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The Riemannian and symplectic geometry of the space of
generalized Kéahler structures

Vestislav Apostolov, Jeffrey Streets, and Yury Ustinovskiy

Abstract. On a compact complex manifold (M, J) endowed with a holomorphic Poisson ten-
sor 7wy and a de Rham class @ € H?(M,R), we study the space of generalized Kihler (GK)
structures defined by a symplectic form F' € o and whose holomorphic Poisson tensor is 7 s.
We define a notion of generalized Kihler class of such structures, and use the moment map
framework of Boulanger (2019) and Goto (2020) to extend the Calabi program to GK geom-
etry. We obtain generalizations of the Futaki—-Mabuchi extremal vector field (1995) and the
Calabi-Lichnerowicz—Matsushima result (1982, 1958, 1957) for the Lie algebra of the group of
automorphisms of (M, J, wy). We define a closed 1-form on a GK class, which yields a gen-
eralization of the Mabuchi energy and thus a variational characterization of GK structures of
constant scalar curvature. Next we introduce a formal Riemannian metric on a given GK class,
generalizing the fundamental construction of Mabuchi—Semmes—Donaldson (1987, 1992, 1997)
We show that this metric has nonpositive sectional curvature, and that the Mabuchi energy
is convex along geodesics, leading to a conditional uniqueness result for constant scalar cur-
vature GK structures. We finally examine the toric case, proving the uniqueness of extremal
generalized Kihler structures and showing that their existence is obstructed by the uniform
relative K-stability of the corresponding Delzant polytope. Using the resolution of the Yau-—
Tian—Donaldson conjecture in the toric case by Chen—Cheng (2021) and He (2019), we show in
some settings that this condition suffices for existence and thus construct new examples.

1. Introduction

E. Calabi [11] initiated a far-reaching program of finding, on a given compact Kéhler
manifold (M, J), a canonical representative of the space K, of Kihler metrics that
belong to a fixed de Rham class @ € H?(M, R). He proposed as a candidate of such
representative the notion of extremal Kdhler metric, i.e., one whose scalar curvature
Scal,, defines a Hamiltonian vector field y = —w~!(dScal,) satisfying £,J = 0.
This problem unifies the existence problems for constant scalar curvature (csc) and

Mathematics Subject Classification 2020: 53D18 (primary); 53C55 (secondary).
Keywords: generalized Kihler geometry, complex manifolds, holomorphic Poisson manifolds,
special Hermitian metrics.


https://creativecommons.org/licenses/by/4.0/

V. Apostolov, J. Streets, and Y. Ustinovskiy 148

Kihler-Finstein metrics and represents one of the most active areas of research in
Kihler geometry during the last half-century. The central conjecture in the field,
still open in full generality, is the Yau—Tian—Donaldson (YTD) conjecture. It states,
broadly speaking, that the full obstruction for K, to admit an extremal Kédhler metric
can be expressed in terms of a complex-algebraic notion of stability of (M, J, &) [21,
62,63, 68]. This correspondence, if established, will have further deep implications
for the definition of well-behaved moduli spaces of Kéhler manifolds [19,25].

Only two years after Calabi’s seminal paper appeared, an extension of Kéahler
geometry emerged from studies in (2, 2) supersymmetric quantum field theory in
physics [28]. These geometric structures were later rediscovered, and given the name
of generalized Kdhler (GK) structures, in the context of Hitchin’s generalized geome-
try program [38,40,46]. In the ensuing decades it has become clear that GK geometry
is a deeply structured extension of Kihler geometry with novel implications for com-
plex, symplectic and Poisson geometry. In this paper we motivate a natural extension
of the Calabi program to the setting of GK structures compatible with a given holo-
morphic Poisson tensor 7 and a de Rham class @ € H?(M,R).

1.1. Generalized Kihler structures of symplectic type

To begin we first recall the classical biHermitian definition of generalized Kihler
structure [28]. Here a GK structure consists of a quadruple (g, b, I, J) of a Riemann-
ian metric g with compatible integrable complex structures /, J, and a 2-form b,
satisfying

diwr =db=—-djwy,

where w; = gl, wy = gJ are the fundamental 2-forms of (g, /) and (g, J) and
di = ~/—1(3; — 91). The case when I = J and b = 0 gives rise to a Kéhler metric
(g, J). A key point, observed by Hitchin [47], is that for any GK structure the tensor

1
= —[1,J]g"!
4 2[ Ig

is a bivector which defines a real Poisson structure whereas the complex bivectors
nyi=an—~N—1Jn, mp:=m—~—1lnm

are holomorphic Poisson structures defined respectively on (M, J) and (M, I). We
will be interested in the special case of GK structures of symplectic type. In this setting
we fix a complex manifold (M, J) and consider a symplectic form F on M which
tames J , i.e., such that

—FJ =g+b,
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where g is a Riemannian metric and b is a 2-form on M. Given this, we define a
second g-compatible almost complex structure by

I =—F'J*F.

If 7 is also integrable, then (g, b, I, J) is GK as defined above. Note that for a fixed
complex structure J, the entire quadruple (g, b, I, J) is encoded by F, while the
integrability of I places a further nonlinear, first-order differential condition on F.
We denote by §K o the space of such symplectic-type generalized Kéahler struc-
tures, compatible with the holomorphic Poisson manifold (M, J, 7y) and satisfying
[F] = a. In the case when ; = 0, the space §K ¢ is just the space K, of Kahler
metrics in a fixed cohomology class.

A fundamental issue in extending the Calabi program to this setting is the non-
linear structure of §K 4. In the Kihler case, using the dd{-lemma, the space K
is a convex-linear, Fréchet manifold modeled on C*°(M, R)/R. Such a description
is no longer globally possible in the GK case due to the integrability condition on /
(cf. [9,55] for results on local generalized Kahler potentials). Nonetheless, a natural
notion of generalized Kdhler class has now emerged [9,31,41], which here consists
of GK structures defined by deforming an element Fy € §XK  , by a smooth path of
functions ¢, € C*°(M,R)/R in the following nonlinear way [41]:

t
F¢t = Fo +/ ddid’s ds, I5:= (q)s)*lo(q)s)ll’
0

where ®; is the isotopy of diffeomorphisms corresponding to the time dependent vec-
tor field —m(d¢;,). It turns out that if Fjg, tames J (an open condition), then (Fg,, J)
gives rise to an element of §K o, with I; as defined above. In Proposition 2.17 we
prove that any GK structure F' € §K o in the C* path-connected component of Fy
can be obtained by the above deformation. In what follows, we denote this path-
connected component by X 2’(1 (Fy), or simply §X ?r,a if the underlying base point
is clear. Thus the space X ?r,a will be referred to as a generalized Kdihler class and
we show in Lemma 2.16 that &K ?r,a is an integrable (formal) submanifold of a distri-
bution of vector fields on a formal Fréchet manifold. Our point of view in this paper
is that &KX ?r,a is the right substitute of the Kédhler class Ky in the symplectic-type
generalized Kihler setting.

1.2. Scalar curvature as moment map

The second problem of extending the Calabi problem to the space §K ?r,oz stems from
the fact that in the generalized Kéhler setting, there is no connection preserving all
the structure, and thus there is no obvious way to define a scalar curvature. Such
a definition was first proposed by Boulanger [10], building on an unpublished work
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of Gauduchon [30]. It uses the approach developed by Fujiki [23] and Donaldson [20]
in the Kihler case, who recast the Calabi program as a formal GIT problem of finding
zeros of a momentum map. In their set up, the “manifold” is the space 4K, (a for-
mal Fréchet manifold) of all almost complex structures J on M compatible with a
fixed symplectic form wg, acted upon by the group Ham(M, wg) of wo-Hamiltonian
diffeomorphisms. It turns out that 4K, admits a formal Kéhler structure (€2, J)
such that Ham(M, wg) acts in a Hamiltonian way with momentum map identified, at
any integrable almost complex structure J € AKX 4,, with

W) f) == [ Sciliogf AV, €COMEBL [ faViy =0

where Scal(y,, ) is the scalar curvature of the corresponding Kihler structure (wo, J)
and the Lie algebra of Ham(M, wy) is identified with the vector space of zero mean
smooth functions endowed with the Poisson bracket with respect to wg. Using Moser’s
lemma, K[,,] can be mapped to a subset of 4K . As observed in [20], the image of
Kw,] belongs to the complexified orbit of Ham(M, wp) and is transversal to the orbits
of Ham(M, wy) inside this complexified orbit. Thus, the Calabi problem becomes the
familiar GIT problem of finding zeros J of p in a given complexified orbit of the
group action.

In [10], the Donaldson—Fujiki setting is extended to the space A%K g, of almost
generalized Kdhler structures of symplectic type compatible with a fixed symplec-
tic form Fy, i.e., the space of all almost complex structures J on M such that Fy
tames J. It is shown in [10] that A%K f, admits a formal Kihler structure such
that AKX g, is a formal Kihler submanifold; when (M, Fp, T) is a compact toric
manifold, Boulanger also proves that the equivariant part Ham™ (M, Fy) acts in a
Hamiltonian way on the invariant part AKX }EO. Furthermore, in the 4-dimensional
toric case, Boulanger identifies the corresponding momentum map u(J) for certain
generalized Kihler structures J € AGK 150 with the smooth function

1 dVF,
Gscal(f,,s) := Scalg, — E|db|§ + 20, —|d¥2, ¥ =—log d_VgO’ (1.1)
where Scalg denotes the scalar curvature of g, Ag = —d*d is the corresponding

Laplace operator, and d Vg, and dV, are the volume forms associated to Fyp and g,
respectively. Surprisingly, this function precisely corresponds to the density of the
string effective action for H = db (see [59]), and is thus a natural candidate for scalar
curvature on physical grounds.

The crucial insight allowing for the extension of Donaldson—Fujiki approach from
the set of compatible almost complex structures 4K, to the set of tame almost
complex structures 49K r, comes from generalized geometry. It turns out that every
J € A§KF, gives rise to a generalized almost complex structure on TM & T*M
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(see Proposition 2.4). This observation allows to identify the set of linear almost
complex structures tamed by (Fp)x, x € M with the noncompact symmetric space

S =U(n,n)/Un) x Un).

Thus the Fréchet manifold A%K r, induces the formal Kéahler structure from the one
on S. This idea was used by Goto [34] who generalized the work of [10] and estab-
lished without any restrictions on (M, Fy) that Ham(M, Fy) acts in a Hamiltonian
way on 49K r,. The associated moment map was taken to be the definition of scalar
curvature, and Goto furthermore gave an expression for this curvature in terms of the
underlying generalized complex structures (J, 1) on TM & T*M, which are associ-
ated to the biHermitian data (g, b, I, J) via Gualtieri’s map [38]. Despite this formula,
there is no straightforward way to express Goto’s scalar curvature in terms of the
underlying biHermitian geometry, as it relies on local sections of the underlying gen-
eralized canonical bundles. Our first main result resolves the apparent ambiguities
between the different approaches to scalar curvature and confirms that the moment
map of [34] in the general integrable case is given by (1.1).

Theorem 1.1 (Theorem 3.2). The Goto moment map p computed at a generalized
Kdihler structure J is given by the formula (1.1).

The proof relies on the local nondegenerate approximation technique introduced
in [5]. We thus refer to the function Gscal(r, ) associated to a symplectic-type gen-
eralized Kéhler structure (F, J) via (1.1) as the generalized Kdhler scalar curvature
of (F,J).

1.3. Variational formulations and obstructions

Based on the discussion of the previous subsection, Goto’s moment map suggests nat-
ural generalizations of the extremal and csc metrics in Kihler geometry. In particular,
a generalized Kihler structure for which the vector field y := —F ~'(dGscal(g,s))
preserves J will be called extremal, and a generalized Kihler structure for which
Gscal(F, J) = const will be called a cscGK structure. As an initial fundamental step
in understanding the existence and uniqueness of extremal GK structures, we show in
Lemma 4.1 that the space §X ?r,a is mapped via Moser’s lemma into a formal “com-
plexified orbit” for the action of Ham(M, Fy) on 49K f,, being transversal to the
Ham(M, Fy)-orbits inside it. This is precisely as in the description [20] in the Kahler
setting. Thus we have the familiar GIT setup and we naturally arrive at the following.

Generalized Kihler Calabi program. Express the obstructions to the existence of
extremal generalized Kiihler structures in §K ?r,a in the form of a complex algebraic
notion of stability of (M, J, wy,a). When they exist show that such structures are
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unique up to the action of the connected component of the identity Auty(J, 7w y) of the
automorphism group Aut(J, wy) of (M, J, ).

As a direct consequence of the GIT framework we provide an alternative charac-
terization of extremal metrics as critical points of a Calabi functional Ca on K 4,
see Definition 4.3 and Proposition 4.4. Next, in Section 4.3, we introduce a proxy
for the Mabuchi energy by defining a closed 1-form 7 on $XK  , which vanishes at
cscGK structures. A primitive of this 1-form would provide an analogue of Mabuchi’s
K-energy, which is a central object in the YTD conjecture concerning the Kihler
Calabi problem.

Next we prove a structure theorem for the complex Lie group Aut(J, 7 ) of auto-
morphisms of the complex Poisson manifold (M, J, ), similar to the well-known
results by Matsushima [58] in the K&hler-Einstein case, Lichnerowicz [54] in the con-
stant scalar curvature Kihler case, and Calabi [12] in the extremal Kihler case. Such
results are obtained by Goto [36] for the Lie algebra g of reduced automorphisms
of one of the generalized complex structures associated to a symplectic-type cscGK
structure. In the special case when the first Betti number of M is zero, and (F, J) is a
small Poisson deformation of a Kéhler structure, Goto proved that g is the Lie alge-
bra of holomorphic vector fields preserving the underlying Poisson tensor. Compared
to this, our result is obtained as a direct corollary of our formal GIT framework, which
has the advantages of treating immediately the case of extremal GK structures, and
being directly formulated in terms of the complex Poisson manifold (M, J, ;) and
its reduced automorphism group Aut.q(J, 7 y) (see Definitions 4.9 and 4.12) without
any extra technical assumptions, thus sharpening [36, Theorems 6.5 and 9.11].

Theorem 1.2 (Calabi-Lichnerowicz—Matsushima obstruction, Theorem 4.13). Sup-
pose F € §K o is an extremal generalized Kdihler structure with the holomorphic
extremal vector field

x = —F~'(d Gscal(r ).

Denote by Autyeq(J, w7)X C Auteq(J, 7wy ) the connected subgroup preserving y. Then
the group
K := (Auteq(J, ;) N Ham(M, F)),

is a maximal compact subgroup of Autyeq(J, 7) and Autyeq(J, 77)* = K. In partic-
ular, (F, J) must be invariant under a maximal real torus in Aut,eq(J, 7w y) containing
the one-parameter subgroup exp(t y). If F is cscGK, then

x=0 and Auteq(J,7my) = K.

In Section 4.5 we provide an intrinsic description of the extremal vector field
of a potential extremal GK structure in §X ; o. It provides an efficient obstruction
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for the existence of cscGK metrics in a given GK class and is instrumental in our
treatment of the toric case. In the Kéhler case this description was obtained by Futaki—
Mabuchi [24].

Theorem 1.3 (Extremal vector field, Theorem 4.17). Given a torus T C Autyeq(J,7w5)
let 8K jrr,a be the space of T -invariant generalized Kdhler structures. Then, for any
Fy € ﬁJ{E’a, T C Ham(M, Fy) and we denote by I1g,: C*°(M,R) — C*(M,R)

the L>(M, dVF) projection onto the space of Fo-Hamiltonians of T. Moreover, the
vector field

x = —Fy ' (dT1F,(Gscal (g, 1)) (1.2)

is independent of the choice of a T -invariant symplectic form Fy € XK E’a. If, further-
more, T is a maximal torus in Auteq(J, wy), then F € §X 35,“ is an extremal structure
if and only if

Gscal(F,J) —HF (GSC&I(F,J)) =0.

In particular, the underlying extremal vector field —F ~'(d Gscal(r, ) is necessarily
given by (1.2).

Using the Mabuchi 1-form t on §X ?r,a’ we define a generalized Kéhler analogue

of the classical obstruction for the existence of cscK metrics in Kdhler geometry — the
Futaki character of the Lie algebra §eq(J, 7wy) of Auteq(J, 5).

Theorem 1.4 (Futaki character, Theorem 4.18). Let F € §K o be a generalized
Kdihler structure on (M, J, 7). Define a linear map ¥(r yy: Hrea(J, ws) — R by
Fran(X) = / ¥ Gseal(p, gy dVp, X = F~'(d¢ + Idy).
M

Then ¥(F, ) is independent of F € K ?t o and vanishes on the commutator

[bred(-]’ TL’J), ]E)red(-]a nJ)]'

In particular, ¥,y is a character of Yea(J, wy) and is identically zero if §K ?r,a
admits a cscGK metric.

Remark 1.5. A conceptually distinct notion of Futaki invariant has previously app-
eared in the context of generalized geometry, providing obstructions to the existence
of solutions of the Hull-Strominger system [26].

1.4. Formal metric structure and uniqueness

In the Kihler setting, the GIT framework is naturally completed by a formal Riemann-
ian metric, known as the Mabuchi—-Semmes—Donaldson metric [20, 56, 60]. This met-
ric formally gives K, the structure of a symmetric space of nonpositive curvature.
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Furthermore, the Mabuchi K-energy, whose critical points are the constant scalar
curvature Kihler metrics, is convex along geodesics of Ky, a key point leading to
uniqueness of csc Kéhler metrics [8, 15, 17]. We show that this formal picture extends
to the symplectic-type GK setting.
To begin, the tangent space Tr (§K o) of &K o at a point F' can be identified
with
Tr(6XK2,) ~ C®°(M,R)/R.

We define a formal Riemannian metric at a point I € §K o by

Fn
($1.¢2)F = /M i i€ CRMAVE) i =12,

where C5°(M, d V) is the space of functions with zero average against the symplec-
tic volume form d Vg. We first give a generalization of the formal symmetric space
structure established by Mabuchi in the Kihler case.

Theorem 1.6 (Theorem 5.6). The curvature tensor R of (-, -) at a point F € §XK o
is given by
(Rigi1ia1[93]) p = — b1, 62} F. 3} .

where {-, -} denotes the Poisson bracket of functions with respect to the symplectic
form F and [¢i] € C*°(M,R)/R, i = 1,2, 3 are tangent vectors in Tp(ﬁJ{?ux).
In particular, the sectional curvature of (-, -)) is everywhere nonpositive.

The formal Riemannian metric naturally determines a notion of geodesic. These
are smooth curves F; in §X ?r,a for which the corresponding velocity

¢r € Cg°(M.dVp,) = Tr, (K3 ))

satisfies

(lst =trg, dp: N J depy.

In the Kihler case, letting F; = Fy + dJ dy; we have % = ¢, and one recovers
the familiar Mabuchi geodesic equation for ¥/;. We observe that a special class of
geodesics are generated by the flow exp(—tJ Y') of any Fy-Hamiltonian Killing vector
field Y of (Fy, J) (cf. Proposition 5.5). Analogous to the geodesic convexity of the
Mabuchi energy in the Kdhler setting, we show that the Mabuchi 1-form 7 increases
along a smooth geodesic in K ; o, and is identically zero along a geodesic precisely
when the latter is induced by a Hamiltonian Killing field as above. This leads to a
formal proof of uniqueness.

