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A priori bounds for geodesic diameter. Part 1.
Integral chains with coefficients
in a complete normed commutative group

Ulrich Menne and Christian Scharrer

Abstract. As service to the community, we provide —for Euclidean space — a basic
treatment of locally rectifiable chains and of the complex of locally integral chains. In
this setting, we may beneficially develop the idea of a complete normed commutative
group bundle over the Grassmann manifold whose fibre is the coefficient group of
the chains. Our exposition also sheds new light on some algebraic aspects of the
theory. Finally, we indicate an extension to a geometric approach to locally flat chains
centring on locally rectifiable chains rather than completion procedures.

1. Introduction

Throughout the introduction, m is a nonnegative integer, n and d are positive integers, U is
an open subset of R", and G is a complete normed commutative group. Our notation
is based on H. Federer’s treatise [11]; see Section 1.4. In particular, I}ZC(U ), %,‘,‘ZC(U ),
and .Z,°°(U) denote the commutative groups of those m-dimensional currents in U which
locally are integral, rectifiable, and flat, respectively.

1.1. Overview

The primary goal of this first paper of our series is to provide a self-contained exposition
with complete proofs of all basic facts for locally rectifiable chains and locally integral
chains in U with coefficients in G to be employed in the third and final paper (see [21]).
The Euclidean setting allows us to beneficially employ the concept of m-dimensional
approximate tangent planes in R” through the usage of rectifiable varifolds and the study
of the complete normed commutative group bundle G(n, m, G) over the Grassmann mani-
fold G(n, m) with fibre G; the latter is an idea originating from F. Almgren Section 2.4
and Subsection 2.6 (d) in [3]) and T. De Pauw and R. Hardt (Section 3.6 in [9]) which is
not developed in those works.

Mathematics Subject Classification 2020: 49Q20 (primary); 49Q15 (secondary).
Keywords: locally integral G chains, locally rectifiable G chains, locally flat G chains, complete normed
commutative group bundle, constancy theorem.


https://creativecommons.org/licenses/by/4.0/

U. Menne and C. Scharrer 30

In comparison to W. Fleming [13] and T. De Pauw and R. Hardt [9, 10], five distinctive
features of our approach may be summarised as follows. Firstly, all our classes of chains are
based on local chains." Secondly, we freely use algebraic properties of commutative groups
and topological properties of normed commutative groups following N. Bourbaki. Thirdly,
the closure theorem —or the boundary rectifiability theorem, in the terminology of L.
Simon — in the context of integer coefficients (i.e., for rectifiable currents) plays a central
role in our construction of integral chains with coefficients in a general complete normed
commutative group. Fourthly, we construct the chain complex of simple locally integral G
chains as starting point for a closure procedure —based on pairs of locally rectifiable G
chains — leading to locally integral G chains. By a simple locally integral G chain, we
mean a locally rectifiable G chain which is expressible as finite sum of products of locally
integral Z chains (isomorphically, locally integral currents) with elements of G. Our choice
is motivated by the favourable closedness properties of this chain complex under restriction,
push forward, and slicing; traditionally, polyhedral chains or Lipschitz chains serve as
starting point to construct flat G chains by means of completion. Fifthly, we indicate how
the concepts of locally integral G chain and locally rectifiable G chain can be used to
construct the chain complex of locally flat G chains by taking a suitable quotient —again
based on pairs of locally rectifiable G chains; previous approaches firstly define the chain
complex of flat G chains and obtain integral G chains as a subcomplex. Thus, in our
proposed treatment, locally rectifiable G chains are central for both constructions: that of
locally integral G chains, and that of locally flat G chains.

The group of rectifiable G chains, as defined by T. De Pauw and R. Hardt in Section 3.6
of [9], is isomorphic to ours of locally rectifiable G chain with finite mass, see 3.5. For
G = R, our concepts are isomorphic to those of H. Federer [12]; see 5.1 and 7.3. For
G = Z/dZ, our integral G chains are isomorphic to the corresponding subgroup, Ifn U),
of flat chains modulo d as defined by H. Federer in 4.2.26 of [11]; see 5.2.

1.2. Outline by section

Preliminaries. In this section, we gather six strings of preparations: Firstly, we summarise
basic properties of normed commutative groups in 2.1-2.5; in particular, we recall that
it may happen that G is isomorphic to Z as commutative group but not so as normed
commutative group, see 2.3. Secondly, we make some measure-theoretic preparations
in 2.6-2.12. Thirdly, we construct two auxiliary functions of class co in 2.14-2.16. The
second string and the third string will be employed throughout this series of papers, see 2.13
and 2.17. Fourthly, in analogy to

ImU) ={Q +0R:Q € Zm(U).R € Zmy1(U)},

we represent F19°(R") as quotient vector space in 2.18-2.20. Fifthly, in 2.21-2.24, we
similarly exhibit 9,',?“(U ) as quotient commutative group. Sixthly, we study weights of
rectifiable m varifolds in 2.25-2.37; this includes the area formula —including a version
for G valued functions—in 2.27 and 2.31, the coarea formula in 2.33, and the Cartesian
product in 2.36.

I'B. White indicated the extension of key elements of the theory of [13] to the local setting in the Appendix
of [26].
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Rectifiable chains. We begin by defining and studying the complete normed commutative
group bundle G(n, m, G) over G(n, m) with fibre G in 3.1-3.4. This allows to introduce
the necessary operations for locally rectifiable G chains —addition, right-multiplication
on G(n,m,Z) with members of G, push forward, slicing, and Cartesian product — firstly
on the level of the bundle. Then, the complete normed commutative group

2 (U, G)

of m-dimensional locally rectifiable G chains in U is defined using equivalence classes
of certain ™ measurable G(n,m, G) valued functions in 3.5. To each S in Z%¢(U, G)
correspond the weight ||.S || of an m-dimensional rectifiable varifold in U and a representing
function (i.e., a member of the equivalence class .S)
S:

the role of the latter is analogous to the product @™ (]| 0], -) Q for Q € Z1°(U). When-
ever ||.S|| is absolutely continuous with respect to the weight ¢ of some m-dimensional
rectifiable varifold in U, there exists a representing function of S which is adapted to ¢,

see 3.5; for instance, S is adapted to ||.S|. This concept allows to combine the results on
the bundle G(n, m, G) with those on rectifiable varifolds to study the afore-mentioned
operations on Z.%(U, G) in 3.6-3.8.

Integral chains. We construct the complete normed commutative group Il,jl’c(U ,G) of
m-dimensional locally integral G chains in U and the corresponding boundary operator dg
in six steps.

Step 1 (integer coefficients). To define the subgroup I!%(U, Z) of %Z1°°(U,Z) and the
boundary operator dz corresponding to I1°(U, Z), we employ the canonical isomorphism
of commutative groups Z1°(U) ~ Z\°(U,Z) in 4.1.

Step 2 (algebra lemma). For homomorphisms i: A — B of commutative groups, we estab-
lish an equivalent condition to i ® 1z being univalent (i.e., injective) for every commutative
group H in 4.2; this is accomplished by expressing H as inductive limit of its finitely gen-
erated subgroups and employing the structure theorem for finitely generated commutative
groups. We also recall that, contrary to the category of vector spaces, univalentness of i
does not imply the same for the homomorphism i ® 1x, see 4.3.

Step 3 (application of the closure theorem for rectifiable currents). In 4.4, we verify the
condition obtained in Step 2 for the inclusion map i of I/(U, Z) into Z\°(U, Z) by
means of the closure theorem for rectifiable currents (see Theorem 4.2.16(2) in [11] or
Theorem 30.3 in [23]). This amounts to verifying, for every positive integer d, we have
Q € I(U) whenever Q € Z1°(U) and dQ € Il(U).

Step 4 (simple locally rectifiable G chains). In 4.5, we use the canonical multiplication
B ZL) x G — (U, G),
to obtain the induced homomorphism
oUmG : (U, Z) ® G — Z°(U, G),

whose image is dense in Z\%°(U, G). Based on the structure theorem for finitely generated
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commutative groups, we next prove that
PU,m,G 18 univalent
in 4.6. In case G is finite, we deduce
ZU, 1) ® G ~ R (U, G),

see 4.8.

Step 5 (simple locally integral G chains). By Steps 3 and 4, the composition of homo-
morphisms

®

11U, 2)® G — 21 . U, 2)® G

PU,m,G

R(U,G),

where i: Iigc(U, 7)) — %}gC(U, Z) is the inclusion, is univalent; its image consists, by
definition, of all m-dimensional simple locally integral G chains in U. By univalentness,
the boundary operator d¢g of this chain complex may be defined by

dG(S-g) = (025)-g, forSeI(U,Z)and g € G,

in 4.9; this is in accordance with the previous definition in case G = Z.

Step 6 (closure operation). We let
IX°(U,G) = Z¥°(U, G).

Whenever m > 1, the complete normed commutative group Il,f;c(U ,G) is defined in 4.11 as
closure of the subgroup of

R(U, G) x Z (U, G)

consisting of all pairs (S, dg S) corresponding to m-dimensional simple locally integral G
chains S in U; the boundary operator

dg : I%(U,G) — 1 (U, G)

is then induced by the shift operator mapping (S, 7) € ZX(U, G) x %},‘;C_l (U, G) onto
(T,0) if m > 2 and onto T if m = 1. Clearly, dg is continuous. We then show in 4.13
that the canonical projection of Z°(U, G) x Z)% | (U, G) onto its first factor, restricted
to I:,‘;C(U , G), is univalent; this allows us to subsequently

identify I!°(U, G) with a dense subgroup of Z'°(U, G) so that dg extends the
boundary operator on simple locally integral G chains.

In this process, establishing that we have T = 0 whenever (0, T) € I%(U, G) is
ultimately reduced to the case that U = R” and that spt| T'|| is a compact subset of an
(m — 1)-dimensional vector subspace.
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During Steps 1-6, we keep track in 4.1, 4.5, and 4.10 of how the operations push for-
ward, Cartesian product, and slicing on rectifiable G chains interact with the intermediately
constructed boundary operators. This is crucial: firstly, in the identification of I)(U, G)
with a subgroup of %,‘,‘,’C(U , G) carried out in Step 6, whence the properties of these oper-
ations for I'°(U, G) in 4.13 and the homotopy formula in 4.16 follow, and secondly, in
proving in 4.18 that the restriction operators ry,: Z.9(V, G) — Z\°(U, G) satisfy

rm[L(V, G)] C I9(U, G)

and commute with dg, whenever U C V C R” and V is open.
To compare with classical examples, we define (see 3.5 and 4.17) the subgroups

Fm(U,G) = Z°(U,G) N {S : spt|| S| is compact},
L,(UG) = Iiﬁ’,“(U, G) N{S : spt]|S|| is compact}.

Moreover, Steps 1, 2, and 4 allow us to define the subgroup %, (U, G) of l%’,l,‘z’c(U, G)
consisting of all m-dimensional polyhedral G chains in U, see 4.5.

Classical coefficient groups. We compare our treatment of rectifiable and integral G
chains with that of the classical cases G = Rin [12] and G = Z/dZ in 4.2.26 of [11].
In 5.1, we provide canonical isomorphisms —commuting with the boundary operators,
restriction, push forward, Cartesian product, and slicing — showing that

Z°(R",R) ~ F°(R") N {Q : O has positive densities}.
This isomorphism maps I'o°(R”,R) N {S : S is simple} onto the
real linear span of L%(R") in F1°(R").
For m > 1, we determine the closure of these groups to obtain
Iiff (R",R) ~ Fif;c(R") N {Q : Q and 0Q have positive densities};

this is based on the deformation theorem for members of the group on the right from [12]
and the resulting approximation theorem by push forwards of m-dimensional real polyhed-
ral chains in R” by diffeomorphisms of class 1 of R”.

Similarly, relying on the approximation theorem for members of I;in (R") from 4.2.26
in [11], we construct canonical isomorphisms

Fm(R",Z/dZ) ~ ZLR"), 1,(R",Z/dZ) ~ 1% (R"),
L,(R",Z/dZ) N {S : S is simple} ~ {(Q)? : Q € Lu(R")}
in 5.2; in particular, R. Young’s structural result
IZ(R") = {(0)? : 0 € Ln(R")}

in Corollary 1.5 of [27] may be restated by saying that every S € L,,(R",Z/dZ) is simple.
To clarify the literature regarding the impossibility of an analogous structural result for
Ifn, x (R™) for general compact subsets K of R”, we include in 5.3 an unpublished correction
listed by H. Federer.
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Constancy theorem. To construct an example of a one-dimensional indecomposable
integral G chain whose associated rectifiable varifold is decomposable in the second paper
of our series (see Example 6.8 in [20]), we provide a constancy theorem for m-dimensional
locally integral G chains whose boundary lies outside of an m-dimensional connected
orientable submanifold M of class 1 of U in 6.1. In the model case that m = n and

M=R"N{x:a; <x; <bjfori =1,...,m},

where —oo < a; < b; < oo fori =1,...,m, the constancy theorem yields that 7' in
L, (R™, G), satisfying spt||dg T || C Bdry M, equals Q - g, for some g € G, where Q in
L, (R™,Z) corresponds to (L L M) Aep A--- A ey € L, (R™). We prove the general
case and the model case by simultaneous induction on m. This is mostly based on H.
Federer’s arguments for the classical coefficient groups in 4.1.31 (2) and 4.2.3 of [11] —see
also the end of 4.2.26 on p.432 of [11]—, which we adapt and merge by means of our
restriction operators 7, see 6.2 and 6.3.

