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Enlargeable foliations and the monodromy groupoid
Guangxiang Su and Zelin Yi

Abstract. Let M be a closed spin manifold, the Dirac operator with coefficient in the universal flat
Hilbert C*j-module determines a Rosenberg index element which, according to B. Hanke and
T. Schick, subsumes the enlargeability obstruction of positive scalar curvature on M. In this paper,
we generalize this result to the case of spin foliation. More precisely, given a foliation (M, F') with
F spin, we will define a foliation version of Rosenberg index element and prove that it is nonzero
in the presence of enlargeability of (M, F). As a consequence, the foliation version of Rosenberg
index element subsumes the enlargeability obstruction to the existence of leafwise positive scalar
curvature metric.

1. Introduction

1.1. Enlargeable manifold

Enlargeability [11] is an important notion in studying which manifold admits positive
scalar curvature metric. A famous theorem of Gromov and Lawson states that closed spin
enlargeable manifolds cannot carry positive scalar curvature metric.
If M is an even dimensional spin manifold with the fundamental group m; and the
Dirac operator
D:CX®(M,ST)— CX(M,S™),

according to [18], the Dirac-type operator twisted by the canonical flat C * 71 -bundle
Mme*ﬂl (1.1

determines an element [ox(M )] (we will simply write [«] when there is no confusion) in
Ko(C*my) which is usually called the Rosenberg index element. In fact, if M is of odd
dimensional, by replacing M with M x S, [a] € K;(C*my) can also be defined. The
main result of [12, 13] is the following theorem.

Theorem 1.1 ([12, Proposition 4.2] and [13, Theorem 1.2]). If M is an enlargeable spin
manifold, then (o] # 0 in K,,(C* 1), where n is the dimension of M.
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1.2. Previous approach

The main idea of [12] is as follows: if M is compactly enlargeable, let E — S” be a vector
bundle whose top degree Chern class is not zero while all other Chern classes are zero. The
pullback f*E — M, canbe “wrapped up” to a finite dimensional vector bundle E, — M.
Aserangeover 1,1/2,...,1/n,..., we get a sequence of leafwise increasingly flat vector
bundles {E; };eny over M whose Chern classes vanish except the top degree one. Denote
by d; the dimension of E;. Let P; be the principal frame bundle of E;, K be the C*-
algebra of compact operators. Unitary matrices act on KX by the inclusion U(d;) — K.
Denote by g; the image of 1 € U(d;) inside K. The associated product

P,' XU(d;) K (1.2)
is a Hilbert K -module bundle.

Definition 1.2. Let A be the C*-algebra of bounded sequence of compact operators.
Namely,

A= {(ai) € HJC - sup llai | < oo}
N ieN

Let A; C A be the subalgebra of sequences such that all but the i th component vanish. It
is clear that A; == K forall i € N. Let A’ C A be the subalgebra consisting of sequences
that converge to zero. In other word, A’ is the closure of @ JK C A. Let Q be the quotient
C*-algebra A/A’.

Thanks to the boundedness of the curvatures of E;’s, the sequence of Hilbert module
bundles P; Xyq;) K can be assembled into a Hilbert A-module bundle V. The almost flat-
ness of E; is reflected in the fact that the curvature of V' is endomorphism of A which take
value in hom(A, A"). Therefore, V can be reduced into a genuinely flat Hilbert Q-module
bundle W = V/A’. As a consequence of the flatness of W, there is a holonomy represen-
tation of the fundamental group 7; and correspondingly, a C *-algebras homomorphism
C*m; — Q. To detect the non-vanishing of [«], it is enough to show the non-vanishing of
its image under the map

Ko(C*my) — Ko(Q). (1.3)

It is known (see [12, Proposition 3.6]) that the K-theory of Q is explicitly computable
as a quotient of [ [ Z, and the ith argument of [«¢] in K¢(Q) is computed as the index of
the Dirac-type operator twisted by E;. The non-vanishing of [«] then follows from the
non-vanishing of the top degree Chern class and the Atiyah—Singer index theorem.

1.3. Difficulty with noncompactness

The main difficulty with non-compactly enlargeable foliation is that the covering spaces
M, are non-compact so that the “wrapped up” bundles £, — M are infinite dimensional.
To get some useful information out of E,’s, Hanke and Schick [13] organize these bundles
into some Hilbert module bundles in the following novel way.



Enlargeable foliations and the monodromy groupoid 3

Let G and H, be the fundamental groups for M and M,, respectively. Then, each fiber
of the covering My — M can be parameterized by G/H,. We fix such a parameterization.
The C*-algebras Cr, Cs and Cg, 1 are as in [13] except that we will add a superscript &
to indicate its dependence on ¢.

Definition 1.3. Let C£ C B((*(G/H,) ® C?) be the C*-algebra generated by G/H,
families of matrices M4 (C) all but finitely many of which are zero. Let us assume that
CiC B((*(G/H,) ® C?) be the C *-algebra generated by permutations of G/H, and let
Cg r be the C*-algebra generated by Cg and C7.. Notice here C7. is isomorphic to the
C *-algebra of compact operators and is a two-sided ideal in C §’T.

Fix ¢ and let 77, : M, — M be the covering map, let {U,} be a finite open cover of M
such that f,*E is trivial on 7! (Uy) for all . Fix these trivializations:

FEl 1wy 2 77N (Uy) x €1 (1.4)
The transition functions
P,
77 Uy N Up) x €4 25 77V (U, N Ug) x C4 (1.5)

can be viewed as a map from Uy N Ug to C§ ST which, used as new set of transition
functions, build the Hilbert C S’T-module bundle E, —> M.

Apart from Hilbert module bundle structure, one more ingredient is needed to tackle
the noncompactness of M,, that is relative index. Let R(C s.7) be the C*-algebra defined
by R(Cg r) = {(c1,¢2) € Cg 7 x Cg 1 | 1 — ¢2 € Cr}. Inspired by Roe’s approach to
relative index [22], Hanke and Schick organize the virtual bundle £, — C¢ S.T into a Hilbert
R(C§ r)-module bundle. Then, the index of the twisted Dirac operator D E.~CEp belongs
to Ko(R(Cg 7).

Definition 1.4. Let A C [[; R(Cyg i l) be the C *-algebra of bounded sequences, A’ C A
be the subalgebra consisting of sequences that converge to zero and Q = A/A’.

As in the compact case, we may assemble the sequence of bundles { E£;} into a Hilbert
A-module bundle V. Its quotient ¥/ A’ is a flat Hilbert Q-module bundle which determines
a homomorphism 71 (M) — Q. The advantage of R(Cg r) is that its K-theory splits
out a Z-component which can be computed by a generalization of Mischenko—Fomenko
index theorem [23] plus a trace calculation. Then, an analogous map as (1.3) detects the
nonvanishing of [«].

1.4. Present work

In this paper, we will first define a foliation version of Rosenberg index element (Def-
inition 4.3) and then generalize Theorem 1.1 to the case of enlargeable foliations. The
following is the main theorem of this paper.
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Theorem 1.5. If (M, F) is an enlargeable foliation (the precise definition is given in
Definition 1.6) with F spin, then the foliation version of the Rosenberg index element is
not zero.

On the other hand, we will see that the existence of leafwise positive scalar curva-
ture metric forces the Rosenberg index to be zero (Proposition 4.4). Together with the
above main theorem, the foliation version of the Rosenberg index element subsumes the
enlargeability obstruction to the existence of the leafwise positive scalar curvature metric.

We will first verify the main theorem in the compactly enlargeable case and then
reduce the general case back to the compact case.

In fact, there are several notions of enlargeability for foliation in the literatures. We
will use the following definition.

Definition 1.6. Let M be a compact Riemannian metric. A foliation (M, F) is compactly
enlargeable if there is C > 0 such that for any ¢ > 0, there is a compact covering M, of
M and a smooth map
fe: Mg — S"
with
* |fexX| <e|X|forall X € C®(M,, F,), where F, is the lifting of F to M,;
o |foxX|<C-|X|forall X € C®(M,,TM,);
* f¢ has nonzero degree.

A foliation (M, F) is enlargeable if the above condition holds with possibly non-compact
coverings M, and f; is constant outside some compact subset K, C M,.

Remarks 1.7. The notion of enlargeability given in the above definition is, in some
sense, in between that of [25, Definition 0.1] and [3, Definition 1.5]. More precisely, the
enlargeability used in [3, Definition 1.5] requires the e-contracting condition in all tangent
directions while the one used in [25, Definition 0.1] only needs the e-contracting condi-
tion in the leafwise direction. In the above definition, the second bullet point replaces the
g-contracting condition in the transverse direction by a uniformly bounded condition.
The definition above of enlargeability explicitly uses the Riemannian metric on M.
However, as shown in [17, Chapter IV, Theorem 5.3], the enlargeability is independent
of the Riemannian metric. More precisely, any compact foliated manifold (N, F’) which
admits a map of nonzero degree onto an enlargeable (M, F) that sends F’ into F is
enlargeable. The proof given in [17, Chapter IV, Theorem 5.3] can be applied verbatim.

Let (M, F) be a compactly enlargeable foliation with F spin, let Gy and Gy be the
monodromy groupoid and the holonomy groupoid of (M, F'), respectively. The leafwise
Dirac operator

D :C®(M,ST(F)) - C®(M,S™(F))

defines a K-theory element [o(M, F)] (we will simply write [¢] when there is no confu-
sion) in Ko(C*Gyy).



