
Quantum Topol. 16 (2025), 75–115
DOI 10.4171/QT/184

© 2024 European Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Instantons and Khovanov skein homology on I � T 2

Yi Xie and Boyu Zhang

Abstract. Asaeda, Przytycki, and Sikora (2004) defined a generalization of Khovanov homol-
ogy for links in I -bundles over compact surfaces. We prove that, for a link L � .�1; 1/ � T 2,
the Asaeda–Przytycki–Sikora homology of L has rank 2 with Z=2-coefficients if and only if
L is isotopic to an embedded knot in ¹0º � T 2. We also prove that Asaeda–Przytycki–Sikora
homology detects the unlink and torus links in .�1; 1/ � T 2.

1. Introduction

Khovanov [9] defined a bi-graded homology invariant for oriented links in S3 that
categorifies the Jones polynomial. Kronheimer and Mrowka [11] proved that Kho-
vanov homology detects the unknot. A generalization of Khovanov homology was
introduced by Asaeda, Przytycki, and Sikora [1] for links in I -bundles over compact
surfaces (possibly with boundary). Asaeda–Przytycki–Sikora homology is a categori-
fication of the Kauffman bracket skein module, and we will call it Khovanov skein
homology.

In the case that the compact surface is an annulus and the I -bundle is trivial, Kho-
vanov skein homology is also called annular Khovanov homology. In [18], the authors
proved that annular Khovanov homology detects the trivial links and the closures of
trivial braids. The current paper proves several detection results for Khovanov skein
homology when the surface is a torus. We prove that for a link L � .�1; 1/ � T 2,
the Khovanov skein homology of L with Z=2-coefficients has rank 2 if and only if
L is isotopic to an embedded knot in ¹0º � T 2. We also prove that Khovanov skein
homology detects the unlink and torus links in .�1; 1/ � T 2.

To start, we briefly review the definition of Khovanov skein homology intro-
duced by [1] for oriented framed links in .�1; 1/ � T 2. The Khovanov skein homol-
ogy for links in .�1; 1/ � T 2 is graded over Z2 ˚ ZC , where C is the set of iso-
topy classes of un-oriented essential simple closed curves on T 2. The gradings over
the Z2-factor are usually called the homological grading and the quantum grading.
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A crossing 0-smoothing 1-smoothing

Figure 1. Two types of smoothings.

We will ignore these two gradings in the discussion here because they are not used
in the main theorems. The Khovanov skein homology of L as a ZC -graded group
does not depend on the orientation and the framing of L, so we will also ignore the
orientation and the framing of L in the following discussion.

Suppose L is given by a diagram D on T 2 with d crossings, and fix an order of
the crossings. For v D .v1; v2; : : : ; vd / 2 ¹0; 1ºd , resolving the crossings of D by a
sequence of 0-smoothings and 1-smoothings (see Figure 1) given by v changes D to
a collection of circles on T 2. There are two types of circles in the resolved diagram:
circles that bound disks in T 2 and circles that are essential. We will call them the
trivial circles and the essential circles respectively.

If 
 is a circle on T 2, we define a rank-2 free abelian group

V.
/ WD Z¹v.
/C; v.
/�º:

The group V.
/ is graded over ZC as follows. If 
 is a trivial circle, then deg v.
/˙D
0; if 
 is an essential circle, then deg v.
/˙D˙Œ
�, where Œ
� 2 C is the isotopy class
of 
 . Given v 2 ¹0; 1ºd , let Sv be the set of circles in the corresponding resolved
diagram, define

CKhv.L/ D
O

2Sv

V.
/:

When a 0-smoothing is changed to a 1-smoothing, there are three possibilities for
change on the resolved diagram:

(1) two circles merge into one circle,

(2) one circle splits into two circles,

(3) one circle is modified by a surgery and changed into another circle.

In the third case above, the circle before and after the surgery must be given by the
0-and 1-smoothings of the diagram of a pair of circles whose projections intersect
transversely at one point. Therefore, up to an orientation-preserving diffeomorphism
of T 2, the modified part of the resolved diagram in Case (3) is given by Figure 2
below.



Instantons and Khovanov skein homology on I � T 2 77

the crossing 0-smoothing 1-smoothing

Figure 2. The change of smoothing that takes one circle to one circle.

Let u 2 ¹0; 1ºd be the label of the new resolution. One defines a map from
CKhv.L/ to CKhu.L/ as follows. For Case (3), the map is defined to be zero. For
Cases (1) and (2), it is sufficient to specify the maps between the abelian groups asso-
ciated to the circles involved in the merging or splitting.

In the case that two circles are merged into one, let 
1 and 
2 be the two cir-
cles before the merging and let 
 be the circle after the merging. The merge map is
commutative on 
1 and 
2. If 
1 and 
2 are both trivial circles, the map is given by

v.
1/C ˝ v.
2/C 7! v.
/C; v.
1/C ˝ v.
2/� 7! v.
/�;
v.
1/� ˝ v.
2/C 7! v.
/�; v.
1/� ˝ v.
2/� 7! 0:

If 
1 is trivial and 
2 is essential, the map is given by

v.
1/C ˝ v.
2/C 7! v.
/C; v.
1/C ˝ v.
2/� 7! v.
/�;
v.
1/� ˝ v.
2/C 7! 0; v.
1/� ˝ v.
2/� 7! 0:

If both 
1 and 
2 are essential, since they are disjoint circles on T 2, we must have that

1 and 
2 are isotopic to each other, and 
3 is a trivial circle. The merge map for this
case is given by

v.
1/C ˝ v.
2/C 7! 0; v.
1/C ˝ v.
2/� 7! v.
/�;
v.
1/� ˝ v.
2/C 7! v.
/�; v.
1/� ˝ v.
2/� 7! 0:

In the case that one circle splits into two circles, let 
 be the circle that splits into

1 and 
2. If 
1 and 
2 are both trivial circles, the map is given by

v.
/C 7! v.
1/C ˝ v.
2/� C v.
1/� ˝ v.
2/C; v.
/� 7! v.
1/� ˝ v.
2/�:

If 
1 is trivial and 
2 is essential, the map is given by

v.
/C 7! v.
1/� ˝ v.
2/C; v.
/� 7! v.
1/� ˝ v.
2/�:
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If both 
1 and 
2 are essential, the map is given by

v.
/C 7! v.
1/C ˝ v.
2/� C v.
1/� ˝ v.
2/C; v.
/� 7! 0:

The definition above gives a map

dvuWCKhv.L/! CKhu.L/;

whenever u is obtained from v by changing one coordinate from 0 to 1. It is straight-
forward to verify that dvu preserves the gradings over ZC . Let ei be the i -th standard
basis vector of Rc . Define

CKh.L/ WD
M
v2¹0;1º

CKhv.L/;

and define an endomorphisms of CKh.L/ by

D WD
X
i

X
u�vDei

.�1/
P

i<j�c vj dvu:

Theorem 1.1 ([1]). The map D satisfies D2 D 0, and the homology of .CKh.L/;D/
as a ZC -graded group does not depend on the diagram D or the order of the cross-
ings.

We will use †Kh.L/ to denote the homology group of .CKh.L/; D/, and use
†Kh.LIZ=2/ to denote the corresponding homology group with Z=2-coefficients.
The main results of the paper are the following two theorems.

Theorem 1.2. Suppose L� .�1; 1/� T 2 is a link, let c be an essential simple closed
curve on T 2. Then L can be isotoped to a link disjoint from .�1; 1/ � c if and only if
the ZC -grading of †Kh.LIZ=2/ is supported in Z¹Œc�º.

Theorem 1.3. Suppose L is a non-empty link in .�1; 1/ � T 2 such that

rankZ=2†Kh.LIZ=2/ � 2:

Then L is isotopic to a knot embedded in ¹0º � T 2, and

rankZ=2†Kh.LIZ=2/ D 2:

Theorem 1.2 and the detection results from [18] yield the following detection
result for unlinks and torus links.

Corollary 1.4. Let n be a positive integer. Let L0 be an n-component oriented link in
.�1; 1/ � T 2 that is either the unlink or a torus link. Let L be another n-component
oriented link in .�1; 1/ � T 2. Then L is isotopic to L0 if and only if †Kh.LIZ=2/ is
isomorphic to †Kh.L0IZ=2/ as Z2 ˚ ZC -graded abelian groups.
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Proof. The “only if” part is obvious. Now, we assume

†Kh.LIZ=2/ Š †Kh.L0IZ=2/

as Z2 ˚ ZC -graded abelian groups and prove that L is isotopic to L0.
Let c be an essential simple closed curve on T 2 such that L0 is disjoint from

.�1; 1/ � c. By Theorem 1.2 and the assumption above, we conclude that L is also
disjoint from .�1; 1/ � c after isotopy.

Let A D T 2 � c, then A is an annulus. View L as a link in the thickened annu-
lus .�1; 1/ � A, and use AKh.L/ to denote the annular Khovanov homology of L.
By definition, there is an isomorphism from †Kh.L/ to AKh.L/ as abelian groups,
such that the homological grading and the quantum grading are preserved, and the
Z¹Œc�º-grading of †Kh.L/ corresponds to the f-grading of AKh.L/. By [18, Corol-
lary 1.4], annular Khovanov homology detects the unlink and the closure of the trivial
n-braid, therefore L is isotopic to L0 in .�1; 1/ � A, and the corollary is proved.

The proofs of Theorem 1.2 and Theorem 1.3 rely heavily on the topological prop-
erties of the torus, and it is natural to ask the following question.

Question 1.5. Does Theorem 1.3 still hold for Khovanov skein homology on an arbi-
trary oriented compact surface?

The proofs of the main theorems follow the strategy of [11]: we establish a spectral
sequence that relates†Kh.LIZ=2/ to a singular instanton Floer homology group, and
then apply the excision properties of instanton Floer homology to obtain the desired
results. Since Œ�1; 1� � T 2 is not a priori a balanced sutured manifold in the sense
of [8], the non-vanishing theorem for sutured singular instanton Floer homology [18,
Theorem 7.12] cannot be applied in a straightforward way. This is discussed in Sec-
tion 2, where we prove a similar non-vanishing theorem for singular instanton Floer
homology on closed manifolds. In Section 3, we define an instanton Floer homology
invariant †HI.L/ for links L � .�1; 1/ � †, where † is a closed oriented surface
with arbitrary genus, and study the basic properties of this invariant. In Section 4 and
Section 5, we show that when † is a torus, there exists a spectral sequence relating
†Kh.LIZ=2/ and †HI.L/. This spectral sequence, together with the properties of
†HI.L/ established in Section 3, will prove Theorem 1.2 and Theorem 1.3.

2. A non-vanishing theorem for closed manifolds

This section establishes a non-vanishing theorem for singular instanton Floer homol-
ogy on closed manifolds. The singular instanton Floer homology theory was devel-
oped by Kronheimer and Mrowka [11,12], and the reader may refer to [18, Section 2]
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for a brief review. Let Y be an oriented closed 3-manifold,L� Y be a link, .!;@!/�
.Y; L/ be a properly embedded 1-manifold, and suppose .Y; L; !/ forms an admis-
sible triple as defined in [18, Section 2.1]. We use I.Y; L; !/ to denote the singular
instanton Floer homology group of the triple .Y;L;!/. All instanton Floer homology
groups in this paper are defined with C-coefficients unless otherwise specified.

The homology group I.Y;L;!/ is equipped with a relative Z=4 grading. For each
point p 2 Y , there is an associated map

�.p/W I.Y; L; !/! I.Y; L; !/

with degree zero. For each oriented embedded closed surface † � Y , there is an
associated map

�orb.†/W I.Y; L; !/! I.Y; L; !/

with degree 2. The map �.p/ is determined by the connected component of Y that
contains p, and the map �orb.†/ is determined by the fundamental class of † in
H2.Y IZ/. All the � maps are complex linear and are commutative to each other. The
reader may refer to [18, Section 2.1] for a brief review of the � maps.

Let I.Y; L; !/.2/ be the intersection of the generalized eigenspaces of �.p/ with
eigenvalue 2 for all points p 2 Y . Suppose † � Y is an embedded oriented surface
with genus g that intersects L transversely at n points, we use I.Y;L; !j†/ to denote
the generalized eigenspace of �orb.†/ in I.Y; L; !/.2/ with eigenvalue 2g C n � 2.

If † is a compact surface possibly with boundary, we use x.†/ to denote the
Thurston norm [15] of †. Namely, if † is connected, then x.†/ is defined to be
max¹0;��.†/º, where �.†/ is the Euler characteristic of †; if † is not connected,
let †1; : : : ; †k be the connected components of †, then x.†/ is defined toPk
iD1 x.†i /. Let Y be an oriented compact 3-manifold possibly with boundary, and

suppose a 2H2.Y; @Y IZ/, then the Thurston norm of a is defined to be the minimum
value of x.†/ for all oriented, properly embedded surfaces .†; @†/ � .Y; @Y / whose
fundamental classes are equal to a. We use x.a/ to denote the Thurston norm of a.

