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Nuclear operators on the space C,.(X, E) of vector-valued
continuous functions

Marian Nowak

Abstract. Let X be a completely regular Hausdorff space and E and F be Banach spaces. Let
Cic(X, E) denote the Banach space of all continuous functions f : X — E such that f(X) is
a relatively compact set in E. Let By be the strict topology on Cr.(X, E). We characterize the
nuclearity of a (B4, || - | p)-continuous operator T : Cr.(X, E) — F in terms of its representing
operator-valued Baire measure. As an application, we establish the relationship between the nucle-
arity of a (B¢, || - || p)-continuous operator T : Cy.(X, E) — F and the nuclearity of its conjugate
operator 7.

1. Introduction and terminology

Throughout the paper, let (E, || - |g) and (F, || - |r) be real Banach spaces and E’ and
F’ denote the Banach duals of E and F, respectively. By £(E, F) we denote the Banach
space of all bounded linear operators U : E — F, equipped with the operator norm || - ||.
Given a locally convex space (L, £), by (L, &)’ we denote its topological dual.

Now, we recall terminology concerning operator-valued measures (see [5,6]). Assume
that ¥ is an algebra of subsets of aset X and m : ¥ — L(E, F) is a finitely additive
measure. By 171(A) we denote the semivariation of m on A € F; that is,

i(4) = sup| > m(Ai)(xi)

)

F

where the supremum is taken over all finite ¥ -partitions (4;) of A and x; € E, ||x; || E
1, for each i. By |m|(A) we denote the variation of m on A € F; that is, |m|(A) :
sup X||m(A;)||, where the supremum is taken over all finite ¥ -partitions (A4;) of A. For
y' € F',letmy : ¥ — E’ be the measure defined by

I IA

my (A)(x) := y'(m(A)(x)) forallAe F, x € E.

Note that, for a finitely additive measure u : ¥ — E’, we have ji(A) = |u|(A) for A € F
(see [5, Section 4, Proposition 4, p. 54]). For x € E, let

Ux(A) := u(d)(x) forde F.
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The concept of a nuclear operator between Banach spaces is due to Ruston [29] (see
also [40, p. 279], [4,7,21,22,30] for more details). Grothendieck [8, 9] carried over the
concept of a nuclear operator to locally convex spaces (see also [40, p. 289], [21], [33,
Chapter 3, Section 7], [11,38]).

In particular, for X a compact Hausdorff space, nuclear operators 7' : C(X) — F
have been studied intensively (see [4,10,21,22,30,37]). According to Tong [37, Theorem
1.2], a linear operator T : C(X) — F is nuclear if and only if 7" is Bochner representable
(see also [4, Theorem 4, pp. 173-174], [30, Proposition 5.30]). Nuclear operators 7 :
C(X, E) — F have been studied intensively by Alexander [1], Bilyeu and Lewis [3], Saab
and Smith [32], Smith [34], Saab [31], and Popa [24, 25,27, 28]. The study of nuclear
operators T : C(X, E) — F was initiated by Alexander [1], where some of the known
results in scalar case, we extended. Bilyeu and Lewis [3] showed thatif T : C(X, E) —» F
is nuclear, then its representing measure m takes values in the Banach space N (E, F)
of all nuclear operators from E to F. Saab and Smith [32] and Popa [24] established the
relationship between nuclear operators 7 : C(X, E) — F and their representing operator-
valued Borel measures.

From now on, we assume that X is a completely regular Hausdorff space. Let
C..(X, E) stand for the Banach space of all continuous functions f : X — E such that
f(X) is a relatively compact set in £, equipped with the topology 7, of the supremum
norm || - ||. By Cie(X, E) and C,.(X, E)” we denote the Banach dual and the Banach
bidual of C..(X, E), respectively. We write Cp(X) instead of C;.(X, R).

A subset H of C.(X, E) is said to be solid whenever || f1(?)||g < || f2(¢)| g for all
teX, fi € Ce(X,E), [ € Himply f; € H. A linear topology t on C.(X, FE) is said
to be locally solid if it has a local base at 0 consisting of solid sets (see [18, Definition
2.1], [17, Section 8]).

The strict topology Bo (denoted also by 1) on the space C,.(X, E) plays an important
role in the topological measure theory (see [13—18] for definitions and more details).

Now, we recall a definition of the strict topology S5 on C.(X, E). Let BX stand
for the Stone-Cech compactification of X and €, denote the family of all the zero sets of
continuous functions on X ~ X.Foraset Q € €5,let Co(X) :={v e Cp(X) : v|gp =0},
where v denotes the unique extension of v € Cp(X) on SX. For each v € Co(X), let us
define

po(f) = sup I f DNl for /€ Ce(X, E).

By Bo we denote the locally convex Hausdorff topology on Ci.(X, E) defined by the
family of seminorms {p, : v € Cg(X)}. The strict topology B, on C.(X, E), defined by
€y, is the greatest lower bound (in the class of all locally convex Hausdorff topologies on
Ci.(X, E)) of the topologies B¢ as Q runs over €, (see [18, p. 181], [13, p. 322]). Then,
Bo is a locally convex-solid topology on Ci.(X, E) (see [18, Proposition 2.7]).

It is known that 8, C t, and B, = 7, if X is pseudocompact (see [13, Theorem
4.3]). The strict topology B¢ is a o-Dini topology; that is, f, — 0in Bs whenever ( f;) is
a sequence C.(X, E) such that || /,(¢)|g |» O for all ¢ € X; and B is the finest locally
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convex-solid topology on Cy. (X, E') with this property (see [18, Corollary 2.9], [39, Corol-
lary 11.16]).