Enlargeable foliations and the monodromy groupoid 5

Definition 1.8. Recall that ¢; € K is the image of 1€ U(d;) inside K. Letqg=(q1,92,...)€
A, then gAq is an unital C *-algebra. We will write gA’'q = A’ N gAq which is an ideal in
qAgq. Finally,

q04q = qAq/qA'q.

As in the unfoliated case, the enlargeability condition gives a sequence of leafwise
almost flat vector bundles {£;} of dimension d; whose Chern classes vanish except the
top degree part. The sequence of principal frame bundles and their associated product with
the truncated compact operators ¢; K ¢q; can be defined in the same way as in (1.2). The
sequence {E;} can be assembled into a Hilbert gAg-module bundle V', and the almost
leafwise flatness will be reflected in a genuinely leafwise flat Hilbert ¢ Q g-module bundle
W =V/qA'q. However, to the best of the authors’ knowledge, there is no characterization
of leafwise flat vector bundle in the form of (1.1). To find the counterpart of (1.3), we will
make use of basic K K-theory.

The foliation counterpart of universal cover and fundamental group is the monodromy
groupoid Gy . The role of C*-algebras A, A’, Q will be played by three crossed product
C*-algebras C*(Gp, qAq), C*(Gpy,qA’q) and C*(Gyr, ¢Qq) which are constructed
by taking the completion of the algebra of compactly supported smooth functions on
Gy with values in the corresponding C *-algebras. The fact that gAq is an unital C*-
algebras is crucial in the corresponding pseudodifferential calculus that we will need. If
W is a leafwise flat Hilbert ¢ Q g-module bundle over M, the space of smooth compactly
supported sections of the pullback bundle r*W — Gjs can be completed into a Hilbert
C*(Gpy,qQq)-module &y . It can be shown, due to the leafwise flatness, this module also
has a left C* Gjs-action which, together with the zero operator, determines a K K-theory
element in

KK(C*"Gpm.C*(Gm.qQ29)). (1.6)

This K K-element will play the role of the map (1.3). The sequence of C *-algebras
0— C*(Gp,qA'q) - C*(Gy,qAq) — C*(Gy,qQq) — 0

is exact (see Proposition 3.8) and induces the following exact sequence at the level of
K-theory:

Ko(C*(Gum.qA'q) — Ko(C*(Gum.qAq)) — Ko(C*(Gm.qQq)).  (1.7)
The image of [«] under the map
Ko(C*Gm) — Ko(C*(Gm.qQ9)),

which is induced by Kasparov product with the K K -element (1.6), is given by the twisted
leafwise Dirac operator [Dw—g04] € Ko(C*(Gum.qQq)) twisted by the virtual bundle
W —qQgq. It can be lifted, through the second map of (1.7), to the element in [Dy_g44] €
Ko(C*(Gp,qAq)) given by the leafwise Dirac operator twisted by the virtual bundle
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V — qAq. To see the nonvanishing of [«], it suffices to show that [Dy_;44] is not in the
image of the first map of (1.7). Consider the following diagram:

Ko(C*(Gum,qA'q)) —— @ Ko(C*Guy) —— P C (1.8)

L |

Ko(C*(Gum.qAq)) —2= ] Ko(C*Gy) —— ] C,

where the first vertical arrow is precisely the first map of (1.7), the horizontal arrows from
the first column to the second column are induced from the projections A — K into the
each component and the p maps are given by the Connes’ transversal fundamental class.
Then, the image of [Dy_444] under the lower horizontal line is given by

((A(F) ch(E; — C%),[M]))ien,

which, according to the assumption on Chern classes, has infinitely many nonzero terms.
Thus, it cannot be in the image of the first horizontal line.

1.5. Reduction to compact case

For general enlargeable foliation, the situation can be reduced back to the compactly
enlargeable case by the following observation.

Observation 1.9. As C1. C C§ 1 is an ideal, the C*-algebra C§ ;- can be mapped to the
multiplier algebra of C7.,
Csr — M(Cp). (1.9)

the compositions of the set of transition functions (1.5) and the map (1.9) can be taken as
a new set of transition functions. Together with trivializations U, x C%, it builds a Hilbert
C7-module bundle E,.

Now, the difficulty of non-compactness is reflected in the fact that Cf. = X is not
unital so that the K K-theory element construction (1.6) cannot be applied directly. We
need the relative index theorem to overcome the difficulty. The virtual bundle

E,—C% (1.10)

can be organized into an element in the group Ko(C(M) ® C3). Under the light of KK-
equivalence between KX and C the difference bundle (1.10) can be reduced to a finite
dimensional virtual bundle E® — C% with d, = dim(E?). The advantage of E? over E,
is that, apart from being asymptotic flat as ¢ — 0, it is finite dimensional vector bundle
so that the construction of (1.6) can be applied. The Chern characters of E2’s can be
calculated to satisfy

(A(F)ch(E? — C%),[M]) = (A(Fe) ch(f*E — C9), [M,]). (1.11)

From here on, exactly the same methods in the compactly enlargeable case can be applied,
and the result follows.
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1.6. Organization

This paper is organized as follows. In Section 2, we briefly recall the definition of mon-
odromy groupoids and holonomy groupoids of a foliated manifold. In Section 3, we
review the notion of Haar system on Lie groupoids, the construction of full and reduced
groupoid C *-algebras and introduce C*(G, A) groupoid C *-algebras with coefficient in
another C*-algebra. In Section 4, under the assumption that (M, F) is a foliation with
F spin and even dimensional, we define the foliation counterpart of Rosenberg index
[a] € Ko(C*Gypy) and relate it to the longitudinal index element. In Section 5, we define
the Rosenberg index twisted by a Hilbert C *-module bundle. In Section 6, we construct a
Hilbert module in the presence of a leafwise flat Hilbert Q-module bundle. This Hilbert
module will later determines a K K -theory element which play the role of (1.3). In Section
7, we write down the definition of the genuinely leafwise flat Hilbert Q-module bundle
out of the compactly enlargeability of (M, F) and prove the non-vanishing of [¢]. In
Section 8, we construct the finite dimensional vector bundles Eg, calculate their curva-
tures and Chern characters and explain how to reduce the general enlargeable case to the
compactly enlargeable case. In Section 9, we deal with odd dimensional F. We define
[a] € K1(C*Gyy) and show how to reduce the non-vanishing problem to the even dimen-
sional case.

2. Monodromy groupoids and holonomy groupoids

Let (M, F) be a compact foliation, we will denote the monodromy groupoid by Gz
and the holonomy groupoid by Gg. The unit space of Gy is the compact manifold M,
the morphism space is the set of holonomy classes of curves along leaves of (M, F'). The
range map and the source map r, s : Gg — M are given by sending curves to their terminal
and initial points, respectively. Groupoid multiplications are given by concatenation of
curves.

Proposition 2.1 ([19, Proposition 5.6]). The morphism space of holonomy groupoid Gg
has a manifold structure.

Proof. Lety € Gy be some curves in a leaf of the foliation (M, F). We will construct an
open neighborhood of y which is homeomorphic to some Euclidean space.

Assume that r(y) = x and s(y) = y. Pick local foliation charts x e U = T; x L —
R? xR? withx = (xr,xp)eUandy eV =T, x L, > R? xR?withy = (yr,yL) €
V. If we pick two foliation charts small enough, there is a smooth map

H:Tyx[0,1]— T 2.1)

such that H(x7,t) = y(t) and H (x,) is a curve within some leaves connecting H (*,0) €
Ty and H(x*, 1) € T,. Now, we can define a map

Tl X Ll X L2 —> HOI(M, F), (22)
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which assign (a,b,c) € Ty x Ly x Lj the curve 7 o H(a,t) o n where T is any curve
connecting (a, b) to (a,xr) in U, H is the smooth map described in (2.1) with H(a,0) =
(a, xr) and n is any curve connecting H(a, 1) with (yr,c) in V. The map (2.2) is well-
defined since the holonomy class of T o H(a,t) o 1 is independent of the choice of t, H, 7.
It is also clear that (2.2) is injective, and form a topological basis. In this way, we define
the local Euclidean structure, and hence, a manifold structure of Gg. n

Remark 2.2. As for the monodromy groupoid Gy, the unit space is given by M, the
morphism space is the set of homotopy classes of curves along leaves of (M, F), the
manifold structure and the source and range maps are given in a similar way.

The source fibers of Gy and Gjps over x € M is the holonomy cover and universal
cover of the leaf passing through x € M, respectively.

Example 2.3. If F = T M, the holonomy groupoid degenerates into the pair groupoid,
namely, Gg = M x M. Under the same assumption F' = 7'M, the morphism space of the
monodromy groupoid is given by the space of homotopy classes of all curves in M . In this
particular case, Gy is usually called fundamental groupoid and denoted by IT(M) = M.
It can be shown that the fundamental groupoid is Morita equivalent to fundamental group
taken as groupoid over a single point. Hence, their corresponding groupoid C *-algebras
are Morita equivalent.

3. Groupoid C *-algebras

Parallel to the notion of Haar measures on locally compact topological groups, there is a
notion of Haar systems on Lie groupoids.

Definition 3.1. Let G = G(© be a Lie groupoid, a family of measures {/t }xcgo is called
a Haar system on G if the following statements hold.
(1) The measure py is supported on the source fiber G.

(2) For any smooth compactly supported function f on G, the function on the unit
space G(© given by the assignment

x'—>/G SW)dux(y)

is smooth.

