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Holonomy and (stated) skein algebras
in combinatorial quantization

Matthieu Faitg

Abstract. The algebra £ ,, (H) was introduced by Alekseev, Grosse, and Schomerus and by
Buffenoir and Roche and quantizes the character variety of the Riemann surface X4 , \ D
(where D is an open disk). In this article we define a holonomy map in that quantized set-
ting, which associates a tensor with components in £ , (H) to tangles in (X4, \ D) x [0, 1],
generalizing previous works of Buffenoir and Roche and of Bullock, Frohman, and Kania-
Bartoszynska. We show that holonomy behaves well for the stack product and the action of
the mapping class group; then we specialize this notion to links in order to define a general-
ized Wilson loop map. Thanks to the holonomy map, we give a geometric interpretation of
the vacuum representation of £¢ o(H) on £0,¢ (H ). Finally, the general results are applied to
the case H = U,2(sl2) in relation to skein theory and the most important consequence is that
the stated skein algebra of a compact oriented surface with just one boundary edge is isomor-
phic to £¢ 5 (U,2(s(2)). Throughout the paper, we use a graphical calculus for tensors with
coefficients in &£ ¢, (H) which makes the computations and definitions very intuitive.
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1. Introduction

Let G be a Lie group, usually assumed connected and simply-connected (the most
studied example is G = SL,(C)) and let X, be the compact oriented surface of
genus g with n punctures (or equivalently with n open disks removed). It is well
known that the moduli space of flat G-connections on X, , can be identified with
the G-character variety Hom(rr1 (2 »), G)/ G, thanks to the identification between a
connection and its holonomy on closed curves. The character variety carries a Poisson
structure due to Atiyah and Bott [7] and Goldman [28]. A good survey of these topics
is [33].

There exist several quantizations of the character variety. In this paper we will use
the combinatorial quantization, developped in the mid-90s by Alekseev [2], Alekseeyv,
Grosse, and Schomerus [3, 4], and Buffenoir and Roche [11]. The starting point of
this approach is the combinatorial description of the Atiyah—Bott—-Goldman Poisson
structure by Fock and Rosly [26], based on classical r-matrices, and the definition of
an algebra £, , which quantizes Hom(x;(Xg , \ D), G), where D is an open disk.

More precisely, let 5 , = Xg., \ D, sg,, = Hom(m1(Z3 ), G) and C[Ag 4]
be the corresponding algebra of functions. Since 71 (X ) is a free group, any V €
g n = G?6 1" can be identified with a collection of 2g + n elements of G

= (hpyshays- o hpy hay i coh

2g+n
ags Mgy 1> )EG

Mg+n

|4
which are the holonomies of the generators b;, a;, m; of nl(Eg,n). Let T: G —
Endc (V) be a finite-dimensional representation of G. Then we define matrices

B(1), A(D). .... B(g). A(g). M(g+1). .... M(g +n) € C[Agn] ®Endc(V)
with coefficients in C[4g ,] as follows
(BUY (V) = Ti(hy),  (AGRYN(V) = Th(hay),  (MK))V) = T (hmy )

where T’ are the matrix coefficients of T in some ba51s Slnce one has C[Ag ,]| =

C[G ]®(2g +7) the coefficients of the matrices B(k) A(k) M (k) (with V running in
the set of finite-dimensional G-modules) generate C [y ] as an algebra. The Fock—
Rosly description expresses the Poisson brackets {l‘?/ k)i, ZV?V (K );/,}, {l‘?/ (k):, AW(k’ );/,},
etc., in a matrix form thanks to a classical r-matrix. The idea of combinatorial quan-
tization is to replace the Lie group G by the quantum group Uy (g) (¢ = e”) and the
classical r-matrix r € g®2 by the quantum R-matrix R € U, (g)®?, modulo non-trivial
commutation relations governed by R. Thls deﬁnes an asso<:1at1ve non-commutative
algebra £ ,, generated by coefficients B(k)’ A(k)’ M (k)’ (with V' now running
in the set of finite-dimensional Uy (g)- modules) and such that the commutator of two
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such matrix coefficients contains the Fock—Rosly Poisson bracket at the order 1 in A.
An important feature of £, , is that it is endowed with a U, (g)-module-algebra struc-
ture, which is the quantized version of the action of G on C[+A ,] by conjugation; in
particular, we have a subalgebra ig‘fn of invariant elements, which is the quantized
version of the observables C [Ag,n]G. The definition of &£ , is purely algebraic and
works for any ribbon Hopf algebra H instead of U,(g), hence defining an algebra
&L¢ »(H) (see Definition 2.1). In this paper there are no further assumptions on .
Holonomy and Wilson loops (trace of the holonomy in some representation) are
very natural notions in classical gauge theory. Thus, an immediate problem is to define
the corresponding notions in the quantized setting. This is has been achieved first
in [14], where the authors defined a Wilson loop operation for framed links in the

inv
g.n
is written as the quantum trace of some matrix with coefficients in £ ,(H) which

can be interpreted as the holonomy of the link. The definition is however quite com-
plicated and it is difficult to explicitly compute examples. These notions have been

thickened surface with values in £ (H); the element associated to a framed link

redefined in a more conceptual way in [12] (also see [13]), but in a formalism which
is dual to the one used in [14] and here (the bridge between the two formalisms is
discussed in detail in [20, Section 5.1.3]). More precisely, in [12], the authors use a
description of the surface as a fat graph and encode operations on this graph by objects
called multitangles; then holonomy is defined as a particular multitangle. Comput-
ing explicit examples requires to use several rules and is still a bit tricky. Finally,
in [8, Section 8], a Wilson loop functor for H -colored tangles in a thickened punc-
tured disk (i.e., g = 0, n > 0) is defined as a generalization of the Reshetikhin—Turaev
functor in a manner similar to ours. Let us also mention that a holonomy functor is
defined in [36, Section 5], but only for paths in a non-thickened ribbon graph.

Let us now describe the content of the paper. We view the surface X9 , as the fat
graph defined by the generators of 71 (X5 ,) (see Figures | and 2). Our approach is
based on a graphical calculus introduced in Section 3, which transforms complicated
computations for tensors with coefficients in £ ,(H) into simple manipulations of
diagrams. This graphical calculus is an extension of the graphical calculus in rib-
bon categories; namely we add a new diagram, called a handle, which corresponds
to a matrix with coefficients in £, ,(H). With this tool at hand, the definition of
holonomy is almost obvious and it is transparent that it is a generalization of the
Reshetikhin—-Turaev functor. Moreover, this formulation allows us to define holonomy
for tangles (and not just links) in 2¢ , x [0, 1]; this is especially useful to establish
the relation with stated skein algebras.

Section 2 is devoted to preliminaries about surfaces, Hopf algebras, the Reshe-
tikhin—Turaev functor and the algebra £, ,(H ). In Section 3, we introduce the graph-
ical calculus for tensors with coefficients in &£ , (H ), which is our main technical
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tool in this paper, and we reformulate the defining relations of &£, ,(H) in terms of
diagram equalities.

In Section 4 we define holonomy for tangles in X%, x [0, 1] (Definition 4.2).
The reason why this operation is called holonomy is explained after Proposition 4.8.
We show that the holonomy is compatible with the stack product (Theorem 4.4, this
result was known for links [14, Theorem 1], [12, Theorem 8] and is similar to [8,
Theorem 8.1] for g = 0) and that it behaves well under the action of the mapping class
group (Theorem 4.5, with n = 0 for simplicity); the proofs are entirely diagrammatic.
We then specialize this definition to framed based links and provide a Hennings-type
description of the holonomy for such links; this can be compared with the rules given
in [12, Section 6.2]. Finally, we define generalized Wilson loops for framed links
colored by symmetric linear forms (as in the Hennings setting [30]) and with values
in é@g‘fn (H), namely the subalgebra of invariant elements. Enlarging the set of colors
is important when H is non-semisimple because in that case we have symmetric linear
forms which are not characters of some H -module and hence if we color the links only
by H-modules (i.e., by characters) we miss a lot of interesting invariant elements.

Let £ be X% » With one point removed on its boundary. In Section 5 we take
H = U,2(sl3) (quantum group of sl at a formal parameter ¢?) and we show that the
stated skein algebra § ;(22;;,) (see [19,34]) is isomorphic to £, (U,2(sl2)) (Theo-
rem 5.3), answering the question of [19] about the relation between the two theories.
In particular, this gives a presentation by generators and relations of §; (22’,',,) (Corol-
lary 5.5). The isomorphism is defined as follows. For H = U,2(sl>), all the strands
can be colored without loss of generality by the fundamental representation V,, with
basis (v—, v4). Thanks to the isomorphism V;* = V>, the holonomy hol(T*) of a
stated tangle T® € § ;(EZ,’;,) does not depend on the orientation of its strands and is
an element of £¢ ,(U,2(sl2)) ® V2®k , where k is the number of boundary points
of T*. Then the isomorphism between § ;(Eg’,'n) and £4 1 (U,2(sl2)) is simply given
by reading the component of the tensor hol(T*) indexed by the state of T*®. Our result
shows that in the case of the surfaces Xg5,, the stated skein algebra is a particular case
of the algebra £ , (H). So, it might be possible to generalize stated skein algebras to
other Hopf algebras than U2 (sl,); in particular the states would be vectors in some
representations (for U,2(sl2) the states —, + correspond to the basis vectors v—, v4
of Vz).

Finally, in Section 6 we explain that the stacking representation of £¢ ; x [0, 1] on
20,¢ % [0,1] corresponds through holonomy to the vacuum representation of £ ¢ o (H)
on £9,¢ (H) (Theorem 6.4). As aresult, when H = U 2(sl>), the representation of the
(usual) skein algebra S;(X¢,0) obtained via the Wilson loop map and the representa-
tion of éﬁ{g“:’O(qu (sl)) on £I™ (U,2(5l2)) is equivalent to the obvious representation

05g
of §;,(Zg,0) on 8,(Xo,¢+1) defined by stacking (Corollary 6.7). When g is a root of
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unity €, we obtain more interesting (and finite-dimensional) representations thanks to
the use of the restricted quantum group U,2(sl,), as discussed in Section 7. If one
wants to study explicitly these representations of skein algebras at roots of unity in
higher genus (here we only describe explicitly the case of the torus g = 1), one prob-
lem is to describe éﬁg‘Xg(Uez (sl2)), which for g > 1 is complicated both as a vector
space and as an algebra. We hope that the generalized Wilson loops defined in this
paper may help to understand this space (for instance to find an interesting set of

generators or even better a basis in which the multiplication has a suitable form).

Remark 1.1. During the preparation of this manuscript, similar results as in Theo-
rem 5.3 and Theorem 6.4 were proved independently in [29] (see Remark 2.21 and
Theorem 6.4 of that paper, respectively, for the corresponding statements). That work
used the framework of factorization homology [9] and its relationship to skein theory
established in [16, 17], and so our proofs are very different.

2. Preliminaries

2.1. Surfaces

We denote by X, , the compact oriented surface of genus g with n punctures, except
in Section 6 and Section 7 where X, , will be the compact oriented surface of genus
g with n open disks removed (i.e., we remove open neighborhoods of the punctures).
Let D C Xg , be an open disk disjoint from the punctures, then we denote X9, =
XY ¢.n\D. We put an orientation on the boundary curve induced by the deletion of D,
as indicated in Figures 1 and 2.

The surface X3 , is represented in Figure | under a form suitable for our purposes
(for the moment do not consider the black dot on the boundary in the figures); we
represent both the situations with punctures and with open disks removed. This is not
the usual view of ¢ . For instance, X7 , and X , are represented in a more familiar
way in Figure 2. To pass from one view to another, retract X , to a neighborhood

L]
n

Figure 1. Surface %59, and generators of the fundamental group.
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Figure 2. Surfaces EZB and 28'2 with canonical fat graphs embedded on them.

of the canonical loops generating the fundamental group or conversely embed the fat
graph of Figure 1 in the corresponding surface like in Figure 2.

The fundamental group 71 (25 ,) is a free group generated by the loops by, ay, . . .,
bg,ag,mg41, ..., Mgyp displayed in Figure 1; moreover, the basepoint of 71 (25 )
is represented by a black square dot.

Let MCG(Z§ ;) be the mapping class group of X9 . For simplicity, we will
restrict to g > 1, n = 0 for the results using or involving the mapping class group. So,
we recall that MCG(E;O) is the group of isotopy classes of orientation-preserving
diffeomorphisms E;,o — E;,o which fix the boundary pointwise. A useful feature is
that this group is generated by 2g + 1 Dehn twists, called the Humphries generators
(see [24)).

Finally, we let g5 be the surface X% .» with one point removed from the bound-
ary curve induced by the deletion of the open disk D. This is represented by a big
black dot in Figures 1 and 2. Note that 71 (2g5) = 71(2% ,) and MCG(Xg5) =
MCG(Zg ).

2.2. Hopf algebras, modules, Reshetikhin—Turaev functor

Let H be a braided Hopf algebra with coproduct A, counit ¢, antipode S and universal
R-matrix R (see [31, Chapter VIII]). We will often write R = a; ® b; (with implicit
summation on i) and we set R’ = b; ® a;. The Drinfeld element and its inverse are

u=Sh)a;, u'=S"2ba (D

It implements S? by conjugation: S?(x) = uxu~!. In all this paper we assume that
H is ribbon, which means that there exists a central and invertible element v € H
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such that
A(v) = (R/R)_lv v, Sh)=v

and thus
e(w) =1, v =uSQu).

It follows that H is pivotal; indeed, the element g = uv~! satisfies
Alg) =g®g, forallx e H, S?(x) = gxg~ L. )
For any finite-dimensional H-module /, g provides an isomorphism of H-modules

e :l**:>l,
! ) 3)

EVy, > g "X,

where evy (¢) = ¢(x) for ¢ € I* and x € I.If I is a finite-dimensional H-module,
we denote by s
T:H — Endc (1) = Matdim([)((C)

the representatior} _morphism, Iand by l; = 7["(h) the representation of 47 € H on 1.
The coefficients T;. € H* of T in some basis are called the matrix coefficients of the
H-module /. The restricted dual of H, denoted H°, is the vector subspace of H*
generated by all the matrix coefficients of all the finite-dimensional H-modules. We
assume that H ° separates the points, which means that if an equality is true in all the
finite-dimensional representations, then it is true in H. We denote by @ (H ) the vector
space H ° endowed with the canonical Hopf algebra structure dual to that of H.

