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Type problem, the first eigenvalue and Hardy inequalities
Gilles Carron, Bo-Yong Chen, and Yuanpu Xiong

Abstract. In this paper, we study the relationship between the type problem and the asymptotic
behaviour of the first (Dirichlet) eigenvalues A1(B;) of “balls” B, := {p < r} on a complete
Riemannian manifold M as r — +o00, where p is a Lipschitz continuous exhaustion function
with [Vp| < 1 a.e. on M. We obtain several sharp results. First, if 721{(B,) > y > 0 for all
r > ro, we obtain a sharp estimate of the volume growth: | B,-| > c¢r*®). Moreover, when y >
j02 ~ 5.784, where jo denotes the first positive zero of the Bessel function Jo, then M is non-
parabolic and we have a Hardy-type inequality. In the case where ro = 0, a sharp Hardy-type
inequality holds. These spectral conditions are satisfied if one assumes that Ap? > 24 (y) > 0.
In particular, when infas Ap? > 4, M is non-parabolic and we get a sharp Hardy-type inequality.
Related results for finite volume case are also studied.

1. Introduction

Let (M, g) be a complete, non-compact Riemannian manifold with dim M > 2, and
denote by A the Laplace operator associated to g. An upper semicontinuous function
u on M is called subharmonic if Au > 0 holds in the sense of distributions. If every
negative subharmonic function on M has to be a constant, then M is said to be para-
bolic; otherwise M is called non-parabolic. It is well known that M is parabolic (resp.
non-parabolic) if and only if the Green function Gz (x, y) is infinite (resp. finite) for
all x # y; or the Brownian motion on M is recurrent (resp. transient).

The type problem is how to decide the parabolicity and non-parabolicity through
intrinsic geometric conditions. The case of surfaces is classical, for the type of M
depends only on the conformal class of g, i.e., the complex structure determined by g.
Ahlfors [1] and Nevanlinna [23] first showed that M is parabolic whenever

+o00

/ _dr i (1.1)
1 |0B(xo,7)| ’ .
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where B(xg, r) is the geodesic ball with center xo € M and radius r. The same
conclusion was extended to high dimensional cases by Lyons and Sullivan [21] and
Grigor’yan [12, 13]. Moreover, (1.1) can be relaxed to

400

/ rdr ~ oo

1 | B(xo.7)|
(cf. Karp [17], Varopolous [26], and Grigor’yan [12,13]; see also Cheng and Yau [9]).
We refer to the excellent survey [14] of Grigor’yan for other sufficient conditions of
parabolicity.

On the other side, it seems more difficult to find sufficient conditions for non-

parabolicity. Yet, there is a classical result stating that M is non-parabolic whenever
the first (Dirichlet) eigenvalue A1 (M) of M is positive. Recall that

(M) = Tim Ai(@)

for some/any increasing sequence of precompact open sets {€2;} in M, such that
M = ;. Here, given an open set Q CC M, define

Jo IVo|2dV
Jo @2dV

where Lip, (M) denotes the set of Lipschitz continuous functions on M with compact
supports.

11(R) :=inf{ : ¢ € Lipy(M), suppo C Q. ¢ §é0},

Remark. We use the convention that A (@) = +oc.

The main focus of this paper is to determine the non-parabolicity in the case
A1(M) = 0. Grigor’yan showed that M is non-parabolic if the following Faber—
Krahn-type inequality holds:

A1(R2) > f(|2|) forall Q CC M such that || > v > 0,

where f is a positive decreasing function on (0, +00) such that

+o00

dv
| <
Vo
(see, e.g., [14, Theorem 10.3]). We shall use certain quantity measuring the asymptotic
behaviour of A1 (B;) for certain “balls” B, as r — +o00, which seems to be easier to
analyse. More precisely, let us first fix a nonnegative locally Lipschitz continuous
function p on M, which is an exhaustion function (i.e., B, := {p < r} CC M for any
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r > 0), such that |Vp| < 1 holds a.e. on M. Note that if p is the distance distys (xo, -)
from some xo € M, then B, is precisely the geodesic ball B(xo, r).

To state the main result, we denote by A, the first eigenvalue of the Laplace oper-
ator on [0, 1) for the Dirichlet condition at s = 1 and with respect to the measure
sh=lds ie.,

J3 1 ()25 Nds
o 1w (s)|2s#=1ds

Ay = inf{ -y e Lip([0,1]), ¥(1) = 0, ¥ & o}.

Itis known that A, = j i /21 where j, is the first positive zero of the Bessel function
Jy, with the infimum A, realised by

Yu(s) = 5" 01 (VA ws). (1.2)
We have the following result.