Recall that a linear operator T : C..(X, E) — F is said to be nuclear between the
Banach spaces C.(X, E) and F if there exist a bounded sequence (®,) in C.(X, E)/,
a bounded sequence (y,) in F, and a sequence (c,;) € £! so that

T(f) =) an®u(f)yn for f € Ce(X, E) (1.1)
n=1

(see [40, p. 279] and [35]). The nuclear norm || T'||,c of T is defined by

o0
1T Nlnue = inf{ > |O‘n|”q>n””J’n”F}7

n=1

where the infimum is taken over all sequences (®,) in C.(X, E)’ and (y,) in F and
(cty) € £1 such that T admits a representation (1.1). Every nuclear operator

T:Co(X.E)—> F

is compact.

Let N (E, F) denote the Banach space of all nuclear operators U : E — F, equipped
with the nuclear norm || - ||y (see [21, Proposition, p. 51]). Then, we have | U || < ||U ||nuc
forU € N(E, F).

A linear operator T : C..(X, E) — F is called a nuclear operator between the locally
convex space (Ci.(X, E), Bs) and the Banach space F if there exist a f,-equicontinuous
sequence (®,) in (C.(X, E), Bs)’, a bounded sequence (y,) in F, and a sequence (o) €
! so that

o0
T(f) =) on®u(f)yn for f € CelX.E)
n=1
(see [40, p. 289] and [35, 38] for more details). Every (B¢, || - || 7)-nuclear operator is
(Bo, || - | F)-compact and hence T is (By, || - | 7)-continuous.

The problem of integral representation of different classes of linear operators 7T :
C..(X, E) — F has been studied by Katsaras and Liu [15] and Nowak [18, 19]. The
aim of this paper is to establish the relationship between the nuclearity of (B, || - | F)-
continuous nuclear operators 7 : C..(X, E) — F and their representing operator-valued
Baire measures (see Theorem 4.3, Theorem 4.5, and Corollary 4.6 below). Moreover,
as an application, we establish the relationship between the nuclearity of a (B, || - || 7)-
continuous operator T : Ci.(X, E) — F and the nuclearity of its conjugate operator 7’
(see Corollary 4.11 below).

Remark 1.1. Let Cy (X, E) be the space of all bounded continuous functions f : X — E,
equipped with the tight strict topology B. Then, the nuclear operators

T:Cy(X.E)— F
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between the locally convex space (Cp (X, E), B) and the Banach space F have been stud-
ied by Nowak and Stochmal [20] and Stochmal [36].

2. Integration in the space C..(X, E)

We recall the terminology concerning spaces of Baire measures and study the problem
of integration of functions in C,.(X, E) with respect to Baire vector measures (see [12,
14-16] for more details).

Recall that a zero set in X is of the form Z = {t € X : u(t) = 0}, where u € Cp(X).
Let B (resp., Ba) be the algebra (resp., o-algebra) of Baire sets in X, which is the algebra
(resp., o-algebra) generated by the class Z of all zero sets in X.

Let M(X) stand for the space of all finitely additive real-valued zero-set regular mea-
sures on B, that is, v € M (X), if for every A € 8 and & > 0 there exists Z € Z with Z C A
such that |[v|(A ~ Z) < e. Then, M (X) with the norm ||v| := |v|(X) is a Dedekind com-
plete Banach lattice (see [39, p. 114]).

Following [13], by M(X, E’) we denote the set of all finitely additive measures j :
B — E’ with |u|(X) < oo and such that pu, € M(X) foreach x € E.

Note that if © € M(X, E’), then || € M(X) (see [13, p. 314]).

Let A € 8 and u € M(X, E’). Following [12], for f € C(X, E), one can define
a Riemann—Stieltjes-type integral on A € B with respect to i by

(RS) /A £y dp = 1im Y pu(A0) £ (1),

where the limit is taken over the directed set of all finite B-partitions (4;) of A and t; € A;
(see also [13—16] for more details).

According to Katsaras [12, Theorem 2.5], C,.(X, E)’ can be identified with M (X, E’)
through the linear mapping M (X, E’) > u +— &, € C(X, E)’, where

u(f) = (RS)/Xf(I)dM for f € Cre(X, E) and || D, || = [u|(X).

It follows that M (X, E’), equipped with the norm ||| := |u|(X), is a Banach space.

By B(8B, E) we denote the Banach space of totally B-measurable functions g : X —
E (= the uniform limits of sequences of E-valued B-simple functions on X), equipped
with the uniform norm || - || (see [5,6]). Then, we have (see [17, p. 196])

Cp(X)® E CCe(X,E) C B(B.E). 2.1

Recall that C;(X) ® E is the linear span of all functions ¥ ® x, where u € Cp(X) and
x € Eand (u ® x)(t) = u(t)x forallt € X.

Since Cp(X) ® E is a dense subset of the Banach space C.(X, E) (see [12, Lemma
2.2]), one can easily show that, for each i € M (X, E’), we have

(RS) /X £ dp = /X F@ dp for f € Cu(X. E),
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where [ f(t)du denotes the so-called immediate integral of f with respect to 11 (see
[5, Section 9] for more details).

Let M, (X) denote the subspace of M(X) of all o-additive Baire measures v, that is,
v(Zy,) > 0ifZ, | 0, Z,, € Z. 1t is known that, for v € M(X), v € M, (X) if and only
if v is countably additive on the algebra 8 (see [39, Section 6.2, pp. 117-118]).

Let

My(X.E"):={pn e M(X.E) : pux € Ms(X) foreach x € E}.

According to [13, Theorem 4.7], we have the following result.

Theorem 2.1. For u € M(X, E’), the following statements are equivalent.

() peM(X.E).

(i) P, € (Cu(X,E),Bo).

It follows that M, (X, E’) is a Banach space because (C..(X, E), B5) is a closed
subspace of the Banach space C.(X, E)’ (see [14, Corollary 2.5]).

In view of [18, Corollary 3.2 and Proposition 3.5] and [39, Theorem 11.14, p. 142],
we get the following result.

