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Introduction by the Organizers

The lectures in the workshop Topologie covered various topics in modern topology,
including manifold and geometric topology, homotopy theory, and geometric group
theory. Connections to neighboring areas, most prominently to gauge theory, was
also in the center of focus. The following current research topics received special
attention during the workshop: manifolds and K-theory, Seiberg–Witten invariants
and other incarnations of gauge theory, generalizations of hyperbolic techniques
in geometric group theory, and stable homotopy theory. The aim of the various
topics was to foster communication and provide chances for participants to see
and experience driving questions and important methods in nearby fields within
the realm of topology.

In the final program we had 5 lectures on Monday and Tuesday, 3 on Wednes-
day and 3 on Friday (due to the traditional hike on Wednesday and some early
departures on Friday). On Thursday we had 3 hour-long talks in the morning and
4 shorter talks in the afternoon. The format seemed to work very well.

https://creativecommons.org/licenses/by-sa/4.0/deed.en
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The workshop opened with a survey talk by Wolfang Lück on L2-invariants
and their applications to algebra, geometry and group theory, touching on a variety
of topics discussed later in the week.

The workshop featured three lectures by Daniel Ruberman these gave an
overview of the study of diffeomorphism groups (and the comparison between the
homeomorphism and the diffeomorphism groups) of four-dimensional manifolds.
Gauge theoretic methods in this subject started to play a significant role in the
90’s, and the application of family Seiberg–Witten invariants led to several break-
throughs in the recent past. Ruberman’s lecture series was nicely complemented
by a lecture of Hokuto Konno, where specific examples of the fundamental dif-
ference between the groups of homeomorphisms vs diffeomorphisms was demon-
strated. Similar results (from yet another perspective and using slightly different
tools) were presented by Danica Kosanović. Various other versions of gauge
theoretic techniques (like Heegaard Floer homology, Pin(2)-equivariant Seiberg–
Witten theory) played important roles in several further lectures.

In even lower dimensional topology,Corey Bregman presented a breakthrough
result on diffeomorphism groups of 3-manifolds, resolving a conjecture of Kontse-
vich. Regarding the topology of high-dimensional manifolds, Fabian Hebestreit
presented the state-of-the-art concerning surgery and homology manifolds, and
Manuel Krannich explained a strengthening of Weiss’ theorem of topological
Pontryagin classes.

There were two complementary talks on scissors congruence, by Inna Zakhare-
vich and Alexander Kupers, respectively explaining a topological point of view
on a chain complex featuring in a conjecture on Goncharov, and a way of describ-
ing the homology of scissors automorphism groups in terms of assembler K-theory.
The latter employed methods of homological stability, which was also discussed
by Nathalie Wahl, as well as by Ishan Levy who explained an exciting new
method which completes a programme of Ellenberg–Venkatesh–Westerland on the
Cohen–Lenstra heuristics in number theory.

In the area of homotopy theory, Gabriel Angelini-Knoll detailed how the
recently developed methods of syntomic cohomology are resulting in computa-
tions of the algebraic K-theory of ring spectra which were previously inaccessible.
Robert Burklund surveyed the consequences of the results of him and his col-
laborators disproving the telescope conjecture. Gregory Arone discussed the
computation of Ext groups between polynomial functors, with applications to the
stable cohomology of Aut(Fn). Connor Malin lectured on a categorical form of
Koszul duality, and used it to establish a chain rule for orthogonal calculus. Hana
Jia Kong discussed real motivic analogs of a formula of Milnor’s concerning the
relations in the Steenrod algebra, with the goal of machine implementation to
systematically extend low dimensional computations of real motivic stable stems.

There were two talks on topics in geometric group theory. Stefanie Zbinden
discussed Morse boundaries of 3-manifolds. Morse boundaries are a generalization
of Gromov boundaries designed to encode hyperbolic aspects of a space. Zbinden
gave a complete description of the topology of the Morse boundary of all 3-manifold



Topologie 1915

groups. Elia Fioravanti’s talk concerned the growth of automorphisms of right-
angled Artin groups, and more generally, of fundamental groups of special cube
complexes. The growth rate asks how fast the length of a group element grows as
we apply powers of an automorphism. Fioravanti proves a variety of new results
about these growth rates.

Acknowledgement: The workshop organizers would like to thank the MFO staff
for their constant help and support in putting this event together.
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Abstracts

A survey on L
2-invariants and their applications to algebra, geometry

and group theory

Wolfgang Lück

In this survey talk we will discuss L2-invariants and their applications to algebra,
geometry, group theory, and topology and some open problems.

We will state several theorems concerning group theory, algebra, differential
geometry, algebraic geometry, and algebraic K-theory which on the first glance
do not involve L2-invariants but whose proofs rely on L2-methods. Here are some
examples due to Cheeger, Cochrane, Gromov, Kielak, Lück, Orr, and Teichner

• Let G be a group which contains a normal infinite amenable subgroup.
Suppose that there is a finite model for BG. Then its Euler characteristic
χ(BG) vanishes.

• Let 1 → H
i−→ G

q−→ K → 1 be an exact sequence of infinite groups.
Suppose that G is finitely presented and H is finitely generated. Then its
deficiency satisfies

defi(G) ≤ 1.

• Let M be a closed oriented 4-manifold. Suppose that there is an exact

sequence of infinite groups 1 → H
i−→ π1(X)

q−→ K → 1 such that H is
finitely generated. Then its signature and Euler characteristic satisfies

| sign(M)| ≤ χ(M).

• Let G be a group and H ⊆ G be a normal finite subgroup. Then the
canonical map for the Whitehead groups

Z⊗ZG Wh(H) → Wh(G)

is rationally injective.
• Any S1-action on a hyperbolic closed manifold is trivial.
• Let M be a closed Kähler manifold. Suppose that it admits some Rie-
mannian metric with negative sectional curvature, or, more generally, that
π1(M) is hyperbolic (in the sense of Gromov) and π2(M) is trivial.

Then M is a projective algebraic variety.
• There are non-slice knots in 3-space whose Casson-Gordon invariants are
all trivial.

• Let G be an infinite finitely generated group which is virtually RFRS.
Then G is virtually fibered in the sense that it admits a finite index

subgroup mapping onto Z with a finitely generated kernel, if and only if

its first L2-Betti number b
(2)
1 (G) vanishes.

Finally we discuss some of the main open problems or future projects concerning
L2-invariants. Examples are the Atiyah Conjecture about the integrality of L2-
Betti numbers, from which Kaplansky’s Zero-Divisor Conjecture and Malcev’s
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Embedding Conjecture follow, the Singer Conjecture, and the L2-torsion and its
applications to 3-manifolds, group automorphisms, and homological growth,

Homology manifolds and euclidean bundles

Fabian Hebestreit

(joint work with M. Land, C. Winges, M. Weiss)

It is one of the classical results of geometric topology that concordance classes of
smooth structures on a topological manifold M are in one-to-one correspondence
with vector bundle reductions of the stable euclidean normal bundle of M . Relat-
edly, for a Poincaré complex P degree 1 normal maps from a manifold M are in
one-to-one correspondence with bundles reduction of its Spivak fibration, a stable
spherical fibration. Given this level of control the structure group of the normal
“bundle” exerts over the regularity of a Poincaré complex or manifold, it is per-
haps surprising that Ferry and Pedersen in [2] claimed that every closed homology
manifoldM admits a reduction of its Spivak fibration to a stable euclidean bundle;
recall that a homology manifold is a compact topological space X for which the
sheaf

Ouv(X)op −→ D(Z), U 7−→ C∗(X,X \ U)

is invertible in addition to some mild point-set assumptions (namely being an
ENR, or equivalently being sublocally contractible, second countable and of finite
Lebesque covering dimension). The point of my talk was to explain our result
from [3] that this statement is in fact not correct.

To explain our approach to the counterexamples a little, recall first that Ranicki
(with a small injection of work by Weiss and Williams) recast the topological
surgery sequence for an oriented Poincaré complex P of dimension d ≥ 5 as an
identification

S̃top(P ) ⊂ fibsigvs(P )

(
asbl : Ω∞+d(P ⊗ Ls(Z)) → Ω∞+dLvs(P )

)

of the topological block structure space S̃top(P ) (whose set of components consists
of h-cobordism classes of closed topological manifolds with a homotopy equivalence
to P ) as the collection of those components of the fibre of the assembly map in
visible symmetric L-theory that are spanned by the Ls(Z)-fundamental classes
of P ; Ranicki’s total surgery obstruction precisely tracks whether such a lift of
sigvs(P ) exists.

Since the occuring L-spectra are 4-periodic this in particular implies that the

homotopy groups of S̃top(P ) are also 4-periodic away from degree 0. Since

πiS̃
top(P ) = π0S̃

top
∂ (P ×Di)

this is (among other things) a strong existence result for manifolds with non-empty
boundary, a statement known as Siebenmann periodicity.

In degree 0 one only finds an injection

π0S̃
top(P ) −→ π0S̃

top
∂ (P ×D4)
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and the search for the closed manifolds missing in the source finally concluded
with celebrated work of Bryant, Ferry, Mio and Weinberger: In [1] they extended
Ranicki’s result to an identification

S̃H(P ) ≃ fibsigvs(P )

(
asbl: Ω∞+d(P ⊗ Ls(Z)) → Ω∞+dLvs(P )

)
,

where the left hand side denotes the homology manifold block structure space,
whose set of components consists of h-cobordism classes of homology manifolds
with a homotopy equivalence to P . In particular, this result gives a method for
producing homology manifolds with prescribed homotopy type.

Our simplest counterexample to the Ferry-Pedersen claim then arises as follows:
Take a generator of the 3-torsion in π4(BSG) = π3(S)∼=Z/24 (BSG≃ colimnBSG(S

n)
denotes the classifying space for oriented stable spherical fibrations) and extend
it to a map M(Z/3, 4) → BSG and factor it through α : M(Z/3, 4) → BSG(Sn)
for large enough n. By surgery below the middle dimension we can further pick
a stably framed closed 9-or-higher-dimensional manifold M with a 4-equivalence
to M(Z/3, 4). Let E → M denote the Sn-fibration classified by the composite
M → BSG(Sn). Then E is a Poincaré duality complex by a simple calculation
with the Serre spectral sequence and the result we prove is:

Theorem. The visible symmtetric signature of any of the Poincaré complexes
E obtained in this fashion lifts along the assembly map Ω∞+d(E ⊗ Ls(Z)) →
Ω∞+dLvs(E), but its Spivak fibration does not admit a reduction to a stable eu-
clidean bundle.

The theorem of Bryant-Ferry-Mio-Weinberger then implies that E is realised
by a homology manifold, giving the desired counterexample to the claim of Ferry
and Pedersen.

The proof of the second claim is simple and motivates the choice of α: Because M
is stably parallelisable, the Spivak fibration of E is classified by the composite

E −→M −→ M(Z/3, 4)
α−→ BSG(Sn) −→ BSG.

On π4 this map induces an injection Z/3 → Z/24, which cannot factor through
π4(BSTop) ∼= Z⊕Z/2. This implies that the Spivak fibration of E does not admit a
reduction to a euclidean bundle. Our proof that the visible symmetric signature of
E lifts through assembly is slightly more complicated (and in particular beyond the
scope of this extended abstract) but works uniformly for all odd-order elements in
π4k(BSG), that lie in the image of the J-homomorphism BSO → BSG. For example
the statement also applies for all generators of the p-torsion of π2p−2(BSG); the
case p = 3 is then the one explicitly considered above.

Remark.

(1) As written, the proof of the identification of S̃H(P ) in L-theoretic terms
in [1] in fact relies on the result of Ferry and Pedersen (a corresponding
erratum to [1] is set to appear soon). Weinberger has asserted in private

conversation, that he is certain that the description of S̃H(P ) is correct
as stated (and I at least am inclined to believe this as well, if for no
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other reason than its inherit beauty), but it is not currently proven in
full. Assuming the remainder of the deduction in [1] correct, the existence
of counterexamples to the Ferry-Pedersen statement nevertheless follows
unconditionally: If on the one hand their result is false, then it is certainly
false, and if on the other hand it is correct, the construction above provides
a counterexample (I’ll eat my hat if it is independent enough to be able
to choose between these options).

(2) Our counterexample is philosophically in line with another conjecture of
Weinberger’s: Every homology manifold X with dim(X) ≥ 5, that satis-
fies the disjoint discs property (a very mild version of transversality for
2-discs in X) should be homogeneous, i.e. acted on transitively by its
homeomorphism group. The assumption about 2-discs in particular rules
out manifolds with cone-singularities whose links are integral homology
spheres (two 2-discs that cone off a non-trivial element in the fundamental
group of a link do not have disjoint embeddings nearby); these examples
are evidently not homogeneous.

