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Fractional Schrodinger—Poisson system involving concave
and convex nonlinearities

Jiao Luo, Zhipeng Yang, Anbiao Zeng, and Ling Zhu

Abstract. In this paper, we investigate the following fractional Schrodinger—Poisson system:

(=A)YSu + V(x)u + ¢u = P(x)|ulP~2u — Q(x)|u|92u inR3,
(-2 =u? inR?,

where 1 < p <2 < ¢ < +00, (—A)® denotes the fractional Laplacian of order s € (%, 1), and
V(x), P(x), and Q(x) are given functions satisfying certain conditions. We aim to establish the
existence of infinitely many solutions for this system, considering nonlinearities P (x)|u|?~2u and
O (x)|u|9~2u with varying growth rates, including subcritical, critical, and supercritical cases.

1. Introduction and main results

In this paper, we study the existence of solutions for the following fractional Schrédinger—
Poisson system:

{ (=A)Yu +V(x)u + ¢u = P(x)|ul?2u — Q(x)|ul??u inR3, (LD

(=AY ¢ = u? in R3,

where 1 < p <2 < g < 400 and (—A)® denotes the fractional Laplacian of order s €
(%, 1). When s = %, this system becomes particularly intriguing from a physical per-
spective. It arises in the semi-relativistic theory within the context of repulsive Coulomb
interactions in plasma physics (see, for instance, [1]). By substituting the second equation
into the first, the system reduces to the semi-relativistic Hartree equation, which plays a
significant role in the quantum theory of boson stars [19].

When ¢(x) = 0 in this system, equation (1.1) reduces to the fractional Schrodinger
equation like:

(A u+V(x)u = Px)|ul’?u—Qx)|ul?>u inR3, (1.2)

which is related to standing wave solutions of the fractional time-dependent Schrédinger
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equation of the form

a
la_‘tﬁ = (_A)Sw + V(x)w — f(x, |-W|), x € RN,

which is a fundamental equation in fractional quantum mechanics (see [18]). It is well

known that, different from the classical Laplacian operator, the usual analysis tools for

elliptic PDEs cannot be directly applied to (1.2) since (—A)? is a nonlocal operator.
When s = 1, (1.1) is the following classical Schrodinger—Poisson system

— = i 3
{ Au+V(x)u + pou = f(x,u) inR>, (1.3)

—A¢p = u? in R3,

which was proposed by Benci and Fortunato [7] in 1998 on a bounded domain and is
related to the Hartree equation [21]. In the past several years, the existence and multiplic-
ity of solutions to the systems similar to (1.3) have been studied extensively by means of
variational tools; we refer the interested readers to see [2,4,5,9, 13, 15, 39] and the ref-
erences therein. In particular, when f(x,u) = u?" 12 < p <6),V =1,and u > Oisa
positive parameter, Ruiz [26] obtained some general results about existence and nonexis-
tence of positive solutions. In the case p < 4, the problem (1.3) becomes more delicate
since the corresponding energy functional does not possess the mountain pass geometry
in general. To overcome this difficulty, Ruiz considered a new constrained minimization
problem on a new manifold which is obtained by combining the usual Nehari manifold
and the PohoZaev’s identity. After that, Wang, and Zhou [31] proved that (1.3) has a posi-
tive solution for p small and has no nontrivial solution for u large when the nonlinearity
f(x,u) is asymptotically linear with respect to u at infinity. The existence of solutions
of (1.3) involving nonconstant positive potentials was considered independently in [6,40].
Ambrosetti and Ruiz [3] constructed multiple solutions to (1.3) with a potential vanishing
at infinity. A system under the effect of a general nonlinear term was considered in [4, 5].
The existence of sign-changing solutions for (1.3) was established in [10,12,14,16,27,32]
under different conditions on V(x) and f(x,u). Recently, in [24], Liu, Wang and Zhang
obtained the existence of infinitely many sign-changing solutions to (1.3) with a general
nonlinearity f(u) ~ |u|?~'u (3 < p < 5) and a coercive potential by using the method
of invariant sets of descending flow.