Corollary 1.7 (Corollary 5.8). Suppose Fy, F1 € §K 5 o are cscGK structures con-
nected by a smooth geodesic Fy;. Then there exists Y € Yeq(J, wy) such that F; =
&} Fo, where ®; = exp(—tJY) € Autreq(J, 7).
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Turning this into a genuine proof of uniqueness requires developing the theory of
geodesics in § K 4. Such curves do not readily reduce to a Monge—Ampere equa-
tion, as exploited in the construction of (weak) geodesics in [15]. However, there is
a generalization of the Semmes construction [60] expressing the geodesic equation
as a prescribed volume form problem for a natural family of symplectic forms on an
augmented spacetime track (cf. Remark 5.4).

1.5. The toric case

In the final portion of the paper we consider the case when (M, J, TC) is a smooth
projective toric variety and 7y a T C-invariant Poisson tensor. In this case, the T-
invariant symplectic-type generalized Kihler structures have been studied in [7, 67]
where they were described in terms of a smooth convex function defined on the inte-
rior of the Delzant polytope of (M, F, T) and a bivector 7y € A?(Lie(T)). This
is analogous to the Abreu—Guillemin description [1, 43] of toric Kéhler structures.
Building on this theory, we are able to obtain an almost complete picture for the gen-
eralized Kéhler Calabi problem on a toric variety.

Theorem 1.8. Suppose (M, J, w;, TC) is a toric projective holomorphic Poisson
manifold and Fy a T-invariant wy-compatible symplectic-type generalized Kdihler
structure in the de Rham class . Then

(a) (Corollary 6.1) any extremal generalized Kiihler structure in § K o is iso-
metric to a T -invariant such structure;

(b) (Proposition 6.5 and Theorem 6.11) the space of T -invariant generalized
Kdihler structures compatible with w and o = [Fy| is path connected:

(6K 7 q)° = 6K,

Furthermore, any two extremal generalized Kdihler structures in §X ?r,a are
isometric by an element of Autg(J, y);

(¢) (Theorem 6.13) if €K T admits an extremal generalized Kihler structure

T,

then the Delzant polytope of o is uniform relative K-stable;

(d) (Theorems 6.16 and 6.19) if the Delzant polytope of (M, J, &, T C) is uniform
relative K-stable, and 7wy € N\2(Lie(T €)), then there exists an ¢ > 0, such that
t| <e.

9K 1 .o admits an extremal generalized Kihler metric for all t € R,

Statement (a) follows formally from the Matsushima-type obstruction of Theo-
rem 4.13. The path-connectedness in (b) follows from the Abreu—Guillemin descrip-
tion of toric generalized Kdhler structures obtained in [10, 67] and reviewed in Sec-
tion 6 below. The uniqueness relies on establishing the smooth geodesic convexity
of 9K E,a. In the toric Kéhler case, this is due to Guan [42] who showed that the
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geodesics of K become linear segments in the Abreu-Guillemin description. In
Proposition 6.6 we show this is still the case in the generalized Kéhler case, but
only for a special class of Poisson tensors ;. To obtain the full claim, we argue
in Corollary 6.8 that the existence problem for an extremal generalized Kéhler struc-
ture can be reduced to this subclass of Poisson tensors. The statement in (¢) makes
a direct connection with the YTD conjecture which is now established for toric vari-
eties due to the work of X. X. Chen and J. Cheng [16] in the constant scalar curvature
case and its extension by W. He [44] to the extremal case. The condition of uniform
relative K-stability of the polytope was introduced by Donaldson [21] and is now
known [45] that it is equivalent to the uniform relative K-stability on toric test con-
figurations of the corresponding polarized toric variety. Our proof of (c) adapts the
original arguments [14] in the toric Kéhler case to the generalized Kéhler context, by
replacing the hessian of the Kihler potential with a suitable positive-definite smooth
symmetric-matrix valued function on the Delzant polytope, coming from the Abreu—
Guillemin description. We also notice that (c) provides many constructible examples
of toric varieties which do not admit extremal generalized Kihler structures. The final
point (d) follows from the existence in « of a toric extremal Kéhler metric [16, 44]
and an adaptation of the LeBrun—Simanca openness result [50] where instead of vary-
ing the Kéhler class we vary the Poisson tensor. This yields new examples of cscGK
structures even on CP?, as the existence results obtained in [10,34,36] apply only to
a special class of toric Poisson tensors.

2. Generalized Kéhler structures of symplectic type

2.1. Conventions

For a Hermitian manifold (M, g, J) we consider the Riemannian metric g as a field
of isomorphisms

¢ TM — T*M, X — g(X."), X € TM,

with inverse g~ ': T* M — TM , which leads to a definition of inner product on 7*M .
To simplify some of the calculations, we define the action of J on T*M as

JE = —J* = —£oJ,

so that J commutes with g: TM — T*M for any J-compatible metric. More gen-
erally, we will implicitly consider a field of bilinear forms B € C*®(T*M @ T*M)
on 7'M (such as a Riemannian metric g or a symplectic form F on M) as a field of
endomorphisms

B:TM - T*M, X — B(X,").
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In case B is nondegenerate we denote by B! the inverse endomorphism. Similarly,
a section of [T € C*°(TM ® TM) will be viewed as a field of endomorphisms

:7"M — TM, a — I(a,").
We denote by (-, -) the natural pairing between TM and T*M . If
BeC®(T*"M ®T*M) and Il € C®(TM ® TM)

is skew, then we have
(IT, B) = —tr(I1 o B).

For a 2-form ¢, we will let
1

k] . ~ .k
w L k! w .
Our convention for the trace trg (1) of a 2-form 1 with respect to a symplectic form F
is then 1]
Y AFTTH ] —1
rr(y) = ) tr(F~ ).

The volume form of a symplectic structure is
dVp = F",
and the Riemannian volume form of the Hermitian structure (g, J) is
dVe = a)[Jn], wy =gl

Furthermore, given a symplectic form F, we let C§°(M, d VF) denote the space of
normalized smooth functions with zero average relative to d Vr:

CP(M.dVi) = {¢ e C®°(M,R) | /M¢dvp = o}.

2.2. Symplectic-type generalized Kihler structures

In this subsection we recall the biHermitian formulation of generalized Kihler geom-
etry, and the basic properties of the associated Poisson structures.

Definition 2.1. Given a smooth manifold M endowed with a closed 3-form Hj, we
say that (g, b, I, J) on (M, Hy) is a generalized Kdhler structure (GK structure) if
I and J are integrable complex structures, b is a 2-form, g is Riemannian metric
compatible with both I and J, and furthermore

d,ca)l = Hy+db = —d5WJ.
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Associated to this structure we define the tensor
1
= 5[1, Jg7t e N2(TM).

By [6,47], 7 is the real part of holomorphic (2, 0)-bivectors with respect to / and J,
and we define

wny:=n—~—-1Jn, ny=n—~—-1Im. 2.1

Definition 2.2. Given a complex manifold (M, J'), suppose there exists a symplectic
form F such that
g =—(FI)"™, I:=—F'J*F

define respectively a Riemannian metric g and an integrable almost complex struc-
ture /. Then, setting
Ho =0, b:=—(FJ)*",

the data (g, b, I, J) satisfies Definition 2.1 and is referred to as symplectic-type gen-
eralized Kiihler structure on (M, J). Since (F, J) algebraically determine the tuple
(g,b, 1, J), by abuse of notation we will often refer to (F, J) as a symplectic-type
generalized Kéhler structure.

Remark 2.3. Elementary linear algebra yields that for a symplectic-type GK struc-
ture one has
F(I+J)=-2g 2.2)

so that det(/ 4+ J) # 0 on M. Notice that / coincides with J (and is then automat-
ically integrable) precisely when F is of type (1, 1) with respect to J, i.e., defines a
Kihler structure (g, J).

From the point of view of generalized geometry [38, 40], adopted in [34, 36],
symplectic-type generalized Kéhler structures correspond to pairs of commuting gen-
eralized complex structures. To make this connection more precise, we explicitly
express the underlying (almost) generalized complex structures in terms of (F, J).
Recall that TM @ T*M has a natural symmetric pairing (-, -) of signature (2n, 2n)
induced by the contraction between TM and T* M . Then following [38, Section 6.4],
we obtain the next proposition.

Proposition 2.4. Given a symplectic structure (M, F) taming an almost complex
structure J, we denote as above

I =—F7'J*F, g=—(F))®, b=—(FJ)*"

Then (F, J) gives rise to a pair of commuting generalized almost complex structures
J,1 € O(TM & T*M, {(-,-)) orthogonal with respect to the standard pairing (-, -)



Geometry of the space of generalized Kihler structures 159

onTM & T*M:

. o P QF~! . {0 —F1

where P, Q € C®°(M,End(TM)) are given by
P:==20+J)' 0=J-DHUI+J) "

Furthermore, 1 is integrable if and only if F is closed, and (J, 1) are both integrable
if and only if F is symplectic, and (J, I) are integrable. Conversely any generalized
almost complex structure J € O(TM & T*M, (-,-)) commuting with Jf is necessar-
ily given by (2.3) for some almost complex structures I and J.

We note that fundamental works of Goto and Gualtieri [32, 33, 41] show that on
a compact Kdhler manifold endowed with a holomorphic Poisson tensor 7y, there
always exist symplectic-type GK structures with Poisson tensor ;. Furthermore,
there are natural deformation spaces, reviewed below, which naturally fix the holo-
morphic Poisson geometry. We thus define the space of GK structures on such a
background.

Definition 2.5. A symplectic-type generalized Kéhler structure F on (M, J) is called
7 y-compatible if the holomorphic Poisson tensor associated to (g, b, I, J) via (2.1)
equals ;. As w = Re(sry) determines 7y on (M, J), we let &K, denote the space
of mj-compatible symplectic-type GK structures. The de Rham class « := [F] €
H?(M,R) of a generalized Kihler structure in X, will be called a compatible
de Rham class. We denote by K ., the space of m;-compatible symplectic-type
generalized Kéhler structures within a fixed 7 y-compatible de Rham class «.

2.3. Algebraic identities on a symplectic-type generalized Kéihler manifold

In this subsection we collect some elementary identities for a symplectic-type GK
manifold (M, g, I, J, F') which are useful in the sequel. Recall the basic expressions
(see (2.2))

1
F==2I+J)", F'= —5(1 +JJ)g L (2.4)

We compute for any 1-forms «, 8

tre(@ A pB) = %tr(F_l(oz AB)) = %((1 + D), B)g, (2.5)

where (-, )¢ denotes the inner product on 7* M induced by g and have used the fact
that 7, J are skew with respect to g. In particular, using (2.4), the g-orthogonality of
I and J, and the identity

Id+J0)=U+J)J, (2.6)
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we get
trr(@a AJB)=—trp(la A B), 2.7

or, equivalently,
aAJBAFP U = _JonpAF1 (2.8)

Recall that the Poisson tensor 7 is given by

1 1
T = 5[1, Jg7! = E(l - U +J)g "t

Using (2.5), the fact that I and J are skew, and (2.7), we compute for any 1-forms a,
(r.a 7 B) =~ o @ A )
= et = DU+ DB)e ~ (T =D+ D))
- —%((1 + ) = Ne. B) = trp ((J — Da A ). 2.9)

We next establish the following identity, which holds for any 1-forms a1, a2, 81, B2:

w(F™ 51 A B2 F ™ e n ) = {0+ Doa A (L + s, By A o)
= S Aen. U+ Dy AU+ D). (210)

To this end, we use (2.4), (2.6) and the fact that / and J are skew with respect to g to
compute

4t(F7Y(B1 A B2) o F (a1 Aaa))
= u((B1® (I + J)BE — 2 ® (I + J)B})
o (o1 ® (I + Nk —ar & (I + N)et))
= ((( 4+ Daz, B1)glor. (I + )B2)g — (B1. (I + Nar)glaz, (I + J)B2)g
—((I + D)Br.an)g(B2. (I 4+ Jaz)g + (B2. (I + Jar)g((I + J)B1,az)g)
=2((( + N, Br)g{( + Doz, B2)g — ((I + J)ar, B2)g (I + J)az. B1)g).

A useful ramification of (2.10) is the formula
-1 -1 _ l 2 2
tw(FT'(BAIB) o F  (anJa)) = 2(((I + Da.B) + (U + D, 1B)). (2.11)
Notice finally that (2.10) and (2.4) also yield

twr(F'UB1 AB)F N (on Aa)) = tu(F7H(B1 A B)F ' (Ja A Ja)). (2.12)
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2.4. An integration by parts formula
We will frequently use in this paper the following basic integration by parts identity.

Lemma 2.6. For (F, J) a symplectic-type generalized Kdhler structure and for any
¢,y € C®°(M), one has

/ ptrp(dl dy)FM = / Y trp(dJ dg)F!, (2.13)
M M
Proof. We use (2.8) to compute
/ ptrp(dl dy)FM = f dpdldy A FIr—11 = —/ dp AT dy A FIP1
M M M
= / Jdp ndy A FInm1l = / vdJdp A FIr=1]
M M

=/ v tep (dJ dg)F. n
M

2.5. Consequences of the Generalized Kihler Hodge theory

Generalized Kihler geometry comes with a rich Hodge theory extending the classical
Hodge theory in the Kéhler setting. In this section we collect several specific corol-
laries of the Hodge theory and underlying identities on a generalized Kahler manifold
of symplectic type (M, F, J). The proof of these results uses the technical formalism
of generalized Kihler Hodge theory, which is independent of the rest of the paper.
For this reason we postpone the proofs until the Appendix A, where we provide the
necessary background.

Theorem 2.7. Let (M, F,J) be a compact generalized Kiihler manifold of symplectic
type with I = —F~YJ*F. Then
(1) any J-holomorphic p-form & € /\g’O(M) is closed;
(2) any real differential 1-form & such that (df)?’o = 0 admits a unique decom-
position
E=U+)n+dp+1dy, (2.14)
where n and Jn are closed, and ¢, € C*°(M,R);
(3) the map & — n — ~/—1Jn, where 1 is determined by (2.14), induces an iso-

morphism
H'(M,R) ~ HglJ’O(M);

(4) any exact 2-form a of type (1, 1) with respect to I is a = ddjy for some
Y e C®(M,R).

The same statements hold after changing the roles of I and J.
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Remark 2.8. It follows from the above that any a € H!(M,R) has a unique closed
and d §-closed representative § € AY(M). In particular, b; = dim H'(M,R) must be
even.

2.6. Hamiltonian symplectic-type generalized Kéhler deformations

Let (M, wg, J) be a compact Kihler manifold. A key feature of Kihler geometry is
the possibility to deform w( by smooth functions as follows: given ¢ € C*°(M,R)/R
we can define a new (1,1)-form

wy 1= wo +ddje,

and as long as w, is positive definite (M, w,, J) is again a Kihler manifold. This
procedure is reversible, due to the dd§-lemma: a Kéhler metric @ on (M, J) is of
the form w = w, for some smooth function ¢ (uniquely defined up to an additive
constant) if and only if w € o = [wg] € H?(M,R). In particular, the space K, of all
Kéhler metrics within a given de Rham class « has a structure of a Fréchet manifold
modeled on the vector space C*°(M,R)/R: for any ¢ € C*°(M,R)/R, there is an
infinitesimal deformation w; of w in K, such that

%w, =ddj¢.

There is a similar construction in generalized Kihler geometry, which was first pre-
sented in the context of generalized Kihler structures with nondegenerate Poisson
tensor on 4-dimensional manifolds in [6, Section 4.2], where it is attributed to Joyce
(see also [48]). Gualtieri in [39, Section 7] defined, more generally, Hamiltonian
deformations of symplectic-type generalized Kédhler manifolds whereas [31] defined
a version adapted to the general biHermitian case. We recall the construction of [39].

Theorem 2.9 ([39]). Let (M, J, Fy) be a compact symplectic-type generalized Kiihler
manifold with the second complex structure 1y and real Poisson tensor 1. Let ¢; €
C®(M,R), t € (—¢, e) be a one-parameter family of smooth functions on M, Xy, :=
7w (—d¢,) the time dependent w-Hamiltonian vector field, and ®;, ®¢ = 1d the corre-
sponding isotopy of diffeomorphisms. Define

t
F; .= Fy +/ (ddfs¢s) ds, Iy=®g5-1p:= (q)s)*IO(q)S):l‘
0

Then F; defines a one-parameter family of symplectic-type generalized Kiihler struc-
tures on (M, J) as long as (F,)IJ’1 > 0. Furthermore, I; = —F;7 Y J*F, = @, - I,.

Definition 2.10 (Hamiltonian deformations of symplectic-type generalized Kihler
structures). The family of symplectic-type generalized Kihler structures F; on the
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manifold (M, J, 7y) given by Theorem 2.9 for some ¢; € C (M, R) will be referred
to as a Hamiltonian deformation of Fy. Under this deformation
8] 0 8I Lx,1 (ddj¢) aF ddip 9 0. (2.15)
—J =0, — ] = — = —JT O N — = , — 7T = V. .
ot dr e ! dr 7 o
It follows that the Hamiltonian deformations are mj-compatible and preserve the
given symplectic generalized Kihler class @ = [Fp), i.e., F; € 8K o.

2.7. Formal manifold structure

According to [39], the space &K , is parametrized by the closed 2-forms F which
tame J and satisfy the algebraic (zero order) identity

FJ+J*F—FomoF =0. (2.16)

Lemma 2.11. If (J, 7) is a holomorphic Poisson structure and symplectic form F
solves (2.16), then I == —F~YJ*F = J — nF is integrable.

Proof. The proof of this claim is essentially contained in [39] (see also [41]). We
sketch the proof here for reader’s convenience, and refer the reader to [39] for the
necessary definitions.

Condition (2.16) can be equivalently stated as the following identity for the oper-
atorsin O(TM & T*M, (-,-)):

J T 1 T 1 O
F —F __ F _

According to [39, Proposition 5] an upper triangular generalized almost complex
J =

0 —J*
plex structure in the classical sense, and 7 is the real part of a holomorphic Poisson

structure of the form ( ) is integrable if and only if J is an integrable com-
tensor. On the other hand, conjugation by a matrix ef, where F is a closed form pre-
serves the integrability of the underlying generalized complex structure. Thus given
that (g T ) is integrable, ((I) T ) must be integrable itself, implying that the clas-
sical almost complex structure / is also integrable. ]

Remark 2.12. One can derive Lemma 2.11 directly in the “classical” bihermitian
language. We are grateful to the anonymous referee for pointing out to us the iden-
tity (2.17) below. Given a symplectic manifold (M, F), endowed with an F-tamed
integrable complex structure J:

(7 0 (dd5) o +(Lrwpy))) (dY) = 4F (N1 (Xg, Xy)). (2.17)
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where ¢, Y are any smooth functions, Xy, := —F~1(dy), Xy := —F ~1(d¢) are the
corresponding F-Hamiltonian vector fields, and

Ni(X.Y) := %([IX, IY]—I[IX,Y]—I[X,IY]—[X,Y])

is the Nijenhuis tensor of the almost complex structure / := —F~!J* F. Notice that
if we assume, furthermore, that 775 is a holomorphic-Poisson tensor on (M, J), it
follows from the definition of the 8 s-operator (acting on TM by 97X = —%J LxJ)
that for any smooth function ¢, we have

Lr@ap) = —mwo(ddip).

