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Orlicz spaces with s-norms that are abstract M-spaces
Badik Hiiseyin Uysal and Serap Oztop

Abstract. Let ® be an Orlicz function and L® (X, , 1) the corresponding Orlicz space on a non-
atomic, o-finite, complete measure space (X, X, ;). We describe those Orlicz spaces equipped with
s-norms that are abstract M-spaces. Our study generalizes and unifies the results that have been
obtained for the Orlicz norm, the Luxemburg norm, and the p-Amemiya norms separately.

1. Introduction

The notion of an abstract M-space plays a crucial role for the Banach lattice structure of a
Banach function space and its description as an abstract L-space. Every abstract M-space
is isomorphic as a Banach lattice with some closed vector sublattice of some suitable
CRr (X) for some compact Hausdorff space X [17]. Also, the strong dual of an abstract M-
space with unit is an abstract L-space. Consequently, an abstract M-space is an important
geometric property of a Banach function space. Orlicz spaces comprise an important class
of Banach spaces that are a kind of generalization of Lebesgue spaces. The theory of
Orlicz spaces has been greatly developed because of their important theoretical properties
and value in applications. Up to now, criteria that an Orlicz space equipped with the Orlicz
norm or the Luxemburg norm to be an abstract M-space have been obtained [5]. In [18],
using the concept of an outer function, M. Wista presented a general and universal method
of introducing norms in Orlicz spaces that covered the classical Orlicz and Luxemburg
norms and p-Amemiya norms (1 < p < o0o). Recently, in [3], s-norms were classified
with respect to the constant o, and real extreme points were described. It is known that
the geometric properties of a Banach function space depends on the norm. Our aim in this
work is to describe the abstract M-space of Orlicz spaces equipped with the s-norms.

The structure of this paper is as follows. In Section 2, we provide necessary definitions.
In Section 3, we recall some technical results for Orlicz spaces equipped with s-norms
that will be used and we make some observations from these known results. In Section 4,
we present some properties of Orlicz functions which are related to s-norms and strictly
increasing s-norms under some conditions. In Section 5, we describe abstract M-spaces
of Orlicz spaces equipped with s-norms. In Theorems 5.3 and 5.7, we present criteria for
abstract M-space of Orlicz spaces equipped with the s-norms.

Mathematics Subject Classification 2020: 46E30 (primary); 46B20 (secondary).
Keywords: AM-space, Orlicz space, s-norm.


https://creativecommons.org/licenses/by/4.0/

B. H. Uysal and S. Oztop 220
2. Preliminaries

A map ®: R — [0, 0o] is said to be an Orlicz function if ®(0) = 0, ® is not identically
equal to zero, @ is even and convex on the interval (—bg, bgp), and @ is left continu-
ous at by, where by = sup{u > 0 : ®(u) < oo}. From these properties, it follows that
an Orlicz function @ is continuous on (—bg, by ), is increasing on [0, bg), and satisfies
limy, o0 ®(u) = 0. For any u,v € R,

d(u) + P(v) < P(u + v).

This inequality is called the superadditivity of & [9].

If @ is an Orlicz function, letting ap = sup{u > 0 : ®(u) = 0}, then ap = 0 means
that ® vanishes only at O while b = 0o means that ® takes only finite values. From the
definition of an Orlicz function, we have a¢ < bg, ap < 00, and by > 0.

For an Orlicz function ®, we define its complementary function ¥ by the formula

W(v) = sup{ulv| — ®(u)}.
u>0
It is well known that the complementary function is an Orlicz function as well [16].

Throughout the paper, we will assume that (X, £, i) is a measure space with a o-
finite, non-atomic, and complete measure 1 and denote by L°(X, =, i) the space of all
p-equivalence classes of real-valued and X-measurable functions defined on X. For 1 <
p < oo, we will denote by L? (X, X, u) or just by L? the spaces of p-integrable functions
with respect to (X, X, ). For p = oo, we also denote by L>°(X, ¥, u) or just by L the
spaces of essentially bounded function with respect to (X, X, i). In addition, we use the
conventions oo -0 = 0, é =0, and % = 00.