Recently, there is an increasing interest in the existence of solutions to the fractional
Schrodinger—Poisson system. A fractional Schrodinger—Poisson system with V' = 0 and
a general nonlinearity in the subcritical and critical case was considered in [38]. In [29,
30], Teng adapted the monotonicity trick to obtain the existence of ground state solutions
to critical and subcritical cases, respectively. For the other results about existence and
concentration of solutions, we refer to [20, 23, 25, 34-37] and the references therein.

In this paper, we are concerned with the existence of multiplicity of solutions for (1.1)
with concave and convex nonlinearities which have subcritical, critical, or supercritical
growth. To the best of our knowledge, there are no results in this direction for fractional
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problems. We assume that V' (x), P(x), and Q(x) are three measurable functions satisfy-
ing the following conditions.

(V) V e C(R}R)and 0 < inf V(x).
x€R3

(P) Pe Lo (R3) N L*®(R3) and P(x) > 0 is not identically zero.
(Q) Q0 € L®(R?) and Q(x) > 0 fora.e. x € R3.
Now, we state our main results as follows.

Theorem 1.1. Assume that 1 < p <2 < q < +oo and (V), (P), and (Q) hold; then,
system (1.1) admits infinitely many solutions in H*(R3) x D2 (R3) with negative energy.

As was remarked in a previous column, when ¢ (x) = 0 in (1.1), the system (1.1) can
reduce to equation (1.2); then, we have the following result.

Corollary 1.1. Assume that 1 < p <2 < q < 400 and (V), (P), and (Q) hold; then,
equation (1.2) admits infinitely many solutions in H*(R?) with negative energy.

The main difficulty is the loss of compactness of the Sobolev embedding when we
work on R3. Moreover, since 2 < p < +oo0 is allowed to be supercritical, the usual space
H*(R3) cannot be used as our framework for the study of problem (1.1). To overcome
these difficulties, we introduce a new space which is similar to that in the paper [22,28].

This paper is organized as follows. In Section 2, besides describing the functional
setting to study problem (1.1), we prove some preliminary lemmas which will be used
later. In Section 3, we give the proof of Theorem 1.1.

Notation. In this paper, we make use of the following notations.

* The letter C stands for any positive constants.

* “—”and “—” represent strong convergence and weak convergence, respectively.
* 0,(1) is a quantity tending to 0 as n — co.

* || - ||, is the usual norm of the space L" (R3).

* B, (x) denotes the open ball with center at x and radius r.

2. Variational settings and preliminary results

Firstly, fractional Sobolev spaces are the convenient setting for our problem, so we will
give some sketches of the fractional-order Sobolev spaces and the complete introduc-
tion can be found in [11]. We recall that, for any s € (0, 1), the fractional Sobolev space
HSR3) = WS2(R3) is defined as follows:

H®) = {u L2®): [ (51T P + 17 s < oo},
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whose norm is defined as
e ey = /R (E1F @) + |5 ()P,

where ¥ denotes the Fourier transform. We also define the homogeneous fractional
Sobolev space D*2(R3) as the completion of €5 (R?) with respect to the norm

1
u(x) —u(y) 2
||M||1)32(R3) = (/[l.vXR3 |x_ |3+2s ——dx dy = [u]HS(R3)-

The embedding D*2(R3) — L% (R?) is continuous, and for any s € (0, 1), there
exists a best constant Sg > 0 such that

2025,

S 1= in
ueDs2(R3) ||ul?

25 (R3)
The fractional laplacian, (—A)*u, of a smooth function u : R? — R, is defined by
F((=D)yu)§) = E*F@)E). &R’

that is,

F@)E) = —— /R e,

)2
for functions ¢ in the Schwartz class. Also, (—A)*u can be equivalently represented [11]
as

(=AY u(x) = —%C(s)/ u(x +y) +|)1j|(3):2—sy) — 2u(x) dy. Ve R,

where 1
C()_(/ (l|s|3cffl)df) L E= Gk ).

