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Genus one H -surfaces with k-ends in H? x R

Jesus Castro-Infantes and José S. Santiago

Abstract. We construct two different families of properly Alexandrov-immersed
surfaces in H? x R with constant mean curvature 0 < H < 1/2, genus one and
k > 2 ends (k = 2 only for one of these families). These ends are asymptotic to
vertical H -cylinders for 0 < H < 1/2. This shows that there is not a Schoen-type
theorem for immersed surfaces with positive constant mean curvature in H? x R.
These surfaces are obtained by means of a conjugate construction.

1. Introduction

In 1983, R. Schoen [36] proved that the unique complete immersed minimal surfaces
in R3 with finite total curvature and two embedded ends are the catenoids. Concerning
surfaces with constant mean curvature H > 0 (H -surfaces in the sequel), Korevaar, Kus-
ner and Solomon [16] proved that any complete properly embedded H -surface in R with
two ends is a rotationally invariant Delaunay surface. If we drop the hypothesis of being
properly embedded, we have that Kapouleas [14] constructed immersed H -surfaces in R3
with two ends and genus g > 2.

Korevaar, Kusner, Meeks and Solomon [15] proved analogous results in the hyperbolic
space H3, showing that the only properly embedded H -surfaces in H? with two ends and
H > 1 are the hyperbolic Delaunay surfaces. In H3, H -surfaces with H = 1 are known as
Bryant surfaces, and the value H = 1 is known as critical in the literature, since surfaces
with subcritical, critical, supercritical mean curvature usually have different geometric
features. Levitt and Rosenberg [18] proved that a complete Bryant surface in H?3 with
asymptotic boundary consisting of at most two points must be a surface of revolution.
Again, if we remove the hypothesis of being properly embedded, Rossman and Sato [35]
have constructed properly immersed Bryant surfaces with genus one and two ends, each
of them asymptotic to a point in the ideal boundary of H3.

In the product space H?2 x R, Hauswirth, Nelli, Sa Earp and Toubiana proved in [12]
a Schoen-type theorem, showing that the horizontal catenoids are the unique properly
immersed minimal surfaces with finite total curvature and two embedded ends, each of
them asymptotic to a vertical plane. Later, Hauswirth, Menezes and Rodriguez [11] re-
moved the hypothesis of having finite total curvature. Manzano and Torralbo [20] showed
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that there are not properly immersed surfaces with 0 < H < 1/2 at bounded distance
from a horizontal geodesic. For supercritical H -surfaces in H2 x R, that is, H > 1 /2,
Mazet [24] proved that a properly embedded H -surface with H > 1/2, finite topology and
cylindrically bounded (with respect to a vertical geodesic) must be a rotational Delaunay
surface. In this article, we prove the following result concerning the subcritical and crit-
ical case (0 < H < 1/2), showing that there is not a Schoen-type theorem for immersed
H -surfaces in H? x R.

Theorem 1.1. There exists a family of properly immersed genus-one H -surfaces with
0 < H <1/2 and two ends. If H < 1/2, each of these ends is asymptotic to a vertical
H -cylinder from the convex side.

It seems reasonable that, if we replace the property of being properly immersed by
properly embedded, the unique complete H -surfaces in H? x R with two ends asymp-
totic to a vertical H-cylinder (H < 1/2) should be the H -catenoids and the embedded
H -catenodoids constructed in [4,31].

Our genus-one H -surfaces with two ends belong to a larger family of examples.
In fact, we construct two different families of highly symmetric properly Alexandrov-
embedded surfaces with genus one. The first family is called (H, k)-noids with genus one
and they have k > 3 ends, each of them asymptotic to a vertical H-cylinder from the
concave side (only for H < 1/2), see Theorem 3.10. Moreover, we prove that the (H, k)-
noids are embedded for H > % cos(7 ), see Proposition 3.12. The second family is called
(H, k)-nodoids with genus one and they have k > 2 ends, each of them asymptotic to a
vertical H -cylinder from the convex side (only for H < 1/2), see Theorem 3.17. These
examples are the first H -surfaces with non-zero genus for 0 < H < 1/2 in H? x R.

We also construct the analogous %—surfaces in the critical case, recovering the %—sur—
faces with genus one and k& > 3 ends constructed by Plehnert [30]; we are able to show
that all of them are embedded, see Theorem 3.10 and Proposition 3.12. Moreover, we
construct a new family of non-embedded %-surfaces with genus one and k > 2 ends, see
Theorem 3.17.

Furthermore, we can adapt our construction to produce H -surfaces in H? x R with
0 < H < 1/2 and infinitely many ends, that are invariant by a discrete group of parabolic or
hyperbolic translations with one limit end and two limit ends respectively. We can ensure
the embeddedness of some of these surfaces. This extends the results of Rodriguez [34]
and Martin and Rodriguez [22] for minimal surfaces, but only for the case of infinitely
many ends and two limit ends.

For 0 < H < 1/2, our H -surfaces are expected to have finite total curvature, because
they are proper, have finite topology, and the ends are asymptotic to vertical H -cylinders.
In the minimal case, these conditions are equivalent to have finite total curvature, see [11].
Even in the minimal case, there are only a few examples with finite total curvature in the
literature: the vertical planes, the Scherk graphs constructed by Nelli and Rosenberg [28]
and Collin and Rosenberg [6], the twisted Scherk graphs by Pyo and Rodriguez [33], the
minimal k-noids by Pyo [32] and Morabito and Rodriguez [27], the genus g > 1 minimal
k-noids with large k by Martin, Mazzeo and Rodriguez [21], and the genus one minimal
k-noids with k > 3 ends by the first author and Manzano [3].

‘We use a conjugate Jenkins—Serrin technique to construct our genus-one H -surfaces in
H? x R, that are the counterparts of the genus-one minimal k-noids of [3]. This technique
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is based in Daniel’s sister correspondence [7] between minimal surfaces in the homogen-
eous simply connected 3-manifold E(4H?2 — 1, H) and H -surfaces in H? x R. It consists
in solving a Jenkins—Serrin problem (a Dirichlet problem for the minimal surface equa-
tion with possible asymptotic boundary values +oc over geodesics) in E(4H? — 1, H),
and then, extend the conjugate H -surface by mirror symmetries until obtaining a com-
plete H -surface with the desired topology. This technique has been a very fruitful tool in
the construction of H -surfaces in product spaces, see [5] and the references therein. In
particular, our construction uses ideas developed by Mazet in [23], where he constructs
minimal k-noids (k > 3) with genus 1 in R3, by Plehnert in [30], where she constructs
critical k-noids (k > 3) with genus 1 in H? x R, and in [3], where the aforementioned
minimal k-noids (k > 3) with genus 1 in H? x R are obtained.

The paper is organized as follows: in Section 2, we introduce some tools that we
will use throughout the rest of the paper. We extend the generalized maximum principle
proved in [6] to the case of SL,(R), and we give a brief introduction to the conjugate
technique used in the construction of the H -surfaces. In Section 3, we construct the genus
one (H, k)-noids and the genus one (H, k)-nodoids for 0 < H < 1/2.

2. Preliminaries

Given «, T € R, we denote by E(k, ) the unique complete and simply connected 3-
manifold that admits a Killing submersion 7: E(k, ) — M?(x) with constant bundle
curvature 7, being M?(k) the simply connected surface with constant curvature ¥ and
whose fibers are the integral curves of a unitary Killing vector field &, see for instance [19]
or Section 2 of [5]. We will use the so-called cylinder model

2.1 E(k,7) ={(x,y.2) e R?: 1+ £(x* + y?) > 0}

endowed with the Riemannian metric ds? = A2(dx? + dy?) + (dz + At(ydx — xdy))?,
where A = (1 + %(x2 + y2))~! is the conformal factor of the metric in M? (k). This base
surface is identified with a disk of radius 2/./—« for ¥ < 0, and with R2 for k > 0. We
choose the orientation such that

0 d
2.2) E, = Tx —1y0d,, E;= Ty +txd, and E3 =0,

define a global positively oriented orthonormal frame. In this model, the Killing submer-
sion over M2 (k) reads as 7(x, y,z) = (x, ), and the unit Killing vector field is £ = 9.

In this article, we will focus in the case ¥ < 0, wl}gfe the model (2.1) is global.
Moreover, for k < 0, the space E(k, t) corresponds to SLy(R) (z # 0) or H?(k) x R
(r = 0). These spaces have a well-defined asymptotic boundary, see for instance [2]; more
precisely, we identify topologically SL, (R) and H? x R and consider the product compac-
tification for H? x R. Then, the asymptotic boundary of SL, (R), denoted by 9 0oSL2 R),
is homeomorphic to the vertical asymptotic boundary 9.,H? (k) x R joint with the hori-
zontal asymptotic boundaries H? x {#£o0}. In this setting, we will say that a point p €
000SL2 (R) belongs to the asymptotic boundary of a surface ¥ C SL,(R) if there exists a
divergent sequence {p,} in X that converges to p in the product compactification. In the
case of Nils (k = 0), we will refer to the ideal horizontal boundaries as R? x {£o0}; in
this case, the ideal vertical boundary is not well defined.
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2.1. Minimal graphs in E(«, 1)

A vertical graph is a section of the submersion 7: E(k, ) — M?(k) defined over a
domain U in M?(x). If we consider the model (2.1) and the zero section Fy(x,y) =
(x, y,0), we can parameterize this section in terms of a function u: U — R as

Fu(xvy)z(x’yvu(x’y))’ (X,y)GU.

If u € C2(U), the mean curvature of this vertical graph is computed as

2H = div(L),

V1+|Gul|?

where div(-) and | - | are the divergence and the norm in M?(k), respectively, and Gu is
the generalized gradient (see also [10]) given by

Gu = (U A2 +tyA Yo, + (uy)t_z — rx)t_l)Z)y.

Let X be the minimal graph of u: U C M? (k) — R. We define the flux along an arc c C U
as

G /
2.3) F(S,¢) = /(—” - |Z—,|>M2,

JT+ [Gulz

where Jyp2 represents the counter clock-wise rotation of angle 7r/2 in TM?2 (i), and there-
fore —Jy2¢’/|c’| is a unitary normal vector to ¢. Observe that, by the divergence theorem,
if ¢ is a simple and closed curve such that Fj (c) encloses a minimal disk in X, then
F(2,c) =0, see also [25,26,37]. If ¥ has boundary, c is a convex arc of this boundary
and u is continuous on ¢, we can also define the flux in ¢ C dU, see Lemma 6.2 in [37]; in
that case, —Jypz ¢’/|c’| is a unitary conormal. Moreover, if ¢ is a geodesic arc of M? and u
takes the asymptotic values +00 over ¢, then ¥ (X, ¢) = =%|c| depending if —Jyg2 ¢’/|c’|
is an inward or an outer conormal vector, see Lemma 6.3 in [37].

Proposition 2.1. Let ¥ be a minimal graph with boundary in E(k, t) and let y C 0% be
a curve parameterized by arc-length. Then

2.4) F(E.7(y)) = [ (—Jy'.8).
V4

where J is the rotation of angle /2 in T X, such that {y’, Jy’, N} is a positively oriented
orthonormal frame.

Proof. Let u:U — R be the function defining the vertical graph . Assume that the
curve y:[a,b] = X, y(s) = (x(s), y(s), u(x(s), y(s))) is parameterized by arc-length.
The upward normal along y is

1
N = — (= (thy +ux) Ey + (tAx = uy) Ez + A§).

where a2 = A% + (tAy + uy)? + (tAx —uy)2
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By a straightforward computation, we get that

A
(=Jy &) = (N Ay &) = - (X' (tAx —uy) + Y (tAy + uy)).
On the other hand, denoting ¢ = 7 (y) = (x, y) and X, = Gu/+/1 + |Gu|?, we easily
obtain that

/

c 1 , ,
<Xu,_JM2 W>M2 = m (Xu,—y ox + X 8y)Mz

(X' (tAx —uy) + Y (tAy + uy)).