Combined with (2.17), one thus gets an alternative derivation of Lemma 2.11, ob-
tained entirely in terms of the underlying bi-Hermitian geometry. Formula (2.17)
follows easily by taking the Lie derivative £, of the identity

F(IXy,Y)+ F(Xy,JY) =0,
and using
Lix, F =d(F(IXg)) = —d(J*F(Xy)) = —ddS¢, 1Xg=JXy + n(ds),
F((£x,0)X.Y) + F(X,(£x,J)Y) =0.

Lemma 2.11 motivates us to consider a bigger space of structures satisfying the
algebraic constraints but not the integrability condition of F being closed, which is
useful from an analytic perspective.

Definition 2.13. Given a complex manifold (M, J) with real Poisson tensor , let
AGK, ={F e N>(M) | FJ + J*F —FomoF =0}.
Remark 2.14. By differentiating the defining relation along a path Fj, we see that
0=FJ+JF—(FomoF + FomoF)=2FIP0T02

where we have used that I — J = —x o F. In particular, the tangent space of AGK
at F is
Tr(ASK,) = Ay (M), 1:=—-F'J*F. (2.18)

Definition 2.15. For any smooth (time independent) function ¢ € C*°(M, R), we
define a vector field X4 on AGK ; given by

X4(F) = (ddip)y', 1:=—F'J*F, (2.19)

and call it a fundamental vector field associated to ¢. We denote by D the distribution
generated by the fundamental vector fields on AGK ;.
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Given a ¢ € C*®(M,R), by (2.15), for any F € K, the Hamiltonian flow con-
struction with the (time independent) function ¢ and starting at F produces a smooth
path F; representing X4 (F); it follows that F; is an integral curve of Xy4. We have
the following consequence of this fact.

Lemma 2.16. The subset §K , C AEK  is a (formal) integrable submanifold of D.
In particular, when restricted to §K 5, D is involutive. More precisely, on §XK , we
have

[Xo. Xy] = —Xig.y}r
where {¢, Y} = w(do, d) is the w-Poisson bracket.
Proof. The first part follows from the facts that §K , is D-invariant, i.e., the integral
curves of Xy preserve K -, and at each point I € K ;, by (2.15), D coincides with
the sub-space of tangent vectors in Tr (AEK ) generated by smooth paths in §K ,,

1.€.,

Tr (6K ) = D C Tr(AGK ).

We now compute the vector field bracket of Xy and Xy,. At each point F, we let F;
denote the Hamiltonian deformation with respect to ¢p and F; the Hamiltonian def-
ormation with respect to ¥. We also denote by ®; and W, the flows of the Poisson
vector fields Xy := —m(d¢) and Xy, := —n(dy) on M. Noting that F; and Fy are
respectively integral curves of Xy and Xy,, we compute

: t= 0( : ((Ft)s)—)

dt ds|s=0

d
t= odss—o(/( Ao,.109) dr

~dr
T /0 (ddSy 010) dp — /0 (ddé_qm,.,mdq)

(~(Lx, 1)) + (£x, 13)(d))
= a’(sz (dd,coqﬁ) —Ix, (ddfow))
—(£x,(dd§, ¥) — £x,, (dd5, )
= d((Lx, 1) dV) — (Ex, [3)(d)) — ddf (£x,¥ — £x,9)
— —2dd5 (¢, V}n + d((Lx, IAV) — (Ex, 1) (d)).

X¢, Xy ](Fo) =

where we have used formulae (2.15) to pass from the third line to the fourth and the
identity £x,v¥ = {¢, ¥} to obtain the last line. Finally, we arrive at

[X¢, Xy](Fo) = —ddj {$, ¥}z = —Xp,y) (Fo).-

by comparing the third and the last lines in the above equalities. |
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Note that at this point we have defined the natural class of Hamiltonian deforma-
tions in Definition 2.10, but on the other hand it is natural to consider the space of
GK structures in § K o with fixed cohomological background data. We next show
that these constructions are the same, in particular showing that any smooth path
F; € §K 4 is given by the construction of Theorem 2.9.

Proposition 2.17. Let F; € §K o be a smooth path of generalized Kdihler structures
of symplectic type. Denote the underlying second complex structure by I;. Then

dF,
o = i

for some ¢, € C°(M,R).

Proof. Let F := %1 Since [F,] € H>(M,R) is fixed, we have F = d&. On the
other hand, by (2.18) F must be of type (1, 1) with respect to I;. Thus by part (4) of
Theorem 2.7 applied to complex structure /;, we conclude that F=dd IC[ ¢, for some
¢: € C°(M,R), as claimed. ]

Remark 2.18. On a compact manifold ddj ¢ is nonzero unless ¢ € C*°(M,R) is a
constant. Thus, in view of Proposition 2.17, there is an identification of the tangent
spaceto §K o at F € §K  o:

Tr (8K ) ~ C®°(M,R)/R.

3. The generalized Kihler scalar curvature as a momentum map

Central to our understanding of the YTD conjecture in the Kéhler setting is the GIT
formulation due to Fujiki—-Donaldson [20, 23]. The fundamental point in this frame-
work is that the moment map for the space of Hamiltonian diffeomorphisms of a fixed
Kihler form acting on complex structures is given by the scalar curvature. In attempt-
ing to extend this circle of ideas to generalized Kihler geometry one is faced with the
subtle issue that there is not an obvious choice of scalar curvature due to the lack of a
connection preserving all structure. Rather, the works of Boulanger—Goto [10,34] take
the point of view of defining a natural Hamiltonian action on the space of GK struc-
tures and use its momentum map to define scalar curvature. In the work of Goto [35]
this does lead to a general definition of scalar curvature for GK structures, although
one expressed implicitly in terms of local defining spinors determining the underly-
ing generalized complex structures. Furthermore, ideas from mathematical physics
and generalized geometry (cf. [27,59,61]) suggest an explicit definition of scalar cur-
vature for GK structures, and in special cases Boulanger and Goto have shown that
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this definition agrees with what arises from the moment map framework. In this sec-
tion we will review the moment map construction, and furthermore close this circle
of ideas by showing that the a priori different definitions of scalar curvature agree for
all symplectic-type GK structures. The key input is the nondegenerate perturbation
technique introduced in [5].

3.1. Scalar curvature of GK structures

We begin by explicitly stating our definition of scalar curvature of GK structures
of symplectic type in terms of the biHermitian data. It was already noted by Boulanger
in [10] that the moment map takes this explicit form in the toric setting, and this was
inspirational for our work.

Definition 3.1. Let (g, b, I, J, F) be a symplectic-type generalized Kéhler structure
on M. The generalized scalar curvature is defined by

dVr

_— 3.1
A

1
Gscal(r, ) := Scalg — E|db|§, + 20,V —|dV]Z, W =—log
where Scalg is the scalar curvature of g, Ag = —d*d is the Laplacian, and dVF =
FInl g Ve = a)En] = a)[Jn] are respectively the symplectic and Riemannian volume
forms. Throughout the paper, we use the tensorial norm for forms, i.e., the norm of a
p-form v is given by

2n
Wiz= ), V... e,)%

i1,e0ip=1
where {e; } is any orthonormal frame of (T, M, g).

In [34], Goto constructed a smooth function
Gscal(G}’f"J) € C*®(M,R)

associated to a symplectic form F' and a generalized almost complex structure J €
End(TM & T*M) which via the Gualtieri map (2.3) is equivalent to an almost com-
plex structure J tamed by F'. Goto’s motivation for defining this function originates
from the formal momentum map picture, and we discuss it later. For now we record

several important features of Gscal?lﬂlt"]), which will be used throughout the paper.

(1) Gscal(Glflf‘}) at a point x € M depends algebraically on the second jets of Fy
and J, is additive with respect to the Cartesian product, and vanishes on flat (linear)
structures.
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(2) A generalized almost complex structure J given by (2.3) determines a canon-
ical complex line bundle Ky and there exists a representative p(r sy € A*(M) of
2mey(Ky") such that

3.2)

A F[n—l]
Gscal((}}’foj) = 2(—;0(1«",1) ),

Flnl

see [34, Definition 5.3 and Proposition 5.5].

(3) If (F, J) defines a genuine generalized Kahler structure, i.e., both complex
structures J and I = —F~!J* F are integrable and I — J is invertible, then

Gscalg‘,it’oj) = —trg (d(Fg_ldCD)),
1 1 3.3)
= Elogdet(l -J)— Elogdet(l +J),

see [34, Proposition 10.4].

Theorem 3.2. If (F,J) is a symplectic-type generalized Kdihler structure on M, then
the generalized scalar curvature given by (3.1) coincides with Goto’s scalar curvature

Gscalr,7) = Gscal(g'y, .

Proof. Our goal is to give an explicit biHermitian expression for Gscal?,?t"]). We use

the result of [5, Section 3], where we proved that possibly after taking the product
with a flat factor (C, gg,) any GK structure locally on an open dense set can be
approximated in any C*® norm by a GK structure with invertible I + J. Let (F!, J?)
be such a sequence of locally defined GK structures converging to a given (Fy, Jo)
in the C2% norm. Since Gscal®® depends continuously on the second jet of the
underlying biHermitian data, we have

Goto Goto
Gscal(F,,J,) — Gscal(FO,JO) as | — oo.

Let (F, J) be any member of the sequence (F', J%). Using (3.3) and the identities
O = glé81, 05 =gJé8J

for the Lee forms (where we let §81 := — leil (V& I)(e;) and similarly for §¢17),
we compute

2n
wp(d(Fg'd®) = Y (I + N)Ve, (I + )" g7'd D), ei),
i=1
2n
=AD - ((Ve, (I + DU + ) 'g7'd, ei),

i=1
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AD— (I +) g7 ldd, 6851 +58J)
AD + ((1 + ) g7 ldd, 167 + J0y)

AP (d logdet(I 4+ J),d®)g. (3.4)

where in the last step we applied the identity /6y + J0; = %(1 + J)d logdet(I + J),
which holds on any symplectic-type generalized Kdhler manifold; see [5, Proposi-
tion 4.3].

It remains to combine the identity (3.4) with a formula

Scalg —é|db|§, = —%Ag (logdet(I + J) + logdet( — J))
+ %(d logdet(I + J),d logdet(I — J))g,
(see [5, Lemma 4.5]) to conclude that
Gscal(y'y) = —trp (d(Fg~'d®)) = Scalg —%|db|§ + 20,V —[dV[Z, (3.5)

where ¥ = %log det({ +J) = —log =~ dVF . By (3.5) along the sequence (F*, J!), we
have
Gscal(g? ;) = Scal ;——|db’ + 20,0 — |4V 2

Passing to the C2® limit (F*, J') — (Fy, Jo), we conclude that

1
Gscal(p ;| = Scalg, —E|db0|§0 + 204, Vo — |d W2, = Gscal(ry,s)-

dv,
Wy = —log —~0
d Vg 0
in general, without assuming that Iy — Jy is invertible. [ ]

In the view of the above proposition, we will denote Goto’s scalar curvature
simply by Gscal(r, ) bearing in mind that it is given by (3.1) if (F, J) defines a
generalized Kihler structure.

Remark 3.3. Goto [35] further introduced a generalized scalar curvature associated
to an arbitrary generalized Kihler structure (J, 1) on (M, Hy), Hy € A3(M) and a
volume form duy = e fd Vg. We will show in forthcoming work that similarly to
Proposition 3.2 this quantity can be computed for (g, b, I, J) by an analogous formula

1
Gscal{M) = Scalg —E|H|§ + 27, f —|df )2,

where H = Hy + db.
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3.2. Geometry of the space of almost generalized Kihler structures

On a compact smooth oriented manifold M, we consider the space A€ of (oriented)
almost complex structures J, endowed with the Fréchet topology of smooth sections
of T*M ® TM . Thus the tangent space of A€ at a point J can be identified with the
vector space of smooth sections Jof T*M  TM satisfying J J=—-JJ. Similarly,
on a given compact symplectic manifold (M, F'), we consider the subspace AGK r C
A€ of F-tamed almost complex structures, i.e.,

AGKp :={J € AC | Fp(v,Jv) >0, VO#veET,M, Ype M}.

As the F-taming condition is open in the C *° topology, A&K r is an open subspace
of AT, with the same tangent space at J € A§XK . For each element J € ASKF ,
we denote by I := —F~'J*F~! € AGK F its F-conjugate. Writing —FJ = g + b
where g is the symmetric part and b is the skew-part of —FJ, the taming condition
means that g is a Riemannian metric on M and b is a 2-form. It is easy to check that
both J and its F-conjugate / are g-orthogonal, so we have a quadruple (g, b, I, J)
which gives rise to a symplectic-type generalized Kahler structure if both I and J are
integrable. Irrespective of the integrability of / and J, we will refer to (g, b, I, J) as
an almost generalized Kdhler structure. For any such structure, we still have

det(I +J)#0, F=-2g(I+J)",
b=g(J-DUI+J)"'=—gU+I)'J-1).
Letting P := (I + J) 'and Q := (J — I)({ + J)™!, we can still consider the endo-
morphisms J = Jp g and I = Jr of TM @& T*M, introduced by (2.3); (J,1) give
rise to a commuting pair of almost complex structures on TM & T*M (called gen-
eralized almost complex structures), and a positive definite bilinear form —(J1I-, -)
(where (-, -) is the natural symmetric product on TM @ T*M). Unlike I = JF, the
endomorphism Jp o will not be in general an integrable generalized almost complex
structure. Thus dropping the integrability condition, we introduce the space
AGKy, ={J €eO(TM & T*M,(-.-)) | J*> = —1d,
Jpd =Jpd, —(JJF-,:) > 0}.
By Proposition 2.4, the correspondence J +— J = Jp o given by (2.3) provides an
isomorphism of formal Fréchet manifolds
V:AGKF — AGK .

These Fréchet manifolds have the following tangent spaces at F' (respectively Jr)

T;(ASKF) ={J € End(TM) | JJ = —JJ},
Ty (AGKy,) ={T € o(TM & T*M,(-,")) | IJ = -JJ, [Jp,d] = 0}.
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Both T; (AKX r) and Ty (AFXK 1) admit a formal almost complex structure, via the
left multiplications by J and J, respectively. It turns out that y preserves these almost
complex structures.

Lemma 3.4. The isomorphism of Fréchet manifolds y: AGK r — AGK y,. preserves
the underlying almost complex structures. Namely, if Jisa tangent vector at J €
AGK f, then

Jdy(J) =dy(JJ).

' P QF!
V'JH(—FQ FPF‘l)’

Proof. Along the map

where
P==20+N"" 0=0J-DU+N)'=-T+I)'J-D,

we have

| S
dy(n:(P oF )

—FQ FPF!
where

P=20+0)'"U+DHU+N", 0=20+) JJ-1DHU~+J)",

with
I =—F7YJ*F, 1] =—-FYJJ)*F.

Hence,

. (P QF 1 P QF1
Jdy()) = (—FQ FPF—1> (—FQ FPF—l)
[ PP-00 (PO + QP)F!
" \-F(PQ+QP) F(PP-QQ)F']"

We further compute

PP—QQ0=—4I+N)2J+DHUI+J)!
—2(J =D+ ) 2JJ -1 +J)!
=20+ ) (20 +DH - -DUIJ-1DH)T +J)™"
=20+ )2~ =T+ JI[+1J))YT +)!
=20+ ) 'JJ+1DH{U + )7,



V. Apostolov, J. Streets, and Y. Ustinovskiy 172

PO+ QP =—4(I+J)2JJ-I1HI+J)™!
+2(J DU+ 2T +DHUI + )7}
=2+ ) 2(2(JJ 1D+ =D +DH)T +J)™!
=200 +J)y Y (=T + DT +J)"".
Comparing the resulting expressions with the entries of the matrix dy(J J ) we con-

clude that
Jdy(J) =dy(J J),

as claimed. [

Due to Lemma 3.4, we will abuse notations slightly and tacitly identify ASK
and A&K y, via the map y. We will denote the underlying almost complex structure
given by the left multiplication with J on T j(ASK F) by J.

Remark 3.5. The F-taming condition yields that any two elements Jy, J € ASK F
are commensurable, i.e., det(Jo + J) # 0. Therefore, one can apply the Cayley trans-
form with base-point Jy:

I (J+Jo)  (Jo—J),

to endow AYK r with a structure of an open contractible subset U in a Fréchet
complex vector space. It then follows from Lemma 3.4 and the identification in [29,
Appendix B] of the induced complex structure on U with the complex multiplication
by i that J is integrable.

Following Goto [34] and Gauduchon [30] we define a formal Kihler structure on
(AGK ., J). We use the identification y: AGK p — AGK ,. throughout.

Definition 3.6 (Formal Kéhler structure on ASK g). Let Ji,Jo €T JAGK F be two
tangent vectors at J € ASXK . Denote by J; = dy(Jy), J» = dy(J,) the corre-
sponding tangent vectors at J := y(J) € AGK j,.. One defines a 2-form

.. 1 ..
QJy, ) = Z/ tr(JJy Jp) FI.
M

It is shown in [34] that (ASK r, J, ) gives rise to a formal Kihler manifold with the
underlying Riemannian metric

g(J1, o) = —[ tr(Jy Jp) FI.
4 Jm

One can trace through the identification y: ASK r — AEK . similarly to the
proof of Lemma 3.4 and get a more explicit expression for £ and g which is useful
in finding the linearization of scalar curvature. We leave the details to the reader.
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Lemma 3.7. The formal symplectic R -form and Riemannian metric g are given by
Qy(J1. ) = 2/M tw((I + )T+ IH)T + )2+ )
+ (J1 = I)U + )2 S = T1)])FP,
g (1. Do) = 2/M (I + )21+ 1)U+ T) (2 + )

—(JJy =TIV + 1) 2(J o — 1 15)]) F.

3.3. The momentum map

Let Ham(M, F) be the group of Hamiltonian diffeomorphisms of (M, F') whose Lie
algebra ham (M, F') is identified with the space C5°(M, d V) of zero mean smooth
functions on (M, F) by

CP(M,dVE) > f + —F~Y(df) € ham(M, F),
thus giving rise to the usual Lie algebra isomorphism
ham(M, F) ~ {f € C§*(M.dVF).{-."}F},

where { f. g¢}r = F~1(df,dg) is the F~!'-Poisson pairing. The group Ham(M, F)
naturally acts on A%K g by the induced action on the underlying almost complex
structures J':

O J = () J(D4)"', & e Ham(M, F),

leading to a Lie algebra representation
Co°(M,dVF) > f=>Yr(J) = Lp-1qp)J € Tj(AGKF).