Theorem 2.2. Let M be a subset of My (X, E’). Then, the following statements are equiv-
alent.

i) APy : u e M} is Bs-equicontinuous.

(i) supyeq I1I(X) < 0o and supep |L(Zn) > 0if Zy | 0, Zy € Z.

By My (X, £(E, F)) we denote the space of all finitely additive measures m : B —
£(E, F) with i (X) < oo such that my € My (X, E’) for each y’ € F'.

Following [13, 15], by M,(Ba) we denote the space of all countably additive real-
valued zero-set regular measures on Ba.

Remark 2.3. Note that every real-valued countably additive measure v on Ba must be
zero-set regular; that is, v € M, (Ba) (see [39, p. 118]).

By M, (8Ba, E’) we denote the space of all finitely additive measures u : Ba — E’
with | |(X) < oo such that u, € My(Ba) foreach x € E.
The following result will be needed.

Proposition 2.4. The following statements hold.
() Ifu € My(Ba, E'), then || € My(Ba)t.

(i) Ifu € My(X, E'), then | possesses a unique extension t € My(Ba, E’) and
|x|(A) = |p|(A) for A € B.

Proof. (i) See [13, Lemma 2.1].

(ii) In view of [13, Theorem 2.5], i possesses a unique extension & € My, (Ba, E')
and |]|(X) = |u|(X). According to [4, Corollary 10, p. 4], we have |z|(A) = |u|(A) for
A€ B. [ ]
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By M, (Ba, £(E, F)) we denote the space of all measures m : Ba — £(E, F) with
m(X) < oo such that m,, € My(Ba, E') for each y’ € F’.

3. Integral representation of operators on C..(X, E)

In this section, we collect basic results concerning integral representation of weakly com-
pact operators T : C.(X, E) — F (see [15,18,19]).

Since C.(X, E) C B(8, E), one can embed B(B, E) into C,.(X, E)” by the mapping
7 :B(B,E)— C.(X,E)’, where, for g € B(8B, E),

w(@)(@) = [ g0 di for < MX,E).
Then, for g € B(B, E) and u € M(X, E’), we have

|7 (e)(Pp)| = ’/Xg(t)du = llgllul(X) = llglli®.ll.

and hence, 7 is bounded and || (g)| < |lgll; thatis, ||g|| < 1.
Letip : F — F” stand for the canonical embedding, i.e., i (y)(y') = y'(y) fory € F,
y' € F’. Moreover, let jp : ip(F) — F denote the left inverse of i g; that is,

jroiFp =idF.
Now, assume that T : C.(X, E) — F is a weakly compact linear operator. Let
T':F' - Co(X,E) and T":Cy(X,E)' — F”

stand for the conjugate and biconjugate operators of T, respectively. Then, T'(y’) :=
y' oT fory € F'and T"(¢)(y") := @(y' o T) for ¢ € Cio(X, E)”. Due to the Gantmacher
theorem (see [2, Theorem 17.2]), we have that T”(C.(X, E)") C i (F). Let us define

T:=jgoT"on:B(B,E)— F.

Then, T is a weakly compact operator, and we define its representing measure m : B —
£(E, F) by
mA)(x) =Ty ®x) forAde Bandx € E. 3.

Thus, it follows that, for g € B(8, E), we have
T = [ e@dm and |7 = ().

where [y g(t) dm denotes the so-called immediate integral of g with respect to m (see
[5, Section 9], [6, Section 1, pp. 10-11]). Then, for f € C..(X, E), we have

T(f) = /X f@ydm and [T = m(X).

and, for each y’ € F', y'(T(f)) = [y f(t)dmy.
The following result will be of importance.
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Theorem 3.1. Assume that T :C,.(X, E)— F is a weakly compact (B, || - || F)-continuous
operator and m : 8 — L(E, F) is its representing measure. Then, the following state-
ments hold.

(i) m has a unique extension m € My (Ba, £(E, F)) such that m(X) = m(X) =
7

Proof. (i) It follows from Theorem 2.1 because y' o T € (C.(X, E), Bs)’.

(i1) Since T:B (8B, E) — F is weakly compact, we have that, for every x € E, the
set {m(A)(x) : A € B} is weakly compact in F. Hence, in view of [15, Theorem 7], m
has a unique extension 7 € My (Ba, £(E, F)) with m(X) = m(X) = |T|. |

4. Nuclear operators on C..(X, E)

In this section, we establish the relationship between the nuclearity of weakly compact
(Bo> || - | F)-continuous operators T : C,.(X, E) — F and the properties of their repre-
senting measures m : 8 — L£(E, F).

For v € ca(Ba)™ and a Banach space (G, | - ||g), let L' (v, G) be the Banach space
of v-equivalence classes of all v-Bochner integrable functions g : X — G, equipped with
the norm

leh i= [ le@le dv.
X
We will need the following lemma.

Lemma4.1. Forv € My(Ba)" and g € L' (v, E’), let u(B) = [ g(t) dv for B € Ba.
Then, ju € My (Ba. E') and [y £(t)dp = [, g@)(f())dv for f € Cue(X. E).

Proof. Note that i : Ba — E’ is a countably additive measure and

Il (X) = /X lg(0)ll5dv < 00

(see [4, Theorem 4, p. 46]). Hence, || is countably additive and || € M, (Ba)™ (see
Remark 2.3). It follows that 4 € My (8Ba, E’).
Assume that f € C.(X, E). Since C,.(X, E) C B(8, E) (see (2.1)), we can choose

a sequence (s,,) of E-valued B-simple functions on X such that || f — s, || 2 0. Note that

f u0) djt = / ¢ (O)(sn(0)) .
X X

Then, we have

/ ft)ydu = lim/ sp(t)du = lim/ g(t) (s, (1)) dv.
X noJx noJx
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On the other hand, we have

] / (O (1) dv - / (D) (sa(D))dv
X X

< /X 18 (©) = 5u(0))] dv
< /X LI e £ (1) — 5u ()1 dv

<1If sl /X le(®)llz dv > 0.

