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Local complete intersections and Weierstrass points

André Contiero and Sarah Mazzini

Abstract. This work presents a simple proof that the moduli space of complete integral Gorens-
tein curves with a prescribed symmetric Weierstrass semigroup becomes a weighted projective
space, even for fields of positive characteristic, when the associated monomial curve is a local
complete intersection.

1. Introduction

Given a numerical semigroup S C N of genus g > 1, minimally generated by a;, ...,
a, let Mz,,l be the moduli space parameterizing smooth pointed curves defined over
an algebraically closed field k (or compact Riemann surfaces when k = C), whose
Weierstrass semigroup at the marked point is S. It is well known that M;l can be
empty depending on S, but when it is non-empty, a major and very classical problem
is to describe the moduli space M;l and its compactification.

By allowing singularities, any numerical semigroup S can be realized as the Weier-
strass semigroup of a projectivization of the affine monomial curve

Cg = {(*,...,t%); t ek} CA".

Herzog [10] showed that the ideal of €5 can be generated by suitable polynomials
ink[Xg,. ..., X,,] which are differences of two monomials with the same weighted
degree, namely
j v B1.j Br.;j
ng)) = X;xll,./ X;xr,./ _ Xall,./ Xar J ,

whereai’j 'ﬂi,j = OandZaiai,j = Zaiﬂi,]‘ forl <i<randl < j <m.
The purpose of this paper is to establish the following result.
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Main Theorem. IfS is such that the affine monomial curve €s = SpecK[S] is a local
complete intersection and char(k) = 0 or a prime not dividing any exponent «; j and
Bi,j of the defining equations of Cs, then a compactification

Mgy =P(T"),

it is constructed and the closure is compounded by integral Gorenstein curves with a
smooth point whose Weierstrass semigroup is S.

The vector space T!~ stands for the negatively graded part of the first module of

the cotangent complex associated to the semigroup algebra k[S] = D, s kt" ,

T' (k[S]) = T"~ (k[S]) & T (K[S]).

We recall that a numerical semigroup S is a complete intersection if the affine
monomial curve s is a complete intersection in A", where r is the embedding dimen-
sion of Cs, i.e., the smallest number of elements required to generate S. Equivalently,
the semigroup algebra K[S] is a complete intersection when we consider it as the quo-

tient of k[ Xy, ..., Xg4,] by the kernel I of the surjective map
k[Xq,..... Xq,] — KI[S].
Xg; > 1%,

and I is the defining ideal of € C A".

The affine monomial curve €s has a unique unibranch singular point at the ori-
gin 0, with singularity degree g = g(S). Therefore €s, or even its closure in a suitable
(weighted) projective space, is a local complete intersection if and only if the local
ring of its unique singularity is a complete intersection. Since Cs is affine and a locally
complete intersection, a minimal free resolution of the local ring singularity lifts to
a minimal free resolution of the semigroup algebra k[S], and hence €s is a global
complete intersection in A",

If k[S] is a complete intersection, then there are no obstructions to formally deform
Cs in characteristic zero, the second cohomology module of the cotangent complex
associated to €s is null, T%S =0, as shown in [11]. Hence, we can conclude that M;l
is smooth. Furthermore, the base space 7~ of the miniversal deformation in negative
degrees is an affine space A" . Therefore, we can deduce that a closure of M;l is also
a projective space, whenever we apply Pinkham’s construction of M;l for smooth
fibers X\~ — T~ of the miniversal deformation (see Section 3.4 for more details).
The advantage of our techniques is that the proof of the main theorem presented here
is rather explicit and simple, and it also works for fields of positive characteristic and
describes the curves that compound the boundary.

A rather simple proof of the main theorem in characteristic zero can be obtained
as follows.
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Proof. The dimension of Mf,’l is at least 2g — 1 — dim TV, cf. [5, Theorem 2.4].
Since the monomial curve in P81 associated to Cs is a local complete intersection
and char(k) = 0, we are able to show that dim T"~ = 2g — dim T!"**, meaning that
the Tjurina number of a complete intersection singularity is 2g. At this point we just
have to apply the results due to Stohr and Contiero—Stohr [6,20] assuring that M;l
is a closed subset of P(T!7). ]

The way we prove the main theorem for also fields of positive characteristic is
to apply a variant of Hauser’s algorithm (see [8,9] and [18]) by deforming the affine
monomial curve € C A’ instead of the associated canonical Gorenstein monomial
curve in P81 as required by Stohr’s original construction ([20]). The first step is
to take the unfold of the » — 1 defining equations of the ideal of €s. Next, since
Cs is a complete intersection, we can show that no relations between the unfolded
coefficients arise from syzygies, with the exception of %r(r + 1) normalizations to
zero. This is where the condition on the characteristic of the ground field appears.
Hence, the closure of the moduli space M;l is P(V'), where V is the k-vector space
spanned by the normalized unfolded coefficients. Finally, we just need to note that V'
is in bijection with T!~, cf. [20, Appendix].

We obtain the following two naive and immediate consequences of the above main
theorem, provided that char(k) = 0 or a prime not dividing any exponent ¢; ; and f; ;
of the defining equations of €s.

Corollary 1.1 (Schlessinger [17] and Pinkham [16]). A complete intersection numer-
ical semigroup is realized as a Weierstrass semigroup of a smooth curve.

Corollary 1.2. IfCs is a local complete intersection, then the associated affine mono-
mial curve can be negatively smoothed without any obstruction.

