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Inviscid fluid interacting with a nonlinear
two-dimensional plate

Abhishek Balakrishna, Igor Kukavica, Boris Muha, and Amjad Tuffaha

Abstract. We address a moving boundary problem that consists of a system of equations mod-
eling an inviscid fluid interacting with a two-dimensional nonlinear Koiter plate at the boundary.
We derive a priori estimates needed to prove the local-in-time existence of solutions. We use the
Arbitrary Lagrange Euler (ALE) coordinates to fix the domain and obtain careful estimates for
the nonlinear Koiter plate, ALE velocity, and pressure without any viscoelastic smoothing. For
the nonlinear Koiter plate, higher order energy estimates are obtained, whereas estimates for the
ALE pressure are obtained by setting up an elliptic problem. For the ALE velocity, the bounds are
obtained through div-curl estimates by estimating the ALE vorticity. We then extend our results in
two directions: (1) to include fractional Sobolev spaces and (2) to incorporate the normalized second
fundamental form.

1. Introduction

In this paper, we consider the inviscid free boundary problem that couples the incom-
pressible Euler equation with the nonlinear Koiter plate. The system consists of a fluid
channel with a free elastic boundary on top, modeled by the scalar nonlinear Koiter plate
equation. The fluid motion is modeled by the incompressible Euler equations defined on
an evolving domain. The interaction between the elastic plate and the fluid flow is cap-
tured through two mechanisms. The first is the dynamic loading effect on the structure
described by the fluid pressure, and the second is the kinematic impermeability condi-
tion, which matches the normal velocities of the structure with the normal velocity of the
flow. The Koiter model, which is used to describe the moving interface, is a nonlinear
two-dimensional equation proposed by Koiter to describe the deformations of thin elastic
shells, and it was derived under two main assumptions. The first one is that points at the
normal to the mid-surface of the shell remain at the normal to the deformed mid-surface
after deformation has occurred, and the second is that stress forces within the shell are
tangential to the mid-surface. The non-linearity in the model reflects a significant cou-
pling of flexural-longitudinal effects due to large deformations. We consider the case of
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a nonlinear Koiter-type elastic plate, in which the reference configuration is assumed to be
flat. However, the analysis and the results can be extended to the general elastic shell case
(non-flat reference configurations). For a rigorous justification of the model, see, e.g., [10].

In this paper, our main result is the derivation of a priori estimates and the local in-time
existence of strong solutions to the model. The a priori estimates for the whole system
are obtained by combining higher-order energy estimates for the nonlinear Koiter plate
with pressure and vorticity estimates. It is important that the estimates are independent of
the viscoelastic damping imposed on the plate. Local-in-time solutions for the regularized
system (with plate viscoelastic damping v > 0) are constructed via a fixed point argument,
and solutions for the undamped system are then obtained using the a priori estimates as
the viscoelastic damping parameter v goes to zero.

The critical step in obtaining higher-order energy estimates for the nonlinear Koiter
plate involves calculating and estimating the elastic operator defined in (2.22). Addition-
ally, we use the incompressible Euler equation, with the boundary conditions, to set up an
elliptic equation for the pressure with Robin boundary data. Elliptic regularity then allows
us to establish the appropriate estimates for the pressure. Finally, velocity estimates are
obtained through div-curl type estimates.

The well-posedness of free boundary problems that couple lower-dimensional struc-
tures with viscous fluid has been an active area of research. Some of the first results along
these lines were obtained by Desjardins et al. [5, 11], who showed the existence of weak
solutions to a system coupling the Navier—Stokes equation (NSE) to a strongly damped
linear plate. Other existence results on weak solutions for models that couple the NSE
to lower-dimensional structures have been obtained in [12, 15,24,25,29]. The mentioned
results on the existence of weak solutions are valid until the possible self-intersection
of the domain. Results on strong solutions of two-dimensional fluid interacting with a
one-dimensional solid for large initial data have been obtained in [13, 14]. Additionally,
a three-dimensional fluid interacting with a three-dimensional elastic body with struc-
tural damping has been considered in [16, 17], establishing the global results for small
initial data. All the results mentioned above, except [29], are for linear structure equa-
tions. The theory for nonlinear structures is considerably less developed, with only a few
recent findings extending the theory of weak solutions to cases where the structure is
modeled as a nonlinear generalized standard material; see, e.g., [2]. Systems that model
the interaction of viscous flows with a linear and nonlinear Koiter plate have been stud-
ied in [6, 21-23,26-28]. On the other hand, inviscid flow-structure systems have been
examined in [1,7,8,30]. These models consider linearized potential flow coupled with a
nonlinear structure on a fixed domain. The Euler equations coupled with a fourth-order
linear plate have been addressed only recently in [18-20] for incompressible and com-
pressible cases, respectively.

The paper is organized as follows. In Section 2, we begin by describing the model
and reformulating the problem using ALE variables. We then state our main result in
Theorem 2.1, which provides a priori bounds for existence. The a priori estimates are
obtained independently of the viscoelastic damping parameter in the plate v > 0. While the
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construction scheme for the local-in-time solutions uses viscoelastic damping in an essen-
tial way, the a priori estimates allow for the construction of solutions for the undamped
system (v = 0). We end Section 2 with a description of the elastic operator Lg. In
Section 3, we individually estimate the plate, pressure, and fluid velocity to prove The-
orem 2.1.

2. Mathematical model and main results

2.1. Model

We consider a fluid-structure interaction model on an open domain () C R3, which
depends on time ¢ € [0, T], with T > 0 specified below. The fluid is modeled by the
incompressible 3D Euler equations

ur+u-Vu+Vp =0,
Vou=0 2.1)
in Q) x[0,T] = U,e[O’T] Q(t). For simplicity, we consider (0) = Q = T2 x [0, 1],
where T2 = R?/Z? is a two-dimensional torus. In other words, we consider the 1-periodic

boundary conditions in the horizontal directions. We denote the upper and lower parts of
the boundary of 22(0) as

Ip=T?x{0} and T;=T?x{l}.
On I'y, we impose the slip boundary condition
u-N =0.

The nonlinear Koiter plate is located along the top boundary, and the fluid domain is given
by
Q(t) = {(x1.x2,x3) : x3 < 1 + w(xy, x2,1)},

where w: I'; x [0, T] — R is the vertical displacement of the plate, which satisfies the
equation

hws + Lgw —vAW; = ply;=14w on Iy x[0,T], 2.2)
where i > 0 is the thickness of the nonlinear Koiter plate, which is considered fixed, Lx
is a nonlinear operator and is the L? gradient of the Koiter energy described in Section 2.3
and v > 0 is the damping parameter. Note that p is evaluated at (x1, x2, 1 + w(x1, X2,1)),
while w satisfies the initial condition

(w, wy)|r=0 = (0, wy),

/ w1 =0.
I

where
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Note that we are mainly interested in the case v = 0; however, the parameter v is needed in
the construction of solutions. This analysis applies with minimal changes to general initial
data w(0) € H? allowing for more general initial configuration of the interface. However,
we assume w(0) = 0 for simplicity.

We assume that the nonlinear plate evolves with the fluid and we thus have the velocity-
matching condition on the interface 'y ()

wy + u181w + u282w = us, (23)
where Iy (1) = {(x1,x2, 1 + w(xy,x2.1)) : (x1.x2) € T?}.

