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Instantons and Khovanov skein homology on I x T2

Yi Xie and Boyu Zhang

Abstract. Asaeda, Przytycki, and Sikora (2004) defined a generalization of Khovanov homol-
ogy for links in 7-bundles over compact surfaces. We prove that, for a link L C (=1, 1) x T2,
the Asaeda—Przytycki—Sikora homology of L has rank 2 with Z/2-coefficients if and only if
L is isotopic to an embedded knot in {0} x T'2. We also prove that Asaeda—Przytycki—Sikora
homology detects the unlink and torus links in (=1, 1) x T2.

1. Introduction

Khovanov [9] defined a bi-graded homology invariant for oriented links in S3 that
categorifies the Jones polynomial. Kronheimer and Mrowka [11] proved that Kho-
vanov homology detects the unknot. A generalization of Khovanov homology was
introduced by Asaeda, Przytycki, and Sikora [1] for links in 7-bundles over compact
surfaces (possibly with boundary). Asaeda—Przytycki—Sikora homology is a categori-
fication of the Kauffman bracket skein module, and we will call it Khovanov skein
homology.

In the case that the compact surface is an annulus and the 7 -bundle is trivial, Kho-
vanov skein homology is also called annular Khovanov homology. In [18], the authors
proved that annular Khovanov homology detects the trivial links and the closures of
trivial braids. The current paper proves several detection results for Khovanov skein
homology when the surface is a torus. We prove that for a link L C (—1,1) x T2,
the Khovanov skein homology of L with Z /2-coefficients has rank 2 if and only if
L is isotopic to an embedded knot in {0} x T2. We also prove that Khovanov skein
homology detects the unlink and torus links in (—1, 1) x T2,

To start, we briefly review the definition of Khovanov skein homology intro-
duced by [1] for oriented framed links in (—1, 1) x T2. The Khovanov skein homol-
ogy for links in (=1, 1) x T2 is graded over Z? & Z€, where € is the set of iso-
topy classes of un-oriented essential simple closed curves on T2. The gradings over
the Z2-factor are usually called the homological grading and the quantum grading.
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Figure 1. Two types of smoothings.

We will ignore these two gradings in the discussion here because they are not used
in the main theorems. The Khovanov skein homology of L as a Z€-graded group
does not depend on the orientation and the framing of L, so we will also ignore the
orientation and the framing of L in the following discussion.

Suppose L is given by a diagram D on T2 with d crossings, and fix an order of
the crossings. For v = (v1, va,...,vg) € {0, l}d, resolving the crossings of D by a
sequence of 0-smoothings and 1-smoothings (see Figure 1) given by v changes D to
a collection of circles on 7'2. There are two types of circles in the resolved diagram:
circles that bound disks in 72 and circles that are essential. We will call them the
trivial circles and the essential circles respectively.

If y is a circle on T2, we define a rank-2 free abelian group

V(y) :=Z{v(y)+, v(y)-}.

The group V(y) is graded over Z€ as follows. If y is a trivial circle, then degv(y)+ =
0; if y is an essential circle, then deg v(y)+ = %[y], where [y] € € is the isotopy class
of y. Given v € {0, 1}4, let S, be the set of circles in the corresponding resolved
diagram, define
CKhy(L) = @) V().
yESy

When a 0-smoothing is changed to a 1-smoothing, there are three possibilities for

change on the resolved diagram:

(1) two circles merge into one circle,
(2) one circle splits into two circles,
(3) one circle is modified by a surgery and changed into another circle.

In the third case above, the circle before and after the surgery must be given by the
0-and 1-smoothings of the diagram of a pair of circles whose projections intersect
transversely at one point. Therefore, up to an orientation-preserving diffeomorphism
of T2, the modified part of the resolved diagram in Case (3) is given by Figure 2
below.
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Figure 2. The change of smoothing that takes one circle to one circle.

Let u € {0, l}d be the label of the new resolution. One defines a map from
CKh, (L) to CKhy, (L) as follows. For Case (3), the map is defined to be zero. For
Cases (1) and (2), it is sufficient to specify the maps between the abelian groups asso-
ciated to the circles involved in the merging or splitting.

In the case that two circles are merged into one, let y; and y, be the two cir-
cles before the merging and let y be the circle after the merging. The merge map is
commutative on y; and y,. If y; and y, are both trivial circles, the map is given by

v(y1)+ @ v(y2)+ = v(¥) 4+, V(y1)+ ® v(y2)- > v(y)-,
viy1)- @ v(y2)+ = v(y)-, v(y1)- ® v(y2)- = 0.

If y; is trivial and Y5 is essential, the map is given by

Viy)+ @ Vv(y2)+ = v(¥)+, v(y1)+ @ v(y2)- = v(y)-,
v(y1)- ® v(y2)+ = 0, v(y1)— ® v(y2)— > 0.

If both y; and y, are essential, since they are disjoint circles on 72, we must have that
y1 and y; are isotopic to each other, and y3 is a trivial circle. The merge map for this
case is given by

v(y1)+ ® v(y2)+ — 0, v(y)+ ® v(y2)- = v(y)-,
v(y1)- @ v(y2)+ = v(y)-, v(y1)- ® v(y2)- = 0.

In the case that one circle splits into two circles, let y be the circle that splits into
y1 and y,. If v and y, are both trivial circles, the map is given by

V)4 = V()+ @ V(y2)- + v(y1)- @ v(y2)+.  v(¥)- = v(y1)- ® v(y2)-.
If y; is trivial and y; is essential, the map is given by

V() + = V() - @ v(y2)+,  V(y)- = v(y1)- @ v(y2)-.
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If both y; and y, are essential, the map is given by

V() + = V() + ® V(y2) - + v(y1)- ® V(y2)+.  V(y)- 0.
The definition above gives a map
dyy: CKhy (L) — CKhy (L),

whenever u is obtained from v by changing one coordinate from O to 1. It is straight-
forward to verify that dy,,, preserves the gradings over Z€. Let ¢; be the i -th standard
basis vector of R¢. Define

CKh(L) := P CKhy(L).
ve{0,1}
and define an endomorphisms of CKh(L) by
D= Z Z(_l)zz‘qgc Vi dyy.

i u—v=e;

Theorem 1.1 ([1]). The map D satisfies D? = 0, and the homology of (CKh(L), D)
as a Z'€-graded group does not depend on the diagram D or the order of the cross-
ings.

We will use XKh(L) to denote the homology group of (CKh(L), D), and use
¥Kh(L;Z/2) to denote the corresponding homology group with Z/2-coefficients.
The main results of the paper are the following two theorems.

Theorem 1.2. Suppose L C (—1,1) x T? is a link, let ¢ be an essential simple closed
curve on T?. Then L can be isotoped to a link disjoint from (—1, 1) x c if and only if
the Z.€-grading of YXKh(L; Z/2) is supported in Z{[c]}.

Theorem 1.3. Suppose L is a non-empty link in (—1, 1) x T? such that
rankz,, XKh(L;Z/2) < 2.

Then L is isotopic to a knot embedded in {0} x T?, and
rankz, XKh(L;Z/2) = 2.

Theorem 1.2 and the detection results from [18] yield the following detection
result for unlinks and torus links.

Corollary 1.4. Let n be a positive integer. Let L be an n-component oriented link in
(—=1,1) x T? that is either the unlink or a torus link. Let L be another n-component
oriented link in (—1, 1) x T?2. Then L is isotopic to Lg if and only if *Kh(L;Z/2) is
isomorphic to YXKh(Lo; Z/2) as Z* & Z'C-graded abelian groups.
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Proof. The “only if” part is obvious. Now, we assume
¥Kh(L;Z/2) = ¥Kh(Ly; Z/2)

as 72 @ 7Z€-graded abelian groups and prove that L is isotopic to L.

Let ¢ be an essential simple closed curve on T2 such that L is disjoint from
(—1,1) x c. By Theorem 1.2 and the assumption above, we conclude that L is also
disjoint from (—1, 1) x ¢ after isotopy.

Let A = T2 — ¢, then A is an annulus. View L as a link in the thickened annu-
lus (—1, 1) x A, and use AKh(L) to denote the annular Khovanov homology of L.
By definition, there is an isomorphism from XKh(L) to AKh(L) as abelian groups,
such that the homological grading and the quantum grading are preserved, and the
Z{[c]}-grading of XKh(L) corresponds to the f-grading of AKh(L). By [18, Corol-
lary 1.4], annular Khovanov homology detects the unlink and the closure of the trivial
n-braid, therefore L is isotopic to Lo in (—1, 1) x A, and the corollary is proved. m

The proofs of Theorem 1.2 and Theorem 1.3 rely heavily on the topological prop-
erties of the torus, and it is natural to ask the following question.

Question 1.5. Does Theorem 1.3 still hold for Khovanov skein homology on an arbi-
trary oriented compact surface?

The proofs of the main theorems follow the strategy of [11]: we establish a spectral
sequence that relates XKh(L;Z/2) to a singular instanton Floer homology group, and
then apply the excision properties of instanton Floer homology to obtain the desired
results. Since [—1, 1] x T2 is not a priori a balanced sutured manifold in the sense
of [8], the non-vanishing theorem for sutured singular instanton Floer homology [18,
Theorem 7.12] cannot be applied in a straightforward way. This is discussed in Sec-
tion 2, where we prove a similar non-vanishing theorem for singular instanton Floer
homology on closed manifolds. In Section 3, we define an instanton Floer homology
invariant XHI(L) for links L C (-1, 1) x X, where X is a closed oriented surface
with arbitrary genus, and study the basic properties of this invariant. In Section 4 and
Section 5, we show that when X is a torus, there exists a spectral sequence relating
Y¥Kh(L;Z/2) and ZHI(L). This spectral sequence, together with the properties of
Y HI(L) established in Section 3, will prove Theorem 1.2 and Theorem 1.3.

2. A non-vanishing theorem for closed manifolds
This section establishes a non-vanishing theorem for singular instanton Floer homol-

ogy on closed manifolds. The singular instanton Floer homology theory was devel-
oped by Kronheimer and Mrowka [11, 12], and the reader may refer to [18, Section 2]
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for a brief review. Let Y be an oriented closed 3-manifold, L C Y be a link, (w, dw) C
(Y, L) be a properly embedded 1-manifold, and suppose (Y, L, w) forms an admis-
sible triple as defined in [18, Section 2.1]. We use 1(Y, L, w) to denote the singular
instanton Floer homology group of the triple (Y, L, ®). All instanton Floer homology
groups in this paper are defined with C-coefficients unless otherwise specified.

The homology group I(Y, L, ) is equipped with a relative Z /4 grading. For each
point p € Y, there is an associated map

w(p):1(Y,L,w) - 1Y, L,w)

with degree zero. For each oriented embedded closed surface ¥ C Y, there is an
associated map
wo(E): 1(Y, L, w) — I(Y, L, w)

with degree 2. The map u(p) is determined by the connected component of Y that
contains p, and the map u°®(X) is determined by the fundamental class of ¥ in
H,(Y ;7). All the . maps are complex linear and are commutative to each other. The
reader may refer to [18, Section 2.1] for a brief review of the © maps.

Let I(Y, L, )(2) be the intersection of the generalized eigenspaces of j(p) with
eigenvalue 2 for all points p € Y. Suppose ¥ C Y is an embedded oriented surface
with genus g that intersects L transversely at n points, we use I(Y, L, w|X) to denote
the generalized eigenspace of u°®(X) in I(Y, L, )z with eigenvalue 2g + n — 2.

If ¥ is a compact surface possibly with boundary, we use x(X) to denote the
Thurston norm [15] of ¥. Namely, if ¥ is connected, then x(X) is defined to be
max{0, —x(X)}, where y(X) is the Euler characteristic of X; if ¥ is not connected,
let ¥1,..., X be the connected components of X, then x(X) is defined to
Zle x(X;). Let Y be an oriented compact 3-manifold possibly with boundary, and
suppose a € H, (Y, dY ; Z), then the Thurston norm of a is defined to be the minimum
value of x (X) for all oriented, properly embedded surfaces (X, dX) C (¥, dY) whose
fundamental classes are equal to a. We use x(a) to denote the Thurston norm of a.