If true one might expect the structure group of a normal “bundle” of
X to be controlled by the automorphisms of small enough open subsets (a
”local model”) of X rather than euclidean space. In fact, associated to X
is Quinn’s invariant q(X) ∈ 1 + 8Z, with q(M) = 1 for every topological
manifold, and spinning this narrative further one might even more opti-
mistically predict that there is one such local model Rd

k for each k ∈ 1+8Z

in dimension d with Rd
1 = Rd and Rd

k×Rd′

k′
∼= Rd+d′

k·k′ , and bundle reductions

of the Spivak fibration of X to colimdAut(R
d
q(X)) rather that euclidean

ones.
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Moduli spaces of 3-manifolds with boundary are finite

Corey Bregman

(joint work with Rachael Boyd, Jan Steinebrunner)

Let M be a smooth, compact, connected, orientable 3-manifold, and let Diff(M)
be the diffeomorphism group of M with the C∞-topology. Homotopy classes of
maps from a CW complex X into the classifying space BDiff(M) are in one-to-
one correspondence with equivalence classes of smooth M -bundles over X . In
particular, the cohomology ring of BDiff(M) yields characteristic classes of such
bundles, making it an object of interest in geometric and low-dimensional topology.
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If the boundary ∂M is non-empty, let Diff∂(M) denote the subgroup of diffeo-
morphisms which are pointwise fixed on ∂M . The corresponding space BDiff∂(M)
classifies M -bundles equipped with a trivialization along ∂M . We prove the fol-
lowing theorem, which verifies a conjecture of Kontsevich [22, Kirby 3.48] in the
orientable case:

Theorem (Theorem 6.1, [4]). Let M be a compact, connected, orientable 3-
manifold. If ∂M 6= ∅, then BDiff∂(M) has the homotopy type of a finite CW
complex.

WhenM is irreducible (i.e. every embedded S2 bounds D3), the above theorem
was proven by Hatcher–McCullough [16]. In this case, BDiff∂(M) was known to
be aspherical [13, 19], hence they prove the classifying space of the corresponding
mapping class group π0 Diff∂(M) is homotopy equivalent to a finite complex. For
surfaces, the analogous result is due to Earle-Schatz [8] and Gramain [12]. How-
ever, in higher dimensions, Kontsevich’s theorem is false in general: for n = 4 this
is due to Budney–Gabai [5], while for n ≥ 6 it is due to Hatcher–Wagoner [17]. In
each case, it is shown that there exist manifoldsM with non-empty boundary such
that π0 Diff∂(M) is not finitely generated, hence BDiff∂(M) cannot be homotopy
equivalent to a complex with finite 1-skeleton.

The theorem implies that the cohomology ring of BDiff∂(M) is finitely gener-
ated with any coefficient ring. Previously, finite (co)homological generation was
proved under additional assumptions by Nariman [25]. We apply Kontsevich’s
theorem to deduce the following result for all 3-manifolds, which implies finite
(co)homological generation in each degree:

Theorem (Theorem 6.14, [4]). If M is any compact, oriented 3-manifold, then
BDiff(M) is of finite type, i.e. it has the homotopy type of a CW complex with
finite n-skeleton for every n.

In this generality this theorem cannot be improved; for example, if M is a
closed hyperbolic 3-manifold then it follows from work of Gabai [9] that Diff(M) ≃
Isom(M), which is a finite group. Thus, BDiff(M) ≃ K(Isom(M), 1) is necessar-
ily infinite-dimensional. For surfaces, the analogous result follows from classical
results of Earle–Eells [7]. In higher dimensions, Bustamante–Krannich–Kupers [6]
have shown that if dim(M) = 2n ≥ 6 and M has finite fundamental group, then
BDiff(M) is of finite type.

We now discuss some of the ideas that go into the proof of Kontsevich’s The-
orem. If M is a compact, connected, oriented 3-manifold, we will denote the

spherical closure of M by M̂ ; this is the manifold obtained from M by capping
each S2 boundary component with disk D3. The classical Kneser–Milnor theorem

states that M̂ admits a minimal connected sum decomposition

M̂ = P1♯ · · · ♯Pn♯(S
1 × S2)♯g,

where the Pi are irreducible, and the factors are unique up to reordering (re-
call that S1 × S2 is prime in the sense that it cannot be written as a nontrivial
connected sum, but not irreducible). The embedded 2-spheres which yield the
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above connected sum decomposition above are all separating. More generally, we
consider decompositions arising from any collection of essential 2-spheres.

Definition (Definition 3.8, [4]). A separating system for M is a submanifold
Σ ∼= ∐kS

2 ⊂M such that

• No component of Σ bounds D3 in M̂ .
• No two components of Σ cobound S2 × I.
• Every component of M̂ \ Σ is irreducible.

Typically,M may have infinitely many isotopy classes of separating systems. To
account for this, we introduce a topological poset Sep(M) consisting of all possible
separating systems for M , ordered by inclusion. Because there is a bound on the
number of disjointly embedded spheres in M such that no two are isotopic, the
nerve N• Sep(M) has finite height. Although Sep(M) need not even be connected,
we nevertheless show:

Theorem (Theorem 3.20, [4]). If M 6∼= S1 × S2, the geometric realization of
‖N•(Sep(M))‖ is contractible.

This theorem is proved using an adaptation of the powerful discretization tech-
nique of Galatius–Randal-Williams [11]. This reduces contractibility to that of
discrete simplicial complex of essential spheres, which we prove is contractible by
a surgery argument. Since Diff∂(M) acts on Sep(M) and preserves inclusions, this
theorem gives us a natural model for BDiff∂(M), namely the homotopy quotient
‖N•(Sep(M))‖//Diff∂(M). (Recall that if G is a topological group, and X is any
G-space, then X//G is defined as X ×G EG.) We emphasize, however, that the
theorem holds regardless of whether ∂M = ∅, hence may serve as a starting point
for further investigation into the homotopy type of BDiff(M) more generally.

Given a separating system Σ, let its Diff∂(M)-stabilizer be Diff∂(M,Σ), the
subgroup of Diff∂(M) which preserves Σ setwise. We show the action of Diff∂(M)
on Sep(M) has only finitely many orbits. Together with the fact that N• Sep(M)
has finite height, this allows us to reduce finiteness of BDiff∂(M) to finiteness of
BDiff∂(M,Σ) ranging over all orbits, via a technical result known as the homotopy
orbit-stabilizer theorem.

If ∂M 6= ∅, by various fiber sequences one can further reduce finiteness of
BDiff∂(M,Σ) to two base cases:

(1) M is irreducible, and ∂M 6= ∅.
(2) M̂ is closed, irreducible, and M = M̂ \ D̊3.

As mentioned above, (1) is covered by work of Hatcher–McCullough, while (2)
presents a previously untackled case.

Suppose now thatM is a closed, oriented and irreducible 3-manifold. Let D3 ⊂
M be an embedded disk and let DiffD3(M) be the collection of diffeomorphisms
which fix D3 pointwise. Using contractibility of collars, case (2) is equivalent to
the statement that BDiffD3(M) has the homotopy type of a finite complex. For
technical reasons, we prove the following more general result:
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Theorem (Theorem 4.1, [4]). Let M3 be oriented, irreducible with empty or in-
compressible toroidal boundary, and let D3 ⊂ M̊ be an embedded disk. Then
BDiffD3(M) has the homotopy type of a finite CW complex.

Combining work of Jaco–Shalen [20] and Johannson [21] with the Geometriza-
tion theorem of Thurston [29] and Perelman [26, 28, 27], any M as in the theorem
contains minimal collection T of disjointly embedded, 2-sided tori such that each
component of M is either hyperbolic or Seifert-fibered. The submanifold T pro-
vides a further decomposition of M called the JSJ decomposition of M , and in
contrast to the case of separating systems, T is unique up isotopy. In fact, as long
as M is not the total space of T 2-bundle over S1 with Anosov monodromy, using
a result of Hatcher [15] we show that the inclusion Diff(M,T ) →֒ Diff(M) is a
homotopy equivalence. By cutting along T , we can then reduce th theorem to the
components of M \ T .

Delooping the fiber sequence DiffD3(M) → Diff(M) → Emb(D3,M), we can
identify BDiffD3(M) with the homotopy quotient Emb(D3,M)//Diff(M). Since
the embedding space Emb(D3,M) is in turn homotopy equivalent to the frame
bundle Fr(M), thus BDiffD3(M) ≃ Fr(M)//Diff(M).

Many components of M \ T support one of the 8 Thurston geometries. If
Isom(M) ≃ Diff(M), we can replace Fr(M)//Diff(M) by Fr(M)/ Isom(M), which
is homotopy equivalent to a compact manifold, hence has finite homotopy type.
The statement that Diff(M) ≃ Isom(M) is known as the (strong) generalized
Smale conjecture (SGSC), after Smale’s original conjecture that Diff(S3) ≃ O(4),
which was proved by Hatcher [14]. It turns out that for irreducible M , the SGSC
holds exactly when π0 Diff(M) is finite, and was fully resolved in all cases only
recently by combining work of many authors (see [24, 9, 10, 18, 23, 1, 2, 3] and
the references therein). The cases for which SGSC fails are all Haken Seifert-
fibered; for these we leverage the structure of the Seifert fibering and work of
Hong–Kalliongis–McCullough–Rubinstein [18] to prove the theorem.
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Isotopy classification of 1/2-disks in 4-manifolds

Peter Teichner

Starting with an introduction to the classical light bulb theorem (LBT), we gen-
eralized it to a homotopy equivalence in all dimensions and focused on the isotopy
classification (i.e. connected components of an embedding space) in dimension 4.

The classical LBT says that a knotted electric cord, hanging from the ceiling
and ending with a light bulb, can be unknotted by an isotopy in a way that the
light bulb stays at the same place at all times. One can formulate this as saying
that homotopy implies isotopy for 1/2-arcs in any 3-manifold M . Here a 1/2-arc
is an embedded arc in M (the electric cord) that has one endpoint fixed on the
boundary ofM (the ceiling) and one endpoint fixed in the interior of M (the light
bulb), i.e. mixed boundary conditions (as compared to the usual use of “neat”
arcs, where the entire boundary lies in the boundary of M).

In fact, one can compute the homotopy type of all 1/2-arcs in M in terms of
the based loop space of the unit tangent bundle of M , giving the first well known
“space level” LBT. In joint work with Danica Kosanovic, we generalized this result
to all dimensions, where we study the space of embeddings of a 1/2-disk. This
is an n-disk embedded in a d-manifold M , where one half of the boundary, an
(n− 1)-disk, lies on the boundary of M and the other half lies in its interior.

As a consequence, we prove a semi-direct product structure for certain diffeo-
morphism groups, which leads to very interesting nilpotent subgroups of mapping
class groups of certain 4-manifolds. These nilpotent groups arise as isotopy classes
of 1/2-disks (n=2) in a 4-manifold M which we completely determine by a short
exact sequence involving π2(X) and a certain quotient of the group ring Z[π1M ]
by the image of the Dax invariant. This invariant goes back to Jean-Pierre Dax,
a student of Cerf, who introduced these tricks in the special case that d = n.
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Syntomic cohomology of ring spectra

Gabriel Angelini-Knoll

(joint work with Christian Ausoni, John Rognes, Jeremy Hahn, Dylan Wilson)

The algebraic K-theory of the sphere spectrum provides information about diffeo-
morphism groups Diff(Dn) of discs for large n by the parametrized s-cobordism
theorem [22]. This shows that it is useful to generalize the notion of algebraic
K-theory from rings to ring spectra for geometric applications. Waldhausen [23],
suggested approaching the algebraic K-theory of the sphere spectrum by the alge-
braic K-theory of its telescopic localizations Lf

nS.
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The telescopically localized algebraic K-theory of the ring of integers in a to-
tally real number field OF has a close relationship to special values of Dedekind
zeta functions by work of Thomason [21] and the resolution of the Iwasawa main
conjecture by Wiles [24]. Lichtenbaum and Quillen [16, 19] conjectured that for
suitable R the map from algebraic K-theory of R to its telescopically localized
algebraic K-theory is an isomorphism in sufficiently large degrees. This allows
one to relate quotients of orders of algebraic K-theory groups to special values
of Dedekind zeta functions. This prediction, the Lichtenbaum–Quillen property,
was generalized by Ausoni–Rognes [6] to the setting of ring spectra in one of their
famous redshift conjectures.

In the 1980’s, Ravenel [20] made several predictions that shaped the field of
chromatic homotopy theory. All but one of Ravenel’s conjectures were proven
by Devinatz, Hopkins, and Smith [11, 15]. The remaining conjecture, known as
the telescope conjecture, relates telescopic localizations Lf

n to more computable
localizations Ln. Burklund–Hahn–Levy–Schlank [9] disproved this conjecture for
n ≥ 2, so it becomes an interesting question of which spectra Lf

nX ≃ LnX . For
example, Mahowald–Rezk [17] suggested that for spectra with finitely presented
mod p cohomology, the telescope conjecture should hold.

The Ausoni–Rognes conjecture [6], generalizing the Lichtenbaum–Quillen con-
jecture, is one part of a larger program of studying redshift phenomena in algebraic
K-theory. Perhaps the simplest form of redshift can be phrased in terms of K(n)-
acyclicity. Here K(n) is Morava K-theory, one of the minimal p-local skew-fields
in homotopy theory. We say a spectrum X has height n if K(n)∗X 6= 0 and
K(n + k)∗X = 0 for all k > 0. It is now known by work of Burklund–Schlank–
Yuan [10], that if R is a commutative ring spectrum and it has height exactly n
then its algebraic K-theory has height exactly n+1. This leaves open the question
of whether algebraic K-theory increases height by exactly one for non-commutative
ring spectra; i.e does algebraic K-theory of non-commutative ring spectra satisfy
redshift. There are degenerate examples where this doesn’t hold, for example when
K(R) = 0, but in many fundamental examples of interest it does.