2.2. ALE change of variables

Denote by ¥: 2 — R the harmonic extension of 1 4+ w to the domain Q = (0), i.e.,

Ay =0 inQ, (2.4)
Y(x1,x2,1,8) =1+ w(x;,x2) onTy, (2.5)
¥(x1,x2,0,2) =0 on I[y. 2.6)

Next, we define n: 2 x [0, T] — Q(¢) as

n(x1,x2,x3,t) = (x1,x2, ¥ (x1,X2,x3,1)), (x1,x2,%x3) € Q, 2.7

which represents the ALE change of variables. Note that

1 0 0
Vi=|0 1 0
iy Oy O3y

Denote E = (Vn)~!, which is explicitly given by

1 1 0 0
E=—F= 0 1 o |, 2.38)
—01Y/03¢y  —02¥/03y  1/03¢
where
J =03y
and
ey 0 0
F = 0 sy 0 2.9)
-1y —dy 1

is the transpose of the cofactor matrix. Note that F satisfies the Piola identity

0;iF;; =0, j=12,3, (2.10)
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using [9, page 39] or a direct verification. Next, denote by

v(xr, x2,x3,8) = u(n(xr, x2,x3,2),¢) and q(x1,x2,x3,1) = p(n(x1,x2,x3,1),1),
(2.11)
the ALE velocity and pressure. With this change of variables, the system (2.1) becomes

1
0:v; + lejlajvi + sz,-zajvi + W(lb —Y)03v; + Ex;0kqg =0,
3
Eri0pv; =0 (2.12)

in Q x [0, T'], where we used E;30;v; = (1/93y)0d3v; fori = 1,2, 3. The initial condition
is given by
U’t=0 = V9.

On the other hand, the boundary condition on the bottom boundary reads
v3 =0 onTy, (2.13)
while the condition (2.3) may be rewritten as
F3v; = w;, only. (2.14)
The plate equation takes the form
hws + Lgw —vAwy, =g on T, (2.15)

where ¢ is asin (2.11). Asin [19, Section 4], we have

/61:0, t€[0,T], (2.16)
I

and then from (2.15), we get
/ w=0, tel0,T], (2.17)
I

assuming .. wy = 0.

With the ALE coordinates introduced, all the estimates from this point on are per-
formed, unless specified otherwise, on the fixed domain €2, with the top and bottom
boundaries I'; and Ty, respectively.

We now state the main result of our paper in the form of the following theorem that
summarizes our a priori estimates for the local in-time existence for the system (2.12)—
(2.15).

Theorem 2.1. Let v > 0. Assume that (v,q,w) is a C*°([0, To] x Q) solution to the initial
boundary value problem (2.12)—(2.16) on a time interval [0, Ty, where Ty > 0 such that

lvollr3s, lwillgayy < M,
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where M > 1. Then, v, w, and q satisfy

lollgss. lwll sy lwellgsayy. 1V 1mss, Vel gss, 1Elgas < CoM, 1 € [0, min{T, Toj}]

and
lvellzrsryys lweellarayys |gllm2s < K, ¢ € [0, min{T, To}],

where Cy > 0 is a constant that is independent of the parameter v > 0, while K and T
are constants that depend on M, but not on v.

2.3. The elastic operator

In this section, we derive an expression for the Koiter energy of the nonlinear Koiter plate
by following [10], where this model is justified. For the rest of this paper, Greek indices
and exponents take values in the set {1, 2} and Latin indices and exponents take values in
the set {1,2, 3}. The tangential vectors of the deformed configuration are given by

g (W) = 0gN|x3=1 = €q +ndqw, o =1,2,

where e; = (1,0,0) and e, = (0, 1, 0) represent the unit tangential vectors of the unde-
formed boundary I'y and a3 = n = (0,0, 1) is the unit normal vector to I';. The compo-
nents of the first fundamental form of the deformed configuration read

agp(w) = ag(w) - ag(w) = 8up + dqgwdgw,
where it is understood that «, 8 = 1, 2. We define the change of the metric tensor G(w) as
Gop(W) = agg(w) —eq - eg = dqwdgw.
The non-normalized normal vector to the deformed configuration is given by
n(w) = ap(w) xaz(w) =n —e dw —ezx0w,

which then leads to the definition

n(w)
az(w) = .
n(w)]
As in [28], we define the tensor
Rop = dpag(w) -n(w) — dgag -n = Biﬂw, (2.18)

|a1 X612|

representing a non-normalized variant of the second fundamental form measuring a change
in curvature; here, dyag represents the covariant components of the curvature tensor of
the reference configuration. Also, in (2.18), dqag = 0qag(0) and |a; x az| = |a1(0) x
a>(0)|=|ej x ez | are understood. For a treatment of the normalized version of the tensor R,
see Section 4.
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Finally, we define the elasticity tensor

A
A +2u

AE (A: E)A +4uAEA, E € SymR?*?
where A : E = Tr(AET). Here, A is the contravariant metric tensor associated to I'; and
A, u > 0 are the Lamé constants; the components of the matrix A are given by

a®t = g% . qb

I

where the three vectors a’ are defined by the relation a; - @' = §;;, fori, j = 1,2,3, and
a® = a3 = n. For our geometry, we obtain al = a; fori = 1,2,3. We then define the
Koiter energy &k as

Ex = %/1“1 AG(w(t,")) : G(w(t,-)) + g/ﬁ AR(w(t,-)) : R(w(t,-))
= %/rl a®P"Gog(w(t.+)Gor(w(t, ) + Z—;/Fl a®P" Ryg (w(t.+)) Ry (w(t, ).

In order to simplify the notation, we introduce bilinear forms connected to the membrane
and bending effects in the variational formulation as

h
anltw,6) = 3 /F AGw(t.) : (G'(w(t. ))E)

h
=3 /F a7 Gap (w(t,)) (G5 (w(t.))E),

3

h
ap(t.w.§) = - g ARw(,) 1 (R (w(t.)§)

h3

=55 | @ Rap(w(t. ) (R (w(.))E). (2.19)
I'

respectively, for £ € H?(T'); here, G’ and R’ denote the Fréchet derivatives of G and R,
respectively, and are given by

(R'(w)§)ap = dupé.

(G’(w)é)aﬁ = aaéaﬁw + 8aw8ﬂ§, (2.20)
where «, 8, 0, T range over 1, 2. Also, the tensor a*Po7 is defined as
4An 4ru
a®PoT — aaﬁaorm + 4Ma0taalgf = SQﬂSer + 414800087 (2.21)

The elastodynamics of the plate is given by the variational formulation
d .
hps / dew(t,)Edy + am(t, w, &) + ap(t, w, &) + v / Vuw, - V&
r -

- /F gedy, & HA(Y)



A. Balakrishna, I. Kukavica, B. Muha, and A. Tuffaha 148

on the time interval (0, 7"), where p; is the structure density, g is the density of area force
acting on the structure. We denote the elasticity operator by Lk, formally given by

(Lxkw,§) = an(t,w, &) + ap(t,w, §), (2.22)

where (-, -) denotes the duality pairing with respect to L2.
To obtain an explicit expression for Lg for our particular configuration, we first
rewrite

aaﬂor
an(t,w,§&) = |:/ aaw85w8U§3,w+/ 8aw85w80w3rf;‘]
2 Fl l_‘1
haaﬂor
=2 [ e@e@avtpwain) + [ 0. @uuspus )
I Iy
= (Lnw.£). (2:23)
where
ha(xﬂor
Low=— 7 (06 (Oqwdgwi w) + 0 (Igwdgwisw)).
Similarly,
hBaa,Bor ) ) h3a(xﬁ0r .
ay(t,w,§) = T /1:1 80“311)80,5 = T /1:1 E8aﬁgrw = (Lyw, &), (2.24)
where
h3aaﬂar .
wa = Taaﬁﬁw.

Therefore, combining (2.22), (2.23), and (2.24), we obtain

Lxw = Lyw + Lyw
haaﬂar h3aaﬂar

S (05 (dawdgwd w) + 9; (dewdpwisw)) + Taiﬂﬂ

w.

(2.25)

3. A priori estimates

In this section, we provide a priori estimates for v, ¢, and w in appropriate Sobolev spaces
and prove Theorem 2.1. We begin by deriving preliminary estimates on £, I, and J.