Flat chains. To conclude the development of the present paper, we indicate in 7.1 how
to extend our approach to include a chain complex of locally flat G chains. Namely, we

construct complete normed commutative groups .Z,°(U, G) together with continuous

boundary operators dg such that 2, (U, G) is dense in .# (U, G) and
FU,G)={S +d6T:S € ZX(U,G),Te % (UG}
In fact, Z)°(U, G) is defined to be the quotient
(%) (U.G) x Zp5. 1 (U.G)) [ Hp,
where the closed subgroup H,, of Z5¢(U, G) x %%, (U, G) is given by
Hp = (LU, G) x L% (U.G)) N{(S.T): S +dg T = 0}.

Finally, we obtain (in 7.2 and 7.3) canonical isomorphisms

FU,Z) ~ F(U) and ZL°R",R) ~ F°(R");

these are based on the representations of .Z°(U) and F19°(R") recorded earlier.

1.3. Remarks

Constancy theorem. The case that M, for some cubical subdivision of R”, equals the
m-skeleton minus the (m — 1)-skeleton (e.g., M = W,, ~ W/ _,)is a basic ingredient
for deformation theorems. For general G and such M, a constancy theorem was first
formulated by W. Fleming in Lemma 7.2 of [13] for compactly supported normal G chains;
however, similar to H. Federer for classical coefficient groups in 4.2.3 of [11] and T. De
Pauw and R. Hardt for general G in Theorem 6.3 of [10], we avoid unspecific references to
topology in our argument.
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Possible continuation of these notes. Besides extending the various operations studied
for Z%¢(U, G) to Z)¢(U, G), one would surely intend to add notions for a Borel regular
measure ||S|| and for the support of S associated with S in .Z (U, G) and to obtain
suitable deformation theorems. In this regard, we would expect the representation

FU,G)={S +36T:S € Z(U,G), Te % (UG))

to be particularly expedient. For G = Z or G = R, the deformation theorems in 4.2.9
of [11] and in Section 4 of [12], respectively, form the key ingredients in proving the
above isomorphisms for .Z°°(R”, G) which, for these G, yield an affirmative answer to
the following question. Assuming m > 1,

is I°¢(R", G) equal to Z2(R",G) N {S : dg S € Z' | (R", G)}?

If successful, these extensions would yield a geometric approach to .Z,°(U, G) with
Z2¢(U, G) and the complete normed commutative group bundle G(n, m, G) taking the
centre stage instead of functional analytic completion procedures.

Background. A notion of flat G chains in Euclidean space was first introduced by W.
Fleming in [13]; for the special case G = Z/dZ, H. Federer provided an alternative
approach to W. Fleming’s theory in 4.2.26 of [11]. Returning to general G, the first six
sections of [13] form the foundation for B. White’s improved deformation theorem and his
subsequent rectifiability theorem of flat chains in [24] and [25]. These developments are
comprised in [9], where T. De Pauw and R. Hardt extended them to general metric spaces.

Development of these notes. Originally, we intended to draw from the most general and
self-contained account [9] of T. De Pauw and R. Hardt for our applications in the third
paper of our series (see [21]). The present notes then grew out of an attempt to provide to
the reader —with the due simplifications entailed by the Euclidean setting — the relevant
definitions from [9]. Focusing on local chains and employing the bundle G(n, m, G)
appeared to be natural choices in approaching rectifiable chains in this context. Defining
the relevant operations on Z\%°(U, G) then also entailed the inclusion of some seemingly
well-known but hard-to-cite properties of rectifiable varifolds. Next, the ambition to provide
a direct route to locally integral G chains — without prior construction of .7%(U, G) by
completion — raised the question whether (see Steps 2—5) certain canonical homomorphisms
were univalent and whether (see Step 6) the group I°(U, G) constructed could in fact be
identified with a subgroup of Z/%(U, G). The proof of consistency with previous work
on chains with classical coefficient groups and the related correction of 4.2.26 in [11]
dutifully followed. The simplification of an example in the second paper of our series (see
Example 6.8 in [20]) then gave rise to adding the constancy theorem in the submanifold
setting; thereby, the adaptation of the existing proof strategies to our context led to the
study of the restriction operators. Finally —with our primary goal obtained —, we realised
that our approach could be extended to yield a viable definition for .Z°°(U, G). Thus, we
decided to indicate this direction which entailed documenting the seemingly well-known
but hard-to-cite representations of .7 (U) and F19(R").

W. Fleming’s approach. As a possible alternative to constructing the afore-mentioned
direct route, we also considered to simply draw from W. Fleming’s original theory in [13],
which is formulated in the Euclidean setting. However, studying the first four sections
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thereof, we found that some parts of the treatment required to be formalised, expanded, and
(at times) corrected to become entirely satisfactory. We accordingly deemed it advisable to
avoid just referring the reader to [13] for proofs. Nonetheless, we have been inspired by
W. Fleming’s work — for instance, regarding how to identify I!%°(U, G) with a subgroup of
%},‘;C(U ,G), see 4.14 —, and we believe that our notes could in fact be partially of assistance
to readers intending to study the paper [13].

H. Federer’s approach. H. Federer’s treatment of the case G = Z/dZ and ours of
general G share the essential role of the case of integer coefficients. Noting

dL,R") CdZ,R") C FnR)N{T : T =0 mod d},
his quotient approach to flat chains modulo d leads to the following commutative diagram:
Ln(R")/d1pn(R") —— Zpm(R")/d B (R") —— Fn(R")/d T (R")

univalent l l x~ l onto

I (R") < Z#4 (R < F4(R").

The two horizontal arrows in the top row are univalent by the closure theorem (see The-
orem 4.2.16 (2) (3) in [11]); the two horizontal arrows in the bottom row are inclusions;
the middle vertical arrow is an isomorphism by [11], p. 430, which corresponds” to our
isomorphism prr ,.7/47; hence, the left vertical arrow is univalent; and the right vertical
arrow is onto by definition of ff,‘,f (R™).

R. Young’s structural results. In Corollary 1.6 of [27], R. Young then established that the
left and right vertical arrows in the preceding commutative diagram are isomorphisms. As
the isomorphisms A ® (Z/dZ) ~ A/d A, corresponding to commutative groups A, form a
natural transformation, the following commutative diagram —in which all horizontal arrows
are univalent — results:

L:R")®(Z/dZ) — Zn(R") ® (Z/dZL) — F,, R") ® (Z/dZ)

; ; -

14 (R") = ZL (R FLRM).

2Correspondence refers to the commutative diagram below, where i : %, (R") — %,],‘l’c (R"™) is the inclusion,
and tgn ; and pgn ,, g are the isomorphisms of 4.1 and 5.2, respectively:

i®lz/4z

B (R")[d o (R") ——> R (R") ® (Z/d Z) Z°(R") @ (Z/dZ)

univalent
Zl‘l{”,mébll/dl
= ZN (R, 7) ® (Z/dZ)
~ l PR" m,Z/dZ
d C

ARy — 2 g (RN Z)AT) —— S geRr, Z/d7).
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1.4. Notation

Our notation follows [19]; thus, we are largely consistent with H. Federer’s terminology in
geometric measure theory (see [11], pp. 669—-676) and W. Allard’s notation for varifolds
(see [2]). We mention two exceptions: whenever f is a relation, we employ f[A] to mean
{y : (x,y) € f for some x € A} and, whenever T is an m-dimensional vector subspace
of R", the canonical projection of R” onto T is denoted by 7j. Additionally, following
H. Federer, see p. 414 of [12], we say an m-dimensional locally flat chain Q in R” has posit-
ive densities if and only if Q is representable by integration and @ *" (|| Q ||, x) > 0 for || Q||
almost all x; by Section 1 in [12], this concept yields the analogue for real coefficients to
that of m-dimensional locally rectifiable currents in R” for integer coefficients.

2. Preliminaries

2.1 Definition. Suppose G is a commutative group.
Then, a function 6: G — {r : 0 < r < oo} is termed a group norm on G if and only if
o~ 1[{0}] = {0} and, whenever g, h € G, we have

o(g) =0(=g) and o(g+h) <o(g)+a(h).

We associate with such o the metric p: G x G — R on G, defined by p(g,h) = o(g —h)
for g,h € G, and often write |g| instead of o (g).

2.2 Remark. Defining s:G x G — G by s(g,h) = g — h for g,h € G, we see that
Lips < 1 with respect to the metric on G x G with value

p(g.8") + p(h.h") at((g.h).(g'.h")) € (G x G)*.

In particular, G is a topological group; it is complete as uniform space if and only if p
is complete. If H is a closed subgroup of G and p: G — G/H is the quotient map, then
dist(-, H) o p~! constitutes a group norm on G/H which induces the quotient topology
and p is an open map; if G is complete, so is G/H, and we have Lip f = Lip(f o p)
whenever f maps G/H into some metric space. Whenever H is another normed commut-
ative group, we endow G x H with the group norm whose value at (g,h) € G x H equals
|g| + || € R. Taking the standard group norm on Z, the canonical bilinear map from
Z x G into G, mapping (d,g) € Z x G onto d - g € G, is Lipschitzian on bounded sets.

2.3 Example. If we have G = R/Z,r € R ~ Q, and H is the subgroup of G generated
by {r + d : d € Z}, then G is a complete normed group by 2.2, and H is infinite and
therefore dense in G by Corollary to Proposition 11 in Section 1.5, Chapter 7, of [5] in
conjunction with Proposition 1 in Section 2.1, Chapter 3, of [4]; hence, H is isomorphic
to Z as commutative group but not so as normed commutative group, because H has no
isolated points.

2.4 Definition. Suppose G is a complete normed commutative group, f is a function
whose domain contains a set A with values in G, and ), 4 | f(a)| < oc.

Then, extending finite summation, we define the sum ) _, £, also denoted by > ", 4 f(a),
in G by requiring that, for whenever &> 0, there exists a finite subset C of A such that
| Saf =g f’ < ¢ for every finite subset B of A containing C.
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2.5Remark. If :A — Y, then) o f =3y > p1,m f-

2.6 Definition. Whenever ¢ measures X and f isa {y : 0 < y < oo} valued function
whose domain contains ¢ almost all of X, we define the measure ¢ L f over X by

@LﬂM%iwa fordc X

2.7 Remark. Basic properties of this measure are listed in 2.4.10 of [11]. Moreover, if f
is ¢ measurable, then

(L f)(A) = inf{(¢|_ f)B):ACB,Bis¢ measurable} for A C X;

if additionally X is a topological space, ¢ is Borel regular, and {x : f(x) > 0} is ¢ almost
equal to a Borel set, then ¢ _ f is Borel regular.

2.8 Remark. If X is a locally compact Hausdorff space, ¢ is a Radon measure over X,
and 0 < f € L(¢), then ¢ L f is a Radon measure over X, provided X is the union of a
countable family of compact subsets of X. The supplementary hypothesis “provided ...
of X’ may not be omitted; in fact, one may take f to be the characteristic function of the
set constructed in 9.41 (e) of [14] .

2.9 Definition. Whenever ¢ measures X, Y is a topological space, and f isa Y valued
function with dmn f C X, we define the measure fx¢ over ¥ by

fsd(B) = ¢(fT'[B]) forBCY.

2.10 Remark. This slightly extends 2.1.2 in [11], where dmn f = X is required.

2.11 Lemma. Suppose ¢ is a Radon measure over a locally compact Hausdorff space X,
Y is a separable metric space, f is a ¢ measurable Y valued function, and X is ¢ almost
equal to the union of a countable family of compact subsets of X.

Then, fus¢ is a Borel regular measure over Y .

Proof. Clearly, all closed subsets of Y are fu¢p measurable by 2.1.2 in [11]. To prove
the Borel regularity, we employ Lusin’s theorem in 2.3.5 of [11] to reduce the problem
to the case C = spt¢ is compact and f|C is continuous. Then, supposing B C Y and
& > 0, we employ 2.2.5 in [11] to choose an open subset U of X with f~![B] C U and
¢(U) < e+ fup(B), define an open subset V of Y by V =Y ~ f[C ~ U], and verify
that

BcV, fVlcUU(X~C),

whence it follows fup(V) < e+ fup(B). |

2.12 Remark. In the context of Radon measures and proper maps, a related statement is
available from 2.2.17 in [11].

2.13 Remark. Apart of 2.27 and 2.36 below, 2.7, 2.8, or 2.11 will also be employed in 3.5
andin4.5,7.11, 7.13,9.11, 9.13, and 9.16 of [20].



Integral chains with coefficients in a complete normed commutative group 39

2.14 Theorem. Suppose A is a closed subset of R".
Then, there exists a nonnegative function f:R" — R of class co such that

A={x:f(x)=0}, D' f(x)=0wheneverx € Aandi a positive integer,
and {x : f(x) > y} is compact for0 < y < oo.

Proof. We abbreviate U = R” ~ A, assume U # &, apply the construction in 3.1.13
of [11] with & = {R" ~ A}, arrange the elements of the resulting set S in a univalent
sequence s1, §2, 53, . . ., and, taking &; = inf{27*, exp(—3/h(s;))}, define g: U — R by

o0
g(x) = Zsivsi(x) forx e U.

i=1
For every positive integer j, we then estimate

ID/ g(x)|| < (129)"V;h(x) ™/ exp(—1/h(x)) forx € U,
{x:g(x) =277} c U/, B(si, 10h(s;)).

Therefore, we may take f to be the extension of g to R” by 0. ]

2.15 Remark. A special case of the preceding theorem is employed in 8.1 (2) of [2] to
demonstrate the sharpness of the regularity theorem in Section 8 of [2].

2.16 Corollary. Suppose U is an open subset of R" and E( and E are disjoint relatively
closed subsets of U.

Then, there exists f € &(U,R) satisfying E; C Int{x : f(x) =i} fori € {0,1} and
0<f=<L

Proof. We choose, for i € {0, 1}, disjoint relatively closed sets A; with E; C Int A; and,
by 2.14, applied with A replaced by R” ~ (U ~ A4;), also g; € &(U, R) satisfying g; > 0
and {x : g;(x) = 0} = A;, and take f = go/(go + £1)- L]

2.17 Remark. Apart of 2.21 below, 2.14 or 2.16 will also be employed in 4.5, 4.13,
and 4.18, as well as in 6.15 and 7.7 of [20] and in 7.3 of [21].