Also, by the Plancherel formula in Fourier analysis, we have

2 s
[l w3y = TS)II(—A)MH%-

As a consequence, the norms on H*(R3) defined above,

_ 2 3
. +// () — u(y)| dd),
uH(/ P+ [ vy

u s (/ (e 17 )l + |5¢(u)|2)ds)2,
R3

1
s 2
U ([ lul?dx + ||(—A)zu||§)
R3

are equivalent.
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It is known that problem (1.1) can be reduced to a single equation; see [7]. In fact, for
afixed u € H*(R?), there exists a unique ¢35 € D*2(R3) which is the solution of

(=A)Y¢ =u?> inR3.
We can write an integral expression for ¢; in the form

u?(y)
¢;(X) = CS [1;3 mdy, Vx € ]RS,

which is called s-Riesz potential (see [17]), where

C. — 1 I'(3—2s)
t n% 225T(s) .

To be more precise about the solution ¢ of the fractional Poisson equation, we have the
following lemma.

Lemma 2.1 ([29]). Foranyu € H*(R3) and s > % we have the following:
@ ¢y =0

() ¢S H5(R?) — DS2(R3) is continuous and maps bounded sets into bounded
sets;

(i) Jos i = S2ul, = Clul;
+2s
(v) Ifu, — uin HS(R3), then @y, — ¢y in D52 (R3);
) Ifu, — uin H*(R3), then by, — by in D2(R3) and

/qﬁ;nuﬁdx—)[ pSudx.
R3 R3

Define N : H*(R3?) — R by
Nu) = / p3urdx
R3

it is clear that N(u(- + y)) = N(u) forany y € R3, u € H*(R3) and N is weakly lower
semi-continuous in H*(R3). Moreover, similar to the well-known Brézis—Lieb lemma [8],
we have the next lemma.

Lemma 2.2 ([29]). Letu, — u in H*(R3) and up, — u a.e. in R® with s > 2. Then,
(i) N@un—u) = N@uu) — N@u) + o(l);
() N'(up—u) = N'(up)— N'(u) +o(1), in (HS(R3))~L.

Putting ¢ = ¢ into the first equation of (1.1), we obtain a semilinear elliptic equation

(=AY u + V()u + ¢Su = P(x)|ul?*u— Q(x)|ul?>u inR3,
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with a nonlocal term. Note that if s > % there holds 2 < % <27 and thus H* R3) —
L% (R3); then, by Holder inequality and Sobolev inequality, we have
3425

1

6 . 2

/ p3udx < (/ |u|341r22de) (/ |<;5;|25a,'x)2
R3 R3 R3

3+2s

1 12 6
5&2([|mHuw) 16595
R3

2
< Clull”li¢p Nl ps2 < oo.

In view of the presence of potential V(x), we introduce the subspace
H = {u e HS(R%) : / V(x)uldx < +oo},
R3

which is a Hilbert space equipped with the inner product

(u,v)g = / (—A)%u(—A)%vdx + / V(x)uvdx,

R3 R3

and the norm

luly = G = [ -a)buPdx+ [ Voontdx,

R3 R3

Unfortunately, since 1 < p < 2 < g < 400, which means the nonlinearities have sub-
critical, critical, or supercritical growth, we cannot use H as our framework for the study
of system (1.1); then, we have to introduce a new space. For the nonnegative measurable
function P(x) and 1 < p < 400, we define the weighted Lebesgue space

Lf,(R3) = {u is measurable : / P(x)|u|Pdx < oo}
]RS
and associate with the seminorm
|u|1’:P :/ P(x)|ulPdx. 2.1
, R

Motivated by [22], let L% (R?) be defined as (2.1) and E the completion of C§°(R?) under
the norm

lull = llullg + lulp.p-
Then, E is a Banach space; however, it is difficult to judge whether E is reflexive as

pointed out in [22]. The following inclusions also hold: C§° C E C D% N L% . Moreover,
from the following lemma, we have some compactness of E.

Lemma 2.3. Suppose P(x) € LZN—%II‘Y—Z)P RNy N L®@RN) with 1 < p < 2%. Then, for
everyu € D52(RN), the equation

(=A)'w = P(x)[ul?">u inRY
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possesses a unique solution w € D2(RN). Further, the operator
Kb D2RY) > D52(RY)
defined by K I’: (1) = w is compact.
Proof. We define the linear form

Wy 2/ P(x)|ul? 2uvdx, Vu,ve DZ?RYN).
RN

Obviously, W is continuous, and by Riesz’s representation lemma, there exists a unique
w € D52(RY) satisfying

/ (=A)2w(—A)2vdx = [ P(xX)|u|P2uvdx, Vv e D%2RYN),
RN RN
which means that w is a weak solution of

(=A)Y'w = P(x)|u|?"2u inRYM.