Thus, it follows that [y, f(t)du = [y g(1)(f (1)) dv. n

Remark 4.2. A similar result as in Lemma 4.1 appears in the proof of Theorem 2 in [26]
and in [23].

Now, we can state our main result.

Theorem 4.3. Let T : C.(X, E) — F be a weakly compact (Bg, || - || F)-continuous
operator, and let m : B — L(E, F) be its representing measure. Assume that m(B) €
N(E, F) foreach B € Ba andm : Ba — N (E, F) is a countably additive measure and
|72 | nue (X)) < 00 (with respect to the norm || - ||nuc)-

If there exists H € L' (|fi|pue, N (E, F)) so that

in(B) =/BH(t)d|n'1|nuc for B € Ba,

then the following statements hold.

i) T(f) =[x HO (@) d|m|wc for f € Ce(X, E).
(i1) T is a nuclear operator between the locally convex space (Ci.(X, E), Bg) and
the Banach space F.

(iii) T is a nuclear operator between the Banach spaces C,.(X, E) and F, and
1T [lnue < [m|nue (X)) = |11 |nue (X)) = [X | H () | nuc € 7] nuc-

Proof. (i)Let f € Ci.(X, F) C B(8B, E). Then, there exists a sequence (s, ) of E-valued
B-simple functions on X such that || /' — s, || 2 0. Note that, for n € N, we have

/ sut) diit = / H(O) (50 (1)) d .
X X

Hence,

H / H(O)(f () d e — f () (50 (1)) d 1 e
X X

F

S/ [H(1)(f (@) = H@)(sn ()]l F dlmanCS/ IH (@) lnuell £ (2) = sn ()| £ d |12 nue
X X

<If = sul [X V() e d il 25 0.
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On the other hand, we get

T(f)=/);f(t)dm=1i’£n/};sn(t)dm=1i’£n/};sn(t)dn"1=1i}£n/XH(t)(sn(t))d|ﬁz|nuc.

Thus, it follows that

T(f) = [X HO©)) d 1t e,

(i) Let L'(|/m|nuc)®y N (E, F) denote the projective tensor product of the Banach
spaces L!(||uwe) and N (E, F), equipped with the complete projective norm y (see [4,
p. 227]). Note that, for z € L' (|7|ne)®y N (E, F), we have

oo
y(z) = inf{ > |an|||vn||1||un||nuc},

n=1

where the infimum is taken over all sequences (v,) in L!(|##1|n) and (U,) in N (E, F)
with lim ||v, ||1 = 0 = lim ||Uy ||nue and (o) € £1 such that

00
zZ = § vy ® Uy
n=1

in y-norm (see [30, Proposition 2.8, pp. 21-22]).
It is known that L1(|n'1|nuc)®y</\/ (E, F) is isometrically isomorphic to the Banach
space L' (|m|yue. N (E, F)) by the isometry

J  LY(|/|we)®y N (E, F) — L (|iit]oue, N (E, F)),

defined by J(v ® U) := v(-)U for v € L'(|fi|nc) and U € N (E, F) (see [4, Example
10, p. 228], [30, Example 2.19, p. 29]).

Let >0 be given. Then, there exist sequences (vy,) in L (|77 |nue) and (Uy) in N (E,F)
with lim,, [|v, |1 = 0 = lim, || Uy |laue and (o) € £! so that

o
JHH) = opva ® Uy in L' (jm]ouc) @y N (X.Y)

n=1

and o
_ £ £
§ lotn | [Vn |1 [|Un llnue < ¥(J ™" (H)) + 3= IH [+ 5 4.1

n=1

Thus, it follows that

H = J(Zanvn ® U,,) =Y an0a (WU, in L' (|/]pe. N (X.Y)).
n=1 n=1
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Note that for /€ Cio(X, E), T(f) = Y pey @ [x Un(1)Un(f (1)) d|]puc. Indeed, using
(i), we have

- i i i d 7 nuc
T(f) i;a /X v (Ui () d )i

F

=/ HH(t)(f(t))— (Zaivimw)(f(t))
i=1
1O e

- L HH([) - ;aivi (t)Ui nuc
< ||f||/XHH(r)—;a,-vi(t)U,-

For every n € N, we can choose bounded sequences (x/, ) in E" and (y,x) in F and

d |7t |nue
F

d |17 — 0.

nuc

a sequence (&) € £! so that U, (x) = Y g, Uy ke X, 1 (X) Y i for x € E and

ad &
wde 1%, g NE Yk lF < 1 Un lnue + = . 4.2
};w Ml Ll < 10l + 5o s “2)
Then, we have
T()=3 e /X 0 (OUn (£(1)) d e
ZZ /vn(t)<zankxnk(f(t))ynk>d|m|nuc
© = X (fO) ,
=3 a Zank||x,,k||E/||ynknF(/ (z)”‘,—d|m|.m) Yk
— X Ix, Nl Vil F

For n,k € N, let us define

x/
8n k() :=v,(2) n.k fort € X.

B

Then, gy x € L' (|1 |nue, E') and || gn 1 (1) || 7 = |va(2)| fort € X. Let

pn i (B) = /B () dlitle for B € Ba.

Then,
|/Ln,k|(B) :/1;||gn,k(t)||E’d|"h|nucZ/Blvn(t)|d|ﬁl|nuc'
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Since ||y € My (Ba)™ (see Remark 2.3), in view of Lemma 4.1, we get
Unk € Ms(Ba, E').
For n,k € N, let us define
Dus(f)i= [ SO dpns Tor f < CulX. ).

Then, @, x € (Ce(X, E), Bs)’, and in view of Lemma 4.1, we have

Bk (f) = /X en kO d il for f € Cu(X, E).

