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Introduction by the Organizers

The workshop attracted leading specialists as well as early career researchers from
all over the world. The number of participants affiliated to German institutions
(7 out of 48) was lower than expected. We had originally planned to compensate
late cancellations by early career researchers based in Germany, but unexpectedly
we had essentially no cancellations at all. The number of female participants (13
out of 48, ever so slightly more than 25 % and stabilising the percentage of the
last instalment) was only marginally higher than last time, but for the first time
the networking effect among them was visible and is expected to have a long term
effect.

https://creativecommons.org/licenses/by-sa/4.0/deed.en
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The format of the workshop remained unchanged: We had 21 long talks (50
min) and 7 short talks (7min with 3min for questions) in the gong show on Tuesday
night. All first time participants had been encouraged to use the gong show to
present their findings to the community which led to more interaction and to a
more relaxed atmosphere. Much more than usually, graduate students dared to
ask questions during and after talks. There was no need for (or interest in) hybrid
participation.

The timely nature of the workshop is also attested by the number of papers by
participants that were published around the time of (or even during) the workshop.
The list includes:

• A. Abasheva, Shafarevich–Tate groups of holomorphic Lagrangian fibra-
tions II, arXiv:2407.09178.
• N. Addington, B. Tighe, On the Torelli problem for Calabi–Yau 3-folds,
and the integral cohomology of the Fermat quintic, arXiv:2407.11176.
• I. Barros, P. Beri, L. Flapan, B. Williams, Cones of Noether–Lefschetz
divisors and moduli spaces of hyperkähler manifolds, arXiv:2407.07622.
• H. Blum, Y. Liu, Good moduli spaces for boundary polarized Calabi–Yau
surface pairs, arXiv:2407.00850.
• D. Maulik, J. Shen, Q. Yin, Algebraic cycles and Hitchin systems,
arXiv:2407.05177.
• K. Oguiso, Automorphisms of Calabi–Yau threefolds from algebraic dy-
namics and the second Chern class, arXiv:2407.17297.
• K. O’Grady, Modular sheaves with many moduli, arXiv:2407.1810.

To name some highlights, the talks of Bottini (a first time participant) and of
O’Grady concerning moduli spaces of sheaves on hyperkähler manifolds generated
a lot of interest in the audience and triggered further discussions during (and
presumably after) the workshop. Another highlight was the talk by Shen reporting
on his long term project with Maulik and Yin concerning the Hitchin system. The
audience also appreciated very much the talk by Zhuang who made his recent
results on boundedness K-stable Fano singularities (joint with Xu) accessible to
the wide audience of the workshop.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Boundedness of singularities and discreteness of local volumes

Ziquan Zhuang

(joint work with Chenyang Xu)

The purpose of this talk is to explain a local version of the following theorem,
proved by Jiang [2] (later reproved by Xu and myself [8] using a different method):

Theorem 1. For any positive integer n and any positive real number ε, the set of
K-semistable Fano varieties of dimension n and volume ≥ ε is bounded.

Here, the volume of a Fano variety X is defined as (−KX)dimX (i.e. the anti-
canonical degree). We say a set of varieties is bounded if there exists a family
X → B of varieties over a finite type base such that every member of the given
set appears as a fiber. In the global K-stability theory, this boundedness theorem
is the first step in the construction of a projective moduli space (the so-called K-
moduli space) parametrizing Kähler–Einstein Fano varieties of dimension n and
volume at least ε.

The local analog of Fano varieties are widely known as the Kawamata log ter-
minal (klt) singularities. In fact, orbifold cones over klt Fano varieties are klt sin-
gularities, and general klt singularities are the Q-Gorenstein deformation of such
orbifold cone singularities. We are interested in the local analog of the boundedness
theorem above, and for this we need to define the correct notion of K-semistability
and volume for klt singularities.

For Fano varieties, K-semistability is an algebraic condition with close ties with
the existence of Kähler–Einstein metrics. This suggests that the local theory
should at least include the cones over Kähler–Einstein Fano varieties. By the
Calabi ansatz, these cones admit Ricci flat Kähler cone metrics. A general klt
singularity has no cone structure, but the Stable Degeneration Theorem (proved
in a series of works [1, 4, 5, 7, 8, 9]) states that every klt singularity has a volume
preserving isotrivial degeneration to a uniquely determined Fano cone singularity
that underlies a Ricci flat Kähler cone metric (a Fano cone singularity is a klt
singularity x ∈ X with a nontrivial torus action such that x is in the closure of every
orbit). One can also introduce K-stability notions for Fano cone singularities and
there is a Yau-Tian-Donaldson type correspondence: a Fano cone singularity has a
Ricci flat Kähler cone metric if and only if it is K-polystable. From this perspective,
it is quite natural to replace K-semistable Fano varieties by K-semistable Fano cone
singularities in order to formulate a local boundedness statement.

As for the volume, Chi Li has introduced in [3] an interesting invariant that
is later called the local volume of klt singularities. This invariant plays a central

role in the local theory of K-stability. Denote by v̂ol(x,X) the local volume of
the singularity x ∈ X . It has the following nice property [6]: if X = C(V,−KV )
is the cone over a K-semistable Fano variety (with respect to the anti-canonical
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polarization) and x ∈ X is the vertex, then

v̂ol(x,X) = (−KV )
dimV ,

i.e. in this case the local volume equals the global volume of the Fano variety. If
x ∈ X is a singularity that appears on the Gromov–Hausdorff limit of Kähler–
Einstein Fano manifolds, it is also known [6] that the local volume of x ∈ X can
be interpreted as the volume density of the singular Kähler–Einstein metric on X .

The main result (joint with Chenyang Xu) of the talk is the following. It is the
local analog of the boundedness result for K-semistable Fano varieties.

Theorem 2. For any positive integer n and any positive real number ε, the set
of K-semistable Fano cone singularities of dimension n and local volume at least
ε is bounded.

This local boundedness result has several applications. Denote by V̂oln the
set of all possible local volumes of klt singularities of dimension n. We would

like to know how this set looks like. It is known [9] that V̂oln ⊆ Q but as soon

as n ≥ 3 we have V̂oln 6⊆ Q (see e.g. [1]). This latter feature makes the local
theory very different from the global one. Our first application is that 0 is the

only accumulation point of V̂oln; in other words it is discrete away from 0.
As another application, we show that the local volume of a klt singularity

controls most classical invariants of the singularity. This means that for any ε > 0
there exists some constantM > 0 depending only on ε such that any klt singularity

x ∈ X with local volume v̂ol(x,X) ≥ ε has embedded dimension (or multiplicity,
minimal log discrepancy etc.) at most M .
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Relations of Kuznetsov components of a Gushel-Mukai variety and its
hyperplane sections

Soheyla Feyzbakhsh

(joint work with Hanfei Guo, Zhiyu Liu, Shizhuo Zhang)

Let X be a Gushel–Mukai variety of dimension n ≥ 3, which is a quadric section
of the projective cone over the Grassmannian Gr(2, 5). The Kuznetsov component
of X , denoted by Ku(X), is the right orthogonal complement of a collection of
rigid bundles on X :

Db(X) = 〈Ku(X),OX ,U∨
X , · · · ,OX(n− 3),U∨

X(n− 3)〉,

where UX is the pull-back of the tautological subbundle on Gr(2, 5).

• If n = 3 or 5, then Ku(X) is an Enriques category, i.e. its Serre functor
is of the form TX ◦ [2] for a non-trivial involution TX of Ku(X). The
numerical Grothendieck group of Ku(X) is of rank 2, generated by classes

λ1 and λ2, and up to G̃L
+
(2,R)-action, there is a unique Serre-invariant

Bridgeland stability condition on Ku(X).
• If n = 4 or 6, then Ku(X) is a K3 category, i.e. its Serre functor is [2].
When X is very general, the numerical Grothendieck group of Ku(X) is

of rank 2, generated by classes Λ1 and Λ2, and up to G̃L
+
(2,R)-action,

there is a unique Bridgeland stability condition on Ku(X).

Let j : Y →֒ X be a smooth hyperplane section of a GM variety X . The restric-
tion of the derived pull-back to Ku(Y ) yields the functor j∗ : Ku(X) → Ku(Y ).
However, the image of the push-forward does not always lie in the Kuznetsov
component, so we need to project it into Ku(X). This gives us the functor
prX ◦ j∗ : Ku(Y )→ Ku(X). The main result discussed in the talk is the preserva-
tion of stability under both these functors.

Theorem 1. Let X be a GM variety of dimension n ≥ 4 and j : Y →֒ X be a
smooth hyperplane section. Let σY and σX be Serre-invariant stability conditions
on Ku(Y ) and Ku(X), respectively. We additionally assume that whichever of X
and Y has even dimensionality is considered to be very general.

(1) An object E ∈ Ku(Y ) is σY -semistable if and only if prX(j∗E) ∈ Ku(X)
is σX -semistable.

(2) An object F ∈ Ku(X) is σX -semistable if and only if j∗F ∈ Ku(Y ) is
σY -semistable.

Now let X be a very general GM fourfold. We denote by MX
σX

(a, b) the moduli
space that parameterizes S-equivalence classes of σX -semistableobjects of class
aΛ1 + bΛ2 in Ku(X). As a result of Theorem 1, we obtain the following two
results:
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• For any pair of coprime integers a, b, there is a Lagrangian family of
MX

σX
(a, b) over an open dense subset of |OX(H)|.

• The functor prX induces a rational map

X 99KMX
σX

(1, 2)

which sends the structure sheaf at a general point to its projection to the
Kuznetsov component. Moreover, the map is generically an embedding.

Shafarevich–Tate twists of the LSV fibration

Evgeny Shinder

(joint work with Yajnaseni Dutta, Dominique Mattei)

1. Introduction to Shafarevich–Tate twists

1.1. Twisting elliptic K3 surfaces. Let p : S → P1 be a complex elliptic K3
surface with a section. The set of smooth points J ⊂ S of p has a natural structure
of a group scheme and the Shafarevich–Tate group is defined as

X(S/P1) := H1(P1,J ).

Here we consider J as a sheaf of sections of the group scheme, in the analytic
topology. A similar definition can be given for the étale topology.

For every class α ∈X(S) we can construct, by regluing, a K3 surface Sα → P1,
which has no sections unless α = 0.

Theorem 1 (Ogg–Shafarevich theory). We have a natural isomorphism

X(S/P1) ≃ Br(S) := H2(S,O∗).

Here again the cohomology group on the right is taken in the analytic topology.
From the exponential exact sequence we get an isomorphism

H2(S,O∗) ≃ H2(S,O)/Im(H2(S,Z)→ H2(S,O)) = C/Z22−ρ

where ρ is the Picard rank of S.

Sketch of Proof for the Ogg–Shafarevich theory. One can show that

X(S/P1) = H1(P1,J ) ≃ H1(P1, R1p∗(O
∗)) ≃ Br(S).

The last isomorphism follows immediately using the Leray spectral sequence. �
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1.2. Twisting Lagrangian fibrations. Let M be a compact Kähler manifold
which is irreducible holomorphic symplectic, i.e. M admits a nondegenerate com-
plex 2-form σ and π1(M) is trivial. Such irreducible holomorphic symplectic man-
ifolds are also called hyperkähler. Let dim(M) = 2n.

Let f : M → Pn be a Lagrangian fibration. This means that σ restricts trivially
to general fibers of f and it follows that general fibers of f are abelian varieties.
On many levels Lagrangian fibrations behave like elliptic K3 surfaces, and we’d
like to know how to define and to compute the Shafarevich–Tate group of M . This
works well when the fibers of f are irreducible which we assume from now on.

Theorem 2 (Arinkin–Fedorov [AF16]). Let f : M → Pn be a Lagrangian fibration
with a section. Assume that fibers of f are irreducible. Then the smooth locus
J ⊂M has a natural structure of an abelian group scheme. Furthermore, the Lie
algebra of J is isomorphic to Ω1

Pn.

The group scheme J is also isomorphic to the identity component of the au-
tomorphism group scheme Aut0M/Pn which has been studied by Markushevich

[Mar96] and Abasheva–Rogov [AR21]. By analogy with the elliptic K3 surface
case, and following Markman [Mar14] and Abasheva–Rogov [AR21] we define

X(M/Pn) := H1(Pn,J ).

For every α ∈X(M/Pn) there is a space Mα constructed by regluing, and Mα

is also an irreducible holomorphic symplectic manifold with a Lagrangian fibration
without a section. Under some mild conditions, Mα is Kähler. The manifold Mα

is projective iff the class α is torsion.
This is a great theoretical framework, however, there seems to be, at present,

no unified computation for the group X(M/Pn) in terms of M .

1.3. Example: Beauville–Mukai system. Let S be a K3 surface, which we for
simplicity assume to have Picard rank one. Let h ∈ Pic(S) be the ample generator
and h2 = 2g − 2. Let C ⊂ S × Pg be the universal curve in the linear system
|h| ≃ Pg.

Let M = M(0, h, 1− g) be the moduli space of semistable torsion sheaves with
the first Chern class h and Euler characteristic 1 − g. A general point in M
corresponds to a degree 0 line bundle on a smooth curve from the linear system
|h|.

It is well known that M is a projective irreducible holomorphic symplectic
manifold of type K3[g] which admits a Lagrangian fibration f : M → Pg given
by the support of the sheaf. It admits a section given by the trivial bundle on
each fiber. This Lagrangian fibration is called a Beauville–Mukai system. By
assumption, p and f have irreducible fibers.
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The Arinkin–Fedorov group scheme J of M is isomorphic to Pic0C/Pg . We have
the following diagram

C
q

����
��
��
�

p

  
❅❅

❅❅
❅❅

❅ M
f

}}⑤⑤
⑤⑤
⑤⑤
⑤⑤

S Pg

where f is the Lagrangian fibration, p is a flat morphism of relative dimension 1 and
q is a projective bundle. Similarly to the elliptic K3 surface case it is important to

consider another group scheme J̃ := PicC/Pg = R1p∗(O∗) so that pushing forward
the exponential exact sequence from C to Pg gives two exact sequences

0→ Λ→ Ω1
Pg → J → 0, Λ := R1p∗(Z)

0→ J → J̃ → R2p∗(Z)→ 0.

The point is that we would like to compute X(M/Pg) = H1(J ), however from

the Leray spectral sequence for p, we have an easier access to H1(J̃ ).

Theorem 3 (Markman [Mar14]). We have natural isomorphisms

H0(J̃ ) ≃ Pic(S), H1(J̃ ) ≃ Br(S) = Coker(H2(S,Z)→ H0,2(S))

H0(J ) ≃ h⊥ ∩ Pic(S) = 0, X(M/Pg) = H1(J ) ≃ Coker(h⊥ → H0,2(S))

and an exact sequence

0→ Z/(2g − 2)→X(M/Pg)→ Br(S)→ 0.

The first term in the exact sequence should be interpreted as a degree twist, with
the corresponding twists isomorphic to moduli spaces M(0, h, χ), χ ∈ Z/(2g − 2).
The recent work of Huybrechts–Mattei [HM23] shows that the last term in the ex-
act sequence corresponds to moduli spaces of Brauer-twisted sheaves parametrized
by α ∈ Br(S). Finally we note that X(M/Pg) is not the Brauer group of M like
in the elliptic K3 surface case, but it is Brauer group of one of the twists, namely
by a result of Mattei–Meinsma [MM24], X(M/Pg) ≃ Br(M(0, h, 0)).

2. Twisting the LSV fibration

2.1. Laza–Saccà–Voisin (LSV) fibration. Let X ⊂ P5 be a general cubic four-
fold, and consider the hyperplane sections Yb parameterized by points b ∈ B :=
(P5)∨. These fit into the universal hyperplane section Y ⊂ X ×B. It was an idea
by Donagi–Markman, further developed by others that the relative intermediate
Jacobian fibration of Y over the smooth hyperplane sections should be compact-
ified to an irreducible holomorphic symplectic variety. This has been achieved
by Laza–Saccà–Voisin [LSV17], see [Sac23] for a construction without genericity
assumptions on X . The outcome is a diagram similar to the Beauville–Mukai case

Y
q

��⑦⑦
⑦⑦
⑦⑦
⑦

p

��
❄❄

❄❄
❄❄

❄
M

f

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥

X B
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Here M is a projective irreducible holomorphic symplectic variety of OG10 type.
The morphism f is a Lagrangian fibration with the general fiber being the interme-
diate jacobian of the corresponding smooth cubic threefold, that is a 5-dimensional
principally polarized abelian variety. It is important to note how K3 surface S in
the Beauville–Mukai system is replaced by the cubic fourfold X , and we will keep
this analogy when computing the Shafarevich–Tate group of M .

Parameter count shows that the LSV construction parametrizes a codimension
two locus in the moduli space of nonpolarized irreducible holomorphic symplectic
manifolds of type OG10. Adding Shafarevich–Tate twists will allow us parametriz-
ing a codimension one locus in the moduli.

2.2. Main results: twists of the LSV. Assuming that X is general, fibers of p
and f will be irreducible, thus we can consider the Arinkin–Fedorov group scheme
of M .

Theorem 4 (Dutta–Mattei–S.). The sheaf of sections of the Arinkin–Fedorov
group scheme J for M/B fits into the following exact sequences

(1) 0→ Λ→ Ω1
B → J → 0 with Λ = R3p∗(Z).

(2) 0→ J → J̃ → Z→ 0 with J̃ = R4p∗(Z(2)D).