LetL� Y be a link in the interior of Y , Scharleman [14] introduced a generalized
Thurston norm xL.�/ with respect to L as follows. Suppose .†; @†/ � .Y; @Y / is a
properly embedded surface that is transverse to L and intersects L at n points, let
�L.†/ D n � �.†/. In other words, �L.†/ is the Euler characteristic of † �L. If †
is connected, let xL.†/Dmax¹0;�L.†/º; if† is not connected, let†1; : : : ;†k be the
connected components of†, define xL.†/ to be

Pk
iD1 xL.†i /. Let a 2H2.Y;@Y IZ/,

the generalized Thurston norm of a with respect to L, which is denoted by xL.a/,
is defined to be the minimum value of xL.†/ for all oriented, properly embedded
surfaces .†; @†/ � .Y; @Y / that are transverse to L and have fundamental classes
equal to a.
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Suppose .†;@†/� .Y;@Y / is a properly embedded oriented surface, and let Œ†� 2
H2.Y; @Y IZ/ be the fundamental class of †, we say that † minimizes the Thurston
norm, or † is norm-minimizing, if x.†/ D x.Œ†�/. Similarly, if L is a link in the
interior of Y that is transverse to†, we say that†minimizes the generalized Thurston
norm with respect to L, or † is L-norm-minimizing, if xL.†/ D xL.Œ†�/.

If L is oriented, we use † � L to denote the algebraic intersection number of †
and L.

From now on, all the curves, surfaces, and 3-manifolds are assumed to be oriented
unless otherwise specified, and all the maps are assumed to be smooth.

The main result of this section is the following theorem.

Theorem 2.1. Let Y be a connected closed 3-manifold, let L � Y be a link such that
Y �L is irreducible, and let ! � Y �L be an embedded closed 1-manifold. Suppose
† � Y is a closed connected L-norm-minimizing surface in Y such that j† � Lj is
odd and at least 3. Then

I.Y; L; !j†/ ¤ 0:

Remark 2.2. If Y � L is reducible, then the statement of Theorem 2.1 does not
always hold. For example, let L0 � Y0 be a link in a closed 3-manifold, and let
K �S1 �S2 be the knot given by S1 � ¹ptº. Let Y D Y0#S1 �S2, letL� Y be given
by the disjoint union of L0 andK, and let ! � Y0. Then the Chern-Simons functional
has no critical points because there is no SU.2/-representation of �1.Y � L � !/
satisfying the required holonomy conditions. Hence, I.Y; L; !/ D 0.

Remark 2.3. Recall that by our convention, all links and surfaces are assumed to
be oriented, so j† � Lj is well defined. Since I.Y; L; !j†/ does not depend on the
orientation of L, the non-vanishing of I.Y; L; !j†/ holds as long as j† � Lj is odd
and at least 3 for some orientation of L. The assumption on j† � Lj is necessary
for our proof of the theorem because this is needed for the singular excision formula
[18, Theorem 6.4]. It is not clear to the authors whether the theorem still holds without
this assumption.

Theorem 2.1 is analogous to the following result of Kronheimer and Mrowka.

Theorem 2.4 ([10, Theorem 7.21]). Let Y be a connected closed irreducible 3-man-
ifold, and let ! � Y be an embedded closed 1-manifold. Suppose † � Y is a con-
nected, closed, norm-minimizing surface in Y with genus at least 1 such that † � ! is
odd, then

I.Y;;; !j†/ ¤ 0:

Remark 2.5. The statement of Theorem 2.4 does not always hold when Y is
reducible. Let Y0 be a connected closed oriented 3-manifold, let Y D Y0#S1 � S2, let
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! � Y be given by S1 � ¹ptº � S1 � S2. Similar to Remark 2.2, the instanton homol-
ogy group I.Y;;; !/ vanishes because there is no SU.2/ representation of �1.Y � !/
satisfying the required holonomy conditions.

Our strategy of proving Theorem 2.1 is to use the various excision formulas of
singular instanton Floer homology to reduce the statement to Theorem 2.4. In order
to apply the excision formulas, we need to show that the irreducibility of Y � L and
the L-norm-minimizing property of † are preserved under the relevant excisions.
This will be the established in Section 2.1 and Section 2.2. Most of the results in
Sections 2.1 and 2.2 follow from standard techniques and some of them may be well
known to experts. Nevertheless, we will present the proofs of these results for the sake
of completeness.

2.1. Excisions and irreducibility

Recall the following definition from [14, Definition 1.2 (c)].

Definition 2.6. Let Y be a compact manifold possibly with boundary. Let L � Y
be a link in the interior of Y , and let .†; @†/ � .Y; @Y / be a properly embedded
surface that is transverse to L. The surface † is called L-compressble if there exists
an embedded closed diskD � Y �L such that @D DD \ .†�L/ and @D does not
bound a disk in†�L. If† is not L-compressible, then it is called L-incompressible.

Remark 2.7. By Dehn’s lemma, † is L-incompressible if and only if the map

�1.† � L/! �1.Y � L/

induced by inclusion is injective (see, for example, [7, Corollary 3.3]).

If Y is a reducible 3-manifold, then an embedded sphere in Y that does not bound
a ball is called a reducing sphere of Y .

Lemma 2.8. Suppose Y is a closed 3-manifold, let L � Y be a link, and let † � Y
be an L-incompressible surface. Suppose Y � L is reducible. Then there exists a
reducing sphere of Y � L that is disjoint from †.

Proof. Let S be a reducing sphere of Y �L that intersects† transversely, and choose
S such that S \ † has the minimum number of components. Suppose S \ † ¤ ;.
Since † is L-incompressible, every component of S \ † bounds a disk in † � L.
Take an innermost component of S \ †, we obtain a disk D � † � L such that
D \ S D @D. The curve @D divides S into two closed disks D1 and D2, let S1 D
D [D1, S2 D D [D2. Since S is a reducing sphere, at least one of S1 and S2 is
a reducing sphere. Perturbing S1 and S2 produces spheres that intersect † at fewer
components, which is contradictory to the definition of S . Therefore, S \† D ;.
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Lemma 2.9. Let Y be an irreducible 3-manifold with boundary, and letR1 andR2 be
two components of @Y endowed with the boundary orientation. Suppose R1 and R2
are both incompressible. Let 'WR1!R2 be an orientation-reversing diffeomorphism,
and let Y 0 be the manifold obtained from Y by gluing R1 and R2 via '. Then Y 0 is
also irreducible.

Proof. Let R0 � Y 0 be the image of R1 and R2 in Y 0. Then R0 is incompressible.
Suppose Y 0 is reducible. By Lemma 2.8 with L D ;, there exists a reducing sphere
S � Y 0 that is disjoint from R0. The pre-image of S in Y is then a reducing sphere
of Y , contradicting the irreducibility of Y .

Suppose Y is a connected 3-manifold and † � Y is a properly embedded con-
nected surface. We say that † is non-separating, if Y � † is connected. Otherwise,
we say that † is separating.

Lemma 2.10. Suppose Y is a connected closed 3-manifold and L � Y is a link.
Suppose † is L-incompressible and non-separating in Y . Let 'W†! † be an orien-
tation-preserving diffeomorphism of † that maps † \ L to † \ L, and let Y 0 be the
closed 3-manifold obtained by cutting Y open along † and gluing back via ', let L0

be the image of L in Y 0. If Y � L is irreducible, then Y 0 � L0 is also irreducible.

Proof. Since † is L-incompressible in Y , the surface †0 is L0-incompressible in Y 0.
If Y 0 � L0 is reducible, then by Lemma 2.8, there is a reducing sphere S 0 of Y 0 � L0

that is disjoint from †0. By the irreducibility of Y � L, the pre-image of S 0 in Y
bounds a 3-ball B in Y � L. Since S 0 does not bound a ball in Y 0 � L0, we have
† � B , which contradicts the assumption that † is non-separating.

Lemma 2.11. Suppose Y is a connected closed 3-manifold, and L � Y is a non-
empty link such that Y � L is irreducible. Let N.L/ the open tubular neighborhood
of L. Furthermore, if L has only one component, we assume that Y � N.L/ is not
diffeomorphic to S1 �D2. Then the boundary of the tubular neighborhood of @N.L/
is incompressible in Y � L.

Proof. When K is a component of L, let N.K/ be the corresponding component of
N.L/. If @N.L/ is compressible in Y � L, then there is a component K of L and a
closed disk D � Y � L �N.K/ such that D \ @N.K/ D @D and @D is essential on
@N.K/. Let R be a regular neighborhood of N.K/ [D. Then @R Š S2. By the irre-
ducibility of Y �L, @R bounds a ball in Y �L. Since Y is assumed to be connected,
we conclude that K is the only component of L, and Y � N.K/ is diffeomorphic to
S1 �D2, which contradicts the assumptions.
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Lemma 2.12. Suppose Y is a connected closed 3-manifold, and let L � Y be a link
such that Y � L is irreducible. Suppose L has at least two components. Let K be a
component of L, let L0 � Y be obtained from L by adding a parallel copy ofK using
an arbitrary framing of L. If Y � L is irreducible, then Y � L0 is also irreducible.

Proof. Let N.K/ be a tubular neighborhood of K. Then Y � L0 is obtained from
Y �L by removing N.K/�K and gluing back a copy of S1 � .D2 � ¹p1; p2º/. By
the assumptions, Y � L � N.K/ is irreducible. By Lemma 2.11, @N.K/ is incom-
pressible in Y � L � N.K/. Notice that S1 � .D2 � ¹p1; p2º/ is an irreducible
manifold with incompressible boundary. Therefore, by Lemma 2.9, Y � L0 is also
irreducible.

Lemma 2.13. Suppose Y is a connected closed 3-manifold, and L � Y is a non-
empty link. Moreover, if Y Š S1 � S2, we assume that L is not isotopic to the knot
given by S1 � ¹ptº. Let K be a component of L, let m � Y be a meridian of K. If
Y � L is irreducible, then Y � L �m is also irreducible.

Proof. Let N.K/ � Y be an open tubular neighborhood ofK such that N.K/\LD
K. We discuss two cases.

If @N.K/ is incompressible in Y � L, we isotope m such that m � N.K/. Then
N.K/ � K � m is irreducible with incompressible boundary. By the assumptions,
Y � L �N.K/ is irreducible. Therefore, by Lemma 2.9,

Y � L �m D .N.K/ �K �m/ [@N.K/ .Y � L �N.K//

is irreducible.
If @N.K/ is compressible in Y � L, then by Lemma 2.11, L has one component

and Y �N.K/ is diffeomorphic to S1 �D2. Since S1 �D2 is irreducible, Y �L�m
is irreducible as long as m is not contractible in Y �L. If m is contractible in Y �L,
then Y Š S1 � S2 and L is isotopic to the knot given by S1 � ¹ptº, which contradicts
the assumptions.

2.2. Excisions and the generalized Thurston norm

The following lemma was explained to the authors by Maggie Miller.

Lemma 2.14 ([13]). Let Y be a closed 3-manifold, let†� Y be a closed, connected,
norm-minimizing surface, and let 'W†! † be an orientation-preserving diffeomor-
phism of †. Suppose Y 0 is the closed 3-manifold obtained by cutting Y open along
† and gluing back via ', and suppose †0 is the image of † in Y 0. Then †0 is norm-
minimizing in Y 0.
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Proof. Without loss of generality, we may assume that Y is connected.
If x.†/ D x.†0/ D 0, then †0 is obviously norm-minimizing. In particular, if

Y ŠS1 �S2, then x.†/D 0 and†0 is norm-minimizing. In the following, we assume
that x.†/ > 0, so that † being norm-minimizing implies that it is incompressible.

If Y is irreducible, then by [5, Theorem 5.5], there exists a taut foliation on Y
such that † is a closed leaf. Therefore, there is a taut foliation on Y 0 such that †0 is a
closed leaf. By [15, Corollary 2], †0 is norm-minimizing in Y 0.

In general, we apply induction on the number of components in the prime decom-
position of Y . If Y is prime, the result follows from the previous arguments. If Y is
not prime, then by Lemma 2.8, there is a reducing sphere S � Y such that S \†D;.

If S is separating in Y , then S decomposes Y into Y D Y1#Y2, and† is contained
in one of the components. Assume † is contained in the component given by Y1, let
Y 01 be the manifold obtained by cutting Y1 open along † and gluing back via the map
', we have Y 0 Š Y 01#Y2. By the induction hypothesis, †0 is norm-minimizing in Y 01.
Therefore, it is also norm-minimizing in Y 01#Y2 by the additivity of Thurston norm
under connected sums.

If S is non-separating in Y , recall that† is norm-minimizing and we are assuming
x.†/> 0, so† is not homologous to S . As a consequence, there is an embedded circle
in Y that intersects S transversely at one point and is disjoint from †. In this case,
Y can be decomposed as Y D Y1 #S1 � S2 such that † � Y1, and the desired result
follows from the induction hypothesis on Y1.