- l¢/| o
Therefore we get the desired equation (2.4). ]

We have that Proposition 2.1 holds true when y C 9% and u is continuous in Y,
or when y is a horizontal geodesic in doo X (we are identifying —Jy’ with £ in the
limit when we approach the asymptotic boundary, and the sign depends on the orienta-
tion and the asymptotic value that we take). By Proposition 2.1, we define ¥ (X, y) =
FZ,x(y)) = fy(—Jy’, &) for a curve y C 0X. This allows us to define the flux along
a curve for minimal surfaces in general and not only for minimal graphs, since equa-
tion (2.3) only depends on the conormal of the curve. Moreover, observe that, if the angle
function v vanishes along y, then ¥ (X, y) = L7 (y)|.

Assume that ¥ < 0 and let y; and y, be two convex embedded arcs in H? (k) with
vertex on the same ideal point go € dooH? (k). We say these arcs are asymptotic at qq if
dist(¢, yi) — O as ¢ — qo with g € y; and j # i. We will show in the next result that the
generalized maximum principle (Theorem 2 in [6]) easily extends to SL,(R).

Proposition 2.2 (Generalized maximum principle). Let Q@ C H?(«) be an unbounded
piecewise regular domain such that 3Q N s H? (k) is finite and every q € 02 N 0ooHZ (k)
is the endpoint of exactly two asymptotic arcs in 2. Let U C Q be a domain and u,v €
CO(U) functions that define minimal graphs over U, T, and X, respectively. If %, is
below %, on 0U, i.e., u < v on U, then X, is below X, on U.

Proof. We will argue by contradiction. Let us suppose theset A = {p € U : u(p) > v(p)}
is not empty. By the maximum principle for compact domains proved in [37], we have
that A cannot be compact. Without loss of generality, we consider that A is a connected
component, since we can reason in the same way in each connected component. So we
know that dA4 contains arcs going into ideal points of €2, i.e., d4 has n > 1 ideal points.
By hypothesis, each ideal point ¢;, i = 1, ..., n, is the endpoint of two asymptotic arcs.
We choose small horocycles #¢; containing ¢; which intersect once each asymptotic arc
with vertex ¢;. Let h; = Jf; N A and let ¢; be the compact arcs in d4 joining the curves £;
with h; 41 (we are assuming that i1 = h,41), see Figure 1. We call « the continuous and
piecewise smooth closed cycle composed by | J; #; U ¢;. By the divergence theorem, the
flux of the function u and v over the cycle « is 0. By Proposition 2.1, the flux of u and the
flux of v in each curve A; is bounded by the length of 4; on each arc h;. As every point
in 94 N 0,,H? (k) has exactly two asymptotic arcs, for all & > 0, we can choose small
horocycles such that Y, |h;| < e.
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On the arcs ¢; belonging to dA, we know that ¥ = v and we have Gu — Gv = An as
far as u — v > 0 on A, where 7 is a vector field perpendicular to the arcs on d4. If A = 0
at any point, then Vu = Vv and u = v at this point and, by the maximum principle at the
boundary, both surfaces should be the same. Consequently, A has sign and we can assume
that n = —Jo'.

By Lemma 4.1 in [17], we have that the inequality

2.5) (Gu-G Gu G )=

v, -
V1I+1Gul2  /1+]|Gv|?

is satisfied, with equality, if and only if Vu = Vv. We get that along the arcs ¢;,

. Gu B Gv >—)L< Gu B Gv >
"1+ GuZ  J1+|GoP? "’¢1+|Gu|2 V1+[Gv)2!

and we deduce that ¥ (2, ¢;) — F (2, ¢;) has sign for every i = 1,...,n. Therefore,

(Gu—G

0=FZy,0)—F(Zy,a)
=Y (F(Zu.c)) = F(Zu, ) + ) (F (Su hi) = F (S0, i)

<D (F(Cu ) = F(0,0)) + .

Choosing ¢ > 0 small enough, we obtain that ¥ (X, ¢;) — F (2, ¢;) must vanish for all

i = 1,...,n and we have that (n, Gu/+/1 + |Gu|?> — Gv/+/1 + |Gv|?) = 0 along ¢;.

We have that the equality in (2.5) holds, and we get a contradiction with the maximum
principle in the boundary since u = v and Vu = Vv along the curves c;. ]

a=hUcUhyUcy q1

92/

Figure 1. The domain U (blue) and the domain A (black) in the proof of Proposition 2.2.

Remark 2.3. Observe that the generalized maximum principle of Proposition 2.2 also
extends to possible infinite boundary values of the graphs along the geodesic arcs of dU,
see Remark 6 in [6].
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2.2. The umbrella U, the surface 7, and the helicoids Koo 4, and H,,

The umbrella U, is the minimal surface composed of all horizontal geodesics starting
at p. The umbrella’s angle function v only takes the value 1 at p. For k < 0, the umbrella
centered at the origin (0, 0, 0) is the graph of the function z = 0 in the cylinder. For 7 > 0,
the graph of the umbrella centered in (0, yo, 0) with yo > 0, is positive in {x < 0}, and
negative in {x > 0}, see Figure 2.

The surface I is the minimal surface composed of all horizontal geodesics perpendic-
ular to a horizontal geodesic, called the axis of 7. The angle function v of 7 is only equal
to 1 along the axis. For k¥ < 0, the surface 7 with axis in {y = 0,z = 0} in the cylinder
model is the graph of the function (see Section 2.2 of [4])

XYy ifk =0,
z(X, = 2 2
(x. ) id arctan Xy ifk <O,
K 4/k + x2 —y?
see also Section 3 (3) of [2] for description in the half space model with x = —1.

N L Z

@ eg N

Figure 2. The umbrella centered at (0, yo, 0) and its projection (left), and the surface 7 and its
projection (right) for « < 0 and 7 > 0.

We can express 7 in Euclidean polar coordinates (r, 8), that is, x = r cos(f) and
y = rsin(f), where r is the Euclidean distance to the origin in M?(k) (identified with
a disk of radius 2/./—«) and 6 is the angle formed with the axis {y = 0}. The graph
defining 7 is given by

T2 sin(20) ifk =0,
(2.6) z(r.0) =1 2 2 sin(26)

— arct et
p arctan (4 + r2k cos(20)) it k
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Notice that, when « < 0,

lim  z(r,0) = 2 (z — 9), for 6 € (0, )

r—2/J=k Kk \2
and 5
T T
lim z(r,0)=——\{(—-——=+06), forf e (—m0).
r—>2/—k (r.9) K ( 2 ) ( )

When « = 0, if sin(20) # 0, then we have lim,_, o, z(r, §) = +o00. Observe also that for
0 € (0, 7/2), the surface I is radially increasing.

The horizontal helicoids Hoo a, and Ha, o0, With ay, az > 0, are two family of com-
plete properly embedded minimal surfaces in Nil; foliated by straight lines orthogonal
to a horizontal geodesic I', see [4, 8]. Let S, (respectively, S7) be the strip of width a,
(respectively, a) with edges /;,i = 1,2, 3, being [, the edge of length a, (respectively, /4
the edge of length a1) and /; (respectively, /) and /5 parallel edges orthogonal to /, (re-
spectively, /1) such that the boundary 0S5, = [; U [, U [3 (respectively, 051 =13 Ul; Uly)
is traveled in a negative sense, where the union U is written down in the same order that
we travel the boundary. The fundamental piece of Ko 4, (respectively, H,, o0) can be
seen as a solution of a Jenkins—Serrin problem over S, (respectively, S;) with boundary
values 0 over /; and [, and +o0 over /3. These helicoids correspond with the family #,,
for || > 1/2 of Section 3.2 in [4].

2.3. Preliminaries about conjugation

We mention here a brief introduction about the conjugate technique that we will use to
construct the H -surfaces in H? x R of Section 3. We refer to [5] and the references therein
for more detailed description of the technique.

Daniel (see [7]), and Hauswirth, Sa Earp and Toubiana (see [13]) discovered a Lawson-
type isometric correspondence between a simply connected minimal immersion % —
E(4H? — 1, H) and a H-immersion ¢: ¥ — H? x R. The fundamental data (4, T, v) of
the H -immersion ¢: ¥ — H? x R, being A the shape operator, v = (N, £) the angle func-
tion, and 7 the tangent part of the Killing vector field &, are related with the fundamental
data (/T T, V) of the minimal-immersion 53 Y — E(4H? —1,H)by

2.7) (A, Tv)=(JA+H-id, JT,D).

Throughout the text we will write ¥ and T to refer to the conjugate (possibly non-
embedded) surfaces. Our initial minimal piece s c E(4H? — 1, H) is going to be a
solution to a Jenkins—Serrin problem, that is, a Dirichlet problem with possibly asymp-
totic values +oo over geodesics in M?(4H? — 1). Moreover, the boundary of S will
be composed of horizontal and vertical geodesics of E(4H? — 1, H) and the asymptotic
boundary will be composed of vertical ideal geodesics (only in the case of 0 < H < 1/2)
and horizontal ideal geodesics in M?(4H? — 1) x {#£o00}. In the following lemmas, we
describe the conjugate curves of horizontal and vertical geodesics.

Lemma 2.4 (Lemma 3.6 in [5]). If ¥ C % is a horizontal geodesic, then the conjug-
ate curve y C dX is contained in a vertical plane of H? x R that the immersion meets
orthogonally. Moreover; if y = (B,z) C H?> x R, then |B’| = |v| and |z'| = v1 —v2.
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Assume now that y: I — 9% is a vertical geodesic parameterized such that " = &,
and write the normal Ny = cos(0)E + sin(0) E» for some function § € C*°(I) called
the angle of rotation of N along y.

Lemma 2.5 (Lemma 3.7 in [5]). If ¥ C d% is a vertical geodesic, then the conjugate
curve y C X is contained in a horizontal plane H? x {zo} that the immersion meets
orthogonally.

(1) The curve y has geodesic curvature kg = 2H — 6’ with respect to N.
(2) Assume that v > 0 in the interior of X, and let Q and Q be the (possibly non-
embedded) domains over which ¥ and ¥ project as multigraphs, then:

o If 0 >0, then J7' (respectively, Jy) is a unit outer conormal to S along 7 (re-
spectively, y), N points to the interior of Q along y, and X lies in H? x (—o0, zg|
locally around y.

o If 0 <0, then J¥ (respectively, Jy') is a unit inner conormal to & along 7
(respectively, y), N points to the exterior of Q along y, and ¥ lies in H? x
[z0, +00) locally around y.

Let us consider the half-space model for H? x R, whose metric is given by
ds? = y~2(dx* + dy?) + dz?,
and also consider the positively oriented orthonormal frame
{E1 =y0x, Ey = y0y, E3 = 0;).

Let y: I — H? x {zo} be the conjugate curve of a vertical geodesic ¥ in E(4H? — 1, H)
parameterized as y’ = £. Since y is contained in a horizontal plane, there exists a smooth
function ¥ € C° (1) such that y’(¢) = cos(¥(¢))E1 + sin(y(¢)) E». The function y is
called the angle of rotation of y with respect to a foliation by horocycles, and it is related
with the function 6 by the following equation (see Remark 3.8 in [5]):

(2.8) Y +cos(y) =6’ —2H.