For a given Orlicz function ®, we define on L°(X, £, 1) a convex functional /¢ by

Io(f) = /X (/) dy.

The Orlicz space L®(X, X, i) generated by an Orlicz function ® is a linear space of
measurable functions defined by [14]

L*X, 2, w) = {f € L°(X, 2, 1) : Io(Af) < oo for some A > 0}.

We denote the Orlicz space L® (X, X, i) shortly by L®.
The Orlicz space L® is usually equipped with the Orlicz norm [14]

1/15 = sup{ /X F(Og®ldn: g e LY, Ty(g) < 1},

where W is the complementary function to ®, or with the equivalent Luxemburg norm

[11]
I flle = inf{k >0: I¢(§) < 1}.
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At first sight, the Orlicz norm and the Luxemburg norm seem far from similar. In fact, in
many cases, the geometric properties of Orlicz spaces under each of these norms differ
from each other. I. Amemiya (see [13]) considered a norm defined by the formula

1
A _ o
1£14 = inf (1 + La(k/)).

Krasnosel’skii and Rutickii [9], Nakano [13], and Luxemburg and Zaanen [12] proved that
the Orlicz norm is expressed exactly by the Amemiya formula, i.e., | f|% = || .f ||$. In the
most general case of an Orlicz function @, a similar result was obtained by Hudzik and
Maligranda [7]. Moreover, it is not difficult to verify that the Luxemburg norm can also
be expressed by an Amemiya-like formula [4, 15], namely,

1
I flle = ]ir;g%max{l,lcp(kf)}.

The only difference between the two Amemiya formulas is the function under the infimum
operation: for all u > 0 itis 1 + u (for the Orlicz norm) and max{1, u} (for the Luxemburg
norm). In the paper [7], Hudzik and Maligranda proposed to investigate another class of
norms given by Amemiya formula norms generated by the outer functions of the type

() (l—i—up)% forl < p < o0,
sp(u) =
? max{l,u} for p = oco.

The p-Amemiya norms for f € L® were defined by the formula

o]
1/ lo.p = inf s (La(k))).

where 1 < p < oo [4].
In 2020, the notion of the s-norms was introduced by M. Wista, and the following
definitions can be found in [18].

Definition 2.1. A function s : [0, oo] — [1, c0] is called an outer function if it is convex
and satisfies the inequality

max{u, 1} <s(u) <u+1
forallu > 0.

Let us note that an outer function s is continuous and increasing on [0, co). Evidently,
s(0) = 1, and we set 5(00) = 0.

Since it is convex, an outer function s has both right and left derivatives. Let sf‘_ be
the right derivative of s so that s’, : [0, 00) — [0, 1] is an increasing function. Let s/+_1 :
[0, 1] — [0, oo] be a general inverse of s’, as defined in [18]. Then, sjr_l is an increasing
function as well.

Let us give some examples of families of outer functions.
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Example 2.2. (i) For 1 < p < oo,

(l+u1’)1/1’ if 1 < p < oo,
sp(u) = . (2.1)
max{1, u} if p = c0.
(i) For0 <c¢ <1,
sc(u) = max{l,u + c}. 2.2)

Definition 2.3. Let s be an outer function and ® an Orlicz function. Then, the s-norms of
f € L® are defined by

o1
I/ le,s = inf =s(a(kf)).
k>0 k
The Orlicz space equipped with an s-norm will be denoted by L;I’.

Remark 2.4. Observe that each of the families given in (2.1) and (2.2) generates both the
Orlicz norm and the Luxemburg norm. In (2.1), if we take s = s1, then || f |o,s, = || f %3
if 5 = Soo, then | £ o, = Il fll3 if s = s, for 1 < p < 0o, then || £ o5, = | fllo,p
(see [4,7)).

Similarly, in (2.2), ¢ = 0 gives the Luxemburg norm and ¢ = 1 the Orlicz norm.

