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Inviscid fluid interacting with a nonlinear
two-dimensional plate

Abhishek Balakrishna, Igor Kukavica, Boris Muha, and Amjad Tuffaha

Abstract. We address a moving boundary problem that consists of a system of equations mod-
eling an inviscid fluid interacting with a two-dimensional nonlinear Koiter plate at the boundary.
We derive a priori estimates needed to prove the local-in-time existence of solutions. We use the
Arbitrary Lagrange Euler (ALE) coordinates to fix the domain and obtain careful estimates for
the nonlinear Koiter plate, ALE velocity, and pressure without any viscoelastic smoothing. For
the nonlinear Koiter plate, higher order energy estimates are obtained, whereas estimates for the
ALE pressure are obtained by setting up an elliptic problem. For the ALE velocity, the bounds are
obtained through div-curl estimates by estimating the ALE vorticity. We then extend our results in
two directions: (1) to include fractional Sobolev spaces and (2) to incorporate the normalized second
fundamental form.

1. Introduction

In this paper, we consider the inviscid free boundary problem that couples the incom-
pressible Euler equation with the nonlinear Koiter plate. The system consists of a fluid
channel with a free elastic boundary on top, modeled by the scalar nonlinear Koiter plate
equation. The fluid motion is modeled by the incompressible Euler equations defined on
an evolving domain. The interaction between the elastic plate and the fluid flow is cap-
tured through two mechanisms. The first is the dynamic loading effect on the structure
described by the fluid pressure, and the second is the kinematic impermeability condi-
tion, which matches the normal velocities of the structure with the normal velocity of the
flow. The Koiter model, which is used to describe the moving interface, is a nonlinear
two-dimensional equation proposed by Koiter to describe the deformations of thin elastic
shells, and it was derived under two main assumptions. The first one is that points at the
normal to the mid-surface of the shell remain at the normal to the deformed mid-surface
after deformation has occurred, and the second is that stress forces within the shell are
tangential to the mid-surface. The non-linearity in the model reflects a significant cou-
pling of flexural-longitudinal effects due to large deformations. We consider the case of
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a nonlinear Koiter-type elastic plate, in which the reference configuration is assumed to be
flat. However, the analysis and the results can be extended to the general elastic shell case
(non-flat reference configurations). For a rigorous justification of the model, see, e.g., [10].

In this paper, our main result is the derivation of a priori estimates and the local in-time
existence of strong solutions to the model. The a priori estimates for the whole system
are obtained by combining higher-order energy estimates for the nonlinear Koiter plate
with pressure and vorticity estimates. It is important that the estimates are independent of
the viscoelastic damping imposed on the plate. Local-in-time solutions for the regularized
system (with plate viscoelastic damping � > 0) are constructed via a fixed point argument,
and solutions for the undamped system are then obtained using the a priori estimates as
the viscoelastic damping parameter � goes to zero.

The critical step in obtaining higher-order energy estimates for the nonlinear Koiter
plate involves calculating and estimating the elastic operator defined in (2.22). Addition-
ally, we use the incompressible Euler equation, with the boundary conditions, to set up an
elliptic equation for the pressure with Robin boundary data. Elliptic regularity then allows
us to establish the appropriate estimates for the pressure. Finally, velocity estimates are
obtained through div-curl type estimates.

The well-posedness of free boundary problems that couple lower-dimensional struc-
tures with viscous fluid has been an active area of research. Some of the first results along
these lines were obtained by Desjardins et al. [5, 11], who showed the existence of weak
solutions to a system coupling the Navier–Stokes equation (NSE) to a strongly damped
linear plate. Other existence results on weak solutions for models that couple the NSE
to lower-dimensional structures have been obtained in [12, 15, 24, 25, 29]. The mentioned
results on the existence of weak solutions are valid until the possible self-intersection
of the domain. Results on strong solutions of two-dimensional fluid interacting with a
one-dimensional solid for large initial data have been obtained in [13, 14]. Additionally,
a three-dimensional fluid interacting with a three-dimensional elastic body with struc-
tural damping has been considered in [16, 17], establishing the global results for small
initial data. All the results mentioned above, except [29], are for linear structure equa-
tions. The theory for nonlinear structures is considerably less developed, with only a few
recent findings extending the theory of weak solutions to cases where the structure is
modeled as a nonlinear generalized standard material; see, e.g., [2]. Systems that model
the interaction of viscous flows with a linear and nonlinear Koiter plate have been stud-
ied in [6, 21–23, 26–28]. On the other hand, inviscid flow-structure systems have been
examined in [1, 7, 8, 30]. These models consider linearized potential flow coupled with a
nonlinear structure on a fixed domain. The Euler equations coupled with a fourth-order
linear plate have been addressed only recently in [18–20] for incompressible and com-
pressible cases, respectively.

The paper is organized as follows. In Section 2, we begin by describing the model
and reformulating the problem using ALE variables. We then state our main result in
Theorem 2.1, which provides a priori bounds for existence. The a priori estimates are
obtained independently of the viscoelastic damping parameter in the plate � > 0. While the
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construction scheme for the local-in-time solutions uses viscoelastic damping in an essen-
tial way, the a priori estimates allow for the construction of solutions for the undamped
system (� D 0). We end Section 2 with a description of the elastic operator LK . In
Section 3, we individually estimate the plate, pressure, and fluid velocity to prove The-
orem 2.1.

2. Mathematical model and main results

2.1. Model

We consider a fluid-structure interaction model on an open domain �.t/ � R3, which
depends on time t 2 Œ0; T �, with T > 0 specified below. The fluid is modeled by the
incompressible 3D Euler equations

ut C u � ruCrp D 0;

r � u D 0 (2.1)

in �.t/ � Œ0; T � D
S
t2Œ0;T ��.t/. For simplicity, we consider �.0/ D � D T2 � Œ0; 1�,

where T2DR2=Z2 is a two-dimensional torus. In other words, we consider the 1-periodic
boundary conditions in the horizontal directions. We denote the upper and lower parts of
the boundary of �.0/ as

�0 D T2
� ¹0º and �1 D T2

� ¹1º:

On �0, we impose the slip boundary condition

u �N D 0:

The nonlinear Koiter plate is located along the top boundary, and the fluid domain is given
by

�.t/ D
®
.x1; x2; x3/ W x3 < 1C w.x1; x2; t /

¯
;

where wW �1 � Œ0; T �! R is the vertical displacement of the plate, which satisfies the
equation

hwt t C LKw � ��wt D pjx3D1Cw on �1 � Œ0; T �; (2.2)

where h > 0 is the thickness of the nonlinear Koiter plate, which is considered fixed, LK
is a nonlinear operator and is the L2 gradient of the Koiter energy described in Section 2.3
and � � 0 is the damping parameter. Note that p is evaluated at .x1; x2; 1Cw.x1; x2; t //,
while w satisfies the initial condition

.w;wt /jtD0 D .0; w1/;

where Z
�1

w1 D 0:
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Note that we are mainly interested in the case � D 0; however, the parameter � is needed in
the construction of solutions. This analysis applies with minimal changes to general initial
data w.0/ 2H 5 allowing for more general initial configuration of the interface. However,
we assume w.0/ D 0 for simplicity.

We assume that the nonlinear plate evolves with the fluid and we thus have the velocity-
matching condition on the interface �1.t/

wt C u1@1w C u2@2w D u3; (2.3)

where �1.t/ D ¹.x1; x2; 1C w.x1; x2; t // W .x1; x2/ 2 T2º.

2.2. ALE change of variables

Denote by  W�! R the harmonic extension of 1C w to the domain � D �.0/, i.e.,

� D 0 in �; (2.4)

 .x1; x2; 1; t/ D 1C w.x1; x2/ on �1; (2.5)

 .x1; x2; 0; t/ D 0 on �0: (2.6)

Next, we define �W� � Œ0; T �! �.t/ as

�.x1; x2; x3; t / D .x1; x2;  .x1; x2; x3; t //; .x1; x2; x3/ 2 �; (2.7)

which represents the ALE change of variables. Note that

r� D

24 1 0 0

0 1 0

@1 @2 @3 

35 :
Denote E D .r�/�1, which is explicitly given by

E D
1

J
F D

24 1 0 0

0 1 0

�@1 =@3 �@2 =@3 1=@3 

35 ; (2.8)

where
J D @3 

and

F D

24 @3 0 0

0 @3 0

�@1 �@2 1

35 (2.9)

is the transpose of the cofactor matrix. Note that F satisfies the Piola identity

@iFij D 0; j D 1; 2; 3; (2.10)
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using [9, page 39] or a direct verification. Next, denote by

v.x1; x2; x3; t / D u.�.x1; x2; x3; t /; t/ and q.x1; x2; x3; t / D p.�.x1; x2; x3; t /; t/;

(2.11)
the ALE velocity and pressure. With this change of variables, the system (2.1) becomes

@tvi C v1Ej1@j vi C v2Ej2@j vi C
1

@3 
.v3 �  t /@3vi CEki@kq D 0;

Eki@kvi D 0 (2.12)

in�� Œ0;T �;where we usedEj3@j vi D .1=@3 /@3vi for i D 1;2;3. The initial condition
is given by

v
ˇ̌
tD0
D v0:

On the other hand, the boundary condition on the bottom boundary reads

v3 D 0 on �0; (2.13)

while the condition (2.3) may be rewritten as

F3ivi D wt on �1: (2.14)

The plate equation takes the form

hwt t C LKw � ��wt D q on �1; (2.15)

where q is as in (2.11). As in [19, Section 4], we haveZ
�1

q D 0; t 2 Œ0; T �; (2.16)

and then from (2.15), we get Z
�1

w D 0; t 2 Œ0; T �; (2.17)

assuming
R
�1
w1 D 0.