In general, it is very difficult to describe a compactification of M§,1 and the
curves that make up its boundary. The authors are aware of two main approaches
to considering geometric features of a closure of M§,1 and properties of curves on
its boundary. In the following two subsections, we cite some results concerning these
two approaches. There are many high-standing works that are not cited here, most of
which are referenced in the works cited below.

1.1. MZ ; coming from versal deformation

The general theory of versal deformations of singularities dates back to the 1960s and
1970s, with the remarkable works of Schlessinger [17] and Artin [1]. The connection
between the spaces M§,1 and the miniversal deformation in negative degrees was
made by Pinkham in his Ph.D. thesis [16], using an affine monomial curve associated
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with the semigroup S. We shall briefly describe this connection in Section 3.4 below,
as it is one of the main techniques used in this paper.

Several works have investigated the application of versal deformations to the study
of M;l. As demonstrated by Pinkham in [16], the miniversal deformation provides a
method for constructing a compactification of M;,l' The resulting closure of ,Mg,l is
totally described just for a few families of semigroups, as we note below.

In [20], Stohr presents a rather explicit way to construct a compactification of
M;l as a variant of Hauser’s algorithm, when S is assumed to be a suitable symmetric
semigroup. Stohr’s construction relies on the unfold of the defining equations of the
canonically embedded projective monomial curve associated to €s, extending Petri’s
analysis of the canonical ideal and then exploring appropriate syzygies coming from
the defining equations of €s. It is obtained a compactification of ,MS,,I as a closed
subset of a weighted projective space by allowing irreducible Gorenstein curves at
the boundary. Later on, Contiero—Stohr [6] and Contiero—Fontes [4] extend Stohr’s
construction to all symmetric semigroups, making it totally implementable as well.
In Section 3.4 below, we briefly recall this construction. We also refer to [13], where

the second author presents some algorithms to compute the defining equations of Cg
S

g1’
Tés of the versal deformation space, whenever S is symmetric.

and their unfolding, the defining equations of M? ;, and the equivariant tangent space

Nakano [14] computed eM:,,l using Pinkham’s approach by computationally deter-
mining the base space of the miniversal deformation of the monomial curve Cs in
negative degrees, for g < 5. He shows that for g < 5 the base space is an irreducible
rational variety, except in one case: the semigroup (4, 6, 11, 13) when it has the struc-
ture of a projective quasi-cone over P! x P3. In this case, the base space is also
irreducible, but in negative degrees it contains two components, one smooth and the
other containing a curve with a double point (see [5, Remark 2.9]).

In a recent paper [19], Stevens extends the results of Nakano [14] and explicitly
computes the defining equations of the moduli space M:,,l for many cases of genus
at most seven and determines the dimension for all semigroups of genus not greater
than seven. Stevens uses Hauser’s algorithm in most cases, but in one case, he uses
the projection method developed by De Jong and Van Straten [7].

2. Reviewing Weierstrass points
We recall that a numerical semigroup S is a subset of the nonnegative integers N

containing 0, closed under addition such that only a finite number of elements are
missing from S. The genus of S is the number of its gaps, i.e., the number of positive
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integers that are not in S,
g8) =#(N\S)=#H1 =4, <--- <Ly},

and we easily see that the largest gap £, is not bigger than 2g — 1.
Given an irreducible smooth pointed curve (€, P) € Mg ; of genus g, its associ-
ated Weierstrass semigroup Sp is the subset of all nonnegative integers n such that

H°(€, Oe((n — 1) P)) S H*(€, Oe(nP)), 2.1)

i.e., n € Sp if and only if there is a rational function on € whose pole divisor is
exactly nP. The point P € € is called a Weierstrass point if Sp is different from the
ordinary semigroup {0, g + 1, g + 2, ... }. The Riemann—Roch theorem implies that
the genus of the Weierstrass semigroup Sp is equal to the genus of the curve €. It is
well known that only a finite number of Weierstrass points exist on a curve.

Since the i-th gap of S defines an upper semicontinuous function on My 1, it fol-
lows that M;l is a locally closed subset of Mg 1. However, it is also well known that
the moduli space M;l can be empty, meaning that there are numerical semigroups
that cannot be realized as Weierstrass semigroups of a smooth pointed curve. There
is no purely arithmetical criterion for determining when a numerical semigroup is
realizable, but one necessary numerical condition is given by Buchweitz in [3].

On the other hand, one can see that any numerical semigroup can be realized as
a Weierstrass semigroup of a monomial curve. Taking S := (a4, ..., a,), a numeri-
cal semigroup, let k[S] := €D, <5 kt" be the associated semigroup algebra. The affine
monomial curve attached to S is

€5 = Speck[S] C A",
which in parametric terms is just
Cs = {(t9,...,19) e A" t € A},

It is easy to produce the closure of €s in a weighted projective space P" by adding
just a smooth point P at infinity, and so the Weierstrass semigroup at P is S. Here, a
Weierstrass point on an integral curve € at a smooth point P is defined in the same
way that when € is smooth, i.e., for a smooth point P on €, a positive integer n is a
nongap if and only if equation (2.1) holds.