Lemma 3.1. Let ¢ € (0, 1/2], and assume that
lvllzss, lwllgsay, lwellasa,y < CoM, ¢ € [0, Tol,
where M > 1 is as in the statement of Theorem 2.1. Then, we have

IE = Tllg2s. | F = Illg2s. IJ = Ulg2s. ] — Lo <& 1 €[0,To], (3.1
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where

e
0<Ty =< ,
NI VE
and C is a sufficiently large constant depending on C.

Before the proof, note that by the definitions of iy and 7 in (2.4)—(2.6) and (2.7), we
have

Inllezss < 1V lass < lwllasa)

and
Imellass < 1Vellgss < llwellgays (3.2)

and both far right sides are bounded by constant multiples of M.
Also, we have

I lgas = 1103¥ (| gas < W llass S lwllasay)

and
I ellgzs S N Wellgss < Inellass < lwellasays

with both right sides bounded by a constant multiple of M.

Proof of Lemma 3.1. Since E = (Vn)™!, we have
E;=—-EVnE,
where the right-hand side is understood as a product of three matrices. Next, we observe
8i(E—1)=(E—=I1)Vn(E—1)+ (E =DV, + Vn(E =) + Vs,

from where we obtain that the function y = || E — I || 2.5 satisfies

t
v < [ (V2 + 1)M ds,
0

where we used (3.2). Using a barrier argument, we get y < ¢ provided T < ¢/CM, and
the bound on the first term in (3.1) is established. Similarly, we have

t
/ Jt ds
0

The bound for ||F — I| g2s follows immediately from those on ||[E — I||g25 and
|J — 1|25 by using F = JE. m

IV = 1lg2s < < MT.

H25

Note that the value of ¢ in Lemma 3.1 is fixed in the pressure estimates and then further
restricted in the conclusion of a priori bounds.
Also, by the definitions of £ and F in (2.8) and (2.9), respectively, we have

IENmas, | Fllgss < P(wlas,)) (3.3)
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and
IEellz2s, | Fellgzs < PUlwllasays [wellasay)- (3.4)

Above and in the sequel, the symbol P denotes a generic polynomial of its arguments. It
is assumed to be nonnegative and is allowed to change from inequality to inequality.

3.1. The plate estimates

We now proceed to derive estimates for the plate. For /' € C™(R?), y = (y1,y2) € N2,
and |y| = Ziz:l yi, denote by 0¥ f the partial derivative of order y of f, which is defined
as

I f = ngr

X1 X2

with y € N3, where |y| = 3, we test the plate equation (2.2) with —3%” w,, obtaining
h(Y wys, 07 wy) — (Lgw, 3 wy) + v(0” Vw, - ¥ Vw) = —(0%Y ¢, wy). (3.5)

We now take a closer look at the term (L xw, %Y w;). Using (2.19) and (2.22), we write

h
—(Lxw, 3 w;) = —5/ AG(w) : G'(w)d* w;
I'

h3
-~ . AR(w) : R'(w)0* w,

- / a7 Gy ()(G' ()32 Wy )or

I
h3

— | a®P Ry (w) (R (w)0* wy)or. (3.6)
24 Jr,

We handle each of the above terms below. Using (2.20) and integrating by parts, we obtain

=5 [ @ Gap )G @)

T
aﬂarh aﬂarh
I . g w (3o 9% W) dgw — = :
Fl I‘1

aawaﬂwagwatahw,
561"”3‘"}1(/F |D48aw||85w80w||D28,w,|+/F |D38aw||D85w||80w||D281w,|)
1 1

+a%h | | D23qw||D2dgw]|dpw|| D2 w,|
I

_I_aaﬂarh |D28aw||D3ﬂw||DagU)||D28rwt|
I

< P(|wllasa)), lwellmgsay) (3.7)
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where P is a polynomial that may vary line to line. Denoting d, = dy,, we use (2.20) and
(2.21) to get

h3aaﬁat , )
- /F Ras () (R ()8 w0, )z
1

h3 afot
:__J%r_ g Dorw;
T

h3 afot

/ (8" ) (37 B wy)

. 4/\/Lh3
T 24(A +2u)
4ph3
+ M_Som(gﬂr/ (aya(xﬂw)(ayaatwt)
24 I

4 uh3 Auh3
= e F(ayaww)(ayamw,w—“ / (07 8pw) (I Do)
1
1d 4Auh?
EE(M(A ¥ 21) 197 daa 2, TR Z 197 dapwll7 2 r, )) (3.8)
a,B=1

s B0 [ (3 8apw) (87 gcwr)
I

Now, inserting the estimates from (3.6), (3.7), and (3.8) into (3.5), we have

1d ([ ot duh
a (hnD il + 5y 1Dl + - ﬂZlnD Dop e
o
+ V”D4wt”i2(r‘1)
< —(D%.we) + P(lwllgsyy lwellzsy))- (3.9)

Next, we eliminate the higher order pressure term. To do so, we need to proceed as
in [19, Lemma 3.2]. Rather than repeating the entire proof, we summarize the strategy
below.

(1) Our aim is to prove the inequality

1 1
- / JA2.5viA3.5vi _ - / JA2.5viA3.5vi
2 t 2 0

t
5—/ / qAthdods
0o JIy

t
+/ P(lvllgss, Iglla2s, lwllasyys lwell g3 a,))ds, (3.10)
0

where
= - A2,
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and A, denotes the Laplacian in x; and x, variables with the periodic boundary
conditions. After (3.10) is established, it is simply added to (3.9). This leads to a
cancellation of the higher order pressure term.

(2) After the cancellation, using (3.1), the first term on the left-hand side of (3.10) is
estimated as

—/ TN 0 AP v S T e l|A? vl 2 | AP 0] L2 S 1A v]|2 | A> 0]l 2

1/3.5,. 1,6/3.5
S Il 22 lgss.
To prove (3.10), we first claim

1d _
EE/]AZ'SviA&Svi = [J,Az'sv,-A3'5v,- +/JA2'58,viA3'5vi +1,

3.11)

N =

where

-1 1
I =- JA2'5vl~A3'58,v,~ - = JAZ‘Satv,-A3‘5vi
2 2

IA

P([vlgss. lgllm2s. lwllasa), lwellasayy)-
(3) Next, the equations (2.12) are rewritten as
Josv; + vlelajvi + szjZE)jvl- + (v3 — w,)83vi + Fkiakq =0,
Friogv; =0.  (3.12)

Using (3.12); in the second term of (3.11), we obtain
1d

337 | IATTuA
1
_ E/JtAZ'Sv,-A3‘5v,- +/(JAZ'S(B,U,-)—A2'5(J3,vi))A3'5vl-
2
- Z /Az's(vajm3jvi)A3'5Ui —/AZ'S((Us — Y1)03v;) A
m=1
- [ W Eadpnn + 1
=Lh+L+L+1,+1s+1. (3.13)

(4) The terms on the right-hand side of (3.13) are bounded as
It + I + I3 + 14 < P(|vllgss, lgllgzs. lwllgsayy. lwellgsa,))  (3.14)
and

Is < —/F gA°w; + P(vllgss, lgllmzs. lwllasey. lwelgsey)- (G135
1

Applying (3.14) and (3.15) to (3.13) and integrating in time, we then obtain (3.10).
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Adding (3.9) and (3.10) the pressure terms cancel, and we get

3.2 4Aph’ 3 2 4ph’ 2 3 2 4.2
h||D wt||Lz+m||D daqw| 72 + o a;1”D dapw|lz2 + vVIID welly 2

t
2/7 12/7
< ID3w O] + w12 vl 3747 + / P(lwllgsyys lwelgsays lgllgzs),  (3.16)
0

where the implicit constant is independent of v.

Remark 3.2. While in our paper we consider the nonlinear Koiter type plate, the analysis
can also be extended to other type of structures. Namely, we may treat the following
models.

(1) Extensible plates:

Wy + A%w—vAw, + ( |Vw|2dx)Aw =q.