With the ALE coordinates introduced, all the estimates from this point on are per-
formed, unless specified otherwise, on the fixed domain �, with the top and bottom
boundaries �1 and �0, respectively.

We now state the main result of our paper in the form of the following theorem that
summarizes our a priori estimates for the local in-time existence for the system (2.12)–
(2.15).

Theorem 2.1. Let � � 0. Assume that .v;q;w/ is a C1.Œ0;T0���/ solution to the initial
boundary value problem (2.12)–(2.16) on a time interval Œ0; T0�, where T0 > 0 such that

kv0kH3:5 ; kw1kH3.�1/ �M;
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where M � 1. Then, v, w, and q satisfy

kvkH3:5 ; kwkH5.�1/
; kwtkH3.�1/

; k kH5:5 ; k tkH3:5 ; kEkH4:5 � C0M; t 2 Œ0;min¹T; T0º�

and
kvtkH1:5.�1/; kwt tkH1.�1/; kqkH2:5 � K; t 2 Œ0;min¹T; T0º�;

where C0 > 0 is a constant that is independent of the parameter � � 0, while K and T
are constants that depend on M , but not on �.

2.3. The elastic operator

In this section, we derive an expression for the Koiter energy of the nonlinear Koiter plate
by following [10], where this model is justified. For the rest of this paper, Greek indices
and exponents take values in the set ¹1; 2º and Latin indices and exponents take values in
the set ¹1; 2; 3º. The tangential vectors of the deformed configuration are given by

a˛.w/ D @˛�jx3D1 D e˛ C n@˛w; ˛ D 1; 2;

where e1 D .1; 0; 0/ and e2 D .0; 1; 0/ represent the unit tangential vectors of the unde-
formed boundary �1 and a3 D n D .0; 0; 1/ is the unit normal vector to �1. The compo-
nents of the first fundamental form of the deformed configuration read

a˛ˇ .w/ D a˛.w/ � aˇ .w/ D ı˛ˇ C @˛w@ˇw;

where it is understood that ˛;ˇ D 1; 2. We define the change of the metric tensor G.w/ as

G˛ˇ .w/ D a˛ˇ .w/ � e˛ � eˇ D @˛w@ˇw:

The non-normalized normal vector to the deformed configuration is given by

n.w/ D a1.w/ � a2.w/ D n � e1@1w � e2@2w;

which then leads to the definition

a3.w/ D
n.w/

jn.w/j
:

As in [28], we define the tensor

R˛ˇ D
1

ja1 � a2j
@˛aˇ .w/ � n.w/ � @˛aˇ � n D @

2
˛ˇw; (2.18)

representing a non-normalized variant of the second fundamental form measuring a change
in curvature; here, @˛aˇ represents the covariant components of the curvature tensor of
the reference configuration. Also, in (2.18), @˛aˇ D @˛aˇ .0/ and ja1 � a2j D ja1.0/ �
a2.0/jDje1�e2j are understood. For a treatment of the normalized version of the tensorR,
see Section 4.
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Finally, we define the elasticity tensor

AE D
4��

�C 2�
.A W E/AC 4�AEA; E 2 Sym R2�2;

where A W E D Tr.AET /. Here, A is the contravariant metric tensor associated to �1 and
�;� > 0 are the Lamé constants; the components of the matrix A are given by

a˛ˇ D a˛ � aˇ ;

where the three vectors ai are defined by the relation aj � ai D ıij , for i; j D 1; 2; 3, and
a3 D a3 D n. For our geometry, we obtain ai D ai for i D 1; 2; 3. We then define the
Koiter energy EK as

EK D
h

4

Z
�1

AG.w.t; �// W G.w.t; �//C
h3

48

Z
�1

AR.w.t; �// W R.w.t; �//

D
h

4

Z
�1

a˛ˇ��G˛ˇ .w.t; �//G�� .w.t; �//C
h3

48

Z
�1

a˛ˇ��R˛ˇ .w.t; �//R�� .w.t; �//:

In order to simplify the notation, we introduce bilinear forms connected to the membrane
and bending effects in the variational formulation as

am.t; w; �/ D
h

2

Z
�1

AG.w.t; �// W
�
G0.w.t; �//�

�
D
h

2

Z
�1

a˛ˇ��G˛ˇ .w.t; �//
�
G0�� .w.t; �//�

�
;

ab.t; w; �/ D
h3

24

Z
�1

AR.w.t; �// W
�
R0.w.t; �//�

�
D
h3

24

Z
�1

a˛ˇ��R˛ˇ .w.t; �//
�
R0�� .w.t; �//�

�
; (2.19)

respectively, for � 2 H 2.�/; here, G0 and R0 denote the Fréchet derivatives of G and R,
respectively, and are given by

.R0.w/�/˛ˇ D @˛ˇ �;

.G0.w/�/˛ˇ D @˛�@ˇw C @˛w@ˇ �; (2.20)

where ˛; ˇ; �; � range over 1; 2. Also, the tensor a˛ˇ�� is defined as

a˛ˇ�� D a˛ˇa��
4��

�C 2�
C 4�a˛�aˇ� D ı˛ˇ ı��

4��

�C 2�
C 4�ı˛�ıˇ� : (2.21)

The elastodynamics of the plate is given by the variational formulation

h�s
d

dt

Z
�1

@tw.t; P/�dy C am.t; w; �/C ab.t; w; �/C �

Z
�1

rwt � r�

D

Z
�1

g�dy; � 2 H 2.�1/
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on the time interval .0; T /, where �s is the structure density, g is the density of area force
acting on the structure. We denote the elasticity operator by LK , formally given by

hLKw; �i D am.t; w; �/C ab.t; w; �/; (2.22)

where h � ; � i denotes the duality pairing with respect to L2.
To obtain an explicit expression for LK for our particular configuration, we first

rewrite

am.t; w; �/ D
ha˛ˇ��

2

� Z
�1

@˛w@ˇw@��@�w C

Z
�1

@˛w@ˇw@�w@��

�
D �

ha˛ˇ��

2

� Z
�1

�.@� .@˛w@ˇw@�w//C

Z
�1

�.@� .@˛w@ˇw@�w//

�
D .Lmw; �/; (2.23)

where

Lmw D �
ha˛ˇ��

2
.@� .@˛w@ˇw@�w/C @� .@˛w@ˇw@�w//:

Similarly,

ab.t; w; �/ D
h3a˛ˇ��

24

Z
�1

@2˛ˇw@
2
��� D

h3a˛ˇ��

24

Z
�1

�@4˛ˇ��w D .Lbw; �/; (2.24)

where

Lbw D
h3a˛ˇ��

24
@4˛ˇ��w:

Therefore, combining (2.22), (2.23), and (2.24), we obtain

LKw D Lmw C Lbw

D �
ha˛ˇ��

2

�
@�
�
@˛w@ˇw@�w

�
C @�

�
@˛w@ˇw@�w

��
C
h3a˛ˇ��

24
@4˛ˇ��w:

(2.25)

3. A priori estimates

In this section, we provide a priori estimates for v, q, and w in appropriate Sobolev spaces
and prove Theorem 2.1. We begin by deriving preliminary estimates on E, F , and J .

Lemma 3.1. Let " 2 .0; 1=2�, and assume that

kvkH3:5 ; kwkH5.�1/; kwtkH3.�1/ � C0M; t 2 Œ0; T0�;

where M � 1 is as in the statement of Theorem 2.1. Then, we have

kE � IkH2:5 ; kF � IkH2:5 ; kJ � 1kH2:5 ; kJ � 1kL1 � "; t 2 Œ0; T0�; (3.1)
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where
0 � T0 �

"

CM 3
;

and C is a sufficiently large constant depending on C0.

Before the proof, note that by the definitions of  and � in (2.4)–(2.6) and (2.7), we
have

k�kH5:5 . k kH5:5 . kwkH5.�1/

and
k�tkH3:5 . k tkH3:5 . kwtkH3.�1/; (3.2)

and both far right sides are bounded by constant multiples of M .
Also, we have

kJ kH4:5 D k@3 kH4:5 . k kH5:5 . kwkH5.�1/

and
kJtkH2:5 . k tkH3:5 . k�tkH3:5 . kwtkH3.�1/;

with both right sides bounded by a constant multiple of M .

Proof of Lemma 3.1. Since E D .r�/�1, we have

Et D �Er�tE;

where the right-hand side is understood as a product of three matrices. Next, we observe

@t .E � I / D .E � I /r�t .E � I /C .E � I /r�t Cr�t .E � I /Cr�t ;

from where we obtain that the function y D kE � IkH2:5 satisfies

y .
Z t

0

.y2 C 1/M ds;

where we used (3.2). Using a barrier argument, we get y . " provided T � "=CM , and
the bound on the first term in (3.1) is established. Similarly, we have

kJ � 1kH2:5 .
 Z t

0

Jt ds


H2:5

. MT:

The bound for kF � IkH2:5 follows immediately from those on kE � IkH2:5 and
kJ � 1kH2:5 by using F D JE.