From the point of view of generalized complex structures (J, J ) this action fixes J ¢
and pulls back J € End(TM & T*M). The crucial result of Goto [34] (see also [10]
for the toric case) is that this action on the Kéhler Fréchet manifold (ASK r, 2,J)
is Hamiltonian. Proposition 3.2 above complements this with a concrete geometric
interpretation of the momentum map in terms of the biHermitian geometry.

Theorem 3.8 ([34]). The action of Ham(M, F) on (AEK r, R, J) is Hamiltonian.
Specifically, for each J € A§K r there exists a function Gscal(g, yy such that the
pairing

(). f) = /M Gscalr.yy fFY,  f € (M. d Vi),
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is a momentum map for the action, i.e., for any infinitesimal variation J= %l =04,
Ji: € AGK F and any smooth function f € C§°(M,dVF), we have

. d
g(iF_l(df)J’ J) = /};4 (E GSC&I(F,_]Z))fF[n].

We note that the setup in [34] is slightly more general than stated here, as it allows
for a symplectic-type generalized complex structure I twisted by an additional B-
field transform. However, in the special case when the B-field transform is trivial, the
group acting on J (or equivalently on J) reduces to Ham(M, F) C Diff(M).

Remark 3.9 (Average value of Gscal). Using (3.2), we observe for any J € ASKFE
that the average value of Gscal

7= [3y Gscal(r, Flrl

Jua FV
_pupn AP e (K5 - [FI [M])
Ju FU ([F]", [M])

is a topological constant depending only on ¢, (Ky) € H*(M,Z), [F] € H*(M,R).

Definition 3.10. We say that a symplectic-type generalized Kéhler structure (F, J) is
of constant generalized scalar curvature, and abbreviate cscGK, if Gscal(g, ) = [t is
a constant function. We say that (F, J) is an extremal generalized Kidhler structure if
the vector field y := —F ~1(d Gscal(r,j)) preserves J, i.e., £,J = 0. The vector
will be referred to as the extremal vector field.

These definitions are motivated by the following immediate corollary of Theo-
rem 3.8 (see also [36, Section 9]).

Corollary 3.11. Let (F, J) be a symplectic-type generalized Kdhler structure defined
on a compact manifold M. Then
* (F,J)iscscGK if and only if J is a zero of the momentum map p of ASK F;

o (F,J) is extremal if and only if J is a critical point of the norm functional J —
l(J)||? on AGK r, where the norm is the L>(M, F) norm

—\2
I = [ (Gscaler.ry ~i)*F1

Proof. 1t is immediate by Theorem 3.8 that (F, J) is cscGK if and only if J is a zero
of the moment map p: AGK r — (C§°(M,R))*. For the second part we compute the
variation of

—\2
()P = /M (Gsealgr.s) ) dVr
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along the corresponding Hamiltonian vector field y := —F~!(d Gscal(g,s)). By The-
orem 3.8, for any smooth path J; € AGK  tangent to J at J, we have

d .
EIIIL(Jz)II2 =2 (=L, J. J).

As R ; is nondegenerate, J € AGK f is a critical point of || (J)||? if and only if y
preserves J. u

4. The Calabi program for symplectic-type GK structures

Motivated by Calabi’s program in Kéhler geometry, which seeks extremal and con-
stant scalar curvature Kahler metrics in Ky, the discussion in the previous section
naturally leads one to ask a similar question in the symplectic-type generalized Kihler
context. First in this section we show that the space §X g,a is the formal complexi-
fied orbit for Ham(M, F), further justifying it as a natural generalization of K. We
then give variational characterizations of extremal and cscGK structures in terms of a
Calabi functional and Mabuchi energy, respectively. Using this structure we establish
the Calabi-Lichnerowicz—Matsushima-type obstruction, the existence of an extremal
vector field, and the Futaki character discussed in the introduction. We end by com-
puting the linearization of the scalar curvature, yielding a natural generalization of the
Lichnerowicz operator in this setting.

4.1. The complexified orbits for the action of Ham(M, F)

We start by extending a key observation from [20] to the symplectic-type generalized
Kihler setting.

Lemma 4.1. Let (Fy, Jo) be a Hamiltonian flow deformation of a symplectic-type
generalized Kihler structure (Fy, Jo), with respect to a time dependent smooth func-
tion ¢y. Let ; € Diff(M), ®¢ = Id be the isotopy of diffeomorphisms corresponding
to the time dependent vector field Z, := —F; (I, d¢;). Let

Ji = ‘Dt_l <Jo 1= (th);lJO(q)t)*» Yy = q);k(d’t)s Yy, == —Fo_l(dlfft)-

Then, for any t,
P (F) = Fo. Ji=Ji(Ly,, o).

Proof. Using the fact that along the Hamiltonian flow deformation F = dd i$.Z =
—F71(1; d¢,) defines a Moser isotopy, i.e., ®} (F;) = Fo. Furthermore, we compute

2y = —F7NA5 0 = 3+ Iy = 3 Io(ls + Jo)dy) = —~JoF (dy).
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Letting J, = (®;); 1 Jo(®;)«, we get

d
EJ{ = i(d),)_l-ZtJt = °<CJIY1//[ Jt = Jt(ith J),

as claimed. [

Remark 4.2. By virtue of Lemma 3.4, it follows that F; € ¥X , , is mapped via ®,
into a curve inside the formal “complexified orbit” of Ham(M, Fy) in (AGK g,, J).
which is transversal to the Ham(M, Fy) orbit of (Fy, Jo).

4.2. The generalized Kéihler Calabi functional

We now consider an extension of the Calabi functional to our notion of a generalized
Kihler class §K o, which gives a further variational characterization of extremal
metrics. This functional is related to the square norm of the momentum map studied
in [36, Section 9] (see also Corollary 3.11), where the notion of extremal generalized
Kihler structures was introduced.

Definition 4.3 (Generalized Kéhler Calabi functional). We define the Calabi func-
tional by

Ca(F) = /M Gscalyp , F".  F € §Kna.
Proposition 4.4. F € §K o is a critical point of Ca if and only if F is extremal.

Proof. This is similar to the proof of the second part of Corollary 3.11. Let F; be a
Hamiltonian flow starting at F' and corresponding to ¢;. Using a Moser isotopy ®;
as in Lemma 4.1, we can translate the above property with respect to a path (F, J;) €
AGK p, and then compute

d

dt

d
2 [n] _ 7\2 plnl
1=0 /M Gsealir, s 7= Gl /M(Gscal(F’Jt) HEY

=2Q(—£L,J, J) = 29(L,J, JEyJ),

where
¥ = —F_l(d Gscal(p,j)) and Y = —F ' (d¢o).

In the above equalities, we first used that the averaged generalized scalar curvature is
constant in ¢, see Remark 3.9, while the third line follows from the computation in
Corollary 3.11, and for the last line we have used Lemma 4.1. The result follows by
specializing the above computation with ¢, := Gscal(f,  ,), we conclude that

g(Ly . £,0) =0

sothat £, J = 0. m
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4.3. The generalized Kihler Mabuchi functional

In [56], Mabuchi further introduced his ““K-energy” which is essential to the proof of
uniqueness of cscK metrics. Formally it can be thought of as extending the moment
map to the complexified orbit of the action of Hamiltonian diffeomorphisms of a
Kihler form. A similar phenomenon exists here, although in general we only obtain
a one-form corresponding to the differential of the Mabuchi energy. Specifically,
we introduce a 1-form t on §K ;4 by its value at fundamental vector fields Xy €
TrSKna ¢ € C°(M,dVE), see (2.19):

Tr(Xg) 1= — /M ¢ Gscalr ) F™,  F € 9K 4.

Proposition 4.5. The 1-form t is closed.

Proof. Using Lemma 2.16, we need to check that
Xy (1(Xg)) — Xg (v (X)) — 7(Xig,93,,) = 0.
Let us examine the first term at a point F' € X ?r,oc'
__ 4 (]
Xy (t(Xyp)) = 7 ¢ Gscal(g, ) F,™.
tJm

where F} is a Hamiltonian generalized Kéhler deformation of F generated by 1. We
use a Moser isotopy ®; corresponding to the vector field

Z,=—-F7 ' dy)=—-JF'(dy).

as in the proof of Lemma 4.1, and pull back by ®; the integrand of the above expres-
sion to yield

d
Xy (z(Xp)) = - /M ¢: Gscal(g j,) FI",

where J; and ¢; are the pull-backs of Jy = J and ¢9 = ¢ under ®,. We also put
V¥ = ® (). Using Theorem 3.8 and Lemma 4.1, we compute

d
— /M o; Gscal(F’Jt)F[”]

= Q(Yy,.JYy,) — / Gscal(r, j,)dd.(Z,) F"
M
1

= Q(Yy,. JYy,) + 5 / Gscal(r, yy(dee, Jo (I + Jo)d ) g, F™

M

1

= Q(Yy,.JYy,) — 3 /M Gscal(r.y,){dps, d;) g, F™

1
+ E/];4GSC&I(F,Jt)(detvJtltdwt>gtF[n]'
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Noting that the two terms at the third line are symmetric in ¢ and v, we thus get from
the above

1
Xy (1(Xg)) — Xp (r(Xy)) = —3 /M Gscal(gy,g)(dds. [11, Ji]ldY:) g, Fo[n]
1 Gseal dep; (7 (dys)) FM
- 2 iy (F(),J[) t t t 0

= /1;4 GSCﬂl(FO,][){d)t’ wt}ﬂFO[n]

Pulling back via ®; !, we get the claim. n
As §X o may have a nontrivial topology, it is not immediately clear whether
T =dM
for some functional M: X  , — R.

Definition 4.6 (Generalized Kéhler Mabuchi functional). We define the Mabuchi
functional M g, to be the primitive of T (if it exists) satistying Mg, (£p) = 0.

4.4. The generalized Kihler Calabi-Lichnerowicz—Matsushima theorem

Here we prove a structural result on the group of Poisson automorphisms of an extrem-
al GK structure, extending the classical results of Calabi—Lichnerowicz—Matsushima.

4.4.1. The reduced automorphism group. Let Auty(J, ) be the connected com-
ponent of the (complex) automorphism group of J and ;. We denote by

b(J,7y) := Lie(Auto(J, 7y))

its Lie algebra, which is a J-invariant subalgebra of the algebra of real holomorphic
vector fields on (M, J). We first observe several basic structural results concerning
h(F, J), extending the theory in the Kéhler case.

Let us denote by

Hy = {E e N'(M) | dE = dj§ =0},

the space of d and d §-closed 1-forms on (M, J): #] is just the underlying real vector
space of the space of holomorphic 1-forms on (M, J), which are automatically closed
by Theorem 2.7.

Given X € h(J, my), we consider an infinitesimal variation £x F of F € §K 4.
By Theorem 2.7, we conclude that 1-form F(X) admits the decomposition

F(X)=U+J)nx +dop +1dvy, 4.1

where ny € #.
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We note that for any 7 € J€Jl and any X € h(J,ny),
£xn = 0.

Indeed, as any element 1 € Jf} is uniquely determined by its cohomology class 1] €
H'(M,R), and since an infinitesimal symmetry of J preserves both the cohomology
classes of closed forms and the space J{,’Jl the Lie derivative £x 1 must vanish. This
observation implies that (X ) is a constant. We thus get a real linear map

v h(J, ) = (KT (X)) = n(X).

Since for X, Y € h(J, y) we have n(X) = const and n(Y) = const, and 7 is closed,
it follows that n([X, Y]) = 0. Therefore, 7 is a Lie algebra homomorphism from
h(J, my) to the abelian Lie algebra (](’Jl)*, and its kernel

bred(J7 7TJ) = Ker(r) < f)(.], 7TJ)

is an ideal. We have an alternative description of beq(J, 7r5) as follows.

Lemma 4.7. The Lie subalgebra Yeq(J, ) C H(J, ) consists of all elements X €
H(J, y) which can be represented as

X = F Y (de)+ JF7Ydy), ¢. ¥ € C®(M,R). 4.2)

Proof. First we prove that X of the form (4.2) lies in Ker 7. Indeed, for any 1-form
ne H}, we compute

/ n(X)F™ =/ trr (pAde + J*n Ady)FIM =0,
M M

since the forms 1, J*n and F are closed. Since n(X) is constant on M, this implies
that 7(X) = 0, so that X belongs to the kernel of 7.

Now conversely assume that X € §(J, 7 y) is any element with the corresponding
decomposition (4.1). Using the computation in the first part of the proof, we know
have

1 1
nx (X) = —/ trr (nx A (I + J)nx) F" = —/ (1 + J)’Ile,F["] >0,
V Ju 2V Ju
where V = [, F ["] and g is the Riemannian metric determined by (F, J). The latter

expression is nonzero unless ny = 0, as claimed. ]

Lemma 4.8. If a vector field X = F~'(d¢) + JF~1(dV) preserves J, then it also
automatically preserves m, i.e., X € Hreqa(J, 7).
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Proof. Taking the Lie derivative £x of the identity
FJ+J*F—FomoF =0

and using the computations of Remark 2.14, we conclude

(2,0)+(0,2)

I —FOfxﬂOF=O.

2((Ex F)I)

Since £x F = d(FJF~'dvy) =d I d is of I -type (1,1), we conclude that £x 7 =0,
as claimed. ]

Motivated by the classical Kéhler setup, we make the following definition.

Definition 4.9. Lie algebra of reduced automorphisms of (J, mwy) is the kernel of
T h(J,wy) > (KD)* e,

brea(J, 77) i= {X € h(J, 7y) | n(X) = O forany n € H;}.
Equivalently, using Lemmas 4.7 and 4.8, §,.q(J, wy) can be described as
brea(J.7y) = {X = F'(dp) + JF7'(dy) | £xJ =0, ¢. ¥ € C®°(M,R)}.

Remark 4.10. (1) The identification bq(J, 77) = Ker(r) implies that the algebra
of reduced automorphisms is independent of F € €K, since the space #1!, the Lie
algebra §(J, ) and the homomorphism t are all determined by the holomorphic
data (J, y).

(2) Following the argument of LeBrun and Simanca [50], on a K&hler background
(M, J), one can alternatively characterize the ideal Hq(J, wy) < h(J, s) as the set
of all holomorphic vector fields preserving 7y whose zero set is nonempty.

(3) We also observe that by the second equality in Definition 4.9, §.q(J, 7y) is
invariant under J, so that it can be endowed with a complex Lie algebra structure.

Remark 4.11 (Comparison with the approach of Goto). To put our definition into
context let us compare it to the approach in [36, Section 5.1]. Using the formalism of
generalized geometry, Goto defines a complex Lie algebra

a0 C Ly CEnd(TM & T*M) ® C,

where Ly is the (—+/—1)-eigenspace of J := Jp, g (see (2.3)). The Lie bracket on go
is given by the Dorfiman bracket (see [27, Chapter 2]) on the sections of

End(TM & T*M) ® C.
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The underlying real Lie algebra Re(gy) is
Re(go) ={e € TM @ T*M |e = F~'(d¢) + IF ' (dy),
LI =0,¢,9 € C®(M)},

where LD is the infinitesimal action of an element e € TM & T*M on J given by
the Dorfman bracket. The Lie algebra structure on Re(gg) is equivalently given by the
F-Poisson bracket on the corresponding smooth complex-valued functions ¢ + i .
One can show that e := F~!(d¢) + J F~1(dv) is in Re(go) if and only if

X := F7'(d$) + JF ' (dY) € brea(J. 7).

This gives rise to a natural isomorphism of real Lie algebras

brea(J, m7) = Re(go),
respecting the underlying complex structures and the F-Poisson bracket on {¢ + iy }.

As in the Kihler case (see, e.g., [29]), the Lie algebra homomorphism

T h(J, ) > (H))*

can be integrated to a Lie group morphism
T:Auto(J, y) — (H))*/T,

where I' = H{(M, 7).

Definition 4.12 (Reduced automorphisms of (M, J, 7 5)). The Lie group Aut,eq(J, 77)
of reduced automorphisms of (J, my) is the connected component of identity of the
kernel of T inside Auto(J, 7y). Thus Auteq(J, 7y) C Auto(J, y) is a closed sub-
group with Lie algebra §eq(J, 7).

4.4.2. The reduced automorphism group of an extremal generalized Kihler
manifold. We note that the infinitesimal action of

X = F Y d¢ + 1dy) € hea(J, my)

on F'is £x F = ddfv, which vanishes if and only if 1 = const. Thus we get a Lie
subalgebra

?(F’J) = {X € lE)red(-]vfrJ) | °<£XF =0}
={X eb(J.ns) | X = F'(dp)} < hrea(J. 7).

We observe that £(F, J) is the Lie algebra of the Lie group

K :=Isom(g) N Aut(/) N Auteeq(J, 7y) = Ham(M, F) N Auteeq(J, 7).
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Note that, since Aut(/) and Aut.q(J, ) are closed Lie subgroups of Diff(M) and
Isom(g) is compact, it follows that K is a compact Lie group.

Theorem 4.13. Suppose F € §K o is an extremal generalized Kdiihler structure with
the holomorphic extremal vector field

x = —F~'(d Gscal(r ).

Denote by Auteq(J, w5)* C Auteeq(J, 7w ) the connected subgroup preserving x. Then
the group
K = Auteq(J, my) N Ham(M, F)

is a maximal compact subgroup of Autreq(J, 7) and Autyeq(J, 77)* = K€, In partic-
ular, (F, J) must be invariant under a maximal real torus in Aut.eq(J, 7w s) containing
the one-parameter subgroup exp(t y). If F is cscGK, then

x=0 and Auteq(J,7my) = K€,

Proof. We follow the recent treatment [51] which deduces the above properties by
formal arguments from the moment map picture. Another relevant reference for this
approach is [64]. We want to apply [51, Theorem 3.3]. In our setting, we consider the
(holomorphic) action of Ham(M, F) on (AKX r,J) endowed with the formal Kdhler
structure £, and with momentum map p: AGK r — (C§°(M,dVF))*:

(n(J),p) := —/ Gscal(r,ypF™,  J € AGKF, ¢ € C(M,dVF).
M

Recall that we identify the Lie algebra ham(M, F) of Hamiltonian vector fields
with the space of normalized smooth functions C;°(M, d V) equipped with the F-
Poisson bracket {-, -} r, through the standard Lie algebra isomorphism

CP(M,dVE) > ¢ +> Yy := —F ' (dp) € ham(M, F).

We further consider the ad-invariant inner product (-, -) on ham(M, F), defined by
(9162 1= [ 912F . 4192 € CE(M.aVr) = bam(M. )
M

The real Lie algebra (Cy°(M,dVF),{-,-}r) = bam(M, J) can be complexified, and
is then denoted by

bam(M, F)® = {~F~'(d¢) — JF N (dy)} ~{¢p + iy}, ¢.¥ € CC(M.dVp).

There is an “infinitesimal action” of ham(M, F)C on AGX r, such that ¢ + iy is
mapped to the vector field

J — iF_l(d(P)J +J$F_l(d1ﬁ)‘, GTJ(AgJ{F)
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Suppose that J € ASK F is a generalized Kahler structure, i.e., J and I are both
integrable. Then by Lemma 4.8 the stabilizer of J in ham (M, F )<C iS hrea(J, y).