Lemma 2.15. Let Y be a compact 3-manifold possibly with boundary, let L � Y be
a link in the interior of Y . Let T D T1 [ � � � [ Tk � Y �L be a disjoint union of tori,
such that for each i , the torus Ti is either an incompressible embedded torus in the
interior of Y � L or a component of @Y . Then, given a 2 H2.Y; @Y IZ/, there exists
a properly embedded surface .S; @S/ � .Y; @Y / whose fundamental class equals a,
such that S is L-norm-minimizing, S and T intersect transversely, and for each i ,
S \ Ti (possibly being empty) consists of parallel and coherently oriented essential
curves on Ti , where S \ Ti is oriented by the orientations of Y , S and Ti .

Remark 2.16. The surface S given by Lemma 2.15 is not necessarily connected.

Proof. Let .S; @S/ � .Y; @Y / be an L-norm-minimizing surface with fundamental
class equal to a that intersects T transversely. Choose S such that S \ T has the
minimum number of connected components. Given i , if S \ Ti contains a trivial
circle in Ti , let c � S \ Ti be an innermost circle. Then c bounds a closed disk D
on Ti such that D \ S D c. Compressing S along D yields a surface S 0 such that
S 0 is homologous to S , xL.S 0/ � xL.S/, and S 0 intersects T transversely at fewer
components, which is contradictory to the definition of S . Therefore, S \ Ti consists
of parallel essential curves on Ti .
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If the curves in S \ Ti are not all coherently oriented, then there exists a pair of
circles in S \ Ti that are oriented reversely and bound a closed annulus A � Ti such
that A \ S D @A. Compressing S along A yields a surface that is homologous to S
and intersects T at fewer components. Since Ti is either incompressible in Y � L or
is a boundary component of Y , the resulting surface does not increase the generalized
Thurston norm with respect to L, which is contradictory to the definition of S . In
conclusion, S \ Ti consists of parallel and coherently oriented essential curves on Ti .

Lemma 2.17. Let Y be a compact 3-manifold with boundary, and let L be a link
in the interior of Y . Suppose T1; T2 are two distinct torus components of @Y that are
both incompressible in Y �L. Suppose .S;@S/� .Y;@Y / isL-norm-minimizing such
that for i D 1; 2, @S \ Ti consists of a (possibly empty) family of parallel, coherently
oriented, essential circles, and suppose @S \ T1 and @S \ T2 have the same number
of components. Let 'WT1! T2 be an orientation-reversing diffeomorphism such that
'.S \ T1/ D S \ T2, and that 'jS\T1

is orientation-preserving with respect to the
boundary orientation of @S . Let Y 0 D Y=', let S 0 be the image of S in Y 0, and let L0

be the image of L in Y 0. Then S 0 is L0-norm-minimizing.

Proof. Let T be the image of T1 and T2 in Y 0. Then T is incompressible in Y 0.
Assume S 0 is not L0-norm-minimizing. Then, by Lemma 2.15, there is a surface zS in
Y 0 that is homologous to S 0, such that xL0. zS/ < xL0.S 0/, and S 0 intersects T trans-
versely at a family of parallel, coherently oriented, essential circles. Therefore, after
an isotopy of zS , we may assume zS \ T D S 0 \ T . Notice that the fundamental class
of S in H2.Y; @Y IZ/ is given by the image of ŒS 0� 2 H2.Y 0; @Y 0IZ/ via the map

H2.Y
0; @Y 0/! H2.Y

0; T [ @Y 0/ Š H2.Y; @Y /:

Therefore, the pre-image of zS in Y is homologous to S , and it has a smaller gener-
alized Thurston norm with respect to L, which contradicts the L-norm-minimizing
property of S .

Lemma 2.18. Let Y be a connected 3-manifold, and letL� Y be a link in the interior
of Y . Let T be a separating torus in the interior of Y that is disjoint from L. Let
Y1 and Y2 be the closures of the two components of Y � T , and let L1 D L \ Y1,
L2 D L \ Y2. Let a 2 H2.Y; @Y IZ/, and let a1; a2 be the images of a under the
restriction maps

H2.Y; @Y IZ/! H2.Y; @Y [ Y2IZ/ Š H2.Y1; @Y1IZ/

and
H2.Y; @Y IZ/! H2.Y; @Y [ Y1IZ/ Š H2.Y2; @Y2IZ/
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respectively. Then
xL.a/ � xL1

.a1/C xL2
.a2/:

Moreover, if we further assume that T is incompressible in Y � L, then

xL.a/ D xL1
.a1/C xL2

.a2/:

Proof. Let .S1; @S1/ � .Y1; @Y1/, .S2; @S2/ � .Y2; @Y2/ be surfaces whose funda-
mental classes are a1 and a2 that realize the generalized Thurston norm with respect
to L1 and L2 respectively. By Lemma 2.15, we may take S1, S2 such that T \ @Si
consists of coherently oriented parallel essential simple closed curves on T . By the
Mayer–Vietoris sequence, the fundamental classes of @S1 and @S2 are negative to
each other in H1.T;Z/, and hence one can isotope S1 and S2 such that @S1 D @S2
with opposite orientations. Gluing S1 and S2 gives a properly embedded surface S
in Y . Since H2.T;Z/ Š Z, by the Mayer–Vietoris sequence again, the kernel of the
map

H2.Y; @Y IZ/! H2.Y1; @Y1IZ/˚H2.Y2; @Y2IZ/

is generated by the fundamental class of T , and hence there is an integer m such that
ŒS� D a C mŒT � in H2.Y; @Y IZ/. Since xL.ŒT �/ D 0, we have xL.a/ D xL.ŒS�/,
therefore xL.a/ � xL.S/ � xL1

.S1/C xL2
.S2/ D xL1

.a1/C xL2
.a2/.

If we further assume that T is incompressible in Y �L, then xL.S/D xL1
.S1/C

xL2
.S2/, and by Lemma 2.17, xL.S/D xL.ŒS�/D xL.a/. Therefore, we get xL.a/D

xL.S/ D xL1
.S1/C xL2

.S2/ D xL1
.a1/C xL2

.a2/.

Lemma 2.19. Let Y be a compact 3-manifold, and let L1; L2 � Y be two disjoint
links in the interior of Y . Let L D L1 [ L2. Let † � Y be an embedded closed
surface that intersects L transversely. LetN.L1/ be an open tubular neighborhood of
L1 such that L2 \N.L1/ D ;, and @N.L/ intersects † transversely, and N.L/ \†
is a disjoint union of meridional disks. Then† is L-norm-minimizing in Y if and only
if † �N.L1/ is L2-norm-minimizing in Y �N.L1/.

Proof. Suppose † is not L-norm-minimizing. Then there is a properly embedded
surface †0 � Y , such that †0 is homologous to †, and †0 intersects L transversely,
and xL.†0/ < xL.†/. After an isotopy of †0, we may assume that @N.L1/ inter-
sects †0 transversely and N.L1/ \†0 is a disjoint union of meridional disks. There-
fore, xL2

.†0 �N.L1// D xL.†
0/ < xL.†/ D xL2

.† �N.L1//, and †0 �N.L1/ is
homologous to † � N.L1/ in Y � N.L1/, and hence † � N.L1/ is not L2-norm-
minimizing in Y �N.L1/.

Conversely, suppose†�N.L1/ is notL2-norm-minimizing in Y �N.L1/. Then
there exists a surface .S; @S/ � .Y � N.L1/; @N.L1// such that .S; @S/ is homolo-
gous to .† �N.L1/; @N.L1// in .Y �N.L1/; @N.L1//, and

xL2
.S/ < xL2

.† �N.L1//:
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By Lemma 2.15, we may choose S such that @S is a disjoint union of coherently
oriented meridian circles on @N.L1/. Let †0 � Y be the closed surface obtained by
filling S with meridional disks in N.L1/. Then †0 is homologous to † in Y , and

xL.†
0/ D xL2

.S/ < xL2
.† �N.L1// D xL.†/;

and hence † is not L-norm-minimizing in Y . Therefore, the lemma is proved.

Lemma 2.20. Let Y be a connected closed 3-manifold, let L � Y be a link such
that Y � L is irreducible, and suppose L has at least two components. Let † be
a connected, L-norm-minimizing surface. Let K be a component of L, let K 0 be a
parallel copy of K with respect to an arbitrary framing of K, let L0 D L [K 0. If †
is L-norm-minimizing. Then † is also L0-norm-minimizing.

Proof. LetN.K/ be a small open tubular neighborhood ofK, then .Y;L0/ is obtained
from .Y; L/ by removing .N.K/; K/ and gluing back a copy of .S1 � D2; S1 �

¹p1; p2º/. Notice that by Lemma 2.19 and [15, Theorem 3], ¹ptº � D2 � S1 �

D2 minimizes the generalized Thurston norm with respect to S1 � ¹p1; p2º. By
Lemma 2.19, † � N.K/ � Y � N.K/ minimizes the generalized Thurston norm
with respect to L�K. By Lemma 2.11, @N.K/ is incompressible in Y �L�N.K/.
Hence, by Lemma 2.17, † is L0-norm-minimizing in Y .

Definition 2.21. Let Y be an oriented 3-manifold, let L � Y be a link in the interior
of Y . Suppose † � Y is an oriented embedded surface that intersects L transversely.
We say that † intersects L with the same sign, if there exists an orientation of L such
that all the intersection points of † and L are positive.

Lemma 2.22. Let Y be a closed oriented 3-manifold, and let L � Y be a link.
Suppose † � Y is a connected, oriented, closed surface in Y that intersects L trans-
versely with the same sign, and suppose that † is L-norm-minimizing. Let 'W†! †

be an orientation-preserving diffeomorphism of † that maps † \ L to † \ L. Let
Y 0 be the closed 3-manifold obtained by cutting Y open along † and gluing back
via ', let †0 be the image of † in Y 0, and let L0 be the image of L in Y 0. Then †0 is
L0-norm-minimizing.

Proof. If xL.†/ D 0, then xL0.†0/ D 0, and the result is obvious. From now on, we
assume xL.†/ > 0 and hence H2.Y IZ/ ¤ 0 and .Y; L/ ¤ .S1 � S2; S1 � ¹ptº/.
Therefore, by Lemma 2.11, @N.L/ is incompressible in Y �N.L/.

Let N.L/ be a small open tubular neighborhood of L. Construct a manifold xY as
follows. LetK1; : : : ;Km be the connected components of L. For each componentKi ,
let N.Ki / be the corresponding component of N.L/. Let F be a torus with an open
disk removed. RemoveN.Ki / from Y and glue back a copy of S1 �F , such that S1 �
¹ptº � S1 � @F is glued to a longitude of Ki , and ¹ptº � @F is glued to a meridian



Instantons and Khovanov skein homology on I � T 2 89

of Ki . Let x† be the closed surface in xY obtained by replacing every meridional disk
in N.L/ \† with a copy of F .

Similarly, construct a manifold Y 0 from .Y 0; L0/ and a closed surface †0 � Y 0

from † as above.
Since S1 �F is foliated by parallel copies of F , ¹ptº �F minimizes the Thurston

norm in S1 �F [15, Theorem 3]. By Lemma 2.19,†�N.L/minimizes the Thurston
norm in Y � N.L/. Since † intersects L with the same sign and @N.L/ is incom-
pressible in Y � N.L/, by Lemma 2.17, x† minimizes the Thurston norm in xY . By
Lemma 2.14, †0 minimizes the Thurston norm in Y 0, namely x.Œ†0�/ D x.†0/.

Write Y 0 as Y 01 [@N.L0/ Y
0
2, where Y 01 D Y

0 �N.L0/, and Y 02 is the disjoint union
of copies of S1 � F . By Lemma 2.18, we have

x.Œ†0 \ Y 01�/C x.Œ†
0 \ Y 02�/ � x.Œ†

0�/;

and by [15, Theorem 3], we have x.Œ†0 \ Y 02�/ D x.†0 \ Y
0
2/. Therefore,

x.Œ†0 �N.L0/�/ D x.Œ†0 \ Y 01�/ � x.†
0/ � x.†0 \ Y 02/

D x.†0 \ Y 01/

D x.†0 �N.L0//;

and hence †0 � N.L0/ is norm-minimizing in Y 0 � N.L0/. By Lemma 2.19 again,
this implies †0 is L0-norm-minimizing in Y 0.

2.3. Proof of Theorem 2.1

We first prove a non-vanishing theorem when L is disjoint from †.

