m+ H-A =3m.

Let Oy, O, and O3 be points in Z that are mapped to Py, P, and Ps, respectively.
Let § = multo, (E;). Then either § = 1 or § = 2. Moreover, it follows from (9.7) that

multg, (A) > n?—mé

for each point O;.

Let B be a linear subsystem in |2H | consisting of all surfaces that contain the
curves Ey, E, and E3. Then B does not have other base curves, since Py, P> and P;
are not collinear. Thus, for a general surface B in 8, we have

3
2n* —6m =B -A =) mulig,(A) > 3(n> — mé).
i=1
This implies
—4m = mé8 — 6m > n?,

which is a contradiction. [ ]
Lemma 9.8. The center Z is one-dimensional.

Proof. Suppose that dim Z = 0, so that Z is a G-orbit. Then Z C Sing(V') by Lem-
ma 9.6. Let r be the length of the G-orbit x (Z). Note that = 3 by Remark 9.4. Denote
the points of x(Z) by P1,..., P,. Let E; be the fiber of the map k over the point P;.
Then E; is an irreducible curve because E; - H = 1. Since the arithmetic genus of E;
equals 1, we see that E; has at most one singular point, and thus contains at most
one singular point of the 3-fold V. Hence, since E; N Z # @, each curve E; contains
exactly one singular point of V', which must be a singular point of the curve E;. In
particular, we see that the length of the G-orbit Z also equals r.

Let O; be the singular point of the curve E;. Then Z consists of the points
01, ..., O,. By assumption, we have r = 4.

The G-orbit k (Z) contains four points in P2 such that no three of them are collinear
by Remark 9.4. Without loss of generality, we may assume that these points are Py,
P5, P3, and P4. Let B be a linear subsystem in |2 H | consisting of all surfaces that
contain the curves E1, E», E3 and E4. Then 8B does not contain other base curves.

Let B: V — V be the blow up of the points O1, O,, O3 and Og4, and let Fy, F;,
F3, F4 be the B-exceptional surfaces that are mapped to the points Oy, O,, O3, Oy,
respectively. Denote by B the proper transforms on V of the linear system B. Then

—Ky ~ B~ B*2H) — (Fy + F2 + F3 + Fu),
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which implies that the divisor —Ky; is nef, because it intersects the proper transform
of each curve E; trivially.
Denote by M the proper transform of the linear system M on the 3-fold V. Then

M ~q B*(nH) —m(Fy + F, + F5 + Fy)

for some non-negative rational number m. Let M, and M, be general surfaces in M.
Then
0$EM1 'Mz =2n2—8m2,

which gives m < n/2. This is impossible by [15, Theorem 3.10]. |

Thus, Lemma 9.8 concludes that Z is a G-irreducible curve. Denote by Z1,..., Z,
the irreducible components of Z. Thus, if r = 1, then Z = Z is an irreducible curve.
In this case, k(Z) is neither a point nor a line, because P2 does not contain G -fixed
points. In particular, we see that H - Z # 1.

Since Z is a G-center of non-canonical singularities of the log pair (V, %M), we
have

multz, (M) > %

Let M, and M, be general surfaces in M. Then

,

n2=H-M; M, > Zmultzi(Ml - M) > ng-Z,-,
i=1

so that we have the following four possibilities:

(A) r =1, H-Z =2, and k(Z) is a smooth conic in P?;

(B) r =1, H-Z = 3, and k(Z) is a smooth cubic in P?;

(C) r =3, H-Z =3, and k(Z) is a union of three lines;

(D) r =3,H-Z = 3,and k(Z) is a G-orbit of length 3.

We claim that the case (D) is impossible. Indeed, if «(Z) is a G -orbit of length 3,
then the linear system | H | contains a surface Hy, passing through Z; and Z,. Let M
be a general element of the linear system M. Then

n=H-M-H=>multz, (M) + multz, (M) > n,

which is absurd.