Let L C Y be alink in the interior of Y, Scharleman [14] introduced a generalized
Thurston norm xz (-) with respect to L as follows. Suppose (2, 0X) C (Y, dY) is a
properly embedded surface that is transverse to L and intersects L at n points, let
xL(X) = n — x(X). In other words, yr(X) is the Euler characteristic of ¥ — L. If
is connected, let xz (¥) = max{0, yr (X)}; if X is not connected, let X1, ..., X be the
connected components of X, define xy,(X) to be Zle x1(X;).Leta € Hy(Y,dY;Z),
the generalized Thurston norm of a with respect to L, which is denoted by xy,(a),
is defined to be the minimum value of xz (X) for all oriented, properly embedded
surfaces (X, 0X) C (Y, dY) that are transverse to L and have fundamental classes
equal to a.
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Suppose (2, 0X) C (Y, 0Y) is a properly embedded oriented surface, and let [X] €
H, (Y, dY; Z) be the fundamental class of X, we say that X minimizes the Thurston
norm, or X is norm-minimizing, if x(X) = x([X]). Similarly, if L is a link in the
interior of Y that is transverse to X, we say that X minimizes the generalized Thurston
norm with respect to L, or X is L-norm-minimizing, if x;,(£) = xr([Z]).

If L is oriented, we use X - L to denote the algebraic intersection number of %
and L.

From now on, all the curves, surfaces, and 3-manifolds are assumed to be oriented
unless otherwise specified, and all the maps are assumed to be smooth.

The main result of this section is the following theorem.

Theorem 2.1. Let Y be a connected closed 3-manifold, let L C Y be a link such that
Y — L is irreducible, and let w C Y — L be an embedded closed 1-manifold. Suppose
¥ C Y is a closed connected L-norm-minimizing surface in Y such that |X - L| is
odd and at least 3. Then

I(Y,L,w|X) # 0.

Remark 2.2. If Y — L is reducible, then the statement of Theorem 2.1 does not
always hold. For example, let Ly C Yy be a link in a closed 3-manifold, and let
K C S! x 52 be theknot given by S! x {pt}. Let Y = Yo#S! x §2,1et L C Y be given
by the disjoint union of L and K, and let @ C Y. Then the Chern-Simons functional
has no critical points because there is no SU(2)-representation of 7;(Y — L — w)
satisfying the required holonomy conditions. Hence, I(Y, L, w) = 0.

Remark 2.3. Recall that by our convention, all links and surfaces are assumed to
be oriented, so |X - L| is well defined. Since I(Y, L, w|X) does not depend on the
orientation of L, the non-vanishing of I(Y, L, w|X) holds as long as |¥ - L| is odd
and at least 3 for some orientation of L. The assumption on |X - L| is necessary
for our proof of the theorem because this is needed for the singular excision formula
[18, Theorem 6.4]. It is not clear to the authors whether the theorem still holds without
this assumption.

Theorem 2.1 is analogous to the following result of Kronheimer and Mrowka.

Theorem 2.4 ([10, Theorem 7.21]). Let Y be a connected closed irreducible 3-man-
ifold, and let w C Y be an embedded closed 1-manifold. Suppose ¥ C Y is a con-
nected, closed, norm-minimizing surface in Y with genus at least 1 such that ¥ - w is
odd, then

1(Y,0,0|X) # 0.

Remark 2.5. The statement of Theorem 2.4 does not always hold when Y is
reducible. Let Yy be a connected closed oriented 3-manifold, let Y = Yo#S! x S2, let
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w C Y be givenby S x {pt} C S! x §2. Similar to Remark 2.2, the instanton homol-
ogy group I(Y, @, w) vanishes because there is no SU(2) representation of 71 (Y — w)
satisfying the required holonomy conditions.

Our strategy of proving Theorem 2.1 is to use the various excision formulas of
singular instanton Floer homology to reduce the statement to Theorem 2.4. In order
to apply the excision formulas, we need to show that the irreducibility of ¥ — L and
the L-norm-minimizing property of ¥ are preserved under the relevant excisions.
This will be the established in Section 2.1 and Section 2.2. Most of the results in
Sections 2.1 and 2.2 follow from standard techniques and some of them may be well
known to experts. Nevertheless, we will present the proofs of these results for the sake
of completeness.

2.1. Excisions and irreducibility
Recall the following definition from [14, Definition 1.2 (c)].

Definition 2.6. Let Y be a compact manifold possibly with boundary. Let L C Y
be a link in the interior of Y, and let (X, dX) C (Y, dY) be a properly embedded
surface that is transverse to L. The surface X is called L-compressble if there exists
an embedded closed disk D C Y — L such that 0D = D N (¥ — L) and 9D does not
bound a disk in ¥ — L. If ¥ is not L-compressible, then it is called L-incompressible.

Remark 2.7. By Dehn’s lemma, 3 is L-incompressible if and only if the map
m(X—-—L)—>m —L)
induced by inclusion is injective (see, for example, [7, Corollary 3.3]).

If Y is areducible 3-manifold, then an embedded sphere in Y that does not bound
a ball is called a reducing sphere of Y.

Lemma 2.8. Suppose Y is a closed 3-manifold, let L C Y be a link, and let ¥ C Y
be an L-incompressible surface. Suppose Y — L is reducible. Then there exists a
reducing sphere of Y — L that is disjoint from X.

Proof. Let S be areducing sphere of ¥ — L that intersects X transversely, and choose
S such that § N ¥ has the minimum number of components. Suppose S N X # @.
Since ¥ is L-incompressible, every component of S N X bounds a disk in ¥ — L.
Take an innermost component of S N X, we obtain a disk D C ¥ — L such that
D NS = 0D. The curve dD divides S into two closed disks D; and D, let S; =
D U Dy, S = D U D,. Since S is a reducing sphere, at least one of S; and S, is
a reducing sphere. Perturbing S; and S, produces spheres that intersect X at fewer
components, which is contradictory to the definition of S. Therefore, SN X =@. =
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Lemma 2.9. Let Y be an irreducible 3-manifold with boundary, and let Ry and R, be
two components of Y endowed with the boundary orientation. Suppose Ry and R,
are both incompressible. Let ¢: R1 — R; be an orientation-reversing diffeomorphism,
and let Y’ be the manifold obtained from Y by gluing Ry and R, via ¢. Then Y’ is
also irreducible.

Proof. Let R’ C Y’ be the image of Ry and R in Y’. Then R’ is incompressible.
Suppose Y’ is reducible. By Lemma 2.8 with L. = @, there exists a reducing sphere
S C Y’ that is disjoint from R’. The pre-image of S in Y is then a reducing sphere
of Y, contradicting the irreducibility of Y. ]

Suppose Y is a connected 3-manifold and ¥ C Y is a properly embedded con-
nected surface. We say that ¥ is non-separating, if Y — ¥ is connected. Otherwise,
we say that 3 is separating.

Lemma 2.10. Suppose Y is a connected closed 3-manifold and L C Y is a link.
Suppose 3 is L-incompressible and non-separating in Y. Let ¢: ¥ — 3 be an orien-
tation-preserving diffeomorphism of ¥ that maps ¥ N L to X N L, and let Y’ be the
closed 3-manifold obtained by cutting Y open along ¥ and gluing back via ¢, let L'
be the image of L in Y'. If Y — L is irreducible, then Y’ — L’ is also irreducible.

Proof. Since X is L-incompressible in Y, the surface ¥’ is L’-incompressible in Y.
If Y/ — L’ is reducible, then by Lemma 2.8, there is a reducing sphere S" of Y/ — L’
that is disjoint from X’. By the irreducibility of ¥ — L, the pre-image of S’ in ¥
bounds a 3-ball B in Y — L. Since S’ does not bound a ball in Y/ — L/, we have
¥ C B, which contradicts the assumption that ¥ is non-separating. ]

Lemma 2.11. Suppose Y is a connected closed 3-manifold, and L C Y is a non-
empty link such that Y — L is irreducible. Let N(L) the open tubular neighborhood
of L. Furthermore, if L has only one component, we assume that Y — N(L) is not
diffeomorphic to S' x D?. Then the boundary of the tubular neighborhood of 9N (L)
is incompressible in Y — L.

Proof. When K is a component of L, let N(K) be the corresponding component of
N(L). If ON(L) is compressible in Y — L, then there is a component K of L and a
closeddisk D C Y — L — N(K) such that D N dN(K) = dD and dD is essential on
ON(K). Let R be a regular neighborhood of N(K) U D. Then dR = S2. By the irre-
ducibility of Y — L, dR bounds a ball in Y — L. Since Y is assumed to be connected,
we conclude that K is the only component of L, and Y — N(K) is diffeomorphic to
S1 x D2, which contradicts the assumptions. |
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Lemma 2.12. Suppose Y is a connected closed 3-manifold, and let L C Y be a link
such that Y — L is irreducible. Suppose L has at least two components. Let K be a
component of L, let L' C'Y be obtained from L by adding a parallel copy of K using
an arbitrary framing of L. If Y — L is irreducible, then Y — L' is also irreducible.

Proof. Let N(K) be a tubular neighborhood of K. Then ¥ — L’ is obtained from
Y — L by removing N(K) — K and gluing back a copy of S! x (D? — {p1, p2}). By
the assumptions, ¥ — L — N(K) is irreducible. By Lemma 2.11, dN(K) is incom-
pressible in ¥ — L — N(K). Notice that S! x (D? — {py, p2}) is an irreducible
manifold with incompressible boundary. Therefore, by Lemma 2.9, ¥ — L’ is also
irreducible. |

Lemma 2.13. Suppose Y is a connected closed 3-manifold, and L C Y is a non-
empty link. Moreover, if Y = S' x §2, we assume that L is not isotopic to the knot
given by S' x {pt}. Let K be a component of L, let m C Y be a meridian of K. If
Y — L isirreducible, then Y — L — m is also irreducible.

Proof. Let N(K) C Y be an open tubular neighborhood of K such that N(K)NL =
K. We discuss two cases.

If IN(K) is incompressible in ¥ — L, we isotope m such that m C N(K). Then
N(K) — K — m is irreducible with incompressible boundary. By the assumptions,
Y — L — N(K) is irreducible. Therefore, by Lemma 2.9,

Y —L—m=(N(K)— K —m) Upnx) (Y — L — N(K))

is irreducible.

If ON(K) is compressible in ¥ — L, then by Lemma 2.11, L has one component
and Y — N(K) is diffeomorphic to S! x D2. Since S! x D? isirreducible, ¥ — L —m
is irreducible as long as m is not contractible in Y — L. If m is contractible in ¥ — L,
then Y = S! x §2 and L is isotopic to the knot given by S x {pt}, which contradicts
the assumptions. |

2.2. Excisions and the generalized Thurston norm
The following lemma was explained to the authors by Maggie Miller.

Lemma 2.14 ([13]). Let Y be a closed 3-manifold, let ¥ C Y be a closed, connected,
norm-minimizing surface, and let ¢: ¥ — X be an orientation-preserving diffeomor-
phism of Z. Suppose Y’ is the closed 3-manifold obtained by cutting Y open along
Y and gluing back via ¢, and suppose X' is the image of X in Y'. Then ¥ is norm-
minimizing in Y.
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Proof. Without loss of generality, we may assume that Y is connected.

If x(X) = x(¥') = 0, then X’ is obviously norm-minimizing. In particular, if
Y = S x §2, then x(X) = 0 and X’ is norm-minimizing. In the following, we assume
that x(X) > 0, so that ¥ being norm-minimizing implies that it is incompressible.

If Y is irreducible, then by [5, Theorem 5.5], there exists a taut foliation on Y
such that ¥ is a closed leaf. Therefore, there is a taut foliation on Y’ such that X’ is a
closed leaf. By [15, Corollary 2], X’ is norm-minimizing in Y.