Theorem 2.23. Let Y be a connected closed 3-manifold, and let ! � Y be an embed-
ded closed 1-manifold. Let L be a link disjoint from ! such that Y � L is irreducible
and .Y; L/ � .S1 � S2; S1 � ¹ptº/. Suppose † � Y � L is a connected closed sur-
face with genus at least 1, such that the algebraic intersection number † � ! is odd,
and that † is L-norm-minimizing. Then

I.Y; L; !j†/ ¤ 0:

Proof. Let yY D S1 � S2, take ¹p1; p2º � S2, let yL D S1 � ¹p1; p2º � yY , let O!
be an arc in ¹ptº � S2 � Y joining .pt; p1/ and .pt; p2/. Recall that I. yY ; yL; O!/.2/
denotes the generalized eigenspace of �.pt/ on I. yY ; yL; O!/ with eigenvalue 2. By [18,
Proposition 2.1, Lemma 5.1], we have

I. yY ; yL; O!/ Š I. yY ; yL; O!/.2/ Š C: (2.1)
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Let K1; : : : ; Ks be the connected components of L. For each i D 1; : : : ; s, let
mi be a small meridians around Ki , and let ui be an arc that connects Ki and mi .
Let m D

Ss
iD1mi , let u D

Ss
iD1 ui . Applying the un-oriented skein exact triangle

[11, Proposition 6.11] to a crossing between K1 and m1, we obtain an exact triangle

I.Y; L [m1; ! [ u1j†/ I.Y; L; !j†/

I.Y; L; !j†/

 

!

 !

 

!

Therefore, I.Y; L [ m1; ! [ u1j†/ ¤ 0 implies I.Y; L; !j†/ ¤ 0. Repeating this
argument on m2; : : : ; ms , we conclude that one only needs to prove

I.Y; L [m;! [ uj†/ ¤ 0:

For each i D 1; : : : ; s, let N.Ki / and N.mi / be small tubular neighborhoods of
Ki and mi respectively, such that N.Ki / [ N.mi / is disjoint from ! and u � ui ,
and @N.Ki / and @N.mi / intersect ui transversely at one point. Moreover, suppose
N.K1/; : : : ; N.Ks/, N.m1/; : : : ; N.ms/ are disjoint from each other and from †.
Let 'i W @N.Ki /! @N.mi / be an orientation-reversing diffeomorphism that maps a
meridian of @N.Ki / to a meridian to @N.mi /, and maps @N.Ki /\ ui to @N.mi /\ ui .

Let xY be the manifold obtained from Y by removing N.Ki / and N.mi / for all i ,
and gluing the resulting boundaries using the maps 'i . Let N! and x† be the images of !
and† in xY respectively. The torus excision theorem states that the group I.Y;L;!/.2/
is invariant under excisions tori as long as the excision surfaces both intersect !
transversely at an odd number of points, and the isomorphism map is induced by the
excision cobordism (see [10, Corollary 7.2 and Theorem 7.7] and [2, 3]). Therefore,
by (2.1), we have

I.Y; L [m;! [ uj†/ Š I. xY;;; N!j x†/˝ .I. yY ; yL; O!/.2//˝s Š I. xY;;; N!j x†/:

Let Y 0 D Y �
Ss
iD1 N.Ki / �

Ss
iD1 N.mi /. By Lemma 2.13, Y 0 is irreducible.

By Lemma 2.11, both @N.Ki / and @N.mi / are incompressible in Y 0, and hence
by Lemma 2.9, xY is irreducible. Since † is L-norm-minimizing in Y , it is norm-
minimizing in Y 0. By Lemma 2.17, x† is norm-minimizing in xY . Notice that N! � x† and
! � † have the same parity, so N! � x† is odd. Therefore, it follows from Theorem 2.4
that I. xY;;; N!j x†/ ¤ 0, and the theorem is proved.

We also need the following technical lemma.

Lemma 2.24. Let Y be a connected closed 3-manifold, let L � Y be a link, assume
Y � L is irreducible. Let .!; @!/ � .Y; L/ be a properly embedded 1-manifold with
boundary. Suppose†� Y is a connected closed surface in Y , such that† isL-norm-
minimizing and satisfies the following conditions:
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(1) the link L can be decomposed as LD L.1/ tL.2/, such that every component
of L.1/ intersects † transversely at one point, and L.2/ is disjoint from †;

(2) L.1/ is non-empty;

(3) the interior of ! is disjoint from L.1/. For each componentK of L.1/, @! and
K intersect at one point;

(4) L.2/ is disjoint from !;

(5) xL.†/ > 0.

Then
I.Y; L; !j†/ ¤ 0:

Proof. Let K.1/1 ; : : : ; K
.1/
s be the components of L.1/, and let K.2/1 ; : : : ; K

.2/
t be the

components of L.2/. Conditions (2)–(4) above imply that s is even and s � 2. Write
s D 2s0. Since each K.1/i contains one boundary point of !, we can homotope !
(without fixing the boundary of ! but keeping @! � L) such that ! and † inter-
sect transversely at an odd number of points. Let N.K.1/i / be tubular neighborhoods
of K.1/i , such that for each i , N.K.1/i / intersects † at a meridional disk, @N.K.1/i /

intersects ! and transversely at one point, and N.K.1/i / is disjoint from L.2/.
For i D 1; : : : ; s0, let 'i be an orientation-reversing diffeomorphism from @N.K

.1/
i /

to @N.K.1/iCs0/, such that

'i .@N.K
.1/
i / \†/ D @N.K

.1/
iCs0/ \†;

and
'i .@N.K

.1/
i / \ !/ D @N.K

.1/
iCs0/ \ !:

Let xY be the manifold obtained from Y by removingN.K.1/i / for all i D 1; : : : ; s, and
gluing the resulting boundaries by 'i for i D 1; : : : ; s0. Let xL be the image of L.2/ in
xY , and let N!, x† be the images of !, † in xY respectively.

Let yY D S1 � S2, take ¹p1; p2º � S2, let yL D S1 � ¹p1; p2º � yY , let O! be
an arc in ¹ptº � S2 � Y joining .pt; p1/ and .pt; p2/. By the torus excision theorem
and (2.1), we have

I.Y; L; !j†/ Š I. xY; xL; N!j x†/˝ .I. yY ; yL; O!/.2//˝s
0

Š I. xY; xL; N!j x†/:

Since Y � L is irreducible, by Lemma 2.11, @N.K.1/i / and @N.K.2/j / are incom-
pressible in Y � L. Therefore, by Lemma 2.17 and Lemma 2.19, x† is xL-norm-
minimizing in xY . By Condition (4), N! is a closed 1-manifold in xY � xL. Since we
have homotoped ! so that ! and † intersect transversely at an odd number of points,
N! � x† is odd. By Condition (5), xxL.x†/ D x.x†/ D xL.†/ > 0. Since x† is xL-norm-
minimizing, xxL.x†/ > 0 implies . xY; xL/ ¤ .S1 � S2; S1 � ¹ptº/. By Theorem 2.23,
we have I. xY; xL; N!j x†/ ¤ 0, and hence the lemma is proved.
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Proof of Theorem 2.1. If † and L do not intersect with the same sign, we can take
two consecutive points of † \ L on L with opposite signs, and attach a tube to †
along the segment ofL bounded by the two intersection points. This gives a connected
surface†0, such that Œ†0�D Œ†�, xL.†0/D xL.†/, and†0 intersectsL at fewer points.
Notice that I.Y; L; !j†/ only depends on Œ†� and xL.†/, therefore I.Y; L; !j†/ D
I.Y;L;!j†0/. By repeating this process, we may assume† intersectsLwith the same
sign without loss of generality.

Let p1; : : : ; pn be intersection points of † and L. By the assumptions, n � 3 and
n is odd. Since n � 3, we have xL.†/ > 0, therefore † being L-norm-minimizing
implies that † is non-separating in Y and is L-incompressible. By Lemma 2.10,
Lemma 2.22 and [18, Theorem 6.6], after taking an excision along † if necessary,
we may assume that p1; : : : ; pn belong to distinct components of L without loss of
generality. Let K1; : : : ; Kn be the components of L that contain p1; : : : ; pn respec-
tively.

Recall that n � 3 and n is odd; let n D 2k C 1. Let u1; : : : ; uk be disjoint arcs on
†� ¹pnº such that @ui D ¹p2i ; p2iC1º for i D 1; : : : ; k. Let u D

Sk
iD1 ui . Excision

along † and [18, Proposition 6.7] yields

I.Y; L; !j†/ Š I.Y; L; ! [ uj†/:

Let N.K1/ be a tubular neighborhood of K1 such that the intersection of N.K1/
and † is a meridional disk, N.K1/ is disjoint from L � K1 and !, and @N.K1/
intersects ! [ u transversely at one point. Fix a framing of K1, let K.1/1 , K.2/1 be two
parallel copies of K1 in N.K1/ that are disjoint from u.

Let yY D S1 � S2, let ¹q1; q2; q3; q4º � S2, and define yL2; yL3; yL4 � yY
by yL2 D S1 � ¹q1; q2º, yL3 D S1 � ¹q1; q2; q3º, yL4 D S1 � ¹q1; q2; q3; q4º. Let
c1 � S

2 � ¹q3; q4º be an arc joining q1 and q2, let c2 � S2 be a circle that intersects
c1 transversely at one point and separates ¹q1º and ¹q2;q3;q4º. Let O!D¹ptº � c1� yY ,
let yT D S1 � c2 � yY , let y† D ¹ptº � S2 � yY .

Conducting excision on .Y; L; ! [ u/ t . yY ; yL4; O!/ along @N.K1/ t yT , we have

I.Y; L; ! [ uj†/˝ I. yY ; yL4; O!j y†/

Š I.Y; L [K.1/1 [K
.2/
1 ; ! [ uj†/˝ I. yY ; yL2; O!j y†/:

By [18, Lemma 5.1], we have

I. yY ; yL2; O!j y†/ Š I. yY ; yL3; O!j y†/ Š I. yY ; yL4; O!j y†/ Š C; (2.2)

and hence
I.Y; L; ! [ uj†/ Š I.Y; L [K.1/1 [K

.2/
1 ; ! [ uj†/:
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Let p.1/1 DK
.1/
1 \†, p.2/1 DK

.2/
1 \†. Let v be an arc on† connecting p.1/1 and

pn such that v is disjoint from ! [ u. Excision along† and [18, Proposition 6.7] then
yields

I.Y; L [K.1/1 [K
.2/
1 ; ! [ uj†/ Š I.Y; L [K.1/1 [K

.2/
1 ; ! [ u [ vj†/:

LetN 0.K1/�N.K1/ be a solid torus that containsK1 andK.2/1 , such thatN 0.K1/
is disjoint from K

.1/
1 [ ! [ v, and that @N 0.K1/ intersects u transversely at one

point. Conducting excision on .Y; L [ K.1/1 [ K
.2/
1 ; ! [ u [ v/ t . yY ; yL2; O!/ along

@N 0.K1/ t yT yields

I.Y; L [K.1/1 [K
.2/
1 ; ! [ u [ vj†/˝ I. yY ; yL2; O!/

Š I.Y; L [K.1/1 ; ! [ u [ vj†/˝ I. yY ; yL3; O!/:

Therefore, by (2.2),

I.Y; L [K.1/1 [K
.2/
1 ; ! [ u [ vj†/ Š I.Y; L [K.1/1 ; ! [ u [ vj†/:

By Lemma 2.12, Y � L � K.1/1 is irreducible. By Lemma 2.20, † minimizes the
generalized Thurston norm with respect to L [ K.1/1 . Since n � 3, we have that
x
L[K

.1/
1

.†/ > 0. Therefore, by Lemma 2.24, I.Y; L [K.1/1 ; ! [ u [ vj†/ ¤ 0, and
the theorem is proved.

3. Instanton Floer homology for links in thickened surfaces

In this section, let † be a connected oriented closed surface, and let L be a link in
.�1; 1/ �†. The link L defines a link in .Œ�1; 1�=¹�1; 1º/ �† Š S1 �† by taking
its image in the quotient space. When there is no risk of confusion, we will abuse
notation and use L to denote the image of L in S1 � †, and use ¹1º � † or † to
denote the image of ¹1º �† in S1 �†.

Recall that all curves, surfaces, and 3-manifolds are assumed to be oriented unless
otherwise specified, and all maps are assumed to be smooth.

Definition 3.1. Let L be a link in .�1; 1/ �†. Define

†HI.L/ WD I.S1 �†;L; S1 � ¹pºj†/;

where p is a point on † such that .S1 � ¹pº/ \ L D ;.

Remark 3.2. The fundamental class of S1 � ¹pº in H1.S1 � †I Z=2/ does not
depend on p, therefore †HI.L/ is independent of the choice of p.

Remark 3.3. By [10, Proposition 7.4], we have †HI.;/ Š C.
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Definition 3.4. Given a (not necessarily oriented) link cobordism S WL1 ! L2 in
Œ�1; 1� � .�1; 1/ � †, define †HI.S/ to be the induced map on the instanton Floer
homology

†HI.S/ D I.Œ�1; 1� � S1 �†;S; Œ�1; 1� � S1 � ¹ptº/W†HI.L1/! †HI.L2/:

Remark 3.5. Since the cobordism maps are only defined up to signs, †HI.S/ is a
priori only well defined up to an overall sign. However, if S is an oriented cobordism
between oriented links, there is a canonical choice of homology orientation that fixes
the sign of †HI.S/ such that it satisfies the usual functoriality property. The reader
may refer to [11, Section 4.4] for more details.