Thus, we see that H - Z is either 2 or 3 and that k(Z) is a curve of degree H - Z.
Therefore, by assumption, the 3-fold V' has a plane IT that contains the curve Z. Let L
be a general line in this plane, so that H - L = 1, the intersection L N Z consists of
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exactly H - Z points, and L is not contained in the base locus of the linear system M.
Then, for a general surface M € M, we have

n=L-M=2multz(M)-|LNZ|=2multz(M) = 2multz(M) > n,

which is a contradiction. This completes the proof of Theorem 9.1.

10. Questions and problems

In this section we discuss several open questions concerning 28-nodal double
Veronese cones.

Del Pezzo surfaces of degree 2. Let IV be a 28-nodal double Veronese cone, let C
be the plane quartic curve corresponding to V' by Theorem 1.3, and let S be the del
Pezzo surface of degree 2 constructed as the double cover of P? branched along C.
We know from Corollary 6.9 that

Aut(V) = p, x Aut(C) = Aut(S),

although there is no obvious choice for a natural isomorphism between Aut(}') and
Aut(S). Also, one has
Cl(V) =~ Z8 =~ Pic(S).

Recall from [50, Corollary 7.1.4] that the group Aut(V) acts faithfully on CI(V),
while by [20, Corollary 8.2.40] the group Aut(S) acts faithfully on Pic(S). It would
be interesting to know if there exists a natural identification of the corresponding
representations. More precisely, we ask the following question.

Question 10.1. Does there exist an isomorphism Aut(V) = Aut(S) under which
CL(V) ® C is isomorphic to Pic(S) ® C as representations of this group?

Recall that both C1(1') and Pic(.S) have a naturally defined intersection form. The
canonical class Ky is invariant with respect to the action of the group Aut(V) on CI(V),
and the canonical class K is invariant with respect to the action of Aut(.S) on Pic(S).
Moreover, in some cases these are the only trivial subrepresentations in C1(V') ® C and
Pic(S) ® C; for instance, this is the case when Aut(C) = PSL, (IF7). Therefore, if there
exists a natural identification of automorphism groups as required in Question 10.1,
then for any 28-nodal Veronese double cone V' and the corresponding del Pezzo
surface S there must exist an identification of the seven-dimensional representations of
the group Aut(V) =2 Aut(S) in the orthogonal complement C1(V)1XV @ C to Ky in
Cl(V) ® C and in the orthogonal complement Pic(S)1X5 @ C to K in Pic(S) ® C.
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Recall that both lattices C1(V)~Xv and Pic(S)1Xs are isomorphic to the lattice E;
(see [50, Theorem 1.7] and [50, Remark 1.8] for the former, and [22, §8.2.6] for the
latter). We point out that despite this fact in general one cannot hope for an equivariant
identification of the lattices C1(V)1Xv and Pic(S)1Xs that takes into account the
intersection forms, even if the answer to Question 10.1 is positive.

Indeed, let C be a smooth plane quartic curve with an action of the symmetric
group G4 as in Example 1.5. Let us use the notation of §8. It follows from Corollary 8.11
and Lemma 8.8 that each of the &’ representations C1(V) ® C and Pic(S) ® C con-
tains a unique two-dimensional subrepresentation. This implies that the lattice C1(V)
contains a unique &’-invariant primitive sublattice Ay of rank 2, and the lattice Pic(S)
contains a unique &’-invariant primitive sublattice A g of rank 2. However, the sublat-
tice Ay is generated by the half-anticanonical divisor H and the plane T1_, so that the
intersection form on Ay is given by the matrix

H?> H-TI_\ (1 1
H-1_. 1% | \1 —-1)°

On the other hand, it follows from the proof of Lemma 8.8 that the sublattice A s is
generated by —K g and a fiber F' of a conic bundle, so that the intersection form on A g

is given by the matrix
K§ —Ks-F\ (2 2
—Kg-F F? ~\2 o)

Thus, we see that the lattices Ay and A g are not isomorphic.