Theorem 1.1. Suppose that
A
A(By) = =% (1.3)

rz’
holds for all r > ry. Then the following properties hold.

(1) There is a constant ¢ > O such that
|B,| > cr* forallr > ry. (1.4)

Here, the constant ¢ might depend on the geometry of By,.
2) If © > 2, then M is non-parabolic.
) If u > 2, then the Hardy-type inequality

2
c[ " dV§/|Vu|2dV (1.5)
1+ p?
M M

holds for some C > 0 and for any u € Lipy(M ). If (1.3) holds with u > 2 for
all v > 0, then we have the sharp Hardy-type inequality

—2\2 2
(“T) /Z—zdv §/|Vu|2dV forallu € Lipy(M).  (1.6)
M M

Remark. (a) It is well known that if M = R” and p(x) = |x| then

An  n
A1(B(0,r)) = r_; = n:22—1 for all r > 0.
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Thus, the volume growth in (1.4) is sharp for u = n. Moreover, (1.6) is also sharp,
since on the Euclidean space R”, with n > 3, we have the classical Hardy inequality

2 |x|?

—2\2 2
(” ) u—dV§/|Vu|2dV, for all u € Lipy(RY).
R7 R~

and our hypothesis holds with u = n.

(b) (1.4) also follows from the sharp Hardy-type inequality (cf. Carron [7, Propos-
ition 2.26]). Indeed, (1.6) implies the following reverse doubling property of order u
(cf. Lansade [18, Proposition 5.2]):

| Br| R
>cy—— forall R >r > 0.
A ri
Define
Ay = liminf{r21;(B,)).
r—>+00

Note that 1 — A, is a strict increasing continuous function when p > 2 (cf. [11]).
Thus, a direct consequence of Theorem 1.1 is the following.

Corollary 1.2. If Ax > Ay = jZ ~ 5.784, then M is non-parabolic. In other words,
if M is parabolic, then A, < joz.

Remark. We have already said that if M = R? and p(x) = |x|, then

Ay g
AI(B(O’ r)) = r_2 = r_z’
so that A, = j02. Since R? is parabolic, so the above result turns out to be the best
possible.

Conversely, it is natural to ask whether there exists a universal constant co such
that M is parabolic whenever A, < co. The answer is, however, negative (see
Example 5.5 in Section 5).

Theorem 1.1 (1) allows us to estimate A, through volume growth conditions.
Cheng and Yau [9] showed that A;(M) = 0 if M has polynomial volume growth.
This was extended by Brooks [3], who showed that if the volume |[M | of M is infin-

ite, then

*2
log | B(xg,
AM(M) < M4 ,  p*:=limsup M.

r—+o0 r

Refined results for ends of complete Riemannian manifolds are obtained by Li and
Wang [20] (see also Carron [7, Section 2.4]). The following consequence of The-
orem |.] may be viewed as a quantitative version of the theorem of Cheng and Yau.



Type problem, the first eigenvalue and Hardy inequalities 5

Corollary 1.3. If v, := liminf, o log |B,|/logr, then Ay < A,, = jvz*/Z—l' In
particular, we have

(1) Ax =0if vy = 0;

2) A S if0 < v K 1

(B) Aw SvZifve> L

When |M | < +00, we have v, =0, so that A1 (B, ) decays faster than quadratically

as r — +o00. More precisely, we have the following.

Proposition 1.4. If |M| < oo, then

~ —log A1(B —log|M \ B
R o= timinf 2B i Z108IM A Bl

r—>+00 r r—>+00 r

(1.7)

It follows from Proposition 1.4 that A;(B,) decays exponentially if |M \ B,|
decays exponentially as  — 400. On the other hand, the relationship of A;(M \ B,)
and |M \ B,|is studied by Brooks [4], who proved that if |M | < oo, then

*2
MM\ B,y < “4 forall r > 0,
where log |M \ B
a* = limsup M
r—+o0 r

A more precise version of Brooks’ result is also proved by Li and Wang [20].

Motivated by a result of Dodziuk, Pignataro, Randol, and Sullivan [10], we present
an example in Section 5 showing that the estimate in Proposition 1.4 is sharp. Some
other examples such that A, (B,) have various decaying behaviours are also given in
Section 5. In particular, Example 5.5 shows that Ay > 0 does not necessarily imply
|M| < o0, i.e., the assumption that M has finite volume in Proposition 1.4 cannot be
removed.

We also show that (1.3) holds under suitable condition on p.

