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A sphericity criterion for strictly pseudoconvex
hypersurfaces in C? via invariant curves

Florian Bertrand, Giuseppe Della Sala and Bernhard Lamel

Abstract. We prove that if every chain on a strictly pseudoconvex hypersurface M
in C2 coincides with the boundary of a stationary disc, then M is locally spherical.

1. Introduction

Every strictly pseudoconvex hypersurface M C C? bounding a domain  C C? carries
two natural, biholomorphically invariant families of real curves: the so-called chains and
boundaries of stationary discs. These come from very different types of geometrical con-
structions. Chains have been introduced by Chern and Moser [5] as the CR geometry
analogue of geodesics in Riemannian geometry. Stationary discs, on the other hand, are
the solutions to the Euler-Lagrange equations of Kobayashi extremal discs in Q. If M is
in addition real-analytic, it carries a third natural biholomorphically invariant family of
real curves: traces of Segre varieties. A theorem of Faran [6] shows that if the traces of
Segre varieties agree with the chains, then M is locally spherical. In a former paper [1],
we showed that if the traces of Segre varieties agree with the traces of stationary discs,
then M is also locally spherical.

In this paper, we address the remaining question: if the traces of stationary discs coin-
cide with chains, is M also necessarily spherical? We have been asked this repeatedly
when presenting the results in [1], and it turns out that the answer is also yes. The natural
setting for this question is for sufficiently smooth hypersurfaces.

Theorem 1.1. Assume that M is a strictly pseudoconvex hypersurface of class €12 in C2.
If the chains of M are boundaries of stationary discs, then M is locally spherical.

We remark that M in Theorem 1.1 is not assumed to be closed (so the theorem is a
local result). In order to prove this theorem, we cannot utilize the cited results. Instead, we
rely on Fefferman’s characterization of chains as projections of light rays of an associated
Lorentz metric and analyzing its Hamiltonian. We construct a special family of chains
centered at the origin and show that if each of the members of this family is the trace of a
stationary disc, then the origin is an umbilical point.
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The organization of this paper is to review the basics in Section 2, summarize facts
about the chains in Section 3, and give the proof of a (slightly sharpened) version of the
theorem in Section 4.

2. Preliminaries

2.1. Intrinsic geometry of strictly pseudoconvex hypersurfaces

In this section, we give a quick review of the basic local biholomorphic equivalence the-
ory for strictly pseudoconvex hypersurfaces in C2. We thank one of the referees for the
suggestion to include some background material in this paper, and hope the reader will
enjoy it.

A hypersurface M C C? inherits the complex structure of C? on its complex tangent
spaces Ty M = T, M N iT, M. The complex tangent bundle 7°M is defined by the van-
ishing of a not uniquely determined 1-form 6, which we usually call characteristic form;
the annihilator (T M)+ =T°M = N M C T*M is called the characteristic or conormal
bundle of M . If d6 induces a hermitian inner producton 7¢M by h(X,Y) =if([X,Y]) =
—idf(X,Y), called the Levi form of M with respect to @, then we say that M is strictly
pseudoconvex.

Thus, geometrically speaking, a strictly pseudoconvex hypersurface M C C?2 can be
thought of as a 3-dimensional manifold with a contact structure with some additional
compatibility conditions. The choice of a contact form gives rise to a pseudohermitian
structure (M, 0).

The ambivalence in choosing a contact form gives rise to fascinating mathematics
which mixes aspects of complex, conformal, contact, and symplectic geometry. The equiv-
alence problem for strictly pseudoconvex hypersurfaces in C2? was solved in a series
of groundbreaking papers by E. Cartan [3, 4] applying his method of equivalence; later,
Tanaka [16] and Chern—Moser [5] gave solutions of the problem for strictly pseudoconvex
and Levi-nondegenerate hypersurfaces in higher dimensions. For the convenience of the
reader, we recall some of the necessary background, with a view towards the Fefferman
construction of chains which we are going to use.

If we start with an arbitrary characteristic form 6, we can consider a real line bundle £
over M consisting of the multiples 46, where u > 0. The form @ = u# is intrinsically
defined, and (on E) we have

do =ig;jo' Nd'+ o Ag,
with a real one form ¢; the forms w, o!, @', and @ span CT*E. Since we assume
that M is strictly pseudoconvex, we have g7 7 0, and we will assume for simplicity
that g,7 = 1; the more general case where g, is not assumed to be constant follows in
a similar but more involved way. Since this short review is only meant to recall how the
main computations work, we opted to keep the simple variant. We follow the notation of
Chern—Moser [5], so that the reader can pick up the necessary modifications in that source
easily.
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Now any other frame of CT* E satisfying the condition above is given by

0

0] 1 0 0 w
o'l A 0 0!
o'l T Ir o0 p o olla' ]’
7 s iph —igh 1) \ ¢

where || = 1. The group of matrices of this form is denoted by Gy, and we can form
the principal Gi-bundle Y over E; thus s, A, and pu are fiber coordinates. One has the
integrability condition

do' =o' Aa+ o A B,

for every frame as above, with some not uniquely determined forms « and 8.
One then obtains a uniquely determined frame w, ol, ol o, o, B, of CT*Y satis-
fying a number of identities:

Theorem 2.1 ([3]). There exists a unique frame v, ', @', ¢, a, B, ¥ of CT*Y and
invariantly defined functions Q and R such that
do =io' Ad'+w Ao,
do' = o! Aa+ o AP,
o =u0+a,
dp =iw' AR, —id' AB+w A,
da=ia31A,3+2iwlAﬁ_—%/\a),
dﬂzé/\ﬁ—%Aa)l + 00! A w,
Ay =@ Ay +2iB AR+ (Ro' + RdY) A w.
Definition 2.2. A curve y is called a chain if it solves the system of ODEs
w'=p=0.
We note that the equations for the real forms w, ¢, and ¥ along a chain simply read

do=wANe, dpo=oAy, dy=¢A.

One can use these equations to therefore introduce a canonical parameter along the chain
defined up to a linear fractional map.

We now give, as promised, the details for the construction of the canonical forms
in Theorem 2.1, basically to set the stage. We also point the reader to the book [13] by
Jacobowitz.