Remark 2.6. In formula (2.8), we are assuming that the curve y is parameterized in the
direction such that 7" = & and the angle of rotation with respect to the horocycle foliation
is measured with regard to the orientation given by y’ (the unit tangent of the conjugate
curve). However, if we measure the angle of rotation with respect to the horocycle foliation
using the contrary orientation for y, formula (2.8) changes to —y' — cos(y/) = 6’ —2H.

The following result describes the conjugate curves of the asymptotic boundary of a
graph solution to a Jenkins—Serrin problem.

Lemma 2.7 (Corollary 2.4 in [4]). Assume that 4H?> —1 < 0. Let & C E(4H? — 1, H)
be a solution of a Jenkins—Serrin problem with asymptotic boundary consisting of vertical
and horizontal ideal geodesics. Let & C H? x R be the conjugate H -multigraph.

e Ideal vertical geodesics in Booi become ideal horizontal curves in 0o 2 With constant
curvature 2 H in H? x {o0}.

e Ideal horizontal geodesics in doo X become ideal vertical geodesics of o0 2.
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3. Conjugate construction of (H, k)-noids and (H, k)-nodoids with
genus one

3.1. The initial minimal graph of the conjugate construction

We will describe a family of minimal graphs in E(4H? — 1, H) for0 < H < 1/2, and use
this family in our conjugate construction to obtain the desired (H, k)-noids and (H, k)-
nodoids with genus one inspired by the results of [3].

We consider the geodesic triangle A(ay,az, @) C M2(4H? — 1) with vertices po, p1
and p,. We assume that py = (0, 0) and that the sides [; = pg p1, [» = po pz have lengths
aj € (0,00] and a; € (0, oo], respectively (not both equal to 0o). The angle 0 < ¢ < /2
is the counter-clockwise oriented angle in po going from the side /; to /5, see Figure 3
(down). We call I3 = py ps.

Inthe case 0 < H < 1/2,if a; = oo (respectively, a; = 00), we have that Z(al ,dz2,¢)
C H?(4H? — 1) is a semi-ideal triangle with an ideal vertex p; (respectively, p»). In
the case H = 1/2, the domain Z(al, az, @) is contained in R? and we do not have an
asymptotic boundary. Consequently, if a; = oo (respectively, a, = o0) the point p; (re-
spectively, p») disappears and Z(al ,dz, @) is a strip defined by the geodesic [, (respec-
tively, /1) and the parallel rays [, (respectively, /) and /3. The latter rays are defined as
the limits of the sides /; (respectively, /) and /3 where a; — oo (respectively, a, — 00),
see Figures 4 and 5 for the cases a; = oo and a; = oo respectively.

Lemma 3.1. There exists a unique minimal graph iw(al ,a»,b) CE(4H? -1, H) solu-
tion to the Jenkins—Serrin problem in E(4H? — 1, H) over A(ay.as, @) with boundary
values 0 over l1, b € R over l5, and +00 over [5.

Proof. If a; and a, are both finite, then the results follow from [37] for H < 1/2 and
from [29] for H = 1/2 (see also [10] for more general results in a Killing submersion).

We deal with the case a; = oo (respectively, a, = 0o). We consider a sequence
{qn}nen C I (respectively, a sequence {¢,}neNn C [2), with n being the distance of g,
to po. By [10,29,37], for any g, € [; (respectively, g, € [»), there exists a minimal graph
s, = iw(n, az, b) (respectively, s, = iw (ay,n, b)) over the triangle with vertices g,
po and p, (respectively, py) with boundary data 0 over poq, (respectively, pop1), b over
Dop2 (respectively, poqn), and +o0o over p,q, (respectively, g, p1). Comparing their
boundary values, Proposition 2.2 ensures that the graphs defining >, form a decreasing
sequence of functions.

To prove the existence of these surfaces, we find upper and lower bounds (in each
case) that ensure that the limit surface takes the desired limit values. We consider %’
the minimal graph with boundary values min{0, b} over /; U [, and 400 over 3. The
existence of the surface ¥ is proved in Lemma 3.2 of [4] for H < 1/2, and in Lemma 3.6
of [4] for H = 1/2 when ¢ = 7/ k. For 0 < ¢ < 7/2, the same argument works using the
same barriers in the limit process. The surface S/ takes the values 400 over /3 and it is
below every S by Proposition 2.2. Therefore M converges to a minimal graph oo that
takes the desired boundary values, since we have a lower bound bl taking the asymptotic
value 400 over /3 and an upper bound given by any graph .

Finally, we notice that if 0 < H < 1/2, uniqueness is a consequence of Proposition 2.2.
Uniqueness for H = 1/2 is understood as the uniqueness of limit of the sequence S, =
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Figure 3. The surfaces f]w(al ,az,b) for b > 0 (top left) and for b < 0 (top right) and their projec-
tions onto Z(al ,a2, ) C M2(4H?2 — 1) (bottom).

Remark 3.2. For H = 1/2, the generalized maximum principle of Proposition 2.2 does
not apply; however, the surfaces ip (00, a3, b) and f]q) (00, az, b) are obtained as the limit
of monotonous graph over compact domains, where the maximum principle apply. Then,
if we have two monotonous sequences of graphs ordered, then the limits is also ordered.
Using this, we will be able to compare different limits graphs regarding only their values
at the boundary.

Remark 3.3. Observe that the surfaces f]q,(al ,a»,b) and f],,,(az, ai, b) are only congru-
ent for H = 0. In general, we have that iw(al ,az, b) is congruent to the minimal graph
over A(az, ay, ¢) that takes the asymptotic boundary values 0 over /1, b over /; and —oo
over /3. We will denote this surface as E;(al, az,b).

The boundary of the minimal graph iw (ay,az, b) consists of

* the horizontal geodesics é 1 and /15 projecting onto the sides /; and /, and the asymp-
totic horizontal geodesic h3 C M2(4H? — 1) x {400} projecting onto /3, see Figure 3;

* the vertical geodesics v; contained in a1 (pi) fori =0, 1,2, see Figure 3. Observe
that if H < 1/2 and a; = oo (respectively, a, = o0), then 0y (respectively, 0,) is a
semi-ideal vertical geodesic in the asymptotic boundary of E(4H? — 1, H). If H =
1/2 and a; = oo (respectively, a, = 00), we do not have the boundary component v;
(respectively, v5), see Figures 4 and 5.
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The following lemma gives a description of the angle function v of ip(al ,dz, b).

We define bj_(ai ,), fori = 1,2, as the height of the surface 7 with axis in /; in the
cylinder model, i.e.,

=)

; _ 2
bI(aia(p)_Z(\/— 2

tanh (
—K
see equation (2.6), and observe that a; is the hyperbolic length of m(h;) i = 1,2. The next
lemma follows standard intersection comparison arguments (see Section 3.1.2 in [5]).

Lemma 3.4. Let v > 0 be the angle function of iq,(al ,az,b). Then:

(1) The function v only takes the value 0 along the vertical geodesics vy, U1 (if a1 finite)
and v, (if ay finite).
(2) Let 6; be the angles of rotation of the normal along v; fori =0,1,2. Then, |Z—|96 >0,
01 < 0 (if a1 finite) and 0, > O (if a, finite).
(3) * If b > 0, there is exactly one interior point q* in hy such that v(g*) =1
e If b <0, there are not interior points in 52 withv = 1.
4 e Ifb> b}(az, ©), there are no points withv = 1 in h.

e If0<b < b}(az, @), there are, at most, two interior points q7 and q5 in hy such
thatv(q) =1,i = 1,2

e If b <0, there is exactly one interior point q¢* in hi such that v(g*) =1

Proof. (1) We have ip (a1,az,b) is amultigraph up to the boundary and v cannot be equal
to zero in the horizontal geodesics hy and h, by the boundary maximum principle with
respect to vertical planes. Then v only takes the value zero along the vertical geodesics of
the boundary.

(2) Using that f)q,(al ,az,b) is a graph with v > 0, this follows easily by looking at the
normal in the intersection between the horizontal and vertical geodesics of the boundary
(see Figure 3) and taking into account that the normal along the vertical segments rotates
monotonically.

(3) Assume that b > 0. As iw (aq,as, b) is a vertical graph and we are assuming that
the angle function v is positive in the interior, we deduce that the normal in ha N Ty is
horizontal and points to the interior of iw(al, az, b), i.e., if we divide the space by the
vertical plane that contains h, the horizontal normal points to the region that contains the
surface, see Figure 3. In the same way, we deduce that the horizontal normal at s, N U,
points to the exterior of fiq, (ay,az,b),i.e., if we divide the space by the vertical plane that
contains 5, the horizontal normal points to the region that does not contain the surface.
Then, by continuity, there exists a point ¢* in s where v(¢*) = 1.

We will show that there is at most one point of 7, where v = 1. Assume by contra-
diction that there exist g1, 2 € hy where v(qp) = v(q2)~: 1. We consider the surface 7
with axis containing /5. If we reflect ip (ay,az, b) over hy, the surface 7 is tangent to the
reflected surface in the interior points ¢; and g5, therefore the intersection of both surfaces
is a equiangular system of at least two curves, see for instance [1]. Then, for each g; there
is a curve ¢; through ¢; in i(p(al, az, b) N I different from h,. Since ¢; can only end
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in };2, and at only one point in (ﬁl U 01) N 7 (the surface I is radially decreasing in this
region), then the curves ¢; joint with /&; necessarily enclose a compact loop or a domain
in the hypothesis of Proposition 2.2. Applying Proposition 2.2 to i,,,(al, a»,b) and 7 in
that region, we achieve a contradiction. ~

Suppose that b < 0 and there is a point ¢* € /i such that v(¢*) = 1. In that case, we
have that the surface 7 with axis in /5 is below Eq,(al ,dz, b) because the maximum of
the helght function of 7 in A(ay, az, @) is reached in h,. As these surfaces are tangent
at ¢*, there is a contradiction by the maximum principle at the boundary.

(4) Assume that b > b}(az, ¢) (if ap = oo, the argument is only valid for H < 1/2)
and that there is one point g € hy where v(g) = 1. The surface 7 with axis containing hy
is tangent to Ew(al az,b)atqand I N 8E(p(a1 az,b) = hy since b > bI(az ¢). By the
maximum principle, we know there is a curve ¢ on Ew(al ,az,b) N I different from hl.
This curve must enclose a compact loop or a domain in the hypothesis of Proposition 2.2.

Assume now that 0 < b < b} (az ¢). The surface J with axis in hy intersects exactly
twice 8E<p(a1,a2, b) \h1 (once in hz, and once in ¥U3) for 0 < b < bI(az, @) and once
in 71, N ¥, for b = bI(az, ¢), because [ is radially increasing along /,. Assume by con-
tradiction that there are three points g1, g» and g3 in hy such that v(gq;) = 1. Then there
are three curves in fi(p (ay,az,b) N I, and each curve starts at a point g;. If there exists
a curve that encloses a loop or a domain in the hypothesis of Proposition 2.2, we have
a contradiction. If such a curve does not exist, then two of these three curves end up at
the same point of the boundary of iw(al, az, b), so we have a contradiction again by the
maximum principle. ~

If b <0, the surface 7 with axis in /7 intersects once aiq, (a1, az, b). Reasoning
as before, if we assume that there are two points ¢; and ¢, in hy such that v(gi) =1
for i = 1,2, then there exists a curve that encloses a loop or a domain in the hypothesis
of Proposition 2.2, so we have a cont{adiction. On the other hand, the normal points to
opposite directions in the extremes of /1, see Figure 3. By continuity, there exists exactly
one point ¢* in Ay such that v(g*) = 1.