Let mod; (H) be the category of finite-dimensional left H-modules. The braiding
cry;: I ®J —J®I1,its inversecZIJ:J ® I — I ® J and the twist 6;: I — [ are
defined by

cry(x®y) =biy®aix, cpy(y®x)=S@)x®biy, 6(x)=0v"x.

The H-action on the dual I* is (h¢)(x) = ¢(S(h)x) and the duality morphisms
bi:C—-1®I1*di:1*"®1 - C,b;:C—->1*"®1,d;:1 @ I* — C are defined by

br()=v; ®v', di(p®x)=9(x), bj()=v'®g 'v;, dj(x®¢)=p(gx)

where (v;) is a basis of 7, (v') is the dual basis and we use Einstein’s convention for
pairs of indices (implicit summation).

It is well known ([37], see also [32] and [31, Section XIV.5.1]) that there is a
tensor functor Frr: REy — mod;(H), where REp is the category of H-colored
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ribbon graphs; Fgr is called the Reshetikhin—Turaev functor and takes the following
values:

J
1
FRT(D:idz, FRT(D=id1*, Frr =(f:1—1J),
1

I

FRT(’\\’)=c1,J, FRT<VP)=91, Fa(X_ /) =01
FRT<m>=d1, FRT(U)=b}, FRT(mI>=d}.

In the sequel, we identify a ribbon graph with its evaluation through Frr. Note that
we read diagrams from bottom to top.

2.3. Algebra £, ,(H) and related notions

Consider 2g + n copies of the vector space H° (restricted dual, see above) indexed
by the simple closed loops b;, a;, m; which generate 711(22,”) (see Figure 1), and
denote by V , their direct sum:

Ven=Hy ® H; ®---®Hy, ®@H, ®H, & &H, .
Letip ,iays - ibgslagsimgyyse - simeyy: H° — Vg » be the canonical injections
in each copy. We define
1 i . Ii 1 i . Ii
B(l)] = 1b1 (Tl), A(l)] = 1a1(Tj), .oy
7 i . Ii 1 i . Ii
B(g)j = 1bg(Tj)7 A(g)j = 1ag(Tj) (4a)
and
7 i . Ii 1 i . ]i
M(g + l)j = 1mg+l(Tj)’ L M(g +n)j = 1mg+n(Tj) (4b)

forall 7,1, j. The vector space V, ,, is generated by these elements. Now, consider the
tensor algebra T (V4 ,); by definition a generic element in T (Vg ) is a linear combi-
nation of formal products of the elements introduced in (4). We identify the elements
of Vg, with their obvious embedding in T (Vg ). Then T (Vg ,) is generated as an
algebra by the coefficients of the matrices

B(1). A(1)..... B(§). A(§). M(g + 1)...... M (g +n) € T (Ven) ® Endc (1)

for all the finite-dimensional H-modules /.
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Definition 2.1. The algebra £, ,(H) is the quotient of T (V, ,) by the relations given
by the following matrix equalitieS'

IJ IJ
X(z)—X(z)lR/X(z)zR/ U forl <i<g+n, 5)
BB @R A2 = Ay, BB R tor1 <i =, (©)

170 VAN g o
RX(IRY()2=Y()2RX(1R forl<i<j=<g+n, ()

where X(i)is A(f) or B(i)ifl <i <gandis M(i)ifg+1<i < g+ n, and the
same applies to Y (j).

Let us explain the notations used in this definition. If we have a matrix
I
Uefgn(H)®Endc({)

J A A
(tesp. V € £¢,(H) ® Endc(J)) then we denote by U; (resp. V>) its canonical
embedding in £, ,(H) ® Endc (/) ® Endc (J). In components, this reads

i gk Sk _ Sivk
(UI)JI = Uj ;  (resp. (Vz)jl =58;V7).

}QJ € Endc (/) ® Endc(J) is tlllsz representation of R € H ® H on I ® J, and we
implicitly identify it with 1 ® R € £4 ,(H) ® Endc (/) ® Endc (/). Similarly, for
R’,R™!, R"~! (recall that R’ is the flip of R). Hence, these relations are equalities in
L n(H) ®Endc(!) ® Endc (J). To obtain the defining relations of £, ,(H ), one
computes the matrix products in each side of these equalities and identifies the coef-
ficients of the resulting matrices. Note that the defining relations may differ slightly
from one paper to another, depending on the conventions chosen by the authors. This
algebra first appeared in this form in [2,4,6]; in [3, 1 1] to each fat graph I describing
the surface and satisfying certain properties was associated an algebra £ (H).

By construction we have the naturality of the (families of) matrices )é (i), namely
for any H-morphism f:1 — J it holds

FXG) =X@)f ®)

where X(i)is A(i) or B(i)if 1 <i <gandisM(@i)ifg+1<i < g+ n (and we
identify f with its matrix).
We define a right action - of H on £, ,(H) by

XG)-h = WX@HSH) (%)

i.e.,
1

~ .

X)) -h =] Y, Sy (9b)
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where we use Sweedler’s notation for the coproduct
A(h)y =h ®h",

Einstein’s convention for pairs of indices and we recall that X is the representation
of x € H on I. Then it is straightforward to check that - endows £, ,(H) with a
structure of (right) H -module-algebra. Equivalently, one can work with the associated
left O (H )-coaction Q: L n(H) = O(H) @ Lgn(H):

7 I I 4
QX3U)=TXG)S(T) (10a)
i.e.,
/A j Ij Im /A I
Q(X(Z)k) =T, S(TY) @ X)), (10b)
where in the right-hand side of the first equality we identify O (H) (resp. £g¢.,(H))

with the subalgebra O(H) ® 1 (resp. 1 ® £¢ ,(H)). The subalgebra of invariant
elements is

L0 (H) = {x € Lea(H) | forall h € H. x-h = e(h)x}.

n

Equivalently, an element x is invariant if Q(x) = ¢ ® x.
Let x € m1(Zy ;) be a simple loop (i.e., without self-crossings). We say that x is
positively oriented if its orientation looks as follows (this represents a neighborhood

//.\\ (11)

)4
The lift X € £, ,(H) ® Endc(!) of a positively oriented simple loop x in the rep-

of the basepoint in Figure 1):

resentation / is defined as follows: first express x in terms of the generators of
m1(XG ,), then replace each generator by the corresponding matrix in the representa-
tion /: s ,

by — B(1), a3+~ A(1), ...,

and finally multiply the resulting matrix by UV where v € H is the ribbon element
and N(x) € Z is defined in [20, Section 5.3.2] (the definition of N (x) is not important
for the sequel). For instance,

L L

bl = B(l)v El\i = A(l)v

1

If x is negatively oriented, then x™" is positively oriented and the lift of x is defined

as

7
;L
¥=x"Hh
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I 11
Note that in general Xy # X ¥, due to the fact that N(xy) # N(x) + N(y). A remark-
able property is that the lifts of a positively-oriented simple loop x satisfy the fusion
relation (5) [20, Proposition 5.3.14]:

Without the normalization 9@ this last equality would not be true.

As already said, for results involving the mapping class group we will restrict to
g > 1,n = 0 for simplicity (the generalization to any g, n is possible but would require
more discussion). The lift of /' € MCG(ZY ;) is an automorphism

fi&eo(H) = Lgo(H)

defined on generators by

4 4

~ —_— ~ —_—

FB@) = fB).  FAG) = fla) (12)

which obviously means

FBO = FEE,  FAH = (Fan)k.

It holds ]7\027 = f o g. Moreover, for any simple loop x € 71 (X% o):

7@ = f0). (13)

Recall that in [23] we assumed H to be finite-dimensional and factorizable in order
to obtain a projective representation of MCG(Zg ) on some subspace Inv((H *)®¥)
of (H*)®¢. Without these assumptions, this representation is a priori not defined.
Nevertheless, the lift of a mapping class can be defined without these assumptions
on H, as we just did above.

3. Diagrammatic description of £, ,(H)

We will define a graphical calculus for the algebras £, , (H ). The basic observation
is that these algebras are defined in a matrix way, and that we have matrices labeled by
finite-dimensional H-modules. Hence, we will extend the usual evaluation of H -col-
ored ribbon graphs in the sense of [37] by adding a diagram corresponding to such
matrices.
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7
We denote by X an element of £, ,,(H) ® Endc (/) (in other words a matrix with
coefficients in £, ,(H) of size dim(/)), where [ is a finite- d1mens1onal H- mod—
ule. A typical example is a product of the matrices of generators A(z) B( i), M (k);
namely,

/ ST SEY | n ST T U | n
X =A@)"B()™ M (k)" ... A(is)™ B(js)™ M (ks)™ (14)
with [y, mg, ng € Zand 1 < iy, jo < g, 2 + 1 < ky < g + n; for instance
7 TSR SR |
X =M@B) “B(1)”"A(2)
(it is not obvious that the matrices Al(i), é( 7). ]\5[ (k) are invertible; a simple proof is

given in Proposition 3.3 below). In particular, a matrix of the form (14) is defined for
any / and by (8) it satisfies naturality

X = Xf. (15)

Note that the lift x x of a simple loop x € m; (E ,,) is of the form (14) except that there
is the normalization ¥V ™), but since v is central the lifts also satisfies naturality.

Let (v;) be a basis of I and (v/) be the dual basis. Then we have an isomorphism
of vector spaces

Lon(H)®Endc(I) > Lo n(H)® 1 @ I*,

I I, . (16)
X|—>X;®v,~®v1,

where we use Einstein’ s conventlon for pairs of indices. In this paper, we systemati-
cally identify a matrix X with X ® v; ® v/. Such an element will be represented by

the following diagram:
1
X

I
The module I colors the strand while the matrix X colors the handle. We define a
graphical element corresponding to the other possible orientation of the strand:

. (18)

where ey: I** — [ is the isomorphism (3). Let us explain this. To define the graphical
element on the left, we put a ribbon graph atop the one defined in (17). This ribbon
graph represents a morphism /* ® I** — I* ® I in mod; (H), which can be applied
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I* .
to X’ ®v' ® (?,v;) and gives the elementin £, (H) ® I* ® I written at the right.
The converse to (18) is

19)

Note that the two previous diagrammatic identities are completely parallel to the rela-
tion between the values assigned by the Reshetikhin—Turaev functor to cups with
different orientations. .

The Kronecker product of two matrices X, Y, defined by

4 J Iijk . I
XoY =XY, QU Vv QUi @ w

(where (v;) is a basis of I, (wy) is a basis of J and (v/), (w') are their respective
dual bases), is represented by the gluing of the corresponding graphical elements:

I J
o)\ )f (20)

X Y

Definition 3.1. A general diagram is obtained by gluing (as in (20)) several copies
of the handle diagrams introduced in (17) and (18), and by putting atop an oriented
and colored compatible ribbon graph G. The evaluation of diagrams is a map Frr
which consists of applying idg,, ,(7) ® Frr(G) to the tensors associated to the handle
diagrams introduced previously, where Fgrr is the Reshetikhin—Turaev functor. The
evaluation of a diagram is an element of £¢ ,(H) ® J1 ® --- ® J;, where Jy, ..., J;
are H-modules. This is depicted as follows:

il |

| G

|
Iy
1 k
X1 Xr
~ (11 Iy
AN 7

where the double arrows mean that the strands can catry any orientation.
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In the sequel, we always identify a diagram with its evaluation through Figr. For
instance,

I
= @ /=57 Fall] Y )0 @0 @ @)

1 4

X Y
Livj I N i
=Xle ®vv =(XY), ®v, @,

I I
and we see that this diagram represents the matrix product XY . Similarly,

/ .
@ = X} ® F(( V)0 © ) = X;é]

fi 7
=tr(gX) = try s(X) 21
/4
represents the quantum trace of X.

Proposition 3.2. (1) The defining relations (5)—(7) of £ ,(H) are respectively
equivalent to the diagrammatic relations (22)—(24) below:

~N

I |\J
@ = w fOi" all i, (22)
_Uigj(i) X (i) X(0)

J I
w @j 2—\\-1/ \\_}j foralli,
A B) B A
(23)
J\\ L
~
J I > o
0 X () r(j) ¥ (j)

(24)
We recall that X(i) is A(i) or B@)if1 <i <gandis M@i)ifg+1<i <g-+n,
and the same applies to Y (j).
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(2) The naturality relation (15) is equivalent to each one of the following dia-

1 J I J
_ (25b)
U 7 U J
X X

7
where X is any matrix of the form (14).

grammatic relations:

~

(25a)

Proof. (1) First note that for any a, b € H, it holds
I I . I .
@X@i)b)] ® v; ® v* = X (i)] ® av; ® S~ (b)v*. (26)
To show (22), write R = a4 ® b, (with implicit summation on ), so that (5) becomes
197 I A AL Jog N
X () = (X(0)babp)i(aa X (i)S(apg))2.
Hence, by (26) and the definition of the braiding in mod; (H) we have
X(l)ln ®vk®wm®w ®v
(X(z)b o)k (aaX(z)S(aB»'" ® Uk ® W ® W" @ V'
= X(l)l X(l)n ® Vg ® aqWm @ agw” @ S~ 1(b(,lb,g)v
7 J
= X)X )T @ vk ® S(aw)wm ® S(ag)w" ® bghgv!
7 J
= X(O)FX ()P ® (id; ®idy ® 7t 1) (Vg ® S(ae)Wm ® bav! @ w™)
I J
= X)X @)y ® (id ®idy ® cjt 7o)
o (id; ® ¢l ®idy*)(vk ® V' ® Wi ® W").