First, one observes that exterior differentiation of the frame conditions

dw:iwlAa_)1+a)A(p,
@2.1) L
do' =w ANa+owAB,
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yields
0=ido' "Nd'—io' Add' +do A —o Adp
=i Ae+oAB) A —iw' AN@' ANa+wAP)
+ (o' AN FornQ)Ap—wAde
(2.2) —i(—a—a+P) A A F+ (~dp +ifAd' —if Ao) Ao,
O=do'ra—w'Ada+donp—wAdp
=woABAra—o' Ada+ (o' "D Fornp)AB—wAdB
=(—da+id' A\B)A' +(BAra+¢AB—dB) Aw.
It follows from the first equation in (2.2) that
—a—&+<p=Aw1+fch1+Ca), with C = C,

i.e., with the choice @ = a + Aw' + %a) we have ¢ = @ + @. It is easy to see that ¢ with
this property are unique up to multiples of w, and for such a choice of ¢, we have

—dg +ipAd' —ifAw' =—w Ay, forareal 1-form .

Summarizing, we have imposed the following restrictions:

do =io' Ad' +w Ao,

do' = o' Aa+ o AP,
o =u0+a,

dp=iow' NB,—id" ANB+w AV,
and after simplification of the second equation in (2.2), we have the equation
(2.3) (da—id"' AB)A@w' +(dB—anpB)rw=0.

The forms «, B, and V¥ satisfying these identities are uniquely determined up to a
change

d=uo+ Do,
(2.4) B=p+Do'+Eo,
v =v +Go+i(Eo' — EdY),

where D is purely imaginary and G is real.
One can then check that the form

d=da—id' AB—2iw" AB
satisfies ® = —® modulo w:
P+ D=da—id' Ap—2io' AB+da+io' AB+2id" AP
=dp—io' AN\B+id' AB=wAY.
Since in addition ® A @! = 0 modulo w by (2.3), we have

do—id' AB—=2i0' AB=Sw' Ad' mod w,
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and the real number S transforms in the following way under a change of frame as above
(computing modulo w):
So' Ad' =da—id' Af—2iw' AB
=d(a+ Do) —id' A (B + Do') —2iw' A (B— Dd")
=da+DAdo—id' AB+3iDo' Ad' —2iw' A
=(S+4iD)o' A&

The condition S = 0 therefore is possible for a certain D, and fixes the form « uniquely.
We proceed to calculate with

®=da—id' AB-2i0' A\B=AAw
for some 1-form A, and we note right away that
A+DA0=0+D=wAY,
in other words, A + A = —y modulo w. Plugging
do—id'AB=2io'AB=AAw
into (2.3), we obtain
0=({da—id' AB)rw' +dB—arP)ro=>dB-—arB+o' AL Ao,

so that
dp—anB+o'Al=pArw

for some other 1-form p.
We next take the derivative of

do—id' ANB—2i0' AB=AAo,
which modulo o yields
0=idd' AB—id' ANdB +2ido' Ap—2iw' NdB — A Adw
=id'AN@AB—dB)+2i0' A AB—dBf)—ilAw' Ad!
="' A@' AL =2i0"' A@'AL) —id A0 AD!
=2id' Ao' AL
It follows that we can write A = —% + Vo' — Va'! + aw, and we have a complete
expression for A, and therefore, for
d=da—id' ANB—2iw' /\B:k/\w:—%/\a)—i—le/\w—Vd)l/\w,

and the effect of the frame change

p=B+Eo,
V=v+4+Gw+i(Ew' — Ed"),
yields

V:V—ﬂE
2
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We can thus choose f uniquely requiring that ' = 0 and now also have
(2.5) dazia_)lAﬁ+2ia)l/\/§—%Aa).
Substituting (2.5) back into (2.3) yields
(do—id' AB) A  +(dB—a@nB)Aw= (dﬂ—o‘t/\ﬁ—i—%/\wl)/\w,
so that
(2.6) dﬂ—&/\ﬂ—i—%/\a)l:v/\a).

Taking the derivative of dp = iw' A B —i®@' A B + o A ¥ and using (2.1) and (2.6),
we obtain B
(dY —p Ay =2iBAB+iw' AD—id" Av) Aw=0.
We can therefore write
(2.7) V=dy—pAy—2iBAB=id" Av—io' AV +0Aw.

In the next (and last) step, we take the exterior derivative of (2.6), obtaining after
using (2.5), (2.6), (2.7), and (2.1), computing modulo w:

d
0=—d6t/\,3+07/\d/3+%Awl—%/\da)l—dv/\w—i—v/\da)

_ 1 _
=—ia)lAﬂ/\ﬂ—&/\%/\a)l+§(¢A1ﬂ+2iﬂA,3+id)lAv)/\a)l
v

—5/\0)1 Aa+VA ([ Adb)
3i 1 -1, 1 = 1
=—— VAW AD + - (p—a—)AY Ao .
2 2 ———
=0
Since v is only defined modulo w, we can therefore write v = Po! + Qd)l. It turns
out that the exterior differentiation of (2.5), using the expressions for df and dy already
obtained, implies that P = P is real. Hence from (2.7) we have

V=i Av—io' AV+0Aw=2iPd' No' +o0rw.
The last free parameter G in the frame change ¥ = ¥ + G transforms P=P+3G,

and we finally have an invariantly defined frame as we wanted by requiring P = 0. Note
that with this choice we have

v
2
We can also differentiate the equation for W above, and obtain from it that

(2.8) dB=anpf—= Ao+ 06" Aw.
oAl Ad! =0,

so that p is a linear combination Rw! + S, which by reality of ¥ also implies S = R.
Hence we can write

(2.9) dy =9 Ay +2iBAB+ (Ro' + RoY) A w.
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2.2. The canonical connection

Theorem 2.1 has a neat description in terms of a canonical connection for Y, which we
recall again using the notation of [5]. One sets

0 0 —i/2 —Qa+a)/3 w! 2w
h=l0 1 o0 and 7= —ip (@ —a)/3 2i! ,
i/2 0 0 —y/4 B/2 (a + a)/3

so that wh + hn* = 0 and Tr 7 = 0; in other words, 7 is su(2, 1)-valued (with the
hermitian form given by /). It turns out that the equations of Theorem 2.1 are equivalent to

0 0 0
dm—nm Am = —iQd' Aw 0 0
—LRo'+ RV Aw L10w'Aw 0

4 2

2.3. The Chern—-Moser normal form and chains

It is well known that the group of germs of biholomorphisms G = Aut(H?Z, 0) of the
Heisenberg hypersurface H? C C2 , (defined by Rez; = |z2|?) fixing the origin are

Z2,Z
explicitly given by
H(z1,22) = (g(21, 22), f (21, 22))
(2.10) _ ( A%z A(zp +azy) )
T \142az+ (a2 +it)z1 1+2aza+ (a2 +it)z /)

They are therefore uniquely determined by the derivatives (fz,(0), fz, (0), Im 822 0)) €
C* x C x R. Using this, we identify G with C* x C x R.