Lemma 3.6. Let †, L, p be as in Definition 3.1, let c � † be an embedded closed
1-manifold such that p … c, let ! be the image of Œ�1; 1� � ¹pº [ ¹1º � c in S1 �†.
Then

†HI.L/ Š I.S1 �†;L;!j†/:

Proof. Let !1 D S1 � ¹pº � S1 �†, and let !2 � S1 �† be the image of ¹1º � c.
Then ! D !1 [ !2. By Definition 3.1, †HI.L/D I.S1 �†;L;!1/. Since the image
of ¹1º �† is disjoint from L and intersects !0 transversely at one point, the excision
formula [10, Theorem 7.7] yields

I.S1 �†;L;!1j†/˝ I.S1 �†;;; !1 [ !2j†/ Š I.S1 �†;L;!j†/:

By [10, Proposition 7.8], we have

I.S1 �†;;; !1 [ !2j†/ Š C;

and the lemma is proved.

Definition 3.7. Suppose L1 and L2 are two links in .�1; 1/ � †. Isotope L1 such
that L1 � .�1; 0/ �†, and isotope L2 such that L2 � .0; 1/ �†. Define L1 tL2 to
be link given by the disjoint union of L1 and L2 after the isotopies.

Remark 3.8. If the genus of † is positive, then L1 t L2 may be non-isotopic to
L2 t L1.

Lemma 3.9. Suppose L1 and L2 are two links in .�1; 1/ �†. Then

†HI.L1 t L2/ Š †HI.L1/˝†HI.L2/:

Moreover, if c � † is a simple closed curve, let Tc D S1 � c � S1 � †, then the
isomorphism above is given by a map

�W†HI.L1 t L2/! †HI.L1/˝†HI.L2/

such that � ı �orb.Tc/ D .�
orb.Tc/˝ idC id˝�orb.Tc// ı �.
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Proof. Let p 2† such that S1 � ¹pº is disjoint fromL1 andL2. Excision on .S1 �†;
ßL1; S1 � ¹pº/ t .S1 �†;L2; S1 � ¹pº/ along ¹1º �† t ¹1º �† yields

†HI.L1 t L2/ Š †HI.L1/˝†HI.L2/:

The isomorphism is induced by a cobordism map from S1 �† to S1 �† t S1 �†
where Tc is cobordant to Tc t Tc , therefore the isomorphism intertwines the action of
�orb.Tc/ on the left with �orb.Tc/˝ idC id˝�orb.Tc/ on the right.

Let AŠ Œ�1; 1�� S1 be an annulus, recall that annular instanton Floer homology
was defined by [16, Definition 4.1] for a link L � .�1; 1/ � A. Here we give a brief
review of the definition. Let L be a link in the solid torus S1 � D2. The annular
instanton Floer homology AHI.L/ is defined by the following procedure:

(1) let K2 be the product link S1 � ¹p1; p2º in S1 �D2, and let u be an arc in
S1 �D2 connecting S1 � ¹p1º and S1 � ¹p2º;

(2) form the new link L [K2 in

S1 � S2 D S1 �D2
[S1�S1 S1 �D2;

where L lies in the first copy of S1 �D2, and K2 lies in the second copy;

(3) define
AHI.L/ WD I.S1 � S2; L [K2; u/:

Lemma 3.10. Suppose† has genus 1; let c �† be an essential simple closed curve;
let N.c/ � † be an open tubular neighborhood of c. Suppose L � .�1; 1/ � N.c/.
Let LN.c/ be the link L viewed as a link in .�1; 1/ �N.c/. Then

†HI.L/ Š AHI.LN.c//:

Proof. Let p 2 † � N.c/. Let c1 be one of the connected components of @N.c/,
let c2 � † be a simple closed curve that intersects c1 transversely at one point. Let
T D S1 � c1 � S

1 �†.
Let yY D S1 � S2. Write S2 as the union of two copies of disks glued along the

boundary, and label the two disks as D.1/ and D.2/. Let q1; q2 be two distinct points
in the interior of D.1/. Let yL1 � S1 �D.1/ � yY be the link given by S1 � ¹q1; q2º.
Let Oc be a circle inD.1/ separating q1 and q2, and let yT D S1 � Oc � yY . Let O! be an arc
in S1 �D.1/ connecting the two components of yL1 and intersecting yT transversely
at one point. Let y† D ¹ptº � S2 � yY .

Notice that N.c/ is diffeomorphic to .�1; 1/ � S1. Choosing a diffeomorphism
from .�1; 1/ � .�1; 1/ toD.2/, one obtains a diffeomorphism ' from .�1; 1/ �N.c/

to D.2/ � S1 Š S1 �D.2/. Let yL2 � S1 �D.2/ be the link given by '.L/.
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Recall that † is a torus, and we identify S1 with Œ�1; 1�=¹�1; 1º. Excision on
.S1 �†;L; S1 � ¹pº [ ¹1º � c2/ t . yY ; yL1; O!/ along T t yT yields

I.S1 �†;L; S1 � ¹pº [ ¹1º � c2j†/˝ I. yY ; yL1; O!j y†/ Š I. yY ; yL1 [ yL2; O!j y†/:

By Lemma 3.6, I.S1 � †;L; S1 � ¹pº [ ¹1º � c2j†/ Š †HI.L/. By [18, Proposi-
tion 5.1], I. yY ; yL1; O!j y†/ŠC. By definition [16, Definition 4.1], I. yY ; yL1[ yL2; O!j y†/Š
AHI.LN.c//, therefore the lemma is proved.

Lemma 3.10 also holds for surfaces with higher genera.

Lemma 3.11. Suppose † has genus g � 1. Let c � † be a non-separating simple
closed curve. Let N.c/ � † be an open tubular neighborhood of c. Suppose L �
.�1; 1/ �N.c/. Let LN.c/ be the link L viewed as an annular link in .�1; 1/ �N.c/.
Then †HI.L/ Š AHI.LN.c//.

Proof. Let c1; c2 be the two components of @N.c/, let c3 be a simple closed curve on
† that intersects c1 and c2 transversely at one point. Let p 2 † � .N.c/ [ c3/.

Let T be an (abstract) torus, let c0 � T be an essential simple closed curve on
T , let p0 2 T � c0 be a point. Let N.c0/ be an open tubular neighborhood of c0 in
T , fix a diffeomorphism from N.c/ to N.c0/, one obtains a diffeomorphism ' from
.�1;1/�N.c/ to .�1;1/�N.c0/. Let c01 � T be a simple closed curve that intersects
c transversely at one point. Let L0 D '.L/.

As before, we identify S1 with Œ�1; 1�=¹�1; 1º. Excision on .S1 � †; L; S1 �
¹pº [ ¹1º � c3/ along S1 � c1 t S1 � c2 yields

I.S1 �†;L; S1 � ¹pº [ ¹1º � c3/

Š I.S1 �†;;; S1 � ¹pº [ ¹1º � c3/˝ I.S1 � T;L0; ¹1º � c01/:

By Lemma 3.6, I.S1 �†;L;S1 � ¹pº [ ¹1º � c3/Š†HI.L/. By Remark 3.3 and
Lemma 3.6, I.S1 �†;;; S1 � ¹pº [ ¹1º � c3/Š †HI.;/Š C. Notice that the triple
.S1 � T; L0; ¹1º � c01/ is diffeomorphic to the triple .S1 � T; L0; S1 � p0/, therefore
by Lemma 3.10, I.S1 � T;L0; ¹1º � c01/Š AHI.LN.c//, and the lemma is proved.

Lemma 3.11 has the following immediate consequences.

Lemma 3.12. Let c � † be a contractible or non-separating simple closed curve,
and let K D ¹0º � c � S1 �†. Then †HI.K/ Š C2.

Proof. The lemma follows from Lemma 3.11 and [16, Example 4.2].

Lemma 3.13. If L � .�1; 1/ �† is a link contained in a 3-ball, then

dim†HI.L/ � 2n;

where n is the number of components of L.
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Proof. The result follows from Lemma 3.11 and [18, Lemma 8.1]

The following lemma is a useful property of the �orb-map.

Lemma 3.14. Let .Y; L; !/ be admissible, and let † � Y be a surface. Let � 2
C. Then the dimension of the generalized eigenspace of �orb.†/ on I.Y; L; !/ with
eigenvalue � is the same as the dimension of the generalized eigenspace of �orb.†/

on I.Y; L; !/ with eigenvalue ��.

Proof. Recall that I.Y; L; !/ is a relatively Z=4-graded vector space over C, and
�orb.Tc/ is an operator with degree 2. Decompose I.Y; L; !/ as I1 ˚ I2 ˚ I3 ˚ I4
with respect to the relative Z=4-gradings, let ' be an automorphism of I.Y;L;!/ such
that ' D id on I1˚ I2 and ' D� id on I3˚ I4. Then ' gives an isomorhism from the
generalized eigenspace of �orb.†/ with eigenvalue � to the generalized eigenspace of
�orb.†/ with eigenvalue ��.

Lemma 3.15. Suppose † has genus g � 1, let c0 � † be a non-separating simple
closed curve, let K D ¹0º � c0 � S1 �†. Let c be a simple closed curve on † that
intersects c0 transversely at one point, and let Tc D S1 � c. Then the eigenvalues of
�orb.Tc/ on †HI.K/ are ¹�1; 1º. Moreover, for each � 2 ¹�1; 1º, the generalized
eigenspace of �orb.Tc/ on †HI.K/ with eigenvalue � has dimension one.

Proof. By [18, Proposition 6.1], the spectrum of �orb.Tc/ on †HI.K/ is a subset of
¹�1; 1º. By Lemma 3.12, dim†HI.K/ D 2. Therefore, by Lemma 3.14, for each
� 2 ¹�1; 1º, the generalized eigenspace with eigenvalue � has dimension one.

Lemma 3.16. Let c be a simple closed curve on †, and let Tc D S1 � c. Consider
the operator �orb.Tc/ on†HI.L/. If Tc intersects L transversely at n points, then the
spectrum of �orb.Tc/ on †HI.L/ is a subset of ¹�nC 2i ji 2 Z; 0 � i � nº.

Proof. If n is odd, then the result is a special case of [18, Proposition 6.1]. If n is even
and c is null-homologous, then �orb.Tc/ is zero and the statement is obvious. If n is
even and c has a non-trivial fundamental class, then there exists a simple closed curve
c1 � † that intersects c transversely at one point. LetK1 D ¹0º � c1. By the previous
argument, the desired property holds for L tK1. The result for L then follows from
Lemma 3.9 and Lemma 3.15.

Definition 3.17. Let c be a simple closed curve on†, define the c-grading on†HI.L/
to be the grading given by the generalized eigenspace decomposition of†HI.L/ with
respect to �orb.Tc/.

Remark 3.18. By Lemma 3.16, if Tc intersects L transversely at n points, then the
c-grading of †HI.L/ is supported in ¹�nC 2i ji 2 Z; 0 � i � nº. The second part of
Lemma 3.9 implies that the decomposition in Lemma 3.9 respects the c-grading.
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Proposition 3.19. Suppose † is a torus, let c be a simple closed curve on †. Let L
be a link in .�1; 1/�†. Suppose the c-grading of†HI.L/ is supported at zero. Then
L can be isotoped so that it is disjoint from .�1; 1/ � c.

Proof. The statement is obvious if c is null-homotopic. In the following, assume c
is an essential curve on †. Using the prime decomposition of the complement of L,
it is clear that L can be decomposed as L D L.1/ t L.2/, where L.2/ is contained
in a 3-ball in .�1; 1/ � †, and ..�1; 1/ � †/ � L.1/ is irreducible. By Lemma 2.9,
.S1 �†/ � L.1/ is also irreducible.

By Lemma 3.13, †HI.L.2// ¤ 0. By Lemma 3.16, the c-grading of †HI.L.2// is
supported at degree zero, therefore by Lemma 3.9 and the assumptions, †HI.L.1// is
supported at c-degree zero. We only need to show that L.1/ can be isotoped so that it
is disjoint from .�1; 1/ � c.

Let c1 be a simple closed curve on† that intersects c transversely at one point. For
n 2 ZC, let Ln � S1 �† be the link contained in ¹1º �† given by n parallel copies
of c1. Since every component of Ln is non-contractible and S1 �† is irreducible, we
have .S1 �†/ � .L.1/ t Ln/ is irreducible for all n.