In general, we apply induction on the number of components in the prime decom-
position of Y. If Y is prime, the result follows from the previous arguments. If ¥ is
not prime, then by Lemma 2.8, there is a reducing sphere S C Y such that S N X = @.

If S is separating in Y, then S decomposes Y into Y = Y;#Y>, and X is contained
in one of the components. Assume X is contained in the component given by Y7, let
Y/ be the manifold obtained by cutting ¥; open along X and gluing back via the map
@, we have Y’ =~ Y[#Y,. By the induction hypothesis, ¥ is norm-minimizing in Y;.
Therefore, it is also norm-minimizing in Y{#Y> by the additivity of Thurston norm
under connected sums.

If S is non-separating in Y, recall that X is norm-minimizing and we are assuming
x(X) > 0, so X is not homologous to S. As a consequence, there is an embedded circle
in Y that intersects S transversely at one point and is disjoint from X. In this case,
Y can be decomposedas ¥ = Y #S 1'% §2 such that ¥ C Y7, and the desired result
follows from the induction hypothesis on Y;. |

Lemma 2.15. Let Y be a compact 3-manifold possibly with boundary, let L C Y be
a link in the interior of Y. Let T =Ty U ---U Ty C Y — L be a disjoint union of tori,
such that for each i, the torus T; is either an incompressible embedded torus in the
interior of Y — L or a component of 0Y . Then, given a € H,(Y, Y ; Z), there exists
a properly embedded surface (S, 0S) C (Y, dY) whose fundamental class equals a,
such that S is L-norm-minimizing, S and T intersect transversely, and for each i,
S N T; (possibly being empty) consists of parallel and coherently oriented essential
curves on T;, where S N T; is oriented by the orientations of Y, S and T;.

Remark 2.16. The surface S given by Lemma 2.15 is not necessarily connected.

Proof. Let (S,0S) C (Y, dY) be an L-norm-minimizing surface with fundamental
class equal to a that intersects T transversely. Choose S such that S N T has the
minimum number of connected components. Given i, if S N 7; contains a trivial
circle in T;, let ¢ C S N T; be an innermost circle. Then ¢ bounds a closed disk D
on T; such that D NS = ¢. Compressing S along D yields a surface S’ such that
S’ is homologous to S, x7.(S”) < x1(S), and S’ intersects T transversely at fewer
components, which is contradictory to the definition of S. Therefore, S N 7; consists
of parallel essential curves on T;.
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If the curves in S N T; are not all coherently oriented, then there exists a pair of
circles in S N 7; that are oriented reversely and bound a closed annulus A C 7; such
that A N S = dA. Compressing S along A yields a surface that is homologous to S
and intersects 7' at fewer components. Since 7; is either incompressible in ¥ — L or
is a boundary component of Y, the resulting surface does not increase the generalized
Thurston norm with respect to L, which is contradictory to the definition of S. In
conclusion, S N 7; consists of parallel and coherently oriented essential curves on 7j;.

]

Lemma 2.17. Let Y be a compact 3-manifold with boundary, and let L be a link
in the interior of Y. Suppose Ty, T, are two distinct torus components of Y that are
both incompressible in Y — L. Suppose (S,9S) C (Y,9Y) is L-norm-minimizing such
that fori = 1,2, S N T; consists of a (possibly empty) family of parallel, coherently
oriented, essential circles, and suppose 0S N Ty and 0S N Ty have the same number
of components. Let ¢: Ty — T, be an orientation-reversing diffeomorphism such that
o(S NTy) =S N T, and that ¢|snT, is orientation-preserving with respect to the
boundary orientation of 0S. Let Y =Y /@, let S’ be the image of S inY', and let L'
be the image of L inY'. Then S’ is L'-norm-minimizing.

Proof. Let T be the image of Ty and T, in Y'. Then T is incompressible in Y.
Assume S’ is not L’-norm-minimizing. Then, by Lemma 2.15, there is a surface S in
Y’ that is homologous to S’, such that x7/(S) < xz/(S’), and S intersects 7' trans-
versely at a family of parallel, coherently oriented, essential circles. Therefore, after
an isotopy of S, we may assume SN T = S"NT.Notice that the fundamental class
of S in Hy(Y,dY;Z) is given by the image of [S] € H,(Y’,dY’; Z) via the map

Hy(Y',3Y') — Ho(Y'. T UY') =~ Hy(Y,0Y).

Therefore, the pre-image of SinY is homologous to S, and it has a smaller gener-
alized Thurston norm with respect to L, which contradicts the L-norm-minimizing
property of S. ]

Lemma 2.18. Let Y be a connected 3-manifold, and let L CY be a link in the interior
of Y. Let T be a separating torus in the interior of Y that is disjoint from L. Let
Y1 and Y, be the closures of the two components of Y — T, and let L1 = L N Y7,
Ly =LNY, Leta € Hy(Y,0Y;Z), and let ay, a be the images of a under the
restriction maps

Hz(Y, BY,Z) — HZ(Y, Y U YZ;Z) = Hz(Yl, BYI,Z)

and
Hz(Y, 8Y, Z) — Hz(Y, oY U Yl;Z) = H2(Y2, 8Y2; Z)
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respectively. Then
xp(a) < xp,(a1) + x,(az).

Moreover, if we further assume that T is incompressible in Y — L, then
xL(a) = XL, (al) + xLz(aZ)'

Proof. Let (S1,0S81) C (Y1, 0Y1), (S2,0S2) C (Y2, dY3) be surfaces whose funda-
mental classes are a; and a, that realize the generalized Thurston norm with respect
to L1 and L, respectively. By Lemma 2.15, we may take Sy, S, such that 7' N 95S;
consists of coherently oriented parallel essential simple closed curves on 7. By the
Mayer—Vietoris sequence, the fundamental classes of dS; and 95, are negative to
each other in H (T, Z), and hence one can isotope S; and S, such that 57 = 95>
with opposite orientations. Gluing S; and S, gives a properly embedded surface S
in Y. Since H,(T, Z) = Z, by the Mayer—Vietoris sequence again, the kernel of the
map
Hy(Y,0Y;Z) — Hz(Y1,0Y1;Z) @ Ha(Y2,0Y2;Z)

is generated by the fundamental class of T', and hence there is an integer m such that
[S] =a + m[T] in Hy(Y,dY;Z). Since x1,([T]) = 0, we have xz(a) = x.([S]),
therefore xz (a) < x1(S) < xr,(S1) + x1,(S2) = xz,(a1) + x1,(a2).

If we further assume that 7" is incompressible in ¥ — L, then xz,(S) = x,(S1) +
X1,(S2), and by Lemma 2.17, x1,(S) = x1.([S]) = xr (a). Therefore, we get xz.(a) =
xL(S) = xr,(S1) + x,(S2) = xr,(a1) + xL,(a2). n

Lemma 2.19. Let Y be a compact 3-manifold, and let L1, L, C Y be two disjoint
links in the interior of Y. Let L = L1 U L. Let ¥ C Y be an embedded closed
surface that intersects L transversely. Let N(L) be an open tubular neighborhood of
Ly such that L, N N(Ly) = 0, and ON(L) intersects X transversely, and N(L) N X
is a disjoint union of meridional disks. Then X is L-norm-minimizing in Y if and only
if ¥ — N(L1) is Ly-norm-minimizing in Y — N(L1).

Proof. Suppose X is not L-norm-minimizing. Then there is a properly embedded
surface ¥’ C Y, such that X’ is homologous to ¥, and X’ intersects L transversely,
and x7,(X) < x1(X). After an isotopy of X', we may assume that dN (L) inter-
sects X/ transversely and N(L1) N X’ is a disjoint union of meridional disks. There-
fore, x7, (X' — N(L1)) = x.(¥') < xp.(X) = x1,(X — N(Ly)),and X" — N(Ly) is
homologous to ¥ — N(L;) in Y — N(L1), and hence ¥ — N (L) is not L,-norm-
minimizing in Y — N(Ly).

Conversely, suppose X — N(L1) is not Lp-norm-minimizing in ¥ — N(L1). Then
there exists a surface (S,9S) C (Y — N(L1), dN(L1)) such that (S, d5) is homolo-
gous to (X — N(L1),dN(Lq))in (Y — N(L1),9dN(L1)), and

XL, (8) < x1,(3 = N(L1)).
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By Lemma 2.15, we may choose S such that dS is a disjoint union of coherently
oriented meridian circles on IN(L1). Let ¥’ C Y be the closed surface obtained by
filling S with meridional disks in N(L1). Then X’ is homologous to X in Y, and

xL(Z) = x1,(S) < x1,(2 = N(L1)) = x.(2),
and hence X is not L-norm-minimizing in Y. Therefore, the lemma is proved. |

Lemma 2.20. Let Y be a connected closed 3-manifold, let L C Y be a link such
that Y — L is irreducible, and suppose L has at least two components. Let ¥ be
a connected, L-norm-minimizing surface. Let K be a component of L, let K' be a
parallel copy of K with respect to an arbitrary framing of K, let L' = L U K'. If &
is L-norm-minimizing. Then X is also L'-norm-minimizing.

Proof. Let N(K) be a small open tubular neighborhood of K, then (Y, L) is obtained
from (Y, L) by removing (N(K), K) and gluing back a copy of (S! x D2, S! x
{p1. p2}). Notice that by Lemma 2.19 and [15, Theorem 3], {pt} x D? C S' x
D? minimizes the generalized Thurston norm with respect to S x {p;, p»}. By
Lemma 2.19, ¥ — N(K) C Y — N(K) minimizes the generalized Thurston norm
with respect to L — K. By Lemma 2.11, dN(K) is incompressible in Y — L — N(K).
Hence, by Lemma 2.17, X is L’-norm-minimizing in Y . ]

Definition 2.21. Let Y be an oriented 3-manifold, let L C Y be a link in the interior
of Y. Suppose £ C Y is an oriented embedded surface that intersects L transversely.
We say that ¥ intersects L with the same sign, if there exists an orientation of L such
that all the intersection points of ¥ and L are positive.

Lemma 2.22. Let Y be a closed oriented 3-manifold, and let L C Y be a link.
Suppose ¥ C Y is a connected, oriented, closed surface in'Y that intersects L trans-
versely with the same sign, and suppose that 3 is L-norm-minimizing. Let ¢: ¥ — X
be an orientation-preserving diffeomorphism of ¥ that maps ¥ N L to ¥ N L. Let
Y’ be the closed 3-manifold obtained by cutting Y open along % and gluing back
via ¢, let X' be the image of X in Y’, and let L' be the image of L in Y'. Then X/ is
L'-norm-minimizing.

Proof. If xp (X) = 0, then x7/(X’) = 0, and the result is obvious. From now on, we
assume x7(X) > 0 and hence Ho(Y;Z) # 0 and (Y, L) # (S! x S2, S! x {pt}).
Therefore, by Lemma 2.11, N (L) is incompressible in ¥ — N(L).

Let N(L) be a small open tubular neighborhood of L. Construct a manifold Y as
follows. Let K1, . .., K, be the connected components of L. For each component K,
let N(K;) be the corresponding component of N(L). Let F be a torus with an open
disk removed. Remove N(K;) from Y and glue back a copy of S! x F, such that S! x
{pt} C S! x OF is glued to a longitude of K;, and {pt} x OF is glued to a meridian
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of K;. Let T be the closed surface in ¥ obtained by replacing every meridional disk
in N(L) N X with a copy of F.

Similarly, construct a manifold ¥’ from (Y’, L’) and a closed surface X’ C Y’
from X as above.

Since S! x F is foliated by parallel copies of F, {pt} x F minimizes the Thurston
normin S! x F [15, Theorem 3]. By Lemma 2.19, ¥ — N(L) minimizes the Thurston
norm in Y — N(L). Since X intersects L with the same sign and dN (L) is incom-
pressible in ¥ — N(L), by Lemma 2.17, = minimizes the Thurston norm in Y. By
Lemma 2.14, ¥’ minimizes the Thurston norm in Y, namely x ([']) = x(¥).