Note that the value of " in Lemma 3.1 is fixed in the pressure estimates and then further
restricted in the conclusion of a priori bounds.

Also, by the definitions of E and F in (2.8) and (2.9), respectively, we have

kEkH4:5 ; kF kH4:5 � P.kwkH5.�1// (3.3)
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and
kEtkH2:5 ; kFtkH2:5 � P.kwkH5.�1/; kwtkH3.�1//: (3.4)

Above and in the sequel, the symbol P denotes a generic polynomial of its arguments. It
is assumed to be nonnegative and is allowed to change from inequality to inequality.

3.1. The plate estimates

We now proceed to derive estimates for the plate. For f 2 Cm.R2/,  D .1; 2/ 2 N2
0 ,

and j j D
P2
iD1 i , denote by @f the partial derivative of order  of f , which is defined

as
@f D @1x1@

2
x2
f

with  2 N3
0 , where j j D 3, we test the plate equation (2.2) with �@2wt , obtaining

h.@wt t ; @
wt / � .LKw; @

2wt /C �.@

rwt � @


rw/ D �.@2q;wt /: (3.5)

We now take a closer look at the term .LKw; @
2wt /. Using (2.19) and (2.22), we write

�.LKw; @
2wt / D �

h

2

Z
�1

AG.w/ W G0.w/@2wt

�
h3

24

Z
�1

AR.w/ W R0.w/@2wt

D �
h

2

Z
�1

a˛ˇ��G˛ˇ .w/.G
0.w/@2wt /��

�
h3

24

Z
�1

a˛ˇ��R˛ˇ .w/.R
0.w/@2wt /�� : (3.6)

We handle each of the above terms below. Using (2.20) and integrating by parts, we obtain

�
h

2

Z
�1

a˛ˇ��G˛ˇ .w/.G
0.w/@2wt /��

D �
a˛ˇ��h

2

Z
�1

@˛w@ˇw.@�@
2wt /@�w �

a˛ˇ��h

2

Z
�1

@˛w@ˇw@�w@�@
2wt

. a˛ˇ��h

�Z
�1

jD4@˛wjj@ˇw@�wjjD
2@�wt j C

Z
�1

jD3@˛wjjD@ˇwjj@�wjjD
2@�wt j

�
C a˛ˇ��h

Z
�1

jD2@˛wjjD
2@ˇwjj@�wjjD

2@�wt j

C a˛ˇ��h

Z
�1

jD2@˛wjjD@ˇwjjD@�wjjD
2@�wt j

� P.kwkH5.�1/; kwtkH3.�1//; (3.7)
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where P is a polynomial that may vary line to line. Denoting @˛ D @x˛ , we use (2.20) and
(2.21) to get

�
h3a˛ˇ��

24

Z
�1

R˛ˇ .w/.R
0.w/@2wt /��

D �
h3a˛ˇ��

24

Z
�1

@˛ˇw@
2@��wt

D
h3a˛ˇ��

24

Z
�1

.@@˛ˇw/.@
@��wt /

D
4��h3

24.�C 2�/
ı˛ˇ ı��

Z
�1

.@@˛ˇw/.@
@��wt /

C
4�h3

24
ı˛�ıˇ�

Z
�1

.@@˛ˇw/.@
@��wt /

D
4��h3

24.�C 2�/

Z
�1

.@@˛˛w/.@
@��wt /C

4�h3

24

Z
�1

.@@˛ˇw/.@
@˛ˇwt /

D
1

2

d

dt

�
4��h3

24.�C 2�/
k@@˛˛wk

2
L2.�1/

C
4�h3

24

2X
˛;ˇD1

k@@˛ˇwk
2
L2.�1/

�
: (3.8)

Now, inserting the estimates from (3.6), (3.7), and (3.8) into (3.5), we have

1

2

d

dt

�
hkD3wtk

2
L2.�1/

C
4��h3

24.�C2�/
kD3@˛˛wk

2
L2.�1/

C
4�h3

24

2X
˛;ˇD1

kD3@˛ˇwk
2
L2.�1/

�
C �kD4wtk

2
L2.�1/

� �.D6q;wt /C P.kwkH5.�1/; kwtkH3.�1//: (3.9)

Next, we eliminate the higher order pressure term. To do so, we need to proceed as
in [19, Lemma 3.2]. Rather than repeating the entire proof, we summarize the strategy
below.

(1) Our aim is to prove the inequality

1

2

Z
Jƒ2:5viƒ

3:5vi

ˇ̌̌
t
�
1

2

Z
Jƒ2:5viƒ

3:5vi

ˇ̌̌
0

� �

Z t

0

Z
�1

qƒ6wt d� ds

C

Z t

0

P.kvkH3:5 ; kqkH2:5 ; kwkH5.�1/; kwtkH3.�1//ds; (3.10)

where
ƒ D .I ��2/

1=2;
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and �2 denotes the Laplacian in x1 and x2 variables with the periodic boundary
conditions. After (3.10) is established, it is simply added to (3.9). This leads to a
cancellation of the higher order pressure term.

(2) After the cancellation, using (3.1), the first term on the left-hand side of (3.10) is
estimated as

�

Z
Jƒ2:5viƒ

3:5vi . kJ kL1kƒ2:5vkL2kƒ3:5vkL2 . kƒ2:5vkL2kƒ3:5vkL2

. kvk1=3:5
L2
kvk

6=3:5

H3:5 :

To prove (3.10), we first claim

1

2

d

dt

Z
Jƒ2:5viƒ

3:5vi D
1

2

Z
Jtƒ

2:5viƒ
3:5vi C

Z
Jƒ2:5@tviƒ

3:5vi C NI ;

(3.11)
where

NI D
1

2

Z
Jƒ2:5viƒ

3:5@tvi �
1

2

Z
Jƒ2:5@tviƒ

3:5vi

� P.kvkH3:5 ; kqkH2:5 ; kwkH5.�1/; kwtkH3.�1//:

(3) Next, the equations (2.12) are rewritten as

J@tvi C v1Fj1@j vi C v2Fj2@j vi C .v3 �  t /@3vi C Fki@kq D 0;

Fki@kvi D 0: (3.12)

Using (3.12)1 in the second term of (3.11), we obtain

1

2

d

dt

Z
Jƒ2:5viƒ

3:5vi

D
1

2

Z
Jtƒ

2:5viƒ
3:5vi C

Z �
Jƒ2:5.@tvi / �ƒ

2:5.J @tvi /
�
ƒ3:5vi

�

2X
mD1

Z
ƒ2:5.vmFjm@j vi /ƒ

3:5vi �

Z
ƒ2:5

�
.v3 �  t /@3vi

�
ƒ3:5vi

�

Z
ƒ3.Fki@kq/ƒ

3vi C NI

D I1 C I2 C I3 C I4 C I5 C NI : (3.13)

(4) The terms on the right-hand side of (3.13) are bounded as

I1 C I2 C I3 C I4 � P.kvkH3:5 ; kqkH2:5 ; kwkH5.�1/; kwtkH3.�1// (3.14)

and

I5 � �

Z
�1

qƒ6wt C P.kvkH3:5 ; kqkH2:5 ; kwkH5.�1/; kwtkH3.�1//: (3.15)

Applying (3.14) and (3.15) to (3.13) and integrating in time, we then obtain (3.10).
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Adding (3.9) and (3.10) the pressure terms cancel, and we get

hkD3wtk
2
L2
C

4��h3

24.�C 2�/
kD3@˛˛wk

2
L2
C
4�h3

24

2X
˛;ˇD1

kD3@˛ˇwk
2
L2
C �kD4wtk

2
L2

. kD3wt .0/k C kvk
2=7

L2
kvk

12=7

H3:5 C

Z t

0

P.kwkH5.�1/; kwtkH3.�1/; kqkH2:5/; (3.16)

where the implicit constant is independent of �.

Remark 3.2. While in our paper we consider the nonlinear Koiter type plate, the analysis
can also be extended to other type of structures. Namely, we may treat the following
models.

(1) Extensible plates:

wt t C�
2w � ��wt C

�Z
�1

jrwj2 dx

�
�w D q:

(2) Koiter shells: this is the more general setting in which the reference configuration
of the interface is not flat. In particular, we may consider a reference configuration param-
eterized by a C 3 injective mapping �W�1 ! R3 with �1 D R2=Z2. In this case, we may
assume that the deformation happens primarily in the normal direction and is described
by the mapping

�w.y; t/ D �.y/C w.t; y/n.y/; y 2 �1:

The tangent vectors a˛ in this case are no longer the standard vectors e˛ and are space
dependent. This gives rise to a space dependent tensor a˛ˇı . The local existence theorem
can also be obtained in this case under additional assumptions on the initial configuration
which guarantee nondegeneracy of the H 2-coercivity of the Koiter energy EK . Unlike in
our situation, the time of existence also depends on the persistence of this nondegeneracy
condition; see [28].

3.2. Pressure estimates

Here, we establish the following pressure estimate.