A criterion for determine if a numerical semigroup S is realizable was given by
Pinkham in his Ph.D. thesis. Namely, a numerical semigroup S is realizable if and
only if the affine monomial curve €s admits a negative smoothing, cf. [16, p. 108].
Dealing with this criterion is unfortunately far from easy.
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3. Gorenstein curves and subcanonical points

In this section, € stands for a non-hyperelliptic Gorenstein curve with a smooth sub-
canonical point P, i.e., the associated Weierstrass semigroup S at P is symmetric.
Recall that a numerical semigroup is symmetric if the Frobenius number £, of S is
the biggest possible, £, = 2g — 1. Equivalently,

lgi=2¢g—1—-n; (0<i=<g-1),

where 0 = ng <nj < ny < --- are the nongaps of the semigroup. Since it is assumed
S to be non-hyperelliptic, we may impose that £, = 2, equivalently, ny_; = 2g — 2.

We also fix at once a system of generators, S := (a1, ..., a,). We are interested
in two suitable systems of generators: the minimal system, where r is the embedding
dimension of S, and the canonical system of generators, i.e., r = g — 1. In the former
case, S is generated by its first g nongaps, S = (no,n1,...,ng_1).

As a general and important comment, if a curve € is a local complete intersection,
then € is also Gorenstein and non-hyperelliptic, because the dualizing sheaf of a local
complete intersection always induces an embedding.

3.1. On P-hermitian bases

By virtue of the Max Noether theorem for non-hyperelliptic Gorenstein curves ([6]),
the maps
Sym" H(€, w) — H°(€, ")

are surjective for all n > 1, where w = O¢((2g — 2) P) is the dualizing sheaf of €.
Hence, each vector space H(€, ™) admits a so-called P-hermitian basis, i.e., given
n > 1, for each nongap S < n(2g — 2) we can choose a meromorphic function on €

of the form x¥ := xg0 ... x5! satisfying

ordeo, Xy = E aja; = s,

where each x,; is a regular function on € \ { P } whose pole order at P is ordeo, p (Xg; )
= a;. We also may declare ap = 0, so one can assume that x,, = 1. Hence, each
HO(€, »™) admits a base formed by meromorphic functions on € whose pole orders
at P are pairwise distinct.

In order to have a uniqueness between the chosen basis elements x§, one can take
them in a way that & := (g, ..., a,) € N”*! is a minimal element according to the
lexicographical order

r r
(E ai,E aioci,—ao,—ar_l,...,—al). 3.1
i=0 i=0
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Hence,
H°(€, w") = Spam U {x%; o is minimal}. (3.2)
s<n(2g—2)
For eachn > 1, A, stands for the vector subspace of k[ Xy, ..., X4, ] spanned by

the lifting of the above monomial basis of H’(€, »™), namely
A, = spam(U{Xg ;s <n(2g—2)and & minimal}), (3.3)
S

where X% := X0 ... Xg7, with Y [_, aia; =s.
We define deg(X,; ) = a;. It follows from the Riemann—Roch theorem for singular
curves that dimg A, = (2n —1)(g — 1) and so

) n+g-—1
dim k[XaO,---,Xar]sn = ( f ) - (2]1 - 1)(g - 1)’

where k[Xg,, ..., Xq,]<n stands for the vector space over k given by the isobaric
polynomials of (weighted) degree not bigger than n(2g — 2).

Remark 3.1. Considering the canonical system of generators for S = (no,...,ng_1),
the above process produces a basis for A, (respectively for H?(€, w™)) that is formed
just by monomials on X,,; (respectively on x;) all of the same degree n, which does
not happen when we consider the minimal system of generators. For instance, the
base elements of A, respectively As, are given by quadratic forms X, Xp, with
S < 4g — 4, respectively by cubic forms X, X, Xy, witho < 6g — 6, according to
the order fixed in (3.1). We may also conclude that

) n+g—1
dimk[ Xy, ..., Xno_ In = ( f ) - @2n-1D(g-1),

where K[Xp,., ..., Xy, ]n stands for the usual vector space given by the forms of
degree n.

3.2. The ideal of the canonically embedded €

We start by identifying € with its image under the canonical embedding given by
its dualizing sheaf w. In this way, € can be viewed as a curve of genus g and degree
2¢ —2 in P81 Let I(€) = @f’;z 1;(€) be the homogeneous ideal of €. By
Riemann’s theorem, for each j > 2, the codimension of /;(€) in the vector space
K[Xpg. .oy Xng_y]j 8 (2j — 1)(g — 1) = dimy A;. Then we obtain

k[XnO,...,Xng_l]j =A;®1;(€), foreach; >2.
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Recall, see [15, Theorems 1.7 and 1.9], that each nongap s < 4g — 4 can be written
in vy different ways as a sum of two nongaps not bigger than 2g — 2, namely

S = dgs +bsl == asvs +bsvsa

where ag, <--- <as, anda; < by, foralli =1,...,vs. Analogously, there are vy
different ways to write each nongap o < 6g — 6 as a sum of three nongaps,

0 =Ug1 + Vg1 + Wo1 =+ = Ugv, + Vo, T Wov, -

Since x4, xp,; and Xy, ; Xy, ; Xw,,; are elements in H°(€,w?)and H°(€,w?), respec-
tively, we may assume that x,  Xp,, = Xq,Xp, and Xy Xy Xwy = Xug Xvg Xwg
are base elements of A, and Aj, respectively, cf. Remark 3.1. Hence, for each i =
2,...,vsand each j = 2,..., v, the elements x4, xp,, and Xy ; Xy, ; Xw,,; can be
written as a linear combination of base elements, preserving the pole order at P,
namely