I
(2) Koiter shells: this is the more general setting in which the reference configuration
of the interface is not flat. In particular, we may consider a reference configuration param-
eterized by a C3 injective mapping ¢: I'; — R3 with I’y = R?/Z2. In this case, we may
assume that the deformation happens primarily in the normal direction and is described
by the mapping
bw(y.1) = ¢(y) +w(z, y)n(y), yeli.

The tangent vectors a, in this case are no longer the standard vectors e, and are space
dependent. This gives rise to a space dependent tensor a*#7% . The local existence theorem
can also be obtained in this case under additional assumptions on the initial configuration
which guarantee nondegeneracy of the H ?-coercivity of the Koiter energy &x. Unlike in
our situation, the time of existence also depends on the persistence of this nondegeneracy
condition; see [28].

3.2. Pressure estimates

Here, we establish the following pressure estimate.

Lemma 3.3. Under the conditions of Theorem 2.1, we have

lgllz2s < PAlvllgss. lwllase)ys lwellzse))- (3.17)

To obtain an equation for the pressure in the interior, we apply Fj;d; to (2.12) and
then use the Piola identity (2.10) to write

2
8,- (Fj,-Ekinq)zé)j(atFj,-v,-)—aj ( Z Fj,-vakmE)kv,-)—Z)(Ej,-(vg; — 1//,)831),-) in Q,

m=1

(3.18)
using the divergence-free condition.
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To obtain the boundary condition on I'g U I'1, we multiply (2.12) with F3; obtaining
F3; EyiOxkq = —F3;0:v; — F3;v1Ej10jv;
— F3;v2Ej505v; — E3;(vs —4)d3v; onToUTT, (3.19)

where we again employed Fj; /03¢ = Ej; in the last term. On I'j, we use (2.14) and
(2.15) and rewrite the first term on the right-hand side of (3.19) as

—F3;0:v; = —0;(F3;v;) + 0; F3;v; = —wy; + 0; F3;0;
=h'Lxgw—h"YWAw, —h~ g + 9, Fsiv;.
Thus, on I'y, the boundary condition (3.19) becomes a Robin boundary condition
F3; Ex;0rq + h_lq = h_l(LKw—vAwt)+3,F3,~v,~ - F3,~v1E_jlajv,-—F3,~v2E,~23jv,-
— E3i(vs —¥;)d3v; = g1 onl7y. (3.20)

On I'y, we have E = I, and then the first term on the right-hand side of (3.19) vanishes.
Thus, we get

F3i Epi0rq = —F3;v1 Ej10;v; — F3;v2Ej20;v; — E3;(v3 — ¥;)03v; = go on .
(3.21)
To estimate the pressure, we need the following statement from [19] on the elliptic regu-
larity for the Robin—-Neumann problem.

Lemma 3.4. Assume that d € WH®(Q). Let 1 < | < 2, and suppose that u is an H'!
solution to

0i(di;0ju) = div f in 2,
AmkOkuNm +u = g1 onTy,
Ak Ok UNy, = go onTy. (3.22)
If
ld — Iz < &0,

where gy > 0 is sufficiently small, then
lull e < 1S -1 + 111l gi-32ry) + 1180l mi-3/2(r)- (3.23)
In this paper, we need an extension for / < 3.

Lemma 3.5. Assume that d € W?°°(Q). Let 2 < [ < 3, and suppose that u is an H'
solution of

3i(d,‘jaju) = din in 2,

Ak O UNy +u = g1 only,

dmkakMNm = go on F(). (324)
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If
ld — Iz < ¢o. (3.25)

where gy > 0 is sufficiently small, then

lullgr < PALS e g1l zi-3r2ryys 180l =372y 1 T w2.e0)-

Proof of Lemma 3.5. We only show the a priori estimate, i.e., we assume that u is smooth
and satisfies (3.22). The a priori estimate can then be justified in a standard way using the
difference quotients. Let n € {1, 2}. Then, differentiating (3.24), we obtain that U = d,u
satisfies

ai(dijajU) =div8nf—8i(8ndij8ju) in Q,

Ak OxUNy + U = 0,81 — 0pdyi OguN, on Ty,

A0k UNy, = 0,80 — 0ndmi OxUNm on I'y.

Applying Lemma 3.4, and the fact that || Du/| gi-s/2ryur,) < 14l gi-1, we get

IU g1 S N0n f -2 + 10ndijdjull gi2 + 10081 | 1-s/2(ry)
+ 19080l ri-sr2(rg) + 10ndmk Oku Nml| gr1-5/2rgur)
SN - + M llwroe lull - + 81 =372y + 180l 1-32()
+ [ld [lw e [ Dull gri-5/2(roury)

S A+ lwre) (1S g1 + g1l gi-s2ryy + Igollmi-32ary))-  (3:26)

Next, we rearrange (3.24) to obtain

d330%u =div f — Y 8;(dijdju) — 93d3303u. (3.27)
@,7)#(3,3)
Differentiating (3.27) with 03, we have
d33033u = divosf — Y 030;(dij0ju) — 033d3303u — 203d3303,u.
(@, ))#3,3)
Now, using (3.26) with [ = 3, (3.25) and Lemma 3.4, we may write
103330l < I f a2 + Nl U a2 + ld Iwzoo el + ld lwroo ll2e]] 2
S P S a2 g1z 8ol aar2(rg) - 1 lwze). (3.28)

Combining (3.26) for [ = 3 and (3.28), we obtain the statement of the lemma for [ = 3.
Using Lemma 3.4 and interpolating between / = 2 and / = 3, we obtain the statement of
the lemma. ]

We now prove Lemma 3.3.
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Proof of Lemma 3.3. We apply the elliptic estimate (3.23) in H?> to the equation (3.18)
with the boundary conditions (3.20)—(3.21), leading to

lgllzzs < PALSars. g1l Igolla1 @), 14 w2.e0). (3.29)

For the interior term, we may write

3 3 2
1 s <D0 Fjivillgr—= + > Y I1Fjivm EiemOicvill s

j=1 j=1m=1

3
+ > llaji(ws — Y dsvi s
j=1
< P(Ivllgss, 1 Ellges, | Flges, | Fellgzs, [¥el as). (3.30)

Next, we observe that from (2.25) we have
ILkwlgiry < PUwlasa,))-
For the boundary terms, we estimate
lgollzrr(ro) + g1 E1 ()
S ILxwllgiry) + 1Awellaiwy) + 1 Fllmisee)llvliatsoo)

+ 1 F a2 lvl 2o | Ela202) I VU Il H G0)
+ 1 Ellm200) (vl a#200) + 1Vl m200) VU 1 (02)

< P(lwllgsayy. lwellgsays 1F laas. [ Fellgzs, [Vilgss. lvllgss),  (3.31)
where Q2 = T'y U I'y. By combining (3.29)—(3.31) and using (3.3)—(3.4), we obtain (3.17).
[

3.3. The velocity estimates and the conclusion

In this section, we use the ALE vorticity {(x,t) = curlu(n(x,t),t), where ® = curlu, to
get control of the velocity v. The vorticity in the ALE variables is given by

Ci = €ijk Emjomvk
and satisfies
08 +v1Ej10;8i + v2Ej20;6 + (v3 — V1) Ej30; 8 = Sk EmpOmvi, 1 =1,2,3.