Write Y/ as Y’ Uan(L’) Yz, where Y’ =Y’ — N(L'), and Y/ is the disjoint union
of copies of S x F. By Lemma 2.18, we have

([T NY) +x(T N1 = x(T).
and by [15, Theorem 3], we have x ([Z/ N Y_z']) =x(¥'N 72’). Therefore,
(B =N =x(TnY) = x(F) - x(E'NY)
=x(Z'NY))
= x(T' = N(L"),

and hence ¥’ — N(L’) is norm-minimizing in Y’ — N(L'). By Lemma 2.19 again,
this implies ¥’ is L’-norm-minimizing in Y. [

2.3. Proof of Theorem 2.1
We first prove a non-vanishing theorem when L is disjoint from X.

Theorem 2.23. Let Y be a connected closed 3-manifold, and let w C Y be an embed-
ded closed 1-manifold. Let L be a link disjoint from o such that Y — L is irreducible
and (Y, L) 2 (S x §2, S x {pt}). Suppose = C Y — L is a connected closed sur-
face with genus at least 1, such that the algebraic intersection number % - o is odd,
and that ¥ is L-norm-minimizing. Then

I(Y,L,0|Z) # 0.

Proof. Let ¥ = S' x S2, take {p1, pa} C S%, let L = S x {p1. po} C Y, let &
be an arc in {pt} x S2 C Y joining (pt, p1) and (pt p2). Recall that I(Y, L, D) (2)
denotes the generalized eigenspace of u(pt) on I(Y L , @) with eigenvalue 2. By [18,
Proposition 2.1, Lemma 5.1], we have

I(V,L,&) = 1(Y,L,d)p = C. (2.1)
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Let Ky, ..., K be the connected components of L. Foreach i =1,...,s, let
m; be a small meridians around K;, and let u; be an arc that connects K; and m;.
Let m = | J;_,; m;, let u = |J;_, u;. Applying the un-oriented skein exact triangle
[11, Proposition 6.11] to a crossing between K; and m;, we obtain an exact triangle

I(Y,LUm;,wUup|¥) — I(Y,L,w|X)

T

I(Y. L, 0|S)

Therefore, I(Y, L U my, w Uu|X) # 0 implies I(Y, L, w|X) # 0. Repeating this
argument on mo, . . ., mg, we conclude that one only needs to prove

I(Y,LUm,w Uu|X) #0.

Foreachi =1,...,s, let N(K;) and N(m;) be small tubular neighborhoods of
K; and m; respectively, such that N(K;) U N(m;) is disjoint from w and u — u;,
and dN(K;) and dN(m;) intersect u; transversely at one point. Moreover, suppose
N(Ky),...,N(Ks), N(my), ..., N(mys) are disjoint from each other and from X.
Let ¢;: IN(K;) — 0N (m;) be an orientation-reversing diffeomorphism that maps a
meridian of N (K;) to a meridian to dN (m;), and maps dN (K;) N u; to N (m;) Nu;.

Let Y be the manifold obtained from Y by removing N(K;) and N(m;) for all i,
and gluing the resulting boundaries using the maps ¢;. Let @ and X be the images of @
and X in Y respectively. The torus excision theorem states that the group I(Y, L, w)(2)
is invariant under excisions tori as long as the excision surfaces both intersect w
transversely at an odd number of points, and the isomorphism map is induced by the
excision cobordism (see [10, Corollary 7.2 and Theorem 7.7] and [2, 3]). Therefore,
by (2.1), we have

(Y, LUm,wUu|Z) =1(Y,0,0|2) @ (Y, L,d)2)® = 1(Y,0,d|%).

Let Y =Y —Jj_, N(Ki) —U;_; N(m;). By Lemma 2.13, Y’ is irreducible.
By Lemma 2.11, both dN(K;) and dN(m;) are incompressible in Y’, and hence
by Lemma 2.9, Y is irreducible. Since X is L-norm-minimizing in Y, it is norm-
minimizing in Y’. By Lemma 2.17, ¥ is norm-minimizing in ¥ . Notice that & - X and
o - Y have the same parity, so @ - X is odd. Therefore, it follows from Theorem 2.4
that I(Y, @, ®| =) # 0, and the theorem is proved. ]

We also need the following technical lemma.

Lemma 2.24. Let Y be a connected closed 3-manifold, let L C Y be a link, assume
Y — L is irreducible. Let (w, 0w) C (Y, L) be a properly embedded 1-manifold with
boundary. Suppose ¥ C Y is a connected closed surface in Y, such that ¥ is L-norm-
minimizing and satisfies the following conditions:
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(1) the link L can be decomposed as L = LM U L® | such that every component
of LD intersects transversely at one point, and L@ s disjoint from X;

2) LW is non-empty;

(3) the interior of w is disjoint from LW, For each component K of LM, dw and
K intersect at one point;

4) L@ s disjoint from w;

6) xp(2) > 0.

Then
I(Y,L,w|X) #0.

Proof. Let K fl), . (1) be the components of L(l) and let K (2) t(z) be the
components of L(Z). Condltlons (2)—(4) above imply that s is even and s > 2. Write
s = 2s’. Since each Ki(l) contains one boundary point of w, we can homotope @
(without fixing the boundary of @ but keeping dw C L) such that w and ¥ inter-
sect transversely at an odd number of points. Let N (Ki(l)) be tubular neighborhoods
of K, such that for each i, N(K") intersects ¥ at a meridional disk, IN(K ")
intersects @ and transversely at one point, and N(K i(l) ) is disjoint from L®.

Fori =1,...,s", let ¢; be an orientation-reversing diffeomorphism from dN (K l.(l))
to 8N(Kl +s,) such that
e (ON(K) Ny =Nk )N,

and
@i (ON(K) Nw) = INKS,) Nw.

Let Y be the manifold obtained from Y by removing N (Kl.(l)) foralli =1,...,s,and
gluing the resulting boundaries by ¢; fori = 1,...,s’. Let L be the image of L® in
}7, and let o, 3 be the images of w, ¥ in Y respectively.

Let ¥ = S! x S2, take {p1. po} C S, let L = S' x {p1, po} C ¥, let & be
an arc in {pt} x S2 C Y joining (pt, p;) and (pt, p2). By the torus excision theorem
and (2.1), we have

I(Y.L.o|S) = I(Y,L,a|%) @ I(Y,L.d)2)® =1(Y.L.a|%).

Since Y — L is irreducible, by Lemma 2.11, IN(K (1)) and IN(K; @ )) are incom-
pressible in ¥ — L. Therefore, by Lemma 2.17 and Lemma 2.19, ¥ is L-norm-
minimizing in ¥. By Condition (4),  is a closed 1-manifold in ¥ — L. Since we
have homotoped w so that w and X intersect transversely at an odd number of points,
@ - ¥ is odd. By Condition (5), x7(Z) = x(X) = x.(Z) > 0. Since X is L-norm-
minimizing, x7 () > 0 implies (¥, L) # (S! x S2, S x {pt}). By Theorem 2.23,
we have I(Y, L, ®|X) # 0, and hence the lemma is proved. ]
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Proof of Theorem 2.1. If ¥ and L do not intersect with the same sign, we can take
two consecutive points of ¥ N L on L with opposite signs, and attach a tube to X
along the segment of L bounded by the two intersection points. This gives a connected
surface X/, such that [X'] = [X], x2 (2') = x. (X), and X’ intersects L at fewer points.
Notice that I(Y, L, ®|X) only depends on [X] and xz (%), therefore I(Y, L, w|X) =
I(Y, L,w|X’). By repeating this process, we may assume X intersects L with the same
sign without loss of generality.

Let pq, ..., pn be intersection points of ¥ and L. By the assumptions, n > 3 and
n is odd. Since n > 3, we have xr (X) > 0, therefore ¥ being L-norm-minimizing
implies that ¥ is non-separating in ¥ and is L-incompressible. By Lemma 2.10,
Lemma 2.22 and [18, Theorem 6.6], after taking an excision along X if necessary,
we may assume that pyq, ..., p, belong to distinct components of L without loss of
generality. Let K, ..., K, be the components of L that contain py, ..., p, respec-
tively.

Recall thatn > 3 and n is odd; let n = 2k + 1. Let uy, ..., u; be disjoint arcs on
Y —{pn} such that du; = {po;, pai+1}fori =1,..., k. Letu = Ule u;. Excision
along ¥ and [18, Proposition 6.7] yields

I(Y,L,0|X) = I(Y,L,» UulS).

Let N(K7) be a tubular neighborhood of K; such that the intersection of N(K1)
and ¥ is a meridional disk, N(K;) is disjoint from L — K; and w, and dN(K7)
intersects w U u transversely at one point. Fix a framing of K, let K fl), K }2) be two
parallel copies of K7 in N(K) that are disjoint from u.

Let ¥ = S! x S2, let {q1, g2, q3, g4} C S?, and define Zz, Z3, Z4 cyY
by Lo = S' x {q1,¢2}, L3 = S' x {q1.42.q3}, Ls = S' x {q1. 42, q3. ga}. Let
c1 C 8% —{g3,q4) be an arc joining g1 and ¢, let c; C S? be a circle that intersects
¢ transversely at one point and separates {g1 } and {¢>,¢3,¢94}. Let® = {pt} x c; C Y,
let7T =S!'xe, CY,letS = {pty x S2C Y.

Conducting excision on (Y, L,w U u) U (17, La, @) along ON(Ky) U T, we have

I(Y,L,o Uu|2) QI(Y, L4, d|)
~ 1Y, LUKP UK® 0o UuS) 1Y, Ly, 0|5).

By [18, Lemma 5.1], we have
1(Y.L,,0|3) 2 1Y, L3,®|S) 2 1I(Y, L4, &|S) = C, (2.2)

and hence
I(Y.LoUulS) = 1Y, LUK UK® 0 UulS).
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Let pgl) = Kfl) nx, pgz) = Kfz) N X. Let v be an arc on X connecting pgl) and

Pn such that v is disjoint from w U u. Excision along ¥ and [18, Proposition 6.7] then
yields

1V, LUKPUK® wuus) 21(r. LUKP UK® 0w uuUv|D).

Let N'(K1) C N(K1) be asolid torus that contains K and K?), such that N'(Ky)
is disjoint from K§1) U w U v, and that dN'(K;) intersects u transversely at one
point. Conducting excision on (Y, L U K{l) U Kl(z), wUuUv)Uu (Y, Ly, o) along
ON'(K1) U T yields

1Y, LUKPUK® wUuUvS) 1Y, L,.0)
~1Y. LUK 0o UuUv|D) @Y, L3, ).
Therefore, by (2.2),
1V, LUKPUK® wUuuv2) =21V, LUK® 0 UuU|E).

By Lemma 2.12, Y — L — Kgl) is irreducible. By Lemma 2.20, ¥ minimizes the
generalized Thurston norm with respect to L U K fl). Since n > 3, we have that
xLqul)(E) > 0. Therefore, by Lemma 2.24, I(Y, L U K}l), wUuUv|X) #0,and
the theorem is proved. |

3. Instanton Floer homology for links in thickened surfaces

In this section, let X be a connected oriented closed surface, and let L be a link in
(—=1,1) x X. The link L defines a link in ([—1,1]/{—1,1}) x ¥ = S! x ¥ by taking
its image in the quotient space. When there is no risk of confusion, we will abuse
notation and use L to denote the image of L in S' x X, and use {1} x ¥ or ¥ to
denote the image of {1} x X in S! x X.

Recall that all curves, surfaces, and 3-manifolds are assumed to be oriented unless
otherwise specified, and all maps are assumed to be smooth.

Definition 3.1. Let L be a link in (—1, 1) x X. Define
SHI(L) :=1(S'x =, L, S x {p}|®),
where p is a point on ¥ such that (S! x {p}) N L = 0.

Remark 3.2. The fundamental class of S! x {p} in H{(S' x X;Z/2) does not
depend on p, therefore ¥HI(L) is independent of the choice of p.