One situation when we can easily establish the isomorphism required in Ques-
tion 10.1 is as follows. Let G be a subgroup in Aut(P3) such that there exists a
G-invariant Aronhold heptad Pj, ..., P7. Then the diagram (7.24) is G-equivariant,
which implies that C1(}V') ® C is isomorphic to Pic(S) ® C as G-representations.

Elliptic fibration. The following construction was pointed out to us by Alexander
Kuznetsov. Let C be a smooth plane quartic, and let S be the corresponding del
Pezzo surface of degree 2 with the anticanonical morphism ¢: S — P2, Let P2 be the
projectively dual plane of P2. Let p; and p, be the projections of the flag variety

F =FI(1,2,3) C P2 x P?

to the first and the second factor of P2 x P2, respectively. Consider the fiber product:
Y
N
S F
D7
P2 P2
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Note that there is a natural action of the group Aut(S) = g, x Aut(C) on Y. The
morphism
Ky = ppoy:Y — P?

is an elliptic fibration whose discriminant curve is projectively dual to C.

Now let V' be the 28-nodal double Veronese cone constructed from the plane
quartic C by Theorem 1.3. Then the half-anticanonical map «: V' --» P2 is a rational
elliptic fibration. Let V be the blow up of V at the unique base point of «, and let
%:V — P2 be the corresponding regular elliptic fibration. Then the discriminant curve
of ¥ is projectively dual to C. Moreover, it follows from Lemma 3.9 that over every
point in P2 the fibers of the elliptic fibrations k and xy are isomorphic to each other
(cf. Lemma 6.5).

Furthermore, it follows from Lemma 3.9 that (at least over the complement to the
discriminant curve) the elliptic fibration ky is the relative Pic? of the elliptic fibration ¥.
Indeed, let E be a smooth fiber of k, and let P; and P, be two points on E. Recall
that E is a proper transform of the base locus Eq of some pencil @ of quadrics in IP3.
The two points Py, P, € Eg define a line L passing through them. Thus they define a
unique quadric Q in @ containing the line L, and also the family of lines on @ which
contains L. Note that the fiber of the elliptic fibration ky over the point ¥ (E) can be
identified with the double cover of @ = P! branched in the locus of singular quadrics
of @ or, in other words, with the Hilbert scheme of lines contained in the quadrics of Q.
Therefore, the pair of points (P, P») defines a point on the fiber of ky over k¥ (E). This
point depends only on the class of the pair (P;, P») in Sym?(E), since every other pair
from the same class determines the same quadric Q and a line from the same family
of lines on Q where L lies. We conclude that the fiber of ky over K (F) is identified
with Pic?(E). It remains to notice that this construction can be performed in the family,
and thus the assertion about the fibrations follows.

One of the consequences of the above construction is as follows. Since the elliptic
fibration k is obtained by blowing up V' at a single point, it comes with a distinguished
section (which corresponds to the eighth base point of the net of quadrics in the
construction of V' from an Aronhold heptad). Therefore, there exist a natural birational
map between V and Y.

Question 10.2. Is there a more explicit geometric relation between the 3-fold ¥ and
the 28-nodal double Veronese cone V'?

Intersections of quadrics and cubics. The following construction was also explained
to us by Alexander Kuznetsov. Let Py, ..., Pg be a regular Cayley octad, and let £ be
the corresponding net of quadrics in IP3. Then the lines contained in the quadrics of £
are parametrized by a three-dimensional variety Z (cf. [53, §1.2]). Then Z can be
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regarded as a subvariety of the Grassmannian Gr(2,4). Let U" be the universal quotient
bundle on Gr(2, 4) (or, which is the same, the dual of the tautological subbundle).
Furthermore, Z can be described as the degeneracy locus of the morphism of vector
bundles

0Gr(2,4) d Szuv

corresponding to &£. Therefore, the 3-fold Z is an intersection of a quadric and a cubic
in P°>. Note that Z has 28 singular points corresponding to the lines passing through
pairs of points P; and P;. In particular, its intermediate Jacobian is trivial.