We now consider the functional || (J)||?> on the formal Kihler Fréchet mani-
fold (AGK g, R,]J) as in Corollary 3.11, which is the square-norm of the momentum
map g with respectto (-, -). Let J € AEK r be a generalized Kéhler structure which
is a critical point of || (J)||?, i.e., an extremal generalized Kihler structure by Corol-
lary 3.11. Then the extremal vector field

x = —F~'(d Gscal(p,z))

belongs to the center of £(F, J). By applying the generalized Calabi—Lichnerowicz—
Matsushima decomposition (see [51, Theorem 3.3]) to the convex functional || |?
on

(ASK F, 2., bam(M, F), (-,-}),

there is a semidirect splitting §.eq(J, 77) = Hrea(J, 77)X + s(J, wy) Where the cen-
tralizer hreq(J, w7)X of y is a reductive algebra satisfying

bred(-]v HJ)X = ?(F’ J) ®C,

whereas s(J, 7 y) is a solvable ideal. This shows that §.q(J, 77 7)* is a maximal reduc-
tive Lie subalgebra of hq(J, 7). The claims follow from this.

As ¥(F,J) is the Lie algebra of K, it follows that K < Autq(J, 7ry) is a maximal
compact subgroup, which is therefore connected as Autq(J, 7wy) is (see, e.g., [57,
Theorem 111]). It then also follows from the above that K€ = Aut,eq(J, 707)X. [ ]

Remark 4.14. In the case b1 (M) = 0, we have Jf} = {0}, and then Aut,q(J, 75) =
Autg(J, ) is just the connected component of the identity of the group of Pois-
son automorphisms of (J, 7ry). Furthermore, in this case ¥(F, J) reduces to the Lie
algebra of Killing fields of (F, J), so that Ky is just the connected component of the
isometry group of (F, J).

Remark 4.15. (1) Theorem 4.13 gives obstructions to the existence of extremal, non-
cscGK generalized Kihler structures. We illustrate this on the following example. Let
us consider the second Hirzebruch complex surface

(M, J) =¥, :=P(O & O(-2)) — CP',

endowed with its Liouville Poisson structure JTJL, that is, nJL is the inverse of the
Liouville symplectic form on @ (—2) = T*CP!. Let w be a Kihler metric on (M, J),
defining a de Rham class @ = [w]. By [33, Theorem 8.15] or [41, Corollary 7.3], one
can deform w in order to obtain on (M, J) a thL -compatible symplectic-type GK
structure Fy, for |t| < e with Fy = w. As H%2?(M, J) = 0, the arguments in the proof



V. Apostolov, J. Streets, and Y. Ustinovskiy 184

of [41, Theorem 7.1] actually show that F; € «. Notice that the automorphism group
of the base CP! preserves JTJL and, in fact,

Auto(J, 75) = PGL(2, C).

L

J ]
so by acting with an element of C*, the above results yield a symplectic-type gen-
eralized Kéhler structure F' € §K (M, J). As PGL(2, C) is a semisimple group
(and thus has a trivial center), by Theorem 4.13 any extremal generalized structure
in X ?r,a (M, J) must be cscGK. Theorem 4.13 gives no further obstructions for the
existence of a cscGK metric in &K ?r,a (M, J).Itis thus interesting to know whether or
not X ?r,oz (M, J) does admit a PU(2)-invariant cscGK structure. At the same time, it
is well known that §K ¢ (M, J) = K (M, J) does not admit a Kdhler metric of con-
stant scalar curvature. In fact, it admits an extremal Kdhler metric with nonconstant
scalar curvature [11].

On the other hand, the C*-action on the fibers of F, preserves « and scales 7w

(2) Still considering the same example, an interesting phenomenon related to the
connectedness of K - o and the size of & appears. Let us denote by / the second
complex structure defined by (F, J). It is shown [48, Remark, p. 6] that

(M, I) ~ CP! x CP'.

The corresponding holomorphic Poisson tensor 77y on (M, I') has zeros of order 2
along the diagonal A € CP! x CP!. We find, therefore, that

Autg(/, ;) = PGL(2,C),

which is also the stabilizer of A inside Auty(M, 1) =PGL(2,C) x PGL(2,C). Notice
that, unlike (M, J, n}), we cannot rescale 77y with an element of Autg(M, ). As

H>°(M, 1) =H**M,I)=0 and H?*(M,R)= H“'(M,R),

a is a (1,1)-class on (M, I). As F € « tames I, « satisfies the Nakai—-Moishezon
positivity condition [18] and thus is a Kéhler class, i.e., there exists a Kéhler structure
@' € o on (M, I). Using [33, Theorem 8.15] and [41, Corollary 7.3] on (M, I, ),
one gets symplectic-type generalized Kihler structures F, € §K ;x.q(M, I), defined
for |¢| < &’. Notice that the second complex structures J, are now biholomorphic to /:
this follows for instance by the fact that H'(M, T, "°M) = 0,i.e., CP' x CP! is rigid.
If we were able to obtain such deformations up to ¢t = 1, we will have for F’ := F|
that F, F' € 8K o(M, I),but F" and F cannot be in the same connected component
gK ?w (M, I)as J' and J are not biholomorphic.
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4.5. The generalized Kihler extremal vector field

The momentum map interpretation of the generalized Kihler scalar curvature leads to
an alternative intrinsic description of the extremal vector field.

Proposition 4.16. Letr G C Ham(M, F) be a compact subgroup with Lie algebra g.
Let AGK IG; be the space of G-invariant structures in AGK g. For an element a € g
let ¢ := ¢pg,Fr € C5°(M,dVF) be the corresponding Hamiltonian. Then the integral

/ ¢a,F GSC&](F,J) dVF
M

is independent of J € AﬁJ{IG;. That is, the L>(M, d Vg )-projection T1 g (Gscal(r, s))
of Gscal(r, yy on the space of Hamiltonian potentials {¢q.r | a € g} C Cg°(M,dVF)
is constant on AGK g In particular, the vector field y € g,

x = —F ' (dT1F(Gscal(r,s)))

- G
is independent of J € AGK ;.

Proof. The claim follows from Theorem 3.8 along the lines of proof of Corollary 3.11.
Let Jo, J1 € AGK g be two invariant almost complex structure. Using the Cayley
transform we can connect them via a path J; € AGK S

Jo =1 +1S)Jo(1 +1S)~', S =1 +Jo) (Jo—T1).

Consider a Hamiltonian vector field Yy = —F~1(d¢) € g on (M, F). Let Yy(J) =
—&£y,J be the induced fundamental vector field on AGK . As Yy preserves any
G-invariant element of AKX r, we have Y4(J) = 0 for J € AGK G, and thus

2;(Yg.:) =0.

We apply this to a path J; € AGK g: by the definition of momentum map, we have
d .
E M¢GSC&1(F’Jt)dVF =ﬂJ(Y¢,J) = 0.

This shows that the L?(M, d V) projection Gscal(r, ,) onto the space of normalized
Hamiltonian potentials of g is constant. ]

Now we will change the point of view by fixing the holomorphic data (J, 7 ;) and
varying F' € §K  o. Suppose (F, J) is an extremal generalized Kihler structure. Then
by Theorem 4.13 the extremal vector field y = —F~!(d Gscal(f, ) is contained in
the Lie algebra t of a maximal torus T C Auteeq(J, 7y) N Ham(M, F). It turns out
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that by the means of Proposition 4.16, vector field y can be defined intrinsically from
any T -invariant generalized Kihler structure Fy, using the L2(M, d V) projection

Mf,:C®(M,R) » C*(M,R)

of Gscal(r,, ) onto the space of Fo-Hamiltonians of T. In particular, y being nonzero
provides an obstruction for the existence of T -invariant cscGK structures in §K .

Theorem 4.17 (Extremal vector field). Given a torus T C Auteq(J, wy) let XK lr,a
be the space of T -invariant generalized Kdihler structures. Then, for any Fy € §X E,a,
necessarily T C Ham(M, Fy). Moreover, the vector field

x = —Fy ' (d11F,(Gscal(g,.))) 4.3)

is independent of the choice of a T -invariant symplectic form Fy € K Ea. If, further-
more, T is a maximal torus in Auteq(J, wy), then F € §K ;r’a is an extremal structure
if and only if

Gscal(p,j) —I1 7 (Gscal(r sy) = 0.

In particular, the underlying extremal vector field —F ~'(d Gscal(r, ) is necessarily
given by (4.3).

Proof. First we prove that T C Auteq(J, 77) acts in a Hamiltonian fashion. Indeed,
any vector X € Bq(J, s) in its Lie algebra has a decomposition

X = Fy'(d¢) + Fy ' (1dy),

see Definition 4.9. Since Fy is T-invariant, we have £x Fy = 0, which implies that
ddiy = 0,s0 ¢ = const and X is a Hamiltonian vector field.

For the claim about the constancy of y on X I,a, take another F; € §K g’a.
Then applying an equivariant Moser isotopy we find a T -equivariant diffeomorphism

®: M — M such that ®*(F;) = Fy. Then we have J, ®*(J) € AﬁJCEO, and we can
apply Proposition 4.16 to conclude that

X = —Fy (d T gy (Gscal(ry,1y)) = —Fy ' (d T, (Gscal(ry, o+ (1))

Since @ is T -equivariant, we observe that (®*)y = y so that applying (®*)~! to the
last term we deduce

—Fy (T Ry (Gscal(ry,p))) = —Fp H(dTLE, (Gscalr, 1)),

as claimed.
Finally, assume that T is a maximal torus in Auteq(J, 7y) and F € §K E’a is an
extremal generalized Kihler structure with the extremal vector field

Next = —F(d GSCaI(F,J)).



Geometry of the space of generalized Kihler structures 187

Since (F, J) and hence y.x is invariant under T, by the maximality of T and Theo-
rem 4.13 we have yex € t, so that

IIfF Gscal(r,j) = Gscal(p,j) and  Yext = X.
Conversely, if I1r Gscal(r,jy = Gscal(r, ), then
x =—F~'(d Gscal(r,z)) €t C brea(J, 77)

is holomorphic, and (F, J) is extremal. [

4.6. Futaki character

In this section we introduce a generalized Kihler analogue of the Futaki character on
Brea(J, ). Recall that given a generalized Kihler structure F' € §K o, we have a
decomposition (see 4.9) of a holomorphic vector field X € beq(J, 7y):

X = F ' (dox.ry) + F (1 d¥x.p),  dx.r) Yoxr) € Co° (M, dVF).
Theorem 4.18 (Futaki character). Let F € §K 5 o be a generalized Kdhler structure
ona (M, J,y). Define a homomorphism ¥ yy: Hrea(J, ws) — R by

Frn(X) = /M Vx.F) Gsealr, ) dVi = =t (Xy(y py)-

Then ¥(F, ) is independent of F' € K 70[ o and vanishes on the commutator

[[)red(-]a ﬂJ), f)red(Ja 77./)]'

In particular, ¥ jy is a character of Yea(J, y) and is identically zero if K jow
admits a cscGK metric.

Proof. The infinitesimal action of the vector field X € beq(J, wy) on F € GK ;4 is
given by £x F = ddjy(x,r) thus it induces a vector field X on XK o, which at a
point F' € §K ; o is given by

X(F) = Xy(x -

Now, the 1-form T on €K ?r,oc is invariant under the vector field X, since it is induced
by an action of Diff(M) on the entire structure (F, J). Thus by Cartan’s formula we

have
0= d(r(X)) +dt(X,).

Since 7 is closed, it follows that 7(X) is constant on §X 2,04 which is equivalent to
the statement of the constancy of ¥(r, ) on &K ?r,a'
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Now, if Y € hreq(J, wy) is another holomorphic vector field inducing a vector
field Y on §X ; o, then

\?kF’J)([X, Y))=—-1(X.Y]) =dtX.Y)+ Y- 7(X) - X-7(Y) =0,

as claimed, so that () is a character of the Lie algebra beq(J, 77). ]

4.7. Linearization of the normalized generalized scalar curvature

We present here the linearization of Gscal(r, ) when F; varies within a given gen-
eralized Kahler class 9K o, similar to [36, Section 6]. Motivated by Theorem 4.17
we will, more generally, fix a compact torus T C Auteq(M, J, 7 y) and consider the
space § K E,a of T -invariant elements of § K ; o, and define a notion of T -normalized
scalar curvature as follows.

Definition 4.19. For any F € §X E’a, denote by tr the vector space of smooth func-
tions f such that —F~!(df) € t := Lie(T) and by I1 ¢ the L*(M, d V)-orthogonal
projection of C*°(M, R) to tr. Then the T -normalized generalized scalar curvature
is given by

GscalETF,J) := Gscalp sy —1IlF (GSC&I(F’]))-

Lemma 4.20. Suppose that F; is a smooth path of generalized Kiihler structures
in §K E,a corresponding to a Hamiltonian deformation with a T -invariant function
¢ € (C®(M,R)T. Then, for any smooth function ¥ € (C®(M,R))T, we have

oG

+ / V(trry(dd§e —ddfe +d Gscalngo’J) AJ d¢))F0["],
M

T [n] _
. Gscal(Ft,J))FO" =8 (i'fp(;l(dqs)Jv xF(fl(dw)J)

=

where gy is defined in Lemma 3.7.

Proof. Notice that, by the assumption for T with respect to Fy, for any F € §X E’a
we have a Lie algebra isomorphism

(tr/R.A-F) = (8 [0]),

i.e., each vector field Y € t is F'-Hamiltonian. Denote by tg,: M — t* the momentum
map of T with respect to Fp, with momentum image a polytope P. Using a T-equi-
variant Moser isotopy with respect to F' € §XK E,a (notice that (1 —¢) Fp + ¢ F defines
a T-invariant isotopy of symplectic forms as they tame J for all #), it follows that
there is a uniquely determined momentum map pr: M — P. Furthermore, the I1 g, -
projection of Gscal(r,, ) is of the form /,L’I‘:OK, where £ is an affine-linear function
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on t*. By the T -equivariant Moser lemma and Theorem 4.17, we have
I F (Gscal(p,y)) = pnr @)

for the same affine-linear function £. We now use a slight modification of the compu-
tation in the proof of Proposition 4.5: letting ¥, := ®} () and J; := (®;)+J (D;); 1,
where ®; is the isotopy defined in Lemma 4.1, we have

NG

_, Gscally, ,)) vy

d T [n] T [n—1]
= i /M Gscal(Ft,J) 1/thn - /M Gscal(FOJ) vddip A Fon
d

-1
==l /M Gseall, s, ¥ Fy" — /M Gscal(y, ;) wddf¢ A Fy' ")

d

F 7] T [n—1]
= dr tzo/M(Gscal(Fon) _HFO(K))%FOn — /M Gscal (g, y) Vddi$ A F

1 T [n]
=-gs (xF(;l(dq,)J, :tiF&l(dw)J) +3 /M Gscallp, jy{dg. J(I + J)dv)g, Fy'

- /M Gscally, ;) vddfp A Fy' ",
Notice that (cf. (2.5), (2.6))

1 1
SUd9. T+ D) d) gy = S(dV. (I + )] dd)gy = —ter(dV A J ).
Substituting in the previous identity and integrating by parts yields the claim. ]

Corollary 4.21. Suppose (Fy, J) is an extremal symplectic-type generalized Kdhler
structure and let T be a torus in Ham(M, Fy) N Aut(M, J) containing the expo-
nential of the extremal vector field y = —F, '(d Gscal(r,)). Then the lineariza-
tion of GscalEFF’ 7y at Fo in the space SK 35’& is a fourth-order linear operator on
(C®(M,R))T /R, whose kernel is the space of Fo-Hamiltonian holomorphic vector

Sields on (M, J) commuting with y.

Proof. By the definition of T-normalized scalar curvature, if (Fy, J) is extremal
then GscalngO,T) = 0. The first part of the claim then follows from Lemmas 4.20
and 3.7, noticing that (after integrating by parts) the right-hand side of the expression
in Lemma 4.20 vanishes for y = const. Furthermore, to identify the kernel of the
linearization, denoted here 7y, we note using (2.13) that

/M To(W)YFy = —gs (ipo—l(dlp)‘,’ :EFO—‘(dW)J)’

and the claim follows. [
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Remark 4.22. In order to obtain a formula for the linearization T of GscalEFFO, 7)»one
needs to further integrate by parts the expression in the right-hand side of the integral
formula above, using the rather involved definition of g; in Lemma 3.7. We did not
attempt to achieve this in the current paper.

S. Formal Riemannian structure on § X  , and uniqueness

5.1. The Riemannian metric on § X , and geodesics

We now introduce a formal Riemannian metric on the space X o, generalizing the
Mabuchi-Semmes—Donaldson Riemannian structure [20, 56, 60] on K,. Recall that
at any F' € 9K o, we showed that the tangent space T ¢ (§K o) is identified with
C>®(M,R)/R, see Remark 2.18. For any given F € §X 5 o, we will further identify
C°°(M,R)/R with the space of F-normalized smooth functions,

Tr(§Kna) ~ CO (M, dVi) = {¢ e C®(M,R) | [ pFM = o}.
M
We can then define a (formal) Riemannian metric (-, -)) on X o, by letting

(P1.02)F 5=/M¢1¢2F["], $1.¢2 € Cg°(M,dVFp).

We note by Stokes’ theorem that at any fixed point F, the inner product {-,-)F is
ad-invariant with respect the Poisson bracket of F, i.e., satisfies

({p1. 93 F . P2 )F + (D1, 42,3 F)F =0, Vo1,2,¢3 € Co°(M,dVF). (5.1)

Lemma 5.1. Let F — & € Tp(6K o) = Ci°(M,dVF) be a formal vector field
on X r o. Then the Riemannian structure (-, -)) on §K admits a unique Levi-Civita
connection D, defined by

(Dpb)F =Ep(¢p) —trp(dp AT dEp), ¢ €CP(M.dVF)=Tr(8K ), (5.2)

where éF(qS) = % |t=0& F,, with Fy being the Hamiltonian deformation of F defined
by ¢.

Proof. We will first establish (5.2) for a fundamental vector field & = Xy, (cf. Def-
inition 2.15). In what follows, we assume (without loss) that f u F [l = 1 for any
F € 6K 1 . We will identify Xy, at F' € §K o, with the normalized function given by

gr =y [ vl
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Letting O denote the formal connection which preserves (-, -)) and is torsion-
free and we will compute it using the Koszul’s formula for fundamental vector fields
§; =Xy,,1 =1,2,3. Applying Lemma 2.16, we have

2<<‘DE]£2’ §3>> = X¢1 : <<X¢2’X¢3 >> + X¢2 : <<X¢1 ’ X¢3) - X¢3 : <<X¢1 ’ X¢2 »
— (Xig1.0010 X3 ) T (Xipn.63)0 X ) + (Xeg1,03300 X0 ). (5.3)

We compute at F (assuming without loss that [,, ¢; F "] = 0):
X (Xn Xs) = [ aa(@dion) n P70
Xo (X Xes) = [ bra(@djg) n P00
Xos - (Xg, X, ) = /M Prpa(ddfps) A FI1 = /M ¢3(dd§(p1¢2)) A FI'71,

where for the last line we have used (2.13). It follows that

Xo, - (Xg20 Xg3 ) + Xg, - (Xg, . Xy ) — X5 - (Xp,. X))

= | 92020591 + prddiga - ddirga) + A1 = D)) P

= /M ¢3(—da A T dey —dpy AT dpy + d(I — J)d(¢1¢p2)) A FIP71

= /M ¢3(( + J)dpy Adgy + d(I — J)d(p12)) A Fln=1]

= /M ¢3(( + J)dpy A dpy + ¢p2d(I — T) (A1) + ¢rd(I — J)dy) A FI71,
where for passing from the fourth line to the fifth and from the fifth to the sixth we

have used (2.8).