Note that sup{|i, x|(X) : n,k € N} = sup, |[vs]l1 < oo, and since
i ol = g [ Jon 0)] e =0,
n n X

the set {v,, : n € N} is uniformly integrable in L (|77 |puc).
Assume that n > 0 and Z; | @, Z; € Z. Then, there exists § > 0 such that

sup/ on (O] d e < 1
n B

for all B € Ba with |m|y.(B) < §. Choose iyp € N such that |m|n.(Z;) < § fori > ip.
Hence, fori > iy, we get

sup |inkl(Zi) = su /Z lon(0)] d e < 7.

n,keN n

Hence, in view of Theorem 2.2, the set {®, x : 1,k € N} is B;-equicontinuous. Note that

o0 o0 o0 o0
SN lomllem iy el ynlle = |an|(Z |an,k|||x;,k||Ef||yn,k||F)
n=1 k=1

n=1k=1
> £
< |a|(||U e + )
2 lenl{ 1 2( 252 laylllvilh)

n=1

oo
£
< |a|(sup||U‘||nuc+ )
Z "\en 2(2;11|0lj|||vj||1)

n=1

This means that (ii) holds.
(iii) Since By C 1y, by (ii), we have that T is a nuclear operator between the Banach
spaces Cy.(X, E) and F. Moreover, in view of (ii), for f € C..(X, E), we have

T(f)
> > v, (1) x,,k(f(t)) _ Yn k
= Zan”vnnl Zan,k“x;,k”E’”yn,k”F(/ Z n—d|m|nuc T
n=1 k=1 X

lonlly 1l ;N2 I yniclle
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Note that by (4.1) and (4.2) we have

o0 o0

DO lewlllvalltlon klllxg 2l ynll e

n=1k=1
o0 oo
=" lemlllvall ( > |an,k|||x;,,k||E/||yn,k||F)
n=1 k=1
o0
33 an|||vn||1(|Un||nuc+ ¢ )
— 2(3252 lejlllvillh)

£
<|Hl+ 2+ =|H|) +e (4.3)

22
Forn,k € N, let us define

Fui(f) :=fX vn (1) dem for f € Cu(X, E).

lvn 1 ”x,/,,k”E/

Then, | Fy k()] < || £ thatis, F x € Cro(X, E) and ||yl < 1 forall n, k € N.
In view of (4.3), we get || T |lnuc < ||H ||1 + €, and since ¢ > 0 is arbitrary, we have

17 Nlwe = 1H = /X 1 H (t) llnue & |72 [nue = 172 ]nue (X))

Since || (X) = |7 |auc (X) (see [4, Corollary 10, p. 4]), the proof is complete. |
We will need the following lemma.

Lemma 4.4. Assume that (Ay,) is a bounded sequence in M(X, E'), (yn) is a bounded
sequence in F, and (o) € L. Then, for y' € F', we have that

o0
> any (ya)hn € M(X. E)

n=1
and
(Zany’(yn)/\n)(A)(X) =Y andn(A)(X)y'(ya) forAe B,x €E.
n=1 n=1

Proof. Since for y’ € F’ we have

D lenlly m)l1An] (X) < o0

n=1

and M (X, E') is a Banach space, we get

oo
Z on Y (Yn)An € M(X, E').

n=1
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Then, for A € B, x € E, we have

‘ < > oeny’(yn)/\n) (A)(x) = > i di(A)(x)y' (yi)

i=1

n=1

= (Zanyl(yn)kn - Zaiyl(yi))ti)(A)(x)
n=1

i=1

( Z ny' Yn)An — Zaiy/(J’i)/\i) (A)
n=1

i=1

IA

lxll
E/

o0 n
<D @y )dn =Y @y )A| (X) x| £ > 0. =

n=1 i=1

Now, we can derive the properties of the representing measure m of a nuclear (84, || -
|| 7 )-continuous operator
T :Cuo(X,E) — F.

Theorem 4.5. Assume that T : Cio(X, E) — F is a (By, || - |F)-continuous nuclear
operator between the Banach spaces Ci.(X, E) and F and m : B — L£(E, F) is its rep-
resenting measure. Then, the following statements hold.

i) m(B)eN(E,F)forBeBaandm: Ba — N(E, F) is a countably additive
measure with
[ nuc(X) = 1T [|nuc-

(ii)  If, in particular, E' has the Radon—Nikodym property, then there exists
H € L' (|f]oe, N (E, F))

so that
m(B) = / H(t)d|m|p. for B € Ba
B

and

T(f) = /X HO ) dlitle for f € Ca(X. E).

Proof. (i) Let ¢ > 0 be given. There exist a bounded sequence (1,) in M(X, E’), a
bounded sequence (y,) in F, and a sequence (a,) € £! so that

T(f)=Zan( / f(r)dxn)yn for f € Cu(X. E)

n=1
and

o0
> 1enllAnl GO yallr < 1T e + &.

n=1
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Let A € B. Then, using (3.1), foreach x € E and y’ € F’, we have
Y (m(A)(x)) = (T" o m)(La ® x))(Y) = 7(La ® x)(y' o T)

= Yy (14 ®0@) = Y ey Gn) [ Aa® 20 ds

n=1 n=1
=Y ) A (A () =y’ ( > ankn(A)(X)yn)
n=1 n=1

Hence, m(A)(x) = Y o2 dnAn(A)(x)yn. This means that m(A) € N (E, F).

Note that M (X, E’) C bva(B, E’), where bva(8, E’) denotes the Banach space of all
finitely additive measures A : B — E’ of finite variation, equipped with the norm ||A| =
[A|(X). Let bvca(B, E’) (resp., bvpfa(B, E’)) denote the linear subspaces of bva(B, E’)
consisting of all countably additive measures (resp., purely finitely additive measures).
Note that My (X, E’) C bva(B, E’).