Syntomic and prismatic cohomology unifies various cohomology theories in p-
adic geometry, specializing to de Rham cohomology, étale cohomology, and crys-
talline cohomology. Originally, it was defined in terms of sheaf cohomology of a
scheme with respect to the syntomic topology. The term prismatic comes from
the notion of a prism, which consists of a δ-ring R and a Cartier divisor I sat-
isfying the prism condition. Groundbreaking work of Bhatt–Morrow–Scholze [8]
demonstrated that syntomic cohomology can be produced as the associated graded
of a filtration on topological cyclic homology and prismatic cohomology can be
produced as the associated graded of a filtration on topological periodic cyclic
homology. Topological cyclic homology, topological negative cyclic homology, and
topological periodic cyclic homology sit in a long exact sequence by Nikolaus–
Scholze [18] and topological cyclic homology is a very close approximation to al-
gebraic K-theory by the Dundas–Goodwillie–McCarthy theorem [12].
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Work of Hahn–Raksit–Wilson [13] beautifully extends work of Bhatt–Morrow–
Scholze [8] on syntomic cohomology to the setting of ring spectra. This produces
an efficient new tool for computing algebraic K-theory. For example, in work with
Ch. Ausoni and J. Rognes [3], I used syntomic cohomology to compute

A(1)∗K(ko)

where ko denotes real topological K-theory and A(1) := ((S/2)/η)/v1 denotes a
finite spectrum whose mod 2 cohomology is the sub-algebra A(1) of the 2-primary
Steenrod algebra.

This also provides an elegant approach to studying the Lichtenbaum-Quillen
property, redshift, and the telescope conjecture for algebraic K-theory of ring spec-
tra. For example, if R is an arbitrary E1-MU-algebra form of truncated Brown—
Peterson spectra BP〈n〉 or Morava K-theory K(n), I prove the Lichtenbaum–
Quillen property, telescope conjecture, and redshift conjecture for the algebraic
K-theory of R in joint work with J. Hahn and D. Wilson [4, 5]. In the case
of BP〈n〉, this extends previous work of Hahn–Wilson [14] to arbitrary E1-MU-
algebra forms of BP〈n〉. As a consequence, we also extend computations of

V (2)∗K(BP〈2〉)
from [2] to the prime p = 5 and to arbitrary E1-MU-algebra forms of BP〈2〉. Here
V (2) := ((S/p)/v1)/v2. We also extend computations of

V (1)∗K(k(1))

from [7] to the prime p = 3 and to arbitrary E1-MU-algebra forms of k(1). Here
V (1) := (S/p)/v1. In joint work in progress with Ch. Ausoni, R. Bruner, J.
Davies, J. Rognes, and T. Yang [1], we are working towards computing

A(2)∗K(tmf(2))

using syntomic cohomology, where A(2) := (A(1)/ν)/γ)/v2 is a finite spectrum
whose mod 2 cohomology is the sub-algebraA(2) of the 2-primary Steenrod algebra
and tmf(2) is 2-local topological modular forms.

References

[1] G. Angelini-Knoll, Ch. Ausoni, R. Bruner, J. Davies, J. Rognes, and T. Yang, Algebraic
K-theory of 2-local topological modular forms, In progress.

[2] G. Angelini-Knoll, Ch. Ausoni, D. Culver, E. Höning, and J. Rognes, Algebraic K-theory of
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Growth of automorphisms of special groups

Elia Fioravanti

One of the most fundamental problems in group theory is to understand, given a
finitely generated groupG, the behaviour of its automorphisms. A typical question
could be whether, for a certain group G, the outer automorphism group Out(G)
is finitely generated, or how fast the complexity of an element g ∈ G can increase
when we apply to it iterates of some fixed automorphism.

We focus on the latter problem. As a measure of complexity, it is customary to
consider conjugacy length. Fixing a finite generating set S ⊆ G, this quantity is
defined as

‖g‖S := min{n ∈ N | ∃x ∈ G, ∃s1, . . . , sn ∈ S± s.t. g = x(s1s2 . . . sn)x
−1}.
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Geometrically, if G is the fundamental group of a negatively-curved closed Rie-
mannian manifold, then ‖g‖S is roughly equal to the length of the closed geodesic
in the free homotopy class determined by g, up to multiplicative constants de-
pending on S but not on g.

For any outer automorphism φ ∈ Out(G), we define the stretch factor of φ as

Λ(φ) := sup
g∈G

lim sup
n→+∞

‖φn(g)‖1/n ≥ 1.

Here the choice of the generating set S does not affect the value of the stretch
factor, so we omit the subscript S from ‖ · ‖.

For a topological example, suppose that G is the fundamental group of a closed
surface S, so that the outer automorphism group Out(G) is identified with the
extended mapping class group Mod±(S). The stretch factor Λ(φ) is then simply
the highest stretch factor of a pseudo-Anosov component in the Nielsen–Thurston
decomposition of φ (or equal to 1 if no such component exists). One can say more:
if g ∈ G, then the sequence n 7→ ‖φn(g)‖ is either bounded, or it grows linearly, or
it grows roughly like λn, where λ is the stretch factor of one of the pseudo-Anosov
components of φ. Thus, fixing φ ∈ Out(G) and varying g ∈ G, one sees at most
N possible speeds for the sequence n 7→ ‖φn(g)‖ (up to bi-Lipschitz equivalence
of sequences), where N only depends on the complexity of the surface S.

Growth of automorphisms is fully understood and similarly-behaved also when:

• G is a free group, due to the work of Bestvina, Handel, Feighn and Levitt
on train tracks [4, 3, 11]

• G is a negatively curved group (a.k.a. a Gromov-hyperbolic group) ex-
ploiting the canonical JSJ decomposition [12] and Rips theory [2].

Unfortunately, this comes close to being our entire understanding of growth of
group automorphisms. Beyond negatively curved groups (and closely related
ones, such as relatively hyperbolic groups), the picture remains much murkier.
Coulon constructed very exotic groups that have automorphisms growing super-
polynomially but sub-exponentially [8].

What is particularly embarrassing is that almost nothing is known on growth
of automorphisms of non-positively curved groups, although these might not sound
very far from negatively curved groups.

Perhaps the simplest examples of non-positively curved groups with interesting
automorphisms (excluding negatively curved groups) are provided by right-angled
Artin groups. These are groups AΓ determined by a finite simplicial graph Γ via
the presentation

AΓ = 〈Γ(0) | vw = wv ⇔ v and w span an edge in Γ〉.

It has been shown in recent years that automorphisms of right-angled Artin groups
share some superficial similarities with automorphisms of free groups; for instance,
Out(AΓ) has a finite (rational) classifying space with a particularly simple descrip-
tion [5], analogous to Outer Space [9]. However, the growth of their automorphisms
is understood only in very specific cases [6].
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Our key insight is that it is easier to study automorphism growth if one works
within a much broader class of non-positively curved groups, namely the special
groups introduced by Haglund and Wise [10]. This class includes free groups, free
abelian groups, surface groups and all right-angled Artin groups, but also many
more surprising examples, such as fundamental groups of hyperbolic 3–manifolds
[1]. This level of generality allows us to study elements of Out(G) by decomposing
the group G into simpler pieces; these will remain special if G is special, but they
might stop being right-angled Artin groups even if G initially was.

We prove the following two theorems.

Theorem. If G is a special group, the stretch factor of each element φ ∈ Out(G)
is an algebraic integer (a weak Perron number). Moreover, if the stretch factor
equals 1, then φ grows at most polynomially fast.

Every special group comes equipped with some coarse median structures ; these
are well-behaved notions of a coarse barycentre for triples of group elements. When
an outer automorphism leaves one such coarse median structure invariant, one can
prove stronger properties of growth rates. For context, all automorphisms of hy-
perbolic groups are coarse-median preserving, and automorphisms of right-angled
Artin groups are coarse-median preserving if and only if they are “untwisted” in
the sense of [7].

To be precise, we say that a growth rate of an outer automorphism φ ∈ Out(G)
is the equivalence class of a sequence n 7→ ‖φn(g)‖, for some g ∈ G, up to the
equivalence relation that identifies two sequences an and bn if there exists a con-
stant C ≥ 1 such that 1

C an ≤ bn ≤ Can for all n ∈ N.

Theorem. Let G be special and let φ ∈ Out(G) coarsely preserve one of the coarse
median structures on G. Then:

(1) φ has at most N(G) growth rates, where the constant N(G) only depends
on the group G;

(2) each growth rate is equivalent to n 7→ npλn for some integer p ∈ N and
some algebraic integer λ ≥ 1;

(3) the maximal subgroups of G all of whose elements grow at most at a given
speed are finitely generated, and there are only finitely many G–conjugacy
classes of such subgroups of G.
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Diffeomorphism groups of 4-manifolds

Daniel Ruberman

These three lectures surveyed some aspects of the diffeomorphism group of 4-
manifolds. This area has been quite active in recent years, and the referenced
papers represent only a portion of recent developments.

Acknowledgement. Thanks to Dave Auckly and Hokuto Konno for their com-
ments on this outline in advance of the lectures, and to the organizers for inviting
me to give these talks.

Lecture I

Overview. The main concern in these lectures will be simply connected smooth
compact X4. Mostly these will be closed, but some of the results are of particular
interest for manifolds with boundary. A particular focus will be the relations
between Diff(X), Homeo(X), HE(X) (self-homotopy equivalences) and Aut(QX).
We will always assume that such automorphisms are orientation preserving and
so omit any indication of that in the notation; Diff0 and Homeo0 are the identity
components of the respective topological groups.

In summary, we will see big differences between behavior in dimension 4 and
higher dimensions, and big differences between Diff and Homeo in dimension 4.

Classical existence results. Whitehead-Milnor [Mil58, Whi49] showed that
simply connected closed 4-manifolds X are determined up to homotopy type by
the intersection form QX . Moreover, homotopy equivalences determined up to
homotopy by effect on H2(X) (Cochran-Habegger [CH90]; also Kreck [Kre01]).

A foundational series of papers by Wall [Wal64a, Wal62, Wal64] showed that
in many circumstances, an automorphism of QX can be realized by a diffeomor-
phism. Wall [Wal64b] used these results to prove that homotopy equivalent simply
connected closed 4-manifolds are h-cobordant, setting the stage for Freedman’s
topological classification of 4-manifolds.
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Wall’s realization results were proved in stages. First, we have some easy dif-
feomorphisms: Reflection r in S2 gives a diffeomorphism of S2 × S2; note r × r
is orientation preserving. Complex conjugation on CP 2 or CP

2
is likewise orien-

tation preserving. Also, we can permute diffeomorphic summands in a connected
sum.

In general, if fi : Xi

∼=→ Xi are orientation preserving and each preserve a ball
(easily arranged by an isotopy), then we can form f1 # f2. So if X contains a 2-
sphere S of square±1, then it has a connected summand of CP 2 or CP

2
containing

S. it has a reflection supported near S. A similar construction is possible for S
with S · S = ±2.

The most interesting diffeomorphism in [Wal64a] realizes (and, to a topologist,
explained) an automorphism algebraically defined by Eichler. The idea is that
surgery along a loop sweeping out a 2-sphere in X induces a self-diffeomorphism
of X#S2 × S2 or X#S2×̃S2. Such diffeomorphisms, in more elaborate form,
appear in recent work of Budney-Gabai, Watanabe, and others. See the recent
systematic study by Kosanović [Kos24].

Putting these together, Wall [Wal64] shows that for X indefinite, every auto-
morphism of QX#S2×S2 is realized by a diffeomorphism. The key step is algebraic:
Wall shows that maps induced by above diffeomorphisms generate Aut(QX#S2×S2).
This is the first of many results showing that 4-manifold theory is simpler after
stabilization, or connected sum with S2 × S2.

The topological case has a more complete answer. For closed X , Freedman
showed how to realize all automorphisms by homeomorphisms [Fre82]. (The start-
ing point is the existence of a smooth h-cobordism realizing the automorphism.)
When X has non-empty boundary, the story is somewhat more complicated: see
Boyer [Boy86] and Orson-Powell [OP22].

Classic results II: Uniqueness. For uniqueness question, the most intuitive
relation is isotopy. Slightly less intuitive is pseudoisotopy, where f0 and f1 are
pseudoisotopic if there is a diffeomorphism of X × I restricting to f0 on X × {0}
and f1 on X × {1}. These notions make sense in topological case as well.

Kreck [Kre79] showed that for simply connected closed X , pseudoisotopy class
determined by action on H2(X). In particular, homotopy implies pseudoisotopy;
this was reproved by Quinn [Qui86]. Following Cerf’s proof [Cer70] in higher
dimensions, Perron [Per86] and Quinn [Qui86] show pseudoisotopy implies TOP
isotopy; see the correction by Gabai et al [GGH+23]. Quinn [Qui86] claimed
pseudoisotopy implies isotopy after stabilization; corrected in [GGH+23]. Often
one stabilization suffices: [AKMR15]; [AKMRS19].

The non-simply connected case is also of interest. There are K-theory ob-
structions to isotopy and pseudoisotopy defined by Hatcher-Wagoner [HW73].
Igusa [Igu21a, Igu21b] and Singh [Sin22] have proved that some of these are actu-
ally realized.

Gauge theory–first consequences. Friedman-Morgan [FM88] and Donald-
son [Don90] showed not all automorphisms are realized by diffeomorphisms, using
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Donaldson theory. These results were reproved more easily using Seiberg-Witten
theory [FM97] using the principle that basic classes must be preserved by any
diffeomorphism).