Next, we recall the celebrated Chern—Moser theorem [5]. If we consider a germ of a
strictly pseudoconvex real-analytic hypersurface (M, p) C (C2, p), then after an affine
change of coordinates, p = 0 and M is given near p by an equation of the form

Rezi = |2 + (22,22, Imz1) = |5 + )¢, 5(Imz1) 2% 2.
«.B

The Chern—Moser normal form imposes conditions on the ¢, 3 which make this coordi-
nate choice unique up to a parameter A € G in the isotropy group of Hy:

Theorem 2.3 (Chern—Moser [5], n = 2). Let (M, p) be a real-analytic hypersurface.
Then there exists a holomorphic choice of holomorphic coordinates (z,w) in which p =0
and the equation of M satisfies the normalization conditions

o (mz1) =0, if min(e, f) < 1or (. ) € {(1.1).(2.2).(3.3).(2.3). 3.2)}.

Any other choice (Z, W) of holomorphic coordinates in which the defining equation of M
takes this form is given by (Z, W) = Ha (z, w) for some A € G, with H uniquely deter-
mined by the requirement that it agrees with the map in (2.10) up to order two.
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The lowest order term in the defining equation ¢ of M in normal coordinates which
is not necessarily vanishing is therefore of the form A,z2Z3 + A,z472. The number A
transforms nicely under changes of normal coordinates, and is called Cartan’s cubic ten-
sor. It already appears in Cartan’s early work [3, 4], and it being 0 is a biholomorphic
invariant; points where A, = 0 are called umbilical points. For ease of notation later on,
we always normalize A, to be real. Vanishing of 4, on an open subset is equivalent to
local sphericity:

Theorem 2.4 (Cartan’s umbilical tensor [3,4]). Let (M, p) C C? be a germ of a smooth
strictly pseudoconvex hypersurface. If Ay = 0 for q in a neighborhood of p in M, then M
is near p CR-equivalent to H?.

The theorem actually hods true for a €° hypersurface, for which we can still define
the cubic tensor, and can even (due to recent not yet published work of Kossovskiy) be
formulated in lower regularity.

The quantity A, can be thought of as a form of intrinsic curvature, and in a similar
vein, Chern and Moser used their normal form to introduce the notion of chains as replace-
ments for geodesics in Riemannian geometry. For each A = (4,a,t) € G, we obtain a
parametrized curve (defined for |s| small enough)

y(s) = Ha(is, 0).

If one disregards the parametrization of y, then it turns out that the condition ¢, 5 =
¥35 = 0 is a second order ODE whose solution is unique given a (which one thinks of
as a vector transverse to the complex tangent space 7y M ). The rest of the data in A geo-
metrically correspond to a choice of frame of 7 M and a choice of parametrization of y
amongst a family of projectively equivalent ones. The second order differential equations
for chains are not easy to compute from a defining equation of M. For boundaries of
strictly pseudoconvex domains, the best way to get a computational handle on chains for
our problem turned out to be their interpretation as projections of light rays of an associ-
ated Lorentz metric introduced by Fefferman [7] which we discuss in the next section.

2.4. Chains and the Fefferman Hamiltonian

We will now recall the Fefferman metric for a strictly pseudoconvex hypersurface M =
{p =0} C C2. We write z; = x; + iy;, j = 1,2, and we assume that (y1, X2, y2) are
local coordinates on M near the origin, which we assume to be defined by

p(X1, y1.X2,¥2) = X1 — (x3 4+ ¥3) — @(¥1. X2, ¥2).

where ¢ vanishes to order at least 3.
The constructive appeal of Fefferman’s metric is based on the fact that for the complex
Monge—Ampere operator

1Y Pz, Pz,
J(IO) = det IOZI 102121 102122 )

Pzy  Pzxzi  Pzyz,
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one can construct approximate solutions p* to the equation J(p®) = 1 + O(p**1) in
an iterative way, in this particular case by

W _

) (5 ‘_J(pm)).

and p(z) 1

o

VI (p)
The Fefferman metric is defined on a circle bundle over M. We denote by (x¢, y1, X2, 2)
the coordinates on S! x M. The conjugate momenta will be denoted by px,, Py, Pxs
and p,,. There is a lot of flexibility in which metric is actually used, because the light rays
of conformally equivalent Lorentz metrics are the same. The one defined in [7] is

92 (2)
ds® = -3 (8 @ —5p@) dxo + Z dZ] dzy
Setting
@ = J(p).
0 ipz; Pz,
A=|—ipzy 3pzz 3pzz |

_iPZ2 3102251 3,02222
P = (pxo, 1Py Px, +1Dy,),
= (0, @z, 3,),

~ 5
&= (30— q>j<1>,;)j’k,
the Hamiltonian of Fefferman’s metric is now given by
2
@2.11) H=PA'pP*— 1;"01 m@®- A7 Py — pgT(ebA Y,

where Tr(®A~") stands for the trace of the matrix ®A~!. Note that the formula of the
Hamiltonian in p. 410 of [7] contains a minor sign mistake, see [8]. Now, writing x =
(x0, Y1, X2, ¥2), and p = (Pxy, Py;» Pxs> Py,), chains are the projections on M of the
solutions of the Hamiltonian system

(2.12) H(x,p) =0, x'=Hy(x,p), p' =—Hx(x,p).
We are now ready to discuss a basic example.
Example 2.5. In the case of the sphere 2Re z1 = |z, |2,
0 i 0
A = =i —|z?/3 —z/3
0 —-z/3  —1/3
For convenience, and since light rays for H or 3H are the same, we consider

0 3i 0
Al =31 —|z)? -z
0 -z -l
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In that case, the Fefferman Hamiltonian is given by
— —1p* _ 2.2 2 2
(2.13) H = PA™" P™ = 6px,py, — |22|"P3, + 2V2Py, Pxs — 2X2Dy, Py — Px, — Py,

Now, we seek solution curves (xo (1), y1(t), x2(2), ¥2(t), Pxo (), Py, (1), Px, (1), Py, (2)) tO
the Hamiltonian system (2.12), which written out is given by

0 = 6pxo Py — |221° P}, + 2Y2Dy, Pxy — 2X2Py, Pys — Py — Piy-
Xo = 6py,.
yi = 6px, — 2|22|2Py1 + 2y2Px, — 2X2 Py,
Xy = 2yapy; = 2Px,
Yy = =2X2py, — 2Py,
Pxo =0,
Py, =0,
Py = 2%205 + 2Dy, Pys

Py, =2Y205, — 2Dy, Pxy-

To solve this system, note that we have p,, = c/4 for some c, so that we get xJ = cy)
and y) = —cx/}, and therefore z, = cre ¢ 4 ¢, for some ¢i, ¢ € C. It remains to
determine y;. Next we note that the quantity y, px, — X2 py, is conserved, and solving
one sees that the chains are the curves of the form

1 .
z1(t) = §| c1e7 ey + i (Git + G cos(ct) + G sin(ct) + ¢),
2o(t) = c1 e + ¢,

where ¢; € Rand ¢; € C.