All the results hold true for H = 1/2 using the maximum principle for bounded
domains for a;,a; < oco. For a; = oo or for a, = oo, we use the uniqueness result of
Del Prete for the surface 7 in Nils, see Lemma 5.1 in [9], instead of the generalized max-
imum principle. u

Let
73y 6) = 7 Eolaraz b)) = [ (~5.6)

be the flux with h~,~ parameterized so that —J ﬁ; is the inward conormal vector fori = 1,2,
see Proposition 2.1. In the sequel, we are going to assume that a; = oo (respectively,
a, = 00), and (az, ¢) € 2, (respectively, (a1, ¢) € 1), where

Qi ={(ai.9) €ER*:0< ¢ <7/2,0 <a; < anu(p)},

and ay.x (@) = 2arctanh(cos(p)) for 0 < H < 1/2 and @ () = 400 for H = 1/2. This
condition means that for 0 < H < 1/2, the angle in p, (respectively, p) is greater than ¢,
while 0 < a1 < amax (@) (respectively, 0 < az < amax(@)). This is a necessary condition in
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the proof of Lemma 3.6. For 0 < H < 1/2, we will define also demp () = arcsinh(cot(¢)),
that is, the value of the parameter a; (respectively, a,) for which the angle in p, (respec-
tively, p1) is exactly 7 /2. This value is related with the embeddedness of the conjugate
surface, see Remark 3.13.

Lemma 3.5. The following statements hold true.

e If a1 = o0 and ay € Q, the function ?;l is strictly decreasing. Moreover, for all
0 < H <1/2, we have ¥}, (0) > 0 and f'h (b) < 0 for b > 0 large enough.
e If ap = ocoand a; € 2, the function fF~ is strictly increasing. Moreover, for 0 <

H < 1/2, we have ¥; (b (00, ) >0 and ( b) < 0 for b > 0 large enough,
and for H = 1/2, we have F 1(b) > 0and ¥}, ( b) < 0 forb > 0 large enough.

Proof. Letus prove that the function 37};2 (respectively, F; i,) 1s strictly decreasing (respec-
tively, increasing). Set b; < b, and translate f)i = i‘(o(oo, as, by) (respectively, f),lc =
~¢,(a1, 00, by)), for k = 1,2, until the graphs take the value —by (respectively, by)
over /; (respectively, /2) and 0 over /> (respectively, /1). Then we have, by Proposmon 2.2,
that EZ (respectively, s1 1) 1s above (respectively, below) 22 (respectively, 2) after this
translation. We parameterize h [0,a] — lE(4H 2 — 1, H) (respectively, h 1 :[0,a;] —
EM4H? -1, H)) by unit speed With hk 0) e vo (respectively, hk 0) e f)k) and hk (az) € v2
(respectively, h* T(a1) € vo) The maximum principle in the common boundary allows us to
compare the vertical part of the inward conormal vectors —J (h]f )’ (respectively, —J (h’zc) )
obtaining (—J(h), &) > (—=J(h3), &) (respectively, (—J(hlY, €) < (—=J(h?)',£)). Con-
sequently, Jv";l (respectively, 5 ) is strictly decreasing (respectively, increasing).

Now, we will see that F;, (0) >0 for 0 < H < 1/2, that ¥; (b (00, ¢)) > 0 for
0 < H < 1/2, and finally that ¥ (b) > 0 for b > 0 large enough and H = 1/2. The
surface Ew(oo, az, b) converges to Eq,(oo, az,0) as b — 0 by continuity. The continu-
ity is a consequence of the unicity in Lemma 3.1. We have that ip (00, as,0) is above
the surface 7 with axis containing fzz since the graph of 7 with axis in fiz takes neg-
atives values in A(oo, az, ¢). Again, by the maximum principle at the boundary, we
have that (—J ha, g) > 0 when b = 0. On the other hand, we have that, for H < 1/2,
the surface Eq, (ay, oo, bI(oo @)) is above the surface 7 with axis containing Iy, since

w(al, 00, b}(co, ¢)) is above z = b}(co, ¢), the maximum height of the graph of T
with axis /2 in Z(al, 00, ¢). Then a similar argument shows that 37];1 (b}(oo, ¢)) > 0. For
H = 1/2, the surface X, (ay, 00, b) is above the surface 7 in a neighborhood of h 1 (and
consequently ‘J’7h~l (b) > 0) for b > 0 large enough.

We will prove now that 3752 (b) (respectively, F i (—=b)) is negative for b > 0 large
enough. Assume first that 0 < H < 1/2 and a; = oo (respectively, a; = 00). We start
by considering the isosceles triangle A% (respectively, AJ}) with base [, (respectively, /1)
and an ideal vertex p3 (respectively, p3) As ar < amax (@) (respectively, a1 < amax (¢)),

the side p; p3 (respectively, p» p3) intersects the side [y (respectively, [5). Let 52 o(b) (re-
spectively, 0(O)) be the unique minimal graph over A2 (respectively, A(l)) solution to
the Jenkins—Serrin problem with values +oo along p; p3 (respectively, +o00 along pi p3),

—oo along the line pg pg (respectively, po p%), and b along the segment [, (respective-
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ly, 0 along the segment /1), see for instance Lemma 3.2 in [4]. We know by Lemma 4
in [3], that Ez(b) (respectlvely, 2(0)) has finite radial limit at po along /y = 7(hy) (re-
spectlvely, L, = n(hz)) so, if b is large enough, Ez(b) (respectively, (1)(0)) is above

Y4 (00, az, b) (respectively, X, (a1, 00, —b)) in the boundary of the common domain
where both are graphs. This also~ happens in the igterior by Proposition 2.2. We compare
the conormals along the curve A3 (respectively, 1) which is common to both surfaces,
obtaining by the boundary maximum principle that (—J h2 £) < (—Jh3, &) (respectively,
(—=Jhy, &) < (—sz‘l), £€)). Then, as Ez(b) (respectively, 0(O)) is axially symmetric, we
get that 37}?2 ) < 37;!(2, 0 (respectively, ¥ l( b) < fh‘l’ 0) for large b > 0. Assume now

that H = 1/2 and a; = oo (respectively, a, = 00). We define the strip Z% C R? (respec-
tively, Z(l, C IR?) whose sides are formed by the edge /; (respectively, /) and two parallel
rays [ (respectively, /Y) and [ starting at p; (respectively, p1) and po, respectively. These
rays are perpendicular to the edge [, (respectively, [1) such that the interior of 52 (respec-
tively, A(l)) contains a part of the ray [, C A(oo as, @) (respectively, [; C A(a1 , 00, 0)).
Let Ez(b) (respectively, X (O)) be twice the fundamental piece of the helicoid Hoo,q,
(respectively, #a,,00) Wthh is a solution to the Jenkins—Serrin problem with boundary
values —oo over /3, +00 over [ (respectively, /), and b over I, (respectively, 0 over /).
Observe that iﬁ(b) (respectively, 53(1)(0)) is axially symmetric and therefore ¥; = 0 (re-
spectively, 37;10 = 0). Using similar arguments to the case 0 < H < 1/2, we can compare

the surfaces Zz(b) (respectively, E 0(0)) with ) o(00,a2,b) (respectlvely, olai,o0,—b))
along the curve hy (respectively, h 1) for b > 0 large enough, obtaining the statement. =

3.2. The conjugate sister surface and the period problems

We will now describe the conjugate sister surface of the fundamental piece f?(p (ay,az,b)
and the two period problems that arise in the construction of the (H, k)-noids and (H, k)-
nodoids with genus one.

The conjugate sister surface X, (a1, a2, b) C H? x R is a multi-graph over a (pos-
sibly non-embedded) domain A C H?2. The boundary of this surface is composed by the
conjugate curves of Biw(al ,dz,b). These curves are:

e The symmetry curves i; and A, contained in vertical planes of symmetry, and the
ideal vertical half-line /13 contained in dooH? x R.

* The symmetry curves vy, vy and v, are contained in horizontal planes of symmetry.
Observe that if 0 < H < 1/2 and a; = oo (respectively, a, = c0) then vy (respec-
tively, v,) is an ideal curve of constant curvature 2H in H? x {400} (respectively,
H? x {—o00}), whose normal points to the exterior (respectively, interior) of A, see
Figures 4 and 5 and Lemmas 2.5 and 2.7.

For 0 < H < 1/2,if a; = oo (respectively, a, = 00), we have that the curve 7 (41)
(respectively, 7 (h3)) is compact since 7 (hy) (respectively, 7 (h2)) is a curve joining an
interior point of H? with an interior point of the curve of constant curvature 7 (v ) (respec-
tively, 7w (v;)), see Lemma 2.7. Moreover, as the area of n(ip(oo, asz, b)) (respectively,
n(i,p(al, 00, b))) is finite, the sides /1 (respectively, /) and /5 are asymptotic. Therefore,
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the area of (X, (00, az, b)) (respectively, (X, (a1, 00, b))) is also finite since this area
is preserved by conjugation (see Section 3.2.1 in [4]). For H = 1/2, if a; = oo (respec-
tively, a; = 00), we get that the curve m(h;) (respectively, (h,)) diverges in H?2, since
the area of (X, (00, az, b)) (respectively, (X, (a1, 0o, b)) is infinite.

Figure 4. The surface i(p(oo, as, b) and its conjugate sister surface Xy (00, az, b) with b > 0
solving both period problems for 0 < H < 1/2 (left) and H = 1/2 (right).

In the sequel, we will assume that a; = oo (respectively, a, = 00). Our aim is to
obtain a complete H -surface in H? x R with genus 1 after successive reflections over the
vertical and the horizontal planes of symmetry. This is equivalent to the condition that the
curves vg and v, (respectively, vy) lie in the same horizontal plane of H? x R (first period
problem) and the vertical planes of symmetry containing the curves &1 and h, intersect
each other with an angle 7/ k (second period problem).

The first period function.

Assume that a; = oo and that » > 0 (respectively, a; = oo and b < b}(oo, 0)).
As in [3] and [30], we define the first period function !F’lz: Qo xRT >R (respective-
ly, PL: Q1 x (o0, b}(oo, ¢)) — R) as the difference of heights between the horizontal
planes containing vg and v, (respectively, v1), or the difference of heights of the endpoints
of hy (respectively, /). Parameterizing h5: [0, a;] — H? x R (respectively, &1:[0,a;] —
H? x R) by unit speed with /,(0) € v and h5(as) € v, (respectively, i1(0) € vy and
hi(a1) € vg), we can express the period function as

f{(a,-,b,w)=/h_(h;,g>=[ﬂ<—11€;,g)=Fﬁi(b), i=12.
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Figure 5. The surface flq,(al, 00, b) and its conjugate sister surface X4 (ay, 0o, b) with b < 0
solving both periods problems. for0 < H < 1/2and H = 1/2.