Lemma 3.3. Under the conditions of Theorem 2.1, we have

kqkH2:5 � P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//: (3.17)

To obtain an equation for the pressure in the interior, we apply Fj i@j to (2.12) and
then use the Piola identity (2.10) to write

@j .Fj iEki@kq/D@j .@tFj ivi /�@j

� 2X
mD1

Fj ivmEkm@kvi

�
�@.Ej i .v3 � t /@3vi / in �;

(3.18)
using the divergence-free condition.
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To obtain the boundary condition on �0 [ �1, we multiply (2.12) with F3i obtaining

F3iEki@kq D �F3i@tvi � F3iv1Ej1@j vi

� F3iv2Ej2@j vi �E3i .v3 �  t /@3vi on �0 [ �1; (3.19)

where we again employed Fj i=@3 D Ej i in the last term. On �1, we use (2.14) and
(2.15) and rewrite the first term on the right-hand side of (3.19) as

�F3i@tvi D �@t .F3ivi /C @tF3ivi D �wt t C @tF3ivi

D h�1LKw � h
�1��wt � h

�1q C @tF3ivi :

Thus, on �1, the boundary condition (3.19) becomes a Robin boundary condition

F3iEki@kq C h
�1q D h�1.LKw���wt /C@tF3ivi � F3iv1Ej1@j vi�F3iv2Ej2@j vi

�E3i .v3 �  t /@3vi D g1 on �1: (3.20)

On �0, we have E D I , and then the first term on the right-hand side of (3.19) vanishes.
Thus, we get

F3iEki@kq D �F3iv1Ej1@j vi � F3iv2Ej2@j vi �E3i .v3 �  t /@3vi D g0 on �0:
(3.21)

To estimate the pressure, we need the following statement from [19] on the elliptic regu-
larity for the Robin–Neumann problem.

Lemma 3.4. Assume that d 2 W 1;1.�/. Let 1 � l � 2, and suppose that u is an H l

solution to

@i .dij @ju/ D divf in �;

dmk@kuNm C u D g1 on �1;

dmk@kuNm D g0 on �0: (3.22)

If
kd � IkL1 � "0;

where "0 > 0 is sufficiently small, then

kukH l . kf kH l�1 C kg1kH l�3=2.�1/
C kg0kH l�3=2.�0/

: (3.23)

In this paper, we need an extension for l � 3.

Lemma 3.5. Assume that d 2 W 2;1.�/. Let 2 � l � 3, and suppose that u is an H l

solution of

@i .dij @ju/ D divf in �;

dmk@kuNm C u D g1 on �1;

dmk@kuNm D g0 on �0: (3.24)
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If
kd � IkL1 � "0; (3.25)

where "0 > 0 is sufficiently small, then

kukH l � P.kf kH l�1 ; kg1kH l�3=2.�1/
; kg0kH l�3=2.�0/

; kdkW 2;1/:

Proof of Lemma 3.5. We only show the a priori estimate, i.e., we assume that u is smooth
and satisfies (3.22). The a priori estimate can then be justified in a standard way using the
difference quotients. Let n 2 ¹1; 2º. Then, differentiating (3.24), we obtain that U D @nu
satisfies

@i .dij @jU/ D div @nf � @i .@ndij @ju/ in �;

dmk@kUNm C U D @ng1 � @ndmk@kuNm on �1;

dmk@kUNm D @ng0 � @ndmk@kuNm on �0:

Applying Lemma 3.4, and the fact that kDukH l�5=2.�0[�1/
. kukH l�1 , we get

kU kH l�1 . k@nf kH l�2 C k@ndij @jukH l�2 C k@ng1kH l�5=2.�1/

C k@ng0kH l�5=2.�0/
C k@ndmk@kuNmkH l�5=2.�0[�1/

. kf kH l�1 C kdkW 1;1kukH l�1 C kg1kH l�3=2.�1/
C kg0kH l�3=2.�0/

C kdkW 1;1kDukH l�5=2.�0[�1/

. .1C kdkW 1;1/
�
kf kH l�1 C kg1kH l�3=2.�1/

C kg0kH l�3=2.�0/

�
: (3.26)

Next, we rearrange (3.24) to obtain

d33@
2
33u D divf �

X
.i;j /¤.3;3/

@i .dij @ju/ � @3d33@3u: (3.27)

Differentiating (3.27) with @3, we have

d33@
3
333u D div @3f �

X
.i;j /¤.3;3/

@3@i .dij @ju/ � @
2
33d33@3u � 2@3d33@

2
33u:

Now, using (3.26) with l D 3, (3.25) and Lemma 3.4, we may write

k@333ukL2 . kf kH2 C kdkL1kU kH2 C kdkW 2;1kukH1 C kdkW 1;1kukH2

. P.kf kH2 ; kg1kH3=2.�1/
; kg0kH3=2.�0/

; kdkW 2;1/: (3.28)

Combining (3.26) for l D 3 and (3.28), we obtain the statement of the lemma for l D 3.
Using Lemma 3.4 and interpolating between l D 2 and l D 3, we obtain the statement of
the lemma.

We now prove Lemma 3.3.
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Proof of Lemma 3.3. We apply the elliptic estimate (3.23) in H 2:5 to the equation (3.18)
with the boundary conditions (3.20)–(3.21), leading to

kqkH2:5 . P.kf kH1:5 ; kg1kH1.�1/; kg0kH1.�0/; kdkW 2;1/: (3.29)

For the interior term, we may write

kf kH1:5 .
3X

jD1

k@tFj ivikH r�2 C

3X
jD1

2X
mD1

kFj ivmEkm@kvikH1:5

C

3X
jD1

kaj i .v3 �  t /@3vikH1:5

� P.kvkH3:5 ; kEkH4:5 ; kF kH4:5 ; kFtkH2:5 ; k tkH3:5/: (3.30)

Next, we observe that from (2.25) we have

kLKwkH1.�1/ � P.kwkH5.�1//:

For the boundary terms, we estimate

kg0kH1.�0/ C kg1kH1.�1/

. kLKwkH1.�1/ C k�wtkH1.�1/ C kFtkH1:5.@�/kvkH1:5.@�/

C kF kH2.@�/kvkH2.@�/kEkH2.@�/krvkH1.@�/

C kEkH2.@�/.kvkH2.@�/ C k tkH2.@�//krvkH1.@�/

� P.kwkH5.�1/; kwtkH3.�1/; kF kH4:5 ; kFtkH2:5 ; k tkH3:5 ; kvkH3:5/; (3.31)

where @�D�0 [�1. By combining (3.29)–(3.31) and using (3.3)–(3.4), we obtain (3.17).

3.3. The velocity estimates and the conclusion

In this section, we use the ALE vorticity �.x; t/ D curlu.�.x; t/; t/, where ! D curlu, to
get control of the velocity v. The vorticity in the ALE variables is given by

�i D "ijkEmj @mvk

and satisfies

@t�i C v1Ej1@j �i C v2Ej2@j �i C .v3 �  t /Ej3@j �i D �kEmk@mvi ; i D 1; 2; 3:

To obtain non-tangential estimates, we use the Sobolev extension operator f 7! Qf , which
is a continuous operatorH k.�/!H k.T2 �R/ for all k 2 Œ0;6�, where k is not necessar-
ily an integer. We require the extension to be such that supp Qf vanishes in a neighborhood
of T2 � .�1=2; 3=2/c. We now consider the equation for � D .�1; �2; �3/, given by

@t�i C Qv1 zEj1@j �i C Qv2 zEj2@j �i C . Qv3 � Q t / zEj3@j �i D �k zEmk@m Qvi ; i D 1; 2; 3

(3.32)
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in �0 D T2 � R, with the initial condition �.0/ D Q�.0/. Since � obeys a transport type
equation, from the properties of the extension operator we have

�.x; t/ D 0; .x; t/ 2 .T2
� .�1=2; 3=2/c/ � Œ0; T �:

Next, we define the quantity

X D

Z
�0

jƒ2:53 � j2;

where
ƒ3 D .I ��/

1=2

on T2 �R, with the periodic boundary conditions in the x1 and x2 directions. Repeating
the arguments of [19, Lemma 3.7], we obtain

d

dt
X . P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//X; t 2 Œ0; T �: (3.33)

Note that, by the continuity properties of the Sobolev extensions, we have

k�.0/k2
H2:5 . X.0/ . k�.0/k2

H2:5 :

From [19, Lemma 3.7], we also obtain the inequality that relates X to the vorticity, given
by

k�k2
H2:5 . X: (3.34)

To prove (3.34), we consider the difference � D � � � , which satisfies

@t�i C v1Ej1@j�i C v2Ej2@j�i C .v3 �  t /Ej3@j�i D �kEmk@mvi in �

for i D 1; 2; 3. This leads to the energy equality

1

2

d

dt

Z
j� j2 D �

2X
mD1

Z
vmEjm�i@j�i �

Z
.v3 �  t /Ej3�i@j�i C

Z
�kEmk@mvi�i

D
1

2

2X
mD1

Z �
@j .vmEjm/C @j .v3 �  t /

�
j� j2 C

Z
�kEmk@mvi�i ;

(3.35)

where the boundary terms vanish since

2X
mD1

vmE3m C .v3 �  t /E33 D 0 on @�:

From (3.35) and �.0/ D 0 in �, we obtain � D � in �, and thus (3.34) holds.
Lastly, we proceed to prove Theorem 2.1 and close our a priori estimates.
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Proof of Theorem 2.1. To establish the a priori estimates and recover the full regularity of
the velocity v, we employ the div-curl estimate from [4], which provides control of the
full Sobolev norm of the velocity given information on the divergence, curl, and the trace
of the normal component of the velocity. In particular,

kvkH3:5 . k curl vkH2:5 C k div vkH2:5 C kv �N kH3.�0[�1/ C kvkL2 : (3.36)

We will use (3.34) above to control the curl and the plate-Euler tangential estimates in
(3.16) from Section 3 in order to control the normal component of the velocity at the
boundary via the kinematic boundary condition (2.3). Finally, for the divergence, we uti-
lize the variable divergence-free condition.