Remark 3.3. By [10, Proposition 7.4], we have XHI(0) =~ C.
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Definition 3.4. Given a (not necessarily oriented) link cobordism S: L; — L, in
[1,1] x (=1, 1) x X, define ZHI(S) to be the induced map on the instanton Floer
homology

SHI(S) = I([—1,1] x S' x £, S, [-1,1] x S x {pt}): SHI(L,) — ZHI(L,).

Remark 3.5. Since the cobordism maps are only defined up to signs, ZHI(S) is a
priori only well defined up to an overall sign. However, if S is an oriented cobordism
between oriented links, there is a canonical choice of homology orientation that fixes
the sign of ZHI(S) such that it satisfies the usual functoriality property. The reader
may refer to [11, Section 4.4] for more details.

Lemma 3.6. Let X, L, p be as in Definition 3.1, let ¢ C X be an embedded closed
1-manifold such that p ¢ c, let w be the image of [—1,1] x {p} U {1} xcin S' x =.
Then

THI(L) 2 I(S! x 2, L, w|%).

Proof. Letw; = S! x {p} C S x T, and let w, C S x T be the image of {1} x c.
Then w = w; U w,. By Definition 3.1, XHI(L) = I(S!x Z, L, w1). Since the image
of {1} x X is disjoint from L and intersects wq transversely at one point, the excision
formula [10, Theorem 7.7] yields

IS'xZ,L,o|2) @IS x .0, 0 Uws|X) 2 I(S! x X, L, w|%).
By [10, Proposition 7.8], we have
I(S1 X 2,0,w1 Uwy|X) = C,
and the lemma is proved. ]

Definition 3.7. Suppose L; and L, are two links in (—1, 1) x X. Isotope L; such
that L; C (—1,0) x X, and isotope L, such that L, C (0, 1) x X. Define L1 U L, to
be link given by the disjoint union of L; and L, after the isotopies.

Remark 3.8. If the genus of ¥ is positive, then L LI L, may be non-isotopic to
Lo U Ly.

Lemma 3.9. Suppose L and L, are two links in (—1,1) x X. Then

Moreover, if ¢ C X is a simple closed curve, let T, = Sl xc c St x I, then the
isomorphism above is given by a map

¢: SHI(L; U L,) — SHI(L,) ® SHI(L,)

such that ¢ o u°°(T,) = (u°°(T,) ® id +id @u°™(T,)) o ¢.
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Proof. Let p € ¥ suchthat S! x {p} is disjoint from L and L,. Excisionon (S! x I,
BL1,S'x{pHU(S! x =, Ly, St x {p})along {1} x L {l} x X yields

The isomorphism is induced by a cobordism map from S x Zto S! x T U S! x ¥
where 7, is cobordant to 7, LI T,, therefore the isomorphism intertwines the action of
u°(T,) on the left with u°°(7,) ® id + id ® u°™®(T,) on the right. ]

Let A = [—1,1] x S! be an annulus, recall that annular instanton Floer homology
was defined by [16, Definition 4.1] for a link L C (—1, 1) x A. Here we give a brief
review of the definition. Let L be a link in the solid torus S! x D?. The annular
instanton Floer homology AHI(L) is defined by the following procedure:

(1) let K> be the product link S' x {p1, p»}in S x D?, and let u be an arc in
S! x D? connecting S' x {p;} and S! x {p,};

(2) form the new link L U K, in
S'x 8% =S!'x D? Ugi,g1 S x D?,

where L lies in the first copy of S! x D2, and X, lies in the second copy;

(3) define
AHI(L) :=I(S' x S2, L U X5, u).

Lemma 3.10. Suppose X has genus 1; let ¢ C X be an essential simple closed curve;
let N(¢) C X be an open tubular neighborhood of c. Suppose L. C (—1,1) x N(c).
Let Ly be the link L viewed as a link in (—1,1) x N(c). Then

YHI(L) = AHI(LN(C)).

Proof. Let p € ¥ — N(c). Let ¢; be one of the connected components of dN(c),
let ¢, C X be a simple closed curve that intersects ¢; transversely at one point. Let
T =S"xc¢c; CSxX.

Let ¥ = S! x $2. Write S2 as the union of two copies of disks glued along the
boundary, and label the two disks as D) and D@ . Let ¢, g, be two distinct points
in the interior of DM . Let L1 C S x DM C ¥ be the link given by S! x {¢1, g2}
Let ¢ be a circle in D) separating ¢; and g5, and let T =S'x¢CY.Letd beanarc
in S' x DD connecting the two components of L; and intersecting T transversely
at one point. Let & = {pt} x S2 C Y.

Notice that N(c) is diffeomorphic to (—1, 1) x S'. Choosing a diffeomorphism
from (=1, 1) x (—1,1) to D@ one obtains a diffeomorphism ¢ from (—1,1) x N(c)
t0 D@ x §1 = §1x D@ Let L, C S x D@ be the link given by ¢(L).
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Recall that ¥ is a torus, and we identify S! with [-1, 1]/{—1, 1}. Excision on
(S!'xZ,L,S'x{pyU{l}yxc)u(Y,Ly,®)along T U T yields

I(S'x S, L, S'x{p)U{l} x2|Z) @ L(Y,L,0|S) = (Y, L U L, d|3).

By Lemma 3.6, I(S! x X, L, S! x {p} U {1} x ¢2|¥) = ZHI(L). By [18, Proposi-
tion5.11,I(Y, L1,&|E) = C. By definition [ 16, Definition 4.11, (Y, L1 U L,,&| ) =
AHI(L y()), therefore the lemma is proved. ]

Lemma 3.10 also holds for surfaces with higher genera.

Lemma 3.11. Suppose ¥ has genus g > 1. Let ¢ C X be a non-separating simple
closed curve. Let N(c) C X be an open tubular neighborhood of c. Suppose L C
(=1,1) x N(c). Let L n(c) be the link L viewed as an annular link in (=1, 1) x N(c).
Then YHI(L) = AHI(L n(c))-

Proof. Let c1, ¢, be the two components of dN(c), let ¢3 be a simple closed curve on
Y that intersects c¢; and ¢, transversely at one point. Let p € ¥ — (N(c) U c3).

Let T be an (abstract) torus, let ¢/ C T be an essential simple closed curve on
T,let p € T — ¢’ be a point. Let N(c¢’) be an open tubular neighborhood of ¢’ in
T, fix a diffeomorphism from N(c) to N(c’), one obtains a diffeomorphism ¢ from
(—=1,1) x N(c) to (—1,1) x N(c¢’). Let ¢} C T be a simple closed curve that intersects
¢ transversely at one point. Let L’ = ¢(L).

As before, we identify S! with [—1, 1]/{—1, 1}. Excision on (S! x X, L, ! x
{pU{1} x c3)along S! x ¢; U ST x ¢, yields

I(S'x 2, L, St x {pl U {1} xc3)
~I(S'x 2,0, S" x {pyU{l} xc3) @IS x T, L, {1} x c}).

By Lemma 3.6, I(S! x X, L, S x {p} U {1} x ¢3) = THI(L). By Remark 3.3 and
Lemma 3.6, 1(S' x £,0,S! x {p} U {1} x ¢3) = ZHI(?) = C. Notice that the triple
(S x T, L', {1} x ¢}) is diffeomorphic to the triple (S' x T, L', S! x p’), therefore
by Lemma 3.10, I(S' x T, L, {1} x c1) = AHI(L y()), and the lemma is proved. =

Lemma 3.11 has the following immediate consequences.

Lemma 3.12. Let ¢ C X be a contractible or non-separating simple closed curve,
andlet K = {0} x ¢ C S! x . Then THI(K) = C?2.

Proof. The lemma follows from Lemma 3.11 and [16, Example 4.2]. ]
Lemma 3.13. If L C (—1,1) x X is a link contained in a 3-ball, then
dim SHI(L) > 2",

where n is the number of components of L.
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Proof. The result follows from Lemma 3.11 and [18, Lemma 8.1] ]
The following lemma is a useful property of the p°°-map.

Lemma 3.14. Let (Y, L, ) be admissible, and let ¥ C Y be a surface. Let A €
C. Then the dimension of the generalized eigenspace of u°*(X) on I(Y, L, w) with
eigenvalue M is the same as the dimension of the generalized eigenspace of j1°®(Z)
on1(Y, L, w) with eigenvalue —A.

Proof. Recall that I(Y, L, w) is a relatively Z/4-graded vector space over C, and
u°(T,) is an operator with degree 2. Decompose I(Y, L,w) as Iy @ I, ® Iz ® I4
with respect to the relative Z /4-gradings, let ¢ be an automorphism of I(Y, L, w) such
thatp =idon I; & I and ¢ = —id on I3 @ I4. Then ¢ gives an isomorhism from the
generalized eigenspace of u°(X) with eigenvalue A to the generalized eigenspace of
u° () with eigenvalue —A. [

Lemma 3.15. Suppose ¥ has genus g > 1, let co C X be a non-separating simple
closed curve, let K = {0} x co C S x X. Let ¢ be a simple closed curve on ¥ that
intersects cq transversely at one point, and let T, = S' x c. Then the eigenvalues of
u(T,) on THI(K) are {—1, 1}. Moreover, for each A € {—1,1}, the generalized
eigenspace of 1°°(T.) on THI(K) with eigenvalue A has dimension one.

Proof. By [18, Proposition 6.1], the spectrum of ;°®(7,) on HI(K) is a subset of
{—1,1}. By Lemma 3.12, dim ¥HI(K) = 2. Therefore, by Lemma 3.14, for each
A € {—1, 1}, the generalized eigenspace with eigenvalue A has dimension one. ]

Lemma 3.16. Let ¢ be a simple closed curve on X, and let T, = S L s ¢. Consider
the operator u°°(T,) on SHI(L). If T, intersects L transversely at n points, then the
spectrum of u°°(T,) on SHI(L) is a subset of {—n + 2il|i € Z,0 <i <n).

Proof. If n is odd, then the result is a special case of [18, Proposition 6.1]. If n is even
and ¢ is null-homologous, then 11°®(7T}) is zero and the statement is obvious. If 7 is
even and ¢ has a non-trivial fundamental class, then there exists a simple closed curve
¢1 C X that intersects ¢ transversely at one point. Let K1 = {0} x ¢;. By the previous
argument, the desired property holds for L LI K;. The result for L then follows from
Lemma 3.9 and Lemma 3.15. ]

Definition 3.17. Let ¢ be a simple closed curve on X, define the c-grading on XHI(L)
to be the grading given by the generalized eigenspace decomposition of XHI(L) with
respect to u°(T,).

Remark 3.18. By Lemma 3.16, if T, intersects L transversely at n points, then the
c-grading of XHI(L) is supported in {—n + 2i|i € Z,0 <i < n}. The second part of
Lemma 3.9 implies that the decomposition in Lemma 3.9 respects the c-grading.
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Proposition 3.19. Suppose X is a torus, let ¢ be a simple closed curve on %. Let L
be a link in (—1, 1) x X. Suppose the c-grading of YHI(L) is supported at zero. Then
L can be isotoped so that it is disjoint from (—1,1) x c.

Proof. The statement is obvious if ¢ is null-homotopic. In the following, assume ¢
is an essential curve on X. Using the prime decomposition of the complement of L,
it is clear that L can be decomposed as L = LM 1 L@ where L® is contained
ina 3-ball in (—1,1) x ¥, and ((—1,1) x ) — LM is irreducible. By Lemma 2.9,
(S! x ) — LW is also irreducible.

By Lemma 3.13, SHI(L®) # 0. By Lemma 3.16, the c-grading of SHI(L®) is
supported at degree zero, therefore by Lemma 3.9 and the assumptions, SHI(L (™) is
supported at c-degree zero. We only need to show that L) can be isotoped so that it
is disjoint from (—1, 1) x c.

Let ¢, be a simple closed curve on X that intersects ¢ transversely at one point. For
neZv, let L, CS!x X be the link contained in {1} x X given by n parallel copies
of ¢1. Since every component of L,, is non-contractible and S! x X is irreducible, we
have (S! x ) — (L™ 1 L,,) is irreducible for all n.