(3) Letn € G, f be any smooth compactly supported function on G; then,

SWdpsq(y) = Sy ondirq(y).
Gs(n) Gr(ﬂ)

The above family of measures is sometimes referred to as right invariant Haar system.
Left invariant Haar system {t*},cgo can be defined in a similar way where we replace
the source fibers G, with the range fibers G*.
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Example 3.2. Fix a metric on F'; then, there is an induced measure {4y }xepr on each leaf
Ly C M. The leafwise measures, in turn, determine measures {uf } on their holonomy
covers Gy, and measures {,ui” } on universal covers Gy, accordingly. One can check
that these measures form Haar systems on Gg and Gy, respectively.

In the presence of a Haar system {/ix }, g, the space of compactly supported smooth
functions on groupoid G can be made into an algebra. Let f, g € C°(G), the multiplica-
tion f * g is given by

f*gW)=/1 £ o v Hg(r)disgy (). 3.1)

Y1 EGs(y)

and the adjoint is given by
[ ) = fr=H.

Remark 3.3. In general, the monodromy groupoid Gjs and the holonomy groupoid Gg
may not be Hausdorff. We need to be careful with the definition of C°(G). Since Gy and
G g all have smooth manifold structure, every point in the groupoid have Hausdorff local
coordinate chart. According to [6], the space C°(G) is defined to be the span of functions
each of which is smooth on a Hausdorff chart of G and vanishes outside a compact subset
of the Hausdorff chart. More precisely, a typical function in C>°(G) can be written as

finite sum
=Y #
i

where f; is smooth function on a Hausdorff chart U; C G that vanishes outside a compact
subset of U;. If G is indeed Hausdorff, then so defined C°(G) has its usual meaning
(see [20] for more details).

Definition 3.4. Let / € C>°(G) and define

T {]L s, [ |f<y—1»duxoo}.

xeG©

Itis easy to check that || - || is a norm. We will say a representation ¢ : C2°(G) — B(H,)
is bounded if it satisfies

le(H s,y < I1f Iz

for all f € CX°(G). The full groupoid C*-algebra is the completion of C>°(G) with
respect to the norm

sup [[o( /)l ze)-
(4

where ¢ ranges over all bounded representations of C>°(G). The full groupoid C *-algebra
is usually denoted by C*G.

Analogous to the fact that the holonomy group at a fixed point is a quotient of the
fundamental group of the leaf passing through the fixed point, there is a canonical quotient
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map 7 : Gy — Gy which sends the universal cover of a leaf to its holonomy cover. There
is a homomorphism of algebras @ : C>°(Gpr) — C°(Gg) which is given by

()= Y. [

m(y)=n
Proposition 3.5. The map ® extends to a C*-algebras homomorphism C*Gyy — C*Gg.

Proof. 1t is straightforward to check that | ®(f)|lcxGy < 1P < |1 fz1- |

Within the set of bounded representations of groupoid algebra C°(G) there is a dis-
tinguished one called regular representation which is described as follows. Let {u .} be
a right Haar system on the groupoid G. For any x € G©, the groupoid algebra C, >(G)
acts on the Hilbert space L2(Gy, jtx) as follows:

mx(f)E(y) = fy on HEmdux(n).

n€Gx

It is easy to check that this is a bounded representation. The completion of C°(G) with
respect to the norm

I/ Il="sup [lzx()

xeG©

is denoted by C;* G and called the reduced groupoid C *-algebra. By definition || - [|cxg <
| - llc*g, so there is a canonical map C*G — CG.

Following the construction of groupoid C *-algebra, we will consider a construction of
crossed product C*-algebra. This algebra will be useful in the following sections. Let B
be a C *-algebra, notice that the C.(G, B) has a *-algebra structure whose multiplication
is given in the same way as in (3.1) and the adjoint is given by f*(y) = f(y~1)*.

Definition 3.6. Let B be a C *-algebra, let f €C.(G, B), define anorm || - |7 on C.(G, B):

I/l = sup { /G 1 @) pdis (). /G IIf(V_l)IIBde(V)}-

xeG©)
A representation ¢ : C.(G, B) — B(H#,) is called bounded if
le(H s,y < I1f Iz

for all f € C.(G, B). The C*-algebra C*(G, B) is defined to be the completion of
C.(G, B) with respect to the norm

If llcxc.B) = sup lo(f)ll 8ese,)-
@

where ¢ ranges over all bounded representations.

Proposition 3.7. Let B — C be a homomorphism between C*-algebras , then it induces
a homomorphism C*(G, B) - C*(G,C).
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Proof. 1t is clear that the homomorphism B — C induces a *-homomorphism at the
level of continuous maps 7 : C¢(G, B) — C¢(G, C). Let ¢ : C.(G,C) — B(H,) be
any bounded representation. Then, the composition

Cc(G,B) = C.(G,C) — B(H,) 3.2)
is also a representation. For any f € C.(G, B), we have the following estimate:

leGr(Dswe,) < 17Nl = 1f 11,

where the first inequality is a consequence of the boundedness assumption on ¢ and the
second inequality is implied by the fact that homomorphism between C *-algebra is con-
tractive. Therefore, the composition (3.2) is still a bounded representation of C.(G, B)
and || fllc*,B) = |7 (f)lc*,c) forall f € C.(G.B). This completes the proof. =

Proposition 3.8. Let B be a C*-algebra, J C B an ideal. If G is compact, the exact
sequence of C*-algebras 0 — J — B — B/J — 0 induces an exact sequence

0—C*(G,J)— C*(G,B)—> C*(G,B/J)— 0. (3.3)
Proof. We first notice that the sequence at the level of continuous maps
0—C.(G,J)— C.(G,B) —> C.(G,B/J)—>0

is exact. Indeed, the injectivity of the second arrow and the exactness in the middle term
is clear. We only need to show the surjectivity of the third arrow. Pick a f € C.(G, B/J)
whose support is a compact subset K of a coordinate chart U C G. There is an open
neighborhood U’ of K such that the closure of U’ is contained in U and is compact.
Then, f € Co(U’) ® B/J. Since Co(U’) ® B — Co(U’) ® B/J is surjective (see [4,
Section 3.7], for example), there is a preimage in Co(U’) ® B € C.(U, B) C C.(G, B).
General elements in C.(G, B) are spanned by those f’s. This proves the surjectivity of
C.(G,B) — C.(G,B/J).

It is clear that any bounded representation of C.(G, B) restricts to a bounded repre-
sentation of C¢(G, J). The C*-norm | - |c*(g,s) on C.(G, J) is greater than or equal to
the restriction of || - [|c+(g,B) to Cc(G, J). To show the injectivity of the second arrow
in (3.3), it suffices to show that any bounded representation of C.(G, J) extends to a
bounded representation of C.(G, B). Indeed, let ¢ : C.(G, J) — B(H,) be a bounded
representation of C.(G, J), let

H' = closure of span{@(f)h | f € Cc.(G,J),h € H,} C Hy
be the Hilbert subspace of #,,. The algebra C. (G, B) acts on #’ in the following way:
g-9(f)h = p(gf)h (34

forall g € C.(G, B) and f € C.(G, J). To proceed, we need the following lemma.
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Lemma 3.9. The representation (3.4) is bounded.

Proof of Lemma 3.9. Let g € C.(G, B) and f € C.(G, J). Since ¢ is a bounded repre-

sentation, we have [lp(gf)Il < llgllr - || £ |l7. Moreover, [lp(g /)11 = llp(f*g*)¢(g./)] <
le(H)I - 1813 - 1L 117 By induction, we have [lo(g)I2* < llo(HIF - gl - 111z
for all integers k. Taking the 2% th root, we have [|¢(g £)I| < eI - lgls - | f ||17k
for all k € N. Let k — oo, we get

le(g NI < llglr - le(H]- (3.5)

Let {¢;} be norm 1 approximate identity of C*(G, J). Choose a sequence {v;} from
C.(G, J) such that ||v; — ¢;||c*(G,s) < 1/i. Then, according to (3.5), we have

e(gf)v = lim o(gvi f)v.
Moreover,

le(gvi fHvll < llpCguall - le(fHvllse, < ligls - le@ll - llo(fvllse,

Taking the limit i — oo, we have

loCgfIvllse, < ligls - leCfIvlz,-

Since elements of the form ¢( f)v form a dense subspace of J’, the above estimate com-
pletes the proof of the lemma. ]

This shows that for any f € C.(G, J), we have || f||c+@.s) = || fllc*c,B)- Hence,
the second arrow of (3.3) is injective. Since the range of homomorphism between C *-
algebras is closed, the third map of (3.3) is surjective. It remains to show the exactness in
the middle of (3.3).

A priori, the sequence (3.3) is only a complex, namely, the composition of the second
arrow and the third arrow is zero in (3.3). There is a quotient map

C*(G,B)/C*(G,J) — C*(G,B/J). (3.6)

On the other hand, C.(G, B)/C.(G,J) = C.(G, B/ J) sits inside C*(G, B/ J). So, there
is a dense embedding

C.(G,B/J) < C*(G,B)/C*(G,J) (3.7)

of algebras. Pick any faithful representation W : C*(G, B)/C*(G, J) — B(Hy), then
the composition with (3.7) gives a representation 7 of C.(G, B/J). We will now prove
that 7 is a bounded representation. Let f € C.(G, B/J) and f € C.(G, B) be a lift of
f. Then, we have

7 (Ol s@ey) = I lc*G.B)/c*6.0)

= inf f + hllcx.B)
peon 1) I.f +2llc6.8)
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Let {v; } be approximate identity of J such that 0 < v; < v; < I in the unitalization of J
ifi < j.Then, forany h € C.(G, J), we have h*(x)(1 — v;)h(x) > h*(x)(1 — v;)h(x) if
i < j which implies [|(1 — v;)"2h(x)|l; > (1 —v;)"/2h(x)| s if i < j. Therefore, the
function

wi = [ 10=u)" ol sdx

is continuous in ¥ and decreasing in i. According to the monotone convergence theorem,
the function g; (1) pointwise converge to zero function. On the other hand, since G is
compact, according to the Dini theorem, g; (1) converges uniformly to zero function. This
implies that (1 — v;)/2 f — 0 in I-norm and also in the norm of C*(G, J). To proceed,
we need the following lemma.