To obtain non-tangential estimates, we use the Sobolev extension operator f > f , which
is a continuous operator H¥ () — H* (T2 x R) for all k € [0, 6], where k is not necessar-
ily an integer. We require the extension to be such that supp f vanishes in a neighborhood
of T2 x (—1/2,3/2)°. We now consider the equation for § = (6, 6>, #3), given by

3:0; + 01 Ej19;6; 4+ 92Ej20;0; + (3 — Y1) Ej39;6; = Ok Eppdm®i, i =1,2,3
(3.32)
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in Q¢ = T? x R, with the initial condition (0) = 2 (0). Since 6 obeys a transport type
equation, from the properties of the extension operator we have

O(x,t) =0, (x,1)e(T?x(=1/2,3/2)%) x[0,T].
Next, we define the quantity

X =/ AZ59P2,
Qo

Az = (1 —-N)"?

where

on T2 x R, with the periodic boundary conditions in the x; and x, directions. Repeating
the arguments of [19, Lemma 3.7], we obtain

d
aX < P(Ivllgss. lwllgsayy. lwellgsa,) X, ¢ €[0,T]. (3.33)

Note that, by the continuity properties of the Sobolev extensions, we have
1EO)[1725 < X(0) < [£(0) 1325

From [19, Lemma 3.7], we also obtain the inequality that relates X to the vorticity, given
by
1E1Z25 < X. (3.34)

To prove (3.34), we consider the difference ¢ = ¢ — 6, which satisfies
0¢0i +v1Ej10j0; +v2Ej20j0; + (v3 — V) Ej30;0; = 0k Epp v in Q

fori = 1,2, 3. This leads to the energy equality

1d 2
EE/ ol ==2. /”mEijiajai —/(03—%)15]‘301‘3;01' +/okEmk8mv,-o,-
m=1

2
1
=5 > /(8j(vajm) + 9 (vs — 1/ft))|<7|2 + /UkEmkamviOi,
m=1
(3.35)
where the boundary terms vanish since

2
Z U Eszm + (U3 - W;)E33 =0 ondf.

m=1

From (3.35) and ¢(0) = 0 in 2, we obtain { = 6 in 2, and thus (3.34) holds.
Lastly, we proceed to prove Theorem 2.1 and close our a priori estimates.
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Proof of Theorem 2.1. To establish the a priori estimates and recover the full regularity of
the velocity v, we employ the div-curl estimate from [4], which provides control of the
full Sobolev norm of the velocity given information on the divergence, curl, and the trace
of the normal component of the velocity. In particular,

Ivllgss < lfcurlv]gzs + [[divollgas + [v- Nlgsaoury + [Vlz2. (3.36)

We will use (3.34) above to control the curl and the plate-Euler tangential estimates in
(3.16) from Section 3 in order to control the normal component of the velocity at the
boundary via the kinematic boundary condition (2.3). Finally, for the divergence, we uti-
lize the variable divergence-free condition.

For the curl of the velocity, we write

leurlvllg2s S Neijk EmjOmviclazs + Y N€ijk0mvic (Emj — 8mj)ll 25

1 14

S Ille2s + ellvllgss,
from where we estimate by (3.33) and (3.34),

| curl v||g25
t

S N8O m2s + ellvlass +/0 P(lvlgss. lwlasey. lwellzsey) X>ds. (3.37)

To treat the divergence, we use the divergence-free condition to obtain
[ divvlgzs = [(Exi — 8ki)xvillazs < ellvlmss. (3.38)
while for the bottom boundary term, we have vs3|r, = 0. Employing (2.14) on I';, we get
lvallas < elwllasaplivliass + ellvllgss + wellgs ). (3.39)
where ¢ € (0, 1] is arbitrary. Next, we bound the second term on the right side of (3.16) as

t
2/7y, 112/7 2 2 2 2 2
[olIZ2 vl s < erllvligss + Cellvlize = erllvligss + Cellvollz. + CsI/O dellvllz-

t
2 2
= etllvligss + Cellvollzz + Ce, / Ivllz2llve 2
0

< e1lvllZss + Cerlvollz
t
+ CsI/ P([vllgss. lwllmseyys lwellgs @) X ds, (3.40)
0

where &1 € (0, 1] is a small constant to be determined; the last inequality is obtained by
using (2.12) to bound

el < Mvllass 1 ENasVolla + Avllass + 1¥la)IVolar + 1Ea2l9] 22

< P([vllgss, lwllasayy, lwellgsa))-
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By (3.16) and (3.40), we have

4Aph’ 2

duh’
3 2 3 2 3 2
MID Wiz + 2o s 1D w2 +7a;1||0 dap w72
< [D*wi O +e1l[vl7as + Cey Vo7
t
+ Cey / P(lwlas, lwillas, ala=s)X ds, (3.41)
0

with the implicit constants again independent of v. Using (3.37), (3.38), and (3.39) in
(3.36) and fixing a sufficiently small ¢ so that ¢||v|| g3 can be absorbed, we conclude that

olFss S NEO) s + lwellzs ) + X lwlis @y 101175
t
+/ P(lvllgss, lwllegsayys lwellgs@y) X ds. (3.42)
0

Multiplying (3.42) with a small constant gy € (0, 1] and adding the resulting inequality to
(3.41), we obtain

4\ ph3 4uh3 &
2 32 3 2 3 2
eollvllgss + hlID w72 + m”D Oaawlly . + 7(1;1 [ D7 0apwll7 -

S ID2w (0)ll 2y + €1llvlZas + Cay llvollZ2 + eollv(0)]355 + 80||wt||?13(r1)
t

+ 8082”w”%-15(1*1)”v”%13.5 + C, / P(lwllasyys lwell sy gl g2s) X ds.
0

Applying (2.17) and using the Poincaré inequality, we then get

Auh3
C(A+2p)

< ID2w(0)llz2cry) + e1llvlzss + CeyllvollZz + eollv(0) 175 + ollwe s r,)

ph?

eollvl3as + Allwe 3y + e P

t
+ £06 w25y 010 + Ce, /0 Plwllarseryy- e llas . llglazs) X ds.
(3.43)

First, we let g¢ be sufficiently small to absorb the fifth term on the right-hand side into the
second term on the left-hand side. Then, we choose ¢ sufficiently small to absorb the sixth
term on the right-hand side into the first and the fourth term on the left-hand side. Lastly,
we choose &1 sufficiently small to absorb the second term on the right-hand side to bound

/\Mh3 3

C(A +2u)

wh

eollvllzpss + hllwe s,y + lwllZs ey + = lwllzs
T1) T C T

t
<O sy, + 0O + /0 Plwll sy lwellgs))X ds. (3.44)
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where we also used (3.17). Combining (3.33) and (3.44), we get

Aph3
C(A+2pn)

ph?
eollvl|zas + hllwellFs + .

1wl + o+ wlds ey, + X

160

t
< we (0) 175 + [v(0) 1335 + X(0) +/ P(lwllgsyy, lwell sy, X) ds.
0

Applying a Gronwall argument on (3.33) and (3.44) (see [3]), we obtain an estimate

lllass + lwllgsay + lwelgsey + X2 s M

on [0, Tp], where Ty depends on the size of initial data, and the proof of the theorem is

concluded.

Remark 3.6. We can generalize the estimate (3.44) to fractional Sobolev spaces. A brief
outline of the argument is provided here. Testing (2.2) with A2G+9y, with § € (0, 1.5],

we obtain

(A wg,, A?P0w,) + (Lxw, A2 Dw,) = (¢, A2 w,).