Proposition 1.5. Suppose that p is a nonnegative locally Lipschitz continuous exhaus-
tion function on M such that |V p| < 1 a.e. and Ap? > 21 in the sense of distributions.
Then

A
M(Br) = =5 forallr > 0.
r
Proposition 1.5 and Theorem 1.1, immediately yield the following.

Corollary 1.6 (cf. [5]). If Ap? > 2 > 4, then M is non-parabolic and the sharp
Hardy-type inequality (1.6) holds.
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Proposition 1.5 implies several well-known results. First, if M is an n-dimensional
Cartan—Hadamard manifold and p is the geodesic distance function, then Proposi-
tion 1.5, together with the Hessian comparison theorem, yields A x > A,,. In particular,
it follows from Theorem 1.1 that M is non-parabolic when n > 3 (cf. Ichihara [15,16],
see also Grigor’yan [14, Theorem 15.3]). Next, if M is a complete n-dimensional
minimal submanifold in RY and p is the restriction of Euclidean distance to a given
point x¢ € R¥, then Ap2 > 2n, so that

A

A(BY (xo.r) N M) = =2, (1.8)
r

in view of Proposition 1.5. Here BY (xg, r) is a Euclidean ball in RY. (1.8) was

first proved by Cheng, Li, and Yau [8] by heat kernel method. In particular, M is

non-parabolic for n > 3, which can also be proved by the isoperimetric inequality of

Michael and Simon [22] and [14, Theorem 8.2].

Comments

In an early version of this paper, the last two authors obtained the conclusion of Corol-
lary 1.2 under a worse condition A, > 18.624 .. .. Shortly afterwards, the first author
suggested some ideas for improving certain results. We then decided to write a joint
paper on the subject, and the improvements found in this paper are the result of this
collaboration.

2. Proof of Theorem 1.1

2.1. Bessel’s functions

Assume that v > —1 and p > 0. The Bessel function J,, is given by

_ 0 (_1)’" 1\ 2m+v
S0 = Z m!l"(m+v+1)(§) ’

m=0

which is a solution of the ODE
2 1 / 2 2 _
toJ) @) +tJ,@) + (@ —v)() =0.
Thus, ¥, (s) = s'7%/2J,5-1(y/As) satisfies

-1
15+ E— ) + M) = . @
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where /A, = j,/2—1 is the first positive zero of J, /1. In particular, ¥, (1) = 0.
Moreover, we have

PROTE g )(‘/m)z'",

«m!T(m+5)\ 2

so that ¥, (0) = 0.
Let us first verify the following.

Lemma 2.1. The following properties hold.
(1) Forany [a,b] C [0, 1], we have

b
/(MW(S)2 ~ Y, ()?)s* 7 s =y, (O) Y (D)D" + ¥y (@ pu(@ah

2.2)
(2) ¥, (s) <O0foralls € (0,1]. More precisely,
w/;(s)s“_l = —)LM/wM(t)t“_ldt. (2.3)
0
Proof. By (2.1), we have
—1
() = V)" = (<UL (s) = YY) = ¥,()7) s

—( ()W (9))'s" 7= (= DYy, () Puls)s” 72
=~ ()Yuls)s" Y

and
AV (©)sh T = Ye)sH T 4 (= DY )5 T = (00547
from which (2.2) and (2.3) follow immediately. -

2.2. The volume growth

Proof of Theorem 1.1 (1). We first assume that p > 0. Set ¢ = ¥, (po/r), where ¥, is
given as (1.2). Then the variational characterization of eigenvalue gives

b [ wulG) av < raey [av <2 [worav < [y (7) av
B, B, B, B,
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By using the co-area formula, this can be rewritten as

b [ (1) doto) < / v, (L) do).
0

where do(t) := (p)x(d V) is a Lebesgue-Stieltjes measure on (0, +00). Divide this
inequality by r#*! and integrate on r € [rg, 7], we obtain

A[ / vu(L) o) < [ / v () o

0 max{ro,t} 0 max{ro,t}

in view of Fubini’s theorem. By using the new variable s = t/r, we get

min{1,t/ro} r min{1,t/7o}

AMO/F( / Wu()zuld)da(t) 0/( / wu()z“ld)dg(t)

(2.4)
Take @ = t/r and b = min{l,/ro} when ¢t < rg in (2.2); we infer from (2.4) and the
facts ¥, (1) = 0 and ¥, < O that

7

[T

0

7

o R e

0 ro
[y ~ldo(t)
= [ (S (E) ()T
0
1.€., r
%" _%dv - %/ %‘W 2.5)
! 0 ro

If we merely have p > 0, then we may also apply the above argument to
pe = v/ p? + &2.