Here Z(2)D is the second Deligne complex [Z → O → Ω1] which replaces the
first Deligne complex Z(1)D = [Z→ O] ≃ O∗[−1], in the case of Beauville–Mukai
system. Deligne cohomology produces a natural cycle class map for algebraic
cycles; it was an idea of Voisin to use Deligne cohomology to incorporate degree
twists in the LSV construction.

Similarly to the Beauville–Mukai system case, cohomologies of J̃ are accessible
using the (quite complicated) Leray spectral sequence for p and we can compute

H0(J̃ ) ≃ H2,2(X,Z), H1(J̃ ) ≃ Br2(X) := Coker(H4(X,Z)→ H1,3(X)).

Then using the Theorem we can deduce that

H0(J ) ≃ (h2)⊥ ∩H2,2(X,Z), X(M/B) = H1(J ) ≃ Coker((h2)⊥ → H1,3(X)).

Just like in the Beauville–Mukai system case we have an exact sequence

Z/3→X(M/B)→ Br2(X)→ 0.

Here the twist corresponding to Z/3 has been earlier constructed by Voisin [Voi18]
as the relative intermediate Jacobian for degree 1 cycles of dimension one. The
first map is injective iff divisibility of h2 in H2,2(X,Z) equals three which is the
case for very general X .

Finally we note that Br2(X) is isomorphic to the Brauer group Br(F (X)) of
the Fano variety of lines, thus if M is represented as a moduli space of sheaves on
F (X) (which is work in progress by Bottini, reported in this workshop), then the
Shafarevich–Tate twists should be parametrizing the corresponding moduli spaces
of twisted sheaves.
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The K-moduli of a family of conic bundles

Lena Ji

(joint work with Kristin DeVleming, Patrick Kennedy-Hunt, Ming Hao Quek)

Constructing moduli spaces of varieties is a central problem in algebraic geometry.
A key example is the moduli space of smooth genus g curves, which Deligne–
Mumford compactified using stable genus g curves. For Fano varieties, the theory
of K-stability has established the existence of a compact moduli space parametriz-
ing K-polystable Fano varieties of fixed dimension and anticanonical volume. How-
ever, it remains a challenge to determine these moduli spaces for explicit families
of Fano varieties. For Fano varieties of dimension ≤ 2, the K-moduli spaces are
understood, but much less is known for Fanos of higher dimensions. In general,
this problem is difficult because it requires describing all possible K-polystable
degenerations of a given class of Fano varieties. For example, certain families of
Fano hypersurfaces have the property that all K-polystable limits must themselves
be hypersurfaces [13], but for other families of Fano hypersurfaces this property
fails, see e.g. [2].

In dimension 3, the deformation families of smooth Fano threefolds were clas-
sified by Mori–Mukai, and it is known by [4] which of these families contain K-
polystable members. For some low-dimensional families of Fano threefolds, the
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K-moduli spaces are understood, see e.g. [1, 8, 6], but much less is known about
higher-dimensional families.

In [9], we describe the (compact) K-moduli space M2.18 of Fano threefolds in
family №2.18 from the Mori–Mukai classification. This family is 6-dimensional,
and smooth Fano threefolds in this family were shown to be K-stable by [7]. These
threefolds are given as a double cover of P1 × P2 branched along a smooth (2, 2)-
divisor R. We study M2.18 by studying the K-moduli spaces Mc of log Fano pairs
(P1 × P2, cR) for (2, 2)-divisors R and coefficients c ∈ (0, 12 ] ∩Q.

Theorem 1. Let c1 ≈ 0.472 be the irrational number defined as the smallest root
of the polynomial 10c3 − 34c2 + 35c− 10. The following hold for c ∈ (0, 12 ] ∩Q:

(1) For c < c1, the K-moduli space Mc is isomorphic to the GIT moduli space
|OP1×P2(2, 2)|//SL2 × SL3 of (2, 2)-divisors in P1

[t0:t1]
× P2

[y0:y1:y2]
.

(2) For c > c1, the K-moduli spaces Mc
∼= M1/2 are isomorphic, and there is

a bijective morphism M1/2 →M2.18.

(3) There is a birational wall-crossing morphism Mc1+ǫ →Mc1−ǫ contracting
a divisor En to a point corresponding to the unique non-normal, irreducible
GIT polystable (2, 2)-surface R3, which is defined by t0t1y

2
1+(t0y2+t1y0)

2.

In the “proportional” setting, Ascher–DeVleming–Liu established a wall-crossing
framework in K-moduli [5]. They studied log Fano pairs (X, cD) with D propor-
tional to the anticanonical divisor (i.e. D ∼Q −rKX for some r ∈ Q>0), and
proved in this setting that, as the coefficient c varies, there are only finitely val-
ues at which the K-stability conditions change, and furthermore these occur at
rational numbers. Theorem 1 is not in the proportional setting, and we exhibit an
irrational wall at c1.

Furthermore, we give explicit descriptions of the K-polystable log Fano pairs
(P1 × P2, cR) for c ∈ (0, 1

2 ] ∩ Q. For c < c1, this involves describing the GIT

polystable (2, 2)-divisors in P1 × P2. For c > c1, we show that the exceptional
divisor En of the wall-crossing morphism in Theorem 1(3) parametrizes surfaces
on a certain non-Q-factorial nodal threefold Xn, and we describe En as a certain
GIT moduli space. As a consequence of our explicit descriptions, we show the
following properties of Fano threefolds in M2.18:

Theorem 2. In the table below, the left-hand column lists properties of smooth
Fano threefolds in family №2.18, and the right-hand column lists properties of their
K-polystable degenerations.

Smooth Fano 3-folds in family №2.18 K-polystable Fano 3-folds in M2.18

• Smooth • Gorenstein terminal singularities
• Double cover of P1 × P2 • Double cover of P1 × P2 or Xn

• Standard conic bundle over P2 • Possibly non-flat conic bundle over
with quartic discriminant curve P2 with quartic discriminant curve
• Quadric surface bundle over P1 • The double covers of Xn do not have

a del Pezzo fibration structure

In particular, all K-polystable degenerations preserve a conic bundle structure.
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To prove Theorems 1 and 2, we need to establish the K-stability of certain log
Fano pairs (P1 × P2, cR) and (Xn, cR). We use the valuative criterion [10, 12],
which states that if (X,D) is a log Fano pair and the local δ-invariant

δp(X,D) := inf
E/X, p∈CX(E)

AX,D(E)

SX,D(E)

is greater than 1 for every p ∈ X , then (X,D) is K-stable. In the above, the
infimum is taken over all prime divisors E over X whose centers on X contain p,
AX,D(E) is the log discrepancy, and

SX,D(E) =
1

vol(−KX −D)

∫ ∞

0

vol(f∗(−KX −D)− uE) du

where f : X̃ → X is a birational morphism with E ⊂ X̃. In order to compute
lower bounds for δp(X,D), we use the Abban–Zhuang method of admissible flags
[3]. This is an inductive method that can give lower bounds on δp(X,D) in a
finite computation. For example, if E is a plt-type divisor over X whose center

contains p, f : X̃ → X is a plt blow-up extracting E, and V•• is the refinement of
the filtration of f∗(−KX −D) by E, then by [3]

(3) δp(X,D) ≥ min

{
AX,D(E)

SX,D(E)
, inf

q∈E
δq(E,DE ;V••)

}
.

The Abban–Zhuang method can then be applied again, for each closed q ∈ E, to
give lower bounds on δq(E,DE ;V••) using a further refinement of the filtration.
In the case when dimX = 3, Fujita gives formulas for the involved quantities in
terms of Zariski decompositions on (a birational model of) the surface E [11].

A large difficulty in [9] is to find an appropriate plt-type divisor E to apply
the inequality (3). If E is not chosen carefully, the right-hand side of (3) will
frequently be less than 1 and hence will not give a useful lower bound to show
K-stability. In our work, the choice of plt-type divisor E is highly sensitive to the
singularities of R at p, and to the fibers of the projections R → P1 and R → P2

containing p.
The irrational number c1 in Theorem 1 comes from computing

(4)
AP1×P2,cR3

(E3)

SP1×P2,cR3
(E3)

where R3 is the non-normal GIT polystable surface in Theorem 1(3), and E3 is
the exceptional divisor of the blow-up of P1 × P2 at the singular locus of R3.
We show that (P1 × P2, cR3) is K-polystable if and only if c < c1; for c > c1
the quantity (4) is strictly less than 1, so the pair becomes K-unstable. We find
the replacement nodal threefold Xn that appears after the wall by performing
the birational transformations associated to the Nakayama–Zariski decompositions
used in the computation of SP1×P2,cR3

(E3).
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An algebro-geometric version of the Poincaré conjecture

Mirko Mauri

(joint work with Joaqúın Moraga)

Dual complexes are CW-complexes encoding the combinatorial data of how the
irreducible components of a simple normal crossing divisor intersect. The overall
goal is to comprehend how the topology of dual complexes is constrained by the
properties of the algebraic varieties from which they stem.

Definition 1. Let X be a smooth projective variety, and ∆X =
∑

i∈I ∆i be a sim-
ple normal crossing divisor. Then the dual complex of (X,∆X), denoted D(∆X),
is a CW-complex whose vertices are in correspondence with the irreducible compo-
nents ∆i of ∆X and whose k-faces correspond to the strata of ∆X of codimension
k + 1, i.e., the irreducible components of the intersections ∆i0 ∩ . . . ∩∆ik .

Dual complexes naturally appear in the classification of singularities and in
mirror symmetry; see [1, 2, 3, 4, 5]. According to mirror symmetry, Calabi–Yau
varieties, i.e., varieties with a global algebraic volume form, should come in pairs
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(Y, Ŷ ), and one should reconstruct Ŷ by dualising a special Lagrangian torus
fibration f : Y → B, called SYZ fibration.

Kontsevich and Soibelman conjectured that B should be a manifold (or at
least an orbifold). Equivalently, B should be locally modelled on a ball, alias a
cone over a sphere (or a finite quotient of a sphere). This sphere is expected to
have a combinatorial interpretation: it should be the dual complex D(∆X) of a
log Calabi–Yau pair (X,∆X), in brief logCY, i.e., KX + ∆X ∼Q 0. Kollár and
Xu asked whether this is actually a general phenomenon of logCY pairs; see [3,
Question 4].

Conjecture 2 (Algebro-geometric version of the Poincaré conjecture). The dual
complex of a logCY pair is homeomorphic to a finite quotient of a sphere.

More informally, a combinatorial Calabi–Yau variety should be a finite quotient
of a sphere. Conjecture 2 should be regarded as an algebro-geometric version of
the Poincaré conjecture. Indeed, the logCY condition KX +∆X ∼ 0 is equivalent
to the cohomological assumption h0(X,KX + ∆X) = h0(X,−(KX + ∆X)) = 1.
Conjecture 2 requires that this cohomological datum should prescribe a spherical
homeomorphism type for the dual complex, in the same way as for the classical
Poincaré conjecture. Moreover, the classical Poincaré conjecture is a key ingredient
in [3] and [6].

Conjecture 2 is known up to dimension 5 due to the work of Kollár and Xu [3].
In higher dimension, there exists only partial evidence:

(1) the conjecture holds if (X,∆X) is endowed with the structure of Mori fiber
space (X,∆X)→ Z with dimZ ≤ 2 or ρ(Z) ≤ 2; see [7].

(2) D(X,∆X) has the rational homology of the sphere or of the point; see [3,
Theorem 2.(2)]. On the other hand, the torsion of the integral homology
remains quite mysterious!

(3) The fundamental group of D(X,∆X) is finite, and the fundamental groups
of D(X,∆X) in any fixed dimension form a finite set; see [8, Corollary 1].

(4) D(X,∆X) is orientable if and only if KX +∆X ∼ 0; see [9, Corollary 4].

In [6], we provide new evidence to support Conjecture 2.

Theorem 3. If (X,∆X) is a Q-factorial logCY pair, the sum of the coefficients
of ∆X is greater than the Picard number of X, i.e., |∆X | > ρ(X), and D(X,∆X)
is a PL-manifold, then D(X,∆X) is homeomorphic to a sphere or a disk.

If KX + ∆X ∼ 0, the logCY condition grants that D(X,∆X) is a rational
homology sphere; see [3, §4]. Even if D(X,∆X) is a simply-connected PL-manifold,
it is not a priori clear that it is a sphere. As a counterexample, consider for
instance the 5-dimensional Wu manifold SU(3)/SO(3). By the classical Poincaré
conjecture, the only obstruction is the torsion of the integral homology, which
vanishes under our algebro-geometric assumption |∆X | > ρ(X).

The case of main interest is when the divisor ∆X has a stratum of dimension
zero. Up to birational transformation, we can always reduce to |∆X | ≥ ρ(X); see
[6, Theorem 1.4]. Hence, Theorem 3 states that logCY pairs with interesting dual
complexes (neither a sphere nor a disk) must satisfy |∆X | = ρ(X). We expect that
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these logCY pairs are rather special. For instance, we show that their effective
cone is generated by the irreducible components ∆i; see [6, Theorem 1.19].
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[8] Joaqúın Moraga, On a toroidalization for klt singularities, arXiv:2106.15019 [math.AG],

2021.
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Non-commutative abelian surfaces and generalised Kummer varieties

Arend Bayer

(joint work with Laura Pertusi, Alex Perry, Xiaolei Zhao)

The derived category of an abelian surface A has a six-dimensional space of defor-
mations; moreover, based on general principles, one should expect to get algebraic
families of their categories over four-dimensional bases. Generalised Kummer vari-
eties (GKV) are hyperkähler varieties arising from moduli spaces of stable sheaves
on abelian surfaces. Polarised GKVs have four-dimensional moduli spaces, yet
arise in the above manner only over three- dimensional subvarieties. I present a
construction that addresses both issues. We construct families of categories that
are deformations of Db(A) over a 4- dimensional algebraic base. Via Bridgeland
stability conditions one can obtain every general polarised GKV, for every possible
polarisation type of GKVs, as a moduli space of stable objects.

Algebraic cycles and Hitchin systems

Junliang Shen

(joint work with Davesh Maulik, Qizheng Yin)

The topology of the Hitchin system has been intensively studied over decades. It
shares rich connections to other subjects, such as the Langlands program, mirror
symmetry, non-abelian Hodge theory, and enumerative geometry. The goal of my
talk is to discuss motivic aspects of the Hitchin system; the upshot is that, using
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tools from algebraic geometry and representation theory, we are able to construct
many interesting algebraic cycles over the Hitchin moduli space, which govern
most topological theories mentioned above. On the one hand, these algebraic cy-
cles allow us to prove several standard conjectures for the Hitchin system, like the
relative Lefschetz standard conjecture on the algebraicity of the inverse of the Lef-
schetz operator, and the motivic decomposition conjecture of Corti–Hanamura on
lifting the sheaf-theoretic decomposition theorem of Beilinson, Bernstein, Deligne,
and Gabber. On the other hand, the motivic theories provide algebraic explana-
tions on mysterious cohomological structures for the Hitchin system, including the
P=W conjecture concerning the non-abelian Hodge theory, the χ-independence
phenomenon, etc. In the following we discuss some aspects of the motivic theory
for the Hitchin system in more details.

Let C be a compact Riemann surface of genus g ≥ 2; let n > 0, d be two coprime
integers. We denote by Mn,d the moduli space of stable Higgs bundles

(E , θ), θ : E → E ⊗ ωC ; rank(E) = n, deg(E) = d.

Here the stability is with respect to the slope µ := deg/rank. The moduli space
Mn,d is not compact, but it admits a proper Lagrangian fibration

hd : Mn,d → Bn :=

n⊕

i=1

H0(C, ω⊗i
C ), (E , θ) 7→ char.poly(θ)

calculating the characteristic polynomials of the Higgs fields θ. The Hitchin sys-
tem combines the geometry of the moduli of stable vector bundles (an irreducible
component in the central fiber h−1

d (0Bn
)) and the geometry of Jacobian varieties

(a general fiber).
The first theorem we present here shows that the decomposition theorem for

the Hitchin system hd : Mn,d → Bn is motivic in a strong sense.

Theorem 1 ([6]). We have the following results concerning the Hitchin system.

(a) (Motivic Decomposition.) There exists a decomposition of the relative di-
agonal cycle into orthogonal projectors:

[∆Mn,d/Bn
] =

∑

i

ri, ri ◦ ri = ri, ri ◦ rj = 0, i 6= j,

which induces a sheaf-theoretical decomposition in the sense of Beilinson,
Bernstein, Deligne, and Gabber. Here [∆Mn,d/Bn

] and ri lie in the rational
Chow group of the relative product Mn,d×Bn

Mn,d, and the composition is
taken as relative correspondences.

(b). (Projectors vs Fourier transform.) The projectors ri are (essentially) ex-
pressed in terms of the Fourier transform cycle given by the Arinkin sheaf
[1]. In particular, they detect the tautological classes on the moduli space
Mn,d.