Definition 2.5. Let s be an outer function. For all 0 < v < 1, define

w(v) = /Ovs;‘l(z)dr.

It is clear that w is a non-negative, increasing, and continuous function on [0, 1].

Definition 2.6. Let s be an outer function. Forall 0 <u < ocoand 0 < v < 00, set
Bs(u.v) = 1 — w(s!, () — vs'y ().

Denote also Bs(kf) = Bs(Ia(kf), Iy(p+ (k| f]))) forall £ € L®.
Note that the function k — B;(kf) is decreasing on [0, c0).

Definition 2.7. Let s be an outer function and ® an Orlicz function. For f € L® \ {0}
and 0 < k < oo, we define the following functions:

D:L® — £([0,00)), D(f)={0 <k <o0:Ip(kf) < oo},
©: L% - [0,00), O(f) =inf D(f)7 !,
k* i L — (0,00], k*(f) = inf{k € D(f) : Bs(kf) < O},
K LY — [0, 00), k**(f) = sup{k € D(f): Bs(kf) = O}

It is easy to see that 0 < k*(f) < k**(f) < oo. Let us also define

K(f) ={0 <k <00 : k*(f) <k <k*™(f)).
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Obviously, K(f) # @ if and only if k*(f) < 0o. If k*(f) < oo forany f € L®, then the
s-norms are called k*-finite; if k**(f) < oo forany f € L®, then the s-norms are called
k**finite. Further, if k*(f) = k**(f) < oo forany f € L2, then the s-norms are called
k-unique.

Definition 2.8. Let s be an outer function. Define the constant o by
os = sup{u > 0:s(u) = 1}.

Note that 0 < oy < 1, and it is obvious that s is strictly increasing on [0y, 00). We
focus on the cases of o5 > 0 and o5 = 0 in the rest of this paper. The key point in defining
this constant is that the equality o, = 0 provides an inverse function for the outer function
s since this function is strictly increasing on the entire interval [0, co) whenever g = 0.

Let § denote the set of outer functions and define the sets

So={s€S:0,=0} and S ={s€S:0; >0}

The constants o5 of the outer functions in (2.1) and (2.2) are obtained as follows.

(i) Fors, of (2.1),

0, 1<p<oo,
1, p=oc.

(i) For s, of (2.2),
o5, =suplu>0:u+c=<1}=1-c.

Note that 0 < ¢ < 1.

As a consequence, we can classify the given outer functions as follows. The outer
functions s, 5. € So for1 < p <oo,c =landsp,s. € Sy forp=00,0<c < 1.

For more information about Orlicz spaces, their geometry, and their applications, we
refer to [2-4,6-8, 10, 16, 18].

3. Auxiliary results

We recall some technical results that will be used in the rest of the paper.

Lemma 3.1 ([18, Lemma 3.2]). For every outer function s and Orlicz function ®,

1flle =1/ lesw < I/ lles < I flos = 1713 =201/ @50 =21 flle
forall f € L2
Note that the Orlicz space L;I’ is a Banach space with the s-norms.

Theorem 3.2 ([18, Theorem 7.3]). Let s be an outer function and ® an Orlicz function.
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(1)  The s-norm is k*-finite if and only if one of the following conditions is satisfied.
(a) ® takes infinite values, i.e., by < o0.
(b) w(s’+ (u)) = 1 for some 0 < u < oo.
(¢) w(l) = 1and ® is not linear on [0, co).
(d) ® does not admit an oblique asymptote.
(1)  The s-norm is k**-finite if and only if one of the conditions (a), (c), or (d) is
satisfied.
(iii) If ® does not admit an oblique asymptote, then the s-norm is k™*-finite if and
only if it is k*-finite.
Corollary 3.3 ([18, Corollary 6.2]). Let s and ® be an outer and an Orlicz function,
respectively. The following hold for any f € L;I’ \ {0}.
(i)  Foreveryk € (0,00) N[k*(f).k**(f)], we have || fllas = ¢s(a(kf)).
(i) Ifk*™(f) = oo, then || f|lo,s = limg—o0 5o (k[))-
Lemma 3.4 ([3, Lemma 4.4]). Let s be an outer function and ® an Orlicz function.
O Fk() < o0for £ € LE\{O) then G (/)" < I/l
(i) Let f € L2\{0}. Ifk**(f) = oo, then k**(f) =
(i) Forall f € L2\ {0}, we obtain k*(f) < k**(f) a7

= OQ.