2.18 Theorem. Suppose m is a nonnegative integer, n is a positive integer, Z € F,,(R"),
K is a compact subset of R", and spt Z C Int K.

Then, there exist Q € Fy, k(R") and R € Fp, 1 xk (R"), both with positive densities,
such that Z = Q + dR.

Proof. We choose compact subsets B and C of R” with spt Z C Int B, B C IntC, and
C C Int K, and notice that Z € F,, p(R") by 4.1.12 in [11]. Employing Theorem 4.1.23
in [11] with K replaced by B, we construct P; € P, ¢ (R") satisfying

o0 o0
Y Fc(P)<oo and Y Pi=2Z.

i=1 i=1
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Using Lemma 4.2.23 in [11] with V' = Int K and X = P;, we pick R; € Py,,41(R") with
spt R; C K and

o0
> (M(P; = 0R;) + M(Ry)) < oo.
i=1
We define
o0
Q = (Pi—R:) € Fp g (R"),
i=1
as well as
(e )
R=>"Ri €Fpni1k(R").
i=1
with Z = Q + dR by means of Fg convergent series and 4.1.12 in [11]. Finally, noting

that R” is countably (|| Q||, m) rectifiable and countably (|| R||,m + 1) rectifiable, Q and R
have positive densities by condition (V) in Section 1 of [12]. ]

2.19 Corollary. Suppose that m is a nonnegative integer, n is a positive integer, and
Z € Flo(R™).

Then, there exist Q € F£C (R*)and R € Figi_l (R™), both with positive densities, such
that Z = Q + dR.

Proof. In view of 4.1.12 in [11], this follows from 2.18 employing a suitable partition of
unity; for instance, one may apply the construction in 3.1.13 of [11] with ® = {R"} and
Lemma3.1.12in [11]withU =R", h(x) =1/20forx e R*, A =0,anda = =20. =

2.20 Remark. Defining the linear map L from F, » onto F'%(R"), where
Fom = (Fl,;l)C(R") x Fle | R")) N{(Q, R) : Q and R have positive densities},
by L(Q,R) = Q + dR for (Q, R) € F, », we obtain a vector space isomorphism
Fy.m/ ker L ~ FI°(R").

2.21 Lemma. Suppose m is a nonnegative integer, n is a positive integer, U is an open
subset of R", A is a relatively closed subset of U, S is an open subset of U, Z € F(U),
W e #,(U), and

ANsptZ C S, ANspt(Z -W)= 0.

Then, there exist Q € Zy,(U) and R € X +1(U) such that
sptQUsptRC S and ANspt(Z —Q —0R) = @.

Proof. Wepick X € Z,,(U)and Y € Z+1(U) with W = X + 07, observe that we may
choose an open subset T of U with

ACT, (ClosT)NsptZ cCS, TnNnspt(Z-W)=g,
and obtain, from 2.16, a locally Lipschitzian function f: U — R with

f(x) <0 forxeTnNsptZ and f(x)>1forxeU ~ S.
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Noting T N spt(X + dY) C spt Z, we employ 4.2.1,4.3.1,4.3.4 and 4.3.6 in [11] to select
0<y<1with(Y, f,y) € Z,(U) and

T Nspt (X fx: f(x) >y} +3(Y fx: f(x)>y})— (Y, f.y)) CsptZ.

Thus, we may take Q = X L {x: f(x) <y} + (Y, fiy)and R=Y o {x: f(x) < y}
because T Nspt(X +3dY — Q@ —dR) C T N{x: f(x) > y}NsptZ = @. L]

2.22 Theorem. Suppose m and n are integers, m > 0, n > 1, U is an open subset of R",
and Z € F)°(U).
Then, there exist Q € Z\°°(U) and R € %},‘;ﬁ_l (U) such that Z = Q + 0R.

Proof. Assume U # @. Let ® denote the class of all open subsets 7' of U such that,
for some W € %#,,(U), we have T N'spt(Z — W) = &; hence | J ® = U. We define the
function h: U — {r : 0 < r < oo} by

1
h(x) = n sup{inf{1,dist(x,R" ~T)}: Te ®} forx e U.

Applying the construction in 3.1.13 of [11], we obtain a set S such that, arranging its
elements into an univalent sequence 1, 52, 53, ... in U, we have U = U?L B(s;, 5h(s;))
and

card{i : B(x, 10h(x)) N B(s;, 10A(s;)) # @} < (129)" forx € U.

Next, we construct Ry, Ry, R3,...in Zy,(U) and Q1, Q», O3, ... in Zp+1(U) satis-
fying spt Q; U spt R; C B(s;, 10h(s;)) for every positive integer i and

K; NsptZ; = @ for every nonnegative integer i,
where we abbreviated
i i
K; = JB(s;.5h(s;)) and Z;=Z—) (Q; +IR)):;
j=1 j=1

in fact, this is trivial fori = 0 and, if Ry,..., R;—1 and Q1,..., Q;_1 with these properties
have been constructed for some positive integer i, then, noting that

K; N spt Zi_1 C B(Si, Sl’l(Si)),

we may take Q; and R; to be the currents furnished by applying 2.21 with A4, S, and Z
replaced by K; N B(s;, 10A(s;)), U(s;, 10h(s;)), and Z;_; because

(K; ~B(s;, 10h(s;))) NsptZ; C Ki—1 NsptZ;—1 = O.

Let Q =Y 72, Q;and R =Y 72, R;. If T is open and Clos T is a compact subset
of U,then T C K; for some i, hence T Nspt(Z — Q —dR) = &. |

2.23 Remark. Defining the homomorphism 7 from Z)9°(U) x Z.,(U) onto .Zx*(U)
by 7(Q. R) = Q + 3R for (Q, R) € Z)(U) x Z,%. ; (U), we obtain an isomorphism

(V) x 25, (V) / kern = FJE(U),
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2.24 Remark. For the flat G chains of [13], a representation analogous to those of 2.18,
2.19, and 2.22 was obtained in Proposition 2.1 of [1].

2.25 Theorem. Suppose ¢ is a Radon measure over an open subset X of R", m is a
nonnegative integer, X is countably (¢, m) rectifiable, and

O*(¢p,a) < oo for ¢ almost all a.

Then, ¢ is the weight of some member of RV,,(X) and, whenever R is a compact
m-rectifiable subset of X and f maps a subset of X into R”, we have that, for ™ almost
all a € R with ®™(¢,a) > 0,

Tan™ (¢, a) = Tan™ (™ L R, a) is an m-dimensional vector space,
(¢.m)apD f(a) = (™ L R.m)apD f(a).

Proof. Whenever R is a compact m-rectifiable subset of X, noting .5 (R) < oo, we infer
¢(RN{a:O"(¢,a) =0}) = 0from 2.10.19 (1) in [11]. It follows that

®*"(¢p,a) >0 for ¢ almost all a.

Next, suppose f maps a subset of X into R¥, R is a compact m-rectifiable subset of X,
and the Borel sets R; are defined by

Ri=RnN{a:1/i <@ (¢,a) <i}
whenever i is a positive integer; hence, there holds
H" LR <PLR; <2Mi ™ L R;
by 2.10.19(1)(3) in [11], and
O"(pLX ~Ri,a)=0, O"UHF™_R~R;,a)=0,
for 7™ almost all ¢ € R; by 2.10.19 (4) in [11], whence we infer

Tan (¢, a) = Tan™ (¢ L R;, a)
= Tan™ (A" L R;,a) = Tan™ (3™ _ R, a) € G(n,m),
(p.m)apD f(a) = (¢ Ri,m)apD f(a)
= ("L R;,m)apD f(a) = (A" L R,m)apD f(a)

for 7™ almost all a € R; by Theorem 3.2.19 in [11]. The function mapping ¢ almost
all a € R; onto Tan” (¢, a) € G(n, m) therefore is ¢ L R; measurable by Lemma 3.2.25
and 3.2.28 (2) (4) in [11]. Thus, defining V € V,,,(X) with ||V || = ¢ by

Vik) = [k(x,Tanm(q),x)) dpx fork € (X x G(n,m)),
we notice that, for ¢ almost all a, we have

V@ (p) = B(Tan™(¢.a)) for B € H (G(n,m))

by Theorems 2.8.18 and 2.9.13 in [11]. Since ¢ = ™ L @™ (¢, -) by 2.8(5) in [2], we
have V € RV,,(X) by Theorem 3.5 (1a) in [2], and the conclusion follows. [ ]
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2.26 Remark. Recalling Theorem 3.5 (1b) in [2], we infer the following assertion: if also y
satisfies the hypotheses of 2.25 with ¢ replaced by y, then, we have that, for 57 almost
all a with @™ (¢, a) > 0 and O™ (y,a) > 0,

Tan™ (¢, a) = Tan™ (y, a) is an m-dimensional vector space
and (¢, m)apD f(a) = (y.m)apD f(a).

2.27 Theorem. Suppose X and Y are open subsets of R" and RY, respectively, f: X — Y
is locally Lipschitzian, m is a nonnegative integer withm <n andm < v, V € RV,,(X),
fIsptl| V|l is proper, and g: Y — R* is a locally Lipschitzian map.

Then, a member W of RV,,(Y) may be defined by

W(k) = /Ak(f(X),im(IIVIIM) apD f(x)) (IVIl.m) apJm f(x) d[V] x
whenever k € (Y x G(v,m)), where A = {x : (|V||,m)apJm f(x) > 0} and

(IVIl.myapdm f = | A1V Il.m)apD |

in particular, we have |W || = fu(|V I (|V ||, m) apJm f). Moreover, for 7™ almost all
y €Y, there holds

)

e (wl.yy= Y. e"™(V].x.
xef{r}]

and, if f(x) =y and O™ (|V |, x) > O, then
im (|| V]|,m)apD f(x) = Tan™(|W||, ¥) is an m-dimensional vector space,
g is (|W |, m) approximately differentiable at y, and

(IVl.m)apD(g o f)(x) = (|WIl,m)apD g(y) o ([[V'[|.m)apD f(x).

Proof. As ||\, LIl = I /\,, (L o Ty)| for T € G(n,m) and L €« Hom(7T, R"), the legitimacy
of the definition of W and the equation for ||V | follow from Lemma 4.5 (1) (2) in [18],
2.8,2.11,and 2.2.3 and 3.2.28 (4) in [11]. To prove the remaining conclusions, we firstly
consider the special case that V is associated with a compact subset K of X which is
contained in an m-dimensional submanifold of class 1 of R”, and

either (|| V|, m) apJ,, f(x) = 0 for ™ almost all x € K,

or f|K is univalent and (f|K)~! is Lipschitzian.
If the second alternative holds, then, noting that (]| V||, m) ap J,, f(x) > 0 for 5™ almost
all x € K by Corollaries 2.10.11 and 3.2.20 in [1 1], we infer from Lemma 3.2.17 in [11],
in conjunction with 2.10.19 (4), Rademacher’s theorem in 3.1.6, and 3.1.19 (4) in [11], that

Tan™ (7™ L f[K], f(x)) = im (" LK, m)apD f(x) € G(n,m),
(™ LK, m)apD(g o f)(x)
= (A" L f[K].m)apD g(f(x)) o (™ L K. m)apD f(x)
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for ##™ almost all x € K. Therefore, for both alternatives, W is the rectifiable varifold
associated with f[K] by Corollary 3.2.20 in [11]. As the characteristic functions of K and
f[K] are 2™ almost equal to @™ (|| V||, -) and @™ (|| W ||, -), respectively, by 2.10.19 (4)
and Theorem 3.2.19 in [11], the conclusion in the special case now follows by Corol-
lary 2.10.11 in [11] and Theorem 3.5 (1b) in [2]. In the general case, we use 3.5 (1) in [15],
2.2.3 and Lemma 3.2.2 in [11], and 2.26 to express V = Zfil c; Vi forsome 0 < ¢; < 00
and some varifolds V; satisfying the conditions of the special case, whence we deduce
the conclusion by Theorem 3.5 (2) in [2] in conjunction with Corollary 2.10.11 in [11],
Theorem 3.5 (1b) in [2], and 2.26. ]

2.28 Remark. If f is of class oo, then W = fuV as defined in 3.2 of [2]; thus, we extend
the definition of fxV to encompass the presently considered maps f.

2.29 Remark. If additionally . > m, Z is an open subset R*, g: Y — Z is locally
Lipschitzian, and g o f|spt| V|| is proper, then

(g0 sV = gu(fsV) € RVy(Z).

Allowing for the case m > v, we leave the term fx 1 undefined, but we are still assured
that (g o )4V = 0, because ™ (im f) = 0 implies 77" (im(g o f)) = 0.