Due to the Yosida—Hewitt decomposition theorem (see [4, Theorem 8, p. 30]) for every
n € N, there exist uniquely A, . € bvca(B, E’) and A, , € bvpfa(B, E’) so that

An = An,c + An,pv |An| = |An,6| + Mn,Pl’

where A, . and A, , are mutually singular.

We will show that A, . € My (X, E’) for n € N. Indeed, since |A,.c| < |An| and |A,] €
M(X) (see [13, p. 314]), we get |A,.c| € M(X), and it follows that A, . € M(X, E’).
Note that [A, .| € ca(B) because A, . € bvca(B, E’), and hence, |1, | € Ms(X) (see
[39, pp. 117-118]). This means that A, . € My (X, E’), as desired.

Note that bvca(8B, E’) and bvpfa(B, E’) are closed subspaces of the Banach space
bva(B, E’). It follows that, for y’ € F’, we have

Zany’(yn)kn,c € bvca(B,E’) and Zany/(yn)kn,p € bvpfa(B, E).

n=1 n=1

For A € 8 and x € E, let us put

me(A)(xX) 1= tpdne(A)X)yn and mp(A)(x) 1= dnhn,p(A)(x)yn.

n=1 n=1

Then, for every y’ € F’, in view of Lemma 4.4, we have

Y (me(A)(x) =D tphn(A)(X)Y (yn) = (Z any/(yn)xn,c) (A)(x),

n=1 n=1

Y (mp(A)(x)) 1= tnhn,p(A)(X)Y' (yn) = (Zany’(yn)ln,p)(A)(X)-

n=1 n=1
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Hence,
oo o0
M,y = Zanyl(yn)kn,c and mpy = Z“ny/(yn))tn,p,
n=1 n=1
where m. € bvca(B, E'), mp, € bvpfa(B, E’), and my = mc, , + mp, . Since my €
My (X, E’) (see Theorem 3.1) and My (X, E’) C bvca(B, E’), we get myr — me y €
bvca(B, E’) N bvpfa(B, E’) = {0}, and hence, m = m,; that is,

m(A)(xX) =Y tnhne(A)(X)yn.

n=1

Let A, . € My (Ba, E') stand for the unique extension of A, . € My (X, E’), where
[An.cl(A) = |Anc|(A) for A € B (see Proposition 2.4). Let us set

mo(B)(x) := Zanm(B)(x)yn for B € Ba, x € E.

n=1

Note that my(B) € N(E, F) for B € Ba. We will show that mgy : Ba — N(E, F) is
a countably additive measure. Indeed, let (By) be a pairwise disjoint sequence in Ba, and
let & > 0 be given. Since Y po; [otn||An,c|(X) < 00, for a = sup,, ||yx |l F, we can choose

ne € N such that
o0

Z |an||kn (X)) = 2( T 1)

n=ng+1

Since |An.c| € My (Ba)™ (see Proposition 2.4), there exists ke € N such that

&
|an||Anc|< U Bk) = m forn =1,...,n.

=k,
o0
mo( U Bk)
k=k,

Hence, we get

oo ke—1
mO( g Bk) - Z mo(Bk)

= = uc
= Z ot || An c|( U Bk) lynllF

nuc

k=k.
00 _ 00
= Z|an||kn c|( U Bk)'lyn“F + Z |an||kn,c|< U Bk) ”yn”F
k=k, n=ng+1 k=ke
o o o
<a2|an||xnc|< U Bk> +a Y |an||xn,c|( U Bk)
k=k, n=ng+1 k=k,

e €
< <
AT

This means that mg : Ba — N (E, F) is countably additive.
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Now, we will show that |79 |quc(X) < ||T |lnuc. Indeed, let (B,-)f.;l be a Ba-partition
of X. Then, we get

k k o
> Io(B)lue < 3 (Z |an|||m(B,-)||Er||yn||F)

i=1 i=1 \n=1

k [ele)
an|||yn||F<Z Mum) =Y lanllynll [ Xnel(X)

i=1 n=1

o0
<>
n=1
o0
< D el Al O yallF < 1T e + ¢

n=1
Hence, |mg|quc(X) < || T ||nuc + &, and since & > 0 is arbitrary, we get |19 |nuc (X) < | T | nuc>
as desired. Since |mo|(X) < |mg|nuc(X) < 00, in view of Theorem 3.1, we have mo(B) =
m(B) for all B € Ba. It follows that the measure m : Ba — N (E, F) is countably additive
with |77 ]4uc(X) < 0o and

(e}
m(B)(x) = Zan)kn,c(B)(x)y,, for B € Ba, x € E.
n=1
(ii) Let bvca(Ba, E’) denote the Banach space of all countably additive measures
A : Ba — E’ of finite variation, equipped with the norm ||A|| := |A](X).
Since |A,c| € My(Ba) for n € N, we get A, € bvca(Ba, E’). In view of the
Lebesgue decomposition theorem, for every n € N, we have

An,c = Un,a + Hn,s, |/\n,c| = |/Ln,a| + |/an,S|’

where [y, 4 € bvca(Ba, E’) and py 4 18 |M|nc-absolutely continuous (Un,q <K |77 ]nuc)
and p, s € bvca(Ba, E’) and p, s and ||y, are mutually singular (see [4, Theorem 9,
p. 31]).

Since E’ is supposed to have the Radon—Nikodym property, for each n € N, there
exists ¥, € L1(||ne, E') such that, for each B € Ba, we have

fina(B) = /B Un () e and  |iinal (B) = /B W@l il (44)

Moreover, note that, for each n € N, there exist sets B, € Ba and C, € Ba with B, N
C, = 0 such that ||y, is concentrated on B, and |u, | is concentrated on C,; that is,
foreach B € Ba, |m|nc(B) = |M|wc(B N By) and |n,s|(B) = |wn,s|(B N Cy). Hence,
foreachn e N,

|tn,s|(Bn) =0 and  |m|nuc(X ~ By) = 0.