'—‘v‘

4. Some properties of Orlicz spaces equipped with s-norms

In this section, we give some results for s-norms that generalize the results obtained for
the Orlicz norm and the Luxemburg norm [5, 6].

Lemma 4.1. Let ® be an Orlicz function and s an outer function. If be < oo, then
1 llos < boll fllo,s and L C Lo

Proof. Assume that bp < oco. For f € L;I’ \ {0}, let us define

A={teX |fO]> bl fles)

Since | f|xa > ba| f|l®,s, we obtain CD("f”A ) = oo by the definition of bg. By using
Lemma 3.1 and the definition of the Luxemburg norm, we have

ow = to( i) <o) = (i) <!

Hence, ;1(A) must be 0, i.e.,

lfOl = be || flles n-aeteX;

this gives us desired one. ]
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The next proposition concerns the situations in which the s-norms are strictly increas-
ing.

Proposition 4.2. If the Orlicz space L;I) with an s € 8y has ap = 0 and bg < oo, then
the s-norm is strictly increasing.

Proof. Assume that ap = 0 and by < 0o. By Theorem 3.2, we know that the s-norm
is k**-finite. Therefore, for all f, g € L2\ {0} with f < g, we know that ||g| e =
kios(l o (kog)) for some positive kg < k**(g). By the superadditivity of ®, we have

lo(kog) = lo(ko(g — f) +kof) = lo(ko(g — f)) + la(ko f).

By the definition of the set of outer functions §¢, we have that oy is 0. Hence, s is strictly
increasing on the half-line [0, 00). By using that fact that ap = 0, then we obtain

Il = 7-5(Ua(kog)) > -s(Ualko(z — ) + Talko /) > 1-s(atko /)
0 0 0

v

in %s(lcp(kf)) = 1/ .

Therefore, s-norm is strictly increasing. ]

5. Abstract M-spaces

In this section, we give a description of abstract M-spaces of Orlicz spaces equipped with
s-norms. Criteria for abstract M-space of Orlicz spaces equipped with the Orlicz norm and
the Luxemburg norm are investigated in [5]. Our results will unify and extend these two
classical cases. Our study is based on s € §p and s € S given in Theorems 5.3 and 5.7.

Definition 5.1. An Orlicz space called L is an abstract M-space if

Imax{ /. g}llo,s = max{l| f o, lglles} forall0<fgeL].

We have an equivalent and very useful condition for an abstract M-space in [1]. It says
that an Orlicz space is an abstract M-space if and only if

If + gllos = max{]| f oy, lglles) forall f,ge L with f L g,

where f L g means that u(supp f N supp g) = 0 and the support of a function f € L2
is defined by the formula

supp f = {tr € X : f(1) # 0}.

Throughout this paper, abstract M-spaces will be denoted by AM-spaces.

Lemmas 5.2 and 5.6 allow us to extend some results given for the Orlicz norm and
the Luxemburg norm in [5]. They will be very useful for proving the main results of this
section.
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Lemma 5.2. [f the Orlicz space L;D with s € 8¢ is an AM-space, then by < o0.

Proof. Suppose that L;I’ with s € 8¢ is an AM-space. Let us prove by < 0o. Assume that
be = oo. For any ¢ > ag, there exists ¢ > 0 such that (1 4+ ¢)(ap + €) < c. Since our
measure is non-atomic, choose a measurable subset A of X such that 0 < pu(A4) < oo and

s(Io(cxa)) = s(@(c)u(A)) <1+e.
For all u > 0, we obtain

! 1
[ xalle,s = inf —s(Io(kxa)) < —s(Io(cya))
k>0 k c

1 1+¢ 1
= —s(P()u(4)) < — < .
c c ag + &

5.1)

Now, we divide the proof into two cases.