We will now assign weights to all variables in the following way. The usual anisotropic
scaling on C?2,
As : (z1.22) > (821.8%25), 8>0,

lifts to the cotangent bundle as
As i (21,22, P2y pzy) > (821,6%22,8 7 pzy 872 psy).

This leads to assign the respective natural weights 1, 2, —1, —2 and —2 to the variables z1,
Z2, Dy,» Px, and py,. The variables x¢ and py, both carry a weight 0. However, with this
convention, the Hamiltonian for the sphere (2.13) is homogeneous of degree —2. It will be
more convenient for us if the Hamiltonian (2.13) is homogeneous of degree 2, and so we
shift the weights of the momenta by 2. To summarize, we assign the following weights:

wtxo =0, wty; =2, wtxy =wty, =wtz, =1,

2.14
@.14) Wt pyx, =2, wtpy, =0, Wtpy, =wtpy, =1.
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2.5. Stationary discs

We recall that a holomorphic disc f = (g, k), with g,h € O(A) N C(A) is said to be
attached to M if f(bA) C M. We recall that the complex tangent space of M at p is
given by

T,M=T,MNiT,M,

and denote the conormal bundle of M by N M C T*M, defined by
NpyM = {6, € Ty M:0,(Xp) =0, X, € T;M}.

An attached disc f = (g, h) is said to be stationary if it has a lift ( f, f ) attached to N M
which is holomorphic up to a pole of order at most 1 in A. If M = 92 is the boundary
of a strictly pseudoconvex domain, stationarity is related to the Euler—Lagrange equations
for extremal discs for the Kobayashi metric.

In terms of equations, we can use the fact that N, M is spanned by

dp 0

to express the fact that f is stationary in the following form: f is stationary if and only
if there exists a real-valued positive function @ on bA such that the map f = (g, h)
defined by

9 - - d —
(2.15) §(§)=§a(é)a—2(f(§),f(§)) and h(Z)ZEa(é)é(f(E),f(é)),

for ¢ € bA, extends holomorphically to A. To deal with this extension property, we will use
the well-known fact (see [1] for a proof) that a continuous function ¢ : b2 — C defined
on the smooth boundary of a simply connected domain 2 extends holomorphically to €2
if and only if it satisfies the moment conditions

(2.16) / Me)de =0 forallm > 0.
bQ

It turns out that if M is strictly pseudoconvex, then its conormal bundle is actually
totally real [17], and so the attachment of stationary discs turns into a standard Riemann-
Hilbert problem [9—11,14]. In the case of the model hypersurface 2Re z; = |z, |2, a typical
stationary disc f passing through 0 at 1 (i.e., f(1) = 0)is f({) = (1 —¢, 1 —¢) and its
lifts are given by (1 — ¢, 1 —¢,al,a(f —1)),a € R.

The boundary traces of stationary discs are preserved under (local) CR diffeomor-
phisms in the following sense. In the case of a strictly pseudoconvex hypersurface M,
every CR function on M extends to the pseudoconvex side of M. Since the components
of a CR map H are CR functions, the map actually extends as a holomorphic map to the
pseudoconvex side of M. Therefore, for a small enough stationary disc attached to M, the
disc H o f is attached to H (M) and is stationary (this is obvious from the characterization
as lifts, or one can use the defining equation 5 = p o H~! in (2.15)).
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3. The Fefferman Hamiltonian in normal form

3.1. The model case

Consider a strictly pseudoconvex hypersurface of the form
M ={2Rez; = 0(22,72)} C C?.

Such hypersurfaces (whose defining equations do not depend on Im z;) are called rigid,
the 1-parameter group of transformations z; — z; + it, t € R, yields a cyclic variable for
the Hamiltonian (2.11).

As before, we write z; = x; +iy;, j = 1,2 and use (xg, y1, X2, y2) as variables on
S! x M. We also write zo = ' and xo = #. We now consider the defining equation

p=2Rezy — Q(22,22).

We have
1Y 1 _sz
d = det 1 0 0 = 02,3,
_sz 0 _szfz
and
. . -1 0 i 0
0 i =0 10, 0:
-1 _ . _ —l _ 22 _ 2
A7 = i 0 0 = 30.,2, 30,2,
iQ:, 0 =30z 0 Oz 1

_3Q2222 _3Q2222

Moreover, following (2.11), we have

Z CI351 Alk(pxk - ipJ’k) = Z q)fz A2k(pxk - ipyk)’
1>1,k>0 k>0

and since Q is independent of z;, we also have

0 0 0

&)A_l = O (n$1)®21§] - 2%—;1®21®21 (n$1)®2152 - 2’;‘2_1®Z]®22
O (nc}%l)q>22§1 - 2’:1;#(D22 (Dfl %q)zzfz - %(Dzzéfz
0 0 0
0 0 20,z — 5P,

Thus the Fefferman Hamiltonian is computed to be

_ 2 p . .
H=PATPT =5 g o 1M (Qasgy (0 pyi—pestiny,)
Z2Z
3.1) ) ”
pr QZ%EZ QZzE%
b P (30,5 252 0u)
6(Q22§2) 272 QZZEZ