Let Dy = ﬂftozl B, and B € Ba be given. Then, we have
[m(B N (X ~ Do))lnue < [Mfauc(B N (X ~ Do)) < [mlnuc(X ~ Do)

= |n'1|m( U~ Bn)) <Y itlue(X ~ By) =0. (4.5)

n=1 n=1
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Since || n,s (B N D) ||E' < |itn,s|(B N Do) < |ihn,s|(Bn) =0, we get ity (B N Do) =0
for n € N. Hence, in view of (4.5), for each x € E, we have

m(B)(x) = m(B N Do)(x) + m(B N (X ~ Do))(x) = m(B N Do)(x)

00
= Zanﬂn,a(B N Do)(x)yn.
n=1

But [/ nuc(B N (X ~ Do)) = 0 and wp,q <K [M|nucs 80 Un,a(B N (X ~ Do) = 0, and
hence,

/Ln,a(B) = Mn,a(B n (DO U (X ~ Dy)))
= Un,a(B N Do) + pna(B N (X ~ Do))
— Jtma(B 0 Do)(x).

Thus, we have m(B)(x) = Y 02| &nfin,a(B)(X)yn, and using (4.4), we get
AB)x) =3 a /B Vi) e () i “6)
n=1

Forn € N, letusput H, (1) :=Y ;_; o; ;i (1) ® y; fort € X, where (o ; (1) ® y;)(x) :=
a; i (t)(x)y; for x € E. Then, H, (t) € N(E, F)fort € X.Forny,n, € N withny > ny,
we have

/XIIan(l)—Hnl(l)llnucdlfﬁlnucE/X( > Iaillllﬁi(l)llE/llinIF)dlﬁllnuc

i=ni+1
na
= > |ai|(/||x//,-(t>||Efd|na|nuc)||yi||p
i=n+1 X
na
< Y leillpia Xyl e
i=n;+1
na
< sup |ujal(X) sup [yjllr D lail.
JeN JeN i=ni+1

It follows that (H,) is a Cauchy sequence in L!(|f7|ye, N (E, F)), so there exists
H € L' (tle, N (E, F)) s0 that fy | Hy (1) = H(®)llwe d it e = 0.

One can show that, for each x € E, a linear operator Sy : N(E, F) — F defined
by Sx(U) :=U(x) for U € N(E, F)is (|| - |lawes || - ||7)-bounded. Hence, using Hille’s
theorem (see [0, Section 1, Theorem 36, p. 16]), for B € Ba, we have

/ HE) d e (x) = / S (H(1)) d it e = / H(O)(x) d 1.
B B B
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Then, we have

;mﬁwwﬂﬂm@w—LHMMMwm

- H /B <(ZaiWi(t) ®yl) _H(t))(x)d|rh|nuc

i=1

F

F

ﬂmmﬁwum—mmmwmm$o

In view of (4.6), we get i (B)(x) = [ H(t)(x) d |fit]nue = [ H(t) d |11 |y (x), and hence,
m(B) = [ H(t) d|m|nu, and using Theorem 4.3, we get

Hﬂ=AHMUmMWW for f € Co(X, E). .

As a consequence of Theorems 4.3 and 4.5, we have the following characterization of
(Bos || - | F)-continuous nuclear operators T : Cio(X, E) — F.

Corollary 4.6. Let T : Ci.(X, E) — F be a weakly compact (Bg, || - || F)-continuous
operator and m : B — L(E, F) its representing measure. If E' has the Radon—Nikodym
property, then the following statements are equivalent.
i) m(B)eN(E,F)forBeBaandm: Ba — N(E, F) is a countably additive
measure with |iit|ne(X) < oo, and there exists H € L'(|i|pe, N (E, F)) so
that

"_1(3)=jl;H(Z)d|7h|nuc for B € Ba.

(i1) T is a nuclear operator between the locally convex space (Ci.(X, E), Bo) and
the Banach space F.

(iii) T is a nuclear operator between the Banach spaces C,.(X, E) and F.

@iv) m(B)e N(E,F)for Be€ Baandm: Ba — N(E, F) is a countably additive
measure with |m|yw.(X) < oo, and there exists H € L' (||, N (E, F)) so
that

Nﬁ=LHmmmM%mﬁﬁe%@E)

In this case, | T e = M |nuc(X) = [m|nuc(X) = [y | H@)llnuc d |7 nye.

Proof. (1)=(ii). It follows from Theorem 4.3. (ii)=>(iii). It is obvious because Bs C Ty.
(>iii)=(iv). It follows from Theorem 4.5. (iv)=>(i). Assume that (iv) holds.
For each y’ € F’, the linear operator Ry : N (E, F) — E’' defined by

Ry(U) =y oU
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forU € N(E, F)is (|| - llnues || - || £7)-bounded. Hence, according to Hille’s theorem (see
[6, Section 1, Theorem 36, p. 16]), we have

Vo /X H) d e = Ry/( /X H(r)d|ﬁz|nuc) - /X Ry (H (1)) d i e

- / V' o Ht) d e,
X

and the function X > ¢ > y’ o H(t) € E’ belongs to L' (||, E’).
Let

iy (B) = /B Vo H(t) it

for B € Ba. Then, by Lemma 4.1 p) € My(Ba, E') and, for f € Ci.(X, E), we have

/ F(0) dpry = / VH@O ) dile = ¥ (T
X X
Assume now that A € B. Then, for y’ € F’, x € E, we have
VmA)() = (T 0 1)Ly ® ))() = 7(1a ® 1)(y' o T)
_ / (L4 ® )(0) ity = iy (A)(x) = y/( / H() d|n‘e|nuc(x)),
X A

and it follows that m(A) = [, H(t) d ||

For B € Ba, let us put mo(B) := [ H(t) d||nc. One can observe that mg €
My (Ba,£(E, F)), and hence, in view of Theorem 3.1, m(B)=mq(B)= [z H(t) d || e
for B € Ba. Moreover, in view of Theorems 4.3 and 4.5, we have

1T lnue = 1M ]aue(X) = [m]me(X) = /X | H (0 [l nue d 7]y un

Remark 4.7. The result of Corollary 4.6 extends to the setting of completely regular
Hausdorff spaces, the classical results of Diestel and Uhl (see [4, p. 173]) and Popa (see
[24, Theorem 1]), where X is a compact Hausdorff space.