Xagi Xbg; = CsisXagXby + E CsinXa, Xb, »
n<s

Xugj Xvgj Xwe; = dajaxungo—xwg + Z dojmxumxvmxwm
m<o
where n and m run over the nongaps and ¢y, dojm € k are constants. We also may
assume that ¢s;s = dyjo = 1, because they must be different from zero and so we can
multiply them by suitable constants. By construction, the %(g — 2)(g — 3) quadratic
forms
s—1
Fsi »= Xa,; Xpg; — Xag Xp, — chinXanan €K[Xng, v Xng_y] 3.4)

n=0

and the (¥ ;“2) — (5g — 5) cubic forms

G(Tj = Xlloj Xboj Xcoj B Xag ng XCU
o—1
- ZdoanaUXbaXca € k[Xno""’X”g—l]’ (3'5)
n=0

vanish identically on the canonical curve €, are linearly independent and because of
their number, form a basis of the vector spaces I, (€) and I3(€), respectively.

Petri’s analysis remains true for canonical Gorenstein curves and assures that the
ideal /(€) is generated by quadratic relations, provided € is non-hyperelliptic, non-
trigonal and not isomorphic to a quintic plane curve. When € is trigonal or isomorphic
to a quintic plane curve, it assures that /(€) is generated by quadratic and cubic forms.
It turns out that if S is such that 3 < n; < g and S # (4, 5), then € is nontrigonal
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and not isomorphic to a quintic plane curve. Hence the ideal /(€) is generated by
the quadratic forms in equation (3.4), see [20] or Theorem 3.4 below. Therefore, if
Sissuchthat n; = 3,n; = g or S = (4, 5), then the ideal /(€) is generated by the
quadratic forms in (3.4) and suitable cubic forms picked up from (3.5), cf. [4, Theo-
rem 3.7].

It is worth to note that each non-hyperelliptic numerical semigroup S can be rea-
lized as the Weierstrass semigroup of a Gorenstein (canonical) curve. Namely, taking
the canonical monomial curve

€O = {(@mopteT  gmipte1l L ge1plT (g h) e PY) C PETL, (3.6)

the Weierstrass semigroupat P = (0:---:0: 1) is equal to S, cf. [20, p. 190]. More-
over, the ideal of €(©) is generated by the following %(g —2)(g — 3) folded quadratic
forms (see [6, Lemma 2.3]):

FQ = Xoy, Xp,; — Xa, X, 3.7

provided that 3 < n; < g and S # (4, 5). In addition, if n; = 3,n; = gorS = (4,5),

. . 1 .
then the ideal of 1(€(?) is generated by the above 5(g —2)(g — 3) folded quadratic
forms and suitable folded cubic forms

G = X,

oj boj

Xe, — Xay Xp, Xe, . (3.8)

Coj

cf. [4, Lemma 3.3].

3.3. Unfolding the defining equations

Given the monomial curve €s C A" associated to any non-ordinary numerical semi-
group S = {ay,...,a,), a result due to Herzog, [10], assures that the generators of
the ideal /(Cs) can be chosen to be isobaric forms which are given by the difference
of two monomials in the variables X,,, ..., Xq4,, namely

X* —xB,

suchthate;B; =0fori = 1,...,rand Y a;o; =Y a;Bi = s is its weight.

When we assume non-hyperelliptic symmetric semigroups, we can consider two
systems of generators for S, namely the minimal and the canonical ones. By con-
sidering the minimal system of generators, ayi, ..., a,, we can choose a basis of
A; CKk[Xgy. Xq,...., Xqg,], fori > 2, that is given by the lifting of the P-hermitian
basis of H*(C, w'), where w is the dualizing sheaf of s, see equation (3.3) of Sec-
tion 3.1. If H©® is a generating form of I(€s), say H©® = X% — Xf € I(€s) of
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weight s, let n be the smallest positive integer such that s < n(2g — 2). Thus the
unfold of H© is the polynomial

Hy=HO® +) XV |x, =1 € K[{cgj}] @ k[Xa,. ... Xa,]. (3.9

j<s

where each X}' is the unique basis element of A, of weight j, X}' | Xag=1 is the mono-
mial obtained from X}’ making X,, = 1 and cy; are variables over the ground field k.
We attach a weight s — j to each cy;. Since the weight of X, is zero, the unfold of
H© is also an isobaric form of degree s.

By considering the canonical system of generators for S, namely ng,nq,...,ng_1,
the canonical ideal of €© is generated by isobaric forms that are also homogeneous
polynomials (quadratic and cubic) in the usual sense, cf. equation (3.7) and equa-
tion (3.8). Then the unfold of a defining quadratic form F” is

s—1
Fsi = Fs(iO) _ Z CsinXa, Xp, € K[{Csij}] @ K[Xngs .oy Xngo_i], (3.10)

n=0

while the unfold of a cubic defining form Gs(io) is

o—1
ng — G((y(])) _ Z daanagXbaXCa e k[{dalj}] X k[XnO, ey X”g—l]' (311)

n=0

Note that the unfold of the quadratic and cubic defining equations of the canonical
curve €@ are again quadratic and cubic forms in k[X, nos - - +» Xne_;] and isobaric as
well, provided the weight of ¢;, and dy;, are s —n and o — n, respectively.

It is evident that the unfold of the defining equations of a monomial curve is a
perturbation of its defining ideal. To get a deformation preserving at least the dimen-
sion and the arithmetical genus over the fibers, these perturbations cannot be chosen
independently. Generally, they are related by syzygetic relations. This is precisely the
subject of the next subsection.