The second period function.

e Assume a; = oo and b > 0. We consider the half-space model for H? x R and
translate and rotate X, (o0, az, b), so that i lies in the vertical plane {x = 0} and vy
lies in the horizontal plane {z = 0}. We will call y x R the vertical plane containing the
symmetry curve /,, where y is the complete extension of the geodesic 7 (h,). We identify
H? x {0} with H? and parameterize vy: [0, b] — H? by arc-length as vo(s) = (x(s), y(s))
with vg(0) = (0, 1) and vy (0) = —E;. Then we get that x(s) < O for s near 0, and we
denote (xg, yo) = (x(b), y(b)). Let ¥ be the angle of rotation with respect to the horocycle
foliation (see (2.8)) with initial angle ¥ (0) = 7, and define Yo = ¥ (b), see Figure 6. The
second period function 5’22: Q5 x RT — R is defined as in [3, 30]:

G.1) P2(az.9.b) = %{f%) — cos(¥o).

e Assume that a; = oo and b < b}(oo ¢). Aiming at defining the second period
function analogously to the case a; = 0o and keeping the same orientation, we apply a
reflection over the horizontal geodesic h» to the surface E¢, (ay, 00, b), or equivalently
we reflect X,(a;, 0o, b) over the vertical plane containing s,. We call these surfaces
i;(al, 00, b) and X (a1, 0o, b) (the conjugate H -surface). Again, in the half-space
model of H? x R, we translate and rotate the surface E;(al, 00, b) so that A3 lies in the
vertical plane {x = 0} and v lies in the horizontal plane {z = 0}. We will call y x R the
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vertical plane containing the symmetry curve /7, where y is the complete extension of the
geodesic 7 (hy). We identify H? x {0} with H?, and we parameterize vy : [0, |b|] — H?
by arc-length as vy (s) = (x(s), y(s)) with vy (0) = (0, 1) and (vy)'(0) = —E;. Then
we get that x (s) < 0 for s near 0 and we denote (xg, yo) = (x(b), y(b)). This orientation
coincides with the orientation that came from the election () = £ for0 <b < b} (00, )
since 6, > 0, and with the contrary orientation when b < 0 since 6} < 0 (see Lemma 3.4).
We choose this orientation for v in order to work with both cases at once and for similar-
ity to the construction with a; = oo. Let ¥ be the angle of rotation of v, with respect to
the horocycle foliation (see (2.8)) with initial angle ¥ (0) = =, and define ¥ = ¥ (|b|),
see Figure 6. The second period function e7’21: Q X (—o0, b}(oo, ¢)) = R is defined as
in equation (3.1):

P)(ar,p.b) =

— cos(¥).

X sin(¥o)
0

hs

Figure 6. The projection of the surfaces Xy (00, az,b) and X, (a1, 00,b) with 0 < H < 1/2 under
the assumptions of the second period problem.

We will see in Lemmas 3.7 and 3.16 that, under the assumption 0 < £, < 1, the
vertical planes containing /1 and 4, intersect each other with an angle arccos($,). We
aim at proving that there exist parameters (az, ¢, b) (respectively, (a1, ¢, b)) such that
PE(az, ¢, b) = 0 (respectively, P (a1, ¢, b) = 0) and P (az, ¢,b) = cos(r/k) (respec-
tively, P, (a1, ¢, b) = cos(r/k)), solving the two period problems.

Lemma 3.6. If 0 < H < 1/2 and ay = oo (respectively, ay = o), there exists a unique
function fr: Q25 — RY (respectively, a unique function fi: 21 — (—o0, bll-(oo, ®))) such

that PE(az, ¢, f2(az, ¢)) = 0 (respectively, Pl (a1, ¢, fila1, ¢)) = 0), for every pair
(az, ) € Q3 (respectively, (ay, @) € Q1). Moreover:

e If 0 < H < 1/2, then f, (respectively, f1) is a continuous function and
lim f>(az,¢) =0 (respectively, lim fi(a;,¢) =07),
a,—0 a;—0

lim  fa(az,¢) = 400 (respectively, all_i)%ll fi(ay, @) = —00),

a2 —>Amax
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and given ¢ € (0, 1/2), we have that f1(+,¢): (0, amax(¢)) — (0, +00) (respectively,
f2(+, 0): (0, amax () — (0, —00)) is a strictly increasing (respectively, decreasing)
Sfunction for ar > demp (@) (respectively, ay > emp(@)).

e If H = 1/2, then the function f, (respectively, f1) is a continuous function, and

satisfies
limo falaz,9) =0 (respectively, limo filar,9) =07),
az— al—>
lim fy(az,¢) = +oo (respectively, lim fi(a;,p) = —00),
ar—>o0 alp—>oo
lim f(az, @) = +oo (respectively, lim fi(a;,¢) = —00).
p—m/2 o—>/2

Proof. First of all, observe that, as in Lemma 3 of [3], the function P (respectively, P}')
is continuous. This function is strictly decreasing (respectively, 1ncreasmg) in the third
parameter by Lemma 3.5. Observe that, when b = 0, the vertical part of the inward conor-
mal is not continuous since the vertical segment disappears. However, the function #; is
continuous.

Fix (az, ¢) € Q2 (respectively, (a1, ¢) € 21). By Lemma 3.5 and the continuity and
monotonicity of P72 (respectively, fPll) in the third parameter, there exists a unique b3 €
(0, +oo) (respectively, by € (—oo, b} (00, 9))) such that Pi(az, ¢, b3) = 0 (respective-
ly, (a1, @, bo) = 0). Therefore we define univocally f>(az, ¢) := b (respectively,
f (al, @) := b} 0)- Moreover, the continuity of f, (respectively, f1) is guaranteed by its
uniqueness, see also Lemma 5 in [3].

The computations of the limits of f; (-, ¢) are based on Lemma 5 in [3].

We consider the case 0 < H < 1/2. Assume by contradiction that there exists a sub-
sequence a5 — O (respectively, a7 — 0) such that f>(a%, ¢) (respectively, fi(af,¢))
converges to some b2, € (0, +00) (respectively, bl € (—o0, 0)). Translate vertically the
surface §¢(oo, al, f(a’, ¢)) (respectively, iw(a’l’, 00, f1(a’,¢))) until it takes the value
—f2(a5, @) (respectively, fi(a’l,¢)) over [ (respectively, /) and the value O over /5 (re-
spectively, [1). Since ai — 0fori = 1,2, we can blow up the surface and the metric of
E(4H? — 1, H) such that we get a} = 1 (respectively, a? = 1). The new sequence of res-
caled surfaces converges in the €* -topology to a minimal surface oo in R3. This minimal
surface is a vertical graph over a strip A(oo, 1, ¢) C R? (respectively, A(l 00, ¢) C R?)
bounded by the two parallel lines /{ (respectively, /5) and [} (respectively, /5) and a
segment /} (respectively, [{) of length 1 forming an angle ¢ With K (respectively, 13).
Moreover, 3o, takes the value 0 over I, (respectively, []), —oc over [{ ; (respectively, 2)
and +oo over [} (respectively, 1}) since b2, > 0 (respectlvely, bl < 0). However, oo
cannot have first period function equal to zero since T oo lies below (respectively, above)
a helicoid i% with axis in /) (respectively, a helicoid fl(l) with axis /1), which is a graph
over a half-strip and the helicoid i% (respectively, fi(l,) has period 0 because it is axially
symmetric, see also Figure 4 in [3].

Let us see now that the case a; = 0o and by € (0, b}(oo, ¢)) gets into contradic-
tion. Again we can blow up the surfaces and the metric of E(4H? — 1, H) such that we
get a] = 1. The new sequence of rescaled surfaces converges in the ‘C’k -topology to a
minimal surface So, in R3. This minimal surface S is a vertical graph over the strip
A(1, 00, ¢) C R? and takes the value —oo over [} (since b is not zero), 0 over /7,
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and +o0 over [}. Again is easy to check that Yoo cannot have the first period function
equal to zero by applying the maximum principle.

We see now that fi(af, ¢) converges to 0 from below when a] — 0. Assume by
contradiction there exists a subsequence a 70 guch that by, = N (af("), @) > 0. Blowing
up the surfaces and the metric as in the previous arguments, we have that the new sequence
of rescaled surfaces converges in the €*-topology to a minimal surface ¥ oo in R3. This
minimal surface is a vertical graph over the strip Z(l, 00, ) C R?, and takes the value
boo = lim, 00 by /an > 0 over I}, 0 over [} and +oc0 over /5. Then, as b, > 0, the limit
surface is above the plane {z = 0} and consequently the first period cannot be 0.

Assume by contradiction that there exists a subsequence a} — amax (respectively, a
subsequence a? — dmax) such that f>(a%, ¢) — b2, € [0, +00) (respectively, such that
Sfi(a}, @) = bl € (—o0,b} (o0, (p)]) We translate vertically the axially symmetric surface
$2 = 52(b) (respectively, ) = £1(0)) (mentioned in Lemma 3.5) until it takes the
value b2, (respectively, bl,) over the edge I, (respectively, /1). We get that the surface E%
(respectively, i(l)) is below (respectively, above) the limit surface flq,(oo, Amaxs bgo) (re-
spectively, ) o (@max, 00, bl 0))» and therefore the period function ?f(amax,<p,b§o) (respec-
tively, & (amax, ®, boo)) is not zero, which is a contradiction.

Let 0 < ¢ < 1/2, and assume by contradiction that the function f5(-, ¢) (respective-
ly, f1(+, ¢)) is not strictly increasing (respectively, decreasing) for a > demp. Then, in
both cases, there exist two numbers p1, p € R such that aemp < p1 < p2 and f2(p1,¢) =
f2(p2.9) = bo € (0.+00) (respectively. f2(p1.¢) = f2(p2.9) = bo € (—00.b1(c0.9))).
LetS; = S o(00, pi, b) (respectlvely, s = Zq, (pi, 00, b)). In this setting, the horizontal
geodesic of finite length in ¥, is denoted with a superindex, h’ (respectively, h‘) to
indicate that |h’2| = p; (respectively, |h12| = p;) fori = 1,2. Then, both surfaces solve the
first period problem, and we have

F(ELh) =F (k) =0 fori =12
(respectively, ?(il, "1) (iz,fz’i) =0 fori=1,2).
Observe that l;i = h? (respectively, ﬁé = ﬁ%) and that £, is above 3, by Propos-
ition 2.2. We choose a small horocycle # in the vertex p; (respectively, p,) and con-

sider D g its inner domain with boundary J¢. By the maximum principle in the boundary,
we can compare the vertical part of the inward conormals, obtaining that

(32) F(E1. 1 \Dye) > F(£2.h7\ Dye)
(respectively, fF(f]l,hg\DJ() > F(3,, hg \Dg)).

On the other hand, traveling in the boundary with the same orientation —the same that we
chose for defining the flux over /i (respectively, i%)—, we have that

3
(3.3) Y F(Ei N\ D) + F(Ei.H) =0,
j=1

where 7 (55, #) represents the flux that we add when we truncate with the horocycle .
We have that for all ¢ > 0, we can choose a small horocycle # such that | ¥ (%;, #)| <e/2.
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Moreover, we know by Proposition 2.1 that % (£;, 4% \ D) = —|m(h% \ D )|, since
—Jhi3 = —§ fori = 1, 2. Then, combining (3.2) and (3.3), we obtain (in both cases)

(W3 \ Dge)| — |m(B3\ Dge)| < |F (E2, H) — F(E1,H)| < e.

Furthermore, we have that |7r(}~z§ \Dg)| — |n(};§ \ Dg)| = ¢ > 0 for any choice of J,
since demp < p1 < p2. Then, choosing ¢ < ¢, we achieve a contradiction.