The part (a) of the theorem confirms Corti–Hanamura’s motivic decomposition
conjecture for the Hitchin system. Combining (a) and (b) also yields a proof of
the P=W conjecture of de Cataldo–Hausel–Migliorini concerning the non-abelian
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Hodge theory. Recall that the P=W conjecture states that the perverse filtration
associated with the Hitchin system, passing through the non-abelian Hodge corre-
spondence, is matched with the weight filtration associated with the mixed Hodge
structure of the character variety. The conjecture was first proven by Maulik–Shen
[4] and Hausel–Mellit–Minets–Schiffmann [2] independently via different methods.
Both proofs prove P=W by reducing it to proving a P=C match concerning two
different cohomological structures for the (same!) Hitchin moduli space Mn,d —
the perverse filtration P and the Chern filtration C induced by the tautological
classes. The interaction between P and C can be seen naturally via Theorem 1:
the projectors ri detects the perverse filtration by (a) and govern the tautological
classes by (b). We refer to [5, Section 5.4] and [6, Proof of Theorem 0.3] for details.
The proof of the P=W conjecture along this path suggests that the interaction
between P and C is motivic, and it can be viewed as an extension of the Beauville
decomposition for abelian fibrations with singular fibers.

Our second result concerns the χ-independence phenomenon for the Hitchin
system. In order to state the result, we need the language of relative Chow motives.
We rewrite Theorem 1 (a) as a decomposition for the relative Chow motives over
Bn:

(2) h (Mn,d) =
⊕

i

hi(Mn,d) ∈ CHM(Bn)

with

h(Mn,d) = (Mn,d, [∆Mn,d/Bn
], 0), hi(Mn,d) = (Mn,d, ri, 0).

Theorem 3 ([6]). Assume that d, d′ are coprime to n. We have for any i ∈ Z an
isomorphism of relative Chow motives given by (2):

hi(Mn,d) ≃ hi(Mn,d′) ∈ CHM(Bn).

In particular, the relative motives of the Hitchin system are degree - independent:

(4) h(Mn,d) = h(Mn,d′) ∈ CHM(Bn).

The moduli space of Higgs bundles can be viewed as the moduli space of 1-
dimensional stable sheaves properly supported on the surface T ∗C in the curve
class n[C], and (4) implies that, in the coprime setting, the decomposition theorem
is independent on the choice of the Euler characteristic χ (= deg + (1− g)n) of
the sheaves in the strongest sense. Pushing to a point, (4) recovers a theorem of
Hoskins and Pepin Lehalleur [3].

We conclude with discussing ideas of the proofs. Our proofs for both Theorems
1 and 3 concern constructing desired algebraic cycles on the (quite singular) spaces

(5) Mn,d ×Bn
Mn,d, Mn,d ×Bn

Mn,d′.

There are two different geometric sources of producing algebraic cycles on the
spaces like (5) which we used. The first is to view the Hitchin system as an
abelian fibration with singular fibers; then Arinkin’s extended Fourier-Mukai du-
ality provides natural algebraic cycles. The second is to view Mn,d as a global
analog of a Lie algebra, where interesting correspondences can be constructed via
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the Springer theory. Finally, in order to show that the cycles we obtained are “cor-
rect” ones which give the desired homological realization, Ngô’s support theorem
and nearby/vanishing cycles play a crucial role.
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On the cohomological dimension of fields of meromorphic functions

Olivier Benoist

The function field C(X) of an integral algebraic variety of dimension n over C is a
finitely generated field of transcendence degree n over C. Its arithmetic properties
impact the geometry of X and are therefore important to investigate.

The complex-analytic analogues of these fields are the fields M(S) of mero-
morphic functions on a connected normal complex space S of dimension n. They
are not always interesting: they may be reduced to the field C of constants even
if n > 0. To ensure that meromorphic functions on S are abundant, one must
restrict the class of complex spaces under consideration. Two cases of interest
are projective varieties and Stein spaces. If S is projective, then all meromorphic
functions on S are algebraic, and one is reduced to the above-mentioned case of
the algebraic function fields C(X).

We henceforth consider the case of Stein spaces (analytic analogues of affine
varieties, characterized by the vanishing of higher cohomology groups of coherent
sheaves). Examples of Stein spaces include all closed complex subspaces of Cn.
Their fields of meromorphic functions are much bigger than algebraic function
fields, and correspondingly harder to study. A typical example is M(Cn): the
fraction field of the ring of convergent power series on Cn.

Let F be a field and let ΓF := Gal(F/F ) be its absolute Galois group. A basic
arithmetic invariant of F is the cohomological dimension cd(F ) of F : the largest
integer n such that there exists a finite ΓF -moduleM with Hn(ΓF ,M) 6= 0 (or +∞
if there is no upper bound on these integers). It is a measure the arithmetic
complexity of F (since Galois cohomology largely controls, for instance, quadratic
forms, Brauer classes and torsors under linear algebraic groups over F ).

Let X be an integral algebraic variety of dimension n over C. It is a conse-
quence of Tsen’s theorem that the field F = C(X) of rational functions on X has
cohomological dimension n (see [8, II.4, Proposition 11]).

The corresponding result in Stein geometry is open in general.
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Question 1. Let S be a connected normal Stein space of dimension n. Is it true
that cd(M(S)) = n?

Question 1 has a positive answer in dimension 1 (i.e. for open Riemann surfaces),
thanks to an argument attributed to M. Artin by Gurlanick [5]. Our first main
result is a positive answer to Question 1 in dimension 2 (see [2]).

Theorem 2. Let S be a connected normal Stein space of dimension 2. Then
cd(M(S)) = 2.

Theorem 2 is already new for S = C2. We do not know how to extend it in
dimensions ≥ 3.

Our second main result answers in all dimensions a variant of Question 1, for
germs of meromorphic functions along Stein compact subsets. Recall that a com-
pact subset K in a Stein space S is said to be Stein if it admits a basis of Stein
open neighborhoods. In this situation, we let O(K) denote the ring of germs of
holomorphic functions in a neighborhood of K (which depends on the germ of S
along K). When S is normal and K is connected, the ring O(K) is an integral do-
main, and we letM(K) := Frac(O(K)) denote the field of germs of meromorphic
functions in a neighborhood of K. The next theorem is proved in [1, Theorem 0.4].

Theorem 3. Let S be a connected normal Stein space of dimension n and let
K ⊂ S be a connected Stein compact subset. Then cd(M(K)) = n.

Theorem 3 is already new when S = Cn and K ⊂ S is the closed unit ball.

Let us now illustrate the kind of consequences one can draw from Theorems 2
and 3 (and their proofs) by stating a concrete application.

Let F be a field with Brauer group Br(F ). Two important invariants of a class
α ∈ Br(F ) are its period per(α) (its order in the group Br(F )) and its index ind(α)
(the smallest degree of a finite field extension of F splitting α). The period-index
problem aims at controlling the index of a class α ∈ Br(F ) when its period is
known. Its difficulty increases with the arithmetic complexity of F . If F is of
cohomological dimension 2, it is often reasonable to expect that ind(α) = per(α)
for all α ∈ Br(F ). This may fail (see Merkurjev’s counterexamples [7, §3]), but it
holds for many fields of geometric or arithmetic interest, such as function fields of
complex algebraic surfaces (de Jong’s period-index theorem [4]). Our next result
covers the case of fields of meromorphic functions on Stein surfaces.

Theorem 4. Let S be a connected normal Stein surface. For any α ∈ Br(M(S)),
one has ind(α) = per(α).

As the conclusion of Theorem 4 would not hold for all fields of cohomological
dimension 2, Theorem 4 is not an immediate consequence of Theorem 2. It is rather
an application of the way its proof controls the Galois cohomology ofM(S).

Let us now explain the strategy of the proofs of Theorems 2 and 3. The basic idea
is to exploit the weak Lefschetz theorem of Hamm [6]: a Stein space of dimension n
has the homotopy type of a CW-complex of dimension ≤ n, and hence its singular
cohomology groups vanish in degree > n.
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To deduce Theorem 2 and 3, which are vanishing theorems for Galois coho-
mology, from this vanishing result for singular cohomology, one must bridge the
gap between singular and Galois cohomology. The standard tool to do so is étale
cohomology. On the one hand, Galois cohomology is a particular case of étale
cohomology. On the other hand, M. Artin’s comparison theorem shows that the
étale cohomology of a complex algebraic variety computes the singular cohomology
of its analytification. The only missing piece to complete the proof is therefore
an extension of Artin’s comparison theorem in Stein geometry (more precisely, in
relative algebraic geometry over a base Stein space).

Let S be a Stein space. Let O(S) be its ring of holomorphic functions. Let X
be an O(S)-scheme of finite presentation. Following Bingener [3], we associate
with X its analytification Xan → S which is a complex space over S. In addition,
one can associate with any constructible étale sheaf L on X its analytification L

an

which is a sheaf on Xan. Then, for all k ≥ 0, there is a comparison morphism

(5) Hk
ét(X,L)→ Hk(Xan,Lan).

Ideally, our comparison theorem in Stein geometry would state that the mor-
phisms (5) are always isomorphisms. Unfortunately, this hope is too optimistic. In
fact, the morphisms (5) may fail to be injective, or surjective, already when k = 0.

Instead, we prove two weaker comparison theorems. The first one is a generic
comparison theorem when S has dimension ≤ 2

Proposition 6. Let S be a reduced Stein space of dimension ≤ 2. Let X be an
O(S)-scheme of finite presentation. Let L be a constructible étale sheaf on X. If
one lets a ∈ O(S) run over all non-zero divisors, the comparison morphisms

(7) colim
a

Hk
ét(XO(S)[ 1

a
],L)→ colim

a
Hk((XO(S)[ 1

a
])
an,Lan)

are isomorphisms for all k ≥ 0.

The second one is a comparison theorem over a Stein compact set.

Proposition 8. Let S be a Stein space. Let X be an O(S)-scheme of finite presen-
tation. Let L be a constructible étale sheaf on X. If one lets U run over all Stein
open neighborhoods of a Stein compact subset K of S, the comparison morphisms

colim
K⊂U

Hk
ét(XO(U),L)→ colim

K⊂U
Hk((XO(U))

an,Lan)

are isomorphisms for all k ≥ 0.

Propositions 6 and 8 respectively imply Theorems 2 and 3. We do not know
how to remove the hypothesis that S has dimension ≤ 2 in Proposition 6. Doing
so would yield a positive answer to Question 1.
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The Calabi problem for Fano threefolds

Kento Fujita

(joint work with Carolina Araujo, Ana-Maria Castravet, Ivan Cheltsov,
Anne-Sophie Kaloghiros, Jesus Martinez-Garcia, Constantin Shramov,

Hendrik Süß, Nivedita Viswanathan)

Let X be an n-dimensional Fano manifold over the complex number field C. The
Calabi problem asks that whether X admits a Kähler–Einstein metric or not.
Recently, it has been known that the problem is equivalent to the K-polystability
of X , which is purely algebro-geometric. We consider not only K-polystability
but also uniform K-stability and K-semistability of X , which are variants of K-
polystability. We know the following implications:

uniformly K-stable ⇒ K-polystable ⇒ K-semistable.

When n = 1, then X ≃ P1. Thus the Calabi problem for the X is trivially affir-
mative, since Pn admits the Fubini–Study metric and is Kähler–Einstein. When
n = 2, i.e., when X is a del Pezzo surface, then it is classically known that:

X is K-polystable ⇔ X is isomorphic to neither Blp P
2 nor Blp,q P

2.

Our interest is the case n = 3. It is known by Iskovskikh, Mori and Mukai that,
there are exactly 105 irreducible families

π1 : X1 → S1, . . . , π105 : X105 → S105

of isomorphism classes of smooth Fano threefolds. This means, each πi is a smooth
projective morphism with the relative dimension 3 and −KXi/Si

πi-ample, any
isomorphism class of a Fano threefold can be realized as a fiber of some 1 ≤ i ≤ 105,
each Si is an irreducible variety, and all two fibers in different bases Si and Sj

cannot be deformed to each other among the category of smooth Fano threefolds.
We note that, for each 1 ≤ i ≤ 105, the choice of the base space Si is not unique.
In the book [2], we consider the following question:

For each 1 ≤ i ≤ 105, is (Xi)s K-polystable for a general s ∈ Si?

The question makes sense: by Blum–Liu–Xu’s result, the locus

{s ∈ Si | (Xi)s is K-polystable}
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of closed points is a constructible set in the Zariski topology. Moreover, it turned
out that the answer to the question does not depend on the choice of the base Si

for any 1 ≤ i ≤ 105. In fact, we found that the K-polystable locus in Si is either
empty or Zariski dense for each 1 ≤ i ≤ 105. Thus, we do not need to worry about
the well-definedness of the above question. Here is one of the main results of our
book:

Theorem 1 ([2]). Exactly 78/105 (resp., 51/105, 79/105) general members are
K-polystable (resp., uniformly K-stable, K-semistable).

In my talk in Oberwolfach, I explained an effective technique for showing the
K-polystability of given Fano manifolds. The technique consists of 4 numbers of
theories:

(1) G-equivariant version [7] for a valuative criterion [4, 6] of K-stability,
(2) an estimation via the local αG-invariant,
(3) Abban–Zhuang’s method [1], and
(4) the theory of quasi-log subadjunction [3, 5].

I explained the above theories and demonstrated how to apply the techniques
to Fano manifolds, by showing the K-polystability of the blowup X of P3 along the
Bring curve, the non-hyperelliptic curve of genus 4 with the largest automorphism
group.
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Moduli of sheaves on HK varieties of type K3[2]

Kieran G. O’Grady

Moduli spaces of semistable sheaves on (complex) smooth projective symplectic
surfaces, i.e. K3 or abelian surfaces, have played an important rôle in Geometry,
see [2, 3, 4, 7, 5, 8, 6]. Such moduli spaces give (eventually after suitable desin-
gularizations) all known deformation classes of Irreducible Symplectic Varieties
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(ISV’s), also known as hyperkähler (HK) manifolds (for us the two names are syn-
onymous even though hyperkähler could refer to an ISV together with a choice of a
Kähler class or of a Ricci-flat metric). Actually the first examples of ISV’s of type
OG10 and type OG6 were constructed as crepant desingularizations of singular
moduli spaces of sheaves, and for a long time no other explicit construction of
varieties in those deformation classes was known. Question: do analogous results
hold for moduli spaces of semistable sheaves on higher dimensional hyperkähler
(HK) manifolds? We present results that go towards giving a positive answer.

Let (X,h) be a polarized HK variety (polarizations are always primitive) of
type K3[2], and let

(1) w = (r, l, s) ∈ N+ ⊕NS(X)⊕H2,2
Z (X).

Let Mw(X,h) be the moduli space of h slope stable vector bundles F such that

(2) w(F ) := (r(F ), c1(F ),∆(F )) = w,

where ∆(F ) := −2r(F ) ch2(F )+ch1(F )2 is the discriminant of F . Then Mw(X,h)
is a scheme of finite type over C by a classical result [1] .

For a, r1 ∈ N+ we let

(3) w := ar1

(
2r1,

2

div(h)
h,

ar31c2(X)

3

)
.

Theorem 4. Let (X,h) be a polarized HK variety of type K3[2]. Let r1 be a
positive integer, even if div(h) = 1 and odd if div(h) = 2. Let a be a positive
integer greater than 1 and such that r1|2a. Suppose in addition that

(5) qX(h) ≡





−2 (mod 2r1) if r1 ≡ 0 (mod 4),

−2r1 − 8 (mod 8r1) if r1 ≡ 1 (mod 4),

−r1 − 2 (mod 2r1) if r1 ≡ 2 (mod 4),

2r1 − 8 (mod 8r1) if r1 ≡ 3 (mod 4).

Then the moduli space Mw(X,h) is non empty, and for (X,h) general it has an
irreducible component of dimension 2a2 + 2.

Theorem 6. Let (X,h) be a general polarized HK variety of type K3[2] with
div(h) = 1 and qX(h) ≡ 0 (mod 8), and let

(7) w :=

(
8, 4h,

16c2(X)

3

)
.

The moduli space Mw(X,h) contains a connected component Mw(X,h)• which is
a HK variety of type K3[2]. Let L• be the restriction to Mw(X,h)• (eventually
divided by a suitable natural number so that it becomes primitive) of the GIT
polarization of Mw(X,h). Then div(L•) = 1, qX(L•) = 1

4qX(h) and the rational
map

(8)
K1

8d 99K K1
2d

[(X,h)] 7→ [(Mw(X,h)•, L•)]

is dominant of finite degree.
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Gong talk

A less strange duality

Svetlana Makarova

Strange duality, also known as the rank-level duality, can be understood in alge-
braic geometry as an isomorphism between the space of global sections, and the
dual of such, of two natural line bundles on moduli spaces of sheaves. So far, this
phenomenon has been studied largely on a case by case basis. This talk is an
attempt to present an abstract construction that brings together known cases.

The philosophy that I suggest is the following. Fix an abelian k-linear category
C, where k is a field, and C is assumed to be Ext-finite. Denoting A := Ind(C), we
further assume that A is locally noetherian and adically complete. LetM denote
the moduli stack of f.p. objects inA, as described in §7 of [1]. It follows from E3.1 in
[2] thatM is algebraic and l.f.t. Given two algebraic K-theory classes α, β ∈ K0(C),
we can consider the stacks of objects of these classes, denotedMα andMβ. We
denote by AMα

the base change of A to Mα, by p∗ : A → AMα
the natural

pullback functor, and by Uα the universal object in AMα
; and similarly for β. We

then define the determinantal line bundles Θα := detRHomAMβ
(p∗α,Uβ)∨ and

Θβ := det RHomAMα
(Uα, p∗β)∨. A line bundle gives rise to a notion of stability on

points of a stack. From now on, we assume that the Euler characteristic 〈α, β〉 = 0.
Then one can check that Θα- and Θβ-stability correspond to appropriate notions
of King’s stability for abelian categories. The next observation is the following.