Ruberman [Rub98] showed pseudoisotopy does not imply smooth isotopy. Let
us call a diffeomorphism that is topologically isotopic to the identity but not
smoothly so an exotic diffeomorphism. These ideas have been greatly extended in
recent years, and will be the subject of the next lectures.

Lecture II

Background on gauge theory and 4-manifolds. The theme for this lecture
is the use of gauge theory methods to detect non-trivial topology of Diff(X4) and
BDiff(X4).

First, some brief background on gauge theory. One can use Yang-Mills equa-
tions (Donaldson theory) or Seiberg-Witten theory but we will stick to the latter.
I introduced Spinc structures, SW equations, and gauge transformations; see Don-
aldson’s lovely survey article [Don96] for a quick introduction or [Nic00] for many
more details. The Seiberg-Witten equations (following conventions in [Nic00]) are

√
2(F+

A + iη+)− 1

2
c−1(q(ψ)) = 0

D+
Aψ) = 0.

Here A is a connection on a Spinc bundle S+, FA is the curvature of det(S+), ψ is
a spinor (a section of S+), and D+

A is the associated Dirac operator. The quadratic
term c−1(q(ψ)) arises from Clifford multiplication. We are interested in solutions
to these equations modulo a natural symmetry–the action of the gauge group.
This quotient is called the Seiberg-Witten moduli space. The basic point we use
is that the moduli space depends on auxiliary choices: a Riemannian metric g on
the bundle, and a closed 2-form η. Note that these live in a contractible space.
The formal dimension of the moduli space (ie the index of the linearization of the
Seiberg-Witten equations modulo gauge transformations) is given by

d(s) =
c21(s)− σ

4
− (1 + b+2 ).

If d(s) = 0, we count solutions to get the Seiberg-Witten invariant SWX,s ∈ Z.
That this gives a smooth invariant is proved by Donaldson’s cobordism argument:
for a path (gt, ηt), t ∈ I get 1-parameter moduli space

MX,s({(gt, ηt)}) =
⋃

t∈I

MX,s((gt, ηt))

giving a cobordism between MX,s({(g0, η0)}) and MX,s({(g1, η1)}).
Assume d(s) = −1; this means that generically MX,s((g, η)) is empty. But for

finitely many t ∈ I have an isolated solution. Donaldson’s cobordism argument
extends to say that this is an invariant (1-parameter invariant) of the path rel
endpoints.
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Extension to families and application to diffeomorphisms. A key idea
from [Rub98] is to apply this 1-parameter invariant to a diffeomorphism f that
preserves a Spinc structure s. For generic (g0, η0) let (g1, η1) = f∗(g0, η0) and
join by path; compute 1-parameter family invariant SWX,s(f). There is an im-
portant technical point: to get SWX,s(f) ∈ Z we have to assume that f preserves
orientation of the moduli space; this is determined by s and the action of f on
cohomology. Otherwise SWX,s(f) ∈ Z2.

The requirement that f preserve s is restrictive and causes some technical is-
sues related to compositions. The mod 2 and integral versions are both isotopy
invariants; when restricted to the Torelli group (or more generally diffeomorphisms
preserving s and (respectively) orientation of the moduli space) they give homo-
morphisms to Z2 and Z, respectively.

A similar procedure gives rise to invariants for (k+1)-dimensional families when
d(s) = −k + 1 to get homomorphisms on the homology and homotopy groups of
Diff(X). To get well defined invariants SWπk

X,s for (say) πk(Diff(X)), we need to

take b2+(X) > k + 2. This has to do with avoiding reducible solutions (for which
the spinor ψ ≡ 0) and will be assumed going forward without further comment.

Cohomological family invariants. As suggested by Donaldson [Don89, Don96],
a more global way to organize invariants of the sort we are using is to define
cohomology classes on BDiff(X) that give invariants for non-trivial families. This
was carried out in some detail in [Kon21]. Baraglia-Konno proved a useful gluing
formula for such invariants [BK20]. A related approach is to use the Bauer-Furuta
extension of the Seiberg-Witten invariants to a stable homotopy invariant; see for
instance [Szy10, Xu04, BK22, Bar21].

Lecture III

Exotic families detected by family gauge theory. Non-isotopic (but pseu-
doisotopic and topologically isotopic) diffeomorphisms were first constructed in
the series: [Rub98]; [Rub99]; [Rub01]. The basic idea is that there are mani-
folds X0 and X1 that are homeomorphic but not diffeomorphic, and such that
X0#N ∼= X1#N where N is a simple manifold such as S2 × S2 or CP 2#2CP

2
.

Such N support simple diffeomorphisms, say ρN , from reflections in spheres as
described in lecture I. The key computation is a gluing theorem showing that for
appropriate Spinc structures, SWX#N,sX#sN

(1X#ρN ) = SWX,sX . (Gluing theo-
rems for other family invariants were proved by Baraglia-Konno [BK20].) Hence if
X0 and X1 are distinguished by their Seiberg-Witten invariants, then 1X0

#ρN and
1X1

#ρN are not smoothly isotopic. With a little care (an application of Wall’s
theorems from Lecture I) it can be arranged that they are pseudoisotopic and
hence topologically isotopic.

A more recent example: Kronheimer-Mrowka[KM20]; show the non-triviality of
the Dehn twist along the separating 3-sphere in K3#K3. Lin [Lin23] showed that
this persists even after connected sum with S2 × S2. Other recent works include
[Bar23a]; [KMT23]. This was a surprise; the examples from [Rub98] described
above become isotopic after a single stabilization [AKMR15], a fact which is crucial
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in the higher-parameter constructions of [AR24]. An interesting question is to find
exotic diffeomorphism on irreducible 4-manifolds (not a connected sum, except
perhaps with a homotopy sphere.)

There are now interesting examples of non-trivial higher homotopy groups.
Lin [Lin22] and Smirnov [Smi22a] show that π1(Diff(X)) can be large whenever X
has non-trivial Seiberg-Witten invariants and contains spheres of self-intersection
−1 or −2. Forthcoming work of Auckly and Ruberman [AR24] shows that the

groups πk(Diff) (and Hk(Diff0)) can be infinitely generated for k ≥ 1. The ele-
ments that are detected are in the kernel of the natural map to πk(Homeo) and
Hk(Homeo). The non-trivial elements in πk(Diff(X)) are 1-stably trivial (ie triv-
ial after connected sum with 1S2×S2). Roughly speaking, the contraction of these
elements gives rise to new elements of πk+1(Diff(X#S2×S2)). Gluing techniques
relate SWπk

X,s and SW
πk+1

X#S2×S2,s; we all this the ‘suspension theorem’. The same

construction gives infinite generation of

ker[Hk+1(BDiff 0(X)) → Hk+1(BHomeo0(X))].

In all of these results, the topological triviality is built out of the topological
isotopies constructed by Quinn and Perron, and in particular rely on the recursive
nature of the constructions from [AR24]. As far as I know, there are no know
methods to show triviality of other sorts of elements in πk(Homeo(X4)).

An important variation, essential to the study of manifolds and diffeomorphisms
in higher dimensions, is the idea of moduli spaces of manifolds, or in effect the
classifying space BDiff. Konno-Lin [KL22] show that analogues of homology sta-
bility for BDiff (with respect to adding copies of S2 × S2) fail in dimension 4.
A key idea is a refinement SWhalf−tot of the invariant SWtot from [Rub01], a
sum of SW invariants over various Spinc structures, to better take account of the
‘charge conjugation’ action. Baraglia [Bar23b] and Konno [Kon23] use related
ideas to show that the mapping class group can be infinitely generated. The work
of Auckly-Ruberman [AR24] shows that homology stability fails for BDiff 0 and
the classifying space of the Torelli group, but this doesn’t seem to hold in higher
dimensions either.

Some additional applications of family Seiberg-Witten theory. This is
not an all-inclusive list, and was not really covered in the lectures.

(1) Embedded surfaces and stabilizations: [Auc23].
(2) Embedded 3-manifolds: [AR24]; [KMT22]; [IKMT22]
(3) Group actions: [BK23]; [Bar19]
(4) Applications to the topology of the space of positive scalar curvature met-

rics: [Rub01, BW22, AR24].
(5) Symplectomorphism groups/symplectic families: [Kro97, Smi22b]

Some other methods. Topological results and Kontsevich integrals (again, only
lightly touched on.)

(1) Light bulb trick [Gab20, KT24]
(2) Dax invariant, Diff(S1 × S3), and barbell diffeomorphisms [BG19]



1938 Oberwolfach Report 34/2024

(3) Families of diffeomorphisms of S4 detected by Kontsevich integrals; failure
of the 4-dimensional version of the Smale conjecture [Wat18, Wat20]

(4) Formal smoothings of bundles of 4-manifolds in relation to Watanabe’s
work [LX23]

(5) Localization of exotic diffeomorphisms along topologically simple (eg con-
tractible) submanifolds [KMPW24].
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Triangulation and Homology Cobordisms

Matthew Stoffregen

(joint work with Irving Dai, Jen Hom, Linh Truong)

In [8, 7], Galewski-Stern and Matumoto developed machinery to study triangula-
tions of higher-dimensional manifolds, and proved the following remarkable result:

Theorem ([8, 7]). Let M be a topological manifold with either

(1) M is closed, and dimension of M is at least 5,
(2) M is a compact manifold possibly with boundary, of dimension at least 6,
(3) M is of dimension at least 7

Then M is triangulable if and only if β(∆(M)) = 0, where:

(1) ∆(M) is the Kirby-Siebenmann invariant of M , a class in H4(M ;Z/2).
(2) Θ3

Z is the integral homology cobordism group of smooth three-manifolds.
That is, objects are closed, oriented 3-manifolds [Y ] with H∗(Y ;Z) ∼=
H∗(S

3;Z), where we quotient by the relation Y1 ∼ Y2 if there exists a
compact oriented 4-manifold W with ∂W = Y1 ∐ −Y2 with H∗(Yi;Z) →
H∗(W ;Z) is an isomorphism for i = 1, 2.

(3) There is a homomorphism µ : Θ3
Z → Z/2, the Rokhlin invariant, deter-

mined by taking Y = ∂W , for W some compact, spin 4-manifold, and
setting

µ(Y ) = σ(W )/8 mod 2,

where σ(W ) is the signature of W .
(4)

β : H4(−;Z/2) → H5(−; kerµ)

is the Bockstein operator associated to the short-exact sequence:

(1) 0 → kerµ→ Θ3
Z

µ→ Z/2 → 0.

The above theorem relates questions about triangulations of higher-dimensional
manifolds, where here higher-dimensional means M as in the theorem statement,
to understanding the homology cobordism Θ3

Z.
We note some important riders to the theorem. Indeed, that the theorem does

not actually imply that there are non-triangulable higher-dimensional manifolds,
even though it does identify exactly when a particular higher-dimensional manifold
is triangulable! The problem lies in that the exact sequence (1) is not easy to
determine, a priori. For instance, if there were a class Y ∈ Θ3

Z for which µ(Y ) = 1
and 2Y = 0 ∈ Θ3

Z, then the short exact sequence would split, so that its Bockstein
operator would be zero (we note that the short exact sequence splits exactly if
such a class Y exists). In this case, all higher-dimensional manifolds would be
triangulable. Galewski-Stern and Matumoto [8, 7] provide a kind of converse to
this statement:

Theorem. All higher-dimensional topological manifolds are triangulable if and
only if there exists a class Y ∈ Θ3

Z so that µ(Y ) = 1 and 2Y = 0 ∈ Θ3
Z.
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As remarked previously, the ‘if’ part follows from the first theorem, while the
‘only if’ is established by constructing a particular topological manifold M for
which β(∆(M)) vanishes only if (1) is split.

However, independently, the group Θ3
Z has proven difficult to understand; the

first theorem provides strong motivation for its study. In light of that theorem, we
are especially interested in studying the isomorphism class of the arrow Θ3

Z → Z/2
as an object in the arrow category of the category of abelian groups. So far, the
only techniques available to understand the structure of Θ3

Z have been monopole
Floer homology, Heegaard Floer homology, and instanton Floer theory, where the
former two are very closely related. Prior to the advent of Pin(2)-equivariant
monopole Floer homology, introduced in [6] (see also [4]) and its close cousin
involutive Heegaard Floer homology, monopole Floer and Heegaard Floer theory
give (using either theory) a homomorphism:

d : Θ3
Z → Z.

To be more precise, for each coefficient field characteristic, there is such a homo-
morphism d (by convention, usually d refers to the d-invariant defined for a field
of characteristic 0); it would be natural to expect that these homomorphisms are
distinct, but this is not known (and, at present, seems to be a very difficult prob-
lem). None of the d-invariants from monopole or Heegaard Floer theory are related
directly to the µ invariant. That is, µ does not factor through any d. We note
that Θ3

Z is an infinitey-generated abelian group. Such basic questions as whether
or not Θ3

Z contains a torsion element or a divisible element are unanswered.
Instanton theory provides powerful tools to study Θ3

Z and can often be used
to distinguish classes Y1, Y2 ∈ Θ3

Z; the reader should note that a priori it is very
difficult to tell if 3-manifolds Y1, Y2 actually represent the same element in Θ3

Z.
However, instanton theory does not seem to naturally produce invariants of Θ3

Z

through which the Rokhlin invariant factors.
In [6], Manolescu introduced Pin(2)-equivariant monopole Floer homology; this

is an enhancement of ordinary monopole Floer homology. The reader familiar with
Borel homology should think of monopole Floer homology, defined by Kronheimer-
Mrowka, as the S1-equivariant Borel homology of some space or spectrum, while
the Pin(2)-equivariant theory is a Pin(2)-equivariant Borel homology. Modules
over H∗(BPin(2)) are much more complicated than modules over H∗(BS1), and
so Pin(2)-equivariant monopole Floer homology lives in a much richer ‘algebraic’
category than ordinary monopole Floer homology does. This allows one to define
more subtle invariants of homology cobordism using this theory. Prior to [6], it had
already been observed by Kronheimer-Mrowka and Furuta that in the presence of
a spin structure, the Seiberg-Witten equations admit additional symmetry, this
resulted, among other things, in the 10/8-Theorem by Furuta.