Now, let .S; @S/ � .Œ�1; 1� � †; ¹�1; 1º � †/ be a properly embedded surface
such that S is homologous to Œ�1; 1� � c inH2.Œ�1; 1� �†; ¹�1; 1º �†/, S is trans-
verse to L.1/, and S minimizes the generalized Thurston norm with respect to L.1/.
By Lemma 2.15, one can choose S such that @S D ¹�1;1º � c. Notice that the surface
S may be non-connected. Since the fundamental classes of ¹�1º � c and ¹1º � c are
both non-trivial in H1.Œ�1; 1� �†/, the two boundary components of S must belong
to the same component. Let S0 be the connected component of S such that @S0 D @S .
Then S0 is also L.1/-norm-minimizing. Since the map

H2.Œ�1; 1� �†/! H2.Œ�1; 1� �†; ¹�1; 1º �†/

is zero, every closed component of S is null-homologous inH2.Œ�1;1��†;¹�1;1º �
†/, therefore S0 is homologous to S in H2.Œ�1; 1� �†; ¹�1; 1º �†/.

Let S0 be the image of S0 in S1 � †, let Tc D S1 � c. Notice that the kernel of
the map

H2.S
1
�†/! H2.S

1
�†; ¹1º �†/ Š H2.Œ�1; 1� �†; ¹�1; 1º �†/

is generated by the fundamental class of ¹1º � †. Therefore, there is an integer m
such that ŒS0�D ŒTc�Cm � Œ¹1º �†�. Recall that† is a torus and c1 is a simple closed
curve on † that intersects c transversely at one point. By twisting Œ�1; 1� � † near
¹1º �† in the direction of c1, one can find a surface S 00 such that @S 00 D @S0, and S 00
is isotopic to S0 in Œ�1; 1� �† (without fixing the boundary), xL.1/.S 00/ D xL.1/.S0/,
and the image of S 00 in S1 � † is homologous to Tc . Let S 00 be the image of S 00 in
S1 �†. By Lemma 2.17, S 00 is L.1/-norm-minimizing in S1 �†.
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Suppose S 00 has genus g. Then g � 1. Suppose S 00 and L.1/ intersect transversely
at n1 points. Let n2 � 0 be an integer such that n1 C n2 is odd and at least 3. Since
S 00 is L.1/-norm-minimizing, it is also .L.1/ t Ln2

/-norm-minimizing. Let p 2 † be
a point such that S1 � p is disjoint from L.1/ t Ln2

. By Theorem 2.1,

I.S1 �†;L.1/ t Ln2
; S1 � ¹pºjS 00/ ¤ 0:

By definition, this means the generalized eigenspace of �orb.S 00/ on †HI.K t Ln2
/

with eigenvalue 2g C n1 C n2 � 2 is non-trivial. Since S 00 is homologous to Tc , we
have�orb.Tc/D�

orb.S 00/, therefore by Lemma 3.9 and Lemma 3.15, we conclude that
the generalized eigenspace of �orb.Tc/ on †HI.L.1// with eigenvalue 2gC n1 � 2 is
non-trivial. Since the c-grading of†HI.L.1// is supported at degree zero, this implies
2gC n1 � 2D 0, and hence g D 1, n1 D 0. In conclusion, S 00 is an annulus such that
@S0 D ¹�1; 1º � c, and S 00 \ L

.1/ D ;.
Notice that Œ�1; 1� � † can be viewed as an S1-fiber bundle with fibers parallel

to c. By a standard property of Seifert-fibered spaces (see, for example, [7, Propo-
sition 1.11]), S 00 can be isotoped to a surface that is either tangent to the fibers or
transverse to the fibers. Since @S 00 D ¹�1; 1º � c, it cannot be isotoped to a surface
that is transverse to the fibers, therefore S0 is isotopic to Œ�1; 1� � c, and the result is
proved.

Proposition 3.20. Suppose † is a torus, L � .�1; 1/ �† is a link, and

dimC †HI.L/ � 2:

Then there is an essential simple closed curve c on †, such that L can be isotoped so
that it is disjoint from .�1; 1/ � c.

Proof. Let c1, c2 be a pair of essential simple closed curves on † such that c1 and
c2 intersect transversely at one point. If †HI.L/ is supported at degree zero with
respect to either the c1-grading or the c2-grading, then the result follows from Propo-
sition 3.19. Otherwise, by Lemma 3.14, we must have dimC †HI.L/ D 2. Moreover,
since �orb.S1 � c1/ and �orb.S1 � c2/ commute, the simultaneous eigenvalues of
.�orb.S1 � c1/;�

orb.S1 � c2// on†HI.K/ can be written as .�1;�2/ and .��1;��2/.
By Lemma 3.16, there is a coprime pair of integers .p; q/ such that p�1 C q�2 D 0.
Let c be a simple closed curve on † with the homology class pŒc1� C qŒc2�. Then
�orb.S1 � c/D p�orb.S1 � c1/C q�

orb.S1 � c1/ is identically zero on†HI.L/, and
the result follows from Proposition 3.19.

We will also need the following technical result.
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Lemma 3.21. Let † be a torus, and let c0; c1 � † be the circles given by the 0-and
1-smoothings in Figure 2. Let S be the cobordism from c0 to c1 induced by the change
of smoothing, and let xS be the reversed cobordism from c1 to c0. Then the maps

†HI.S/W†HI.c0/! †HI.c1/;

†HI. xS/W†HI.c1/! †HI.c0/

are both zero.

Proof. Suppose c is a simple closed curve on †. Since ¹�1º � S1 � c is homolo-
gous to ¹1º � S1 � c in the product manifold Œ�1; 1� � S1 �†, the cobordism maps
†HI.S/ and †HI. xS/ preserve the c-grading.

Let c be the curve on † that is parallel to c1 and intersects c0 transversely at two
points. Since the algebraic intersection number of c0 and c1 is non-zero, by Proposi-
tion 3.19, the group†HI.c0/ cannot be supported at c-grading 0. Lemmas 3.12, 3.14,
and 3.16 then imply that †HI.c0/ is supported at c-gradings 2 and �2. At the same
time, Lemma 3.16 implies that†HI.c1/ is supported at c-grading zero. Therefore, the
maps †HI.S/ and †HI. xS/ must be zero.

4. Canonical isomorphisms of instanton Floer homology

This section constructs several maps explicitly that realize the isomorphisms given
by Lemma 3.9 and Lemma 3.10. These maps will play an important role in the com-
putation of the spectral sequence in Section 5. Recall that all curves, surfaces, and
3-manifolds are assumed to be oriented unless otherwise specified, and all maps are
assumed to be smooth. Throughout this section, † will denote a torus. We start with
the following definition.

Definition 4.1. Let p1; p2 be two distinct points on S2, let . yY ; yL/ be given by
.S1 � S2; S1 � ¹p1; p2º/, and let O! be an arc connecting the two components
of yL. The critical set of the unperturbed Chern–Simons functional of . yY ; yL; O!/ con-
sists of one regular point. Fixing a choice of orientation, let u0 be the generator of
I. yY ; yL; O!/ Š C represented by the critical point.

Remark 4.2. The choice of u0 is unique up to a sign. By definition I. yY ; yL; O!/ D
AHI.;/, and the u0 defined above agrees with the choice of the generator of AHI.;/
in [16], which was also denoted by u0.

Recall that † is an (oriented) torus. Let c � † be an (oriented) essential simple
closed curve, let c0 � † be an (oriented) essential simple closed curve that intersects
c transversely at one point so that the algebraic intersection number c � c0 D C1. Let
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N.c/�† be a tubular neighborhood of c. After an isotopy of†, we may assume that
c, @N.c/, and c0 are all linearly embedded. Let L � .�1; 1/ �† be a link embedded
in ¹0º �N.c/. Let p 2 † �N.c/. Then †HI.L/ D I.S1 �†;L; S1 � ¹pºj†/.

Let T � S1 � † be a linearly embedded torus such that its fundamental class is
ŒS1 � c� C Œ†� and that it is disjoint from ¹0º � N.c/. Let � W S1 � †! † be the
projection map.

LetLN.c/ be the linkL viewed as an annular link in .�1;1/�N.c/Š .�1;1/�A,
where the diffeomorphism from N.c/ to A takes N.c/ \ c0 to Œ�1; 1� � ¹ptº.

Let yY ; yL; O!; p1; p2 be as in Definition 4.1. Let Oc � S2 be an (oriented) circle
separating p1 and p2 such that S1 � Oc intersects O! transversely at one point. Let
yT D S1 � Oc.

Take the excision on . yY ; yL; O!/ t .S1 � †; L; S1 � ¹ptº/ along yT t T using a
diffeomorphism from T to yT , which maps T \ .¹0º �†/ to S1 � ¹ptº � yT D S1 � Oc,
maps T \ ��1.c0/ to ¹ptº � Oc � yT D S1 � Oc, and preserves the orientations of c0

and Oc. Define ˆc;c0 to be the composition map

I.S1 �†;L; S1 � ¹ptºj†/
˝u0
�! I.S1 �†;L; S1 � ¹ptºj†/˝ I. yY ; yL; O!/

�! AHI.LN.c//; (4.1)

where the second map is induced by the excision cobordism above and the image of
¹0º �N.c/ is identified with the annulus ¹0º � A � .�1; 1/ � A.

Since the cobordism maps are defined up to a sign, the map ˆc;c0 is well defined
up to a multiplication by˙1. By the torus excision theorem,ˆc;c0 is an isomorphism.
It is straightforward to verify that ˆc;c0 is determined by the isotopy classes of c; c0,
and the embedding of L in ¹0º �N.c/.

Definition 4.3. Suppose † is a torus, recall that C denotes the set of isotopy classes
of un-oriented essential simple closed curves on †. Define � and o as follows.

(1) Let � WC ! C be a fixed map, such that for each Œ
� 2 C , the algebraic inter-
section number of Œ
� and �.Œ
�/ is˙1.

(2) For each Œ
� 2 C , let o.Œ
�/ be a fixed choice of orientation of Œ
�.

Definition 4.3 allows us to define the following two canonical maps. Recall that
we use U1 � .�1; 1/�A to denote the trivial annular knot and use K1 � .�1; 1/�A

to denote the annular knot given by the closure of a 1-braid. In the following, we also
require that U1 and K1 are both included in ¹0º � A.

Definition 4.4. Let c0 � † be a simple closed curve, and let K D ¹0º � c0.

(1) If c0 is an essential curve, define

ˆW†HI.K/! AHI.K1/
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to be the map ˆc;c0 given by (4.1) such that c is parallel to c0, and c0 is in the
isotopy class of �.Œc�/.

(2) If c0 is a trivial curve, define

ˆW†HI.K/! AHI.U1/

to be the mapˆc;c0 given by (4.1) such that .c; c0/ is an arbitrary pair of curves
that intersect positively at one point and c0 � N.c/.

Remark 4.5. The map ˆ is well defined up to a multiplication by ˙1. Lemma 4.7
below will show that the map ˆ in Part (2) of the definition does not depend on the
choice of c and c0.

Recall that by Definition 4.1 and Remark 4.2, we have chosen a fixed generator
u0 of AHI.;/ Š C.

Let EC be an (oriented) disk in Œ�1; 1� � S1 �D2 that gives a cobordism from
the empty link to U1. Let E� be obtained from EC by taking connected sum with a
torus that is contained in a small solid ball. Let vC; v� 2 AHI.U1/ be defined by

vC D AHI.EC/.u0/; v� D
1

2
AHI.E�/.u0/;

where the signs of AHI.E˙/ are given as in Remark 3.5. If NEC is an (oriented) disk
in Œ�1; 1�� S1 �D2 that gives a cobordism from U1 to the empty link, then we have

u0 D AHI. NEC/.v�/

according to [16, Proposition 5.9] (we need the 1
2

factor in the definition of v� to
guarantee this). By [16, Proposition 5.9], we have

AHI.U1/ D CvC ˚Cv�: (4.2)

Since † is a torus, we have

C Š †HI.;/ D I.S1 �†;;; S1 � ¹pºj†/ D I.S1 �†;;; S1 � ¹pº/.2/:

The representation variety of the admissible triple .S1 �†; ;; S1 � ¹pº/ consists of
two regular points differ by degree 4. Hence, there is no differential in the Floer chain
complex and I.S1 �†;;; S1 � ¹pº/ is freely generated by the two points. Denote the
critical points by �, �0. By abuse of notation, define

u0 D
1

2

�
�C

1

2
�.pt/.�/

�
2 †HI.;/

as a generator of †HI.;/.
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Lemma 4.6. Let
ˆc;c0 W†HI.;/! AHI.;/

be the map given by (4.1). We have

ˆc;c0.u0/ D ˙u0

for every choice of c; c0.