Now, let (S,0S) C ([-1,1] x X,{—1, 1} x X) be a properly embedded surface
such that S is homologous to [—1, 1] x ¢ in Ha([—1,1] x Z,{—1,1} x X), S is trans-
verse to L1, and S minimizes the generalized Thurston norm with respect to L.
By Lemma 2.15, one can choose S such that S = {—1, 1} x c. Notice that the surface
S may be non-connected. Since the fundamental classes of {—1} x ¢ and {1} x ¢ are
both non-trivial in H;([—1, 1] x X), the two boundary components of S must belong
to the same component. Let Sy be the connected component of S such that Sy = d5S.
Then S is also LY -norm-minimizing. Since the map

Hy(~1,1] x ) > Hy([-1, 1] x £, {—1, 1} x )

is zero, every closed component of S is null-homologous in H,([—1,1] x X,{—1,1} x
%), therefore Sg is homologous to S in Ho([—1, 1] x X, {—1, 1} x X).

Let Sy be the image of Sy in S' x X, let T, = S! x c. Notice that the kernel of
the map

Hy(S'x X)) > Hy(S'x =, {1} x 2) = Hy([—-1,1] x T,{~1,1} x X)

is generated by the fundamental class of {1} x X. Therefore, there is an integer m
such that [So] = [T.] + m - [{1} x X]. Recall that X is a torus and c; is a simple closed
curve on X that intersects ¢ transversely at one point. By twisting [—1, 1] x X near
{1} x X in the direction of ¢y, one can find a surface S; such that 3S] = 0So, and S
is isotopic to So in [—1, 1] x X (without fixing the boundary), x; 1) (S3) = x7.1)(So),
and the image of Sj in S 1 x ¥ is homologous to T,. Let S_(’) be the image of S in
S x ¥. By Lemma 2.17, S} is L™ -norm-minimizing in S* x .
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Suppose S_6 has genus g. Then g > 1. Suppose S, and LD intersect transversely
at ny points. Let n, > 0 be an integer such that n; + n5 is odd and at least 3. Since
S_(’) is L(l)—norm-minimizing, it is also (L(l) U Ly,)-norm-minimizing. Let p € X be
a point such that S! x p is disjoint from L™ U L,,,. By Theorem 2.1,

I(S'x =, LY U L,,, S x {p}|S]) # 0.

By definition, this means the generalized eigenspace of M"rb(S_(’)) on XHI(K U L,,)
with eigenvalue 2g + n1 + n, — 2 is non-trivial. Since S_(’) is homologous to 7., we
have u°®(T,) = u°® (S_(’)), therefore by Lemma 3.9 and Lemma 3.15, we conclude that
the generalized eigenspace of 1°®(7,) on THI(L(M) with eigenvalue 2g + n — 2 is
non-trivial. Since the c-grading of HI(L () is supported at degree zero, this implies
2¢g +n1—2=0,and hence g = 1, n; = 0. In conclusion, S(’, is an annulus such that
3So = {—1,1} x c,and S; N LD = g.

Notice that [—1, 1] x ¥ can be viewed as an S!-fiber bundle with fibers parallel
to c. By a standard property of Seifert-fibered spaces (see, for example, [7, Propo-
sition 1.11]), S can be isotoped to a surface that is either tangent to the fibers or
transverse to the fibers. Since dS; = {—1, 1} x c, it cannot be isotoped to a surface
that is transverse to the fibers, therefore Sy is isotopic to [—1, 1] x ¢, and the result is
proved. |

Proposition 3.20. Suppose X is a torus, L C (—1,1) x X is a link, and
dimc XHI(L) < 2.

Then there is an essential simple closed curve ¢ on X, such that L can be isotoped so
that it is disjoint from (—1,1) x c.

Proof. Let ¢y, cp be a pair of essential simple closed curves on X such that ¢; and
¢y intersect transversely at one point. If XHI(L) is supported at degree zero with
respect to either the c;-grading or the c,-grading, then the result follows from Propo-
sition 3.19. Otherwise, by Lemma 3.14, we must have dim¢ XHI(L) = 2. Moreover,
since (S x ¢;) and u°?(S! x ¢,) commute, the simultaneous eigenvalues of
(uo®(S! x 1), u°?(S! x ¢;)) on THI(K) can be written as (A1,1,) and (=41, —215).
By Lemma 3.16, there is a coprime pair of integers (p, g) such that pA; 4+ gA, = 0.
Let ¢ be a simple closed curve on X with the homology class p[c1] + ¢[c2]. Then
uoP (St x ¢) = pu®(St x c1) + qu®(S! x ¢y) is identically zero on HI(L), and
the result follows from Proposition 3.19. ]

We will also need the following technical result.
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Lemma 3.21. Let X be a torus, and let cg, c1 C X be the circles given by the 0-and
1-smoothings in Figure 2. Let S be the cobordism from cg to ci induced by the change
of smoothing, and let S be the reversed cobordism from c1 to cy. Then the maps

SHI(S): HI(co) — ZHI(cy),
SHI(S): HI(c;) — THI(co)

are both zero.

Proof. Suppose c is a simple closed curve on X. Since {—1} x S! x ¢ is homolo-
gous to {1} x S x ¢ in the product manifold [—1, 1] x S! x X, the cobordism maps
SHI(S) and THI(S) preserve the c-grading.

Let ¢ be the curve on X that is parallel to ¢; and intersects ¢y transversely at two
points. Since the algebraic intersection number of ¢ and c; is non-zero, by Proposi-
tion 3.19, the group XHI(co) cannot be supported at c-grading 0. Lemmas 3.12, 3.14,
and 3.16 then imply that XHI(cp) is supported at c-gradings 2 and —2. At the same
time, Lemma 3.16 implies that XHI(c;) is supported at c-grading zero. Therefore, the
maps HI(S) and HI(S) must be zero. [

4. Canonical isomorphisms of instanton Floer homology

This section constructs several maps explicitly that realize the isomorphisms given
by Lemma 3.9 and Lemma 3.10. These maps will play an important role in the com-
putation of the spectral sequence in Section 5. Recall that all curves, surfaces, and
3-manifolds are assumed to be oriented unless otherwise specified, and all maps are
assumed to be smooth. Throughout this section, ¥ will denote a torus. We start with
the following definition.

Definition 4.1. Let p;, p> be two distinct points on S2, let (?, Z) be given by
(S x S2, 8! x {p1, p2}), and let & be an arc connecting the two components
of L. The critical set of the unperturbed Chern—Simons functional of (17 L, @) con-
sists of one regular point. Fixing a choice of orientation, let uy be the generator of
I(Y.L,d) ~C represented by the critical point.

Remark 4.2. The choice of ug is unique up to a sign. By definition I(I?, L, o) =
AHI(@), and the ug defined above agrees with the choice of the generator of AHI(%)
in [16], which was also denoted by uy.

Recall that X is an (oriented) torus. Let ¢ C X be an (oriented) essential simple
closed curve, let ¢’ C X be an (oriented) essential simple closed curve that intersects
¢ transversely at one point so that the algebraic intersection number ¢ - ¢’ = +1. Let
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N(c) C X be a tubular neighborhood of c¢. After an isotopy of X, we may assume that
¢, IN(c), and ¢’ are all linearly embedded. Let L C (—1, 1) x X be a link embedded
in {0} x N(c).Let p € ¥ — N(c). Then THI(L) = I(S! x X, L, S! x {p}| ).

Let T C S! x X be a linearly embedded torus such that its fundamental class is
[ST x ¢] + [Z] and that it is disjoint from {0} x N(c). Let w: S! x ¥ — X be the
projection map.

Let L () be the link L viewed as an annular link in (—1,1) x N(c¢) = (=1,1) x 4,
where the diffeomorphism from N(c) to A takes N(c¢) N ¢’ to [—1, 1] x {pt}.

Let ¥ , Z, @, p1. p2 be as in Definition 4.1. Let ¢ C S? be an (oriented) circle
separating p; and p, such that S! x ¢ intersects @ transversely at one point. Let
T =S'xé.

Take the excision on (Y, L,®) U (S! x =, L, S! x {pt}) along T U T using a
diffeomorphism from T to 7', which maps 7 N ({0} x £) to S! x {pt} c T = S! x ¢,
maps T N7~ 1(c¢') to {pt} x ¢ C T = S! x ¢, and preserves the orientations of ¢’
and ¢. Define &, ./ to be the composition map

IS xS, L, S x (pty]=) W 1T x =, L, S' x {(pt|D) @ (T, L, &)
s AHI(Ly)). @.1)

where the second map is induced by the excision cobordism above and the image of
{0} x N(c) is identified with the annulus {0} x A C (—1,1) x A.

Since the cobordism maps are defined up to a sign, the map &, . is well defined
up to a multiplication by £1. By the torus excision theorem, ®. (- is an isomorphism.
It is straightforward to verify that &, . is determined by the isotopy classes of ¢, ¢’,
and the embedding of L in {0} x N(c).

Definition 4.3. Suppose X is a torus, recall that € denotes the set of isotopy classes
of un-oriented essential simple closed curves on X. Define 7 and o as follows.

(1) Let 7: € — € be a fixed map, such that for each [y] € €, the algebraic inter-
section number of [y] and t([y]) is 1.

(2) For each [y] € €, let o([y]) be a fixed choice of orientation of [y].

Definition 4.3 allows us to define the following two canonical maps. Recall that
we use U; C (—1, 1) x A to denote the trivial annular knot and use K; C (—1,1) x 4
to denote the annular knot given by the closure of a 1-braid. In the following, we also
require that U, and K are both included in {0} x A.

Definition 4.4. Let ¢y C X be a simple closed curve, and let K = {0} X ¢o.

(1) If ¢g is an essential curve, define

®: THI(K) — AHI(X))
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to be the map ®. .+ given by (4.1) such that ¢ is parallel to cg, and ¢’ is in the
isotopy class of t([c]).

(2) If ¢g is a trivial curve, define
®: YHI(K) — AHI(U,)

to be the map ®. . given by (4.1) such that (c, ¢’) is an arbitrary pair of curves
that intersect positively at one point and co C N(c).

Remark 4.5. The map & is well defined up to a multiplication by +1. Lemma 4.7
below will show that the map ® in Part (2) of the definition does not depend on the
choice of ¢ and ¢’.

Recall that by Definition 4.1 and Remark 4.2, we have chosen a fixed generator
u, of AHI(9) = C.

Let E7T be an (oriented) disk in [—1, 1] x S x D? that gives a cobordism from
the empty link to U;. Let E~ be obtained from E ™ by taking connected sum with a
torus that is contained in a small solid ball. Let v4, v— € AHI(U;) be defined by

vy = AHI(EV)(ug), v_ = %AHI(E_)(UO),

where the signs of AHI(E¥) are given as in Remark 3.5. If ET is an (oriented) disk
in[—1,1] x S! x D? that gives a cobordism from U to the empty link, then we have

uo = AHI(ET)(v_)

according to [16, Proposition 5.9] (we need the % factor in the definition of v_ to
guarantee this). By [16, Proposition 5.9], we have

AHI(U;) = Cvy @ Cv_. “4.2)
Since X is a torus, we have
C = THIW@) =I(S"x 2,0,S" x {p}|Z) = 1(S' x £,0,S' x {p}) 2.

The representation variety of the admissible triple (S! x X, @, S x {p}) consists of
two regular points differ by degree 4. Hence, there is no differential in the Floer chain
complex and I(S! x £, 0, S! x {p}) is freely generated by the two points. Denote the
critical points by p, p’. By abuse of notation, define

wo = 5 (p+ 31(E0(0)) € SHIO)

as a generator of XHI(@).
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Lemma 4.6. Let
d. s THI(@) — AHI(9)

be the map given by (4.1). We have
¢’ (ng) = £ug
for every choice of ¢, ¢'.
Proof. The map ®. . is induced by the excision cobordism from
(S'x 72,0, 8" x {pt})y L (S x §2, 8! x {q1,¢2},u)

to
(S'x 82,81 x {q1. g2}, ),

where u is an arc on {pt} x S? connecting S' x {g;} and S! x {g,}. This cobordism
is obtained by attaching

T2 x [-1,1]2
to
[FLAIx (ST x T2,0,{g} x SH U (S' x S, 51 x {q1, 92}, ),

and identifying

T? x [-1,1] x {+1}
with

N{I}xT)c{l} x S' x X,

and identifying

T? x [-1,1] x {~1}
with

N{1}xT) c {1} x S' x §2.