Manolescu defined an invariant β : Θ3
Z → Z using Pin(2)-equivariant monopole

Floer homology and showed that

(1) β(Y ) = µ(Y ) mod 2.
(2) β(Y ) = −β(−Y ).
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Note that β is not a homomorphism. In particular, Manolescu showed:

Theorem ([6]). Let Y ∈ Θ3
Z. If µ(Y ) = 1, then 2Y 6= 0 ∈ Θ3

Z. In particular,
there are non-triangulable higher-dimensional topological manifolds.

However, the story of which higher-dimensional topological manifolds are tri-
angulable is not completed, because for a given topological manifold M , together
with knowledge of ∆(M) ∈ H4(M ;Z/2), the first of these three theorems does not
provide a practical way to determine β(∆(M)) - indeed, the exact sequence (1) is
somewhat inscrutable.

As a particular question, it is natural to ask the following:

Question. For topological, higher-dimensional non-triangulable manifolds M, what
constraints are there on H4(M ;Z)?

We note that all higher-dimensional manifolds constructed so far have a Z/2
summand in H4(M ;Z). In fact, we make the following simple observation (which
the reader is invited to check):

Lemma. Let E denote the exact sequence (1), and let Ek denote the exact se-
quence:

0 → Z/2k−1 → Z/2k → Z/2 → 0

If there is a morphism Ek → E of exact sequences which is an isomorphism in
the last Z/2, then β : H4(M ;Z/2) → H5(M ; kerµ) vanishes if the 2-primary part
H4(M ;Z)2 has only Z/2t-summands for t ≥ k.

To put it in more parseable terms:

Corollary. Fix k > 0. If there is a class Y ∈ Θ3
Z with µ(Y ) = 1 and 2kY = 0,

then:
For all topological higher-dimensional manifolds M with H4(M ;Z)2 (the 2-

primary part) has summands Z/2t with t ≥ k, then M is triangulable.

That is to say, the existence of torsion in the homology cobordism group with
nontrivial Rokhlin invariant guarantees that large collections of higher-dimensional
manifolds are triangulable.

In this talk, we outline a strategy, in joint work with Dai, Hom, and Truong to
show:

Conjecture. Let Y ∈ Θ3
Z with µ(Y ) = 1. Then Y is not torsion in Θ3

Z.

This would mean that, in a very rough sense, as many topological manifolds
as possible ‘should’ be nontriangulable. If our conjecture is resolved positively, it
would be interesting to show that there are indeed non-triangulable manifolds with
homotopy types that, say, have any H4 with non-trivial 2-primary part, among
other questions.

We say a few words about the strategy. Manolescu’s proof resulted from study-
ing the algebraic structure of the target category of Pin(2)-equivariant monopole
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Floer homology. One can extract (easily) a ‘universal’ invariant from this target
category [9] to define a homomorphism

SWF : Θ3
Z → CLE,

where the latter term is the local equivalence group of Pin(2)-chain complexes. It
follows from the construction that µ : Θ3

Z → Z/2 is a composite Θ3
Z → CLE → Z/2,

where the latter map CLE → Z/2 is also denoted µ by abuse of notation.
The group CLE is formed from a certain collection of C∗(Pin(2))-chain com-

plexes by identifying those related by local equivalence; this latter is defined in
order that homology cobordant manifolds Y1 and Y2 with have locally equivalent
monopole Floer complexes. In fact, CLE is naturally a partially-ordered group.

In the present work, we study the morphism CLE → Z/2 - this is a, roughly
speaking, ‘algebraic’ question, which is separate from understanding the actual
gauge-theoretic construction SWF : Θ3

Z → CLE. In previous work, we had studied
other local equivalence groups, analogous to CLE, and had found how to find
totally-ordered quotients of various local equivalence groups [1, 3, 2]. The study
of such totally-ordered quotients was initiated by Hom in [5].

In the present work, we find what amount to the most-natural totally-ordered
quotients of CLE. An interesting wrinkle, in comparison to the work in [1, 3,
2], is that the analogously-constructed totally-ordered quotient sets of CLE are
not naturally groups. More usefully, we show that the Rokhlin invariant factors
through a certain totally-ordered quotient F of CLE. The projection map CLE →
F does not appear to be a homomorphism - if it were a homomorphism, our
conjecture would follow directly. In work in progress, we study the projection
map CLE → F ; with more work we hope to establish that even though it is likely
not to be a homomorphism, that the projection map is sufficiently well-behaved
to establish the conjecture.
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Homological stability for symplectic groups via disordered arcs

Nathalie Wahl

(joint work with Ismael Sierra)

We prove the following result:

Theorem. [9] Let R by a PID. Then the homology of the symplectic group sta-
bilises in the following range

Hi(Sp2g(R);Z)
∼=−→ Hi(Sp2g+2(R);Z) for i ≤ 2g − 2

3

The result holds more generally for rings satisfying a unitary and dual unitary
stable rank condition, for example Dedekind domains, with an appropriate shift of
the stability bound. This theorem improves the previous known slope 1

2 bounds

of [2, 6] to slope 2
3 .

A similar looking result is the following:

Theorem. [3, 1, 7] Let Sg,1 be a surface of genus g with one boundary component.
The homology of the mapping class group Γg,1 := π0 Diff(Sg,1) stabilises in the
following range

Hi(Γg,1;Z)
∼=−→ Hi(Γg+1,1;Z) for i ≤ 2g − 2

3

The idea of the proof of the first theorem is to mimic algebraically a recent
proof of the second one, given in [4]. In the case of the mapping class groups of
surfaces, the idea of the proof is to identify the mapping class group Γg,1 as the
automorphism group of D#2g+1 in the monoidal category of bidecorated surfaces,
with D a disc with two intervals marked in its boundary. Applying the stability
machine of [8, 5], one finds out that this particular stability problem is ruled
by the connectivity of the complex of disordered arcs. In the case of symplectic
groups, the category of bidecorated surfaces is replaced by that of formed spaces
with boundary (M,λ, ∂), where M is an R-module, λ an alternating form on M ,
and ∂ : M → R a linear map, with an appropriate monoidal structure. The disc
D is replaced by the formed space (R, 0, id), and there is an identification

Aut(R#2g+1) ∼= Sp2g(R),

with Aut(R#2g) an odd symplectic group. Applying the same stability machine of
[8], one finds out that stability is now ruled by an algebraic verion of the complex
of disordered arcs, whose connectivity we compute.
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Morse boundaries of 3-manifold groups

Stefanie Zbinden

The Morse boundary, as introduced in [2], is a generalization of the Gromov bound-
ary and captures hyperbolic directions of non-hyperbolic groups. Unlike the Gro-
mov boundary, the Morse boundary has an elusive topology which is in general
neither compact nor metrizable. In this talk we first introduce the Morse bound-
ary and highlight its significance. We then give an overview of what is known
about the topology of the Morse boundary. In particular, we show that we can
determine the Morse boundary for all 3-manifold groups (see [3]).

The Gromov boundary of a hyperbolic space is the collection of all its geodesic
rays, which are identified if they have bounded Hausdorff distance. One can equip
the Gromov boundary with a metric which makes it metrizable and compact and
the Gromov boundary is a quasi-isometry invariant. The Morse boundary (see [2])
is an attempt to generalize the Gromov boundary for non-hyperbolic spaces. In
order to retain that the boundary is a quasi-isometry invariant one only considers
geodesics which are “hyperbolic like”, or more precisely, which are Morse, that is,
they satisfy the Morse property.

Unlike the Gromov boundary, the Morse boundary is in general neither metriz-
able nor compact, and hence understanding its topology is very tricky. In spite of
this, in [1], they manage to describe the Morse boundary for several groups, in-
cluding right angled Artin groups and fundamental groups of finite volume cusped
hyperbolic 3-manifolds.

As a next step, one can ask the following. If we understand the Morse boundary
of two groups A and B, what do we know about the Morse boundary of the free
product A ∗ B? This question was answered in [4], where it is shown that the
Morse boundary of a free product A ∗ B is completely determined by the Morse
boundary of its factors A and B.

Finally, to understand the Morse boundary of 3-manifold groups, it suffices to
understand the Morse boundary of fundamental groups of prime manifolds and
how the Morse boundary behaves with respect to certain graph of groups such as
free products (see [3]). In particular, one can show that the Morse boundary of
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the fundamental group of any closed free manifold has one of 9 homeomorphism
types.
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Ext in functor categories and stable cohomology of Aut(Fn)

Gregory Arone

Motivated by the work of Vespa [2], we study polynomial functors from the cate-
gory of (finitely generated, free) groups to abelian groups. We present a homotopy
theoretic method for calculating Ext groups between polynomial functors. The
method is based on changing the setting from groups to simplicial groups and
then from simplicial groups to topological spaces. It enables us to substantially
extend the range of what can be calculated. In particular, we can calculate tor-
sion in the Ext groups, about which very little had been known. We will discuss
some applications to the stable cohomology of Aut(Fn), based on a theorem of
Djament [1].
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Scissors automorphism groups and their homology

Alexander Kupers

(joint work with Ezekiel Lemann, Cary Malkiewich, Jeremy Miller,
Robin J. Sroka)

A polytope P in n-dimensional Euclidean geometry is a finite union of n-simplices,
which in turn are defined as convex hulls of n+ 1 points in general position. Two
polytopes P and Q are scissors congruent if P can be cut into finitely many
polytopes, and these can be rearranged by isometries to form Q. Hilbert’s third
problem asks for a classification of polytopes and complementary to this, we study
the group AutEn(P ) of scissors automorphisms of a fixed polytope P ; ways to cut
a polytope and reassemble it from the pieces, up to refinement.
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Example. Below we illustrate a scissors automorphism of a two-dimensional rec-
tangle: we cut it into four pieces (here rectangles, in general polytopes), move
them by isometries (here translations, in general isometries), and reassemble it to
the rectangle:

1

2

3

4 1

2 3

4

Our goal is to establish “homological stability” for these groups and then com-
pute their “stable homology”; these results will appear in a forthcoming paper [1].
Firstly, using the homological stability machinery of Randal-Williams–Wahl [4] we
prove that the homology of the scissor automorphism group is in fact independent
of the polytope:

Theorem. For any two nonempty n-dimensional polytopes P and Q, there is an
isomorphism

H∗(AutEn(P )) ∼= H∗(AutEn(Q)).

Secondly, we interpret these homology groups in terms of the Zakharevich’s al-
gebraic K-theory spectrumK(En) for the assembler En of n-dimensional Euclidean
polytopes [6]:

Theorem. For a nonempty n-dimensional polytope P , there is an isomorpism

H∗(AutEn(P )) ∼= H∗(Ω
∞
0 K(En)).

This is a justification for Zakharevich’s construction being a good one; it relates
to scissors automorphism groups as the algebraic K-theory spectra of rings relate
to general linear groups.

The spectra K(En) are computationally accessible through the models in terms
of Thom spectra of Tits buildings provided by Malkiewich [3]. For example, we
can use this to compute the homology of the scissors automorphism groups of
two-dimensional polytope, e.g. a rectangle:

Example. For a nonempty 2-dimensional polytope P , we have

H∗(AutE2(P )) ∼= Λ∗


 ⊕

p+2q≥1

Hp(O(2); Λ
2q+2
Q (R2)t)[p+ 2q]


 ,

where the discrete group O(2) acts on (R2)t through a combination of its standard
action and the determinant. Note the reduced homology consists of rational vector
spaces, which is a general feature.
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Our techniques extend to other geometries, other isometry groups, and re-
stricted collections of polytopes. This allows us to recover influential results of
Szymik–Wahl [5] and Li [2], which say that the Brin–Thompson groups are acyclic,
as well as to study interval and rectangle exchange transformation groups. These
groups have previously been studied in dynamics and geometric group theory.
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Cables of the figure-eight knot

Sungkyung Kang

(joint work with Irving Dai, Abhishek Mallick, JungHwan Park,
Matthew Stoffregen, Masaki Taniguchi)

In 1980, Kawauchi asked in his unpublished manuscript [6] whether the (2, 1)-
cable of the figure-eight knot is slice, i.e. bounds a smoothly embedded disk in the
4-ball. This problem has attracted considerable attention due to its connection
to the slice-ribbon conjecture. Explicitly, Miyazaki [11], using a result of Casson
and Gordon [3], showed that if K is a fibered, negative amphichiral knot with
irreducible Alexander polynomial, then the (2n, 1)-cable of K is not (homotopy)
ribbon for any n 6= 0. On the other hand, these knots are known to be algebraically
slice [6] and rationally slice [7]. While such cables are generally believed not to be
slice, the fact that no argument has appeared in the literature has left open the
possibility that these generate counterexamples to the slice-ribbon conjecture.