A sphericity criterion for strictly pseudoconvex hypersurfaces in C2 125
Using the notations
Pz, = Px, +ipy, and  pz, = Pz, = px, —ipy,,
the expression involving A in (3.1) is explicitly given by
0 i 0 »
_ . . 105,12 [ f “Xo
PAT P* = (Pxo+1Py1s Pz) | 7 _3QQ22222 _3Qz2222 —1Py
0 —-== —_1 Pz
3Q2222 3Q2222 ?
|Q52|2 2 . sz Q 1 2
=2pxoPyi — 75— Py Tl Pyl =i PyiPs — 75— Pzl
o 302z ! 302z, e 302z, e 302,z =
Adding the rest of the Hamiltonian, we get
(1 022 505 szég) 2 ( 0,520z + 025, QZZ) e
_= _ oDy
2 ng Z2 6 ngfz e 3Q§252 o
Qz 27, QZzZ |QZ |2 Qz
+i—2— pxyPz, — i 2 xpi_—22+i 2 Py Pz
3Q2222 o 3Q2222 o 3szfz . 3Q2252 e
sz 1 2
- PPz — 57— | Pzl
302z nee 302z =
szgz2 _ Qz%zggzzig l(l _ Q22222 QZZ) i szzz2
QZZZZ Q QQZZZZ 3Q2222 3QZZZZ
25 z -
—p _'( ats12) 2) gz 93 P*
1 3Q§222 302,z, 302,z,
Z222 _ sz 1
3Q§222 302,z, 30,2,
As a particular case, we consider
0(z2,25) = | 22| +a2222—|—a2225 = |z|? —|—2a|22|4Re22,
where we assume that a € R from now on. We can explicitly compute that
2 2
H = 342 2Pxo Pyy (802272 (5az5 7%, + l4az373 4+ 5azy75 + 272 +222) —3d )
4ia

— =3 Pro (2035 +53) pz, — (55 +35352) )
1 o .
— o P2pn Qa2B QR + )+ D) —ips P

_3d3pxo(

where
d=Q: =8az37, +8az75 + 1.

404227, (102525 4+ 325 +325) — 9d (35 + 23)) .
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If we truncate this expression at order 6, discarding terms which are quadratic or higher
order in a, we obtain

64a ia _ _
Hy = 24a (Re z%)pio + (2 - (|22|2 Re z%) ) PxoPyy + 3 (242% Zy + 825‘) PxoDzs

3
ia 3 =2 1 2 4 2\ 2
-3 (823 4+ 242273) pxopz, + 3 (—lz2* + 4a|z2|* Rez3) Py
i, _ i _
+3 (22 —az2(4|z2|* + 623)) py, 2, — 3 (22 —azz(4]z2|* + 623)) py, Pz,
1
=3 (1=16a|m Rez3) | pa,

We are going to use this as our model Hamiltonian. The system of ODEs associated to Hy
can now be obtained as in Example 2.5, with the only difference that
aH() -/ 3H0 ’ 3H0 aHO
—> Zy=2 ) =-2— and p, =-2—>:
., D= FEN Pz 97,

as follows:
0 = Ho(22(), pxo (1), py, (1), pz, (1)),
64a
xp = 48a (Re z2) px, + (2 -5 (Iz2|*Re z,) )pyl
ia 2z 23 ia o 3 22
+ 3 (242522 + 825) pz, — EY (8z5 +242225) pz,.
64a 2
¥ = (2= 55 (2P ReD) pry + 5 (—I22 +2a 22l * Re23) py,
i, _ i _
+ 3 (22 —azy (4|22|4 + 623)) Dzy — 3 (22 +azy (4|22|4 + 623)) Dz,

16ia _ 2i _
zy = — 3 (zg’ + 3|22|222) Pxo — 3 (22 —alz|* (625 — 42225)) Dy,
2
32) —3 (1 — 16a|z;|? Rez%) Dzys
Py =0,
pJ//l = 0’
_ 64a _ 96ai
Py, = —4861221’,250 + 5 (23 +32223) Pxo Pyy — . (Re 23) pxo Pz,
96ai 2 _
3 |221? pxo Pz, + 3 (22 — 4al|2l? (23 + 22223)) p3,
i 2.2 2 12ai 4 2:2
+ 3 (=2 + 16a|z2|" (z5 + 3Z3)) py, Pz, — E (z3 + 225 25) py, Pz,
16a

-3 (z3 +32223) | 2|
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3.2. The general case: weighted Taylor expansion of the Fefferman Hamiltonian

Consider a strictly pseudoconvex hypersurface M C C?2, locally written in Chern—Moser
normal form as p = 0, with

p=2Rez; — (|22|2 + 2a|22|4ReZ§ + (Imzy) - n(Imzy, 23, Z2) + 8(22, 22)),

where a € R, and 7 and § are functions of weighted orders O(6) and O(7) respectively.
In the following, we give weighted degrees to all the monomials in the variables xg, y1, 22
and the conjugate momenta py,, py,, Pz, according to the weight assignments (2.14).

Lemma 3.1. Let H and Hg be the Fefferman Hamiltonians associated respectively to p
and po = 2Rezy — (|z2|* + az3 23 + az3 z2). We then have

H = Ho+ 0(7).

Proof. We denote by Qj a generic homogeneous polynomial of weighted order k. We
emphasize that, in the below, the polynomials Qj are not necessarily the same. More-
over, throughout the computations, each Q, k < 6, comes directly from differentiating
or multiplying terms in po. We then write

p = po+ O(7) =2Rezy —|z5|* — 2a|z3|*Re z2 + O(7).
The expression of the Hamiltonian H associated to p is given by (2.11). Since all terms
in H involve the matrix A~!, we first focus on computing the order in its entries. Com-
puting explicitly the inverse of A, we get
; . -1
0 0z, ipz,
Al = —ipzy 3pzz 3Pz
—ipz, 3Pzz 3Pz
302121 Pz222 = P2122Pz271) —1(P21 P22z, = P2P2122) (021 P2122 — P22 Pz171)
i(p21p2222 - p22p2122) pzzp22/3 —Pz, Pz, /3
_i(/)21p2221 - p22p2121) —,021,022/3 /021,021/3
A careful bookkeeping of the weighted order of the entries of the matrix above, as well
as the tracking of the contribution of pg alone, lead to

~ detA

3 0(4) Qo + Qa4+ 0(5) 0(5)
(33) A'= Jetd Qo+ Q4+00B) 02+06+0(7) Q1+ 0s+ 0(6)
¢ 0(5) Q14 Qs+0©) Qo+ 0(6)
Moreover, we have
1 1 1
—=+ 04+ 005).

detA  3pnz +0() 3

We can now investigate the first term PA~!P* in the Hamiltonian H. It follows
from (3.3) and the order of the components of P = (px,, ipy,, Px, + iPy,) (see (2.14))
that

PAT'P* = Q5 + Q¢ + O(7).
We now consider the term )
% Im@®- AL - P¥).
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By a very similar computation, we obtain
I = (0, @z, Pz,) = (0, 0(4), 03 + O(4)),
and thus 2, ) Lo
o Im(0®- A7 - P*) = Q6 + O(7).
Finally, we also have )
% TH(@4~1) = Q6 + O(7).