A direct calculation shows that the moduli space of flat connections on this cobor-
dism consists of two points whose restriction to S' x 72 are p and p’ respectively.
Therefore, the cobordism map takes the elements

[p] ® ug, [0 ] ®ug € (Sl xT2,0,S! ><{pt})IJ(S1 x §2, 81 x{q1,492},u)

to
tug € (' x §2, 8" x {q1.,¢2}, ).

Hence, we have &, . (ug) = £uy. [ ]



Y. Xie and B. Zhang 104

Let U; be an (oriented) unknot in (—1, 1) x . By abuse of notation, let E™ be an
(oriented) disk in [—1, 1] x (—1, 1) x X that gives a cobordism from the empty link
to Uy, and let E~ be obtained from E* by taking connected sum with a torus that is
contained in a small solid ball. Define v, v_ € ZHI(U;) by

vy = SHI(ET)(ug), v_ = %EHI(E_)(UO),

where the signs of v are fixed as in Remark 3.5. Lemma 4.6 and the functoriality of
instanton Floer homology yield the following result.

Lemma 4.7. Let ¢y be an essential simple closed curve on X, let N(c¢) C X be a
tubular neighborhood of ¢, let Uy C {0} x N(c¢) be an unknot. Let ¢’ be a simple closed
curve on X that intersects c positively at one point. Then there exists h € {1, —1}, such
that

CI>c,c/(V:|:) = hvy,

where @ : XHI(U;) — AHI(Uy) is the map given by (4.1). ]

As a consequence, we have
YHI(U;) = Cvy @ Cv_. 4.3)

Now, let M C (—1, 1) x ¥ be an unlink with n components K, ..., K,. By
Lemma 3.9 and Lemma 3.12, we have SHI(M) =~ C2". We construct a canonical
basis for SHI(M) as follows. Let {vf, o v;l", vy,...,V, ) be asetof 2n elements.
For eachi = 1,...,n, let V; be the 2-dimensional C-linear space generated by v;r
and v; . Define the map

Op: ®", Vi — SHI(M).

by
Oy ® - ®vF) = THI(EE U---U EF)(uy), (4.4)

where EiJr are (oriented) disk cobordisms from the empty set to K;, and E; is
obtained from E i+ by taking connected sum with a torus that is contained in a small
solid ball. Notice that the map ¢ given by Lemma 3.9 is natural with respect to the
maps induced by “split” cobordisms. By equation (4.3) and Lemma 3.9, the map ®ys
is an isomorphism.

Lemma 4.8. The isomorphism Oy does not depend on the choices of EljE Moreover,
let My = K® U---U K and My = KV U+ U KV be two unlinks in (—1,1) x
Y, and let S be an (oriented) link concordance from My to My consisting of the
disjoint union of concordances from Ki(o) to Ki(l) foralli. Then we have

SHI(S) 0 Opr, = O,
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Proof. The lemma is an immediate consequence of Proposition 4.9 below. ]

Proposition 4.9. Let ng, ny, mgy, m; be non-negative integers. Fori = 0, 1, suppose
K, consists of m; parallel copies of essential simple closed curves in {0} x X, and
Uy, is an unlink with n; components in (—1,1) X X — Kp,.. Given two oriented cobor-
disms S,S" C [—, 1,1] x (=1,1) x X from Upy U K, to Uy, U Kppy . If S and S' are
homotopic relative to the boundary, then

THI(S) = SHI(S).

Proof. We need to use the local system introduced in [12]. Let L C (—1,1) x X
be a link, let R be the ring C[t,#7!] and B be the configuration space of orbifold
connections on

(S'x =, L, St x{p)).

Given any continuous function
58— S,

a local system of free rank-1 R-modules on B is defined in [12, Section 3.9]. Given
any orbifold connection [A] € B, its holonomy along any component of L lies in a
S 1-subgroup of SU(2). In particular, we can take s to be the product of holonomies
along all the components of L. In this way we obtain a local system I" and the corre-
sponding Floer homology group

THI(L;T)

which is the homology of a chain complex of free R-modules generated by the critical
points of the Chern—Simons functional. A similar local system can also be defined for
annular instanton Floer homology AHI. Moreover, Lemma 3.11 still holds when we
use these local systems.

Now, take L; = Uy; U Ky, (i = 0,1). We have

itmi

SHI(L;;T) =~ AHI(L;;T) = R*"

where the second isomorphism is from [17, Example 3.4]. Therefore, YHI(L;; I')
(i = 1,2)is afree R-module.
We can view C as the R-module R /(¢ — 1). In order to show that

THI(S; C) = SHI(S'; C)

it suffices to show
YHI(S;T) = THI(S'; T) 4.5)

by the universal coefficient theorem. Since S and S’ are homotopic, S’ can be obtained
from S by a sequence of the following moves:
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(1) an ambient isotopy of [—1,1] x (—1,1) x X,

(2) atwist move that introduces a positive double point,

(3) atwist move that introduces a negative double point,

(4) afinger move that introduces two double points with opposite signs,

or their inverses [4]. Since both S and S’ are embedded, they have the same number of
positive double points (namely zero), therefore the signed count of moves (2) and (4)
is zero. By [12, Proposition 5.2], there exists m € N such that

(' —0)"THI(S;T) = (¢! — )" SHI(S"; T). (4.6)
Since XHI(L;; I') are free R-modules, (4.5) follows from (4.6) ]

Now, suppose L is a link embedded in {0} x ¥, and lety = y; U--- U y,, be the
disjoint union of m parallel essential simple closed curves on X such that {0} x y is
disjoint from L. Suppose y splits L into the disjoint union of (possibly empty) links
Ly, ..., Ly. Isotope X such that y is linearly embedded. Let ¢ be an oriented curve
that is parallel to y;, where the orientation of ¢ is given by o in Definition 4.3. Take
a family of m linearly embedded tori 71, ..., T, C S! x X with fundamental class
[S! x ¢] + [Z], such that T; N ({0} x ) = ;. We define

¥,: SHI(L) — &, SHI(L;) @7

to be the isomorphism given by the excision cobordism of cutting S x X open along
T1, ..., T;y and gluing the boundary using vertical translation maps. The map W, is
well defined up to a sign. Moreover, W, is natural with respect to the maps induced
by “split” cobordisms.

Remark 4.10. Let L and Ly, ..., L, be as above. Then Lemma 3.9 already proved
YHI(L) = ®/L,XHI(L;).

The purpose of (4.7) is to choose a canonical map that realizes this isomorphism.

Let ¢ be a non-separating simple closed curve on X, we use K, to denote m
parallel copies of ¢ in {0} x X. Let y be a union of m parallel essential curves on X
such that {0} x y is disjoint from K, and it splits K,, into the disjoint union of m
copies of K;. By (4.7), we have the following isomorphism

V,: SHI(K,,) — SHI(K;)®". (4.8)

Suppose Uy, is an n-component unlink in (—1, 1) x ¥ — K, and fix an order of
the components of U,. We extend the definition of (4.4) to the link U, U K,,. Let
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L=U,UK, C(-1,1)x X, letV,...,V, be as in (4.4). First define the map

n
F: Q) Vi ® SHI(K,) — SHI(L)
i=1
by
Fof®@ - ®@uvFf®x):=SHI(EfU---UETU[-1,1]x Kp)(x)

where x € SHI(Ky), and vE € Vi, EX C [-1,1] x (=1,1) x £ — [1,1] x K}, are
the same as in (4.4). Now, define

k
OL: () Vi ® THI(K,)® — THI(L)

i=1

by
Or = Fo(idgy , @), (4.9)

where W,, is the map given by (4.8). Since W, is an isomorphism, it follows from
equation (4.3) and Lemma 3.9 that ®p is an isomorphism.

Lemma 4.11. The isomorphism ©p, in (4.9) does not depend on the choices of Eii.
Let Ky, be the link as above and Uy, U, be two n-component unlinks in (—1,1) x ¥ —
K. Denote U, U Ky, and U, U Ky, by L and L' respectively. Fix an order of the
components of U, and U,. Let S C [—1, 1] x (—1,1) x X be a concordance from L to
L’ that is the product concordance on K and preserves the orders of the components
of U and U}.. Let ©r, O/ be the maps given by (4.9). Then we have

SHI(S) o ®f = £0p.
Proof. The lemma is an immediate consequence of Proposition 4.9. ]

Remark 4.12. The sign ambiguity of Lemma 4.11 comes from the fact that ¥,, is
only well defined up to a sign.

A similar map can be defined for annular instanton Floer homology. Recall that A
denotes the annulus. We use K, to denote the annular link given by the closure of a
trivial m-braid, and we require that KX, is included in {0} x A. Let U, be an unlink
in(—1,1) x A— K,,,andlet L = U, U Kp,.

Fix an order of the components of U,. Let {V;}7_, be 2-dimensional complex
vector spaces associated to the components of U, as in (4.4). Then the same con-
struction as above gives an isomorphism

FAL @V @ AHI(K,,) — AHI(L).
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By [16, Proposition 4.3], there is an isomorphism
WAL AHI(K,,) — AHI(K;)®™,

and we define
oML @1_ Vi ® AHI(K;)®™ — AHI(L)

by
ot =Fo (idge_ v, Q(WAHN =) (4.10)

5. The spectral sequence

Throughout this section, we will use X to denote an (oriented) 2-torus.

Given a link L C (-1, 1) x X, the Khovanov skein homology XKh(L) is graded
by Z'€, where € denotes the isotopy classes of essential simple closed curves on . In
order to establish a connection between XKh(L) and ¥HI(L), we reduce the grading
over Z€ to a coarser grading system. Orient each element of € using the orientation
system o given by Definition 4.3. Let ¢ C X be an oriented essential simple closed
curve. We define a group homomorphism

7€ -7, [yl—vy-c.

Recall that y - ¢ denotes the algebraic intersection number. This map reduces the
Z€-grading on CKh(L) and XKh(L) to a Z-grading, which will be called the c-grad-
ing. By definition, the c-grading of the generator v(y) is given by +y - ¢. Recall
that Definition 3.17 introduced a c-grading for XHI(L). Let ¥Kh.(L,i;7Z/2) and
YHI. (L, 1) be the respective components of ¥Kh(L; Z/2) and XHI(L) with c-grad-
ing equal to i.

Theorem 5.1. Suppose L C (—1,1) x X is a link and ¢ C X is an oriented essential
simple closed curve. Then
rankz, XKhe(L,i;7Z/2) > dimc XHI. (L, 7).
We can now prove the main results of Section 1 assuming Theorem 5.1.

Theorem 1.2. Suppose L is alinkin (—1,1) x X and ¢ is an oriented essential simple
closed curve on X. Then L can be isotoped to a link disjoint from (—1, 1) x ¢ if and
only if XKh(L; Z/2) is supported at c-degree 0.

Proof. The “only if” part is trivial, we only need to prove the “if” part. Suppose
YKh(L; Z/2) is supported at c-degree 0, then by Theorem 5.1, XHI(L) is supported
at c-degree 0, and the result follows from Proposition 3.19. |
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Theorem 1.3. Suppose L is a non-empty link in (—1, 1) x X such that
rankz/, XKh(L;Z/2) < 2.

Then L is isotopic to a knot embedded in {0} x X, and hence
rankz/, XKh(L;Z/2) = 2.

Proof. By Theorem 5.1 and Proposition 3.20, there is an essential simple closed curve
¢ C X such that L can be isotoped to a link disjoint from (—1, 1) x ¢. Therefore,
L can be viewed as a link in (—1,1) x (¥ — N(c¢)) = (-1, 1) x A, where A denotes
an annulus.