Lemma 3.10. We have ”f”C*(G,B)/C*(G,J) = limi_mo ||(1 — Ui)l/zf”(;*(G,B).

Proof of Lemma 3.10. Fix ¢ > 0, there is h € C.(G, J) such that

If = hllcx@c.B) = .flc*@.B)/c*@G.0) + &

Then,

11— v)2 fllcr 6.8y < (1= v)V2(f = Wllc+6.) + (1 = v:)?hllcx6,B)-

Using the method of Lemma 3.9, we can show that

1A= v)2(f = )lcx@.3) < 1A —v) 2] - || f = hllc+6.B)-

Therefore, choosing i sufficiently large, we can arrange that

11 =v)"? Flic@.8) < .f lc*.B)/c*G.0) + 26
This completes the proof of the lemma. ]

Thanks to the above lemma, we have [|7(f)||8(eq) < limi—co [[(1 — v:)2f 1.
Again, let

an = [ 10=0)"2 Fwlpdx

and apply the Dini theorem once again, we have g; (1) is uniformly convergent in u and

tim sup gi(u) = sup [ £y
i—00 y u Jgu

Overall, we have || ()| 8ey) < |l f|lz- So, 7 is a bounded representation. Therefore, the

norm on C*(G, B)/C*(G, J) is less than or equal to the norm on C*(G, B/J). Together

with the fact that homomorphism between C *-algebra is contractive, we have (3.6) is an

isomorphism. This completes the proof. ]
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4. Rosenberg index

From this section on, except the last section, we will assume that ' — M is a spin vector

bundle of even dimension with spinor given by S = S*(F) @ S™(F). Let D4 be the

positive part of the leafwise Dirac operator acting on .S, which means the following:

e D :C®(M,ST)— C®(M,S™) is ausual differential operator.

*  For any smooth section & of ST — M and any leaf L of (M, F), the restriction D £y,
only depends on the restriction &|y..

e Foranyleaf L of M, Dy|p : C2®(L,S1) — CX(L, S™) is the classical Dirac oper-
ator on L.

The notion of leafwise Dirac type operator or more generally, the notion of leafwise ellip-
tic differential operator can be defined in a similar way (see [8, Chapter 2, Section 9]).
The Dirac operator D |1, can be lifted to universal covers D 7 : C°(L,7*S ) —

Ccx (L, 7*S™) where 7w : L — L is the covering map. All those D 7’s can be assembled
to an operator D4 : C2°(Gar,r*S1) — C2(Gpr, r*S™) such that

Dyf() =D, 1 N,

where f € CZ(Gp,r*ST) and Zs(y) is the universal cover of the leaf passing through
s(y) € M. Similarly, the operator D_ : C2(Gpr, r*S™) — CX(Gpr, r*S™T) can be
defined.

Proposition 4.1. The space C°(Gpy, r*S) can be completed into a Hilbert C*Gy-
module which will be denoted by &.

Proof. Letg, ¥ € CX(Gy,r*S) and y € Gy, the formula

(0 V) () = / (0 0 7™ ¥ D)) disr) (1)

V1€Gp 5()

defines a C*Gpy-valued inner product on CX(Gpy, r*S). Let f € C2(Gpy), it acts on
CX(Gp,r*S) by

- fly) = / o(y oy ) fy)disiy(n1).
V1€G M 5(y)

It is easy to check that this inner product satisfies the pre-Hilbert module condition and
(@, @) = 0 implies ¢ = 0. The completion of CZ°(Gps, r*S) under the norm

lellz = e @)l 6x
is a Hilbert C * G s-module. [ ]

The same constructions can be done for ST and S~ and the corresponding Hilbert
C*Gpr-modules will be denoted by &4 and &_, respectively. Clearly, & = &4 & &_.
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Proposition 4.2. The operators D4 and D_ are formal adjoint to each other. Namely,
forany f € CZ(Gp,r*ST) and g € CX(Gpr,r*S™), we have

(D+f. g) = (/. D-g).

Proof. Indeed,

(D4 f.8)(y) = f (Dt £ 0™, gD ditsr) (1)

Y1€GM s5(y)

— [ ADer, DO s ()
VIGGM,s(y)

=D, 1, Uy /).8) = Uy £.D_5, &) = (/. D-g) ().

where U, is the translation operator U, f(y1) = f(y1 o y). In the last line, the first two
inner products are given by the L? inner product of the space C° (L s(y)» T*S). The first
two terms in the last line are the same because D is formal adjoint to D_ on the universal
cover of leaves. |

In the following discussion, we will use D4, D_ for their closure. According to [24,
Proposition 21, Lemma 22], D and D_ can be taken as unbounded regular operators and

Di:D+.SO,
D=|:DO lﬂ:&—ws
+

is self-adjoint and regular. Since D =% i/ is a first order elliptic operator, there is a smooth-
ing operator R and pseudodifferential operator Q of order negative one such that

(D+il)Q =1 +R.

Multiply (D 4+ il)~! on both sides, we get (D % il)~! is compact. So, the functional
calculus f(D) (see [16], for example) is compact for all f € Co(R).

Recall that in [14, Chapter 10], a continuous function f : R — [—1, 1] is called nor-
malizing if
e fisodd;
* fle)=0ifc=0;
o limesio f(c) > £1.

Definition 4.3. The Rosenberg index of D is an element [o] in Ko(C*Gyps) which is
given by the Kasparov module (&, f(D)) for any normalizing function f.

Proposition 4.4. If F is spin and (M, F) admits leafwise positive scalar curvature, then
[a] = 0 as a K-theory element in Ko(C*Gypy).

Proof. By Lichnerowicz formula, if (M, F) has leafwise positive scalar curvature, the
leafwise Dirac D is invertible. It has a spectrum gap around 0 € R. We can choose the
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normalizing function f such that 2 = 1 on spectrum of D. Under this circumstances,
the Kasparov module (&, f(D)) is degenerate. |

Remark 4.5.1In [9], the authors define the longitudinal index as an element in Ko(C*Gpr).
Following their method, we set the Rosenberg index to live in Ko(C *Gyy). In fact, under
the map

C*GM —>C*GH —)Cr*GH, (4.1)

the Rosenberg index defined above is mapped to the longitudinal index.

5. Twisted Rosenberg index

In this section, we assume B to be a C*-algebra with unit. The theory of pseudodiffer-
ential operators over unital C *-algebras can be found in [18]. In [18] the author define
pseudodifferential operators over unital C*-algebras for compact smooth manifolds, the
method there also works for paracompact manifold. One can choose locally finite partition
of unity in the formula (3.12) in [18].
Let S™(A*G, B) be the set of all a € C*®°(A*G, B) such that for every compact subset
K C G° and every multi-indices o, B there is constant Cy g x > 0 with the following
inequality:
l0%0f a(x. £)llp < Capx - (1 + €)™

for all x € K. Let Sp’"hg(A*G, B) be the set of all a € S™(A*G, B) such that for every
J € N onecan find a,,—j € C*°(A*G, B) with the property a,,—; (x,t§) =t"/a(x,§)
forallz > 0, ||| > 1 and

N-1

a—Y amje€S"N(A*G.B)

j=0

forall N € N.

Definition 5.1. A pseudodifferential operator of order m on Lie groupoid G with values
in B is a compactly supported G-operator { Py}, g in the sense of [24, Section 3.3]
such that

+ each P, is a pseudodifferential operator on source fiber s~!(x) of order m over a
C*-algebra B;

» for each trivializing open subset U x V' = @ C G to which the source map restricts
to the projection onto the first factor, and for all ¢, ¥ € C.(2) the operator ¢ P,V is
given by a symbol a(x, y, &) € S;ﬁg(U x V xR", B).

If, in addition, the distributional kernel of { P, } is compactly supported, the pseudodiffer-

ential operator is called compactly supported. The principal symbol op € S;‘hg (4*G, B)

of a pseudodifferential operator P is defined by

op(x.§) = o(Px)(x.§),
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where 0 (Py) € S*(T*Gy, B) is the principal symbol of P, as pseudodifferential operator
on the source fiber Gx. From the definition, it is clear that if P, Q are compactly supported
pseudodifferential operators, then PQ is still a pseudodifferential operator and opg =
op-0gQ.

Proposition 5.2. Pseudodifferential operators on G with compact support of order less
than or equal to zero extend to morphisms between C* (G, B) and pseudodifferential oper-
ators with compact support of order strictly less than zero extend to elements of C*(G, B).

Proof. See [10, Proposition 3.4]. We first assume that the pseudodifferential operator P
has order less than or equal to p = dim G© — dim G. Then, for any trivializing open
subset U x V = Q C G and any ¢, ¥ € C.(£2) the operator ¢ P,y has smooth integral
kernel. Therefore, P has compactly supported smooth kernel which clearly extends to an
element of C*(G, B).

If P has order=< p/2,then | Pf 2.6 gy < (Pf. PP)lc+G.0) SIP* P11 f 1265,
which implies that P is a multiplier of C*(G, B). Since P* P extends to an element
of C*(G, B), it follows that P € C*(G, B). By induction, if P has order < p/2k for
some integer k, then P € C*(G, B). This proves compactly supported pseudodifferential
operators of negative order extend to an element of C*(G, B).