We consider now the case H = 1/2. The limits of f;(a;,¢) when a; — 0 and a; — 0o
can be computed by similar arguments to those in the case 0 < H < 1/2. Finally, we com-
pute the limit when ¢ — 7/2. Assume by contradiction that there exists a subsequence
@" — /2 such that f>(az, ¢") — b% € [0, +00) (respectively, fi(a1,¢") — bl € R).
The limit surface <, /2(00, az, boo) projects onto the strip A(co, az, /2) C R2 (respec-
tively, 5((11, 00, m/2) C R?), and it is a solution to the Jenkins—Serrin problem with
boundary values 0 over /1, bgo (respectively, béo) over [, and +o0 over /3. We may com-
pare P /2(00,az, b2,) (respectively, - 2(ay, 00, bl.)) with twice the fundamental piece
of the helicoid H#Ho 4, (respectively, #q,,00), see Section 2.2, which is a vertical graph
(after a suitable ambient isometry) over Z(oo, az, w/2) (respectively, Z(al, o0, /2))
with boundary values béo (respectively, —oo) over I, —oo (respectively, 0) over /1, and
~+o00 over /3. Twice the helicoid H#o,q, (respectively, H#,, o) has first-period function
equal to 0 along [, (respectively, /1), and it is below f],r/z(oo, az, b2)) (respectively,
S, /2(ar, 00, b)) by looking at the boundary values and using the maximum principle.
Then we get into a contradiction by the maximum principle, because s, /2(00, az, bgo)

(respectively, S, 2(ay, oo, bl.)) must have first period function equal to 0. |

3.3. Solving the second period problem for the (H, k)-noids X, (o0, a2, b)
Lemma 3.7. Seta; = oo and (az, ¢) € Q2. In the notation of the second period problem,
the following statements hold true:

(1) x(s) <O0and & < ¥(s) <2 forall s € (0,b).

(2) The curve vy intersects only once the geodesic y.

(3) If y intersects the y-axis with angle §, then ¢ > § + 2Hb and $Z(a2,¢,b) = cos(§).

) If Pi(a,p,b) = cos(8), then y intersects the y-axis with an angle § and yo/sin(yo)

> —1/sin(6).
Moreover,

© if 0<H <1/2,1img,—0 P3(a2,9, f2(az,9)) = cos() and P3(az,¢, f2(az,9)) > 1
for ay close enough to anax(¢);

« if H=1/2 limg,—0 P3 (a2, ¢, fa(az, ¢)) = cos(p) and P3(az, ¢, f2(az, 9)) > 1
for ¢ close enough to 7 /2.

Proof. We will identify vy with its projection in H? in what follows.

(1) As vy and 7 (hq) are orthogonal, x(s) < O in an interval (0, £). Assume by con-
tradiction that x(s) < 0 is not true for all s € (0, b). Then let s¢ be the first instant where
x(s9) = 0. Let U be the domain enclosed by the arc of vy joining vo(0) with vg(sg)
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and a segment in the y-axis joining v (0) and vg(sg). Let o be the non-oriented angle
between vg and the y-axis at vo(sp). Applying the Gauss—Bonnet formula to the domain U
and taking into account that 6 > 0, we get the following contradiction:

S0 T
0>—area(U):2n+/ kg(s)ds—<n——+n—a>
0 2

b4 so b4
(3.4) =5+a—[ 96(s)ds+2Hso>5—(p>O.
0

As 6) > 0, we know by Lemma 2.5 that the normal along vy points to the interior
of A and ky < 2H with respect to the interior of A. We have that vg stays locally in the
concave side of the tangent curve of constant curvature 2H at vo(0). If ¥ (s) > 7 were
not true for all s € (0, b), consider the first instant s¢ in which ¥ (s¢o) = . At this point,
we have that v has points locally around vg(so) in the mean convex side of the tangent
curve of constant curvature 2H at v,(so), which contradicts the fact that k, < 2H.

Assume again by contradiction that there is a first instant so > 0 where ¥ (s¢) = 2,
and consider the domain U enclosed by an arc of vy and a parallel segment to the y-axis
at vo(s0). Applying the Gauss—Bonnet formula in U, we get the same contradiction as in
equation (3.4).

(2) Assume once again by contradiction that vy intersects y twice, one in vg(sg) and
the other at vo(s1), for some 0 < 59 < 57 < b. Then, the arc of vy joint with an arc of
the curve y enclose a compact domain U. Applying the Gauss—Bonnet formula to the
domain U, we get the same contradiction as in equation (3.4), because we have a similar
region to the one given before.

(3) As T < Yo < 2w, we can parameterize the geodesic y as

cos(t) + cos(¥o) sin(t)
- »—Yo = )
sin(y) sin(yo)
As y intersects the y-axis, the first coordinate of y(0) is positive. Let s, be the instant
where y intersects the y-axis; then we can compute the oriented angle as
"(s4), y0 Xo sin
(6  cosp) = LEIU)_ X0s0WO) o) = 22(ay.0.8).
[y (s Yo
Consider now the domain U enclosed by vg, an arc of y and a segment of the y-axis.
Applying the Gauss—Bonnet formula, we have that

G35 yiOm > HL y0) = (v -0

b
1 /4
0>—area(U):2n+/ ke(s)ds—(mn——+m——4+nm—-§
o ( 2 2 )

b
=—/ 0(s)ds + 2Hb + 8 = —p + 2Hb + 8.
0

(4) From (3.1) and (3.5), we get

1 + P2(az, 9, b) P3(az.¢,b) =1 o)
sin(¥g) sin(Yo) ,

whose first coordinates are negative and positive, respectively. That means that y intersect
the y-axis, whence the intersection angle is § by (3.6).

37y = (v 0) and y(0) = (vo
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On the other hand, as vy only intersects y once, we deduce that the second coordin-
ate of y(sx) (the instant where y intersects the y-axis) is less than 1. Then we get that
—yosin(8)/sin(¥o) < 1, and the inequality of the statement follows.

Let us compute the limits. Integrating ¥’ = 6’ — cos(y) — 2H along vy, see for-
mula (2.8), and taking into account that ¥ (b) — ¥ (0) = Yo — 7 and 6y(b) — 6p(0) = ¢,
we obtain

b
Yo=¢+ 77— /0 cos(Y(s))ds —2Hb.

In particular, when b — 0, we have that ¥¢ converges to ¢ + m, and consequently that
P3(az, ¢, b) converges to cos(p). Thus, if a2 is a sequence converging to 0, then f>(a%,¢)
also converges to 0, so that we obtain the desired limit.

Assume now that 0 < H < 1/2. Let us consider a sequence a5 — amax(¢). If we
translate properly vertically the surface flq,(oo, ab, f2(ah, ¢)) for it takes the value 0
along [, we have that i(p(oo, al, f2(aly, ¢)) converges to twice the fundamental piece of
the conjugate surface of the embedded H -catenoids constructed in [4, 31]. Here we are
using that f>(a},¢) — +oo by Lemma 3.6. However, as in the setting of the second period
problem, we are translating and rotating X, (00, a», f2(a5,¢)) so that vg (0) = (0, 1,0) and
(v§)'(0) = —E |, that means irp (00, a2, f(a%,¢)) converges to a subset of a vertical plane
in this setting. We obtain that the limit surface of X, (00, az, f2(a5, ¢)) is not twice the
fundamental piece of the H -catenoid but a subset of the vertical H -cylinder that projects
onto a curve of constant curvature 2H orthogonal to the y-axis at (0, 1). The H -cylinder
can be parameterized as a x R with o: (— arccos(2H ), arccos(2H)) — H? given by

1
a(s) = Y (sin(s), —2H + cos(s)).
‘We have that
1220 ad o
x§ — 1—4H2< and yy — 0.

Moreover, for large n, the curve y” does not intersect the y-axis since we have shown
that the limit is a subset of the H-cylinder « x R. That means that the first coordinate
of y"(0) is positive and 7 (a3, ¢, f2(a%,¢)) > 1 since we have proved that sin(yg) <0,
see equation (3.7).

Assume now that H = 1/2 and consider the sequence iwn (00, as, fa(az, ¢™)) with
¢" — /2. By Lemma 3.6, after a suitable translation, the limit surface is twice the fun-
damental piece of the helicoid #w,4,. The conjugate limit surface X /,(00, az, +00) is
an embedded %-catenoid constructed in [4, 8, 30]. However, in the setting of the second
period problem, that is, v (0) = (0, 1,0) and (v})’(0) = —E}, the conjugate limit surface
isnota %-catenoid but a subset of the horocylinder {y = 1}.

Since the family iw (az, f2(az, ¢)) is continuous in the parameters a, and ¢, so is the
conjugate family. We have that vjj converges to the line {y = 1,z = 0}. Then we have that
x8 — 4ooand y# — 1. Thus, as sin(y#) < 0, we deduce that P (az, 9", f(az,¢")) > 1
for n large enough. ]

Lemma 3.8. The surface X,(00, az,b) is a vertical graph. In particular, it is embedded.
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Proof. We continue working in the half-space model and the setting of the second period
problem. First observe that vy and v, are embedded curves since 9{ > 0 and fﬁi 91-/ <
i =0,2 (see Lemma 2.1 in [4]). In particular, each curve of the boundary of X, (o0, a2, b)
is embedded. We will show that 90X, (00, a2, b) projects one-to-one to a curve of H?, so
that X, (00, az, b) is a graph by a standard application of the maximum principle.

Assume that 0 < H < 1/2. Observe that the curves 7 (vy) and 7 (k) do not intersect
each other, since they are consecutive and 7(vy) is a constant curve of curvature 2 H
and (k) is contained in a orthogonal geodesic to w(vy). Moreover, by item (1) in
Lemma 3.7, the curve m(vg) does not intersect w(41) or 7w(vy). If w(hy) C y does not
intersect in the interior of 77 (v), we are done (as X, (00, a5, b) is a multigraph then 77 (v,)
cannot intersect any component of (39X, (00, a», b)) and then we conclude that the multi-
graph is a graph). Otherwise, if 7 (h2) C y intersects 7 (vy), then as 7 (v,) must join these
two curves enclosing a multigraph, we would obtain that 7 (v5) intersects itself. However,
this is not possible and we conclude that 92, (00, az, b) projects one-to-one.

The proof for H = 1/2 is similar, yet v; does not exist and the curve 7 (h3) is not
compact. L]

Remark 3.9. For H = 0, the embeddedness of the fundamental piece X, (o0, as, b) is
guaranteed by the Krust property, that is, the conjugate surface of a minimal graph in
H? x R over a convex domain is a minimal graph in H? x R, see Theorem14 in [13].
However, for H > 0 there is not a Krust property (see [4]) and the embeddedness has to
be proven in order to show the global embeddedness of the (H, k)-noids with genus one
for some values of H, see Proposition 3.12.

Theorem 3.10. For each k > 3 and n/k < ¢ < 7/2, there exists a properly Alexan-
drov embedded H -surface with 0 < H < 1/2 in H? x R with genus 1 and k ends. These
H -surfaces have dihedral symmetry with respect to k vertical planes and they are sym-
metric with respect to a horizontal plane. Moreover, if 0 < H < 1/2, each of their ends is
embedded and asymptotic to (and contained in the concave side of ) a vertical H -cylinder.

Proof. The case H = 0is treated in [3]. Assume first that 0 < H < 1/2 and take k > 3 and
¢ € (m/k,7/2). We choose ¢ = ¢ and, by Lemma 3.7, we have that P3 (a2, ¢, f2(az,¢))
tends to cos(qp) when a; — 0 and becomes greater than 1 when @, — ayax(¢). By the con-
tinuity of &7, there exists a,, such that P (a,, ¢, f2(ay, ) = cos(r/ k). Therefore, the
surface Ew = X¥,(00,ay, f2(ay. ¢)) solves the two period problems, so after successive
reflections over the vertical planes and the horizontal plane of symmetry, we obtain the
desired complete H -surface with genus 1 and k ends asymptotic to vertical H -cylinders
from the concave side. We shall see now that the ends are embedded. First, observe that,
by the maximum principle with respect to horizontal planes arriving from above, %, is
contained in the slab H? x (—o0, 0] (we are assuming after a vertical translation that vo
and v, lies in H? x {0}). Moreover, if we reflect E about the horizontal geode51c hi,
the total variation of the angle of rotation 6y along the complete vertical line 0§ of the
reflected surface f):; is 2¢ < m, whence the curve v(‘; (the extension of the curve v after
reflection) is embedded by Lemma 2.1 in [4]. Therefore, the conjugate surface of the
reflected surface E; is a vertical graph contained in the half-space H? x (—o0, 0). Then,
after reflecting over the horizontal plane H? x {0}, we obtain an embedded surface that
contains an end and this proves that the ends are embedded.
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Assume now that H = 1/2 and take k > 3 and the parameter ¢ € (7/k, 7/2). Again
we will use a continuity argument to prove that there exist parameters (a(¢), ¢(¢)) € Q2
that solve both period problems. We define the foliation of €2, by the family of curves
{ag : [0,1] = Q2 : ¢ € (0,7/2)}, where

(3.8) ag(t) = (1—1)(0,¢) +t(tan (% —¢),%).