Note that we still have
pIVpl

|VIO€| = (p2—|—82)1/2 —=
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Since
Bf::{p8<r}=Bm,

it follows that

A A
M(B)) = (B ) = — _“82 > r—’; forall 1 > ro, := /13 + €2, (2.6)

so that (2.5) still holds with p and rq replaced by p. and rg ¢, respectively. Moreover,

since ¥, is a C? function on [0, 1] with ¥,,(0) = 0, there exists a constant A > 0 such
that
Y, ($)¥u(s) < As forall s € [0, 1].

Letting ¢ — 0+, we see that (2.5) remains valid for p and r¢ in view of the dominated
convergence theorem, which yields

do(t) =:c¢ forall ¥ > rg. [

1Bl _ 1 f_‘%(%)‘/fu(%)

T €Y

Proof of Corollary 1.3. Suppose on the contrary that A, > A, . Since the function
(> Ay is continuous, we have Ay > A,, 4¢ for e < 1, so that A1 (By) > Ay, ¢/ 1>
for r > 1. By Theorem 1.1 (1), we conclude that |B,| = r”**¢. But this implies
Vs > Vi + &, which is impossible.

Since j, ~ 24V + 1 as v — —1+ (cf. Piessens [25]), we have

Avw = Jiojpy ~ 20s, s = 0+,

from which assertions (1) and (2) immediately follow. On the other hand, since j, ~ v
as v — —+oo (cf. Watson [27, pp. 521], see also Elbert [11, Section 1.4]), we have

Av, = ]")2*/2_1 ~v2/4, vy - 400,

which implies (3). [

2.3. The Hardy-type inequalities

Recall that the capacity cap(K) of a compact set K C M is given by

cap(K) := inf/ |Vy|?dV,
M

where the infimum is taken over all Y € Lipy(M) with 0 < <1 and ¥|g = 1. The
following criterion is of fundamental importance (cf. Grigor’yan [14, Theorem 5.1],
and Ancona [2, pp. 46—47], see also Carron [6, Definition 2.13]).
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Theorem 2.2. Let (M, g) be a complete Riemannian manifold. Then the following
properties are equivalent:

(1) M is non-parabolic;
(2) cap(K) > 0 for some/any compact set K C M with non-empty interior;

(3) given some/any pen subset U CC M, there exists a constant C = C(U) such
that

/ude < C(U)/|Vu|2dV
U M

for any u € Lip(M) with a compact support.

By Theorem 2.2, Theorem 1.1 (2) is a direct consequence of the Hardy-type
inequality (1.5). We shall take a unified approach to proving the Hardy inequalit-
ies (1.5) and (1.6). To begin with, set

O(s) = Juja-1(v/Au).

The function & satisfies ®(0) = ®(1) = 0 and

o 2
@ (s5) + %CD’(S) + ()LM . (ZS—Z]))op(s) — 0. 2.7)

We shall make use the following property of ®.

Lemma 2.3. Forany s € [0, 1], we have

X

/CD/(S)ZSdS = /\M/CID(S)sts - (MT_Z)Z/q)(S)Z? + ®'(x)P(x)x. (2.8)
0

0

X

0

In particular,

1 1

1
/@’(s)2sds =)LM/CI>(S)2sds— (HT_2>2/CD(S)2?. (2.9)
0 0 0

Proof. By (2.7), we have

A ®(s)%s — v2<I>(s)2§ = ®"(5)P(s)s + D' (s)D(s)
= (¥'(5)P(5)) — ¥'(5)°s.

from which (2.8) and (2.9) follow immediately. [ ]
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Proof of Theorem 1.1 (3). As in the proof of (1), we first consider the case p > 0.
Given u € Lipy(M), define

o) = uwo("Y), vem

Since |Vp| < 1, we have

V|2 < o1>(§)2|v14|2 + rizuzcb’(g)z n 2%(%, vp)q>’(§)q>(3).

’
The variational characterization of eigenvalue gives

—/¢> dV < 21(B, )/¢2dV </|V¢|2dV

2
/|Vu|<1> dV+—f 2q> )dV

+2/;(Vu,Vp)CI>/(§)d>(7)dV forallr > ro.  (2.10)
By

We then divide (2.10) by r and integrate for 7 € (7o, +00). (Under the condition of (3)
we set ro = infps p > 0.) First,

// ()2 P(x) dV( )_

ro By

:[( 70 cp(p(rx)) ) (x)2dV(x)

M max{ro,po(x)}
min{1,0(x)/ro}

1
- / ( / q>(s)2sds) Zg;zdvu) > ( / <I>(s)2st) / Z—zd V.
M

0 0 M\By,

where we used the new variable s = p(x)/r in the second step. Analogously, we have