If ∀V ∈ M
Θβ-ss
α and ∀W ∈ MΘα-ss

β : Ext>1(V,W ) = 0, then there is a natural
section σ of Θβ ⊠ Θα. The strange duality morphism is induced by σ and is

denoted SD: H0(M
Θβ-ss
α ,Θβ)

∨ → H0(MΘα-ss
β ,Θα).

In [3], the authors prove that SD is an isomorphism for the category C of
finite-dimensional representations of an acyclic quiver. However, SD fails to be an
isomorphism for C = Coh(C), where C is a curve, because the dimensions differ. A
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possible remedy could be taking one of the vectors from topological Kt
0(C). Indeed,

in [4], the authors prove that SD is an isomorphism over curves, with α ∈ K0(C)
and β ∈ Kt

0(C).
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Gong talk

Bounding Brauer groups using moduli spaces

Emma Brakkee

(joint work with D. Bragg, A. Várilly-Alvarado)

Let X be a K3 surface over a number field K. The algebraic Brauer group of X
is Br1(X) := ker (Br(X)→ Br(XK)). We consider the quotient

Br′(X) := Br(X)/Br1(X).

By [6, Theorem 1.2], the group Br′(X) is finite. Conjectures by, among others,
Várilly–Alvarado (see e.g. [5]) predict that the size of Br′(X) is uniformly bounded.
We study the following question:

Question 1. Let p be a prime number. Is there an upper bound for the size of the
p-primary torsion Br′(X)[p∞], for all K3 surfaces X over K?

It follows from [3, Theorem 1.2.1] that this is true when restricting to K3 sur-
faces in one-dimensional families. We aim to give a different proof of this result
for specific one-dimensional families of K3 surfaces, namely, K3 surfaces with a
polarization by a fixed lattice (see e.g. [4]).

Theorem 2. Let M be a lattice of signature (1, 18). There exists a constant B
depending on K, M and p, such that

|Br′(X)[p∞]| ≤ B

for all K3 surfaces X over K admitting an ample polarization M →֒ Pic(XK).

The main idea of the proof is the following. Generalizing [2] and [1], we construct

moduli spaces Fpr

M parametrizing K3 surfaces with anM -polarization and (for very

general points) a Brauer class of order pr. We show that Fpr

M (C) is a finite union
of curves which when r is large, have genus bigger than 1 and hence finitely many
K-points. Roughly, these correspond to K3 surfaces X1, . . . , Xm over K, and the
bound B is max{|Br′(Xi)[p

∞]|}i.
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Gong talk

Moduli of sheaves and deformation to the normal cone

Yifan Zhao

Given a scheme X and a closed subscheme Y of X , denote by I the ideal sheaf of
Y . The deformation of X to the normal cone of Y in X , is defined to be

X := SpecX(⊕n∈Zt
nI−n),

where we set Ii to be OX if i ≤ 0. The inclusion

C[t]→ ⊕n∈Zt
nI−n

induces a surjective morphism X → C and makes X a flat C family of schemes.
In [1], the authors considered the case of X being a K3 surface S and Y being

a smooth integral curve C in S. They studied the corresponding flat C family
S := SpecS(⊕n∈Zt

nI−n) of quasi-projective surfaces and the relative moduli space
(constructed in [2]) of compactly-supported one-dimensional semi-stable sheaves
on the C family S. Here we ask the first Chern class of these sheaves to be n[C]
for some positive integer n and that no such sheaf is strictly semi-stable.

Theorem 1 ([1]). There exists a flat C family of varieties: MS/C → C, with the
generic fibre over t 6= 0 ∈ C isomorphic to MS: the moduli of one-dimensional
sheaves on S, and the special fibre over 0 ∈ C isomorphic to MT∗C : the moduli of
compactly-supported one-dimensional sheaves on the cotangent bundle T ∗C.

Moreover, the map Supp : MS/C → HilbS/C(nC), sending a sheaf F to its
support in the relative Hilbert scheme HilbS/C(nC), restricts respectively to the
Beauville–Mukai system and the Hitchin system over the generic and special fibres.

Suppose MS and MT∗C are smooth, our main result relatesMS/C to another
deformation to the normal cone:

Theorem 2. Let MC be the closed subvariety of MS consisting of stable sheaves
supported scheme-theoretically on C. The deformation of MS to the normal cone
of MC in MS is isomorphic to an open dense subset of the relative moduliMS/C.
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Gong talk

Quotients of Hitchin systems

Riccardo Carini

(joint work with Roland Abuaf)

Given a smooth curve C of genus g ≥ 2, the moduli space of semistable GL(2)-
Higgs bundles of degree zero M2,0 and that of semistable SL(2)-Higgs bundles
M2,OC

are instances of singular holomorphic symplectic varieties in the sense of
Beauville [2]. Via the spectral correspondence [8, 3], Higgs bundles can be regarded
as one-dimensional sheaves on the symplectic surface T ∗C. As a consequence, it
turns out these moduli spaces look very much like moduli spaces of Gieseker-
semistable sheaves on compact symplectic surfaces (see also [4]). For instance, we
have the following classification [9] – to be compared to the case of M2v where v
is a primitive Mukai vector with v2 = 2g − 2 on a K3 surface:

• When g = 2, M2,0 and M2,OC
are singular symplectic varieties of dimen-

sion 10 and 6 with a crepant resolution given by blowing-up the reduced
singular locus (compare with [7, 6]).
• When g ≥ 3 then M2,0 and M2,OC

are singular symplectic varieties with
no crepant resolution (compare with [5]).

When C is hyperelliptic of genus 3, we show we can get a crepant resolution of
such moduli spaces after passing to a quotient by a symplectic involution, thus
producing examples of holomorphic symplectic manifolds from singular moduli
spaces with terminal singularities [1]:

Theorem 1. Let C be a genus 3 hyperelliptic curve and denote by σ ∈ Aut(C)
the hyperelliptic involution. Then the assignment

(2) (E, φ) 7→ (σ∗E∗,−σ∗φt)

defines a symplectic involution on M2,0 preserving M2,OC
. The quotients of M2,0

and M2,OC
by (2) are singular symplectic varieties of dimension 18 and 12 with a

crepant resolution given by blowing-up the reduced singular locus.

References

[1] R. Abuaf and R. Carini, Holomorphic symplectic manifolds from semistable Higgs bundles,
arXiv:2406.00395 [math.AG], 2024.

[2] A. Beauville, Symplectic singularities, Invent. Math. 139 (2000), no. 3, 541–549.
[3] A. Beauville, M. S. Narasimhan, and S. Ramanan, Spectral curves and the generalised theta

divisor, J. Reine Angew. Math. 398 (1989), 169–179.



1816 Oberwolfach Report 32/2024

[4] R. Donagi, L. Ein, and R. Lazarsfeld, Nilpotent cones and sheaves on K3 surfaces, In:
Birational algebraic geometry (Baltimore, MD, 1996), Contemp. Math., Vol. 207, Amer.
Math. Soc., Providence, RI, 1997, 51–61.

[5] D. Kaledin, M. Lehn, and C. Sorger, Singular symplectic moduli spaces, Invent. Math. 164
(2006), no. 3, 591–614.

[6] K. G. O’Grady, Desingularized moduli spaces of sheaves on a K3, J. Reine Angew. Math.
512 (1999), 49–117.

[7] K. G. O’Grady, A new six-dimensional irreducible symplectic variety, J. Algebraic Geom.
12 (2003), no. 3, 435–505.

[8] C. T. Simpson, Moduli of representations of the fundamental group of a smooth projective

variety. II, Inst. Hautes Études Sci. Publ. Math. 80 (1994), 5–79.
[9] A. Tirelli, Symplectic resolutions for Higgs moduli spaces, Proc. Amer. Math. Soc. 147

(2019), no. 4, 1399–1412.

Gong talk

Flop, flop and scrolls

Lisa Marquand

(joint work with Corey Brooke, Sarah Frei, Xuqiang Qin)

Let X ⊂ P5 be a smooth cubic fourfold. The Fano variety of lines F (X) is a
hyperkähler manifold of dimension four. The locus of cubics containing a rational
normal cubic scroll contains many geometrically interesting loci, such as cubics
containing an involution (see [3]), and were first studied in [2]. In [1], we study
the birational geometry of F (X) when the cubic X contains two non-homologous
rational normal cubic scrolls. Any pair of cubic scrolls spanning different hyper-
plane sections of X is either syzygetic or non-syzygetic, meaning they intersect
in three or one points, respectively. Further, such a cubic fourfold is conjecturely
irrational [3, Theorem 1.2], and one could hope this is reflected in the birational
geometry of the associated hyperkählers.

We enumerate and identify the non-isomorphic hyperkähler birational models
of F (X) in both the syzygetic and non-syzygetic case. In both, F (X) has Picard
rank three, and we identify the movable and ample cones of F (X).

We prove the following result in the syzygetic case:

Theorem 1. Let X be a general cubic fourfold containing a syzygetic pair of cubic
scrolls, and let F := F (X). Then F has five isomorphism classes of birational
hyperkähler models, represented by the following: F itself and four non isomorphic
Mukai flops of F , each corresponding to a Lagrangian plane in F . Moreover, each
of the four Mukai flops of F can be realized as a double EPW sextic.

A similar result holds in the non-syzygetic case. Further, we obtain the following
structural result for the group of birational transformations Bir(F ) :

Theorem 2. Let X be a general cubic fourfold containing a syzygetic or non-
syzygetic pair of cubic scrolls, and let F := F (X). Then:

(1) The infinite order group Bir(F ) is generated by the covering involutions of
the double EPW sextics obtained as Mukai flops of F.
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(2) In particular, in the syzygetic case we have:

Bir(F ) ∼= 〈a, b, c, d〉/〈a2, b2, c2, d2〉.
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Gong talk

Shafarevich–Tate groups of Lagrangian fibrations

Anna Abasheva

Let π : X → B be a Lagrangian fibration on an irreducible holomorphic sym-
plectic manifold X . In [1] we defined the Shafarevich–Tate group X of π. It
parametrizes Shafarevich–Tate twists of X , namely, fibrations πφ : Xφ → B iso-
morphic to π : X → B locally over B.

We showed in [1] that the Shafarevich–Tate group is an extension

0→X
0 →X→X/X0 → 0,

where X
0 is the connected component of unity of X, and X/X0 satisfies:

(X/X0)⊗Q ≃ H2(B,R1π∗Q)

Question 1. When is a Shafarevich–Tate twist of a hyperkähler manifold Kähler?

I partially answer this question in my upcoming work.

Theorem 2. Pick a class φ ∈X such that rφ lies in X
0 for some positive integer

r. Then the twist Xφ is Kähler.

For the next theorem note that the differential d2 on the second page of the
Leray spectral sequence of QX maps H0(R2π∗Q) to H2(R1π∗Q) ≃ (X/X0)⊗Q.
Denote by φ the image of φ in H2(R1π∗Q).

Theorem 3. (1) If φ ∈ im d2, then b2(X
φ) = b2(X) and there is a coho-

mology class h ∈ H2(Xφ) which restricts to an ample class on a smooth
fiber.

(2) If φ 6∈ im d2, then b2(X
φ) = b2(X)− 1. In this case all cohomology classes

h ∈ H2(Xφ) restrict trivially to a smooth fiber. In particular, Xφ is not
Kähler.
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Gong talk

Stability conditions on surfaces from contractions of many
rational curves

Nicolás Vilches Reyes

The existence of stability conditions is an exciting and difficult problem. On di-
mension two, it was proven by Arcara and Bertram that the derived category of
a smooth surface admits plenty of them. More precisely, they produce a collec-
tion {σβ,ω} of stability conditions depending in numerical classes β, ω, where ω is
ample. All of them lie in the geometric chamber of the stability manifold.

A natural question is to produce more stability conditions for some surfaces, by
studying degenerations of the examples above. This was done in [2, 3], by looking
at the pullback of an ample class by a map f : S → T contracting a single rational
curve. In particular, either T is smooth or admits a single 1/n(1, 1) singularity.

The goal of this talk is to discuss a work in progress where stability conditions
are produced for T mildly singular. This includes canonical singularities and
many cyclic quotient singularities, possibly many of them. More importantly, the
techniques are different to the previous known results, by noting that the Arcara–
Bertram construction admits a common (twisted) heart. This should help us get
a better understanding of the boundary of the geometric chamber.
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A modular construction of OG10

Alessio Bottini

Let Y ⊂ P5 be a smooth cubic fourfold. Its variety of lines X = F (Y ) is a hyper-

Kähler manifold of type K3[2]. The locus of lines contained in a hyperplane section
YH is a Lagrangian surface F (YH) ⊂ F (Y ). If Y is taken general, all these surfaces
are integral.

Let M be the moduli space of semistable sheaves on X parametrising torsion-
free sheaves of rank 1 and degree 0 supported on the Lagrangian surfaces F (YH).
Let M0 be the irreducible component containing those sheaves which are lo-
cally free on their support. It is equipped with a support morphism M0 →
|OY (1)|, whose fiber over a hyperplane section YH is the compactified Picard

scheme Pic0(F (YH)).
It is not difficult to see that a line bundle on F (YH) is a smooth point of M , and

that M has a natural symplectic structure near these points. We wish to prove
that this holds true even for non locally free sheaves, more precisely:
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Theorem 1. M0 is a connected component of M , and it is a smooth hyper-Kähler
manifold of type OG10. Moreover, there exists another hyper-Kähler manifold X ′

of type K3[2], together with a derived equivalence

Φ : Db(X)
∼
−→ Db(X ′, θ), θ ∈ Br(X ′),

mapping M0 isomorphically to a moduli space parametrising only slope stable
(twisted) vector bundles on X ′.

From Lagrangians to vector bundles To find X ′ and the derived equivalence
Φ, we take X to be very general in certain Noether–Lefschetz divisors. One can
find an associated polarized K3 surface (S,H) of degree 2, and we let X ′ be the
relative compactified Picard scheme of the linear system |H |. The variety of lines
X is equipped with a Lagrangian fibration, which is a Tate–Shafarevich twist of
the support morphism X ′ → |H |, as explained in [O’G22, Proposition B.4].

Arinkin [Ari13] constructs a relative Poincaré sheaf P ∈ Db(X ′×|H| X
′), which

gives an autoequivalence Φ : Db(X ′)
∼
−→ Db(X ′). Our equivalence Φ : Db(X)

∼
−→

Db(X ′, θ) is given by a deformation of the Poincaré sheaf, and the Brauer class
θ ∈ Br(X ′) represents exactly the obstruction to reglue the Poincaré sheaf along
the Tate–Shafarevich twist. By the same proof of [Bot22, Proposition 1.2], we get
the following.

Theorem 2. The equivalence Φ sends Cohen–Macaulay sheaves on F (Y ) to locally
free twisted sheaves on X ′.

Therefore, to prove the first part of Theorem 1, it suffices to show that all
sheaves in M0 are Cohen–Macaulay. For this, the key idea is to ”reduce to curves”.
One shows that there is a regular embedding

F (YH) ⊂ Prym(C/D) ⊂ Pic0(Pic0(C)),

where C → D is an étale 2 : 1 cover of integral curves with planar singularities.
This generalizes to the singular case the Albanese embedding of F (YH), see [Huy23,
Section 5.3]. Lastly, pulling back along this embedding gives a surjection

Pic0(Pic0(C))→ Pic0(F (YH)),

which preserves the property of being CM. We conclude using that torsion free
sheaves on compactfied Jacobians of planar curves are CM by [Ari13].

The symplectic form. As mentioned before, it is not difficult to see that M is
smooth and symplectic near line bundles on F (YH). Surprisingly, in our case the
symplectic form exists, at least at the level of tangent spaces, even if (a priori) the
point is not smooth. This relies on the following result, which follows from [Ver96,
Theorem 4.2A].
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Theorem 3. Let X be a HK manifold of dimension 2n, and denote by σ ∈
H2,0(X) the symplectic form. Let E be a projectively hyperholomorphic locally
free sheaf. Then the pairing

Ext1(E,E)× Ext1(E,E)→ C, (a, b) 7→ Tr(a ◦ b ∪ σn−1)

is symplectic.

A vector bundle E on a HK manifold is projectively hyperholomorphic if it is
slope stable and satisfies a certain numerical condition on the discriminant. They
were first introduced by Verbitsky [Ver96], who studied properties of their moduli
spaces, but only recently, thanks to the works of O’Grady [O’G22], Markman
[Mar23] and Beckmann [Bec22], new methods arose to construct examples.

Namely, one can “categorify” the notion of hyperholomorphic bundles, to that
of atomic object in Db(X). Atomicity is a numerical condition invariant under
derived equivalences, easy to check on sheaves supported on Lagrangians. In our
case, it turns out that OF (YH ) ∈ Db(X) is indeed an atomic object, hence the same
holds for its image under Φ.

An atomic vector bundle, at least on a HK of type K3[2], is projectively hyper-
holomorphic provided it is slope stable. Moreover, results of O’Grady show that
slope stability for atomic bundles behaves formally as slope stability on surfaces,
Using this, we are able to show that all sheaves in M0 are mapped under Φ to
slope stable (twisted) locally free sheaves.

Smoothness of the moduli space. Consider the universal family E → X×M0,
which is a locally free twisted sheaf. From Grothendieck–Verdier duality relative
to the second projection we get

(*) RπM,∗(End(E))[4] ∼= (RπM,∗(End(E)))
∨.