Similarly, using (2.8) and (2.9) we compute
(Xip1.9237- X3 ) = /M $3((J = I)dgy A depo) A =11,
(Xip2.0337- X1 ) = /M ¢1((J — Dd A dgz) A FI1)

= —/M ¢3(dgy A (I — J)dgs + rd(I — J)(dp2)) A F" 1,
== /M ¢3(dga A (I — J)de1 + ¢od (I — J)dy) A FI'71,

(Xip1.031r0 Xgo ) =
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Using (2.8), this yields
<<X{¢1,¢2}nfx¢3 >> - <<X{¢z,¢3}n’x¢1 >> - «X{¢1,¢3}n’ X4, >>

= /M ¢3((J = I)(de1) A dpy + ¢prd(I — J)dga + dad(I — J dgy)) A FI'7U,

Substituting the above expressions back into (5.3) and using (2.8) and that

/ ¢z F" =0,
M

we get
(Dob)r = —trp(dp A J dy) — /M W (ddsg) A FIn1]
= —(d¢ A J dy) A Fr-11 )/ pln] —/ (ddip) A FI7U (5.4
M

which is equivalent to (5.2) for the fundamental vector fields. Notice that the right-
hand side of (5.4) integrates to zero against F' [n] by (2.13).

We now show that (5.2) holds for a general vector field F — & . Using metric
compatibility and (5.4), we have

(Dp&. Xy ) F = (Xg - (€. Xy ) p — (€. (DpXy)F ) F

[n] (n—1]
,=0A4£Ftht +/M§F(d¢AJdW)/\F

_d
T dr
:/ éF(¢)wF[”]+/ Epv(ddig) A FIn=1
M M
+/ Ep(dp A Jdy) A FI—1]
M
= /M (Ep(p) —trp(dp A J dEg))YFM,

where for final line we applied (2.8) and integration by parts. |

From Lemma 5.1, we derive the corresponding geodesic equation which extends
the expression found by Mabuchi [56] in the Ké&hler case.

Definition 5.2. Let F; be a smooth path in X ; o, corresponding to a Hamiltonian
deformation with respect to a path of smooth functions ¢, € Cg°(M, d VF,). We say
that F; is a geodesic if ¢, satisfies

0= Dy, ¢: = ¢ — trr, (doe A J doy)
. 1
=¢r — E(gt(dﬁbt?d(pl) + g dge, J d¢t))‘ (5.5
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Notice that in the expression (5.5), ¢, is identified with the velocity of Fy, i.e.,
F, =dlI, d¢;. In the Kihler case, letting F; = w; = wo + dJ d¢;, we thus have
¢r = g'ﬁt, s0 (5.5) reduces to the familiar second order equation in terms of ;.

Remark 5.3. One can more generally consider smooth solutions ¢; of (5.5), without
assuming a priori that ¢, € C5°(M, d VE,). It then follows using (2.13) that

£ / ¢ Fy" = / (dy A J dp) A FI71 4 / Gedl, dp, A FI"™1 =,
dt [y M I

The above shows that ¢; € C5°(M,dVF,) as soon as ¢g € C5°(M,d V).

Remark 5.4. Let F; be a smooth path in §K 4, corresponding to a Hamiltonian
deformation with respect to a path of smooth functions ¢, € C§°(M,dVF,),t € [0,1].
Let M = M x [0, 1] x [0, 1], and denote the generic point in M as (p.t,s). Define

ﬁ(p,t,s) = Fpp—do: Nds + Jde Adt + (f.)t dt ANds.

Then the geodesic equation is equivalent to F"+1 = 0.

Proposition 5.5. Let (Fy, J) be a symplectic-type generalized Kiihler structure and Y
a vector field preserving (Fy, J) which is also Hamiltonian with respect to Fy, i.e.,
there exists a smooth function ¢ such that

B 1
Y = —Fy ' (dgo) = 5(10 grad, ¢o + J grad,, ¢o). / o F = 0.
M

Then the flow ®; = exp(—tJY) of —J Y defines a geodesic F; := @} (Fy) in GK 4.
Proof. Indeed, we have that

Fy = @} (L_yy Fo) = @ (d(FoJFy ' (deo)))
= &7 (—d Iy (dgo)) = 7 (ddf o) = ddy ¢;.

where ¢; 1= @} (o) satisfies [, ¢ F/' = 0. Furthermore, as ®, - Y =Y, we have
Y = —F;'(d¢,), so we compute

d
%= Loy = (dpe, =T Y) = (=] déu. F7 ' (d¢r))
1
= E(gz(dqﬁt,d(]ﬁz) + g¢(J dgs, I; depy)).

which is precisely the geodesic equation. ]
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5.2. Curvature

We next compute the curvature of the formal Riemannian connection . To this end,
it is enough to consider fundamental vector fields &; = Xg,,7 = 1,2, 3, 4, see Defini-
tion 2.15, as they generate T (6K o) at any given point F € §X  o. The following
is an extension of a result by Mabuchi [56] to the symplectic-type GK case.

Theorem 5.6. At any given point F € §K 4, the curvature tensor R of D is given by

(Rxy, Xg, Xp3)F = =1, 2} F, 3}

where {-, -} denotes the Poisson bracket of functions with respect to the symplectic
form F. In particular,

(Rxy, Xp, X1 Xgo VP = —({¢1. P2} F. {P1. P2} F ) F,

showing that (-, -)) has nonpositive sectional curvature at any point.

Proof. The second formula follows from the first by the ad-invariance of (-, -)) (cf.
equation (5.1)). Conversely, the first formula follows from the second as R is associ-
ated to a torsion-free Riemannian connection, and thus the sectional curvature deter-
mines the Riemannian curvature tensor. It is thus enough to establish the second
formula.

At a given point F', by Lemma 2.16 the curvature is given by

('(Rxm X Xp3)F = (_‘D¢1 (Dg,Xp3) + D, (D, Xp3) — @{¢1,¢2}nx¢3)1¢' (5.6)

With a small abuse of notation, we can ignore the normalizing additive constants of the
smooth functions as they do not contribute to the desired formula for Rx,,, x,, X¢;-
We will also drop the dependence on the basepoint F' from the notation. Therefore,
from (5.4), we can express the connection as

1
DXy = —trp(dp A J dy) = —E(g(d¢,d1/f) +g(Id¢.J dy)).

where for the second equality we used the computation in (2.7). Letting F = d di
be the derivative of F' in direction of Xy, it follows from Lemma 5.1 and (2.8) that
(up to an additive constant)

Dy, (Dg, X)) = %tr(F_lFF_l(dqbz A J dg3))

+ trp (dgy A J d (tep (dga A T dg3)))
%tr(F_l(ddI%l)F_l(d(pz A J dg3))

+ trp (d (trp (dpa A T dgps) A T dgy)). (5.7)
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We will use the following algebraic identity which can be deduced easily from Schur’s
lemma and holds for any 2-forms &, W:

DdAWA FI2 = —% tr(F'oF ") FIM 4 (trp @) (trp W) FI. (5.8)
By (5.8), we get from (5.7) and integrating by parts
(Dpy (D X2 X)) = — /M Ga(ddSdy A dy A T dgs) A FIP)
+ /M Ga(trr (dpy A J de3))ddipy A FIN=1
+ /M pa(d(trp (dpa A T dd3)) AT dgy) A FI1
= /M (dgpa AT dgy Adga A J dip3) A FI"72]
+ /M ¢a(I dpy A dgy AddSes) A FIN2
- [M(trp (da A J ds) trr (dpa A T dpy)) F™.
It follows that

(—Dg, (Dp, Xp,) + Dy, (D, X5, ), X5, )

= /M(dci)z AT dgy Adpy AT dy) A FP2
_ /M(trF(d¢1 AT dp)) (i (dy A T dp)) F)
_ /M Ga(dgy A1 ds + 1 dy A dpo) A ddSy A FIn=2)
+ /M(trF(d¢2 AT dp)) (i (ds A T dp)) FU.

Noting that from (2.9) we have

{¢1,¢2}n = —tI'F(d(f)l AT d¢2) + trp (d¢1 ANJ d¢2),

we further compute, after integrating by parts and using (2.7) for the last equality,
(Dig1.921- X1, X ) = —/M $2(d i1, patn A J dpr) A FIP~1

= /M{¢1,¢2}nd¢2 A Jdgy A FI71 4 /M $2401. P2 }ndd iy A Flr-1l



V. Apostolov, J. Streets, and Y. Ustinovskiy 196

== /M (trp (dgy AT ddp) —trp (dy A J d)) trr (dgpa A T dpy) FI)
- [M G2 (trp (dpy A T dpy) — tep (dpy A J d)) trp(ddS ¢r) F™
== /M (trr (dda A J dpy) — trp (de A T dy)) trp (dy A J dpy) FI™
- /M G2 (trp (dpy A T dpy) + tep (I dpy A dpr)) trp(ddSer) FI.

Substituting the latter two expressions above back in (5.6), and regrouping the terms,
we get

(Ry, 50,01 Xea) = [ (wr s 17 )’ PP

+ /M(d¢2 AT dgy Adgy AT dpy) A FIP2

- /M (trr (dp1 A J dgy))(trr (dp A T dpy)) FI™
- /M G2(dey AT dpy Add§ 1) A FIP2

+ [ galicr @y A 1 dga) e @ds g) P

— /M ¢2(I dpy A dy Add§ 1) A FI2

+ /M G2 (trp (I dgy A dpo)) trp (dd§ ) FIM.

We now apply (5.8) to each of the sums on the last three lines. The algebraic iden-

tity (2.11) shows that the last two lines cancel out, whereas (2.12) allows us to simplify
the expressions at the first and second lines to

<<‘RX¢1 ,X¢,2X¢1 X, ) = [ll(trF (dpa N J d¢1))2F[n]
+ / (dp2 AT dps Adgy A J dgy) A FI"=2
M
- /M (trr (dp1 A J dgy))(trp (dpr A T depr)) FI™
_ / (5 (ds A T dpy))” FI
M

- % / tr(F~ (dgpo A T dpo) F~' (dpy A J depy)) ™
M
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= /M (trr (dpo A J dpy))” FI) — / (trp (dr A depy))” FI)
_/ (trr (dpy A T dipy))> FI
= —/ (tr (dgy A dg))* FI,

where we have used (2.7) to obtain the last equality. The proposition is proved. ]

5.3. Formal uniqueness

The formal moment map picture yields that if it exists, Mg, is convex on geodesics.
More generally, the pairing of the 1-form 7 with the velocity of a geodesic is mono-
tone.

Proposition 5.7. Let F; be a geodesic in (9K no, (-, ), corresponding to a time
dependent smooth function ¢, satisfying (5.5). Then

d
ET(X¢Z) Z 0

with equality for all t if and only if ¢; is a geodesic induced by a Hamiltonian Killing
field as in Proposition 5.5.

Proof. We suppose (without loss, see Remark 5.3) that ¢ is d VF,-normalized, i.e.,

/ ¢th[n] =0
M

d
- / Gscal(r, jyp: FI™.
' Jm

We then have to compute

It is enough to establish the positivity of the derivative at # = 0. The computation at
time ¢y will follow from the latter by considering the reparametrized geodesic ¢y, .
To this end, we apply the Moser isotopy ®; defined in Lemma 4.1. In particular, we
first claim that ¥, := ®}(¢;) = ¢o. Using the notation of Lemma 4.1, we compute

d
Lz,¢: + ¢t)

:(
F((=F7 (10 dg). doy) + ¢n)
?(trF, (It dee Ndgy) + ¢t)
F(—trr, (de AT dgy) + ) =

= ®F
P
d
d
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Using this fact we have

_4
dt

4
dt
d

[n]
Fri /M Gscal(ry,7)Po Fy'
= - ((—Ly,, ). J)
= Q@ ((—Lyy, J). J(~Lyy, D)) = Ly, I,

/ Gscal(r, i Fi"! = / ®; (Gscal(r, 7y Fi™)
t=0 Jpr t=0 Jp

In the above equalities, Yy, := —F 1(d¢yo) and for passing to the third line we have
used that Gscal(r,, s,) is a moment map for the action of Ham(M, Fy) on (ASK r, ),
for passing to the fourth line we have used Lemma 4.1 to identify J, and for passing
to the last line we have used Lemma 3.4.

This yields the claimed inequality, and for equality to hold for all #, one must
have that the vector field Y; := —F t_l (d¢;) is J -holomorphic. As it preserves Fy, Yy
thus preserves the whole biHermitian structure (g, by, I¢, J, F), i.e., it is a Killing
field with potential ¢;. To obtain the claim, it is enough to show that Y, = Y is time
independent, as the F;-normalized potential of the Killing field ¥ with respect to F; is
unique by the maximum principle, and is given by the geodesic determined by Y via
Proposition 5.5. Below we check that ¥; is time independent, by using the geodesic
equation (5.5), expressed as ¢ = (Y, I d¢):

Y = F'FF Y (d¢) — F '(d¢$) = F ' (—iyddfp — diy I $)
= F'(-Zy(I d¢)) = F~'(~1 Ly dg) = 0,
where in the last line we have used that Y is Killing (and thus £y I = 0) and

Lyp = —(F'(d¢).d¢) = 0. n

Corollary 5.8 (Conditional uniqueness). Suppose Fo, F1 € §K o are cscGK struc-
tures connected by a smooth geodesic F;. Then there exists Y € Yeq(J, ) such that
F; = @} Fy, where

O, =exp(—tJY) € Autyeq(J, 11y).

Proof. Let ¢, € C°(M,R),0 <t <1 be a path inducing a geodesic between Fy
and Fj. Since Fy and F; are cscGK, we have T |F0 =T |F1 = 0. By Proposition 5.7,
function ¢ — 7 (X, ) is nondecreasing, and being 0 at = 0 and ¢ = 1, it must vanish
identically. Therefore, by the second part of Proposition 5.7, there exists

Y e f)red(‘lv 7TJ) N bam(M7 FO)

such that the flow of —J Y induces the path F;. |



Geometry of the space of generalized Kihler structures 199
6. The toric case

In this section we consider the case when (M, J, T‘C) is a (projective) smooth toric
variety under the effective action of a complex n-dimensional complex torus

TC ~ (C*)".

We denote by T the corresponding compact (real) n-dimensional torus and by t its
Lie algebra. We will assume that 7 is a T C-invariant holomorphic Poisson tensor
on (M, J), i.e., given by an element of A?(t ® C) (see [49, Proposition 2.14]).

6.1. Reduction to invariant structures
As a corollary of Theorem 4.13 we have the following.

Corollary 6.1. Suppose (M, J, TC) is a smooth projective toric variety and my
a TC-invariant holomorphic Poisson tensor. Let Fy be a T-invariant symplectic-
type generalized Kdhler structure in K . Then, up to acting with an element of
Auty(J, wy), any extremal generalized Kdihler structure F € §K 5 is T -invariant.

Proof. By the toric assumption on (M, J), the generators of the (C*)"-action are
holomorphic vector fields with zeros which are linearly independent at each point
over the dense open orbit of (C*)" in M. This shows that Hgl’o(M, J) = {0} and
therefore b; (M) = 0. By Remark 4.14,

AUtO(J, n]) = Autrcd(Jv 7TJ)

Note that T is a maximal compact torus in Autg(J, wy). By Theorem 4.13, (F, J) is
invariant under a maximal torus T’ in Autg(J, 7). As any two such tori are conju-
gated inside Autg(J, s), after acting with an element of Auty(J, 7s), we can assume
that (F, J) is T-invariant. [

6.2. Abreu-Guillemin-type description of toric structures

Because of Corollary 6.1, we focus from now on T -invariant symplectic-type gener-
alized Kihler structures. The corresponding spaces will be denoted by upper script T':
SKE, (ﬁJCg’a)O, ﬁJCjTT’a, etc. As by (M) = 0, for any F € §X~ the action of T is
F-Hamiltonian, i.e., (F, J) is toric in the sense of [7,67]. Toric symplectic-type gen-
eralized Kihler structures were extensively studied in [10, 66,67], where an Abreu—
Guillemin-type description [1,43] is obtained. We follow the notation of our previous
work [7] where we have recast the classification of [10, 66, 67] in a formalism com-

patible with the one used in the current article. The following discussion is a brief
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summary of [7, Section 4]. We refer the reader to this work for further details and a
literature review.

We thus assume that (M, g, J, I, F) is a compact symplectic-type generalized
Kihler structure which admits an effective isometric and F-Hamiltonian action of a
compact torus T with 2dimg T = dimg M = 2n. We denote by (P, L) the (labeled)
Delzant polytope of (M, F)int* ~ R” and by u = (u1,..., n): M — P the corre-
sponding momenta. Here t = Lie(T) is the Lie algebra of T and we use a lattice basis
(and its dual basis) to identify respectively t and its dual vector space t* with R”; in
particular, T = R”/27xZ". In this set up, it is observed by Guillemin [43] that there
are canonical angular coordinates d6 = {db,, ..., d0,} defined on the dense open
subset M = T (l%) (where P is the interior of P). Furthermore, with respect to the
coordinate system (i, 8), the T -invariant 2-form on Aﬁl given by

n
w = (du.d6) = du; A db;
i=1

is smoothly extendable to M and defines a symplectic structure (still denoted by ). In
general, F' and w are different symplectic forms, even though they are T -equivariantly
symplectomorphic, belong to the same de Rham class [F] = [w], and share the same
momentum coordinates and Delzant polytope (P, L). The main conclusion in [10,67]
is that, up to a T -equivariant isometry, (F, J) is obtained as follows:

(i) There exists a unique, up to the addition of an affine-linear function on t*,
convex smooth function u(x) defined on the interior P such that

n

ui= Y wy () dpi duy +u (1) db; o
i,j=1

o
is a w-compatible K#hler structure (defined on M and extendable to M) whose com-
plex structure is

n
a . 0
To=glo= )" (u,ij dpi ® 5o —uw" db; ® 8_)
ij=1 / i

(ii) There exist unique elements A, B € /A\?t such that (F, J) is obtained from
(w, Jy) by deformations of type A and B, i.e.,

n
9 _ 3
=2 (e + i) i © g7 = sy + 45 461 50,
n n
F =Y dundb;+ Y Bydu Ady,.

i=1 i,j=1

where in the above formulae A = (A4;;), B = (B;;) using the chosen basis of t.
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(iii) The corresponding Poisson tensor 7y is

z ad i i d
7wy = i;(A,-, + J—_lBij)<a—9i - «/—_ua—ei) A (a_ej - «/—_1Ja—9j). 6.1)
Definition 6.2 (Abreu—Guillemin data). For a given toric symplectic-type GK struc-
ture (M, F, J, T) with Delzant polytope (P, L), we will refer to (u, A, B) defined
above as the corresponding Abreu—Guillemin data. We note that A, B € A?t deter-
mine and are determined by the holomorphic Poisson tensor 7y of (F, J) via (6.1).
The convex function u(x) is defined only up to additive affine-linear function, and the
Kabhler toric structure (w, Jy,, gy ) is referred to as the toric Kdhler reduction of (F, J).