2.30 Corollary. If additionally u is |V || _(||V ||, m) apJ, f integrable, then

(IIVIIL(IIVII,m)amef))(u)=/ Y. "V uda"y,

M0y}
where M = {x : @"(||V], x) > 0}.
Proof. If u is the characteristic function of a ||V || measurable set B over X, then
O"(|V]LB,x) = O®"(|V],x)u(x) for " almostall x € X

by Theorems 2.8.18 and 2.9.11 in [11] and Theorem 3.5 (1b) in [2]; whence, recalling
Corollary 2.10.11 in [11] and 2.26, we infer the conclusion by applying 2.27 with V
replaced by V L B x G(n, m). Next, considering the subcase A = B, the assertion extends
to ||V || (||V|l,m)apJ,, f measurable sets B. Therefore, the general case follows by means
of the usual approximation procedure, see 2.1.1 (6) (10), Theorems 2.3.3 and 2.4.4 (6), and
Corollary 2.4.8 in [11]. [

2.31 Corollary. Suppose additionally G is a complete separable normed commutative
group, v is a G valued |V || (||V ||, m) apJ, f measurable function,

)] =O"(|VI,x) for VI (IVI,m)apl, f almost all x,
and M = {x : @"(||V],x) > 0}.
Then, an 7™ measurable function & may be defined by

£E(y) = Z v(x) € G whenevery €Y,
xeMn f1{y}]

where FC™ refers to the m-dimensional Hausdor{f measure over Y .
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Proof. We recall Corollary 2.10.11 in [11] and Theorem 3.5 (1b) in [2]. As M is countably
(™, m) rectifiable, the function N(f|B N M, -) is 7™ measurable whenever B is a
Borel subset of X by Corollary 3.2.20 in [11]. This implies the conclusion in the special
case that v: M — G is a Borel function with finite image and |v(x)| < @™ (|| V]|, x) for
x € M. In the general case, there exists a sequence w;, w», W3, . .. of functions satisfying
the conditions of the special case and

lim w;(x) = v(x) for |V (|V]|,m)apl, f almostall x.
1—>00
Since S (f[M N{x:(IV|,m)aplm f(x) = 0}]) = 0, the conclusion follows. L]

2.32. If Te G(n,m) is associated with the simple m vector ¢ € /\ ,, R” and # € Hom(7,R¥)
satisfies /\K h # 0, then, cf. Theorem 4.3.8 (3) in [11], ker A is associated with

CU N (hoTy)(w) whenever0 # w € A\“R*.

2.33 Theorem. Suppose X is an open subset of R", f: X — R¥ is locally Lipschitzian,
m is an integer, kK <m < n, V € RV,,(X), the prefix ap denotes (|V ||, m) approximate
differentiation, and apJ f = ||/\, apD f||. Moreover, suppose W is a function such that
y € dmn W if and only if y € R* and

(A a1 IR C R (1 4
is the weight of some Z € RV, (X) and such that in this case W(y) = Z.
Then, the following two statements hold.
(1) The function W is £* measurable and, for £* almost all y, we have

Tan™ “(|W ()|, x) = kerapD f(x) for |W(y)| almost all x.
(2) Ifgis ||V aple f integrable, then

[eatvicapsc ) = [[ eawonazey.
Proof. Denoting the statement that results from replacing | W(y)|| in (2) by

() = (") e e (VL)

by (2)’ and recalling Theorem 2.10.25 in [11] as well as Theorem 3.5 (1b) in [2], we read-
ily deduce (2)' from 3.5(2) in [15], whence, in conjunction with 2.10.19 (3) and The-
orem 3.2.22 (2) in [11], we infer that ¢ (y) = || W(y)|| for £ almost all y by 2.25. Using
Lemma 3.2.25 and 3.2.28 (2) (4) in [1 1] and 2.32, we deduce that the function mapping
a € AontokerapD f(a) € G(n,m —«) is |V || L A measurable from Lemma 4.5 (1) (2)
in [18], where A = {a : apJ, f(a) > 0}. In view of Example 2.23 in [19] and (2), we may
thus define an £’ measurable V,,—, (X)) valued function Z such that, for .£* almost all y,

Z(y)k) = /k(x,kerapr(x)) do(y)x wheneverk € (X x G(n,m — «))

and it remains to show that Z(y) is rectifiable for .Z’* almost all y. Recalling 2.26, this
follows from 3.5 (1) in [15] in the special case that f is of class 1 to which the general case
may be reduced by means of Lemma 11.1 in [19]. [
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2.34 Remark. If C is an .Z* Vitali relation, then, for .£* almost all y,

W0)E) = (©) fim 255" [

S

. k(x.kerapD f(x))d(||V[|LapJi f)x

whenever k € JZ (U x G(n,m — k)) by Theorem 2.9.8 in [11] in conjunction with The-
orem 3.5 (1b) in [2] and Example 2.23 in [19]. Thus, in case k = 1 and ||6V| is a Radon
measure, we recall Theorem 2.8.17 in [11] and Remark 8.5, Example 8.7, Lemma 8.29,
and Theorem 12.1 in [19] to similarly conclude

[Va{x: f(x) >y} = (%m_l Lf_l[{y}]) LO™(|V|,:) for 2! almostall y.

2.35 Remark. For X = R”, the statement of 2.33 is analogous to those for flat chains
with positive densities in Theorems 4.3.2 (2) and 4.3.8 (2) (3) in [11] with U = R”.

2.36 Theorem. Suppose X and Y are open subsets of R" and RY, respectively, m and u
are nonnegative integers, m < n, i < v, ¢ and y are the weights of some members of
RV, (X) and RV, (Y), respectively, and

M ={x:0"(¢p,x) >0}, N={y:0"(y,y) >0}
Then, there holds
(™M) x (O LN) =" (M x N)
and M x N is 2™ almost equal to {z : @™ " (¢ x y,z) > 0.

Proof. Welet Z ={z:©®™""(¢ x y,z) > 0} and recall 2.4.10 in [11] and Theorem 3.5 (1b)
in [2]. By Theorem 3.6 (1) (2) in [15], we have ¢ x y = AT @™ H(¢p x x,-) and

O (¢ x x,(x,y)) = O"(¢p, x)OH(y,y) for¢ x x almost all (x, y);

in particular, we have S t1*(Z ~ (M x N)) = 0 and, since @ (¢ x x,(x,y)) > 0 for
(x.y) €M x N by Fubini’s theorem, see 2.6.2 (2) in [11], also S TH (M x N) ~ Z) = 0.
Finally,

(L@ ($, )™ ) x (XL @ (1, )7") = (¢ x DL O™ (¢ x x,)7")
may be verified by means of Fubini’s theorem, see 2.6.2 (4) in [11], and 2.7. ]

2.37 Remark. By 3.2.24 in [11], for general Borel subsets M of R” and N of R” which
are countably (™, m), respectively (", ), rectifiable, it may happen that

(%mLM)X(%'uLN)#%m+ML(MXN).

3. Rectifiable chains

3.1. Suppose m and n are nonnegative integers, 7 > 1, G is a normed commutative group,
the function g: A, R* — (O, A,, R” satisfies () = ¢ © {/2for ¢ € A\, R”, and the
Grassmann manifolds G, (7, m) and G(n, m) are canonically isometrically identified with
subsets of /\,, R” and (9, /\,, R", respectively, as in 3.2.28 (1) (4) of [11]. Abbreviating
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o = B|Go(n, m), we recall from 3.2.28 (3) (4) in [11] that « is an open map from G, (n, m)
onto G(n,m) and

2(§) —a@)> =1 =PI+ 08)/2 forl.¢ € Go(n.m):

hence, Lipa = 1 if m <n, Lipa = 0 if m > n, and Lip ((oe|U)_1) < 0o whenever
U C Gy(n,m) with diam U < 2.
We endow the set B = G,(n, m) x G with the metric R such that

R((¢,8).(¢.¢h)=1t—¢+|g—¢'| for(¢g).(¢.¢) € B,

and study the quotient I" of B induced by the action of the two-element subgroup {1p,—1p}
of isometries of B. Taking p: B — I to be the canonical projection of B onto I', we define
maps P:T" - G(n,m), N:T — R, and

+: (T xD)N{(y.y): P(y) =Py —>T

by requiring that, whenever (¢, g), (¢, g’) € B, we have

P(p(¢.g) =a(t), N(pi.g)=Igl and p( g+ pig)=plg+g).

For T € G(n,m), the set H = P~![{T}] endowed with addition +|(H x H) and group
norm N |H forms a normed commutative group. Next, noting that inf R[y x '] = dist(b, y’)
for b € y, we define a metric p:I' x I' — Ron I" by

o(y,y) =infR[y x y'] fory,y €T.

Clearly, Lip p < 1, the metric p induces the quotient topology on I', and p is an open map.
Moreover, whenever f maps I into some metric space, there holds Lip f = Lip(f o p),
hence

Lipp=1=LipP ifm<n, Lipp=0=LipP ifm>n.

Whenever (¢, g), (¢, g') € B, we notice that

p(p(.2). p(¢'.¢g)) =inf{|t =&+ g =& 1L+ ¢+ g+ &'}
>inf{|; —¢'|+|g—g'[.2— 1L =]}

Thus, for U C G (n, m) with diam U < 2, the map (p|(U x G))~!, whose domain equals
P~ a[U]], is locally Lipschitzian, whence we infer that the Lipschitzian map

Yu = po ((@U)™" x1g) from «[U] x G onto P~ [x[U]]
possesses a locally Lipschitzian inverse; moreover, we have
Pu(T.g) =T, (Noyu)T.g)=lgl. Yu(T.g)+yu(T.g)=vuv(Tl.g+¢)
for T € a¢[U] and g, g’ € G. Therefore, the maps N and
+:CxD)N{(.y): P(y)=P@y)} —>T

are locally Lipschitzian; also, if G is complete, so are the domains of these maps.
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Whenever ¢ is a " valued function, we let |o| = N o ¢. If also 7 is a I valued function,
o + 7 shall be the function with domain

(dmno) N (dmnt) N{x: P(o(x)) = P(z(x))}

and value o (x) + 7(x) at x in its domain. Henceforward, we will denote the metric space "
by G(n,m,G), P by TGu,m,G), and the function N by | - |.

3.2. Suppose m and n are nonnegative integers, n > 1, G is a complete normed commutat-
ive group, and, for such G, the map pg: Go(n,m) x G — G(n,m, G) denotes the quotient
map and the Cartesian product G(n,m,Z) x G is endowed with the metric whose value at
((8,2).(8.g)) € (G(n,m,Z) x G)? equals

0(8,8) + |g —g'|, where p is the metric on G(n,m, Z).
Then, we define a map A: G(n,m,Z) x G — G(n,m, G) by requiring
AMpz(¢.d).g) = pc((.d-g) forl e Go(n,m),d €Z,andg €G.

Using the maps ¥ of 3.1 with G replaced by Z, we verify that A is locally Lipschitzian and

that /\|(7t(_}(1n’m’z) T} xG)— Tt(_}(ln,m,G) [{T}] is bilinear for T € G(n,m). Henceforward,

we will denote A(8, g) by § - g and, whenever o is a G(n, m, Z) valued function and g € G,
we will designate by o - g the function with the same domain as ¢ and value o (x) - g at
x € dmno. We also note that

|6-g| <|6|lg| foré € G(n,m,Z)and g € G with equality if |§] < 1.

3.3. Suppose m is a nonnegative integer, n is a positive integer, G is a normed commutative
group, and Y is a normed space. Then, we endow

G(l’l, m,G, Y) = {(% h) S G(”? m, G)’ he Hom(“G(n,m,G)(V)v Y)}
with a metric whose value at ((y, k), (v', h")) € G(n,m, G, Y)? equals
p(y,y") + |l o (dmnh)y — i’ o (dmn /')y,

where p is the metric on G(n,m, G). If G and Y are complete, sois G(n,m, G, Y).
Whenever v is a positive integer, we employ the quotient maps

p:Go(n,m)xG — G(n,m,G) and ¢q:Gy(v,m)xG — G(v,m,G)
to define the map
P:G(n,m,G.R)N{(y.h): \,,h # 0} = G(,m,G)

so that, whenever 7' € G(n,m), g € G, h € Hom(T,R"), A\,, h # 0, and T is associated
with ¢ € Gy(n, m), we have

Aalio G )

P(p(§,g).h) = q(| A (B 0 (dmn h)p)(2)
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Clearly, dmn P is an open subset of G(n, m, G, R"). Employing the maps ¥y of 3.1, we
readily verify that P is a locally Lipschitzian function. Henceforth, we will denote P (y, k)
by hyy. We also note that, whenever (y, h), (y',h) € G(n,m, G,R") satisfy A\, h # 0
and 7G(n,m,6)(¥) = TG(n,m,6)(¥'), we have

lhayl = Iyl Tewme) (hyy) =imh,  hy(y +y) = hsy + hyy'.
(i o h)yy = ix(hyy) wheneveri € Hom(im#h,R*) and A, i # 0,
where p is a positive integer, and
h4(8 - g) = (hy48) - g whenever (6,h) € G(n,m,Z,R"), \,,h #0,and g € G.

Similarly, whenever « is a positive integer and k < m, we employ the quotient maps
p:Go(n,m)x G —Gm,m,G)andr:G,(n,m —k) x G — G(n,m —«,G) and recall 2.32
to define

0 :G(m.m,G,R)N{(y.h) : N“h # 0} > G(n,m — k., G)

so that, whenever T € G(n,m), g € G, h € Hom(T,R¥), A\“ h # 0, and T is associated
with ¢ € Gy(n, m), we have

¢ A\ (h o (dmn h)y) (@) .
|ZC A (h o (dmn h)g)(@)]

Clearly, dmn Q is an open subset of G(n, m, G, R“). Employing the maps ¥y of 3.1, we
readily verify that Q is a locally Lipschitzian function. Henceforth, we will denote Q(y, k)
by y L h. We finally note that, whenever (y, h), (y', h) € G(n,m, G, R¥) satisfy \“h # 0
and 7G(n,m,6)(¥) = TG(n,m,6)(y'), we have

0(p(L.8).h) = r( ) whenever 0 # o € A\ R¥.

lychl =1y, emm-co)(yih) =kerh, (y+y)ch=ych+y'Lh
and that, whenever (8, h) € G(n, m,Z,R"), /\K h #0,and g € G, we have
G-g)Lh=@Lh)-g.
3.4. Suppose m and p are nonnegative integers, # and v are positive integers,
p:Gon,m)xZ — Gn,m,Z), q:G,(v,u)xG— G(v,u,G),
and r:Go(n + v,m + u) Xx G — G(n + v,m + u, G) are the quotient maps,
P:R" ->R"xR", Q:R"—>R'xR'

P(x) =(x,0) and Q(y) =(0,y) for(x,y) e R" xR",

and R" x R” ~ R"*V_ Then, we define a map
k:Gn,mZ)yxGv,u,G) > Gn+v,m+ u,G)

so that, whenever ¢ € Go(n,m), n € Go(v, ), d € Z, and g € G, we have
k(p(8,d).q(n.8) =r(AnP@ AN Q0. d-g).
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Employing the maps Yy of 3.1 with (n, m, G) replaced by (n,m,Z) and (v, u, G),
respectively, we readily verify that « is locally Lipschitzian and that

K|(T[(_}(ln,m,Z)[{S}] X Tt(_}(lv,M,G)[{T}]) - n6(1n+v,m+u,G)[{S X T}]

is bilinear whenever S € G(n,m) and T € G(v, i). Henceforward, we will denote k (6, y)
by § x y and, whenever ¢ and 7 are G(n,m, Z) and G(v, i, G) valued functions, respect-
ively, we will designate by o x t the function with domain dmn o X dmn t and value
o(x) x t(y) at (x,y) € dmno x dmn t. We finally note

|6 x y| < 16]|y| with equality if G = Z or G = Ror |§| <1,
§x(8-g)=@Bx%x8)-g

fors € G(n,m,Z),8 € G(v,u,Z),y € G(v,u,G),and g € G. (Deﬁning G(0,0,G)~G
and allowing for v = 0, the - operation of 3.2 could be considered a special case of the
present x operation with u = v = 0.)