This isomorphism combined with the symplectic form

− ∪ σ : RπM,∗(End(E))→ RπM,∗(End(E))[2]

put enough restriction on the moduli space to prove smoothness.
Unfortunately, at the moment the proof heavily relies on the geometry of the

situation, particularly on [LSV17], and more precisely on the smoothness of the
relative compactified Jacobian for a family of curves [FGvS99]. In any case, at
last in principle one can hope that a more profound understanding the interaction
between the symplectic form and (*) allows for a proof which does not require a
geometric input.
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[FGvS99] Fantechi, B., Göttsche, L., van Straten, D., Euler number of the compactified Jacobian

and multiplicity of rational curves, J. Algebraic Geom. 8 (1999), 115–133.



Wall Crossing and Moduli Spaces, Varieties and Derived Categories 1821

[Huy23] Huybrechts, D., The geometry of cubic hypersurfaces, Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge, 2023.
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Automorphisms of Calabi–Yau threefolds from algebraic dynamics and
the second Chern class

Keiji Oguiso

Throughout this report, X is a normal projective variety of dimension d over C
and f ∈ BirX . This report consists of more speculations, rather than definite
results, on automorphisms of strict Calabi–Yau threefolds in view of the following
question after Dinh, Sibony and D.-Q. Zhang (See [6], [7] and [8] and references
therein for background, variants and relevant known results):

Question 1. Find many examples of smooth X admitting a primitive biregular
automorphisms of positive entropy. (See below for definitions of some terms.)

Definition 2. Let H be a very ample Cartier divisor on X. Then, the pth dy-
namical degree of f ∈ BirX is defined by

dp(f) := lim
n→∞

((fn)∗(Hp).Hd−p)
1/n
X := lim

n→∞
(q∗n(H

p).p∗n(H
d−p))

1/n
Xn
≥ 1,

where pn : Xn → X is a birational morphism from a smooth projective variety Xn

such that qn : Xn → X is a morphism and fn = qn ◦ p−1
n (Hironaka’s resolution).

Let π : X 99K B be a dominant rational map to a normal projective variety B with
fB ∈ BirB such that fB ◦π = π ◦f . In this case, the relative pth dynamical degree
is defined by

dp(f |π) = lim
n→∞

(fn(Hp).Hd−e.π∗(He
B))

1/n
X ≥ 1,

where e := dim B and HB is a very ample Cartier divisor on B.

Both dp(f) and dp(f |π) are well defined respectively by Dinh-Sibony [3] and
Dinh-Nguyên [2] (see also [13]). There are shown the existence of the limit, in-
dependence of H and HB , dp+1(f)dp−1(f) ≤ dp(f)

2 (concavity), birational in-
variance of dp(f) and the product formula: dp(f) := Maxk{dk(fB)dp−k(f |π)}. In
particular dp(f) = dp(fB) if e = d, i.e., if π is generically finite (thus recovers also
the birational invariance).

When X is smooth and f ∈ AutX , the entropy of f is Maxp{log dp(f)}
(Gromov–Yomdin) and it is positive if and only if d1(f) > 1 (by concavity),
(fn)∗ = (f∗)n (obvious) and dp(f) is the spectral radius of f∗|Np(X) also the one
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on Hp,p(X,R) (an elementary fact on a linear map f ∈ GL(V,R) preserving a
strictly convex closed cone C ⊂ V with non-empty interior).

Definition 3. f ∈ BirX is imprimitive, if there are a dominant rational map
π : X 99K B to a normal projective variety B with 0 < e := dim B < d and
fB ∈ BirB such that π ◦ f = fB ◦ π. We call f primitive if f is not imprimitive.

This definition is due to De-Qi Zhang [15]. Using the product formula, we
readily obtain the following useful criteria (See eg. [11], also [4] for other criteria):

Proposition 4. Let f ∈ Bir (X). Then f is primitive if either d1(f) > 1 and
dim X = 2, d1(f) 6= d2(f) and dimX = 3, or d1(f) > d2(f) (in any dimension).

By [15] (See also [6]), X with primitive f ∈ BirX is birational to either a smooth
rationally connected variety, an abelian variety or a weak Calabi–Yau variety, i.e.,
a minimal projective variety with numerivally trivial canonical class and vanishing
irregularity, under the assumption that minimal model program with abundance
works in dimension d, which is expected to be true (and true if d ≤ 3).

When d = 2, X in Question 1 is then birational to either P2, an abelian surface,
a K3 surface or an Enriques surface. In each case, there found many interesting
examples (See [1], [12] and references therein). When d = 3, a strict Calabi–Yau
threefold (SCY3 for short), which is a simply connected smooth projective threefold
with trivial canonical line bundle, is one of the most interesting tagert threefolds
for Question 1. However, by now, we have only two such SCY3 ([11] for X3 and
[9, Lemma 4.6] for X7; it is easy to check d2(f) > d1(f) for f ∈ Aut (X7) there):

Theorem 5. Two rigid SCY3 Xk (k = 3, 7) have a primitive fk ∈ Aut (Xk) of
positive entropy. (See [10] for explicit definitions of Xk).

We have the following intrinsic characterization of Xk ([10]):

Definition 6. Let X be a SCY3. A surjective morphism ϕ : X → B to a
normal projective variety B with dimB > 0 with connected fiber is called a c2-
contraction if (c2(X), ϕ∗HB) = 0 for an ample Caritier divisor HB on B, or
equivalently, if (c2(X), ϕ∗N1(B)) = 0 (by the psuedo-effectivity of c2(X)). Note
that c2-contraction ϕ is never an isomorphism (as c2(X) 6= 0 on N1(X) by the
simply-connectedness of X). We call a c2-contraction ϕ0 : X → B0 maximal if ϕ0

factors holomorphically through any c2-contraction ϕ : X → B.

Theorem 7. If a SCY3 X has a c2-contraction, then X has a maximal c2-
contraction ϕ0 : X → B0. A SCY3 X has a birational c2-contraction ϕ if and
only if X is isomorphic to one of Xk (k = 3, 7). Also ϕ is maximal in this case.

See [10] for proof and details. Here partial vanishing of the second Chen class

c2(Xk) on Amp (Xk) \ {0} is natural for SCY3 X of |AutX | =∞:

Proposition 8. c2(X)⊥∩Amp (X)(R)\{0} 6= ∅ for a SCY3 X of |Aut (X)| =∞.

This is due to Wilson [14]. To my best knowledge, there is no known example

such that c2(X)⊥ ∩ Amp (X)(R) \ {0} 6= ∅ but c2(X)⊥ ∩ Amp (X)(Q) \ {0} = ∅.
So, it may be reasonable to ask:
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Question 9. Is c2(X)⊥∩Amp (X)(Q)\{0} 6= ∅ for a SCY3 X of |Aut (X)| =∞?

There is also a notoriously difficult open conjecture (see eg. [5]):

Conjecture 10. Any nef integral divsior on a SCY3 is semi-ample.

Proposition 11. If both Question 9 and Conjecture 10 are affirmative, then there
is no SCY3 X with primitive f ∈ AutX of positive entropy other than Xk (k = 3
and 7).

Indeed, since X has a primitive f ∈ AutX of positive entropy, X has a non-zero
nef integral divisor D with (D.c2(X)) = 0 by Question 9. Then |mD| for some
m > 0 gives a c2-contraction X → B by Conjecture 10. Thus X has a maximal
c2-contraction ϕ0 : X → B0 by Theorem 7. By definition of maximality, we have
a group homomorphism AutX → AutB0 being equivariant with respect to ϕ0.
Since f ∈ AutX is primitive, it follows that dim B0 = 3. Thus by Theorem 7, X
must be isomorphic to one of Xk (k = 3, 7).

In view of Proposition 11, it is very interesting to answer the following:

Question 12. Is there a SCY3 with primitive automorphism of positive entropy
other than Xk (k = 3 and 7)?
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Higher dimensional moduli spaces on Kuznetsov components of
Fano threefolds

Laura Pertusi

(joint work with Chunyi Li, Yinbang Lin, Xiaolei Zhao)

Stability conditions on the Kuznetsov component of a Fano threefold of Picard rank
1, index 1 or 2 have been constructed by Bayer, Lahoz, Macr̀ı and Stellari, making
possible to study moduli spaces of semistable objects and their geometric proper-
ties. Although small dimensional examples of moduli spaces are well-understood
and are related to classical moduli spaces of stable sheaves on the threefold, the
higher dimensional ones are more mysterious.

In this talk, we will show a non-emptiness result for these moduli spaces. Then
we will focus on the case of cubic threefolds. When the dimension of the moduli
space with respect to a primitive numerical class is larger than 5, we show that the
Abel-Jacobi map from the moduli space to the intermediate Jacobian is surjective
with connected fibers, and its general fiber is a smooth Fano variety with primitive
canonical divisor. When the dimension is sufficiently large, we further show that
the general fibers are stably birational to each other.

1. Kuznetsov components of Fano threefolds and non-emptiness of

moduli spaces

Let X be a Fano threefold of Picard rank 1. The anticanonical divisor satisfies
KX = −iXH , where H is an ample generator of Pic(X) and iX is called the index
of X . Note that iX ≤ dim(X) + 1 = 4. By [5] if iX = 4, then X is a projective
space, while if iX = 3, then X is a quadric hypersurface in P4. In the case of index
1 and 2, a complete classification has been given in [6, 7] in terms of the degree
H3. As an example, if X has index 2 and degree 3, then X is a cubic threefold.

From the derived categories viewpoint, if X has index 2, then the bounded
derived category of coherent sheaves on X has a semiorthogonal decomposition of
the form

Db(X) = 〈Ku(X),OX ,OX(H)〉,

where Ku(X) is known as the Kuznetsov component of X . If X has index 1 and
degree ≥ 10, then the Kuznetsov component is defined as the right orthogonal
complement Ku(X) := 〈E ,OX〉

⊥, where E is an exceptional vector bundle on X
constructed in [1, 3], while when the degree is ≤ 8, we set Ku(X) := 〈OX〉⊥.

Stability conditions have been constructed on Kuznetsov components of Fano
threefolds of index 1 and 2 in [1]. We denote by σ a stability condition on Ku(X)

in the same G̃L
+

2 (R)-orbit of the constructed one. By the general theory in [2],
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given a numerical character v ∈ Knum(Ku(X)), there is a good moduli space
Mσ(Ku(X), v) parametrizing σ-semistable objects with character v in Ku(X), hav-
ing the structure of a proper algebraic space.

Despite of many results, especially in low dimensions, general structure theo-
rems for these moduli spaces are still missing. In particular, the non-emptiness
of these moduli spaces was only known for small dimensional examples, or when
the Kuznetsov component is in fact equivalent to the bounded derived category
of a curve of genus ≥ 2 (this happens precisely when X has index 2, degree 4,
or index 1, degree 12, 16, 18). In the other cases, the main difficulty is that the
categories Ku(X) arising from Fano threefolds within a given deformation class
are typically not equivalent to the derived category of a smooth projective variety.
This prevents the application of any specialization argument to reduce to a known
geometric case, such as done for cubic fourfolds.

In our first result, we settle the non-emptiness problem of the moduli spaces for
Fano threefolds of index 2, and index 1, degree ≥ 10.

Theorem 1. Let X be a Fano threefold with Picard rank 1, index 1, degree
10 ≤ d ≤ 18, or index 2, degree d ≤ 4. Then for every nonzero character
v ∈ Knum(Ku(X)), the moduli space Mσ(Ku(X), v) of σ-semistable objects of class
v is non-empty.

The actual new cases covered by Theorem 1 are those of cubic threefolds (index
2, degree 3), Fano threefolds with index 1 and degree 14, and double Veronese
cones (index 2, degree 1). For quartic double solids and Gushel–Mukai threefolds
(index 2, degree 2, and index 1, degree 10) this result was proved in [8] with
different methods which apply in the context of Enriques categories. Theorem
1 provides a unified argument for the proof of the non-emptiness of the moduli
spaces for all the cases.

Note also that if X has index 1, degree 22 (or index 2, degree 5), the compo-
nent Ku(X) is equivalent to the bounded derived category of finite dimensional
representations of the Kronecker quiver with three arrows. The remaining cases
(index 1, degree 2, 4, 6, 8) seem to require a different strategy.

Theorem 1 is deduced from a general non-emptiness criterion, which is of inde-
pendent interest. We develop an inductive argument that effectively reduces the
question to checking the statement in the low dimensional cases, where the moduli
spaces are related to low degree curves on Fano threefolds, and the non-emptiness
can be verified directly.

2. Moduli spaces and cubic threefolds

Once the non-emptiness is settled, the next step is to investigate the geometric
properties of the moduli spaces. Here we focus on the case of cubic threefolds.

Let Y3 be a cubic threefold and Ku(Y3) be its Kuznetsov component. For every
v ∈ Knum(Ku(Y3)), set Mσ(v) := Mσ(Ku(Y3), v) for simplicity. After choosing a
base point F0, we can define the Abel–Jacobi map by the (cycle-theoretic) second
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Chern class:

Φv : Mσ(v)→ J(Y3) : F 7→ c2(F )− c2(F0).

For every c ∈ J(Y3), we denote by Mσ(v, c) := Φ−1
v (c) the fiber of the Abel–Jacobi

map. First, we note the following properties which can be obtained by standard
techniques.

Theorem 2. Let v ∈ Knum(Ku(Y3)) be a primitive character. Then the moduli
space Mσ(v) is smooth irreducible projective of the expected dimension 1−χ(v, v).

Our main results are the following.

Theorem 3. For every v ∈ Knum(Ku(Y3)) the moduli space Mσ(v) is irreducible.

Theorem 4. Let v ∈ Knum(Ku(Y3)) be a primitive character.

(1) If dimMσ(v) > 5, then Φv is surjective with connected fibers. For a general
point c ∈ J(Y3), the fiber Mσ(v, c) is a smooth Fano variety with primitive
canonical divisor class.

(2) Assume that v, w are primitive characters such that dimMσ(v) ≥ 23 and
dimMσ(w) ≥ 23. Then for general points c, c′ ∈ J(Y3), the fibers Mσ(v, c)
and Mσ(w, c

′) are stably birational equivalent.

As a consequence of Theorem 4 we obtain the following statement.

Corollary 5. For every primitive v ∈ Knum(Ku(Y3)) with χ(v, v) ≤ −4, the max-
imal rationally connected quotient of Mσ(v) is the intermediate Jacobian J(Y3).

In a different direction, we use our techniques to prove [4, Conjecture A.1].
Recall that if Y4 is a cubic fourfold, then its Kuznetsov component Ku(Y4) has a
stability conditions σ4 constructed in [1].

Theorem 6 ([4], Conjecture A.1). Let Y4 be a very general cubic fourfold, and let
j : Y3 → Y4 be a smooth hyperplane section. Then for every primitive character
v ∈ Knum(Ku(Y3)), there exists a non-empty open subset Uv ⊂ M s

σ(Ku(Y3), v)
such that for every E ∈ Uv, the projection in Ku(Y4) of j∗E is σ4-stable.

Combined with [4, Theorem A.4], Theorem 6 provides the construction of La-
grangian subvarieties inside hyperkähler manifolds arising as moduli spaces of
stable objects in Ku(Y4). This result could have potential applications to the
construction of atomic objects supported on Lagrangian subvarieties.
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Quasi-BPS categories for K3 surfaces

Tudor Pădurariu

(joint work with Yukinobu Toda)

The talk was based on the preprint [5]. The paper is concerned with the study of
derived categories of coherent sheaves on the moduli stack of semistable sheaves
on a K3 surface.

Let S be a K3 surface, let σ be a generic stability condition, let v0 be a Mukai

vector, and let g := 〈v0,v0〉+2
2 . If v is primitive, then the moduli space Mσ

S (v0) of
σ-semistable sheaves of support v0 is an irreducible holomorphic symplectic (IHS)
variety, deformation equivalent to the Hilbert scheme of g points on S. One may
attempt to construct more IHS varieties starting from moduli of semistable sheaves
with non-primitive support. For example, one may attempt to find symplectic
(alternatively, crepant) resolutions

M̃ →Mσ
S (v)

of the good moduli space for v = dv0, where v0 is primitive and d ≥ 2. However,
a theorem of Kaledin–Lehn–Sorger [4] says that, with the exception of the 10
dimensional example constructed by O’Grady (which corresponds to d = g = 2),
there are no such resolutions.

One can then wonder whether there are crepant resolutions of Mσ
S (v) in the

categorical sense. The existence of such resolutions might be important for a couple
of reasons: it highlights the importance of using derived categories to construct
objects, close to actual geometric spaces, and with some desired properties which
do not hold for geometric spaces; and it may actually provide new examples of
(categorical or geometric) IHS varieties. In [5], we investigate this problem starting
from the category of coherent sheaves on the stack M

σ
S(v) of σ-semistable sheaves

of support v. We construct categories

Tσ
S(v)w ⊂ Db (Mσ

S(v))w(1)

that indeed behave like categorical (twisted) crepant resolutions for Mσ
S (v) for all

v = dv0 with g ≥ 2. However, the spaces we construct are expected to be derived
equivalent to categories of twisted sheaves on Mσ

S (v
′
0) for v′0 a primitive Mukai

vector, so they do not provide new examples of IHS varieties.
When attempting to construct a categorical resolution of singularities of a sin-

gular variety M , one usually starts with a geometric resolution

M̃ →M
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and then attempts to construct a smaller, categorical resolution as an admissible
category

T ⊂ Db(M̃).