This proves the lemma. ]

4. Proof of the main theorem

Let us reformulate our main theorem in the way we will prove it.

Theorem 4.1. Let M C (C2,0) be a strictly pseudoconvex hypersurface of class €2
with local defining equation of the form

p=2Rez; — (|22]> + 2a|z2|*Re 23 + (Imz1) - n(Im 21, 22, Z5) + 8(22. 22)).

where n and § are of weighted order O(6) and O(7), respectively. If every chain for M
for a family of starting conditions as in Lemma 4.2 is the boundary of a stationary disc,
then a = 0.

In order to prove Theorem 4.1, we compute an asymptotic expansion of a family of
chains which would come from circles in the case of the sphere, and find that the moment
conditions for the members of the family yield an obstruction to umbilicity in the fourth
order term of that expansion. The details are as follows.

4.1. Computations of the orbits

We will use a special family of solutions of the Hamiltonian system associated to p
depending on a small real parameter s > 0. This will be achieved by making a suitable
choice of initial conditions imposed in order to reproduce the circular orbits in the case of
the sphere {2Re z; = |z5|?}.

Lemma 4.2. Let xo(-,0), ¢, ¥ and £ be four functions in s of class €”. Then there exists
a family of initial conditions of the form

y1(5,0) = 5% ¢(s),

25(5,0) = 5 + s> Y (s),

1
(41) pxo(svo):_§s2+s6x(s)’

3
Dy, (5,0) = 7

3i
Paa(s.0) = =5 + 5% (s).
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or some function y of class €7, such that
X

(42) H(XO(S’O)v 1 (S,O),Zz(S,O), Pxo(s~0)7 Py, (S’O)’ pZz(S»O)) = O’

where H is the Fefferman Hamiltonian associated to p.

Proof. Substituting the initial conditions (4.1) into the formula of the Hamiltonian and
using Lemma 3.1, we get

1
(24as* + 0(s®)) (4_1 st— 5By 4512 )(2)

+ (2— %as4 + 0(s8)> (gsz — Zse)() + (16as* + 0(s%)) (— %sz +s6)()

+ % (=5 + 0(s%)) — g (s> + 0(s%) — % s? 4+ 0(s°) = 0,

where the O(-) terms in the expression above may depend on s, ¢, xo(-,0), ¢, ¥ and £,
but not on y. Developing the products explicitly, we note that the s? terms (coming only
from the spherical part of the Hamiltonian) simplify, while the next lowest order terms
are O(s%), giving the following:

56 (( - % + 0(s)>)( +OG%) 2% + 0(1)) —0,

where once again the O(+) terms do not depend on y. Applying the implicit function the-
orem to the expression inside the parenthesis, we conclude that for any choice of x¢ (-, 0),
@, ¥, and &, there exists locally a unique function y(s) of class €7 such that equation (4.2)
is satisfied. ]

This choice of initial conditions then provides the following family of solutions of the
Hamiltonian system associated to p:

xo(s,1) = x(t) + -+,
yi(s,t) = s2y3(t) +---,
2o(s,t) = sza(t) + 52 22(t) + -+,
1
@3 PxQ(S,l)=—§S2+s6x(s)+... ,

3
Pr(s) == e
po(s.t) =spl (1) +s>p(6) + - .

Remark 4.3. For our later computations, the most important components of the solutions
are y1(s,t) and z5 (s, t). Due to the expression of the defining function, the terms involving
y1(s, t) appear to high order, and for this reason, it is enough to know that y; (s, ¢) is of
order O(s2). As for z,(s, t), we need to know more precisely its asymptotic behavior,
beyond the fact that its order is O(s).
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Lemma 4.4. We have
it 4 s 3 6
z5(s,t) = se —gs ae’ + 0(s°).

Proof. According to Lemma 3.1, solving the Hamiltonian system associated to p up to
order s° is equivalent to solving the system (3.2). We will proceed iteratively by expanding
in powers of s. The terms of order s in the equations for z} and p,, , give the system

A= =0- ng(z),
pzz (l) = _22([) + = pzz(t)

Using the initial conditions z}(0) = 1 and p} (0) = —3i/4, we get z}(t) = ¢’ and
pi, (1) = =3ie /4. Now, the terms in s? lead to

)= 530 - %pi(o,
3
p22 (t) = _ZZ(t) + pzz(t)

If p;] =0,z2(0) =0 and pfz (0), then z3(7) = 0 and pfz () = 0. Similarly, we get that
Z{ (t)=0and pgz (t) =0 for j = 3, 4. Finally, computing the terms of order s>, we obtain

l .
So="t z2(t)——p22<t>— Tae +2iae,

7 . 9 .
P (1) = —zz(t) + = pzz(r) + —ae® + Eae"’.

A particular solution is given by

3it 31[

4 3i :
zg(s,t)z—gae and  p} (s, t)——2 +3iae .

This concludes the proof of the lemma. ]

4.2. Enforcing stationarity

We consider the y;(s,?) and z,(s, t) components of the family of solutions (4.3) of the
Hamiltonian system associated to p. Assume that there exists a family of stationary discs
fs = (gs, hs) such that f;(bA) coincides with the image of the chain (z(s, ), z2(s, -)),
where the real part of z;(s, -) is determined by p. In particular, note this implies that
the chain (z1(s, -), z2(s, -)) is periodic. We denote by T its period. We may assume
that the projection on the second coordinate m»: fs(A) — C;, is injective and that 0 €
w2 ( fs(A)) = hg(A). Then we can take as &g the unique Riemann map A — hg(A) such
that 215(0) = 0 and 4 (0) > 0.
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By definition, f; = (gs, /s) is stationary if and only if there exists a continuous func-
tion ag:bA — R and functions s, hs € O(A) N C(A) satisfying

9 -
2s(0) = Cas(0) %(gs(é'),hs(é),gs(é),hs(é)),
(4.4) ) al
hs(§) = §as(§) Ti(gs(ﬁ),hs(é),m,hs_(é)),

for all ¢ € bA. Define now

Qs :=hs(A) cC and S :=bQ;.
We also write h;!(z) = ze?s(?) for a certain holomorphic function ¢g(z). Evaluating
Equations (4.4) for { = h;!(z), we obtain

0 N
g5 (2) = 2e#Pas(h7 (2)) é(gs(hs_l(Z)),Z,gs(hs‘l(Z)),Z),

~ ) R
hs(h7'(2)) = 2”@ ay (b (2)) %(gs(hs_l(Z)), z,gs(h;71(2)). 2).
for all z € Ss. We then set
by(2):=as(h;'(2)). Gy(2):=e "D gy(h;'(z)) and Hy(z):=e *hs(h7'(2)).