For the curl of the velocity, we write

k curl vkH2:5 .
X
i

k"ijkEmj @mvkkH2:5 C

X
i

k"ijk@mvk.Emj � ımj /kH2:5

. k�kH2:5 C "kvkH3:5 ;

from where we estimate by (3.33) and (3.34),

k curl vkH2:5

. k�.0/kH2:5 C "kvkH3:5 C

Z t

0

P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//X
1=2 ds: (3.37)

To treat the divergence, we use the divergence-free condition to obtain

k div vkH2:5 D k.Eki � ıki /@kvikH2:5 . "kvkH3:5 ; (3.38)

while for the bottom boundary term, we have v3j�0 D 0. Employing (2.14) on �1, we get

kv3kH3 . "kwkH5.�1/kvkH3:5 C "kvkH3:5 C kwtkH3.�1/; (3.39)

where " 2 .0; 1� is arbitrary. Next, we bound the second term on the right side of (3.16) as

kvk
2=7

L2
kvk

12=7

H3:5 � "1kvk
2
H3:5 C C"1kvk

2
L2
� "1kvk

2
H3:5 C C"1kv0k

2
L2
C C"1

Z t

0

@tkvk
2
L2

� "1kvk
2
H3:5 C C"1kv0k

2
L2
C C"1

Z t

0

kvkL2kvtkL2

� "1kvk
2
H3:5 C C"1kv0k

2
L2

C C"1

Z t

0

P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//X ds; (3.40)

where "1 2 .0; 1� is a small constant to be determined; the last inequality is obtained by
using (2.12) to bound

kvtkH1 . kvkH3:5kEkH3krvkH1 C .kvkH3:5 C k tkH3/krvkH1 C kEkH2kqkH2

� P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//:
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By (3.16) and (3.40), we have

hkD3wtk
2
L2
C

4��h3

24.�C 2�/
kD3@˛˛wk

2
L2
C
4�h3

24

2X
˛;ˇD1

kD3@˛ˇwk
2
L2

� kD3wt .0/k C "1kvk
2
H3:5 C C"1kv0k

2
L2

C C"1

Z t

0

P.kwkH5 ; kwtkH3 ; kqkH2:5/X ds; (3.41)

with the implicit constants again independent of �. Using (3.37), (3.38), and (3.39) in
(3.36) and fixing a sufficiently small " so that "kvkH3 can be absorbed, we conclude that

kvk2
H3:5 . k�.0/k2

H2:5 C kwtk
2
H3.�1/

C "2kwk2
H5.�1/

kvk2
H3:5

C

Z t

0

P.kvkH3:5 ; kwkH5.�1/; kwtkH3.�1//X ds: (3.42)

Multiplying (3.42) with a small constant "0 2 .0; 1� and adding the resulting inequality to
(3.41), we obtain

"0kvk
2
H3:5 C hkD

3wtk
2
L2
C

4��h3

24.�C 2�/
kD3@˛˛wk

2
L2
C
4�h3

24

2X
˛;ˇD1

kD3@˛ˇwk
2
L2

. kD3wt .0/kL2.�1/ C "1kvk
2
H3:5 C C"1kv0k

2
L2
C "0kv.0/k

2
H3:5 C "0kwtk

2
H3.�1/

C "0"
2
kwk2

H5.�1/
kvk2

H3:5 C C"1

Z t

0

P.kwkH5.�1/; kwtkH3.�1/; kqkH2:5/X ds:

Applying (2.17) and using the Poincaré inequality, we then get

"0kvk
2
H3:5 C hkwtk

2
H3.�1/

C
��h3

C.�C 2�/
kwk2

H5.�1/
C
�h3

C
kwk2

H5.�1/

. kD3wt .0/kL2.�1/ C "1kvk
2
H3:5 C C"1kv0k

2
L2
C "0kv.0/k

2
H3:5 C "0kwtk

2
H3.�1/

C "0"
2
kwk2

H5.�1/
kvk2

H3:5 C C"1

Z t

0

P.kwkH5.�1/; kwtkH3.�1/; kqkH2:5/X ds:

(3.43)

First, we let "0 be sufficiently small to absorb the fifth term on the right-hand side into the
second term on the left-hand side. Then, we choose " sufficiently small to absorb the sixth
term on the right-hand side into the first and the fourth term on the left-hand side. Lastly,
we choose "1 sufficiently small to absorb the second term on the right-hand side to bound

"0kvk
2
H3:5 C hkwtk

2
H3.�1/

C
��h3

C.�C 2�/
kwk2

H5.�1/
C
�h3

C
kwk2

H5.�1/

. kwt .0/k2H3.�1/
C kv.0/k2

H3:5 C

Z t

0

P.kwkH5.�1/; kwtkH3.�1//X ds; (3.44)
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where we also used (3.17). Combining (3.33) and (3.44), we get

"0kvk
2
H3:5 C hkwtk

2
H3 C

��h3

C.�C 2�/
kwk2

H5.�1/
C
�h3

C
C kwk2

H5.�1/
CX

. kwt .0/k2H3 C kv.0/k
2
H3:5 CX.0/C

Z t

0

P.kwkH5.�1/; kwtkH3.�1/; X/ ds:

Applying a Grönwall argument on (3.33) and (3.44) (see [3]), we obtain an estimate

kvkH3:5 C kwkH5.�1/ C kwtkH3.�1/ CX
1=2 . M

on Œ0; T0�, where T0 depends on the size of initial data, and the proof of the theorem is
concluded.

Remark 3.6. We can generalize the estimate (3.44) to fractional Sobolev spaces. A brief
outline of the argument is provided here. Testing (2.2) with ƒ2.2Cı/wt , with ı 2 .0; 1:5�,
we obtain

h.ƒ2Cıwt t ; ƒ
2Cıwt /C .LKw;ƒ

2.2Cı/wt / D .q;ƒ
2.2Cı/wt /: (3.45)

We now take a closer look at the term .LKw;ƒ
2.2Cı/wt /. Using (2.19) and (2.22), we

write

.LKw;ƒ
2.2Cı/wt / D

h

2

Z
�1

a˛ˇ��G˛ˇ .w/.G
0.w/ƒ2.2Cı/wt /��

C
h3

24

Z
�1

a˛ˇ��R˛ˇ .w/.R
0.w/ƒ2.2Cı/wt /��

DM1 CM2: (3.46)

We now bound each term on the right-hand side. For the first term, we have

M1 D
a˛ˇ��h

2

Z
�1

@˛w@ˇw.@�ƒ
2.2Cı/wt /@�w

C
a˛ˇ��h

2

Z
�1

@˛w@ˇw@�w@�ƒ
2.2Cı/wt

. h

Z
�1

ˇ̌
ƒ2Cı

�
@2˛�w@ˇw@�w

�ˇ̌ˇ̌
ƒ2Cıwt

ˇ̌
. h

Z
�1

ˇ̌
ƒ2Cı

�
@2˛�w@ˇw@�w

�
�
�
ƒ2Cı@2˛�w

�
@ˇw@�w

ˇ̌ˇ̌
ƒ2Cıwt

ˇ̌
C h

Z
�1

ˇ̌�
ƒ2Cı@2˛�w

�
@ˇw@�w

ˇ̌ˇ̌
ƒ2Cıwt

ˇ̌
;
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from where, using the Kato–Ponce inequality to estimate the commutator terms,

M1 . hkƒ2Cı.@ˇw@�w/kL2.�1/kwkH4Cı .�1/
kwtkH2Cı .�1/

C P.kwkH4Cı .�1/
; kwtkH2Cı .�1/

/

. hkƒ2Cı.@ˇw@�w/ � .ƒ
2Cı@ˇw/@�wkL2.�1/kwkH4Cı .�1/

kwtkH2Cı .�1/

C hk.ƒ2Cı@ˇw/@�wkL2.�1/kwkH4Cı .�1/
kwtkH2Cı .�1/

C P.kwkH4Cı .�1/
; kwtkH2Cı .�1/

/

� P.kwkH4Cı .�1/
; kwtkH2Cı .�1/

/: (3.47)

For M2, we may proceed exactly as in (3.8), replacing �@2 with ƒ2.2Cı/ to obtain

M2 D
1

2

d

dt

�
4��h3

24.�C 2�/
kƒ2Cı@˛˛wk

2
L2.�1/

C
4�h3

24

2X
˛;ˇD1

kƒ2Cı@˛ˇwk
2
L2.�1/

�
:

(3.48)
Inserting (3.46), (3.47), and (3.48) into (3.45), we get

1

2

d

dt

�
hkƒ2Cıwtk

2
L2.�1/

C
4��h3

24.�C 2�/
kƒ2Cı@˛˛wk

2
L2.�1/

C
4�h3

24

2X
˛;ˇD1

kƒ2Cı@˛ˇwk
2
L2.�1/

�
� .ƒ2.2Cı/q;wt /C P.kwkH4Cı .�1/

; kwtkH2Cı .�1/
/;

which is analogous to the equation (3.17) in [19]. Proceeding exactly as in [19] from this
point on, we obtain

kvkH2:5Cı C kwkH4Cı .�1/
C kwtkH2Cı .�1/

CX1=2 . M

on Œ0; T0�, where

X D

Z
�0

jƒ1:5Cı3 � j2

and �0 D T2 �R.