We now describe more precisely the space S4,p (P, L) of smooth convex functions
u(x) on P appearing in Definition 6.2.

Lemma 6.3. A smooth strictly convex function u(x) on p belongs to $4,p(P,L) if and
only if the following conditions hold:

(1) u(x) is smooth and strictly convex on P such that (Hess(u) + ~/—1B) is
positive definite Hermitian form at any point of P;

(i) u(x) = % Y rer L(x)log L(x) + v(x) with v(x) smooth over P;

(iii) on the interior F of any face F C P, (Hess(u) + ~/—1B) is a smooth and
positive definite Hermitian form on tj; ® C.

The above conditions (1), (i), (iii) are equivalent to the conditions (i), (ii), (iii)’, where

(iii) (Hess(u) + ~/—1B)~1Gyq extends smoothly on P, where

1
Go = Hess| = L(x)log L(x) ).
o= tes(3 T L oe L))
Proof. The conditions (i), (ii), (iii) extend the one obtained by Donaldson [22] in the
Kihler case, and reflect the fact that (F, J) induces a symplectic structure taming J
on the pre-image of each face F (which is a smooth toric sub-manifold of (M, J)).
The proof is similar and left to Reader. One can alternatively use a Taylor expansion
around a point of 1‘c7> as in [3, Appendix A2] to show that (i), (ii), (iii) are equivalent to
(1), (ii), (iii)’. The latter are necessary and sufficient for the extension of (F, J) to M
by [67] (which in turn uses [4, Lemma 3 and Remark 4 (ii)]). ]

Lemma 6.4. S4 (P,L) = So,5(P,L) is a linearly convex subset of S¢,0(P,L), which
is a Fréchet space modeled on C°°(P).
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Proof. The first claim follows from the description (i), (ii), (iii) of S4,5(P,L) in
Lemma 6.3 and the general relation of Hermitian forms

(Hess(u) + «/—_IB)

£ < Hess(u) .

The convexity property also follows from (i), (ii), (iii). To observe the relevant Fréchet
manifold structure of S4, p(P, L), it is enough to show that for any u € 4 5(P,L)

and v € C®°(P), u +tv € §4,5(P,L) for || < e(u, v). This follows easily from the
description (i), (ii), (iii)’ of 84, (P, L) given in Lemma 6.3. [ ]

6.3. Invariant classes and geodesics

The description of S4 (P, L) gives the following connectedness result in the toric
case.

Proposition 6.5. Let (M, Jo, Fo) be a toric symplectic-type generalized Kdhler struc-
ture corresponding to Abreu—Guillemin data (ug, A, B), ug € $4,8(P, L). Denote
by a = [Fy] the corresponding de Rham class in H*(M,R). Then ﬁJCE,
connected.

is path-

o

Proof. If F € §K I,a’ we can use the T-equivariant Moser’s lemma to send the
T -invariant generalized Kihler structure F (via an isotopy of T -equivariant diffeo-
morphisms connecting the identity) to a T -invariant GK structure (Fp, J ), compatible
with the symplectic form Fj. Acting by a further T -equivariant F-symplectomor-
phism in Sympgr (M, Fy) if necessary, we can also assume that (Fy, Jo) and (Fy, J)
correspond to Abreu—Guillemin data (u¢, 4, B), (4, A, B), u,uo € $4,p(P,L) and are
respectively obtained by deformations of type A and B of two w-compatible K&hler
structures Jy,, and J,, with the same momentum-angular coordinates. As the space

S4.8(P,L) is linearly convex, letting
u; ;= (1 —tug+tu € S4.8(P, L)

defines a smooth path J; between Jy and J inside the space of T -invariant Fy-com-
patible generalized Kihler structures. Now, by [7, Lemma 3.6], we can find a T-
equivariant isotopy of diffeomorphisms, sending (Fy, J;) to (Fy, Jo), preserving

[Fi] = [Fo] = . m

One of the key applications of the Abreu—Guillemin formalism for the theory of
toric Kdhler manifolds is that it transforms the rather complicated geodesic equation
in the space J(g into the linear equation # = 0 for the corresponding symplectic
potentials. This implies, in particular, that the space of T -invariant Kéhler metrics X ;F
is geodesically connected, which in turn yields the uniqueness (modulo T ) of the
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constant scalar curvature metrics in that space (see [42]). We show below that these
phenomena persist in the generalized Kéahler setting. For simplicity, we check these
facts under the assumption A = 0, which we can suppose without loss of generality if
we study extremal generalized Kahler structures (as we show in the next subsection).

Proposition 6.6. Let (Fy, J) be a toric symplectic-type generalized Kdhler manifold
with holomorphic Poisson tensor wy given by (6.1) for A = 0 and B € /\*t. Denote by

(wo, J) the corresponding T -invariant Kdhler reduction and by o := [Fo| = [wo] the
T

w0’
metric in o which solves w? = F]' and denote by ¢; the unique T -invariant smooth

corresponding Kdhler class. For any path F; € XK let w; be the unique Kdihler

Sfunction such that
wy =(U0+dd;¢t, / étw? =07 ¢0=0
M

Then Fy is obtained from the Hamiltonian deformation of Fy with respect to qB, and
the following conditions are equivalent:

* ¢, is a geodesic in the space of T -invariant wy-relative Kdihler potentials;
. d.’t is a geodesic on §K ?r,oz in the sense of Definition 5.2;

* if (us,0, B) denotes the corresponding to Abreu—Guillemin data of (Fy, J,T),
then ii; = 0.

Proof. By [43] (see also [7]), we can express, on (1\04, J), oy = dd§¢; for some
T -invariant smooth function ¢;. More precisely, if (y, ) are the (exponential) J-
pluriclosed coordinates defined on the open dense orbit M =TC. po of the com-
plexified action TC (determined by fixing a base point pg € M ), there is a unique,
up to the addition of an affine-linear function, function ¢, (y) with the above property.
One can further require that ¢;(y) := ¢;(y) — ¢o(y) extends smoothly to M, which
leaves only an additive constant in the definition ¢;(y) (and ¢,), once we have cho-
sen @g. This constant is further determined via the normalization used in the lemma.

We now consider the Legendre transform, u;, of ¢;: letting u; := Ve, (s, 0)
are momentum-angular coordinates of w; and the functions u,(x) defined by

e (¥) +ur(pee) = (y, pr)

are elements of So p(P, L), such that (u,, 0, B) are Abreu—Guillemin data of (£, J)
pulled back by the diffeomorphism p; — o, 8 — 6, see [7] for details. Using the
basic property of the Legendre transform H = (Hess(u))™! = Hess(¢), we have

m m
wy = Z H,‘j dy,' A d@j, F; = Z Hij dyi A d@l + (HBH),']‘ dyi A dyj,
i,j=1 i,j=1
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where H; (y) = Hess(¢;)(y) = Hess(u;) "1 (1;). Let ¢ = ¢ be a first order variation
of ¢;, and w, F and I denote the corresponding first order variations of w;, F; and /.
We have

m m
w = Z Hij dyi/\de, F = Z H,’j dy,' /\9j —|—(HBH—|—HBH)U dyl'/\dyj.
i,j=1 i,j=1
Using that (y,6) and (y,0 = 6 — 2Bpu,) with i, = Vg (see [7]) are respective pluri-

harmonic coordinates for J and I;, we compute

dd?ﬁ = Z ‘i’,ij dyi Ndb; = Z Hij dyi N db;,

i,j=1 i,j=1
m m m
ddig =" d1, dys) = d(qu,,- 46 —2 Y Hy B, dyj)
i=1 i=1 ijk=1
m
= Z (H,’j dy; AdO; +2(HBH);; dy; A a’yj)
ij=1

= Z (Hij dyl' AN d@l + (HBH + HBH)U dy,' AN dyj),
i,j=1
which gives
= ddf}(}), F = dd,cd.x
The variation of / = —%n(d dy $) then follows from the general property of variations
in AGK 7 o, see Section 2.7, and the d d -lemma. This shows that F; is a Hamiltonian
deformation of Fy with function (fb,.

The equivalence of the first and third statements is established in [42]. The equiv-
alence of the first and second statements follows from (5.5) and the general relation

df NJdf ANFP""V=df AJdf o™, f = f(y).

which can be checked from the above expressions for w and F. |

6.4. The generalized Kéhler scalar curvature and extremal structures

In the above setting, a computation from [65] shows that Goto’s scalar curvature of

(F, J,T) is given by an Abreu-type formula (compare with [1] in the Kéhler case):

n 2 1
Y (Hess(u) + V—lB)ij .

Gscal(p gy = — (6.2)

ij=1
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This can be also deduced from [10] (where the momentum map for the action of
Ham™ (M, F) on AKX }E is identified with the right-hand side of (6.2)) and Theo-
rem 3.8 above.

Using Theorem 4.13, for any T-invariant extremal generalized Kéhler structure
(F, J) with Abreu—Guillemin data (u, A, B), u € $4,5(P, L), the corresponding gen-
eralized Kéhler scalar curvature given by (6.2) is a pull-back by u of an affine-linear
function £(x) on P. It follows that the extremal equation is

n 2

Op; Opt

(Hess(u) + V=1B),' = £(n). u € S45(P.L).
i,j=1

An important feature is that the above expression is independent of A. Indeed, the
left-hand side is manifestly independent of A and we have 4 g(P,L) = So (P, L).
Furthermore, we have the following result.

Lemma 6.7. If (u, A, B), u € $4,8(P,L) defines an extremal generalized Kihler
structure with corresponding affine-linear function £, then { = Loy is the extremal
affine-linear function of the labeled (P, L), introduced in [21]. In particular, Loy is
independent of A, B.

Proof. Let
X := Re(Hess(u) + «/—_IB)_I. (6.3)

As Im(Hess(u) + ~/—1B)~! is skew-symmetric, (6.2) becomes

n
Gscal(F,J) = — Z Xij,ij =/. (64)
i,j=1

Notice that X = (G + BHB)~! where G = Hess(x) and H = G™!. It then follows
from the boundary conditions (i), (ii), (iii)’ in Lemma 6.3 that X~! — Gy is smooth
and XGy is smooth and nondegenerate on P. These in turn yield that X is smooth
on P and satisfies first order boundary conditions at each facet of P (see [4, Lemma 2,
Remark 4 and Proposition 1]). One can then obtain from (6.3), by integrating by parts
twice as in [21] (see also [2, Lemma 3.2]) that for any smooth function f on P, we
have

:/Pf( i Xijij +€)dx

i,j=1

= /f@dx—2/ fd0L+/tr(XoHess(f)) dx, (6.5)
P ap P
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where dx is the Lebesgue measure on t* associated to the chosen basis of t, and dor
is the induced measure by dx and the inward normal dL; on each facet P; C dP.
Specializing the above formula for f affine-linear, we obtain that

— / £(x) f(x)dx + 2/ f(x)dop =0 V[ affine-linear.
P ap

This determines a unique affine-linear function £, denoted by £cy;. |

Corollary 6.8. (u, A, B) € $4,5(P,L) defines an extremal T -invariant generalized
Kdhler structure if and only if (u,0, B) € 8o,5(P, L) defines an extremal T -invariant
generalized Kdihler structure.

Following [21], for any affine-linear function £, we introduce a linear functional
defined on the space of continuous functions on P by

Fo(f) = — /P 0() f(x) dx +2 fa Sy dan. 6.6)

Definition 6.9. The extremal affine-linear function £ of (P,L) is the unique affine-
linear function £ such that Fy(f) = 0 for any affine-linear function f. The corre-
sponding functional F,_ is called the relative Donaldson—Futaki invariant of (P,L).

With the above remarks in mind, we now consider the following PDE problem
which is a modified version of Abreu’s equation in [1]:

n 2

O Op

(Hess(u) + v/—1 B)i_jl = lo(p), u€Sop®P.L), (67

i,j=1

where £ is the extremal affine-linear function defined in Definition 6.9.

6.5. The relative Mabuchi energy and the uniqueness of extremal generalized
Kibhler structures

The identification of §X E,a with the convex space S4,p(P, L) can be used to inte-
grate the formal closed 1-form t and obtain a well-defined Mabuchi functional. This
has been indeed obtained in [7], where the following “toric” Mabuchi functional was

introduced:
M(u) := F,(u) — / log det(Hess(u) + v—1B) dx
P

+ /logdet(Hess(uo)) dx, ue€SapP,L).
P
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In the above formula, 1o € $¢,0(P, L) is the convex function associated to some back-
ground toric Kéhler metric compatible with F', and a is the topological constant

V01(8P, dUL)

T NI, dy)

which computes the average value of Gscal(r, sy (see Remark 3.9), and F, denotes the
linear functional (6.6) defined with respect to the affine-linear function £ = a. Notice
that the difference of the last two terms is well defined for u € S4 g (P, L), by virtue
of the conditions (i), (ii), (iii)’ in Lemma 6.3. We can more generally introduce the
relative Mabuchi energy

M (u) := Fy_ (u) — /log det(Hess(u) + v—1B) dx + /log det(Hess(uo)) d-x,
P P

where, instead of the constant function a, we use the extremal affine-linear func-
tion £ in the linear term.

Lemma 6.10. Given a one-parameter family of symplectic potentials us = u + su
and fixed A, B, we have

(8 Mbx) (i) = /

P

ul — (Hess(u) + v—lB)..1 — Loyt | dx.
i) OOy Y

In particular, the critical points of MY correspond to extremal toric generalized
Kdhler structures with Poisson tensor corresponding to A, B. Furthermore,

(82Mb) (i, 11) = /tr[((Hess(u) + «/—lB)_1 Hess(u))z] dx > 0.
P
Proof. A direct computation shows

i(M£°X‘(us)) =¥y, (1) — /tr((Hess(u) + \/—_IB)_1 o Hess(1)) dx
ds P

=¥, (1) — /Ptr(X o Hess(i)) dx.,

where X = Re(Hess(u) + ~/—1B)~!. The first identity follows from the above and
using the second equality in (6.5), whereas the second identity follows by taking a
second derivative in s. ]

Theorem 6.11. On a toric holomorphic Poisson manifold (M, J, 7wy, T) endowed
T

with a generalized Kdhler structure Fo € §K ., the extremal generalized Kdihler

structures in K ?r,oc are unique modulo Auty(J, wy). Furthermore, the symplectic
potential in S4,5(P,L) of a T-invariant extremal generalized Kdhler structure in

GK E,a minimizes M.,
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Proof. By Corollary 6.1, it is enough to show uniqueness in (X E,a)o, modulo the
action of TC. In this case, the problem is reduced to the uniqueness of (6.2) modulo
affine-linear functions (see [7]), and the latter follows from the convexity of Mbext
established in Lemma 6.10 and the fact that S4,p(P, L) is linearly convex (see Lem-
ma 6.4). This also shows that the symplectic potential of an extremal generalized
Kihler structures is a global minimizer of Mtex, |

6.6. The obstruction theory

Definition 6.12 ([14,21]). We say that (P, L) is uniform relative K-stable if, for a cho-
sen point xg € P, there exist uniform positive constants A = A(P,L, x¢), § = §(P,L, xo)
such that

Fo (f) > A / 7 don—5, 638)
JP

for any continuous convex function f(x) on P, normalized (by adding an affine-linear
function £ which does not affect the right-hand side) so that f(x) > f(xo) = 0.

By the works [14,21], if (M, F, T) admits a compatible extremal Kéhler metric,
then (P, L) is necessarily uniform relative K-stable. The arguments readily extend to
the generalized Kihler case.

Theorem 6.13. Let (M, F, J, T) an extremal toric symplectic-type generalized Kdih-
ler structure. Then the corresponding Delzant polytope (P, L) is uniform relative
K-stable.

Proof. Let (u, A, B) be Abreu—Guillemin data corresponding to (F, J, T) and X
the corresponding symmetric matrix valued function defined in (6.3). As we have
already observed in the proof of Lemma 6.7, X is smooth on P, positive definite
on l%, and satisfies the same first order boundary conditions at 9P as (Hess(ug))™!
for any u( corresponding to a compatible toric Kéhler structure. Furthermore, the
extremality of (F, J) is equivalent to (6.4). Notice that, using (6.4) and X > 0 on l(5
(6.5) already shows that for any smooth convex function f, Fy_ (f) > 0 with equal-
ity if and only if f is affine-linear. The improvement to uniform relative K-stability
of (P, L) is obtained in [14, Theorem 4.4 and Proposition 4.6]. The arguments of
the proof of [14, Theorem 4.4] can be carried out by replacing the inverse Hessian
(v'/) = (Hess(uex)) ™! with the matrix valued function X defined in (6.3). ]

Remark 6.14. As we saw in the course of the proof of Lemma 6.7, X is positive-
definite on P and satisfies the same boundary conditions on dP as H = Hess(u)™!.
By [4], X then defines an w-compatible, T-invariant Riemannian metric g on M
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which is smoothly extendable to M, by the formula
n
g= Z (X;l du; d,uj + Xij do; d@j).
i,j=1

As X satisfies (6.4), this is an instance of extremal almost-Kdihler structure in the sense
of [53]. Legendre observed in [52] that the proof of the uniform relative K-stability of
(P,L) in [14] extends to the case of extremal toric almost-Kihler structures as above.
The proof of Theorem 6.13 can be alternatively deduced from her result.

Conversely, it is now established as a consequence of deep recent work by Chen—
Cheng [16] with a supplement by [44], and previous work by Donaldson [21] and
Zhou—Zhu [69], that any smooth toric variety with uniform relative K-stable Delzant
polytope (P, L) in the sense of (6.8) admits a compatible toric extremal Kihler metric
(see [2] for a survey of the proof).

Theorem 6.15 ([16,44]). Let (M, J, TC) be a smooth toric variety and « be a Kdihler
de Rham class on (M, J), with a corresponding uniform relative K-stable labeled
Delzant polytope (P,L). Then J{;r admits an extremal Kdhler metric.

Combining Theorems 6.13 and 6.15, we get the following.

Corollary 6.16. Suppose (M, F, J,T) is an extremal toric symplectic-type general-
ized Kdhler structure. Then, a := [F] is a Kdihler class which admits a T -invariant
extremal Kdhler metric.

Proof. This follows from Theorems 6.13 and 6.15, noticing that « = [F] is a Kihler
class with Delzant polytope (P,L): we already saw that the Kéhler reduction (w, Jy,)
satisfies w € « and J,, biholomorphic to J, see [7, Lemma 3.6]. [

Remark 6.17. By [21,45], the uniform relative stability of (P, L) is equivalent to a
notion of uniform relative K-stability of the underlying Kihler manifold (M, J, ).
The above result strongly suggests that in general, there is a similar stability notion
associated to an extremal generalized Kihler manifold of symplectic type.