Now, assume that P is of order 0 with principal symbol op € S;?hg (A*G,B).Letc €
R such that ¢ > 0, (x,&) forall (x,£) € A*G. Put bh(x,£) = (¢2 + 1 — |0, (x,£)|*)/? and
let Q be pseudodifferential operator with principal symbol b(x, §). Then, P*P + Q*Q
has principal symbol 1 + ¢? and is bounded. A direct calculation

IPfIIE«,8 < IKPL.Pf)lcr@c.p) < IN(P*P + 0*O) f. f)lc*G.B)
shows that P is bounded. This completes the proof. ]

Givena € S;ﬁg(A*G, B), a pseudodifferential operator P, : C>°(G, B) — C°(G, B)
can be defined by the formula in [24, Proposition 14]. Namely, we fix a diffeomorphism ¢
from a tubular neighborhood of G(¥) C G to an open neighborhood W of the zero section
of AG. Let x be a function with values in [0, 1], whose restriction to G ©) equals 1 and its
support is contained in W.Let £ € A*G,y € G, and e¢(y) = x(y) exp(i (¢(y), £)), then
P, is given by the distributional kernel

k() = f e_e(y N)a(r(y). H)dE.
AT, G

@2n)

Then, P, is a pseudodifferential operator on G of order m whose principal symbol is a.

Remark 5.3. The above discussion also applies to pseudodifferential operators between
finitely generated projective Hilbert B-module bundles.

Let G© be compact. A pseudodifferential operator is called elliptic if its principal
symbola € ST (A*G, B) is invertible outside a compact neighborhood of the zero section
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G©® c A*G. Then, thereis a’ € Sp_h'g” (A*G, B) which agrees with the inverse of a outside
a compact neighborhood of G c 4*G.

Now, let E be a finitely generated projective Hilbert B-module bundle over M. The
space CX°(Gy, r* E) can be completed into a Hilbert C*(Gpy, B)-module in the same
way as Proposition 4.1. Notice that ST ® E (S~ ® E, S ® E, respectively) is still a
finitely generated projective Hilbert B-module bundle over M, the corresponding Hilbert
module will be denoted by & p (E_ B, Ep, respectively). Notice that Ep =61 p ® E_ p.
Let D4 g :CX¥(Gp,r*ST Q@ r*E) — C2(Gp,r*S™ @ r* E) denote the leafwise Dirac
type operator twisted by E which is a first order elliptic differential operator. The operator
D g can be taken as an unbounded operator from & p to E_ p. We will use the same
notation for its closure.

Proposition 5.4. The operator Dy g : €&+ p — &_ p is regular and D , = D_ E.

Proof. Since Dy g is elliptic, there is a pseudodifferential operator Q of order —1 such
that Dy pQ — 1 = Rand QD4 g — I = § are smoothing operators. Then, the proof in

[24, Proposition 21] works verbatim. [
Let Dg = [ D-(:E D(_)‘E ] : &p — &p. It is a self-adjoint regular operator. It can be

checked that the operator (Dg £i)~! : g — &p is compact.

Proposition 5.5. Let f be a normalizing function, then the pair (€g, f(DEg)) forms a
Kasparov module and determines an element in Ko(C*(Gypy, B)). This element will be
called twisted Rosenberg index and denoted by [DEg].

Proof. Tt suffices to show that if g vanishes at infinity, g(Dg) : &g — &p is a compact
operator. The result follows from the fact that Co(R) is generated by (x +i)~! as C*-
algebra. ]

6. The Hilbert module out of leafwise flat bundles

The basic theory of Hilbert C*-module and Hilbert C*-module bundle can be found
in [23]. Let B be an unital C *-algebra, let W be a leafwise flat, finitely generated projec-
tive Hilbert B-module bundle over M.

The space C2°(Gp, r*W) has a C2°(Gpy, B) C C*(Gpy, B)-valued inner product
given by

O = [ oy w0 (). ©.)

VIGGM,s(y)
where ¢, ¥ € C°(Gp, r*W). Assume Ew be the completion of C2°(Gpy, r* W) under
lelle, =l{e, @) ||1C/*2(GM B)- The space C2° (G, r* W) has an obvious right C2°(Gy, B)

action which is given by

- fly)= / o(y oy fy)disiy(n1). (6.2)
V1€G M s(y)
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where ¢ € CX°(Gpy, r*W) and f € C°(Gp, B). The action (6.2) extends to a right
C*(Gy, B) action on Ey. As a consequence, &y has a Hilbert C*(Gys, B)-module
structure.

There is a left Cy(M )-action on C2°(Gyr, r* W) which is given by

h-o(y) =h@r(y)-e(y) (6.3)
forallh € Co(M)and ¢ € CX (G, r*W).
Proposition 6.1. Forany h € Co(M) and ¢ € CZ°(Gp, r* W), we have

-l < Al llelley
where ||h|| is the sup-norm of h in Co(M).

Proof. We will use the estimate in [21, Lemma 1.1.13]. Let k € Co(M) be the function
defined by
k(m) = (] = |hGm)*)!/2.

Then, it is easy to check the following:

ol = [l -¢. 1 @)l
= [171%(¢. 9) = (k- 0.k - )|
< 111l (@. @)1,

which completes the proof. ]

Corollary 6.2 ([21, Proposition 2.1.14]). The action (6.3) extends to a x-homomorphism
Co(M) — L(Ew).

Proof. Thanks to the above proposition, the action extends to the Hilbert module &y . It
is a matter of direct calculation to check that it preserves the x-operation. ]

We will show, in the rest of this section, the Hilbert module &y determines a KK -
theory elementin KK(C*Gpy,C*(Gp, B)). There is aleft C2°(G ) action on the space
C°(Gp, r*W) which is given by

fro) = / F oy H oyt -e(rduse) (). (6.4)
Y1€G M s5(y)

where (y o y;1) - ¢(y1) is the image of ¢(y1) under the parallel translation along the curve
y o y; !. Thanks to the leafwise flatness of W, this parallel translation is well defined. It
is also convenient to have an alternative description of the action (6.4).

Let i = {15} be aright invariant Haar system on Gjps. The inverse map ¢ : Gyy — Gy
induces a left invariant Haar system which we denote by ji. The space C°(Gys) can be
completed into Hilbert Cy(M )-modules in two ways given by two inner products

(/. g)s(m) = / T g)du(y)

s(y)=m
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and

(rg)rm) = / T - s daW).

r(y)=m
where f, g € C°(Gyp). Following [5], we will denote the completions by L?(Gp, s, [1)
and LZ(GM, r, it), respectively. According to Corollary 6.2, we can form the inner ten-
sor product L%(Ga, s, &) ®com) Ew and L*(Gp. 1, 1) @cym) Ew. We denote by
C2(Gp) ®ag CX2(Gp,r* W) the dense subset of L2(Gp, s, ib) ®c,y(mr) Ew consists of
linear span of elements of the form f ® ¢ with f € C°(Gpy) and 9 € CX(Gpy. r*W).

Proposition 6.3. There is U : C°(Gy) ®ug C(Gym, 1™ W) — L2(Gp, 1, 1) ®Co(M)
Ew given by
U(F)(y1,v2) = y1- F(y1,77 " 0 1), (6.5)

where Yy is the parallel translation of W along y;.

Proof. We have to show that U(F) € L*(Gp, 1, 1) ®com) Ew. It is enough to verify
the case where F' = f ® ¢. For y1,y2 € Gy with r(y1) = r(y2), we have

UF)(y1.v2) = f(y1) - y1- (1 o y2).

By using the fact that C>°(Gpr, r*W) is a finitely generated projective module over
C°(Gu, B), the above equation can be written as a finite sum,

UF)(y1.v2) = Y_ Fi(y1. y2)@i (r(y2)).

where F; are compactly supported smooth functions on

H ={(y1.v2) € Gu x Gu | r(y1) = r(y2)}

with values in B and ¢; are smooth compactly supported sections of W — M. Since the
image of C°(Guy) Qug C°(Gm, B) — C°(H, B) is dense in the inductive topology,
there is a sequence Fik € CX(Gy) Rug CZ°(Gy, B) such that Fik — F; in the inductive
topology of C°(H, B) for all i. Therefore, for any & > 0 there is N € N such that
H Y (FE=F)-rre
i

<e

— ©

L2(Gp,5,1)®cy(ar) Ew

whenever k, k' > N. As a consequence,

Y FFrtei € C2(Gu) ®ug C Gy 1™ W)

is a Cauchy sequence parametrized by k and converging to U(F) in the topology of
L*(Gpm, s, 1) ®com) Ew- L
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Proposition 6.4. If F, G belong either to CZ°(Gpr) Qag C°(Gpr, 7™ W) or the image of
CX(Gpm) Qag C(Gp,r*W) under U, then

(F» G)LZ(GM,r,ﬁ)®CO(M)8W € CL?O(GMv B)

and

(F, G)LZ(GM,r,ﬁ)®CO(M)8W )

/ (F(ya,y1 0™ 1), G(ya. y))d(y1)dp(y2). (6.6
s(y1)=s(y),r (y2)=r(y1)

Proof. If F, G both belong to CZ°(Gpr) ®ae C°(Gpr, r* W) equation (6.6) is obvious. If
at least one of them belongs to the image of U, then F, G can be approximated by F;, G; €
C2(Gm) Qag CX (G, r*W) as constructed in Proposition 6.3. Moreover, (F;, G;) —
(F, G) in the inductive topology of C>°(Gys, B). This completes the proof. L]

Proposition 6.5. We have

(U(F), U(F))LZ(GM,r,ﬁ)®CO(M)8W = (Fv F)Lz(GM,S,M)®CO(M)3W
forall F € C°(Gpy) Qug CXZ°(Gp, 7™ W).