4. Estimates with normalized curvature tensor

In this section, we consider the normalized version of the tensor R that was defined in
Section 2.3 and is given by

R˛ˇ D
1

ja1.w/ � a2.w/j
@˛aˇ .w/ � n.w/ � @˛aˇ � n; (4.1)

and this in fact is the actual change in the second fundamental form.
We now state a priori estimates for the plate with the exact change in the curvature

tensor.
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Lemma 4.1. Under the assumptions of Theorem 2.1 and with R˛ˇ defined in (4.1), we
have

hkD3wtk
2
L2.�1/

C
��h3

6.�C 2�/
kD3@˛˛wk

2
L2.�1/

C
�h3

6

2X
˛;ˇD1

kD3@˛ˇwk
2
L2.�1/

C �kD4wtk
2
L2.�1/

. kD3wt .0/kL2.�1/ C kvk
2=7

L2
kvk

12=7

H3:5 C

Z t

0

P.kwkH5.�1/; kwtkH3.�1/; kqkH2:5/:

Proof. For our geometry,

R˛ˇ D
1

ja1.w/ � a2.w/j
@˛aˇ .w/ � n.w/ � @˛aˇ � n D

@2
˛ˇ
wp

1C .@1w/2 C .@2w/2
:

The action of the Fréchet derivative of R is given by

.R0.w/�/˛ˇ D

�
lim
h!0

R.w C h�/ �R.w/

h

�
˛ˇ

D �
@1w@1� C @2w@2�

.1C .@1w/2 C .@2w/2/3=2
@2˛ˇw C

@2
˛ˇ
�p

1C .@1w/2 C .@2w/2
: (4.2)

Let ; 1; 2 2 N2
0 be such that j1j D 1, j2j D 2, and j j D 3, with @ D @1@2 . This

then leads to the following modifications to (3.8):

�
h3a˛ˇ��

24

Z
�1

R˛ˇ .w/
�
R0.w/@2wt

�
��

D
h3a˛ˇ��

24

Z
�1

@1w@1@
2wt C @2w@2@

2wt

.1C .@1w/2 C .@2w/2/2
@2˛ˇw@

2
��w

�
h3a˛ˇ��

24

Z
�1

@2
˛ˇ
w@2��@

2wt

1C .@1w/2 C .@2w/2

D I1 C I2: (4.3)

We now individually handle the two terms on the right-hand side of (4.3). For the first
term on the right-hand side, we have

I1 D
h3a˛ˇ��

24

Z
�1

@1w@1@
2wt C @2w@2@

2wt

.1C .@1w/2 C .@2w/2/2
@2˛ˇw@

2
��w

�
h3

24
kD2wk2L1.�1/

Z
�1

.jD4@1wjjD
2@1wt j C jD

4@2wjjD
2@2wt j/

. h3kD5wk2
L2.�1/

kD3wtkL2.�1/; (4.4)
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while the second term on the right-hand side of (4.3) may be rewritten as

I2 D
h3a˛ˇ��

24

Z
�1

@2
˛ˇ
@w@2��@

wt

1C .@1w/2 C .@2w/2

C
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
2w@2��D

3wt@
1.1C .@1w/

2
C .@2w/

2/�1

C
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
1w@2��@

wt@
2.1C .@1w/

2
C .@2w/

2/�1

C
h3a˛ˇ��

24

Z
�1

@2˛ˇw@
2
��@

wt@
 .1C .@1w/

2
C .@2w/

2/�1

D I21 C I22 C I23 C I24: (4.5)

We now bound the last three terms on the right-hand side of (4.5). Let @2 D @3@4 , with
j3j D j4j D 1. For the second term, we integrate by parts multiple times to obtain

I22 D
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
2w@2��D

3wt@
1.1C .@1w/

2
C .@2w/

2/�1

D �
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
3w@2��@

4@wt@
1.1C .@1w/

2
C .@2w/

2/�1

�
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
3w@2��@

wt@
4@1.1C .@1w/

2
C .@2w/

2/�1

. k@2DwkL1.�1/k@
2DwtkL2.�1/kD

4.1C .@1w/
2
C .@2w/

2/�1kL2.�1/

� P.kD5wkL2.�1/; kD
3wtkL2.�1//:

The third term on the right-hand side of (4.5) may be bounded using integrating by parts
as

I23 D
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
1w@2��@

wt@
2.1C .@1w/

2
C .@2w/

2/�1

. k@2˛ˇDwkL1.�1/k@
2
��DwtkL2.�1/kD

4.1C .@1w/
2
C .@2w/

2/�1kL2.�1/

� P.kD5wkL2.�1/; kD
3wtkL2.�1//:

Lastly, for the fourth term, integrating by parts again multiple times, we get

I24 D
h3a˛ˇ��

24

Z
�1

@2˛ˇw@
2
��@

wt@
 .1C .@1w/

2
C .@2w/

2/�1

D �
h3a˛ˇ��

24

Z
�1

@2˛ˇw@
2
��@

1@wt@
2.1C .@1w/

2
C .@2w/

2/�1

�
h3a˛ˇ��

24

Z
�1

@2˛ˇ@
1w@2��@

wt@
2.1C .@1w/

2
C .@2w/

2/�1

. k@2˛ˇD
3wkL2.�1/k@

2
��DwtkL2.�1/kD

2.1C .@1w/
2
C .@2w/

2/�1kL1.�1/

� P.kD5wkL2.�1/; kD
3wtkL2.�1//:
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We rewrite the first term on the right-hand side of (4.5) as

I21 D
h3a˛ˇ��

24

Z
�1

@2
˛ˇ
@w@2��@

wt

1C .@1w/2 C .@2w/2

D
h3��

6.�C 2�/

Z
�1

@2˛˛@
w@2��@

wt

1C .@1w/2 C .@2w/2
C
�h3

6

Z
�1

@2
˛ˇ
@w@2

˛ˇ
@wt

1C .@1w/2 C .@2w/2

D
h3��

12.�C 2�/

d

dt

Z
�1

.@2˛˛@
w/2

1C .@1w/2 C .@2w/2
C
�h3

12

d

dt

Z
�1

.@2
˛ˇ
@w/2

1C .@1w/2 C .@2w/2

C
h3��

6.�C 2�/

Z
�1

.@2˛˛@
w/2.@1w@1wt C @2w@2wt /

.1C .@1w/2 C .@2w/2/2

C
�h3

6

Z
�1

.@2
˛ˇ
@w/2.@1w@1wt C @2w@2wt /

.1C .@1w/2 C .@2w/2/2

D I211 C I212 C I213 C I214:

The terms I211 and I212 are coercive. The last two terms on the right-hand side are
bounded as

I213 C I214 D
h3��

6.�C 2�/

Z
�1

.@2˛˛@
w/2.@1w@1wt C @2w@2wt /

.1C .@1w/2 C .@2w/2/2

C
�h3

6

Z
�1

.@2
˛ˇ
@w/2.@1w@1wt C @2w@2wt /

.1C .@1w/2 C .@2w/2/2

�

�
h3��

6.�C 2�/
k@2˛˛@

wkL2.�1/ C
�h3

6
k@2˛ˇ@

wkL2.�1/

�
� k@1w@1wt C @2w@2wtkL1.�1/

� P.kwkH5.�1/; kwtkH3.�1//: (4.6)

We can now obtain a priori estimates for the plate by inserting (3.6), (3.7), (4.3), (4.4),
(4.5)–(4.6) into (3.5), giving

1

2

d

dt

�
hkD3wtk

2
L2.�1/

C
��h3

6.�C 2�/

D3@˛˛w

jn.w/j


L2.�1/

C
�h3

6

D3@˛ˇw

jn.w/j

2
L2.�1/

�
C �kD4wtk

2
L2.�1/

� �.D6q;wt /L2.�1/ C P.kwkH5.�1/; kwtkH3.�1//; (4.7)

where jn.w/j D
p
1C .@1w/2 C .@2w/2 is the Euclidean norm of the dynamic normal.