3.5. Suppose m and n are integers, m > 0,n > 1, U is an open subset of R", 57" refers to
the m-dimensional Hausdorff measure over U, and G is a complete normed commutative
group. Then, we let L(U, m, G) denote the set of all G(n, m, G) valued functions ¢ such
that the following conditions are satisfied: dmno C U, M = {x : |o(x)| > 0} is ™"
measurable, o is 5™ . M measurable, for some separable subset Z of G(n,m, G), we
have o(x) € Z for 7™ almost all x € M,

/ o] d#™ < 0o whenever K is a compact subset of U,
KNM

U is countably (¢, m) rectifiable, and Tan™ (¢, x) = T G(n,m,c)(0(x)) for ¢ almost all x,
where we abbreviated the measure (77" _ M) . |o| over U by ¢; hence, o is a ¢ meas-
urable function and ¢ is the weight of some member of RV,,(U) by 2.7, 2.2.3 in [11],
and 2.26. Elements o and t of L(U, m, G) are termed equivalent if and only if the func-
tions o|{x : |o(x)| > 0} and t|{x : |t(x)| > 0} are ™ almost equal; the resulting set of
equivalence classes is denoted by
Ty (U. G)

and its members are called m-dimensional locally rectifiable G chains in U. Whenever
S e Z(U, G), we denote by ||S|| the Radon measure over U, which is equal to

A" {x lo(x)| >0)L|o| foro €S,

and we employ Theorems 2.8.18 and 2.9.13 in [11] to define the function

S

to be the member of S characterised by requiring that, for 0 € S and a € U, we have
a € dmn S if and only if

@"(|S|l.a) >0 and (||S|.V)aplimo(x) € G(n,m,G)
xX—a

and in this case Si (a) equals that approximate limit, where V is the || S| Vitali relation
givenby V = {(x,B(x,r)) : x € U,0 < r < dist(x,R" ~ U)}.
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In case m > n, we have L(U,m,G) = {@}, hence %};’C(U, G) contains a single element,
and, if S € Z1°°(U, G), then ||S|| = 0and S = @.
The considerations of this paragraph rely on 2.26 and on Theorem 3.5 (1b) in [2]. We

have
IS = 2" O™(|S|.) forSeZy(U.G).

Foro € L(U, m, G), we say that o is adapted to ¢ if and only if ¢ is the weight of some
member of RV, (U) if m < n, ¢ is the zero measure over U if m > n, the domain of o
is ™ almost equal to {x : @™ (¢, x) > 0}, and

T Go,m,G)(0(x)) = Tan™ (¢, x) for ¢ almost all x;
for instance, S is adapted to || S| for S € KU, G). If S€ (U, G) and A is ||S||

measurable, then we define S _ 4 € Z'%°(U, G) by requiring 0|4 € S _ A whenever o € S;
hence, ||S L A]| = ||S|| . A. Next, we define the sum

S+ TeZ*U,G)
of S and T in Z\°(U, G) by requiring
p=(S+T)U(S|(U~dmnT))U(T|(U ~dmnS)) €S +T.

We infer
IS+TI=dUSI+ITDclpl/O =[SI+ T,

where ® = @™ (||S|,-) + @™ (||T|.-), and note o + 7 belongs to S + T and is adapted
to ¢ whenever o in S and t in T are both adapted to ¢; for instance, to ¢ = || S| + || T|-
It follows that

(S+T)LA=S_LA+T_LA whenever Ais | S| + ||T| measurable,

and that Z'°°(U, G) is a commutative group which is a complete topological group when
endowed with the group norm with value

o0

D27 IS(K)} atS e Zu¢(U.G),

i=1
where K; = U N{x:|x| <i,dist(x,R" ~U) > 1/i}; hence, if A1, A5, A3, ...is adisjoint
sequence of ||.S || measurable sets, then S L Jio; 4i = Y ioq S L Ai. We also let

Fm(U,G) = Z°(U,G) N {S : spt|| S| is compact}.
Finally, with respect to the group norm whose value at S equals ||S || (R"),
Z (R",G) NS+ |S[(R") < o0}

is a complete normed commutative group; its members correspond to the m-dimensional
rectifiable G chains of Section 3.6 in [9]. We also notice that if G is equal to a finite direct
sum of cyclic groups with their standard group norm, then

ZR",G) N {S : both || S| and (§)#||S|| have compact support}

is a subgroup thereof; if m < n, then its members correspond to the G varifolds of dimen-
sion m in R”, as defined in Section 2.4 and Subsection 2.6 (d) of [3].
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3.6. Suppose that m is a nonnegative integer, n and v are positive integers, U and V are
open subsets of R"” and R”, respectively, G is a complete normed commutative group,
S € Z1(U,G), f:U — V is locally Lipschitzian, f|spt|S| is proper,

x = f(ISTl A (IST.m)apD £1]).

and Y = {y : Tan"(y, y) € G(v,m)}.
Then, using 2.26, 2.27, 2.31, and the maps Yy of 3.1 with n replaced by v, we obtain
an 2 _ Y measurable function t, defined on a subset of ¥ by

(y) = Z ((IS1l.m)apD f(x)),(S(x)) whenevery €Y,
x€(@mn §) N f 1 [{y)]
where the summation is understood to be computed in the complete normed commutative

group T[(_;(lv m.G) [{Tan™(x, y)}], we define f&S in Z1°°(V, G) by requiring that t belongs
to fuS and we have

IfeST = xclel/©"(x.) = x. sptll fuSIl € fIsptll S|

Applying 2.30 to the characteristic function u of U N {x : f(x) # g(x)}, we see that if also
g:U — V islocally Lipschitzian, g| spt||.S|| is proper, and g(x) = f(x) for ||.S| almost
all x, then f3S = g#S. Employing 2.26 and 2.27, we verify that, if o in S is adapted to ¢,

f1spte is proper, ¥ = fy(¢p LI\, (¢.m)apD f), and T = {v : Tan™ (¢, v) € G(v.m)},
then Y is 7™ almost contained in Y and the function p, defined on a subset of Y by

o(v) = Z ((¢.m)apD f(x)),(0(x)) wheneverv e Y,

xe(dmno) N f~1[{v}]

where the sum is computed in 7'(8(11) m G)[{Tanm (¥, v)}], belongs to fxS and is adapted
to v; in particular, t is adapted to y. Therefore, we firstly obtain

(feS)L B = fys(SL f'[B]) whenever B is f||S|| measurable,

as in this case f~![B]is ||.S|| measurable by 2.1.5 (1) (4) in [11], secondly, in view of 3.3
and 3.5,

fe(S+T) = fuS + T

whenever also T € Z%¢(U, G) and f'| spt||T || is proper, and thirdly, using 2.5, 2.27, 2.29,
and 3.3,

(go f)uS = gu(f4S)

whenever also p is a positive integer, W is an open subset of R*, g: V' — W is locally
Lipschitzian, and g o f| spt||S|| is proper. Finally, the homomorphism

fi 2 Bpt(U,G) AT :sptl|T| C C} — Z(V, G)

is continuous whenever C is a relatively closed subset of U such that f|C is proper.
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3.7. Suppose m and u are nonnegative integers, n and v are positive integers, U and
V are open subsets of R” and R", respectively, G is a complete normed commutative
group, S € Z°(U,Z), and T € %}fC(V, G). Then, in view of Theorem 3.5 (1b) in [2],
Theorem 3.6 (1) (2) in [15], 2.26, 2.36, and 3.4, we define the Cartesian product

SxTeRy,UxV,G)

by requiring it to contain

SxT,
we have ||S x T|| < ||S|| x ||T|| with equality if G = Z or G = R or @ (|| S|, x) < 1
for 7 almost all x € U, and we notice that, if o in S is adapted to ¢, T in T is adapted

t X,
M={x:0"(¢,x) >0}, and N ={y:0"(x,y) > 0},

then, dmn(§ X ?) is S TH almost contained in M x N and (o|M) x (t|N) belongs to
S x T and is adapted to ¢ x y; hence, S x T is adapted to ||S|| x || T|. (Examples with
A" (dmn(o x ) ~ (M x N)) > 0 are readily constructed by means of 3.2.24 in [11].)
Therefore, we may verify that

X B (U L) x B (V.G) — Zps (U X V.G)

is a continuous bilinear operation using 3.4 and 3.5. Finally, if g: U x V' — V satisfies
q(x,y) =y for(x,y) € U x V and spt||S| is compact, then

G(SXT)=0ifm>0 and q«(SxT)=(XS)-T itm=0,
where the isomorphism G(#, 0, Z) ~ Z induced by the map /¢y of 3.1 is used.

3.8. Suppose k, m, and n are positive integers satisfying k < m, U is an open subset of R",
G is a complete normed commutative group, S € Z\°(U, G), and f:U — R* is locally
Lipschitzian. Then, defining a G(n, m — «, G) valued function 7 on a subset of U by

(x) = §(x) L(|S|l,m)apD f(x) whenever x € U
and employing the notation of 3.5, we infer
| f 'y € L(U,m—«k,G) for £* almost all y

from 2.33; for such y, we may define (S, f, y) to be the unique member of Z%¢ (U, G)
containing | f ~![{y}], so that in particular,

Tan™*(||{S, £, )|, x) = ker (|| S|,m)apD f(x) for ||{S, f. ¥)| almost all x.
Moreover, for .Z* almost all y, we additionally have
I16S, £oy)l = (A" L f ) e @™ (IS, ).

Using 2.26 and 2.33, we verify that, if ¢ in S is adapted to ¢, X ={x: @™ (¢, x) >0},
pisaG(n,m — k, G) valued function, dmn p C X, and

po(x) =o(x)L(¢p,m)apD f(x) for ™ almostall x € X,
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then, for .#* almost all y, the function p| £ ~1[{y}] belongs to (S, £, y) and is adapted
to (% L f71{y}]) L @™ (¢, ); in particular, the function 7| f ~1[{y}] in (S, f, y) is
adapted to ||(S, £, y)|| for £* almost all y. In view of 2.33, 3.3, and 3.5, we deduce that,
if A is ||S|| measurable and T € Z%¢(U, G), then, for £ almost all y,

(ScA, fiy)y=(S, fiy)oA and (S+T, fy)=(S, f,y)+(T, £, ).

Finally, taking K; = U N{x : |x| <i,dist(x,R" ~ U) > 1/i}, we will show that, whenever

Z Zinf{2_i, [1S;I(Ki)} < oo

j=1li=1
for some S; € Z1¢(U, G), there holds
(Sj, f,y) =0 for Z* almostall y;

lim
j—oo

in fact, whenever ¢; > 0 satisfy ¢; Lip(f|K;)* < 1 and ®:R¥ — {¢ : 0 < ¢ < 1} satisfies
[ ®d.2* =1, applying 2.33 (2) yields

/ inf2 e (S, £ ) (K} ®(y) d.2% y < inf{2 1) [1(Ko)).

4. Integral chains

4.1. Whenever m and n are integers, m > 0, n > 1, and U is an open subset of R”, we
employ the quotient map p: G,(n,m) x Z — G(n,m,Z) and Theorem 4.1.28 in [11] to
define

Wm P B (U) — Z°(U, Z)

by letting tym (Q) € Z°(U, Z) contain t: X — G(n,m,Z) given by
t(x) = p(0(x), ®"(|Q].x)) forx € X,

where X = {x : 0 < ®™(||Q],x) € Z and Q(x) € Go(n,m)}, whenever Q € Z)°(U);
hence, |tym(Q)|| = ||Q], t is adapted to ||Q||, and (y,, yields an isomorphism of
commutative groups. For such m and U, these isomorphisms have the following four
properties whenever Q € Z'°(U): Firstly, if A is || Q|| measurable, then

(tum(Q) LA =1ym(QLA)

by 4.1.7 in [11] and 3.5; secondly, if v is a positive integer, V' is an open subset of R",
f:U — V islocally Lipschitzian, and f|spt Q is proper, then

Selum(Q)) = tvm(f4Q)

by the first property, 3.6, and 4.1.7, 4.1.14, and 4.1.30 in [11]; thirdly, if & and v are
nonnegative integers, v > 1, /' is an open subset of R”, and R € %’ﬁ’c(V), then

tum(Q) x LV,}L(R) = tUxV,m+u(Q X R)
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by 4.1.8 in [11] and 3.7; and, finally, if « is a positive integer, k < m, and f:U — R¥ is
locally Lipschitzian, then

(tum(0), £,9) = tvm—((Q, £, ¥)) for £* almost all y

by the first property, 3.8, and 4.1.7, 4.3.1, and Theorems 4.3.2 (2) and 4.3.8 in [11].
Next, whenever m and U are as before, we let

Li(U.Z) = Ly (U),  PuU.Z) = tymPm(U)]
and, if m > 1, we employ 9: I%°(U) — I};’f_l (U) to define the homomorphism

dz : 19U, Z) — 1 (U, Z)

m

such that
0z o tum = tum—1 0 0.