//|Vu(x>|2 o( PV av

ro By
+o00o J
:/( / o2 (20 (rx)) ’)|v (O 2dV(x)
M max{ro,p(x)}
min{1,p(x)/ro} J 1 J
=[( [ CI>2(s)—S)|Vu(x)|2dV(x) < (/d>2(s)—s)/|Vu|2dV
S S
M

M 0 0
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and

+00
/ /u(x)zcb’(@)zdwx)%

ro By

( Io(x)) ) (X)ZdV(X)

r
max{ro,p(x)}

min{1,0(x)/70}

=[] wora)iipae

5 p(x)/ro 5

/(2 u /(N2 U
D'(s) sds) / —dV + / ( / D' (s) sds)—de

P P

M\By, By, 0

2
::( 0/ <I>'(s)2sds) / V4 L),

M\By,

IA
— X
o _

where i
”q) ||Loo([0’1])

Ii(rg) <
1(0)— 27'3

/ u?dv forall rg > iAr}fp, 2.1

ro

so that 11 (rg) = 0 if ro = infps p. Eventually,

// (Vi V)@’ )()dvg

ro By

-/

M max{rg,p(x)}
min{1,0(x)/ro}

=/( / CD’(s)CD(s)ds)M(Vu(x),V,o(x))dV(x)
p(x)

v (20 (2
o (222

r r

)& ) (OVu(x). Vo(o)d V(x)

M 0
2
_ / q;(ﬁ) z(Vu,Vp)dV=3 I>(ro),
K ro/ p

where we have used the fact
1

2/ Q' (5)P(s)ds = D*(1) — ®?(0) = 0.

0
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We also have I,(rg) = 0 if ro = infps p. Moreover, since ®(0) = 0, we get
®*(s) < ||¢/||1%w([0,1])52

for all s > 0, so that,

1912 o1
—_— / |Vullu|dV  forall ro > infp (2.12)
ro M

I>(ro) =

By,

These together with (2.10) yield

1
/\M(/d)(s)zsds) / Z—jdV
0

M\By,

< (O/IQDZ(S)%)A[WMZLJV—F (O/ICID’(S)sts) / Z—de

M\By,

+ I1(ro) + I2(ro).

Thus,

—2\2 2 I I
(=) / u—dV§/|Vu|2dV+—l(rO)+ 2r0) g 13
2 02 A
M\By, M
in view of (2.9), where A = [} ®2(s)ds/s. If (1.3) holds for all r > 0, we may take
ro = infps p, so that (1.6) follows immediately from (2.13).
Under the condition of (2), we infer from (2.11)—(2.13) that

_2\2 2
(M2 ) /lj_pdeS(l—i-S)/quFdV—i—Cg/ude 2.14)
M M

Br,

holds for any u € Lip,,.(M) with a compact support and § > 0, where

—2v2 17 197117 o
C,;:(“ ) n L>([0,1]) Lo ([0,1])

2.15
2 Ard A2r3s @15

Note that Cys only depends on u and ry if § is fixed.

The above proofs of inequalities (1.6) and (2.14) require an additional condition
o > 0. In general, if infy; p = 0, we consider p, := /p? + &2. Analogously to the
proof of Theorem 1.1 (1), we have (2.6), so that (2.14) becomes

n—2\2 u? . ,
( 2 )/1+82+p2dV§(1+8)/|Vu| dV +Cse | u=dv,
M M

B e
"o
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where Cs . is given by (2.15) with rg replaced by rZ + &>. Thus, (2.14) follows by
letting ¢ — 0. Moreover, if (1.3) holds for all r > 0, then A,(Bf) > /\M/r2 when
r > ¢. Take ro = ¢ = infys pe in (2.13) with p replaced by p,; we have

—2\2 2
(“T) /Z—deS/WulZdV.
M &

M

We obtain (1.6) immediately by letting ¢ — 0, which completes the proof of (3).

To prove (2), we shall first derive the non-parabolicity of M from (2.14) when
@ > 2. By Theorem 1.1 (1), there exist some constants ¢ > 0 and p > 2 such that
| By| > cr* for r > 1. Thus,

/ dav - i | By | n
1m su = (0, ¢]
1+p2~ H+o§1+r2

Choose 7 >> rg so that

n—2\2 dv
(5 )/1+pzzc5|3,0|+1+5.