Question 10.3. Is there a natural geometric relation between the 3-fold Z and the
28-nodal double Veronese cone V constructed from the net of quadrics £7? Is the
3-fold Z rational?

Question 10.4. Does the 3-fold Z depend on the choice of the net of quadrics &£, or
only on the corresponding plane quartic curve?

Other 3-folds constructed from plane quartics. There are other interesting classes
of 3-folds related to plane quartic curves. For instance, a construction due to S. Mukai
assigns to a general plane quartic a smooth Fano 3-fold of genus 12 (and anticanonical
degree 22), see [47,48,52] for details.

Question 10.5. Is there a natural geometric relation between the 28-nodal double
Veronese cone V' and the Fano 3-fold V55 of genus 12 constructed from the same
smooth plane quartic C?

We point out that both of the above varieties are rational, so there always exists a
birational map between them. However, one cannot choose such a map to be Aut(C)-
equivariant. Indeed, if Aut(C) = PSL,(F7), then both V' and V5, are PSL,(F7)-
birationally super-rigid by Theorem 1.7 and [12, Theorem 1.10].

Degenerations. The following question was asked by Vyacheslav Shokurov and Yuri
Prokhorov.

Question 10.6. Can one extend the one-to-one correspondence between smooth plane
quartics and 28-nodal double Veronese cones given by Theorem 1.3 to the (mildly)
singular case (like, double Veronese cones with cA-singularities, or double Veronese
cones with 26 nodes and one nice ¢ A,-singularity, or plane quartics with a single node)?
Furthermore, can one include in this one-to-one correspondence the plane quartic that
is a union of a cuspidal cubic and its tangent line in the cusp (in other words, the quartic
that gives rise to a del Pezzo surface of degree 2 with an E;-singularity)?
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A. Computer-aided calculations

This appendix explains, from a computational point of view, how (5.4) is obtained.
In particular, a way to extract explicit formulae of the covariants g4(s, ¢, u) and
g6(s,t,u) from a given plane quartic (5.1) is described, which enables us to produce
concrete examples of 28-nodal double Veronese cones from smooth quartic curves
as in Example 1.5. We point out that there is a method to write down the polynomial
g4(s,t,u) using a smaller amount of explicit computations. It is based on the expression
for the cubic invariant in the coefficients of the plane quartic given in [54, §293] (see
the end of [49, §1]).

Since the denominator and the numerator of the j-function in (5.2) are symmetric
polynomials in X1, x5, X3, X4, the j-function in (5.2) may be regarded as a rational
function in by, by, b2, b3, b4 of (5.3). Using the simple MAGMA ([8]) function:

Computing the numerator (N) and the denominator (D) in terms of symmetric functions

Q<x1,x2,x3,x4> := PolynomialRing(RationalField(), 4);
Num:=(x1-x2) "2*(x4-x3) "2- (x1-x3) * (x4-x2) * (x4-x1) *(x3-x2) ;
Den:=(x1-x2) "2*%(x1-x3) "2* (x1-x4) ~2*% (x2-x3) "2* (x2-x4) ~2* (x3-x4) ~2;
Q<bl, b2, b3, b4> := PolynomialRing(RationalField(), 4);

I, N := IsSymmetric(Num, Q);

I, D :
D;

N;

IsSymmetric(Den, Q);

we are able to obtain the denominator and the numerator of the j -function (respectively,
D and N), which after homogenization with respect to b result in

(X1 — Xx2)*(xa — x3)* — (x1 — x3) (x4 — x2) (x4 — X1)(x3 — X2)

1
= %(—35153 + 12bobs + b3);