Requiring the monomorphisms mapping S € 1°(U, Z) onto
(S,028) € Z°(U,Z) x % (U, Z)ifm > 1, SeRU,Z)ifm=0

to be isometric, the groups Ii;’,c(U ,Z) are endowed with the structure of complete normed
commutative groups. For S € I}gC(U ,Z) with m > 1, we have

0z(0z S) =0ifm > 2, spt|dz S| C spt| S|,

if v is a positive integer, V' is an open subset of R”, f: U — V is alocally Lipschitzian
map, and f'| spt||S| is proper, then we have fyS € 119(V, Z) with dz(f+S) = f4(3z S)
by 4.1.7in [11], and, if f:U — Riis locally Lipschitzian, then there holds
Si{x: f(x) >y} e IU, Z),
Iz(Six : f(x) >y} =(S. fiy) + 0z S) {x: f(x) >y}
for £ almost all y by 4.2.1,4.3.1, and 4.3.4 in [11]. From 4.1.8 in [11], we infer that,

if additionally u is a nonnegative integer, v is a positive integer, and V' is an open subset

of R, we have S x T € I},‘;ZFM(U x V,Z) and

32(S X T) = (32 S) x T + (=1)™- (S x 3 T) if m > 0 < pu,
8z(SXT)=(82S)XTifm>/,L=O, 8z(SXT)=SxazTifm=0</L

whenever S € (U, Z) and T € 1;°(V, Z). Finally, we let
L,(U,Z) = 1°(U, Z) N {S : spt|| S| is compact}.

4.2 Lemma. Suppose f: B — A is a homomorphism of commutative groups.
Then, the following two conditions are equivalent.

(1) Whenever d is a nonnegative integer, the homomorphism
fa:B/dB — A/dA,

induced by f, is univalent.
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(2) Whenever G is a commutative group, the homomorphism f ® 1¢ is univalent.

Proof. The homomorphisms f; correspond to f ® 17,47 via the canonical isomorphisms
B/dB ~ B® (Z/dZ)and A/dA ~ A ® (Z/dZ) noted in Corollary 2 to Proposition 6
in Section 3.6, Chapter II, of [6]. If these homomorphisms are univalent, then so are
the homomorphisms f ® 1g whenever G is a finitely generated commutative group by
Proposition 7 in Section 3.7, Chapter II, of [6] and Theorem 2 on p. 19 of Chapter VII
in [8], whence we deduce the validity of (2) by Corollary 4 to Proposition 7 in Section 6.3,
Chapter II, of [6]. [

4.3 Remark. The conditions imply that f is univalent but the converse does not hold; in
fact, one may take A = Z, B = 2Z, f the inclusion map, and G = Z/2Z by Remark to
Corollary to Proposition 5 in Section 3.6, Chapter II, of [6].

4.4 Example. If f is the inclusion map of a pair (A4, B) and the conditions of 4.2 hold,
then we shall identify B ® G with the subset (f ® 16)[B ® G] of A ® G. We will prove
that, whenever m is a nonnegative integer, C C U C R”, U is open, C is closed relative
to U, we may take the pair (4, B) to equal

Un(U.2), Zn(U.2). (L (U.2)0n(U.2)). (% (U.2). Bn(U.2)).
(IIFZC(U, Z)’IlgC(U, Z) N {S . Spt||S|| C C})’
(Fm(U.Z).1n(U.2)). or (2,(U.2).1;¥(U.Z)).

We recall 4.1. Then, concerning the first pair, we verify that, if d is a positive integer,
Qecl,(U),and dQ € P (U), then Q € &, (U), by employing the representation of the
image of dQ in &, (R") by oriented convex cells obtained in 4.1.32 of [11]; concerning
the last two pairs, localising by means of slicing in the case of the last pair, we similarly
make use of the closure theorem, see 4.2.16(2) in [11]; and the remaining pairs trivially
satisfy the conditions.

4.5. Suppose m is a nonnegative integer, n is a positive integer, U is an open subset of R”,
and G is a complete normed commutative group. Then, we may define a bilinear operation
from Z%¢(U,Z) x G into Z°(U, G) by requiring that

S-geZU,G)

contains o - g whenever o in S € Z9¢(U,Z) and g € G; hence, || S - g|| < |g|[|S|| with equal-
ity it @™ (|| S||, x) = 1 for ||S| almost all x. For S € Z1°°(U,Z) and g € G, we notice the
following four properties. If A4 is ||.S || measurable, then (S - g)L A = (S L A) - g;if visapos-
itive integer, V' is an open subset of R¥, f: U — V is locally Lipschitzian, and f|spt|S]||
is proper, then we have fx(S - g) = (f&S) - g; if 1 is a nonnegative integer, v is a positive
integer, V' is an open subset of R, and T € %}fC(V, Z),then(SxT)-g=Sx(T-g);
and, if « is a positive integer, k < m, and f: U — R¥ is locally Lipschitzian, then we have
(S-g, fiyv)=(S, f,y) - g for £ almost all y.
Next, recalling 4.4, we will study the homomorphism

pumG : Zpn (U, L) ® G — Z(U, G),
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characterised by
pumG(S®g) =S-g forSe ZU,Z)and g € G.
Clearly, py,m,z is the canonical isomorphism Z.9¢(U, Z) ® Z ~ Z\°(U, Z.),
PUm.GIZ (U, Z) ® G] = Z°°(U,G) if G is finite,

and
pU,0,6[%0(U.Z) ® G] = Z0(U, G).
In general, noting py m.[Z.%¢(U,Z) ® G] is dense in Z/%(U, G) and that L, (U, Z) is
dense in Z1°(U, Z), we obtain that
oU.m.c [ In(U,Z) ® G] is dense in Z°(U, G).

Whenever S € pym.¢[I%(U, Z) ® G] and C is a relatively closed neighbourhood of
spt||S| in U, there holds S € py,m.¢[(L(U,Z) N {T : spt|T|| C C}) ® GI; in fact, this
is readily verified using 2.16 and 4.1. Finally, we let

InU,G) = pU,m,G[me(Uv 7) ® G].

4.6 Theorem. Suppose m is a nonnegative integer, n is a positive integer, U is an open
subset of R", G is a complete normed commutative group, and py,m,G is as in 4.5.
Then, pum,c is a monomorphism.

Proof. Suppose £ € ker py,m,c. Then, for some finitely generated subgroup H of G, we
have § € im(1 1y z) ® i), where i: H — G is the inclusion map. In view of Theorem 2
on p. 19 of Chapter VII in [8], there exist integers 7 and s with 0 < r < s and integers d;,
with d; > 2 such that

r )
A= @(Z/d;Z) <) @ Z ~ H (as commutative groups).

t=1 t=r+1

Choosing h; € H corresponding to a generator of the #-th summand of A under this
isomorphism forz = 1, ..., s, we express

N
=) S/ ®i(h) forsomeS; € Zp(U.Z).
t=1

Selecting o; in S, adapted to ¢ = > ;_,||S; |, we infer that }_;_, oy - i (h,), which
belongs to 0 € Z'°(U, G), is adapted to ¢ by 3.5. The preceding isomorphism then yields

or(x)-i(hy)=0¢ Tta(ln,m’G)[{Tanm(tp,x)}] fort =1,...,s
for ¢ almost all x; hence, we have
oi(x) € dt’rta(ln,m,z)[{Tanm(qf),x)}] fort =1,...,r,
or(x)=0¢€ na(ln,m,z)[{Tanm(q&,x)}] fort =r+1,....s

for such x. Finally, fort = 1,...,r, we infer S; ® i (h;) =0, as S; € d,%,',?c(U, Z) and
d¢ - hy = 0, whereas, fort =r + 1,...,s, we clearly have S; = 0. [
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4.7 Remark. Since S = 0 or d = 0 whenever S € %},‘;C(U, Z),d €eZ,andd-S =0,
we infer from Proposition 1 in Section 2.3, Chapter I, of [7] that l%lgc(U,Z) ®iisa
monomorphism. In view of 2.3, we also note that H may fail to be isomorphic to 4 as
normed group, when 4 is endowed with the standard group norm.

4.8 Remark. If G is finite, then p, m,c accordingly induces isomorphisms
Em(U, L) QG =~ RXn(U,G) and P (U,Z) QG ~ Z,(U,G)

by 3.5,4.4, and 4.5.
4.9 Corollary. Whenever m is a positive integer, there exists a unique homomorphism
(see 4.1 and 4.5)

36 : pum,G Ly (U, Z) ® Gl = pum-1,61Ln1 (U, Z) ® G]

such that dG(S - g) = (0z S) - g for S€ I%(U, Z) and g € G. Moreover, in the case
G = Z, this homomorphism agrees with

3z 19U, Z) — 1 (U, Z).

Proof. In view of 4.6, it is sufficient for the principal conclusion to recall from 4.4 that
the canonical homomorphism from IiZC(U ,Z) ® G into %},‘l’c(U ,Z) ® G is univalent. The
postscript is then readily verified by means of 4.5. ]

4.10 Remark. Employing 4.1 and 4.5 with suitable relatively closed neighbourhoods C of
spt||S| in U, we verify that, whenever S € pym.¢ [I1(U, Z) ® G], we have dg(dg S) =0
it m > 2, spt||dg S| C spt||S], and

feS € pymc[IC(V.Z) ® G], with 3G (faS) = fe(dG S).

whenever v is a positive integer, V' is an open subset of R¥, and f:U — V is a locally
Lipschitzian map such that f| spt||.S|| is proper; in fact, for the last equation, suitability
of C amounts to properness of f|C. Finally, from 4.1 and 4.5, we infer that, if u is a
nonnegative integer, v is a positive integer, V' is an open subset of R", then

S x T € pusvm+u,c g, (U XV, Z) ® G,
Ic(SXT)=(0zS)xT+(1D)"-(SxdgT)ifm>0<p,
(S xT)=(0z8)xTifm>pu=0, dg(SxT)=Sx0cTifm=0<pu

for S e Iizc(U, Z) and T € pV,,L,G[I}fC(V, 7Z) ® G], and, recalling 3.5 and 3.8, that, if
f:U — Ris locally Lipschitzian and S € py,m,¢[119(U, Z) ® G, then

St s f(x) > v} € pumclle(U.2) ® G,
86(S i - f(0) > y1) = (S, £13) + (86 S) Ll : f(x) > v}

for ! almost all y.
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4.11 Definition. Suppose m is a nonnegative integer, 7 is a positive integer, U is an open
subset of R”, and G is a complete normed commutative group.

Then, we define the complete normed commutative group I'5°(U, G) of m-dimensional
locally integral G chains in U to be the subgroup (see 4.5)

Clos {(S.96 S) : S € pumc|Ie(U.Z) ® G}

of Z1°(U, G) x ) (U, G),if m > 1, and I'°(U, G) = Z1¢(U, G), if m = 0. In the
case m > 1, we recall 4.9 and 4.10 to define the continuous homomorphism

dg : (U, G) — 1 (U, G)

by 36(S,T) = (T,0)if m > 2and d(S,T) = T it m = 1 for (S, T) € I'°(U, G).
4.12 Remark. Defining the monomorphisms (see 4.9)

KumG : pUm,GlLy (U, Z) ® Gl = LU, G),
KU,m,G(S) = (5,06 S)ifm > 1, KU,m,G(S) =Sifm =0,

whenever S € py,m,¢[1(U, Z) ® G|, we employ 4.10 to verify that, if m > 1, then
36 kUm,G(S) = kum-1,6(06 S) for S € pym,c[Ly (U, Z) ® GI.

In the case G = Z, the map ky, G 1S an isometry between Il,‘;c(U, Z), as defined in 4.1,
and Iiff(U, G), as defined in 4.11, by 4.9. In the general case, the next theorem will allow
us to subsequently identify I/°(U, G) with a dense subgroup of Z%¢(U, G) by showing
that the homomorphism mapping (S, 7T) € I(U, G) onto S € Z/%(U, G) is univalent;
the isometric isomorphism k7 will then correspond to the identity map on I!%(U, Z)
justifying our notation for G = Z.

4.13 Theorem. Suppose m and n are positive integers, U is an open subset of R", and G
is a complete normed commutative group.
Then, the following eight statements hold.

(1) If (0,T) € (U, G), then T = 0.

Henceforward, we will identify Ilm"C(U, G) with the image of the monomorphism
mapping (S, T) € I(U, G) onto S € Z¢(U, G).
(2) The subgroup 1°(U, G) is dense in Z°(U, G).
(3) The subgroup pym.c[1%(U,Z) ® G), see 4.5, is dense in I!%(U, G), and the bound-
ary operator 3g:1¢(U, G) — Ilm"c_1 (U, G) yields the unique continuous extension of

36 : pum,clLy (U, Z) ® G] = pym-1,6[L,-, (U, Z) ® G],

see 4.9.

4) If m > 2, then 3(dg S) = 0 for S € I%(U, G).

(5) For S € (U, G), we have spt||dg S| C spt||S].