By

/|Vu|2dV > 1
M

whenever u € Lipy(M) andu = 1 on B:. Thus, cap(B;) > 1 and M is non-parabolic

Then

in view of Theorem 2.2 (2).
Finally, it follows from Theorem 2.2 (3) that

/ u?dv < C(B,O)/ |Vu|2dVv
By, M
for any u € Lipy(M). This, together with (2.14), gives (1.5) with

n—2\2 1
C = .
( 2 ) 1+6+ CsC(Br,)

If we fix some § > 0, then C only depends on jt, ry and the geometry of M. |

3. Proof of Proposition 1.4

By definition, there exists a sequence {ry } with limg_, 4 o, 7x = +00, such that

1 (Brk) > e—(x* +e)ri
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for some 0 < ¢ <« 1. Again, for kK > 1 and 0 < § < 1, we take a cut-off function
¢k: M — [0, 1] such that ¢i|ps,, = 1, ¢klm\p,, = 0and [Vey| < (1=8)7'r .
Then

e~ Betor g | < M(Brk)fd’/%dv < / |V |*dV
M M
1
< muﬁk \BSrk|

<——|M\ Bs,,|.
_(1—8)2r,f| \ 8k|

That is, _
|M| > (1 + e At (1 — §)2r2)| By, |,

which is equivalent to

e—(K* +e)rk (1 _ 8)2,.]?

M\ B > = M|.
| \ 8rk| =1 N e—(A*+8)’k(1 _ 5)27‘13' |
Thus, B
. < lim —log M \ By, | - Aste
k—o00 (Srk 8

Letting § — 1— and ¢ — 0+, we conclude that K* > Oy

4. Proof of Proposition 1.5

Let w € Lip,,.(M) and v € L} (M); by Aw > v in the sense of distributions (or

loc
weakly) for some locally integrable function v, we mean

/(Vw, Ve)dV < —/ vodV 4.1)
M M
for any nonnegative function ¢ € C5°(M). Since C5°(M) is dense in Lipy (M) with
respect to the Sobolev norm || - || 1.2, we see that Aw > v weakly if and only if (4.1)
holds for all nonnegative ¢ € Lipy(M). One can define Aw < v in a similar way.
We first prove the following technical lemma.

Lemma 4.1. Suppose that Aw > v weakly and w > 0. Let f: (0, +00) — (0, +00)
be a smooth function. Then the following properties hold:

(1) if f is increasing, then A f(w) > f'(w)v + f"(w)|Vw|? weakly;

(2) if f is decreasing, then A f(w) < f'(w)v + f"(w)|Vw|? weakly.
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Proof. (1)Letg € Lipy(M) and ¢ > 0.If f is increasing, then we also have f/(w)g €
Lipy(M) and f'(w)e > 0. Thus,

/ (V£ (), V)dV = / (W) Vw, Vo)dV

M M

- / (V. V(f (w)p))dV — / £ W) VulPedV
M

M

< / (') + £ (w)|Vwl)pd V.
M

which proves the first assertion.
(2) Analogously, we have

/ (V f(w). Vo)dV = / (' (w)Vw, Ve)d V

M M

_ / (V. V(—f'(w)g))dV — f £ W) VwlPedV
M

M

> - / (' w)v + £ (w)|VwlP)pd V. .
M

Proof of Proposition 1.5. We follow the ideas in [5]. Assume for a moment that p > 0.
Apply Lemma 4.1 (1) with w = p2 and f(t) = t'/2; we get

— |Vol?
Ap > H=1VAl 42)
P
weakly.
Let ¢ be a Lipschitz continuous function which is positive on B, and fix u €

Lipy(B;). With v := u/¢, we have

/|Vu|2dV = /¢2|Vv|2dV+/02|V¢|2dV+2/¢v(V¢,Vv)dV
M M M

M

= /¢2|Vv|2dV +f<v<¢v2),V¢)dV. 4.3)
M

M

Let us choose ¢ = v, (p/r), where
Vu(s) = s 2001 (M Aws).
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Recall that v, is a solution of the ODE (2.1) and WL < 0. Thus, (4.2) and (2.1)
together with Lemma 4.1 (2) yield

so v (2) () 2

o L () R (3 LB (A T

_ AM 1 - |Vp|2 wlll«(g) n(P
B _r_2¢ + r2 ( o/r w“(;)) (4.4)
We have (cf. Lebedev [19, formula (5.3.5)])
U, (8) = —sPuta(s),
from which it follows that
v, (s)
“T —Y(8) = —Yut2(s) — (=sYut2() = =5 Yurals) < 0.
Then (4.4) implies
A
A <59,
which gives
2 Y Au 2
(V($v2), Vo)dV > — | ¢v (——2 )dV = 2e [w2ay.
r r
M M M
This, together with (4.3), yields
A
r—‘; / u?dv < / |Vu|>dV  forall u € Lip,,.(B,) 4.5)
B, B,

under the additional condition p > 0.
In general, we use p, 1= (p? + £2)!/2 instead of p. Note that |V p,| < 1 and

Ap? = Ap” = 2.