Integrating (4.7) in time and repeating the steps in Section 3.1 to eliminate the higher-order
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term containing pressure (details in [19, Lemma 3.2]), we get

hkD3wtk
2
L2.�1/

C
��h3

6.�C 2�/

D3@˛˛w

jn.w/j


L2.�1/

C
�h3

6

D3@˛ˇw

jn.w/j

2
L2.�1/

. kwt .0/k2H3.�1/
C kvk

2=7

L2
kvk

12=7

H3:5.�1/
C

Z t

0

P.kwkH5.�1/; kwtkH3 ; kqkH2:5.�1//:

(4.8)

Now, using (2.9), (2.4), and (3.1), we may write

jn.w/j . 1C krwkL1.�1/ . 1C kwkH3.�1/ . 1C k kH3:5 . 1: (4.9)

Combining (4.8) and (4.9), we obtain the statement of the lemma.

Remark 4.2. Note that the a priori plate estimates for the exact curvature tensor in (4.8)
are exactly the same as the one obtained in (3.16). Hence, Theorem 2.1 holds for the exact
curvature tensor case as well.

5. Construction of solutions

To construct solutions, we employ a fixed point technique to solve the Euler equation
(2.12) with given variable coefficient matrix E and given non-homogeneous boundary
data wt in the boundary condition (2.14).

5.1. Euler equations with given coefficients and non-homogeneous boundary data

Let T > 0. Suppose v0 2 H 3:5.�/, and assume that Qw is a given function on Œ0; T � � �1
such that the following assumptions hold.

Assumption 1. (1) The function Qw and its time derivatives satisfy

@
j
t Qw 2 L

1.Œ0; T �IH 5�2j .�1//; j D 0; 1; 2:

(2) At the time t D 0, we have Qw D 0.
(3) The time derivative Qwt satisfies the zero mean condition

R
�1
Qwt D 0.

(4) The divergence-free condition div v0 D 0 holds.
(5) The impermeability condition .v0/3j�0 D 0 holds.
(6) The compatibility condition Qwt .0; �/ D .v0/3j�1 holds.

Next, let z be the harmonic extension of 1C Qw to the domain �, i.e.,

� z D 0 on �;

z .x1; x2; 1; t/ D 1C Qw.x1; x2; t / on �1 � Œ0; T �;

z .x1; x2; 0; t/ D 0 on �0 � Œ0; T �: (5.1)
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By the above assumptions, it follows that

 .0; x/ D x3; zE.0/ D I; r@t z 2 C
1.Œ0; T �IC 1.�//:

Furthermore, we assume the following.

Assumption 2. For all t 2 Œ0; T �, there exists a constant c > 0 such that @3 z � c.

The last assumption can be realized by choosing T sufficiently small given that @3 z D
1 at t D 0.

We consider the system of equations

@tvi C v1 zEj1@j vi C v2 zEj2@j vi C .v3 �  t / zE33@3vi C zEki@kq D 0;

zEki@kvi D 0; (5.2)

with the boundary conditions described below.
Here, zE is defined as the inverse of the matrix r Q�, where Q� D .x1; x2; z /, and conse-

quently,

r Q� D

0B@ 1 0 0

0 1 0

�
@1 z 

@3 z 
�
@2 z 

@3 z 

1

@3 z 

1CA :
By our assumptions, it follows that the matrix r Q� is non-singular on Œ0; T � with a well-
defined inverse zE, i.e., @3 z ¤ 0. Thus, the matrix zE. Qw/ depends on the given data Qw and
has the explicit expression

zE D

0B@ 1 0 0

0 1 0

�
@1 z 

@3 z 
�
@2 z 

@3 z 

1

@3 z 

1CA : (5.3)

We again denote by zF the corresponding cofactor matrix of zE, or explicitly

zF D .@3 z / Qa D

0B@ @3 z 0 0

0 @3 z 0

�@1 z �@2 z 1

1CA ;
which again satisfies the Piola identity (2.10). Moreover, we impose the following assump-
tion.

Assumption 3. We have

k zE � IkL1.Œ0;T �IH4:5.�// � "

and
k zF � IkL1.Œ0;T �IH4:5.�// � "

for some " > 0 sufficiently small.
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On the bottom rigid boundary, we assume the usual impermeability condition

v3 D 0 on �0; (5.4)

while on the top we prescribe

zF3ivi D Qwt on �1: (5.5)

Note that we have the estimate

k zEkL1.Œ0;T �IH s�1=2.�// � k QwkL1.Œ0;T �IH s.�1//

for t 2 Œ0; T � and s > 1=2.
We now invoke the following theorem pertaining to the above Euler system with given

coefficients, the proof of which can be found in [19].

Theorem 5.1. Assume that v0 2 H 3:5 and that Qw is given satisfying Assumptions 1, and
z defined in (5.1), while the matrix E is defined by (5.3) and satisfying Assumptions 2
and 3 on an interval Œ0; T �. Then, there exists a local-in-time solution .v; q/ to the system
(5.2) with the boundary conditions (5.4) and (5.5) such that

v 2 L1.Œ0; T0�IH
3:5.�//;

vt 2 L
1.Œ0; T0�IH

1:5.�//;

q 2 L1.Œ0; T0�IH
2:5.�//

for a time T0 2 .0;T � depending on the initial data. The solution is unique up to an additive
function of time for the pressure q. Moreover, the solution .v; q/ satisfies the estimate

kv.t/kH3:5 C krq.t/kH1:5 � kv0kH3:5 C

Z t

0

P.k Qw.s/kH5.�1/; k Qwt .s/kH3.�1//ds

for t 2 Œ0; T0/.

5.2. Local existence theorem for the plate equation

For a given forcing and with periodic boundary conditions on R2, we invoke the following
existence theorem.

Theorem 5.2. Let T > 0 and � > 0. Given w.0; �/ D 0, wt .0; �/ 2 H 3.�1/, and q 2
L2.Œ0; T �IH 2.�1// such that

R
�1
q D 0, for the time T0 such that

T �10 D P

�
kwt .0; �/kH3.�1/; �

�1

Z T

0

kqk2
H2.�1/

ds

�
; (5.6)

where P is a polynomial, there exists a unique solution .w;wt / to the equation

hwt t C LKw � ��wt D q on �1 � Œ0; T0�;
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with periodic boundary conditions, such that

.w;wt / 2 L
1.Œ0; T0�IH

5.�1/ �H
3.�1//;

and, for every t 2 Œ0; T0�,

kw.t/k2
H5.�1/

C kwt .t/k
2
H3.�1/

C �

Z t

0

kwt .s/k
2
H4.�1/

ds . kw1k2H3.�1/
: (5.7)

Moreover,
R
�1
wt D 0 for all t 2 Œ0; T0�.

Proof of Theorem 5.2. First, we apply a formal Grönwall argument, which we then justify
using the Galerkin method. Applying the Cauchy–Schwarz inequality and

R t
0
wD

R t
0
wt D

0 on (3.9), we obtain

h

C
kwtk

2
H3.�1/

C
��h3

C.�C 2�/
kwk2

H5.�1/
C
�h3

C
kwk2

H5.�1/
C �

Z t

0

kwtk
2
H4.�1/

. kw1k2H3.�1/
C
1

�

Z t

0

kD2qk2
L2
C P

�
kwkH5.�1/; kwtkH3.�1/

�
(5.8)

for all t , where P is twice the polynomial in (3.9). Recalling that w.0/ D 0, we deduce

sup
0�t�T

kwk2
H5.�1/

C sup
0�t�T

kwtk
2
H3.�1/

.kw1k2H3.�1/
C
1

�

Z T

0

kD2qk2
L2.�1/

; t 2 Œ0; T �;

(5.9)
where T D 1=P.kw1kH3/ and P is a polynomial, which depends on the polynomial
in (5.8).

The proof of the theorem uses the Galerkin method. Here, we outline the key steps of
the proof. Moreover, we focus on the more challenging case of the operator LK defined
in Section 4; the proof for the simpler case of the operator LK defined in Section 2.3 can
be derived analogously.

First, we apply the Galerkin approximation to construct the approximate solution wn.
By integrating (2.15) over �1 and using (2.22), (2.19), and (4.2), we have

0 D

Z
�1

wnt D
d

dt

Z
�1

wn:

Thus, the Poincaré inequality holds for the Galerkin approximations. Proceeding as in the
proof of Lemma 4.1, we establish that the inequality (5.8) holds for the Galerkin approxi-
mations. By applying Grönwall’s inequality, as above, we deduce that there exists T0 > 0
as in the statement such that estimate (5.7) holds uniformly for the Galerkin approxima-
tionswn. Given that we have established higher-order estimates, we can invoke the Lions–
Aubin lemma to obtain the appropriate strong convergence properties of the sequence wn

and deduce that the limit satisfies the plate equation and the estimate (5.9).
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5.3. Local existence of solutions to the coupled system via a fixed point

We now prove the following result on existence of a local-in-time solution to the regular-
ized (damped system with � > 0) via a fixed point argument.

Theorem 5.3. Let � > 0. Given initial data v0 2 H 3:5.�/, w0 D 0, and w1 2 H 3.�1/

satisfying Assumption 1 (4) and (6), and
R
�1
w1 D 0, there exists a local-in-time solution

.v; q; w;wt / to the system (2.12), (2.15), (2.13), and (2.14) such that

v 2 L1.Œ0; T 0�IH 3:5.�// \ C.Œ0; T 0�IH 1:5.�//;

vt 2 L
1.Œ0; T 0�IH 1:5.�//;

q 2 L1.Œ0; T 0�IH 2:5.�//;

.w;wt / 2 L
1.Œ0; T 0�IH 5.�1/ �H

3.�1//

for some time T 0 > 0, depending on the initial data and �.