Proof. According to (6.6), we have
WELUEN) = [n- Frars o m ov ™o Flras™ 0yl du(ra)

= /(F(J/z, Y2 loyioy ), F(ya. vy ' o y))du(y)du(y2)
= (F.F)(y).

where from the first line to the second line we use the fact that parallel translation is unitary
and from the second line to the third line we use the right invariance of Haar system (see
Definition 3.1 (iii)). ]

Therefore, the map U can be extended to an isometry

U : L*(Gum.s. 1) ®com) Ew — L*(Gu. 1, i) ®comr) Ew-

Let f € C(Gym), let Ty : Ew — L*(Gu, s, i) ®cy(mr) Ew denote the Hilbert module
map x — f ® x and Tji" i L2(Gp, 1, 1) ®cymr) Ew — Ew be the operator which sends

g ®x to (f. g)rx. Choose fi, f>» € CX°(Gpy) such that f = f1 - f», where - is the
point-wise multiplication.

Proposition 6.6. The action (6.4) can be realized as T;; UTy,.
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Proof. Letg,y € CX°(Gp,r*W). Then,
(TAUTre. ) (v) = (U208 9). f1 @ V) ()

= /(U(fz R @)(y2,y1 07 ), fi ® ¥(ya, y1))du(y1)dp(y2)
= /(fz()’z) 2oyt oyioy T, Aily) ¥ (y))du(y1)du(y2)

- /<f(7/2))’2 o3 oyi oy O W (y))du(y)du(y2)
=(f-o.¥)(¥),

here from the first line to the second line we use (6.6). This completes the proof. ]

Let E be a finitely generated projective Hilbert B-module and let E* be the space of
adjointable operators between E and B. It has naturally a left B-action which is given by
(b-p)e)=b-p(e)forbe B,ec Eandp € E*.

Lemma 6.7. E* can be given a Hilbert B-module structure and E* and E are isomor-
phic. The isomorphism E — E* is given by sending e € E to the adjointable operator

Esé +— {e,e'Yg € B.
Moreover, E p E* =~ Kp(E).

Proof. If E = B" for some integer n, an adjointable map £ — B is determined by the
images of (1,0,...,0),(0,1,0,...,0),...,(0,0...,0,1) in B which we will denote by
b1,by...,b,. Inthis case, E* = B", and the isomorphism is given by sending (b1, b3, ...,
by) € Etov i (v, (by,bs,...,by)). In general, E is finitely generated and projective,
there is an orthogonal complemented Hilbert B-module bundle E+ with E @ E+ = B”".
An adjointable operator E — B can be complemented to an adjointable operator B"” —
B and is given by taking the inner product with some element w € B". Let p be the
projection from B” to E, then the restriction of the adjointable operator B” — B to
E is given by sending v € E to (v, pw). Therefore, there is an isomorphism E =~ E*.
The space E* is a left B-module and right Hilbert K g (E)-module, and the inner tensor
product £ ®p E* =~ Kp(E). [

Lemma 6.8. If E| and E, are two finitely generated projective Hilbert modules over
some unital C*-algebra, then the set of compact operators between E1 and E, equals the
set of adjointable operators between E1 and E;.

Proof. Let Eq, E, be finitely generated projective Hilbert modules over unital C *-algebra
B. Then, there are complemented Hilbert modules Ei-, E5- with E; @ E;* = B™ for some
n e Nandi = 1,2. Then,

6.7)

1
Kp(E1 ® E{,E2 ® Ey) = ['KB(El,Ez) Kp(Ey1, E; )i| .

Kp(E{.E») XKp(E{ EY)
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On the other hand, since B is unital, Kg(E, @ Ei, E» ® Ef) = £5(E1 ® E{, E2 ®
Ej-) and

£8(E1,E») £Lp(Ey, EY)
£B(E\® EL.E @E¢=[ 20|, 6.8
5(E1 2OED) =gy (Bl By £a(ER ED) ©9
By comparing (6.7) with (6.8), we have Kp(E1, E») = £(E1, E»). [

Proposition 6.9. The action (6.4) extends to a x-homomorphism C*Gyy — £(Ew) whose
image is contained in the algebra of compact operators on Eyy .

Proof. According to the above discussion, we have

If el < ITAI-1T7 0 - el (6.9)
where we omit the norm of U since it is an isometry. It is easy to check that

1/2
1Tl =11/ llL2Garus) = SUP

xeGl(\g)

/ F ) Pdu(y)
s(y)=x

and
1/2

ITF = 11/ I22(Garry = SUP / | )P Ei(y)
r(y)=x

XEG1(l2)

Let fi(y) = |fWIV2 fa(y) = fW)/fiy) if f(y) # 0and fo(y) = 0if f(y) = 0.
In this way, we have f = f - f> and | f1|?> = | f2|> = | f|. According to the definition
£ 1lr = max{||T%, | Iz |2}. Therefore, the inequality (6.9) becomes

Lol < 1L/ r - llell.

which completes the extension part of the proof.

Since B is unital, according to Lemma 6.8 the parallel translation along a curve y €
Gy is an element of the space of compact operators K (W), Wr(y)). Therefore, the
action of C2°(Gyy) is given by convolution multiplication with an element in C°(Gay,
r*w ®p s*W¥*).

It suffices to show that the operator given by convolution multiplication with element
in CX(Guy, r*W @p s*W*) is a compact operator. Let ¢g, 9o be sections of W —
M, f € C°(Gy, B), and denote by 5 the section of W* — M which is given by
Vo (©o) = (Yo, wo)w. Since W is a finitely generated projective Hilbert module bundle
over M, CX(M, W) is a finitely generated projective module over C°(M, B). Hence,
CX(Gp,r*W), C°(Gp,s*W™) are finitely generated projective modules over the space
C°(Gum, B). More precisely, let {¢; } be a finite sequence of smooth sections of W — M
such that the span of {¢; (m)} is W,, for allm € M. Then, C>°(Gps, r* W) can be obtained
as span of f; - r*¢; where f; € C°(Gp, B). Similar result holds for C°(Gag, s*W™).
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Accordingly, {¢;(m) ® (p]’." (n)} span the vector space W, ® W,* for all m € M and
n € M. Therefore, elements in C2°(Gpr, r*W ®p s* W*) can be written as span of

e ® f®s YT, (6.10)

where ¢, € C(M, W), y* € C°(M,W*) and f € C°(Gpm, B). It suffices to show
the operator Ty, .y which is given by convolution multiplication with elements of the
form (6.10) is a compact operator.

If there are fi, f,€C°(Gy, B) such that fi * f, = f, we pick 91 e CX(Gp. r* W)
which is given by ¢1(y) = ¢(r(y)) fi(y) and ¥y € C°(Gp, r* W) which is given by
Yi(y™") = ¥ (s(») f2(y). Then, by, y, h(y) equals

o1 - (V1. h)(y)

- / o1y (W Y () dits e (1)
VIEGM,s(y)

- / 01y dias) () Vi ari D) b)) ditsin (72)
Y1 eGM,s(y) V:

2€G (1)

= /(p(r(y))fl YD) Lars D k() dse) () disin) (v2)
= / o(r() f vy YV *(r(v2)h(v2)d s (v2)
- / 08 S @Yy it (),

V2€G M s(y)

where from the first line to the second line we use equation (6.2), from the second line to
the third line we use equation (6.1), from the third line to the fourth line we plug-in the
definition of ¢; and ¥; and from the fourth line to the fifth line we use the assumption that
f = f1* f2. Therefore, the operator Ty, r which is the convolution with the element of
the form (6.10) is a compact operator.

In general, since C *-algebras have approximate identity and C2°(Gps, B) is dense in
C*(Gpm. B),any f € CX(Gpy, B) can be approximated by elements of the form fj * f>
in norm || - |c*(Gy,,B)- It can be checked that the operator norm of r*¢ ® f ® s*¢* is
less than or equal to

@lloo - 1/ lc* .8y - 1V lloo

where [|¢]loc = sup,epr [l9(m)|lw and ||| = sup,,ep 1Y (m)]lw. Then, for any & > 0
there is f1, f2 € C2°(Guyr, B) such that

ILf = f1 % falle*Gu.B) < &/(1@lloo - 1¥]loo)

and there is a compact operator 6, such that ||6; — T, 7. || < &. This completes the proof.
[

Corollary 6.10. The Hilbert module &y together with the zero operator (&w ,0) form a
Kasparov module which defines an element in KK(C*Gpr, C*(Gpy, B)). L]
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7. Compactly enlargeable foliation

Pick a complex vector bundle £ over sphere S” such that all its Chern classes vanish
except the top-degree one ¢, (E) # 0. Let M, be the compact cover with fundamental
group H, , the pull back bundle f*E can be extended to a G/H-equivariant bundle

&P ¢ (*E) - M.,
g€G/H;
which can be reduced to a vector bundle £, over M. As a result all Chern classes of E,
vanish except the top degree one ¢, (E¢) # 0. As e ranges over 1,1/2,1/3,..., we geta
sequence of bundles E;. We will denote by P; — M the frame bundle of E; which are by
themselves principal U(d;) bundles. They are equipped with natural connections whose
leafwise curvatures tend to zero as i — 0.