Since the figure-eight knot 41 is the simplest possible fibered negative-amphichi-
ral knot with irreduccible Alexander polynomial, we first consider the sliceness of
(41)2,1. We use the following fact as the obstruction to its smooth sliceness: if a
knot K is smoothly slice, then its branched double cover Σ(K) bounds a rational ho-
mology ball W , together with a spin structure s, such that the deck transformation
τ on Σ(K) extends to a diffeomorphism τ̃ of W that satisfies f∗

s = s.
This obstruction can be carried out by observing the action of τ on the involu-

tive Heegaard Floer homology of (Σ(K), s), where s here denotes the unique spin
structure on Σ(K). (For simplicity, we will denote all spin structures as s, so that
we do not have to create too much symbols) In particular, we consider the chain
endomorphisms

τ, ι : CF−(Σ(K)) → CF−(Σ(K)),
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where ι denotes the involutive action defined in [5]. The obstruction discussed
above then can be translated as follows: if K is slice, then there exists a U -
nontorsion homology class in HF−(Σ(K)) of absolute grading 0, which is invariant
under the actions of τ and ι. Using the Montesinos trick

Σ((41)2,1) ≃ S3
+1(41♯(41)

r),

one can almost compute HF−(Σ((41)2,1)) and the actions of τ and ι, from which
we can deduce that the desired invariant homology class does not exist. Therefore
we deduce (ref:paper1) that (41)2,1 is not smoothly slice. This can also be gener-
alized in a way that we can replace 41 by “half” of all knots that are torsion in
the smooth knot concordance group.

Unfortunately, the same technique cannot be used to prove the non-sliceness of
(41)2n,1 for n > 1; this is because the Montesinos trick cannot be used anymore.
Our starting point here is the existence of a smooth concordance S of homology
class (1, 3) in 2CP 2, from the 0-framed 41 to the (−10)-framed unknot, discovered
by Aceto-Castro-Miller-Park-Stipsicz [1] in order to give a new proof of the non-
sliceness of (41)2,1. By cabling S, we get a smooth concordance Sn of homology
class (2n, 6n) in 2CP 2 from (41)2n,1 to T2n,1−20n. Hence, if (41)2n,1 were slice, we
would get a smooth disk Dn of the same homology class in 2CP 2 whose outgoing
boundary is T2n,1−20n.

To obstruct the existence of Dn, we use real Frøyshov invariant, δ̄R and δR,
defined by Konno-Miyazawa-Taniguchi [8]. They satisfy certain cobordism in-
equalities; in our case, the inequality we get from Dn is

−1

8
≤ δ̄R(T2n,1−20n) = −δR(T2n,20n−1).

To compute δR(T2n,20n−1), we use the lattice homotopy technique developed by
Dai, Sasahira, and Stoffregen [4] (based on Néméthi’s work [12] on lattice homol-
ogy) to show that there exists a Z2-equivariant map

T : H(Γ, s) → SWF (Σ(T2n,20n−1), s),

where Γ is an almost rational (starshaped) negative-definite plumbing graph of
Σ(T2n,20n−1) = Σ(2, 2n, 20n− 1) in which the deck transformation action can be
realized as the “swapping” of two identical legs, s denotes the unique spin structure
on Σ(T2n,20n−1), and H denotes the lattice homotopy type of (Γ, s); note that Z2

is generated by I = j ◦ τ . Since all spectra involved are finite Z2-spectra and we
only use mod 2 cohomology in order to define real Frøyshov invariants, we can
apply the Sullivan conjecture [2, 3, 10] to show that T induces an isomorphism
between mod 2 coefficient cohomology of Z2-fixed point spectra.

This allows us to deduce that

δR(T2n,20n−1) = δ̄R(T2n,20n−1) =
1

2
µ̄(Σ(2, 2n, 20n− 1)) =

9

8
,

which would imply

−1

8
≤ −δR(T2n,20n−1) = −9

8
,
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a contradiction. Therefore we were able to conclude in our work [9] that (41)2n,1
is not smoothly slice. The same technique was also applied to show that (41)2n,1
does not bound a normally immersed disk in B4 which only has negative double
points as its singularities.
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Is the geography of Heegaard Floer homology restricted or is the
L-space conjecture false?

Antonio Alfieri

A foliation of a three-manifold Y is a decomposition of Y into a disjoint union
of immersed surfaces (leaves) that locally looks like the decomposition of R3 into
horizontal planes. A foliation is called taut if there is a simple closed curve trans-
verse to the leaves of the foliation, and intersecting every single leaf at least in
one point. While every three-manifold admits a foliation, taut foliations do not
always exist. Indeed, taut foliations impose strong topological restrictions on the
underlying three-manifold .

In the 1980s Gabai showed that three-manifolds with b1 > 0 always have a taut
foliation. Deciding what rational homology spheres (b1 = 0) admit a taut foliation
is one of the largest open questions of three-manifold topology today. In recent
times a conjecture answering the riddle started consolidating.
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Conjecture (Boyer, Gordon and Watson, Juhász: the L-space conjecture). For
an irreducible rational homology sphere Y the following statements are equivalent:

(1) Y does not support a taut foliation,
(2) Y is an L-space – i.e. the Ozsváth-Szabó Heegaard Floer module HF−(Y )

is torsion free,
(3) π1(Y ) has no left-ordering; that is an ordering < such that: a < b iff

ga < gb.

The L-space conjecture is known to be true for graph manifolds, some families
of knot surgeries, and some branched coverings . The only part of the conjecture
which is known to be true in general is the following: if a rational homology sphere
Y admits a taut foliation then the Heegaard Floer group HF−(Y ) has non-trivial
torsion. Recently Lin proved the following refinement of this result.

Theorem (Lin). Suppose Y admits a taut foliation. Then the Heegaard Floer
module HF−(Y ) contains a copy of F[U ]/U as a F[U ]-summand.

This statement puts us at a bifurcation: either the L-space conjecture is false,
or the geography of the Heegaard Floer invariant is restricted, that is: not all
modules can show up as torsion module of the Heegaard Floer homology group of
some rational homology sphere.

In my recent paper with Binns we used Heegaard Floer surgery formulae to
prove that a broad class of rational homology spheres satisfy the restriction im-
posed by Lin’s theorem. Thus we presented evidence for the following conjecture.

Conjecture. The Heegaard Floer module HF−(Y ) satisfies the Lin geography re-
striction for all rational homology spheres Y , that is either HF−(Y ) is torsion free
or it contains a copy of F[U ]/U as summand.

Note that for a large class of graph manifolds the Lin geography restriction was
first verified by Bodnar, and Plamenevskaya.

Further results. Toward the end of my talk I suggested that Heegaard Floer
homology could satisfy an even stronger geography restriction than the one that
would be prescribed by Lin’s theorem in accordance with the L-space conjecture.
I shall expand on that and make a precise statement here.

Definition. An F[U ]-module M satisfies the strong geography restriction if it
contains a direct summand of the form

F[U ]/U ℓ ⊕ F[U ]/U ℓ−1 ⊕ · · · ⊕ F[U ]/U2 ⊕ F[U ]/U

where ℓ = min{ℓ ≥ 0 : U ℓ ·Mred = 0}.
The following theorem was proved in

Theorem. If Y is a rational homology sphere that can be obtained performing
either surgery on a knot in S3, or large surgery on a link in S3 then the Heegaard
Floer module HF−(Y ) satisfies the strong geography restriction.
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Note that this Theorem holds true in the more general case of null-homologous
knots and links in any L-space. Given the above results it is natural to ask the
following question.

Question. Does HF−(Y ) satisfy the strong geography restriction for every rational
homology sphere Y ?

Of course, given that every rational homology sphere is integral surgery on some
link, removing the hypothesis that Y is large surgery on a link in the statement
of the previous Theorem would provide an affirmative answer to the Question.
Indeed, we know many examples of links – for instance torus links, and connected
sums of Hopf links – whose small surgeries satisfy at least the Lin geography
restriction.

The stable chain rule for orthogonal calculus

Connor Malin

(joint work with Niall Taggart)

Goodwillie calculus was introduced by Goodwillie [4] in order to study functors
arising in stable and unstable homotopy theory. Orthogonal calculus was intro-
duced by Weiss [5] in order to study covariant functors which arise out of geometry.
These two type of functor calculus share many similarities including similar notions
of derivatives.

In a series of papers [1, 2, 3], Arone-Ching built the foundation for the study
of Goodwillie calculus via operad actions on the sequences of derivatives. In par-
ticular, they studied the relation between functor composition and composition of
derivatives relative to the Lie operad. This is the notion of a chain rule in functor
calculus.

In this talk, we describe how to transport some of these results to orthogonal
calculus. The primary difficulty is that one no longer expects an operad to act on
the derivatives, but rather a category which is “Koszul dual” to the category of
vector spaces and surjections.

We first produce such a theory of categorical Koszul duality, and then describe
how it interacts with orthogonal calculus. In particular, by differentiating the
Yoneda lemma, we are able to show the the derivatives in orthogonal calculus are
acted upon by this category K(OEpi), a result which parallels the appearance of
the Lie operad in Goodwillie calculus.

If Koszul duality is sufficiently symmetric monoidal with respect to a product
called Day convolution, it is possible to formally deduce both a product rule, for
the pointwise smash product of functors, and a chain rule for the derivatives of a
composite

VectR → Spec → Spec

which necessarily involves both the Goodwillie and the Weiss derivatives.
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Diffeomorphisms of 4-manifolds from graspers

Danica Kosanović

Recently the question of computing smooth mapping class groups of 4-manifolds
– groups π0 Diff∂(M) of isotopy classes of diffeomorphisms rel boundary – has
attracted a lot of attention. Nevertheless, there is no single compact 4-manifold
for which this group is known.

Inspired by clasper surgery for classical knots, Watanabe [15] constructed classes
in homotopy groups πn Diff∂(D

4), including a single, so-called theta class wat(Θ)
in degree n = 0. He showed that for many n ≥ 1 these classes are nontrivial, but
the question of nontriviality of π0 Diff∂(D

4) remained open.
Budney and Gabai [3] found an infinite set of linearly independent classes in

the abelian groups π0 Diff∂(D
3 × S1) and π0 Diff∂(S

3 × S1). Moreover, they gave
a general recipe for constructing diffeomorphisms of 4-manifolds, called barbell
implantations w. Another work of Watanabe [16] followed, also giving infinitely
many elements in π0 Diff∂(D

3 × S1), as well as in π0 Diff∂(Σ× S1), where Σ is the
Poincaré homology 3-sphere (these classes are variants of wat(Θ)).

Gay [6] constructed an infinite list of candidate classes in π0 Diff∂(D
4) called

Montesinos twin twists, but together with Hartman [7] they showed that this list
reduces up to isotopy to at most one nontrivial element G(νTc), which is 2-torsion.

Moreover, Gay [6] (using Cerf theory) and later Krannich–Kupers [12] (using
results of Quinn and Kreck) give a general procedure for constructing classes in
π0 Diff∂(M), which they show exhausts the whole group in the case M = D4.
Similar constructions – which we propose to call parameterised surgery – have
been used elsewhere, for example in [14, 4, 3].

In [8] we study the following version: for any smooth 4-manifold M and a
framed embedded 2-sphere νS : νS2 = S2 × D2 →֒ M , parameterised surgery of
index one is the map

(1) psνS : π1(Emb(νS1,MνS); νc) π0 Diff∂(M \ νS) π0 Diff∂(M).
δνc ∪IdνS

HereMνS := (M \νS)∪∂νS νc is the surgery on νS, for νc ∼= S1×D3. The map δνc
is given by ambient isotopy extension: lift a loop of framed S1 →֒ MνS based at
νc to a path of diffeomorphisms ofMνS , and restrict the endpoint diffeomorphism
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to the complement of νc (which it fixes, by construction). In other words, δνc is
the circle pushing. The map ∪IdνS in (1) is the extension by the identity over νS.

If S is unknotted (bounds an embedded 3-ball), then MνS
∼=M# S3 × S1, and

we use the notation

(2) ps : π1(Emb(νS1,M# S3 × S1); νc) π0 Diff∂(M).

In our recent preprint [8] we explore connections between all mentioned construc-
tions of diffeomorphisms, using the maps psνS and knotted families of circles con-
structed using graspers in our previous work [11, 10]. We explicitly relate graspers
to Watanabe’s and Budney–Gabai’s classes in arbitrary 4-manifolds. All of them
are then related to Gay’s twists in S4, depicted in Figure 1.

Figure 1. The embedded torus Tc : S
1 × S1 →֒ S1 × S3 is the

connect-sum of a thin torus containing c = S1 × {pt} (the blue
line), with a meridian sphere for c, along a guiding arc going
around [c] = 1 ∈ Z ∼= π1(S

1 × S3). Roughly speaking, the Gay
twist G(νTc) does Dehn twists on the curves that guide the move-
ment of c around Tc. To define it precisely use the Dehn twist on
a × [0, 1] times the identity on c ×mT on the normal bundle of
the circle bundle ν∂(νTc) ∼= a× c×mT × [0, 1]; then surger c out.