This corresponds to the desired diagrammatic relation. To show (23) we first have to
rewrite (6):

~

L 1J

(D)1 R'AG),R = (z)sz(z)l

J

= A(l)z(aa)l(ba)zB(l)l
= (@)11‘1(1')23(1')1(1%:)2-

1J 1

)
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Using the properties of the antipode S and of R (see [31]), we see that agag ®
bgS(by) =1 ® I; hence we get

J oI AIJI.L{J_IJ/—J\
A(i)2B(i)1 = (@e)1 RB(i)1 R'A(i)2R S (ba),
1 A Ly, L
= (aqapB(i)byas)1(bpay A(i)bs S (ba))>.
By (26), the fact that (S ® S)(R) = R and the definition of the braiding in mod; (H)
we get
{ Nk B om 1 n
A@);B(i), Quwr @ w @ vy ®v
gap Ao Ly LA ,
— (Gadp B(i)byas) (bpay A(1)bs S(ba)) @ wy & w' ® v ® 0"
/ J
= B(i)"A()* ® bpa,wr @ STHbsS (o))’ ® agagvm ® ST H(byas)vn
4 J
= B(i)nmA(i)f ® bgS(ay)wi ® babsw' @ AqdpVm ® ashyv"
/ J
= B(i)y A} ® (idr ® 1+ ® idy)(bpS(ay )i
® agum @ bsw' ® agh,v™)
/ J
= B A ® (id; ® cy1- ®idys)
© (CJ,I ® CJ*,I*)(Um ® S(ay)wk ® byvn ® wl)
7 J
= B(i)y A ® (idr ® g1+ ®idys) o (er,1 ® cn,1v)
o (idy ® c7 v ® idr+) (v ® V" ® wi ® w')
which corresponds to the desired diagrammatic relation. (24) is proven in a similar
way.
(2) By (15), we have
I . . 7. .
X ®(f ®idp)(v; ®v/) = X! @ fFop @ v/
1 .
= (fX)f ® v ® v
J .
=X )k @ wp @ w
J .
J
= X} ® (id; ® f*)(w ® w')
where f*:J* — I* is the transpose of f. This gives the first diagram below. The

second diagram is equivalent to the first thanks to (18) and the equality f oe; =
ey o f > L

This diagrammatic reformulation of the defining relations of &£ ,(H) implies
7 7 1
two basic well-known properties of the matrices B (i), A(i), M (i).
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Proposition 3.3. Let X(i) be A(i) or B(i) if 1 <i < gandbe M(i)ifg+1<i <
g +n.
(1) The reflection equation

1J I . [;\, J . J . 1J 1 . /1“\]
Ri12X(i)1(R)12X ()2 = X(i)2R12X(0)1(R')12

holds and is equivalent to the following diagrammatic equality:

i J
M @ BN/
X (i) X (i) X (i) X (i)

Il
(2) The matrix X (i) is invertible with inverse
4
I IRy S
X)) =uSbi) X()a;
where u is the Drinfeld element (1), ! is the transpose and R = a; ® b;. Diagramati-
I\, Q

1
X (i)~ X (i)

Proof. (1) This is a consequence of (25) and (22):

cally,
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It is left to the reader to check that the diagrammatic equality is equivalent to the
matrix equality.
(2) This is also a consequence of (25) and (22):

]U I

Ldim(r) = —U = \ »
X (i) X (i)

1 I

— N

X (i) X (i) X (i) X (i)

Again, it is left to the reader to check using (18) that the diagrammatic and matrix
equalities are equivalent. |

Remark 3.4. The proof of the previous proposition uses only the naturallity and the
fusion relation (5), hence the result applies to any family of matrices (X)7emod; (H)
satisfying these properties and in particular to the lifts (X)7emod, () Of a positively-
oriented simple loop x € 71 (X5 ,) (see Section 2.3).

4. Holonomy and Wilson loops

4.1. General definition for tangles

Recall that the surface T3, is defined in Section 2.1; it is a punctured bordered sur-
face in the sense of [34, Section 2] and [19, Section 2.2].

Let ¥ = X% x [0, 1] be the thickening of g5, For a point p = (x,1) € X, we
call ¢ € [0, 1] the height of p. The following definition is taken from [34, Section 2.2],
except that we add an orientation and a coloring on the tangles. Note however that
we restrict to the surfaces Zg’;, (we do not consider more general punctured bordered
surfaces).

Definition 4.1. (1) An H-colored 0% -tangle is an oriented, framed, compact, prop-
erly embedded 1-dimensional submanifold T C X such that

» atevery point of 9T = T N dX the framing is vertical;
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» the points of 9T have distinct heights;

* each connected component of T is colored (i.e., labeled) by a finite-dimensional
H -module.

We denote by 7 (2g5) the set of isotopy classes of such tangles.

(2) An isotopy of H-colored X -tangles is an isotopy preserving these defining
properties.

(3) An H-colored 9% -tangle diagram is the projection of T C £g5 x [0, 1] on
Y5, together with the colors, the over/underpassing information at each double point
and the height information at each boundary point. We assume as usual that T is in
general position before doing the projection.

(4) Let o be an orientation of the boundary curve dXg5,. A 90X -tangle diagram
is o-ordered if the heights of the boundary points are increasing when one goes along
0T gy according to o.

Up to isotopy, a dX-tangle T can always be presented by a o-ordered diagram.
More precisely, up to isotopy, the diagram of an H -colored dX-tangle T can always
be presented as follows:

(29)
where the handles contain only bunches of parallel strands, T is a (non-unique) tangle,
the H-modules [;, J;, K;, V; color the strands, the double arrows mean that each
strand is oriented, the boundary points are all on the line at the top of the rectangle
and the big dot (e) is the point that we have removed from 9% . Last but not least,
the boundary points of T have increasing heights with respect to the orientation of the
boundary represented by the arrow. Note that £ may be equal to 0, which means that
T is a link (no boundary points).

Definition 4.2. Let T € 7 (Xg5,) be represented by an H -colored 3 X -tangle diagram
as in (29). The holonomy of T is an element

hol(T) € Lo n(H) @ V' @ -+- @ V¥
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defined as the evaluation (see Definition 3.1) of the following diagram:

[ ..

T1®-®1 J1®-®Jm K1®-®Kr

B (i) A () M (j)

The symbol a; € {|, 1} depends on the orientation of the strands (a; =/ if the strand
is oriented downwards and a; =1 else) and we define Vi¢ = V; and ViT =V IT
does not have boundary points, then hol(T) is just an element of £ ,(H).

We note that hol(T) does not depend on the choice of the tangle 7. Indeed, since
the Reshetikhin—Turaev functor is an isotopy invariant, the evaluation of the diagram
in Definition 4.2 depends only on the isotopy class of 7. Moreover, if we drag certain
crossings, cups and caps along the handles in order to obtain another tangle T’ repre-
senting T, then this does not change the value of hol(T) thanks to naturality (25):

[®[ I®J JRI
X(z) X (i) X (i) X (i)

The diagrammatic relations introduced previously allow us to compute the value
of hol in a purely diagrammatic way, and sometimes to obtain a simple expression of
the result. For instance, here is a computation:
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A natural operation for H -colored dX -tangles is the stack product, defined in the
usual way.

Definition 4. 3 LetT{, T, € ‘J'(Z ,,) and let T{ € Eg n X [0 [be isotopic to T}
and TJr exy g n X ] 1 1] be isotopic to T,. The stack product of Ty and T, is

Ty T, = T UT, € T(295).

Note that our convention for x* is the opposite to the one of [19,34]: here T * T,
means that we put Ty below T, in the thickened surface. For x ® v € £¢ ,(H) ®
i@ ®@Viand y @ w e Logn(H) @ Wy ® - ® W, (with x, y € L5 ,(H),
VeV ®---Q Vi, andw € W) ® --- ® Wp), we define

(x®v) O (yQw)
=xyQUVQWE Ly y(H)VI @@V W ®--- @ W,.

Theorem 4.4. Let T1, T € T (Zg5). It holds
hOl(Tl * Tz) = hOl(Tl) ©) hOl(Tz)
Proof. See Appendix A. |

The holonomy behaves well under the action of the mapping class group. As said
in Section 2.3, we will prove this for n = 0. Note that MCG(X5 ) acts on EO’ 0 x[0,1]
by f(x,t) = (f(x),t) and recall the lift f of a mapping class f defined in (12).

Theorem 4.5. Let f € MCG(X} ) and let T € T (X35). Then
hol(f(T)) = f ® idVla1®...®V:k (hol(T))

where the Viaf are the colors of the boundary strands of T (see Definition 4.2).

Proof. The proof is purely diagrammatic. Without loss of generality, we assume that
f is one of the Humphries generators 7, (see [24, Section 4.4.3]) where y is one of
the simple closed curves depicted in [24, Figure 4.5]. Let U C E(l’::) be a connected
subset containing all the handles and a very small part of the bottom of the rectan-
gle (see Figure 1). By isotopy, we can assume that y C U. Also by isotopy we can
assume that T N (U x [0, 1]) contains only bunches of parallel strands and then by
another isotopy that T N (U x [0,1]) C U x {0}. Then 1, (T) is obtained by com-
puting 7, (T N (U x {0}) in the usual way in the surface X%’ 0 x {0}. Moreover, as in
the proof of Theorem 4.4, we can assume up to 1ntr0ducmg coupons that each handle
contains only one positively oriented strand (as in (17)). Now, if f = 7,,, which is
one of the Humphries generators (a; is m in the notations of [24, Figure 4.5]), we
can restrict to 2(1)’,.0 (since a; is contained in this subsurface) and then we have the
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graphical computation in £1,o(H ) represented in Figure 3. We used the fusion rela-
tion, the inverse of the reflection equation (27) and the definition of the lift 7, = 7,,
(see Section 2.3):

T I | ey

7,(A) = A, 7T,(B)=v "BA.
The equalities for the others Humphries generators are shown similarly, although the
diagrams are more cumbersome. ]

For further use, let us describe the behaviour of hol when we change the orien-
tation of a strand. Consider (not colored) dX-tangles T™, T~ with one connected
component, which are equal as unoriented tangles and which are oriented as follows:

e T T

For I a finite-dimensional H-module, we denote by hol? (T %) the value of hol on the
dX-tangle T * colored by 7. Then, thanks to (18), (19), and (25), it is easy to see that

hol/ (T™) = (id;+ ® er)(hol’ " (T)), (30a)
hol! (T) = (e; ® idy+)(hol! ™ (T7)). (30b)

This is obviously generalized to arbitrary dX -tangles.

4.2. Holonomy of a based link

We will now specialize Definition 4.2 to the case of H -colored framed links in X ,, x
[0, 1] with basepoints, so that it will become more clear why we call this operation the
holonomy.

Definition 4.6. A based H-colored link L C ¥ = g5 x [0, 1] is an oriented and

framed embedding of circles such that

» for each connected component L; of L, we have L; N dX = {p;}; p; is called a
basepoint;

* the basepoints have distinct heights;

* each connected component of L is colored (i.e., labeled) by a finite-dimensional
H-module.

An isotopy of based H -colored links is an isotopy compatible with the defining
properties and preserving globally the boundary 0% (so that basepoints can be moved
along the boundary but cannot be suppressed). It is clear that using isotopy any based
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= (%, ® Id) o hol

'K@J

Figure 3. Proof of the equality hol oz, (T) = (z; ® id) o hol(T).
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H -colored link can be presented as follows, where the basepoints py, ..., px have
strictly increasing heights:

(€2))
We will always use this presentation in the sequel.

To a based H -colored link L, we associate an H -colored dX -tangle T (L) as fol-
lows. First, using isotopy, represent L as in (31). Then at each basepoint p; apply one
of the following substitutions, depending on the orientation of the connected compo-
nent L; attached to that basepoint:

> (32a)

Vi: : Vi: :

RO L AN S
; ;‘ — Q ; (32b)

Vi : Vi: \\
where the resulting boundary points are arranged so that p;, p1+, cees Dy s p,j (in this
order) have strictly increasing heights (to demistify the reason of the right hand-side
assignment; look at (28) as well as at the proof of Proposition 4.8 and at Remark 4.14
below). Using this transformation, we define the holonomy of an H -colored based

link as
hol(L) = hol(T (L)).

By definition, we have

hol(L) e Lo n(H) V1@V ® - Q@ Vi ® Vk*
= £Lgn(H) ® Endc (V1) ® --- ® Endc (Vk).

Hence, hol(L) can be written as x @ N1 ® --- ® Ni (N; € Endc (V;)), with implicit
summation to simplify notations.
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Proposition 4.7. The right action (9) of h € H on the coefficients of the tensor hol(L)
is given by

v V1 Vi Vi
—_ 7~ N AN

R
hol(L) -h =x @ hON; S(h?®) @ --- @ h®* D N, S(h?P)
where A=V (h) = hD @ ... @ h®%) is the coproduct iterated 2k — 1 times.

Proof. This is straightforward. For instance, consider the following link L C E({’,:)
hol W

Then, using the identification (16) together with (9), (26), and the fact that

with two basepoints:

FRT(Ttot)ZI®I*®J®J* —> V1 ®V1*®V2®V2*
is H -linear, we obtain
hol(L) - h = (B 4Ky 8 Fier(Ti) (5t © X @y ®yh)

(h“’BS(hm)) (h“’AS(h“)))l ® Frr(Tuo) (xi ® X7 ® yi ® y1)
= BLA* @ Far(Tod (Vi @ h@x7 @ h®y; @ hDy1)

1. J, .
= B]‘-Aﬁ‘ & (hV @ h® eh® g h(4))FRT(Ttot)(xi ®x' @y ® yz))
= x(N1), (N2)y ® v, @ h2v" @ HPw, @ K w?

Vi 1 Vs Vo
/N

= x(hD NiS(@)m (WD Ny S(hD))5 ® v @ V" @ wo ® WP

vy V1 Vo Va
—_ N —_ N
=x® hON, S(h?®) @ h® N, S(h¥)
where (x;), (vi), (vi), (w;) are basis of I, J, V1, V5 respectively. ]

A simple loop x € 71 (X9 ,) can naturally be viewed as a based link x C g5, x
{0}. For the next result we will use the mapping class group, so we restrict ton = 0
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for simplicity. We denote by hol (x) the value of hol on the simple loop x colored
by 7. Thanks to Theorem 4.5, we have for all / € MCG(Zg ;)

J(hol! (x)) = hol’ (f(x)) (33)
where the matrix at the left-hand side is obviously defined by
f(hot! (x)); = f(hol’ (x)}).
Also recall the lift of a simple loop defined in Section 2.3.