Proof of Theorem. We construct a solution to the above system using the iteration scheme
with .v.nC1/; q.nC1// solving the system

@tv
.nC1/
i C v

.nC1/
1 E

.n/
j1 @j v

.nC1/
i C v

.nC1/
2 E

.n/
j2 @j v

.nC1/
i

C .v
.nC1/
3 �  

.n/
t /E

.n/
33 @3v

.nC1/
i CE

.n/

ki
@kq

.nC1/
D 0;

E
.n/

ki
@kv

.nC1/
i D 0; i; j; k D 1; 2; 3; (5.10)

with the boundary conditions

v.nC1/ D 0 on �0;

zF
.n/
3i v

.nC1/
i D w

.n/
t on �1; i D 1; 2; 3;

given .w.n/; w.n/t /; the matrix E.n/ is determined from the harmonic extension  .n/ of
1C w.n/ satisfying

� .n/ D 0 on �;

 .n/.x1; x2; 1; t/ D 1C w
.n/.x1; x2; t / on �1;

 .n/.x1; x2; 0; t/ D 0 on �0;

by the expression

E.n/ D

0B@ 1 0 0

0 1 0

�
@1 

.n/

@3 .n/
�
@2 

.n/

@3 .n/
1

@3 .n/

1CA ;
and F .n/ is the corresponding cofactor matrix. On the other hand, given q.nC1/, the iterate
w.nC1/ is determined from the plate equation

w
.nC1/
t t C�2w.nC1/ � ��2w

.nC1/
t D q.nC1/ on �1 � Œ0; T �: (5.11)
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Now, assume that w.n/ D Qw satisfies

2X
jD0

k@
j
t w

.n/
kH5�2j . M D 2C.kw1kH3.�1/ C kv0kH3:5/;

along with Assumption 1, and suppose that the matrix E.n/ D zE is defined as in (3.30)
under Assumptions 2 and 3. Then, by Theorem 5.1, there exists a solution .v.nC1/; q.nC1//
to the system (5.10), which satisfies the inequality

kv.nC1/.t/kH3:5 C krq.nC1/.t/kH1:5

. kv0kH3:5 C

Z t

0

P.kw.n/.s/kH5.�1/; kw
.n/
t .s/kH3.�1// ds

. kv0kH3:5 C

Z t

0

P.M/ds (5.12)

on a time interval Œ0; T1�, where T1 depends only on M , and with q determined up to a
constant. We may then apply Theorem 5.2 to solve (5.11) given q.nC1/ after adjusting it
by a constant so that

R
�1
q.nC1/ D 0. We obtain the solution .w.nC1/; w.nC1/t / satisfying

the estimate

2X
jD0

k@
j
t w

.nC1/.t/kH5�2j .�1/ C �

�Z t

0

kw
.nC1/
t .s/k2

H4.�1/
ds

�1=2
. kw1kH3.�1/

(5.13)
on Œ0; T2�. Here, T2 depends on M , �, and the pressure. Next, using the Poincaré inequal-
ity, followed by the trace inequality, we see thatZ T0

0

kq.nC1/k2
H2.�1/

ds .
2X
iD1

Z T0

0

k@xi q
.nC1/

k
2
H1.�1/

ds .
Z T0

0

krq.nC1/k2
H1:5 ds:

(5.14)
Combining (5.6), (5.12), and (5.14), we see that T2 depends only on � and M . Let

T0 D min¹T1; T2º:

Adding (5.13) to (5.12), we obtain for t 2 Œ0; T0�

kv.nC1/.t/kH3:5 C krq.nC1/.t/kH1:5 C

2X
jD0

k@
j
t w

.nC1/.t/kH5�j .�1/

. kv0kH3:5 C kw1kH3.�1/ C T0P.M/:

Readjusting T0 to T 0 so that

T 0 D min
° M

2CP.M/
; T0

±
;
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we conclude

kv.nC1/.t/kH3:5 C kq.nC1/.t/kH2:5 C

2X
jD0

k@
j
t w

.nC1/.t/kH5�j .�1/

. kw1kH3.�1/ C kv0kH3:5 C T 0P.M/ . M

for t 2 Œ0; T 0�. This ensures that the solution at every step of the iteration belongs to a ball
of fixed radius M and that the iterates are well defined on a uniform interval Œ0; T 0� with
T 0 depending on M and � only. In other words, the solution map from the nth element
of the sequence to the next, and the mapping takes the ball of radius M in the space
L1.Œ0; T 0�IH 3:5.�/ �H 2:5.�// into itself.

To apply the Banach fixed point theorem, we also need to establish that the solution
map is contractive. This is obtained by considering the difference of two consecutive solu-
tions which we define by

.V .nC1/;Q.nC1/; Z.nC1/; ‚.nC1/; ‰nC1; W .nC1/; G.nC1//

D

�
v.nC1/ � v.n/; q.nC1/ � q.n/; �.nC1/ � �.n/;

� .nC1/ � � .n/;  .nC1/ �  .n/; w.nC1/ � w.n/; E.nC1/ �E.n/
�
:

Observe that the difference of vorticities satisfies the equation obtained by subtracting the
two vorticity equations of the form (3.32) satisfied by � .nC1/ and � .n/ and which reads

@t‚
.nC1/
i C V

.nC1/

k
E
.n/

jk
@j �

.nC1/
i C v

.n/

k
G
.n/

jk
@j �

.nC1/
i C v

.n/

k
E
.n�1/

jk
@j‚

.nC1/
i

�‰
.n/
t E

.n/
33 @3�

.nC1/
i �  

.n�1/
t G

.n/
33 @3�

.nC1/
i �  

.n�1/
t E

.n�1/
33 @3‚

.nC1/
i

�‚
.nC1/

k
E
.n/

jk
@j v

.nC1/
i � �

.n/

k
G
.n/

jk
@j v

.nC1/
i � �

.n/

k
E
.n�1/

jk
@jV

.nC1/
i D 0 in �:

The estimates are performed in the lower topology on solutions to this system, and we
obtain the inequality

kV .nC1/kH2:5 � P.M/
�
kW .n/

kH4.�1/ C kW
.n/
t kH2.�1/

�
: (5.15)

For the pressure term Q.nC1/, we utilize that it solves an elliptic boundary value problem
with the Neumann type boundary conditions, and we have the elliptic estimate

krQ.nC1/
kH1:5 . kV .nC1/kH2:5 C kW

.n/
t t kL2.�1/ C kW

.n/
t kH2.�1/ C kW

.n/
kH4.�1/;

(5.16)
where the constant depends on M . The full norm of Q can then be recovered after an
adjustment by an appropriate constant via a Poincaré type inequality

kQ.nC1/
kL2 . krQ.nC1/

kL2

so that krQ.nC1/kH1:5 can be replaced by kQ.nC1/kH2:5 in (5.16).
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The energy estimate for the plate equation yields

kW .nC1/.t/k2
H4.�1/

C kW
.nC1/
t .t/k2

H2.�1/
C kW

.nC1/
t t .t/k2

L2.�1/

C �

Z t

0

kW
.nC1/
t .s/k2

H3.�1/
ds .

Z t

0

kQ.nC1/.s/k2
H1.�1/

ds

.
Z t

0

kQ.nC1/.s/k2
H1:5.�/

ds . T 0kQ.nC1/
k
2
L1.Œ0;T �IH1:5.�//

(5.17)

for t 2 Œ0; T 0�. Using (5.15) in (5.16) and then (5.16) in (5.17), we get

2X
jD0

k@
j
tW

.nC1/.t/k2
L1H4�2j ..0;T 0/��1/

C �kW
.nC1/
t k

2
L2H3..0;T 0/��1/

. T 0P.M/

2X
jD0

k@
j
tW

.n/.t/k2
L1H4�2j ..0;T 0/��1/

:

Letting T 0 be sufficiently small, we obtain the contractive property for W n. Similarly,
multiplying (5.16) by a small constant and adding to (5.15), we obtain an analogous esti-
mate for V nC1 and Q.nC1/ from which the contraction property is established once again
by taking T 0 sufficiently small. By the Banach fixed point theorem, there exists a solution
.v; q; w/ 2 L1.Œ0; T 0�IH 3:5.�/ �H 2:5.�// � L1.Œ0; T 0/IH 5.�1// to the system on a
time interval T 0 > 0 depending on M and � > 0 and the solution is unique in the ball of
radius M .

5.4. Passage to the limit as � ! 0

To obtain solutions for the system without damping (� D 0), we utilize the a priori esti-
mates which are independent of the parameter � > 0. In particular, applying the a priori
estimates to the constructed solution .v.m/; q.m/; w.m// given �m D 1

m
, we can derive

uniform bounds on the solution, under which we can then obtain appropriate weakly and
weakly-* convergent sequences allowing us to pass to the limit as m!1 in the system
and then finally obtain solutions of the system for � D 0. We omit further details since
they involve standard methods, which are similar to the scheme in [19]. We can therefore
extend the local existence Theorem 5.3 to the system when � D 0.
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