(3.45)

We now take a closer look at the term (Lgw, A2(2+8)w,). Using (2.19) and (2.22), we

write

h
(Liew. 120w = 5 [ 097G )G )Ny

I

h3
23 | @ Rap )R @)IAET P w)or
1

= M; + M,.
We now bound each term on the right-hand side. For the first term, we have

aﬁarh
M, =2 : awdgw(dg A2, ) w
I

aaﬂath

+ 8aw8ﬁw30w8,A2(2+8)w,

IS

Sh| |A(2,wdgwd w)|[AZ T w,|
Iy

< h/ ‘AZH(Béawaﬂwarw) - (A2+8820w)8ﬂw8erA2+8wt]
r

+h | [(A*TP02,w)dpwdcw||AZ o w,
I

’

(3.46)
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from where, using the Kato—Ponce inequality to estimate the commutator terms,
My S AP @pwdew) || ooy [ wl gross o 1we 2o ey
+ P(|wll ga+sryys lwell ga+s )
S MNP @pwdew) — (AP 95w)dcwl| ey [wllgass oy e 2o oy
+ R (AP 9gw)dcwl|2ry Wl gravs oy lwell gravs ey
+ P([lwll ga+s(ryys lwell gavsry))
< P(lwll ga+s(ryys lwellga+s ) (3.47)

For M, we may proceed exactly as in (3.8), replacing —92¥ with A22+%) to obtain

1d ( 4 uh3
2

4ph? 2
_ 248 2 248 2
= 35 (G A ey + 5 2 Il )

o,B=1
(3.48)
Inserting (3.46), (3.47), and (3.48) into (3.45), we get

1d AAph’

248 112
_(h”A wt“LZ(Fl) + m

Edl ||A2+83aaw”iz(pl)

2

4uh3
+ a2 I8 epw] T,
a,B=1

4> we) + P([wllgass(ryys lwell ga+sry)

< (A2(2+8)

which is analogous to the equation (3.17) in [19]. Proceeding exactly as in [19] from this
point on, we obtain

o]l gz.s+s + ||w||H4+s(r1) + ||w;||H2+8(F1) + X2 <M

on [0, Tp], where
X = / |A§'5+80|2
Qo

and Qo = T2 x R.

4. Estimates with normalized curvature tensor

In this section, we consider the normalized version of the tensor R that was defined in
Section 2.3 and is given by

_ 1
 Jar(w) x az(w)]
and this in fact is the actual change in the second fundamental form.

We now state a priori estimates for the plate with the exact change in the curvature
tensor.

R dgag(w) -n(w) — dqag - n, 4.1)
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Lemma 4.1. Under the assumptions of Theorem 2.1 and with Ryg defined in (4.1), we
have

Aph3
h”D3wt||i2(r']) + m”D 8aaw||L2(F]) + Z ”D aaﬂw”LZ(Fl)
a,p=1

+ V||D4wt”]2}(rl)
t
2/7 12/7
< ID3we (O)llz2ry) + 10125 I0ll}747 + /0 P(lwllgsc,y, lwelgsays lglz2s)-
Proof. For our geometry,

1 Bt (w) - n(w) — 9 g
wdg(w) -n(w) —0gag -n = .
g P ST+ @w)2 + (9,w)2

Ryg =

la1(w) x az(w)]
The action of the Fréchet derivative of R is given by

R(w + h&) — R(w))
af

h

hwdng + 0wk o 3
— w .
(1+ (91w)2 + (dw)2)3/2 V14 (01w)2 + (3,w)?

(R w)éres = ( Jim

4.2)

Let y, y1, 2 € N2 be such that |y;| = 1, |y2| = 2, and |y| = 3, with 3" = 9719”2, This
then leads to the following modifications to (3.8):

B3qBot
- /F 1 Rop (W)[R' (w)0* w,] .
h3qebor 91 wd1 02w, + 0w20% w;
Y /Fl (1 + @1w)? + (9,w)?)?
h3q@BoT / 055 w5 87w,
24 r, L4+ (01w)? + (d,w)?
=1+ I». “4.3)

32ﬂw8

We now individually handle the two terms on the right-hand side of (4.3). For the first
term on the right-hand side, we have

; h3ao‘5‘”/ 31wd1 2w, + wd 0wy,
1:
I

2% 1+ @1w)? + (Bw)2)z b0t
< 24||D w||Lw(rl)[ (1D*9,w|[ D231 + | D*daw|| D22w, )
S PIDw oy 1D well 2y, 4.4)
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while the second term on the right-hand side of (4.3) may be rewritten as

L h3geBot / 92507 w3 07w,
2 24 I 1 + (8111))2 + (azw)z
h3aaﬁat
+— 0072w 05, D> w 8" (1 + (91w)* + (dw)*) ™"
r
h3aaﬂat
+ 1 aiﬂaylwagtayw,ah(l + (01w)? + (Lw)?) !
I
h3aaﬁat
) apwd3 8" w 8" (1 4+ (B1w)* + (2w)*) ™!
1
= Iz1 + I22 + I3 + I2a. (4.5)
We now bound the last three terms on the right-hand side of (4.5). Let 0¥ = 973974, with
|¥3| = |ya| = 1. For the second term, we integrate by parts multiple times to obtain
hSaaﬂUr
Iz = —5— f 02507 wd2, D>w, 0" (1 + (01w)* + (dw)*) ™"
I
h3aaﬂar
= - 8§ﬁ8y3w8§r8”48”w,8”1(1 + (Q1w)? + (DLw)?) !
1
hSaaﬂor
— T/ 8§ﬁ8”3w8§,8yw,8”481’1(1 + (0,w)? + (Dw)H) !
I

SN2 Dw|l Loy 102 Dwell2ry 1 D*(A 4+ B1w)* + (920)H) 7 lz2(ry)

~

< P(ID°wll 2y 1 D3 well2ry)-

The third term on the right-hand side of (4.5) may be bounded using integrating by parts
as
h3a®bot 2 2 2 2y—1
Iz = YR aaﬂaylwagtayw,an(l + (01w)” + (02w)?)
I
S 1025 Dwllzoor 195, Dwe |2 ID*(1 4+ B1w)? + (d2w)*) ™ L2y
< P(ID°wllz2qryy- 1D well2ry))-

Lastly, for the fourth term, integrating by parts again multiple times, we get

hSaaﬂor
ha=—— /F 023w02 7w (1 + (91w)? + (w)?) !
1
h3aaﬂar
= | apwdZ w2 (1 4 (rw)? + @w)")
ry
h3aaﬁor
- T/ 02501 wd2, 87w, 82 (1 + (91w)* + (D2w)?) !
I

S N058 D> Wl L2185 Dwe |l L2 1D (1 + (91w)? 4+ B2w)*) ™ I Loory)
< P(IDwlir2ryy 1D well2ry)-
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We rewrite the first term on the right-hand side of (4.5) as

. h3aaﬁ0r[ 02507 w0507 w,
r

24 1 1+ (81w)2 + (82w)2
Y 32,07 w2, w, uh3 2507 w3507 wy
C6(A +2) Jr, 1+ (01w)2 + (0w)? 6 Jr, 1+ (d1w)2 + (02w)2
B d / (02,07 w)? wh3 d / (05507 w)?
T RO r2di Jo, T1 0w+ w2 | 12 di Jr, T+ @rw)? 1 (0a0)2
h3Au (02,07 w)%(31wd 1wy + Drwdrw;)

6(A +2u) Jr, (1 + (d1w)? + (d2w)?)?

wh? (agﬂayw)Z(alwalw, + dowdrwy)
6 /r (1 + (01w)2 + (Dw)?)?

= Ir11 + 212 + 1213 + 1214

The terms I»1; and I,;, are coercive. The last two terms on the right-hand side are
bounded as

h A (024,07 w)* (9 wdyw; + dwdrw;)
6(A +2u) Jr, (1 + (d1w)? + (d2w)?)?
wh3 / (02507 w)*(D1wdwy + rwdrwy)
6 Jr, (1 + (d1w)? + (d2w)?)?