3.4. A variant of Hauser’s algorithm

In his Ph.D. thesis [16], Pinkham constructs the moduli space M;l using equivari-
ant (versal) deformation theory. In short, Pinkham starts by considering the versal
deformation space of the affine monomial curve Cs, say

Xy 2 € —— X

L]

{to} = Speck —— T
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where 7 = Spec A and A is a local, complete noetherian k-algebra, cf. [1]. The G,,-
action on Cs, given by (¢, Xy, ) — % X, , can be extended to the total and parameter
spaces, X and 7, inducing a grading on the tangent space T} - T!(K[S]) to T, that
is the cotangent complex associated to Cs.

We declare that a deformation has negative weight —e if it decreases the weights
of the defining equations of the curve and the corresponding deformation variable has
then (positive) weight e. It is more than convenient to note that the unfolds of the
defining forms of €5 and €© jp Equations (3.9), (3.10) and (3.11) of the preceding
subsection occur in negative degrees, once provided that they define a deformation of
€ and €O respectively.

Let I be the ideal of A generated by the elements corresponding to the positive
graded part T (k[S]). The space 7~ := Spec A/I is the subspace of 7 in negative
degrees and the restriction X~ — 7~ is the versal deformation in negative degrees,

Xy €5 ————— X~

l |

{to} = Speck —— T~ = Spec(A4/]).

In addition, the total space X~ and the parameter space J ~ are both defined
by polynomials. In general, the total and parameter spaces associated to an ana-
lytic singularity cannot be defined by polynomial equations alone, and sometimes
do not have a finite dimension. However, this does not happen when deforming quasi-
homogeneous singularities.

Next Pinkham produces a fiberwise compactification X~ — T~ of the versal
deformation in negative degrees X~ — 7~ without compactifying the parameter and
the total space, avoiding technical problems coming from inverse limits. Doing this,
Pinkham shows that each fiber of X~ — 7~ is an integral curve in a weighted pro-
jective space with one point P at infinity whose associated Weierstrass semigroup is
exactly S. All the fibers over a given G, orbit of 7~ are isomorphic, and two fibers
are isomorphic if and only if they lie in the same orbit. This is proved in [16] for
smooth fibers and in general in the Appendix of [12].

Now, let us invert the above considerations starting with a possible singular inte-
gral curve € of arithmetic genus g > 1 defined over k. Given a smooth point P of €,
let S be the Weierstrass semigroup of € at P. Consider the line bundle L = Q¢ (P)
and form the ring of sections R = P;c, H°(€, L"). This leads to an embedding
0+ Xa, With
deg(Xa,) = 1. The space Spec R is the corresponding quasi-cone in an affine space.

of € = P(R) in a weighted projective space, with coordinates X,

Setting X,, = 0 defines the monomial curve €s, all other fibers are isomorphic to
€\ P. In particular, if € is smooth, this construction defines a smoothing of €s.
Then Pinkham establishes the following result.
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Theorem 3.2 ([16, Theorem 13.9]). Let X~ — T~ be the equivariant miniversal
deformation in negative degrees of the monomial curve €s for a given semigroup S
and denote by U™ the open subset of T~ given by the points with smooth fibers. Then
the moduli space M;l is isomorphic to the quotient :Mg,l =(U")/Gy of U™ by the
G, -action.

The remainder of this subsection is devoted to explicitly describing Pinkham’s
Theorem [16, Theorem 13.9] in the case where S is assumed to be a non-hyperelliptic
symmetric semigroup. We present the construction initiated by Stohr [20], and subse-
quently developed by Contiero—Stohr [6] and Contiero—Fontes [4]. This construction
can be viewed as a variant of Hauser’s algorithm for computing the versal deformation
space of a singularity; see [8,9] and [18].

We start by fixing a numerical symmetric semigroup S = (ng,n1,...,ng—1) of
genus g > 3 satisfying

3<ny<g and S # (4,5).

These restrictions are also imposed to avoid simple and well-known cases. If n; = 3
or S = (3,4), then Cs is a plane curve. Additionally, if n; = g, then S is not a complete
intersection, see [2], and the associated moduli is studied in [4].

So, if € is a Gorenstein curve with a smooth point whose associated Weierstrass
semigroup is S, then € can be identified with this image under the canonical embed-
ding in such a way that the Weierstrass point P that realizes S is the point P = (0 :
...:0:1). Hence, by Section 3.2, the canonical ideal /(€) C k[Xp,,. ..., X,,g_l] is
generated by the %(g — 2)(g — 3) quadratic forms

s—1

Fsi = Xay; Xp,, — Xay Xp, — Z CsinXay Xp, € K[ Xngs - Xn,_,],

»Ang
n=0
where cy;; are suitable constants in K, the forms F/ s(iO) = Xa,; Xp,; — Xa; Xp, generate
the ideal of the canonical monomial curve €© < P&~! defined in (3.6), and each
Xa; Xp, belongs to the fixed base A, in equation (3.3).
Now let us invert the considerations on the previous paragraph. Let

FS(iO) = Xasi sz[ - XaS Xbx

be the defining polynomials of the canonical curve €@ as in (3.7). Now let us take
their unfolding

s—1
Fyi = F =" coinXa, Xp, € Kl{csij}] ® K[Xng. .. Xny_,],

n=0
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defined in Section 3.3, equation (3.10). We want to determine the constants cs;, in
order that the intersection of the V(Fy;) in P8~! is a canonical Gorenstein curve of
genus g whose Weierstrass semigroup at the smooth point P is S.