Case 1. Suppose that k**(y4) < 0o. Since k**(y4) < 00, there exists 0 < kg < k**(x4)
such that || y4lle,s = kios(lq;(ko)(A)) by Corollary 3.3.

First, we will show that Ig(kgy4) > 0. If ap = 0, then it is obviously true by the
definition of ag. Let agp > 0. Assume that /¢ (kg y4) = 0. Then, we have ® (ko) (A4) =0,
and so, kg < ag. Therefore, by using the fact that s(0) = 1, we obtain

1 1 1 1
s = — Ta(k = —s5(0) = — > —_—,
lxalle, kOS( o(koxa)) kOS( ) ko = da

a contradiction to (5.1). Hence, we have I (koy4) > 0. This gives that 0 < ®(kg) < oo.
Let us take a measurable set B C A such that

1
w(B) = u(A\ B) = EM(A)-

By assumption, we have oy = 0; then we know that s is a strictly increasing function on
the half-line [0, o). Therefore,

1 1 o]
[Xalles = .—s(Uo(koxa)) > -—s(Io(koxp)) = inf —s(Io(kxp)) = | xBl®,s-
ko k() k>0 k
We can prove in the same way that

lxalles > llxa\slle.s.
and so,
lxB + xa\lles = llxalle,s > max{||xBllo,s. [ x4\Bllo.s}

Hence, we conclude that L;D is not an AM-space.
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Case 2. Assume that k**(y4) = oo. By Corollary 3.3, we obtain
.1 1
Ixalles = lim —-s(lo(kya)) = Lm —s(®(k)u(A)).
k—oo k k—oo k

Then, for a measurable set B C A with u(B) = u(A\ B) = %M(A), by using the fact
that u < s(u) < 1 4+ u for all u > 0, by Corollary 3.3, we have

1 1 1
= lim —s(®k A)) > lim —®(k A)=2 lim —®(k B
lxalle.s kgr;okS( (k)p( ))_kirr;ok (k)p(A) Jim = (k)n(B)
1 1 1
=2 lim —(Ie(k =2 1lim —(1+ Is(k >2 lim —s(Ie(k
kgr;ok( o(kxg)) kgrolok( + lo(kyxp)) > kgr;okS( o(kxB))
1 1
> 2inf —s(Io(kyp)) > inf —s(Ip(kxp)) = | xBll@,s-
k>0 k k>0 k
Similarly, we can prove that || x4|le,s > || x4\B || ®,s- Therefore,

lxB + xaslles = llxalle.s > max{l| xzlle.s. | xa\5le.s}

Hence, we conclude that L;P with an s € §¢ is not an AM-space, and the proof is com-
plete. ]

We have the following criteria for the Orlicz space equipped with s-norms to be an
AM-space in the case s € Sy.

Theorem 5.3. The Orlicz space L;I’ with s € 8¢ is an AM-space if and only if
0<ae, be <oco, and agp = be. 5.2)

Proof. Sufficiency. Suppose that ® satisfies condition (5.2). By the definition of ag and
bs, we obtain
0 for 0<u <uy,

P(u) = {

oo for u > uy,
where ug = ap = bg. Moreover, for all f € L;I’ \ {0} and k > uol| f ||}, we have
Io(kf) = oo.

Therefore, by using the fact that s(0) = 1, we obtain

Il = jof oo/ N = inf 250 = 5" f e
from [18]. Hence, we have || f |lo,s = g || f]loo- Then, L2 is linearly isometric to L.
By [1], we know that L*° is an AM-space. Then, we conclude that L;I’ is an AM-space.
Necessity. Suppose that L;p is an AM-space for any s € So; then we know that bg < 0o
by Lemma 5.2. Assume that ap = 0. Then, we know that s-norm is strictly increasing by
Proposition 4.2. Therefore, we obtain

If + glles > max{]| flles. glle.s}
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for any f,g € L® \ {0}. This gives the fact that L® is not an AM-space, which is a
contradiction. Hence, age > 0.