Furthermore, if we write each disc f;(A) as a graph {z; = ws(2)} over its projection Q,
we have w;(z) = gs(h;1(z)). Thus we can rewrite the previous system as

0 -
Gy(2) = zby(2) %(ws(z),z, ws(2), %),
4.5)
0 -
Hy(z) = zbs(2) %(ws(z),z, ws(2). %),

for z € S;. In order to apply the moment conditions (2.16) to the functions G5 and Hy,
we need to find an adapted parametrization of the curve S5. We first consider the scal-
ing Ag:C — C defined by As(z) = z/s and define Qg := As(Q5) and S5 := As(Ss).
Note that, with this change of variables, the moment conditions (2.16) applied to G4(z)
and H,(z) become

(4.6) /~ 2" Gs(sz)dz =/~ z™ Hy(sz)dz = 0,

for all m > 0. We may now set an adapted parametrization of S;. Since the image f5(bA)
coincides with the image of the chain (z; (s, -), z2(s, -)), we consider the parametrization
of S given by

z5(s,1) <3
- 5.

4.7 [0,Ts] 2t > Za(s,t) :=
According to Lemma 4.4, we can write Z(s,t) = r(s,t) el with

4 .
r(s,t) = 1+ k(t)s* + O(s®), where k(1) = -3 ae?’.
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Note that r (s, ) is not necessarily real valued. Moreover, due to standards results on ODEs
(see, for instance, Theorem 4.1 in [12]), the parametrization Z5 (s, ¢) is of class €7 in both
variables. A straightforward computation leads to the following useful lemma.

Lemma 4.5. For j > 1,

r(s, 1)) =14 jk(@)s* + 0(s°),
r(s,t) r(s,t) = 14 (k) + k(1)) s* + O(s°),

or _dk 4 5
E(S’t) =7 @) s™ + O(s).

Moreover, in order to apply Fourier analysis later on, we need to understand the behav-
ior of the period Ty of Z5(s,-) as s — 0.

Lemma 4.6. The function [0,¢] 5 s — Ts € R is of class €7, Furthermore, we have
Ty = 21 + O(s°).

Proof. The function (s, 1) — Z»(s, ) of class €7 and, as s — 0, converges uniformly to
t > ¢! on any fixed neighborhood of [0, 27]. Since, by assumption, 2, (s, ¢) parametrizes
a simple closed curve on [0, 7], the period T tends to 27 as s — 0.

By the C¥ smoothness of Z5(s, t), we have |2} (s, )| — |25(0, )| = 1 uniformly as
s — 0. Then the period Ty must satisfy fOTS |Z5(s,0)|dt = length(S;) — 27 as s — 0. This
is only possible if Ty — 27 as s — 0, since any sequence s, — 0 such that |7, — 2| >
& > 0 would lead to a contradiction by taking the limit as n — oo.

To prove the smoothness of T, we will use the fact that the function i appearing
in Lemma 4.2 is real-valued (since a € R), which implies Im Z5 (s, 0) = 0 for s € [0, ¢].
Consider the function ¢(s, ) := ImZ,(s,¢). Ats = 0 and r = 27, we have

d d
1(0,27) =ImZ5(0,27r) =0 and 3—;(0,271) = Im 5(32(0,27()) =1.

By the implicit function theorem, there exists a function «: [0, ] — R, of the same smooth-
ness as ¢, such that x(0) = 2z and (s, k(s)) = 0. We claim that Ty = «(s). Indeed, by
the implicit function theorem, ¢ = «(s) represent the unique time in a neighborhood of
t = 27 at which the curve Z,(s, t) crosses the line Im z = 0. Since the period of Z5(s, -)
approaches 2 as s — 0, and Im Z» (s, 0) = 0, we necessarily have Z (s, k(s)) = Z»(s,0),
which means that 7 = «(s) is of class €7 near s = 0.

We now turn to the asymptotic expression of 7. By Lemma 4.4,

Za(s,t) = e'' — §s4ae3” + 0(s%),

s0 Z5(s, 1) can be seen as a small perturbation of the unit circle parametrized by ¢ > e’
Denoting the velocity vector of Z, by 2, = 0Z,/0dt, we have

2(s,1) = ie' 4+ O(s%).
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On the one hand, from the expression of Z, (s, ), we have

25(5,27) = Z5(s,0) + O(s°).
On the other hand, we can write

2w
2(s5,2m) = (5, Ty) + / 2 (5. 1) dt
T
and since Z, (s, Ts) = Z»(s, 0), putting together the expressions above we get
2w 2w )
0(s°) = / Z5(s,0)dt = (ie' + 0(s*)) dt.

Ts T

For s small enough, we may suppose that |ie'’ + O(s*)| > 1/2, and moreover, that
larg(ie’ + O(s*) — /2| < /4

fort € [Ty, 2], due to the fact that T is close to 2. It follows that

V2

Im(ie'’ + O(s*) > -

for ¢t € [Ty, 27], and thus

J2

2w . D)
0(s%) = / Im(ie’ + 0*) di = Y7 |T, — 2],

so that |T; — 2| = O(s°). n
In view of equation (4.6), we now define
c(s,1) 1= bs(s22(s,1)) = as(hy ' (s22(s,1)) = as(hy ' (22(s,1)).

Lemma 4.7. There is a choice of as such that the function c(s,t) is of class €* in a
neighborhood of {0} x [0, 27] and satisfies fozn c(s,t)dt =1 forall s > 0 small enough.

The proof is an adaptation of both proofs of Lemma 3.3 and Lemma 3.4 in [1]. The
main differences come from the facts that, in the present paper, the parametrization inter-
vals depend on s, and the first component of the discs we consider is not constant.