Next, we prove the compactness of the operator K P’f; taking {u,} C DS?(RY) as a bound-
ed sequence, up to a subsequence, we may assume that u, — u in D%2(RV). Let w, =
K% (un) and w = K5 (u); we have

i = 0y = [ PO (200 = 1P 2) s, — w)dx
R

< PG (a7 =l ) | o = ] g

< Ct|| P) (Jun|?"2un — [u|P2u) | 2 lwn — w|l ps2(r3):

then,

lwn = wlloseqesy < Co| P (a2 = ul?2u) | .

After that, we only need to prove that the last norm tends to zero. In fact, for an arbitrary
g > 0, we have

2N 2N
| PG (Jun 172 — |7 200) [ 5575 = [ PCo) (letml P20t — P ~2u) | V55
N+2s L N+23 (BRr)
_2N
+ HP(X)(|un|p_2un_|u|p -2 H N+2S
LN+2s (RN\Bg )
Note that
| (1n 1720 — u]P~2u) | <Cy

L WN=25)(r—1) 2s)(r 1) (RN\B )
we can choose a ball Br with enough large radius to obtain

&
I[P (x )IIN“S =<

L2N- (N 25)r (RN\BR) C#st
2
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Therefore,
2N
||P(x)(|un|p_2un - |u|p—2u)| Z;;vzs
+2

2N
< 1Pl = )

Moreover, due to the compact embedding of D*?(RY) < L"(Bg) with r € [2, 2%)

(see, [11]), we have u,, — u in L¥+% (Bg), and then,

2N &
P=2y P2y || V2 —
“P(X)(|un| un — |u| ”LN+S2s (BR) 2

for n sufficiently large. Thus, we deduce that
2N
“P(x)(|un|1’_2un - |u|p_2u)| NA2 < g
N+2s
for n sufficiently large. This means || P(x)(|un|?2u, — |u|1’_2u)||% — 0, and we
conclude that w, — w, which completes the proof. ]
Lemma 2.4. If (V) and (P) hold, then the embedding E — L% (]R3) is compact.

Proof. 1t follows from Lemma 2.3 that the embedding D%?(R3) < L5 (R?) (p € (1,2))
is compact. Then, the compactness of E — Lﬁ(]l@) follows from the compactness of
D2 (R3) — LY (R3) (p € (1,2)) and the continuity of E < D%2(R3) (see [11]). m

The corresponding functional / : £ — R is defined by

I(u) %/ﬂv l(=A)2u|?dx + %/R V(x)u?dx + - / p3urdx

1 P 1 a
p[R3P<x)|u| dx + / 0 () ul?dx

%||u||2 / dou 2a’x——/R3 P(x)|u|"’dx—}-é/R3 O(x)|ulfdx.

Therefore, by Lemma 2.4, the functional / is well defined for every u € E and belongs to
C(E,R). Moreover, for any u,v € E, we have

(I'(u),v) = /R3(—A)%u(—A)%vdx +/I;3 V(x)uvdx +AS pSuvdx

—/ |u|1’_2uvdx—f [u|?2uvdx.
R3 R3

It is standard to verify that a critical point u of the functional I corresponds to a weak
solution (u, ¢) of (1.1) with ¢ = ¢;. Hence, in the following, we consider critical points
of I using the variational method.
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3. Proof of Theorem 1.1

As has been mentioned in above, we only need to prove that / has infinitely many critical
points. Let E be a real Banach space and the functional / € C'(E, R). Recall that the
functional [ is said to satisfy Palais—Smale (for short (PS)) condition if every sequence
{un} C E with

I(u,) being bounded, 1'(u,) — 0, asn — oo, 3.D

possesses a convergent subsequence. Moreover, we need the following critical point theo-
rem to complete our proof.