6.7. An existence result a la LeBrun-Simanca
Theorem 6.15 motivates us to ask the following question.

Question 6.18. If B # 0, are there further obstructions, beyond the uniform relative
K-stability of (P, L), to the existence of a solution of (6.7)?

Notice that, by Proposition 4.16 and a standard use of Moser’s lemma as in the
proof of Theorem 4.17, the restriction of the Futaki character #(r ) defined in The-
orem 4.18 to the Lie algebra of complex torus (C*)" C Autq(J/, 7ry) is independent
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of the Poisson structure wy, i.e., of B. It is interesting to extend this observation to
the whole beq(J, 7).

We will show below that the answer to Question 6.18 is negative for sufficiently
“small” B. This follows from a straightforward adaptation of the LeBrun—Simanca
openness result [50] (compare with [36, Theorem 8.2] which requires trivial automor-
phism group).

Theorem 6.19. Suppose (M, J, TC) is a smooth toric variety which admits an extre-
mal T -invariant Kéhler metric wq in the de Rham class . Let 7wy be a T C-invariant
Poisson structure. Then, there exists ¢ = &(wg, wy) > 0, such that for any t € R,

|t| < &, there exists an extremal generalized Kdiihler structure F; € §X Erma.

Proof. Let (P,L) be the Delzant polytope of (M, wg, T). By the T C-invariance of 7,
it is of the form (6.1) for A, B € /\?t. The extremal Kihler metric (J, wp) then corre-
sponds to a solution ug € S¢,0(P,L) att = 0 of the family of PDE’s

n 2
— Z (Hess(u;) + \/—ltB)i_j1 = Lex(1),
=, Oy (6.9)

ur € $14:8(P,L) = So,5(P.L).

We first notice that (6.9) is well defined for |t| < &¢. Indeed, there exists &g > 0 such
that the closed 2-form

n
Fr =wo +1t Z Bijdui A du;
i,j=1

tames J for any |t| < &o; the A-transform of (F;, J) with A € /A?t then defines a
generalized Kahler structure with data (ug, A, tB) for any |¢| < &¢. Thus, the spaces
Sia:8(P,L) = So,p(P,L) are nonempty.

Up to an equivariant diffeomorphism (obtained by using Moser’s lemma), any
element of K Er,w corresponds to a F'-compatible toric generalized Kihler structure
with data (us, tA, tB). It is thus enough to show that there exists 0 < & < gg such
that (6.9) has a solution u; € $;4,(P,L) for any |¢| < e. By Corollary 6.8, it is
sufficient to show the latter holds for A = 0, or equivalently, we can assume without
loss of generality that the Poisson tensor 77 is of the form (6.1) with A = 0.

In order to set up the problem in a form suitable for the application of the impli-
cit function theorem, we will first apply the Legendre transform to (6.9) (assuming
A = 0), as we detailed in the proof of Proposition 6.6: letting

ye = Vu; and @ (ys) +us() = (yr. ),
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this introduces T -invariant smooth functions ¢; (yo) = @u, (¥0) — ¢u,(¥0) on M, such

that
wg, = wo +dd5¢, > 0,

n
FpuB) = 0p, +1 ) Bydul" ndpl'. p? = p+d5,
i,j=1

is a generalized Kihler structure in §X Ew (M, J) with J = Jy,,, T-equivariantly
isometric to the one corresponding to the data (u,, 0,7 B). The process is invertible,
by applying Legendre transform with respect to ¢; = ¢; + ¢o. Thus, finding solution
of (6.9) is equivalent to finding ¢; € C®°(M,R)T such that

Gscal(r, ,5.0) = Lext(?). (6.10)
We define a map
W:C®(M.R)T x \’t > C®(M.R)T,  W(¢,B) = Gscal(r, 4,.7) — Lex(i?).

Note that W is a nonlinear differential operator defined on an open subset of 0 €
C>(M,R)T. It can be extended as a C'-map on suitable Sobolev spaces by stan-
dard theory. We are now in a position to apply the implicit function theorem to solve
Gscal(r, , 5).s) = 0, knowing that ¢ = 0 is a solution at t = 0.

The differential of W at (0, 0), computed in the direction of (¢, 0) is the lineariza-
tion at ¢ = O of the normalized scalar curvature Scalg s = Scaly, —Lexi(1?) with
respect to T of the Kahler metric wy = wo + dd§¢. As wo is an extremal Kihler
metric, D W, o) (¢.0) is given by (see, for instance, [29, Lemma 5.2.9] applied to
G =T or Corollary 4.21):

DW 9,0 (,0) = Loy (9),

where L, is the Lichnerowicz Laplacian of wg. The kernel of LL restricted to the
space of T-invariant smooth functions C®(M, R)T therefore consists of the T-
invariant wy-Killing potentials. Using the maximality of T, these are precisely the
pull-backs of affine-linear functions on P by the moment map . To remedy the
nontriviality of Ker(ILy,), LeBrun—Simanca [50] proposed to consider the modified
operator

(Id —Tlo)(Gscal(ry, 4.7y — Lext(1?)).

where IT, denotes the L%(M, d Vo )-orthogonal projection to the vector space of
pull-backs by p of affine-linear functions. This operator now acts on a neighbor-
hood of 0 € (Id —TTo)(C*®(M, R)T) and takes values in (Id —ITo)(C (M, R)T).
The corresponding linearization is (Id —I1g)Lg, = L, (as Ly, is self-adjoint on
L?(M, dV,,)) and it has a trivial kernel on (Id —I1¢)(C*® (M, R)T). By the implicit
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function theorem, one can then find a family ¢;, ¢o = O (in a suitable Sobolev space
embedded in C*(M)) such that

(Id—HO)(Gscal(F(m,zB),J) —Lex(?)) = 0.
Notice that, by the definition of £y (see (6.4) and (6.5) with f affine-linear),
H,(Gscal(p(m,tm,]) - gext(:““d)t)) =0,

where I1; stands for the L?(M, d VF, +5,) Orthogonal projection to the space of pull-
backs by u?’ of affine-linear functions on P. As

Ker(Id —ITp) N Ker(I1;) =0

for ¢ close to 0, we conclude that (6.10) holds. The bootstrapping argument for ¢;
uses the ellipticity of the linearization of Gscal(r, ), and the fact that the vector field
a)(;l(d Lexi(1?)) must be J-holomorphic (and thus smooth) as soon as ¢ € C*(M),
concluding the proof. |

Remark 6.20. Theorem 6.19 yields new examples of cscGK structures even on CP?
endowed with a general toric Poisson tensor 7 5. The existence results for such metrics
obtained in [10,34,36] apply only for special toric Poisson tensors which correspond
to B = 0 in our notation. In this case, (6.2) reduces to the usual Abreu equation and
is trivially solved by the symplectic potential of the Fubini—Study metric.

In general, when we fix the generalized Kihler class X ?,’a (and whence the
cohomology class of the symplectic form and the Poisson tensor ), the existence
problem for extremal generalized Kéhler structures is not scale invariant. Our result
above solves Question 6.18 only partially, as we have no control on how small the
scale ¢ty is in Theorem 6.19.

A. Generalized Kéahler Hodge theory

In this appendix we briefly review the Hodge theory on a generalized Kihler manifold
focusing on the symplectic-type case and prove Theorem 2.7 as a corollary of the
Generalized Kihler 39-lemma. We refer the reader to [37] and [13] for a more detailed
exposition. Because of Definition 2.2, we shall consider a generalized Kéhler structure
(I,J) on (M, Hy) with Hy = 0.

We start with some linear-algebraic preliminaries. Elements of the generalized
tangent bundle TM & T *M naturally act on the space of differential forms /A\* (M) via
the contraction and exterior product. This action extends to an action of the Clifford
algebra Cl(TM &T*M, (-,-)), where (-, -} is the usual pairing between TM and T*M .
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This turns /A® (M) into a Clifford module. The action on TM @ T* M of the commut-
ing operators J and I from (2.3) extends to an action on /\* (M), via the representation
of the spin(n, n) Lie algebra. We thus get a decomposition of A*(M) ® C into the
eigenspaces of J and I:

NMeC= P U,

—n=p,q=<n

where U P4 is the (v/—1 p, ~/—1¢q) eigenspace of (J,I). One can show that U?? = 0
unless |[p —q|,|p + g| < n,and UP9 = U~P"9_ For a form § € A\*(M) ® C we
will denote by &7+ its component in UP?4. More concretely, we can describe the
spaces U P+ as follows. Let

(TMT*M)C =L, ®L_®L, PL_

be the decomposition of the complexified generalized tangent bundle into the eigen-
spaces of (J,I):

J{L+®L—_ = +/—11Id, ]1|L+®L_ =+/-11d.
Specifically, using (2.3), we have

Ly ={v—+v—1F(,") |veT M},

(A.1)
L_={v—~-1F(v,") |ve T} M}.
Then one can compute (see [13])
U = span(eV™1F), yehnmamh — NG (NPLL UM, (A2)

Since FI = —J*F,and v ceVTIF — vV=1F(,-) A eﬁF, it follows from (A.2)
that
UMYl = (g AeVTIF g e AP (M),

U=l = (g n eV e AYO(M)).

Now let us review the underlying differential complex of (U**, d). The integrabil-

(A.3)

ity assumptions of the generalized Kéhler structure (J, I) imply that d: U*®* — U**
has four components of bidegrees (41, +=1). We denote them respectively

5+: UP4 Up+1,q—1’ S_-UPY > Up—l,q—l’

§:UPY s ygPhatl 5 . yPd s yPTLATL

sothatd =84 4 8 + 84 + 6_.
Furthermore, there is a natural real pairing A*(M) x A\*(M) — N\2"(M):

&.n) :==[EAc(]ops
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where []iop is the top degree component, and o: /\*(M) — A®*(M) is the Clifford
involution o (dx' A -+ A dx¥) := dx¥ A--- A dx". Following [13,37], we define the
linear operator * = I.J on U** as follows:

« U > U, x|y,0 = (V=1)"™1d.
Since for o € A\*(M) ® C we have *a = *a, it follows that  is a real operator.

Remark A.1. In the standard Kéhler setting the operator * is related to the classical
Hodge star *, via the identity

(&, %) =& A xgn.

Our convention for * is consistent with [13, Section 2.1.1].
Note that in general, given £ € AX (M), £ is not concentrated in A2"~% (M), but
rather has components of various degrees.

The key algebraic fact about generalized geometry is that x induces a positive
definite Hermitian pairing on the space of complex-valued differential forms

G(e.n) = /M(s,*ﬁ), Ene A (M) C.

Example A.2. For eV=1F ¢ 07 we have

’

xeV=1F = (J—_l)_"e_ﬁF and a(e_ﬁF) — oVIF

so that

G(eTF V) = (V=) [

(eVTF o~7TF) = 2n/ Fll,
M

M

Using this pairing and integration by parts we define the adjoint linear first order
differential operator d *: A*(M) — /\*(M) as follows:

G(d§.n) = G(E.d™n).

Just like *, operator d * usually differs from its Riemannian analogue. The following
result is the crucial fact of Hodge theory on M.

Theorem A.3 (Hodge identities, see [13,37]). On a compact generalized Kdihler
manifold there is a decomposition d* = 8% + 8* + 83 + 6%, where 8 and 8% are
the adjoint operators of §+ and §1. These operators satisfy the following identities:

(Sj_ — g—i-? 8i — _g_’ 4A = A5+ = A(g_ = A8_+ = Ag_,

where Ag = dd* +d*d, As, = 8487 + 878+, and the remaining Laplacians are
defined analogously.
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This theorem has several important consequences. First, the cohomology of U *-*
with respect to any of the differentials d, 64, §_ are naturally isomorphic to each other
and to the space of harmonic forms

HP9 ={E e UPY| A§ =0}. (A4)

Importantly, a form & € UP?*9 of pure type is harmonic if and only if it is closed.
Furthermore, every form £ € U?+9 has a decomposition

£ =&+ An,

where &, € JP+4 is the harmonic part of £ and n € U?*9. Another key consequence
of the Hodge identities is the following §4§_-lemma for (U?-?, d).

Lemma A.4 (§,6_ and §,8_-lemma [13,37]). On a compact generalized Kiihler
manifold, we have

Im(5+) N Ker(6—) = Ker(6+) N Im(6—) = Im(6+5-),
Im(54) N Ker(6—) = Ker(84) NIm(5_) = Im(845_).

In the symplectic-type case we will use a more explicit description of J*1:7~1,
Using the identification (A.3) we conclude that there are natural isomorphisms given
by wedging with e~VIF.

gt g e APH(M) | dE = 0},
gt~ (g e AYO(M) | dE =0},
e;el,n—l @]f_l’n_l ~ HI(M,(C)

Lemma A.5. Let (F, J) be a symplectic-type generalized Kdihler structure on a com-
pact manifold M. Given a 1-form § € \'(M) ® C, we decompose it as

§=681+§-,
where
e =10+ 6+ V-1 +D)7'E, e =JU+ ) e—vV=1U +J)7'E,

so that
sAeﬁF =§+/\eﬁF +5§_/\eﬁF

is the decomposition of £ A eV=IF ¢ yln-1 g y—Lln-l by type. Then the maps

Ers (EneYTIF) " g (e neVTIF) I
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induce isomorphisms
it HY M, R) — FU1 i HY (M, R) > F 001

Furthermore, any [£] € H'(M,R) can be represented by a closed, d§-closed form§_.
Proof. First, we observe that the map & — (§ A eV-IF );l’"_1 yields a well-defined
map on H (M, R). Indeed, for an exact 1-form df , we have

(df ne¥TIF) "= (84 (f ne¥TIT)), =0
Next we observe (using (A.3)) that the map
/\I(M) QC > yln—1 ® U—l,n—l’ Ers £ /\eﬁF
establishes an isomorphism between
HY(M,C) and H'™ LU**.d)® H'"" L(U**,d) ~ ' @ ge~1n—1,

thus
2dimg H'(M,R) = dimg # "' + dimg J¢ "1,

Therefore, it suffices to prove that the maps i+ are injective. Indeed, consider a closed
real form £ € A(M). Assume that (§ A e“ﬁ‘v)}ll’"_1 = 0, so that the §-closed form

(E AeVTIF)Ln=1ig s exact:
(EneY) T =5 (0 + V=Ty)eY 1)

for some complex-valued function ¢ + ~/—1¢¥ € C*°(M, C). Using the definition
of &4 and the explicit expression for §1, we can rewrite it as

£=dy + Jdg.

Since £ is closed, we conclude that dd ¢ = 0. On a compact manifold M the latter
implies that ¢ = const by the maximum principle. Thus § = d1 represents the trivial
cohomology class, so the map iy is injective. Similarly, i is also injective, and by
the dimension count both must by isomorphisms.

To prove that last claim, we observe that the map

Jn=l s U MLR), E- AeVTIF s [Re(E)]

between two vector spaces of equal dimensions is also injective for similar reasons as
for i_. Indeed, if Re(§-) = d¢ is exact, then ¢ is dd§-closed, which is only possible
when ¢ is a constant. Therefore, the above map is an isomorphism, and every element
in H1(M,R) has a closed, d §-closed representative. ]
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Now we are ready to prove Theorem 2.7. Let us recall its statement.
Theorem A.6 (Theorem 2.7). Let (M, F, J) be a compact generalized Kdihler mani-
fold of symplectic type with I = —F~'J*F. Then
(1) any J-holomorphic p-form & € /\g’O(M) is closed;
(2) any real differential 1-form & such that (d & )%’0 = 0 admits a unique decom-
position
E=U+JT)n+dop+1dy, (A.5)
where 1 and J1 are closed, and ¢,y € C*°(M,R).

(3) the map & — n — ~/—1Jn, where 1 is determined by (A.5), induces an iso-
morphism
H'(M,R) ~ Hg"’(M);
J
(4) any exact 2-form a of type (1, 1) with respect to I is a = ddjy for some
Y e C®(M,R).
The same statements hold after changing the roles of I and J.
Proof. First, we observe that from the identities (A.1) and (A.2) we get an isomor-

phism
DA M) = QU E el (A.6)
)/ D

Let £ € AY°(M) be a p-holomorphic form. Then d¢ = v—19,& € A4™"*(M), and
we claim that this form vanishes. Indeed, from isomorphism (A.6) we conclude that

gneYTI dg neVTIF e HuTPnr,
p

which implies that & A eV=IF jg 84-closed. Consider the form §_(§ A eV-IF ). This
form is §_-exact and §4-closed, therefore by the §45_-lemma it has to be in the

image of
sysPu > Quernr
p p

As the former space is trivial, §_(§ A eV-IF ) is zero. Similarly, applying the §,.5_-
lemma we conclude that §_ En eV-IF ) = 0. Since for dimensional reasons we also
have 84 (€ A eV-IF ) =0, it follows that & A eV=1IF is closed which is equivalent to £
being closed. This proves (1).

To prove (2), we now assume that a real 1-form £ satisfies (d é)i’o = 0. We claim
that the U ~2"~2-component of d (§ A eV-IF ) vanishes. Indeed, for any two elements

v—V=1F(,-),w —~v~1F(w,) € Ly, v,weT M,
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we have the vanishing of the Clifford action

(v —V=1F@v,")) - (w— V=1F(w,")) - (d€ A eVF) = 2(dE)(w,v) A eV~F
=0,

since d & is of type (1, 1) with respect to /. Therefore, (d(§ A e‘g}:))_z”‘_2 =0, so
that the element (§ A eV-IF )~ =1is §_-closed, and its Hodge decomposition (A.4)
takes form

S_/\eﬁF = (Jn—\/—_lr])/\eﬁF +5_((¢—x/—_11/f)eﬁF)

for some real closed and d §-closed 1-form 7, and ¢, ¥ € C*°(M, R). Collecting the
imaginary degree 1 parts of the above identity and using J(I + J)™ ' = (I + J)7!1,
we find
E=U+J)n+dop+1dy.

This proves (2).

Claim (3) follows from Lemma A.5 and the fact that every holomorphic 1-form is
closed.

Finally, for (4), we let « = d £ to be a 2-form of -type (1,1). Then by (2) we can

decompose £ as
E=U+T)n+dop+1dy.

On the other hand, by (3) we can find a closed &’-form representing [£'] € H'(M, R)
such that its decomposition has the same 7-term:

E=U+n+do +1dy'.
Therefore, taking the exterior derivative of the difference & — &', we find
a=dé=dE—E)=dld@y —y).
as claimed. |

Remark A.7. The Hodge Laplacian Ay = d*d + dd™* can be restricted to the space
of sections of the line bundle U%". Since U%" is trivialized by a nowhere vanish-
ing section eV=IF we can identify C (M, U%™") with the space of complex-valued
functions C*°(M, C). Hence, we can interpret Ay as a Generalized Kihler Laplacian
AGK:C®(M,C) — C>®(M,C). Explicitly, this operator is given by the formula

ACK f = twp(2d(I + J)7df +V—=1d(I — J)(I + J)~'df).

It follows that A®K f is self-adjoint with respect to the Hermitian L2(M, d Vr)-
pairing on C*°(M, C).
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