Proof. We first show that ;' (z2(s, 7)) is of class € in both variables s and 7. In order to
extend the parametrization (4.7) to a uniform domain, namely the unit disc, we consider

T, ~
[0,27] 5t — 2, (s,—st) e S;.
2

According to Lemma 4.6, this map is of class €7 in both variables s and 7. Moreover,
its form allows us to extend it to the interior of the unit disc, and, thus, to obtain a fam-

ily of diffeomorphisms I's = I'(s,-): A — Q; of class €7 in both variables s and z.
It follows from Corollary 9.4 in [2] and Lemma 2.1 in [1] that the function (s, )
hY(sZa2(s, Tyt /(27))), and so (s, 1) = h1(za(s, 1)), are of class €°.
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We now define d by

= §ap(fs ().
G §Ip(fs(©)) - £ (&)

for ¢ € bA, where - denotes the dot product in C2. According to Pang [15], since f; is
stationary and satisfies (4.4) for a continuous function ag, then ay is a positive multiple
of ds, where the multiple may be any function of s. We now show that the function (s, ¢) —
ds(h;Y(za(s, 1)) is of class €. Note first that the map

Op(fs(hy ' (z2(s,1)e™)) = Bp(ws(22(5,1)), 22(5, 1), s (22(5, 1)), 22(5, 1))

is of class €7 in both variables. To study the smoothness of f; (h;'(z2(s, 1)), note that by
the chain rule, we have

d d d
7701650, 22(5.1))) = Efs(hs_l(Zz(s,t)) = f{(h5 ! (z2(5,1)) - Zhs_l(Zz(s,t)),

and so,

H@6.0)  f@6.0) )
Gh 1 (z205.0) FhT (z2(.1)
Following the proof of Lemma 3.3 in [1], we have hs_l(zz(s, 1)) = €' + O(s), and since
h;Y(za(s, 1)) is of class €3, so is the map f(h;(z2(s,)). This shows that the function
(s,1) > as(h;'(za(s, 1)) is of class €4.
Finally, with the same proof of Lemma 3.4 in [1], we get
1
as(hyt(z2(s,1))

Fl Y (za(s,1) = (

=2+ 0(s3).

The function a; we seek can be obtained by rescaling @y to ensure f02 Te(t,s)dt =1 for
all s > 0 small enough. ]

We are now in a position to apply the moment conditions (4.6) to the system (4.5). We
start with the function Gy:

/~ z™ (szbs(sz) %(ws(sz),sz, ws(sz),sé)) dz =0,

s

for all m > 0, that is, using the form of the defining function p,
. ] 0
/ z7bs(sz) (1 + % n(Imws(sz),sz,52) — Imwg(sz)) - a—n(lm ws(sz),sz,sf)) dz=0
5, z1

for all j > 1. We use the parametrization of S. s given by (4.7). With this parametrization,
as observed in Remark 4.3, 525 is of order O(s) and Im wy(sZ,) = y; of order O(s?).
Since 7 is of weighted order O(6), the first term involving 7 in the above integral is of
order O(s°®), while the second one is of order O(s”). Accordingly, we obtain, for j > 1,

Ts JoiG+De it 6 (O |
r’e't bs(sret’)y(1 + O(s ))(—~|—lr)dt=0.
0 ot
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Using Lemma 4.5, we have

Ts
/(; UV (s, 1) (1 + jk(t)s* + O(s”)) (i + (%(t) + ik(t)) st + O(SS)) dt = 0.

Developing the product leads to
s 4
/ ez(]+1)tc(s,l) (1 _ 5/ p2it g4 + O(SS))( _ 4igeditst + O(ss))
0
Ty 4
= i/ e’(f+1>’c(s,z)(1 -3 (j +3)ae?s* + 0(s5)) dt = 0.
0

In order to apply Fourier analysis, we apply the change of variables ¢ +— ZT—ZI and, using
Lemma 4.6, we obtain

2w
iG+D Lt 5 ( _‘_‘ . 2i By 4 5
[0 e 2 c(s, 27[1) 1 3(] +3)ae s+ O0(s ))dt

2r 4 )
=i / e’UH)lc(s,t)(l —3 (j +3)ae's* + 0(35)) dt = 0.
0

We may then expand c(s, -) in its Fourier series,

+o0

cls.0) = D y(s)e™,

k=—00

where y_i = yi for all k € Z and, by Lemma 4.7, y; is €4 and satisfies yo(s) = 1.
Inserting the Fourier expansion of ¢ (s, ) in

2
. 4
/ e’(’H)tc(s,t)(l - §(j +3)ae*s* + O(SS)) =0,
0
we deduce that

(4.8) Vi+1(s) = O(s%),

for all j > 1. Taking the fourth derivative with respect to s, we get

4 0= |
Z(:) (d dy;;rl (5)85 — — ( (j +3)a ;S];—3(S))Se n 0(S€+1)) _0
£=0

where Sf; is the Kronecker symbol, which for j = 1 leads to

i
V42 (s) — 4! 13—6 aya(s) = 0(s).

implying that

de

4.9) () = 0().
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We now apply the moment conditions (4.6) to the function Hy in (4.5):

/~ (szb (sz) (ws(sz) sz, wy(sz2), sz)) dz =0,
for all m > 0. Due to the form of the defining equation p, we get

/; z/ bs(sz)<s2 +2as°zz* +4as’ 2322

s

+ (Im ws(s2)) - %(Im ws(sz),52,52) + ;—Zi(sz,sf))> dz =0,

for all j > 1. We once again parametrize Sy by (4.7). With this parametrization, the
term involving 7 in the above integral is of order O(s”), and the one involving § is of
order O(s®). We then obtain

Ts . . . . .
/ UV (s, 1) (rF Fe s + 1 Qarite™ " + 4ar®?e')s® + 17 0(s%))
0
ad
(5 +ir)de =0,
ot
Using once again Lemma 4.5 and dividing by i s gives
Ts ) . ) 3 4 . s
/ VD (s, 1) (e_” +s (§ae_ iy (— §j +4)ae”) + O(s ))
0
(1= 4ae*'s* + 0(s°)) dt =0,

and, after developing the product, and applying as above the change of variables ¢ +— ZT—”t,

we obtain for j > 1,
2m g 2 L 4 o
/ c(s, 1) (e”t + 3 (ae’(J_z)t — gjae’(f“)’>s4 + O(SS)) dt = 0.
0

Once again, we integrate from O to 27, insert the Fourier expansion of ¢(s, 7), and differ-
entiate four times with respect to s, and obtain

> (1) (42

4<2 dez
3

L.
U——'d£$%@#+owﬂﬁzo

For j = 2, this implies
d472

25— 41 (Fapo(s) — 3 a74(s)) = 06).

Using (4.8) and (4.9), we then deduce that

2
5617/0(5)

This concludes the proof of Theorem 4.1.

wll\)
|I
=
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