1213 + 1214 =

VLS YT ph
= (mllawaywlly(m + T“aaﬂayw”Lz(rl))

X 01wdiw; + 2wdrwy || Loo(ry)
< P(lwllgsyy, lwelgsy))- (4.6)

We can now obtain a priori estimates for the plate by inserting (3.6), (3.7), (4.3), (4.4),
(4.5)—(4.6) into (3.5), giving

1d BID P+ Aph® | D3dgqw wh? | D3dgpw ||?
—_—— w — —
2dt LT T e+ 2u) | n(w)] |2 6 | [n(w)| |;2
H L2(Ty) L2(I'y)
+ V||D4wt||iz(rl)
< —(D°q, w2y + PUwlaseys lwelmsa) 4.7

where |n(w)| = /1 + (01w)? + (d2w)? is the Buclidean norm of the dynamic normal.
Integrating (4.7) in time and repeating the steps in Section 3.1 to eliminate the higher-order
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term containing pressure (details in [19, Lemma 3.2]), we get

N Aph® | D30gqw /Lh?’ D39 ﬂw
h||D wt||L2(r1) +
6(A +2u) || [n()| L2y 6 In(w)| |2y
2 12
S w2,y + 10172 10l ) + /0 PUwlasnys lwellzs. gl m2sry)-
4.8)
Now, using (2.9), (2.4), and (3.1), we may write
n(w)| S 1+ [Vwllreoq) ST+ wlgsey) ST+ 1V lass S 1. (4.9
Combining (4.8) and (4.9), we obtain the statement of the lemma. [

Remark 4.2. Note that the a priori plate estimates for the exact curvature tensor in (4.8)
are exactly the same as the one obtained in (3.16). Hence, Theorem 2.1 holds for the exact
curvature tensor case as well.

5. Construction of solutions

To construct solutions, we employ a fixed point technique to solve the Euler equation
(2.12) with given variable coefficient matrix E and given non-homogeneous boundary
data w; in the boundary condition (2.14).

5.1. Euler equations with given coefficients and non-homogeneous boundary data

Let T > 0. Suppose vg € H3>(Q), and assume that  is a given function on [0, 7] x 'y
such that the following assumptions hold.

Assumption 1. (1) The function w and its time derivatives satisfy
8] w € L([0.T]; H"2 ('), j =0.1,2.

(2) At the time t = 0, we have w = 0.
(3) The time derivative w; satisfies the zero mean condition fFl wy = 0.
(4) The divergence-free condition div vy = 0 holds.
(5) The impermeability condition (vg)3|r, = 0 holds.
(6) The compatibility condition W, (0, ) = (vo)3|r, holds.

Next, let 1/7 be the harmonic extension of 1 + w to the domain €2, i.e.,
AY =0 on 2,
Y(rrxa, 1) = 1+ B(xr,x2.1) on Ty x [0, T,
V(x1,%2,0,6) =0 on Ty x [0, T]. (5.1)



A. Balakrishna, I. Kukavica, B. Muha, and A. Tuffaha 166

By the above assumptions, it follows that
Y(0.x) =x3, E@©)=1, Vi eC'(0.T]:C'(Q).
Furthermore, we assume the following.

Assumption 2. For all 7 € [0, T], there exists a constant ¢ > 0 such that 93 > c.

The last assumption can be realized by choosing 7" sufficiently small given that 33y =
latr = 0.
We consider the system of equations

3rvi + v1Ejndjvi + v2Ej2djvi 4+ (v3 — ¥0) E3330; + Eidrg = 0,
Exidevi =0, (52)
with the boundary conditions described below.

Here, E is defined as the inverse of the matrix V17, where = (x1, x2, J), and conse-
quently,

1 0 0
Vij = 0~ 1~ 0
iy %y 1

(EY) ER7AE N
By our assumptions, it follows that the matrix V7 is non-singular on [0, 7'] with a well-
defined inverse E, i.c., 831/7 # 0. Thus, the matrix E (W) depends on the given data w and
has the explicit expression

1 0 0
E=]| 0_ 10 (5.3)
_hy %y 1
GEY) a3y 0¥

We again denote by F the corresponding cofactor matrix of E,or explicitly

R 0 0
F=@pa=| 0 &y 0],
Y =0y 1

which again satisfies the Piola identity (2.10). Moreover, we impose the following assump-
tion.

Assumption 3. We have

|E —I|lLeoqo,r):H45) =< €
and
| F = IllLeoqo,r);m450) < €

for some ¢ > 0 sufficiently small.
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On the bottom rigid boundary, we assume the usual impermeability condition

v3 =0 onl), 5.4)

while on the top we prescribe
Fsiv; =W, onTy. (5.5

Note that we have the estimate

I E oo o, 71, 525-1/2(02)) = W IlLoo (10,73 H5 (1)

fort € [0,T]and s > 1/2.

We now invoke the following theorem pertaining to the above Euler system with given
coefficients, the proof of which can be found in [19].

Theorem 5.1. Assume that vo € H3* and that W is given satisfying Assumptions 1, and
1; defined in (5.1), while the matrix E is defined by (5.3) and satisfying Assumptions 2
and 3 on an interval [0, T|. Then, there exists a local-in-time solution (v, q) to the system
(5.2) with the boundary conditions (5.4) and (5.5) such that

v e L0, To); H*3(Q)),
v, € L([0, Tol; H'(R)),
q € L™([0, To); H*3(R))

foratime Ty € (0, T] depending on the initial data. The solution is unique up to an additive
Sfunction of time for the pressure q. Moreover, the solution (v, q) satisfies the estimate

t
lv@lgss + IVg@ s < lvollgas +/0 P(|[w() | s cryys 1We () 3 ry))ds

fort €0, Tp).

5.2. Local existence theorem for the plate equation

For a given forcing and with periodic boundary conditions on R?, we invoke the following
existence theorem.

Theorem 5.2. Let T > 0 and v > 0. Given w(0,-) = 0, w;(0,-) € H3(T'), and q €
L?([0, T); H?(T'1)) such that Jr, @ = 0, for the time Ty such that

T
15t = (10 lsry ™ | ||q||§,zm)ds), (56)
where P is a polynomial, there exists a unique solution (w, w;) to the equation

hwy + Lgw —vAw, =q on Ty x [0, Ty,
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with periodic boundary conditions, such that
(w,w;) € L=([0, To]; H>(T'1) x H*(I')),

and, for every t € [0, Ty,

t
10O sryy + 1023y + v / lw0e ) sy 45 < lwilagy. G
0

Moreover, [, w; = 0 forall t € [0, To].

Proof of Theorem 5.2. First, we apply a formal Gronwall argument, which we then justify
using the Galerkin method. Applying the Cauchy—Schwarz inequality and fot w = fot wy =
0 on (3.9), we obtain

h 2 Aph? 2 ph? ! 2
E”wt||H3(F1) + C(TZ/L)HwHHS(Fl) + T”w”HS(Fl) + V/(; ||wt||H4(1"1)

1 t
S lwills, + ;[ ID%q117> + P(llwllzs. lwellgzay)) (5.8)
0

for all #, where P is twice the polynomial in (3.9). Recalling that w(0) = 0, we deduce

1 T
sup ”w”f'-[S(Fl)‘}‘oiltlET ||wt||1%13(1-1) < llwy “%—13(1'*1)4‘; /0 “DZQHIZJZ(FI)a tel0,71],

0<t<T

5.9
where T = 1/P(||wy||g3) and P is a polynomial, which depends on the polynomial
in (5.8).

The proof of the theorem uses the Galerkin method. Here, we outline the key steps of
the proof. Moreover, we focus on the more challenging case of the operator Lg defined
in Section 4; the proof for the simpler case of the operator L g defined in Section 2.3 can
be derived analogously.

First, we apply the Galerkin approximation to construct the approximate solution w”.
By integrating (2.15) over I'y and using (2.22), (2.19), and (4.2), we have

d
0:/ w:‘:—/ w".
Iy dt Iy

Thus, the Poincaré inequality holds for the Galerkin approximations. Proceeding as in the
proof of Lemma 4.1, we establish that the inequality (5.8) holds for the Galerkin approxi-
mations. By applying Gronwall’s inequality, as above, we deduce that there exists 7y > 0
as in the statement such that estimate (5.7) holds uniformly for the Galerkin approxima-
tions w”. Given that we have established higher-order estimates, we can invoke the Lions—
Aubin lemma to obtain the appropriate strong convergence properties of the sequence w”
and deduce that the limit satisfies the plate equation and the estimate (5.9). ]
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5.3. Local existence of solutions to the coupled system via a fixed point

We now prove the following result on existence of a local-in-time solution to the regular-
ized (damped system with v > 0) via a fixed point argument.