Let us briefly explain graspers of degree one, giving elements

r(h) ∈ π1(Emb(νS1, X); νc),

for a 4-manifold X , h ∈ π1X , and the basepoint r(h)0 = r(h)1 = c : S1 →֒ X ,
represented in Figure 2(ii) by the horizontal line union the point at infinity. A
grasper can be viewed as the union of two small unknotted meridian spheresm0,m1

to c at two points p0, p1 ∈ c, connected by a bar. This bar followed by c|−1
[p0,p1]

represents h. The family r(h)s : S
1 →֒ X for s ∈ [0, 1] takes a piece of c near p0,

drags it along the bar, and then swings it around m1, before going back. One can
easily extend this to framed embeddings. Let us mention that homotopy groups
of embeddings of (framed) circles have been studied recently in [1, 5, 13, 9].

In particular, for M = S4 we show that almost all existing constructions of
diffeomorphisms reduce to a single 2-torsion class, the parameterised surgery map
from (2) applied to the class r([c]).

Theorem ([8]). For M = S4 the image of the parameterized surgery map ps, as
well as any barbell implantation, consists of at most of one class, at most 2-torsion:

ps ◦ r([c]) = wat(Θ) = impl(yx) = G(νTc),
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Figure 2. (i) The grasper family r(h) is obtained by connect-
summing the tip of the long finger into each of the arcs foliating
a meridian sphere to c. (ii) The schematic depiction of r(h).

The proof first expresses the Watanabe class wat(Θ) in terms of ps, as in Figure 3(i)
(this is similar to the work done by Botvinnik andWatanabe in [2]), and then shows
that this family is isotopic to r([c]). And similarly for the Budney–Gabai barbell
implantation impl(w) for the bar word w = yx from Figure 3(ii).

Figure 3. Parameterised surgery on depicted families of circles
gives: (i) Watanabe’s wat(Θ) and (ii) Budney–Gabai’s impl(yx).

It remains open if the class from the theorem is in fact trivial.
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Scissors congruence and a conjecture of Goncharov

Inna Zakharevich

Hilbert’s Third Problem [6] asks the following question: do there exist two poly-
hedra with the same volume which cannot be decomposed into finitely many
piecewise-congruent pieces? More precisely, given two polyhedra P and Q, with
the same volume, is it possible to write P =

⋃n
i=1 Pi, Q =

⋃n
i=1Qi, with Pi

∼= Qi

and measure(Pi ∩ Pj) = measure(Qi ∩ Qj) = 0? Two polyhedra for which such
a relationship holds are called scissors congruent. This question was answered in
1901 by Dehn, who showed1 that there exists a function

D :





scissors
congruence
classes



 → R⊗Z R/Z

which is nonzero on any regular tetrahedron and zero on any cube, thus proving
that volume is not sufficient to distinguish scissors congruence classes. This func-
tion has since been called the Dehn invariant. In 1965 Sydler proved that there
are no other independent invariants: volume and the Dehn invariant are suffi-
cient to distinguish scissors congruence classes. (See references for a more detailed
discussion and history.)

1Given that tensor products were only defined in 1938, he did not actually show this; however,
in modern terms, his proof implies this statement directly.
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However, the question of how to distinguish scissors congruence classes in most
other dimensions, and other geometries, remains open. In each new odd dimen-
sion, a new Dehn invariant appears, so that in the 5-dimensional case there are
three known invariants (volume and two Dehn invariants), in the 7-dimensional
case there are four (volume and three Dehn invariants), and so on. To fully un-
derstand and analyze these invariants, we switch to a group-theoretic analysis:
instead of considering the set of scissors congruence classes, we consider the scis-
sors congruence group.

Let Xn be an n-dimensional geometry (such as Euclidean, spherical, or hyber-
bolic). Then we define

P(Xn) =
free ab. gp

on polytopes in Xn

/
[P ] = [Q] ifP ∼= Q
[P ] + [Q] = [P ∪Q] if measure(P ∩Q) = 0

.

In terms of these scissors congruence groups, we can now write Dehn invariants as
homomorphisms

Dk : P(Xn) → P(Xk)⊗ P̃(Sn−k−1),

where P̃(Sn−k−1) is a certain quotient of P(Sn−k−1). (Whenever m is even,

P̃(Sm) = 0, which is why new Dehn invariants arise only at odd dimensions).
The question of whether the volume and the Dehn invariants separate scissors
congruence classes can now be rephrased in the following manner: is the volume

homomorphism injective when restricted to
⋂n−1

k=1 kerDk? Goncharov [5] conjec-
tured an interesting manner of approaching this question: he showed that the
Dehn invariants can be assembled into a chain complex P∗(X

n) consisting of scis-
sors congruence groups, and conjectured that its homology is isomorphic to the
filtered quotients of the γ-filtration onK∗(C). Under this isomorphism the volume
homomorphism becomes the Borel regulator, and the conjecture that it is injective
becomes the question of whether the Borel regulator is injective (which is known
in many cases, although not in the case of C). (See Theorem 1.6 of Goncharov.)

In joint work with Jonathan Campbell [4], based off of work of Cathelineau
[1, 2, 3], we construct a topological model of Goncharov’s chain complex. In order
to do this, we construct a space, FXn

• , for any geometry X , which is acted upon
by the isometry group of X . The space FXn

• has nonzero homology in exactly one
degree (n − 1) and H0(Isom(Xn);Hn−1(F

Xn

• )σ) ∼= P(Xn). (Here the ·σ denotes
that the action of the isometry group must be twisted by the determinant.) The
Dehn invariant can be modeled via an equivariant map

Dk : FXn

• →
∨

Xk⊆Xn

FXk

• ⋆̃ FSn−k−1

• .

(Here, ⋆̃ is the reduced join of spaces.) After taking coinvariants via the isometry
group of Xn, this models the Dehn invariant in the first nonzero homology degree.
Goncharov’s chain complex can be modeled as the total homotopy cofiber of a
certain cube constructed via such Dehn invariants. As homotopy coinvariants and
total homotopy cofibers commute, we are able to compute the homotopy type of
the total homotopy cofiber of this cube prior to taking the homotopy cofiber and
it turns out to be remarkably simple: a cube. This implies, in particular, that
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there is a spectral sequence whose E1 page contains P∗(X
n) in the lowest nonzero

portion, and which converges to the homology of the isometry group of Xn. This
gives an alternate form of Goncharov’s conjecture and constructs (via the edge
homomorphism of the spectral sequence) a version of Goncharov’s conjectured
map: a homomorphism

Hm+⌊n−1

2
⌋(Isom(X);Qσ) → HmP∗(X

n)⊗Q.

(Here, again, the ·σ indicates a twisting by the determinant.) In the case when
m = n − 1 the homology on the right is the interesction of the kernels of Dehn
invariants, and there is a Borel regulator which is defined on the group on the left
(which in the case when X is hyperbolic can be shown to agree with the volume
map on polytopes). If the horizontal morphism is an isomorphism (as Goncharov
conjectures) and the Borel regulator is injective, this would imply the generalized
Hilbert’s third problem holds: that the volume and the Dehn invariant do, indeed,
separate scissors congruence classes.
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Pontryagin–Weiss classes

Manuel Krannich

(joint work with Alexander Kupers)

Pontryagin classes are certain characteristic classes of real vector bundles π : E →
X . There is one for every nonnegative integer i ≥ 0, defined as the 2ith Chern
class of the complexification of the vector bundle up to a sign:

pi(π) := (−1)i · c2i(π) ∈ H4i(X ;Z).

Two of their most important properties are:

(1) (Stability) pi(π) = pi(π ⊕R).

(2) (Vanishing) pi(π) = 0 for i > rank(π)
2

One of the historically most significant applications of Pontryagin classes is that,
when applied to tangent bundles, they give rise to invariants of smooth manifolds
that can be used to distinguish smooth structures on a given topological mani-
fold. This fundamentally uses that Pontryagin classes are integral characteristic
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classes: when considered as rational characteristic classes, their values on tangent
bundles of manifolds M are independent of the smooth structure. The reason for
this is a combination of two facts: firstly, by work of Novikov, Kirby–Siebenmann,
Sullivan, and others, there is a unique extension of the rational Pontryagin classes
pi(π) ∈ H4i(X ;Q) to stable characteristic classes of Rd-bundles—fibre bundles
whose fibres are homeomorphic to Rd (without a fibrewise linear structure). Sec-
ondly, by results of Milnor, Kister, and Mazur, every topological d-manifoldM has
a topological tangent bundle which is an Rd-bundle that agrees with the underlying
Rd-bundle of the usual tangent bundle if M comes with a smooth structure.

By construction, these more general rational Pontryagin classes pi(π) ∈ H4i(X ;Q)
that are defined for Rd-bundles still satisfy the above stability property, but it was
unclear for a long time whether they also satisfy the vanishing property (c.f. [Sul05,
p. 210]) until Weiss [Wei21] proved—to the surprise of many—that they do not:

Theorem (Weiss). There are pairs of integers (i, d) with i > d
2 such that there

exists an Rd-bundle over a sphere π : E → S4i with pi(π) 6= 0.

In my talk I presented the following strengthening of Weiss’ result from [KK24]:

Theorem (Krannich–Kupers). For all pairs (i, d) with d ≥ 6 and i ≥ 0, there
exists an Rd-bundle over a sphere π : E → S4i with pi(π) 6= 0.

Remark.

(1) Because of the stability property, the statement of the theorem for all
d ≥ 6 follows from the case d = 6 by taking products with trivial bundles.

(2) Closely related to the theorem, Galatius and Randal-Williams [GRW23]
proved by a different approach that there are no universal relations be-
tween products of Pontryagin classes for Rd-bundles when d ≥ 6.

It can be shown to be equivalent to either of the following statements:

(1) The stabilisation map induced by taking products with Euclidean spaces

Top(d) −→ Top := colimdTop(d)

admits a rational section as long as d ≥ 6. Here Top(d) is the topological
group of homeomorphisms of Rd in the compact-open topology.

(2) Certain characteristic classes for smooth bundles with closed d-discs as
fibres and a trivialisation of the boundary bundle which are defined in
terms of Pontryagin classes and the Euler class (see [KRW21, 8.2.1]),

BDiff∂(D
d) −→ d

i≥⌊ d
2
⌋K(4i− d− 1,Q),

can be detected for all d ≥ 6 by bundles over spheres, i.e. the above map
is surjective on rational homotopy groups.

Our strategy of proof is closely inspired by Weiss’ original strategy, which re-
lies on embedding calculus in the sense of Goodwillie–Weiss [Wei99, GW99] and
Galatius–Randal-Williams’ work on stable moduli spaces of manifolds [GRW17].
The most important additional ingredient in enhancing his strategy in order to
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prove our theorem is the following result on the space of derived automorphisms

of the rationalised little d-discs operad EQ

d :

Theorem (Krannich–Kupers). For all d ≥ 2, the double stabilisation map

((−)⊗ idQE2
) : BAut(EQ

d−2) −→ BAut(EQ

d )

induced by taking Boardman–Vogt tensor products with EQ
2 , is nullhomotopic.

Remark. The above theorem is optimal in the following sense:

(1) The single stabilisation BAut(EQ

d−1) −→ BAut(EQ

d−2) is not null in gen-

eral: it can be shown to be nontrivial on H4n(−;Q) for d = 2n+ 1.
(2) The non-rationalised version of the double stabilisation map

BAut(Ed−2) → BAut(Ed−2)

is not null either: it factors the composition BO(d − 2) ⊂ BO(d) →
BG(d) = BhAut(Sd−1) induced by block-inclusion of matrices and the
usual O(d)-action on Sd−1. This composition induces the unstable J-
homomorphism on homotopy groups, which is highly nontrivial.
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Infiniteness of 4-dimensional diffeomorphism groups

Hokuto Konno

Given a smooth manifold X , a basic question on its mapping class group
π0(Diff(X)) is that whether this is finitely generated. If X is closed and simply-
connected, and dimX ≥ 5, a classical result due to Sullivan [12] shows that
π0(Diff(X)) is finitely generated (more strongly, finitely presented). In dimen-
sion ≤ 3, even dropping simple-connectivity, the mapping class groups are known
to be finitely generated (again, more strongly, finitely presented). The following
result proves the 4-dimensional analog of such finite generation fails:
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Theorem (K. [8], independently also by Baraglia [1]). There exist simply-connect-
ed closed smooth 4-manifolds X such that π0(Diff(X)) are not finitely generated.

Example. Let E(n) denote the simply-connected elliptic surface without multiple
fiber of degree n. For example, E(2) = K3. Set X = E(n)#S2 × S2. Then
π0(Diff(X)) is not finitely generated.

Remark. Quinn’s result [10], together with a recent correction [5], implies that,
for a simply-connected closed topological 4-manifold X , π0(Homeo(X)) is finitely
generated. Thus the infinite generation exhibited in the previous theorem is a
special phenomenon in the 4-dimensional smooth category.

Remark. If one drops simple-connectivity, it is known that the mapping class group
can be infinitely generated in all dimensions ≥ 4. For example, Hatcher [6] proved
that the tori T n with n ≥ 5 have infinitely generated mapping class groups. In
dimension 4, recent results by Budney–Gabai [3] and Watanabe [13] showed that,
for some non-simple-connected 4-manifolds (such as S1 × S3), the mapping class
groups are infinitely generated.

Remark. Ruberman [11] proved that the Torelli group of some simply-connected
4-manifolds can be infinitely generated. Note that the theorem does not follow
from this fact, since an infinitely generated group might be embedded in a finitely
generated group (such as the commutator subgroup of the rank 2 non-abelian free
group).

The above Theorem is a consequence of the following more general result:

Theorem ([K. [8]). For each k > 0, there exist simply-connected closed smooth
4-manifolds X such that Hk(BDiff(X);Z) are not finitely generated.