Thus, (4.5) holds if B, is replaced by Bf in view of (2.6). The proposition follows by
letting ¢ — 0. |
5. Examples

Let M = R x S! be equipped with the following Riemannian metric:

g =di> + 17 (1)’d6>, teR, fesS!,
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where n: R — R is a smooth function such that () > 0 and lim;_,_,, n(¢) = 0.
Dodziuk, Pigmataro, Randol, and Sullivan [10, Proposition 3.1] showed that if n(z) =
e, then A{ (M) > 1/4, so that (M, g) is non-parabolic.

In general, we consider

t

ds
h(l) :!W, t eR,

which gives a function on M. A straightforward calculation shows
9?h 7" (t) Oh 1 3%h

An =22 on or
o2 Ty o Tz aee

i.e., i is a harmonic function on M. Moreover, in the new coordinate system (f ,0) =
(h(t), ), we may write

g =)W (t)%dt* + d6?) = ' (t)*(di* + d6?),
which indicates that (M, g) is conformally equivalent to the cylinder (inf %, sup /) X
S equipped with a flat metric. In conclusion, we have the following result.

Proposition 5.1. (M, g) is non-parabolic if and only if infh > —o0 or suph < +o00.

Let p(t, 0) = |t|. Clearly, p is an exhaustion function which satisfies |[Vp|g < 1.
Indeed, p is the geodesic distance to the circle {0} x S!. The goal of this section is
to investigate the asymptotic behaviour of A;(B;,) as r — +oo for different choices
of 1. We start with the following elementary lower estimate.

Proposition 5.2. We have

n (1)
n(t)?’

Proof. The idea is essentially implicit in [10]. Since dV = n/(¢)dtd6, we have

B inf
1( ) - 4|t|<r

/¢2n’(t)dz = —2/¢%—fn(z)dz, for all ¢ € C$°(B,),

so that

oo = [l = e

n(t)? 2,
<4sp 1 _/ VP ()ds
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in view of the Cauchy—Schwarz inequality. Thus,

2n r 2
ltl<r
Br 0 —r Br

from which the assertion immediately follows.
We give the following test example for Proposition 5.1 and 5.2.

Example 5.3. Given @ > 0, take 1 such that

o) = {(—t)_“, t<—1,

2t%, t > 1.
We claim that A, ~ o2 /4 as @ — +oo0. To see this, first note that
o?
A = liminf{r?A,(B,)} > —.
r—>+o00 4

in view of Proposition 5.2. Then, by using

r

|B,| =27 / n()dt =2 (n(r) —n(—=r)) = 4nr®* —27xr™® forallr > 1,

—r

we see that

This, together with Corollary 1.3, gives
2
o ,
T SA =S Ay = ]a/2—1 ~

which verifies the claim.

19

In particular, M is non-parabolic provided & >> 1, in view of Corollary 1.2. More

precisely, Proposition 5.1 implies that M is non-parabolic if and only if « > 2.
The next example shows that estimate (1.7) in Proposition 1.4 is sharp.
Example 5.4. Given @ > 0, take 1 such that
7' () = e forall 7] > 1.
Then, we have

.. —logAi(By) .. —log|M\ B;|
liminf ——— = ¢ = liminf ———.

r—>+00 r r—+o00 r

Namely, (1.7) is sharp.

5.1

(5.2)
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Indeed, since
o0
IM\ B,| = 4n/e_“tdt e r>1,

r

we have
L =

which implies
lim inf M >

r—>+o0 r

a, 5.4

in view of Proposition 1.4. On the other hand, we have the following Hardy-type
inequality (cf. Opic and Kufner [24, pp. 100-103]):

/ &) (t)dt < e*” / ¢’ (t)*n' (t)dt forall ¢ € CO((—r, 1)), (5.5)

where the implicit constant is independent of r. By (5.5), we immediately see that
A1(Br) 2 e,
which combined with (5.3) and (5.4) gives (5.2).

For reader’s convenience, we include here a rather short proof. Since f _Jrozo n'(t)dt
is finite in view of (5.1), it follows that

r

[0 = sw 902 [rwars sw par

On the other hand, by setting |¢ (fo)| = sup_, ., ., |¢(?)|, we have

= |¢(to)| = sup . ¢ @)].