Proposition 4.8. For any simple loop x € my (EZ,O) and finite-dimensional H -module
I it holds
/ 1
hol” (x) = X.

Proof. Observe first that if the result is true for some simple loop x, then it is true for
every f(x), where f € MCG(ZZ’,'O). Indeed, thanks to (33) and (13):

I
~ ~ ! —_—
hol’ (f(x)) = f(hol (x)) = f(X) = f(x).
Now, one can check directly that the result is true for the loops
ap, S;i= blal_lbl_lal ...biai_lbi_lai. (34)

with 1 <i < g. These are positively oriented simple loops (see (11)). a; is a non-
separating loop while si, ..., s, are separating loops exhausting all the possible
topological types of separating loops (see [24, Section 1.3.1]). Hence, if y is a pos-
itively oriented simple loop, there exists a homeomorphism f € MCG(Zg ;) such
that y = f(x) where x is one of the loops in (34). It follows that the result is true for
any positively oriented simple loop. The result for negatively oriented simple loops is
deduced as follows:
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where Ty is the part of x outside a small neighborhood of the basepoint and D ,—1
is the corresponding part of diagram (but with opposite orientation) obtained when
applying hol’ . For the first equality, we used the definition of hol together with (30);
for the second one, we applied the previously established result for the positively
oriented loop x~! and also the naturality of braiding and twist; for the third one,
we used (18); and, for the fourth one, we used Remark 3.4. We are done since by

definition
1

(=

i

Recall what is the holonomy in the classical case. For a discrete G-connection
V € Agn = Hom(m1 (X5 ), G) and a simple loop x € 71(X% ), the holonomy is
simply hol(x)(V) = V(x) € G. Now, if V is a finite-dimensional representation of
G, we define hol” (x)(V) to be

V().

namely the representation of V(x) on V. By taking matrix coefficients, we obtain
functions on #Ag ;:
Vv

. N
holV(x)_}: Agn — C, Vi V(x)].

v |4
Hence, hol” (x) € C[Ag ] ® Endc (V). Let B(1) =hol” (by), A(1) =hol” (ay),....
Now, express x in terms of the generators of 71 (X% ,) and replace each generator by
the corresponding matrix in the representation V':

V 14
b1 = B(l), ay — A(l), s

|4
this defines the lIi/ft X € C[Ag 4] ® Endc (V) of x in that representation. It is clear
that hol” (x) = X, which is exactly the same formula as in Proposition 4.8 and then
justifies the name “holonomy” for Definition 4.2.

4.3. Hennings formulation of the holonomy of a based link

We now give a description a la Hennings [30] of the holonomy which will be useful
in the next section. This description applies only to based links.
We will use universal elements. These are elements

B(i), AG), M) € Len(H)® H
such that

B(i) = (d® T)(B()). Ali)=Gd® T)(AG). M) = (de T)Mi)).
(35)
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I
for all finite-dimensional H-module / and all i (we recall that T is the representation
morphism of H on I). In the sequel, we assume that H is such that these elements
exist; this assumption is fulfilled by relevant classes of Hopf algebras.

Lemma 4.9. If H is finite-dimensional or if H = U,(g) with q generic, then there
exist universal elements satisfying (35).

Proof. We can restrict to £9,1(H ), and we let ]\2 = ]\2(1) for all 7. Assume first
that H is finite-dimensional; then we can use the regular representation H. Write
]\I/; =x;i® fi € £o1(H) ® Endc(H) anddefine M = x; @ fi(1) e Lo1(H)® H.
Let p, € Endy (H) defined by p,(h) = ha. By (8), it holds A?pa = paﬁ, thus, for
alla € H,

X ® fi(@) = x ® fiopa(l) =3 ® pao fi(1) = x: ® fi(Da =2 ® T'(fi(1))(a)

which shows that 1\1/1[, = (d® %)(:M). Next, consider a direct sum H®V  and let
joi H — H®N and p,: H®N — H be the associated canonical injections and pro-
jections. By (8), we have

HON oN

M = jullpe =Y (d® jul pa)(M) = d@ T )(M).

Finally, let I be any finite-dimensional H -module. Since [ is finitely generated, there
is a surjective morphism 7: H®"Y — I for some N and hence
ON ®

Mx=nlt =Gdort )M = (d® Fo)M).

But, since 7 is surjective, it is right invertible and thus
M = (id & T)(M).
Now, take H = U,(g). The map
O: Lo (H) - H

defined by s ,
M — (idg ® T)(R'R)

is an injective morphism of algebras (see [8, Theorem 4.3] ar}d the refere]nces therein).
Then, under the identification £¢,; (H) = im(®), we have M = (id ® T')(M), where
M = R'R € im(®P) ® H. Note that M actually belongs to some completion but we
will not discuss this detail here. ]
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We write
B@) = B@)o ® B(i)1, Al) = Al)o @ A(i)1, M) = M@)o ® M(i)

with implicit summation to simplify notations. By definition, the right action (9) of
H on £, ,(H) satisfies

Xo-h® X1 = Xo®h'X1S(h")

where X is B(i), A (i), or M(i)

Let L be a based link presented as in (31), but without coloring. First, for each
basepoint p; we define a coupon Or; depending on the orientation of the strand and
which is the analogue of (32):

T T

B(i) A7) M(j)
(36)

We put the dotted line to stress that the diagram can be deformed by isotopy, but with
the restriction that all the points below (resp. above) the line must remain below (resp.

d

above) the line. The evaluation of this diagram is an element

Hen(L) € £4.,(H) @ H®*



M. Faitg 30

computed according to the following rules, which generalize those defining the
Hennings invariant. Starting from one of the basepoints labeled 1, ..., k and follow-
ing the strand according to its orientation, we multiply together from left to right the
values associated to each graphical element that we encounter until we come back to
the basepoint:

Here X = X ® X is one of the B(i), A(i), M(i) and
A(m)(xl) — x%l) R - ® :x:gm-’rl)

is the iterated coproduct. Note that the handle contains a bunch of parallel strands and
the picture represents the value associated to the /-th strand. Then, by applying this
rule for each starting point, we obtain elements Z, ..., Zxy € H, and we define

Hen(L)
= (B(DoA()o ... B(goA(ZoM(g+ 1o... M(g+n))®Z 1 ® & Z.

Here is an example in ¢ ; x [0, 1]:

= Mo ® gv~'S(ai)g™ ' S(M))ajg™ ' S(MY)b;b;

where we used that b; ga; = v™! (recall that g is the pivotal element and v is the
ribbon element).
The evaluation of Hen(L) on representations almost gives back the holonomy:

. V1 Vi vy Vi ViV,
([ART®--®T )(Hen(L)) = (§'® - ® g)holV1k(L) (37)

lV] .....

where ho Vi means the holonomy of the based link whose strands are colored

by Vi, ..., Vk. This equality is the generalization of the corresponding fact for the
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Hennings invariant and the proof is left to the reader. Note that the pivotal elements
in the right-hand side come from the caps at the top of (36). Let us write

Hen(L) = Zo® Z1 ® -+ ® Zi € Lgn(H) ® H®*

with implicit summation. Then, according to Proposition 4.7 and (2), the right action
of H on £, ,,(H) satisfies

(Zo-h)®Z1® QR Zy
=Zo® S2(hMNZS(hP) @ --- ® S2 WD)z, S(h®®).  (38)

4.4. Generalized Wilson loops

In the classical case, a Wilson loop around a simple curve y assigns to a connection the
trace of the holonomy of y in some representation; this quantity is gauge invariant. We
will straightforwardly generalize this to the quantized case, by replacing the simple
curve by a based link and by replacing the trace by a quantum trace (or more generally
by a symmetric linear form shifted by g).

Let L be an uncolored based link with k connected components. Let f € (H°)®*
(recall that H° is the restricted dual of H). By definition, f is a linear combination

of the form I I
I1,--e5lf il ix
f=2 )y AT @@ T
Iyesdy
with implicit summation on iy, ..., ik, ji,..., jx and where the I; are isomorphism

classes of finite-dimensional H-modules and the coefficients (Ay, ..., Ik);lllj’;\ eC

are all zero except a finite number of them. This can be written more conveniently as

I Iy
f=Y Ay, T®®T)
I, Ik

where the matrices Ay, ... 7, € Endc (/1 ® - -+ ® i) are all zero except a finite number
of them. We define

I,k

where hol/17k (L) is the holonomy of the based link whose components are colored
by I1,..., Ir. In terms of the Hennings formulation, we see thanks to (37) that it holds

W/ (L) = (id® f)(Hen(L)).

We denote by Invi (H) the subspace of multilinear forms f € (H°)®* which
satisfy

F(SHhP) 2 pk=D g(h®) 20 V) = g(h) f forallh € H,
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where the “?” are the positions of the variables. In particular, Inv; (H) is the subspace
of symmetric linear forms:

Invi(H) =SLF(H) ={¢ € H° |forall x,y € H, p(xy) = ¢(yx)}.

Proposition 4.10. We have the following properties:

() fehv(H) = W/(L)e i;‘g‘,‘,vn (H), where L is a based link with k base-
points;

Q) wrHwywr' (L) =wref(L«xL;
(3) forn =0and any j € MCG(Z3 o), j(W/ (L)) = W/ (j(L));

(4) any element of £4,,(H) can be written W7 (L) for some f € (H®)®* and
some based link L with k basepoints (k, f, L are non-unique);

(5) any element of SC”“’ (H) can be written W/ (L) for some f € Invg(H) and
some based link L thh k basepoints (k, f, L are non-unique).

Proof. (1) Write Hen(L) = Z9 ® Z1 ® -+ ® Z. Then, thanks to (38),

WH(L)-h=(Zo-h) f(Z1..... Zy).
= Zo f(S*(h)Z1S(hP). ... S* (WD) Z, S (D)),
= Zo f(S(S()PNZ SV S(S()P) 2 S() ™).
= Zoe(S(h) f(Z1,.... Zk) = e(hW/(L).

(2) follows immediately from Theorem 4.4.
(3) follows immediately from Theorem 4.5.

(4) Let x € £¢,(H). Thanks to the defining relations of £ ,(H) (Defini-
tion 2.1), it is clear that any element of &£, , (H) can be written as a linear combination
of some products of the form

1] i J1 k Ig ig Jg ke K mi Kn My
B(l)le(l)ll e B(g)ng(g)lg Mg+ g ... M(g+n),
To avoid cumbersome notations, take for instance (g,n) = (1, 1). Then we can write

I®JIRK, jl IQJIQK 1
x = Y Ak OB MY = Y w(hrgk T BAM)
1,J,K 1,J,K

where only a finite number of the matrices A7,y x € Endc(/ ® J ® K) are non-zero,
and inserting g is not an issue since it is invertible. Take

7 J K
f=Y (A xT®T®T) e (H)®?
1,J,K
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and

W

By definition, we have W/ (L) = x.
(5) follows by combining the proofs of the properties (1) and (4). ]

Remark 4.11. Let L be the obvious generalization to any g, n of the based link used
in the previous proof. Then we have shown that

(H°)®@et s 0. (H), [ W/ (L),
InVog4n(H) — ™ (H), f— W/ (L)

g.n

are surjective linear maps. When H is finite-dimensional and factorizable, we have
dim(£L¢,,(H)) = dim(H )?¢*" (see [23, Section 3.3]) and by comparison of dimen-
sions these maps are isomorphisms of vector spaces.

For a based link L, we define its free isotopy class [L] to be the result of the
following operation (applied to all the basepoints):

By definition, [L] C X¢ , x [0, 1] is a link in the usual sense. Recall that in the classical
case, a Wilson loop does not depend on the basepoint, but only on the free isotopy
class of the curve. In general, W/ (L) depends on the basepoint. If we want to remove
this dependence, we must restrict f to be in a suitable subspace.

Proposition 4.12. Let Ly, L, be based links with k basepoints. If f € SLF(H)®k,
then W/ depends only on the free isotopy class:

[L1] = [L2] = W/ (L) = W/ (Ly).

Proof. Thanks to the cyclicity of symmetric linear forms, it is clear that the basepoints
in the diagram (36) can be moved at any generic point (i.e., not at a maximal, mini-
mal or crossing point, nor in a handle) without changing the value of the evaluation
(d ® 91 ® --- ® ¢r)(Hen(L;)). Moreover, that the evaluation of the diagram (36) is
unchanged under isotopy is a generalization of the corresponding fact for the Hen-
nings invariant. |
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It follows that W/ makes sense for (usual) links if f € SLE(H ). More precisely,
let £(X3 ,) be the set of isotopy classes of framed links in X , x [0, 1] which are
SLF(H )-colored (i.e., each connected component is labeled by a symmetric linear
form). Let L € £(X5 ,,) be a link with k components and let L; be any uncolored
based link such that [L] = L, then we define

W(L) = W@ ®%% (L) (39)

where @1, ..., @ are the colors of the components of L.

Definition 4.13. We call W: C£(X5 ) — :ﬁg"vn (H) the generalized Wilson loop

map, and an element W(L) is called a generalized Wilson loop.