It is clear that k = 1 in above theorem recovers the original result.

Example. Given k > 0, set X = E(n)#kS
2 × S2. Then Hk(BDiff(X);Z) are not

finitely generated. More strongly, we proved in [8] that Hk(BDiff(X);Z) contains
a (Z/2)∞-summand, which becomes trivial under the natural comparison map

Hk(BDiff(X);Z) → Hk(BHomeo(X);Z)

and the stabilization map for the connected sum with S2 × S2.

Remark. It is interesting to compare this generalization with a result by
Bustamante–Krannich–Kupers [4]. They proved that, for a closed smooth mani-
fold X of even dimension ≥ 6 and with finite fundamental group, the homologies
Hk(BDiff(X);Z) are finitely generated for all k.

This theorem is proven by introducing infinite series of characteristic classes of
smooth families of 4-manifolds using Seiberg–Witten theory, which are variants of
a construction given by the author [7] and Lin and the author [8]. The proof of the
non-triviality of these characteristic classes uses a gluing formula for the families
Seiberg–Witten invariant by Baraglia and the author [2].
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The stable homology of Hurwitz spaces and Cohen–Lenstra moments

Ishan Levy

(joint work with Aaron Landesman)

The Cohen–Lenstra heuristics [1] predict the distribution of the odd part of class
groups of quadratic fields, and have been one of the driving conjectures in arith-
metic statistics over the last four decades.

One of the primary approaches to determining this distribution is to compute
its moments, by which we mean the average number of surjections from the class
group of an extension to an odd order abelian group H , K ranges over imaginary
quadratic fields or real quadratic fields.

The moment for H = Z/3Z was computed over Q by Davenport and Heil-
bronn [2] and the analog over function fields has been verified by Datskovsky and
Wright in [3]. In the function field case over Fq(t), work of Ellenberg–Venkatesh–
Westerland (EVW) proved a weak version of the Cohen–Lenstra heuristics in [5],
where one takes a limit as q approaches ∞. However, despite this, no other mo-
ments over any function field have been computed or even proven to exist.

The approach of EVW is to use the Grothendieck–Lefschetz trace formula and
comparison results in étale cohomology to relate the problem to understanding the
homology of certain Hurwitz spaces. Given a group G, and a union of conjugacy
classes c, the Hurwitz space HurG,c

n is defined to be the homotopy quotient of
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the set cn by the action of the braid group Bn determined by the fact that the
twist acts on c2 by sending x, y 7→ xyx−1, x. For each element x ∈ c, there is a

stabilization map HurG,c
n

αx−−→ HurG,c
n+1, coming from the map cn → cn+1 obtained

by concatenating x. EVW showed that for certain G, the homology of the spaces
HurG,c

n stabilize as n approaches ∞. Using this in the case G = H ⋊ Z/2Z where
the action is the negation action, and c ⊂ G is the conjugacy class of order two
elements, they prove their limiting version of the Cohen–Lenstra heuristics. From
now on, we assume that G, c is of this form.

We compute the stable homology of the Hurwitz spaces for these G, allowing
us to compute the H moments of the Cohen–Lenstra distribution when the finite
field is large enough. In particular, we prove:

Theorem. Suppose H is a finite abelian group of odd order. Let q be an odd
prime with gcd(|H |, q(q − 1)) = 1. There is an integer C, depending only on H,
so that if q > C and i ∈ {0, 1},

lim
n→∞

n≡i mod 2

∑
K∈MHn,q

|Surj(Cl(OK), H)|
∑

K∈MHn,q
1

=

{
1 if i = 1
1

|H| if i = 0.
(1)

The following is our computation of stable homology:

Theorem. For G and c as above, there are constants I and J depending only on
G so that for n > iI + J and any connected component Z ⊂ HurG,c

n , the map
Hi(Z;Q) → Hi(BBn;Q) is an isomorphism.

Here BBn is the classifying space of the braid group, or the space of configu-
rations of n unordered points in C, and its rational homology for n ≥ 2 is Q in
degrees 0, 1, and vanishes in all other degrees.

EVW also attempted to compute the stable homology of these Hurwitz spaces
in [4], but a serious error was found by Oscar Randal-Williams, who also wrote an
article explaining EVW’s work [6].

In my talk I outlined our computation of stable homology above in the case
G = S3 and c is the conjugacy class of transpositions.
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Motivic Milnor formulas

Hana Jia Kong

(joint work with Weinan Lin)

1. Background

Morel and Voevodsky’s work [5] laid the foundation of motivic stable homotopy
theory. Roughly, motivic stable homotopy theory is the stable homotopy theory
for schemes. On the one hand, one can use homotopy theoretical tools to study
algebro-geometric objects; on the other hand, one can recover classical results
from motivic information. Many classical stable homotopy theory constructions
and results have their motivic analogs. Work in Dugger–Isaksen [1] studies the
motivic version of Adams spectral sequence, which computes the motivic stable
homotopy groups of the sphere.

Classically, one can build an algorithm and use computer programs to compute
the E2-page of the classical mod 2 Adams spectral sequence, ExtA(F2,F2). Milnor
in [4] discussed the Steenrod algebra and its dual, defined the Milnor basis for the
Steenrod algebra, and gave the product formula for the Milnor basis. The Adams
E2-page is the cohomology of Steenrod algebra, and with Milnor’s product formula,
the computation is purely algebraic.

A natural question to ask is if one can do the same in the motivic case. The first
step is to compute the motivic product formula for the motivic Milnor basis. In
previous work of Kylling [3], the author worked out the product formula in some
specific cases. It turns out that the motivic computation is much more complex,
for several reasons.

(1) The motivic cohomology of a point can be complicated, and contains extra
gradings.

(2) The motivic dual Steenrod algebra is a Hopf algebroid, therefore there is
an asymmetry in the action of the unit map.

(3) The motivic dual Steenrod algebra is not free polynomial.

2. Main results

In this work, we compute explicit formulas for taking products using the motivic
Milnor basis. For simplification, we work with base field R.

2.1. The Hopf algebroid structure. In this subsection, we recall some results
from [6, 7].

The motivic Steenrod algebra is

A∗∗ = M2[ξj , τi, j ≥ 1, i ≥ 0]/τ2i = ρτi+1 + τξi+1 + ρτ0ξi+1,
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whereM2 = F2[τ, ρ] denotes the motivic cohomology of a point. The dual Steenrod
algebra forms a Hopf algebroid; in particular, it has
(1) the right unit action on τ : ηR(τ) = τ + ρτ0;
(2) the coproduct map:

ψ(τk) = τk ⊗ 1 +

k∑

i=0

ξ2
i

k−i ⊗ τi,

ψ(ξk) =

k∑

i=0

ξ2
i

k−i ⊗ ξi;

(3) and the conjugation map: χ.
Here we adopt the convention ξ0 = 1.

Definition 1. Let Seq denote the set of all sequences S = (s0, s1, s2, ...) with only
finitely many nonzero entries, and let Seq1 be the subset of all such sequences with
entries either 0 or 1.

For sequences E ∈ Seq1 and R ∈ Seq, we use Q(E), P (R) to denote the duals
of

τ(E) = τe00 τe11 · · · , ξ(R) = ξr11 ξ
r2
2 · · · .

All such Q(E)P (R) form a basis for the motivic Steenrod algebra; we refer to this
basis as the motivic Milnor basis.

2.2. Formula for Milnor basis.

We work out the formula in three steps.

(1) Change to the conjugate generators
(2) Compute a simplification formula for monomials that contain powers of

τi, and use it to rewrite the coproduct formula.
(3) Use the standard method and the formula in the previous step.

2.2.1. Step 1. We switch to conjugate generators χτi and χξi without changing
notations. Using the new convention and the right unit formula, the relation in
the dual Steenrod algebra now writes

τ2i = τξi+1 + ρτi+1.

And the coproduct formulas write:

ψ(τk) = 1⊗ τk +

k∑

i=0

τi ⊗ ξ2
i

k−i,

ψ(ξk) =

k∑

i=0

ξi ⊗ ξ2
i

k−i.
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2.2.2. Step 2. We compute a simplification formula for monomials that contain
powers of τi.

Notations
Let R and S be two sequences. We introduce the following notation.

(1) |R| = Σri2
i.

(2) ℓ(R) = Σri.
(3)

c(R,S) =
∏

n≥0

(⌊∑n−1
i=0 2i−n(ri − si)⌋

sn

)
.

Here we take
(
m
n

)
= 0 if m < n.

Theorem 1. For R ∈ Seq, we have

(1) τ(R) =
∑

S∈Seq,E∈Seq1
|E|+|S|=|R|

c(R,S)τ ℓ(S)ρℓ(R)−ℓ(E)−2l(S)τ(E)ξ(S).

Proof. It is not hard to observe that if τ(E)ξ(R) appears in the summand, then
we must have

|R|+ |E| = |S|.
And the powers of τ and ρ can be determined by comparing degrees. Therefore,
tt remains to determine the coefficient of τ(E)ξ(S).

When we start from a single term τ(R), we can create a binary tree whose
root node is labeled by τ(R), and a node labeled by τ(E)ξ(S) has two child nodes
labeled by

τ(e0, · · · , en−1, en − 2, en+1 + 1, en+2, . . . ) · ξ(S)
and

τ(e0, · · · , en−1, en − 2, en+1, . . . ) · ξ(s0, . . . , sn, sn+1 + 1, sn+2, . . . )

if E contains some en > 1. Otherwise τ(E)ξ(S) is a leaf node. The binary tree
encodes the process of rewriting, and we always rewrite from the the left-most
entry ei ≥ 2.

It is not difficult to see that the coefficient of τ(E)ξ(S) in (1) should be the
number of occurrences of τ(E)ξ(S) in the leaf nodes.

We compute by reverse induction. Suppose n is the index of the rightmost entry
in R. Then a node τ(E)ξ(S) is a descendant of

τ(e0, . . . , en−2,

n−2∑

i=0

2i−n+1(ri−ei−si)+ rn−1−sn−1, . . . )ξ(s0, s1, . . . , sn−1, 0, . . . ),

where ei ∈ {0, 1} for i ≤ n− 2 by the rewriting order. Therefore, we have

n−2∑

i=0

2i−n+1(ri − ei − si) + rn−1 − sn−1 = ⌊
n−1∑

i=0

2i−n+1(ri − si)⌋.
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Such a node has

(⌊(⌊∑n−1
i=0 2i−n+1(ri − si)⌋/2⌋

sn

)
=

(⌊∑n−1
i=0 2i−n(ri − si)⌋

sn

)

descendants that are labeled by τ(E)ξ(S).
By reverse induction, we can conclude the coefficient equals c(R,S) in (1).

�

Recall the following notations from Milnor’s work, with modification. Let X be
a matrix

x0,0 x0,1 x0,2 · · ·
x1,0 x1,1 x1,2
...

,

and let R,R′ be in Seq. Define T (X)r =
∑
xr−i,i, R(X)r =

∑
2ixi,r , S(X)r =∑

xr,i, b(X) = Πi(xi,0, xi−1,1, . . . , x0,i), and b(R,R
′) = Πi

(
ri
r′
i

)
.

Using the formula in Theorem 1, we deduce the following product formula.

Corollary 1. For any E ∈ Seq1, T ∈ Seq, we have

ψ(τ(E)ξ(T ))

=
∑

T (Y )=T
D′+D′′=E,T (X)=D′′

R′∈Seq,E′∈Seq1
|R′|+|E′|=|S(X)|

b(E,D′)b(Y )b(X)c(S(X), R′)

τ ℓ(R
′)ρℓ(S(X))−ℓ(E′)−2ℓ(R′)

τ(E′)ξ(R′ + S(Y ))⊗ τ(D′)ξ(R(X + Y ))

.

Proof. Using Theorem 1 and the coproduct formulas for τ(E) and ξ(T ) deduced
similarly as in [4], we can compute:

ψ(τ(E)ξ(T ))

=
∑

T (Y )=T
D′+D′′=E,T (X)=D′′

b(E,D′)b(Y )b(X)τ(S(X))ξ(S(Y ))⊗ τ(D′)ξ(R(X + Y ))

=
∑

T (Y )=T
D′+D′′=E,T (X)=D′′

R′∈Seq,E′∈Seq1
|R′|+|E′|=|S(X)|

b(E,D′)b(Y )b(X)c(S(X), R′)

τ ℓ(R
′)ρℓ(S(X))−ℓ(E′)−2ℓ(R′)

τ(E′)ξ(R′ + S(Y ))⊗ τ(D′)ξ(R(X + Y ))

.

�



Topologie 1969

2.2.3. Step 3. With the coproduct formula for τ(E)ξ(T ), we can compute the
following.

Theorem 2. For any E1, E2 ∈ Seq1 and R1, R2 ∈ Seq, we have

Q(E1)P (R1) ·Q(E2)P (R2)

=
∑

R′∈Seq
R′+S(Y )=R1

R(X+Y )=R2

|R′|+|E1|=|S(X)|
T (X)+E2∈Seq1

b(T (X) + E2, E2)b(Y )b(X)c(S(X), R′)

τ ℓ(R
′)ρℓ(S(X))−ℓ(E1)−2ℓ(R′)

Q(T (X) + E2)P (T (Y ))

.

Proof. This follows from the coproduct formula in Corollary 1 and the definition
of the product in the dual. �
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