We will need the following lemma. (The proof is similar to the proof of Lemma 4.4
and will be omitted.)

Lemma 4.8. Assume that (ii,) is a bounded sequence in My (Ba, E’), (yn) is a bounded
sequence in F, and (a,) € 1. Then, for y' € F', we have that

o0
> any (ya)ptn € My (Ba. E')

n=1

and

(Zany’(yn)un)(B)(X) =Y dntn(B)(x)y'(ya) for B € Ba, x € E.

n=1 n=1
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Assume that T : C.(X, E) — F is a (Bs, || - || F)-continuous linear operator. Then,
we can consider the conjugate mapping

T':F' 5y + my € Ms(Ba, E').

Now, as a consequence of Theorems 4.3 and 4.5, we establish the relationship between
the nuclearity of a (85, || - || F)-continuous linear operator 7' : Ci.(X, E) — F and the
nuclearity of its conjugate operator 7’ : F' — My(Ba, E’).

Corollary 4.9. Assume that T : Cio(X, E) — F is a (B, || - |F)-continuous nuclear
operator between the Banach spaces C,.(X, F) and F. Then, the mapping

T': F' — Ms(8Ba, E')

is a nuclear operator and |T'|lnue < | T lnuc-

Proof. Lete > 0be given. Then, in view of the proof of Theorem 4.5, there exist a bounded
sequence (i,) in My (Ba, E’), a bounded sequence (y,) in F, and a sequence (a,) € £!
so that

o0
m(B)(x) =Y dnptn(B)(x)yn for B € Ba, x € E
n=1
and
o0
D leallial GO 1ynllr < 1T loue + -
n=1
Then, according to Lemma 4.8, for y’ € F’, we have Y °2 | &Y' (Vn)itn € Ms(Ba, E'),
and for any B € 8Ba, x € E, we get

T'(y)(B)(x) = iy (B)(x) = ) ttnftn(B) ()Y (yn) = (Zany/(Yn)ﬂn)(B)(x)'

n=1 n=1

Thus, it follows that

o0 o0
T'0) =Yy Gnitn = Y enir (ya)(Y)pn for y’ € F'.

n=1 n=1

This means that 7" is a nuclear operator and

o0
1T s < D letnl 0]l £ n] (X) < T e + &

n=1

Since ¢ > 0 is arbitrary, we get || T |lowe < | T l|nue- |

Corollary 4.10. Let T : C..(X, E) — F be a weakly compact (B¢, || - || F)-continuous
linear operator. Assume that E' has the Radon—Nikodym property and F is reflexive. If
the mapping T' : F' — My (Ba, E') is a nuclear operator, then T is a nuclear operator
between the Banach spaces Cio(X, E) and F and | T |lnue < |IT" ||l nuc-
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Proof. Let ¢ > 0 be given. Then, there exist a bounded sequence (y;)) in F”, a bounded
sequence (i,) in My (Ba, E’), and (a,) € £! so that

oo
T'(Y) =Y anyy(y)n fory € F'

n=1

and

o0
D lenllynllEr al (X) < 1T e + &
n=1

Since F is supposed to be reflexive, we can choose a sequence (y,) in F such that y), =
ir(yn) forn € N. Then, for each y’ € F' and B € Ba, x € E, we get (see Lemma 4.8)

Y (@i(B)()) = T'()(B)(x) = (ZaniF (yn)(y’)un)(B)(X)

n=1

= ( > any/(Yn)l'Ln> (B)(x) = ) anptn(B)(x)y' (yn)

n=1
= y/<2anﬂn(3)(x))’n)~
n=1

Hence, m(B)(x) = Y oo | dnfbn(B)(X)yn, and this means that i (B) : E — F is anuclear
operator.

To show that |7|(X) < ||T’|lnuc» assume that (Bi){-‘=1 is a Ba-partition of X. Then,
we have

n=1

k k 00
DS (Z a1 (B 5! ||F~)
i=1

<

i=1 \n=1

o0 o0
=> |an|||y:;||p~<2 ||un(Bi>||Ef)
n=1 n=1

o0
<Y eyl pal (X) < 1T [lnue + &
n=1

Hence, |1 |nuc(X) < || T’ ||lnue + &, and since & > 0 is arbitrary, we get |77 4uc (X)) < | T || nuc-

Arguing as in the proof of (i) of Theorem 4.5, we can show that the measure m :
Ba — N (E, F) is countably additive. Since E’ is supposed to have the Radon—Nikodym
property, arguing as in the proof of (ii) of Theorem 4.5, we obtain that there exists H €
LY (|| que, N (E, F)) so that

rh(B):/BH(t)d|rh|nuc for B € Ba.

Hence, by Theorem 4.3, T is nuclear, and we get || T |lnue = 170w (X) < 1T || nuc- |
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As a consequence of Corollaries 4.9 and 4.10, we have the following result.

Corollary 4.11. Let T : Cio(X, E) — F be a weakly compact (Bs, || - | F)-continuous
linear operator. Assume that E' has the Radon—Nikodym property and F is reflexive.
Then, the following statements are equivalent.

(i) T is a nuclear operator between the Banach spaces C..(X, E) and F.
(1) The mapping T' : F' — My(Ba, E’) is a nuclear operator.

In this case, ”T”nuc = ||T/”nuc~
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