(x1 — xz)z(xl - x3)2(x1 - x4)2(x2 - x3)2(x2 - x4)2(x3 - X4)2

1
= ﬁ(—27bfbf + 18b3bab3by — 4b3b3 — 4b?b3by + b?b2D3

0
+ 144bobibab} — 6bob7b3by — 80bob1b3b3by + 18bob1b2b3

—192b2b1b3b3 + 16bgb3bs — 4bob3b3 — 128b2b3b3 + 144b3byb2 b,
—27b3b3 + 256b3b3).
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Therefore, regarded as a rational function in by, b1, b2, b3, by, the j-function in (5.2)
can be expressed as follows:

J(bo,b1,bz, b3, bs)
28(=3b1b3 + 12boby + b2)?
— 27b}{b2 + 18b3byb3by — 4b3b3 — 4b2b3by + bIb2b3 + 144bobibybs
— 6bobZb3bys — 80bob1b3b3bs + 18bob1babs — 192b3b1b3b3 + 16bob3bs
— 4bob3b3 — 128b5b3b7 + 144b5byb3by — 27h5b5 + 256b3b;
4hs(bo. b1, by, b3, bs)?
4hy(bo. b, b2, ba, bs)® —27h3(bo, by, by, b3, ba)?’

= 1728

where

1
hz(bo,bl,bz,b3,b4) = 3(—3b1b3 + 12b0b4 + b%),

1
ha(bo.b1.ba.b3.bs) = - (12bobabs — 2Tbob3 — 2Tb%bs + Ob1babs — 203).

Since by, . .., by are homogeneous polynomials of degree 4 in s, ¢, and u, we can
obtain expressions for /i, (bg, b1, b2, b3, bs) and h3(bg, by, by, bz, bs) as homogeneous
polynomials of degrees 8 and 12, respectively, in s, ¢, u. Starting with a quartic equation
Z aiix'y/z* =0,
i+j+k=4
where a;jx are independent variables, we can calculate by, . . ., by, using the identities
given after (5.3), as in the code below:

Calculating /1, and &3 in terms of s, 7, u with general coeflicients a;

P<a400,a310,a301,a220,a202,a211,a130,a103,a121,a112,a040,a031,2022,
a013,a004,s,t,u>:=PolynomialRing(Rationals(),18);
b0:=a004*s74-a103*s"3*u+a202*s~2*xu"2-a301*s*u”~3+a400*u"4;
bl:=4%a004%s” 3*%t-a013*s~3*u-3%al03*s 2*t*utall2*s”™ 2*xu"2+2%a202*s*xt*u"2
-a2ll*s*u~3-a301*t*u~3+a310*u"4;
b2:=6%a004*s” 2%t "2-3%a013*s” 2*xt*xu+a022*s~2*u"2
-3%al03*s*t~2%u+2*all2*s*xt*xu~2-al21*s*u”3+a202*t"2*u"2
-a2l1*xtxu~3+a220*xu~4;
b3:=4%a004*s*t~3-3*%a013*s*t"2*u+2*xa022*s*t*u"2-a031*s*xu"3
-—al103*t~3*u+all2*t~2*u"2-al21*t*u~3+al130*u~4;
b4 :=a004*t"4-a013*t " 3*xu+a022*t " 2xu"2-a031*t*u"3+a040*u"4;
h2:=-3%b1*b3+b272+12%b4*b0;
h3:=8/3%b0*b2*xb4-b0*b3~2-b1~2%b4+1/3*b1*b2%b3-2/27*b2"3;
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It can be checked, for example using the command Factorisation(h2), that /s,
and h3 are divisible by u* and u®, respectively. Therefore, we are able to put

ha(bo,b1.by. b3, bs) = u*ga(s.t,u) and h3(bo.by.ba, b3, bs) = u°ge(s.1,u),

where g4(s,t,u) and ge(s, ¢, u) are homogeneous polynomials of degrees 4 and 6,
respectively, in s, z, u. Consequently, the rational function j(bg, b1, b2, b3, bs) can be
presented as a rational function jc in P? with variables s, ¢, u via

dgy(s,t,u)’
4ga(s.t,u)® —27ge(s. 1, u)?’

je(s,t,u) = 1728
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