Theorem 5.3. Let v > 0. Given initial data vy € H3>(Q), wg = 0, and w, € H3(T'y)
satisfying Assumption 1(4) and (6), and fF1 wy = 0, there exists a local-in-time solution
(v, q, w, w;) to the system (2.12), (2.15), (2.13), and (2.14) such that

ve L®(0,T']; H*>(2)) N C([0, T']; H'5(Q)),
v; € L®([0, T']; H'®(Q)),
q € L®(0.T']; H**()),

(w, wy) € L([0, T']; H>(Ty) x H>(I'1))

for some time T' > 0, depending on the initial data and v.

Proof of Theorem. We construct a solution to the above system using the iteration scheme
with (v +1D | ¢+ solving the system

atvi(n+1) + v§n+1)E](;t)ajvl(n+l) + v£n+l)E](g)3jvi(n+l)
i (vgn+1) _ Wt(n))Egg)asvi(nH) + Eg)akq(nﬂ) =0,
EP ooV =0, i j k=123, (5.10)
with the boundary conditions
@D = o on [y,
ﬁ;f)vfn+l) — wgn) on F], l — 1’2’ 37

given (w("), wﬁ")); the matrix £ is determined from the harmonic extension w(") of
1 + w®™ satisfying

Ay™ =0 on 2,
v (x1,x0,1,0) =1+ w™(x1,x2,1) onTy,
Y™ (x1,x2.0,1) = 0 on Iy,
by the expression
1 0 0
E®™ = 0 1 o 1.
qy®™ By ™ 1

Ty @ T 9y ™ 93y ®

and F@™ is the corresponding cofactor matrix. On the other hand, given q(”H), the iterate
w1 is determined from the plate equation

wTD L A2 @D ALY = gD on Ty x [0, T). (5.11)
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Now, assume that w® = 1 satisfies

2
D 0] wPllgs—2 $ M = 2C(|willgary + lvollzzss).
Jj=0

along with Assumption 1, and suppose that the matrix E M) = F is defined as in (3.30)
under Assumptions 2 and 3. Then, by Theorem 5.1, there exists a solution (v +1, ¢g®+1))
to the system (5.10), which satisfies the inequality

@D @) | gas + VgD @)l| 15

t
< llvollass + / P(w™ () sy 1w )3 ) ds
0
t
< ||v0||H3A5+/ P(M)ds (5.12)
0

on a time interval [0, T7], where 77 depends only on M, and with ¢ determined up to a
constant. We may then apply Theorem 5.2 to solve (5.11) given ¢! after adjusting it
by a constant so that . ¢+ = 0. We obtain the solution (w®*D, w" ) satisfying
the estimate

2 t 1/2
j 1
Y 10wV g2y + ( /0 " ><s>||§,4(mds) S lwillgaqr)
Jj=0
(5.13)
on [0, T,]. Here, T, depends on M, v, and the pressure. Next, using the Poincaré inequal-

ity, followed by the trace inequality, we see that

To 2 To To
/0 lg "2,y ds S /0 194"V 70y ds S /0 Vg V1135 ds.
i=1

(5.14)
Combining (5.6), (5.12), and (5.14), we see that 7, depends only on v and M. Let

To = min{Tl, Tz}.
Adding (5.13) to (5.12), we obtain for ¢ € [0, Tp]

2
DO ss + V4"V Ollans + D 187w Ol grs-i oy
=0

< llvollgss + lwillgzryy + ToP(M).

Readjusting Tp to 7" so that

T = min{—ZCP(M)’TO}’
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we conclude

2
WO llz2s + 1" Olls + Y 107wV Ollgs-iry)
j=0

S lwillmsay) + llvollgss + T'P(M) S M

for ¢ € [0, T']. This ensures that the solution at every step of the iteration belongs to a ball
of fixed radius M and that the iterates are well defined on a uniform interval [0, T’] with
T’ depending on M and v only. In other words, the solution map from the n' element
of the sequence to the next, and the mapping takes the ball of radius M in the space
L>®([0,T'); H33(R) x H?5(RQ)) into itself.

To apply the Banach fixed point theorem, we also need to establish that the solution
map is contractive. This is obtained by considering the difference of two consecutive solu-
tions which we define by

(V(n+l)7 Q(n-i-l)! Z(n+1)7 @(n-i-l)’ \lfn+1, W(n+1), G(n+1))

q(n+1) _ q(n)’ ;-(n+1) _ é-(n),

(n+1) _ pn) , m+1) _ ,(n) ,, (n+1) . (1) (n+1) _ p@#)
0 0% Y w w™ E E™).

— (v(”“) O}

Observe that the difference of vorticities satisfies the equation obtained by subtracting the
two vorticity equations of the form (3.32) satisfied by 6+ 1 and 6 and which reads

8t®l(n+l) + Vk(n+l)E_1(Z)aj0i(n+l) + vl(cn)G]('Z)ajei(n+l) + vl(cn)E_I(Z_l)aj@z(n+l)
_ \Ilgn)Egg)839i(n+l) _ t(n—l)Ggr;)a39i(n+l) _ l(n—l)E§1;—1)83®§n+l)
(n+1) - (n) (n+1) (n) ~(n) (n+1) (n) (n—1) (n+1) _ :
— O TVER v — 9GP0 — g EGVo, vt =0 inq.

The estimates are performed in the lower topology on solutions to this system, and we
obtain the inequality

IV 25 < PAOIW P lgaryy + IW a2qry)- .15

For the pressure term Q ®*1 we utilize that it solves an elliptic boundary value problem
with the Neumann type boundary conditions, and we have the elliptic estimate

IV is < IV D llgrzs + 1WA 2wy + I Nz + IW sy,
(5.16)
where the constant depends on M. The full norm of Q can then be recovered after an
adjustment by an appropriate constant via a Poincaré type inequality

1@V 2 S IVO@HD| 12

so that |V Q@+ D] 415 can be replaced by || Q@D 25 in (5.16).
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The energy estimate for the plate equation yields

+1 +1
||W("+1)(f)||§{4(1“1) + ”VVt(n )(l)“%-p(r‘l) + ||Wz(tn )(l‘)“%,Z(FO
; t
+1
+ V/O ”Wt(n )(S)||%—I3(Fl) ds 3 /O ”Q(n—‘rl)(S)”iIl(rl) -

t
< /0 1V () 7150 45 S T NQ" N} o qorp:m115 020 (5.17)

for t € [0, T']. Using (5.15) in (5.16) and then (5.16) in (5.17), we get

2
J +1 2 (n+1)2
YWD o praeai oy T VIV P E 2 13 0.7y
j=0

2
ST'PM) Y 0] WP O o gra2s 0.1y
j=0

Letting 7’ be sufficiently small, we obtain the contractive property for W". Similarly,
multiplying (5.16) by a small constant and adding to (5.15), we obtain an analogous esti-
mate for V*1 and 0+ from which the contraction property is established once again
by taking T’ sufficiently small. By the Banach fixed point theorem, there exists a solution
(v.q.w) € L®([0,T']; H35(Q) x H?>(Q)) x L>®([0, T'); H3(T'1)) to the system on a
time interval 7° > 0 depending on M and v > 0 and the solution is unique in the ball of
radius M. ]

5.4. Passage to the limitas v — 0

To obtain solutions for the system without damping (v = 0), we utilize the a priori esti-
mates which are independent of the parameter v > 0. In particular, applying the a priori
estimates to the constructed solution (v('"), q(’”), w(’”)) given v, = %, we can derive
uniform bounds on the solution, under which we can then obtain appropriate weakly and
weakly-* convergent sequences allowing us to pass to the limit as m — oo in the system
and then finally obtain solutions of the system for v = 0. We omit further details since
they involve standard methods, which are similar to the scheme in [19]. We can therefore
extend the local existence Theorem 5.3 to the system when v = 0.
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