Our process for constructing (1) is similar, but instead of an actual resolution of
singularities, we start with the singular stack M

σ
S(v). There are two reasons for

this choice: first, even if Mσ
S(v) is a singular stack, its cohomology behaves like

that of a smooth projective variety (i.e. it exhibits purity, see [1]); and second,
there are many techniques to study categories of coherent sheaves on a stack, which
go under the name of “window categories” (and due to Segal, Halpern-Leistner,
Ballard–Favero–Katzarkov, Špenko–Van den Bergh, and others). The following is
the first main result of our paper, and it can be also used to give an inductive
definition of the categories (1).

Theorem 2. There is a semiorthogonal decomposition

Db (Mσ
S(v)) =

〈
⊗k

i=1T
σ
S(div0)wi+(g−1)di(

∑
i>j

dj−
∑

i<j
dj)

〉
,(3)

where the right hand side is after all partitions (di)
k
i=1 of d and all weights (wi)

k
i=1 ∈

Zk such that
w1

d1
< · · · <

wk

dk
.

Each functor ⊗k
i=1T

σ
S(div0)wi+(g−1)di(

∑
i>j

dj−
∑

i<j
dj) → Db (Mσ

S(v)) is induced

by a push-pull functor from the stack of extension and is fully-faithful.

The above semiorthogonal decomposition can be compared with decomposi-
tions of the Borel-Moore homology of Mσ

S(v) in terms of the BPS cohomology
H•

BPS(M
σ
S (v)), due to Davison–Hennecart–Schelegel Mejia [2]. The BPS cohomol-

ogy is a refinement of the BPS invariants of sheaves on the Calabi–Yau threefold
S×C, which are fundamental enumerative invariants related to Donaldson-Thomas
and Gromov–Witten theories. Conjecturally, one expects

(4) H•
BPS(M

σ
S (v))

∼= H•(Hilb(S, g′)),

where g′ := 〈v,v〉+2
2 . We can then compute the topological K-theory of the cate-

gories (1) in terms of BPS cohomologies, and thus conjecturally in terms of the
cohomology of Hilbert scheme of points on S.

The following is our main theorem. First, we can eliminate a copy of the exterior
algebra from the (derived) stacks Mσ

S(v), which allows us to construct the smaller
reduced categories Tσ

S(v)
red
w . We show that some of the categories Tσ

S(v)
red
w , namely

those for which w is coprime with d, or alternatively those whose topological K-
theory is isomorphic to BPS cohomology, behave analogously to crepant resolutions
of singularities of Mσ

S (v). The last part is a version of a theorem of Halpern-
Leistner [3] for a non-primitive Mukai vector.

Theorem 5. Suppose that g ≥ 2, σ, σ′ ∈ Stab(S) are generic stability conditions,
and w is coprime to dv. Then:

(i) (smoothness and properness): the category Tσ
S(v)

red
w is smooth and

proper;
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(ii) (étale locally trivial Serre functor): the Serre functor ST of Tσ
S(v)

red
w

is trivial étale locally on Mσ
S (v);

(iii) (wall-crossing equivalence): there is an equivalence

Tσ
S(v)

red
w ≃ Tσ′

S (v)redw .

We do not expect the categories Tσ
S(v)w to produce new examples of IHS va-

rieties, but we believe they are related to known examples of IHS varieties by in-
teresting derived equivalences, more precisely by compactifications of the Fourier-
Mukai derived equivalence between a (relative) abelian variety and its dual. We
will make a precise such conjecture in future work. A simplified form is the fol-
lowing, which can be also seen as a categorical version of the conjecture (4):

Conjecture 6. For any g ≥ 0 and any w ∈ Z coprime with v, the category

TS(v)
red
w is deformation equivalent to Db (Hilb(S, g′)), where g′ := 〈v,v〉+2

2 .
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The categorical origins of equivariant quantum cohomology

Ed Segal

This talk is nominally about equivariant Fukaya categories, but in fact will contain
almost no symplectic geometry. Instead it will be a discussion of the categorical
(and 2-categorical) structures that are expected to appear in equivariant Floer
theory and equivariant mirror symmetry. It is based on some ongoing discussions
with Yanki Lekili and Dan Pomerleano, and heavily inspired by Teleman’s 2014
ICM address [2].

Suppose we have a symplectic manifold X with a mirror variety X̆, or mirror
Landau-Ginzburg model (X̆, W̆ ). Homological mirror symmetry is the statement

that the Fukaya category Fuk(X) is equivalent to the derived category Db(X̆), or

to the category of matrix factorizations MF(X̆, W̆ ). To pass from here to more
traditional closed-string mirror symmety we take Hochschild cohomology, since it
is known (in some situations at least) that HH•(Fuk(X)) is equal to the quantum

cohomology QH•(X).1 On the mirror side we get HH•(Db(X̆)), which is roughly

the cohomology of X , or HH•(MF(X̆, W̆ )), which is roughly the Jacobi ring of W .

1If X is non-compact we mean the wrapped Fukaya category, and we should use symplectic
cohomology instead of quantum cohomology.
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Now suppose we have a Lie group G and a Hamiltonian G-action on X . Equivari-
ant quantum cohomology QH•

G(X) has been fairly well studied. Can we fill in the
other parts of this story? I.e.

(1) Is there a G-equivariant Fukaya category FukG(X)?
(2) If so, is HH•(FukG(X)) equal to QH•

G(X)?
(3) What is the mirror structure?

The aim of the talk is to show that the answers to (1) and (2) are ‘no’, or at least
‘it’s a bit more complicated than that’.

We’ll discuss only the case G = U(1). Finite groups are not interesting for this
story, and non-abelian groups are too hard.

The first puzzle is understanding the mirror data to the U(1) action, or equiva-
lently understanding how the U(1)-action manifests itself on the Fukaya category.
If two Lagrangians are Hamiltonian-isotopic then they are isomorphic in Fuk(X),
so at first sight the U(1) action does nothing at all to the Fukaya category; moving
an object L under θ ∈ U(1) just produces an isomorphic object θ(L).

We solve this puzzle by viewing Fuk(X) as a topological category, or ∞-
category. So there is a space of objects ObFuk(X), and two objects are isomorphic

iff they are connected by a path in this space.2 In particular, loops in this space
are automorphisms:

π1(ObFuk(X), L) = Aut(L)

So the orbit of L under the U(1) action corresponds to an automorphism σL of L.
We have this for all objects L, so we have a natural automorphism σ of the identity
functor on Fuk(X), or equivalently an invertible element σ ∈ HH0(Fuk(X)). This
is the Seidel element.

On the mirror, we must have a corresponding σ̆ in HH0(Db(X̆)) = H0(OX),

i.e. a map σ̆ : X̆ → C∗. This is the mirror data to the U(1) action. Teleman calls
it a topological U(1) action since it is the topology of U(1) that matters, more
than the group structure [2].

With this data both Fuk(X) and Db(X̆), or MF(X̆, W̆ ), carry an action of the
ring C[s±1]. So it is tempting to guess that “U(1)-equivariant homological mirror
symmetry” is the statement that the categories are equivalent relative to C[s±1].
However, this cannot be the whole story, as the following example demonstrates.

Consider X = C2 with its standard (real) symplectic form, and the usual U(1)

action by rescaling. The mirror is X̆ = (C∗)2 with W̆ = X + Y . The mirror to

the Seidel element3 is σ̆ = XY . Then W̆ has no critical points so MF(X̆, W̆ ) ∼= 0,
matching the fact that Fuk(X) ∼= 0. So the two categories are indeed equivalent,
and the equivalence is relative to C[s±1]. But the statement is vacuous.

However, suppose we take a fibre of σ̆ at some value λ ∈ C∗. We get X̆λ
∼= C∗

with the superpotential W̆λ = X+λ/X . This is the mirror to P1, which is of course

2This space is really a spectrum, constructed from Floer homotopy theory.
3Since X̆ is just the dual torus to the torus in X, the 1-parameter subgroup σ corresponds to

the character σ̆.



Wall Crossing and Moduli Spaces, Varieties and Derived Categories 1831

the symplectic quotient X//U(1). The categories Fuk(P1) and MF(X̆λ, W̆λ) are
equivalent, and non-zero.

From this example we learn two important points:

• Taking the fibres of σ̆ on the B-side corresponds to taking symplectic
quotients on the A-side.
• The categories Fuk(X) or MF(X̆, W̆ ) do not determine all the data we
care about, even with their C[s±1] structures.

The first point is very interesting but we won’t pursue it here,4 we’ll focus on the
second point.

The solution, again according to Teleman [2], is to replace C∗ with its cotangent
bundle T ∗C∗, i.e. the ring C[s±1, t]. This is a holomorphic symplectic manifold,
albeit a completely trivial example of one. But for any holomorphic symplectic
Y there is believed to be a 3d topological field theory which is a sigma model
with target Y ; this is Rozansky-Witten theory. And by the yoga of the Cobordism
Hypothesis this corresponds to some nice 2-category constructed from Y . We call
this conjectural 2-category KRS(Y ), after Kapustin-Rozansky-Saulina [1].

The simplest objects in KRS(Y ) should be holomorphic Lagrangians L ⊂ Y .
Some more complicated objects will be such an L together with a ‘category C
which is linear over L’, i.e. a holomorphic sheaf of categories over L. This is an
analogue of what we do in the Fukaya category, when we equip a real Lagrangian
with a local system. One way to produce such a sheaf C is to have another variety
X and a map X → L, then C = Db(X) is linear over L. More generally we could
take C = MF(X,W ) for some superpotential. The ‘trivial sheaf’ is Db(L) itself.

We won’t discuss the morphisms in KRS(Y ), except to say that the 1-morphisms
between (L1, C1) and (L2, C2) should be some category which is linear over the
intersection L1 ∩ L2.

The Lagrangians, with trivial sheaves, should span the whole 2-category. So
a general object in KRS(Y ) can be described, Yoneda style, as an operation on
Lagrangians

D : L→ Hom(L,D)

sending each L to a category linear over L.

Now we return to the case Y = T ∗C∗. Some obvious Lagrangians are the zero
section {t = 0} and the cotangent fibres {s = λ}. We claim that, given either:

(1) a variety X̆ or LG model (X̆, W̆ ), together with a map σ̆ : X̆ → C∗, or
(2) a symplectic X with a Hamiltonian U(1)-action,

there are corresponding objects of KRS(T ∗C∗), which we denote DX̆ ,DX̆,W̆ and

FX . On the obvious Lagrangians these take the following values:5

4It includes the question of how to match up the values of σ̆ with the values of the moment
map on the A-side.

5The categories in the bottom row are naturally linear over C[t], the first two by the evident

t ∈ HH2(X̆λ), and the last by t = c1 of the U(1) bundle.
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DX̆ DX̆,W̆ FX

{t = 0} Db(X̆) MF(X̆, W̆ ) Fuk(X)

{s = λ} Db(X̆λ) MF(X̆λ, W̆λ) Fuk(X//U(1))

And the correct statement of U(1)-equivariant homological mirror symmetry is
that FX = DX̆,W̆ .

Finally, for any object D in any 2-category we have an analogue of Hochschild
cohomology: it’s the endomorphisms of 1D where 1D is the unit in the monoidal
category End(D). In the 2-category Cat this is exactly Hoschild cohomology.
Applied to the objectFX in KRS(T ∗C∗) we claim it should produce the equivariant
quantum cohomology of X .

On the mirror we make the further ansatz that

End(DX̆,W̆ ) = MF(X̆ ×C∗ X̆, W̆2 − W̆1)

and then the endomorphisms of the unit are not hard to compute. The results
match with QH•

U(1)(X) in toric examples.
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Cones of Noether-Lefschetz divisors and moduli spaces of
hyperkähler manifolds

Laure Flapan

(joint work with Ignacio Barros, Pietro Beri, Brandon Williams)

For the moduli space F2d of quasi-polarized K3 surfaces of degree 2d, as well as
other moduli spaces of polarized hyperkähler manifolds, the most natural source
of divisors is Noether–Lefschetz divisors. A very general point (S,H) ∈ F2d has
Picard group Pic(S) = ZH and so the locus in F2d where ρ(S) ≥ 2 is a countable
union of divisors, called Noether–Lefschetz divisors (or NL divisors). Concretely,
a Noether–Lefschetz divisor Dh,a on F2d is the reduced divisor obtained by taking
the closure of the locus of points (S,H) ∈ F2d for which there exists a class
β ∈ Pic(S), not proportional to H , with β2 = 2h− 2 and β.H = a.

Heegner divisors generalize Noether–Lefschetz divisors to arbitrary orthogonal
modular varieties D/Γ by viewing Noether–Lefschetz divisors as images of hyper-
plane arrangements in D under the modular projection π : D −→ D

/
Γ. More

precisely, let Λ be an even lattice of signature (2, n). Consider the bilinear form
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〈·, ·〉 on Λ (which extends to ΛC) and DΛ the Type IV domain given by one of the
two components (exchanged by complex conjugation) of

{
[Z] ∈ P (ΛC)

∣∣〈Z,Z〉 = 0, 〈Z,Z〉 > 0
}
.

Let Γ be a finite index subgroup of Õ+ (Λ), the group of orientation-preserving
isomorphisms of Λ which act trivially on the discriminant group D(Λ2d) = Λ∨

2d

/
Λ.

We then consider the quotient DΛ/Γ. The fundamental example to have in mind
is when

Λ = Λ2d = U⊕2 ⊕ E8(−1)
⊕2 ⊕ Zℓ, with 〈ℓ, ℓ〉 = −2d

and Γ = Õ+ (Λ2d). Then F2d = DΛ2d

/
Õ+ (Λ2d) is a coarse moduli space for

primitively quasi-polarized K3 surfaces of degree 2d.
For v ∈ ΛQ, one considers the hyperplane section Dv = v⊥ ∩ DΛ. Using the

quadratic form Q(v) = 〈v,v〉
2 , for a fixed class µ + Λ ∈ D(Λ) and m ∈ Q(µ) + Z

non-positive, the cycle
∑

v∈µ+Λ
Q(v)=m

Dv is Γ-invariant and descends to a Q-Cartier

divisor Hm,µ on DΛ/Γ, called a Heegner divisor. In general, Hm,µ is neither
reduced, nor irreducible and its irreducible components, called primitive Heegner
divisors, are denoted P∆,δ. In the K3 case, Heegner divisors are related to Noether–
Lefschetz divisors via Dh,a = H−m,µ if d 6 |a and Dh,a = 1

2H−m,µ if d | a, where

m = a2

4d − (h − 1) and µ = aℓ∗ for ℓ∗ = ℓ
2d ∈ D(Λ2d) the standard generator [8,

Lemma 3].
Maulik–Pandharipande conjectured [8, Conjecture 3] that the rational Picard

group PicQ(F2d) is generated by Noether–Lefschetz divisors Dh,a. Bergeron–Li–
Millson–Moeglin [1] and Bruinier–Zuffetti [6] proved a generalization of Maulik–
Pandharipande’s conjecture, showing that, under the assumption that Λ splits off
two copies of the hyperbolic plane and that n ≥ 3, the Picard group with rational

coefficients PicQ(DΛ/Õ
+ (Λ2d)) of any orthogonal modular variety DΛ/Õ

+ (Λ2d) is
generated by Heegner divisors. The rank of PicQ(DΛ/Γ) was computed by Bruinier
in [3].

An important invariant of an algebraic variety X is its cone of pseudo-effective
divisors Eff(X), which governs much of the birational geometry of X . The cone

Eff(X) is defined as the closure of the cone of effective R-divisors on X . In general,
it can be quite difficult to determine when Eff(X) is finitely-generated, let alone
compute it explicitly.

In the case of an orthogonal modular variety DΛ/Γ, a natural subcone of

Eff(DΛ/Γ) is the NL-cone Eff
NL (DΛ/Γ) of effective R-linear combinations of prim-

itive Heegner divisors on DΛ/Γ. The NL-cone contains the subcone EffH (DΛ/Γ)
generated by the (non-primitive) Heegner divisors on DΛ/Γ.

Bruinier–Möller [5] showed that for X = DΛ

/
Õ+ (Λ) with Λ of signature (2, n)

with n ≥ 3 and splitting off two copies of the hyperbolic plane, the cone EffNL (X)
is always polyhedral.

Here we examine the question of computing EffNL (X) for X under the same
assumptions. Our first result is the following.
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Theorem 1. Let Λ be an even lattice of signature (2, n) with n ≥ 3 splitting off

two copies of the hyperbolic plane and X = DΛ

/
Õ+(Λ) its modular variety. We

produce an explicit bound Ω, depending on numerics of the lattice Λ, such that the
cone EffNL (X) is generated by all P−∆,δ with 0 ≤ ∆ ≤ Ω.

Theorem 1 together with its implementation in Sage package [11] enables the

computation of EffNL (X) given any such Λ.
The proof of Theorem 1 relies on the relationship between Heegner divisors on

X and vector-valued modular forms with respect to the Weil representation for Λ.
In [5] the polyhedrality of the NL-cone is established by showing that the Hodge
class λ lies on the interior of the NL-cone, and the rays P∆,δQ≥0 converge to λQ≥0

as ∆ grows. Establishing a concrete list of generators of EffNL (X) amounts to
making the convergence rate explicit which translates into bounding explicitly the
growth of the coefficients of the relevant vector-valued modular forms. For vector-
valued cusp forms of half-integer weight, despite the considerable literature on
bounds for the growth of Fourier coefficients, we are unaware of a general bound
with explicit constants. Using Poincaré series and Kloosterman sums we derive
weak, yet explicit, bounds that suffice for our purposes.