By Lemma 3.7, we get
lim 23 (g (1), f2(9 (1)) = P30, . /(0. ¢)) = cos(g).

For t; = 1 — &, with & > 0 small enough, we have that the second coordinate of o
is w/2 — e(m/2 — ¢). Hence, by Lemma 3.7, we get that 7 (ag(le), f(ag(te))) > 1.
Since cos(¢) < cos(mr/ k), by continuity, there exists an instant f, € (0, 1) such that
P2 (0 (ts), f2(ap(t5))) = cos(/ k). We have proved that, for each ¢, there exists at least
(@(@®). 9($)) = g (tx) such that T¢ = g (00, a($). fo(a($), ¢(¢))) solves both peri-
ods problems. Then, after successive reflections over the vertical planes and the horizontal
plane of symmetry, we obtain a complete %-surfaee with genus 1 and k ends. ]

Remark 3.11. We also obtain H -surfaces with genus 1 and k > 5 ends when the first
period function vanishes and the second period function is equal to cos(mm/k), with
m < k/2 and ged(m, k) = 1. If m > 1, the H-surfaces constructed close after m laps
around the origin and they are never embedded, see Figure 7 (right).

Figure 7. The projection onto H? in the disk model of a (H, 5)-noid with Pzz = cos(1r/5) (left) and
(H.,5)-noid with P3 = cos(27/5).

Proposition 3.12. The (H, k)-noids with genus one given by Theorem 3.10 are embedded
for 1/2cos(/k) < H < 1/2. In particular, for 1/4 < H < 1/2, all (H, 3)-noids with
genus one are embedded.

Proof. Observe that the embeddedness of each (H, k)-noid with genus one can be guaran-
teed if the extended surface of X, by the reflection about /1, is embedded, or equivalently,
if the extension of the curve v, is embedded after the reflection. As ¥, is a vertical graph,
this is equivalent to the fact that v, intersects only once the geodesic y (v, has not self-
intersections after the reflection over /,.)
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Assume first that %cos(%) < H < 1/2. Consider p = n(h3) = (p1,0), which coin-
cides with the ideal endpoint of v; and v,; in particular, the first coordinate of p satisfies
- —-1—-2H

P < —F/—

V1—4H?
Moreover, we will see that v, intersects y just once if and only if p; is smaller than the
first coordinate of y(i7), which will be denoted by y (7). Assume by contradiction that p;
is smaller than the first coordinate of y(;r) and that v, intersect y at least twice. Then there
exists a compact arc of vy, with extremes in y and contained in the region of H? \ y, which
does not contain 7 (v1); however, along this arc the curvature cannot satisfies k; < 2H

with respect to the normal that points to the interior of A. Then, using the inequality in
Lemma 3.7 item (4) and equation (3.7), if !Pzz = cos(/ k), we have

1+ cos(n/k)'

Y > ==

Then, for H > % cos() we have that
—-1-2H 1 4 cos(mr/ k)
p1 < < -
V1—4H? sin(r/ k)
which proves the case H < 1/2.
Assume now that H = 1/2. We will prove that the first coordinate of the curve v,

goes to —oo. This means that v, can intersect y only once as in the previous case, so the
surface will be embedded. Consider the sequence EZ = Eg( ) (n,a(p), f2(a(p), p)) of

minimal graphs over A converging to iq; and its respective conjugate surfaces Zg con-

< y()xs

verging to X 4. On the one hand, let 0} C E)ig and v5 C 85); be the vertical geodesics
projecting onto p7 and p7 respectively, and let v} and v} their conjugate curves contained
in horizontal planes. Letky =1 — (07)’ be the curvature of v} with respect to the normal
that points to the interior of the domain A” where E; is projecting. We know that kg
approaches 1 as n — oo. On the other hand, the second coordinate of A diverges, since
we have shown that 7 (k1) is not compact. Then we have that the two coordinates of v}
diverge. In particular, the first coordinate of v} also diverges to —oo, and the embedded-
ness follows. ]

Remark 3.13. We can also guarantee the embeddedness of the (H, k)-noids for the case
0 < H < 1/2 if the value a,, satisfies a, > demp, see also [3]. This condition means that
the angle at the point p; is less or equal than 77 /2. Let 65 be the angle of rotation of v, the
extension of U,. As f o1 0,* < m then v, *, the extension of v, by reflection, is embedded

by Lemma 2.1 in [4], and therefore the (H, k)-noid is also embedded.

3.4. H -surfaces with infinitely many ends

We are going to analyze now the case where the first problem is solved but #, > 1.
When P2 (az, ¢, f2(az,9)) = 1, hy and h; lies in vertical asymptotic planes, so after

successive reflections over the vertical planes and the horizontal plane, we obtain a peri-

odic surface invariant by a discrete group of parabolic translations that fix the common
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vertical ideal line of the vertical planes of symmetry. This gives us a 1-parameter family
of parabolic (H, co)-noids with one limit end, that is, the ends are accumulating in an
ideal vertical geodesic. By similar arguments to those of Proposition 3.12, one can prove
that they are embedded for H = 1/2.

When P, (as, ¢, f2(az,¢)) > 1, hy and h; lie in two disjoint vertical planes, so after
successive reflections over the vertical planes and the horizontal plane, we obtain a peri-
odic surface invariant by a discrete group of hyperbolic translations spanned by successive
reflections over the vertical planes. This gives us a 2-parameter family of hyperbolic
(H, 00)-noids with two limit ends, that is, the ends are accumulating in two different
ideal vertical geodesic. Similar arguments to those of the proof of Theorem 3.10 show
that the ends of these surface are embedded. Moreover, in this case, for 0 < H < 1/2
we have more freedom, and we can choose as > demp(¢), Whence the reflected surface
of Xy (00, as, f2(az, ¢)) about the vertical plane containing /5 is embedded, and con-
sequently the complete surface is embedded. For H = 1/2, they are always embedded by
similar arguments to those of Proposition 3.12.

We state the following result.

Theorem 3.14. There exists properly embedded H -surfaces in H? x R with genus zero,
infinitely many ends and two limit ends for 0 < H < 1/2.

Remark 3.15. Properly embedded surfaces with genus zero, and a finite number of ends,
were constructed in [4]. Observe that in the case of H = 1/2, the parabolic (H, co)-noids
are properly embedded surfaces with infinitely many ends and one limit end.

3.5. Solving the second period problem for the (H, k)-nodoids X, (a1, o0, b)
Lemma 3.16. Set a, = oo and (ay, @) € 1. Under the assumptions of the second period
problem, the following statements hold true.

(1) If | P} (a1, 9.b)| < 1, then y intersects the y-axis with an angle § with

Py(ar.¢.b),  if sin(yo) <0,
—P5 (a1, ¢, b), if sin(yp) > 0.
(2) Assume 0 < b < b}(oo, ©). We have that
e x(s) <O0and ¥ (s) € (m,2m);
o if y intersect the y-axis with an angle 8, then ¢ > 8 +2Hb and P} (a1, ¢,b) > 0.
(3) If b <0, then ¥ (s) > m.
Moreover:
e If0< H<1/2,

cos(8) = {

lim .?21(611,</),f1(a1,</))) = cos(¢p),
a1—0

and |J’21(a1,g0,f1(a1,<p))| > 1 forayg close to am (@).

In fact, there exist 0 < ¢_ < @4 < /2 such that P} (a1, ¢, fi(a1,¢)) > 1 for all
¢ < @— and ay close to Amax (@), and P} (a1, ¢, fi(a1,¢)) < —1forall ¢ > ¢ and a
close to amax (¢).
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« IfH=1/2,
Jim P3 (a1, ¢, filar,9)) = cos(p),
1—>
and szl(al,go, fi(ai,9)) <=1 for ¢ close enough to /2.

Proof. In what follows, we consider the surfaces i;(al, 00, b) and X, (ay, 00, b), its
conjugate H -surface as in the setting of the second period problem.

(1) Observe that, if sin(y) = 0, then |} (a1, ¢, b)| = 1. Assume first that sin(9) < 0
and proceed as in Lemma 3.7. We parameterize the curve y as in equation (3.5). The same
computation of item (3) in Lemma 3.7 tells us that y intersects the y-axis with an angle §
given by equation (3.6).

Otherwise, if sin() > 0, we parameterize the curve y as

cos(m —t) + cos(¥) sin(mr — t))

. 2 = (xn —
y:(0,m) > H?, y@) = (xo Yo sin(Yo) ' Yo sin(vo)

We get

1+ P)(a1.9.b) —1+ P} (a1, 9.b) 0)
sin(o) sin(vo) ’
whose first coordinates are positive and negative, respectively. That means that y intersects

the y-axis. The angle of intersection § at the instant s* where y intersects the y-axis
satisfies

(3.9 y©) = (r 0) and y(m) = (vo0

"(s4), yo Xo sin
cos(§) = {(y'c /*) ydy) __Xo (Vo) + cos(Po) = —ﬂ’zl(al,go,b).
[y’ (s%)] Yo
(2) As the angle of rotation along U turns in a positive sense (6, > 0), we can apply
items (1), (2) and (3) of Lemma 3.7 obtaining similar results. Assume now by contradic-
tion that P, (a1, ¢, b) < 0. By equation (3.1), we get that

P} (ar,¢,b) + cos(yo) _
sin(o)

If P} (a1, ¢, b) < —1, then we obtain that xo > 0, which is a contradiction. And if
—1 < £}a1,¢,b) <0, by item (1) we have that § = arccos(P} (a1, ¢, b)) > 7/2 > ¢,
which contradicts ¢ > § + 2H |b|.

(3) As 6, < 0, we know by Lemma 2.5 that the normal along vy points to the exterior
of A and k, > 2H with respect to this normal. We have that v, stays locally in the mean
convex side of the tangent curve of constant curvature 2H at v, (0). If ¢ (s) > & were not
true for all s € (0, b), let us consider the first instant so > 0 in which ¥ (sg) = 7. At this
instant, we have that vy contains points locally around v, (so) in the non-mean convex
side of the tangent curve of constant curvature 2H at vy (so), which contradicts ky > 2H.

X0 =)o

Let us now analyze the limits. Assume that b < 0. Integrating along v, the identity
Y = —0" —cos(¥) + 2H (see(2.8) and Remark 2.6), and taking into account that here
Y (b) — ¥ (0) = Yo — m and By (|b]) — 6p(0) = —¢ since §; < 0, we obtain

b
Yo=9¢+m —/ cos(V(s))ds +2H|b|.
0
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In particular, when » — 0~, we have that 1y converges to ¢ + 7, and consequently
P} (a1, ¢, b) converges to cos(¢) as b — 0. If we take a sequence a”f converging to 0, then
Lemma 3.6 implies that f1(a}, ) — 07, and we get that limg, 0 P, (a1, ¢, fi1(a1,¢)) =
cos(¢).