By the second property in Proposition 4.10, the generalized Wilson loops form a
subalgebra in £3", (H).

n
Remark 4.114. Recall that the character of a finite-dimensional H -module / is defined
as y! = tr(T). Let L be an unbased link whose all strands are colored by characters

™, ..., xTx and L be the same link without coloring. Then

W(LX) = hol’t=Tk(L)

and we recover the Wilson loop map defined in [20, Chapter 6]. Indeed, it suffices
to consider the case where there is only one strand. Let Lj be a based link such that
[Lp] = L. By definition, W(LX) = tr, (holl (Lp)). Hence, according to (32) and (21),
we have

w = tr, = = hol! (L),
T, D,
\
N S A4 ’
T
. D,
= hol/ (L),
where T, is the part of L, outside a small neighborhood of the basepoint, Dy, is

the corresponding diagram obtained when applying hol! and Dy is the free isotopy
diagram of Dy, .
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5. Relationship with stated skein algebras

Recall the Definition 4.1 of dX-tangles, which is just a slight generalization of [34,
Section 2.3]. In this section and as in [19,34], we will consider d X -tangles which are
uncolored and unoriented. Recall from [34, Section 2.5] that the stated skein algebra
$,(%) of a punctured bordered surface X is the Zlg"'?, g='/2)-module freely gen-
erated by the (isotopy classes of) dX -tangles on that surface, modulo the Kauffman

X -1 >< +q7! x = —(¢*>+q¢72. (40)

and the boundary relations

+ —
U_): 4 , (41a)
+  +
_U_)= 0. (41b)
_U_l 0, (41c)

41d
— g2 t g2 m ) (41d)

The conventions for the figures are the same as in [19, 34]. However, we stress that
our convention for the stack product (Definition 4.3) is opposite to that of [19,34]; in
other words, the stated skein algebras considered here have opposite multiplication to
those in these papers.

In this section we work with H = U2 = U,2(sl2), the quantum group associated

relations

to s(,(C) with ground ring Z[g'/2, g~'/?], where ¢ is a formal parameter or a com-
plex number which is not a root of unity. Let O,2 = O,2(sl2) be the restricted dual
of U2 with its canonical Hopf algebra structure. The goal of this section is to show
that the holonomy map provides an isomorphism of @ ,2-comodule-algebras between
$5(Zgn) and L4, (U,2). We recall that X775, is the surface Xg , \ D (where D is an
open disk) with one point removed on its boundary (Figure 1), where X4 , is the com-
pact oriented surface of genus g with n punctures. We begin with useful preliminary
remarks.

Let V5, be a 2-dimensional C-vector space with basis (v—, v4). V5, can be endowed
with an U,2-module structure, called the fundamental representation of U,s. The
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action is given by

Ev_ =0, Fv_=vy, Kv_= qzv_,
Evy =v_, Fvy =0, Kvy=q vy

It is well known that every finite-dimensional simple U,2-module is a direct sum-
mand of some tensor power V® . It follows that @2 is generated as an algebra by

the matrix coefficients TS of V5 (with s,¢ € {£}). This also applies to the algebra
£L¢.n(U,2); indeed, let

B() = B(). AG)=Al). MG)=M@).

For any matrix X € £, ,(U;2) ® Endc(V2), we denote by X} (s, 7 € {£}) its com-
ponents in the basis (v_, v4):
X X7
= (3 xi)

Finally, let R € Endc (V2)®? be the R-matrix of U2 evaluated on V, ® V5, and let
R51 be the matrix defined by (R31)}';2 = R;2''. Explicitly,

138 5) 15131

2 0 0 0 @ 0 0 0

o 1 2=g2 o o 1 0 0
R=q! . Ry = (42
T 1o o 1 0 254 g g2 o |0 @D

00 0 g 0 0 0 ¢?

Lemma 5.1. The algebra £4.,(U,2) is generated by the coefficients of the matrices
B(i),A(i) for1 <i < gand M(i) for g + 1 <i < g 4+ n, modulo the relations given
by the following matrix identities:

RX(i)1R1X(i)2 = X(1)2RX()1R21, forl =i <g+n,
XOZXOT —¢* X)X =1 forl<i<g+n,
RB(i)1R21A(i), = A(i)2RB(i)1R™"  for1<i<g,
RX()1RT'Y(j)2 =Y(j)2RX(W R forl<i<j<g+n,
where X(i)is A@) or Bl)if1 <i <gandis M) ifg+1<i < g+ n, and the
same applies to Y (j). Recall that the meaning of the subscripts 1,2 is explained after
Definition 2.1.

Proof. Since any finite-dimensional U qz—module is a direct summand of some V2®N R
N € N, the fusion relation (5) implies the claim about the set of generators. It is well
known (see, e.g., [8, Lemma 5.1]) that the fusion relation (5) with I = J = V, is
equivalent to the two first lines of relations. The third and fourth lines of relations are
just (6) and (7) with I = J = V5. [
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As aresult, we can without loss of generality restrict the color of all the strands in
diagrams to be V5, since any color can be recovered by cabling and inserting a Jones—
Wenzl idempotent. Hence, in this section, all the strands in diagrams are implicitly
colored by V5.

Another important property is that V, is self-dual. For our purposes, we fix a
particular isomorphism as follows:

DV S Vs,
v —q oy,

’

0 ql/2
D =
(—q5/2 0

where (v™, vT) is the dual basis of (v_, vy ). Recall that, by definition of the H-mod-
ule structure on /*, it holds

vt g1/20_

i.e.,

h="(Sh)).

where ? denotes the transpose and we recall that X means the representation of x € H

on the finite-dimensional H-module /. If we take I = V5, we have
V*

Va 2
hD=Dh

and hence we deduce the following equality, which will be useful later:

Vs /Q\
"(h)y= DS Yh)D. (43)

There exists a particular pivotal element g lying in some completion of U,>
(see [38]) and satisfying

gu-=—q’v_, guy=—q vy
(of course g # —K). With this choice, one can check that it holds
eoD*=0D (44a)

i.e.,
t V2
D =gD, (44b)

where e = ey,: V,'* = V, is the identification with the bidual (3). This implies that
the value of a diagram does not depend of the orientation of its closed components.
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Indeed,

(we use (18) and the similar fact for cups and caps) and hence by inserting coupons
D and D! on a strand we can change its orientation wihout changing the value of
the diagram.

Remark 5.2. If one chooses the usual pivotal element K instead of g, then (44)
becomes ¢ o D* = —D and the value of a diagram depends up to a sign of the ori-
entation on its closed components, see [32, Lemma 3.18] and [38]. This explains the
choice of the less natural-looking pivotal element g.

According to these remarks, we define a non-oriented graphical calculus for
L¢.n(U,2), with unoriented cups, caps, crossings and handles:

|

\J =

The explicit values of these unoriented graphical elements are

_q5/2x:

= , (452)
X
U

—q°2x+

0
_.5/2
q
= , (45b)
q1/2
0
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N=(0 ¢'> —¢=5 0), (45¢)
N/ —
X = PR, (45d)
X =@ (45e)

where P is the flip fensor Pj?lk =6 8;‘ the X§ (with 5,7 € {£}) are the components
of the matrix X = X and R is the R-matrix (42). More generally, a handle containing
several unoriented strands is obviously defined by putting a coupon D on each strand
of the oriented version, and the associated explicit value is computed thanks to the
fusion relation (22). The values (45) extend in the usual way to an evaluation map Z
of diagrams. When Z is restricted to tangles (diagrams without handles), it is just an
unoriented version of the Reshetikhin—Turaev functor for U 2-colored framed tangles.
It is well known that Z satisfies the Kauffman bracket skein relation (40). Let us
record for further use that by definition
ik

2(X), =K. Z(X)Zf = (R,

where i, j, k,l € {£}.
Let us now proceed with preliminary remarks about stated skein algebras. By (41),

we have
Ky t

_
— USt

= Mgt s
—

N t

More generally, it is shown in [19, Section 5] that

S1 Sk

¢ | =zm)k (46)

151 1

where s;,1; € {£} are states. The left-hand side of this figure represents an element
of the stated skein algebra of the bigon B (with T any tangle), &: §5(B) — Zlg*'/?]
denotes the counit of §; (*B) [19, Section 3.4] and Z is the evaluation map defined
by (45).

As explained in [19, Section 3.2], cutting out a bigon B from a boundary edge e of
a punctured bordered surface @ and applying the splitting theorem [34, Theorem 3.1]
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yields a morphism A.: §;(©) — §,(B) ® §,(©) whichis a §; (*B)-comodule-algebra
structure on §;(®) (see [19, Figure 7]). An important fact for our purposes is that the
equality (¢ ® id) o A, = id (which is one of the axioms of a comodule) together
with (46) allows us to prove relations in §;(®) in a graphical way.

Let us illustrate this in the case of $;(*B). Consider the following matrix 7' €
$,(B) ® Endc (V2) (here V3 is just considered as a vector space):

N

- T;
T—(T+ T+) with T} =

(s,t € {£} are states). First, observe that

51 Sk il
? X 1=2¢?
AT IO : i],...,il
11 ] g

= ZZ(X) ”T“ N
PN 7
where X is any tangle. For the first equality, we used id = (¢ ® id) o A, where ¢ is
the dashed arc, and for the second we used the product in §; () and (46). Hence, we
see that the elements 77’ generate S, (*B) as an algebra. Similarly, we have

J

I Z RZ\T) T/
A
52

$ =D R, T'T>
: —

Hence, we obtain the relation R777, = 17,71 R, where as usual 77, 7> denote
the canonical embeddings of T € 83 (B) ® Endc(V2) into §3(B) ® Endc (V2)®2.
Finallly,

= Z Njj Tsi th
ij
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and it is easy to compute that this implies det, (T) = T-T;" — ¢~ 2T T = 1. Hence,
the coefficients of 7' € 87 (*B) ® Endc (V2) satisfy exactly the relations of the matrix
coefficients of the fundamental representation V, of Ug2. In [19, Section 3.3] a less
usual presentation of @2 is obtained using a similar method and it is shown that these
algebras are indeed isomorphic:

§5(B) = 0,0

V>
In the sequel, we identify these two algebras (i.e., we identify T with T ), so that
$,(©) becomes a O 2-comodule-algebra for any punctured bordered surface ©.

Let T* C ¥ = (Zgy) % [0, 1] be an unoriented, uncolored stated X -tangle, with
states s1,...,8% € {%}. Forget the states of T* and on each strand put an arbitrary
orientation and the color V. This gives an oriented colored dX-tangle T and, by
Definition 4.2, hol(T) € £0,1(H) ® V,' ® -+- ® V,'* where a; € {],1}. Let

oV =id: Vo=V, and ol =D:V} S 1.

We define a map
hol®: {stated 0% -tangles} — £, (U,2),
k

(47

TS > (id ® Q) o o“i))(hol(T)),

i=1

where (v, v™) is dual to the canonical basis (v_, v4) of V, (recall that we use the
special pivotal element g discussed above to evaluate the diagram of hol(T)). This

map is obviously extended to formal linear combinations of d X -tangles.

The map hol® can also be described as follows. Consider the (unoriented and
uncolored) diagram built like in Definition 4.2 associated to T® (states are not used
in the diagram). Then evaluate this diagram with the unoriented graphical calculus
defined in (45); the result is an element of £, ,(U,2) ® V2®k and hol®(T?®) is the

component (s1, ..., S;) of that tensor. In particular, we see that the formula in (47)
does not depend on the arbitrary orientations chosen to obtain T.

Theorem 5.3. The map hol® descends to an isomorphism of O ,2-comodule-algebras:
S;(Eg”'n) = Lgn(Uj2).

Proof. We first show that hol® is well defined, i.e., that it preserves the defining rela-
tions of 8, ( Eg’:n). It is clear that hol® is compatible with the Kauffman bracket skein
relations (40) since so does the unoriented graphical calculus for U,2. For the bound-
ary relations (41), we have

N 14

hol® (T) =0’ ®@v'(U) = U,
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+ + -
—_—
holS( B D IEG S )(vsmt)
=W ®vt—g 2T ®v —¢"2N)(vs ® /)
= 8,8 —q728}8; —q"*(—q 728} 87 +q7V28,85) =0

forall s,¢ € {£}, as desired.
The fact that hol® is an algebra morphism follows immediately from Theorem 4.4.
To show that it is an isomorphism, we will use the following facts:

S3(295) = 532y P sy Ty,
ig,n (qu) = il,O(Uq2)®g®$0,l (Uq2)®n ,

where ® is the braided tensor product of algebras in the category of left 0 42-comod-
ules. The first isomorphism follows from the glueing theorem for stated skein alge-
bras [19, Theorem 4.13]. The second isomorphism is a well-known and general fact
about the algebras £, ,(H) ([5, Section 3.2], also see [23, Section 3.2]). Hence,
to show that hol® is an isomorphism, it is enough to show it for the surfaces 28:'1
and E‘f:, which is done in Sections 5.1 and 5.2. The fact that hol® is a morphism
of @ ,2-comodules also follows from the corresponding fact for these two building
blocks. |

Remark 5.4. I learned from the referee that T. L& announced independently in some
conferences (in particular Paris, october 2019) that stated skein algebras are isomor-
phic to £4 ,(U,2), with a sketch of the proof. This result is also mentioned in his
preprint with Yu [35], which appeared shortly after the present work.

LetU (bf)i, U(ai)i, U (’”'T)f (with s,t € {£}) be the dX -tangles naturally associated
to the generators b;, a;, m; of 1 (X ) represented in Figure 1:

~

N S

s t t
U(bi);‘ U(ai)i U(m-/)f
h—  w ® \\-yJ.IIU... —

These elements can be arranged as matrices

u®) yld ym) ¢ S;(Zz’;n) ® Endc (V2),
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and by definition it holds
holP(U®)) = B(i)'D, hol®(U@)) = A(i)'D, hol*(U™)) = M(j)'D (48)

where obviously hol*(U®1)$ = hol*(U %), etc. Thanks to Lemma 5.1, we obtain
a presentation by generators and relations of §, (Eg’fn .

Corollary 5.5. The algebra § ;(Eg’,'n) is generated by the coefficients of the matrices
U®) U@ for1 <i < gand U™ for g + 1 <i < g + n, modulo the relations
obtained by replacing B(i) with U®D (*D)~1 A(i) with U@ (*D)~! and M (i) with
U™ (D)~ in the relations of Lemma 5.1.

The (usual) skein algebra $4(X% ) is the subalgebra of S;(Z‘fg’,'n) consisting
of linear combinations of closed links (tangles without boundary points and hence
without states). On this subalgebra, hol® is simply the Wilson loop map W with all
the strands colored by )(;L , the character of V,. By [13, Theorem 10] (see also [8,
Theorem 8.4] for the statement of this result in the formalism used here), the map
W provides an isomorphism from §,4(%% ) to the subalgebra of invariant elements

éﬁg"vn (U,2). Hence, we have the following result.