Proof. The map ˆc;c0 is induced by the excision cobordism from

.S1 � T 2;;; S1 � ¹ptº/ t .S1 � S2; S1 � ¹q1; q2º; u/

to
.S1 � S2; S1 � ¹q1; q2º; u/;

where u is an arc on ¹ptº � S2 connecting S1 � ¹q1º and S1 � ¹q2º. This cobordism
is obtained by attaching

T 2 � Œ�1; 1�2

to
Œ�1; 1� � ..S1 � T 2;;; ¹qº � S1/ t .S1 � S2; S1 � ¹q1; q2º; u//;

and identifying
T 2 � Œ�1; 1� � ¹C1º

with
N.¹1º � T / � ¹1º � S1 �†;

and identifying
T 2 � Œ�1; 1� � ¹�1º

with
N.¹1º � yT / � ¹1º � S1 � S2:

A direct calculation shows that the moduli space of flat connections on this cobor-
dism consists of two points whose restriction to S1 � T 2 are � and �0 respectively.
Therefore, the cobordism map takes the elements

Œ��˝ u0; Œ�
0�˝ u0 2 .S

1
� T 2;;; S1 � ¹ptº/ t .S1 � S2; S1 � ¹q1; q2º; u/

to
˙u0 2 .S

1
� S2; S1 � ¹q1; q2º; u/:

Hence, we have ˆc;c0.u0/ D ˙u0.
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Let U1 be an (oriented) unknot in .�1; 1/�†. By abuse of notation, let EC be an
(oriented) disk in Œ�1; 1� � .�1; 1/ � † that gives a cobordism from the empty link
to U1, and let E� be obtained from EC by taking connected sum with a torus that is
contained in a small solid ball. Define vC; v� 2 †HI.U1/ by

vC D †HI.EC/.u0/; v� D
1

2
†HI.E�/.u0/;

where the signs of v˙ are fixed as in Remark 3.5. Lemma 4.6 and the functoriality of
instanton Floer homology yield the following result.

Lemma 4.7. Let c1 be an essential simple closed curve on †, let N.c/ � † be a
tubular neighborhood of c, letU1�¹0º �N.c/ be an unknot. Let c0 be a simple closed
curve on† that intersects c positively at one point. Then there exists h 2 ¹1;�1º, such
that

ˆc;c0.v˙/ D hv˙;

where ˆc;c0 W†HI.U1/! AHI.U1/ is the map given by (4.1).

As a consequence, we have

†HI.U1/ D CvC ˚Cv�: (4.3)

Now, let M � .�1; 1/ � † be an unlink with n components K1; : : : ; Kn. By
Lemma 3.9 and Lemma 3.12, we have †HI.M/ Š C2n

. We construct a canonical
basis for †HI.M/ as follows. Let ¹vC1 ; : : : ; v

C
n ; v

�
1 ; : : : ; v

�
n º be a set of 2n elements.

For each i D 1; : : : ; n, let Vi be the 2-dimensional C-linear space generated by vCi
and v�i . Define the map

‚M W ˝
n
iD1Vi ! †HI.M/:

by
‚M .v

˙
1 ˝ � � � ˝ v

˙
n / D †HI.E˙1 t � � � tE

˙
n /.u0/; (4.4)

where ECi are (oriented) disk cobordisms from the empty set to Ki , and E�i is
obtained from ECi by taking connected sum with a torus that is contained in a small
solid ball. Notice that the map � given by Lemma 3.9 is natural with respect to the
maps induced by “split” cobordisms. By equation (4.3) and Lemma 3.9, the map ‚M
is an isomorphism.

Lemma 4.8. The isomorphism‚M does not depend on the choices ofE˙i . Moreover,
letM0 D K

.0/
1 [ � � � [K

.0/
n andM1 D K

.1/
1 [ � � � [K

.1/
n be two unlinks in .�1; 1/ �

†, and let S be an (oriented) link concordance from M0 to M1 consisting of the
disjoint union of concordances from K

.0/
i to K.1/i for all i . Then we have

†HI.S/ ı‚M0
D ‚M1

:



Instantons and Khovanov skein homology on I � T 2 105

Proof. The lemma is an immediate consequence of Proposition 4.9 below.

Proposition 4.9. Let n0; n1; m0; m1 be non-negative integers. For i D 0; 1, suppose
Kmi

consists of mi parallel copies of essential simple closed curves in ¹0º �†, and
Uni

is an unlink with ni components in .�1;1/�†�Kmi
. Given two oriented cobor-

disms S;S 0 � Œ�; 1; 1�� .�1; 1/�† from Un0
[Km0

to Un1
[Km1

. If S and S 0 are
homotopic relative to the boundary, then

†HI.S/ D †HI.S 0/:

Proof. We need to use the local system introduced in [12]. Let L � .�1; 1/ � †
be a link, let R be the ring CŒt; t�1� and B be the configuration space of orbifold
connections on

.S1 �†;L; S1 � ¹pº/:

Given any continuous function
sWB ! S1;

a local system of free rank-1 R-modules on B is defined in [12, Section 3.9]. Given
any orbifold connection ŒA� 2 B, its holonomy along any component of L lies in a
S1-subgroup of SU.2/. In particular, we can take s to be the product of holonomies
along all the components of L. In this way we obtain a local system � and the corre-
sponding Floer homology group

†HI.LI�/

which is the homology of a chain complex of free R-modules generated by the critical
points of the Chern–Simons functional. A similar local system can also be defined for
annular instanton Floer homology AHI. Moreover, Lemma 3.11 still holds when we
use these local systems.

Now, take Li D Uni
tKmi

(i D 0; 1). We have

†HI.Li I�/ Š AHI.Li I�/ Š R2niCmi

where the second isomorphism is from [17, Example 3.4]. Therefore, †HI.Li I �/
(i D 1; 2) is a free R-module.

We can view C as the R-module R=.t � 1/. In order to show that

†HI.S IC/ D †HI.S 0IC/

it suffices to show
†HI.S I�/ D †HI.S 0I�/ (4.5)

by the universal coefficient theorem. Since S and S 0 are homotopic, S 0 can be obtained
from S by a sequence of the following moves:
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(1) an ambient isotopy of Œ�1; 1� � .�1; 1/ �†,

(2) a twist move that introduces a positive double point,

(3) a twist move that introduces a negative double point,

(4) a finger move that introduces two double points with opposite signs,

or their inverses [4]. Since both S and S 0 are embedded, they have the same number of
positive double points (namely zero), therefore the signed count of moves (2) and (4)
is zero. By [12, Proposition 5.2], there exists m 2 N such that

.t�1 � t /m†HI.S I�/ D .t�1 � t /m†HI.S 0I�/: (4.6)

Since †HI.Li I�/ are free R-modules, (4.5) follows from (4.6)

Now, suppose L is a link embedded in ¹0º �†, and let 
 D 
1 [ � � � [ 
m be the
disjoint union of m parallel essential simple closed curves on † such that ¹0º � 
 is
disjoint from L. Suppose 
 splits L into the disjoint union of (possibly empty) links
L1; : : : ; Lm. Isotope † such that 
 is linearly embedded. Let c be an oriented curve
that is parallel to 
i , where the orientation of c is given by o in Definition 4.3. Take
a family of m linearly embedded tori T1; : : : ; Tm � S1 � † with fundamental class
ŒS1 � c�C Œ†�, such that Ti \ .¹0º �†/ D 
i . We define

‰
 W†HI.L/!˝miD1†HI.Li / (4.7)

to be the isomorphism given by the excision cobordism of cutting S1 �† open along
T1; : : : ; Tm and gluing the boundary using vertical translation maps. The map ‰
 is
well defined up to a sign. Moreover, ‰
 is natural with respect to the maps induced
by “split” cobordisms.

Remark 4.10. Let L and L1; : : : ; Lm be as above. Then Lemma 3.9 already proved

†HI.L/ Š ˝miD1†HI.Li /:

The purpose of (4.7) is to choose a canonical map that realizes this isomorphism.

Let c be a non-separating simple closed curve on †, we use Km to denote m
parallel copies of c in ¹0º �†. Let 
 be a union of m parallel essential curves on †
such that ¹0º � 
 is disjoint from Km and it splits Km into the disjoint union of m
copies of K1. By (4.7), we have the following isomorphism

‰
 W†HI.Km/! †HI.K1/˝m: (4.8)

Suppose Un is an n-component unlink in .�1; 1/ � † �Km, and fix an order of
the components of Un. We extend the definition of (4.4) to the link Un [ Km. Let
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L D Un [Km � .�1; 1/ �†, let V1; : : : ; Vn be as in (4.4). First define the map

F W

nO
iD1

Vi ˝†HI.Km/! †HI.L/

by
F.v˙1 ˝ � � � ˝ v

˙
n ˝ x/ WD †HI.E˙1 t � � � tE

˙
n t Œ�1; 1� �Km/.x/

where x 2 †HI.Km/, and v˙i 2 Vi , E
˙
i � Œ�1; 1� � .�1; 1/ �† � Œ�1; 1� �Km are

the same as in (4.4). Now, define

‚LW

kO
iD1

Vi ˝†HI.K1/˝l ! †HI.L/

by
‚L D F ı .idNk

iD1 Vi
˝‰�1
 /; (4.9)

where ‰
 is the map given by (4.8). Since ‰
 is an isomorphism, it follows from
equation (4.3) and Lemma 3.9 that ‚L is an isomorphism.

Lemma 4.11. The isomorphism ‚L in (4.9) does not depend on the choices of E˙i .
LetKm be the link as above and Un;U 0n be two n-component unlinks in .�1; 1/�†�
Km. Denote Un [ Km and U 0n [ Km by L and L0 respectively. Fix an order of the
components of Un and U 0n. Let S � Œ�1; 1�� .�1; 1/�† be a concordance from L to
L0 that is the product concordance on Kl and preserves the orders of the components
of Uk and U 0

k
. Let ‚L; ‚L0 be the maps given by (4.9). Then we have

†HI.S/ ı‚L D ˙‚L0 :

Proof. The lemma is an immediate consequence of Proposition 4.9.

Remark 4.12. The sign ambiguity of Lemma 4.11 comes from the fact that ‰
 is
only well defined up to a sign.

A similar map can be defined for annular instanton Floer homology. Recall that A
denotes the annulus. We use Km to denote the annular link given by the closure of a
trivial m-braid, and we require that Km is included in ¹0º � A. Let Un be an unlink
in .�1; 1/ � A �Km, and let L D Un [Km.

Fix an order of the components of Un. Let ¹ViºniD1 be 2-dimensional complex
vector spaces associated to the components of Un as in (4.4). Then the same con-
struction as above gives an isomorphism

F AHI
W ˝

n
iD1Vi ˝ AHI.Km/! AHI.L/:
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By [16, Proposition 4.3], there is an isomorphism

‰AHI
WAHI.Km/! AHI.K1/

˝m;

and we define
‚AHI
L W ˝

n
iD1Vi ˝ AHI.K1/

˝m
! AHI.L/

by
‚AHI
L D F ı .idNk

iD1 Vi
˝.‰AHI/�1/: (4.10)

5. The spectral sequence

Throughout this section, we will use † to denote an (oriented) 2-torus.
Given a link L � .�1; 1/ �†, the Khovanov skein homology †Kh.L/ is graded

by ZC , where C denotes the isotopy classes of essential simple closed curves on†. In
order to establish a connection between †Kh.L/ and †HI.L/, we reduce the grading
over ZC to a coarser grading system. Orient each element of C using the orientation
system o given by Definition 4.3. Let c � † be an oriented essential simple closed
curve. We define a group homomorphism

ZC ! Z; Œ
� 7! 
 � c:

Recall that 
 � c denotes the algebraic intersection number. This map reduces the
ZC -grading on CKh.L/ and†Kh.L/ to a Z-grading, which will be called the c-grad-
ing. By definition, the c-grading of the generator v.
/˙ is given by ˙
 � c. Recall
that Definition 3.17 introduced a c-grading for †HI.L/. Let †Khc.L; i IZ=2/ and
†HIc.L; i/ be the respective components of †Kh.LIZ=2/ and †HI.L/ with c-grad-
ing equal to i .

Theorem 5.1. Suppose L � .�1; 1/ �† is a link and c � † is an oriented essential
simple closed curve. Then

rankZ=2†Khc.L; i IZ=2/ � dimC †HIc.L; i/:

We can now prove the main results of Section 1 assuming Theorem 5.1.

Theorem 1.2. SupposeL is a link in .�1;1/�† and c is an oriented essential simple
closed curve on †. Then L can be isotoped to a link disjoint from .�1; 1/ � c if and
only if †Kh.LIZ=2/ is supported at c-degree 0.

Proof. The “only if” part is trivial, we only need to prove the “if” part. Suppose
†Kh.LIZ=2/ is supported at c-degree 0, then by Theorem 5.1, †HI.L/ is supported
at c-degree 0, and the result follows from Proposition 3.19.
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Theorem 1.3. Suppose L is a non-empty link in .�1; 1/ �† such that

rankZ=2†Kh.LIZ=2/ � 2:

Then L is isotopic to a knot embedded in ¹0º �†, and hence

rankZ=2†Kh.LIZ=2/ D 2:

Proof. By Theorem 5.1 and Proposition 3.20, there is an essential simple closed curve
c � † such that L can be isotoped to a link disjoint from .�1; 1/ � c. Therefore,
L can be viewed as a link in .�1; 1/ � .† �N.c// Š .�1; 1/ � A, where A denotes
an annulus.