Theorem 3.1 ([33]). Suppose 1(0) = 0 and I satisfies the (PS) condition and is even
and bounded from below. If, for any n € N, there exists a n-dimensional subspace E™ and
pn > 0 such that
sup [ <0,
EnNS,,

where Sy, ={u € E : |u|| = pn}, then I has a sequence of critical values c,, <0 satisfying
cn —> 0asn — oc.

To apply the above critical point theorem, the (PS) condition is important. First, we
will verify this condition for / : E — R. For this, we have the following useful inequalities.

Lemma 3.1. Given «, 8 > 0, there is a C > 0 such that

aWM§+ﬂA;Q@NWWXSCNMV+HM”

and
Clul® iflul = 1.
alully + 8 [ QColultax = ,
R} Cllul® if fJull < 1.
Proof. This conclusion follows easily from the definition of || - ||z and || - || [

Lemma 3.2. Under the assumptions of Theorem 1.1, the function I is coercive on E.

Proof. By the best Sobolev constant and (P), we have

)
p 2 p
[ plirax <121 e s o < Clul?. G2)
For ||u|| large enough, Lemma 3.1 together with (3.2) implies
1 1
1) = i+ [ gicax—— [ pwwlrar+ [ owhlrds
2 R3 q JR3
> Cllul)? = Cllul|?,

which implies I(u) — +o00 as ||u|| = +o0. |
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In general, to prove the (PS) condition, the reflexivity of the space is needed. How-
ever, we do not know whether E is reflexive. We borrow some ideas from [22] to avoid
this difficulty.

Lemma 3.3. Under the assumptions of Theorem 1.1, the function I satisfies the (PS)
condition.

Proof. Tt follows from Lemma 3.2 that every sequence {u,} satisfying (3.1) is bounded
in E. Thus, {u,} is bounded in H*?(R3), and we can assume that for some u € E, up to
a subsequence,

U, =~ uin H,
R, 2=<r<2j, (3.3)

un(x) = u(x) a.e.in R3,

H r
Up — uin L

Claim 1. I'(u) = 0.
For any ¢ € C{°(R?), since
(I'(un). ¢) = on(Dllell.
we have

/ ((—A)%un(—A)%(p + V(xX)upp)dx +/ ¢;nun(pdx
R3 R3

- / PO P 2unepdx + / 0(0) n | 2ol
R3 R3
— oa(Dlgl. (3.4)

We only need to prove the following convergence:

/ ¢;nun(pdx—>/ poupdx, (3.5)
R3 R3
/ P(x)|un|1’_2un<pdx—>/ P(x)|u|? ugdx, (3.6)
R3 R3
and
[ et unpdx > [ 0wt 2ugax. 3)
R3 R3

In fact, it follows from Lemma 2.1 that (3.5) holds. Then, we prove (3.6) and (3.7). Since
-1

{u,} is bounded in E, then { P 7 |u, |”~2u,} is bounded in LT (R3). From (3.3), up to

a subsequence, we can assume that

-1 _ p—1 _ . P
P77 |ug|?2u, — P 7 |[u|P2u in L7 (R3).

This together with P %fp € L?(R3) implies that (3.6). Similarly, (3.7) holds.
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Therefore, letting n — oo in (3.4), we have
/ (—A)2u(—=A)2 ¢ + V(x)up)dx +/ pSugdx
R3 R3
—/ P(x)|u|P 2updx +/ 0(x)|ul?2updx =0,
R3 R3

which implies that I’ (u) = 0.

Claim 2. u, — uin H.
From (I'(uy), un) = o (1)|Jun|l, {I'(u),u) = 0 and Lemma 2.4, we have

lim (||un||%1+ / o3 u2dx + / Q(x>|un|qu)
n—00 ]R3 R3

= lim P(x)|uy|Pdx
n—oo ]R3

=[ P(x)|u|Pdx
= |ul% +[ dSu 2dx+/3 O(x)|ul?dx. (3.8)

Note that ||¢;, || ps2®3) < Cllun||*1, ; we know that ¢S is bounded in D*2?(R?) and
3425 "
then
o5, — o in DR,
Thus, by the weak semi-continuity of norm, we have