(6) If v is a positive integer, V is an open subset of R”, f:U — V is locally Lipschitzian,
S e I(U, G), and f|spt||S| is proper, then

S €Ly (V.G) and 36(fyS) = fs(dc ).
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(7) If S€ I'%(U,Z), n is a nonnegative integer, v is a positive integer, V is an open

subset of R”, and T € I}fC(V, G), then S xT € II,;’SFM(U x V,G) and

0g(SxT)=0z8)xT+(1)"-(SxdgT) ifm>0<pu,
0g(SxT)=(0zS)xT ifm>pu=0,
aG(SXT)stagT ifm=0<pu.

®) If S€I'(U,G) and f:U — Ris locally Lipschitzian, then there holds

Si{x: f(x) >yt e IU, G),
Ig(Sfx: f(x) >y} =(S. fy) + @0 S)fx: f(x) >y}

for £V almost all .

Proof. The statement (4) is trivial. We will prove the following three assertions.
(9) If(S,T) € I(U,G) and f:U — Ris locally Lipschitzian, then

(Sulx: () > yh (S, fy) + T fx: f(x) > y)) € (U, G)

for ! almost all y.

(10) If (S, T) € I°(U, G) and C is a neighbourhood of spt(||S| + ||7]|) which is
relatively closed in U, then

(S,T) € Clos {(R, 3G R) : R € pymcIS(U,Z) ® G),spt|R| C C}.

(1D If(S,T) e Iizc(U, G), v is a positive integer, V' is an open subset of R, f:U — V' is
locally Lipschitzian, and f | spt(||S|| + ||T||) is proper, then ( fxS, f&T) € I°(V, G).

For (9) and (11), the special case that S € pym.¢[11°°(U,Z) ® Gl and T = d¢ S was
noted in 4.10. The general case of (9) then follows by approximation by means of 3.5
and 3.8. Applying 2.16 with Eg = U ~ IntC and E; = spt(||S|| + ||T||), we deduce (10)
from 4.10, again using 3.5 and 3.8. Selecting a relatively closed neighbourhood C of
spt(|IS1 + IT|) in U such that f|C is proper, the general case of (11) follows from the
special case by approximation based on 3.6, 4.10, and (10).

To prove (1) in the case m > n, it suffices to note that Iizc(U ,Z) and thus also imky m,G
and its closure I!°(U, G) are trivial groups.

To prove (1) in the case m < n, we suppose there were (0, T) € I}SC(U, G) such
that T # 0. Six further properties could be assumed. Firstly, compactness of spt||T ||
by (9); secondly, U = R” by (11); thirdly, ||T||(M) > 0, where M = {x + g(x) : x € P}
for some P € G(n,m — 1) and some g: P — P~ with Lip g < oo, see Kirszbraun’s
theorem 2.10.43, 3.1.19 (5), and Theorem 3.2.29 in [11]; fourthly, M = P by (11); fifthly,
ITII(M)>|T|(R® ~ M) by applying (9) with f(x) replaced by |x — a| for some a € R"
with

. TI®B@.r)~M)
lim =0,

r—>0+ IT| B(a,r)
see Theorems 2.8.18 and 2.9.11 in [11]; and, sixthly, spt||T'|| C M by applying (11) with f

replaced by My, as (My)4T # 0 would be ensured by the facts

(Mp)(T M) =T.M and [(Mps(T.R" ~M)||(R") < [T|(R" ~ M),
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see 3.5 and 3.6. Then, taking a compact neighbourhood C of spt||T'||, we could employ (10)
to secure R; € pum,c[L(R",Z) ® G], with spt||R;|| C C for every positive integer i
such that

lim (R;, 6 R;) = (0,T) in Z°(R",G) x Z° |(R", G)

1—>00

and, recalling 3.6, additionally require that spt|| R; || C M by applying 3.6 and 4.10 with f
replaced by My. Since M € G(n, m — 1), this would imply R; = 0 and thus dg R; =0
for every positive integer 7, in contradiction to 7" # 0.

Having established (1), the remaining conclusions pose no difficulty: (2) is implied
by 4.5; 4.12 yields (3); (5) may be inferred from (9); (6) follows from (5) and (11); (7) is
deduced from 3.7, 4.10, and (3); finally, (8) reduces to (9). [

4.14 Remark. The proof of (1) was inspired by [13], p. 163.

4.15 Remark. If S € I'%(U, G) and C is a neighbourhood of spt|| S || which is relatively
closed in U, then S belongs to the closure of py,m,c[1°(U,Z) ® G] N{T :spt|T| C C}
in (U, G) by (5) and (10).

4.16 Corollary. Suppose additionally that v is a positive integer, V is an open subset
of RY, A is an open subinterval of R, 0 € A, t € A, h: A x U — V is locally Lipschitzian,
f:U —Vandg:U — V satisfy

f(x) =h(0,x) and g(x)=h(t,x) forxeU,

S e I%(U, G), and h|(spt [0, t] x spt||S||) is proper:
Then, there holds hs([0,t] x S) € Iiza_l(V, G) and

g#S — fuS = dg hx([0,¢] x S) + hx([0, 2] x dg S). ifm>1,
g#S — f#S = dg h+([0, 1] x §), if m=0;
here, [0,1] in Ill"C(A) is identified with 14,1 ([0, t]) in IIIOC(A, Z), see 4.1.
Proof. Recalling 3.6 and 3.7, it suffices to compute the boundary of the chain
hy([0,1] x S) € 1%, (V. G)
by means of 4.13 (5) (6) (7). [

4.17 Definition. Suppose m and n are integers, m > 0, n > 1, U is an open subset of R”,
and G is a complete normed commutative group.
Then, we let L, (U, G) = LI%(U, G) N {S : spt|| S| is compact}.

4.18 Theorem. Suppose n is a positive integer, U C V C R", i:U — V is the inclusion
map, U and V are open, G is a complete normed commutative group, and

Im 2 BV, G) — Z°(U,G), whenever m is a nonnegative integer,
are characterised by ?|U € rm(T) for T € ZX(V, G).

Then, there holds
rm[19(V, G)] C 1%(U, G)

and, in case m > 1, also 3G rm(T) = rm—1(dg T) whenever T € 1%(V, G). In particular,
we have ix[1,,(U,G)] = L,(V,G) N{T :spt|T|| C U}.
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Proof. Clearly, ry, are continuous homomorphisms. Assuming m > 1, we thus define the
closed subgroup H of I'%(V, G) to consist of those T € 1(V, G) with

(rm(T), rm—1(0g T)) € Clos{(S,9 S) : Se€ L,(U, G)},

where the closure is taken in Z%°(U, G) x Z\ (U, G). Employing 4.13 (6), we readily
verify iy[I, (U, G)] C H. Recalling 4.1, we infer

(,ov,m,G[Iizc(V, Z) ® G]) N{T : spt||T| is a compact subset of U} C iy[In(U, G)]

from 4.5; hence, L, (V, G) N{T : spt|T|| C U} C H by 4.15.

To prove H = I!°(V, G), we next suppose T € I'°(V, G) and obtain a locally Lipschit-
zianmap f:V — Rsuchthat U = {x : f(x) > 0} and the set {x : f(x) > y} is compact
for y > 0 from 2.14. By 4.13(8), ! almost all y belong to the set ¥ of y € R with
To{x: f(x) >y} eIl®V,G)and

I (T Lix : f(x) > y}) =(T. f.y) + (@ T){x : f(x) >y}

therefore, we conclude T € H because 0 € Clos(Y N{y:y > 0}). AsI!%(U, G) is isometric
to the subgroup {(S,dg S) : S € I(U, G)} of Z\°(U, G) x % (U, G) and I3(U, G)
is complete, the conclusion follows. [

5. Classical coefficient groups

5.1 Example. Whenever m is a nonnegative integer and » is a positive integer, we employ
the quotient map p: G,(n,m) x R — G(n,m,R) and Section 1 of [12] to define isomorph-
isms (of commutative groups)

Anm : F°(R") N {Q : Q has positive densities} — Z.>°(R", R)

by letting Ap m(Q) € Z)°(R", R) contain t: X — G(n,m, R) given by

t(x) = p(0(x). @™ (| Q|.x)) forx € X,

where X = {x : 0 < @™ (|| Q]|,x) < oo and Q(x) € Go(n,m)}, whenever Q is an m-di-
mensional locally flat chain in R” with positive densities. The formal properties of tgn s,
listed in the first paragraph of 4.1 are shared by A, ,, and have the same proof; moreover,
we have Ly, (rQ) = tgn m(Q) - r for Q € I!%(R") and r € R. Recalling 4.5 and 4.9, we
infer that
cgzm (Rn ’ R) = An,m [Pm (Rn)],
PR",m,R[IImOC(Rn»Z) Q R] = Anm[Dn,m].

where D, , is the real linear span of I)°(R") in FI%°(R"),
and, if m > 1, that

aR An,m(Q) = An,m—l(a Q) for Q € Dn,m-



Integral chains with coefficients in a complete normed commutative group 63

Next, we define commutative groups by

Inm = FlZC(R”) N {Q : O and d Q have positive densities} if m > 1,
Ino = F(R") N {Q : Q has positive densities}.

Clearly, we have I},OC(R”, R) = A,,0[1n,0]. For m > 1, we will establish that

Ilz&:(Rn’ R) = An,m[ln,m] with aR An,m(Q) = An,m—l(aQ) for Q € In,m-

Defining the group norm o on I, by

[o.¢]

o(Q) =Y (inf{27,|Q[B(0,i)} +inf{27, [9Q[B(0,i)}) for Q € Inm,

i=1

we note that A, ,, maps D, ,, isometrically onto pRn’m,R[IlEC(R", Z) ® R]. Recalling that
orn.m R[IS°(R", Z) ® R] is dense in [!%(R", R) and I!°(R", R) is complete, it therefore
suffices to prove that D, ,, is o dense in I, ,, since I, », is 0 complete. Observing that
Fn,(R") N I, is o dense in I, ,, by 4.2.1, 4.3.1, and Theorem 4.3.8 in [11], this is a
consequence of the deformation theorem obtained in Section 4 of [12]; in fact, employing
Section 4 in [12] instead of the deformation theorem 4.2.9 in [11] in its derivation, one
readily verifies that one may replace L,,(R") and &2, (R") by F,,(R") N I, »y and P, (R"),
respectively, in the approximation theorem 4.2.20 in [11], and clearly we have g4 P € D,
whenever P € P,,(R") and g: R” — R” is Lipschitzian.

5.2 Example. Here, we relate the present treatment to 4.2.26 in [11]. Whenever m is a
nonnegative integer, n and d are positive integers, and U is an open subset of R”, we let
p:Go(n,m) x (Z/dZ) — G(n,m,Z/dZ) denote the quotient map and define (g ;4 to
be the composition of isomorphisms

FE(U) =~ B (U)/dFm(U)
~ Bm(U)® (Z)dZ) ~ %n(U,Z) ® (Z/dZ) ~ % (U, Z/dT),

where the inverse of the first isomorphism thereof is induced by the homomorphism map-
ping O € Z,,(U) onto (Q)¢ € .@,‘,’;(U), the second is canonical, the thirdis tym ® 1z/4z,
and the fourth is induced by py,;,,z/4z; see pp. 426 and 430 of [11], Corollary 2 to Pro-
position 6 in Section 3.6, Chapter II, of [6], 4.1, and 4.8, respectively. If Q € %,,(U) and
S = uum,a((Q)?), then the function o: X — G(n,m,Z/dZ), defined by

o(x) = p(0(x).©"(|Q].x)-1) forxeX,

where X = {x: Q(x) € Go(n,m)and 0 < O"(||Q||.x) € Z} and 1 € Z/dZ, belongs
to S. We readily verify the following three properties for Q € %,,(U) with ¢ = (Q)“.
Firstly, || m.a (@) = |Q]19: secondly,

(Uma(@) LA = yma(gL A) whenever A is || Q]|¢ measurable;

and, thirdly,
Se(hum,a(q) = _uma(feq)
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whenever v is a positive integer, V' is an open subset of R”, and f: U — V is locally
Lipschitzian. Recalling 4.5 and 4.9, we obtain that

Pu(U,L/dZ) = jyma PEU)),
pUm 21zl Im(U. Z) ® (Z/dZ)] = jtymal{(Q)? : Q € L, (U)}],
2/d2 BUm.d(@) = Rum-1,4(dq) whenever g = (0)?, Q € L,(U),and m > 1.

Clearly, Io(U,Z/dZ) = ,uU,o,d[Ig (U)]. For m > 1, we will establish that

Ln(U.Z/dZ) = j1ym.a[ly (U],
82/az HUm.a(@) = hum-1,4(3q) forg € I, (U).
We abbreviate
D={Q)":Qelu(U)} and E = pymz/azlln(U.2) ® (2/dZ)),
define the group norm 7 on I, (U, Z/dZ) by
©(S) = (IS + 19z/az SIDW)  for S € L (U.Z/dZ).

and notice that g, ¢|D is an isometry (onto E) with respect to N4 and 7. One may
readily infer the conclusion by combining the following four assertions, to be shown
for every compact subset K of U. Firstly, Ifn U)N{r :spt?r c K} is N4 complete;’
secondly, L, (U, Z/dZ) N {S : spt||S|| C K} is t complete; thirdly, each ¢ € I (U) with
spt? ¢ C Int K belongs to the N¢ closure of D N {r : spt r C K}; and, fourthly, each
S e, (U,Z/dZ) with spt||S| C Int K belongs to the t closure of £ N {T : spt||T|| C K}.
The first two are elementary, the fourth follows from 4.15, and the special case U = R”
of the third is a consequence of the approximation theorem (4.2.20)¢ on p- 432 of [11].
Observing that iy induced by the inclusion map i: U — R” maps maps D and Ifn(U ) onto
{(0)?:0 €L,(R"),spt? Q C U} and 14 (U) N {r:spt? r C U}, respectively, the general
case of the third reduces to the special case thereof.
Finally, we record the structural theorem

I2(U) ={(0)?: 0 €L, (U)}

from Corollary 1.5 in [27]; in fact, the cited source treats the main case U = R” to which
the case U # R” is readily reduced (for instance, by means of 4.5).