Uniruledness results. We consider the period domain partial compactifications

Mγ
OG6,2d and Mγ

Kumn,2d
of the moduli spaces

(
Mγ

OG6,2d

)◦

and
(
Mγ

Kumn,2d

)◦

parameterizing primitively polarized hyperkähler sixfolds of OG6-type respectively
2n-folds of Kumn-type with a primitive polarization of degree 2d and divisibility
γ. We remark that the moduli space Mγ

OG6,2d is always irreducible and in the
case γ = 2 it is non-empty only when d ≡ −1,−2 mod 4. Similarly, setting d = 1
and γ ∈ {1, 2}, the moduli spaceMγ

Kumn,2
is irreducible and in the case γ = 2 its

nonempty only when n ≡ 2 mod 4.
We establish the following uniruledness results:

Theorem 2. The moduli spaceMγ
OG6,2d is uniruled in the following cases

(i) when γ = 1 for d ≤ 12,
(ii) when γ = 2 for t ≤ 10 and t = 12 with d = 4t− 1,
(iii) when γ = 2 for t ≤ 9 and t = 11, 13 with d = 4t− 2.

The moduli spaces M1
Kumn,2

andM2
Kumn,2

are uniruled in the following cases:

(i) when γ = 1 for n ≤ 15 and n = 17, 20,
(ii) when γ = 2 for t ≤ 11 and t = 13, 15, 17, 19, where n = 4t− 2.

Our approach to uniruledness is inspired by [10]. The idea is to express the
canonical class of (a smoothing of a toroidal compactification of) such a quotient

M = DΛ

/
Õ+ (Λ) in terms of Heegner divisors Hm,µ. One then uses formulas

of Kudla [7] and Bruinier–Kuss [4] expressing the intersection of these Heegner
divisors with the power λdimM−1 of the Hodge class λ in terms of coefficients of
an Eisenstein series in order to show that the intersection of the canonical class
with λdimM−1 is negative. Since λdimM−1 is a covering curve (in particular nef)
the canonical class is then not pseudo-effective and uniruledness follows from [9, 2].
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[5] J.H. Bruinier and M. Möller, Cones of Heegner divisors, J. Algebraic Geom. 28, no. 3

(2019), 497–517.
[6] J.H. Bruinier and R. Zuffetti, Lefschetz decompositions of Kudla-Millson theta functions

(2024), arXiv.2406.19921.
[7] S. Kudla, Integrals of Borcherds forms, Compositio Math. 137, no. 3 (2003), 293–349.
[8] D. Maulik and R. Pandharipande, Gromov–Witten theory and Noether-Lefschetz theory, A

celebration of algebraic geometry, Clay Math. Proc., Amer. Math. Soc.18 (2013), 469–507.
[9] Y. Miyaoka and S. Mori, A numerical criterion for uniruledness, Annals of Math. 124, no.

1 (1986), 65–69
[10] A. Peterson, Modular forms on the moduli space of polarised K3 surfaces, PhD thesis,

University of Amsterdam (2015).
[11] B. Williams, Heegner Cones, Available at https://github.com/btw-47/heegner-cones.

Fano varieties with torsion in H3(X,Z)

John Christian Ottem

(joint work with Jørgen Vold Rennemo)

For a smooth complex projective variety X , the torsion subgroup of the third inte-
gral cohomology group, TorsH3(X,Z), is an important stable birational invariant
of X . The invariant was introduced by Artin and Mumford [1] in order to show
that certain conic bundles are irrational. Specifically, their examples are unira-
tional, but not rational because TorsH3(X,Z) 6= 0, whereas any rational variety
has no torsion in H3(X,Z).

Constructing examples with non-trivial torsion in H3(X,Z) is generally a chal-
lenging problem, especially if one imposes that X should satisfy some geomet-
ric requirements, such as being rationally connected or Fano. Most construc-
tions utilize the relation to the Brauer group; if X is rationally connected, then
TorsH3(X,Z) = Br(X), which classifies projective space fibrations modulo pro-
jectivized vector bundles.

Beauville [2] asked whether there is a Fano variety with non-trivial torsion in
H3(X,Z). In dimension 1 and 2, all Fano varieties are rational. In dimension 3,
there is a classification into 105 types, and inspecting the list shows that all Fano
3-folds have torsion free H3(X,Z).

The main focus of the talk was to explain the following theorem.

Theorem 1 (O.-Rennemo). In any even dimension ≥ 4, there exist Fano varieties
of Picard number 1 with TorsH3(X,Z) = Z/2.



1836 Oberwolfach Report 32/2024

The Fano varieties arise from a geometric construction involving certain rank
loci of symmetric matrices. Below, we will describe a special case, which also
relates to work by Hosono–Takagi [6] (who studied double symmetroid Calabi-
Yau 3-folds).

Construction. Let P14 = P(S2V ∨) denote the space of quadrics in V = C5. For
r = 1, . . . , 4, we define the closed subvariety Zr ⊂ P14 as the set of quadrics of
rank at most r. In other words, Zr is the zero locus of the (r+1)× (r+1) minors
of the generic symmetric 5× 5 matrix of variables. Concretely,

• Z4 is a quintic hypersurface (dimension 13),
• Z3 is a subvariety of degree 20 (dimension 11),
• Z2 = Sym2(P4) (dimension 8),
• Z1 is the second Veronese embedding of P4 (dimension 4).

These varieties are highly singular, as sing(Zr) = Zr−1 for each r = 2, 3, 4.
The hypersurface Z4 parameterizes rank 4 quadrics in P4, such as Q = x0x3 −

x1x2. These are cones over smooth quadric surfaces in P3, and hence they contain
two disjoint families of 2-planes. Consider the incidence variety

U =

{
pairs ([L], [Q]) where L ⊂ Q is a 2-plane on Q

}
⊂ Gr(3, V )× P(S2V ∨).

The first projection is a projective bundle over Gr(3, V ), as the fibres are the
projective space of all quadrics containing a given 2-plane.

Note that if (L,Q) ∈ U , then rankQ ≤ 4, because Q contains a 2-plane. There-
fore, the second projection maps into Z4. We define W4 via the Stein factorization

U
η

−−−−→W4
τ

−−−−→ Z4

Then τ is finite of degree 2, and η is generically a P1-bundle.
Conveniently, W4 has rather mild singularities:

singW4 = τ−1(Z2),

which has dimension 8. Moreover, W4 is a Fano variety with KW4 = τ∗KZ4 =
−10H, where H = τ∗OP14(1). If we now choose 9 general divisors Hi ∈ |H |, then

X = W4 ∩H1 ∩ . . . ∩H9

is a smooth Fano 4-fold with −KX = H .

The degree 3 torsion class. The 4-fold X admits a torsion class in H3(X,Z)
which can be described geometrically as follows. The morphism η : U → W4

restricts to a P1-fibration UX → X and a corresponding 2-torsion class σ ∈
H3(X,Z). To demonstrate that the class is non-zero, we show that η does not
admit a rational section, following a computation of [6]. Regarding U as a pro-
jective bundle over Gr(3, V ), we have U = P(E) for some vector bundle E on
Gr(3, V ). If D ⊂ U is the closure of a rational section, then the divisor class of D
is of the form aL+ b · g where a, b ∈ Z, L = O(1) and g is the pullback of Plücker
polarization. As Z4 has degree 5, we have D · L13 = 10. On the other hand,
using the Chern classes of E, we compute that D · L13 = −20b, contradicting the
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fact that b is an integer. This shows that the Brauer group of the smooth locus
of W4 is non-trivial. Applying a generalized Lefschetz theorem, we conclude that
H3(X,Z) has a non-trivial torsion element.

Remark 2. The derived category of X has a description

Db(X) = 〈Db(S), E1, . . . , E4〉

where Ei are exceptional objects, and S is a complete intersection of six (1,1)-
divisors in P4 × P4. This allows us to compute many of the invariants of X.

Higher dimensions. The construction generalizes by taking V = Cn for n ≥ 5,
and we get similar double covers τ : W4 → Z4 of dimension 4n− 7. The singular
locus of W4 is given by τ−1(Z2), which has dimension 2n− 2. A general complete
intersection

(3) X = W4 ∩H1 ∩ . . . ∩H2n−1

is a smooth Fano manifold of index 1 of dimension 2n− 6 with H3(X,Z) = Z/2.

Application. The main motivation of Theorem 1 comes from studying a bira-
tional invariant related to the two coniveau filtrations, as introduced in [3]. Let
N1H l(X,Z) ⊂ H l(X,Z) denote the subgroup of classes supported on proper sub-

varieties Y ⊂ X and Ñ1H l(X,Z) the subgroup generated by j̃∗β where j̃ is a

composition Ỹ
π
−→ Y →֒ X where π is a desingularization. The quotient

N1H l(X,Z)/Ñ1H l(X,Z)

is an interesting stable birational invariant. Voisin [8] asked whether there is a
rationally connected variety where this invariant is non-zero. Using our geometric
construction, we show that the answer is affirmative:

Theorem 4 (O.-Rennemo). In any dimension ≥ 6, there is a Fano variety X

where N1H3(X,Z) = Z/2 and Ñ1H3(X,Z) = 0.

By results of Bloch–Srinivas and Colliot-Thélène–Voisin [5], for any rationally
connected variety X we have N1H l(X,Z) = H l(X,Z) for all l > 0. On the other
hand, there is the following criterion, proved in [3]:

Proposition 5. If σ ∈ N1H3(X,Z), then σ̄2 = 0 ∈ H6(X,Z/2).

To conclude, we need to show that the 2-torsion class σ ∈ H3(X,Z) for the
varieties appearing in (3) have a non-zero square modulo 2. To do this, we use an
alternative description of Z4 and W4, in terms of GIT quotients

Z4 = Hom(C5,C4)//GO(4)

W4 = Hom(C5,C4)//GO(4)◦.

Here GO(4) is the orthogonal similtude group, i.e., the elements g ∈ GL(4) preserv-
ing the inner product up to scaling, and GO(4)◦ is the connected component of the
identity. This allows us to view W4 as an “algebraic approximation” to BGO(4)◦.
Using topological arguments, we compute the relevant part of the cohomology ring
of W4 and thereby X to conclude that indeed σ̄2 6= 0 ∈ H6(X,Z/2).
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Moduli of boundary polarized CY surface pairs

Harold Blum

(joint work with Yuchen Liu)

From the perspective of the Minimal Model Program, the building blocks of alge-
braic varieties are canonically polarized varieties, Calabi–Yau varieties, and Fano
varieties. While the theories of KSBA stability and K-stability give projective
moduli theories for canonically polarized varieties and Fano varieties, the moduli
theory of Calabi–Yau varieties is less well understood.

In [6], we construct a moduli theory for Calabi–Yau pairs of low dimension
that interpolates between the KSBA and K-stability approaches. To have such
a theory, we consider boundary polarized CY surface pairs (X,D), which are slc
pairs (X,D) such that KX +D ∼Q 0, D is ample, and dimX = 2. Examples of
such pairs arise in the study of Fano and CY varieties in low dimension.

In special cases, both KSBA and K-moduli theory can be applied to construct
compactifications of the moduli of such pairs. Indeed, if (X,D) is a klt boundary
polarized CY pair, then

• (X, (1 + ε)D) is a KSBA stable canonically polarized pair and
• (X, (1− ε)D) is a K-semistable log Fano pair

for 0 < ε ≪ 1. Thus the general KSBA and K-moduli machinery can be used to
construct compactificationsMKSBA and MK of the moduli of such pairs with fixed
numerical invariants [4, 7, 8, 11]. These compactifications have been explicitly
described in many interesting cases including pairs of the form (P2, 3

dC) where

C ⊂ P2 is a smooth degree d ≤ 6 curve [2, 4, 9], pairs (X, 1
9 (l1 + · · · l27)) where

X ⊂ P3 is a smooth cubic surface and l1, . . . , l27 are its lines [10, 12], and pairs that
arise as quotients of K3 surfaces with a non-symplectic automorphism [1, 2, 3].

Ideally, there would be a moduli space of CY pairs that interpolates between
MK and MKSBA via wall crossing. A first step toward this goal was achieved in
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[5], which constructs the moduli stack of boundary polarized CY pairs as a locally
finite type algebraic stack and proves various properties of the stack.

A fundamental difficulty towards constructing a moduli space for the above
stack is that the irreducible components of the stack are often not of finite type.
A simple example of this failure is given by the unbounded family of toric pairs

(P(a2, b2, c2), {xyz = 0})

with a2 + b2 + c2 = 3abc. These pairs all arise as limits of pairs of the form
(P2, C) where C ⊂ P2 is a smooth cubic curve. Despite this issue, [6] constructs
the desired moduli space.

To state the main result, fix a family of boundary polarized CY surface pairs
(X ,D)→ T over a finite type scheme T .

• LetMCY denote the seminormalization of the closure of T in the moduli
stack of boundary polarized CY pairs. Concretely, the C-points ofMCY

are boundary polarized CY pairs that are degenerations of the fibers of
the original family (X ,D)→ T .
• Let MK and MKSBA denote the open substacks of MCY defined using
K-stability and KSBA stability for the perturbed pairs. Write MK and
MKSBA for the projective good moduli spaces of these substacks.

The following result constructs a moduli space forMCY.

Theorem 1 ([6]). There exists a surjective morphism to a projective scheme

MCY →MCY

satisfying the following properties:

(1) MCY(C) parametrizes S-equivalence classes of pairs in MCY(C).
(2) There are natural morphisms

MK →MCY ←MKSBA.

(3) The Hodge line bundle on MCY is ample.

The result was previous proven when the general fiber of X → T is isomorphic
to P2 in [5] using properties of slc degenerations of P2 that do not hold for arbitrary
del Pezzo surfaces.

In statement (1), we say that two boundary polarized CY pairs (X,D) and
(X ′, D′) are S-equivalent if they admit isotrivial degenerations

(X,D) (X0, D0)  (X ′, D′)

to a common boundary polarized CY pair (X0, D0). While the set of pairs
MCY(C) can be unbounded, the theorem implies that the pairs are bounded mod-
ulo S-equivalence.

The moduli space MCY may be viewed as an analog of the Baily–Borel com-
pactification of the moduli space of K3 surfaces or abelian varieties in this setting.
Indeed, the Hodge line bundle is ample on the moduli space and the boundary of
MCY parametrizes lower dimensional CY pairs with discrete data. In fact, in the
special case of boundary polarized CY surface pairs that arise as quotients of K3
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surfaces with a non-symplectic involution, the CY moduli space agrees with the
corresponding Baily–Borel compactification up to normalization [6].
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A Monge–Ampère equation with applications to the SYZ conjecture

Enrica Mazzon

Mirror symmetry is a fast-moving research area at the boundary between mathe-
matics and theoretical physics. Originated from observations in string theory, it
suggests the existence of a duality between Calabi–Yau (CY) manifolds, complex
manifolds with a nowhere vanishing holomorphic form of maximal degree. It pre-
dicts that every CY manifold X has a mirror partner X̌, such that the complex
geometry of X̌ is equivalent to the symplectic geometry of X , in some appropriate
sense, and vice versa.

Various approaches have been developed to find a rigorous definition of a mirror
pair (X, X̌), and methods to construct mirror partners; a geometric explanation
was proposed by Strominger, Yau and Zaslow (SYZ) in [12]. In its current formu-
lation, the SYZ conjecture concerns CY manifolds in certain degenerating families
rather than individual manifolds. More precisely, consider a projective family
(Xt)t of CY varieties of dimension n over a punctured disk, such that the family is
maximally degenerate, i.e. the monodromy operator on the degree n cohomology
of Xt has a Jordan block of maximal size, that is n+ 1.

Conjecture 1 (SYZ conjecture). For all sufficiently small t, Xt admits a fibration
π : Xt → B, whose fibres are special Lagrangian tori, away from a locus ∆ of
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codimension 2 in B. Moreover, the mirror partner X̌t of Xt is obtained by dualizing
the special Lagrangian toric fibres of π and by suitably compactifying the resulting
space.

While some examples of special Lagrangian torus fibrations can be produced,
dealing with the general case seems very difficult. The insight of Kontsevich and
Soibelman is to replace the above conjecture by an analogous one in the non-
archimedean world, and to interpret the latter as an asymptotic limit of the com-
plex phenomenon when t→ 0.

More precisely, one can associate to the degenerating family X = (Xt)t the
Berkovich non-archimedean space Xan, whose points are valuations defined lo-
cally on X . Given a degeneration X of X , we say that X is snc (respectively dlt)
if the pair (X ,X0) is strict normal crossing (respectively divisorially log terminal),
where X0 is fiber over t = 0; see [6] for more details. Given any snc or dlt degen-
eration, the dual intersection complex D(X0) is a simplicial complex encoding the
combinatorics of the multiple intersections of the components of X0. It admits a
canonical embedding in Xan, whose image is called the skeleton of X and denoted
Sk(X ), and a retraction ρX : Xan → Sk(X ). Among various degenerations, min-
imal (in the sense of MMP) dlt models X of X determine a canonical skeleton
Sk(X) = Sk(X ), called the essential skeleton of X and independent of the choice
of the minimal model; see [10, 11] for more details. The essential skeleton and the
retractions ρX : Xan → Sk(X ) are of particular relevance in the non-archimedean
approach to the SYZ conjecture, as we will see in the sequel.