2 .. L. 2
/};@ puu=dx = ||yl ps2@s) < liminf [[dy, [l ps2rs) = 1;“_{;?43 ¢y, undx. (3.9)

Further, by Fatou’s lemma, one has

/ O(x)|ul?dx < liminf/ O(x)|unl9dx. (3.10)
R3 n—oo ]R3
From (3.9) and (3.10), we have

lim (Ilunll?ri' / Py tndx + [ Q<x>|un|qu)
n—o00 R3 R3
zliminf||u,,||§,+1iminf/ 3 uﬁdx+1iminf/ Q(x)|un|9dx
n n—oo Jp3

> 11m1nf||un||H / pSurdx +/ O(x)|ul?dx.
3
This together with (3.8) gives
ol = timinf [y 3.
From this and the weak low semi-continuity, we have that

lunllz — Nl G.11)

which means that u,, — u in H.
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Claim 3. u, > uin E.
In fact, it suffices to prove that

/ O(X)un|?dx — / 0 (0)[ul"dx. (3.12)
R3 R3

Note that u, — u in H implies that u,, — u in L35 (R?) and ¢5 — @5 in L% (R3).
Thus, by Holder inequality and Sobolev inequality, we have

‘/ ¢;nuﬁdx—/ pSurdx
R3 R3

s 2_ 2 S 48Y,,2
§/R3 ¢y, (U, —u )dx~|—/l;<3(¢un o) u-dx

N s S\, ,2
< 1688 o o =l g+l + [ 0%, = g

< Clun—ull g, + [ @}, — poncdx
+2s R3
— 0;
this together with (3.8) and (3.11) implies that (3.12). The proof is completed. ]

Let
Q:={xeR?®: P(x) =0},

and
'={ueFE: :ulx)=0ae x € Q},

then, we can see that I is an infinite-dimensional linear subspace of E. After having
verified the (P.S) condition, we will investigate the geometry of / and complete our proof.

Lemma 3.4. The seminorm |ulp p = ([gs P(x)|u|pdx)% isanormonT.
Proof. We only need to show that
uel, |ulpp=0= u=0.

In fact, since P(x) = 0, we have

0=|u|p,p=f P|u|pdx=/ Plul?.
R3 P>0

We see that v = 0 a.e. on {x € R3 | P(x) > 0}. Butu € T, thatis, u = 0 a.e. on . So,
u =0ae.onR3. n

Proof of Theorem 1.1. From Lemmas 3.2 and 3.3, we know that / satisfies the (PS) con-
dition and is bounded from below. In order to apply Theorem 3.1, we only need to prove
that, for any n € N, there exists an n-dimensional subspace E” and p, > 0 such that

sup [ <0,
E™NS,,
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where S, = {u € E : ||u|| = p,}. Let |2] denote the Lebesgue measure of Q2; we have
the following two cases.

Case 1. || = 0.
In this case, we have P > 0 a.e. on R3. By Lemmas 2.1 and 3.1, we have

1 1
) = 3l + [ o de——/R3P(x)lul”dX+5/1;3Q(X)Iu|"dx

IA

QMV+CWW+MWW—;WﬁP

For any n € N, we can choose an n-dimensional subspace E” in E, and |- [,,p is a
norm of E”. Then, for u € E", using the fact that all norms on finite-dimension space are
equivalent and 1 < p < 2 < ¢, there exists p, > 0 small such that, for ||u|| = pp,

1
IW)ECWW+%WMq+ﬂMﬁ—;W§p<Q

Therefore, we completed the proof for this case.

Case 2. |Q2] > 0.

In this case, Lemma 3.4 implies that the seminorm | - |, p is a norm on the space I'.
Since dim I' = oo, given n € N, let E” be an n-dimensional subspace in I'; then, for
u € E", Lemma 3.1 means that

I(u)

1 1
Sl + 5 [ ot de——/ Peollrdx + - [ ocojuitax
R3 q JRr3

IA

QMV+CWW+MWW—;WKP
< Cllull®> + Cllull? + cllull* = Cllull?:
then, there exists a p,, > 0 such that
I(u) <0, for|u|| = pp, withu € E”.

The proof is completed. ]
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