Now, assume that 0 < ag < bp < 0o. Take & > 0 such that (1 4+ g)ap < by — & and
choose a measurable subset A of X with 0 < u(A) < oo such that

Ip((be — &) xa) = P(be —&)u(A4) < ¢.

Then, we obtain

s(Io((ho —£) x4))

1+¢ 1
(1 + Ie((be — &) xa)) < < —.
d— & b<1>—8 ad

1 1
s = inf —s(lgp(k <
lxalle, ligoks( olkya)) < ey

=

Similarly, as in the proof of Lemma 5.2,

lxB + xa\slles = lxalles > maxillxzlle,s. |xaslle.s},

where for a measurable set B C A with u(B) = u(A\ B) = % 1 (A). Hence, we conclude
that L;I’ with any s € § is not an AM-space, and the proof is complete. ]

By [1], we know that L°° is an AM-space. Then, we conclude that the following
corollary from Theorem 5.3.

Corollary 5.4. The Orlicz space L;D with s € 8y is an AM-space if and only if L;I’ is
linearly isometric to L*°.

We can give the following example.

Example 5.5. Foru € R, lets,(u) = (1 + ul’)%, where 1 < p < oo and

0 forlul <1,
d(u) = { or Juf =

oo otherwise.

We have s, € §p and agp = by = 1. By Theorem 5.3, L;i is an AM-space. Hence, Lg; is
just equal to L*°.

Lemma 5.6. Ifthe Orlicz space L;I’ with s € S is an AM-space, then bg < oo.

Proof. Suppose that L® with an s € $; is an AM-space. Let us prove bg < oco. First,
assume that bg = oo. Take disjoint measurable subsets A, B of X and a number ¢ > ag
such that ®(c)u(A) = o5 and ®(c)u(B) = oy. Define

f=cxa g=cys.

Then, we have Io(f) = Io(g) = 05 and Io(f + g) > 05. Now, we divide the proof into
two cases.



Orlicz spaces with s-norms that are abstract M-spaces 229

Case 1. Assume that k**(f + g) < co. We investigate the following three situations.
Assume that k*(f + g) < 1 < k**(f + g). Note that s is strictly increasing on [0y, 00),
so by Corollary 3.3, we have

1
I+ glles = sUa(f +8) > sUe(/)) = inf 2sUo(kf) = [/ ]los.
We can prove in the same way that

If +glles > lgle.s

and so,

If + glle.s > max{|[ flle.s. glle.s}

Hence, we conclude that L;I’ with an s € §4 is not an AM-space.
Second, assume that k**(f + g) < 1. We obtain

L<®™(f+e) = If +glas

from Lemma 3.4. By using the fact that

lo(f) = lo(g) = o5,

then we have || f|leo,s < s({o(f)) = 1, and similarly, || g|le,s < 1. Therefore, we have

I+ glle.s > max{[| flle.s lglle.s)

Hence, we conclude that L;I’ with any s € $4 is not an AM-space.

Finally, assume that k*(f + g) > 1. We have Io((k*(f + g)(f + g)) > o5 and
Io(k*(f + g)f) = os. Note that s is a strictly increasing function on [0y, 00), so by
Corollary 3.3, we have

1 *
Ifllos < ms(hp(k (f+2/)

< mS(ch(k*(erg)(erg))) =f +gles-

We can prove in the same way that
If + gllos > lglla,s
and so,
ILf + glle,s > max{|l flle.s. Iglle.s}-

Hence, we conclude that L;I’ with any s € §4 is not an AM-space.
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Case 2. Assume that k**( f' + g) = co. Therefore, by using the fact thatu <s(u) <1+ u
for all u > 0, by Corollary 3.3, we have

1 1
If +glles = lim —s(Io(k(f +¢))) = lim - (P(kc)u(AU B))
k—oo k k—oo k
.1 1
=2 lim ~(Q(kc)pu(4)) =2 lim =(lo(kf))
1 1
=2 lim (1 + Ie(kf)) 22 lim =s(o(kf))
o1 o1
z 2 inf 2s(Uo(kf)) > inf 2s(Uokf)) =/l
Similarly, || f + gll®.s > ||g]l®,s- Therefore,