Corollary 5.6. The (usual) skein algebra $4(% ) is exactly the subalgebra of invari-
ant elements of the O ;2-comodule-algebra S (g5

0,8
5.1. Proof for 20’1

Let

2 M- MZT
M=M= (Mj_ M_;_t) € ;C(),l(qu) ® Endc (V2).

Then by Lemma 5.1, £¢,1(U,2) is generated by the 4 coefficients of the matrix M,
modulo the following relations:

RM1R21M2 = MzRMlel, qdet(M) = 1, (49)
where by definition the quantum determinant is qdet(M) = M- M j: —q*M M*.
For! > 0 and s1,...,8;,t1,...,1 € {£}, we define the following elements of
Sa(Z5):

S1 S7 1 151

U)oy =
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(for [ = 0 this is U(0) = 1, namely the empty diagram). Note that, for a fixed /,
these elements can be arranged into a tensor U(/) € § ;(Eg:'l) ® Endc (V2)®!. For
simplicity, we denote U = U (1) and V = U(2); in a matrix form these tensors are
written as

V- VI VT Vi,

U- U v+t vi vyt vt
U=U(l)=( - 1), veue = |V Ve Vo Vi
v ou v Ve Vi

VI&OVIE VD VY

As explained previously, we use the (S;(®B) = 0,2)-comodule-algebra structure of
stated skein algebras together with id = (¢ ® id) o A, and (46) to derive equalities
graphically. Here we apply this to the dashed arc e depicted below:

51 Sk i JiJh

\W
v i Ji 1

_ S1.-- Sk i1...01
0150507
JUseesJi

where the summation indices are all in {£}. This equality implies in particular that
the collection of elements U (I );11'.'.‘.’}[ (with [ > 0 and iy, j, € {£} for each 1) spans
Ss(Zg] asa Z[g*/2]-module.

Since £¢,1(U,2) is isomorphic to the braided dual of Uy [8, Section 4], we
can deduce the following lemma from [19, Proposition 4.17], where it is shown that
S ;(Eg:’l) is isomorphic to the braided dual. Our proof is however different.

Lemma 5.7. The following statements hold true.

(1) There is a morphism j: £o1(U;2) — S;(Eg'l of O 42-comodule-algebras
defined by j(M) = U('D)™'. Explicitly,

(j(M:) j(M;)) _ (q‘S/ZU; —q_l/zU:)
JM>) jmh) T \gPul g7 PUt
(2) The morphism j is surjective.

Proof. (1) We will show that the relations (49) defining £o,1(U,2) are satisfied.
This is entirely based on formal matrix computations. Using the product in § ;(28’3
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and (50), we obtain

_ 51 I Sy Iy

\ s1118212

0 /).,

Siyrs2 _ ij
Uplu2 = % = ZVsz<
= SV R R

ijkl

jklm
=D @)V’ (ba)yy (bp)T, (aa)f,
jklm

where we wrote R = a, ® b, with implicit summation and implicit representation on
the fundamental representation V5, i.e., R is the matrix in (42). Hence,

U Uz = (ag)2V('ba)1("bp)1 (aa)2

where as usual the subscript 1,2 indicate the two canonical embeddings of S, (Eg:’l) ®
Endc (V2) in 83(2¢]) ® Endc(V2)®2. Now, we compute

U Uz = (ag)2 VD' S (ba)1 ST (bp)1 D1 D5 S (aa)2 D2
= (ap)2VD1 ' D5 (ba)1S ™" (bp)1(aa)2D1 D,
= (ap)2VD7' Dy (ba)187 ' S(bp) 18185 " S*(aa)282D1 D2
= (ap)2VDi g7 ' D5 g5 S%(ha)1S(bg)1S*(ae)281 D182 D
= (ap)2V (‘D)7 (D);' R21S(bp)1('D)1 (D).

For the first equality, we used (43); for the second one, we used (S ® S)(R) =
R and obvious commutation relations between tensors;vfor the third one and for
the fourth one, we used (2) (here g implicitly means gz) and obvious commuta-
tion relations between tensors, and for the fifth we used (44). Thanks to the relation
ayag ® S(bg)b, =1 ® 1, we can invert this equality, which gives

V(D)7'('D);"' = (U('D) )1 R (U(D)™), R} 1)

Now, since
S1 852 11 Iy . S1.82 11 I

\ _ \

X X
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we obtain thanks to relation (50) that

281yl S182 platy
E Rl-j Vt2t1 = E Vji Rl-j ,
ij

ij
that is
R21 Va1 = V('by)1(aa)2.

Then, relations (43) and (S ® S)(R) = R yields Rz V23 D2_1D1_1 = VDl_1 D2_1 R>;.
Finally, we multiply this equality by gl_lgz_ I and we use the relations Rgi1g, =
g182R and (44):

Ro1 V21 (‘D)7 (D)T! = V(' D)T' (‘D)3 Roy.
This last equality together with (51) gives the first equality of (49):
RU(D) ™)1 R (U(D)™ )2 = (U(D) )2RU(D) )1 Ras.

In order to obtain the quantum determinant relation, observe that

st st

- Y

X X

and then (50) gives } ;; V¥ N;; = U, which can be rewritten as ViPn) =,
where Plz]l = 8; 5,£ is the flip tensor. Moreover, a computation reveals that (P N) =
(‘D)71(*D);'U. Hence, by (51), we have

(U(D) 1R (U('D) R U = U.

Expanding this matrix equality in components gives only one new relation, which
is precisely qdet(U(*D)~!) = 1. Hence, j is a morphism of algebras. Let us show
that it is a morphism of 2-comodules (recall that we identify §; (%) with O,2). By
definition of the coaction of O 2 on § ;(28’:1), we have

. .
A st ) J

»—>“ { ,® w
ij

Hence, A, (Uf) = Y_;; TS T} ® Ul Let us identify Uf (resp. T}) with 1 ® Uf (resp.
TF ® 1); then we get A, (U) = TU'T. By (43) and (44), it holds

'T =D 'S ™T)D = D '¢7'S(T)gD ='D~'S(T)'D
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and hence
Aeo j(M)= A, (U)'D"' =TU'T'D!
=T(U'D™HS(T) = (j ® id) o QM),

where € is the coaction (10) on £0,1(U,2).
(2) Observe that

S1 h S 1

where the handle contains a bunch of / parallel strands and o € B,;, is some braid (it
can be computed explicitly but we do not need it). By (50), it follows that
Z@)} e Uy
=3 Z0)" Wy
[
i seensig
But o is a braid, so that Z(o) is an invertible matrix, and hence we can invert these
relations and write any element U(l)l1 ! as a linear combination of the monomials
U,1 . Utl The claim is proved since, as already observed, the collection of elements

U(l)l1 . spans $5(01) as a Z[g*'/?]-module. n

Lemma 5.8. The map
hol®: S;(Zgi) — :f()’l (qu)

is an isomorphism of O ;2-comodule-algebras.

Proof. Thanks to (48), we have hol® oj = id. It follows that j is injective and it is
surjective by Lemma 5.7. Hence, it is an isomorphism of ¢ 2-comodule-algebras,
with inverse hol®. [

5.2. Proof for Z‘l”;

Let

v B~ B v A” A7
B = BZZ ( - +), A= A2: (A_T_ Ai) (S il,O(qu) ®End(C(V2)
- +
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Then, by Lemma 5.1, £1,0(U,2) is generated by the 8 coefficients of the matrices B
and A, modulo the following relations:

RBi1R»1 B> = B,RBi R»1. (52a)

RA{R»1 A = A2RA Ry, (52b)

RB{R>1A> = A>RB{R™!, (52¢)

BZBf —¢*B7 Bt =1, (52d)

AZAT —q*A7AT =1 (52e)

As previously, for / > 0 and sy,...,s;7,11,...,1 € {£}, we define the elements

U(l)(b)i; :::ts[z (resp. U(l)(“)“;; .'.'.'fll) of §5(X15) as follows:

_ S1 8] 1 N

resp.,
S1 8 1 n

These elements can be arranged into tensors
UOP U@ e 55(S7p) ® Ende (V).
For simplicity, we denote
u® — U(l)(b), U@ — U(l)(a)

and set

o | T 1
LR
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We have the analogue of (50):

— bryS1... Sk b)i1... 1 (@)i1-im

- Z Z(T )il...il Tl Jm i) e if jl’...j/ﬂU(l) jlmJ'zU(m) J{edin® (53)
where the sum is over all the indices iy, i ,/7 Jns j,/,, each one ranging in {£}. To obtain
this relation, one applies as before the equality id = (¢ ® id) o A, and (46) to the
dashed arc e in the figure below, which gives a bigon and another copy of E‘f:a:

where we force the apparition of the product U (/ )(b)j']l',',l.i;, U(m)(“);il,l]’/?n using iso-
topy; this explains why we have T instead of T in the right-hand side of (53). In
particular, (53) implies that the collection of elements U (/ )(b);'l'.'.'_l}lU(m)(“)j.;l,:ljzl
(with /,m > 0 and iy, jn.i}. j; € {&} for each n) spans §3(=7) as a Z[g*"/?]-mod-
ule.

The next result is the exact analogue of Lemma 5.7.

Lemma 5.9. The following statemests hold true.

(1) We have a morphism j: £1,0(Uy2) — S;(Z?’I) of O42-comodule-algebras
defined by j(B) = U® (D)~ and j(A) = U@ (D)1

(2) The morphism j is surjective.

Proof. (1) The proof is again entirely based on formal matrix computations. It is
clear that the two first lines of relations in (52) are satisfied, since it suffices to repeat
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the proof of Lemma 5.7 in each handle with the matrices U® U@ instead of U. To
show the exchange relation (third line of (52)), observe that, by (53),

.51 NI S2 1

U(a)fi U(b)g —

N S1t18282
=3 :U(b)i-U(”)kZ(W) .
J [
ijkl XN\ ijkl

The evaluation of the braid gives the following expression:

UDUP = (a5a, U by "ag) (by S(aa)U@ 'hy b)),

with R =a,; ® b77 is the matrix in (42). Then, as in the proof of Lemma 5.7, a com-
putation left to the reader based on (43) and (44) shows that this equality is equivalent
to

RUP (D) ™)1 R (U@ (D)™)2 = U@ (D) ) RUP (D)) R

as desired.

(2) By repeating the proof of the second claim of Lemma 5.7 in each handle, we

know that we can write any element U (/ )(b)l1 i . (resp. U (m)(“) 1,“ ) as a polyno-

mial in the 4 elements U(b)s (resp. U@s /) w1ths t,s',t' € {%}. Hence any element
u({ )(b) i1 ’( U(m)(“) .‘, .j’f can be written as a polynomial in the 8 elements U(b)s,

U(a)s The claim is proved since, as already observed, this collection of elements
spans Sq(El’O) as a Z[g*/?]-module. [

Lemma 5.10. The map
hol®: S;(EIIJ”:)) — il,O(qu)
is an isomorphism of O ;2-comodule-algebras.

Proof. Completely similar to the proof of Lemma 5.8. ]

6. Geometric interpretation of the vacuum representation of &£, o(H)
on £¢ o (H)

In this section we take n = O Let é@AO(H ) be the subalgebra of £, o(H) gener-
ated by all the coefficients A(z)k of the matrices A(z) (for all i and all the finite-
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dimensional H-modules /). We define a right action < of é(ig,o(H ) on C by

I
19AG) = Lgmy foralli
i.e.,
1aAF =8¢ foralli.

It is immediate that < is compatible with relations (5), (7) of Definition 2.1. Hence,
we have a representation C,,. of eif’,;’,“,o(H ). 1 is called a vacuum vector or a cyclic
vector, often denoted 2 or |0) (see for instance [6, Theorem 21], but with different
conventions than here). Then we define the right vacuum representation of £4 o(H)
to be the induced representation

CVac ® cﬁeg,O (H)
22 (H)

g.0
where £ g,o (H) acts by left multiplication on &4 o(H ). Thanks to the defining rela-
tions of &£g¢,0(H) (Definition 2.1), it is clear that any element of £g¢ () can be
written as a linear combination of some products of the form

Jq Ky Jg kg 1 i Ig ig
AMA L A By o).

Hence, any element in the vacuum representation is a linear combination of vectors
of the form ;
d il g ig
1« B(l)jl (g)jg.

Similarly, any element of &£¢ ¢ (/) can be written as a linear combination of some
products of the form no. e
M)} ... M),

and we have an isomorphism of vectors spaces

(Cvac A® ig,O(H) - °<£(),g (H)7

2.0(H)

1 ; Ig i 1 i Ig i
1< B)I ... B(g) > M) ... M(g)".

By identification of these two spaces, we obtain the (right) vacuum representation of
Lg0(H) on £o,¢(H); we still denote the action by <.

Remark 6.1. We consider a right representation because we want to relate it to the
stacking representation of CT(Z;’O) on (CT(ES:;,), which is a right representation
due to our convention on the stack product (Definition 4.3).
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Lemma 6.2. The vacuum representation of £ g 0(H) on £o,¢ (H) is explicitly given

by
lo)rle)
&, &

J \UJ .".'._@_

MG) MG+ Mg

/] 1j—1 /j Tj+1 /g
M(1) MG -1 M(j) M@G+1) M)
The left-hand side of the first equality means of course
M. M@, < BGI) ®u 915 @ ® v @ " @ w, & 0,
and similarly for the second.