—r<t<

/ 19/ (0)ldt > / 9 (0)ldt > ‘ / ¥(ydr

This, together with the Cauchy—Schwarz inequality, yields

s p)? = ( / ¢’(t)2n/(t)dt)( / n’it)dt) e [0

Remark. By Proposition 5.2, we only obtain a weaker conclusion

177/(’)2 > ,—2ur

Al(Br) z 4 n(r)z ~
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The following example shows that the converse of Theorem 1.1 (2) (or Corol-
lary 1.2) does not hold, i.e., M can be non-parabolic with A1 (B, ) decaying so quickly
that A, = 0.

Example 5.5. Take 5 such that

, n?, 2" <t <2"41,
n(t) =
el, 2M42<t<ttl_q,

and
nit)y=n? 2"-1<t<2"+42

forn =2,3,.... Then M is non-parabolic but A (B,) shall decay exponentially, so
Actually, the non-parabolicity of M is a direct consequence of Proposition 5.1,

for suph = 0+°° nfl(’t) < 400. To study the behaviour of A;(B;), consider the test
function,
z, 0<t<1,
1, 1 S t S r — 13
P(1) =
r—t, r—1<t<r,
0, otherwise.
We obtain
T 110\2.,/
t t)dt —n(r—1 1) —n(0
M(Br)<f_,¢()n() SN = =DM =0 5

TS0 (nde T n(r—1) —n(1)
Forr =2" 4+ 1, wheren € Z* and n > 2, we have n(r) — n(r — 1) = n? and

21
0 —1) = (") > / etdt = o

on—l4o

so that (5.6) gives
11(82’14—1) 5 e_2nn2.

In general, for r > 1,take n € Z* such that 2” + 1 < r < 2"*! 4 1. Then
M(By) < Mi(Bangy) S e 'n® S e (logr)?

and hence A, = 0.

Remark. We have

A* :=limsupr?A{(B;) =0

r—>—+oo
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and log A+ (B
—log 1( r)Z1

A, = liminf - >0.

r—+o00 r
On the other hand, M is non-parabolic with an infinite volume.
Our last example shows that A1 (B, ) can also decay to 0 very slowly.
Example 5.6. Let p be a positive, smooth and decreasing function on [1, +00) satis-
fying
(1) Ty yo0 1£(£) = 0,
2 f:roou(s)ds = o0,

(3) tu(t) is increasing on [c, +00) for some ¢ > 1.

PO L
n(t) = 1
2t sy s,

Take 71 such that

We claim that
A1 (Br) = p(r)?. (5.7

To see this, first note that n'(t)/n(t) = wu(—t) fort < —1and n'(t)/n(t) = u(t)
for ¢t > 1, which implies

n@)?*  p(r)?
n@? 4

in view of Proposition 5.2. On the other hand, we have ru(r) > cu(c) > 0 for r >
¢ > 1 in view of the condition (3). Thus, we may take 0 < & < cu(c)/2 so that

(B = g |t|<fr (5.8)

rei=r—eu(r) ' =r(l—er tu@r) " > % forallr > c. (5.9)

Set I, := (—r, —rg). Since ' (t) = —pu'(=)n(t) + u(=)n'() > 0, i.e, '(t) is
increasing on (—oo, —1], it follows that
AM(By) <A, 0)eM:—r <t <-—rg})
. {f,, ¢'(1)*n' (t)dt }
< inf =
pecsoun | [; ¢(0)*n'(t)dt
. {f, ¢ (t)zdr} 0 (=re)
< inf .
$eC§o (1) f, p@)2dt ) n'(-r)
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Since A1 (1) < |I,]72 =< u(r)?, we obtain

n'(=re)

. 5.10
7o) 10

A1(By) < pu(r)*-

We have

W(=re)  pu(re) [ wire)  ure)
7 ) e"p(/ “(S)ds) =2 (00 )

re
for y is decreasing and r — r, = eu(r)~!. By condition (3) and (5.9), we have

plre) _ 1

< < 2.
wu(r) T'e

Thus,
n'(=re)
n(=r)
This, together with (5.8) and (5.10), gives (5.7).
Particular choices of u give the following:
(1) for u(t) = t~'(log?)? with B > 0, 1;(B,) =< r~2(logr)?#;
(2) for p(t) =t™* with0 < a < 1, A1(B,) =< r—2%;
(3) for pu(t) = (log(t + 1))7Y withy > 0, A1(B,) = (logr)~2".

In all three cases, we have

= 0(1) asr — 4oo.

Ay = liminf{r?A,(B,)} = +o0.
r—>+o00
Thus, these Riemannian manifolds (M, g) are non-parabolic in view of Corollary 1.2.
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