Since the coordinates functions X, introduced in Section 3.1, where n € S and
n < 2g — 2, are not uniquely determined by their pole divisor n P, we may transform

i—1
an. —> Xni + E Olinn,-_ja
Jj=0

foreachi =1,...,g — 1, and so we can normalize %g(g — 1) of the coefficients c;;y,
to be zero, see [20, Proposition 3.1]. Due to these normalizations and the normaliza-
tions of the coefficients cs;;, = 1 with n = s, the only freedom left to us is to transform
Xp, > oix, fori=1,...,g -1

The first step to the explicit construction of a compactification of M;l due to
Contiero—Stohr is the following lemma.

Lemma 3.3 ([6, Syzygy lemma]). For each of the %(g —2)(g — 5) quadratic bino-
mials F(/ 2 different from F, n +2g 211 =0,...,8 =3, there is a syzygy of the form

XogaFSD + 3 e8P x, FP =0 (3.12)

Ensi
nsi

where the coefficients &1 are integers equal to 1,—1 or 0 and where the sum is taken

nSl

over the nongaps n < 2g — 2 and the double indices si withn + s = 2g —2 + s.

The algorithmic construction of the closure of M .1 starts by replacing the initial
binomials F (,02 and Fj; ) in equation (3.12) by the correspondlng unfolded forms Fy;/
and F§; displayed in equatlon (3.10) of Section 3.3, obtaining a linear combination of
cubic monomials of weight smaller than s” + 2g — 2. By virtue of [6, Lemma 2.4] and
its proof, this linear combination of cubic monomials admits the following decompo-
sition:

X2g—2Fs/i/ + Z ,(fs; )X Fyi = Z ’(15”1 )X Fsi + Ry,
nsi nsi

where the sum on the right hand side is taken over the nongaps 7 < 2g — 2 and the
(s'i )

ns
where Ry, is a linear combination of cubic monomials of pa1rw1se different weights

double indexes si withn 4 s < s’ 4+ 2g — 2, the coefficients 7, ; * are constants, and
smaller than 5" + 2g — 2.

For each nongap m < s’ + 2g — 2, let gyi'm be the unique coefficient of Ry
of weight m. It is a quasi-homogeneous polynomial expression of weight s' + 2g —
2 — m in the coefficients cg;,.

All the objects that are required to construct the compactification of ,Més,,l were
introduced above. The main results due to Stohr and Contiero—Stohr are the following.
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Theorem 3.4 (Cf. [6, Theorem 2.6]). Let S C N be a numerical symmetric semigroup
of genus g satisfying3 <ny < g and S # (4,5). Then the %(g —2)(g — 3) quadratic
forms Fg; = Fs(io) — fz_=10 CsinXa, Xp, cut out a canonical integral Gorenstein curve
in P&~ if and only if the coefficients cgiy satisfy the quasi-homogeneous equations
Os'i'm = 0. In this case, the point P = (0:0:---: 1) is a smooth point of the canonical
curve with Weierstrass semigroup S.

Theorem 3.5 (Cf. [6, Theorem 2.7]). Let S C N a symmetric numerical semigroup of
genus g :=#(N\ §) satisfying 3 <ny < g and S # (4,5). The isomorphism classes
of the pointed complete integral Gorenstein curves with Weierstrass semigroup S cor-
respond bijectively to the orbits of the G, (K)-action

(co.vovCsins o) (oo s Csin, .. ))

on the affine quasi-cone of the vectors whose coordinates are the coefficients cgip of
the %(g —2)(g — 3) normalized quadratic forms Fy; that satisfy the quasi-homoge-
neous equations Qs/i'm = 0.

4. The main theorem

Let S be a non-hyperelliptic symmetric semigroup and 0 = no <n; < -+ < ng_y
its canonical system of generators. Let us also take a; < --+ < @, a minimal sys-
tem of generators of S. Considering the polynomial rings K[X,, ..., Xu,_,] and
k[Xq4,, ..., X4,], we attach to the variable X the degree deg(Xx) = k and then
deg(X}) = o - deg(Xy). The map

K[ Xng, s Xny ] — K[ Xy X, ],

where Xgi is the monomial in the variables X, introduced in the above Section 3.1,
is a graded homomorphism between k[ Xy, ..., Xn,_ ] and K[Xg,, ..., X4, ]. Hence-
forward, the shrinking map stands to this homomorphism IT.

4.1. Proof of the main theorem

Let S be a numerical symmetric non-hyperelliptic semigroup of genus g > 1. Then S
is realized as the Weierstrass semigroup of the canonical monomial curve €(® at the
point P = (0 :---:0: 1). Considering the affine open chart X¢ = 1, the parametriza-
tion of €|y, _; is given by

€O lyomr = {1 1", 1"yt e Ay C ASTL
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On the other hand, let ay, ..., a, be the minimal system of generators of S and con-
sider the affine monomial curve €5 = Spec K[S].