Proof. These are just the outcomesJ of graphical computations. For instance, below is
the computation for the action of A(1) in the case g = 2:

M) M@ A1)



Holonomy and (stated) skein algebras in combinatorial quantization 53

I I, J
= 1< \vj \vj \Uj
I 1

B() BQ AQ)

A B1)  BQ

I 1, /\ J
P

B(1) BQ2) M(l) MQ)

We used (24), (23), and the definition of the vacuum representation.
Other cases are treated similarly. [

Remark 6.3. There is a left representation of £40(H) on (H°)®& which comes
from the facts that there exists [2] a morphism of algebras £ o(H) — H(O(H))®#
(the Heisenberg double of the dual Hopf algebra @ (H)) and that there is a natural
representation of #(O(H)) on H°. When H is finite-dimensional and factorizable,
the morphism £¢.o(H) — H(O(H))®# is an isomorphism [23, Section 3.3], and it
is well known that, when H is finite-dimensional, # (O (H)) =~ Endc (H*). Hence,
under these assumptions, &£¢ o(H) has only one indecomposable left representation,
namely (H*)®¢, which is necessarily dual to the vacuum (right) representation on
&£o,¢ (H). Note however that writing down an explicit intertwiner is not obvious (one
has to use certain elements defined in [23] which implement the action of the mapping
class group). I do not know if these two representations are isomorphic when H is
infinite-dimensional.
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Recall that we denote by 7 (Xg5) the set of isotopy classes of H-colored
0 -tangles, with £ = g5 x [0, 1], and by CT (Zgy) the C-vector space with
basis T(Zg’;,). Then (CT(Z?;,) is an algebra for the stack product. There is a right
representation of CT (X35) on CT (2(5) obtained by stacking X% x [0, 1] atop
28’;, x [0, 1]; we denote it by <. Note that it is a right representation due to our
convention for the stack product (Definition 4.3).

Forx ®v e Lo,(H)@Vandy Qw € £4,0(H) ® W, where V, W are finite-

dimensional H -modules, we define
xRV)a(yRuw)=x<1y)@vuweLog(H)QVRW.

We also denote by holy , and holg ¢ the holonomy maps for C T(Eg’:g) and C T(EZ’;O)
respectively (see Definition 4.2). The following result relates the representations <
and «.

Theorem 6.4. For S € CT (2(5) and T € CT (23%) it holds
holg ¢ (S) <holg o(T) = holp ¢ (S « T).

Proof. The representation < is depicted as follows for the case g = 2 (which is com-
pletely representative of the general situation):

J

For simplicity, we omit the orientations and the colorings in this figure; moreover,
even if we draw only one strand in each handle for S and T, this represents in fact
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bunches of parallel strands. To obtain S « T, we used the embeddings of the fat
graphs in the more intuitive views of the surfaces £33 and g5 (see Figure 2); it
is more easy to perform the stacking from this viewpoint. The theorem follows from
the comparison with the diagrammatic formulas in Lemma 6.2. Note that above we
have presented S <« T in such a way that the comparison is immediate; in particular
the two crossings just below the coupon T correspond to the crossings which appear
when we apply hol, ¢ to T (Definition 4.2). ]

Corollary 6.5. The subspace iion’vg (H) is stable under the action of é‘ig‘,vo(H ):

X €L (H), y e £ (H) = xaye £ (H).

Proof. Thanks to the fifth property in Proposition 4.10, write x = W /1(L;) (resp.
y = w /2 (L)), where the based link L; (resp. L) has k (resp. /) basepoints and
f1 € Invg (H) (resp. f> € Inv;(H)). Then

x4y = w/ (Ly) < sz(Lz) — Wf1®f2(L1 < L»).

But it is clear that f; ® f> € Invgy;(H) and thus by the first property in Proposi-
tion 4.10, this element is invariant. n

Recall that £(X5 ) is the set of (isotopy classes of) SLF(H )-colored framed links
in X% o x [0, 1], and similarly for £(Xg,0). The canonical embedding j x id: X% ; x
[0, 1] = Xg,0 x [0, 1] induces a surjective (non-injective) linear map : CL(Xy o) —
C&£(X4,0). Also recall the generalized Wilson loop map W defined in (39).

Proposition 6.6. Let x € :lii()“rg, (H) and Ly, Ly € CE(XS ). It holds
JT(Ll) = 7T(L2) — xd W(Ll) =Xxd W(Lz)
Hence, for L € CE£(Xg,0), x < W(L) is well defined.

Proof. Consider the SLE(H )-colored links L, L? depicted below:

- -
" ‘N\ ¢’ ‘N\

The dots mean the remaining of X9 , x [0, 1] (see Figure 2), where the links L, L?
are equal. It is clear that two links L4, L, satisfy w(L1) = w(L,) if we can pass
from one to another by such transformation. Thanks to the fifth property in Proposi-
tion 4.10, write x = W/ (K) where the uncolored based link K has k basepoints and
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f € Invg(H). We use the Hennings formulation of holonomy (see Section 4.3). Let
Ly and Lg be uncolored based links such that [L] = L and [Lg] = L?. The diagrams
(as in (36)) associated to K « Ly and K <« Lg are related as follows:

This represents a neighborhood of the dotted line, and the remaining of the dia-
grams are equal. We number the basepoints of L, LZ with primes to distinguish
them from the basepoints of K. To avoid cumbersome computations, take k = 2
(this is completely representative of the general situation). Write Hen(K <« Lp) =
Zo®ZI®Zy®Z\® Q® Z) € Lgn(H) ® H®?HD with implicit summation.
Let a;(1) ® biq1), - ... ais) ® bis) be 8 = 4k copies of R = a; ® b; (one for each
crossing in the diagram above); then
Hen(K « LZ)
= Zo ® gS(ai)bi5)¢ ' Z1bi6)S*(ai(3)) ® gS(ai(2))bi(1)8 " Z2bi(8)S*(ai(1))
® gbiybi)bi)bi)S(@i(s))aie)S(@ir)aie e ' 21 ® 2, ® - ® Z;
= Zo ® S*(aiwbi(s))Z1S(ai3)bis)) ® S (ai@)bin) Z2S(ai1ybis))
® ¢S (biwybi3)bibi)) S(@i)ai(n i) Z1 @ Zy ® - ® Z;
= Zo® $2(a"b")Z15(aPb) ® $2(aPbP) 2,8 (aPbP)
®gS ' (bi)Sa)g ' Z1® 20 ® Z).
For the second equality we used the properties of S, the formula (S ® S)(R) = R
and (2), and for the third equality we used an iteration of the formulas (A ® id)(R) =
Ri3R>3, (id ® A)(R) = Ry13R12. Hence, denoting by ¢, ..., ¢; the colors of the
components of L, L? we have
x < W(La) :Wf(K) 9 We18-8¢; (L?;) — W/ ®01®-®¢ (K < L?,)
=Zo £(5%(a{"b")Z15(aPbP) ® $2(aVb) Z,5@ Vb))
X p1(gS™ (Bi)S(aj)g ™ ZDea(Z3) ... ¢ (Z))
=Zo f(Z1 ® Zo)p1(ZY) ... ¢i(Z))
= W/®n®Co (K q L) =W/ (K)<a WO (L) =x aW(L).
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For the second and sixth equalities we used Theorem 6.4 and for the fourth equality
we used that f € Invg(H) and that (¢ ® id)(R) = (id ® ¢)(R) = 1. [

This proposition shows that we have a representation of C&£(Xg o) (and not just
of C£(Xg,0\ D)) on cfg‘,vg (H). Hence, in some sense, the disk D is glued back via
this process and we can deal with the closed surface X4 g.

Let us specialize these results to H = U,z = U,2(sl2), where they descend to
the skein algebra (quotient of C&£(X4 o) by skein relations). As already said (before
Corollary 5.6), in that case we can without loss of generality color all the link com-
ponents by X;r and we have two isomorphisms

We0:8q(25.0) = £0(Uy2), Wog: Sq(55,) = L% (U,2). (54)

Moreover, there is a natural representation of §q4(Xg,0) on $4(X3 ) = 84(Zo0,g+1)
(skein module of a handlebody) obtained by stacking, we still denote it by <.

Corollary 6.7. Under the identifications (54), the representation < of SB?YO(qu) on

:ﬁ&‘;(qu) is the stacking representation € of 84(2g,0) on $4(X{ ). In other words,

Wo’g(Ll) < Wg,()(Lz) = Wo,g(Ll <« Lz).

7. A remark on roots of unity

Corollary 6.7 is a bit disappointing because it tells us that the representation of
84(Z4,0) produced by combinatorial quantization is just equivalent to the obvious
representation on the skein module of a handlebody. This changes dramatically if we
replace the formal variable ¢ by a root of unity € and we will now describe a construc-
tion producing much less obvious representations of S¢(X¢ ), which are moreover
finite-dimensional.

Let € = ¢!7/27 be a 4 p-th root of unity (p > 2), and let U, be the specialization
of Uy (slz) to €2 = ¢'™/P_Then we can consider the restricted quantum group of s,
denoted by U,2 = U.2(sl,), which is the quotient of U2 by

EP =FP =0, K??’=1.

The algebra £, (U,2) does not exist since U, is not braided. Nevertheless, we
can consider the specialization £ ,(U,2).2 of £¢,(U,2) at g* = € (this special-
ization is studied in great detail in [8] for g = 0). Moreover, it is possible to define
c§Cg,n((7€z) (see [21, Section 6] for full details), and it turns out it is the quotient of
Lg.n (Uq2)€2 by

(XH)P?P =X@OHH?P =0, (XHHDH*? =1,
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where as usual X(i)is A(i)or B(i)if ] <i <gandis M(@i)ifg+1<i<g+n
(recall Lemma 5.1, from which we take back the notations). This together with the
relations of Lemma 5.1 gives a presentation by generators and relations of £z ,(U.2).
The dimension of £z ,(U,2) is (2p3)2&+".

Let We: $e(25 ) — éﬁ?,vn (Uy2)e2 be the specialization of the Wilson loop map
(we recall that all the strands in S¢ (X ,,) are implicitly colored by the character )(5F of
the fundamental representation V) and let W be the Wilson loop map for H = U,
(with source the SLF(U.2)-colored links and with values in ii;,vn(ﬁﬁ), according
to Definition 4.13); note that we choose g = K?*! for the pivotal element in U,>.
The representation V5 descends to Uz, so that x5 € SLF(U,2). If we restrict W to
Se (X3 ) (ie., we restrict W to the links colored by )(;r ), then W factors through W,:

$e(29,) —— £ (U2)

wl A

éﬁg‘:’n(qu)ez

where pr is the canonical projection. The restriction of pr to ig‘fn (Uy2)e2 (specializa-

tion of é@g‘fn (Uy2) at €2) takes values in éﬁg‘:’n (U,2) (but note that this restriction is not
surjective). By the results of the previous section, we obtain an action of L € $¢(Zg o)
onx € :Eio":g(ﬁsz) by B
x aW(L)
and this produces a finite-dimensional right representation of S¢(Xg40).
In the sequel, we describe explicitly this representation in the case of the torus
¥1,0- Consider the following curves in £ ; x {0} C £¢; x [0,1] and in 21 9 x {0} C

31,0 % [0, 1] respectively:

m

Since Us2 is factorizable, we know by [21, Lemma 3.9] that we have an isomorphism
of algebras
SLE(U.2) — £5%(U2). ¢ = W (m), (55)

where W ¥ (m) is the value of W on m colored by ¢. Recall that SLF(U,2) is a com-
mutative algebra, for the usual product of linear forms ¢y = (¢ ® ¥) o A (this is
true for any finite-dimensional factorizable ribbon Hopf algebra H ; actually for such
H one has SLF(H) = Z(H) = £§" (H)).
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According to [15], S¢(X1,0) is generated by the links a and b. Hence, to describe
the representation it suffices to compute the action of W(a) = WX 3 (a) and W(b) =
W (b) on W¢(m). Recall that the Casimir element is

2K —2K1
C=FE+S2 <2 7).
(€2 —€72)?

Lemma 7.1. Forall ¢ € SLF(H), it holds
We(m) <« W(a) = W (m), WP (m) < W(b) = W2 (m)

where ¢ = (€2 — € 2)2C, ¢(2c) is defined by h + @(hc) and goX; is the product of
the linear forms ¢ and X; .

Proof. Thanks to Lemma 6.2, we have

= Mz ® T)((g ® DRR),

where the last equality is obtained by a straightforward computation. Using the for-
mula for R [25 Section 4], we get that () ® 1d)((g ® 1)RR’) = ¢, and hence
M aW(a) = Mc Thus, if welet g = ) ; tr(AIT)

W (m) < W(a) = tr(A M < W(a)) = > (A M) = W90 ().

I I
For b, it is clear by definition of < that M AaW(b) = WXZ (m), which 1mphes
W9 (m) <« W(b) = W‘/’(m)WXz (m). But due to (55) it holds W“’(m)WXz (m) =
— o+
WXz (m). [

To simplify notations, we identify SLF(U.2) and l’”‘" (U,2) through the isomor-
phism (55), so that we obtain a representation of S¢ (21,0) on SLF(U.>). Recall that
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dim(SLF(U,2)) = 3p — 1, and we have the GTA basis ([1,27]; here we use notations
from [22]):

oA s 15 1. Gioo . Gpop

The y are the characters of the simple modules X (s) (in particular X+ (2) = V)
and the G; are certain linear combinations of matrix coefficients of projective mod-
ules. It is easy to compute the action of @ (¢ < W(a) = ¢(2¢)) on these elements:

X8 aW(a) = —a(e” + e )y,
Gy <aW(a) = (€ + € >)Gs — (€ — € (1 + 1,2s)
where @ € {£}. The action of b (p < W(b) = @y7) is given by the multiplication
rules in the GTA basis ([27], also see [22] for an elementary proof):
25 <A Wb) = 23, G1 a W(b) = [21Ga,
[s —1] [s + 1]
Gy—1 +
[s] [s]

Xp < W(b) = 2)xp-1+2x1% Gp-1< W(b) = [2]Gp—.

Xs < W(b) = fs—1 + X?.Ha Gs < W(b) = Gs+1,

where [k] = %

Let

V= vect()(;F + Xp—s> X;,L, X;)15s5p—1’
Va = veet(x; )1<s<p-1.