5.3 Remark. In line with the list of corrections to [11] that H. Federer maintained and
distributed, we mention that, in contrast with the structural theorem, it had been known that

()% : 0 €Ly x(U)}

is in general a proper subset of I;jn x (U); in fact, we will show that, taking S and f as
onp.426of [11],m =d =2,U = R® and K = spt S, an example is furnished by ($)%.

3As is implicit in 4.2.26 in [11], we define sptd tfort e ﬂﬁ (U) by requiring sptd (T)d = sptd T for
T € Zm(U).
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Clearly, S € %5 x (R®) and ﬁ}% (0S) = 0, so that we have (S)%( € Ig K(R6). Moreover, if

0 € 7 kR% and (Q)k = ()i,
then, since %3,k (R®) = {0} so that %, x (R®) = %, kx(R®), that Zx (R) = M(R) when-
ever R € %, x(R®), and that 2.7, g (R®) is Fk closed in %, g (R®), we conclude
Q- Se€2%, kR,
whence we infer that

@2(]|Q||, x) is an odd integer for 7#2 almost all x € K.

Using that B = f[S?] is a nonorientable connected compact two-dimensional submanifold
of class oo of RS, we construct ¢ > 0 such that M(d(Q . C;)) > ¢j ! for every positive
integer j, where C; = f[R3 N {x : |x| = j~'/2}], so that

M(@9Q) = Y "M(3(Q L C;)) = oc;

Jj=1

in fact, since 73 g(R®) C F3 g(R®) = {0} by 4.1.15 in [11], we notice Fg(R) = M(R)
for R € F5 g(R%) by 4.1.24in [11] and .Z5(R) = M(R) for R € %, g(R), whence we
firstly deduce that

inf(M(dR) : R € F 3(R®),M(R) = 1} > 0

by 4.1.31 (2) and the compactness theorem 4.2.17 (1) in [11], and then that we may take ¢
to be the infimum of the set of numbers M(dR) corresponding to all R € %, g(R®) such
that ®%(|| R||, x) is an odd integer for .7#% almost all x € B, because ¢ > 0 by the closure
theorem 4.2.16 (2) and the compactness theorem 4.2.17 (2) in [11].

5.4 Remark. The preceding remark shall complete the literature as H. Federer’s list of
corrections —which does not contain proofs of the above statements — remains unpublished,
and the corrections in Remark 2.5 in [22] and Section 4 of [16] are not entirely satisfactory.
Regarding [16], a revised version will appear in [17].

6. Constancy theorem

6.1 Theorem. Suppose m and n are positive integers, U is an open subset of R", M is a
connected m-dimensional submanifold of class 1 of U, C is an m vector field orienting M,
G is a complete normed commutative group, S € I°(U, G),

M Nspt||S|| # @, spt]dg S| CU ~ M,

and (spt||S|) ~ M is closed relative to U.
Then, for some nonzero member g of G, there holds (see 4.1)

sptS —Lum (A" L MYAE) - gl CU ~ M.



U. Menne and C. Scharrer 66

Proof. We firstly establish that if either m = 1 or m > 1 and the statement of the theorem
holds with m replaced by m — 1, then the following assertion holds: if —oo < a; < b; < 00
fori=1,...,m,

C=R"N{x:a; <x; <bjfori=1,...,m},
and T € 1,(R™, G) satisfies spt|0g T || C Bdry C, then there exists g in G with
T =g m(lar,b1] X -+ X [am. bm]) - g
We abbreviate
B=R"N{x:x;=b} and I =g ;1([0,1]),
and define f:R” — R™ and 7: R x R™ — R™ by
S(x) = (a1, x2,...,Xm),
hit,x) =0 —=-0)f(x)+tx=((1—-t)ay +tx1,X2,...,Xm)
for (z, x) € R x R™. We see from 4.16 that
T = hy(I x ((36 T) L B));

in fact, in view of 3.6, we conclude that fuT = 0, that hs(I x T') = 0, and likewise, since
A" (h[R x ((Bdry C) ~ B)]) = 0, that hy(I x ((3g T) L(R™ ~ B))) = 0.1f m = 1, then
B = {b,} and there exists g € G with (0g T) . B = tr,0([b1]) - g and

T = g1 (hs([0. 1] x [b1])) - & = tr1([a1, b1]) - &,
both by 4.1 and 4.5. If m > 1, then, assuming 7" # 0, denoting the standard basis of R™ by

e1,...,em,and taking n = m,
U=R"N{x:x;1>ay,a;i <xi<bjfori =2,....m}), M=BNU,
((y)=exA---Aepforye M, S=rn_10cT)ecl¥ (UG),see4.18,

m

hence B N Bdry C and M = U N Bdry C are ™! almost equal, 3g S = 0 by 4.13 (4),
and @ # spt||S|| C M since T # 0, we apply the statement of the theorem with m replaced
by m — 1 to infer, for some g € G, that

S =tyma (" LM)AE) g

thus,
(3¢ T)LB = trmm— (™' LM)NE) - g
= trmm—1(§¢([az, b2] X -+ X [am. b)) - &.
where £: R”™! — R™ is defined by £(y) = (b1, y1...., ym—1) for y € R™~! 5o that 4.1
and 4.5 yield
T = tgm m (hs([0, 1] X E([a2, b2] X -+ X [am, bm]))) - &
= trm m([a1,b1] X -+ X [am. bm]) - &,
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because h(t,£(y)) = (1 —t)ay +thy, y1.....ym—1) for (t,y) € R x R™7L,
Secondly, we will show that the special case n = m and U = M = R of the statement
of the theorem holds for m whenever the assertion of the first paragraph holds for this m.
Abbreviating
C,=R"N{x:|x;| <rfori=1,...,m},

we see that .#’! almost all positive real numbers belong to the set 4 of 0 < r < oo satisfying
SLCr €L,(R",G) and spt||dg (S L Cr)|| C Bdry C; by 4.13 (8). The assertion of the first
paragraph then yields a: A — G with

SLC = LRm,m((fm LCrH) A §) -a(r) forr € A.
Recalling 3.5 and 4.5, we compute

R (LML Cr) A L) - (als) — (1)
=8 1(Cs ~Cr) —trmm ((gm L(Cs ~ Cr)) A é') “a(s)
whenever r, s € A and r < s and conclude that im « consists of a single point g € G, that
S = tgrm (L™ AC) - g, and that g # 0.

It remains to prove that the statement of the theorem holds for m whenever the assertion
of the first paragraph holds for this m. For this purpose, we consider the class €2 of all
(V, h) such that V is an open subset U, h € G, and

MNV#@, VAsptS|cM, " .MNV)ALeRZEWU),
Vspt|S —wwm((A" M OVYAL) -h| = .

To establish M = (| AM NV : (V,h) € Q}, we suppose a € M, recall that nontrivial

open balls in R™ are diffeomorphic to R, and employ 3.1.19 (4) in [11] in constructing

an open subset V of U witha € V, V Nspt||S|| C M, and 5™ (M N V) < oo as well as
maps ¢: V' — R™ and y: R™ — V of class 1 such that

(l)O‘W:lRm, MﬂV:lml//
We observe that ¥ and ¢|im i are proper, and choose an orientation n of R™ such that
Ye(LT AN = (AT CMNOVYANE € RV

by means of 4.1.31 in [11] and 3.6. As V N spt||dg S| = @ by our hypothesis and 4.13 (4),
we may apply 4.18 (with the roles of U and V exchanged) to obtain §” = r,,, (S) € L3(V, G)
with dg S’ = 0. Defining T = ¢#S’ € I%(R™, G) with dg T = 0 by 4.13 (6), the special
case yields & € G with

T = LRm’m(fm N 7]) -h.

Noting ¥ o ¢|im yy = 1imy, We conclude
S" =T = tym((A" M NOVYANE) - h

by 3.6 and 4.5, whence we infer (V, h) € Q.
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If (V1,hy) and (Va, hy) belong to Q2 and M N Vi NV, # @, then hy = hy; in fact, we
have ™ (M N Vy N V) > 0 and, by 3.5 and 4.5, we have

Vinv,Nn spt ||LU,m((%mLM nvnN Vz) /\Z) . (l’ll —h2)||
C spt ”LU’m((%mLM N Vl)/\é‘)'hl —LU’m((%mLM N Vz)/\é‘)hz”

with the latter set not meeting V; N V5. Since M N spt||S|| # &, we can select a nonzero
g € G with
Y=QnN{V,h):h=g}# @

and infer that | {M NV : (V, g) € Q} is a nonempty, relatively open and relatively closed
subset of M, hence equals M. We conclude T = Q. Since g # 0 and

ISV =@ M nV)|g| for(V,g) e Q
by 4.5, we also have (™ _ M) A { € Z%¢(U) and the conclusion follows. |

6.2 Remark. The preceding theorem is modelled on 4.1.31(2) in [11] where the case
G = Riis treated. In the present case, orientability of M must be part of the hypotheses
(rather than the conclusion) by p.432 in 4.2.26 of [11] and 5.2.

6.3 Remark. The special case U = R” and M an m-dimensional cube is a basic ingredient
of deformation theorems. For G = Z or G = R, this follows from the constancy theorem
derived in 4.1.4 and 4.1.7 of [11]. An alternative approach for G = R, designed to be
extendable to G = Z/dZ, is given in 4.2.3 of [11]. However, the flat chain X . R ~ H
constructed in that proof does not belong to the domain of v as claimed; this is easily
circumvented for G = R but requires some further arguments for G = Z/dZ. To avoid
this difficulty and as our boundary operator d¢ is not yet defined on all of Z°(U, G), the
present proof (applicable to locally integral chains only) merges the extensions of 4.1.31 (2)
and 4.2.3 in [11] to general G in a simultaneous inductive argument by means of the
restriction operators r,, constructed in 4.18. Finally, in the context of the flat G chains
of [9], a different approach to the special case is chosen in Theorem 6.3 in [10] on which
a constancy theorem for chains in Lipschitz submanifolds of complete separable metric
spaces (see Theorem 7.6 in [10]) is based.

7. Flat chains

7.1. Suppose n is a positive integer, U is an open subset of R”?, and G is a complete
normed commutative group. Whenever m is a nonnegative integer, we note

Hp = (LU, G) x I (U, G)) N{(S,T): S + 36 T = 0}

is a closed subgroup of Z1%¢(U, G) x %jgil(U, G) by 4.13 (1) (4) and recall 2.2 to define
the complete normed commutative group .%,°°(U, G) of m-dimensional locally flat G
chains in U to be the quotient

(%) (U, G) x %51 (U.G)) [ Hp.
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Since the composition of canonical continuous homomorphisms
B (U, G) — Z°(U,G) x Z#e (U, G) — F,°(U, G)

is univalent, we will henceforth identify Z\°(U, G) with its image in Z,°(U, G). When-
ever m is a positive integer, noting that the continuous homomorphisms

b : R, G) x B, (U, G) — £ (U, G) x Z(U, G),

defined by by, (S, T) = (0, S) for (S, T) e Z°(U, G) x ,%’,',;’il (U, G), satisfy the conditions
bm[Hm) C Hp—1 by 4.13(4), byyobmy1 = 0, and (3G S, —S) € Hp—1 for S € (U, G),
they induce continuous quotient homomorphisms

aG . J‘IOC(U G) g‘loc (U G)

with g (dg S) = 0 for S € .Z ) +1 (U, G), such that the diagram

Le?(U,G) ——— Zp°(U, G) F (U, G)

1 (U,G) ——= % (U, G) ——= F1* (U,G)

commutes. Whenever m is a nonnegative integer, we notice that the quotient homomorph-
ism of Z1%°(U, G) x 5%, 1 (U, G) onto .Z**(U, G) maps

(S,T) € Z(U,G) x Z.,(U,G) onto S+ g T e Z(U,G);
in particular,
FU.G)={S +dg T :Se€ Z(U.G). T € %, (U, G)},

and we record that
P (U, G) is dense in ﬁ,l,‘L’C(U, G);

in fact, to prove the second assertion, recalling 4.1, 4.5, and 4.9, we notice that the subgroup
oUm,6[Im(U,Z) ® G]is dense in .Z°°(U, G) and observe that R” may be replaced by U
in Corollary 4.2.21 of [11].

7.2 Example. Suppose m is a nonnegative integer, n is a positive integer, and U is an open
subset of R”. Recalling 2.23 and 4.1, the commutative groups .Z°(U) and .Z*(U, Z)
are isomorphic via

T U) = (Zp(U) x By (U)) [ kern ~ F°(U. L),
where the second isomorphism is induced by ty,m X ty,m+1; in fact, iy m X Lty m4+1 maps
kern = (Lo°(U) x L%, 1 (U)) N{(Q. R) : O + R = 0}

onto
(LU, Z) x L (U, Z) N{(S.T) : S+ 3z T = 0}.



U. Menne and C. Scharrer 70

The preceding isomorphisms
T U) = F(U, Z)

commute with the boundary operators d and dz. Finally, topologising the commutative
group .Z°°(U) as in 4.3.16 of [11], they also are homeomorphisms because 2.16 and 2.22
allow us to employ slicing to verify that basic neighbourhoods of 0 in f,l,?C(U ) are given
by the family of sets

N[(Z (U) X Z5 1 (U) N{(Q.R) (1211 + [ RIW) < 8}]

corresponding to all pairs (W, §) such that W is open, Clos W is a compact subset of U,
and § > 0.

7.3 Example. Proceeding as in 7.2, with 2.23 and 4.1 replaced by 2.20 and 5.1, we obtain
an isomorphism of chain complexes with

Fo'(R") ~ .7,°(R".R).
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