Then €5 ~ €@y, —; = €© \ P because their coordinate rings are both k[S].
Since the projectivization of € \ P and €s are obtained by adding a single point

=(@0:---:0:1)eP&land Q = (0:---:0:1) € P, respectively, at infinity,
we conclude that the projectivization of this two curves are also isomorphic. Since
we do not lose information on the coefficients of the unfolded quadratic forms that
generate the monomial curve €, we can adapt Stohr’s construction to provide a
compactification of :M; 1» using the monomial affine curve s instead of the canonical
one €@ To do this we shrink all the forms that are involved in Stohr’s construction,
in particular the P-hermitian basis and the unfolded quadratic forms.

Let us fix an algebraic closed field k of arbitrary characteristic. In order to prove
the main theorem, we first shall prove the following theorem.

Theorem 4.1. Let € a non-hyperelliptic Gorenstein curve defined over K and S a
complete intersection numerical semigroup. Then € realizes S at a smooth point P €
€ if and only if there is an embedding of € into P" such that the defining equations
of € \ P are given by the unfolding of the r — 1 defining equations of €s C A’.

Proof. Let € be a complete integral Gorenstein curve and P be a smooth point on €
whose Weierstrass semigroup is equal to S. Let us take the line bundle £ = Q¢ (P)
and its associated ring of sections R = @72, H°(€, £"). Since we are fixing a mini-
mal system of generators for S, the ring R induces an embedding of € = P(R) in a
weighted projective space, with coordinates Yy, ..., Y, with deg Yy = 0. The space
Spec R is the corresponding quasi-cone in an affine space. Setting Yy = 0 defines the
monomial curve €s and all other fibers are isomorphic to € \ P. In particular, € \ P
is obtained by a deformation of €s, as predicted by Pinkham’s construction. Since
every deformation of €g that realizes S at an added point at the infinity is obtained by
unfolding the defining equations of €s, cf. Theorem 3.4, we are done.

Conversely, let O be an affine curve in A" that is given by the unfold of the regular
sequence G,(C(}) € k[Xq,. ..., X4, ] that generates the ideal of €g, where each G( ) is an
isobaric polynomial of degree k. So the ideal of O is given by Gy; = G,EO) + Zl ei Bi,
with B; € I', where I, is the shrink P-hermitian basis of H°(€©® w?) fixed in (3.2),
and ¢; € k. L

Following Stohr’s construction, a curve is in M;l if and only if it satisfies some
quasi-homogeneous equations 07, = 0 that come from suitable syzygies of the gen-

0

erators F ;" of the affine monomial curve €O cf. Theorem 3.4. Now, the Syzygy

lemma 3. 12 assures the existence of %(g —2)(g — 5) syzygies of the form

Syir = Xag o FO + 3 68y, F® — o

nsz
nsi
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Taking the image of theses syzygies under the shrink map IT, we get

r—1
T(Syir) = > My, G}E(J)_) =0,
j=1

where My;/j € K[Xq,, ..., Xg,] are isobaric polynomials of weight s" — k. Using
the Koszul complex, we are able to show that the relations between the generators
G,E?), fori = 1,...,r — 1, must be trivial, because Cs is a complete intersection.
Thus, when we exchange G,(C(]).) by the unfold Gy;, the relations gy, = 0 between
the coefficients given by Theorem 3.4 are trivially satisfied. Then the projectivized
unfolds of the forms that generate D cut out an integral curve in P" with Weierstrass
semigroup Sin Q(0:---:0:1). ]
Proof of the main theorem. By virtue of the above Theorem 4.1, an integral curve is
in M:,’l if and only if it is given by the unfolding of the regular sequence of the
complete intersection monomial curve €s. Then the space M§,1 is just determined
by the coefficients of the unfolded forms. The coordinate functions x,, for n € S,
were chosen as functions with pole divisors n P, so they are not uniquely determined.
Hence we are able to do the following changes of variables:

n—1
X, — X, + Z dpnmXm,

m=0

where the coefficients d,,, are constant. As there are » minimal generators in S we
can normalize %r(r + 1) coefficients with weights determined in the unfolds of the
generator polynomials of the complete intersection affine curve, provided the charac-
teristic of the ground field k is zero or not a prime divisor of any exponent of the
defining equations of €g. After these normalizations, the only change we can make is
to transform x4, = ¢% x4, i = 1,...,r — 1, for some ¢ € G,,(k) = k*. According
to [20, Appendix] the coefficients of the normalized unfolded polynomials form a
basis for the negatively-graded part of the first cohomology module of the cotangent
complex T"~ (k[S]). Hence we conclude that M5 | = P(T"~ (k[S)). n

4.2. Examples

Example 4.1. We start with a simple example in codimension 2. Given a positive
integer t, consider the semigroup

S = (4,3447,6+47) = 4N U (3 + 47 + 4N) U (6 + 47 + 4N) LU (9 + 87 + 4N),
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of genus g = 3 + 4t and whose Frobenius numberis £z =5+ 8t =2g — 1,50 Sis
symmetric. Consider the affine monomial curve

Cs = {(t*, 317 1) ek} C A?

and €© c P&~! the canonical monomial curve where P = (0:---: 0 : 1) realizes S.
Let {xo,Xp,,....Xn,_,} be abasis for HO(€© @ (P)). For short we use

X 1= X4, Y3:=X34+4¢ and yg = Xet4r.

Thus a P-hermitian base of H°(€© w) = H°(€© O (4 + 87)P) is given by

0 27+1

X,X,...,X ,

0 T

X Y3, XY3, ..., X" V3, T > 1.
0 7—1
X"Y6,XY6,-..5X" Ve,

We can consider yg := X943 as the product y3ye. Hence the P-hermitian basis for
the bicanonical divisor H%(€©®, 9 (8 + 161)) is given by the 3g — 3 elements

0 2+4t
X, .0, X ,
0 1437
X Y3, Xy3,...,X V3,
0 3t
X Y6, XY65---5X" V6,

x°y3¥6, Xy3V6, - -, X271 Y3 y6.