V3 = vect(Gy)1<s<p-1

so that SLF(Uéz) = V; & V, & V3. Note that V; is the subspace generated by the
characters of the projective modules. From the formulas above, we see that the struc-
ture of SLF(U,2) under the action of S¢(X,0) has the following shape:

V> V3
W(b)\l /W(a), W(b)
Vi

By this diagram, we mean that V; is a submodule, that V, <« W(a) C V,, Vo < W(b) C
Vi + Vs, etc. Let

J1=V1, L=V+V,, J3=Vi+Vo+ V.
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Proposition 7.2. J; C J, C J3 is a composition series for SLF(Uez) under the action
of $¢(X1,0). Moreover, the composition factor J»/ Jy is isomorphic to Sered(E‘(’,,l), the
reduced skein module of the annulus (which is a S¢(X1,0)-module by stacking and
reducing).

Proof. We must show that Jy, J»/J1, J3/J are irreducible. Recall that the center of
l7€2 contains p + 1 primitive orthogonal idempotents ey, ..., e,, associated to the
blocks of (752 [25, Proposition 4.4.4]. They can be expressed as polynomials of ¢
[25, Proposition D.1.1]: g = Py(c),....ep = Py(c). Moreover, it is easy to see that

X:_(?ez) = 5&,1)(;_a Xs_(?et) = 8p—s,t)(s_’ Gs(?e;) = 5s,th'

Let us show that J; is irreducible. Let 0 = S C J; be a submodule, and let 0 # ¢ =
Aoty + 25 As(ts + xp—s) + Apx; € S. Atleast one of the coefficients, say As, is
non-zero. Then

¢ < PS(W(Q)) = ¢(?Ps(c)) = ¢(%e5) = AS(X:_ + X;—s)
and thus y + Xp—s € S. Assume for instance s = 1. We have
F + X)) W) = (3 + 252) + X5 -
and
(X3 + Xp2) + 1) S P2(W(@) = (X3 + 1p2) + 2,)(%€2) = X3 + Xpa-
(O3 + Xp—2) + 1) < Po(W (@) = (x5 + Xp—2) + 1) (%e0) = 1,

so that )(;L + Xp—2: Xp € S. Continuing like this, one shows step by step that all the
basis vectors are in S, and thus S = J; as desired. The proofs for J,/J; and J3/J>
are similar.

For the last claim, recall that S;ed(Eg’l) is the quotient (in some sense) of S¢ (X )
by the (p—1)-th Jones—Wenzl idempotent (see [18, Section 6.5] for a survey) and
that it is generated as a vector space by the “closures” cl( f,) of the Jones—Wenzl
idempotents f, for0 <n < p —2:

CI(fy) = e
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We have W(cl( fy_1)) = W% (m), so that W(cl( fy—_1)) + J1 = WX (m) + J; = 0
(where x + J; means the class of x modulo J;) and W: Séed(Eg’l) — Jp/Jy is a
well-defined map. Due to Theorem 6.4 we see that

W(l(foet) L)+ J1 = WE(fo—1)) A W(L) + J1 = W (m) « W(L) + /1

where L € §¢(21,0) and < is the stacking and reducing representation of S¢(31,9) on
Séed(Egjl). Thus, W: Sf’d(Egyl) — J»/J1 is an isomorphism of S¢(X1,0)-modules.
[

Remark 7.3. In [20, Section 6.5], we studied the left representation of S¢(X;,0) on
the space mentioned in Remark 6.3 instead of on the vacuum representation space.
Then the claim in [20, Proposition 6.5.5], even if it is in agreement with the one in
Proposition 7.2, does not make sense since we compare a left representation with the
representation of S¢(Xj,9) on § éed(Eg’l) which is right due to our convention for the
stack product (Definition 4.3); we did not realize this subtlety at that time. To make
sense of it, one must take the dual representation, and apply the intertwiner mentioned
in Remark 6.3.

It is very difficult to generalize to higher genus such an explicit description of the
representation of S¢(Zg 9) on éﬁi()“fg (U,2). Indeed, by Remark 4.11, finding a basis of
Lo.g (Ue2) is equivalent to finding a basis of Invae (U,2) (multilinear forms invariant
under the iterated coadjoint action), which is a difficult problem. Moreover, at roots of
unity, generating sets of S.2 (2 o) are not known. However, we see from the previous
result that the natural representation of §.2(X¢ o) on S;‘;d(Eg, g) (which is known to
be irreducible [10]) will be a composition factor of the representation of $.2(Zg o)
on ii{‘(’g (U,2) in a non-trivial way. Finally, the socle of this representation might be a
generalization of the ideal formed by the characters of projective modules (which is

the socle in the case of the torus, see V; above).

A. Proof of Theorem 4.4

The proof is purely diagrammatic but requires some preliminaries. The interested
reader might find it relevant to study the proof on an example with small values of
g,n,like g = 2,n = 3. We begin with some notations:

KK e e R
= 0,1 = \ 1,0 = NS
\\ : \ ﬂ \ \\\ N

Gi.j = N\
—_—— ~——
1 strands J strands
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Note that up to using coupons we can assume that all the strands are positively
oriented when they go through an handle and also that the bunch of strands in each
handle is reduced to only one strand (colored by the tensor product of the colors).

Hence, we can assume the following form for T;:

where the tangle 77 is allowed to contain coupons. Similarly, we can assume such a
form for T», but with colors Jy, ..., Jogy, instead of Iy, ..., Iog1pn and Wy, ..., W)
instead of Vi, ..., Vi and with some tangle 75 instead of T;. The product T; * T,
then looks as follows in Figure 4, where the braid exg , (or rather its diagram) is
constructed as follows. Let [0, 1]> with coordinates (x, y, z) and let 1, be the projec-
tion on the first coordinate. Let a;, ¢; be points in [0, 1] x {0} x {0} and let b;, d; be
points in [0, 1] x {0} x {1}, where | <i < gand 1 < j < n, such that 7, has strictly
increasing values on the following sequence:

(al,bl,az,bz,---,ag,bg,Cl,dl,Cz,dz,-~-,Cn,dn)-

Similarly, let @;, ¢; be points in [0, 1] x {1} x {0} and Bi,d,- be points in [0, 1] x {1} x
{1}, where 1 <i < gand 1 < j < n, such that 7, has strictly increasing values on
the following sequence:

@1, g Gl Cnibrs. . by dy, ... dy).

Join the points a; and a; (resp. b; and l;i, ¢; and ¢j, d; and cfj) by straight lines
and project the result on the (x, y)-plane, this gives a braid diagram (we can always
arrange the points a;, b;, ¢j, d; and Ezi,Bi, Cj, c?j so that the projection on (x, y) has
only simple or double points and we get a well-defined diagram). Finally, for each
1 <i < g, replace the strand joining the points @; and a; (resp. b; and b;) by 4
parallel strands (4-cabling). Similarly, for each 1 < j < n, replace the strand joining
the points ¢; and ¢; (resp. d; and d i) by 2 parallel strands (2-cabling). This gives a
braid diagram of ex, , in [0, 1] x [0, 1].
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Lemma A.1. The following statements hold true.

(1) The following equalities hold forall1 <i < gandg+1<j < g+ n:
IRVENIEY)

| for | ! /

M) M) M)
hy (2 Iqgl2 Jy 20172
| Bio |
/)
"~/ =
11®J I2®J>
B (i) A (i)
]1 12 / J] J2 /
N W w
B) A B() A0

(2) Letay,...,aq and By, ..., Bg be braids on 4 strands and let v, ..., y, and
81, ...,0, be braids on 2 strands. It holds

eXgn o (1 ®P1 R RPr @+
R P RVIV®I®Y2 R Q Yn ® )
=01 ® QY1 Q- ®Yn
RPIR - ®Pr®EI V- Q) 0exgp.
(3) Fork,l > 1, define
Fk,l — (ld?(l_l) ® C .k ® ld?(l_l)) o (1df(l_2) ® C[?i]% ® 1d]§>(l—2)) 0.ns
0 (i[d®? @ 2 ®idP?) o (idy ® 2V " @idy)

where id, = id®* s the identity braid on k strands; then

exgn = (id®* @ cagon ®1d®*") 0 (T4 g ® Ta.).
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Proof. (1) The first equality is readily equivalent to (22). The second equality is the
outcome of a diagrammatic computation displayed in Figure 5 and based on (22)
and (23).

(2) This is obvious by definition of the braid exg ;.

(3) Let aj, ¢} be points in [0, 1] x {1} x {0} and let b/, d] be points in [0, 1] x
{%} x {1}, where 1 <i <gand1 < j <n,such that 7, has strlctly increasing values
on the following sequence:

! / / / i / /
(al,...,ag,bl,...,bg,cl,... c! dy,....d,).

s Yo

Join the points a; and a; (resp. b; and b}, ¢; and ¢}, d; and d}) by straight lines
and project the result on the (x, y)-plane, this gives a braid diagram. For each 1 <
i < g, replace the strand joining the points a; and a; (resp. b; and b)) by 4 parallel
strands (4-cabling); for each 1 < j < n, replace the strand joining the points c¢; and
c} (resp. d; and d ]’ ) by 2 parallel strands (2-cabling). This defines a braid diagram B,
in [0,1] x [0, 1].

Similarly, join the points a; and a; (resp. b; and b;, ¢} and ¢;, d; and d;) by
straight lines and project the result on the (x, y)-plane, this gives a braid diagram.
For each 1 <i < g, replace the strand joining the points a; and a@; (resp. b; and by)
by 4 parallel strands (4-cabling); for each 1 < j < n, replace the strand joining the
points c and ¢; (resp. d; ! and d ) by 2 parallel strands (2-cabling). This defines a
braid dlagram B, in [0, 1] [3. ]

Then it is not difficult to see that

eXgpn = B, o By, B;= F4,g ® F2,n7 B, = id®4g X Cag2n ® id®2n
(it is helpful to draw some examples for small values of g, n). ]

The proof of Theorem 4.4 is now reduced to the diagrammatic computation
displayed in Figures 6, as we now explain. First note that, by definition, the first
diagram in this figure represents hol(T; % T,) while the last diagram represents
hol(T;) ® hol(T,). The first equality is obtained by applying the first item in
Lemma A.1 (1), while the second equality is obtained thanks to the second and third
items. For the third equality, observe first that due to the exchange relation (24) we
have that fori < j:

Y A A

C4.4

INININY ~ NN

B(l) A(l) B () A(J) B () A(J) B(l) A(l)




&\

11 ®J) Ir®J)

B (i) A )
- UJ\;\QJ
Bo) BG) A0 AG) Bo) BG) A AG)

Bi) A0 BG) AW Bi) A0 Bo) A6

Figure 5. Proof of the second equality in Lemma A.1 (1).

uoneznuenb [ELI0JEUIqUIOD UT SBIQaSTE UIaYS (Pajels) pue AWOUO[OH

L9



Vl* *Vk Wl* *WI
| T1 T2
IllTll 12g+an]2g+n JllTll : 12g+an12g+n
llTTllTT llTTllTT lTlT 1111
| B1.o B1.0 Bo.1 | Bo.1
b\] W U
11®J (1) (2) Iyg— 1®JZe 1 12g®’2g 12g+11‘¢/3}fze+1(g+1) 12g+n]l®/2g+”(g+n)
V]* *Vk Wl* *VVI
| T1 1>
IllTll IZg-l—anIZg—i-n JllTJl J2g+nl,TJ2g+n

L/\JL/\J RIARNIN )

B(l) A(l) B(l) A(l) B (g) A(g) ) l(g) A(g) M(g+ 1) i (g+ l)M (g+n)M (g+n)

Figure 6a. Proof of hol(T; * T2) = hol(T;) ® hol(T>) (first part).
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v * *Vk Wl* *Wz

| T | | 2 |
ﬁ ﬁ T X0 = IXT
[ [ T I -0

|

| .
NN NN\

Ing_

Iy I J1 J2 g—1 g g1 J2g  l2g+4i J2g+1 12g+n J2g4n
B(1) A1) B(1) A1) B(g) A(g) B(g) A(@ Mg+ M(g+1)M(g+n)M(g+n)

*Vk Wl* *Wl

n |

Vi X
| T 1>
UU UU'” T T |m|

11 I Iog—1 Iog J1 J> Jog—1 Jog Ig4n Iog41 J2g4+1 Jog4n
B(1) A1) B(g) A(g) B(1) A1) B(g) A M@E+n) M(g+1) M(@g+1) M(g+n)

Vi A Vi Wiy - AW
| n | B |

Iy Iy I2g—1 I2g 2¢+1 2¢+n J1 Ja Jog Jog+1
B(1) A1) B(g) A() M(g+1) M(g+n By A1) B() A Mg+l Mig+n)

Figure 6b. Proof of hol(T * T) = hol(T;) ® hol(T>) (second part).
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Using repeatedly this identity, we transform the tensor product of the handles labeled
by

I, I J1 Jo I3 Iy J3 Jg Ing—1 g Jag—1 J2g
B(1), A1), B(1), A(1), B(2), A(2), B(2), A(2),.... B (g), A(g). B (g). A(g)
into the tensor product of the handles labeled by

I Iy I3 Iy I2g—1 Irg
B(1), A(1), B(2), A(2), ..., B (g), A(g),
J2g—1 Jog

B(1), A(1), B2), AQ), ..., B (2), A (9).

Moreover, this manipulation removes exactly the braid I'4 ¢ in the diagram. Similarly,
using repeatedly relation (24), we transform the tensor product of the handles labeled

by
Ing 41 J2g+4n
M (g+1), M(g+1) M(g+2) M(g+2) . M(g+n) M (g +n)

into the tensor product of the handles labeled by

]2g+l 12g+n
M(g+1) M(g+2) cs M (g +n),
J2 J2g+n
M(g+1) M(g+2) .., M (g +n),

and this manipulation removes exactly the braid I'; , in the diagram. For the fourth
equality, we simply use relation (24) several times to transform the tensor product of
the handles labeled by

Jq Jo J3 Jyq J2 —1

B(l) A(l), B(2) AQ2),. B (g) A (8
g+

M(g+1) M(g+2) M(g+n)

into the tensor product of the handles labeled by

12641 Ing4+2 Igtn
M(E+1), M(g+2),..., M(g+n)
Jq Jo J3 Jyq Jo g—1 J
B(1), A1), BQ). AQ2)..... B (9. A ().

and this manipulation removes exactly the braid c44,2, in the diagram.
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