In the following discussion, we will make use of several C*-algebras A, A’, Q and
their variations. The definitions are given in Definition 1.2 and Definition 1.8. Let ¢;
denote the image of 1 € U(d;) on K. We will consider the family of Hilbert ¢; Kq; =
M 4, (C)-module bundles

Vi = Pi xua;) 4i K i, (7.1)

where U(d;) acts on K by matrix multiplications. We will briefly explain how they can be
assembled into a leafwise flat Hilbert ¢ Q g-module (see [12, Section 2] for a detailed con-
struction). Indeed, let {U,, } be an open cover of M over which each V; is trivializable and
each U, is homeomorphic to an unit open disc (0, 1)”. We can choose local trivializations

Va,i t Viluy = Ux x qi Kgi (7.2)
as in [12, Section 2] such that
Vi, s=0 (7.3)
T

if 5 is a smooth section which is constant, under the trivialization, in [0, 1]% x {0} x -+ x
{0} the first k variable of U,. Here, V' is the connection on V;.
The corresponding transition functions is denoted by

®a,p,i - Ue NUg — End(q; Kq;) = q; Kqi.

Since the norm of curvature of V; is universally bounded with respect to i € N. According
to [12, Lemma 2.3, Lemma 2.5, and Proposition 2.6], ¢q g,; is a Lipschitz function with
Lipschitz constant independent of i. Therefore, the transition functions can be assembled
into

Ya.8 = (@a,B,1:Pa,B2s - PaBiis-- ) (7.4)

which is a Lipschitz map from U, N Ug to gAgq. It determines a Lipschitz Hilbert gAg-
module bundle over M which can be approximated by a smooth Hilbert gAg-module
bundle V over M.

The properties of bundle V' are summarized in the following.
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Proposition 7.1. There is a Hilbert qAq-module bundle V' over M such that
o Vi, defined in (7.1), is isomorphic to V - q; A;q; as Hilbert K-module bundle;
* the connection of V preserves subbundle V;;

* the leafwise curvature takes values in hom(qAq, qA’q).

Therefore, the bundle W =V /gA'q is a leafwise flat Hilbert ¢ Q ¢g-module bundle which,
according to Corollary 6.10, determines an element in KK(C*Gpr, C*(Gpr,qQ¢q)). The
K K-element induces (¢1)« : Ko(C*Gpr) — Ko(C*(Gpr,q¢Q¢q)). The above procedure
can be replicated if we start with a sequence of trivial principal bundles { P/} with P/ =
M x Mz, (C). We will get a new K K-theory element in KK(C*Gpyr, C*(Gy.qQq))
and corresponding (¢2)« : Ko(C*Gpr) — Ko(C*(Gar,qQq)). Let

P = (P1)x — (92). (1.5)
Recall that the Rosenberg index [«] € Ko(C*Gyy) is given in Definition 4.3.

Proposition 7.2. Let [Dw] € Ko(C*(Gum,qQq)) denote the image of [a] € Ko(C*Gpr)
under the map (1)« : Ko(C*Gy) — Ko(C*(Gp,qQq)). Then, [Dw] coincides with
the Rosenberg index twisted by the leafwise flat Hilbert q Q g-module bundle W .

Proof. [a] is given by the Kasparov module (&, f(D)), while the K K-theory element
is given by the Kasparov module (&w, 0). Their Kasparov product is given by the pair
(& ®c*Gy Ew. f(D) ® 1). According to the definition, the inner tensor product is com-
pletion of & ®u, Ew /N, where N is the span of elements of the form

p-a®y—9 06y

with o € §,a € C*Gpy, ¥ € 8 and O : C*Gyy — L(Ew) being the map defined in
Proposition 6.9. Consider the following map 7 : C°(Gar,7*S) Qug C°(Gy, r*W) —
CX(Gp,r*S ® r*W) given by

oo N = [ ooy e yer) vonden. (10
GM.s(y)
where ¢ € C2°(Gpr,r*S), Y € C2(Gar,r*W) and (y o y; )¢ (y1) is the parallel trans-
lation of v (y1) along the curve y o y;!. It is a matter of direct calculation to check that 7
vanishes on CX° (G, r*S) ®ag C°(Gyr, r*W) N N and preserves the inner product if
taken as a map from & ®c+g,, Ew to the completion of C° (G, r*S ® r*W).
The covariant derivative on § ® W is given by VS®¥" = VS @ 1 + 1 ® V. We have

V@) = [ Vi o) @ (o) bindutn,
M,s(y)

where 1 ® V% does not appear because (y o yi1)-¥ (1) is, by definition, parallel with

respect to the curve y and the connection VW So, the operator f(D) ® 1 is precisely

f(Dw) under the identification (7.6). |
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By the same reason, the image of [«] under the map (¢,)s is the Rosenberg index
[Dgog4] twisted by the trivial bundle M x gQq. Let & : A — Q be the canonical pro-
jection, it induces 7« : Ko(C*(Gum,qAq)) — Ko(C*(Gm,q0Qq)). Let [Dy], [Dguq] €
Ko(C*(Gpm, qAq)) be the elements defined by the leafwise Dirac-type operators twisted
by the non-flat bundle V' and the trivial bundle M x gAgq, respectively. Then, it is straight-
forward to verify that we have m«[Dy] = [Dw] and w4 [Dguaq] = [Dg0q4] (see also [12,
Lemma 3.1]).

Consider the following composition:

Ko(C*(Gm.qAq)) — Ko(C*Gy) — Ko(C[Gh), (7.7

where the first arrow is given by the homomorphism sending A to its ith component X,
and the second arrow is given by (4.1).

Proposition 7.3. The image of [Dy| under the map (7.7) is computed by the longitudinal
index element corresponding to D, .

Proof. Ttis a consequence of Remark 4.5. ]
Proposition 7.4. We have Ko(C*(Gur,qA'q)) = P Ko(C*G ).

Proof. By the Dini theorem, the subspace
P C2(Gu.qiKqi) € C2(Gu.qA'q)

is dense in the I-norm. It is clear that EB{;I ¢i Kq; is an ideal in gA’q for all k € N.
According to Proposition 3.8, we have @le C*(Gm,qiKqi) C C*(Gy, qA'q) for
all k € N. Therefore, the C*-algebra C*(Gys,gA’q) can be realized as direct limit of
DC*(Gm.q:iKqi). u

Proposition 7.5. Ler ¢ : Ko(C*Gypr) — Ko(C*(Gpr, qQq)) be defined as in (7.5).
Then, ¢«la] # 0in Ko(C*(Gar,qQq)).

Proof. By Proposition 7.2, the image of [Dy] — [Dgu4] € Ko(C*(Gp, qAq)) under the
map
v 2 Ko(C™(Gm.qAq)) — Ko(C*(Gum.q0q))

is precisely ¢«[]. By the exact sequence (3.3), it suffices to show that [Dy] — [Dg44] €
Ko(C*(Gpr,qAq)) does not come from the image of Ko(C*(Gpr,qA'q)).
Consider the following commutative diagram:

Ko(C*(Gm.,qA'q)) —— Ko(C*(Gm.qAq))

l

[TKo(C*Gnm).
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where the downward arrows are given by sending A and A’ to A;’s. By the Proposition 7.4,
it then suffices to show the image of [Dy] — [D444] under the vertical downward arrow
has infinitely many nonzero terms.

Indeed, according to Proposition 7.3, the image of the ith component of [Dy] —
[Dgaq) under the map Ko(C*Gy) — Ko(CFGp) is given by the longitudinal index
of the Dirac type operator twisted by the virtual bundle E; — C% . And according to
Connes [7], there is a transverse fundamental class u such that

1(Dg, _cal) = (A(F)ch(E; — C%),[M)),

where [M] is a fundamental class of M. Our non-vanishing assumption on top Chern
classes ensure that the sequence u([D g, _c4;]) is nonzero for all i. |

The above proposition directly implies the following theorem.

Theorem 7.6. If (M, F) is a compactly enlargeable foliation in the sense of Definition 1.6
with F spin and even dimensional, then (o] # 0 in Ko(C*Gypy).

8. Reduction to compact case

By the definition of enlargeability, the pullback f*E — M, and the trivial bundle C¢ —
M, are isomorphic outside the compact subset K, C M,. Since M, is locally compact,
there is an open neighborhood K, C K whose closure is compact. Let 6, : f*E — C¢
be the unitary outside K which, according to the Tietze extension theorem, admits an
extension to 1\713~ We will use the same notation to denote the extension.

* Oe d 93( Ce
faE—>(1 T—> 7
MELHVIS M—< M

Proposition 8.1. There is a bundle map

60X . E. - C&
such that the restriction G‘QK |, is given by left multiplication of element in C(U,, C;’+)
for all a. Here, we denote by C;’+ the one-point unitlization.

Proof. Under the trivializations (1.4), the bundle map 0, : f*E — C* is given by

Ol 1) op, !,

which can be taken as a G/H, family of M(C?) all but finitely many are 1. In other words,
it can be taken as a map from U, to C;’Jr. Define 95“ to be the left multiplication with
Ocl 1 (W) © Pa - Over Uy for all . It is clear that this definition of 6 is invariant under
the transition functions of F,. [
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Proposition 8.2. Denote by C(M, E; & C3.) the graded Hilbert module over C(M) ®
C; whose even part is given by E, and the odd part is given by the trivial bundle Cz..

Then, the triple
1 0] [ 0o @f*
M, E £ € .1
(C( Ee 0 Ch| 1}[95 . D 8.1)

is a Kasparov module in KK(C,C(M) ® C}).