By definition, rankZ=2†Kh.LIZ=2/D rankZ=2AKh.LIZ=2/. On the other hand,
AKh.LIC/ carries an sl2.C/-action (see [6]) where the f -grading is the weight.
Since

dimC AKh.LIC/ � rankZ=2 AKh.LIZ=2/ D rankZ=2†Kh.LIZ=2/ � 2;

this implies the top f -grading of AKh.LIC/ is no greater than 1. Therefore, by [18,
Theorem 1.3], L is either a parallel copy of c, or is contained in a solid 3–ball. In the
latter case,†Kh.LIZ=2/ has the same rank as the Khovanov homology of L as a link
in the 3-ball, therefore it follows from Kronheimer and Mrowka’s unknot detection
theorem [11] that L is an unknot. Either way, L is isotopic to a knot embedded in
¹0º �†.

The rest of this section is devoted to the proof of Theorem 5.1.

5.1. Construction of the spectral sequence

Let L be a link in .�1; 1/ �† and D be a diagram of L with d crossings. Given any
v 2 ¹0; 1ºd , let Lv � ¹0º �† � .�1; 1/ �† be the corresponding resolved diagram.

Let .Cv; dv/ be the Floer chain complex of

†HI.Lv/ D I.S1 �†;Lv; S1 � ¹pº/:

Let C.L/ be the Floer chain complex of †HI.L/.
For v 2 ¹0; 1ºd , let kvk1 be the sum of coordinates of v. If u; v 2 ¹0; 1ºd , we

write v � u if all the coordinates of v are greater than or equal to the corresponding
coordinates of u. There is a standard cobordism Svu � Œ�1; 1�� .�1; 1/�† from Lv

to Lu for any v; u 2 ¹0; 1ºd with v � u.
By [11, Section 6], we have the following result.
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Proposition 5.2 ([11, Theorem 6.8]). There exist linear maps fvuWCv ! Cu for all
u; v 2 ¹0; 1ºd with v � u, such that

.C;D/ WD
� M
v2¹0;1ºd

Cv;
X
v�u

fvu

�
is a chain complex. For v D u, we have fvv D dv; for v � u and kv � uk1 D 1, we
have fvu is a chain map which induces ˙†HI.Svu/ in homology. Moreover, there is
a chain map

HWC.L/! C

which induces an isomorphism on homology.

Let c � † be an oriented essential simple closed curve. Let rvWCv ! Cv be the
chain map which defines the action �orb.S1 � c/W†HI.Lv/! †HI.Lv/. The discus-
sion in [16, Section 5] yields the following result.

Proposition 5.3 ([16, Proposition 5.7]). There exists linear maps rvuWCv ! Cu for
all v � u in ¹0; 1ºd such that

R D
X
v�u

rvuWC! C

is a chain map with respect to the differential D in Proposition 5.2, and rvv D rv .
Moreover, the isomorphism

H�W†HI.L/! H�.C/

intertwines �orb.S1 � c/ on †HI.L/ with R� on H�.C/.

Taking generalized eigenspaces of the above operator R defines a decomposi-
tion of C. Now, we filter the cube C with respect to the l1-norm on ¹0; 1ºd and
obtain a spectral sequence. Since R respects the filtration on C and is commutative
with the differential D, all the higher differentials in the spectral sequence preserve
the generalized eigenspace decomposition of R. Since the map H� intertwines
�orb.S1 � c/ with R�, the generalized eigenvalue decomposition fo R on H�.C/ is
identified with the c-grading decomposition of †HI.L/. Taking the graded compo-
nents of the spectral sequence, we obtain the following result.

Lemma 5.4. Let c be an essential simple closed curve on† and let i 2Z. There exists
a spectral sequence which converges to †HIc.L; i/ and whose E1-page is given by

.E1; d1/ D
� M
v2¹0;1ºd

†HIc.Lv; i/I
X
v�u

kv�uk1D1

˙†HI.Svu/
�
:
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5.2. Differentials on the E1-page

In order to find the E2-page of the spectral sequence given by Lemma 5.4, we need
to calculate the differentials on the E1-page. Our strategy is to use the isomorphisms
in Section 4 to reduce the computation to a known result on annular instanton Floer
homology from [16].

Proposition 5.5. Let c be an essential simple closed curve on †; let N.c/ � † be a
tubular neighborhood of c; let L be a link embedded in ¹0º � N.c/ � .�1; 1/ � †.
Suppose L has n contractible components and m essential components. Fix an order
of the contractible components of L.

Let c0 � † be an essential simple closed curve isotopic to �.Œc�/, where � is the
map given by Definition 4.3. Let ‚AHI

L be the map given by (4.10) when viewing L
as an annular link in ¹0º �N.c/, where N.c/ is identified with the standard annulus
using the framing given by c0.

Let ˆc;c0 ; ˆ;‚L be the isomorphisms defined in Section 4. We have

ˆc;c0 ı‚L D ˙‚
AHI
L ı .id˝n

iD1
Vi
˝.ˆ˝m// (5.1)

as maps from .˝niD1Vi /˝†HI.¹0º � c/˝m to AHI.L/.

Proof. The compositions of the cobordisms which induce the maps on the two sides
of (5.1) are the diffeomorphic, therefore the result follows from the functoriality of
instanton Floer homology.

For a given essential simple closed curve c �†, recall that we useKm � ¹0º �†
to denote the disjoint union of m parallel copies of c, and we view Km as a link in
.�1; 1/ �†. We also use Un to denote an n-component unlink in .�1; 1/ �† �Km.

We introduce six (oriented) cobordisms for links in .�1; 1/ �†.

• Let S1 � Œ�1; 1� � .�1; 1/ �† be the standard pair-of-pants cobordism from U2

to U1, and NS1 be the standard pair-of-pants cobordism from U1 to U2.

• Let S2 � Œ�1;1�� .�1;1/�† be the standard pair-of-pants cobordism fromU1 t

K1 to K1, and NS2 be the standard pair-of-pants cobordism from K1 to U1 tK1.

• Let S3 � Œ�1; 1� � .�1; 1/ �† be the standard pair-of-pants cobordism from K2

to U1 and NS3 be the standard pair-of-pants cobordism from U1 to K2.

Notice that in the last two cobordisms, the two parallel components ofK2 are oriented
oppositely. All these cobordisms can be included in Œ�1; 1� � .�1; 1/ � N.K1/ Š
Œ�1; 1� � S1 �D2. Moreover, the signs of the cobordism maps induced by Si and NSi
can be fixed as in Remark 3.5.

Recall that U1 denotes the trivial annular knot, and K1 denotes the annular knot
given by the closure of a 1-braid embedded in ¹0º � A. In the next proposition, we
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will view Un [ Km as an annular link in .�1; 1/ � N.c/, and use the isomorphism
‚AHI to identify AHI.Un [Km/ with AHI.U1/

n ˝ AHI.K1/
m.

Also recall that by (4.2), we have

AHI.U1/ D CvC ˚Cv�:

Proposition 5.6 ([16, Propositions 5.9 and 5.14]). For an appropriate choice of the
sign of ‚AHI, we have8̂̂<̂
:̂

AHI.S1/.vC ˝ v˙/ D v˙;

AHI.S1/.v˙ ˝ vC/ D v˙;

AHI.S1/.v� ˝ v�/ D 0;

´
AHI. NS1/.vC/ D vC ˝ v� C v� ˝ vC;

AHI. NS1/.v�/ D v� ˝ v�:

Moreover, there are generators w˙ of AHI.K1/ with f-degree˙1 such that

8̂̂<̂
:̂

AHI.S2/.vC ˝ w˙/ D w˙;

AHI.S2/.v� ˝ w˙/ D 0;

AHI. NS2/.w˙/ D v� ˝ w˙;

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

AHI.S3/.wC ˝ wC/ D 0;

AHI.S3/.w� ˝ w�/ D 0

AHI.S3/.wC ˝ w�/ D v�;

AHI.S3/.w� ˝ wC/ D v�;

AHI. NS3/.vC/ D wC ˝ w� C w� ˝ wC:

AHI. NS3/.v�/ D 0

Let w˙ be the generators of AHI.K1/ given by Proposition 5.6. Using the isomor-
phism ˆ from Definition 4.4, we obtain generators ˆ�1.w˙/ of †HI.K1/. By abuse
of notation, we will use w˙ to denote ˆ�1.w˙/ when there is no risk of confusion.

Suppose c0 is isotopic to �.Œc�/ where � is the map given by Definition 4.3, and
orient c using the orientation system o in Definition 4.3, orient c0 such that c � c0 D 1.
Then the c0-grading of w˙ is given by˙1.

In the next proposition, we use the map ‚L to identify †HI.Un [ Km/ with
†HI.U1/˝n ˝†HI.K1/˝m.

Proposition 5.7. For i D 1; 2; 3, there exist hi ; h0i 2 ¹1;�1º such that hi†HI.Si / and
h0i†HI. NSi / are given by the same formulas for AHI.Si / and AHI. NSi / as in Proposi-
tion 5.6.

Proof. Let c be an essential curve on† such that .�1;1/�† is contained in .�1;1/�
N.c/, let c0 be an essential curve isotopic to �.Œc�/ that intersects c positively at one
point. By the functoriality of instanton Floer homology, we have

ˆc;c0 ı†HI.S1/ D ˙AHI.S1/ ıˆc;c0 :

Therefore, the conclusion follows from Lemma 4.7 and Proposition 5.5.
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Now, let L be an arbitrary link in .�1; 1/�† that has a diagram with d crossings.
Let v 2 ¹0; 1ºd , and let Lv � ¹0º � † be the corresponding resolved diagram of L.
Let cv � † be an essential simple closed curve that is parallel to all the essential
components of Lv , then one can define the map ‚Lv

using (4.9) by taking c D cv .
The isotopy class of cv is unique if Lv contains at least one essential component.

Lemma 5.8. For each v 2 ¹0; 1ºd , identify †HI.Lv/ with CKhv. NL/ using the map
‚Lv

and the decomposition †HI.K1/ D CwC ˚ Cw�. Then up to signs, the dif-
ferentials on the E1-page of the spectral sequence in Lemma 5.4 coincide with the
differentials of the component of CKhv. NLIC/ at each c-degree.

Proof. Suppose v � u and kv � uk1. If the change of smoothing from u to v is
described by Figure 2, then all the other circles in the resolved diagram must be triv-
ial. By Lemma 3.21 and excision, the corresponding map that contributes to the E1
page is zero, which agrees with the definition of the differential on CKh. From now
on, we assume that the change from u to v is not given by Figure 2. In other words,
the change from u to v induces a merging of two circles into one circle or a splitting
of one circle to two circles.

If Lv contains at least one essential component, then all the essential components
of Lu are parallel to cv . If Lv only contains trivial components, then the map ‚Lv

is
independent of the choice of cv . Therefore, we may assume without loss of generality
that c D cu D cv in the definitions of ‚Lv

and ‚Lu
.

SupposeLvŠUn[Km andLvŠUn0 [Km0 . For i 2 ¹1;2;3º, let Si and NSi be the
link cobordisms defined above. Since the change from u to v is not given by Figure 2,
the cobordism Svu is the union of a copy of Si or NSi and a product cobordism. By
Proposition 4.9 and Lemma 4.11, we may assume without loss of generality that there
is a tubular neighborhood N.c/ of c on †, such that S � .Œ�1; 1� � .�1; 1/ � N.c//
is the trival cobordism, and Suv \ Œ�1; 1� � .�1; 1/ �N.c/ is given by Si or NSi . The
conclusion then follows from Proposition 5.7 and the functoriality of instanton Floer
homology.

Remark 5.9. It is not clear to the authors whether the signs of the differentials on
theE1-page agree with the differentials of CKh. NLIC/ after a global conjugation. The
answer to this question might require carefully fixing the signs of the maps defined in
Section 4. Lemma 5.8 gives a weaker result that is sufficient for our purpose.

Proof of Theorem 5.1. Although .E1; d1/ is defined over C, Lemma 5.8 implies that
there is a chain complex .E 01; d

0
1/ over Z such that

.E1; d1/ D .E
0
1; d
0
1/˝Z C:
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Let ˇZ=2 be the rank of the homology of .E 01; d
0
1/˝Z Z=2 over Z=2, and let ˇC be

the dimension of the homology of .E 01; d
0
1/˝Z CD .E1; d1/ over C. By the universal

coefficient theorem, we have
ˇZ=2 � ˇC:

By Lemma 5.8,
.E 01; d

0
1/˝Z Z=2 Š .CKhc. NL; i IZ=2/; d/;

therefore

ˇZ=2 D rankZ=2†Khc. NL; i IZ=2/ D rankZ=2†Khc.L; i IZ=2/:

The spectral sequence in Lemma 5.4 implies

ˇC � dimC †HIc.L; i/;

and hence the theorem is proved.
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