Lifting the P-hermitian basis elements, we attach the variables x, y3 and yg to X, Y3
and Y of weights 4,3 4 47 and 6 + 7, respectively. For short we use

Zai = X', Zjyartai = X'Yj, Zotgrrai = X'V3Ye.

As the curve D is a complete intersection, there are two polynomials in K[ X, Y3, Ys]
that vanish in O and generate its ideal. They are

Gy =Y~ YsX® and G,:=YZ - X"

The unfolds of the above polynomials are

648t 1248t

~ 2 ~ . 2 342

Gi=Y7—YeX"— ) ajZersr—j and Gp:=YZ—X>*2"— 3" by Z15 6. ¢,
j=1 j=k

where the sums vary between the positive integers j and k such that 6 + 87 — j € S
and 12 + 87 — k € S. Doing the variable changes of the form

X+— X 4+ oy,

Y3— Y3+ B3rac-X + Brtar.

Yo > Y6 + y3Y3 + Va4ac X + Votac
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we can normalize 6 coefficients of the unfolded forms to zero, provided that the
characteristic of k is zero or an odd prime that not divides t. The unfold of the
polynomials G and G, have 3 + 4t and 9 + 3t coefficients, respectively. Then the
parameter space depends on 6 + 7t coefficients, i.e.,

S ~ p5tTt
M |~ P,

In the particular case T = 1, we have S = (4,7, 10) and g = 7. The canonical ideal
of the monomial curve €© is generated by 10 quadratic forms, namely

FO) = X2 — XoXs, FO = XaX7— XoX11.  F) = XaXs — XoX12,
F9, = X3 — X4Xo, FQ, = X7Xs — XaX11.  F{Q, = X2 — X4X12,
Fl(g,)l = XgXi0 — X7X11, Fl(g?l = XgX11 — X7X12, Fz(g,)l = X}, — XsX12,
F9) = X} — X10X12.
The only syzygy coming from the Syzygy lemma 3.3 is
X2 Fyh = X10Fih + X7F{§) — Xs F{gy = 0.

Applying the shrinking map, i.e., considering this syzygy in k[ X4, X7, X10], we have
the trivial syzygy

X3(X2 — X4X10) — XJ(X2 — XaX10) = X3FQ, — X3F, =o0.

Thus, as there are no non-trivial syzygies, the space of parameters depends on 13
coefficients, and
~ pl2
M, ~ P12
Example 4.2. Let us now consider an example in codimension 4. For each t > 0,
consider the semigroup S = (16,1 + 167,2 + 167,4 + 167, 8 4 167), whose genus

is 327 and Frobenius number £; = 64t — 1. The affine monomial curve
D = {(¢16, 11167 (2H167 (4167 84167y, 4 oy - AS
is a complete intersection in A4, its ideal is generated by
G =Y —1X", Gy=Y;-Y4X", G3=Y}—-YsX", Gy=Y¢—-X",

where X := Xy, Y1 := Y1416, Y2 := Yoyi160, Y4 := Yayi16c, and Y5 := Y5 q6;.
Unfolding the defining polynomials of O we get

24327 4+327

~ 2 ~ 2

G =Y —-YX"— Z a;jZr132c—j, Gor =Yy —Y4X" — Z bxZay32c—k»
j=1 j=k
84321 164327

63 = Y42 — Y X" — Z CuZg+32t—u> 64 = Y82 - X3 - Z dyZ16+320—v,

J=u J=v
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with
Zisi = X', Ziti6t+8i = X' Y1,
Zrt16c+si = X' Yo, Z3t32etsi = X'Y1Y2,
Zati6r+8i = X' Ya, Zst32etsi = X' Y1Ya,
Zot+32etsi = X' YaYa, Z74asctsi = X' Y1Y2 Y4,
Zst16t+8i = X' Vs, Zot3or+si = X'Y1Ys,
Zio432c+8i = X' Vo Y5, Zir4ase+si = X' Y1YaYs,
Zisy3oe+si = X' YaYs, Zi3yasc+si = X'Y1YaYs,

Z1atasetsi = X' Y2Y4Ys, Zisteactsi = X' Y1 V2 Y4Ys.
We can normalize 15 coefficients from the unfolding polynomials using

X — X + aye,

Y1+ Y1+ B-15+16cX + Bi+16cs

20— Y2+ 1Y + y-1a+16c X + Y2t160,

Yor— Yo+ Y2 +dsY1 + 0_12416c X + Osti61,

Yg —> Yg + ua¥q + pe¥2 + 7Y1 + —s+16c X + Us+161-

Hence, counting coefficients we can conclude that M; |~ p8+24r,

The GAP System’s semigroup package simplifies finding complete intersection
numerical semigroups, like S = (32,33, 34,36, 40,48) of genus g = 80. Following the
procedure presented here, verifying M;l ~ P>3 becomes straightforward. For any
such semigroup S, a family like S = (32,1 4 327,2 4 327,4 4+ 327,8 4+ 327,16 +
327) (r > 1) can be considered. Our procedure readily adapts to any family member,
as shown in Examples 4.1 and 4.2.
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