Assume first that H < 1/2. Let us consider a sequence a] — dmax(¢). By Lemma 3.6,
we get that fi(af, @) = —o0, so iw(a’l‘, 0o, fi(a’, ¢)) converges to twice the funda-
mental piece of the conjugate surface of the H -catenodoids constructed in [4], and then
X, (af, 00, fi(a}, ¢)) converges to twice the fundamental piece of an H -catenodoid.
Nevertheless, as in the setting of the second period problem, we are translating and rotat-
ing X, (af, 00, fi(a’, ¢)) in order to get v~ (0) = (0, 1,0) and (v§7)(0) = —E;. We
obtain that the limit surface is not twice the fundamental piece of the H -catenoid, but a
subset of the H -cylinder that projects onto a curve of constant curvature 2H orthogonal
to the y-axis at (0, 1). The H -cylinder can be parameterized as o« x R with

o : (—arccos(—2H), arccos(—2H)) — H?

given by
1
a(s) = Y (sin(s),2H + cos(s)).
We deduce that Lt oK
X3%L<O and y§ — 0.
V1 —-4H?2

To understand the limit, we distinguish if the limit (after translation) H -catenodoid is
or is not embedded.

Assume first that the limit H -catenodoid is not embedded. We translate and rotate the
surface X, (af, 00, f1(a’, ¢)) such that (in the half-space model) (47)" is contained in the
vertical plane {x = 0} and v~ and v}~ are contained in the horizontal plane H? x {0}.
In the limit, we have that the projection of (v)> € H? x {+o0} intersects twice the
geodesic {x = 0} C H? and the same happens for the curves (vy)> and (v;)>, see
Figure 8 ((a), up left). By the continuity of the conjugation (see Proposition 3.3 in [5]),
the same happens for the curves v~ with n large enough, see Figure 8 ((a), up right).
Then we rotate the surface X (af, 0o, fi(af, ¢)) until (h3)" lies in the vertical plane
{x = 0} and v§~(0) = (0, 1,0) and (vy~)'(0) = —E; (the setting of the second period
problem). We have that the projections of vg™, v~ and v5~ intersect twice the vertical
plane containing the curve b}, see Figure 8 ((a), bottom right). In particular, we have that
Y& € (2, 3m), that s, sin(y§) > 0. Moreover, the curve y” intersects twice the curve v}~
and in particular y” does not intersect the y-axis; then, by equation (3.9), we deduce that
P} (@, @, fi(a},¢)) < —1 for n large enough since sin(y%) > 0.

If the limit H -catenodoid is embedded (not in the boundary case where (v )* and its
reflected copy intersect each other in a point of the asymptotic boundary), the argument
is analogous but, in this case, by the continuity of conjugation the curves 7 (vg ™), w(v]™)
and m(v5™) intersect only once y" (the projection of the vertical plane containing the
curve i) for large n obtaining that v € (w,2m). A similar analysis shows that in this
case ) (at, ¢, fi1(a, ) > 1 for large n.

On the other hand, if ¢ — /2, we have that ap,,(¢) — 0, and then Proposition 4.8
in [4] ensures that the limit H -catenodoid is not embedded. If ¢ — 0, we have that
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@) ()"
(a) The projection of the surfaces X, (@max(¢), (b) The projection of the surfaces X /z(al, 00, —00)

00, —o0) (left) and X (af, oo, fi(af, ¢)) for (left) and T (a1,00, fi(a,¢™)) for large n (right), with
large n (right) with 0 < H < 1/2. H=1/2

Figure 8. Up, we are assuming the curve /7 is contained in the vertical plane {x = 0}. Down, we
are assuming that 45 is contained in the vertical plane {x = 0} (the setting of the second period
problem). The projections of the vertical planes of symmetry are represented in dashed lines.

Amax (¢) — +o00, and then Proposition 4.8 in [4] ensures that the limit H -catenodoid is
embedded, which completes the case H < 1/2.

Assume now that H = 1/2. Let us consider a sequence ¢" — 7/2. By Lemma 3.6,
we have that fj(ai, ¢") — —oo, and therefore iwn (ay, oo, fi(ay, ™)) converges to
twice the fundamental piece of the helicoid #,, o of Section 2.2. The conjugate sur-
face E; /Z(al, 00, —00) is twice the fundamental piece of a non-embedded %-catenodoid,
see Section 4.3 in [4]. Nevertheless, as in the setting of the second period problem, we
are translating and rotating £_, (a1, 00, f(a1. ¢")) in order to have vg™(0) = (0, 1, 0)
and (v§7)'(0) = —E;. We obtain that the limit surface is not twice the fundamental
piece of the H -catenoid, but a subset of the horocylinder that projects onto a horocycle
orthogonal to the y-axis at (0, 1). The horocylinder can be parameterized as o x R with
a: (—m, ) — H? given by

as) = % (sin(s), 1 + cos(s)).

We deduce that xj; — 0 and y; — 0.

We translate and rotate the surface X (a1, 00, f1(a1,¢")) such that, in the half-space
model, (h7)" is contained in the vertical plane {x = 0} and vy~ and v}~ are contained
in the horizontal plane H? x {0}. In the limit, we have that the projection of (vgy)*>
and (v, ) intersect twice the geodesic {x = 0} C H?, see Figure 8 ((b), up left). By
the continuity of conjugation (see Proposition 3.3 in [5]), for large n, the curves w(vg™)
and w(v3™) also intersect twice the y-axis, see Figure 8. Moreover, the curve m((h5)")
is a non-compact curve contained in a geodesic that cannot intersect the y-axis. Then we
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rotate the surface X, (a1, 00, fi(a1, ¢")) until (h;)" is contained in the vertical plane
{x = 0} (the setting of the second period problem), and we have that the projections
of vg™ and v}~ intersect twice the vertical plane containing the curve (h7)", see Fig-
ure 8 ((b), up right). In particular, we have that ¥ € (2w, 37), that is, sin(yg) > 0.
Moreover, the curve y” does not intersect the y-axis. We deduce from equation (3.9) that
Pl(ar, 9", f(ar,¢™)) < —1 for n large enough since sin(y%) > 0. L]

Theorem 3.17. For each k > 2, there exists properly Alexandrov-embedded H -surfaces
with 0 < H < 1/2 in H? x R with genus 1 and k ends. These H -surfaces have dihed-
ral symmetry with respect to k vertical planes, and they are symmetric with respect to a
horizontal plane. Moreover, for 0 < H < 1/2, each of their ends is asymptotic to (and
contained in the convex part of ) a vertical H -cylinder.

Proof. Assumethat0 < H < 1/2and fix 0 < ¢ < /2. By Lemma 3.16, the period func-
tion P, (a1, 9, fi(ar,p)) tends to cos(¢) when a; — 0. If P} (a1, ¢, fi(a1,$)) becomes
greater than 1 as a; — dmax(¢), then by the continuity of &, , we have that there exists a,
such that .} (ay, ¢, f1(ag,9)) = cos(mn / k) forall k > 3 and m < k with ged(m, k) = 1
satisfying cos(¢) < cos(mm/k). On the other hand, if P, (a1, ¢, fi(a,¢)) gets smal-
ler than —1 as @ —> dmux(¢), then there exists a, such that P} (ay, ¢, f1(ae, ) =
cos(mm /k) forall k > 2 and m < k with gcd(m, k) = 1 satisfying cos(mm / k) < cos(p).
We know that if ¢ is close to 0 and a is close to @, (¢), then 5)21 (a1,¢, fi(a1,¢)) > 1. For
values of ¢ close to /2 and a; close to apax (@), we have that 3721 (a1, 9, fila1,9)) < —1.
Then, by varying ¢ € (0, 7/2), we find values of ¢ and a,, such that P, (ag, ¢, f1(ae,9))=
cos(mm / k) for all m < k and ged(m, k) = 1.
Therefore,
3, 1= X, (g, 00, fi(ae. ¢))

solves the two period problems, and then after successive reflections over the vertical
planes and the horizontal plane of symmetry, we obtain a complete H -surface with genus 1
and k ends asymptotic to vertical cylinders from the convex side.

Now assume that H = 1/2 and consider the foliation {ag : [0, 1] = Q}pe(0,7/2)
defined in equation (3.8). Set k > 2 and m < k with ged(m, k) = 1, and choose ¢ such
that cos(mm / k) < cos(¢). By Lemma 3.7, we have that £, (a4 (0), f1(ctg(0))) = cos(¢)
and P (g (1), f1(ap(t))) < —1 for ¢ close enough to 1. We deduce that there exist a(¢)
and ¢(¢) such that P, (a(¢). ¢(¢). f1(a(¢). ¢(¢))) = cos(mm /k). Then the surface

S 1= Sy @(@). 00, f(@($). 9($))

solves both periods problems, and we obtain a complete H -surface with genus one and k
ends after successive reflections over the vertical planes and the horizontal plane of sym-
metry. u

Proposition 3.18. For H = 1/2, the (H, k)-nodoids with genus one and k > 2 ends are
never embedded.

Proof. We will prove that the ideal extreme 7 (v5) is (0, 0). As the curve y intersects the
y-axis when |#}| < 1, this means that m(vg ) or w(v; ) must cross y, and then X, isnot
embedded after the reflection over the curve i .
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P2 = cos(%) P2= COS(%T)

sin(to) <0

sin(tg) > 0

Figure 9. The projections of different cases of the fundamental piece with le = cos(n/4), 3’21 =

cos(27/3) and !le = cos(37/4) in the half-space model and in the disk model of HZ. Up, the cases
with sin(y9) < 0 and, down, the cases with sin(yg) > 0.

We use similar ideas to those in the proof of the embeddedness of the %-noids with
genus one, see Proposition 3.12. Let consider

$1 = S @(@).n, fi(a(d). ),

the sequence of minimal graphs over An,ay, ¢(¢)) converging to iqg and its respective
conjugate surfaces (after the reflection over /) (£)" converging to X,. On the one

hand, let 97 C Big and 03 C 822 be the vertical geodesics projecting onto p7 and p}
respectively, and let v7~ and v}~ be their conjugate curves contained in horizontal planes.
Let kz = 1 — (67)’ be the curvature of v{~ with respect to the normal that points to the
exterior of the domain A" where (X)" is projecting. We know that ky approaches 1 as
n — o0o. On the other hand, the second coordinate of (/)" diverges since we have shown
that (h2) is not compact. We have that (v} ™) approaches a half of a horocylinder with
arbitrary large Euclidean radius with the ideal extreme in (0, 0) that contains the endpoint
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of w((h)7) in the line {x = 0}. That proves that the ideal extreme of 7 (v} ) converges
to (0,0), and in particular, 7w (v{ ™) approaches the asymptotic boundary {y = 0} U {400}
asn — oo. L]

Remark 3.19. For H < 1/2, we can prove that we have examples of genus 1 when the
second-period function is negative. However, it seems complicated to decide if the sign
of sin(yg) or the sign of x( are positive or negative in any case. This produces different
kinds of H -surfaces, depending on these signs, as we sketch out in Figure 9.

Remark 3.20. In the case of k = 2, that is, when the second period function vanishes,
we have two possibilities depending on the sign of sin(v), see Figure 10. We expect that
these examples with 2 ends and genus 1 are never embedded. At least, they should not
be embedded for H near O, since there are not examples for H = 0 by the uniqueness of
the horizontal catenoid proved in [12]. In that case, for H close to 0, our examples with 2
ends should be near to a vertical plane.

Figure 10. The projections of the (H, 2)-nodoids with genus 1. On the left, we have the case with
sin(y9) < 0 and, on the right, the case with sin(y9) > 0.
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