By definition, rankz, ¥XKh(L;Z/2) = rankz/, AKh(L;Z/2). On the other hand,
AKh(L; C) carries an sl,(C)-action (see [6]) where the f-grading is the weight.
Since

dimc AKh(L; C) < rankz,, AKh(L;Z/2) = rankz,, ¥Kh(L;Z/2) < 2,

this implies the top f-grading of AKh(L; C) is no greater than 1. Therefore, by [18,
Theorem 1.3], L is either a parallel copy of ¢, or is contained in a solid 3—ball. In the
latter case, XKh(L; Z/2) has the same rank as the Khovanov homology of L as a link
in the 3-ball, therefore it follows from Kronheimer and Mrowka’s unknot detection
theorem [11] that L is an unknot. Either way, L is isotopic to a knot embedded in
{0} x . ]

The rest of this section is devoted to the proof of Theorem 5.1.

5.1. Construction of the spectral sequence

Let L be alink in (—1, 1) x ¥ and D be a diagram of L with d crossings. Given any
v ef{0,1}9,let L, C {0} x = C (—1, 1) x X be the corresponding resolved diagram.
Let (Cy, dy) be the Floer chain complex of

YHI(L,) = I(S' x X, Ly, S' x {p}).

Let C(L) be the Floer chain complex of XHI(L).

For v € {0, 1}, let |[v||; be the sum of coordinates of v. If u, v € {0, 1}%, we
write v > u if all the coordinates of v are greater than or equal to the corresponding
coordinates of u. There is a standard cobordism Sy, C [—1,1] x (—1,1) x X from L,
to L, for any v,u € {0, 1}¢ with v > u.

By [11, Section 6], we have the following result.
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Proposition 5.2 ([11, Theorem 6.8]). There exist linear maps fyy: C, — C,, for all
u,v € {0, 1}d with v > u, such that

(C,D) := ( Py fvu)

ve{o,1}4 v=u

is a chain complex. For v = u, we have fyy = dy; forv > u and ||v —ully = 1, we
have fyy is a chain map which induces =3XHI(Syy,) in homology. Moreover, there is
a chain map

H:C(L) - C

which induces an isomorphism on homology.

Let ¢ C X be an oriented essential simple closed curve. Let r,,: C;, — C,, be the
chain map which defines the action ©°®(S! x ¢): THI(L,) — ZHI(L,). The discus-
sion in [16, Section 5] yields the following result.

Proposition 5.3 ([16, Proposition 5.7]). There exists linear maps ryy,: C, — Cy, for
all v > u in {0, 1}¥ such that

R=eru:C—>C

v>u

is a chain map with respect to the differential D in Proposition 5.2, and ryy, = ry.
Moreover, the isomorphism

H,: SHI(L) — H.(C)

intertwines 1°® (S x ¢) on THI(L) with Ry on H(C).

Taking generalized eigenspaces of the above operator R defines a decomposi-
tion of C. Now, we filter the cube C with respect to the /'-norm on {0, 1} and
obtain a spectral sequence. Since R respects the filtration on C and is commutative
with the differential D, all the higher differentials in the spectral sequence preserve
the generalized eigenspace decomposition of R. Since the map H, intertwines
u(S1 x ¢) with Ry, the generalized eigenvalue decomposition fo R on H,(C) is
identified with the c-grading decomposition of XHI(L). Taking the graded compo-
nents of the spectral sequence, we obtain the following result.

Lemma 5.4. Let ¢ be an essential simple closed curve on ¥ and leti € Z. There exists
a spectral sequence which converges to XHI.(L,1) and whose E-page is given by

(Ev.dy) = ( @D SHI(Ly.i): Y +THI(S ) ).

€{0,1 d v>u
vei0.1} lo—ull =1
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5.2. Differentials on the E-page

In order to find the E,-page of the spectral sequence given by Lemma 5.4, we need
to calculate the differentials on the E-page. Our strategy is to use the isomorphisms
in Section 4 to reduce the computation to a known result on annular instanton Floer
homology from [16].

Proposition 5.5. Let ¢ be an essential simple closed curve on X; let N(¢) C X be a
tubular neighborhood of c; let L be a link embedded in {0} x N(c) C (—1,1) x X.
Suppose L has n contractible components and m essential components. Fix an order
of the contractible components of L.

Let ¢! C X be an essential simple closed curve isotopic to t([c]), where T is the
map given by Definition 4.3. Let @IAJHI be the map given by (4.10) when viewing L
as an annular link in {0} x N(c), where N(c) is identified with the standard annulus
using the framing given by c’.

Let @, o, ©, O be the isomorphisms defined in Section 4. We have

D¢ 0O = £O7M o (idgr_ y, @(O®™)) (5.1
as maps from (Q"_, V;) ® THI({0} x ¢)®™ to AHI(L).

Proof. The compositions of the cobordisms which induce the maps on the two sides
of (5.1) are the diffeomorphic, therefore the result follows from the functoriality of
instanton Floer homology. |

For a given essential simple closed curve ¢ C X, recall that we use K, C {0} x X
to denote the disjoint union of m parallel copies of ¢, and we view K, as a link in
(—1,1) x X. We also use U, to denote an n-component unlink in (—1, 1) x ¥ — K,.

We introduce six (oriented) cobordisms for links in (—1, 1) x X.

 LetS; C[—1,1] x (—1,1) x X be the standard pair-of-pants cobordism from U,
to Uy, and S; be the standard pair-of-pants cobordism from Uj to U,.

o LetS, C[-1,1] x (—1,1) x X be the standard pair-of-pants cobordism from U; LI
K, to K1, and S, be the standard pair-of-pants cobordism from K; to U; Ul K;.

o LetS; C[—1,1] x (-1, 1) x X be the standard pair-of-pants cobordism from K,
to U and S5 be the standard pair-of-pants cobordism from U; to K.

Notice that in the last two cobordisms, the two parallel components of K, are oriented
oppositely. All these cobordisms can be included in [—1, 1] x (=1, 1) x N(K;) =
[~1,1] x S! x D2. Moreover, the signs of the cobordism maps induced by S; and S;
can be fixed as in Remark 3.5.

Recall that U; denotes the trivial annular knot, and K; denotes the annular knot
given by the closure of a 1-braid embedded in {0} x A. In the next proposition, we
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will view U, U K, as an annular link in (—1, 1) X N(c), and use the isomorphism
OAH to identify AHI(U, U K,,) with AHI(U)" ® AHI(K)™.
Also recall that by (4.2), we have

AHI(ul) = (CV+ &) (CV_.

Proposition 5.6 ([16, Propositions 5.9 and 5.14]). For an appropriate choice of the
sign of @AM ywe have

AHI(S1)(V4) = V4 ® V- + V- Q@ V4,

AHI(S) (Ve @ V4) = Ve, AHI(S1)(v-) = V- ® V-

AHI(S1)(Vy @ Vi) = v, {
AHI(S1)(v—= ® v_) =0,

Moreover, there are generators w+ of AHI(K) with f-degree +1 such that

AHI(S3) (W4 @ wy) =0,
AHI(S3)(w_®@w_) =0

AHI(S3)(Wy Q W_) = v_,
AHI(S3)(W_ Q@ w4) = v_,

AHI(S3) (Vi) = Wy @ W_ + W_ ® W,
AHI(S3)(v_) =0

AHI(S2) (V4 @ W) = W,
AHI(S2)(v—- @ wy) = 0,
AHI(S;) (W) = V_ ® W4,

Let wy be the generators of AHI(K) given by Proposition 5.6. Using the isomor-
phism ® from Definition 4.4, we obtain generators ®~!(w..) of YHI(K). By abuse
of notation, we will use w. to denote ®~!(w.) when there is no risk of confusion.

Suppose ¢’ is isotopic to T([c]) where 7 is the map given by Definition 4.3, and
orient ¢ using the orientation system o in Definition 4.3, orient ¢’ such that ¢ - ¢’ = 1.
Then the ¢’-grading of w.. is given by 1.

In the next proposition, we use the map ©y, to identify SHI(U, U K,,) with
SHI(U;)®" ® THI(K)®™.

Proposition 5.7. Fori = 1,2,3, there exist h;, h} € {1,—1} such that h; XHI(S;) and
h; YHI(S;) are given by the same formulas for AHI(S;) and AHI(S;) as in Proposi-
tion 5.6.

Proof. Let ¢ be an essential curve on X such that (—1, 1) x X is contained in (—1, 1) x
N(c), let ¢’ be an essential curve isotopic to 7([c]) that intersects ¢ positively at one
point. By the functoriality of instanton Floer homology, we have

@, 0 DHI(S;) = + AHI(S)) 0 ® .

Therefore, the conclusion follows from Lemma 4.7 and Proposition 5.5. [
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Now, let L be an arbitrary link in (—1, 1) x X that has a diagram with d crossings.
Let v € {0,1}4, and let L,, C {0} x ¥ be the corresponding resolved diagram of L.
Let ¢, C X be an essential simple closed curve that is parallel to all the essential
components of L,, then one can define the map ®p, using (4.9) by taking ¢ = ¢,.
The isotopy class of ¢, is unique if L, contains at least one essential component.

Lemma 5.8. For each v € {0, 1}, identify SHI(L,) with CKh, (L) using the map
O, and the decomposition YHI(K1) = Cwy @& Cw_. Then up to signs, the dif-
ferentials on the E1-page of the spectral sequence in Lemma 5.4 coincide with the
differentials of the component of CKhy, (L; C) at each c-degree.

Proof. Suppose v > u and ||v — u||;. If the change of smoothing from u to v is
described by Figure 2, then all the other circles in the resolved diagram must be triv-
ial. By Lemma 3.21 and excision, the corresponding map that contributes to the E;
page is zero, which agrees with the definition of the differential on C K/4. From now
on, we assume that the change from u to v is not given by Figure 2. In other words,
the change from u to v induces a merging of two circles into one circle or a splitting
of one circle to two circles.

If L, contains at least one essential component, then all the essential components
of L, are parallel to ¢,. If L, only contains trivial components, then the map ®p,, is
independent of the choice of ¢, . Therefore, we may assume without loss of generality
that ¢ = ¢, = ¢y in the definitions of ®z, and Op,,.

Suppose L, =~ U, U K, and L, = U, U K,,,». Fori € {1,2,3},let S; and S; be the
link cobordisms defined above. Since the change from u to v is not given by Figure 2,
the cobordism Sy, is the union of a copy of S; or S; and a product cobordism. By
Proposition 4.9 and Lemma 4.11, we may assume without loss of generality that there
is a tubular neighborhood N(c) of ¢ on X, such that S — ([—1, 1] x (=1, 1) x N(c))
is the trival cobordism, and Sy, N [—1, 1] x (=1, 1) x N(c) is given by S; or S;. The
conclusion then follows from Proposition 5.7 and the functoriality of instanton Floer
homology. |

Remark 5.9. It is not clear to the authors whether the signs of the differentials on
the E1-page agree with the differentials of CKh(L; C) after a global conjugation. The
answer to this question might require carefully fixing the signs of the maps defined in
Section 4. Lemma 5.8 gives a weaker result that is sufficient for our purpose.

Proof of Theorem 5.1. Although (E1, dy) is defined over C, Lemma 5.8 implies that
there is a chain complex (E7{, dj) over Z such that

(Ey.dy) = (Ej.d}) ®z C.
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Let 7/, be the rank of the homology of (E{,d]) ®z Z/2 over Z/2, and let fc be
the dimension of the homology of (E{,d{) ®z C = (E,d;) over C. By the universal
coefficient theorem, we have

Bz/2 = Bc.

By Lemma 5.8,
(E}.d}) ®z 7/2 = (CKh.(L,i;Z/2).d),

therefore
Bz/2 = rankz, EKhC(I:, i;7Z/2) = rankz;, XKh.(L,i;7Z/2).
The spectral sequence in Lemma 5.4 implies
Bc > dimc SHI(L, 7).

and hence the theorem is proved. |
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