If + glle.s > max{| flle.s. glle.s}

Hence, we conclude that L;I’ with any s € §4 is not an AM-space, and the proof is com-
plete. ]

Note that if Orlicz space L® is an AM-space, then k*( f) is finite by Theorem 3.2.
We have the following criteria for the Orlicz space equipped with s-norms to be AM-
space in the case s € S.
Theorem 5.7. For an Orlicz function ® and an s € S+, the following are equivalent.
(i)  The Orlicz space L;D is an AM-space.
(i) be <ooand P(bgp) =0if w(X) = oo or P(bep)u(X) < o, if u(X) < oo.
(iii) L;P is linearly isometric to L*°.
Proof. Let us prove (i)=>(ii). Suppose that L® with an s € $; is an AM-space. By using
Lemma 5.6, we have bg < 0o. Assume that ®(bg) (X ) > . Then, we obtain (bg) > 0.

Take disjoint measurable subsets A, B of X and a number ¢ > a¢ such that ®(c)u(A) =
os and ®(c)u(B) = o;. Define

f=cxa g=cys.

Then, we have Io(f) = Io(g) = 05 and Io(f + g) > 05. By using the fact that by < o0,
then we know that s-norm is k**-finite from Corollary 3.3. Since k**(f + g) < oo,
similarly, as in the proof of Lemma 5.6,

If + glle.s > max{|[ flle.s, lglle.s})-

Hence, we conclude that L;I’ with an s € S is not an AM-space.
Now, let us prove (ii)=>(iii). Assume that f € L°. Then, by (ii),

b<1>|f|)_ (bq>|f|) -
1 = () < d(ba) = (b X .
“’(nfnoo /X 1l _/X (bo) = P(ba)p(X) <o
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Therefore,

Il = jnf 2s(akf) < 1 (,@(bm)) Wl
bo 1flloo b

Then, || f o, < bg'llflloos and so, f € LE. On the other hand, take f € L®. Since
bgp < 00, by using Lemma 4.1, we obtain

b1 flloo < 11 fle,s-

Since the opposite inequality was also proved, we obtain the equality

1flles = bl £ lloo-

Therefore, L2 is linearly isometric to L.
Finally, let us prove (iii)=>(i). By using the fact that L°° is an AM-space [1], we obtain
that L2 is an AM-space. m

In the following corollary, we specialize Theorems 5.3 and 5.7 to some special outer
functions.

Corollary 5.8. (i) For s = sp with p = 1, the corresponding Orlicz space is an

AM-space if and only if 0 < ag, by < 00, and ap = be.

(i) Fors = s, with1 < p < oo, the corresponding Orlicz space is an AM-space if
and only if 0 < ag, be < 00, and ap = be.

(iii) Fors = s, with p = oo, the corresponding Orlicz space is an AM-space if and
only if it provides one of the following.
(@) bp <ooand P(be) =0if u(X) = o0 or ®(be)u(X) < lif u(X) < 0.
(b) L;I’ is linearly isometric to L*°.

({iv) Fors = s. with 0 < ¢ < 1, the corresponding Orlicz space is an AM-space if
and only if it provides one of the following.
(@) be <ooand P(bgp) =0if u(X) =ocoor Dbep)u(X) <1 —cifu(X) <

0.

(b) L;I’ is linearly isometric to L*°.

The statements (i) and (iii) of this corollary are obtained in [5]. Theorems 5.3 and 5.7
generalize and unify all the cases of Orlicz, Luxemburg, and p-Amemiya norms for 1 <
p < oo.

We will indicate the connection between the relations of Theorems 5.3 and 5.7 in the
following corollary.

Corollary 5.9. For any Orlicz function ®, measure space X, and outer function s, the
Orlicz space L;I’ is an AM-space if and only if it is linearly isometric to the space L*°.
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