2

Kox ] . .
Proof. 1t suffices to check that [ 93( 9‘90 — 1 is a compact operator. Indeed, according
€

to Proposition 8.1, X 67%* — 1 and 67*6X — 1 are given by left multiplication with
elements in C*°(M, C7) and C(M, K (E¢)), respectively. |

Let # be the standard separable Hilbert space. Analogous to the observation 1.9, the
same set of transition functions (1.5) together with the trivializations U, x J build a
bundle of Hilbert spaces #, and parallel to Proposition 8.1, there is a bundle map Gg% :
He — JH x M such that 95" 95% * —1and 9;% ’*96‘% — 1 are given by compact operators.

The K K-equivalence between K and C is implemented by the elements x =(#,1,0) €
KK(X,C)and y = (K, p1,0) € KK(C, K), where p; € K is some rank one projec-
tion. Under the Kasparov product KK(C,C(M) ® K) @ KK(K,C) - Ko(C(M)) the
Kasparov module (8.1) becomes

1 J€,*
(C(M, He @ H), [0 ﬂ , [9?% 980 D 8.2)

We recall a trick used in [2], to find an equivalent finite dimensional virtual bundle to
(8.2). This trick has its root in Atiyah—Jénich theorem [1, 15].

Proposition 8.3. There is a finite set of sections {51,852, ....8¢} of H x M — M such
that the map 6, : C(M, ¥, & C9) — C(M, #) given by

q
(uaAﬂvA'Zv'--?A'q) = egg(u) + Zklsl

i=1

is surjective and whose kernel is a sub-bundle of st @ C4. Moreover, the K-theory ele-
ment (8.2) is equivalent to the virtual bundle [Ker(0,)] — [M x C4] in Ko(C(M)).

Proof. For any mg € M, there is an open neighborhood U,,, where the bundle H#; is
trivial. Then, the restriction ¢ |,,,, can be identified with a map

0
Upy — F(H),

here, ¥ (#) denotes the set of Fredholm operators on Hilbert space . Let us assume that
Vo = ker(87* (my)). and define TO : 3, @& Vo — J to be

To(udv) = Qs‘%u(m) +v.
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It is surjective at m = my, and therefore, surjective in an open neighborhood Wy of my.
Since M is compact, it can be covered by finitely many such open sets W; where the maps

T,il T He DV > H
are surjective. Let p; be the partition of unity associated to the cover {W¥; }. Define
g, : C(M, K, @@iv,-) = C(M, %)
to be

O (u, vi)(m) = Y pi(m) Ty (u, v7),

which is clearly surjective.

Over the open subset Uy, 0, can be identified with Un, i B(H & Ce, H). Its com-
position with B(H# & C?, K) — B(ker(6, (mo))*, H) is invertible at 7, and therefore,
invertible on an open neighborhood of m¢ where the kernel of 6, is trivial.

Now, we will verify the equality

The Kasparov module (8.2) = (ker(6;) & C(M,C9),1,0)

in KK(C, C(M)). Indeed, by adding degenerate Kasparov module, we have

H ,*
The Kasparov module (8.2) = (C(M, H.dClp H dCI,1, |:0(?7€ 980 j| )
&

— (C(M,Jee@cq@se@cq),l,[f) QD
0. 0

here from the first line to the second line is a compact perturbation. Decomposing accord-

ing to 6,, the above equation continues

= (ker(gg) @ ker(f)" ® C(M. #) & C(M,C9), 1, [99 (§* )

= (ker(@;) & C(M, C), 1,0) P(ker(@) " & C(M, J0). 1, [g ¢ ] )

It suffices to show that the second summand is a degenerate Kasparov module. Indeed, let
Ue = 0:(60,)~"/2 be the unitary, and according to the polar decomposition

55 = Us(gg*gs)l/z,

and the fact that (5: 6,)/2 — 1 take value in compact operators, the operator [(g 95* ] isa

€

compact perturbation of [ [3 l{)ﬂ* ] This completes the proof. ]
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Definition 8.4. Let E? be the finite dimensional vector bundle ker(6;).

The Hilbert bundle J#, has connection induced from that of f.* E in the following way:
the trivializations (1.4) can be viewed as G/ H-families of U, x C4. The connection has
local form d + w on each connected component. So, these connection 1-forms w’s can be
assembled into a single 1-form with value in G/H,-families of M;(C). This can be used
as a connection V#¢ on #, whose curvature converges to zero as & — 0.

Notice that U, extends to a map from C(M, #, & C9) to C(M, #) whose kernel is
ker(f,). Let U;! be the inverse map from C(M, #) — C(M, ¥, & C?) whose range is
ker(6,)L. Then, U:U; ' = idcu. ). Let s be a section of ker(U), then Ug(s) = 0 and

0= V*(Us(s)) = VEHCELIN ) (5) + Up(VHeOs).

Therefore, the subbundle E? = ker(6;) = ker(U,) can be equipped with the following
connection:
s > VHEOCTs | U (VBHECL IS, (8.3)

It has curvature
V”e@cqu + Ua—l(vﬁ(ﬂseacqyge)aZUs),

which clearly converges to zero as ¢ — 0.

The natural connection on J¢, induced from that of £ — S™ have curvature Q¥ with
value in G/H,-families of M (C) all but finitely many are zero. Therefore, exp(—Q2%¢)-1
is of trace class. Define the Chern form ch(V#¢, V¥) to be tr(exp(—Q2%¢) — exp(—Q%)).

Proposition 8.5. The cohomology class determined by ch(V?, V) is the same as that
of ch(E? — CY).

Proof. This follows from the standard transgression argument. Let VE? be the connection
on E 2 defined by the equation (8.3), VE . be the trivial connection on E, 2 L that s pulled
back from that of # by U, and VELOES be the direct sum.

Let A;,0 <t <1 be a family of connections on #, & C? that is defined by A; =
(VHOCT 4 (1- t)VEeO@EBL,O <t < 1. Notice that the connection 1-forms of V#s®C?
vE oE and the curvatures of A, are finite rank operators, therefore, exp(—A%) — 1 are
of trace class. Then,

d 2 FN\\ dA? 2
n tr(exp(—A;) —exp(—Q%)) = tr ( 2 exp(—At))

=tr ( — [A,, % exp(—A%)])

=dtr ( - % exp(—A?)).

. O’J‘ . . .
Here, dA;/dt is a 1-form vH:@C! _ GE!®E:™ with value in finite rank operators, so the
expressions on the left-hand side of the equations are of finite rank and, in particular, trace
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class. As a consequence,

0,L 1
ch(V#, V%) — tr(exp(—(VESOET")2) _exp(—Q¥)) = d / tr ( - % exp(-A%)).
0

Therefore, the Chern form ch(V¥#:, V¥) determines the same class as
tr(exp(—(VEIPE2) — exp(-0%)),
which is easily computed to be equal to ch(E? — C9). |
As a consequence of the above proposition,
(A(F) ch(EQ — C9). [M]) = (A(F) tr(exp(—Q7) — exp(—7)). [M]).

Over each local trivialization Uy, the above integral is equal to
| A -2 - exp-27))
Uy
_ / A(E) tr(exp(—Q 7 F) — exp(—=Q%)).
”gl(Ua)

A partition of unity argument proves equation (1.11). This proves the following theorem.

Theorem 8.6. If (M, F) is an enlargeable foliation in the sense of Definition 1.6 with F
spin and even dimensional, then [a] # 0 in Ko(C*Gpy).

9. Odd dimensional case

If the foliation F — M is of odd dimensional, the exterior product of vector bundles
FXTS! > M x S! defines an even dimensional foliation. Moreover, the monodromy
groupoid of (M x S, F ® TS!) is the direct product of monodromy groupoid of (M, F)
and the fundamental groupoid of S!. Accordingly, the corresponding maximal groupoid
C*-algebrais C*Gy ® K ® C*Z whose K-theory is computed by the universal coeffi-
cient theorem

Ko(C*Gy ® K ® C*Z) = Ko(C*Gar) ® Ko (C*Z).

Here, X is the C *-algebra of compact operators and C*Z is the group C* algebra of Z.
In particular, we have

Ko(C*'Gyy @ K C*Z) = Ko(C*Gy) 1@ K1(C*Gy) ® e,

where 1 is the generator of Ko(C*Z) and e is the generator of K;(C*Z). As in [12],
[@(M, F)] € K1(C*Gyy) is defined by requiring

[@(M,F)l®@e =[a(M xS, FRTSY] € Ko(C*Gy @ XK ® C*7).
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Proposition 9.1. The foliation (M x S', F ) TS") is enlargeable if (M, F) is enlarge-
able.

Proof Assume that (M, F ) is enlargeable. Then, for any ¢ > 0 there is a covering space
M, — M and map f; : My — S™ with the properties given in Definition 1.6. Since S'!
is also enlargeable, there is g : S! — S! with the properties of Definition 1.6. Fix a
degree one map ¢ : S” x S! — S"*1 and let C; = max |@s|, we claim that the following

composition:

1 (fer8e)
5

M, x S| s x st 4 gntl

has the wanted property. Indeed, let F be the lifting of F to M, and ® = © 0 (fe, ge),
then
|Pu (X, Y )| = lox(fex X, goxY)| = eC1|(X,Y)]

for (X,Y) € C®(M, x S}, F R TS]) and
for any tangent vector (Z,Y) of M, xS . This completes the proof. ]

According to Theorem 8.6 and Proposition 9.1, [a(M x S, F ® TS')] is nonzero,
so [ (M, F)] is also nonzero.
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