By the celebrated Yau theorem, Xt carries a unique Kähler form ωt such that
[ωt] ∈ c1(Lt) and ωn

t = CtΩt ∧ Ωt for a constant Ct. Finding such form ωt boils
down to solving an equation, called complex Monge–Ampère equation. By the
works [4, 3], non-archimedean Monge–Ampère equations can be defined on Xan

as well, and solved for any measure supported on a subset D(X0) of Xan. In
particular, let Ψ be the solution to

MANA(Ψ) = dµSk(X),

where MANA denotes the non-archimedean Monge–Ampère operator, and dµSk(X)

the Lebesgue measure on Sk(X). Up to fixing a reference metric, we can think of
Ψ as a function on Xan. In [9] Li reduced the SYZ conjecture to a conjecture in
non-archimedean geometry about Monge–Ampère metrics

Theorem 2 ([9]). Let X be a maximally degenerate family of Calabi–Yau vari-
eties. If there exists a degeneration X of X such that the solution Ψ is invariant
with respect to the retraction ρX , i.e.

Ψ = Ψ ◦ ρX on ρ−1
X (Int(τ)),

over the interior of any maximal face τ of D(X0), then an SYZ fibration exists on
a large region Ut ⊆ Xt

This approach reduces the construction of SYZ fibrations to a property in non-
archimedean geometry. In [5], Hultgren, Jonsson, McCleerey and I provided first
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evidence for such conjecture, when X is not one-dimensional or an abelian variety.
More precisely, let X = {z0z1 . . . zn+1 + tf(z) = 0} ⊂ Pn+1 be a family of Calabi–
Yau hypersurfaces where f is a generic polynomial of degree n + 2. In this case,
the essential skeleton Sk(X) is a sphere and can be identified with the boundary
A := ∂∆ of the standard unit simplex ∆ in Rn+1.

Theorem 3 ([5]). If ν is a symmetric measure on A, the solution to MANA(·) = ν
is the restriction of a symmetric toric metric on OPn+1(n + 2)an, and thus is
determined by the restriction to A of a convex function on Rn+1.

Applying Theorem 3 to ν = dµSk(X), we show that the characterization of the
solution Ψ provided by the theorem is sufficient to prove the invariance property
of Theorem 2. We conclude therefore that SYZ fibrations exist on large regions of
Calabi–Yau hypersurfaces X .

In analogy to Yau’s theorem, we study the regularity of the solution for suitably
regular measures ν. More precisely, we equip the standard unit simplex A = Sk(X)
with a singular special affine structure, in which the regular set Areg is the union of
the interiors of the n-dimensional faces together with the open stars of the vertices
of A in the barycentric subdivision of A (the co-dimension of Areg is 2). In [2] we
prove the following result.

Theorem 4. Let ν a symmetric measure on A of the form ν = f dµA, where µA

is Lebesgue measure on A and f ∈ C∞(Areg) satisfies 0 < inf f ≤ sup f < ∞.
Then the metric on Areg induced by φ is C∞, strictly convex, and uniformly C1,α

for some α > 0.

This effectively produces a Monge–Ampère metric outside a set of codimension
2, confirming a widespread expectation related to the SYZ conjecture.
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On the Torelli problem for Calabi–Yau 3-folds, and the integral
cohomology of the Fermat quintic

Nicolas Addington

(joint work with Benjamin Tighe)

For me a Calabi–Yau 3-fold is a smooth complex projective 3-foldX with ωX = OX

and b1(X) = 0, but I allow π1(X) 6= 0.
There is no global Torelli theorem for Calabi–Yau 3-folds; the best counterex-

ample is due independently to Ottem and Rennemo [12] and to Borisov, Căldăraru,
and Perry [5]. Take the Grassmannian Gr(2, 5) in its Plücker embedding in P9,
and a matrix A ∈ GL10(C), and set X = Gr ∩ A(Gr) and Y = Gr ∩ A⊤(Gr).
If A is general then X and Y are not isomorphic, and therefore not birational
because Pic(X) = Pic(Y ) = Z: a birational map between them would factor as a
sequence of flops, but varieties with Picard number 1 do not admit any contrac-
tions. On the other hand, Kuznetsov and Perry [10] proved that Db(X) ∼= Db(Y ),
so H3(X,Z) ∼= H3(Y,Z) as polarized Hodge structures by [2, footnote 8]. But
perhaps one should hope for a derived Torelli theorem for Calabi–Yau 3-folds, as
one has with K3 surfaces?

In general, for a pair of Calabi–Yau 3-folds X and Y , each of the following
implies the next:

(i) X and Y are isomorphic.
(ii) X and Y are birational.
(iii) Db

coh(X) ∼= Db
coh(Y ).

(iv) H3(X,Z)/torsion ∼= H3(Y,Z)/torsion as polarized Hodge structures.
(v) H3(X,Q) ∼= H3(Y,Q) as polarized Hodge structures.

The implication (ii) ⇒ (iii) is due to Bridgeland [6], and (iii) ⇒ (iv), as already
mentioned, is [2, footnote 8], with a fuller account given by Ottem and Rennemo
in [12, Prop. 2.1]. The reverse implications, if they held, would be Torelli-type
theorems, but they tend to fail. Counterexamples to (ii) ⇒ (i) were first given by
Szendrői [15]. We have already seen the strongest counterexample to (iii) ⇒ (ii),
but earlier counterexamples (with X and Y in different deformation classes) were
given by Borisov and Căldăraru [4], Schnell [14], and Hosono and Takagi [9]. The
latter two also demonstrate the need to kill torsion in (iv), as I observed in [1].
But (v)⇒ (iv) holds generically for quintics, as Voisin explained in [17, Rmk. 0.3],
so one might expect it to hold more broadly.

The implication (iv) ⇒ (iii) would be a derived Torelli theorem. No counterex-
ample is known, but the following construction of Aspinwall and Morrison [3] was
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a promising candidate. Take the Dwork pencil of quintic 3-folds

Qt = {z
5
0 + z51 + z52 + z53 + z54 = 5t · z0z1z2z3z4} ⊂ CP

4,

with the well-known Hodge diamond

1

1
1 101 101 1

1

1

To obtain the famous mirror family to the quintic, one first divides Qt by a (Z/5)3

action generated by the automorphisms

(z0 : z1 : z2 : z3 : z4) 7→ (z0 : ξz1 : ξ2z2 : ξ3z3 : ξ4z4),

(z0 : z1 : z2 : z3 : z4) 7→ (z0 : ξz1 : ξ3z2 : ξz3 : z4),

(z0 : z1 : z2 : z3 : z4) 7→ (ξz0 : ξ−1z1 : z2 : z3 : z4),

where ξ = e2π/5, then takes a crepant resolution of singularities, for which the
most natural choice is Nakamura’s (Z/5)3-Hilbert scheme of Qt, and ends up with
a Calabi–Yau 3-fold with π1 = 0 and Hodge diamond

1

101
1 1 1 1

101

1.

In a variation on this construction, Aspinwall and Morrison started by dividing
Qt by the first two automorphisms above, which give a (Z/5)2 acting freely apart
from 50 points with stabilizer Z/5, to get a 3-fold Z̄t with 10 isolated singularities
of type 1

5 (1, 1, 3). Next, they took a crepant resolution of singularities to get a
smooth Calabi–Yau 3-fold Zt with π1 = 0 and Hodge diamond

1

21
1 1 1 1

21

1.

Finally, they divided Zt by the automorphism that cyclically permutes the coor-
dinates,

(z0 : z1 : z2 : z3 : z4) 7→ (z1 : z2 : z3 : z4 : z0),

which is a free Z/5 action, yielding a Calabi–Yau 3-fold Yt and π1 = Z/5 and
Hodge diamond

1

5
1 1 1 1

5

1.

Aspinwall and Morrison gave a physics calculation of the genus-0 and genus-1
Gromov–Witten invariants of the mirror family, which suggested that Yt and Yξt

should have the same Hodge structure on H3, but different derived categories of
coherent sheaves. Szendrői [16] observed that the pullbackH3(Yt,Q)→ H3(Zt,Q)
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is a Hodge isometry (up to multiplying the intersection form by 5), and that
Zt
∼= Zξt via the map

(z0 : z1 : z2 : z3 : z4) 7→ (ξ−1z0 : z1 : z2 : z3 : z4),

so H3(Yt,Q) ∼= H3(Yξt,Q). On the other hand, he proved that Yt and Yξt are not
isomorphic, because such an isomorphism would specialize to an automorphism of
the central fiber Y0 which he ruled out. He conjectured that Yt and Yξt are not
birational, and later that they are not derived equivalent.

Our initial hope was to upgrade to an integral Hodge isometry H3(Yt,Z) ∼=
H3(Yξt,Z) and then prove that Db(Yt) 6∼= Db(Yξt); it seemed impractical to emu-
late Szendrői’s argument by specializing to t = 0 and getting a complete description
of the autoequivalence group of Db(Y0), but we hoped to mathematicize Aspinwall
and Morrison’s genus-1 calculation using either the categorical enumerative invari-
ants of Căldăraru and Tu [7], or the BCOV invariant of Fang, Lu, and Yoshikawa
[8]. Instead, we managed to prove:

Theorem 1. If t is very general, then H3(Yt,Z) 6∼= H3(Yξt,Z), even as unpolarized
Hodge structures. In particular, Yt and Yξt are neither birational nor derived
equivalent.

So Aspinwall and Morrison’s example, rather that showing that (iv) does not
imply (iii), instead shows that (v) does not imply (iv) even generically. We still
do not know whether (iv) implies (iii); we doubt it, but we do not know where to
look for counterexamples.

The idea of the proof is that if t is very general, then the only Hodge iso-
morphism from H3(Yt,Q) to H3(Yξt,Q) is the one discussed above, but this not
respect the integral structure. We delete the 50 points of Qt at which (Z/5)2

does not act freely, as well as the 20 exceptional divisors of Zt and the four ex-
ceptional divisors of Yt, which does not change H3(−,Z) but leaves us with free
quotients everywhere, so we can use several Cartan–Leray spectral sequences of
the form Ep,q

2 = Hp(G,Hq(X)) ⇒ Hp+q(X/G). The boundary maps are subtle
to analyze, and we require an explicit set of cocycles generating H3(Q0,Z). One
possibility is to take the Poincaré dual of the real locus Q0(R) ∼= RP

3 and argue
that its Aut(Q0)-orbit spans H3(Q0,Z); we thought we had discovered this, but
later learned that it already appeared in the string theory literature [18, §5]. An-
other possibility is to follow Looijenga [11, §2] in using a more complicated S3 in
Q0 \ {z0 = 0} constructed by Pham [13].
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[4] L. Borisov and A. Căldăraru. The Pfaffian-Grassmannian derived equivalence. J. Algebraic
Geom., 18(2):201–222, 2009. Also math/0608404.
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Hyper-Kummer construction

Lie Fu

(joint work with Salvatore Floccari)

Starting from a 2-dimensional complex torus A, the classical Kummer construction
produces a K3 surface S := Km(A) as the crepant resolution of the quotient surface
A/{±1}. S contains 16 disjoint (-2)-curves, corresponding to the 16 2-torsion
points of A. We have the following cartesian commutative diagram:

(1) Ã

{{①①
①①
①①
①①
①①

%%
❑❑

❑❑
❑❑

❑❑
❑❑

❑

A

##
❋❋

❋❋
❋❋

❋❋
❋ Km(A)

yyss
ss
ss
ss
s

A/{±1}
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Kummer surfaces can be characterized among all K3 surfaces in various ways, and
there are many relations between the geometry of S and the equivariant geometry
of A with the G = Z/2-action:

(i) A projective K3 surface S is Kummer, iff there is a primitive embedding
of the Kummer lattice LKm into the Néron–Severi lattice NS(S), iff its
transcendental lattice H2

tr(S,Z) can be primitively embedded into U(2)3,
iff S contains 16 disjoint (-2)-curves.

(ii) There is a derived equivalence Db(S) ∼= Db([A/G]).
(iii) There is an isomorphism of Chow motives h(S) ∼= horb([A/G]) as algebra

objects, where horb stands for the orbifold motive.

Starting from a 6-dimensional compact hyper-Kähler manifold of generalized
Kummer type, there is an analog of the Kummer construction discovered by Floc-
cari in [2], that we call hyper-Kummer construction.

Let us briefly summarize the hyper-Kummer construction. Let K be a com-
pact hyper-Kähler manifold of generalized Kummer type. Let Aut0(−) denote the
group of automorphisms of a hyper-Kähler variety acting trivially on its second co-
homology. Hassett and Tschinkel proved in [1] that Aut0 is a deformation invariant
and for a hyper-Kähler manifold K deformation equivalent to a generalized Kum-
mer 6-fold, Aut0(K) ∼= (Z/4)4⋊Z/2. Let G be the subgroup of Aut0(K) generated
by involutions whose fixed locus has a codimension-2 part. Then G ∼= (Z/2)5. A
main result in [2] says that blowing up the reduced singular locus of the quotient
K/G yields a crepant resolution

YK → K/G,

which is a hyper-Kähler manifold of K3[3]-type. We call YK the hyper-Kummer
variety associated to K. Alternatively, one can first blow-up K along the union of
the fixed loci of elements in G. The G-action lifts to the blow-up and the quotient
is nothing but YK . We have a cartesian diagram:

(2) K̃

}}③③
③③
③③
③③
③

""
❊❊

❊❊
❊❊

❊❊
❊

K

!!
❈❈

❈❈
❈❈

❈❈
YK

||②②
②②
②②
②②

K/G

A hyper-Kähler manifold Y of K3[3]-type is called hyper-Kummer, if there is a
hyper-Kähler 6-fold K of Kummer type such that Y ∼= YK .

In fact, there are also many more hyper-Kähler varieties of dimension 4 and 2
canonically arising from this situation: the fixed loci of various involutions in G
as well as the crepant resolutions of their quotients by G. Without giving the full
detailed definition, let me just say that there are
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• sixteen 4-dimensional K3[2]-type hyper-Kähler varieties {Wi}16i=1arising as
components of fixed loci in K, all isomorphic to each other,
•
(
16
2

)
K3 surfaces {Vi,j}1≤i<j≤16 arising as components of fixed loci in K

(falling into 15 isomorphism classes),
• for any 1 ≤ i ≤ 16, a crepant resolution Mi of Wi/G,
• for any 1 ≤ i < j ≤ 16, a crepant resolution Si,j of Vi,j/G.

Let us illustrate in the example when K = K3(A) for a 2-dimensional complex
torus A. We have Aut0(K) = A[4] ⋊ {±1} and G = A[2] × {±1}. For any
τ ∈ A[2], the fixed locus of (τ,−1) ∈ G has a 4-dimensional component, denoted
by Wτ , which is hyper-Kähler of K3[2]-type (in fact birational to Km(A)[2]). Wτ

is equipped with the induced G-action, and blowing up the singular locus of the
quotient Wτ/G gives rise to a crepant resolution

Mτ →Wτ/G,

which is again a hyper-Kähler variety of K3[2]-type (in fact, again birational to
Km(A)[2]). Similarly, for any τ1 6= τ2 ∈ A[2], the K3 surface Vτ1,τ2 := Wτ1 ∩Wτ2

is a connected component of the fixed locus of the involution (τ1 + τ2, 1) ∈ G (in
fact isomorphic to Km(A)). Vτ1,τ2 is globally preserved by G and the minimal
resolution of the quotient is a K3 surface Sτ1,τ2 , again isomorphic to Km(A).

We first give a birational characterization of the hyper-Kummer varieties among
projective hyper-Kähler varieties of K3[3]-type:

Theorem 3 (Birational characterization). Let Y be a projective hyper-Kähler
varieties of K3[3]-type. The following are equivalent:

• Y is birationally hyper-Kummer: there exists a hyper-Kähler 6-fold K of
generalized Kummer type, and Y is birational to YK ;
• There is a primitive embedding of the Kummer lattice into the Néron–
Severi lattice of Y ,

j : LKm →֒ NS(Y ),

such that j(LKm)
⊥

H2(Y,Z) is isometric to U(2)3 ⊕ 〈−4〉.

Concerning the relation between the geometry of YK and the equivariant ge-
ometry of K with G-action, we prove the following results:

Theorem 4. Let K be a hyper-Kähler 6-fold of generalized Kummer type. Let
G be the abelian group (Z/2Z)5 acting on Y as before. Let YK be the associated
hyper-Kummer variety. Then

• YK is isomorphic to the equivariant Hilbert scheme G−Hilb(K), and via

this isomorphism K̃ is identified with the universal G-cluster.
• There is a derived equivalence Db(YK) ∼= Db([K/G]).
• There is an isomorphism of rational Chow motives h(YK) ∼= horb([K/G]).

As for the relation between the hyper-Kähler varieties K, YK and the lower-
dimensional ones Wi, Mi, Vi,j and Si,j , we have
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Theorem 5. For any i 6= j, the pull-backs along natural rational maps induce the
following Hodge isometries between transcendental lattices

(6) H2
tr(YK ,Z)→ H2

tr(Mi,Z)→ H2
tr(Si,j ,Z).

In particular, all Si,j’s are (abstractly) isomorphic.
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